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ABSTRACT

Recently, fault tolerant quantum computation such as surface coding and topological
quantum computation has been paid attention to due to high threshold against compu-
tational errors compared with that of conventional gate-model quantum computation.
These schemes use a two or three-dimensional cluster state as universal resources for
quantum computation. We can generate a cluster state by performing controlled-phase
gates on an initial state prepared in |+) state, where the control-phase gates are realized
by nearest neighbor Ising type interactions. There are many proposal to realize Ising
type interaction such as ultracold atoms in an optical lattice, superconducting charge
qubits, superconducting spin qubits, resonator wave guides, nitrogen-vacancy centers,
and quantum dots. Among many candidates, we especially discuss superconducting flux
qubits. Superconducting flux qubits have a strong anharmonicity, so that we can perform
high-speed single-qubit rotation with excellent fidelity.

Usually, implementation of high-fidelity two-qubit gates is the hardest part for the
realization of quantum computation. Two qubit gates require in-situ turn on/off the
interaction between qubits by the external control apparatus. Since imperfection of the
interaction control tends to induce spatially correlated errors between qubits, sophis-
ticated technology is required to suppress such error rate below the threshold of fault
tolerant quantum computation. Up to now, the generation of a large cluster state using
solid-state qubit has not been demonstrated in a scalable manner yet. One of the main
obstacles is the requirement for independent control of two-qubit gates that are neces-
sary for the scalable quantum information processing. For a superconducting flux qubit,
existing method uses applied magnetic field to control the interaction. It is known that
the application of magnetic field to local area is difficult. Thus, it is hard to implement
local control of the interaction without cross-talk problem where unwanted errors occurs
between qubits.

Firstly, we propose a novel way to control a number of two-qubit gates independently
without using the on/off switching of locally applied magnetic field. Specifically, we
assume the superconducting flux qubits that are inductively coupled with each other
via always-on Ising interaction. Unlike the previous method to change the interaction
strength with unitary operations, we fully make use of non-unitary properties of pro-
jective measurements so that we can effectively turn on/off the interaction via quantum
feedforward. Also, we show how to generate a two or three-dimensional cluster state
that are universal resource for fault tolerant quantum computation with constant step-

size operations. The on/off switching of locally applied magnetic field is not necessary to



perform projective measurements and quantum feedforward. Thus, it is expected that
our scheme may contribute to achieve a scalability of flux qubits system.

Secondly, we propose the interaction generating method using capacitively-coupled
flux qubits to overcome the cross-talk problem. In this scheme, we generate Ising type
interaction by applying bias voltage to qubits which are connected via capacitor. Our
scheme has a property that we can control the interaction strength by applying bias
voltage, which does not require on/off switching of applied magnetic field. Furthermore,
for an arbitrary size of the system, we propose the constant step-size procedure for
generating a scalable two-dimensional cluster state. In this scheme, we can sufficiently
suppress non-nearest neighbor interactions. Also, we estimate the parameter range to
implement fault torelant quantum computation in this architecture.

Our proposals pave the way for scalable quantum information processing with super-

conducting flux qubits.
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Chapter 1

Introduction

1.1 Backgrounds

Quantum computation is a new paradigm of information processing. Known
algorithms give superior performance for tasks such as factoring [93, 88|, searching
an unsorted database [43, 44], quantum simulation [1, 116], other algorithms [29,
47, 96, 22, 24, 13] and more. All these algorithms require a large-scale quantum
computer. A quantum computer is composed of a sequence of single-qubit gates
and two-qubit gates [32, 27, 65, 16]. The single-qubit gate denotes a rotation of
the qubit around an arbitrary axis and degree. A control-phase gate is one of the
typical examples of two-qubit gates. This gate flips the phase of the target qubit
if and only if the state of the control qubit is |1). The role of control and target
qubits are reversible for a control-phase gate. This gate can be realized by Ising
type interaction between control and target qubit. Individual qubits should be
efficiently addressed, and the interaction between two qubits should be controlled
by some external apparatus.

The challenge is how to design and build a quantum computer with realistic
technology. This requires quantum architecture. There have been a number of
quantum architectures for relevant physical systems, such as the nitrogen-vacancy
centre [113, 73], ion traps [71], superconducting systems [40]. To realize fault-
tolerant quantum computation, it is crucial to investigate a scheme to generate
a cluster state in a scalable way. The cluster state is a universal resource for

quantum computation, and this state can be used for a fault-tolerant scheme such



as surface code [87, 84] and topological code [83]. The cluster state is generated by
performing controlled-phase gates on nearest-neighbor qubits which are prepared
in |+) state and set on a square lattice. One can generate a cluster state if
we can turn on/off an Ising type interaction between qubits with high accuracy.
Moreover, controlled-phase gate should be performed within a time scale much
shorter than the decoherence time for fault-tolerant quantum computation.

Superconducting circuit is one of the promising systems to realize such a
cluster-state quantum computation using solid-state system. Josephson junctions
in the superconducting circuit can induce a non-linearity, and so one can construct
a two-level system. There are several types of Josephson junction qubit: charge
qubit [19], superconducting spin qubit [79], superconducting flux qubit [15, 25, 77,
17], superconducting phase qubit [4, 51, 99], superconducting transmon qubit [31,
60, 6, 8], fluxonium qubit [69, 120], and several hybrid systems [115, 100].

The transmon qubit [31, 60, 6], which is a cooper-pair box and relatively in-
sensitive to low-frequency charge noise, is considered one of the powerful method
of the qubit implementation by using superconducting circuit. Scheme of the tun-
able qubit-qubit capacitive coupling is proposed and demonstrated [40, 21, 39].
The high fidelity qubit readout using a microwave amplifier is demonstrated [92,
52, 55]. Furthermore, high fidelity (99.4%) two-qubit gate using five qubits sys-
tem is achieved. This result is the first step toward surface code scheme [8]. These
results show a good scalability towards the realization of generating a large scale
cluster state.

The flux qubit consist of a superconducting loop containing several Josephson
junctions. This system has a large anharmonicity and can be well approximated
to a two-level system. Single qubit gate operations can be realized with high
speed and reasonable fidelity [114]. Meanwhile, the best observed coherence
time is an order of 10 us [18, 101]. Quantum non-demolition measurement of
flux qubits during the coherence time is realized by using Josephson bifurcation
amplifier [94, 95, 57, 58]. Furthermore, the tunable coupling schemes for two qubit
gate operations are proposed and demonstrated [80, 41, 50, 108, 76, 46, 5, 112, 42].

There are two typical tunable qubit-qubit coupling schemes, inductive cou-



pling and capacitive coupling. In flux-qubit systems, existing schemes rely on
inductive coupling with the external magnetic field. Several schemes of the tun-
able qubit-qubit inductive coupling are proposed and demonstrated [80, 41, 50,
108, 76, 46, 5, 112, 42]. However, it is hard to apply magnetic field to a localized
region. Due to this property, the control of individual qubits with magnetic field
tends to produce decoherence and cross talk. Therefore, suppressing the cross
talk for qubit-qubit coupling is important to achieve further scalability for flux

qubit system.

1.2 Contributions

As mentioned above, a flux qubit has a large anharmonicity which makes it
possible to construct a two-level system, and therefore flux qubits provide us
with almost ideal two-level systems unlike transmon qubit. This property might
be important for large scale quantum computation. If the system is not a two-
level system, there might exist an error that induce a transition from the target
two-level system to another unknown state, so that quantum state cannot be
confined in the target two-level system. The standard quantum error correction
(QEC) schemes [87, 84, 83] assume ideal two-level systems. The QEC scheme
for non ideal two-level system is still developing. Even if a new QEC for such
imperfect two-level systems was invented, the threshold for the gate operations
might be worse than those for the standard QEC. Therefore, flux qubits could
be suitable for large-scale quantum computation.

In this dissertation, we show improving methods for cross talk problem that
focus on enhancing the scalablity of controlled-phase gate on superconducting
flux qubits.

Our first contribution is to suggest a new way to control the Ising type inter-
action between flux qubits where each qubit is inductively coupled with another
qubit. As mentioned above, many schemes of inductively coupling for flux qubits
are suggested and demonstrated. Meanwhile, these methods require high-speed
and high-accuracy on/off switching of applied local magnetic field. For this rea-

son, it is hard to control the interaction with suppressed cross talk in these



schemes. We propose the way to control the interaction between inductively cou-
pled flux qubits based on a novel technique using always-on Ising interaction,
quantum measurement, and feedforward [110, 89, 70, 58]. It is worth mention-
ing that we do not need to change the amount of magnetic fields at all during
computation. Once we calibrate the proper value of the magnetic fields on each
flux qubit before starting computation, we can control the interaction just using
quantum measurement and feedforward. In quantum mechanics, there are two
type of operations, unitary operations such as applying microwave pulses and
non-unitary operations such as readout of the qubit. While most of the authors
in previous papers use unitary operation to control the interaction [12, 11, 118],
we exploit the non-unitary properties that the projective measurement have. We
will assume an always-on Ising interaction between nearest neighbor qubits, and
will insert an ancillary qubit between the qubits that process quantum informa-
tion. We show that it is possible to effectively turn on/off the interaction via
quantum measurement and feedforward on the ancillary qubits. Furthermore, we
explain how scalability is achieved in this scheme, and suggest a way to construct
a large two or three-dimensional cluster state which enables us to perform fault
tolerant quantum computation with high error threshold [83]. Since quantum
feedforward is matured technology in superconducting circuit, our proposal pro-
vides a feasible and reliable way to control the interaction between the flux qubits.
Moreover, it is possible to implement quantum measurements and feedforward
without switching on/off applied magnetic fields on the flux qubits, which may
make it easy to achieve individual addressability. Therefore, our scheme would
be a crucial step for the realization of flux-qubit based quantum computation.
Our second contribution is the generating and controlling method of Ising
type interaction between four-junction flux qubits using capacitive coupling. By
using an applied voltage, we control the interaction between flux qubits that are
connected by capacitance. Unlike the standard schemes, our scheme does not re-
quire to change the applied magnetic field on the flux qubit for the control of the
interaction. This may have advantage to suppress a cross talk between the flux

qubits because applying local voltages is typically much easier than applying local



magnetic flux. We take into account of realistic noise, the fluctuation width of
the applied voltage and the timing jitter, on this type of flux qubits, and estimate
a qubit-parameter range where one can perform fault-tolerant quantum compu-
tation [87, 84]. Furthermore, we show constant step-size methods for generating
a one or two dimensional cluster states in a scalable way. In these methods,
we show the optimum parameter set, coupling capacitance, applied voltage, and
step-size, with fixed noise parameters. Furthermore, we show echo pulses are

effective to reduce the number of operation steps.

1.3 Organization of this Dissertation

In Chapter 2, we present the fundamentals of quantum computation and a review
of existing research. In Chapter 3, we explain about our scalable architecture for
generating a two or three dimensional cluster state using superconducting circuit
with always-on Ising interaction. In Chapter 4, we show our result of generation
Ising type interaction between flux qubits using capacitive coupling. Chapter 5

is the concluding remarks of this Dissertation.



Chapter 2

Preliminaries

2.1 Quantum computation

In this section, we first review key ingredients of quantum computation, and some

definitions and theorems that are used in this thesis.

2.1.1 Qubit

The fundamental unit of classical information is described as a binary digit (bit),
which has a state either “0” or “1”. In the case of quantum information, the
fundamental unit is a quantum bit (qubit) which has two possible orthonormal
quantum states |0) and [1). A qubit is expressed as a superposition of two states

|0) and |1) with amplitudes o and S as follows:
[¥) = ]0) + B1),

where a and 3 denotes complex number satisfying |a|? + |5]? = 1.
More formally, the state of a qubit is also described by a unit vector in a
two-dimensional complex vector space C2. Furthermore, the state |0) and |1) are

known as computational basis states as the following column vectors:

Definition 1. A qubit is described by a unit vector in a two-dimensional Hilbert



space C? and can be represented as linear combination of two orthonormal quan-

tum states |0) and |1) with amplitudes o and S as follows:
a
[¥) = al0) + B[1) = 5]

where a and 3 € C? and |a|? + |B]? = 1.

A general quantum state of n qubits can be written as: [¢)) = > <o 13n Qa|T),

where o, are complex numbers such that er{o,l}n o |2 = 1.

2.1.2 Transform operation

The transformation of quantum systems are given by unitary quantum operators.
Then, single qubit gate operations can be described by 2 x 2 matrices. We show
several substantial gates for single qubit transformations, and Pauli, phase shift

and Hadamard operators are described as

. 0 1
ox: = X =10+ 01 = , (2.1)
1 0
o ' 0 —i
ovi = V=—imolioali=| ", (2.2)
. 1 0
oz: = Z=[0)(0] = |1){1] = , (2.3)
0 -1
1 0
S:o= |0)(0] +141)(1] = 0 , (2.4)
o= oo+ mol+ o —man=2 (" 1) @)
VR V2l '



We denote the Hadamard basis by{|+), |—)} as follows:

Loy ey =L !
V2 RZAVA
1 1 [

2

+) = H|0) =

) = H|1) =

For arbitrary multi-qubit quantum operations, it is necessary to implement at
least one two-qubit gate operation. We use the Controlled-phase (Controlled-Z)

gate, which is described by the following two qubits transformation:

~r(a,b
D 10)410)6(01a (01 + 0)al 1) (0]a (1o
+1)al0% (1] (05 — [1)al1)5(1a(1]s
1 0 0 O
01 0 O
= (2.6)
0O 01 0
0 0 0 —1

where a and b denote the name of qubits.

2.1.3 Measurement

If we measure a qubit in |0), |1) basis, then we obtain only one bit information ei-
ther |0) (with probability |a|?) or [1) (with probability |3|?). After measurement,

that qubit is not entangled with other quantum system.

2.2 Graph states as a resource for quantum computation

Let us review the concept of a graph state introduced in [107, 49, 48, 35]. A
graph G(V, E) is composed of vertices V' and edges E where an edge connects
two vertices. By regarding the vertex as a qubit and edge as an entanglement

between the qubits, we can associate the graph with a graph state \<I>>G(V7 E)



defined as the following equation

®ewr = [[ U U5y 1+

(a,b)eE
where (a,b) € E denotes an edge between the vertices a and b. Also, Uéaz’b)
denotes a controlled-phase (7) operation between them.
The controlled-phase gate can be realized by Ising type interaction [86, 85].

When a graph G(V, E) is given, the necessary Hamiltonian to create a cluster

state corresponding G is as follows

. 1+&1+a,
Howe = >, 9ur) 5
(LI)EE

where g(;;/) denotes the interaction strength between qubit [ and . By letting
a separable state ey |+); evolve for gyt = 7 according to this Hamiltonian,

the following unitary operator will be applied to the initial state

4 L+ 21+ Zy
Saw,p) = exp| —im Z ! 21
(LINEE
_ H (ll
(LeE

and hence we can create the target graph state.

Although there are many proposal to realize Ising type interaction such as
ultracold atoms in an optical lattice [68, 67, 34, 104, 56, 97, 20, 54], ion traps [81,
28, 38, 117, 36, 23], superconducting charge qubit [19], superconducting spin
qubit [79], superconducting flux qubit [15], resonator waveguide [63], nitrogen-
vacancy center [102, 74, 14, 113, 91, 33, 3], quantum dot [103, 111, 45, 64] and
electronic spins coupled to the motion of magnetized mechanical resonators [82],
the major challenge for experimental realization is to switch on/ off the interaction
with a high fidelity. Only a few experiments have demonstrated a high fidelity
controllable two-qubit gate with a fidelity above the threshold of fault tolerant

quantum computation [90, 10, 7]. One of the possible ways to overcome the



experimental difficulties for demonstrating the high-fidelity two-qubit gates is
to use an always-on interaction scheme [119, 53, 61, 12, 11, 118]. Since there
are no need for the additional controlling operations to switch the interaction,
these scheme may scale well for a large number of qubits. Here, we propose a
new approach to implement fault tolerant quantum computation with always-
on interaction by using the non-unitary properties of projective operations and

quantum feedforward.

2.2.1 Fault tolerant quantum computation using cluster states

A specific type of a graph state such as a two or three-dimensional cluster state,
which are generated in d-dimensional lattices, can be a universal resource for
measurement-based quantum computation (MBQC) [86, 85, 75, 106] and topo-
logical quantum computation [87, 84, 83]. Topological quantum computation,
which is based on Kitaev’s surface codes for quantum error correction using
qubits which are attached to each edge of the square lattice on the torus or
other surface [59], is known for the high error tolerance.

When we use a two-dimensional cluster state for surface codes, there are
three types of main qubits. One of them is called a logical qubit that contains
quantum information. The other qubits are called syndrome qubits. Half of
syndrome qubits are to detect the dephasing errors on the logical qubits while
the other ancillary qubits are to detect bit-flip noises. Main qubits are set on a
grid point of square lattice as shown in Fig. 2.1.

Topological quantum computation using a three-dimensional cluster state is
known to have a high threshold for quantum error correction especially when
there is a finite probability to lose a qubit [9, 98]. The overview of this scheme is
shown in Fig. 2.2 where three-dimensional cluster state is used as a resource for
the computation. In the 3D cluster state, qubits connected in a z-axis direction
are used for the logical qubit that contains the information for the computation
(Fig.2). The other qubits located between the logical qubits are used for detecting
error syndrome. In order to process the computation with error corrections, we

measure qubits by layer. Syndrome qubits are measured in X-basis, and the

10



Syndrome qubit Main qubit
‘/ O/ @ r*(/ )

/ /

)
/
O
./
O
-/

O—0O ®

O
N
O
N\

OO0 O0O—90

Figure 2.1: Schematic of a two-dimensional cluster state. Hollow circles denote
logical qubits and colored circles denote two types of syndrome qubits for surface
coding scheme. Logical qubits hold arithmetical quantum information. Blue
qubits deny X errors, and red qubits deny Z errors. We refer to these qubits as
main qubits.

outcomes are used for detecting the location and type of the error, so that we

can correct the error after analyzing the syndromes by classical computation.

2.3 Superconducting flux qubit

The superconducting flux qubit consist of a superconducting loop containing
several Josephson junctions. The two quantum states correspond to persistent
current flowing in clockwise and anti-clockwise directions, as first proposed by
Mooij et al. [72, 78] in 1999. In 2000, Van der Wal et al. [109] and Jonathan
et al. [37] demonstrated the superposition of persistent currents using flux qubit.
For example, we show the circuit of three-Josephson junctions flux qubit proposed
by Mooij et al. [72] in Fig. 2.3. In particular, the superconducting loop include
three or four Josephson junctions to suppress effectively the height of energy
barrier between double well. We explain the detail of components of flux qubits
as follows.

Even if the superconducting loop does not include Josephson junctions, the

11



ST Logical qubit - Téy
Elementary cell Universal resources X

Figure 2.2: Elementary cell of a 3D cluster state consist of 18 qubits. Universal
resources for 3D MBQC is recursively-generated by many elementary cells. The
circles having an edge along the z-axis direction correspond to main qubits. The
other circles correspond to syndrome qubits to detect errors. The size of each
layer on xy-plane is determined by the number of logical qubits and the depth
of the error correction codes. The height along the z-axis is determined by the
number of quantum gates to be implemented.

phase change in the one cycle along the direction of the loop is 27 f when the
external magnetic flux f = ;% imposed through the loop. Here, &y = Q—he denotes
the flux quantum, and h denotes Planck’s constant. When the wave function
make a round of the loop, the phase return to the initial values. Due to this fact,
the amount of magnetic flux through the loop is quantized to integer multiples
of the flux quantum. This phenomenon is called “flux quantization”.

A (SIS type) Josephson junction consists of two superconductors which are
coupled via a insulator. The persistent current Ig in the Josephson junction is

described as follows:

Is = Icsin(¢) (2.7)

where I denotes the critical current of the Josephson junction, and the phase
of the Josephson junction ¢ corresponds to the phase difference between the two

superconductors. We point out two important parameters defining the properties
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Figure 2.3: The circuit of a three-Josephson junction (JJ) flux qubit. Ej,) and

Cj(n) denote the Josephson energy and capacitance of n-th Josephson junction

JJn. The loop is threaded by an external magnetic flux f, and we can control
the energy bias of the qubit via the magnetic flux. Node 1 and 2 represents the
superconducting island. The voltage bias V4(Vg) is applied to the flux qubit via
gate capacitance Cya(CyB).

of Josephson junction as follows:
e The Josephson coupling energy: E; = hé—(é
e The Coulomb energy (for single charge): E. = 5
J

where C; denotes the capacitance of Josephson junction. The Josephson coupling
energy is the coupling strength between two cooper-pairs in the two supercon-
ductors via barrier, and decides Ic. The relation between these energies will
determine the nature of Josephson junction and thus, the properties of supercon-
ducting qubit. In case of flux qubits (persistent-current qubits), the relation is

Ej >> F..
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2.3.1 Qubit-qubit coupling scheme

Practical scheme to perform the two-qubit operation, such as controlled-phase
gate, needs coupling between a pair of physical qubit. Traditionally, interaction
between the flux qubits is realized by inductive coupling. We introduce such
examples as follows.

Plourde et al. proposed a scheme for tunable coupling using a superconducting
quantum interference device (SQUID), which is composed of a superconducting
loop interrupted by two Josephson junctions, in 2004 [80]. In this scheme, a
SQUID is coupled to both of two flux qubits through an identical mutual induc-
tance. The coupling strength is determined by the mutual inductance and the
current bias applied to the SQUID. We show the circuit model for this scheme in
Fig. 2.4. The same SQUID can be used to measure the qubit state. The above

VA /N

IB — | Qubit Qubit ]

SQUID

Figure 2.4: Schematic of the coupler circuit proposed by Plourde et al. [80]. The
interaction strength between two flux qubits depends strongly on the bias current
Ip.

proposal is expanded to three-qubit, two-coupler system by Groszkowski et al.
in 2011 [42]. They showed the optimal parameter sets to suppress the unwanted
interactions such as the cross talk. Hime et al. demonstrated the system for
Plourde’s scheme in 2006 [50]. They use two independent bias fluxes to de-
termine the applied SQUID flux ®g. The dynamic inductance of SQUID and
coupling strength depend on ®g. They showed that after the applied fluxes are
adjusted, they can turn the coupling on and off by simply switching the bias
current through the SQUID. using only the switching of the bias current through
the SQUID.

Grajcar et al. proposed a tunable coupling scheme with a coupler loop con-

14



taining three Josephson junctions in 2006 [41]. The coupler loop assembled be-
tween two flux qubits on the same circuit. In this scheme, the coupling strength
between flux qubits is controlled by the transition frequency of the flux through
the coupler loop and a combination frequency of two flux qubits. We show the

circuit model for this scheme in Fig. 2.5. Van der Ploeg et al. demonstrated a

"lllllllllllll.l..

X i C PX
X ax Xb: X
X i . X

..llllllllllllllll‘

Coupler

Figure 2.5: Schematic of the three junction coupler and two flux qubits circuit.
Josephson junction a, b, and ¢ compose a tunable coupler. Each flux qubit share
a Josephson junction with coupler.

controllable coupling scheme between two flux qubits using inserting the addi-
tional coupler loop containing three Josephson junctions in 2007 [108]. Same as
the Grajcar’s scheme, the interaction strength between two qubits a and b can be
tuned by changing the coupler’s flux bias f.. They controlled the fluxes through
the qubits and the coupler by bias currents Iy, Iy, and Ipg and dc-current Iy in
the coil around the qubits circuit. This scheme is the first demonstration of the
sign-tunable coupling using Josephson coupler between two three-junctions flux
qubits.

Niskanen et al. demonstrated a controllable coupling scheme using three four-
junctions flux qubit. We show the circuit model for this scheme in Fig. 2.6. The
middle qubit (qubit 3) has larger qubit energy than other qubits 1 and 2 at the
coherence optimal bias point. They showed that when qubit 3 is prepared in
its ground state, one can perform single qubit operations on the qubit 1 and 2,
because the coupling between qubits 1 and 2 is weak. Furthermore, they coupled

qubits 1 and 2 via excited qubit 3 which is biased far from optimal point whereas
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Figure 2.6: Schematic diagram of three four-junctions flux qubits coupler cir-
cuit. In each qubit, one of the Josephson junction has Josephson energy and
capacitance that are 0.5 times smaller than those of other junctions.

qubits 1 and 2 are at the optimal point. This feature is expected to provide the
long coherence time of tunable coupled qubits, and it is important to achieve

scalability.

2.3.2 Measurement

The SQUID is a device to measure the state of the superconducting flux qubits.
The SQUID is used for magnetic field detection with high sensitivity. A particular
state of the qubit makes the SQUID to switch from zero-voltage to finite-voltage.
However, the readout of a flux qubit using a SQUID destroys the system to sup-
port a two-level system, so that we cannot perform the measurement sequentially.

The measurement by Josephson bifurcation amplifier (JBA) overcome this
problem. The JBA use the non-linearity of a resonant circuit which is connected
to a capacitor across the Josephson junction. This resonant circuit has a bistabil-
ity, a high- and a low-amplitude state, caused by a driving field with the suitable
frequency. The ability of the JBA to detect the magnetic field is sensitive enough
to measure the flux qubit state. Furthermore, the connected Josephson junction
is maintained at zero-voltage in this measurement process, so that the system to

support qubit is not destroyed by JBA measurement.
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Chapter 3

Scalable architecture of quantum
computation with always-on Ising interaction

using superconducting circuit

3.1 Introduction

In this chapter, we propose a way to control the interaction between qubits with
always-on Ising interaction. Unlike the standard method to change the interaction
strength with unitary operations, we fully make use of non-unitary properties of
projective measurements, so that we can effectively turn the interaction on or
off via feedforward. We then show how to generate a two- or three-dimensional
cluster state that are universal resource for fault-tolerant quantum computation
with this scheme. Our scheme provides an alternative way to realize a scalable
quantum processor.

The remainder of this chapter is organized as follows. Section 3.3 presents
the detail of our scheme to show how always-on interaction is effectively turned
on/off via projective measurement to ancillary qubits and quantum feedforward.
In Sec. 3.4 and Sec. 3.5, we propose the way to generate two and three-dimensional
cluster states using qubits arranged on a plane. In Section 3.7, we discuss about

experimental parameters for our scheme. Section 3.8 concludes our discussion.

17



3.2 Experimental setup

All experiments are carried out in Mathematica 8 on a Linux server with Intel

Core i7-4770K at 3.50 GHz (4 physical cores) and 32GB of main memory.

3.3 Effective interaction control via projective measurements and

quantum feedforward

3.3.1 Physical setup

Now, we consider the physical setup of the qubit in this chapter. We use the cross-
shape type superconducting flux qubit as shown in Fig. 3.1. When we apply the

[— (S G (S

/]

j i J [ J G J -

| e— 3 (I

Figure 3.1: A setup of physical qubits on one-dimensional array. The flux qubit
consists of superconducting loop and four-Josephson junctions. We increase the
area of the loop around the edge of the cross-shape, so that we can increase
the coupling strength between nearest neighbor qubits. Each pair of nearest
neighbor qubits can be coupled via magnetic field generated by their persistent
current. Due to the cross-shape structure, the distance between non-nearest
neighbor qubits becomes large, so that the non-nearest neighbor coupling should
be negligible in our setup.

suitable magnetic field to the n qubits on one-dimensional array for coupling the

nearest neighbor qubits, the system Hamiltonian become as follows:

n

n
o= Yezv Y Mzz (3.1)
=1 LU|([1=1"|=1)

3.3.2 Hamiltonian

We introduce a Hamiltonian to realize our scheme to turn the interaction on
or off effectively via projective measurements and quantum feedforward. Since

we consider superconducting flux qubits that are known to have excellent con-
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trollability, we can assume that every qubit can be individually controlled by
a microwave pulse and there are always-on interaction between nearest neigh-
bor qubits. Throughout of this chapter, we assume the following Hamiltonian

corresponding to G(V, E)

H= B+ B 32)
Frsystem Wi 2 ~
HGy(‘ﬁ,E) = Z <EZZ + Ai(t) cos (wyt + H)Xl) (3.3)
lev
rrinteraction galn 5 5
He st = Z (4 L 202 (3.4)
(LHeE

where w, A(t), &, 0, and g denote the qubit energy, Rabi frequency, microwave
frequency, a phase of the microwave, and interaction strength, respectively. In
the superconducting flux qubit systems, it is possible to control the value of A(t)
by changing the power of the microwave with much higher accuracy than in the

case of two-qubit gates. We move to a rotating frame defined by
U= e i%0 32t (3.5)

where w; denotes the angular frequency of the rotating frame at site [, and we

use a rotating wave approximation as follows. From the Schrodinger equation

(R (1) = i o(t) (36)
and
W(0) = ORe() <= [0(0) = 0 (1), (37)
we could obtain the rotated Hamiltonian

H'(t) = UH®)|p @)U - z‘ULUT. (3.8)
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Therefore, the local Hamiltonian could be approximated to

Fysystem Z 1 w; — wz )\l(ei(9+2wt) + e—i@) 59
cwE 2 0 4 p—i(6+2w :
(V.E) = 2 A (it 4 e—i0+2w0)) S

L .

~ > <MZl + AIXZ) : (3.10)
2 2
lev
Here, we used
1 ) )

cos (w{t + 9) =3 (e—l(wt+9) + ez(wt+0)) (3.11)

and ignored high-frequency components Ae??** and Ae~*2%!. Hence, we obtain the

following Hamiltonian

~ wl—w’A /\l ~ galn 5 5
H ~ Z( 5 lZl+2A,9>+ Z ) 2 2 (3.12)

where

(3.13)

Unless required to perform single qubit gates, we turn off the microwave and
set all A = 0, and therefore the Hamiltonian introduced here is effectively the
same as an Ising model with always-on interaction. On the other hand, for
the implementation of accurate single-qubit rotations, we assume a large Rabi
frequency, A > g, so that the coupling strength from the nearest neighbor qubit
can be negligible. We will later discuss an error accumulation due to imperfect
single qubit rotation in detail.

The Hamiltonian described above has the interesting property that an inter-
action from other qubits can be turned off by preparing the state of a qubit in

a ground state. To explain this, we consider a specific qubit A and other qubits
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interacting with the qubit A, and the Hamiltonian of those is described as

i = Z wj_w92.+9(A,j) A +w2 (3.14)
A , 9 T Ty oA 2 A ‘
(Ag)er
2 2 9(A,5)
14274142, wj—uw;— .
= > |99 Ly —— 27 (3.15)
, 2 2 2
(Ag)eE
with
= 1 Aa=0 3.16
WA — Wy = Z 59(A4) A= (3.16)
(Aj)er

Interestingly, if qubit A is prepared in a ground state, the interaction from qubit

A cancels out because of

1+ 241475
9N 5 L11)a = 0. (3.17)

This means that preparing a specific qubit in a ground state effectively turns off
the interaction between this qubit and the nearest-neighbor qubit. Therefore, if
all nearest-neighbor qubits are in the ground state, the qubit is not effected by
any interactions, which is the striking feature of our scheme. Also, if qubit A is
prepared in a excited state, the interaction causes an extra phase shift in qubit
B.

It is worth mentioning that we need precise control of the frequency of the
microwave in our scheme. We investigate the effect of a small detuning from the
target frequency of the microwave. Supposing that there is a detuning of dw;

from the target frequency, we have

9(A,B
Wi = wj — % + 0w, (3.18)
In this case, we can rewrite the Hamiltonian (3.15) as follows.
N 1+ 241+ 2; 0w,
=Y. (9(A,j)2 ). (3.19)
(Ag)eE

21



A B C
Separable state Qg>@<g ‘W > = ‘¢>AC ® ‘+>B
Ot
Y

+ !
¥ measurement (O —) | [¥)=UE0L"|9) . ©|+),

Quantum feedforward C;S: i C U ; 2 CS’ i

Entangled state M/O ' ‘l//> (A C)M AC ®‘~L>

&t

Entangled state M/O ‘l/l> (A C)‘¢ AC ®‘~L>

Figure 3.2: Schematic of our scheme to implement two-qubit gates via projective
measurements and quantum feedforward udner the effect of always-on Ising in-
teraction. We let evolve the state |¢)ac ® |+)p according to the Hamiltonian,
perform a projective measurement onto the middle qubit, and rotate the middle
qubit back into a ground state, so that a C-Phase can be implemented between
the qubit A and C. Due to the engineered Hamiltonian form that we make, this
guarantees that the qubit A and C does not evolve anymore even under the effect
of the always-on Ising type Hamiltonian.

Hence, frequency errors cause a phase shift error on each qubit. Fortunately,
due to recent developments in microwave technology, accurate control of the
microwave frequency is possible. Therefore, in this paper, we assume that we can

choose the exact microwave frequency to avoid this kind of error.

3.3.3 Interaction switching with quantum feedforward

Although we will later discuss the case of two or three-dimensional cluster state
that is a universal resource for quantum computation [83] , we start by explaining
how to generate a one-dimensional three-qubit cluster state (Fig. 3.2) to illustrate
our concept about how to control the effective interaction via projective measure-
ments and quantum feedforward. Suppose that we have three qubits, A, B, and

C, in a row and that all coupling strengths between the nearest neighbor qubits
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are equally g. Then, the system Hamiltonian becomes as follows.

H = Z (%Zj‘i‘)\j(t)COS (w}t—i—G)Xj)
J=AB,C
+@ZAZB + @ZABZC (3.20)
1+ZA1+ZB 1—|—ZBI—|-ZC
~ 9B 5 TIBO 5 (3.21)
with
1 1
Wy =wa — ig,wjg =wp — g,We = We — QQ’AA =Agp=Ac=0. (3.22)

As written in Eq. (3.20), the state of the qubit B changes the energies of qubits
A and C. When we set the qubit B to ground state, all eigen states of qubits
A and C degenerate therefore H does not change the system in time. We show

these energy diagrams in Fig. 3.3.

, ™

Qubit A,C e Mac

e ;

( nergy) “N'>AC’ N’>AC’ ,'Il,x' =~ 1 ‘¢T>AC’ T¢>AC

M>AC’ TT>Ac Eg

S e

Qubit B

(State) ‘ >B ‘T>B

Figure 3.3: The energy diagrams of qubit A and C. The energies depend on the
state of the qubit B. The energies of qubit A and C are degenerate when the
qubit B is in a ground state. However, once the qubit B is excited, degeneracy is
removed so that the energy difference occurs between the states of qubit A and

C.

The ancillary qubit induces a conditioned dynamics. The excited state of the
ancillary qubit causes the phase rotation on the other qubits, while the ground
state of the ancillary qubit does not induce any phase shift on them. Therefore, if
we have a superposition of the ancillary qubit, the other two qubits are entangled

via such a conditioned dynamics. In order to see this effect more clearly, we
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describe how such conditioned dynamics occur in Subsection 3.3.7.

Here, we show the procedure of our scheme for controlled-phase gate. Firstly,

we prepare a separable |+) state for the qubit B, and prepare an arbitrary pure

state for the qubit A and C. An initial state is described by

p=19){lac ® |+){+]5.

Secondly, we let the system evolves by the Hamiltonian for a time

77
t=—.
g
The total unitary evolution Ué’%B)UéBgC) can be described by
. . 14+ Za1+ 27 1+ Zp1+ Zc
U= exp( —19(A,B)! 5 5 —igB,ot 5 5

up to local equivalent.

Thirdly, we perform Y basis

1

() £il)

measurement on the middle qubit B.

The state after the measurement is written as
o= Péte’impeimp;
where + denotes the measurement result. Here,

. 1 .
P =2 (1£7)

denotes a projection operator on the qubit B.
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Y measurement

We can perform arbitrary basis measurement using single qubit rotations and a
certain basis measurement in combination. For example, we can perform a Y
basis measurement by a combination of phase shift gates, Hadamard gates, and

Z basis measurement

. 1 N
+ _ =
=5 (112). (3.29)

This works because the Y basis measurement can be implemented as follows:

P* = ST'HPZHS, (3.30)

where S~1 denotes
1 . 1
st=m-inw={ ). (3.31)

Finally, we perform a quantum feedforward operation, that is an implemen-
tation of different local operations depending on the measurement results, onto
the qubit B, so that the qubit B can be prepared in a ground state. We define a

feedforward operator as

+ +77 ’
Fipe = 55U5 7S¢ (3.32)
where 5% denotes a shift gate defined as

1 0
0 =+

(3.33)

and U%X denotes a single-qubit rotating around z-axis rotation with an angle of
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0. The state after the quantum feedforward is described as

pinal = FipcPpPEFibe + FipePrPs Fife (3.34)
055 1800 acUSES @ 1) (5. (3.35)

Therefore, after these operations, controlled-phase operations are performed be-
tween the qubit A and C, and the state does not evolve anymore because the
qubit B is prepared in a ground state. As shown in Fig. 3.3, the states of qubits
A and C degenerate and hence interactions are effectively turned off.
Meanwhile, if we set the qubit B in an excited state using a quantum feedfor-

ward operation, the final state become as follows.

it (+(AC AC
p;inal = € e (U( cz )pAC ( ® H\) <ﬂ ) (336)
_ e—zH’t’U(A C) U(A C) iH’t’ ® |T> <T|B (337)
where H’ denotes the following Hamiltonian

~ 1 —|— ZA 1+ ZC
H' = g(a,p) +t9mo) Ty (3.38)

The energy eigenstates are not degenerate as shown in Fig. 3.3 and hence in-
teractions cause the extra phase shift to qubits A and C. In principle, we can
correct these extra phases by performing single qubit rotation. However, unless
single qubit rotation can be perfectly performed, such operations induce another
error, which makes it difficult to perform fault-tolerant quantum computation.
In addition, it is usually difficult to keep the state in an exited state due to the
existence of the energy relaxation. For these reasons, we set the qubit B in a
ground state after the projective measurement.

Since the interaction is Ising type, the eigenvectors are represented by the
computational basis (|1),|}) basis). This means that the ancillary qubit induces
a conditional dynamics such that the target qubits evolve differently depending
on the state of the ancillary qubit. If we have a superposition of the ground

state and excited state of the ancillary qubit, it becomes possible to realize the
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superposition of such two dynamics. This is the key to entangle the ancillary

qubit with the target qubits.

3.3.4 Unavoidable error of feedforward operation

It is worth mentioning that we could not avoid a detuning error to perform a single
qubit rotation in our always-on interaction system. In the superconducting flux
qubit system, it is possible to perform a high-fidelity single qubit rotation by
applying a on-resonant microwave pulse whose frequency is the same as the qubit
energy. However, in our case, the target qubit has an unknown energy shift due to
the interaction when a state of nearest neighbor qubits contains a superposition.

As an example, we again consider a case of three-qubit one-dimensional chain,

us

5 pulse on the middle qubit prepared in a

and estimate the fidelity to perform a

ground state, and the Hamiltonian of this system is described as follows.

/

~ -~ wq —wl ~ )\B(t) 0 g(lJI) A A

Hapc ~ E 5 At Ap + E ZZy.  (3.39)
lEA’B’C (l,l/)E(A7B),(B,C)

Here, we set mixing angle

(3.40)

b | 3

and microwave frequency
Wwp=wp—g (3.41)

to obtain the following Hamiltonian.

) 1 g 5 )\B 2, 1 + Zl 1 —+ Zl’
H)ypo = 7( - ’—7)2 2By, 42
ABC ZQWI wi—5) it 5 Yt > 95 2(3)
l€A,C (LIE(A,B),(B,C)
We show the effective Hamiltonian of the qubit B of this case in Table 3.1. Since
the resonant frequency of the qubit B depends on the state of the qubit A and C,
it becomes impossible to apply on-resonant pulse on the qubit B if one of these

states have a superposition. To implement our scheme to control the interaction,
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Table 3.1: The effective Hamiltonian of qubit B depends on the states of qubit A
and C in Fig. 3.2. When the states of the qubit A and C contains superposition,
the resonant frequency of the qubit B is not uniquely determined. Since the
microwave frequency is fixed, Zp component induce the detuning error €r when
we rotate qubit B. As the table shows, the detuning error €r becomes maximum
for the case of |11)ac-

Qubit A and C (state) | Qubit B (effective Hamiltonian)
|TT>AC HB :‘gZAB_F/\TB}fB
[T ac, HMac Hp =425+ V5
|¢~L>AC Hp = )\TBYB

we have already chosen the frequency of (wp — g) for the microwave § pulse

and the worst fidelity (when the actual effective Hamiltonian of the qubit B is

Hp = gZB + )‘TB?B) can be calculated as follows.

X 2
. —iHpt
g = 1= [l ) 38
. 2
cos(%t\/M) + Sin(%t\/‘ﬂ)%
L VAZS | (3 )
V2

where t (: %) denotes the duration of the microwave 7 pulse. This means that,
by increasing the Rabi frequency Ap, we can suppress this detuning error. We
plot this error €x against the coupling strength ¢ and the Rabi frequency Ap in
Fig. 3.4.

Throughout of this chapter, when we calculate a fidelity, we always consider

the worst case for detuning error as discussed above. The effective Hamiltonian

of the target qubit to be rotated by the microwave is described by

A

Htarget = §Xtm"get (345)

when all nearest neighbor qubits are in a ground state while the worst case of the
Hamiltonian is

9

Htarget = 9

N A~
nZtarget + §Xtarget (346)
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Figure 3.4: The worst rotating error (ex) and the interaction strength (g7%) be-
tween each pair of nearest neighbor qubits in switching scheme (Fig. 3.2) against
various Rabi frequency (ApT%). Here, T; denotes the coherence time of the qubit.

when all nearest neighbor qubit is in an excited state, and we fix the frequency
of (Wrarget — gn) for the microwave § pulse. Here, wiqrger is the original resonant
frequency of the target qubit and n denotes the number of qubits interacting with
the target qubit. This will enable us to evaluate the performance of our scheme

for the fault tolerant quantum computation.

3.3.5 Optimal interaction strength

Here, we discuss the optimal interaction strength between the qubits to perform
a high fidelity controlled-phase gate. Since the coherenece of the quantum states
degrades due to decoherence, we need to perform a controlled-phase operation
much faster time scale than the coherence time of the qubit. For this purpose,
we need to increase the coupling strength to realize a fast controlled-phase gate.

However, the strong coupling strength makes it difficult to perform an accu-
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rate quantum feedforward operations because the always-on coupling between
qubits induces unknown energy detuning of the qubit frequency as described be-
fore. Then, there should exist an optimal interaction strength to minimize the
controlled-phase gate error that comes from the decoherence of the qubits and
imperfect quantum feedforward operations. Decoherence error that we consider
is general Markovian noise. We assume that the error rate increases exponentially

against time as

_Tcz

€1 = 3(1 P (3.47)

Here, T denotes the coherence time of the qubit and Toz(= 7) denotes the gate
operation time. Since we consider a parameter regime for Tz < T, we can

simplify the decoherence error as

~Tcz

€4 = T (3.48)

We assume that the single-qubit operations can be implemented much faster
than the coherence time, and hence the decoherence effect during the single
qubit operations is negligible compared with other effect such as decoherence
during the controlled-phase gate. The setup we consider for the estimation of the
optimal coupling strength is as follows. As described in Fig. 3.2, to perform a
controlled-phase gate, we use two main qubits A and C and one ancillary qubit
B that is inserted between the main qubits. Initially, an ancillary is prepared
in a ground state and main qubit are prepared in arbitrary states. Also, for
simplicity, we assume that all nearest-neighbor coupling strength between qubits
are equal between these three qubits. We evaluate the achievable fidelity during
the implementation of a controlled-phase gate in our scheme (Fig. 3.2). Firstly,
by performing 7 pulse, we rotate the ancillary qubit B from ground state into
|+) state. At this time, the qubit B have unknown energy shift due to the cou-
pling from qubit A and C during the rotation, so that a detuning error occurs.
Secondly, let evolve the system according to the Hamiltonian. During this time

evolution, every qubit is affected by environmental noise, and so decoherence er-
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ror accumulates. Finally, we measure Y and perform quantum feedforward on the
qubit B. Again, due to the coupling from nearest neighbor qubits, qubit A and
C suffers the detuning error for the feedforward rotations while the qubit B can
be accurately rotated by a resonant microwave pulse. Therefore, the achievable

fidelity is calculated as
F=1- (263 + 3eq), (3.49)

where we assume that the error makes the state orthogonal to the ideal one to
consider the worst case. We plot the achievable fidelity F' and interaction strength
g corresponding to the range of the Rabi frequency A in Fig. 3.5(a). Also, we plot
the relationship between an achievable fidelity, the optimal interaction strength
and Rabi frequency in Fig. 3.5(b). This shows that an achievable fidelity (F)
monotonically increase with the increasing Rabi frequency (\) and interaction
strength g has the optimal point against A.

In this chapter, we do not discuss about the details of the errors in projective
measurements and quantum feedforward operations. But we can treat these
errors as a type of additional dephasing error. For example, in our switching
scheme of 3.3.3, we assume that we fail to perform measurement or feedforward

operation with a probability of €,,. The ancillary qubit B become

pp = (1 —em)| L) (U5 + em|T) (5. (3.50)

At this time, the state of the total system is written as

papc = (1— em>UCZC>|¢> (BlacUSE @ 1) (s

teme MU 6) (8] ac UG @ 11) (1] peiTt. (3.51)
Where
H= g## (3.52)

(LI)€(A,B),(B,C)
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Figure 3.5: (a) An achievable fidelity (F') and the optimal coupling strength
(gT2) of a controlled-phase gate in our scheme (Fig. 3.2) against various Rabi
frequency (A7%) . The solid line denotes F' and the dashed line denotes g7%. (b)
An achievable fidelity (F') against interaction strength (¢7%) and Rabi frequency
(AT3).

32



Ao B o C
OO w)=14),. ®|+),

_rg+g) , _7(g-¢g)
1 CTT 2gg

2gg

O
O—QO| n)=08704"19),. ®|+),
¢ ¢'¢

Y measurement and quantum feedback

OL® O In=04%9),.eY),

Figure 3.6: Controlled-phase operations using a spin echo technique with asym-

metric coupling strength. U= Ué‘z )UégC) is performed on the initial state at

a specific timing due to the implementation of a 7 pulse where Uéz) denotes a
controlled-phase operation between qubit j and k.

denotes Ising type interactions between qubit A, B and B, C. By trace out of
the ancillary qubit B, we can treat the effects of the interactions H as dephasing
errors at most €,07 on the qubit A and C. Such error can be corrected by the

quantum error correction as long as the error is less than the threshold.

3.3.6 Asymmetric coupling strength case

Interestingly, our scheme to perform controllable controlled-phase gates under the
effect of always-on interaction works even when the coupling strength between
qubits is different. We adopt a spin echo technique [26, 105, 62] to balance the
interaction. In the spin echo technique, implementation of a 7 pulse can refocus
the dynamics of the spin, so that the effect of the interaction should be canceled.
Suppose that we have three qubits in a raw, and the coupling strengths between
the nearest neighbor qubits are g4 ) and gE B,C) A3 shown in Fig. 3.6 where we

assume g4 gy > gE B,C) without loss of generality. Then, the system Hamiltonian
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becomes as follows.

~ Wi A ~
H = Z (EJZJ‘ + Aj(t) cos (wit + Q)Xj)
j=A,B,C
g 7
+ 25 2025+ =D I 20 (3.53)
1424142 , 14+Zpl+Zc
= 9AB) T, 3 +9(B,0) 5 5 (3.54)
with
/ _ 1 ! g(AvB) + ‘gEB,C)
Wq = WA= 59ABHWB=WB — — 5
2 2
1
we = WC_§QEB7C)7)\A:)\B:/\C:O- (3.55)

Here, we introduce

/
ty = , (3.56)

and
(g AB) — g )
ty = — B T HBO) (3.57)
2g(A,B)g(Bg)
to satisfy
9(A,B) (t1 —t2) = 92370) (t1 +t2) = 7. (3.58)

We let the state evolve for a time t1, perform 7 pulse to qubit A, and let the

state evolve for a time to. The total unitary evolution can be described by

A . 14+Z41+2Z5 . 1+751+7,
U = exp | —ig(a,p)(t1—t2) £ ig(p.c)(t1+1t2) b <) (3.59)
2 2 ' 2 2
up to local equivalent, and so,
- ~(B,C) 7+(A,B
U16) anc = U305 16) ase, (3.60)
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so that we can perform controlled-phase gates even if the coupling strength is
asymmetric. The details are explained in Subsection 3.3.7.

After this evolution, we use projective measurements and quantum feedfor-
ward to effectively turn off the interaction as long as qubit B is prepared in a
ground state. Therefore, we succeed in performing controlled-phase operation

between qubit A and C.

3.3.7 The details of implementation of controlled-phase gate

Here, we show the details of our scheme to perform controlled-phase gate. We

set the initial state of the system as following.

W) = [+1+)asc. (3.61)

From the Hamiltonian H’ in Eq. (3.38), we define the following local Hamiltoni-

ans.

ﬁ,/él = 9(A,B) 9 yHeo = gEB,C) 9 . (3‘62)

Firstly, we perform § pulse to the qubit B, so that we can obtain the following

state
[W2) = |+ ++)asc (3.63)

Secondly, we let the state evolve for a time ¢; in Eq. (3.56). The state becomes

as follows.

1

T3+ ¢ HATHDN 1) ) @ |4++) ac (3.64)

|Us)

Thirdly, we perform 7 pulse to the qubit A to balance the effects of interaction

strengths.

]_ A~ el g
|Wy) = 72(\¢>B|++)Ac + X e HaTHE) 11y gl 1) 4 0) (3.65)

35



Fourthly, we let the state evolve for a time ¢3 in Eq. (3.57). Controlled-phase

gates are performed between two pairs of qubits as follows.

Us) = —=(11)Bl++)ac + Fatie £, AT 11y 14y ) (3.66)

2
(W) Bl++) ac + Xaeali=t) et 10y ol 1y 4 o) (3.67)

-l

- 12<u>3|++>Ao—r¢>B|——>Ac>. (3.68)

5

Finally, we measure the qubit B on Y-basis. According to the measurement

result, the states becomes as follows.

E) = %((mBii!¢>3)|++>Ac¢i(!T>Bii\¢>B)\——>Ac> (3.69)
= \}ifily>B®(‘++>AC¢¢‘__>AC)- (3.70)

The operation of quantum feedforward is determined according to the mea-
surement result. These operations are equivalent to perform a controlled-phase

gate between qubits A and C as follows.

97) = Fipcl¥) (3.71)
1 53X bk Gt ,
= %UB |:l:1§/>B®SASC(‘++>AC:FZ’__>AC) (3.72)

- %(\T—mo—umc)@um (3.73)
= US9w). (3.74)

3.3.8 One dimensional cluster state

We only explain about three-qubit case here. However, it is straightforward to
generalize this idea to an arbitrary size of one-dimensional cluster state, because
we can ignore the coupling from the other qubits as long as we insert an ancillary
qubit prepared in an ground state as we discussed before. It is worth mentioning
that the necesary number of the 7 pulses increases linearly against the number of
the qubits, due to the use of such ancillary qubits to stop the interaction from the

other qubits. Additionally, our scheme can be applied to two or three-dimensional
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cluster state. In these cases, we repeatedly implement the similar procedure as
we use in the case of a one-dimensional cluster state, so that we can balance
the interactions just by adding a few operations. We discuss the details of those
interaction-balancing schemes in Section 3.6. Hence, throughout of this chapter,

we assume that all interactions are equal.

3.4 Generation of a two dimensional cluster state under the ef-

fect of always-on interaction for surface coding scheme

In this section, we show how to apply our scheme to generate a two-dimensional

cluster state, which is a universal resource [87, 84] for quantum computation. We

Syndrome qubit Main qubit
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(c) The procedure for cluster state generation

Figure 3.7: (a)Schematic to generate a two-dimensional cluster state with always-
on interaction using our scheme. Hollow circles denote logical qubits and colored
circles denote syndrome qubits for surface coding scheme. (b) A unit cell to
generate a two-dimensional cluster state. The large circles denote main qubits
while the small circles denote ancillary qubits for switching interactions. The
edge between the qubits denote the Ising type interaction between those qubits.
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now give the overview of our setting in Fig. 3.7(a) and the physical implementa-
tion in Fig. 3.7(b). Ancillary qubits for effectively turning on/off interactions are
set on the midpoint of these main qubits. There are Ising type interactions be-
tween each pair of nearest neighbor main qubit and ancillary qubit. To generate
a whole two-dimensional cluster state, we need to perform controlled-phase oper-
ations between every pair of the nearest logical and syndrome qubits as described
in the following procedure. Firstly, we prepare all ancillary qubits between main
and syndrome qubit to |+) state. Secondly, we let the states evolve for a time
t= g. Finally, we perform projective measurements and quantum feedforward
operations to all ancillary qubits for generating two-dimensional cluster state. In
these operations, each ancillary qubit has no effect on the state of other ancillary
qubits, so that we can handle the effect of each operation as individual three-
qubits system and we can proceed all controlled-phase operations simultaneously.
Furthermore, similar to the case of a one-dimensional cluster state, the energies of
ancillary qubits have unknown energy shifts as described in Table 3.1, so that the
upper bound fidelities and optimal interaction strengths of each controlled-phase
operations coincide with three-qubit case shown in Fig. 3.5(a). Since scalable
surface coding scheme require the error rate around below 1 %, this result shows
that the Rabi frequency should be tens of thousands times larger than the decay
rate (T%) and the coupling strength should be thousands times larger than that.

3.5 Generation of a three dimensional cluster state under the
effect of always-on interaction for topological quantum com-

putation

Although we discussed how to generate a two-dimensional cluster state above,
we can apply our scheme to generate a three-dimensional cluster state, which is
a universal resource for the topological quantum computation [83].

We can use either a cubic cluster state or bilayer cluster state for the topolog-
ical quantum computation, and we choose the latter one to avoid an unnecessary
decoherence effect, as previous authors did [73]. In this case, it is necessary to

generate the bilayer cluster state again and again, after the implementation of
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the measurements on one of the layers. We discuss how to generate a bilayer
3D cluster state under the effect of always-on Ising interaction by using projec-
tive measurements and quantum feedforward. We again assume that the Ising
type Hamiltonian described in Eq. 3.12 dominates this system, and there is an
interaction between every nearest neighbor qubit pairs. In our approach, unit
cell to generate a bilayer three-dimensional cluster state is composed of 28 qubits
(6 main qubits and 22 ancillary qubits), and we repeatedly put these cells on
the same plane as shown in the Fig. 3.8. Interestingly, although these qubits
are located in a two-dimensional plane, it becomes possible to implement a 3D
topological quantum computation.

Let us consider qubits located on the cross-shape structure, which is a part of
the unit cell (See the illustration (c) in the Fig. 3.8 ). The 5 ancillary qubits are
used to implement a controlled-phase gate between an arbitrary pair of two main
qubits in this cross shape structure without changing the states of the other main
qubits. Interestingly, by preparing two of the ancillary qubits in ground states
and preparing the other ancillary qubits in the |+) state as described in Fig. 3.8,
only two main qubits will be involved in the implementation of the controlled-
phase gate while the other main qubits do not affect the operation due to the
existence of the ancillary qubits prepared in a ground state, which has the same

analogy with the case of a one-dimensional cluster state.

3.5.1 Optimal interaction strength

Next, we estimate the optimal interaction strength of the above system for gen-
erating a three-dimensional cluster state. We consider the same noise as in 3.3.5.
For this estimation, we introduce the following setup. As described in Fig. 3.8, we
use three ancillary qubits inserted between the target main qubits for performing
controlled-phase gate. We name these qubits as qubit A, B, C, D, and E where
A and E denote the main qubits and B, C, and D denote ancillary qubits (See
Fig. 3.9).

Initially, all ancillary qubits are prepared in a ground state and main qubit

are prepared in arbitrary states. We evaluate the error accumulation during the
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(c) Connection pattern

Figure 3.8: (a)Schematic to perform 3D topological quantum computation in
our scheme by using qubits embedded in a two-dimensional plane. (b) Unit cell
to generate a bilayer 3D cluster state. We repeatedly put this cell in the two-
dimensional plane. The large circles denote main qubits while small circles denote
ancillary qubits. The edge between the qubits denotes the interaction between
them. (c) Cross-shape structure composed of 4 main qubits and 5 ancillary qubits.
We can implement a controlled-phase gate operation between an arbitrary pair
of main qubits in this structure.

implementation of a controlled-phase gate in our scheme using three ancillary
qubits (Fig. 3.9). Firstly, by performing 5 pulse, we rotate the ancillary qubit
C into |4) state, and subsequently rotate the other ancillary qubit B and D into
|+) state. In this case, since all nearest neighbor qubits for the qubit C are
prepared in a ground state, the qubit C is not affected by the coupling strength
from any other qubits and can be accurately rotated by a microwave resonant
pulse. However, the qubit B (D) have unknown energy shift due to the coupling

from qubit A (E) and C during the rotation, so that a detuning error occurs.
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Figure 3.9: Error accumulation during the implementation of a controlled-phase
gate between the main qubits. There are two main qubits A and E initially
prepared in arbitrary state. Between these qubits, we insert three ancillary qubits
B, C, and D initially prepared in a ground state. As long as the state of the
nearest neighbor qubit contains a superposition, we cannot determine a resonant
frequency of the qubit due to the always-on interaction, which induces a detuning
error €z to rotate the qubit. Also, we assume a decoherence error ¢4 that occurs
during the time evolution to entangle nearest neighbor qubits by the interaction.
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Secondly, we wait the appropriate time evolution of system with the Hamiltonian.
During this time evolution, decoherence error of every qubit accumulates. Finally,
we measure Y and perform quantum feedforward on the qubit B and D, and
subsequently implement the same operation on the qubit C. Again, due to the
coupling from nearest neighbor qubits, qubit B and D suffers the detuning error
for the feedforward rotations while the qubit C can be accurately rotated by a
resonant microwave pulse. To generate a whole three-dimensional cluster state,
we should perform this type of controlled-phase gates, vertically, horizontally,
and aslantly, as shown in Fig. 3.8. During this 3 steps, additional decoherence

error accumulate. Therefore, we calculate and plot an achievable fidelity
F=1- (4€g + 15¢4) (3.75)

in Fig. 3.10. Also, we plot the optimal interaction strength and an achievable
fidelity against each A in Fig. 3.5(b). Since scalable topological quantum compu-
tation require the error rate around below 1 %, this result shows that the Rabi
frequency should be tens of thousands times larger than the decay rate and the

coupling strength should be thousands times larger than that.
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Figure 3.10: The optimal coupling strength (¢g7%) and an achievable fidelity of a
controlled-phase operation in our scheme using three ancillary qubits against the

Rabi frequency (A7%). The solid line denotes F' and the dashed line denotes ¢g75.
as with Fig. 3.5(a).
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Figure 3.11: An achievable fidelity (F) of a controlled-phase operation in our

scheme using three ancillary qubits against interaction strength (¢g7%) and Rabi
frequency (AT3).
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3.6 Generating cluster state with asymmetric interaction strength

In this section, we discuss how to generate a cluster state with asymmetric cou-
pling strength. Suppose that only three qubits are involved in, and the other
qubits are set not to interact with these three qubits by controlling the state of
the ancillary qubits. As we described before, by using unitary evolution, imple-
mentation of a spin echo, quantum measurements and quantum feedforward, we
can perform a controlled-phase gate between two main qubits where a single an-
cillary qubit is inserted between two main qubits for this case. This is a two-step
elementary operation to implement controlled-phase gate between main qubits
under the effect of always-on interaction. We will use this operation recursively

to make a large cluster state.

3.6.1 Generating one-dimensional cluster state

First, we aim for generating a one-dimensional cluster state using qubits that are
arranged in a raw. In order to avoid an exponentially large number of implemen-
tations of 7 pulses, we use the two-step procedure for generating one-dimensional
cluster state with m main qubits and m —1 ancillary qubits as shown in Fig. 3.12.
In this setting, interaction strengths differ from each other. Firstly, we perform

8> ' &4 &4
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Figure 3.12: Due to the ancillary qubits prepared in a ground state, the number
of qubits interacting with the main qubit is equal to or less than one, so that we
can use the scheme described in Fig. 3.6. We create 3 bell pairs in the first step,
and create a one-dimensional cluster state in the second step. This makes the
necessary number of 7 pulses the same as the number of ancillary qubits.
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controlled-phase operation between 2n — 1*0 main qubit and Qnth(n =1,2,..,%)
main qubit, so that % bell pairs are created. Since the 2kth(/<: =1,2,.., %) ancil-
lary qubits are prepared in a ground state, we only need to consider the dynamics
of three-qubit during the time evolution, and so we can apply the scheme to turn
on/off effective interaction for three-qubit case as described in Fig. 3.2. Secondly,
we perform controlled-phase operations between onth main qubit and 2n + 1th
main qubit, so that a one-dimensional cluster state can be created. Here, the
2k — 1th ancillary qubits are in a ground state, and 2k th ancillary qubits interact
with two main qubits. Again, only three qubits interact with each other, and so

we can apply the scheme described in Fig. 3.2.

3.6.2 Generating a two-dimensional cluster state

Next, we aim for generating a two-dimensional cluster state using m? main qubits
and 2m(m — 1) ancillary qubits that are arranged on two-dimensional lattice with
asymmetric coupling strength. For this purpose, we suggest a four-step procedure

as shown in Fig. 3.13. Firstly, we generate % Bell-pairs between each nearest pairs
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Figure 3.13: The procedure for generating a two-dimensional cluster state over
logical qubits and syndrome qubits. At each step, every main qubits effectively
interacts with at most one nearest-neighbor ancillary qubit, because the other
nearest-neighbor ancillary qubit is prepared in a ground state, so that the in-
teraction of these are effectively turned off. In this figure, large circles denote
main qubits while small circles denote ancillary qubits. Main qubits are classified
for three-types of qubits. White big circles denote logical qubits, blue (red) big
circles denote syndrome qubits for bit-flip detection (dephasing detection).
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of logical and syndrome qubits at each column. At every step, ancillary qubits,
which are not used for controlled-phase operations, prepared in ground state.

Secondly, we perform controlled-phase operations between each Bell-pairs in the
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same column to generate one-dimensional cluster states. Thirdly, we perform
controlled-phase operations in horizontal direction. At each controlled-phase op-
eration, the syndrome qubit is arranged at the left side and the logical qubit is
arranged at the right side. Finally, we perform controlled-phase operation be-
tween all the remaining nearest-neighbor pair of logical and syndrome qubits, so

that we can obtain a two-dimensional cluster state.

3.6.3 Generating a three-dimensional cluster state

In this subsection, we suggest a procedure to make a three-dimensional cluster

state as shown in Fig. 3.14. For this procedure, we use %mz main qubits and %m

2

o o)
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o) o) o)
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Figure 3.14: Only main qubits are presented in this figure. Firstly, we generate
one-dimensional cluster states using logical and syndrome qubits on the same col-
umn. Secondly, we generate two separable two-dimensional graph states. Finally,
we generate a three-dimensional cluster state.

ancillary qubits that are arranged on a two-dimensional plane with asymmetric
coupling strength. Here, we show how to perform controlled-phase operation
between two-main qubits A and E via three-ancillary qubits B, C, and D with
asymmetric interactions as in Fig. 3.15. Firstly, we perform controlled-phase op-
eration between qubit A and C using our technique in Fig. 3.6. Secondly, we
perform controlled-phase operation between qubit C and E using the same tech-
nique. Finally, we perform Y basis measurement quantum feedforward operations
on qubit C', so that controlled-phase operation can be implemented between qubit
A and E. We use this three-step controlled-phase operation recursively to make

a large three-dimensional cluster state in following procedure.
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The details of procedure for generating a three-dimensional cluster state
are described as follows. Firstly, we generate m-qubit one-dimensional cluster
states composed of 7 logical qubits and % syndrome qubits in vertical direc-
tion. For these operations, we use the same process as described in Subsec-
tion 3.6.1. Secondly, we generate two separable two-dimensional graph states
as shown in Fig. 3.15. One of the two-dimensional cluster state is composed of
logical qubits and bit-flip-detection syndrome qubits. The other one is composed
of logical qubits and dephasing-detection syndrome qubits. Interactions between
these two-dimensional cluster states are effectively turned off by ancillary qubits
prepared in a ground state. Finally, we perform controlled-phase operations on a
slant direction as shown in Fig. 3.8(c) between pairs of logical qubits to connect
these two-dimensional cluster states, so that we can generate a three-dimensional

cluster state.
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C < C Y measurement and quantum feedforward.
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Figure 3.15: Controlled-phase operations via three-ancillary qubits using our
technique with asymmetric coupling strength. Qubit A and E are main qubits,
and qubit C, D, and F are ancillary qubits. Firstly, we prepare ancillary qubits D
to ground state. Secondly, we perform controlled-phase operation between qubit
A and C by applying our technique described in Fig. 3.6. Thirdly, we perform
controlled-phase operation between qubit C' and F in the same way. Finally, we
perform Y basis measurements to qubit C and feedforward operations.
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3.7 Experimental parameters

We show the optimal interaction strength g75 and Rabi frequency AT, for our
scheme in Subsection 3.5.1. The best observed coherence time of the flux qubit is
10 or 20 us [18, 101]. In these demonstration, flux qubits are located in the middle
of the three-dimensional microwave cavity. Furthermore, the Rabi frequency with
1.7 GHz [114] and the interaction strength with 0.5 GHz [66] are demonstrated.
In the former case, the flux qubit is strongly inductively-coupled with a microwave
line and has a large anharmonicity. Hence, the Rabi frequency can be up to an
order of few GHz without significant additional decoherence. In the latter case,
two flux qubits are located on the same circuit with fixed coupling. Assuming
that we can achieve these results on the same system, g75 and \T5 can be up to
10000 and 34000 (with T5 = 20us). As shown in Fig. 3.5(b) and Fig. 3.11, these
values satisfy conditions of the fidelity F' > 0.99 which exceed the threshold for

fault-tolerant quantum computation.

3.8 Conclusion

In this chapter, we show a scalable way to generate two and three-dimensional
cluster state with always-on Ising interaction. Here, we use projective measure-
ments and quantum feedforward to effectively turn on/off the interaction in this
system. Our schemes provide a novel way to construct a surface code quantum

computation and topological quantum computation.
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Chapter 4

Toward the realization of generating Ising
interaction using capacitive coupling for

superconducting flux qubits

4.1 Introduction

In this Chapter, we propose a scheme to generate a controllable Ising interac-
tion between superconducting flux qubits. FExisting schemes rely on inductive
couplings to realize Ising interactions between flux qubits, and the interaction
strength is controlled by an applied magnetic field. We have found an alternative
way to generate an interaction between the flux qubits via capacitive couplings.
This has an advantage in individual addressability, because we can control the
interaction strength by changing an applied voltage that can be easily localized.
This is a crucial step toward realizing superconducting flux qubit quantum com-
putation.

The rest of this chapter is organized as follows: In Section 4.2, we describe
the experimental setup for simulations. In Section 4.3, we present the design
details of our flux qubit and the effects on a flux qubit from changes to the
parameters. In Section 4.4, we propose our scheme for generating Ising type
interaction between capacitively coupled superconducting flux qubits. Moreover,
we show the relationship between coupling strength and two types of errors caused

by operation accuracy, the fluctuation of applied voltage and timing jitter. In
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Section 4.5, we present the analysis of our scheme for use in a multi-qubit system.
Additionally, we discuss how to suppress the non-nearest neighbor interactions
by changing parameters and performing 7 pulses. Finally, we show our procedure
for generating a one and two-dimensional cluster state using qubits on a square

lattice in constant steps.

4.2 Experimental setup

Experiments for Hamiltonian analysis are carried out in Matlab R2013a on a
Linux server with Intel Xeon X5675 processors at 3.07 GHz (6 physical cores)
and 288GB of main memory. In each simulation, wave functions are represented

to as 13x13 matrices in the momentum space.

4.3 Voltage controlled a-tunable flux qubit

Let us first show the circuit of a flux qubit that we propose in Fig. 4.1. Here,
Ve
lC
g

Ej2).C1(2) | Ej3),Cy(3)

1
Ej1), 1) o [R) EJ4),
Cin) S R RCY

L

Figure 4.1: The circuit of a flux qubit in our design. This flux qubit has four
Josephson junctions (JJ). £,y and C(,) denote the Josephson energy and ca-
pacitance of the n th Josephson junction JJn. The loop is threaded by an external
magnetic flux f, and we can control the energy bias of the qubit via the magnetic
flux. Node 1 represents the superconducting island. The electric potential of
node 1 is V7.
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X-shaped crosses denote Josephson junctions (JJ). The first Josephson junction
(JJ1) and the fourth Josephson junction (JJ4) both have the same Josephson
coupling energies F; and capacitances C ;. The second Josephson junction (JJ2)
and the third Josephson junction (JJ3) both have the same Josephson energies

and capacitances, « times larger than those of JJ1 and JJ4.

4.3.1 Hamiltonian
The Josephson phases ¢, which are given by the gauge-invariant phase of each

JJn, are subject to the following equation:

w1+ 2+ @3+ s = 21 f (4.1)

due to fluxoid quantization around the loop containing phases of Josephson junc-
tions. f denotes the external magnetic flux through the loop of the qubit in units

of the magnetic flux quantum

h
Oy = —. 4.2
07 2 (42)
The Josephson enegy of each JJn is
Un = Ejn) (1 — cos py,). (4.3)

Then, the total Josephson energy U can be described as follows:
4
U = ZEJ(k) (1 —cosyy) . (4.4)

k=1

The capacitance energy of each JJn is

2
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where ¢ denotes the time derivative of ¢. Then, including the energy of voltage

application, the total electric energy T can be described as follows:
4 2
1 CI)Q . 1 2
T = - C — —Cy (Ve =V, 4.6
32 Cow () +5C (V=70 (46)

where Cy, V. and V; denote the capacitance of the gate capacitor, applied external
voltage and the electric potential of node 1, respectively. Here, node 1 represents
the superconducting island.

From the phase constraints in (4.1), each phase ¢y and the time derivative of

phase ¢, can be described using ¢’ and ¢ as follows:

®1 ,
% i
2
o= Lok = Y B+ Fne =|eh | (4.7)
Y3 j ,
¥3
P4
1 .
; 1
, 2 ) . )
e=|""|, e = D B =], (4.8)
¥3 j .,
. Y3
P4
Here, we introduce the following terms B and F
1 0 0 0
0 1 0 0
B = JF = (4.9)
0 0 1 0
-1 -1 -1 —2nf

Then, we can rewrite the total Josephson energy U as follows:

U = EJZAk(l—cosgok) (4.10)
k
= E;Y Ap(1—cos(d_ B+ Fi)) (4.11)
k J
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Here, we introduce the area ratio A,, of each JJn as follows:
A1 = A4 = 1, AQ = A3 = . (4.12)

Then, the capacitance and the critical current of each Josephson junction are
proportional to A;.

We define V; as the voltage difference between JJ; and JJ;yi. The voltage
of the ground is set to virtual zero. Then the electric potential of node 1 (V7)

becomes

oy, .
Vi=Vh= 272«01 + ¢a). (4.13)

Furthermore, each V; can be described using matrix D as follows:

Vi 1000
Dp\ .
V=1V, ,‘G:ZDji(%(;)%‘aD: 1100/. (4.14)
Vs ’ 1110

From the formula (4.6), the total electric energy T' becomes as follows:

Ake @0 ) 2
2 2

2 (I)O
_Z4EC <2W>Ak<23kl%>+ ~Cy| Ve ZDJBJWJ2 (4.16)

where Cy; denotes the capacitance of the gate capacitor which is connected to
the island between JJ; and JJ;11. VE; denotes the external voltage to the same
island. In this case, Cy2 and Vg; are Cy and V, in Fig. 4.1. Here, we introduce

the ratio of capacitance Cy; as follows:

Fl = Fg = O, Fg =. (417)
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I'; satisfies the following conditions

62

Then, the second term of formula (4.16) becomes

2
2

e @0 2 27 ./
-0 Ll Ve 28— D: :B.
AE (271') ; i Ezq)o jzk 1,785,k Pk

e? 2 N2 27
= 5 <27?> M T <(Di7ij7kg0;€) —sziDivaj,kgo;g%) + const.(4.19)
ijk

2
Here, we can ignore ZZ T; (VEZ-%’;) because it is constant.

Furthermore,
Z Aibij Bjr ) Bug) = Z @1 B (Ai6i)ij Bk, (4.20)
ijkl ijkl

and we introduce the following matrices Ap,qt and ['yyqe:

1 0 0O
0 0 O
0 a 0 O
Amat: 7Fmat: 0 v 0]. (421)
0 0 a O
0 0 0
0 0 0 1

Using above equations, we can rewrite 1" as follows:

o= © (B grpra g
2

e (\*( 11 yr Y . Po
— | — B "D I'ypa DB — 2VEL st Do— 4.22
+4EC <27I‘> (Qp mat 2 VED mat (7027_(_ ( )

62 (I)O 2 L/ .
= E (27T> P TBT (Amat + DTFmatD) BSD,

2
o
—Q——EVEI‘W“DB(/:’ (4.23)

93



where Vg denotes
Ve = (0 V. 0) . (4.24)

Here, we introduce Lagrangian £ =T — U and generalized momentum P;

oL  oT
Pi = 55" 0@ (4.25)

K3 K3

and define the effective mass M as follows:

2 P 2
- ;E - (272) (BYAmatB + BT DTt DB) . (4.26)

Then T becomes as follows:

62 q)() !
Z Pt = 55 _ VETmaDB); 41 (4.27)

and P becomes as follows:

1 . . ez
P = B (6 Mgy + 0 M py,) — Yo 20 (VEL mat DB), (4.28)
¥ e? (0N
P = My — SE on VEFmatDB (4.29)
For quantization, we replace the generalized momentum P; with
0
P = . 4.30

Then the circuit Hamiltonian becomes as follows:

1 e2 d, e2 d,
H=- P+ —2B"D"l,,,.Vae | M~ P 77v CoatDB ) + U.(4.31

2 ( Ec on ¢ E) < + Eg o ©rmat ) +U.(4.31)
Here we use

MT =M. (4.32)
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4.3.2 Simulation

Next, we show how to simulate the Hamiltonian in Eq. (4.31). For this purpose,

we rewrite that Hamiltonian using the following functions.
Hym = EJU(NaBaFyAmat) +ECT(N7 Ma K) (433)

where N denotes the size of matrices. We use 2N +1 x 2N + 1 momentum based

matrix to denote each ¢. It is because p(6) can be rewrite as follows:

N
p(0) = > pre™, (4.34)
k=—N

where p denotes momentum term. Larger N give higher accuracy and long sim-

ulation time. We set N = 6 in every simulation.

Table 4.1: Functions used in simulations. These functions

are the standard in Matlab and Octave.

Functions Descriptions Examples
A square matrix of dimension 0 00
zeros(n) n where every component is | zeros(3) = [0 0 0
Z€ro. 0 00
An identity square matrix of 1 0
eye(n) . . eye(2) =
dimension (n). 0 1
Returns the n by m matrix 11 1
ones(n, m) ones(2,3) =
where every component is one. 1 1 1
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P= <1 2)
Returns a square matrix of di-
010

diag(P,1)=10 0 2
0 0 0

mension p 4+ g with elements
diag(P,q) of P on gth diagonal. When
p:The elements | ¢ > 0 (¢ < 0), gth diagonal is
number of P. located in the upper (lowner)
part of the matrix. Oth diago- diag(P,—2) =

nal means the main diagonal.

o o o o

o = O O
N O O O
o o o O

Here, we define Ly is the number of components in the vector (or line of matrix)

V. We show details of function U(N, B, F, Apnat) as follows:
function U( int N, matrix B, vector F, matrix Aqt)

Input: The size of matrices N, phase constraints B and F in Eq. (4.9), and
the area ratio of Junctions A, in Eq. (4.21).
Output: 2N + 1 x 2N + 1 matrix of potential energy U.

U = zeros((2N + 1)FB) |
for k=1:Ly do
for{=1:Lg do
s(l) = diag(ones(1,2N + 1 — |B(k,1)|), +B(k,1))
t(l) = diag(ones(1,2N + 1 — |B(k,1)|), —B(k,1))
end for
S=s51)®s2)®.®s(Lp).
T=1t1)®t2)®..t(Lg).
COS(N,B(k,:), F(k)) = (Sef'®)i 4 Te=F(k)i) /9
U =U+ Apat(k, k) (eye((2N + 1)F8) — COS(N, B(k,:), F(k)))
end for
return U

end function
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Next, we define K is

K = —VT,uDB. (4.35)

We show details of the function T'(N, M, K) as follows:
function 7T'(int N, matrix M, vector K)

Input: The size of matrices N, the effective mass M in Eq. (4.26), and effects
of external voltage K in Eq. (4.35).
Output: 2N + 1 x 2N 4 1 matrix of momentum energy 7.

T=0
Mipy = M~ @ eye((2N + 1)Em)
for [ =1: Lk do

for k=1: Lk do

t(k) = eye(2N + 1)

end for

t(l) = diag((—N : N) + K(1),0)

Prat = t(1) ®t(2) @ .. ® t(Ly).
end for
T= 4P7z;ath‘nvaat

return 7'

end function

By diagonalization of Hg;,, we can determine eigenvectors and eigenvalues of
this circuit.

Although the system Hamiltonian H has many energy levels, the system can
be described as a two-level system (qubit) due to a strong unharmonicity by
choosing suitable «. We show the o dependence of the energy of this system
Fig. 4.2, where Fy; (F12) denotes the energy splitting between the ground (first
excited) and the first excited (second excited) state. This clearly shows that
system has an unharmonicity so that we can control only the ground state and

first excited state by using frequency selectivity.
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Figure 4.2: The a dependence of Eg; and E1o where Fy; denotes energy difference
between the ground state and the first excited state, E15 denotes energy difference
between the first excited state and the second excited state. Here, we set E (1) =
EJ(4) =200 GHZ, EJ(Q) = EJ(3) =40 GHZ, and EJ(k:)/EC(k) = 80(]43 = 1, 2, ,4)

|g) and |e) are the ground and the first excited state of the system Hamiltonian
H for f = 0.5. In this regime, the ground state and the first excited state of
this system contains a superposition of clockwise and anticlockwise persistent
currents. Here, |L) = %(\ g) + |e)) corresponds anticlockwise persistent current
and |R) = %(\e) — |g)) corresponds clockwise one.

While f is around 0.5, due to the unharmonicity, we can consider only the
ground state and first excited state in the Hamiltonian H, and so we can simplify

the H into H,. spanned by |g) and |e) as follows:

~ 1
ng = §<Aaz+<€0’y> (4.36)

where o7 = |e)(e| — |g)(g|] and oy = —ile)(g| + i|g)(e| are Pauli matrices, A

denotes the tunneling energy between |L) and |R), € denotes the energy bias
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between |L) and |R). The energy of the qubit is described as Ey; = ve2 + AZ.
In this chapter, unless indicated otherwise, we fix parameters as a = 0.2 and
Ejqy =200 GHz and Ej,/Ec ratio is 80. Here, Eg ) = 62/20J(k) is charge
energy of each Josephson junction. In this parameter regime, Ey; is about three
times larger than F15 as shown in Fig. 4.2 so that we could consider this system
as an effective two-level system. When f is set to be near 0.5, the derivative of the

qubit energy against the magnetic flux dg&“ | takes the minimum value, so that

the qubit should be well decoupled from flux noise, and we achieve the maximum
coherent times. We call this regime “optimal point”. On the other hand, we
can control the value of € by changing the value of f. When the energy bias
¢ is much larger than the tunneling energy A, the persistent current states are
the eigenvectors of the Hamiltonian so that we can read out the qubit state with
SQUID[25] in {|L), |R)} base. Here we show the dependence of ¢ and A against

magnetic field with no bias voltage applied in Fig. 4.3. It is worth mentioning

=
A
m_
¥
e
>0
o
3] €
&
0 _
a=0.2
Cg=0.077 fF
o Ve=0V
T'_

046 048 050 052 054
External magnetic field

Figure 4.3: The tunneling energy A and the energy bias € against the magnetic
flux f. e decreases monotonically as we increase f, while A is almost independent

of f.
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that we can control the energy of the qubit by tuning the applied voltage V. while
operating at the optimal point. We show the relationship between A and f with

several values of V, in Fig. 4.4. In addition, we show the relationship between A

&||_
Z o Ve=0.41 mV
E
2. Ve =0.83 mV
§
s a=0.2

Cg=0.077 fF
N_
O_

047 048 049 050 051 052 053
External magnetic field

Figure 4.4: The relationship between the external magnetic flux f and the energy
of the qubit Ey(= A + ) with different voltage levels. Here, we set the o = 0.2
and the gate capacitance C'g = 0.077 {F.

and f with several values of « in Fig. 4.5.

4.4 Ising type interaction using capacitive coupling

4.4.1 Generating interaction between two-qubit system

In this section, we show how to generate an Ising type interaction using charge
coupling for superconducting flux qubits. As a novel feature of our scheme, we
use only external voltages to switch on and off the interaction between two flux
qubits. Unlike previous schemes, an external magnetic field is not required to
control the interaction in our scheme. Since the voltage can be applied locally

compared with the case of applying magnetic field, we may have an advantage in
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Figure 4.5: The relationship between f and Epi(= A + ¢) with different a.

this scheme for scalability due to possibly smaller cross-talk problems when we
try to control individual qubits.

Here, we show the circuit for our scheme using two superconducting flux qubits
in Fig. 4.6. The structure of each qubit is the same as that shown in Fig. 4.1.
When we apply an external voltage Ve(l) on each qubit, the qubit interact with
each other across the capacitor 051’2). We describe the details of this circuit in

the following subsections.

4.4.2 Hamiltonian

Josephson phases <p£f) are subject to the following equation:

(pgk) n (pgk) I @:(sk) + @f;k) = —onf® (4.37)

where go,(lk) and f*) denote the phase of each Josephson junction JJn and external

magnetic flux of qubit k.
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Figure 4.6: Two flux qubits 1, 2 are coupled via capacitance Cc?). Each flux
qubit is threaded by an external magnetic flux f(), and we can control the energy
bias of the qubit via the magnetic flux. Node 1 and node 2 represent the super-
conducting islands. JJ2 and JJ3 at each qubit have the same Josephson energies
and capacitances that are a times larger than those of all remaining Josephson
junctions. The electric potential of the island include node 1 (2) is Vi(l) (Vi@)).
Ceh2), Cygn), and Cg¥) denote coupling capacitance between two qubits, capaci-
tance of the n th Josephson junction JJn of qubit [, and gate capacitance between
external voltage and node, respectively.

We now consider the total potential energy U and the total electric energy T

of the circuit in Fig. 4.6 as follows:

2 4
U = ZZES?M (1 — cos cp](fl)) , (4.38)
=1 k=1
S o e ol — vy
2 ;; J(k) Z ( )
% 12 (V}” _ VI(2)>2 (4.39)

where Eyg ) and Cy() ) denote the Josephson energy and capacitance of the n th
Josephson junction JJn and Cg(l), @ , and V( ) denote gate capacitance, applied
external voltage, and the electric potential of the island including node [ for the

I th qubit respectively. Here, node [ represents the superconducting islands. The
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last term of Eq. (4.39) denotes the energy of capacitive coupling between two
qubits.
From the phase constraints in Eq. (4.37), each phase ¢} and the time deriva-

tive of phase ¢ can be described using ¢’ and ¢’ as follows:

1
oA
1
o5V #Y
1
e A
D% P4
@ | Pk = Z Bk?]SO; + Fk: 80/ = 3 3 (440)
¥1 j ¥q
2
cpé ) ’

e A
D%

e
GV &
G5V &
oSV &,
.2 | Ok = Z Bk;@;a Sb/ = 3 ) (441)
$1 7

G5 &4
o5 &
D%
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Here, we introduce following B and F

1 0 0 0 O0 © 0
0 1 0 0 0 O 0
0 0 1 0 0 O 0
B -1 -1 -1 0 0 © e —2nf) | (4.42)
0 0 0O 1 0 o0 0
0 0 0 o0 1 o0 0
0 0 0 0 0 1 0
o 0 0 -1 -1 -1 —2nwf(®

Then, we can rewrite the total Josephson energy U as follows:

U = EJZAk(l — COS pg) (4.43)
k
= E; Y Ap(1—cos()_ Bi + Fi)). (4.44)
k J

)

Here, we introduce the area ratio Ag of each JJn of qubit [ as follows:

AP = AP =1, AP = AV = o, where I € {1,2}. (4.45)

Then, the capacitance and the critical current of each Josephson junction are
@)
J

We define Vj}, j € {1,2, 3} as the voltage difference between the ground voltage

proportional to A}".
and the voltage between two Josephson junctions JJ; and JJ;41 of qubit 1. We
also define Vj, j € {4,5,6} as the voltage difference between the ground voltage
and the voltage between JJ;_3 and JJ;_2 of qubit 2. Then, the electric potential

Vl(k) becomes

Q. .

ViV = Vo= 22 (g1 + o), (4.46)
Qo . .

VD = V5 = 2(pa + ¢5), (447)
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Furthermore, each V; can be described using matrix D as follows:

Vi 100000O0O00O

Va 11000000
Vo %an_ZDji(fo>@i,D_ 11100000.(4.48)

Vi : m 00001000

Vs 00001100

Ve 000071110

From the formula (4.39), the total electric energy T' becomes as follows:

Ake2 (I)()_ 2 1 2 1 2
T = P 5Cei VEi — Vi 5Ce; (Vi =V 4.4
Zk: 1Ec <27r90’“> +zi:209 (Vei — Vi) +%:2C j(Vi=Vp)? (449)

2 2
2 (D)2 S\ 1 &
_Zk: 4F ¢~ <27r) Ay Zi:BkiSOi + icg VEi — %:Di’ij’ijQW
1
—|—§ Z (Vz2 + Vj? _ 2VZVJ) Chij (4.50)

ij
where Cy; denotes the capacitance of the gate capacitor which is connected to
the island between two junctions. When ¢ = 1, 2,3, two junctions denote JJ;
and JJ;1q1 of qubit 1. When i = 4,5,6, two junctions denote JJ;_3 and JJ;_ o
of qubit 2. Vg; denotes the external voltage to the island which is determined
from above rules. C.;; denotes the capacitance between two island which are also
determined from above rules. In this case, Cy2, Cys5, V2, Vs, and Ces are C’él),
Cf), e(l), Ve(2) and 06(1’2)111 Fig. 4.6. Here, we introduce the ratio of capacitance

Cy; as follows:
F1:F3:F4:F6:0,F2:F5:’7. (451)
I'; satisfies the following conditions:

Cgi = CJ(I)FZ' =—1T,. (4.52)
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Then, as in the case of one qubit system, the second term of formula (4.50)

becomes

2

62 (I)() 2 2w .
E <27r> Z L' VEiaO - Z Dz‘,ij,kSD?g

Dg > 2 2T
(%) Zri((pi,jBWp;) —2VE,L-DZ~JBJ<,W;€%>+const.(4.53)

o2
4F
¢ ijk

2
Here, we can ignore ZZ T (VE¢%> because it is constant term.

Furthermore, the last term of formula (4.50) becomes

2

2 & T~
;Vk zl:Cc(k,Z)—%:%Cc@,j)Vj = EV c.V (4.54)
62 q)() 2 'T 5T ~T ~'
= —(=2) ¢"BTDTC. DB (4.
sic (5e) ¢TBTDCDBY (59
where
62 ’
25, Cetig) = ~Cetig) + 0ij > Cuiiy: (4.56)
k

2q

Next, we introduce following matrices A?,’fat and I', 7

2¢ _
Amat -

2q
T

mat —

L (4.57)

o O © o o o
© © © o <2 o
o ©O © o o O
© O ©o o o o
© 2 © o o ©
o O ©O o o o

© O © © © © © =
© ©o ©o o ©o © 2 ©
© ©o ©o ©o © R o o
o ©o o o m ©o © ©
© © o = O © ©o ©
© © Q © ©o ©o o o
© Q © ©o ©o ©o o o
-~ © © © © o © ©
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Using above equations, we can rewrite 1" as follows:

62 (I)O L7
T = =0 TBTA2q /
4Ec ( 2 > mat B

2 oo\ [ K
+2 c <27(r’> ( TBTDTT DB — 2VET D “)

< ) ¢ "B"DTC.DBY (4.58)
_ @ (q’O) ¢ TBT (Azqt+DTFmatD+2DTC;D) By
AEc \ 27
—;;CSOVEFmatDng’ (4.59)
where Vg denotes
VE:<0 vl o0 o v® o). (4.60)

Here, we introduce Lagrangian £ =T — U and generalized momentum P;

oL oT
P = 374,0/_3790/ (4.61)

K3 K3

and define the effective mass M as follows:

62 (I)() 2 2
M=——|— (BTAqB+BTDT(F + 2 ) ) 4.62
2EC’ (271‘) mat mat C ( 6 )

Then, T and P become as follows:

1, g e .
T = Zg‘pgﬂMkl@E 2Fc ZWZ(VEFmat )901'7 (463)
kl
2 ¢
P = M¢’—%2—OVEF72§“DB (4.64)

For quantization, we replace the generalized momentum P; with

P
o)

(4.65)
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Then, the circuit Hamiltonian becomes as follows:

1 6 (I)g 2 2 2
H=-(P"+ BTDTPq "YM (P+ —Vegl'* DB (4.

4.4.3 Simulation

The size of Hamiltonian in Eq. (4.66) is too large to diagonalize with high ac-
curacy. We can derive the effective four-level (|gg)i2, |ge)12, |€eg)12, and |e€)12 )
Hamiltonian ﬁge of the eigenspace spanned by |¢*)) and |e(®)) using the follow-
ing steps. Here, [¢g(*)) and |e®)) denote the ground state and first excited state
of the k*" qubit without interactions for f1) = f(2) =0.5.

Step 1 We construct the local Hamiltonian of each qubit H, l(fgal without consid-

ering capacitive coupling. H. l(oc)a

; and the one qubit Hamiltonian in Eq. 4.31

are the same except for the parameters F' and V.

Step 2 We set f¥) = 0.5 to calculate the ground state |¢(*)) and the first

excited state |e)) from Hl(oc)al using the scheme in 4.3.2.

Step3 We set C'((;m) and calculate the inverse of the effective mass M~! in

Eq. (4.62).

Step4 We simulate the following functions to obtain H ge:

ﬁge _ Z |U(1) (2)>< (1) (2)‘H‘ ;)><vg)vg)| (4.67)

oD oD @ @)

(2)>

<U(Ll UL |H|’UR vgp) = EJU(US),US),UE?),UE_?),U(l),U(Q))

+ETM 0 0?0 N MTUK)  (4.68)

where N denotes the size of matrices, U(Lk) and vg) satisfy the following conditions,

U(Ll),vg) € {g(l),e(l)}, U(L2),vg) € {9(2),6(2)}. (4.69)
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UM, U@ denote

4
v = E; ZAk(l — COS(Z Byj; + F.)) (4.70)
k=1 J
8
Uv® = g, ZAk(l - COS(Z Byj; + F)), (4.71)
k=5 J
and K denotes
K- © %y pp (4.72)
= EC o El mat . :

Here, the function U(U(Ll), vg), v(L2), vg), U, U(2)) denotes

U(U(Ll),vg),v(f),vg), U(l), U(Q))

OV 0 0) + P D) P U@ ). (473)

Next, we show details of the function T(vgzvg), U(L2), vgz N, M~ K) as follows:

(1) (1) (2)
L

. 2) . . _
function T'(vector v, ’, vector v R’ vector v, vector vg%), int N, matrix M1,

vector K)
Input: Set vectors U(Li) and vg)in Eq. (4.68), the size of matrices N, the inverse
of the effective mass M~! in Eq. (4.62), and effects of external voltage K in
Eq. (4.72).

Output: 2N + 1 x 2N 4 1 matrix of momentum energy 7.

q=2 : number of qubits
w = length(K); : number of wave functions
for k=0:w—-1do
PMatrizy = diag((=N : N) + K(k),0)
end for
forkzO:%—ldo
IMatriz ) = identity(2 * N + 1) : matrix for initialization
end for

fora=0:w—-1do
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forb=0:w—-1do
Py =P, = {IMatriz} : initialize
Phi(gy = Phigy = identity((2 « N + 1)) : initialize
Poanzy = PMatriz )
Pyyy3y = PMatriz
®as3y* = Fo) @ Fo) @ Poe)
®/3)t = Pio) ® Py @ Puz)
T =T+ M} (0|0 [vl)) (v [0 [0f))

end for

end for

return 7'

end function

For an arbitrary f(), the effective Hamiltonian fIge becomes as follows:

2
: 1 I I 1) (2
Hye = Zi(A(Z)U(Z)+5(Z)U§’))+90(Z)U(Z)
=1

+g'a§,1)a(ZQ) + g”a(Zl)ag) + g/"ag)ag) (4.74)

where ¢ denotes the Ising type interaction strength between qubit 1 and 2. ¢/,
¢, and ¢"" are suppressed to zero as long as f1) = f) = 0.5. In this chapter,
we use this regime. We show the change of the qubit energy Ep; in Fig. 4.7 and
the interaction strength g as a function of applied voltages in Fig. 4.8.

Large interaction strength and small derivative of qubit energy against voltage
can be achieved by the large coupling capacitance C'c between each qubits. This

seems to show that one can suppress errors by increasing C'c. We discuss about

the errors during controlled-phase gate operation in following section.

4.4.4 Effects on interaction from change in electric field

To evaluate the performance of our scheme, we focus on two types of errors due

to the fluctuation of applied voltage and time jittering.
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Figure 4.7: The voltage dependence of the qubit energy A of the circuit in Fig. 4.6.
Here, both of the gate capacitance C’!l] = 0.077 fF.

The fluctuation of applied voltage

Firstly, we analyze the dephasing errors due to the fluctuations of applied voltage.

We define this type of error ¢; and dephasing time 75 as follows:

tep T 1
= Litp=—To= 7 — 4.75
'% g |41 |5y (4.75)

where we assume t., << T5. Here, ., denotes the necessary time to perform a
controlled-phase gate with Ising type interaction, v denotes the external voltage
of each qubit, and dv denotes the fluctuation width of v. It is worth mentioning
that €4 has a linear relationship with dv. To make €4 smaller, We should obtain
a parameter set where the absolute value of the gradient of the qubit energy Foy;

is small and the interaction strength g is large.
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Figure 4.8: Interaction strength g between two qubits of the circuit in Fig. 4.6.
Here, both of the gate capacitance C’!l] = 0.077 fF.

Time jittering

Secondly, we investigate the jitter error of a two-qubit gate operation. The Ising

type interaction can implement the controlled-phase gate

(1) (2)
1 1
Ué};)(t) = exp <—i4gt +20Z +20Z ),

(4.76)

where g denotes the interaction strength in Eq. (4.74), t = % denotes the time to

Ué};) denotes a controlled-phase gate between qubit 1 and

apply voltages, and
2. By performing the controlled-phase gate on two qubits which are initialized to
|++)12 state, we can obtain the two-qubit cluster state. But, the applied voltages
may not create the desired state due to error in the timing ¢’ = ¢ + dt, where 6t

is timing jitter. We introduce the controlled-phase gate Ug;) (t) including the
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timing error to calculate a gate fidelity Foz = |(¢|¢')|* with

72 b
) = UG5 O++),1¢') = USSP ()| ++). (4.77)
Here, we define the timing error €4, = 1 — Fryz, and the local error €p,.(=

€d + €tim)-

We discuss how much fluctuations of the voltage (dv) can be expected in the
actual experiment. Usually, as we increase the applied voltage, the fluctuation
of the voltage also increases so that we should have dv o V where V' denotes
the applied voltage. Throughout of this paper, we set %’ = 0.01% — 0.1%, which
could be realized due to recent development of fabrication technologies. Hence,
we decided to use a fluctuation of the voltage of 0.2 uV.

Also, we discuss the time jittering error. Throughout of this paper, we con-
sider a coupling strength that is an order of tens of MHz or hundreds of MHz. (,
which means that the pulse length for the two-qubit gate is an order of several
tens to several hundreds of MHz.) We may have a time jittering that could be
around 0.1% or 0.01% compared with the coupling length. So we decided to use
a time jittering of dt = 50 ps.

We show the ¢, against the applied voltage V., with the particular values of C'c
in Fig. 4.9. The threshold of local errors for fault tolerant quantum computation
is known to be around 1%. Also, it is known that, if the error rate is close to
the threshold, the necessary number of qubits for the computation drastically
increases [84, 30]. Therefore, we set the threshold to €, = 0.1%. As shown in
Fig. 4.8, we can increase the coupling strength g by increasing C'c. Meanwhile,
the strong coupling strength cause the large timing error. Therefore, as shown in
Fig. 4.9, the optimal voltage exists for each of the C'c which minimize the total
local error. In addition, by increasing Cec, the total error tends to be smaller.
This result show that the large C'c has an advantage for quantum error correction
against local errors. However, for multi-qubit systems, increasing Cc causes a
different problem. Unwanted interaction strength between non-nearest neighbor
qubits increases due to the large C'c. For this reason, the Cc should be set to be

around 0.075 fF. The detail of this will be discussed in Subsection 4.5.4.
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Figure 4.9: The total local error €,.(= €4 + €4m) as a function of voltage with
different coupling capacitance C'c. Here, we set the fluctuation width of voltage
ov = 0.21 4V and the timing jitter 6¢ = 50 psec. Dashed line denotes an error of
0.1%.

4.5 Multi-qubit system

In this section, we generalize our scheme to multi-qubit system. Firstly, we discuss
how to control the capacitive interactions between superconducting flux qubits
via applied voltage. Secondly, we show how to apply our scheme to generate
a two dimensional cluster state using superconducting flux qubits arranged on

square lattice.

4.5.1 Generating interaction between multi-qubits system

Here, we discuss the interactions between capacitively coupled N flux qubits that
are arranged in one dimensional line as shown in Fig. 4.10. For simplicity, we

assume homogeneous flux qubits.
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Figure 4.10: A flux qubit at the site j(1 < j < N) couples with the nearest
neighbor qubits via capacitance Cc(j JE)  For simplicity, we assume homogeneous
flux qubits. Each node j represents the superconducting islands. Each qubit
has four Josephson junctions. Two Josephson junctions directly connected to the
node have the Josephson energies and capacitances that are o times larger than
the other two Josephson junctions.

4.5.2 Hamiltonian

Josephson phases gpglk) are subject to the following equation:
k k k k
o + 08 + o8 + ) = —amf® (4.78)

where go,(@k) and f denote the phase of each Josephson junction and external

magnetic flux of qubit k.
We now consider the total potential energy U and the total electric energy T

of the circuit in Fig. 4.10 as follows:

n 4

_ 0 0}
l%—ZZ%Mhm%» (4.79)
=1 k=1
2 2 n
1 @ (%o .0 1 D (10 )2
T r i (o) i (- w)
l=n k=1 =1
n—1 1 9
+ 5Cvc(l,l-l—l) <‘/I(l) _ ‘/'I(l+1)> (480)
=1

DIRVAU

where Cé e, and Vl(l) denote gate capacitance, applied external voltage, and

the electric potential of the island including node [ for the [ th qubit respectively.
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C’él’m) denotes the coupling capacitance between node [ and [ + 1.
From the phase constraints in (4.78), each phase ¢ and the time derivative

of phase ¢k can be described using ¢’ and ¢’ as follows:

Sng) o) 4
(k) (2) ’
2 ® P2
Y3 . J
k
oy ™) Phn
¥ o) @1
. (k) =(2) s/
2 ' . P2
So(k) = ?k) , P = . y P = Z Bkg%a 90/ = A ’ (482)
Y3 . J
e p) Do
Here, we introduce following B and F
1 0 0 BW 0
1 0 B2
0O o0 1
1 -1 —1 0 B
0 F)
0 F®)
F) — , F= : (4.84)
0 :
—2m f (k) F)
We also introduce the area ratio Ag) of each JJn of qubit [ as follows:
Agl) — AW = 1, Ag) = Aél) = «, where [l € {1,2,..,n}. (4.85)

As with the two qubit system in 4.4.2, we can rewrite the total Josephson energy
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U using B, F, and AL,
U=E;> AV~ cos(Y By + Fi)). (4.86)
k,l J
Next, we define the effective mass M as follows:

2 2
- % (;2) (BTA%{B 4+ BTDT (Fmgg + 20@) DB) . (4.87)
C

where, A™ and ™4 denote following matrices:
’ mat mat g

1000 AN 0
2)
0 0 0 Ama
AL 7 L Am ' ,(4.88)
00 a0
00 01 0 A
), 0
" 0 e
1—Wmaz‘,: 0 vy 0 ’ F%Zﬁ/: . . (489)

o
en]
-]

T(n)

)

Here, each v correspond to the gate capacitor C!gk which is connected to the
middle island of each qubit as shown in Fig. 4.10. In this case, the capacitance

of C;k) satisfy the following conditions:

62

e = CJ(l)»y:Efy. (4.90)

C!. denotes the coupling capacitance between each qubit and satisfy the following

conditions:

(32 ’

Ecc(i,j) = —Ce(ij) + 0ij ; Ce(ik)- (4.91)
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To describe the circuit Hamiltonian, we also introduce Vg and P;:

k 0
Vil = (0 v o). ve= (v v . v) P=—ih 5 (492)
Then, the circuit Hamiltonian becomes as follows:
1 6 P e? (I)O
H=(P" + — 2B"D'rmuvI\ M~ P+ — Vel DB)+U. (4.

4.5.3 Simulation

In this simulation, we we can derive the effective 2™-level (|gg..9)12.n, |99--€)12..m,
, and |ee..e)12 ,, ) Hamiltonian ﬁge of the eigenspace spanned by ground states

and first excited states of each qubits without interactions for all f*) = 0.5.

Step 1 We construct the local Hamiltonian of each qubit H, (k) o Without consid-

ering capacitive coupling. H (oc)al

and the one qubit Hamiltonian in Eq. 4.31

are the same except for the parameters F' and Vg.

Step 2 Weset f¥) = 0.5 and arbitrary Ve(k). After that we calculate the ground
state [¢¥)) and the first excited state [e®)) from Hl(fc)al using the scheme
in 4.3.2.

Step3 We set C’((;m) and calculate the inverse of the effective math M~! in
Eq. (4.87).

Step4 We simulate the following functions to obtain H ge:

Hye = Z\ (m (2) (n)><v(Ll)v(Lz)..v(Ln)\H|vg)vg)..vgb)>(vg)vg)..v%)](4.94)
(1)7 521), (2)7 522)’ " gl)’ (n)

<v(Ll)v(Lz)..v(Ln)]H|vg)vg)..vg)>:EJU(U(LI),vg),vg),vg), vé) ng),U(l) U, . um)

+ET (MW@ 0@ oW N Mt K) (4.95)
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(k)

where NV denotes the size of matrices, v; * and vg) satisfy the following conditions,

U(Ll)jvg) € {g(l),e(l)}7 vf),vg) € {9(2),6(2)}, . U(L ),vR € {g (")}. (4.96)

The potential energy of nth qubit U becomes

v = g, Z Ag(1 — cos ZBk](P]+Fk)) (4.97)
k=4n—3 J

Effects of external voltage K becomes

o
K= ; QOVEFmatDB (4.98)
C
) denotes the external magnetic flux through the loop of the j th qubit.
Here, the function U(’U(Ll), vg), v(LQ), vg), ) ,v(Ln), vg), UM, U@, . U™) denotes
2,002,080, ol 00,5,
2) (3 n 3 n
_ <UL |U |v >(v( )v() 5_4)| 1(12) ()..v( )>

+<v(1) U(1)>< (2)’U(2)‘ s >< 2) (L4)--U(L)!v§:¢3)vg)--vg)>
) (
VR

L
o+ (ol VW@ Dy My - (4.99)

Next, we show details of the function T(U(Ll) , vg) , U(Lz) , vg), o U(Ln), v% ), N,M~!' K)

as follows:

, vector v(LQ), vector vg), .. , vector U(Ln),
vector vgj), int N, matrix M1, vector K ), Input: Set vectors Ug) and vg)in

Eq. (4.95), the size of matrices N, the inverse of the effective mass M~! in

function T'(vector U(Ll), vector vg)

Eq. (4.87), and effects of external voltage K in Eq. (4.98).
Output: 2N + 1 x 2N + 1 matrix of momentum energy 7.
Output: 2N + 1 x 2N + 1 matrix of momentum energy 7.

qg=n : number of qubits
w = length(K); : number of wave functions
for k=0:w—-1do

PMatrizg, = diag((=N : N) + K(k),0)
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end for
fork:zO:%—ldo
IMatriz ) = identity(2 * N + 1) : matrix for initialization
end for
fora=0:w—-1do

forb=0:w—-1do

Py= P =..= Py_1) = {IMatriz} : initialize
Phi(gy = Phiny = .. = Phi(,_1) = identity((2+ N +1)%) : ini-
tialize
Poanzy = PMatriz,)
Pyyy3y = PMatriz )
®(as3)* = Foo) @ Foqr) © Foz)
Dpy3)x = Pro) ® P11y @ Prz)
T =T+ M (07| Phigy vl ) wi? 1@y [vi) - (0f” [ 8,1y o)
end for
end for
return T

end function

When all flux f@) are 0.5, the system Hamiltonian is described as follows.
N N
2 l I
H = ZiA(l)U(Z) + Z 9(|l—l’|)U(Z)U(Z) (4.100)
=1 LI=1

where A(;) denotes the energy of the [ th qubit, g(;_y|) denotes the interaction
strength between each pair of qubits at a site (I,1’), and |l — I’| denotes the site

distance between these qubits (e.g. when qubit [ and I’ are nearest neighbor pair,

-1 =1).

4.5.4 Generation of a one dimensional cluster state

Non-nearest neighbor interactions cause spatially-correlated errors that are diffi-

cult to correct by quantum error correction. In this subsection, we show the way
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to evaluate this error. We define the ratio between nearest neighbor interaction

92)

9(1)
are applied voltage V.. We show that the interaction strength g(|l —'|) decreases

9(= ga1)) and next-nearest neighbor interaction gy as R (: ) where all qubits
exponentially as the site distance |I—1’| increases, and the Ratio R depends on the
coupling capacitance C'c between each qubit. We show the interaction strengths

of 6 qubits system as a function of Cc in Fig. 4.11.

o o
— _| AN
» !
- o
=
k) To)
o -
o9 | o
O x
-
N
I
=
= o
g ek
Y o
0o @
=
"0 x
c -
il
3]
I Lo
pad O
g o
£
T
o
—
X
-
o
S
T T T T 7 ©
0.00 0.05 0.10 0.15 0.20

Coupling capacitance (fF)

Figure 4.11: The Cc dependence of the interaction strengths and the coupling
ratio R (: %) where g(|l —I'|) denotes the interaction strength between a pair
of qubits at a site (I — ).

If we apply voltage on all qubits, interaction occurs between such qubits. The

total error e%];,)n caused by non-nearest neighbor interactions on j th qubit during

controlled-phase operation is calculated as follows:

N/2 N2
Egzjgn = Zg(n)tcpm(n) = Z ZR(n_l)TTL(n) (4.101)
n=2 n=2

where n denotes the site distance between the j th qubit and the coupled non-
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nearest neighbor qubits, mgi )) denotes the number of such non-nearest qubits.
Such existence of the spatially-correlated error will increase the threshold for
quantum error correction [2]. Large capacitance tends to decrease local errors as
shown in Fig. 4.9, while large capacitance induces more spatially-correlated errors
as shown in Fig. 4.11. However, when we consider the spatially-correlated error,
the error threshold value of the surface code is not well studied. Thus, we set the
upper bound of the spatially-correlated error on each qubit €5, < Wloo which is
an order of magnitude smaller than the threshold of local error for surface coding
scheme. If this condition is satisfied, we assume that spatially-correlated error is
small enough to perform a fault-tolerant quantum computation. When we apply
voltage on all qubits to perform controlled-phase gates to all pairs of nearest
neighbor qubit, we cannot make both local errors and spatially-correlated error
smaller than these threshold for any value of Cc. Therefore, we do not apply
voltage on all qubits but apply voltage on some of them. We choose pairs of
nearest neighbor qubits that we will apply the voltage, and we set a site distance

p between the pairs. Then, if R is small enough, €,,,,, of each qubit is the following

equation:

) N T pm-1) o L 4.102
¢ ;_;4}3 = 10000 (4.102)

where p is the site distance between qubits applied by voltage.

Since there are many parameters on the interaction Hamiltonian, it is difficult
to find an optimum set of parameters that minimize both of local and spatially-
correlated errors. Therefore, we fix the following parameters: « = 0.2, §, = 0.21
uV, 6 = 50 psec. To determine a minimum site distance p while suppressing the
correlated errors to be under 0.01 %, we show the Cc and V dependences of the
errors with p = 4,5 in Fig. 4.12 and Fig. 4.13. As shown in Fig. 4.12, when p = 4,
the €pon exceeds 0.01 % around Cec = 0.04 fF. We cannot sufficiently suppress
local errors using coupling capacitance smaller than 0.04 as shown in Fig. 4.9.
Thus, the site distance p should be larger than 5. Meanwhile, when p = 5, the
€non exceeds 0.01 % around Cec = 0.09 fF. Then the total error of the controlled-
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Figure 4.12: The V dependence of the spatially-correlated error. Dashed line
corresponds to an error of 0.1 %.

phase operation can be sufficiently suppressed to be less than 0.1 % using the
coupling capacitance Cc around 0.077 fF as shown in Fig. 4.13. Therefore, it is
preferable that the site distance p = 5 be selected. In order to adopt sufficiently
large coupling capacitance such that the €. below 0.1 %, we need to choose
sufficiently large p such that the €,,, below 0.01 %. We discuss about the way
which can further reduce p in the following.

The p determines the maximum number of controlled-phase gates that are

performed simultaneously on the same system. For example, we can perform

N-—-2
Lot

tem. If we can use the smaller p without adding extra errors, we can perform

| + 1 controlled-phase gates in parallel using N-qubits one dimensional sys-

more controlled-phase gates in parallel, so that we can generate a cluster state
within a shorter operating time. For this purpose, we introduce the spin echo
technique where implementation of a m pulse (single qubit ox rotation) to the

target qubit could refocus the dynamics of the spin so that effects of interactions
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Figure 4.13: The V dependence of the total errors. Dashed line corresponds to
an error of 0.1 %.

on the target qubit should be cancelled out. We apply two 7 pulses to pairs of
qubits to suppress spatially-correlated errors. For example, we set three qubits in
a raw and apply voltage Ve(n) to the n th qubits (n = 1,2, 3) as shown in Fig. 4.14,
where Ve(l) and VE(Q) are equal, Ve(g) is an arbitrary voltage, and the strength of
interaction between qubit 1 and 2 is g. We set each qubit to be prepared in |+)
state, let the state evolve for a time ¢.,/2, perform two 7 pulses to qubit 1 and

2, and let the state evolve for a time t.,/2. The final state become as follows:

1

Ul+ + +)123 7

([40)12 + |[-1)12) ® |[+)3. (4.103)
Here, the interactions g(l)a(ZQ)a(Zg) and g(Q)a(Zl)og’) are cancelled out due to the m
pulses and we obtain a cluster state between qubit 1 and 2.

This method can be applied with the case of arbitrary number of qubits. The

general rules are follows: let us consider a pair of qubits. If we perform 7 pulses
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Figure 4.14: When we perform a 7 pulse on qubit 1 and 2 at t = t.,/2, the
nearest neighbor interaction between qubit 2 and 3 and the non-nearest neighbor
interaction between qubit 1 and 3 are cancelled out. In such way, we can perform
controlled-phase gate without changing the state of other qubits.

on both of qubits, the interaction between them is not affected by these pulses.
On the other hand, if we perform 7 pulse on one of them, the interaction between
them is cancelled out. These properties would be crucial for generating a cluster
state as we will describe.

For generating a large one dimensional cluster state using N qubits of the

circuit in Fig. 4.10, we show the procedure as follows:

Step 1 We apply voltage to (3n — 2) th and (3n — 1) th qubit for performing
controlled-phase gates between (3n — 2) th and (3n — 1) th qubit where

n = 1727"7 L%J

Step 2 We apply voltage to (3n—1) th and 3n th qubit for performing controlled-

241,

phase gates between (3n — 1) th and 3n th qubit where n =1,2, -, 3

Step 3 We apply voltage to 3n th and (3n + 1) th qubit for performing controlled-

2.

phase gates between (3n — 1) th and 3n th qubit where n =1,2,-, | =3

At each step of the above procedure, LT_lj controlled-phase gate are per-
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Figure 4.15: The 3-step procedure for generating a one dimensional cluster state.
Step 1. We initialize 3n—2 th and 3n—1 th qubits in |+). Here,n = 1,2, -, L%J
where |z ] is the integer part of x. After that we apply voltage on 3n — 2 th and
3n—1 th qubits. Let the state evolve for a time t,/2, perform 7 pulses to 6n — 2
th and 6n — 1 th qubits, and let the state evolve for a time t¢,/2. After these
operations, controlled-phase gates have been performed between qubit 3n —2 and
3n — 1. Step 2. We initialize 3n th qubits in |+). After that, similar to the Step
1, we perform controlled-phase gates between qubit 3n — 1 and 3n. Step 3. We
initialize 3n + 1 th qubits in |+). After that, similar to the Step 1 and 2, we
perform controlled-phase gates between qubit 3n and 3n + 1.

formed in parallel. At each step, we will perform the following procedure to
perform the controlled-phase gate. Firstly, prepare the qubit state in |[+). Sec-
ondly, let the state evolve for a time t = t.,/2 according to the Hamiltonian
described in Eq. 4.100. Thirdly, perform the 7 pulses to suppress the non-local
interaction. Finally, let the state evolve for a time ¢ = ¢.,. We show the de-
tails of these operations in Fig. 4.15 and explain how the non-local interaction is
suppressed in Fig. 4.16. When all coupling capacitance are Cc < 0.077 {fF, the
spatially-correlated error on each qubits become as follows:

N/2

) N~ T o1, Tt opsy < L 4104
Enon 7;54R M) = 4(R + 2R ) < 10000 ( .10 )

The k th qubit is affected by mainly three non-local interactions as shown in
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Figure 4.16: The influence of non-local interactions. During the controlled-phase
gate, each target qubit are affected by non-local interactions. We show the
strength of mainly three non-local interactions with k& th qubit. These inter-
actions are not cancelled out by 7 pulses.

Fig. 4.16. The strength of the largest interaction is g(l)R4, and the strength of
the other two interactions are g(l)R5. The remaining non-local interactions are

negligibly small.

4.5.5 Generation of a two dimensional cluster state

Next, we show how to generate a two dimensional cluster state using N? flux
qubits arranged on N x N square lattice. We show a part of the circuit in
Fig. 4.17. fU*) denotes the external magnetic flux through the loop of the qubit
at site (j, k). Here, (j,k) corresponds to the lattice point. When all flux fU:)

are 0.5, the system Hamiltonian is described as follows:

s Abm) l,m m) (U'.m/
H=3 =—o™+ 3 guvmmpog™oy™  (4.105)
(L,m) ((1,m), (1" ;m?))

where A .,y denotes the energy of the qubit at site (I, 1), g(i—y|+m—m’|) denotes
the interaction strength between each pair of qubits at site (I, m) and (I',m’), and
|l = U] + |m — m/| denotes the site distance between these qubits.

Here, we show the 12-step procedure as follows for generating a two dimen-

sional cluster state.

Step 1-3 We perform (N —1)| %] controlled-phase gate to generate | £ | one di-

mensional cluster states using qubits located in the dm—3(m = 1,2, --, L%D
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Figure 4.17: Physical circuit for generating a two dimensional cluster state. These
four qubits correspond to the qubits surrounded by dot line in Fig. 4.18. Two
Josephson junctions directly connected to a node (the superconducting islands)
have the Josephson energies and capacitances that are o times larger than the

other two Josephson junctions. Every flux qubit at site (j,k) couples with the

four nearest neighbor qubits via capacitance Cl(@F)(GELEEL),

row in the same way as shown in Fig. 4.15. Then the spatially-correlated
error of each qubit in the 4m — 3 row is smaller than ﬁ. We show the

outline of these steps in Fig. 4.18(a).

Step 4-6 We perform (N — 1) L%J controlled-phase gate to generate L%J

one dimensional cluster states using qubits located in the 4p — 1(p =
1,2, -, L%J) row in the same way as above. We show the outline of these

steps in Fig. 4.18(Db).

Step 7-9 We perform (N — 1) L%j controlled-phase gate to generate a two di-

mensional graph state as shown in Fig. 4.18(c¢) using qubits located in the
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4m — 3 column across L%J one dimensional cluster states. We show the

outline of these steps in Fig. 4.18(c).

Step 10-12  We perform (N —1)[ #72| controlled-phase gate to generate a two
dimensional cluster states using qubits located in the 4p — 1 column. We

show the outline of these steps in Fig. 4.18(d).
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Figure 4.18: Schematic of our procedure for generating a two dimensional cluster
state by graph state representation. Circles correspond to qubits, dashed lines
correspond to electrically connection via a capacitance, solid-lines correspond to
entanglement between qubits, and numbers show the order in which controlld-
phase gates are performed by our procedure. White circles denote separable
qubit, and gray circles denote qubits constituent of cluster state(s).

We show the details of each step of above procedure for generating a two
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dimensional cluster state in Fig. 4.19. During each step, a part of the non-local
5__(j-2.k=4) _(j.0)
g(1)R Oy C; "\
Voltage Voltage + m pulse Voltage

F o0 GO 0 i o

.4 (J Dk) (ka ______
: .g(l)R .

-—-o---o—---o---

uVoltage + 1 pulse IVoltage' Voltage +ir pulsel i

E b ety

Figure 4.19: Operations and the influence of non-local interactions in generating
a two dimensional cluster state. In this step, we apply voltage to qubit at site
(3n—2,4m—3) and (3n—1,4m—3). Let the state evolve for a time ¢, /2, perform
7 pulses to qubit at site (6n' —5,8m'—7), (6n'—4,8m’—7), (6n’—2,8m’' —3), and
(6n'—1,8m’—3), and let the state evolve for a time t.,/2. So that controlled-phase
gates can be implemented between the pair of qubits at site (3n — 2,4m — 3) and
(3n—1,4m—3). Here, m = 1,2, | B3| m/ = 1,2, |8 | n=1,2, | ],

and n’ = 1,2, LN 'HJ Each target qubit is affected by non-local interactions
from qubits on the same row and other rows. We show mainly five non-local
interactions with the qubit at site (j,k). These interactions are not cancelled out

by 7 pulse.

interactions are not cancelled out by 7 pulses. When all coupling capacitance are

Cc <0.077 {fF, the spatially-correlated error on each qubits become as follows:

N/2
) = 3 RO,y ~ (R 4 ARY) <

non
4
n=>

4.106
= 10000 ( )
The qubit at site (j, k) is affected by mainly five non-local interactions as shown
in Fig. 4.19. The strength of the largest interaction is g(l)R4, and the strength of
the other four interactions are g(l)R5. The remaining non-local interactions are

negligibly small.
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4.6 Discussion

In this chapter, we did not describe the details of the physical flux qubit system,
in particular measurement system and electrical wiring. In general experimen-
tal system, flux qubits are few square micrometers and set on a substrate which
is about 3.5 mm by 3.5 mm. This system has several terminals of electrical
wiring. That is not enough to satisfy our requirements, several dozens and more.
Current non-destructive measurement system as the Josephson bifurcation am-
plifier is also larger than flux qubits. There are several problems to solve for
demonstration of above schemes. Even though it might be difficult to put into
practice immediately, we propose our scheme as one of the possibility to acquire

the scalability for quantum computation.

4.7 Conclusion

In conclusion, we suggest a new way to generate Ising interaction between capacitively-
coupled superconducting flux qubits by using an applied voltage, and we also
show an architecture about how to make a two-dimensional cluster state in this
coupling scheme. Unlike the standard schemes, our scheme does not require to
change the applied magnetic field on the flux qubit for the control of the inter-
action. Since applying local voltages is typically much easier than applying local
magnetic flux, the scheme described in this chapter may have advantage to sup-
press a cross talk between the flux qubits. Our result paves the way for scalable

quantum computation with superconducting flux qubits.
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Chapter 5

Conclusion

In this dissertation, we have investigated obstacles for achieving the individual
control of several controlled-phase gates using superconducting flux qubit system,
and proposed two new approaches for scalable quantum information processing
with flux qubits.

Firstly, we proposed the interaction control scheme for inductively coupled
flux qubits where we utilize projective measurement and quantum feedforward.
In this scheme, we assume that the always-on Ising type interactions between
nearest neighbor flux qubits. Unitary operations such as applying magnetic field
have been used to control the interaction in most of previous work. On the
other hand, we use the non-unitary operation such as projective measurements.
We showed the way to effectively turn on/off the interactions via measurement
and quantum feedforward on the ancillary qubits which are inserted between
the qubits for quantum computation. One advantage of our scheme is that the
turning on/off of applied magnetic field is not required unlike previos schemes.
This feature is important in order to suppress the cross-talk. Hence, it is expected
to improve the individual addressability for parallel operations of controlled-phase
gate. Furthermore, we proposed the constant step-size procedure for generating
a large two or three-dimensional cluster state, which is useful for fault tolerant
quantum computation.

Secondly, we proposed the tunable coupling method for four-junction flux

qubits via a capacitance. We can control the Ising type interaction by bias
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voltage to each qubit. It is typically known that the applying local voltage
is much easier than applying local magnetic field. Therefore, we expect that
our scheme has an advantage over the previous inductive coupling scheme in
terms of cross-talk suppressing. To evaluate the performance of our scheme, we
estimated a qubit-parameter range where one can perform fault-tolerant quantum
computation with realistic noises. Moreover, we showed the constant step-size
procedure for generating a one or two dimensional cluster states on the many
qubit system. We expect that these results would be also a crucial step for the
realization of flux-qubit based quantum computation.

In the short term, these suggestions show possible experiments as following.
By using the first resluts, the interaction between three inductively coupled flux
qubits can be controlled via quantum feedforward, which would be suitable for a
proof of principle experiments. By using the second resluts, if we can fabricate
a flux qubit having four Josephson junctions with apporopriate parameters, the
tunnel energy of a flux qubit can be controlled by applied voltage, which no one
has ever demonstrated. If two capacitively coupled flux qubits can be fabricated,
we can demonstrate entanglement generation between them by controlling the
applied voltage. These suggestions might be worth considering as a possibility to
demonstrate in the near future.

In the long term, our results show that the flux-qubits system could be the
key device for large-scale quantum computing. Furthermore, we show the con-
crete parameter sets which are requrired to implement fault-torelant quantum
computation.

The ultimate aim of these proposal is to conduct the experiments. To realize
our schemes, further research will be necessary in the future. We need to inves-
tigate the details of the physical setup including measurement device and pulse
sequence to implement quantum feedforward and single gate operations. We also
should consider the quantitative evaluation about further decoherence sources.
Even though it is difficult to solve all those problems, we hope that these inves-
tigation based on the direction of this dissertation will improve the scalability of

the flux qubit system.
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