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Introduction

In this thesis, we call a smooth projective variety Y with trivial canonical bundle and H* (Y, Oy) =
0(=1,...,dimY — 1) Calabi-Yau manifold. Calabi-Yau manifolds of dimension three have
been attracting attentions of algebraic geometers and theoretical physicists for the last decades
since the discovery of mirror symmetry.

Let Y be a quintic Calabi—Yau 3-fold, i.e. it is defined by a degree five homogeneous polyno-
mial in P*. Greene and Plesser constructed another Calabi-Yau 3-fold which is so-called mirror
of Y. To describe it, let fy, be the following one-parameter family of quintic polynomials:

5,5, .5, .5, .5
Jo =20+ 2] + 25 + 23 + 2§ — 52021222324,

where [zg : -++ : z] is the homogeneous coordinate of P*. A finite group G = (Z/5Z)* C
SL(5,C) acts on the zero locus of f,, and the mirror Y, is constructed by a crepant resolution
of {f, = 0}/G for general ). The mirror Calabi-Yau 3-folds Y} define a one-parameter family
{Y}}pep over P! with z = (5¢)°.

The quintic Y defines the so-called A-model Yukawa coupling by

Kttt =5 + Z d3qud

d=1

where Ny = ( )04 are Gromov-Witten invariants of ¥ and ¢ = e’. On the other hand, the
mirror family {Y},cp1 defines B-model Yukawa coupling. Let €2, be a nowhere vanishing
holomorphic three-form on Y. We define the B-model Yukawa coupling by

/ Qe A (V2)?Q,,
Yy

dx

where V is the Gauss—Manin connection of the family. Mirror symmetry predicts that these
two functions are related by the so-called mirror map which is defined by the period integrals.
The period integrals of the mirror quintic are annihilated by

P = 60* — 52(50 + 1)(50 + 2)(50 + 3)(50 + 4) (9 = x%), (1)

which we call Picard—Fuchs operator. The B-model Yukawa coupling and the mirror map are
determined from the solutions of the Picard-Fuchs equation Pw(z) = 0.



Candelas—de la Ossa—Green—Parks [CAIOGP91] calculated the B-model Yukawa coupling
and the mirror map, and predicted the number of rational curves on the quintic Y for arbitrary
degree d by mirror symmetry.

This physical prediction has been solved mathematically, based on the theory of Kontse-
vich’s stable map, by Givental [Giv96] and Lian-Liu-Yau [LLY97]. In particular, Givental has
introduced the so-called I-function as a fundamental object to study. In this thesis, we study
the [-functions of Calabi-Yau 3-folds with second Betti number one which are given by zero
loci of general sections of homogeneous vector bundles on Grassmannians. In the first half of
this thesis, we will make a complete list of the pairs (G(k,n),E) such that the zero locus of a
general section of £ gives a Calabi-Yau 3-fold in G(k,n).

In his formulation, Givental introduced two functions: I-function and J-function. For the
quintic Calabi—Yau 3-fold Y, I-function can be written as

00 5d
Iy = otH Z HZL:1<5H +m) ot
d=0 I1 —1(H +m)5

where H is the restriction of the hyperplane class of P4, hence, Iy takes values in He"(Y, C).
We write Iy = Z?:o I;H'. Then Iy, I, I, I form a basis of the solutions of (1). On the other
hand, J-function of Y is defined by

Tkd

JY _ ‘rH THand?)Z He—i_ kd)

where ng is the so-called BPS numbers which are related to the Gromov-Witten invariants by
N, = Zk’l J k*3nd/k. The numbers ny coincide with the numbers of rational curves of degree d
on Y for lower d. These Iy and Jy functions are related by

Iy (t) L(t)
MO =T ( - fo<t>)

where the change of coordinate 7 = 7(t) is the mirror map. This relation reproduces the
calculation of Candelas et al. More generally the same construction holds for Calabi-Yau 3-

folds which are complete intersection of nef line bundles on Gorenstein Fano toric varieties by
[BB94| and [Giv98].

One of our motivations, in the second half of this thesis, is to generalize the above calculation
beyond the toric complete intersection Calabi—Yau 3-folds. There are several constructions of
Calabi—Yau 3-folds; for example, we have Calabi—Yau 3-folds in the following forms:

(i) Complete intersections of line bundles in homogeneous spaces or Fano varieties,
(ii) Zero loci of general sections of globally generated vector bundles on Fano manifolds,

(iii) Smoothings of singular Calabi—Yau varieties,



(iv) Quotients of Calabi—Yau manifolds by their finite symmetry,
(v) Coverings of Fano varieties ramified along their subvarieties.

For most of the above cases, we do not know how to obtain their mirror manifolds. However
for the case of (i), i.e. Calabi—Yau 3-folds which are obtained by complete intersections of nef
line bundles £; on smooth Fano manifolds Z, when quantum cohomologies of Z are well-studied,
we can obtain I-functions for Y = s71(0) with general s € H°(Z, €, L;) without their mirror
manifolds. In order to calculate the [-functions Iy, we only need to use the quantum Lefschetz
theorem by Coates-Givental [CGOT].

For the case (ii), we do not know a closed formula of the I-functions of Calabi-Yau 3-folds
in general. However Bertram—Ciocan-Fontanine-Kim—Sabbah have given a conjectural formula
which expresses the I-function when Z are given by geometric invariant theory quotients and
the vector bundles £ are induced from some representations. They have proved their conjectural
formula for partial flag manifolds of type A, in particular, for Grassmannians. We set their
results at the starting point of our calculations for Calabi—Yau 3-folds which are given by zero
loci of vector bundles on Grassmannians.

On Grassmannians, we have natural vector bundles, so-called homogeneous vector bundles
which are made of the universal sub-bundles or universal quotient bundles. In contrast to
projective spaces, Grassmannians have a number of low rank vector bundles which do not
decompose into line bundles. Hence we can find many pairs (G(k,n),E) which give rise to
Calabi—Yau 3-folds that are not complete intersections of line bundles.

In a similar context, Kiichle has classified Fano 4-folds which are given by zero loci of general
sections of globally generated homogeneous vector bundles [Kiic95]. In [IIM1] we have given a
classification of Calabi-Yau 3-folds which are given by zero loci of general sections of globally
generated homogeneous vector bundles on Grassmannians, and have generalized the Kiichle’s
list. This classification result is the main result in the first half of this thesis (see Main result
1.1.10).

For most of pairs (G(k,n), ) in our list, we determine the I-functions of the corresponding
Calabi—Yau 3-folds and also differential operators which annihilate the I-functions. For our
calculation, we have to restrict our attentions to Calabi—Yau 3-folds with second Betti number
one. This is because we only recover twisted J-functions from the /-functions. The twisted
J-functions are closely related to the J-functions of the Calabi—Yau 3-folds Y. However some
information may be lost when H?(G(k,n),C)) — H?(Y,C) is not surjective. The condition
that Y has second Betti number one ensures that the /-function recovers the J-function of Y.
The resulting Picard—Fuchs operators are presented in Appendix C. These are the main results
in the second half of this thesis (see Main result 2.1.1).

The organization of this thesis is as follows:

In Chapter 1, we consider Calabi-Yau 3-folds which are zero loci of general sections of glob-
ally generated homogeneous vector bundles on Grassmannians. We classify all possible pairs
(G(k,n), &), up to natural identifications, which give rise to Calabi-Yau 3-folds in G(k,n). Al-
though [IIM1] argues higher dimensional Calabi-Yau manifolds, we only treat the classification
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of Calabi—Yau 3-fold in this thesis. First we recall some well-known facts about homogeneous
vector bundles. Using the formulas of the rank and first Chern class of homogeneous vec-
tor bundle, we solve linear equations corresponding to dimensional condition and Calabi-Yau
condition. We will determine the topological invariants of Calabi—Yau 3-fold in our list.

In Chapter 2, we turn our attentions to calculating the I-functions of Calabi—Yau 3-folds
with by = 1 in our list. Firstly, we recall the definition of the J-function especially for Calabi—
Yau 3-folds with by = 1. Secondly, we apply the abelian/nonabelian correspondence for the
Calabi-Yau 3-folds with by = 1 which are contained in Proposition 1.1.19. Lastly, we deal with
the Calabi-Yau 3-fold which is isomorphic to a zero locus of a general section of the vector
bundle on the determinantal nets of conics. We do the calculation under the assumption that
Conjecture A.2.4 holds for determinantal nets of conics.

In Chapter 3, we give another calculation of the I-function based on the quantum Lefschetz
theorem and the localization formula of twisted Gromov—Witten invariants. First we describe a
general procedure to determine the E-twisted J-function from the calculation of the &'-twisted
Gromov-Witten invariants where €& = £ & H and H is a direct sum of ample line bundles.
Next we apply the general procedure to calculate the E-twisted J-function of No. 25 in Table
1.1.

In Appendix A, we summarize the abelian/nonabelian correspondence. We give necessary
data to apply the abelian/nonabelian correspondence for each example.

In Appendix B, we review the calculation of the twisted Gromov—Witten invariants by using
the localization formula due to Kontsevich [Kon95]. We follow the notation of Liu—Sheshmani
[LS15] which is a nice reference for these topics.

In Appendix C, we collect the Picard—Fuchs operators which are calculated in this thesis.

In Appendix D, we calculate integral symplectic monodromy matrices of selected Picard—
Fuchs operators which are derived in Chapter 2 and 3.

Chapter 1 is based on [IIM1] and Chapter 2 and 3 are based on [I[IM2]. Throughout of this
thesis, we always consider a variety over C.
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Chapter 1

Complete intersection Calabi—Yau
3-folds in Grassmannians by
homogeneous vector bundles

In this chapter we study Calabi—Yau 3-folds which are given as the vanishing loci of general
sections of homogeneous vector bundles over Grassmannians.

1.1 Classification

The method of our classification is similar to Kiichle [Kiic95]. Kiichle classified Fano 4-folds
Z which are given as general complete intersections of globally generated homogeneous vector
bundles on Grassmannians. Hence general anti-canonical hypersurface of Z gives a Calabi—Yau
3-fold Y. However there exist Calabi—Yau 3-folds in Grassmannians which do not factor through
Kiichle’s Fano 4-folds. Therefore we set up some linear equalities for Calabi—Yau 3-folds, which
represent the dimensional condition and Calabi—Yau condition.

We classify pairs of the Grassmannian G(k,n) (2 < k < n — 2) and homogeneous vector
bundle £ which is a globally generated homogeneous vector bundle over G(k, n), satisfying

k(n — k) —rank(&)
Cl(g)

3,
n,

and a zero locus of a general section of £ gives a Calabi-Yau 3-fold.

In the following we will summarize classical results of homogeneous vector bundle on Grass-
mannian. We describe them by applying Schur functor to universal vector bundles on Grass-
mannian. The rank or first Chern class of homogeneous vector bundle are calculated by the
formulas of Schur module. The classification problem is translated into solving linear equalities
with respect to k,n and the decreasing sequences of non-negative integers corresponding to
Schur modules.



1.1.1 Homogeneous vector bundles

Let V = C" be an n-dimensional complex vector space. Let G(k,n) be the Grassmannian of
k-dimensional subspaces of V. Let G = SL(n, C) be the special linear group. We fix a subgroup
of G

P= {(é g) } AeGL(k,C), C € GL(n—k,C), det(A)det(C) = 1} ,
which is called a parabolic subgroup of G. There exists an isomorphism G(k,n) = G/P. By
using this isomorphism, we define a homogeneous vector bundle on G(k,n).

Definition 1.1.1. Let &£ be a vector bundle on G(k,n). We say that £ is a homogeneous vector
bundle if and only if there exist a rational representation p : P — GL(FE) of the parabolic
subgroup P on a vector space E such that

E=ZG Xp FE.
Here we give examples of homogeneous vector bundles on Grassmannians.

Example 1.1.2 (universal sub-bundle). Let S be the universal sub-bundle on G(k,n). The
fiber over (W] € G(k,n) is W. There exists a natural action of G on & which maps the fiber
on [W] to the fiber on [gW] by w — gw where g € G.

Example 1.1.3 (universal quotient bundle). Let Q be the universal quotient bundle on G(k, n).
The fiber over [W] € G(k,n) is V/W. Similarly G acts on Q which maps the fiber on [W] to
the fiber on [gW] by [v] +— [gv] where [v] is the equivalence class of v € V in V/W.

It is well-known that any homogeneous vector bundle on G(k,n) is obtained by applying
Schur functor to these vector bundles, i.e.

Fact 1.1.4. Let A = (A\1,..., ;) M > X > - > X\ >0) and p = (1, oy fg) (1 >
fo > -0 > -k > 0) be sequences of decreasing non-negative integers. Let X and Y* be
the Schur functors corresponding to A and p, respectively. Then any irreducible homogeneous

vector bundle is isomorphic to
YAS* @ YO @ O(d) (1.1)

for some A\, u and d € Z.
Since R+t At S — 700 M) S*O(t) for t > 0, the expression of (1.1) is not unique. In

the following we assume A\, = 0 and pu,,_ = 0 to avoid this ambiguity. Under this normalization,
we have the following statement:

Fact 1.1.5. Let £ = YA\S* @ ¥*Q ® O(d) be an irreducible homogeneous vector bundle. The
vector bundle & is globally generated, i.e. the natural map H°(G(k,n),E) & Oceny — € s
surjective if and only if d > 0.

We recall the formulas of the rank and first Chern class of an irreducible homogeneous
vector bundle on G(k,n).



Proposition 1.1.6. Let £ = YAS* @ Y#Q ® O(d) be an irreducible homogeneous vector bundle
on G(k,n). Then

i A A . -
rank(g) _ H 19 7/1. + .1 2 H J2 .]1. + :ujl /’LJ2 , (12)
1<iy <ia <k 2T 1<j1 <ja<n—k J2
A
c1(€) = rank(€) (%—l—%—i—d) , (1.3)

where |\| = Zle Ai and || = Z;:f Hj-

We are interested in a zero loci of general sections of globally generated homogeneous vector
bundles. There is a Bertini type result for globally generated vector bundles.

Theorem 1.1.7 (cf. [Muk92]). Let X be a smooth algebraic variety and &€ be a globally gen-
erated vector bundle on X. Let s € I'(X,E) be a general global section of £. Let Zg be a zero
locus of the section s. If Zs is not empty, then Zs is smooth of dimension dim X — rank(&).

By using this result, it is enough to find globally generated homogeneous vector bundles
which have appropriate ranks and first Chern classes. The analysis of whether a zero locus of
a general section s is empty or not can be done via the calculation of H°(Z,, Oyz,).

Next we present some examples of the zero loci of general sections of globally generated
homogeneous vector bundles on Grassmannians.

Example 1.1.8 (Symplectic Grassmannian). Let V' = C?" be a 2n-dimensional vector space.
Let G(k,2n) be a Grassmannian where k < n. Let & = A2S*. The space of global section of £
is isomorphic to A?V*. Let s € T'(G(k,2n), &) be a global section corresponding to w € A?V*.
The zero locus of this section Zs is equal to {[W] € G(k,2n) | w|w = 0}. From this, if we pick
the two form w as maximal rank 2n, the zero locus coincides with the symplectic Grassmannian

IG(k,2n).

Example 1.1.9 (Orthogonal Grassmannian). Under the above setting, we take & = Sym>S*.
Similarly for Example 1.1.8, the zero locus Z; of a general section s € I'(G(k, 2n), &) is {[W] €
G(k,2n) | wlw = 0} where w € Sym*V* corresponds to s. We consider a general section s,
this implies that w has maximal rank 2n. If k& < n, the zero locus Z, coincides with orthogonal
Grassmannian OG(k,2n). The case k = n is exceptional. In this case, there exist two families
of isotropic n-dimensional subspaces in V. Then the zero locus Z; is not connected.

1.1.2 List of Calabi—Yau 3-folds

We are interested in Calabi-Yau 3-folds Y which are given by the zero loci of general sec-
tions of globally generated homogeneous vector bundles on Grassmannians. Our main result is
summarized as follows:

Main result 1.1.10. There are only 33 pairs of G(k,n) and globally generated homogeneous
vector bundles € on G(k,n) for each of which the zero locus of a general section gives a smooth
Calabi—Yau 3-fold Y (see Table 1.1). Among the 33 pairs, 22 pairs gives rise to Calabi—Yau
3-folds of second Betti number one.



| No | G(k,n) | vecter bundle | H® | co.H| c¢3 | b [ Kiichle [ Database |
1 [G2,4) [0®4) 8] 56[—176] 1 6
2 | G(2,5) | O(1)®0O(2)*? 20| 68| —120| 1| (bh2) 25
3 O(1)*2® O(3) 15| 66| —150 1] (b1) 24
4 S*(1) @ 0(2) 24| 72| —-116| 1 29
5 A%Q(1) 25| 70| —100| 1 101
6 | G(2,6) | 0102 28 | 76| —116 | 1| (b6) 26
7 S*(1) & O(1)®3 33| 78| —102| 1] (b5),I 198
8% Sym*S* @ O(1) @ O(2) | 40| 88| —128 | 2| (b4)
9% Sym?S* @ S*(1) 48 | 84| —92| 2
10 Q1) @ O(1) 42| 84| —98| 1] (b3), 11 |27
11% A2Q @ O(3) 18 72| 162 2
12 | G2,7) | O()®" 42 | 84| —98| 1| (b7),III |27
13 Sym?S* @ O(1)%4 56| 92| —92| 1| (bg),V |212
14 (Sym?5%)¥2 ¢ O(1) 80| 80| —32| 8] (b9)
15 AMQ o O(1)®O(2) 36| 84| —120| 1| (bl0) 185
16 S*(1) @& A'Q 42| 84| —98 1 27
17 | G(2,8) | A°Q@ O(1)%3 571 90| —84| 1| (bll), VI | 186
18 Sym?S* @ A°Q 720 96| -72| 1 unknown
19 | G(3,6) | O(1)%¢ 42 | 84| =96 | 1] (cl), IV |28
20 NS @ O(1)2a0(2) | 32| 80| —116 1] (c2) 42
21 S*(1) @ A28~ 42| 84| —96| 1 28
22 | G(3,7) | Sym*S* ® O(1)%3 128 | 128 | —128 | 1| (c4) 3
23 (A25%)92 @ O(1)%3 61| 94| —86| 1|(c6), VIl | 124
24 (A*Q)** & O(1) 72 9 | —T74 1| (c3),IX | unknown
25 A2S* @ APQ @ O(1)%? 66 9 | —84 1| (cb), VIII | unknown
26% | G(3,8) | (Sym?S*)®? 384 0 0| 9
27 Sym?S* @ (A2S*)®2 176 | 128 | —64 | 2
28 (A25)®1 92| 104 | —64 1 unknown
29% AQ @ O(1)%2 102 | 108 | —84| 2| (c7)
30% | G(4,8) | Sym?S* @ O(1)%3 256 | 256 | —256 | 2| (d1)
31 (A25%)92 ¢ O(2) 48 | 96 | —128 | 4
32% | G(4,9) | Sym*S* @ A2S* @ O(1) | 384 | 192 | —128 | 4| (d2)
33x | G(5,10) | (A25")®2 @ O(1)%2 120 | 180 | —220 | 5| (d3)

Table 1.1: The list of globally generated homogeneous vector bundles whose zero loci give rise
to Calabi—Yau 3-folds. The numbers with * correspond to Calabi—Yau 3-folds of second Betti
number greater than one.

Now we explain this table. The second column indicates the type of a Grassmannian. The
third column indicates a globally generated homogeneous vector bundle on Grassmannian whose
general section gives a Calabi—Yau 3-fold Y. We denote H the restriction of the Schubert divisor
of the Grassmannian to Y. Then H? is the degree of Y. We denote ¢, and c3 the second and
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third Chern classes of Y, respectively. In particular cs is the Euler number of Y. The column
hY! represents the (1,1)-Hodge number of Y. The column Kiichle indicates the corresponding
label in Kiichle’s list of Fano 4-fold [Kiic95, Theorem 3.1] with the splitting of vector bundle as
E =F @ O(d) where d > 1. The last column indicates the corresponding number in electronic
database [VEvS] of Calabi-Yau operators which are calculated in subsequent chapters.

Remark 1.1.11. We impose the following conditions for G(k, n) and homogeneous vector bundle
£ on it to avoid the obvious duplication in the table:

(i)

(iii)

[

Considering the duality G(k,n) = G(n — k,n), the following two homogeneous vector
bundles correspond to each other under this isomorphism:

YS* @ Y*Q ® O(d) on G(k,n),
YO @ YMS* @ O(d) on G(n — k,n).

In this table we only list G(k,n) satisfying 2k < n.

Let s be a global section of §* corresponding to ¢ € V*. The zero locus of s on G(k,n)
coincides with

{WleGk,n) | elw =0},

then it is isomorphic to G(k,n — 1). Moreover the restriction of the homogeneous vector
bundle £ on G(k,n) to this set is also the homogeneous vector bundle on G(k,n — 1).
Hence if £ contains S* in its direct summand, i.e. £ = & ® S*, then the zero locus of a
general section of £ on G(k,n) is the same as the zero locus of the induced section of &£’
on G(k,n—1). The same thing is true for the universal quotient bundle Q by the duality.
Hence we assume that £ does not contain S* and @ in its direct summand.

Let s € T'(G(k + 1,2k + 1), A2S*) be a global section corresponding to w € A?*V*. We
choose s to be general, which means that the rank of w is equal to 2k. Let us take v from
the kernel of w. Then the zero locus of s is isomorphic to

{W] e G(k, V/{v)) | @lw = 0}

where w is an element of A%(V/(v))* induced from w. Moreover the restriction of the
homogeneous vector bundle on G(k + 1,2k + 1) to G(k,V/(v)) is also homogeneous. By
the duality, we can also assume that £ does not contain A?Q in its direct summand for
the case of G(k,2k + 1).

Let £ be a globally generated homogeneous vector bundle on G(k,2k) which contains
A2S* or A*Q in its direct summand. Using the duality (i), we assume that £ contains
A28* in its direct summand and denote it by & = & © A2S*. Then the zero locus of a
general section of £ on G/(k, 2k) is same as the zero locus of a general section of &'| ;¢ 2x)
on IG(k,2k). Since S* and Q are isomorphic on IG(k,2k), it is enough to consider
homogeneous vector bundles £ which are direct sums of Schur modules of S*.
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1.1.3 Possibilities of irreducible summands

Let us decompose & into irreducible summands & = @,_, F; and consider Grassmannians
G(k,n) and homogeneous vector bundles & = @;_, F; which satisfy the following two condi-
tions:

T

k(n — k) =) rank(F) =3, (1.4)
=1

n—> ca(F) =0, (1.5)

=1

where rank(F;) and ¢ (F;) are given by the formulas (1.2) and (1.3).
First we restrict possible types of the irreducible summands of £. There exists the following
result:

Lemma 1.1.12. Suppose G(k,n) and & = @,_, Fi satisfy the conditions (1.4) and (1.5). Then
for any 1, either F; = ¥28* @ O(d) or F; = X*Q ® O(e) holds.

Proof. Suppose ¥28* ® ¥#Q ® O(d) is a direct summand of &€ such that both X and y are not
zero. Since rank(X*S*) > k and rank(3#Q) > n — k, the rank of £ is not less than k(n — k).
This contradicts the assumption (1.4). O

Lemma 1.1.13. Let G(k,n) satisfy 2k +1 < n. Take & = N>Q and a general global section
s € I(G(k,n),&). Then the zero locus of s is empty. The same thing is true for £ = Sym>Q
and 2k +1 < n.

Proof. By using the duality G(k,n) = G(n — k,n), it is enough to consider the zero locus of a
general section s of A2S8* on G(n — k,n). Take w € A*V* corresponding to s. Then the zero
locus of s coincides with

{W] € G(n—k,n) [ wlw = 0}.

But the dimensions of isotropic subspaces of V' are at most

L (if n is even)
1
" (it n s odd)
2
for general w. Then the zero locus of s is empty from the assumption. O

Remark 1.1.14. There exist infinitely many solutions of (1.4) and (1.5) if we do not care whether
the zero locus is empty or not. For example,

E=NQ3 0% *a 0O(5) on G(k,3k)
gives solution of (1.4) and (1.5) for each k > 4.
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Using these results and Remark 1.1.11, we only consider the following homogeneous vector
bundles as irreducible summands of &:

YAS* @ O(d) except for O and §*. (1.6)
S0 ® O(e) except for @, @, A2Q, and Sym*Q %f n>2k+1 (L.7)
except for O and Q if n = 2k.

Next we show the following result:

Lemma 1.1.15. Let us fiz the Grassmannian G(k,n). Then the numbers of globally generated
homogeneous vector bundles £ satisfying (1.4) and (1.5) are finite.

Proof. Let £ be a homogeneous vector bundle satisfying (1.4) and (1.5). Then the irreducible
summands of £ are of the forms in the (1.6) or (1.7). It is enough to show that the values A,
d, 111, and e of the irreducible summands of £ are bounded from above.

First we prove that there exists an upper bound of A\;. From (1.2), we have

E—1+X\
k-1

Since & satisfies (1.4), the rank of the irreducible summands must be lower than k(n — k) — 3.
Then we have

rank(2'S* @ O(d)) >

k—1+X\
kE—1
Since we have fixed k and n, this inequality implies that A; is bounded from above. Similarly
we can also prove that p; is bounded from above.
Next we show that there exist upper bounds of d and e. We assume that X*S* @ O(d) is
an irreducible summand of £. Taking the first Chern class, we have

c1(228* @ O(d)) = rank(XAS*)d + ¢, (¥*S*) < n.

<k(n—Fk)—3.

This inequality implies

n — ¢ (X*S*)

~ rank(XAS*)
where the right hand side only depends on k,n, and A. Since the choices of A are finite and
k,n are fixed, the possible values of d is also finite. The same thing is true for e. O

Using this result, it is enough to prove that the possibilities of the k£ and n which have a
non-trivial solution of the equations (1.4) and (1.5) are finite.

1.1.4 The cases £ = @, TVS* @ O(d;) or P, X"Q ® O(e))

Let £ be a globally generated homogeneous vector bundle on G(k,n) which satisfies the condi-
tions (1.4) and (1.5). In this subsection we assume that £ has the one of the following forms:

€= Ns(d) or ErQ(er), (1.8)
=1 =1
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where we use the notation F(d) := F ® O(d) for a vector bundle F. Using the duality
G(k,n) = G(n—k,n), we consider & = @,_, X*S*(d;) on G(k,n). Note that we do not impose
the condition 2k < n in this subsection. First we prove the following result:

Lemma 1.1.16. If there exists a globally generated homogeneous vector bundle & = @;_, SNS*(d;)
on G(k,n) satisfying the equations (1.4) and (1.5), the inequality

6
<2k + —
n < +k

holds.
Proof. Suppose & = @,_, 2MS*(d;)) = €P,_, F; satisfies the equations (1.4) and (1.5). Sub-
tracting (1.4) from k times of (1.5), we obtain

T

£ 43 = 3 (kea () — rank(F))

=1

= Zrank(ﬂ)(|)\l| + kd, —1).

=1

Since |\| + kd; — 1 > 1 for each [, we have

K+ 3> Zrank(]:l) =k(n—k)—3,

=1

where the last equality follows from the assumption that £ satisfies (1.4). The claimed result
follows from this inequality. O

Lemma 1.1.17. Suppose k > 7. Let F = ¥ S8*(d) be an irreducible globally generated homo-
geneous vector bundle on G(k,n) satisfying

Then F 1is contained in the followings:
O@) (1 <i<2k), S*(1), A S*, Sym?S*, AF1S*  AFLS*(1). (1.10)

Proof. We find all irreducible globally generated homogeneous vector bundles ¥*S*(d) which
satisfy ¢ (XA8*(d)) < 2k. Let I(\) := max{i | \; # 0} be the length of the partition .
Suppose 2 < () < k —2 and |A\| > 5. Since
kE(k—1)5 5
YAS*(d) > ——L = = (k-1
a(X8(d) 2 —5—7 =5k 1),

c1(X*8*(d)) is greater than 2k for k > 7. We can check that only A?S* satisfy the condition
among the remaining cases AS*(d), X?DS*(d), LGVS*(d), 22 S*(d), A3S*(d), XZDS*(d),
and A2S*(d) in the ranges |\ < 4.
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Suppose [(\) = 1, i.e. ¥AS*(d) has the forms Sym°’S*(d) for some b > 1. Since

b—l—k—l)b—l—kd

¢1(Sym’S*(d)) = ( ko1 ?

is monotonously increase with respect to d and b, we see that the solutions of ¢; < 2k are §*(1)
and Sym’S*.

Suppose [(A) = kK —1 and A # (1,...,1,0). From the formula (1.2), there exists y =
(2,...,2,1,...,1,0) satisfying

rank(X*S*(d)) > rank(¥*S*) = (k — i) (k —: 1),

where ¢ = #{j | p; = 2} # 0. We can estimate

N RS R—1 o (i=1)
(k_>( ;L )Z (k+ Dk 2<i<k-1)
5 <@ <

for each value ¢. Summarizing the result, we have

(s (@) = LU

and this inequality shows that ¥*S*(d) does not satisfies the condition. We can check that
AF=18* and AF718*(1) only satisfy the condition among the remaining cases A¥~18*(d). O

Lemma 1.1.18. Suppose k > 7. Then there does not exist globally generated homogeneous
vector bundle of the form € = @,_, XS (d;) which satisfies (1.4) and (1.5).

Proof. Suppose € = @,_, XNS*(d;) satisfies (1.4) and (1.5). Using Lemma 1.1.16, the ir-
reducible summands of £ satisfy the inequality (1.9). Then £ is a direct sum of the vector
bundles in (1.10). We collect the rank and first Chern class of these vector bundles as follows:

F O@i) S* (1) A2S* Sym’S* AFIS* AFLS*(1)
k(k—1 k+1)k
rank(F) 1 oo MEL () k k
c1(F) i Ek+1 k-1 k+1 k—1 2k — 1

We divide the following two cases:

(i) The case £ contains A2S* or Sym?®S* in its direct summand. By Lemma 1.1.13,
it is enough to consider the cases n = 2k or 2k — 1.

Suppose n = 2k. It is easy to check that £ does not contain both A2S* and Sym*S*. Since
c1(€) = 2k, we can estimate the rank of £ by

rank(€) < k? — k + 2.
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However this inequality is contradict to rank(€) = k? — 3 for k > 7.
Suppose n = 2k — 1. From Lemma 1.1.13, the homogeneous vector bundle £ does not
contain Sym®S*. Since ¢;(€) = 2k — 1, £ coincides with one of the followings:

(NSH® @ 0(1), NSTaANTISTe0(1), NS e @ Od) (di+- - +d = k).

1<I<r

The rank of the second and third cases are bounded from above by k?/2 + k/2 + 1, and this
contradict to rank(£) = k? — k — 3. The rank of the first case is k? — k + 1, and this does not
give the solution for any k > 7.

(ii) The case £ does not contain A2S* and Sym’S* in its direct summand. We have
upper bounds of the rank of £
n+2 (2k—2<n<2k)

rank(€) <
n+1 (k+2<n<2k—3)

from the condition ¢;(€) = n. We can check that both cases are less than k(n — k) — 3 for
k=>7. 0
We have the following result:

Proposition 1.1.19. Let € be a globally generated homogeneous vector bundle on G(k,n)
satisfying (1.4), (1.5). If £ has the form (1.8), then £ is contained in the following list:

G(2,4) 0O4)

G(2,5) O()@0(2)%, 0P @ 0(2), S*(1) ® O(2), A*Q(1)

G(2,6) O(1)% 8 0(2), §*(1) © O(1)%, Sym®S* © O(1) & O(2),
S*(1 >@Sym28* Q(1) & O(1), °Q& O(3)

G(2,7)  O1)%¥7 Sym3S* @ O(1)®4, (Sym?S*)®2 @ O(1), A*Q @ O(1) @ 0(2)

G(2,8) AQa0O(1)%3

G(3,6) O(1)%, AZS* 3 0(1)P2 @ 0(2), S*(1 ) /\25*

G(3,7) Sym’S* @ O(1)®3, (A2S")22 @ 0(1)®3, (A2Q)*2 @ O(1)

G(3,8)  (Sym?8*)®2, Sym2S* @ (A2S*)%2, A23*)@4 A2Q @ O(1)%2

G(4,8) Sym2S* @ 0(1)%3, (A2S")¥2 @ 0(2)

G(4,9) Sym2S* @ A2S8* @ O(1)

G(5,10) (A28%)%P2 @ O(1)%?

Proof. Combining Lemma 1.1.16 and Lemma 1.1.18, it is sufficient to consider the equations
(1.4) and (1.5) for the following Grassmannians:

G(2,n) (4<n<T7), GB,n) (b<n<y), GHA,n) (6<n<9),
G(5,n) (T<n<11), G(6,n) (8 <n<13).

Since the possible types of the vector bundles ¥ S*(d) are finite by Lemma 1.1.15, we can
enumerate all solutions of (1.4) and (1.5). O
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1.1.5 Other cases of £

As for the other cases, it is enough to consider the vector bundles which contain the vector
bundle of the form

YAS*(d) @ $HQ(e) (1.11)
where both A and y are not zero. Since the rank and first Chern class of ¥*S8*(d) coincide with

those of ¥*Q(d) when n = 2k, it is sufficient to consider the cases 2k + 1 < n. The following
result enables us to reduce the ranges of k and n solving the equations (1.4) and (1.5):

Lemma 1.1.20. We assume that k& > 7 or n — k > 7 holds. Then there does mot exist
homogeneous vector bundle which contains (1.11) in its irreducible summand and satisfying

(1.4) and (1.5).
Proof. We fix k and n satisfying
n—k>7and 2k+1<n.

Using n — k > 7 and Lemma 1.1.17, the Schur module of Q in (1.11) must be one of the
followings:

F Q(l) An—k—lQ /\n—k—IQ(l)
rank(F) n—k n—k n—k
a(F) n—k+1 n—k—1 2n—2k—-1

Note that we do not contain A?Q and Sym?Q in the table since 2k + 1 < n.
Let Vo be a vector bundle in this table. Then we can estimate
n—c(Vgo) <k+ 1.

It is sufficient to consider the vector bundles V which contain the non-trivial Schur module of
S* in its direct summand and Vo @V satisfies the equations (1.4) and (1.5). Since ¢;(V) < k+1,
it is sufficient to find the irreducible homogeneous vector bundles which satisfy ¢;(F) < k + 1.
We do this analysis for each value of k.

The case k = 2. Homogeneous vector bundles, which are Schur modules of §*, have the
following form:
Sym*S*(b) (a,b>0).
Then
0@i) (1 <i<3), S*1), Sym’S* (1.12)
are all irreducible globally generated homogeneous vector bundles, which satisfy ¢;(F) < 3.
Let V be a direct sum of the vector bundles (1.12) which satisfies ¢;1(V) < 3. It is obvious that

rank(V) < 3,

so rank(Vg @ V) < n + 1. This means that Vg @ V does not satisfy the equation (1.4). Then
there do not exist solutions of (1.4) and (1.5) under the claimed setting.

Similarly we study the case k = 3.
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The case k = 3. Irreducible globally generated homogeneous vector bundles which satisfy
cp < 4 are

O@) (1<i<4), 8*(1), Sym’S*, A’S*
Then we can estimate the rank of V by rank(V) < 6. Since we assume n > 10, the inequalities
3(n—3)—3—rank(Vo@®V)>2n—-15>0

show that there do not exist homogeneous vector bundles with the claimed properties.

The case k > 4 (resp. k > 5). Similarly we can enumerate irreducible globally generated
homogeneous vector bundles which satisfy ¢; < 5 (resp. ¢; < 6), and we can check that there
do not exist solutions &€ = Vo @V of (1.4) and (1.5).

The case £ > 6. We find all irreducible globally generated homogeneous vector bundles
YAS*(d) which satisfy ¢;(32S*(d)) < k + 1. Similar to Lemma 1.1.17, we can check that the
irreducible globally generated homogeneous vector bundles whose first Chern classes are not
greater than k + 1 are contained in the following table:

F O@i) S*(1) Sym*S* AXS* AFIS* aAnk-lQ
rank(F) 1 g HEHDORESD g n—k
c1(F) i k+1 k+1 k-1 k-1 n—-k-1

We remark that A" *71Q is occurred only if n = 2k + 1 or n = 2k + 2.

Let V be a direct sum of these vector bundles with ¢;(V) < k 4+ 1. We have the estimate

k(k+1)
rank(V) < —

Therefore, we have
k(n —k)—3—rank(Vo® V) = (k- 1)(n — k) — 3 — rank(V)
1
> —_1) —
> 2]{;(1{; 1) —4,

which means that there do not exist homogeneous vector bundles with the claimed properties.
([

Proposition 1.1.21. Let £ be a globally generated homogeneous vector bundle on G(k,n) which
contains a vector bundle of the form (1.11) in its direct summand. Then G(k,n) and € are one
of the followings:

G(2,7) S (1) ® A'Q
G(2,8) Sym*S* @ A°Q
G(3,7) AN’S*®ANQ @ O(1)%?
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Proof. By using Lemma 1.1.20, we only need to consider the equations (1.4) and (1.5) for the
following range of k£ and n:

{(k,n)|2< k<5, 2k+1<n<k+6}. (1.13)

We can find all solutions of (1.4) and (1.5) in the range (1.13) by Lemma 1.1.15. 0

1.2 Calculations of the topological invariants

Let us take G(k,n) and € which are contained in Table 1.1. Taking a general global section
s € I'(G(k,n),E), we consider the zero locus of s, which we denote by Z;. Due to Theorem
1.1.7, it is a smooth Calabi—Yau 3-fold if it is not empty set. We determine that Z, is not empty
set for in Table 1.1 by calculating the cohomology group H°(Z,, O,). Moreover we determine
Hodge numbers of Z, and some topological invariants (H?,cy.H,e(Z,)) by the standard way
(see [Kiic95, Section 4]).

1.2.1 Koszul resolutions

Let is : £ — Og(rn) be a morphism determined by the global section of £. The structure sheaf
O, has the following locally free resolution

0 — ATREES o 5 A2EF = £ = Oginy — Oz, — 0 (1.14)
for general s. There exists the spectral sequence
E; %" = H?(G(k,n), N1E*) = HP™1(Z,,0y,) (1.15)

associate with the exact sequence (1.14). Since the Fj-terms of this spectral sequence consists
of the cohomology group of homogeneous vector bundles on G(k, n), we can calculate it by using
the Bott—Borel-Weil theorem. This enable us to calculate the cohomology groups H'(Z,, Oz,)
(0 <i < 3). We have checked the following results:

HO(Z&OZs) = H3(ZS7 OZs) = C? Hl(Z87 OZS) = H2(ZS7OZ5) =0 (except for No. 267 30)7
HY(Z,,04) = H*(Z,,05,) =C? HYZ,,04)=H*Z,,0z)=0 (No. 30),
H(Z,,03.) = H*(Z,,05) =C, HYZ,,04) = H*(Z,,03,)=C* (No. 26).

These results imply that the zero loci Z are not empty set. In particular, except for No. 26
and 30, the zero loci Z, are Calabi—Yau 3-folds in the strict sense.

Next we calculate the Hodge numbers h''(Z,) = dim H'(Z,,Q}, ) (i = 1,2). In particular,
we determine h'(Z,) which is the rank of the Picard group of Z, except for No. 26. We
consider the conormal sequence

0= &%z, = Qo |z = Qz, = 0. (1.16)
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where we use Ny Gkm) = E* since Z, is the zero locus of a general section of the vector bundle
&. Using the long exact sequence associate with the short exact sequence

T Hi<ZS>g*|Zs> - Hi(ZS7QlG(k,n)|Zs) - Hi(Z&QlZs) - HH_I(ZS?E:*‘ZS) o (1'17)

it is enough to calculate the cohomology groups H(Z,,£*|z.) and HY(Z,, Qé(k’n) z.). Since
HY(Z,,E*|z.) = H'(G(k,n),E*) is a cohomology group of homogeneous vector bundle on
G(k,n), we can calculate it by the Bott-Borel-Weil theorem. To calculate Hi(ZS,Qé(kyn)),
we consider an exact sequence which is obtained by taking ®QlG(k:,n) to the Koszul resolution
(1.14). Then we have a spectral sequence

By = HY(G(k,n), NE" © Qi) = HY"(Z, Qs

7). (1.18)

The Ej-terms are also cohomology groups of the homogeneous vector bundles on G(k,n), so
we can calculate them.

Example 1.2.1. Here we give the concrete example of the calculation of the cohomology groups
described above. We take No. 5 for example, i.e. £ = A?Q(1) on G(2,5). The exterior products
of £ are calculated as follows:

E =0(=2), ANE =nNQ(—4), NE =0gus(-5H).
The followings are the only nontrivial cohomologies among these sheaves:
H°(G(2,5),0c05) =C, H°(G(2,5),\°¢*) =C.

Then the spectral sequence (1.15) is Ej-degenerate and we can check that the cohomology
groups H'(Z,,0.) are determined as described above. Similarly the locally free resolution of
910(2,5)|Zs can be obtained by tensoring (1.14) with Q1G(2’5) =5 ® Q" (see [Wey03]),

0= S*@NQ(-7) = S*@23DQ(—6) & S* ® Q(—5) —
S* @ LPQ(—4) ® §*(—3) = 8" @ N°Q(—2) = Qa2 = O,
and the only non-trivial cohomologies of the sheaves in the resolution are

HY(G(2,5), 8" ® \?Q(—2)) =V, H3(G(2,5),8" @ 22V Q(-4)) = 1,
H5(G(27 5>’S* ® Q(_5)> =W, Hﬁ(G(Q, 5)78* ® /\2Q(_7)) = V14w

where w; is the i-th fundamental weight and V, is the highest weight representation of SL(5, C)
with highest weight . Then the spectral sequence (1.18) is also F-degenerate, and

0 (i=0)
dim H'(Zs, Qp5)lz.) = 1 (i =1,2)
25 (i =3)
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holds. Similarly we obtain

dim H'(Z,, &

Z):{o (i # 3)
YT\ (i=3).

Substituting these results into the exact sequence (1.17), we can check that
dim H'(Z,, Q) =1, dimH*(Z,,Q} ) =51
hold.

Remark 1.2.2. There exist some Calabi-Yau 3-folds in Table 1.1 which can not be determined
its Hodge numbers by this calculation. However the other description of Calabi-Yau 3-folds in
[IIM1] helps to determine them. For example, we can not determine the Hodge numbers of No.
26 by this method. It is isomorphic to the abelian 3-fold by Reid in [Rei72], so it is well-known
the Hodge numbers of it.

1.2.2 Calculations by using characteristic classes

In this subsection we calculate the topological invariants
HS, Co .H, e,

where H is the restriction of the Schubert divisor on G(k,n) to Zs, co = co(Zs) is the second
Chern class of Z; and e = e(Z;) is the Euler number of Z,. These invariants are especially
important for describing the diffeomorphism classes of Calabi-Yau 3-folds (see [Wal66]). Using
the normal bundle sequence
0= Ty, = Tegm — € =0,

we have ¢(Z;) = c(G(k,n))/c(E) where ¢(Z,) = ¢(Ty,) and ¢(G(k,n)) = c(Ty.,,)) are total
Chern classes of these manifolds. Then we can represent the Chern classes of Z; by the re-
striction of the cohomology classes on G(k,n). Since the fundamental class of Z is ciop(E), the
above invariants are given by the integrals on G(k,n), e.g.

e= / c3(Zs) = /G(k,n) c3(Zs)crop(E).

We can calculate these integrals on G(k,n) by using Schubert calculus.

Example 1.2.3. We continue Example 1.2.1. The top Chern class of £ and the total Chern
class of Z; are given by

03<5> = 100’(2,1) + 50’(3’0),
o(Zs) = 14 (20(20) +4o1,1))

z, — 100@21)|z,,
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respectively. Then the topological invariants of Z; are expressed by the integrals
H? = / 0?170)(100(2,1) +503,0)),
G(2,5)
e . H = / (20‘(270) + 40’(171))0'(170)(100'(2,1) + 50‘(370)),
G(2,5)
€= / (=100(21))(100(2,1) + 50(3.0))
G(2,5)

and thus we have obtained the numbers in Table 1.1.

In Appendix D, we present another approach to determine these topological invariants from
the so-called conifold period of the mirror family.
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Chapter 2

Computing /-functions of Calabi—Yau
3-folds 1

In this chapter, we calculate the twisted J-function of the Calabi—Yau 3-folds with second Betti
number one in Table 1.1 which have the property that the abelian/nonabelian correspondence
are applicable to it.

2.1 J-functions of Calabi—Yau 3-folds with second Betti
number one

Let Y be a Calabi-Yau 3-fold with second Betti number one. Let H be the ample generator
of the Picard group of Y. Let deg(Y) = [, H® be the degree of Y. Let H**"(Y,C) be an even

part of the cohomology group of Y. Let us take
L, H C= Hz/deg(Y), p= Hs/deg(Y), (21)

which form a basis of H***(Y,C). Let % be a small quantum product on H*¥**(Y,C). It is
determined by the following products:

Hx1=H,
H+H = K(q)C,
H+C =p,
Hxp=0,

where K (q) = deg(Y) + 3451 d°Nge Q? and Ny = ( )04 are the Gromov-Witten invariants
of Y. Let V* be the quantum connection. Then the connection matrix of V# with respect to
the basis (2.1) is

o O = O
cRo o
&)
N~—
_ o O O
o O O O



Let Jy (7, z) be the small J-function of Y. It is well-known that Jy (7, z) satisfies
&1 4
dr? K(q) dr?

by using the relation between Jy (7, z) and the quantum differential systems.

Jy(T, Z) =0 (22)

In this thesis, we calculate the I-functions of Y by several methods. Roughly speaking, it

has the form
Iy (t,2) = wo(t)z + wi(t)H + wy(t) H*2 ™! + wy(t) H? 22
and satisfy
[Y (ta Z)
wo(t)

where 7 = wq (t) /wo(t). It is known that Iy coincides with period integrals of mirror Calabi—Yau
manifold Y* for many examples. Below we calculate so-called Picard—Fuchs operator

P = as(2)0* + a3(2)0® + az(2)0% + a1 (2)0 + ao(z) (a;(z) € Q|x]), (2.3)

Jy(7'7 Z) =

which annihilates Iy, where x = ! and 6 = x%. The quantum differential operator (2.2) and
the Picard-Fuchs operator (2.3) are related by the change of coordinate 7 = w () /wp(t), which
is the so-called mirror map.

In Chapter 2 and Chapter 3, we prove the following result:

Main result 2.1.1. We calculate I-functions of Calabi—Yau 3-folds with second Betti number
one in Table 1.1 except for No. 18. For a Calabi—Yau 3-fold of No. 18, we give a conjectural
I-function which is correct if the abelian/nonabelian correspondence holds for determinantal
nets of conics. We also calculate Picard—Fuchs operators which annihilate these I-functions.

In Appendix C, we list the resulting Picard—Fuchs operators for the I-functions of Main
result 2.1.1.

2.2 The abelian/nonabelian correspondence for vector
bundles on Grassmannians

In this section, we apply the abelian/nonabelian correspondence to homogeneous vector bun-
dles on Grassmannians. We summarize results of the abelian/nonabelian correspondence in
Appendix A.

In this section we give G/(k,n) by geometric invariant theory quotient V//,G with V =
Matyx,(C), G = GL(k,C), and x(g) = det(g) (g € G).

Definition 2.2.1. Let p: G — GL(FE) be a rational representation of G on C-vector space FE.
This determines a vector bundle on G(k,n) by

E=VG) xg E.
We say that £ is induced from the representation of G.
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Example 2.2.2. Let S be the universal sub-bundle on G(k,n). We take the fundamental
representation Fy of G. The map

(M,v) = 'vM (M € V3(G), v e E)
defines the isomorphism & = S of vector bundles.

It is well-known that any irreducible rational representation of GL(k,C) is given by
YA Ey @ (det Eg)?

for some A = (A1, Ao, ..., ) (A > A2 >+ > A, > 0) and d € Z. The dual S* of the universal
sub-bundle § is induced by the anti-fundamental representation of G. We can represent vector
bundles which are induced from irreducible representation of G by ¥*S*(d) for some A and d.
The abelian/nonabelian correspondence is applicable to the twisted I-functions with globally
generated homogeneous vector bundles of the form

£=zrs, (2.4)
=1

where A\, = (A1, A2y -- ., Ag) for & = 1,2,...,r. Now let us collect necessary data for our
calculations of I-functions.

(i) (Abelian quotients) Let T = (C*)* be a maximal torus of G consisting of diagonal
matrices. Then V// ;T =P""' x .. x P71,
)4

(ii) (A lift of the cohomology classes) Let o be the Schubert class in H*(G(k,n),C). We
fix the lift of o by Schur polynomial of Hy,..., Hy which is described in Example A.1.6.

(iii) (The fundamental Weyl anti-invariant class) Let W = &, be the Weyl group of
(G, T). The fundamental anti-invariant class w ' is given by [[,, ;<. (Hi — H;) where H; is
the pullback of the hyperplane class of the i-th factor.

(iv) (Restrictions of the coordinate) Let H be the Schubert divisor of G(k,n). The
Weyl invariant lift of H is Hy; + --- + H,. We have an isomorphism 7* : H*(V//,G,C) =
H*(V//,T,C)V, which maps tH € H*(V//,G,C) to t(H, +---+ Hy) € H*(V//,,T,C)".

(v) (Novikov rings) We have an isomorphism NE(V//,,T) & (Z>¢)* by C +— (C.Hy, ..., C.Hy).
Then the Novikov ring of V//,,.T"is isomorphic to C[[Q1, ..., Q]]. Similarly we have Ay, ¢ =
C[[q]] for the Novikov ring of V///,G. The homomorphism Ay, — Ay, ¢ is determined by

Qi —> (—].)kilQ

1For simplicity of calculation, We choose different w as described in Appendix A.1.2.
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(vi) (Decompositions of vector bundles) The irreducible vector bundle & = ¥AS* on
V/ /G decomposes into a direct sum of line bundles &7 determined by weights of the irreducible

representation of GG. For example if £ = S§*, then &7 = @le 0(0,...,0,1,0,...,0).

With the above data, we can apply the abelian/nonabelian correspondence to the vector
bundle of the form (2.4) over G(k,n). Also for vector bundles of the form

E=Prro, (2.5)
i=1

i.e. those constructed by universal quotient bundle Q, we can use the duality G(k,n) = G(n —
k,n) to reduce (2.5) to the case (2.4) above.

Using either the representation (2.4) or (2.5), we can calculate the twisted I-functions for
the Calabi-Yau 3-folds which are contained in Proposition 1.1.19.

Note that we can not apply the abelian/nonabelian correspondence to the following three
cases

S* ()@ A'Q, Sym’S*@®A’Q, A S @ AQ@O(1)%?

in this form.
For the first case, we use the following result:

Proposition 2.2.3 ([IIM1]). Let Y C G(2,7) be the zero locus of a general section of S*(1) ®
A1Q. Then Z is a flat degeneration of Calabi—Yau 3-folds Y' which are the zero locus of a
general section of O(1)®7 on G(2,7).

Due to the invariance of Gromov-Witten invariants under the deformation, it is enough to calcu-
late the twisted J-function of £ = O(1)®7 on G(2, 7), which is handled by the abelian /nonabelian
correspondence for G(2,7).

We deal with the second case in Section 2.3 and the third case in Section 3.2.

For the Calabi-Yau 3-folds of second Betti number one in Proposition 1.1.19, it is straight-
forward to determine their /-functions. Since there is no difference in the calculations, we only
present the details for a selected example.

Example 2.2.4. Consider a Calabi—Yau 3-fold Y of type No. 7 in Table 1.1. It is given by
the zero locus of a general section of £¢ = §*(1) ® O(1)®3 on V//,G = G(2,6). It is proved
in [IIM1, Lemma 4.3] that Y is isomorphic to a linear section of the Schubert variety ¥ in
Cayley plane OP?. It is not easy to calculate the J-function of Y since the Schubert variety
3 is singular. We can not apply quantum Lefschetz theorem to it (see Section 3.1). Then the
description of Y as a zero locus of a section of homogeneous vector bundle on Grassmannian is
better for the calculation of the I-function of Y.

Let T = (C*)? be a maximal torus of GL(2,C). Then the abelian quotient is V//,,T =
P®> x P°. The decomposition of Er is given by £ = O(2,1) & O(1,2) & O(1,1)#3. We fix a lift
of the Schubert classes 0 € H*(G(2,6),C) by the corresponding Schur polynomials of Hy, Hy
where H; is the hyperplane class of i-th component.
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We introduce affine coordinates 1, o which correspond to the bases Hy, Ho € H*(P?xP?, C).
The Ep-twisted I-function is given by the following formula:

]gT(tl,tQ,Z) — se(tiHitt2Ha)/z Z d1 &) Qg ql q2

dydy >0
where ¢; = e’ and
e _ ILii™(H: + Hy +m2) [ 2" (Hy + 2Hy + m2) [ " (Hy + Hy +m2)*
(d1,d2) Hm:l(Hl + mz)0 Hmzl(HZ + mz)b

We also introduce an affine coordinate t on H?(G(2,6),C) which correspond to the Schubert
divisor H. Using (A.11), we have

o0

Zet(H1+H2)/z Z(-l)deqd Z (Hl — H2 + Z(d d2)>Ié§; ,d2)

d=0 d1+do=d
d1,d2>0

1

IgG(t7Z) - H, — H,

where ¢ = ¢!. We put Q = 1.
Next we expand I%¢(t,z) with respect to z. We consider that [°¢(t,z) takes value in
H*(G(2,6),C)/ann(e(Eg)). Then we obtain I€6(t, 2) = woz + wiH + O(271) where

wo =14 7q +199¢* + 8359¢> + - - -, (2.6)
1431 64373
wlztw0+21q+Tq2+Tq3+--- : (2.7)

We look for a differential operator of fourth order which annihilates 7¢¢. We consider a
general differential operator with polynomial coefficients of degree at most d,

4 d

P=> p@t, pile)=>_ ayd,

=0 Jj=0

where a; ; are unknown constants and 6 = qdiq. Applying P to wgy, we obtain many linear
equations {L,(a;j)} of a;; from the coefficients of ¢ (m = 0,1,...). Since we can calculate
wy for arbitrary degree, we can find the differential operator P which annihilates wy. We find
a same differential operator in [Miul3, Proposition 5.5].

We do the same calculations for each Calabi—Yau 3-folds with second Betti number one in
Proposition 1.1.19. Then we have the following result:

Proposition 2.2.5. We calculate the Picard—Fuchs operators of the £-twisted I-functions where
& is contained in Proposition 1.1.19 and the zero locus of a general section of it defines a Calabi—
Yau 3-fold with second Betti number one. The concrete forms of the Picard—Fuchs operators
are in Appendiz C.
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2.3 Conjectural abelian/nonabelian correspondence for
vector bundles on determinantal nets of conics

In this section we consider the E-twisted I-function for & = Sym*S* & A°Q on G(2,8). As
explained above of Example 2.2.4, the abelian/nonabelian correspondence of Grassmannians
can not be applied to this vector bundle £ of the present formulation. To circumvent the
situation, we use the fact that the zero locus of a general section of A°Q on G(2,8) coincides
with determinantal nets of conics N, which is described by the geometric invariant theory
quotient. Moreover the restriction of Sym?S* to N is induced from the representation of the
group. If the abelian/nonabelian correspondence is valid for N, we can apply it for Sym*S*|y
and obtain Sym*S*|y-twisted I-function on N.

In this section, assuming that Conjecture A.2.4 is valid for N, we determine the Picard—
Fuchs operator corresponding to No. 18.

2.3.1 Constructions of the determinantal nets of conics

First we summarize the construction of the determinantal nets of conics in terms of the geo-
metric invariant theory quotient following [EPS87], [Tj@97].

Let F' be a two-dimensional C-vector space and E be a three-dimensional C-vector space.
Let V = H°(P?, O(1)) be a C-vector space of linear polynomials on P?. Choosing a basis of F
and F, we identify Hom(F, E ® V') with an affine space of 3 x 2 matrices having entries in V.
The group GL(3,C) x GL(2,C) acts on Hom(F, E ® V') by

(g,h) - M = gMPh™"

where (g,h) € GL(3,C) x GL(2,C) and M € Hom(F,E ® V). Let C* = {(\[3, A1) | A € C*}
be the center of GL(3,C) x GL(2,C). Since C* acts on Hom(F, E ® V) trivially, the above
action induces the action of G := GL(3,C) x GL(2,C)/C* on Hom(F, E ® V). We define a
character y : G — C* by

[(g,7)] = (det g)*(deg h)~*

where [(g, h)] is the equivalence class of (g, h). The geometric invariant theory quotient
N:=Hom(F,E®V)//G

is known to define a six-dimensional variety, which parametrizes two-dimensional linear sub-
systems of conics of determinantal type. Hence there exists a natural embedding

j: N <= G(3,6). (2.8)
Furthermore the following properties are known:

Proposition 2.3.1 ([EPS87]).
(1) Hom(F,E® V)*® = Hom(F, E ® V)*.
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(i1) The action of G on Hom(F, E ® V)* is fized-point free.
In particular N is a smooth projective variety.

We construct vector bundles on N. Consider a fundamental representation E of GL(3,C),
a fundamental representation F' of GL(2,C), and the following induced representations of G:

E® (det E) ™ @ det F, (2.9)
F® (det E) ™' @ det F. (2.10)

These define corresponding vector bundles £y and Fn on N.
As is known in [Tjg97], we know Ey = j*S¢(s,6) Where Sg(s,6) is the universal sub-bundle on
G(3,6). As for Fy, we have proved the following results in [IIM1, Proposition 6.1]:

Proposition 2.3.2 ([IIM1]). There exists an embedding i : N — G(2,8) satisfying
i"Seos) = Fn (2.11)

where Sg(a,8) is the universal sub-bundle on G(2,8) and the image i(N) is isomorphic to the
zero locus of a general section of N°Q on G(2,8).

Identifying N and i(V), we have
SymZS}‘;(g’S) |v = Sym?>F,

and use this for our computation of the I-function of No. 18 assuming the validly of the
abelian /nonabelian correspondence for the homogeneous vector bundle Sme.F]’i[ on N.

2.3.2 Conjectural abelian/nonabelian correspondence

We give the necessary data to apply the abelian/nonabelian correspondence for determinantal
nets of conics.

(i) (Abelian quotients) Let T' = (C*)3 x (C*)?/C* be a maximal torus of G and W =
N(T)/T = &3 x &3 be the Weyl group which acts on Hom(F, E ® V') by permutations of rows
and columns. The following fact follows from Proposition 2.3.1:

Lemma 2.3.3. Hom(F, F ® V)*(T) = Hom(F,E ® V)3(T') for the action of T. Moreover
Hom(F, E ® V)" := Hom(F, E® V) \ Hom(F, E® V)3(T) is given by

*

oceW * ok * ok

Hom(F,E®@ V)" = U (a : CI(ZQ 0) Uo - C1(28 I)) (2.12)

00
where C'3) 0) = {(151 éz) ‘ by, ...,y are linear polynomials on ]P’Q} is the affine subspace in

* ok 3 Ly
Hom(F, E ® V), and similarly for <C1(20 *) Below we put P := Hom(F,E ®@V)//\,T for the
0 =
abelian quotient by T'. o
By Lemma 2.3.3, we can check that (Hom(F, E ® V), G, x) satisfies Assumption A.1.3.
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(ii) (A lift of the cohomology classes) We give the structure of the cohomology ring of
N and P. The cohomology ring H*(N, Q) is generated by p; = ¢;(€5) (1 = 1,2,3), ¢; = ¢;(Fx)
(j = 1,2) and the relations of these generators are completely known. Note that we can take

a basis of H*(N,Q) as

L,q1,4}, 42,02, @ 0162, Q1P2; 41, @ QD2 (103, G (2.13)

from [ES89, Theorem 6.9].
Since PP is a smooth toric variety, we can describe combinatorially the cohomology ring
of P (cf. [Ful93]). We denote the Cox coordinates of P by z% with £;; = S, 2524 where
by Lo
Uy ly | in Hom(F, E® V). Let H;; be the toric divisor of P defined by zi; =0 for some «.
U1 L3
We have the following result from [Ful93, Section 5.2]:

Proposition 2.3.4. H*(P,Z) is generated by H;; (1 <1i<3,1<j <2) and presented by
H*(P,Z) =7Z[H;; | 1 <i<3,1<7<2]/(Inin + Isr)
where

Iin = (—Hy1 + Hio + Hsy — Hyo, —Hoy + Hog + H3 — Hsa),
Isg = (H%wa H§1H§27 H§1H§27 H%ng Hlegla H§1H§’1> H?QH:;Q? H?2H§27 HSQH??Z)

are ideals in Z[H;; |1 <i<3,1<j<2].

SOl x>

We define a Weyl invariant lift of the bases in (2.13) by

pi¢t = p*q’ € H*(P,C)" (2.14)
where p; = ¢i(Exr) (1=1,2,3), ¢ = ¢;j(Frr) (1 =1,2).

(iii) (The fundamental Weyl anti-invariant class) The fundamental Weyl anti-invariant

class w is given by
w= H c1(Ly)

aced

= (Hll - H21)<H11 - HSI)(H21 - H31)(H12 - Hll)-

(iv) (Restrictions of the coordinate) Let p; = ¢;(E}) be a generator of Pic(NV). The lift
Py is given by

ci(Enp) = Hu + Hip + Hy + Hay + Hzy + Hiy, (2.15)
and this defines an isomorphism H?(N,C) = H%(P,C)V by tp, — t(Hyy + Hig + Hoy + Hoy +
Hjy + Hzy).
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(v) (Novikov rings) We describe the Novikov ring Ap. Since PP is a toric variety, it is known
that NE(P) is generated by the classes of the torus invariant curves (cf. [CLS11]). We identify a
numerical class of a curve with the intersection numbers with divisors H;, i.e. C = (C.H,;) € Z°.
Then we have the following description of NE(PP):

NE(P) = {d = (d;;) € Z° | —dy1 +dio+doy —day =0, —dyy +dio + d3y — dso =0,
dyy +dag >0, doy 4+ dse > 0,dg1 + di2 > 0,
di1 + dog + d31 > 0, dig + doy + d3a > 0}

The Novikov ring of P is a completion of the semi-group ring C[NE(PP)] by the valuation v(Q?) =
Zi j dij.

Since N has by = 1, the Novikov ring of N is isomorphic to the formal power series ring
C[[Q]] generated by one variable Q. It is easy to see that the homomorphism of Novikov rings
is given by

Q"+ (—1)%hiQ=is % (d € NE(P))

for Q¢ in the Novikov ring Ap.

(vi) (Decompositions of vector bundles) We consider the representations of 7" given by
restricting (2.9) and (2.10). Let £xp, Fx o be the corresponding split vector bundles on P.
More precisely

Exr = O(Hy + Hy) ® O(Hy + Hip) ® O(Hzi + Haa),
Fnr = O(Hy + Hy + Hz1) © O(Hyp + Hay + Hag).

By using above data, we calculate Sym® F-twisted [-function. Note that Sym”F, N7 18 given
by @;_, O(D;) where

Dy =2Hy + 2Hy + 2H3y,
Dy = Hyy + Hig + Hoy + Hop + Hszp + Hsg,
D3 - 2H12 + 2H21 —+ 2H32.

Let 7 € H?(P,C). From [Giv98], Sym®F} ,-twisted I-function is given by

=0 :
[T (r, 2) = zeT/? S icicansyco [nm—oo (Hig +m2)°
(7,2) =

—d;
dENE(P) [icicsacjcn [ In=t2 (Hij +m2)?

I B R

Di.d Do.d D3.d
[1(D1+m2) [[ (D2 +mz) [[(Ds +mz)Q%™,
m=1 m=1 m=1

which is a function on H?*(P,C). We write [ SYWEFRr = gem/? > deNE(P) 1,Q% for simplicity.
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Using above data, we calculate the conjectural form of Sym?®Fj-twisted I-function by
(A.11). We have

P () = (( [T =0.)1 Sym?m)
w

acd

=30 tHz‘j,de(fl)zivJ' dijQ2i,g dij

1 ii/%
= —ze2ii His/ Z (Hy1 — Hoy + 2(dyy — do1))(Hi — Har + 2(din — dsy))
w deNE(P)

(Hy1 — Hs1 + 2(day — ds1))(Hia — Hi1 + 2(dya — dn))[de-

By the identification of Weyl anti-invariant classes with Weyl invariant lifts, we consider the
Sym?2F-twisted I-function taking values in H*(N,C)/ann(e(Sym>F%)). Expanding I5™°F&
with respect to z, we have

197 (8, 2) = wo(t)z + wn(t)py + O(=7).
Now we evaluate Q = 1, ¢ = ¢!, and we obtain

wo = 1+ 6g + 66¢> + 1092¢> + - - -,

26746
wy = two(q) + 10q + 167¢* + TqS b

We have the following result by searching a differential operator which annihilates wq:

I

I'Il2 . . . .
Proposition 2.3.5. I]S\,y satisfies the differential equation

{0" —2¢ (20° + 20 + 1) (116 + 110 + 3)
+4q2(0 + 1)2 (7602 + 1520 + 111) — 144¢3(0 + 1)(0 + 2)(20 + 32} 1™ 7% = 0.

Remark 2.3.6. We recall the Gopakumar—Vafa invariants n,; which are given by
SNt 35
d=1 d=1 k=1

where Ny (d > 1) are the Gromov-Witten invariants of Y which is a zero locus of a general
section of Sym?F} on N. The Gopakumar-Vafa invariants are related to the number of degree
d rational curves on Y. We can read it from the /-function of Y. The results are

ny = ].44, Ng = 504, nsg = 3072,
Tjotta have derived the (virtual) numbers of lines and conics on Y in [Tj¢97, Theorem 4.2 and

Theorem 6.5]. The above calculation is consistent with Tjgtta’s calculation.
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Chapter 3

Computing /-functions of Calabi—Yau
3-folds 11

In this chapter, we calculate the E-twisted J-function for the pairs (G(k,n), &) in Table 1.1
when £ decomposes into & & H where £ is a homogeneous vector bundle and H is a direct
sum of line bundles.

3.1 Reducing to Fano cases

3.1.1 The quantum Lefschetz theorem

Let us recall the following theorem:

Theorem 3.1.1 (Quantum Lefschetz theorem [Kim99], [Lec01], [CGOT7]). Let X be a smooth
projective variety and &' be a holomorphic vector bundle over X. Let H = @_, L; be a direct
sum of line bundles. We assume that both £ and H are globally generated. Let J€ (t,z) =
> deng(x) Ja(t, 2)Q% be the &'-twisted J-function. We define

r d.ci(L

itz = > ]I H (c1(L;) 4+ mz)Jy(t, 2)Q? (3.1)

deNE(X) i=1 m=1

as a modification of J&. Then JE®M(t, —2) and I%(t, —z) generate the same Lagrangian cone
in the semi-infinite symplectic space (H((271)), Q) where H = H*(X,C) and a symplectic form
Q. In particular the same relation as (A.12) holds between JE'®™ and I}.

We apply this theorem for X = G(k,n), ', and H = @;_, O(d;). We consider that IZ takes
value in H*(X,C)/ann(e(E" & H)), and restrict t € H*(X,C)/ann(e(E’ & H)) to the second
cohomology t € H?(X,C)/ann(e(E’ @ H)) where e(—) is the Euler class of vector bundles. Our
purpose is to find a fourth order differential operator which annihilates I%(¢,z). Suppose we
have a differential operator Q(g, #) which annihilates J (¢, z). If dim H?(X, C)/ann(e(£’)) = 1,
then we can use the following result to determine the differential operator which annihilates 72

from Q(q,0):
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Lemma 3.1.2 ([BvS95)). Let us write Q(q,0) = S0, ¢'Qi(8) where Q;(0) € Q[f]. We define

— Z ¢'Qi(0) [T T (6 +m).

j=1m=1
Then P(q,0) annihilates ]S?;:lo(d")

Considering the relation of J& and quantum differential systems, we can obtain Q(q,6)
explicitly. The details are described in the following subsections.

Here we remark that the rank of P is larger than four in general. However we can extract
a Picard—Fuchs operator from P after suitable factorization of the operator.

3.1.2 J-functions and quantum differential systems

We summarize basic properties of the J-function. We characterize the J-function as a collection
of flat sections of the local system associated with the quantum cohomology. The same for-
mula applies to the &'-twisted J-function when the correlator (- - -) replaced by the £'-twisted
correlator (--- )€

Let Ty = 1,Ty,...,1;,T41, - .., T, be a homogeneous basis of H*(X,C) where T1,...,T;
generate H?(X,C). Let T°,...,T™ be a dual basis of this with respect to the Poincaré pairing.

Definition 3.1.3. Let t =) ", t,T; € H*(X,C). We define the J-function of X by

Jt2)=z+t+> > ZQ< Ta t> T°, (3.2)

n20 deNE(X 0,n+1,d

where ( )¢ ,41.4 is the genus zero correlator of the quantum cohomology of X.

We consider M = H*(X,C) as an affine space C™™! with coordinate tg, ..., ¢, by using the
basis Ty, ..., Ty Then the tangent bundle Ty is a trivial bundle with fiber H*(X,C). Using
the quantum product, we can introduce the connection V* on Ty, by

Vi Ty =2""Ti*T; (i=0,...,m). (3.3)
at;
Due to the associativity of the quantum product, it turns out that the connection V* is flat

and defines the corresponding flat sections s;(t) on M. The following proposition is classical
results (see [CK99]):

Proposition 3.1.4. The flat sections s;(t) (0 <i < m) are given by

t) =T+ > iOQ—'<ZT J,t,...,t> 7. (3.4)

n=0 deNE(X) 0,n4+2,d

These sections determine the J-function by

=22 (s )T (3.5)
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For our purpose of calculating the E-twisted I-function (€ = & @ H), it is enough to find
the &'-twisted small J-function. Therefore we restrict the full coordinate ¢ to H*(X,C) by
setting tg = t;y 1 = --- = t,, = 0. Then the quantum connection V* is determined by the small
quantum product for divisor classes T; as follows:

V% Tp = 2 Ty qman T (i =1,...,1). (3.6)
at;

In the following we denote the small quantum product by * for simplicity.

3.1.3 Calculations of the quantum differential equation of J¢

Let X = G(k,n) and fix a basis Ty, 11, . . ., T,,, of H*(X, C) as before. In particular we fix T to
be the Schubert divisor class. By definition of the £'-twisted small quantum product, we have

T, ver Tj = ZZ (T3, T;, Tu)5 5 g™ T (3.7)

a=0 d>0

Note that the correlators (&'-twisted Gromov-Witten invariants) (1;, 71,7, >03 4 can be non-
vanishing only if the degree equality

degT; + deg Tj + deg T, = dim X — rank & + (¢1(X) — 1(E'))d (3.8)

holds. Since ¢;(X) —c¢1(€') > 0, in our settings of this section, the degrees d which satisfy (3.8)
are finite. This means that the &'-twisted small quantum product is determined by a finite
number of £’-twisted Gromov—Witten invariants.

In order to calculate the &'-twisted Gromov-Witten invariants, we use the action of a
maximal torus 7' = (C*)™ on G(k,n). This torus action is large enough to calculate &'-twisted
Gromov-Witten invariants by the localization formula [Kon95] due to Kontsevich.

Let M = (M;;) be a connection matrix of V* with respect to the fixed basis, i.e.
V%E = T1 *gr ,_Tj = ZO MUTYZ (39)

The condition that a section s = Y 5,(t)T; is flat is equivalent to

T d81<t) “
o Ti=Txe Y sit)T;, (3.10)

i=0 =0

which entails the system of linear differential equations

d i
sil Z (i=0,1,...,m). (3.11)
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In order to find a differential operator which annihilates J¢', it is enough to find a dif-
ferential operator which annihilates s,,(t) for any flat section s = 3" s;(t)7;. Using (3.11)
repeatedly, we express the higher derivatives < Z*Z( ) (7=0,1,...,m+ 1) of s,/(t) by suitable
linear combinations of so(t), ..., sm,(t), i.e.

Psm(t) _ i Ciy(@)silt), (3.12)

where C' = (C};) is a matrix of size (m + 1) x (m + 2) with entries in Clg]. This matrix has a
kernel

fo(@), f1(Q)s - s fne1(qQ) := (= det O1,det Oy, ..., (—=1)™ 2 det Cp,10)

where C; is the matrix obtained from C by deleting the i-th column. Evaluating the both side
of (3.12) with this kernel, we obtain

(Zfl dtz) Sm(t) = 0. (3.13)

This is the operator (g, #) which annihilates J .

3.2 The case of £ =A’S* D AQ P O(1)* on G(3,7)

Here we apply the method described above for the vector bundles £ = £ @ H in Table 1.1.
Although we only present the detail of the calculations for No. 25 in Table 1.1, the same method
applies for other cases, too.

The Calabi-Yau 3-fold of No. 25 is given by the zero locus of a general section of & =
N2S* D N3Q @ O(1)% on X = G(3,7). Let us denote & = A2S* @ A3Q. We will determine
all two point &'-twisted Gromov-Witten invariants. Let 7' = (C*)” be the maximal torus
which naturally acts on G(3,7). We use this T-action to compute E'-twisted Gromov—Witten
invariants.

Let s; = ¢;(Q) (1 < i < 4) be the i-th Chern classes of Q. After some algebra, it is easy to
see that we can take a basis of the H*(X,C)/ann(e(&’)) as

2 3 4 5
To,T1,...,Tr =1, 81,87, 82,87, S182, 1, S1- (3.14)

We can calculate the twisted Poincaré pairing (a, 3)e(ery 1= fG(3 paUpu e(&’) as follows:

GG G(3,7) G(3.7)

Let T°,...,T" be the dual basis of Ty,...,Tr with respect to (,)een. The E'-twisted small
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quantum product *g is defined by

Ty ver Tj = ZZ (T3, Tj, Ti)5 5 00" T".

k=0 d>0

To determine the quantum connection we need to calculate the £’-twisted small quantum
product with divisor class 7. Using the several formulas of twisted Gromov-Witten invariants
(see [CK99]), it turns out that it is enough to calculate the following two point &'-twisted
Gromov—Witten invariants (T}, T;)§ 4:

Lemma 3.2.1. For &' -twisted Gromov—Witten invariants, we have

<3?>0 11 = 264, (s1, 5111>§,/2,1 = 594, (s2, 511>g,,2,1 = 330,
(53, 81)60,1 = T44, (57, 5152)5 01 = 408, (5192, 5152)5 01 = 224,
(52,52, 3152>€3 p = 176, (s1, 5?>§,’2,2 = 2376, (s1, 8@5:2,2 = 4356,
(s%, 5152)0 00 = 1320.

Proof. Since £’ is an equivariant vector bundle with respect to T-action on G(3,7), we can
calculate these numbers by using of localization formula given by Theorem B.4.2. O

Lemma 3.2.2. Any three point £ -twisted Gromov—Witten invariants are determined uniquely
from the numbers in Lemma 3.2.1 by WDV'V relations.

Proof. Recall £'-twisted Gromov—Witten invariants satisfy WDV'V relations, which are quadratic
relations among them. More precisely, for any 0 < 4,7, k, 1 <7 and d > 0, we have

d 7 d 7
ZZ(T 15,1, >03m<Ta Tk7Tl>03d m ZZ<Ti7TlvTa>(g):3 SVAS T; Tk>g:3,dfm' (3.15)

m=0 a=0 m=0 a=0

We can verify directly that WDV'V relations determine any other three point £'-twisted Gromov—
Witten invariants if we are given the numbers in Lemma 3.2.1. O

Proposition 3.2.3. The connection matriz of V? with respect to the basis (3.14) is given by
dt

04 0 0 72¢%2 40¢> 0 396¢°

100995 0 0 132¢>2 0

d 01 00 8 4¢ O 0

V? = 27— — 00 0 0 6g 49 0 132¢2
4 dt 0010 0 O 0 0
0001 0 0 3¢ 0

0000 1 & 0 4

0000 O O 1 0

This determines a quantum differential operator Q(q,0) which annihilates J¢ .
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Proof. From the definition of the quantum connection, we have

7
Vili=T*e 1= Z Z<T1,ﬂ77}>g:3,ddaj~

=0 d>0

Using the three point twisted Gromov—Witten invariants (77, 77, Tj)éls,d in Lemma 3.2.2, it is

straightforward to obtain the matrix M representing T1%g (see (3.9)). If we have a connection

matrix of V7 , the claimed differential operator Q(g,6) follows from (3.13). O
dt

Proposition 3.2.4. The I-function of the Calabi—Yau 3-fold of type No. 25 satisfies the fol-
lowing differential equation:

{1216* — 11¢(4346* + 8200° + 6850* + 2750 + 44)
+ ¢*(784160" + 109166° + 31336 — 248660 — 1320)
— 4¢°(148860" + 40926° + 67616 + 55116 + 1694)
— 32¢*(1360" + 14600° + 45560* + 52450 + 2017)

+ 2564° (60 + 1)*(406% + 2126 + 237) — 40964¢°(0 + 1)*(0 + 2)*} I = 0.

Proof. We define a differential operator

d=0 m=1
It follows from Lemma 3.1.2 that P(q,#) annihilates Ig(l)@z. The differential operator P(q,0)
is of order 12, but we find the following factorization in Q[q] [%]:
1
P =0%0 - 1)2@34(% 0)S4(q,0), (3.16)

where Sy(q,0) is the claimed Picard-Fuchs operator. Since JE'@O01)®* corresponds to the flat

sections of a local system of rank 4, the I-function [ O™ satisfies the fourth order differential
equation which is given by Sy(q, 6). O

Remark 3.2.5. In the factorization (3.16), r(q) and Ry(q,0) are given as follows:

r(q) = 32768¢° — 225280¢" + 619520¢> — 851840¢> + 585640q — 161051,
Ry(q,0) = 1039684¢°(8q — 11)%0* — 415872¢*(8¢q — 11)*(20q — 11)6?
+19¢(8¢ — 11) (129576964¢° — 11215424¢> + 2923360g — 113135) 6°
— 57¢ (56033280¢" — 48468992¢° + 5056832¢” — 3620320q + 1244485) ¢
+ 2 (958169088¢” + 892286208¢" — 67694176¢° — 91902888¢” + 27891105¢ — 161051) .
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Appendix A

Summary of abelian/nonabelian
correspondence

A.1 Set up

A.1.1 Geometric invariant theory quotients

Let G be a reductive algebraic group over C. Let V = Spec C[zy,...,xy] be an affine space of
dimension N over C. We consider a rational action of G on V' determined by p : G — GL(V, C).
We assume that the action of G is effective, i.e. ker p = {e}. Let x : G — C* be a character on
G. From these data, we obtain

V//xG = Proj @ R}, (A1)
n=0

where RX = {f € Clzy,...,an] | ¢"f = x(9)" [}
Let V*(G) and V3(G) be the semi-stable and stable locus of V' with respect to the G-action
and the character y, which are given by

VS(G) = {x € V| f € RX such that f(x) # 0}, (A.2)

X

VIG) ={x € V |z € V¥(G), Stab,(G) is finite and Gz C V*(G) is closed}. (A.3)
We will give some examples of the geometric invariant theory quotient.

Example A.1.1 (Grassmannian G(k,n)). Let V = Matyy,,(C) be the space of k x n matrices
with entries in C. It is an affine space isomorphic to CF"=*) Let G = GL(k,C) be the general
linear group which acts on V' by left multiplication. We define a character x by g — det g. The
geometric invariant theory quotient V//,G = G(k,n) is the Grassmannian of k-dimensional
subspaces in C".

Example A.1.2 (toric variety). Let us take T = (C*)" and an affine space V = C? with
coordinates x1,...,z4. We denote by X (T') = Z" the weight lattice of T, and define the
action of T on V by (x1,...,24) — (t™xq,...,t™xy) (My,...,mg € X(T)). We assume that
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mi, ..., mg generate strictly convex maximal dimensional cone in X (T)g. Let x : T — C*
be a character on T" which is identified to the point of X(T). When V*(T) # 0, V//,T is a
projective variety over C. The semi-stable locus VZ*(T') is written by

ver = U Vieww,ow) (A.4)

i1,...,0 satisfies (%)

where V(2,24 - - 24,)¢ = V\ V(24,24 - - - x;,) and (x) is a condition that the cone C; which

is generated by m;,,...,m;, in X(T)g contains y.

1.0k

We will consider a nonabelian reductive algebraic group GG and fix a maximal torus T' C G.
Let us consider a rational representation of G on V. This action induces corresponding action
of Ton V. Let x : G — C* be a character on G. The restriction of y to 7" determines the
character on T'. Then we obtain two different geometric invariant theory quotients, V//, G and
V//y.T. In this thesis we assume the following conditions for G, T,V and x:

Assumption A.1.3. The semi-stable points and stable points coincide, i.e.

VE(G) =VR(G), Va(T) = Ve, (T).
The stabilizer group of G at any point of V3(G) is trivial. Similarly we assume the same
condition for 7" and V7 (7). We assume that the codimension of V'(G) := V' \ V¥(G) in V
is larger than or equal to two. Moreover there is no T-invariant polynomial on V' except the
constant.

From this assumption the geometric invariant theory quotients V//, G and V//,,T are
smooth projective variety. The abelian/nonabelian correspondence is a relation of the Gromov—
Witten invariants of these different spaces.

A.1.2 General settings

Let us give necessary settings in order to state the abelian/nonabelian correspondence. We
fix G, T,V and x as above. From the definition of the semi-stable points, there is a natural
inclusion V*(G) C V32 (T'). This inclusion induces an open embedding i : U = V*(G)/T —
Ve(T)/T (=V//x,T). On the other hand there is a natural projection 7 : U = V*(G)/T —
V3 (G)/G (= V//G). This projection induces a fibration with a fiber G/T. Together with
these morphisms, we obtain the following diagram:

V/foT = Vi (T)/T +— U =V(G)/T

X

lﬁ

VILNG =WV(G)/G

By using this diagram, we will relate the cohomology classes of V//,G and V//,,T.
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Lift of cohomology classes

Let W = N(T')/T be the Weyl group of G which acts on U and V//,,T compatibly. We
consider the Weyl invariant part of the cohomology groups H*(U,C)V and H*(V//,,T,C)".
The following facts are known:

Fact A.1.4 ([ES89], [Kir05]). The projection m induces an isomorphism

o)

™ H*(V//,G,C) = H*(U,C)". (A.5)
The induced homomorphism
() oi* H(V/ /o T,C)W — H*(V/ /G, C) (A.6)
18 surjective.

By using this homomorphism, we define the lift of the cohomology class o« € H*(V//, G, C)
to HA(V/ [y T,C)V.

Definition A.1.5. Let « € H*(V//,G,C). We say a € H*(V//,,,T,C)" is a lift of o when

™'a =1i"a (A.7)

holds. In other words « is an image of & by (7*)~! o 4*.

Note that any o € H*(V//,G, C) has a lift. But there is no canonical choice for them. The
ambiguity of the choice of a lift of a will be described later.

Example A.1.6. Let us consider G(k,n) and (P"~!)%. Let oy be the Schubert class of G(k,n)
corresponding to the Young diagram A = (Aq,..., \y) (n—k > Ay > -+ > A\ > 0). In this
case we find that the lift of o, is given by the Schur polynomial of type A

_ det((H; ™) 1cij<)
det((H; ™ )1<ij<k)

S)\(Hl, Ce ,Hk>

Y

where H; is a pull back of the hyperplane class of P"~! of the i-th factor.

Weyl anti-invariant classes

Let us consider the subspace of H*(V//,,T,C) which consists of an anti-invariant elements
with respect to the action of the Weyl group W.

Definition A.1.7. Let o be an element of H*(V//,,T,C). We say that the o is a Weyl
anti-invariant class if it satisfies
o*a = (—1)a (A.8)

for any o € W where (o) is the length of 0. We denote the space of Weyl anti-invariant class
by H*(V//,T,C)".
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Let us introduce a fundamental Weyl anti-invariant class w. Let ® be a root system associ-
ated to (G,T). We fix a decomposition & = &, IT &_ where & (resp. P_) is a set of positive
(resp. negative) roots. We denote by L, the one-dimensional representation corresponding to
a. It determines the line bundle £, on V//,,T. By using these line bundles, we define w as
follows:

Definition A.1.8. We define

w = <_I1T)|T+I II a(co) € H(V//,\, T, C)"

acd
which is called the fundamental Weyl anti-invariant class.
The following fact is known:

Fact A.1.9. Any x € H*(V//\,T,C)* is given by a product of some Weyl invariant class y
and w, i.e.

e=yUw Cye B (V//oT.0").
Note that y is not necessary unique.
Example A.1.10. We continue Example A.1.6. In this example the Weyl group W = &, is
the symmetric group of order k which acts on H*((P"1)* C) = C[Hy,..., H}]/(HY},..., H})
via the permutations of Hy,..., Hy. Weyl anti-invariant classes can be represented by anti-

symmetric polynomials f(Hy,..., Hy) € C[Hy,..., Hy]. By Definition A.1.8 the fundamental
Weyl anti-invariant class is given by

k(k—1)
W= % I1 & —H).

1<i<j<k

The Fact A.1.9 is nothing but the elementary result that any anti-symmetric polynomial is a
product of a symmetric polynomial and the fundamental anti-symmetric polynomial.

Martin’s integration formula

Let us recall the result of Martin [Mar00] which relates integrations over V///, G and those over
V)T

Theorem A.1.11 (Martin). Let V.G, T and x be as above. Let w be the fundamental Weyl
anti-invariant class. Let « € H*(V//,G,C) and choose a lift & € H*(V//,T,C)V of a. Then

/ a= / auUw? (A.9)
V//xG V)T

holds. In particular, the calculation of integrals over nonabelian quotient V//, G reduces to the
calculation of the corresponding integrals over abelian quotient V//,,.T.
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Example A.1.12 (G(2,n) and P! x P"1). Let H be the Schubert divisor of G(2,n). Let
us calculate the degree of H, i.e. fG(2 n) H?"=2)via Martin’s integration formula. We choose a

lift of H by Hy; + Hs. From Theorem A.1.11, we have

—1
/ H2(n—2) — / (Hl + H2)2(n_2)( )(Hl . H2)2
a2.n) Pn—1xpn—1 2

1 /2n—4 2n —4 1/2n—4
__§(n—3)+(n—2>_§<n—1)
1 [(2n—4
_n—1<n—2>'

We obtain a description of the kernel of the map (7*)~! o s* : H*(V//,,T,C)Y — H*(V//,G,C)
from the following corollary of the Martin’s integration formula:

Corollary A.1.13 ([Mar00]). The kernel of the map (7*)~* o * : H*(V//,, ,C)Y — H*(V//,G,C)
coincides with ker(Uw) = {z € H*(V//,T,C)W | x Uw = 0}. In particular, there exists the
following exact sequence:

0 — ker(Uw) — H*(V//,,T,C)Y — H*(V//,G,C) — 0.

From this exact sequence, the cohomology group H*(V//\ G, C) is naturally identified with the
Weyl anti-invariant classes H*(V/ /., T, C)*.

Remark A.1.14. The isomorphism H*(V//,,T,C)* = H*(V//,G,C) is defined by the ex-
act sequence. Specifying a splitting morphism determines the embedding of C-vector space
H*(V//\,G,C) — H*(V//,,T,C)". However it does not preserve the ring structure.

Example A.1.15. Let us consider G(2,4) and P? x P3. Let s; = ¢;(Q) (i = 1,2) be the i-th
Chern class of the universal quotient bundle Q. We fix the lifts §; = H; + H, and §, = H1H>
as described in Example A.1.6. There is a relation s} = 2s1sy in H*(G(2,4),C). However the

equation
(Hy + Hy)® — 2(Hy + Hy)H Hy = H} + H>H, + H H? + H;

shows that the lift does not preserves the product. The difference of these two products is in
ker(Uw).

Homomorphism of Novikov rings

Let NE(V//,,T') be the semi-group generated by the classes of effective curves in Ny(V//\,.T).
The Novikov ring of V'//,,T' is defined by the completion of the semi-group ring CINE(V//, . T)].
Similarly, we define the corresponding Novikov ring for V//,G. We denote Novikov ring of
V/ /3T (xesp. V//G) by Ay, v (vesp. Avyyc)-

We consider a homomorphism Pic(V//,G)r — Pic(V//,T)§ which is naturally defined
since the codimension of V"(G) in V is greater than one. We also consider the composi-
tion Pic(V//,G)r — Pic(V//, T)F < Pic(V//,T)r. Taking the dual of the ample cones in
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Pic(V//(G)r and Pic(V//,,T)r and restricting them to integral classes, we have the homomor-
phism of semi-groups NE(V//,,T) — NE(V//,G). Let 8 maps to 3 by this homomorphism.
We define a ring homomorphism Ay, JxpT = Avy/.a by

where €(f) = fé > aca, €1(La). 1t is known that (—=1)<® depends on 3, then we can write the
above map as QB = (—1) Q8.

A.2 Relations between Frobenius manifolds

A.2.1 Construction of Frobenius manifolds associated to V'//,,T and
Weyl groups W

We summarize the construction of the Frobenius manifolds, given in [CFKS08], from the action
of the Weyl group W on V//,,T.

Let R = Ay, be the Novikov ring of V//,, T, and set K = R® H*(V//\,T,C). Let
Z = Spf(R[[K"]]). The space Z is a formal scheme over SpecR with the Frobenius structure
determined by FV//xrT which is the Gromov-Witten potential on V//,, T. We define another
Frobenius manifold M by considering the base change of the homomorphism Ay, /xpT = Avy/a-

We fix a homogeneous basis Ty = 1,14, ..., T, T41, ..., Ty of H*(V//,G,C) where T3, ..., T,
generate the H2(V//, G, C). We fix a lift T; € H*(V//,, T, C)W for each i. This defines C-linear
embedding

H'(V]/,G,C) > H*(V]/,, T.C)",

and we denote the corresponding submanifold of M by N. Let Oy be a sheaf of vector field
on N. Let V.= H*(V//\,T,C)* be the Weyl anti-invariant subspace of H*(V//,,T,C). We
define

V=V ®O0O,
which is a subsheaf of ©)/|y. Let * be the product on the Frobenius manifold M. Let us

consider the following homomorphism:

*w:@M|N - VY

£ = (Exw)|y

where £ is some extension of £ € © v|n to M. Tt is known that the restriction of this homo-

morphism to ©y induces the isomorphism Oy =2 V. We denote the inverse of this isomorphism
by
xw VY > On.

By using this isomorphism, we introduce the product on ©.

Theorem A.2.1 (Ciocan-Fontanine-Kim-Sabbah [CFKSO08]). The following data define the
Frobenius structure on N:
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(1) (product) Let &,m € On. We define the product o on ©y via
Eon=(Exi*w)y*w €Oy,
11) (metric e define the metric g on On by
We define th On b

“9(&,m) = gln((§ *w)|n, (7% w)|x)

where g|y is the restriction of the metric on M to N.
(i17) (unit vector field) We denote O, the vector field corresponding to To=1¢€ H*(V//\,T,C)"
(iv) (Euler vector field) We define the vector field on ©n by

E= Z( destT, )a+cl<w/xT Ix

where deg(T}) is the degree of the cohomology class T;. Note that c¢,(V/ /]y, T) is a Weyl
invariant class.

Example A.2.2. Let us consider G(2,5) and P* x P4. We fix the lift as in Example A.1.6. We
compare two products, * which is a product on M and o which is a product on N defined by
Theorem A.2.1. Then

Orir) * vy | = HyHy + 2HTHy + HiHS — Qb s o) H1 — Qb (s0)Ha — Qts ) Hi — Qts 1y H
— QloyHy — QtaoHs — QtiasHy — QtaaHy + -+,
o) = H}H, + 2H}HZ + H Hj; — — Qta o Hi — QtzoyHr — QtHi — Qta i H.
— QtaH} — Qto)HS +Qt(33 H{Hy + Qt3 3 Hi HY + Qtz 3 Hi HY + - -
=031 + 022 — Qt3,000,0 — Qt3,1)002,0 + Qt1)001,1)
—Qt32 0(3,0) + Qtz2)002,1) + Qt33031) + -+,

Oty ) © O

where £(; j) are coordinates on N determined by the lift &(; ;) and 8%.’],) are the vector fields on
N corresponding to 7 ;).

Example A.2.3. Continue the above example. The calculation

“9Org0)1 Oray) = =2 = 4Ql3 ) +
shows that the coordinate ¢; ;) is not flat coordinate on N.

We describe a flat coordinate on N explicitly. Let £ = (fo,%1,...,%y) be a coordinate on N
corresponding to the basis Ty, T4, . .., Tp. Let us define



for i =0,1,...,m. These § form a basis of Oy and define a coordinate s = (sg, $1, ..., Sp,) on
N. It is known that s provides a flat coordinate on N of the Frobenius structure defined by
Theorem A.2.1.

For a flat coordinate, we have the so-called Frobenius potential F’ which satisfies
0;00; = (8,~(‘9‘(‘9;.3117')8’g

where 9; = -2, and 9* is the dual basis of d; satisfying “g(d*, 9,) = oF.
Under the above settings, we state the conjecture of the abelian/ nonabellan correspondence
for Frobenius manifolds:

Conjecture A.2.4 (Ciocan-Fontanine-Kim-Sabbah [CFKSO08]). Let T, ..., T,, be a homoge-
neous basis of H*(V//,G,C), andt = (to, ..., t) be the corresponding coordinate on H*(V//, G, C).
Let P be the Frobenius manifold associate to the Gromov-Witten potential of V//\G. We fix
lifts of Ty to be T, € H*(V//\,T,C)V, and introduce the Frobenius manifold N associated to

V/ /T and W with its flat coordinate s = (sq, ..., Sm). Then ¢ : P — N, the isomorphism of
formal schemes given by ¢*s; = t;, induces an isomorphism of Frobenius manifolds such that
06 =T, and p*FV//xG = F' up to quadratic terms.

A.2.2 Generalization to (C*)-equivariant formulations

If the cohomology group H*(V//, G, C) is generated by the divisor classes H*(V//, G, C), Con-
jecture A.2.4 can be reduced to some identities of the J-functions for each quotients. However
the generating property is a strong condition in general; e.g. it does not hold for G(2,4) as we
see n

0(21,0) = 0(20) T 0(1,1)
for the Schubert classes. We can remedy the situation by extending every definitions for suitable
equivariant cohomologies.

Let us assume that the algebraic torus S = (C*)! acts on V and commutes with the action
of G on V. This induces the action of S on the spaces V//, G and V//,,T. Let C[\y,..., \] =
H*(BS) and C(\y,...,\) be a field of fraction of H*(BS). The condition that the equivariant
cohomology H%(V/ /G, C) is generated by the divisor classes H2(V//, G, C) over C(Ay, ..., ;)
is more broader property.

Example A.2.5. Let us consider G(2,4). Let S = (C*)* be a maximal torus of GL(4,C)
which consists of diagonal matrices. Let ey, ..., es be the standard basis of C*. Let 0 C V; C
Vo C V3 C V; = C* be the standard flag of C* where V; = (e1,...,¢;) (i = 1,...,4). For each
integers 2 > A1 > Ay > 0, we define

Loune) = W] € G(2,4) | dim(W N Vs_y,) > 1,dim(W N V,_y,) > 2}

which is the Schubert variety. Since Xy, »,) is invariant under the action of the S, it defines

the equivariant cohomology class [S(y, 1y))° € Hé()‘lJFAQ)(G(Z, 4),C). We denote the equivariant
cohomology associated to the Schubert divisor by z = [$(19)]°. Then

[2(2’0)]5’ [2(1,1)]3 € <1v xz, $2> -1'37 1‘4, [L’5>,
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where (1, z, 2%, 23, 2%, 2°) is a vector space spanned by z° (i = 0,...,5) over C(\1, Aa, A3, \g).

The construction of the Frobenius manifold in Section A.2.1 generalizes to the S-equivariant
settings. We only need to replace each object with S-equivariant counterpart, e.g. S-equivariant
pairing, S-equivariant quantum product, S-equivariant Chern class, etc. As a result, we have
the Frobenius manifold N over R = Ay/; ¢ ® C[A, ..., A\l

Remark A.2.6. We give an explicit form of the corresponding object of the Euler vector field in
the S-equivariant setting. In this case it is given by

m ~ l
deg(T;) s
E:izg(l_ 2 )a£i+cl(v//XTT)|N+;/\ja>\ja
which is only Ay, g-derivation.
By using the several reconstruction results in [KM94] and [LP04], the following theorem has
been proved:

Theorem A.2.7 (Ciocan-Fontanine-Kim—Sabbah [CFKSO08]). Let V, G, T, x and S be as above.
Assume that V/ /G is a Fano manifold with Fano index larger than or equal two. Moreover we
assume that the H5(V/ /G, C) is generated by the divisor classes H*(V//,G,C) after localiza-

tion with respect to the equivariant parameters. Then the followings are equivalent:

(1) Congecture A.2.4 holds for S-equivariant setting.

(13) The following identity holds:

1
J‘g//XG(T’ Z) = ; H Zaa J‘g//XTT(t’Z) (AlO)

acd, QF=(—1)<(H Q8N
where J§//XG (resp. J“g//XTT) is the S-equivariant small J-function of V// /G (resp. V/ [\, T).

Example A.2.8. Let us consider G(2,4) and P x P3. Let S = (C*)* be the algebraic torus
acting on G(2,4) and P3 x P3. The S-equivariant small J-function of P3 x P? is given by

JS (t " ) t1Hy+toHy
p3xp3lll, l2, <) = 2€ = Z 3 d 3 d
d1,d2>0 Hilz() [[oi (Hi, +mz) HigZO [T (Hzg, + mz)

where H, = ¢{(O(1,0)), Hy = ¢7(O(0,1)) are basis of H2(P* x P3,C) over C[\y,...,\s] and
H,;,,Hs,;, are an elements of HL%(IP>3 x P C) which are equivariant classes of corresponding
toric divisors. Then the right hand side of (A.10) is given by

Q(d1:d2) gt +daty

1 Ze-r(Hlez) Z(—l)deedT Z (H1 — H2 + Z(dl — dg))
3 dy 3 da
H1 - H2 d>0 di+do=d Hz‘lzo Hm:l(Hlm + mZ) HiQ:O Hm:l(HQ,iz + mz)
dy,d2>0

where 7 is a coordinate on H2(G(2,4),C) corresponding to ¢; (O(1)).
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The equality (A.10) holds for partial flag manifolds of type A due to the following result:

Theorem A.2.9 (Bertram—Ciocan-Fontanine-Kim [BCFKO05], [BCFKO08]). Let F'(ky, ..., ky;n)
1<k <---<k.<n-—1) be the partial flag manifold parameterizing flags 0 C V3 C --- C
V., € C" where dimV; = k; (i = 1,...,r). We consider F(ky,...,k.;;n) as a geometric in-
variant theory quotient of V. = []'_, Maty,x,,,(C) (krt1 = n) with G = [[\_, GL(k;,C) and
appropriate x. Let S = (C*)" be a maximal torus of GL(n,C). Then the S-equivariant small
J-function of F(ky, ..., k.;n) satisfies the equation (A.10).

It is known that F'(kq,...,k,;;n) with S = (C*)" satisfy the assumption of Theorem A.2.7.
In particular the abelian/nonabelian correspondence holds for F'(ky,...,k.;n) and V//,, T in
the S-equivariant setting.

Remark A.2.10. Taking the non-equivariant limit of S-equivariant cohomology, we obtain the
abelian/nonabelian correspondence of V//, G and V//,, T in non-equivariant setting.

In Section 2 we mainly use the abelian/nonabelian correspondence of G(k,n) and (P"!)*
in non-equivariant setting.

A.2.3 Generalization of Frobenius structures for twisted invariants

Consider the Weyl group W and a Weyl invariant vector bundle Vy on V//,,T. Associated
to Vr, we can introduce the Frobenius manifold structure on H*(V//,,T,C) (see [CFKS08]).
Let us consider the C*-action on Vr which is given by the fiberwise scalar multiplication. We
denote H*(BC*,Q) = Q[)\]. Let e(—) be a C*-equivariant Euler class. It is given by

rank(V)

G(V): Z )\icrank(V)—i(V)
=0

for any C*-equivariant vector bundle V. There exists an analogous construction of the Frobenius
manifold in Theorem A.2.1 which include the Weyl invariant vector bundle V. We note that
some modifications are required. The pairing g on H*(V//,,. T, C) is replaced by the Vr-twisted
pairing

¢’ (a0, ) =/ aUBUe(Vr),
V//xpT

where o, 8 € H*(V//,,T,C). The quantum product * on H*(V//,,, T, C) is replaced by the V;-
twisted quantum product 7 which is determined by the Vp-twisted Gromov—Witten invariants

<O[1, s 7O[n>(1))77;7d7

where ay,...,a, € H*(V//,,T,C). As a result, we obtain the Frobenius manifold N over
Avyre ® C((AT).

Let E be a representation of GG. This induce the representation of T" by restriction. These
determine the vector bundles on V//,G and V//,,. T by

EG = VS<G> Xa E,
Er = V(T) xr B.
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Since & is invariant under the Weyl group action, it determines the Frobenius manifold N as
above. Similarly £; determines the Frobenius manifold P by using the £g-twisted Gromov—
Witten invariants of V//, G. The following result is known:

Theorem A.2.11 (Ciocan-Fontanine-Kim-Sabbah [CFKSO08]). Let V,G,T and x be as in
Assumption A.1.3. Suppose Conjecture A.2.4 is true for these. Then Conjecture A.2.4 is also
true for the twisted settings with Eg and Er.

We use this result to construct Eg-twisted I-function for a homogeneous vector bundles £
on Grassmannians.

A.3 Constructions of /-functions

A.3.1 Constructions of /-functions of V//,G
We recall the definition of the J-functions of V//, G and V//,,T

Definition A.3.1. Let Tj, T}, ..., T,, be a homogeneous basis of H*(V//,G,C) as before. We
denote 7 =Y _" , 7;T;. We define the J-function of V//, G by

Jvia(T,2) i =2+T+ Z Z Z ) < ¢ 7-> T

deENE(V//G) n>0 0<a<m O

where ( )on,q is the Gromov-Witten invariants of V//,G. Similarly we define the J-function of
V/ /T which is a function of t € H*(V//,,. T, C).

We can construct another function Iy, (7, 2), which is the so-called I-function of V//, G
from Jy,, o and the Weyl group W. Below we denote by N C H*(V//,,T,C)" a lift of

H*(V//G,C) with a basis T;.
Definition A.3.2. We define

~ 1
]V//Xg(t,z) = ; H Z@a JV//XTT

acdy QB=(-1)<® QBN

which is a function of £ € N taking its values in H*(V//,G,C)((z7})).

The following theorem states that we can recover the genus-zero Gromov-Witten theory of
V//G from the I-function:

Theorem A.3.3 (Ciocan-Fontanine-Kim-Sabbah [CFKS08]). Let us denote t = > #.T; €
N and t = Y " T, € H*(V//G,C). Then there exists unique Ci(t,z) € Ay ¢, 2]
(1=0,...,m) satisfying

Jvpa(t.2) = Iy et 2) + > Cilt, 2)20, 1y, 1(E, 2).



The coordinate change of t and t can be read from the coefficient of 2° of the z-expansion of
the right hand side.

Example A.3.4. Let us consider G(2,4) and P3 x P3. We restrict the coordinate t € N to
the small parameter space t(H; + Hy) € H?(P? x P?,C)". Then we can express explicitly the
I-function of G(2,4) by

P 1 q ; H, — Hy + 2(dy — d
Topa(F 2) = ———zelthitH2)/2 Z(_1>deedt Z . (Hy 2+ z(d21 5)) |
By~ Hs d>0 di+da=d Hm:l(H1 + mz)* Hm:1(H2 +mz)?
dy,d2>0

The z-expansion of this is
I (t,2) =z +t(Hi + Hy) + O(271),
then Theorem A.3.3 states that
Jaa)(t, 2) = I (t, 2).

Note that there is no coordinate change in this case. This is a specific case of Hori—Vafa
conjecture [HV00] which is solved by [BCFKO05].

A.3.2 Constructions of Vs-twisted /-functions

Now we define the Eg-twisted I-function under the above settings. Let I7 (7, 2) be a Ep-twisted
I-function defined for the abelian quotient V//,, 7. We can find a concise of formula of 17 (7, 2)
as a function taking its values in (an appropriate completion of ) H*(V/ /. T, C)®@Av,, r((271))
in [Giv98]. We denote by 0, a vector field on H*(V//T,C) corresponding to the ¢;(L,) for
ac dy.

Definition A.3.5 ([CFKS08]). We define Eg-twisted I-function by

[Eo(f, 2) = é(( [T =0.) e z))

acd

(A.11)

QP=(-1)<» Q" N

which is a function of t € H*(V//, G, C).
To obtain Eg-twisted J-function from ¢, we use the following theorem:

Theorem A.3.6 ([CFKS08]). Let V//,G be a partial flag manifold of type A. Assume that
Eq is generated by global sections. Let t = (to,t1, ..., trytrst, ... tm) be a coordinate on
H*(V//\G,C) corresponding to a basis Ty, Ty, ..., T, Tyi1, ..., Ty where Ty =1 and Ty, ..., T,
form a basis of H*(V/ /G, C). Then there exists unique C'(t,z) € Av;; [t 2]] (i =0,1,...,m)
satisfying

JE(t,z) = I°6(t,2) + Y C'(£,2)20,15% (L, 2). (A.12)
=0

The coordinate change t = t(t) can be read off from the coefficient of 2° of the expansion with
respect to z of the right hand side.
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In the most of calculations, we restrict the parameter £ to the so-called small parameter
space, i.e. tg = t,4.3 = --- = t,, = 0. In the small parameter space, we can find an explicit
transformation which express J¢¢ in terms of I¢¢ in our setting.
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Appendix B

Summary of localization formulas

B.1 Preliminaries

Let us recall the following classical result:

Theorem B.1.1 (Atiyah-Bott [AB84]). Let X be a smooth algebraic variety. Let T = (C*)" be
an algebraic torus which acts on X algebraically. Let FY, ..., F,. be fited components of X and
i; + F; — X be natural inclusions. Let N; be a normal bundle on F; which inherit a natural
T-action. For any T-equivariant cohomology class o’ € H (X, C), the equality

fo =32 e
holds.

Example B.1.2. Let X = P? and consider the standard torus action 7' = (C*)3 on X. The
fixed points of X are pg =[1:0:0], py =[0:1:0], and po = [0: 0 : 1]. Let us calculate
the integral [ vH 2 where H is the hyperplane class of P2 by Theorem B.1.1. Since H is a first
Chern class of O(1), we see that a corresponding equivariant lift is given by ¢! (O(1)) which is an
equivariant first Chern class of O(1). Let us calculate the equivariant integral [iyr cf (O(1))”.

Since ¢f (O(1))|,, = —\i, we have
/[X]T c (0(1))* = (Z2) + (A + (Z2a)

(A1 =20)(A2 = A0) (Ao —=A)A2— A1) (Ao — A2) (M1 — Ao)
= 1.
This coincides with the expected answer. Second we take a corresponding equivariant class of
H as the equivariant fundamental class of the coordinate line Hy = {[0: x; : 2] | 21,22 € C}.
Since py ¢ Hy, the restriction of [Hy|” to py is zero. We have
X7 T o= e = A1) (o= M) — A)
=1.
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Then we obtain the same answer.

Let X be a smooth projective variety. In this appendix we assume the following condition
for X:

Assumption B.1.3. For any holomorphic map f : P! — X, the condition
H(P, °TL) = 0
holds where T} is a holomorphic tangent bundle on X. We call that X is a convex variety.

This assumption guarantees that X ,, 4, the moduli space of genus zero with n-marked points
stable maps to X representing the class d € Hy(X,Z), is at worst orbifold. The homogeneous
spaces are example of convex variety since its holomorphic tangent bundle is generated by
global sections.

The idea of Kontsevich is to use the orbifold generalization of Theorem B.1.1 to the moduli
space Xq,q with the torus action which is induced from the torus action on X. To have
graphical computations for the localization, we impose the following condition for the torus
action on X:

Assumption B.1.4. Fixed points of X are isolated, i.e.

¥(0) = X" ={p1,..., Py}
for some ng > 0. Moreover one-dimensional orbits in X are also isolated, i.e.

(1) :={O C X | O is an orbit of the action of T, dimO = 1}
:{01, .. 7On1}

for some n; > 0.

Note that the one-dimensional orbit O; is isomorphic to C* and its closures in X is isomor-
phic to P!. We denote the closure of O; by /.

Example B.1.5. Let X = P! x P! and T' = (C*)? x (C*)? which acts naturally on X. The
fixed points and one-dimensional orbits are followings:

Z(O) = {(07 0)7 (07 00)7 (OO, O)? (OO, OO)}>
Y(1) = {{0} x C*, {0} x C*,C* x {0},C* x {o0}}.

More generally every toric manifolds with their natural torus action satisfy Assumption B.1.4
(but does not necessarily become convex variety).

53



B.2 Twisted Gromov—Witten invariants

Let X be a smooth projective variety and 1" be an algebraic torus acting on X. Assume that
X and T satisfy Assumption B.1.3 and B.1.4. Let £ be a globally generated vector bundle on
X. Let evyq1 : Xopnt1,4 — X be an evaluation map to evaluate at the last marked point and
T Xont1,d4 — Xona be a forgetful map with respect to the last marked point.

&

|

Xont1,da — X

€Vn+41
lw

XO,n,d
We define a vector bundle on Xj,, 4 by
Eon,d = mevy €.

and denote the Euler class of it by Ey,q4. For ai,...,a, € H*(X,C), we define E-twisted
Gromov-Witten invariants by the integral

(o, ... ,an)gﬂ%d = /[X | eviag A -+ Aeviay, A Egpa, (B.1)
0,n,d

where ev; is an evaluation map to evaluate at the i-th marked point.

We calculate the integral (B.1) via the localization expressing it as an equivariant integral.
Let us take an equivariant lift of o, say af € Hi(X,C), i.e. p(al) = a; where p : H3(X,C) —
H*(X,C) is a map taking the non-equivariant limit. Similarly we take an equivariant lift of
the class Eyng, say Ef, 4 If € is a T-equivariant vector bundle, it is enough to take the
T-equivariant Euler class of &, 4. We consider the following T-equivariant Gromov—-Witten
invariants:

/[ . evial A---ANevial A Egmd, (B.2)
Xo,n,d

where ev? is the pull back of the equivariant cohomology class. Since the non-equivariant limit
of (B.2) is (B.1), it is sufficient to calculate T-equivariant Gromov—Witten invariants.
Applying Theorem B.1.1 under this orbifold setting, (B.2) is equal to

Z/ evloz1 - ANevial A E({md) (B.3)
F|T

(NF /Xon, d)
where F; is a fixed component of Xy ,, and ¢; is a natural inclusion map (i = 1,...,7).
Using Assumption B.1.4, the fixed components are in one to one corresponding to tree graphs
satisfying appropriate conditions. Moreover the integrands e (V. Fy/Xoma)s 1) Ole, cee ]ozn and

i Ej . 4 are described by the data of the action of 7" on X.
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B.3 Tree graphs parameterizing fixed components

Definition B.3.1. We define the set of decorated graphs T' = (I', f,d, ) € Gon(X,d) which

consists of the following objects:

(i) (underlying graph) I' is a compact connected one-dimensional CW complex with genus
zero, i.e. I' is a tree graph. We denote by V(I') the set of vertices of I" and by E(I") the
set of one-dimensional cells of I'. We denote by F(I') the set of flags in I’ i.e.

FT) ={(v,e) e V(I') x E(I") | v € €}.
(ii) (labeling of the vertices and edges) fis a map V([) I E(T") — X(0) L1 (1) which maps
ve V(D) top, € £(0) and e € E(I') to O, € (1), respectively, satisfying the condition
Dy € Ue = Ee
for any flag (v,e) € F(T).

(ili) (covering degree of the edges) d is a map E(I') — Zs; which sends e to positive integer
d.. This assignment satisfies

D deft] =d € Hy(X,Z)

ecE(T)
where [(.] is a homology class of /..

(iv) (marked points of the domain curve) §'is a map {1,2,...,n} — V(I'), which is defined if
n > 1.

For each v € V(I'), we define

E,={ec ET)|(v,e) € F(I)},
SU = {Z | §(Z) = U}v

and denote numbers of elements of these sets by val(v) and n,, respectively. Using these
numbers, we divide the vertices into four subsets as follows:

We call V(') stable vertices and VZ(T") I V(') IT VY(T') unstable vertices.
We associate the fixed component Mg of Xo, 4 to each I' € Gon(X,d) as follows: For each
v e VI(T), we pick C, € Mo n,+val(w)- We specify the marked points on Cy by pymys - - -, Pomn,
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and Gueys - - - s Qu,eyn(,y Where Sy =A{mi,...,my, } and E, = {e1,..., e }. Wedefine f, : C, —
X which is a constant map satisfying f,(C,) = {p,}. For each e € E(T'), we pick C, = P! with
two marked points p, , and p. ., where p,, p, € £.. We define f. : C. — X which is a degree d.
morphism onto £, satisfying fe(pewv) = Pv, fe(Dewr) = P and ramified at p, and p,.

Let us construct a nodal rational curve 3 by gluing these curves. For v € V(T), we glue
the curves C, and C, at the marked points ¢, ., and p,, ,. For v € V2(T), we glue C,, and C.,
at the points p., , and p.,, where E, = {e1,es}. The maps f, (v € V() and f. (e € E(I))
are naturally glued and determine the morphism f : 3 — X. Then we obtain the stable map
which is invariant under the torus action.

Note that the stable maps f : ¥ — X depend on the choices of C, € M(),eral(v). Then
we obtain the stable maps for each element in the product HUEVS(F) Mo ny4val(v)- We need to
divide this space by the automorphism of the stable maps Az. There exists the following exact
sequence:

0— H ZLg, = Az — Aut(I") — 0,
ecE(T)
where Z,, is a deck transformation of f. : C. — ¢, and Aut(T") is the automorphism group of
the decorated graph, i.e. it consists of bijective maps ¢y : V(I') — V(T'), g : E(I') — E(T')
preserving the structures of the decorated graph ['. Then we have the description of the fixed
locus

Mﬁ — H Mo,nv+val(v)/Af

veVS(I)

for each decorated graph T Conversely any fixed locus can be represented by some decorated
graph I'. We denote the natural inclusion of Mg to X, 4 by if.

Example B.3.2 (X = P? n =1, and d = 2[{] € Hy(X,Z)). In this case, the set Gg1(X,d)
consists of the following decorated graphs:

(1) (2) (3) (4) (5) (6) (7) (8) 9)
1 1 1 1 1 1 1 1 1
[ ]] [ ] [ L] I
P1 Po P2 | P1 Po P2 | P1 Po P2 | P2 P1 Po | P2 P1 Po | P2 P1 Po | Po P2 P1 | Po P2 P1 | Po P2 P1
(10) (11) (12) (13) (14) (15) (16) (17) (18)
1 1 1 1 1 1 1 1 1
[ ]] L[] L] [ ]] I
P1 Po P1 | P1 Po P1 | P2 Po P2 | P2 Po P2 | P2 P1 P2 | P2 P1 P2 | Po P1 Po | Po P1 Po | Po P2 Po
(19) (20) (21) (22) (23) (24) (25) (26) (27)

1 1 1 1 1 1 1 1 1
1 [ [ | o] | Moo | o] | Mo | o]
Po P2 Po | P1 P2 P1 | P1 P2 P1 Po D1 Po D1 p1 P2 pP1 P2 P2 Do P2 Do

56



where pg = [1:0:0], py =[0:1:0], po=1[0:0: 1] indicate the images of the vertices, and
0 is a covering degree of the edges. The decorated graph has non-trivial automorphism Zs for

(10), (12), (14), (16), (18) and (20).

Next section, we calculate the contribution of each fixed locus corresponding to a decorated
graph in the localization formula.
B.4 Contributions of each graphs

Let us take a decorated graph NS Gon(X,d) and consider the corresponding fixed locus
Mgz C Xg nd- We give a formula which expresses the integral

/ (0l A~ Aal) -
[Mg]T eT(NMﬁ/Xo,n,d> )

by the data of the torus action on X.

Remark B.4.1. To calculate the E-twisted Gromov—Witten invariants, we need to incorporate
the class Ej, q in the integrand (B.4). The restriction of the class Ey . q to the fixed locus Mz
is contained in C[Ay,..., )], which is a subspace of H}.(Mg,C) = C[\y,..., ] ® H*(Mg,C).
Then it does not affect the integral (B.4). We calculate it for individual vector bundles.

We introduce some notations to state the precise formula. For each v € V(I'), we denote
by w(p,) a product of the all weights of the torus action on the tangent space 7, X. For
each flag (v,e) € F/(I'), we denote by wy,.) the weight of the torus action on 7}, ¢, and define
W(pe) i= W(y,e)/de. For each e € E(I') and d € Z>1, we define h(e, d) as follows: Let v and v’ be
vertices of e. Let {wy1,..., Wy N_1,Wy N = W)} (TeSP. {Wyr 1, ... Wer No1, Wy N = W(ir e) })
be a set of weights of the torus action on T}, X (resp. T, ,X). It is known that these weights
have the following properties:

(1) W' e) = —W(y,e)-

(ii) There exist a permutation o : {1,...,N —1} — {1,....N — 1} and a; € Z>o (i =
1,...,N —1) such that

Wy j = Wy,g(i) — GW(y,e)-

Note that a; > 0 follow from the assumption that X is a convex variety. Using this result, we
define

N-1
‘ (_1)dd2d 1
h(e’ d) = d'2w2d dai 'w(v,e) ’
C T (ve) =1 szo Woi —J g

Theorem B.4.2 (cf. [LS15]). The integral (B.4) can be described as follows:

1 h(e,d.) o)1 ’ / 1
w(pv)va v [/*vai
|Af| H de H ( H P ﬂO,n,u-ﬁ»va,l(u) HeEE’U (w(v,e) - w(v’e))

ecE(T) veV (T) i€Sy

57



where 1, is a natural inclusion {p,} — X and Y(ve) 15 a psz;class OTL_MOmU-l—Val(U) at Pye
(e € E,). We use the following conventions for the integrals on Mo and Mga:

1 1
/Mo,z (w1 — Y1) (w2 — ¢2) S w +wy

= s ey w1’
Mo, W1 — U1 Mo, W1 — Y1

forve VX)) T VH(T) T VYD),

The integrals in Theorem B.4.2 can be calculated by the following formula [Kon95]:

(’I”LZB, dl,---adn 20)
o Ay - d,)

Then we can calculate the equivariant integral (B.2) by the localization formula. We do this
calculation for twisted Gromov—Witten invariants of Grassmannians in Section 3.2.
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Appendix C

List of Picard—Fuchs operators

We list differential operators which annihilate the E-twisted /-functions for the pairs (X, &) cor-
responding to Calabi-Yau 3-folds with second Betti number one in Table 1.1. In [BCFKvS98],
we can find a conjectural mirror family for complete intersection Calabi—Yau 3-folds in Grass-
mannian by using the conifold transition as well as their Picard—Fuchs operators. To avoid
overlap with their list, we omit the Picard—Fuchs operators for complete intersection Calabi—
Yau 3-folds in Grassmannian which correspond to No. 1, 2, 3, 6, 12, 19. Except for this omission,
for completeness, we include previously known examples in other literatures.
In the list below, we set § = q% and Y to be the zero locus of a general section of £ on X.

No. 4: X =G(2,5),€ =S*(1) @ O(2).
0* —2¢(20 4+ 1)* (176> + 170 + 5) + 4¢*(6 + 1)*(20 + 1) (26 + 3)

It is known that the zero locus Y is a complete intersection of OG(5,10) (see the description
of V2 in [CCGK16]).

No. 5: X =G(2,5),€ = N?Q(1).

0" — q (1240* + 2426° + 1876 + 666 + 9)
+ ¢” (12360* — 2466° — 7876% — 5540 — 124)
+ ¢ (1230" + 7380° + 6896° + 2100 + 12)
— ¢* (1246" + 2546° 4 2050° + 780 + 12) + ¢°(6 + 1)*
It is proved in [IIM1] that the zero locus Y is deformation equivalent to the complete intersection

of two G(2,5) in P? which is studied in [GPO01], [Kan12]. The Picard-Fuchs operator of the
Calabi-Yau 3-fold is derived in [Kap13] via conifold transition.
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No. 7: X = G(2,6),€ = 8*(1) @ O(1)%.

1210" — 77¢ (1300* + 2666° + 2106 + 770 + 11)
— ¢ (3212660" 4 899906* + 1037256 + 552530 + 11198)
— ¢° (2872360" + T41846° + 6347467 + 206256 + 1716)
— 7¢" (113560" + 23366° + 18816° + 7130 + 110) — 49¢°(6 + 1)*

The zero locus Y is isomorphic to a linear section of a minuscule Schubert variety in QP? (see
[IIM1]), which is studied in [Miul3], [Gall4], [GKM].

No. 10 : X =(G(2,6),€ = Q(1) ¢ O(1). In [Manl5], Manivel shows that Y is isomorphic
to a general linear section of G(2,7) of codimension 7. Since the I-function I% is same as No.
12, we omit the Picard-Fuchs operator of it.

No. 13 : X =(G(2,7),€ = Sym>’S* © O(1)#4.

496" — 14q (1346" + 2866° + 2346 + 916 + 14)
— 4q% (31836 + 102666° + 135016 + 82256 + 1918)
— 8¢ (25886" 4 84006° + 102566° + 56496 + 1190)
— 48¢* (2560* + 8480° + 11416 + 7170 + 174) — 23044¢°(6 + 1)*

The zero locus Y is a complete intersection of the orthogonal Grassmannian OG(2,7).

No. 15: X =G(2,7),E =N"Qa O(1) ® O(2).
0" — 6¢(260 + 1)* (36> 4 30 + 1) — 108¢°(6 + 1)*(26 + 1)(260 + 3)

The zero locus of a general section of A*Q is isomorphic to the homogeneous space G5 / Piong (see
the description of Vig in [CCGK16]). Hence Y is a complete intersection of the homogeneous
space. The Picard-Fuchs operator is already known by [Kapl2] via conifold transition.

No. 16 : X = G(2,7),€ = §*(1) ® A*"Q. Tt is proved in [IIM1] that YV is deformation
equivalent to a linear section of G(2,7). Since Gromov-Witten invariants are deformation
invariant, the twisted .J-function is the same as No. 12.

No. 17 : X =(G(2,8), = N°Q @ O(1)%.

3616* — 19¢ (7000 4 12386° + 9996* + 3800 + 57)
+ ¢* (—647456* — 3680066° — 6091336 — 4127566 — 102258)
+27¢° (63976 + 121986° — 119236* — 273600 — 11286)
+ 729¢* (646" + 11546° + 24256* + 18480 + 486) — 177147¢°(0 + 1)*

60



The zero locus Y is isomorphic to a linear section of the determinantal nets of conics which
is studied by Tjotta. Tjotta has calculated the Picard—Fuchs operator in [Tjg97] by using the
direct calculation of the quantum connection of N and using the quantum Lefschetz theorem.

No. 18 : X = ((2,8),€ = Sym>S* @ A°Q.

0" —2q (20° + 20 + 1) (116 + 116 + 3)
+4¢*(6 + 1)* (766° + 15260 + 111) — 144¢°(6 + 1)(6 + 2)(26 + 3)*

The zero locus Y has appeared first in [Tjp97], and the virtual number of lines and conics on
Y are computed in [Tjg97]. Our computations in Section 2.3 are consistent to these numbers.

No. 20 : X =(G(3,6),& = A’ S* @ O(1)%2 3 O(2).
0* — 8q(20 + 1)* (36* + 30 + 1) + 64¢*(6 + 1)*(20 + 1)(26 + 3)

The zero locus of a general section of A?S* is Lagrangian Grassmannian LG(3,6). Then Y is
a complete intersection on the homogeneous space LG(3,6). The above differential operator
coincides with the predicted one by [vEvS06].

,E=8*(1)®A%8*.  Similarly to No. 16, Y is deformation equivalent to

),E =
a linear section of G(3,6) by [IIM1]. The Picard—Fuchs operator can be found in [BCFKvS98].

No.21: X = G(3,6
(

No. 22 : X = ((3,7),€ = Sym*S* @ O(1)®%.  The zero locus Z of a general section of
Sym?S* is isomorphic to orthogonal Grassmannian OG(3,7). Using the natural isomorphisms
OG(3,7) = OG(4,8) = OG(1,8), Z is isomorphic to a smooth quadric hypersurface Q of P".
Under this isomorphism, the restriction of Og(37)(1) on Z coincides with Og(2). Hence Y is
isomorphic to a complete intersection of four quadric hypersurfaces of P7.

No. 23 : X =(G(3,7),& = (N’S*)®?2 & O(1)%3.

37216* — 61¢ (30296* + 55726° + 46776% + 18916 + 305)
+ ¢* (12152150 + 34281326° + 42672286% + 25726750 + 611586)
— 81¢* (393700* + 1401786° + 2068076° + 1421916 + 37332)
+ 6561¢" (5660" + 22306° 4 33566° + 22416 + 558) — 1594323¢°(6 + 1)*
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No. 24 : X =G(3,7),E = (AN2*Q)*2 3 O(1).

816* — 9q (3176* + 5200° + 4316° + 1716 + 27)
+ ¢* (65890" — 76166° — 316886 — 282516 — 8370)
— ¢* (55210 + 213846° + 1072236 + 1384026 + 55782)
+ ¢* (219876* + 1307526° + 1521686° 4 91940 — 39016)
—19¢°(6 + 1) (2936° — 70056 — 187806 — 12535)
—361¢°(0 + 1)(0 + 2) (1376° + 3576 + 223) — 6859¢" (6 + 1)(6 + 2)*(6 + 3)

No. 25 : X =G(3,7),E = N2 S* & AN*Q & O(1)*2.

1210 — 11q(43460" 4 8200° + 6856% + 2750 + 44)
+ ¢*(78410* + 109166° + 31336* — 24866 — 1320)
— 4¢°(14886* + 40926° + 67610* + 55116 + 1694)
— 32¢*(1360* + 146060° + 45566° + 52450 + 2017)
+ 256¢° (0 + 1)(400% + 2120 + 237) — 4096¢°(0 + 1)(0 + 2)?

No. 28 : X =((3,8),& = (A28*)%4.

5290 — 23¢ (8500" + 16346° + 14616° + 6446 + 115)
+ ¢ (1401916* + 5042866° + 7651936 4 5544840 + 160080)
— 2¢° (2255980* + 11456826 + 23385296 + 22035846 + 805023)
+ ¢* (7390230 + 45335640° + 110085386 + 122651366 + 5219792)
— ¢” (6834386" + 45037346° + 115762076> + 136581006 + 6109137)
+ ¢° (3923376* + 25589820° + 62758696 + 69253086 + 2877864)
— 4q" (367740* + 2350866° + 5584996° + 5797480 + 221197)
+ 16¢° (20816* + 125480° + 288146* + 293646 + 11133) — 2564¢° (260 + 3)*
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Appendix D

Determining the topological invariants
via monodromy calculations

D.1 Topological invariants

In this section we summarize the calculation of the topological invariants (H?, co(Y).H, e(Y)) of
Calabi—Yau 3-folds Y which are contained in Appendix C by using the monodromy calculation
of the I-function of Y. The details can be found in [vEvS06], [HT14].

Let Iy be a I-function of Y and P be a fourth order differential operator which annihilates
Iy. Let x € C be a local coordinate around the maximally unipotent monodromy point.
Practically we find a singular point « of P which is nearest to x = 0, so-called conifold point.
There exists three holomorphic solutions of P around a. Moreover there exists the following
solution:

Wep(Y) 10g(y) + Whar(y) (D.1)

where y := x— « is a local coordinate around «. The function we,(y) is determined up to scalar
multiplication and we can calculate it for arbitrary degree of y.

We connect = 0 and x = a by the line segment L and we do the analytic continuation of
the function we,(y) along L. Candelas-de la Ossa—Green-Parks observed the following behavior
of the conifold period under this analytic continuation [CAIOGPI1]:

H? c(Y).H e(Y)
w(t) = —t3 t
Wepll) = 5t 4 =5+ Gy

((3) +O(q) (D.2)

where 27it is the mirror map around z = 0 and ¢ = *™.

It is necessary to determine the function we,(y) which behaves similar to (D.2). If we know
the degree H® of Y, we can read other invariants c2(Y).H and e(Y) from we,(t) by suitably
normalizing the coefficient of #3.

Although actual computation is numerical, we can find reasonable integral invariants in the
digits of sufficiently high accuracy. We have checked that the computation of each Picard—Fuchs

equation of Calabi—Yau 3-folds with p = 1 is consistent with our computations in Section 1.2.
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D.2 Integral symplectic basis

If Iy coincides with a period integral of mirror Calabi-Yau 3-folds {Y}.cp1, the Picard—Fuchs
equation has a basis of solutions whose monodromy matrices are in Sp(4,Z). We do not
discussed the existence of the mirror family of the Calabi—Yau 3-folds in our list. But there
exists an ansatz of the integral symplectic basis of the Picard—Fuchs equation.

Let P(z,0,) be a Picard—Fuchs operator which has x = 0 as a maximally unipotent mon-
odromy point. We can take a basis of the local solution of P as follows:

wo(x),
wi(z) = wo(x) log z + wi(x),
wa(x) = wo()(log x)* + 2wy (x) log & + wy® (x),
ws(z) = wo(z)(log x)® 4+ 3w} (x) log z + 3w (z) log v + wy® ()

where wo(z) and w}°(z) (i = 1,2,3) are holomorphic and w™!(0) =0 (i = 1,2, 3). We replace
the basis of the solution by

1 0 0 0 nowo(.fL')
1
M(z) = 2 _05 0 niwi (x)
51 @ 5 0 naws ()
v o5 0 %) \nsws(z)
where K = —H? = —c(Y).H, v = —e(Y)(2m)3¢((3), n; = 2mi)™ (j =0,...,3) and a is

an unknown constant. Then II(z) gives the candidate of the solution of P whose monodromy
matrices are in Sp(4,7Z).

In general it is not easy to do the analytic continuation of the solution of the differential
equation. But numerically we can do the analytic continuation along any path by using of
suitable computer software. In Section D.3, we carry out the analytic continuation of the basis
II(z) and find the candidate of the integral symplectic monodromy matrices.

D.3 Computations for selected examples

We present the monodromy matrices of the basis II(x) which are the solutions of the Picard—
Fuchs operator P. We only take the selected Picard—Fuchs operators in Appendix C, but the
same calculation works for other operators.

Let P be a Picard-Fuchs operator and D = {ag = 0,01, ..., a3} (o # «; for i # j) be the
singular points of P in C. We assume that «; is a conifold point which is the nearest to the
origin among D \ {0}. We fix the base-point by ¢, := /2.

Let us define r := min{|a; — ;| | 0 < i < j < k}. Fori =0,1,...,k, we calculate the
analytic continuation along the following paths: If ¢, and «a; are connected by a line segment
to avoid other singular points, we take

@+ t(q — @) (0<t<1)
Yilt) = § i + (g — o)™ D (1<t <2)
g+ (t—2) (g — q) (2<t<3)
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Ll

5ol If there exist some other singular point between ¢, and «;, we deform

where ¢; = a; +
the path ~; by
T (Yi(t) — @) + @
for sufficiently small € > 0. We denote the monodromy matrix of II(z) along the path v; by

M,,, i.e. it satisfies
(73):l1(2) = Mo, II(x)

where (7;).II(z) denote the analytic continuation of II(x) along ~;.

In the rest of this appendix, we present the results of our calculations. We denote P the
Picard-Fuchs operator corresponding to each number (see Appendix C).

No.18. & = Sym’S* @ A°Q on G(2,8).

The Riemann scheme of P:

11
0 0 0 1
0 1 0 3/2
0 1 1 3/2
0 2 1 2
The monodromy matrices of II(z) (a = 0):
1 0 0 0 10 0 1 17 —12 -3 -—11
1 1 0 o0 01 0 0 6 1 -1 -3
MO:(% 72 1 0)’ M;g:(o 0 1 0)’ Mi:<o 72 1 12)'
~20 -36 -1 1 00 0 1 36 0 6 19
No.23. &= (A’S")®? @ O(1)® on G(3,7).
The Riemann scheme of P:
0 a1 Qo QA3 % o
0O 0 0 0 o0 1
o 1 1 1 1 1
o 1 1 1 3 1
0o 2 2 2 4 1

where a1, ag, ag are solutions of 1 — 47¢ + 200¢* — 243¢> = 0.
The monodromy matrices of II(z) (a = 1/2):

1 0 0 0 1 0 0 1 2 -9 3 9
1 1 0 0 0 0 0 7 -2 1 3
Mo=1 31 6 1 of Ma=]| 1 of Mex=1| 9 _g 4 9 |°
—18 -30 -1 1 0 0 1 —49 21 -7 -20

-20 -6 -3 9

7 3 1 -3
Mag=1|_14 _—4 -1 ¢ | Ma=

—49 —14 -7 22
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No.24. &= (AQ)*"?® O(1) on G(3,7).

The Riemann scheme of P:

0 o ay a3 ag —1 1% 00
O 0o 0 0 0 0 o0 1
o1 1 1 1 1 1 2
o1 1 1 1 1 3 2
o 2 2 2 2 2 4 3

where a1, as, a3, ay are solutions of 1 — 32¢ — 22¢% — 136¢> — 19¢* = 0.
The monodromy matrices of II(z) (a = 0):

1 0 0 0 1 0 0 1 22 —12 3 9
1 1 0 0 01 0 0 7 -3 1 3
Mo=| 36 72 1 of Ma=lo 0 1 of Me=|2 —16 5 12|
—20 -36 -1 1 00 0 1 —49 28 -7 -20
—20 -12 -3 9 603 672 84 —196
v |7 s 13 P e e
@3 = _28 —16 -3 12|° s T | 2064 2304 289 —672]°
—49 —28 -7 22 1849 2064 258 —601
—111  —168 —14 28 1 00 0
56 85 7 —14 01 0 0
M-1=1 _672 —1008 -83 168 | M=o o 1 of"
—448  —672 —56 113 00 0 1
No.25. E=N’S* B AQ @ O(1)% on G(3,7).
The Riemann scheme of P:
0 oy ap a3 —1 % 00
00 0o 0 0 0 1
o 1 1 1 1 1 1
o 1 1 1 1 3 2
o 2 2 2 2 4 2
where a1, aa, oz are solutions of 1 — 39¢ + 48¢% — 64¢> = 0.
The monodromy matrices of II(z) (a = 0):
1 0 0 0 100 1 2 -9 3 9
1 1 0 0 01 0 0 7 -2 1 3
Mo=1 133 6 1 of Ma=lo 0 1 o MeT|2n 9 4 o |
—19 -33 -1 1 00 0 1 —49 21 -7 -20
—20 -9 -3 9 —47 66 -6 12 1 0 0
74 1 -3 24 34 3 -6 01 0
Mas=| 91 9 2 o> M1=1 961 363 —32 66| M2=|0 0 1
—49 —21 -7 22 192 —264 —24 49 00 0
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No.28. &= (A?S*)® on (G(3,8).

The Riemann scheme of P:

0 oy ap a3 1 fi [ o0
00 0 0 0 0 0 3/2
O 1 1 1 1 1 1 3/2
001 1 1 1 3 3 3/2
0o 2 2 2 2 4 4 3/2

where a1, as, a3 are solutions of 1 — 34q + 161¢*> — 256¢> = 0 and (31, B2 are solutions of 23 —

11g + 4¢* = 0.
The monodromy matrices of II(x) (a = 0):
25 18 3 9
8 -5 1 3
» Mea=1us 36 7 18 |
—64 48 -8 -23
~195 —28 —28 —102
6 1ok o
196 1 28 |

1 0 0 0 1 0
1 1 0 0 0 1
Mo=1 46 92 1 o Ma=1|g o
—24 —46 -1 1 0 0
392 0 56 197

—23 —-18 -3
8 7 1
Mag = | _48 _36 —5
—64 —48 -8
0 0 1
0 0 0
1 o M=o
0 1 0

1
0
Mg, = 0
0

Remark D.3.1. In Appendix A.2.3, we define Frobenius manifold associated with (P"~1)* Weyl
group W = &, and Weyl invariant vector bundle Vr. The I-function (A.11) is defined even if
Vr is not related to the vector bundle on G(k,n).

The calculations of this appendix work for the following vector bundles:

o= OO
= o O -

[eoNe el
(=Nl e}

P31 1

P2 0 3 P31 1
(a)< 4 )7 (b)( 4 )7 (C) ]P)4131
PY0 2 3 P41 31 P11 3

We can find reasonable topological invariants for each of them. These invariants coincide with
the formal calculation described in Section 1.2.2.

We give the details of calculations of these vector bundles as follows:

(a) The Picard-Fuchs operator:
P = 60* —36q(30 +1)(30 + 2)(60 + 1)(60 + 5)

The Riemann scheme of P:

‘P—‘

0 figm
0 0 1/6
0 1 1/3
0 1 2/3
0 2 5/6



The topological invariants which is read from P:
H? =3, c(Y).H=42, e(Y)=—204.

The monodromy matrices of II(x) (a = 0):

1 0 0
1 1 0

Mo=145 3 1 » M=
4 -1 -1

(b) The Picard-Fuchs operator:
P = 5296* — 23¢ (32716" 4 50786 + 38966° + 13576 + 184)
+ ¢* (13578636" + 9999246° — 78739367 — 8508626 — 205712)
— 8¢” (7T757996" — 2724816° — 2188216% + 1767096 + 100234)
— 976¢" (10056" — 156546° — 363176 — 279386 — 7304)
—1905152¢°(0 + 1)*(46 + 3)(46 + 5)

= O O O
oo o
[oNel el
o= OO

— o o
;/

The Riemann scheme of P:

a1 Q9 (]./3ﬁ (0.¢}

O 244

00 0 0 0 3/4
01 1 1 1 1
01 1 1 3 1
02 2 2 4 5/4

where a1, ag, oz are solutions of 1 — 121¢ — 113¢% — 512¢ = 0.
The topological invariants which is read from P:

H? =23 (Y).H=062 eY)=-74

The monodromy matrices of II(x) (a = 1/2):

1 0 0 0 1
1 1 0 0 0
Mo=|15 93 1 o Ma=|
-9 —11 -1 1 0
-11 6 -3 9
4 -1 1 -3
Mos=1 g _4 3 _—¢| Mz=
—-16 8 —4 13

[Nl )
o= 0o o
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(c) The Picard—Fuchs operator:

P = 496" — 7q (1550" + 2866° + 2346° + 910 + 14)
+ ¢* (—161056" — 680446° — 1022616* — 660946 — 15736)
+ 8¢” (262560" 4 85896” 4 90716% 4 37596 + 476)
— 16¢" (4650" + 12666° + 14390 + 8066 + 184) + 512¢°(6 + 1)*

The Riemann scheme of P:

0 % a1 Qo g 00
00 0 0 0 1
01 1 1 1 1
01 1 1 3 1
0 2 2 2 4 1

where o, ap are solutions of 1 + 11¢ — ¢®> = 0.
The topological invariants which is read from P:

H? =35 c(Y).H =50, e(Y)=-50.

2 -9 -14 -2 4
0 5 8 1 -2
0]’ Moy = -35 —-49 -6 14’
1 -25 =35 -5 11

The monodromy matrices of I1(z) (a = 1/2):

1 0 0 0 1
1 1 0 0 0
Mo=11g5 35 o of Mxz=|o
-10 -17 -1 1 0

o)
w""

OO = O
o= OO0

1 10 0 4 1 0 0 0
0 1 0 O 01 0 0

Mez=19 —25 1 —10|> M2=10 0 1 ol
0 0 0 1 0 0 0 1

By these calculation, we hope that there exist the following rank three globally generated
vector bundles on G(2,5):

(a) vector bundle &, satisfying c¢(&,) = 1 4 50(1,0) + 60(2,0) + 100(1,1) + 120(2,1).
(b) vector bundle &, satisfying ¢(&) = 1+ 50(1,0) + To(20) + 11lo(1,1) + 3030y + 100(2,1).
(c) vector bundle &, satisfying c¢(&:) = 1+ 5010y + 11o(2,0) + To1,1) + 150(3,0) + 100(2,1).

Note that the operators (a) and (c) coincide with the Picard-Fuchs operators of the following
Calabi-Yau 3-folds:

(a) sextic hypersurface in P[1,1,1,1,2].
(¢) Reye congruence Calabi-Yau 3-fold which is studied in [HT14].
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