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Abstract
Correlations between constituents are sources of various phenomena in matters. Generic
properties of multipartite correlations in quantum many-body systems are far from fully
understood in contrast to bipartite correlations. In this thesis, we study multipartite
correlations in quantum many-body systems by using theoretical tools developed in
quantum information theory. We especially focus on (i) ground states of gapped shortrange Hamiltonians of two-dimensional (2D) spin systems and (ii) Gibbs states of shortrange Hamiltonians of one-dimensional (1D) spin systems.
2D gapped systems can exhibit exotic quantum phases known as topologically ordered phases. One characteristic feature of topologically ordered phases is the existence
of large-scale multipartite correlations which appear on topologically non-trivial regions.
The first aim of this thesis is establishing information-theoretic characterization of such
correlations. A quantity called the topological entanglement entropy has been considered to characterize the large-scale correlations, but it is unclear whether the quantity
has information-theoretical meanings. To address this issue, we consider a classification
of multipartite correlations based on a geometric measure called the irreducible correlation. We show the equivalence between the topological entanglement entropy and the
irreducible correlation in states with zero correlation length, such as ground states in
exactly solvable models. This suggests that the characteristic large-scale correlation can
be well-classified by using the irreducible correlation. We then apply this equivalence to
study of the entanglement spectrum on a half cylinder, and show that the value of the
topological entanglement entropy provides a restriction on the entanglement spectrum.
We further show that the value of the topological entanglement entropy can be interpreted in terms of the optimal rate of a quantum information protocol referred as secret
sharing. This result establishes an operational characterization of the characteristic correlations in topologically ordered phases. In these investigations, a special property of
multipartite correlations in many-body states called the Markov property has been extensively analyzed. States satisfying the Markov property are known as Markov chains
or Markov networks, and their properties have been substantially studied. Theoretical techniques to treat states approximately satisfying the Markov property has been
recently developed. Motivated by these recent developments, we extend some of our
results for zero-correlation length to the case of finite-correlation length.
The second aim of this thesis is characterizing states which approximately satisfy the
Markov property. In classical information theory, distributions satisfying the Markov
property are characterized by the Gibbs distributions of short-range Hamiltonians and
vice versa. This relation has been extended to quantum systems as well, but only
pertains to exact Markov property and commuting Hamiltonians. In this thesis, we
extend the relation to 1D states approximately satisfying the Markov property to and
1D Gibbs states of general short-range Hamiltonians. Our results establish an alternative
characterization of states approximately satisfying the Markov property, and also show
a generic property of multipartite correlations for 1D Gibbs states.

Contents
1 Introduction
1.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.2 Organization of This Thesis . . . . . . . . . . . . . . . . . . . . . .
1.3 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 Preliminaries of Quantum Information
2.1 States and Operations . . . . . . . . . . . . . .
2.1.1 Quantum Systems and Quantum States .
2.1.2 Operations . . . . . . . . . . . . . . . . .
2.2 Entropy and Correlation Measures . . . . . . .
2.2.1 Entropy . . . . . . . . . . . . . . . . . .
2.2.2 Correlation Measures . . . . . . . . . . .
2.2.3 Quantum Markov Chains . . . . . . . . .
2.3 Gibbs States and Maximum Entropy Principle .
2.3.1 Irreducible Correlation . . . . . . . . . .
2.3.2 The multivariate mutual information . .

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.

3 Topologically Ordered Phases and Entanglement
3.1 Gapped Phases and Topological Order . . . . . . . . . . . . . . .
3.1.1 Example: Toric Code Model . . . . . . . . . . . . . . . . .
3.2 Topological Entanglement Entropy and Entanglement Spectrum .
3.2.1 The Area Law of Entanglement and The Topological Entanglement Entropy . . . . . . . . . . . . . . . . . . . . . . .
3.2.2 Entanglement Hamiltonian and Entanglement Spectrum .

.
.
.
.
.
.
.
.
.
.

9
9
9
11
14
14
15
18
20
21
25

27
. 28
. 30
. 34
. 34
. 37

4 Topological Entanglement Entropy and Multipartite Correlations
4.1 The Irreducible Correlations in 2D Gapped Ground States . . . . .
4.1.1 Relation to Entanglement Spectrum of A Cylinder . . . . . .
4.2 Proof: The Irreducible Correlation in States with Zero Correlation
Length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.2.1 Levin-Wen Type Partitions . . . . . . . . . . . . . . . . . .
i

1
1
7
8

38
41
43
45
45

4.3

4.4

4.5

4.2.2 Kitaev-Preskill Type Partitions . . . . . . . . . . . . . . . .
4.2.3 Proof of Theorem 8 . . . . . . . . . . . . . . . . . . . . . . .
Equivalence to The Optimal Rate of A Secret Sharing Protocol . . .
4.3.1 Secret Sharing Protocol . . . . . . . . . . . . . . . . . . . .
4.3.2 Setting and Main Result . . . . . . . . . . . . . . . . . . . .
4.3.3 Proof: The Equivalence Between TEE and Optimal Secret
Sharing Rate . . . . . . . . . . . . . . . . . . . . . . . . . .
4.3.4 Explicit Encoding for Abelian Models . . . . . . . . . . . . .
Correlation Analysis of Gapped Ground States with Finite Correlation Length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.4.1 A Smoothed Version of The Irreducible Correlation . . . . .
4.4.2 Extensions of Results for States with Finite Correlation Length
4.4.3 Proof of Theorem 12 . . . . . . . . . . . . . . . . . . . . . .
4.4.4 Proof of Theorem 13 . . . . . . . . . . . . . . . . . . . . . .
4.4.5 Proof of Theorem 14 . . . . . . . . . . . . . . . . . . . . . .
Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . .

5 1D Quantum Gibbs States and Approximate Markov Chains
5.1 The Hammersley-Clifford Theorem . . . . . . . . . . . . . . . . .
5.2 An Approximate Quantum Hammersley-Clifford Theorem for 1D
systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.2.1 Settings and Notations . . . . . . . . . . . . . . . . . . . .
5.2.2 Main Results . . . . . . . . . . . . . . . . . . . . . . . . .
5.3 Proof: 1D Gibbs States are Approximate Markov Chains . . . . .
5.3.1 Quantum Belief Propagation Equations . . . . . . . . . . .
5.3.2 The proof of Theorem 18 . . . . . . . . . . . . . . . . . . .
5.3.3 The proof of Corollary 19 . . . . . . . . . . . . . . . . . .
5.3.4 The proof of Corollary 21 . . . . . . . . . . . . . . . . . .
5.3.5 Extension to more general graphs . . . . . . . . . . . . . .
5.4 Proof: Approximate Markov Chains are 1D Gibbs States . . . . .
5.5 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . .

49
54
54
54
55
56
60
62
63
64
66
69
74
75

77
. 79
.
.
.
.
.
.
.
.
.
.
.

81
81
81
85
85
88
97
97
99
100
102

6 Conclusion
104
6.1 Summary of Results . . . . . . . . . . . . . . . . . . . . . . . . . . 104
6.2 Concluding Remarks of This Thesis . . . . . . . . . . . . . . . . . . 105

Chapter 1
Introduction
1.1

Overview

Quantum information theory is an interdisciplinary field bridging quantum physics
and information theory. The central idea of quantum information theory is utilizing well-controlled quantum systems for performing information-processing such
as computation and cryptography. One can naturally expect that quantum information processing outperforms classical counterparts by using characteristic
properties of quantum systems not existing in classical ones, e.g., existence of superposition and quantum correlations. In 1994, Shor discovered the celebrated
factoring algorithm [1] for quantum computers that can solve the factoring problem in polynomial time. This quantum algorithm exceeds, with sub-exponential
speed up, the performance of the current best known classical algorithm. For cryptography, quantum key distribution [2, 3, 4] enables to share secret random bits
for communication by utilizing superpositions of quantum states. In contrast to
classical protocols relying on the limitation of computational power of eavesdroppers such as the RSA public-key cryptosystem [5], the security of quantum key
distribution is guaranteed by the law of quantum mechanics. Another emerging
application of quantum information theory is quantum metrology [6, 7], which exploits quantum correlations to perform high-precision measurements. Motivated
by these potential advantages of using quantum systems for information processing, many efforts have been made to analyze and implement quantum information
processing.
Information theory provides a theoretical framework and tools to analyze information, quantitatively and independently of actual implementations of information
processing. These information-theoretical methods have been utilized in quantum
information theory to clarify the differences between quantum and classical systems and understand the origin of quantum advantages in information processing.
1
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In quantum physics, correlations are usually quantified by the correlation functions
defined in terms of expectation values of observables. In contrast, correlations in
quantum information theory are mainly referred to properties of quantum states
that determine statistical correlations between measurement outcomes. Especially
a class of quantum correlations between distinct subsystems called entanglement
has been intensively investigated. Such correlations in states are analyzed as the
necessary resource for performing various quantum information tasks, for example,
quantum teleportation [8]. For this reason, these correlations in states are quantified by operationally defined functions via some specific information-processing
tasks. Aside from their practical usefulness, operational characterizations of correlations have been also studied to understand fundamental aspects of quantum
mechanics [9, 10].
Simultaneously, theoretical tools developed in quantum information theory
have been applied to other fields of physics, e.g., gravity theory [11, 12, 13],
chemical physics [14, 15], statistical mechanics [16, 17, 18] and condensed matter physics [19, 20]. A notable example is the applications of entanglement theory
for analyzing ground states of a gapped system (gapped ground states, for short) in
quantum many-body physics. A commonly used measure of entanglement in these
analysis is the entanglement entropy for bipartite pure states. The entanglement
entropy is used to quantify the amount of entanglement between a subsystem of
a many-body system and its complement. It has been observed that for gapped
ground states, the entanglement entropy typically scales proportionally to the size
of the perimeter of the subsystem, not the volume of the subsystem (such a scaling is first analyzed in the study of entropy of black holes [21]). This behavior of
entanglement is called the area law. Intuitively, the area law asserts that entanglement contained in the state is only short-ranged and thus correlations across the
boundary are dominated by the contribution from the degrees of freedom near the
boundary. The area law of gapped ground states is in contrast to the entanglement
property of almost all pure states in the many-body Hilbert space, which behave
according to the volume law [22].
An area law is rigorously proven for the ground states of one-dimensional (1D)
gapped systems [23, 24]. Besides of the fundamental interest, the 1D area law is
also related to numerical simulatability of many-body states. It is proven that the
area law of a 1D ground state implies that the state can be well-approximated by a
matrix product state (MPS) [25]. MPS is a state where the coefficients of the state
in a product basis are written as a product of small matrices. An example (and the
first appearance) of MPS is the Affleck-Lieb-Kennedy-Tasaki (AKLT) state [26].
In practice, MPS is used as an ansatz state in the density matrix renormalizationgroup (DMRG) [27, 28], which has been successful at simulating 1D ground states
of gapped systems. This observation is a theoretical consequence of the area law
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and its relation to the MPS approximation.
For gapless (i.e., critical) 1D systems, generic properties of entanglement are
less known. Several numerical and analytical calculations show that the area law
is violated up to a logarithm factor [29, 30, 31]. A similar logarithmic violation of
the area law is observed in conformal field theory (CFT) [32, 33], and the prefactor is related to the central charge which characterizes the universality class of the
theory [29]. The logarithmic violation of the area law also holds for 1D states described by the multi-scale entanglement renormalization ansatz (MERA) [34]. The
agreement of entanglement scaling suggests that 1D critical systems are effectively
well-described by CFT and MERA.
In higher-dimensional systems, the area law for general gapped ground states
has not been rigorously established. However, it is proven for several specific
models or settings [35, 36, 37, 38]. In one example, projected entangled pair states
(PEPS) [39, 40] which are extensions of MPS to higher-dimensional systems satisfy
the area law by construction. The logarithmic violation of the area law is observed
for specific models of critical systems as in 1D critical systems [41, 42, 43]. There
also exists a critical 2D model exhibiting the area law [40].
When a many-body state is in thermal equilibrium, namely, when the state is
given by a Gibbs state, the entanglement entropy is no longer a valid measure of
entanglement or correlations. Instead, the mutual information is used to quantify the total amount of bipartite correlations which includes both quantum and
classical correlations. For a system modeled by a short-range Hamiltonian, it is
proven for any dimension that the scaling of the mutual information obeys an area
law [44]. This situation differs from the area law of entanglement for any dimension being still a conjecture. The area law of the mutual information strengthens
the intuition that correlations in Gibbs states of short-range Hamiltonians are
dominated by “short-range” correlations.
Most analysis of correlations in many-body systems to date have been focused
on two-point or bipartite correlations, although more general correlation properties are necessary to fully characterize many-body states. Generic properties
of multipartite correlations are far from being well-understood, but investigating multipartite correlations may open a new avenue of characterizing quantum
many-body systems. Analyzing or computing a measure of multipartite correlations is in general a demanding task especially when the number of subsystems
is large. However, as represented by the area laws for gapped ground states and
Gibbs states, one might expect that the structure of most of physically realizable
states is strongly restricted. Indeed, the area laws of the entanglement entropy
and the mutual information guarantee that a particular tripartite correlation measure called conditional mutual information is small, or sometimes exactly zero for
a certain settings in these states. When a state has zero conditional mutual in-

1.1. OVERVIEW

4

formation, it is called a (spatial) Markov chain which has been widely utilized in
statistics, information theory, physics and beyond. The structural characterization
of Markov chains in classical systems has been well studied and established. The
first characterization of the quantum version of Markov chains is given in Ref. [45],
where all quantum Markov chains are characterized by a particular decomposition
of the state and a property called local recoverability, similarly to classical Markov
chains. By using the restriction on the conditional mutual information, several
generic properties of gapped ground states have been revealed [46, 47, 48, 49].
A particularly interesting class of states containing non-trivial multipartite
correlations in gapped systems is ground states in topologically ordered phases.
Any ground state in a topologically ordered phase should be robust against any
local perturbations. This makes such a ground state a promising candidate for
storing and processing quantum information coherently [50, 51]. Ground states
in topologically ordered phases have only short-range two-point correlations and
exhibit the area law. However, observations from known models suggest that
they contain large-scale multipartite correlations in loop-like regions, not exhibited by gapped ground states in topologically-trivial phases. In addition, these
characteristic multipartite correlations are considered to be a necessary resource
for topological protection of quantum information [48].
Interestingly, the existence of the characteristic multipartite correlations affects
the value of the entanglement entropy. It has been observed [53] that the entanglement entropy of states in topologically ordered phases contains a constant term
that is believed to characterize the phase. The constant is called the topological
entanglement entropy [55] (TEE) and has been used as an indicator of topologically
ordered phases in a number of numerical researches [56, 57, 58, 59, 60]. The TEE is
extracted by taking a linear combination of the entanglement entropy associated
to subsystems by considering a particular choice of the subsystems. The linear
combination of the entanglement entropy is independently proposed by Levin and
Wen [54], and called the topological entropy. Therefore, the TEE is equivalent to
the topological entropy up to irrelevant technical conditions. The topological entropy can also be considered as a quantum analog of a function called multivariate
mutual information or interaction information in classical information theory [61],
which is used to analyze multipartite correlations.
It may be that the TEE provides a rigorous definition of the characteristic
multipartite correlations in topologically ordered phases via the equivalence to the
topological entropy. However, information-theoretic meaning of the multivariate
mutual information has not been established even in classical cases [62, 63]. For
this reason, the present definition poses a challenge when attempting to further
reveal other consequences of the existence of the characteristic multipartite correlations. As example, an extension of the TEE for mixed states remains unsettled,
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which however would be necessary when analyzing quantum information stored at
finite temperature. The TEE is originally defined via the entanglement entropy,
but it loses its meaning as a measure of entanglement for mixed states. A possible
extension of the TEE based on the entanglement entropy is proposed by using
the mutual information [64]. The TEE can also be interpreted as the multivariate mutual information, which is applicable for mixed states but with no known
information-theoretic meaning. In general, these two extensions of the TEE give
different values, however both quantities still lack an acceptable justification much
less any reason to regard either of these as more appropriate. These disadvantages
of the TEE make it difficult to accept it as a proper classification/quantification
of the characteristic multipartite correlations.
To fully understand the role of the characteristic multipartite correlations in
topologically ordered phases, we propose to characterize these correlations by
quantities which are already known to have various applications in information
theory. Since information-theoretic quantities are often defined for general quantum states including mixed states, they are naturally applicable for thermal states.
On the other hand, the TEE has been successfully employed in practice, suggesting
that an information-theoretically meaningful interpretation of the TEE is possible
under specific settings. If we can obtain an information-theoretical meaning of
the TEE, we can specify what class of multipartite correlations is represented by
the value of the TEE. In this thesis, we investigate the information-theoretical
characterization of the TEE motivated by these considerations.
To analyze complex multipartite correlations, one strategy is to decompose
into different classes of multipartite correlations. In classical information geometry, Amari treats a hierarchical decomposition of parametrized Gibbs distributions
in Ref. [66]. The hierarchical decomposition is given by a classification of patterns
of interactions in the corresponding “Hamiltonians” of the Gibbs distributions.
For instance, if a Gibbs distribution corresponds to a Hamiltonian only containing
bipartite interactions, then we can say that the multipartite correlation in the distribution has a bipartite origin. Amari has shown that these hierarchical structures
can be used to decompose the total correlations in a given multivariate distribution into a sum of correlations originating from pairwise, triplewise, and further
higher-order interactions. Each function quantifying the kth-order contribution is
called the kth-order effect or connected correlation of order k [67]. The quantum
analog of Amari’s framework has been discussed by several authors [69, 70]. The
analog of k-th order effect is sometimes called the irreducible correlation of order
k. Their mathematical foundation is discussed in Refs. [71, 72, 73].
The irreducible correlation and similar functions have been employed to quantify the characteristic multipartite correlations under a conjecture of the equivalence to the TEE for gapped 2D ground states [74, 75]. If this conjecture is true,
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the TEE has an information-theoretical meaning in terms of interaction patterns
of Hamiltonians. To investigate the conjecture, we first focus on many-body states
with an exactly vanishing correlation length as an ideal case. This condition is
satisfied when the system is described by a gapped exactly solvable models such
as the quantum double models [50] or the Levin-Wen models [76], for example.
We show that the TEE and the irreducible correlation are equivalent for these
cases. Via the connection between the irreducible correlation and the interaction patterns of Hamiltonians, this result implies that the entanglement Hamiltonian, i.e., the logarithm of a reduced state of the ground state, contains a global
many-body interaction in topologically ordered phases. We further provide another information-theoretic characterization of the TEE by connecting the TEE
to a quantum information processing task called secret sharing. Certain reduced
states of gapped ground state with a zero correlation length form Markov chains.
We employ the structure of Markov chains to obtain these results.
In more realistic cases, the conditional mutual information of states is generally small but not exactly zero. In the case of classical systems, it is easy to
show that states with small conditional mutual information is close to a Markov
chain. Therefore, all properties of Markov chains approximately hold for such
states. However, in quantum systems this is not the case [77] and a characterization of these states had been a long standing problem in quantum information
theory. Recently, Fawzi and Renner have shown [78] that the local recoverability approximately holds even in quantum case. We extend some of our results in
the zero correlation length setting to allow sufficiently small error due to non-zero
correlation length by applying the Fawzi-Renner result.
In classical information theory, another characterization of Markov chains is
given by the Hammersley-Clifford theorem [79] that states all Markov chains (or
more generally, Markov networks) are equivalent to Gibbs states of short-range
Hamiltonians. This theorem is generalized to quantum Markov chains as well [80,
81], which gives equivalence between quantum Markov chains and quantum Gibbs
states of short-range commuting Hamiltonians. Therefore, these theorems also
indicate that any Gibbs states with short-range commuting Hamiltonians have
always vanishing conditional mutual information under certain choice of regions.
This property of Gibbs states is especially important to numerically simulate Gibbs
states, since it implies that Gibbs states can be simulated by locally “patching”
small regions [82]. A remaining question is whether we can still characterize the
states with small conditional mutual information in terms of Gibbs states of shortrange Hamiltonians.
We provide an affirmative answer to this question by generalizing the quantum version of the Hammersley-Clifford theorem. As already mentioned, the area
law of the mutual information indicates one direction of the Hammersley-Clifford
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theorem, i.e., any Gibbs state of a short-range Hamiltonian has small conditional
mutual information. However, the area law is too crude in practice, that is, it
does not show how small the conditional mutual information is. As a result, we
provide the very first explicit upper bound on the conditional mutual information for general 1D Gibbs states of short-range Hamiltonians. We further show
that any state with small conditional mutual information for certain settings can
be well-approximated by a 1D Gibbs state of a short-range Hamiltonian. This
gives a generalization of the Hammersley-Clifford theorem to general 1D quantum
systems.

1.2

Organization of This Thesis

The structure of this thesis is as follows. We introduce basic notions in quantum
information theory in Chap. 2. Especially theoretical tools in Sec. 2.2.3 and in
Sec. 2.3 are frequently used in Chap. 4 and Chap. 5. We review basic preliminaries for topologically ordered phases in Chap. 3. In Chapter 4, we study the
irreducible correlation and the optimal rate of a secret sharing protocol in topologically ordered phases. We investigate the conditional mutual information of
1D Gibbs state and its relation to an approximate version of Markov chains in
Chap. 5. We summarize our results in Chap. 6.

1.3. NOTATIONS
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Notations

We will use the following notation throughout this thesis.
[n]
the set {1, 2, ..., n}
c
X
the complement of a set X
A†
the conjugate transpose of A.
λ(A)
the set of the spectrum of A.
HA
a finite dimensional Hilbert space corresponding to a system A.
S(H)
the set of all states on H.
1IA
the identity operator on HA .
TrA
the partial trace over HA .
idA
the identity map acting on linear operators on HA .
kAk1
the trace norm of operator A.
kAk
the operator norm of operator A.
G = (V, E) a graph with the set of vertices V and the set of edges E.
d(A, B)
the number of edges in a shortest path connecting two sets A, B in G.
ρA
the reduced state on A.
e−βH
ρH
the Gibbs state ρH := Tre
−βH of a Hamiltonian H at temperature β.

Chapter 2
Preliminaries of Quantum
Information
In this chapter, we introduce the terminology and notations widely used in quantum information. In Sec. 2.1, we briefly summarize the basic descriptions of quantum states and physical operations on state spaces. In Sec. 2.2, we introduce
entropic measures of correlations commonly used in quantum information. We
explain the definition and equivalent conditions of quantum Markov chains in
Sec. 2.2.3 We review useful information-geometrical properties of quantum Gibbs
states in Sec. 2.3, which are intensively used in this thesis.

2.1

States and Operations

In this section, we summarize an axiomatic formalism of quantum mechanics for
finite-dimensional systems. Note that another formulation is required to describe
infinite-dimensional systems (see, e.g., [83]).

2.1.1

Quantum Systems and Quantum States

The first postulate of quantum mechanics is the following:


Postulate 1. For a given system, there exists a corresponding Hilbert space
H = Cd with dimension d < ∞. The state of the system is represented by a
positive semidefinite Hermitian operator ρ ≥ 0 with unit trace Trρ = 1 acting
on H.







The operator ρ representing a state is also called a density matrix. In the following,
by system we do not only refer to the physical system but also to the corresponding
Hilbert space for simplicity.
9

10
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When a state ρ is a rank-1 operator, there exists a complex unit vector |ψi ∈ H
such that ρ = |ψihψ|. We refer such a state to as a pure state and interchangeably
represent it by vector |ψi. When the rank of ρ is strictly larger than 1, we call it
mixed state. In particular, we refer a mixed state d1 1I on Cd as a completely mixed
state. We denote the set of all states on H by S(H).
Any state can be regarded as a probabilistic mixture of different pure states.
Therefore, for any density matrix ρ ∈ S(H), there exist a probability distribution
{pi }i and a set of pure states {|ψi i}i such that
X
ρ=
pi |ψi ihψi | .
(2.1)
i

Note that the decomposition of (2.1) is only unique for pure states. For general
mixed states, there are infinite numbers of ensembles which describe the same
state.
The second postulate states about composite physical systems.




Postulate 2. The Hilbert space of a composite physical system consisting of
subsystems HA and HB is given by HA ⊗ HB .





If a state of one of the systems is ρ1 ∈ S(H1 ) and another system is ρ2 ∈ S(H2 ),
and they are independent, the total state of the combined system is represented
as
ρ1 ⊗ ρ2 .
(2.2)
We call such a state a product state.
A probabilistic mixture of product states represented by
X
pi ρi1 ⊗ ρi2

(2.3)

i

is called separable states. A state which is not a separable state is called an
entangled state. A generalization to N -composite systems is straightforward. For
example, a separable state is a state represented by
X
(2.4)
pi ρi1 ⊗ · · · ⊗ ρiN .
i

When ρ = |ψihψ| ∈ S(HA ⊗ HB ) is a pure state, it is separable if and only if
|ψi = |ψiA ⊗ |φiB ,

(2.5)

where |ψiA (|ψiB ) is a pure state on HA (HB ). This implies that all separable
pure states are product states.
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Entanglement is regarded as an important “resource” in quantum information,
which is consumed to perform certain quantum information processing, such as
quantum teleportation [8]. According to this aspect of entanglement, quantifying
entanglement of quantum states is necessary. We will discuss about an approach
to this problem using entropic functions in Sec. 2.2.2.

2.1.2

Operations

Transformation of quantum states are caused by time evolutions or measurements.
We refer a map describing state transformations to as quantum operation. In the
following we introduce mathematical representations for quantum operations.
CPTP-maps
In this thesis, time evolutions denote deterministic quantum operations such as
unitary evolutions of closed systems and also non-unitary evolutions of open systems. Mathematically, such a deterministic quantum operation is represented by
a linear map from a state space to state space satisfying completely-positive (CP)
and trace-preserving (TP) conditions. For this reason, we call a map representing
a quantum operation a CPTP-map. Consider a linear map Λ : S(HA ) → S(HB )
⊗n
and some Hilbert space H. CP means that for any n, Λ ⊗ id⊗n
H : S(HA ⊗ H ) →
S(HB ⊗ H⊗n ) is positive, i.e., it maps a positive semidefinite operator to a positive
semidefinite operator. TP means that the trace is conserved which ensures that
the normalization condition at the output holds.
The most fundamental class of CPTP-maps is unitary evolutions in a closed
system.




Postulate 3. Any time evolution of a state in a closed system is described by
a unitary operator acting on the corresponding Hilbert space.




General CPTP-maps have several representations. For example, all quantum
operations can be composed from three elementary operations (O1) − (O3).
(O1) Adding an uncorrelated ancilla 1 :
Λσ : S(H) → S(H ⊗ Ha ), Λσ (ρ) = ρ ⊗ σ, where Ha is the ancilla system and
σ is the state of the ancilla.
(O2) Tracing out a part of the system:
ΛB : S(HA ⊗ HB ) → S(HA ), ΛB (ρAB ) = TrB ρAB , where ρAB ∈ S(HA ⊗ HB )
1

An ancilla is a fixed state of an auxiliary (ancilla) system.
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and TrB denotes the partial trace over the system HB which is defined as
X
TrB ρAB =
(I ⊗ hi|) ρAB (I ⊗ |ii) ,
(2.6)
i

where {|ii} is an arbitrary orthonormal basis of HB . We will denote reduced
state TrB ρAB by ρA .
(O3) Unitary transformations:
ΛU : S(H) → S(H), ΛU (ρ) = U ρU † , where U is a unitary operation on H.
For any CPTP-map Λ : S(HA ) → S(HB ), there exist a Hilbert space HC , a
pure state ρ0 ∈ S(HB ⊗ HC ) and a unitary UΛ on HA ⊗ HB ⊗ HC such that [84]
Λ(ρ) = TrAC UΛ (ρ ⊗ ρ0 ) UΛ .

(2.7)

Furthermore, Λ has another representation called the Kraus representation:
Λ(ρ) =

d
X

Ki ρKi† ,

(2.8)

i=1

where d ≤ dim HA dim HB and each Ki is a dim HA × dim HB matrix such that
P
†
i Ki Ki = 1IA .
Quantum Measurement
To extract information about states, we need to perform measurements. If one is
not interested in the post-measurement state, the description of a quantum measurement is given in terms of a set of positive operators representing probabilistic
maps.




Postulate 4. A quantum measurement is described by a set of positive operators {Mm } such that
X
Mm = 1I .
(2.9)
m

Each measurement outcome m is obtained with probability given by
p(m) = Tr[Mm ρ] .


(2.10)


A set of operators {Mm } corresponding to a measurement is called a positive
operator-valued measure (POVM).
The general description of a quantum measurement describing probabilistic
state transformations is given by instruments. An instrument {κm }m is a set
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P
of CP-maps κm such that
m κm is TP. Consider we perform a measurement
corresponding to an instrument {κm } on a state ρ. A post-measurement state
ρm :=

κm (ρ)
,
Tr[κm (ρ)]

(2.11)

is obtained with a probability Tr[κm (ρ)].
Distance measures
To quantify “closeness” of two quantum states ρ and σ, the trace distance:
1
D(ρ, σ) := kρ − σk1
2
1p
(ρ − σ)† (ρ − σ)
=
2

(2.12)
(2.13)

is often used in quantum information. For simplicity, we shall consider the difference in terms of trace norm kρ − σk1 rather than the half of it. The trace
distance (and therefore kρ − σk1 ) satisfies the conditions for a distance measure:
the non-negativity, symmetry under the exchange of the entries and the triangle
inequality. Another important property of the trace distance is the monotonicity
under CPTP-maps. Performing the same CPTP-map on two states makes the
states more indistinguishable, since it basically adds “noise” to them. This is
mathematically represented as
D(ρ, σ) ≥ D(Λ(ρ), Λ(σ)) ,

(2.14)

where ρ, σ ∈ S(H) and Λ : S(H) → S(H0 ) is a CPTP-map. The equality holds if
and only if Λ is a unitary transformation, or an isometry in general.
Another measure of the distance between two quantum states often used in
quantum information is the fidelity:
√ √
F (ρ, σ) := k ρ σk1 .

(2.15)

The fidelity is essentially equivalent to the trace distance in the sense that
1 − F (ρ, σ) ≤ D(ρ, σ) ≤
holds.

p
1 − F (ρ, σ)2

(2.16)
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Entropy and Correlation Measures
Entropy

Entropy is a key concept in information theory. Operationally, it represents the
asymptotic optimal rate of data compression [85]. It is also used to define various measures of correlations between random variables/quantum systems. In this
section, we introduce definitions and properties of entropy and related functions.
The Shannon entropy of a discrete probability distribution p = {pi } is defined
as
X
H(p) := −
pi log2 pi .
(2.17)
i

On the other hand, the von Neumann entropy for a quantum state ρ is similarly
defined as
S(ρ) := −Trρ log2 ρ .
(2.18)
The von Neumann entropy is a non-negative and concave function as well as the
Shannon entropy and coincides to the Shannon entropy of the eigenvalues of the
state {λi }λi ∈λ(ρ) . This function is not only mathematically useful but also operationally meaningful. It was shown that if N copies of a state ρ are given, they can
be compressed into about N S(ρ) qubits 2 with an error vanishing in the limit of
N → ∞ [85].
For a conditional probability distribution pX (x|y) of two random variables X
and Y , one can consider the average of the Shannon entropy over pY (y) as the
conditional entropy:
!
X
X
H(X|Y )p :=
pY (y) −
pX (x|y) log2 pX (x|y)
(2.19)
y

x

= H(XY ) − H(Y ) ,

(2.20)

where H(XY ) is the Shannon entropy of the joint distribution p(x, y). Unfortunately, the concept of the conditional distribution may not be straightforwardly
extended to quantum states [86]. We define a quantum version of the conditional
entropy for a quantum state ρAB ∈ S(HA ⊗ HB ) by
S(A|B)ρ := S(AB)ρ − S(B)ρ ,

(2.21)

where S(X)ρ is the von Neumann entropy of the (reduced) state on system X. This
function can be negative while the classical analog H(X|Y )p is always positive.
2

A qubit is a two-dimensional quantum system.
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This is due to the presence of entanglement [87]. For two quantum states ρAB and
σAB satisfying kρAB − σAB k1 ≤  ≤ 1, the (Alicki-)Fannes inequality:
|S(A|B)ρ − S(A|B)σ | ≤ 4 log2 dA + 2h2 ()
√
≤ 6  log2 dA

(2.22)
(2.23)

holds, where dA = dim HA and h2 () is the Shannon entropy of the probability
distribution {, 1 − } (the binary entropy function). This inequality guarantees
that if two states are close, their conditional entropy are also close. Note that
if ρAB is a product state, the conditional entropy reduces to the von Neumann
entropy on system A.
The (quantum) relative entropy is an entropic function describing “closeness”
of two quantum states. For states ρ and σ, it is defined as
(
Tr[ρ(log2 ρ − log2 σ)] if supp(ρ) ⊂ supp(σ) ,
S(ρkσ) :=
(2.24)
∞
otherwise
Here, supp(ρ) is the subspace spanned by the eigenvectors of ρ with non-zero
eigenvalues. We will use “supp” in the different definition in Chap. 5. The relative
entropy is a non-negative function and is zero if and only if two states are the
same states. For this reason, the relative entropy is often treated as a (psudo)
distance between two states although it is not symmetric and does not satisfy the
triangle inequality. An operational meaning of the relative entropy is provided
via hypothesis testing [88]. In that context, the relative entropy represents how
two quantum states are (asymptotically) distinguishable by hypothesis testing. As
well as the trace distance, monotonicity of the relative entropy holds, namely, for
arbitrary states ρ, σ ∈ S(H) and any CPTP-map Λ : S(H) → S(H0 ), it holds that
S(ρkσ) ≥ S (Λ(ρ)k Λ(σ)) .

(2.25)

Importantly, the relative entropy is related to the trace norm through the
Pinsker inequality:
1
(2.26)
S(ρkσ) ≥ kρ − σk21 .
2
Therefore, if the relative entropy of two states is small, the two states are close in
the sense of the trace norm too. Note that in general one cannot upper bound the
relative entropy in terms of the trace norm.

2.2.2

Correlation Measures

In standard quantum mechanics, the (connected) correlation function for two observables X and Y is defined as
Cor(X, Y )ρ := hXY i − hXihY i ,

(2.27)
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where hXi := tr[ρX]. The correlation function is easy to calculate and characterizes different phases of matter.
If a multipartite state is not a product state, there exists a set of observables
of which corresponding measurement outcomes are statistically correlated. In this
sense, we say a state is correlated or correlations are contained in a state if the
state is not a product state. This is in contrast to correlations in terms of the
correlation function, which depends on observables. To quantify correlations in
states, entropic functions are commonly used in information theory.
A common measure of correlations contained in a bipartite state ρAB is the
mutual information:
I(A : B)ρ := S(A)ρ + S(B)ρ − S(AB)ρ .

(2.28)

In terms of the relative entropy, this function represents the distance from the set
of all product states, i.e., it holds that
min S(ρAB kσA ⊗ σB ) = S(ρAB kρA ⊗ ρB )

σA ,σB

= I(A : B)ρ .

(2.29)
(2.30)

The first line follows from an inequality Tr(ρ log σ) ≤ Tr(ρ log ρ) and simple calculations. From this representation, it is clear that the mutual information of a
state ρAB is a symmetric and non-negative function which vanishes if and only if
the state is the product state ρAB = ρA ⊗ ρB . By monotonicity of the relative
entropy (2.25), the mutual information is non-increasing under local CPTP-maps
acting on A or B. The mutual information represents how much randomness do we
need to remove the correlation. See Ref. [89] for details. For arbitrary observables
MA and MB on system A and B individually, the mutual information of a state
ρAB satisfies [44]
Cor(MA , MB )2
I(A : B)ρ ≥
.
(2.31)
kMA k2 kMB k2
In general, there are states with an arbitrary small values of the right hand side
but highly correlated in terms of the mutual information. Such states are called
data hiding states [90].
The conditional mutual information quantifies correlations between two subsystems in the presence of the third system. For a probability distribution pXY Z (x, y, z),
it can be defined as the average of the mutual information of a conditional distribution:
X
H(X : Z|Y )p :=
pY (y)H(X : Z)pXZ (x,z|Y =y)
(2.32)
y

= H(XY )p + H(Y Z)p − H(Y )p − H(XY Z)p .

(2.33)
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By definition, it is clear that H(X : Z|Y )p is a non-negative function. The quantum version of the conditional mutual information is then defined as
I(A : C|B)ρ := S(AB)ρ + S(BC)ρ − S(B)ρ − S(ABC)ρ .

(2.34)

In contrast to the classical case, showing non-negativity of this function is a nontrivial problem. The non-negativity of the quantum conditional mutual information is guaranteed by a non-trivial inequality called the strong subadditivity:
S(AB)ρ + S(BC)ρ ≥ S(B)ρ + S(ABC)ρ .

(2.35)

A useful property of the conditional mutual information is the chain rule. For the
conditional mutual information I(A1 A2 ...An : C|B)ρ of ρA1 A2 ...An BC , it holds that
I(A1 A2 ...An : C|B)ρ = I(A1 : C|B)ρ +I(A2 : C|BA1 )ρ +· · ·+I(An : C|BA1 ...An−1 )ρ .
(2.36)
We will investigate properties of the states with vanishing conditional mutual
information in Sec. 2.2.3.
There are several ways to generalize the mutual information for states on more
than two subsystems. One generalization is given by the total correlation [91]. For
a state ρA1 ...An , it is defined as
X
T (A1 : A2 : ... : An )ρ :=
S(Ai )ρ − S(A1 A2 ...An )ρ .
(2.37)
i

In terms of the relative entropy, the total correlation can be written as
T (A1 : A2 : ... : An )ρ =

min

σA1 ,··· ,σAn

S(ρA1 A2 ...An kσA1 ⊗ · · · ⊗ σAn ) .

(2.38)

The total correlation is the distance of the state from the set of all product states.
The total correlation vanishes if and only if the state is a product state.
Entropic measures of entanglement
Entropy is also useful for quantifying entanglement. For a pure bipartite state
ρAB = |ψAB ihψAB |, the entanglement entropy:
S(A)ρ = −TrρA log2 ρA

(2.39)

is the unique measure satisfying axioms of entanglement measures introduced by
Ref. [92].
For mixed bipartite states, there are various inequivalent measures of entanglement such as the distillable entanglement [93], the entanglement cost [93] and
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the entanglement of formation [94]. There are several requirements for “good”
entanglement measures [95, 92], however checking these requirements is difficult
in general. One entanglement measure which satisfies these requirements is the
squashed entanglement [96]:
Esq (ρAB ) :=

1
inf
I(A : B|E)τ ,
2 τABE :τAB =ρAB

(2.40)

where the infinitum is taken over all E and τABE satisfying TrE τABE = ρAB . We
will analyze the squashed entanglement of Gibbs states in Chapter 5.
When the number of subsystems increase, classifying entanglement is getting
much harder. One possible entropic measure of multipartite entanglement for a
n-partite state ρ1...n is the relative entropy of entanglement defined as
ER (ρ1...n ) :=

min

σ1...n :SEP

S(ρ1...n kσ1...n ) ,

(2.41)

where the minimum is taken over all separable states σ1...n in the state space.
Calculating entanglement measures is a computationally hard problem, since it
often involves to solve optimization problems. For an example, evaluating the relative entropy of entanglement is known to be in a class of computational problems
called NP-complete and evaluating the squashed entanglement is in NP-hard [97],
which are suspected that even quantum computers cannot solve efficiently.

2.2.3

Quantum Markov Chains

A sequence of random variables X, Y, Z is called a (short) Markov chain if the
corresponding probability distribution pXY Z (x, y, z) satisfies
pX (x|y, z) = pX (x|y) .

(2.42)

We call such a distribution a Markov distribution conditioned on Y . In terms of
the conditional mutual information, this is equivalent to
I(X : Z|Y )p = 0 .

(2.43)

More generally, the conditional mutual information for any distribution pXY Z (x, y, z)
can be written as
I(X : Z|Y )p = min S(pXY Z kqXY Z ) ,
q:Markov

(2.44)

where the minimum is over all Markov distributions conditioned on Y . Therefore,
the conditional mutual information quantifies how far is the distribution from
Markov distributions.
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In a similar mannar, we define a quantum Markov chain as a tripartite state
ρABC satisfying
I(A : C|B)ρ = 0 .
(2.45)
By definition, quantum Markov chains saturate the strong subadditivity (2.35).
Saturating the strong subadditivity ρABC ∈ S(HA ⊗ HB ⊗ HC ) is equivalent to the
following conditions [45]:
L
• There exists a decomposition HB = i HBiL ⊗ HBiR such that
M
ρABC =
pi ρABiL ⊗ ρBiR C ,
(2.46)
i

where pi is a probability distribution.
• There exists a CPTP-map ΛB→BC : S(HB ) → S(HB ⊗ HC ) such that
ρABC = (idA ⊗ ΛB→BC )(ρAB ) .

(2.47)

The map ΛB→BC is called a recovery map.
One would expect that the quantum conditional mutual information also quantifies how far is the state from quantum Markov chains. However, in contrast to the
classical case, the quantum conditional mutual information does not satisfy [77]
I(A : C|B)ρ = min S(ρABC kσABC ) ,
σ:Markov

(2.48)

which is an analog of Eq. (2.44). A structural characterization of quantum states
with small (quantum) conditional mutual information is a long-standing problem
in quantum information (cf. Ref. [78] and references therein). An important consequence of a small quantum conditional mutual information was recently discovered
in Ref. [78]. It is shown that the quantum conditional mutual information satisfies
an inequality
I(A : C|B)ρ ≥ min

ΛB→BC

1
kρABC − (1IA ⊗ ΛB→BC )(ρAB )k21 ,
4 ln(2)

(2.49)

where the minimum is taken over all CPTP-maps from S(HB ) to S(HB ⊗ HC ).
This means that a state with small conditional mutual information is locally recoverable in the sense that there exists a CPTP-map, acting only on the conditioning
system, which approximately recovers the total state from its reduced state.
Markov chains are generalized to more longer chains. Consider a state ρ12...n
on a system H1 ⊗ · · · ⊗ Hn defined on a one-dimensional chain labeled by {1, ..., n}.
Then, we say ρ12...n is a Markov chain if
I(A : C|B)ρ = 0

(2.50)
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holds for any tripartition ABC of the system such that d(A, C) ≥ 1. Note that
this definition of the Markov chain includes the case of closed chains as well. In a
similar manner, we say a state ρ12...n is an ε-approximate Markov chain if
I(A : C|B)ρ ≤ ε

(2.51)

holds for any tripartition ABC of the system such that d(A, C) ≥ 1.

2.3

Gibbs States and Maximum Entropy Principle

In this section, we review information-geometric properties of Gibbs states. Gibbs
states are closely connected to the maximum entropy principle introduced by
Jaynes [68], a principle to choose an inference from given partial knowledge of
a state. Let us consider a set of observables A = {Ai }m
i=1 on H. Suppose that we
have partial information of a state given by a set of linear constraints:
Tr(Ai ρ) = mi ,

i = 1, ..., m .

(2.52)

The possible candidates of the state is a set of states
Cm (A) := {σ ∈ S(H) | Tr(Ai σ) = mi , i = 1, ..., m} .

(2.53)

We only deal in the case of the nonempty set. According to the maximum entropy
principle, the most “unbiased” inference is given by the maximum entropy state
ρ̃m = arg max S(σ) ,

(2.54)

σ∈Cm (A)

since ρ̃m has the maximum uncertainty (entropy) under the constraints (2.52).
This type of problem is well-known in the literature of statistical mechanics.
When the constraint is given by
Tr(Hρ) = E

(2.55)

for a “Hamiltonian” H, the corresponding maximum entropy state is given by the
Gibbs state
e−βH
,
(2.56)
ρ̃E =
Z
where Z = Tr(e−βH ) and the Lagrange multiplier β > 0 is chosen so that Tr(H ρ̃E ) =
E 3 . Therefore, the maximum entropy state is a Gibbs state.
3

The parameter β can be ∞ if E is the lowest eigenvalue of H.
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The equivalence of the maximum entropy states and Gibbs states can be extended to more general situations. Associated to A, there exists a set of Gibbs
states


1 − Pm
ai Ai
i=1
,
(2.57)
E(A) := σ ∈ S(H) σ = e
Z
where Z is the normalizer and each ai ∈ R. This set only includes full-rank states.
To treat non-full-rank states, we consider a closure of E(A). For a technical reason,
the suitable closure is given by


rI
(2.58)
E (A) := ω ∈ S(H) inf S(ωkσ) = 0 ,
σ∈E(A)

which is called the reverse-information closure. For states ρ ∈ Cm (A) and ω ∈
rI
E (A), the Pythagorean theorem [72]
S(ρkω) = S(ρkρ̃m ) + S(ρ̃m kω)

(2.59)

holds (Fig. 2.1). Moreover, it was shown that the maximum entropy state ρ̃m is
rI
the unique element in Cm (A) ∩ E (A) [72]. Therefore, we have
inf S(ρkω) =
ω∈E(A)

min S(ρkω)
ω∈E

rI

(2.60)

(A)

= S(ρkρ̃m )
= S(ρ̃m ) − S(ρ) .

(2.61)
(2.62)

The last line follows from the fact that the completely mixed state τH is an element
of E(A) and thus Eq. (2.59) implies
S(τH ) − S(ρ) = S(ρkρ̃m ) + S(τH ) − S(ρ̃m ) .

2.3.1

(2.63)

Irreducible Correlation

In general, multipartite states are correlated in very complicated ways and classifying multipartite correlations is a hard problem. The amount of correlations
contained in a multipartite state is quantified by e.g., the total correlation introduced in Sec. 2.2.2, but it has only one value. In Ref. [66], Amari provided finer
analysis of multipartite correlations by employing a hierarchical structure of Gibbs
distributions. Recently, this framework has been extended to quantum systems as
well [70, 98] which is reviewed in the following. In Chap. 4, we shall use this
extended framework to analyze multipartite correlations in many-body quantum
systems.
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Figure 2.1: A schematic picture of the Pythagorean theorem (2.59). Manifolds
rI
Cm (A) and E (A) are “orthogonal” each other in terms of the relative entropy.
rI
The projection of a point in Cm (A) to E (A) is given by ρ̃m .
Since any quantum state ρ is positive semidefinite, we can write the state as
ρ = e−Hρ

(2.64)

in terms of a (possibly unbounded) Hermitian operator corresponding to ρ denoted
by Hρ . A key idea of Amari’s framework is characterizing multipartite correlations
in ρ via the structure of Hρ . For an n-partite system H = H1 ⊗ · · · ⊗ Hn , we say
a bounded operator H on H is k-local if it is an element of




X
Hk := H =
hSk ⊗ 1ISkc ,
(2.65)


Sk ⊂[n]

where the sum is taken over all subsystems Sk such that |Sk | ≤ k and Skc =
[1, n]\Sk . Then, we define the set of its corresponding Gibbs state as


1 −H
Ek := σ ∈ S(H) σ = e , H ∈ Hk .
(2.66)
Z
rI

To include non-full-rank states, we consider the closure E k . Then, we obtain a
hierarchical decomposition of S(H) as
rI

rI

rI

E 1 ⊂ E 2 ⊂ · · · ⊂ E n = S(H) .
rI

(2.67)

Note that E 1 is the set of all product states ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρn . When a state
rI
ρ ∈ S(H) is in E k , we can interpret that the state only contains multipartite
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correlations “generated” by up to k-local interactions. Therefore, the distance
rI
from E k represents how much correlations are contained in the state which cannot
be generated by k-local interactions.
We use the relative entropy to quantify these multipartite correlations. Define
the distance-like function D(k) as
D(k) (ρ) := inf S(ρkσ) = min S(ρkσ) .
σ∈Ek

rI

(2.68)

σ∈E k

rI

Since E 1 is the set of all product states, D(1) (ρ) is the total correlation, i.e.,
D(1) (ρ) = T (1 : 2 : ... : n)ρ .

(2.69)

k
k
i
i
c
Ek corresponds to E(A
N ) for A = {XSk ⊗ 1ISk }i,Sk , where {XSk }i is the generalized Pauli operators on j∈Sk Hj . Therefore, when we impose Tr(σAi ) = Tr(ρAi )
for all Ai ∈ Ak , it is equivalent to say σSk = ρSk for all Sk , i.e., σ and ρ has exactly
same k-partite reduced states. Then the minimum in Eq. (2.68) is achieved by the
rI
maximum entropy state ρ̃(k) ∈ E k , which is also an element of

Cρ(k) := {σ ∈ S(H)|σSk = ρSk , ∀Sk ⊂ [n]} .

(2.70)

By using the properties of the maximum entropy state, we can obtain another
representation of D(k) (ρ), that is,
D(k) (ρ) = S(ρ̃(k) ) − S(ρ) .

(2.71)

To extract the kth-order effect, we define the kth-order irreducible correlation
as
C (k) (ρ) := D(k−1) (ρ) − D(k) (ρ)

(2.72)

(k)

(2.73)

= S(ρ̃ )kρ̃

(k−1)

)

= S(ρ̃(k−1) ) − S(ρ̃(k) ) .

(2.74)

By definition, C (k) (ρ) is always non-negative. For so-called stabilizer states, the irreducible correlation can be calculated via a formula obtained by Ref. [70]. C (k) (ρ)
quantifies information which is contained in the k-partite reduced states, but not
in the (k − 1)-partite reduced states. A numerical algorithms to calculate the irreducible correlation is known [99]. Eq. (2.69) implies that the irreducible correlation
provides a decomposition of the total correlation:
T (1 : 2 : ... : n)ρ =

n
X

C (k) (ρ) .

k=2

A geometric illustration of D(k) and C (k) is depicted in Fig. 2.2.

(2.75)
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Figure 2.2: A geometrical illustration of the functions D( k) and C (k) . D(k) is the
rI
distance from the set of states only containing kth-order correlation E k and C (k)
is the difference between D(k) and D(k−1) .
Example 5. In the case of three-qubit pure states, calculating the irreducible
correlation is an easy task, since only states in the form
α|000i + β|111i

(2.76)

have non-zero 3rd-order irreducible correlation [69]. Let us consider the irreducible
correlation of the GHZ state |GHZ3 i and the W state |W3 i in a three-qubit system
defined by
1
1
|GHZ3 i := √ [|000i + |111i] ,
|W3 i = √ [|001i + |010i + |100i] . (2.77)
2
3
(2)

For the GHZ state, the maximum entropy state ρ̃GHZ is given by
1
(2)
ρ̃GHZ = (|000ih000| + |111ih111|)
(2.78)
2
and the W state is the maximum entropy state for the bipartite marginals itself.
Then, the irreducible correlations are given by
 
2
(3)
(2)
(3)
(2)
,
C (GHZ3 ) = 1 , C (GHZ3 ) = 2 , C (W3 ) = 0 , C (W3 ) = 3h
3
(2.79)
where h(p) := −p log2 p − (1 − p) log2 (1 − p).
The irreducible correlation is an non-negative, local unitary invariant and additive function C (k) (ρ ⊗ σ) = C (k) (ρ) + C (k) (σ) for any ρ, σ ∈ S(H) 4 . It is clear
4
Here, we regard the 2n-partite state ρ ⊗ σ as a n-partite state on Hilbert space H0 =
H0 1 ⊗ · · · ⊗ Hn0 , where Hi0 ≡ Hi ⊗ Hi .
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(k)

that ρ̃(k) ⊗ σ̃ (k) is included in Cρ⊗σ . To avoid confusion, let us denote H ⊗ H by
(k)
H1 ⊗ H2 with ρ ∈ S(H1 ) and σ ∈ S(H2 ). For any state ω12 ∈ Cρ⊗σ , it holds that
S(ω12 ) ≤ S(ω1 ) + S(ω2 )
≤ S(ρ̃(k) ) + S(σ̃ (k) )
= S(ρ̃

(k)

⊗ σ̃

(k)

),

(2.80)
(2.81)
(2.82)

where we used the subadditivity of the von Neumann entropy and the fact that
(k)
(k)
(k)
ω12 ∈ Cρ⊗σ implies ω1 ∈ Cρ and ω2 ∈ Cω . Therefore, ρ̃(k) ⊗ σ̃ (k) is the kthmaximum entropy state corresponding to ρ ⊗ σ. By definition, this implies that
the irreducible correlation is additive.
However, the irreducible correlation is known to lack properties called continuity and monotonicity under local operations. The irreducible correlation is
not continuous, that is, there exists a one-parameter family of states ρ such that
 → +0 but not C (3) (ρ ) → C (3) (ρ0 ) even if the dimension of the system is finite [71, 72]. Interestingly, this discontinuity only happens for quantum states [71].
The lack of monotonicity under local operations is found in both classical [67] and
quantum [98] systems. It means that there exists a CPTP-map E, which acts on
only one subsystem, such that
C (k) (ρ) < C (k) (E(ρ))

(2.83)

for some k. It sounds counterintuitive if one can increase correlations by applying local operations. However, since the total correlation, i.e., the sum of the
irreducible correlations is monotone under local operations, local operations can
increase the kth-order irreducible correlation by consuming the irreducible correlation of other orders. To recover the monotonicity, a possible modification is
proposed in Ref. [100]. In that paper, the authors use the local operation orbit of
Ek instead of Ek .

2.3.2

The multivariate mutual information

The irreducible correlation is not the unique way to decompose the total correlation
into different “levels”. For instance, the multivariate mutual information [61]
introduced in classical information theory also decompose the total correlation 5 .
A quantum analog of the multivariate mutual information I (k) (ρ) for an n-partite
state ρ ∈ S(H), which is defined as
X
I (k) (ρ) := −
(−1)n−|X| S(X)ρ ,
(2.84)
X⊂[n]
5 (k)
I (ρ) and its minus are called in several different ways e.g., the interaction information [61]
and the co-information [101].
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where the sum is taken over all subsets X of [n], satisfies
T (1 : 2 : ... : n)ρ =

n
X

I (k) (ρ) .

(2.85)

k=2

Although I (k) (ρ) is widely used in classical and quantum information theory, it
does not have any clear operational or geometrical interpretation. One reason
which makes interpretation difficult is that the multivariate mutual information
can be negative if the number of subsystems is odd. Therefore, T (1 : 2 : 3) =
I (2) (ρ) + I (3) (ρ) can be strictly smaller than I (2) (ρ) when I (3) (ρ) < 0. Moreover,
another problem arises in quantum case, e.g., I (3) (ρ) = 0 for all tripartite pure
states. See, e.g., Ref. [102] for an approach to understand the multivariate mutual
information in terms of “redundancy” and “synergy”.

Chapter 3
Topologically Ordered Phases and
Entanglement
A central problem in condensed matter physics is classifying various phases of
matters. In 1937, Landau developed the theory of phase transitions to describe
transitions in ferromagnets [103]. This theory has been generalized and commonly
used to understand various phases, such as superconducting phase and superfluids.
The key ideas of Landau’s theory are symmetry-breaking and corresponding local
order parameters. When a phase-transition occurs, the symmetry of the system
changes and the change can be detected by the expectation value of an appropriate
operator acting on a local region.
Starting from 1980’s, it has been gradually realized that there are phases which
cannot be described by Landau’s framework. One kind of such phases is topologically ordered phases which were observed in for example, the fractional quantum
Hall effect (FQHE) [104, 105, 106]. Topologically ordered phases have distinguished properties which do not appear in symmetry-breaking phases described
by Landau’s theory. Examples of such properties are the ground state degeneracy depending on the topology of the manifold supporting the system [107], anyonic excitations [105] and protected gapless edge modes on open boundaries [108].
Topologically ordered phases are stable against any local perturbation and thus
the ground states are promising candidates for the fault-tolerant quantum memory [50]. Moreover, anyonic excitations enable fault-tolerant quantum computation
by ”braiding” anyons [51]. Due to these reasons, study of topologically ordered
phases has been an actively investigated interdisciplinary research field bridging
condensed matter and quantum information.
In this chapter, we introduce basic preliminaries for understanding topologically ordered phases. We begin with defining topologically ordered phases as a class
of gapped phases in Sec. 3.1 based on the definitions introduced in Refs. [109, 110].
See these references for the more precise definition of topologically ordered phases.
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Another way to define that states are in topologically ordered phases is proposed
in Ref. [111] by using local indistinguishablity of degenerated ground states. Note
that in this thesis we only consider many-body quantum systems defined on 2D
spin lattices as topologically ordered systems while topologically ordered phases
exist in higher dimensional systems. We then review the toric code model [50] as
a simple example of exactly solvable topological models. We introduce the definition of the topological entanglement entropy and the entanglement spectrum in
Sec. 3.2.

3.1

Gapped Phases and Topological Order

Consider a set of short-range Hamiltonians HNk of systems defined on graphs with
Nk spins, where Nk → ∞ as k → ∞ 1 . The system is said to be gapped if there
exists a constant δ > 0 such that each HNk does not have eigenvalues smaller
than δ above the ground state energy. Here, we allow energy splitting between
(candidates of) the ground states which vanishes in the limit of k → ∞. When
we say a Hamiltonian is gapped, we assume that the Hamiltonian corresponds to
HNk of a gapped system with certain Nk .
Let us introduce the notion of gapped quantum phases. Consider
an oneP
parameter family of gapped short-range Hamiltonians H(g) =
i Hi (g), where
each i labels a lattice site and Hi (g) acts only on spins j with d(i, j) ≤ r for all
g ∈ [0, 1]. We assume that the Hamiltonians have finite interaction strength and
smoothly depend on g, i.e., for any i and g ∈ [0, 1], it holds that kHi (g)k ≤ J and
k∂g Hi (g)k ≤ K for some constants J and K. Let |ψ(0)i be the ground state of
H(0) and |ψ(1)i be the ground state of H(1). We say two states |ψ(0)i and |ψ(1)i
are in the same gapped quantum phase if H(g) has a finite gap between g ∈ [0, 1],
more precisely, if |ψ(0)i and |ψ(1)i are connected via an adiabatic change without
closing the gap for all system sizes 2 .
By using the technique of quasi-adiabatic evolution, one can show that this
definition is equivalent to consider a unitary evolution |ψ(1)i = U |ψ(0)i described
by
 Z

1

U := T exp −i

dg H̃(g) ,

(3.1)

0

where H̃(g) is a short-range Hamiltonian defined as
Z ∞
H̃(g) := i
dtF (t)eiH(g)t (∂g H(g)) e−iH(g)t

(3.2)

−∞
1

Here, system sizes {Nk } do not have to cover all natural numbers.
Furthermore, we assume two additional constraints on gapped Hamiltonians which allow to
connect Hamiltonians of different systems smoothly, but we skip to explain details here since
they are not important in this thesis. See Ref. [110] for details.
2

29CHAPTER 3. TOPOLOGICALLY ORDERED PHASES AND ENTANGLEMENT
for a function F (t) satisfying several conditions [111]. The unitary operator U
is called local unitary evolution and can be simulated by a constant-depth local
unitary circuit with a constant error [109]. A constant-depth local unitary circuit
is defined as a product of unitaries
U = U (1) U (2) · · · U (M ) ,

(3.3)

N (i)
where M is a constant independent of the system size and each U (i) =
l Ul
is a tensor product of unitaries acting on non-overlapping local regions (Fig. 3.1).
Conversely, any constant-depth local unitary circuit can be simulated by such local
unitary evolutions [109]. In this sense, we can say that two (sets of) states are in
the same phase if one can transform one state to the other by a constant-depth
local unitary circuit.

𝑁
|𝜓𝑁
𝑈

(1)

𝑈 (2)

⋮
𝑈 (𝑀)

|𝜙𝑁
Figure 3.1: A illustration of a transformation by a constant-depth local unitary
circuit. A set of states {|ψN i}N can be converted to {|φN i}N by a constant-depth
local unitary circuit if for each N there exists a unitary U in the form of Eq. (3.3)
with M = O(1) which transforms |ψN i to |φN i.
According to this classification, ground states of gapped short-range Hamiltonians are classified in different types of phases. We say a system obeys a topologicallyordered phase if the ground states are not in the equivalence class of a product
state and the ground degeneracy is stable under local perturbations. Otherwise,
we say the system is in the (topologically) trivial phase.
When the system obeys a symmetry, we can divide the equivalence classes according to the symmetry. In this case, we introduce a finer equivalence relation by
imposing that the generators H̃(g) of local unitary evolutions are invariant under
the actions of the symmetry group. Then, the trivial phase can be classified to the
conventional symmetry-breaking phases or the symmetry-protected topologically
ordered (SPT) phases. In a SPT phase, ground states do not break any symmetry
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of the Hamiltonian, but they cannot be connected to a product state by symmetric local unitary evolutions without closing the gap. The famous examples of SPT
phases are the Haldane phase of the AKLT-model [26] and the topological insulators [112]. While we will not investigate SPT phases in this thesis, the ground
states in the SPT phases have been shown to be a useful resource to perform
universal quantum computation [113, 114].

3.1.1

Example: Toric Code Model

A simple example of topologically ordered phases is given by Kitaev’s toric code
model [50]. The toric code model is defined on a 2D spin lattice where each edge
of the lattice corresponds to a 12 -spin system (Fig. 3.2). The Hamiltonian of the
model is given by
X
X
H=−
Av −
Bp ,
(3.4)
v

p

with Av and Bp defined as
Av :=

O

Xvi , Bp :=

O

i

Zpi ,

(3.5)

i

where Xvi is the Pauli-X operator acting on edge vi which includes vertex v and
Zpi is the Pauli-Z operator acting on edge pi around face p.

𝑍
𝑋

𝑋

𝐴𝑣 𝑋

𝑍

𝐵𝑝 𝑍
𝑍

𝑋

Figure 3.2: The toric code on a square lattice. Av is the tensor product of Pauli-X
operator acting on spins (depicted as circles) around vertex v (the center of the
blue cross) and Bp is the tensor product of Pauli-Z operator acting around face p
(the red square).
Neighboring a face and a vertex share two edges and [Av , Bp ] = 0 holds for any
pair of v and p. Therefore, the ground states of the Hamiltonian are eigenstates
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of all interaction terms. The ground state degeneracy of the toric code model
depends on the topology of the system. If the system is defined on a 2D closed
manifold with genus g, the degeneracy is given by 4g . Since each Pauli operator
has ±1 eigenvalues, one ground state |ψi is obtained by
Y 1Iv + Av
√
|ψi =
|000....i ,
(3.6)
2
v
where |0i is the eigenstate of Z with eigenvalue +1.
Let us consider a string C consisting of connecting edges. Define a Z-string
operator WZ (C) as
O
WZ (C) :=
Ze ,
(3.7)
e∈C

where e is an edge on the string C (Fig. 3.3). In a similar way, we can define
a X-string operator WX (C̃) as the tensor product of X operators along a string
on the dual lattice (dual string). One can deform WZ (C) (WX (C̃)) by applying
Av (Bp ) operator neighboring the string, since a product of same Pauli operators
cancels out.
When C is a contractible loop, WZ (C) can be written as a product of Bp ,
and therefore hψ|WZ (C)|ψi = 1 for arbitrary loop C, buthψ|WZ (C)|ψi = 0 for
any open string C (A similar relation holds for a dual loop C̃ and WX (C̃)). In
this sense, we say that ground states of the toric code model exhibit multipartite
loop-like correlations. By expanding the product in Eq. (3.6), we obtain another
representation of the ground state in the form
1 X
|ci ,
(3.8)
|ψi = p
|E| c∈E
where E is the all possible loop configurations of X-strings, and |ci is a product
state where only spins along the loop are |1i and otherwise |0i. Thus, we can
regard the ground state as a “loop gas” (A similar expression exists for a dual
loop C̃ and WX (C̃)).
By applying the WZ (C) operator on an open string C, one can create a pair
of quasiparticle excitations on the two vertices at the endpoints of C (Fig. 3.3).
Quasiparticles created by the Z-string operator are called e-anyons. When we
apply WX (C̃), it creates a pair of anyons called m-anyons located at the endpoint
of the dual string C̃. A neighboring pair of e and m anyons is also considered
as another anyon, called -anyon. The existence of an e-anyon, which is created
by WZ (C), can be checked by performing a X-string operator on a dual loop
C̃ enclosing the anyon, since WZ (C) and WX (C̃) anticommutes each other. In
the same way, the existence of a m-anyon can be detected by a Z-string operator
enclosing the m-anyon. -anyons can be detected by using both types of operators.
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Figure 3.3: String operators in the toric code. The ground states in the toric code
exhibits loop-like correlations which are characterized by loop operators (the blue
and red closed loops). For a open-string, there are anyonic excitations at the end
points associating the type of the string. e-anyons (red circles) corresponding to
the Z-string operator appear at vertices, and m-anyons (blue circles) corresponding
to the X-string operator appear at faces. -anyons are a pair of neighboring e and
m-anyon (green circle).
When a system is defined on a 2D closed manifold with non-trivial topology,
e.g., a torus, C can be a non-contractible loop on the manifold. Then, WZ (C)
cannot be a product of Bp but still commutes with the Hamiltonian. Therefore,
the +1 eigenstates and −1 eigenstates of WZ (C) are orthogonal ground states.
The same argument holds for WX (C̃) and we obtain 4 orthogonal ground states
(Fig. 3.4). These states are unchanged when we deform C or C̃ in the same
homology class, and considering another homology class corresponds to a change
of the basis of the ground state subspace.
Toric Code as A Quantum Memory
A large obstacle to implement quantum information processing is decoherence
caused by interactions with the environment. When we perform large-scale quantum information-processing, we often need to create a complex entangled state
at some point. However, such complicated entanglement is extremely fragile and
collapses in very short-time. One idea to overcome this difficulty is encoding quantum information by using quantum error-correcting codes [115]. When an error
happens in the code, we can detect the existence of the error by performing a
so-called syndrome measurement without breaking the stored information. The
error is then corrected by performing appropriate error-corrections.
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Figure 3.4: The ground states in the toric code defined on a torus. A basis of
the ground subspace is given by the eigenstates of the non-contractible Z- and
X-loop operators (the red and blue loop). These eigenstates are unchanged when
we choose other loops which are in the same homotopy class. Another choice of
the homology class (the dashed loop) gives a different choice of the basis.

A notable property of degenerated ground states {|ψi i}i of the toric code on a
torus is
hψi |O|ψj i = CO δij ,

(3.9)

where O is an operator acting on a local (namely, not wrapping the torus) region
and CO is a constant depending on O. This is the condition of states being a
quantum error correcting code which is robust against local noises. In this sense,
the toric code is a quantum error-correcting code. We can encode quantum information as a ground state in the ground subspace of the toric code. An local
error creates a pair of excitations and the positions of the excitations can be detected by using Av and Bp . After the error detection, we annihilate the excitations
by performing appropriate string operators. The encoded information is changed
only if the creating and annihilating process make a non-contractible loop on the
manifold. Therefore, by taking the system size to be sufficiently large, the toric
code is a good candidate for storing of quantum information.
A system is called quantum self-correcting memory if we can preserve quantum
information in the system over a long time without actively performing syndrome
measurement and error corrections. This is related to thermal stability of topologically ordered phases, since their ground subspaces are good candidates for quantum
memories. Unfortunately, it has shown that a large class of exactly solvable models on 2D lattices are fragile against thermal noises [116, 117], while a variant of
the toric code in 4D spin lattice has shown to be a quantum self-correcting memory [118]. Investigating realizable quantum self-correcting memory is currently a
central problem in the field of quantum error-correction.
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Topological Entanglement Entropy and Entanglement Spectrum

Since topologically ordered phases do not allow classifications in terms of symmetry and local order parameters, we need a new way to characterize these phases.
One can clarify the existence of topologically order by checking their topological
degeneracy, anyonic excitations or edge states. Besides these methods, the topological entanglement entropy (TEE) [55, 54] is an indicator of topologically ordered
phases calculated by a reduced state of a ground state. The TEE is drawn from the
entanglement entropy of the ground state, and therefore information about phases
is understood to be contained in the reduced state of the ground state. The logarithm of the reduced state of some region is called the entanglement Hamiltonian
and its spectrum, called the entanglement spectrum (ES), has been investigated
as well for characterizing quantum phases [119]. In this section, we introduce the
TEE and the ES in more detail.

3.2.1

The Area Law of Entanglement and The Topological
Entanglement Entropy

As presented in Sec. 2.2.2, the universal measure of entanglement for pure bipartite
states is the entanglement entropy. Analyzing the entanglement entropy in manybody state provides a new way to characterize different phases. For a sufficiently
smooth region A, a ground state in a 2D gapped system typically obeys the area
law
S(A)ρ = α|∂A| − nA γ + o(1) ,
(3.10)
where α, γ are positive constants and nA is the number of disconnected boundaries
of A. o(1) comprises the corrections due to short-range correlations which vanishes
at the thermodynamic limit or fixed points of renormalization groups, such as
ground states of the toric code model [50] or the Levin-Wen models [76]. The
universal constant γ (or -γ) only depends on the phase of the states and called
the topological entanglement entropy [55]. In general, distinguishing the constant
γ from the value of the entanglement entropy contains ambiguity due to other
constant terms. To avoid this problem, one can extract the TEE by taking a
suitable linear combination of entropies of (at least) three subsystems. For regions
ABC depicted in Fig. 3.5, the topological entropy [54] is defined as
Stopo := S(AB)ρ +S(BC)ρ +S(CA)ρ −S(A)ρ −S(B)ρ −S(C)ρ −S(ABC)ρ . (3.11)
Note that Stopo = I(A : C|B)ρ when I(A : C)ρ = 0. When the state ρ obeys the
area law (3.10) and the boundary terms cancels out, the topological entropy is
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equivalent to the TEE up to a small correction, i.e.,
Stopo = nABC γ + o(1) .

(3.12)

In the following we call both quantities the topological entanglement entropy.
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Figure 3.5: Examples of regions used for calculating the topological (entanglement)
entropy given by Eq. (3.11). (a): a choice of region proposed in Ref. [55]. (b): a
choice of the region proposed in Ref. [54]. In the case of (b), Stopo is approximately
equivalent to conditional mutual information I(A : C|B) since I(A : C) ≈ 0 for
typical gapped ground states.
The value of the topological entanglement entropy is related to the corresponding anyon model. For several classes of gapped models, such as systems decribed
by topological quantum field theory (TQFT), it is proven that the topological
entanglement entropy is given by
s
X
γ = log2
d2i ,
(3.13)
i

where di is called the quantum dimension associated to anyon type i and the sum
is taken over all anyon types appearing in the model. When there exists a pair
of anyonic excitations labeled by a between a region A and its complement, the
area law is known to have an extra term log2 da due to entanglement shared by
the anyons [55, 120]. An operational interpretation of this extra term in terms of
entanglement distillation and dilution is discussed in Ref. [121].
Topologically ordered phases are often considered stable against weak local
perturbations. Although the rigorous definition of topologically ordered phases
is still arguable, the stability of the gap under these perturbations is rigorously
proven for one of the definitions [111]. The existence of loop operators are also
proven to be an universal property in the whole phase, i.e., the algebraic structure
of loop operators are preserved under any quasi-adiabatic evolution [122]. The
stability of the topological entanglement entropy is discussed in Ref. [47], and
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rigorously proven up to the first order of perturbation under reasonable assumptions. However, whether it is stable against all possible quasi-adiabatic evolutions
has been an important open problem. Actually, there exists a state in the trivial
phase with non-trivial topological entanglement entropy for a particular choice of
regions [65, 123].
As we discussed in the previous section, investigating thermal stability of topologically ordered phases is an important problem for not only condensed matter
physics but also quantum information science. In that situation, we need to consider mixed states as well. The entanglement entropy is a valid measure of entanglement only for pure states, and therefore we need an alternative quantity
instead of the TEE. In Ref. [64], the topological mutual information γI is introduced through the area law of the mutual information:
I(A : Ac ) = α|∂A| − γI + o(1) .

(3.14)

γI can be extracted by taking an appropriate linear combination of the mutual
information of subsystems as in Fig. 3.5, that is given by
γI =

X
X=AB,BC,CA

I(X : X c ) −

X

I(X : X c ) − I(ABC : (ABC)c ) .

(3.15)

X=A,B,C

At T = 0, the mutual information is equivalent to twice of the entanglement
entropy and therefore this is a generalization of the TEE for arbitrary temperature.
It has been observed for the toric code that the topological mutual information
survives in finite temperature with an appropriate limit of the system size and the
coupling constant.
While the TEE is originally introduced by considering the area law of the
entanglement entropy, it also appears in a measure of multipartite entanglement.
In Ref. [52], a function which is equivalent to the relative entropy of entanglement
are calculated for several gapped models where o(1) terms of the area law exactly
vanish. The authors of Ref. [52] divide the spin lattice supporting the system into
several blocks consisting of neighboring spins, and investigate the scaling property.
As a result, the authors found that the relative entropy of entanglement obeys the
area law with respect to the size of the blocks as
ER = cnb L − γ ,

(3.16)

where c is a constant, nb is the number of blocks and L is the size of each block.
Therefore, the TEE also appears as the constant term in the multipartite settings.
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3.2.2

Entanglement Hamiltonian and Entanglement Spectrum

The entanglement entropy is a single value function calculated from the spectrum
(or equivalently, the Schmidt coefficients) {λiA }i of the reduced state ρA on a region
A. Therefore, in principle the spectrum contains more information about the phase
than the entanglement entropy. Based on this idea, Li and Haldane proposed to
use the entanglement spectrum [119]
{ξi := − ln λiA }

(3.17)

to characterize the phase 3 . By definition, the entanglement spectrum is interpreted
as the spectrum of the entanglement Hamiltonian HA defined via
ρA = e−HρA .

(3.18)

Indeed, a remarkable observation has been obtained for FQHE states that the
low-energy part of the entanglement spectrum has one-to-one correspondence with
the low-lying physical edge-state spectrum described by CFT [119]. A substantial literature has been followed for chiral topologically ordered phases and SPT
phases [124, 125, 126, 127]. Note that nonchiral topologically ordered phases can
exhibit gapped boundaries [128] and the correspondence between the ES and the
edge physics is unclear [129].

3
In the original paper, the partition A, Ac is introduced in orbital degrees of freedom of
electrons.

Chapter 4
Topological Entanglement
Entropy and Multipartite
Correlations
As represented by the toric code model, ground states in topologically ordered
phases contains characteristic multipartite correlations in loop-like regions. The
main topic of this chapter is establishing information-theoretic characterization of
such multipartite correlations. The topological entanglement entropy (TEE) [55,
54] has been considered to be an indicator of the characteristic correlations in
topologically ordered phases [54]. Indeed, the TEE is equivalent to the topological
entropy defined in Eq. (3.11) that can be interpreted as a quantum analog of
the multivariate mutual information (Eq. (2.84)) of order 3 for a certain tripartite
region. The multivariate mutual information provides a decomposition of the total
correlation [91] into different levels, and the TEE represents the amount of 3rdorder correlations in this sense. However, several properties of the multivariate
mutual information, such as negativity, make difficult to interpret the value of this
function as the amount of a particular correlation (see also Sec. 2.3.1). Functions
in information theory often have a geometrical or operational meaning, but the
multivariate mutual information still lacks both meaning.
To address this issue, we investigate an alternative way to characterize the
“characteristic correlations” in topologically ordered phases. One candidate of
functions which properly quantify the characteristic correlations is the irreducible
correlation which has information-geometrical meaning [69, 70]. Indeed, the irreducible correlation has recently been investigated in topologically ordered systems
[74, 75] (see also Ref. [130] for a similar function developed independently). It has
observed that the highest-order irreducible correlation takes non-zero value in a
topologically ordered phases and moreover the value coincides to the TEE [75].
Although the TEE and the irreducible correlations are conceptually different, one
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can expect that they coincide under a particular setting, especially for gapped
ground states, as conjectured in Ref. [74, 75]. If this conjecture is true, we can
classify the characteristic correlations in topologically ordered phases in terms of
information-geometry and also affirm the fact that the TEE has been successfully
detect topologically ordered phases in variational models. However, under what
conditions the conjecture holds has not been clarified so far.
In this chapter, we show this conjecture holds for 2D many-body states with
exactly zero correlation length as ground states of exactly solvable gapped models.
These states can be interpreted as fixed-point of (spatial) renormalization flow,
and therefore reflect property of phases independent of local properties due to
non-zero correlation length. This property is suitable for our analysis, since we are
interested in the characteristic correlations which are considered to be a universal
property of topologically ordered phases. We will also discuss an extension to
states with finite correlation length in Sec. 4.4. Formally, a state with the “zero
correlation length” in this thesis refers to a state obeying a specific area law given
by
S(A)ρ = α|∂A| − nA γ ,
(4.1)
where α is independent of the choice of the region. This assumption of zero
correlation length implies that
(I) If two regions A and B are separated, then the reduced state is a product
state ρAB = ρA ⊗ ρB , i.e., I(A : B)ρ = 0.
(II) For a simply connected region ABC such that B separates A from C, I(A :
C|B)ρ = 0.
In the following, we assume these two conditions rather than the area law of
Eq. (4.1). Although our main concern is ground states, our results also hold for
mixed states. Note that assumption (II) implies assumption (I) if the whole state
is pure. This is because when (AB)c separates A from B, I(A : B)ρ = I(A :
B|(AB)c )ρ = 0 for separated regions A and B. Therefore, our results hold even
if the global state on the whole lattice is a mixed state, and only exploits the
properties of states, not the Hamiltonian.
In general, direct calculation of the irreducible correlation is a computationally
hard problem. However, assumption (II) indicates that certain reduced states
in a many-body system are quantum Markov chains. We overcome the difficulty
and show the conjecture by explicitly constructing the maximum entropy state by
using properties of quantum Markov chains. We further consider a finer partition
of the regions in which the topological entropy is defined and show that the TEE
is equivalent to the highest-order irreducible correlation in this case. As an application of this result, we show that the value of the TEE provides a restriction
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Figure 4.1: Examples of regions for our assumptions. (a): assumption (I) means
that the state has no correlation between A and B. (b): assumption (II) means
the reduced state on ABC is a Markov chain if B separates A from C.
to the ES of the half cylinder a spin lattice on a 2D cylinder. More precisely, we
show that the ES is equivalent to the spectrum of a short-range Hamiltonian when
the TEE is zero, while it is equivalent to the spectrum of a non-local Hamiltonian
otherwise. The non-locality of the ES has been also observed in by using the PEPS
formalism [131, 132], and we prove a correspondence between the value of the TEE
and this observation.
We also provide an operational characterization of the characteristic correlations in topologically ordered phases. In information theory, an operational meaning of a function is a fundamental concept linking the quantitative characterization
of a property and information processing. A function is said to have an operational
meaning when we can interpret the value of the function as a rate or efficiency of
some information theoretical task. Such an interpretation helps better understanding of the value of the function and provides new theoretical-tools. For a specific
class of states called stabilizer states [133], the irreducible correlation is known to
be equivalent to the asymptotic optimal rate of an information theoretical protocol
called secret sharing [134, 70]. Here, we use completely different technique used
in Refs. [134, 70] and show that the equivalence also holds for more general states
satisfying our assumptions. Combining with the equivalence between the TEE and
the irreducible correlation provides an operational meaning to the TEE.
This chapter is organized as follows. In Sec. 4.1, we calculate the irreducible
correlation and show that the highest-order irreducible correlation coincides to the
TEE. We also show an application of this result to the ES on a half cylinder. We
provide a proof of these result in Sec. 4.2. In Sec. 4.3, we show the equivalence
between the irreducible correlation and the optimal rate of a secret sharing protocol. The proof is given in Sec. 4.3.3. We extend results in Sec. 4.1 to states with
the finite correlation length in Sec. 4.4. Finally, we discuss our results in Sec. 4.5.
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The Irreducible Correlations in 2D Gapped
Ground States

Let us consider a many-body system defined on a 2D spin lattice. The TEE is then
defined on regions with appropriate tripartitions as depicted in Fig. 3.5. Recall
that the TEE can be written as
Stopo = S(AB)ρ + S(BC)ρ + S(CA)ρ − S(A)ρ − S(B)ρ − S(C)ρ − S(ABC)ρ .
The first result in this section is that if the many-body state satisfies assumptions
(I) and (II), the TEE is equivalent to the 3rd-order irreducible correlation of the
reduced state.
Theorem 6. If assumptions (I) and (II) are satisfied,
C (3) (ρABC ) = Stopo

(4.2)

for all choices of regions A, B and C as depicted in Fig. 3.5.
This result shows that at least for exactly solvable models, the TEE has a clear
information-geometrical meaning through the irreducible correlation, namely,
Stopo = inf S(ρkσ) .
σ∈E2

(4.3)

The irreducible correlations decompose the total correlation into the class of
correlations based on the order. Thus we obtain an explicit formula for the 2ndorder irreducible correlation as a corollary.
Corollary 7. Under the same setting of Theorem 6,
C (2) (ρABC ) = I(A : B)ρ + I(B : C)ρ + I(C : A)ρ ,

(4.4)

where the right hand side is I (2) , the multivariate mutual information of order 2.
We emphasize that in general the 2nd-order irreducible correlation is not the sum
of the mutual information of bipartite reduced states and the relation (4.4) is a
special property of ground states with zero correlation length.
The TEE can be generalized to more finer partitions. For instance, we can
divide an annular region into n subregions as depicted in Fig. 4.2. In this case,
the TEE γ is equivalent to Stopo which is defined as I (m) in Eq. (2.84). By using
the assumptions, it can be reduced to a simpler form of
Stopo =

n
X

(S(Xi Xi+1 )ρ − S(Xi )ρ ) − S(X1 ...Xn )ρ ,

(4.5)

i=1

where we set Xn+1 = X1 . We can also calculate the irreducible correlation of each
order for these cases.
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Theorem 8. If assumptions (I) and (II) are satisfied, we have
Pm

k = 2,
 i=1 I(Xi : Xi+1 )ρ
(k)
C (ρ) = 0
2 < k < m,


Stopo
k = m.

(4.6)

for regions depicted in Fig. 4.2.
Therefore, the highest-order irreducible correlation is the TEE. This result is
a generalization of the previously obtained results on the irreducible correlation
of the toric code model [75]. Theorem 8 shows that in ground states of gapped
exactly solvable models, the total correlation contained in the region is divided to
the correlations caused by nearest-neighbor (bipartite) interactions and that by
genuinely m-body correlations.

𝑎

𝑏
𝑿𝒎

𝑿𝟏 𝑿𝟐

𝑿𝒎−𝟏

𝑿𝟑

𝑿𝒎

𝑿𝟏 𝑿𝟐

𝑿𝟑

𝑿𝒎−𝟏

𝑿𝒌

𝑿𝒌

Figure 4.2: Examples of regions with finer partitions. Note that we arrange regions
X1 X2 ...Xm in a cyclic way.
The non-zero value of C (m) (ρ) implies that there exists a non-local operator
whose expectation value does not match to the expectation value of the maximum
entropy state constructed from reduced states. Using the information-geometrical
definition of the irreducible correlation, Eq. (4.6) implies that the reduced state
ρX in the region can be written as
ρX = e−H2 −Hm ,

(4.7)

where H2 is a nearest-neighbor Hamiltonian and Hm is a m-body operator. If
Stopo > 0, the expectation value hHm iρ is different from the expectation values for
(m−1)
ρ̃X
, and therefore it cannot be estimated by the maximum entropy principle.
The globalness of log2 ρABC is also discussed in Ref. [135] under the setting of
an approximate version of assumption (II). In Ref. [135], an operator
HA:C|B := log ρABC − log ρAB − log ρBC + log ρB

(4.8)
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is found to have a small correlation hHA:C|B , Xi − hHA:C|B ihXi for any local operator X supported on one of A, B and C. Our result provides a finer analysis of
the structure of log ρABC under more strict conditions.
Since the expectation value of the non-local operator cannot be determined
locally, it can be used to encode a “secret” which is hidden from parties having
only local information of the state. We will discuss an application of this property
to secret-sharing protocols in Sec. 4.3.

4.1.1

Relation to Entanglement Spectrum of A Cylinder

As an application, we connect the results in Sec. 4.1 to the ES of a ground state
defined on a cylinder. In Refs. [131, 132], the ES of a region wrapping a cylinder
has studied by the PEPS formalism [39]. It has been observed that the ES of
a ground state in the topologically trivial is given by the spectrum of a shortrange Hamiltonian acting on the virtual boundary. If the ground state is in a
topologically ordered phase, the ES is the spectrum of a Hamiltonian containing
universal (i.e., independent of local properties of the system) non-local interactions.
These results reveal a new structural characterization of the ES apart from the
original work of the entanglement spectrum by Li and Haldane [119].
Here, we consider a similar setting outside of the PEPS formalism, and show
that a similar property holds under our assumptions (I) and (II). We further show
that the value of the TEE of the wrapping region characterizes the non-locality of
the ES.
Let us consider a system as depicted in Fig. 4.3. We are interested in the ES
of the half cylinder, i.e., the spectrum of the entanglement Hamiltonian
HρY := − ln ρY .

(4.9)

To measure the difference between entanglement Hamiltonians, we introduce a
“weighted norm”
 1 1 
(4.10)
kAkρ := Tr |ρ 2 Aρ 2 |
which is a proper norm only for operators on the support of ρ. We denote the set
of all bounded nearest-neighbor Hamiltonians by
(
)
n
X
Enn := H =
HXi Xi+1 .
(4.11)
i=1

Note that Enn is a subset of E2 defined in Sec. 2.3.1. For a pure bipartite states,
the spectrum of the reduced state on a subsystem matches the spectrum on the
complement. This property leads to the following theorem.
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Figure 4.3: A 2D spin lattice on a cylinder. We choose m = Θ (|X|/(log2 |X|)2 ).
The horizontal length of Y and Y 0 can be arbitrary large. The region X can be
viewed as a 1D “boundary” of Y if we divide the cylinder into two halves.
Theorem 9. Suppose that a pure state ρ = |ψihψ|Y XY 0 defined on the cylinder
depicted in Fig. 4.3 satisfies assumption (I) and (II). Moreover, we assume that
the system obeys the reflection symmetry such that
ρY = ρY 0 .

(4.12)

Then, there exists a Hamiltonian HX on X = X1 ...Xm such that for any Λ > 0,
it holds that

λ Hρ(2)
= λ(HX ) ,
(4.13)
Y
where
Hρ(2)
= HρY ⊗ I + I ⊗ HρY
Y

(4.14)

acting on HY⊗2 . Moreover, HX satisfies
inf

H 0 ∈Hn−1

kHX − H 0 kρ =

inf

H 0 ∈Hnn

kHX − H 0 kρ = Stopo .

(4.15)

Proof. Since |ψY XY 0 i is pure, it holds that
λ(ρY Y 0 ) = λ(ρX ) .

(4.16)

I(Y : Y 0 )ρ = I(Y : Y 0 |X)ψ = 0 .

(4.17)

Assumption (II) implies

Therefore, ρY Y 0 = ρ⊗2
and by taking the logarithm of both sides, we obtain
Y
Eq. (4.13). Equation (4.15) follows from Theorem 8.
Theorem 9 implies that in topologically ordered phases, the (double of) ES on
Y is the spectrum of some non-local Hamiltonian defined on the “boundary” X. In
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other words, there exists an isometry V converting HρY defined on a 2D system to
a 1D non-local Hamiltonian. The value of γ (and therefore Stopo ) depends on not
only the type of the topological order, but also on the choice of the ground state
for non-contractible region, e.g., region X presented in Fig. 4.3 or a similar region
on a torus [136]. Moreover, there exists a specific choice of the ground state of the
topological model with vanishing TEE on a such region [136]. Our theorem implies
that even in a topologically ordered phase, the non-local part of HX disappears
and the ES coincides to the spectrum of a short-range Hamiltonian if we choose
this kind of ground states. The disappearance of the non-local part has also been
observed in the analysis of the PEPS formalism [132], though completely different
method.

4.2

Proof: The Irreducible Correlation in States
with Zero Correlation Length

In this section, we provide a proof for the main theorems presented in the previous
section. We first show the proof of Theorem 6 for regions with partitions depicted
by Fig. 4.4(b), which we call the Levin-Wen type partition. The proof explicitly
exploits the structure of quantum Markov chains discussed in Sec. 2.2.3. Then
we show the proof for the regions with another type of partitions depicted by
Fig. 4.4(a), the Kitaev-Preskill type partition, in a slightly different procedure.
The sketch of the proofs is as follows. We first divide each subregion that connects
two different subregions into two halves (see Fig. 4.4(a0 ) and (b0 )). Then, each
reduced state on three consecutive regions becomes a quantum Markov chain due
to assumption (II). We then construct a global state by “merging” such local
Markov states. Since the global state is constructed from local reduced states of
the original state, it is a candidate for the maximum entropy state. Indeed, we
prove that the constructed state is the maximum entropy state with the same local
reduced state as the original. The entropy of the maximum entropy state can be
calculated by a property of quantum Markov chains which establishes the theorem.

4.2.1

Levin-Wen Type Partitions

Proof. Let us consider regions as depicted in Fig. 4.4. From assumption (I), we
have I(A : C)ρ = 0 and thus Stopo = I(A : C|B)ρ . By dividing region B as
in Fig. 4.4(b0 ), we obtain that I(A : B2 |B1 )ρ = 0 and I(B1 : C|B2 )ρ = 0 by
assumption (II). From the property of quantum Markov chains (2.47), there exist
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Figure 4.4: Regions with appropriate divisions. To prove the main theorems, we
divide regions (a) and (b) into (a0 ) and (b0 ), respectively.
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recovery maps ΛB1 →AB1 and ΛB2 →B2 C such that
ρAB1 B2 = ΛB1 →AB1 (ρB1 B2 ) ,

ρB1 B2 C = ΛB2 →B2 C (ρB1 B2 ) .

(4.18)

We obtain a global state on ABC as
ρ̃ABC := ΛB2 →B2 C (ρAB )
= ΛB1 →AB1 (ρBC )
= ΛB1 →AB1 ◦ ΛB2 →B2 C (ρB ) .

(4.19)
(4.20)
(4.21)

We now show that all bipartite reduced states of ρ̃ABC are same as ρABC . Since
TrC commutes with ΛB1 →AB1 , it immediately follows that
ρ̃AB = ΛB1 →AB1 ◦ TrC (ρBC ) = ΛB1 →AB1 (ρB1 B2 ) = ρAB .

(4.22)

Similarly, ρ̃BC = ρBC . From assumption (I), we also have I(A : B2 )ρ = 0 and
therefore
ρ̃AB2 C = TrB1 ◦ ΛB2 →B2 C (ρAB1 B2 )
= ΛB2 →B2 C (ρA ⊗ ρB2 )
= ΛB2 →B2 C (ρA ⊗ TrB1 ρB1 B2 )
= ρA ⊗ TrB1 ◦ ΛB2 →B2 C (ρB1 B2 )
= ρA ⊗ ρB2 C .

(4.23)
(4.24)
(4.25)
(4.26)
(4.27)

(2)

Thus, ρ̃AC = ρA ⊗ ρC = ρAC and ρ̃ABC ∈ Cρ .
ρ̃ABC is a quantum Markov chain conditioned on B, since ρ̃ABC = ΛB2 →B2 C (ρAB ) =
ΛB2 →B2 C (ρAB ) (see Sec. 2.2.3). Quantum Markov chains saturate strong subadditivity (2.35), therefore
S(ABC)ρ̃ = S(AB)ρ̃ + S(BC)ρ̃ − S(B)ρ̃
= S(AB)ρ + S(BC)ρ − S(B)ρ .

(4.28)
(4.29)

(2)

Due to strong subadditivity of an arbitrary state σABC ∈ Cρ implies
S(ABC)σ ≤ S(AB)σ + S(BC)σ − S(B)σ
= S(AB)ρ + S(BC)ρ − S(B)ρ
= S(ABC)ρ̃ .

(4.30)
(4.31)
(4.32)

(2)

Therefore, ρ̃ABC is the maximum entropy state in Cρ . The 3rd-order irreducible
correlation of ρABC is calculated as
C (3) (ρABC ) = S(ABC)ρ̃ − S(ABC)ρ
= I(A : C|B)ρ
= Stopo ,
where we used Eq. (4.29) in the second line. Thus completes the proof.

(4.33)
(4.34)
(4.35)
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L
For later convenience,
we show that there exist decompositions HB1 = i HB1iL ⊗
L
L ⊗ HB R such that ρ̃ABC can be decomposed as
HB1iR and HB2 = j HB2j
2j
ρ̃ABC =

M

L ⊗ ρB R C .
pB1 (i)pB2 (j|i)ρAB1iL ⊗ ρB1iR B2j
2j

(4.36)

i,j

Since I(B1 : C|B2 )ρ = 0, there exists a decomposition
M
L ⊗ ρB R C .
ρBC =
pB2 (j)ρB1 B2j
2j

(4.37)

j
L ⊗ HB R
We denote the orthogonal projector on HB1iL ⊗ HB1iR by ΠiB1 and on HB2j
2j

by ΠjB2 . From I(A : B2 |B1 )ρ = 0, ρAB is decomposed as
M
ρAB =
pB1 (i)ρAB1iL ⊗ ρB1iR B2 ,

(4.38)

i

and therefore
ρB =

M

pB1 (i)ρAB1iL ⊗ ρB1iR B2 .

(4.39)

i

Let us consider a CPTP-map P : S(HB ) → S(HB ) defined as
M
 j

j
RC Π
RC .
P(σB ) =
TrB2j
B2 σB1 ΠB2 ⊗ ρB2j

(4.40)

j

Since P(ρAB ) = ρAB by construction, it holds that
ρAB = P(ρAB )
h
i
M
R .
R
=
pB1 (i)ρAB1iL ⊗ TrB2j
ΠjB2 ρB1iR B2 ΠjB2 ⊗ ρB2j

(4.41)
(4.42)

i,j

For any i and j,
h
i
i
h
j
j
j
j
Tr ΠB2 ρB1iR B2 ΠB2 = Tr ρB1iL ⊗ ΠB2 ρB1iR B2 ΠB2


= Tr ΠiB1 ΠjB2 ρB1 B2 ΠjB2 ΠiB1 /pB1 (i)
= pB2 (j|i) .

(4.43)
(4.44)
(4.45)

By setting
h
i
j
j
L := TrB R
R
pB2 (j|i)ρB1iR B2j
Π
ρ
Π
B2 B1i B2 B2 ,
2j

(4.46)

we see that
ρAB =

M
i,j

L ⊗ ρB R .
pB1 (i)pB2 (j|i)ρAB1iL ⊗ ρB1iR B2j
2j

(4.47)
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We have

ρBC =

M

L ⊗ ΛB2 →B2 C (ρB R ) ,
pB2 (j)ρB1 B2j
2j

(4.48)

j

since ΛB2 →B2 C only acts on B2R . Thus
R ) = ρB R C
ΛB2 →B2 C (ρB2j
2j

(4.49)

follows from Eq. (4.37). Finally, we obtain Eq. (4.36) by performing ΛB2 →B2 C to
ρAB in Eq. (4.47).

4.2.2

Kitaev-Preskill Type Partitions

The proof for Kitaev-Preskill type partitions is more involved since it contains a
cyclic structure. In this case, we only use the direct sum structure of quantum
Markov chains rather than the recovery maps used in the case of Levin-Wen type
partitions.
Proof. We divide all three subregions into two halves as in Fig. 4.4(a0 ). It is
convenient to denote A1 , A2 , B1 , ...C2 by X1 , X2 , X3 , ...X6 interchangeably in this
case. Due to the periodicity of these regions, we also set X7 ≡ X1 . For any
neighboring regions Xi−1 Xi Xi+1 , the reduced state is a quantum Markov chain
conditioned
on Xi . Therefore, for each i, there exists a decomposition HXi =
L
R
L
ji HXi (ji ) ⊗ HXi (ji ) such that the reduced state ρXi−1 Xi Xi+1 can be decomposed
as
M
L
R
,
(4.50)
pi (ji )ρXi−1 Xi(j
⊗ ρXi(j
ρXi−1 Xi Xi+1 =
X
)
) i+1
i

ji

i

where {pi (ji )}ji is a probability distribution. We denote the orthogonal projector
(i)
L
R
on HX
⊗ HX
by Πji .
i (ji )
i (ji )
(2)

Our goal is to show that the maximum entropy state in Cρ can be written as
M
ρ̃ABC =
p1 (i1 |i6 )p2 (i2 |i1 ) · · · p6 (i6 |i5 )×
i1 ,...,i6

ρAR1(i
(j)

1)

AL
2(i

2)

(j−1)

⊗ ρAR2(i

2)

L
B1(i

3)

R
⊗ · · · ⊗ ρC2(i

(j−1)

6)

AL
1(i

1)

,

(4.51)

where pj (ij |ij−1 ) = Tr(Πij Πij−1 ρABC )/Tr(Πij−1 ρABC ). As long as it is clear from
the context, we omit the lower index for the probabilities pj (ij , ij−1 ) and simply
write p(ij , ij−1 ).
We first show that the cyclic products p(i1 |i6 ) · · · p(i6 |i5 ) form a probability
distribution (i.e., ρ̃ABC is a quantum state) under assumption (I) and (II). The
non-negativity is clear because each conditional probability is non-negative. We
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further restrict the domain indices so that the whole distribution is strictly positive.
The normalization condition can be shown by the following calculation:
X
p(i1 |i6 )p(i2 |i1 ) · · · p(i6 |i5 )
(4.52)
i1 ,...,i6

P
X  i p(i6 |i1 )p(i2 |i1 )p(i1 ) 
1
=
p(i3 |i2 ) · · · p(i6 |i5 )
p(i
)
6
i2 ,...,i6
!
X X p(i6 , i1 , i2 )
p(i3 |i2 ) · · · p(i6 |i5 )
=
p(i6 )
i ,...,i
i
2

6

(4.53)

(4.54)

1

X p(i6 , i2 )
=
p(i3 |i2 ) · · · p(i6 |i5 )
p(i
)
6
i2 ,...,i6
X
=
p(i2 )p(i3 |i2 ) · · · p(i6 |i5 )

(4.55)
(4.56)

i2 ,...,i6

=

X

p(i3 )p(i4 |i3 )p(i5 |i4 )p(i6 |i5 ) = · · · = 1 .

(4.57)

i3 ,...,i6

Here we used the Bayes rule p(i|j) = p(j|i)p(i)/p(j) in the first line. In the second
line, we used that p(i6 , i1 , i2 ) = p(i1 )p(i6 |i1 )p(i2 |i1 ), which follows since ρC2 A1 A2 is
a quantum Markov chain with a decomposition:
M
(4.58)
ρ C2 A 1 A 2 =
p(i1 )ρC2 AL1(i ) ⊗ ρAR1(i ) A2
1

1

i1

and therefore a measurement of i6 is conditionally independent of i2 . The fourth
equality follows from p(i6 , i2 ) = p(i6 )p(i2 ), which holds since I(C2 : A2 )ρ = 0.
(2)
Next, we show that ρ̃ABC ∈ Cρ . To do so, we first decompose ρAB as
M
L
R
⊗ ρB1(i
(4.59)
ρAB =
p(i2 )p(i3 |i2 )ρA1 AL2(i ) ⊗ ρAR2(i ) B1(i
B .
)
) 2
i2 ,i3

2

2

3

3

This follows from the same argument deriving Eq. (4.36) and the fact that ρAB
is the maximum entropy state on a tripartite system A1 (A2 B1 )B2 since it is a
quantum Markov chain satisfying I(A1 : B2 |A2 B1 )ρ = 0. In a similar way, we have
decompositions
M
L
R
R
ρBC =
p(i4 )p(i5 |i4 )ρB1 B2(i
⊗ ρB2(i
⊗ ρC1(i
(4.60)
CL
C
)
) 1(i )
) 2
i4 ,i5

4

4

5

5

and
ρAC =

M
i6 ,i1

L
R
p(i6 )p(i1 |i6 )ρC1 C2(i
⊗ ρC2(i
)
6

6)

AL
1(i

1)

⊗ ρAR1(i

1)

A2

.

(4.61)
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Without loss of generality, we focus on proving ρ̃AB = ρAB in the following, since
the same arguments can be applied to systems BC and CA owing to the symmetry
of the problem. We can obtain a finer decomposition by considering a measurement
(i)
corresponding to projections Πji . For instance, by decomposing C1 into C1L and
C1R , Eq. (4.61) can be written as
ρAC =

M

L
R
p(i6 )p(i1 |i6 )p(i5 |i6 )ρC1(i
⊗ ρC1(i
)

5)

5

i5 ,i6 ,i1

L
C2(i

6)

R
⊗ ρC2(i

6)

AL
1(i

1)

⊗ ρAR1(i

1)

A2

.

(4.62)
By tracing out C1R C2 A2 from Eq. (4.61) 1 , we obtain that
ρ A1 C =

M

L
p(i5 , i6 )ρC1(i
⊗ ρiA61 ,
)

where ρiA6L

1(i1 )

R
:= TrC2R ρC2(i

6

AL
) 1(i

1)

(4.63)

5

i5 ,i6

and ρiA61 :=

L

i1

p(i1 |i6 )ρiA6L

1(i1 )

ρiA61

⊗ρAR1(i ) . Since I(C1 :
1

A1 )ρ = 0, it must be that p(i5 , i6 ) = p(i5 )p(i6 ) or
= ρA1 . Similarly, I(B2 :
L
i5
L
C2 )ρ = 0 leads to either p(i5 , i6 ) = p(i5 )p(i6 ) holds or ρB2 := i4 p(i4 |i5 )ρB2(i
⊗
)
ρiB5R

2(i4 )

4

is independent of i5 , where ρiB5R

R
:= TrC1L ρB2(i

2(i4 )

CL
4 ) 1(i5 )

.

If p(i5 , i6 ) = p(i5 )p(i6 ) holds, then
ρA =

M

p(i6 )p(i1 |i6 )p(i2 |i1 )ρiA6L

1(i1 )

i6 ,i1 ,i2

=

M

⊗ ρAR1(i

1)

AL
2(i

2)

⊗ ρAR2(i

2)

p(i2 )ρA1 AL2(i ) ⊗ ρAR2(i ) .
2

i2

(4.64)
(4.65)

2

ρB has a similar decomposition and therefore
ρB =

M

L
R
p(i5 )p(i4 |i5 )p(i3 |i4 )ρB1(i
⊗ ρB1(i
)

i3 ,i4 ,i5

=

M
i3

1

L
R
p(i3 )ρB1(i
⊗ ρB1(i
)
3

The partial trace over C1R from HC1 =
HC R from each direct sum component.
1(i5 )

3)

3

3)

L

B2

i5

L
B2(i

.

4)

⊗ ρiB5R

(4.66)

2(i4 )

(4.67)

HC L

1(i5 )

⊗ HC R

1(i5 )

is performed by tracing out
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Since p(i6 |i5 ) = p(i6 ), from Eq. (4.64) and Eq. (4.2.2) it holds that
M
ρ̃AB =
p(i1 |i6 )p(i2 |i1 ) · · · p(i5 |i4 )p(i6 )
i1 ,...,i6

× ρiA6L

1(i1 )

M

=

⊗ ρAR1(i

1)

AL
2(i

⊗ ρAR2(i

2)

2)

R
⊗ ρB1(i

L
B1(i

3)

p(i2 )p(i3 |i2 )p(i4 |i3 )p(i5 |i4 )ρA1 AL2(i ) ⊗ ρAR2(i
2

i2 ,...,i5

2)

3)

L
B2(i

L
B1(i

3)

4)

⊗ ρiB5R

(4.68)

2(i4 )

R
⊗ ρB1(i

3)

L
B2(i

4)

⊗ ρiB5R

2(i4 )

(4.69)
M

=

p(i5 )p(i4 |i5 )p(i3 |i4 )p(i2 |i3 )ρA1 AL2(i ) ⊗ ρAR2(i
2

i2 ,...,i5

2)

L
B1(i

3)

R
⊗ ρB1(i

3)

L
B2(i

4)

⊗ ρiB5R

2(i4 )

(4.70)
=

M

p(i3 )p(i2 |i3 )ρA1 AL2(i ) ⊗ ρAR2(i

2)

2

i2 ,i3

R
⊗ ρB1(i

L
B1(i

3)

3)

(4.71)

B2

= ρAB .

(4.72)

Here the third line follows from the Bayes rule p(i)p(j|i) = p(j)p(i|j).
If ρiA61 = ρA1 and ρiB52 = ρB2 hold, a simple calculation shows
M
ρ̃AB =
p(i1 )p(i2 |i1 ) · · · p(i4 |i3 )ρAL1(i ) ⊗ ρAR1(i ) AL2(i )
1

i1 ,...,i4

⊗ ρAR2(i

2)

=

M

L
B1(i

3)

R
⊗ ρB1(i

3)

L
B2(i

4)

R
⊗ ρB2(i

(4.73)
2)

2

R
⊗ ρB1(i

3)

M

L
B2(i

4)

L
B1(i

3)

R
⊗ ρB2(i

(4.74)

4)

p(i2 )p(i3 |i2 )ρA1 AL2(i ) ⊗ ρAR2(i

2)

2

i2 ,...,i3

2

4)

p(i2 )p(i3 |i2 )p(i4 |i3 )ρA1 AL2(i ) ⊗ ρAR2(i

i2 ,...,i4

=

1

L
B1(i

3)

R
⊗ ρB1(i

3)

B2

= ρAB .

(4.75)
(4.76)

Note that in the first equality we used
X
p(i1 |i6 )p(i2 |i1 )p(i3 |i2 )p(i4 |i3 )p(i5 |i4 )p(i6 |i5 )
i5 ,i6

= p(i2 |i1 )p(i3 |i2 )p(i4 |i3 )

X

= p(i2 |i1 )p(i3 |i2 )p(i4 |i3 )

X

p(i1 |i6 )p(i5 |i4 )p(i6 |i5 )

(4.77)

i5 ,i6

p(i1 |i6 )/p(i4 )

i6

= p(i2 |i1 )p(i3 |i2 )p(i4 |i3 )

X
i6

X

p(i5 )p(i4 |i5 )p(i6 |i5 )

(4.78)

p(i4 , i5 , i6 )

(4.79)

i5

p(i1 |i6 )/p(i4 )

X
i5
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= p(i2 |i1 )p(i3 |i2 )p(i4 |i3 )

X

= p(i2 |i1 )p(i3 |i2 )p(i4 |i3 )

X

p(i1 |i6 )p(i6 )

(4.80)

p(i1 , i6 )

(4.81)

i6

i6

= p(i1 )p(i2 |i1 )p(i3 |i2 )p(i4 |i3 ) .

(4.82)

Here, the fourth line follows from p(i4 , i6 ) = p(i4 )p(i6 ).
Finally, it remains to show that ρ̃ABC is the maximum entropy state. We
express ρ̃ABC in a more convenient form by defining new indices a = (i1 , i2 ), b =
(i3 , i4 ) and c = (i5 , i6 ) so that
M
(4.83)
ρ̃ABC =
p(a|c)p(b|a)p(c|b)ρARa BbL ⊗ ρBbR CcL ⊗ ρCcR ALa .
a,b,c

We define the Hamiltonian HABC := HAB + HBC + HCA , where
X
ln[p(b|a)ρARa BbL ] ,
HAB = −

(4.84)

a,b

HBC = −

X

ln[p(c|b)ρBbR CcL ] ,

(4.85)

ln[p(a|c)ρCcR ALa ] .

(4.86)

b,c

HAB = −

X
a,c

rI

It is clear that ρ̃ABC = e−HABC and hence ρ̃ABC ∈ E 2 . This guarantees that ρ̃ABC
is the maximum entropy state (see Sec. 2.3.1).
The entropy of ρ̃ABC is calculated through the formula

 


X

S(ABC)ρ̃ = H(ABC)p +
p(a, b, c) S ρARa BbL + S ρBbR CcL + S ρCcR ALa
a,b,c

(4.87)
and decompositions
ρ̃AB = ρAB =

M

p(a, b)ρALa ⊗ ρARa BbL ⊗ ρBbR ,

(4.88)

a,b

which follows from Eq. (4.83) and independence of the reduced states from tracedout labels. As result, we obtain
S(ABC)ρ̃ = S(AB)ρ + S( BC)ρ + S(CA)ρ − S(A)ρ − S(B)ρ − S(C)ρ ,
which completes the proof.

(4.89)
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Proof of Theorem 8

Theorem 8 is proved in a similar way to the proof for the Kitaev-Preskill type
partition. We divide each region Xi into two halves and relabel the 2m regions by
X̃i , where i = 1, ..., 2m. In the same way to Eq. (4.51), we can show that ρ̃(m−1)
can be written as
M
(m−1)
ρ̃X
=
p1 (i1 |i2m )p2 (i2 |i1 ) · · · p2m (i2m |i2m−1 )×
i1 ,...,i2m

ρX̃ R

1(i1 )

(m−1)

L
X̃2(i

2)

⊗ · · · ⊗ ρX̃ R

2m(i2m )

L
X̃1(i

1)

.

(4.90)

(2)

ρ̃X
is equal to ρ̃X , since it can be written as the Gibbs state of a nearestneighbor Hamiltonian. Therefore, from the 3nd to the (m − 1)th order irreducible
correlation are zero. The value can be calculated through the direct sum decomposition of ρ̃(m−1) in the same way as in Eq. (4.89).

4.3

Equivalence to The Optimal Rate of A Secret
Sharing Protocol

In this section, we provide an operational meaning to the TEE as the asymptotic
optimal rate of a secret sharing protocol, by using the explicit structures of the
maximum entropy states revealed in Sec. 4.2. Another analysis of a relation between the TEE and secret sharing has been investigated in the thermodynamic
limit of the toric code by using operator algebras [137]. Note that in this work,
the authors consider abelian models and different geometry of regions.
We first review what secret sharing protocols are in Sec. 4.3.1, and then introduce our setting and the main result of this section. In Sec. 4.3.4, we show an
explicit encoding scheme for the toric code model by using loop operators, which
can be generalized to all abelian quantum double models [50].

4.3.1

Secret Sharing Protocol

A secret sharing protocol is a protocol for distributing a secret message amongst
players such that only allowed groups of players can read out the shared secret. It is
first proposed by Shamir [138] and Blakley [139] in classical information theory, and
quantum secret sharing was introduced by Hillery, Buzek and Berthiaume [140]. In
quantum secret sharing, a secret is given by either a classical message or quantum
state being distributed to multiple quantum systems.
There are mainly two classes of secret sharing protocols, called threshold schemes
and ramp schemes. In a threshold scheme, groups which are forbidden to read secret cannot obtain any information about the secret, while in a ramp scheme they
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can obtain partial information. A simple example of a threshold secret sharing
is constructed by using a k-degree polynomial function f (x). For some values
{xi }ni=1 , one can distribute a secret, for example the value of f (0), by sending
f (xi 6= 0) to n players. They can determine the function (and therefore the secret
as well) if and only if more than k players collaborate together, otherwise they
cannot obtain any information about f (0).
Traditionally, it is important to find particular distributions or quantum states
to implement secret sharing protocols satisfying certain properties. In this thesis,
in contrast, we employ a secret sharing protocol to characterize multipartite correlations contained in a given state. In this scenario, multipartite correlations are
regarded as a resource to encode secrets.
For so-called stabilizer states [133], the irreducible correlation is shown to be
written in terms of the asymptotic optimal rate of a particular type of secret
sharing protocols [134, 70]. A key idea behind this equivalence is that if a state
contains information which cannot be determined from information of (k − 1)partite reduced states, we can use such information as a secret hiding from (k − 1)
parties. Actually, the total correlation is shown to coincide to the optimal rate of
a secret sharing protocol, where secrets are encoded by local unitaries and hidden
from any player who only has access to the reduced state on one subsystem [143].
Example 10. Let us consider the GHZ-state |GHZ3 i for example. It is easy to
show that |GHZ3 i and (Z ⊗ I ⊗ I)|GHZ3 i are orthogonal each other, but have
exactly the same bipartite reduced states. Therefore, we can encode a secret bit
a ∈ {0, 1} to the GHZ state by performing Z a , where a is hidden from all players
who can only access to any two of three subsystems. Moreover, we can encode secret
bits b, c, which are hidden from one subsystem but not two, by applying I ⊗ X b ⊗ I
and I ⊗ I ⊗ X c . This is consistent to the irreducible correlation of the GHZ state:
C (3) (GHZ3 ) = 1 , C (2) (GHZ3 ) = 2 .

4.3.2

(4.91)

Setting and Main Result

We quantify the maximal asymptotic rate R of secret bits that can be encoded
and shared by using an infinite number of copies of a given resource state ρABC .
Let us fix the number of copies N > 0. The sender chooses a secret message m
from MN = {1, ..., |MN |} and encodes it in the N copies of the tripartite state
N
according to a code-book {ρN
m }. Here, we regard ρm is a state on a tripartite
system in which each subsystem contains N copies of original A, B or C. Each
⊗N
†
N
code state ρN
m is given by a state of the form ρm = Um ρABC Um , which satisfies
(2)
N
ρN
m ∈ Cρ⊗N . The sender then distributes the encoded state ρm to three receivers
associated to (N copies of) A, B and C.

4.3. EQUIVALENCE TO THE OPTIMAL RATE OF A SECRET SHARING
PROTOCOL

56

Since the bipartite reduced states of all code states are equal to the one of
the encoded secret m can be read out only when all three receivers cooperate together. To read the secret, they need to perform a global POVM mea(N )
surement {Λm }. The probability to falsely decode the message m is given by
(N )
pN (m) = Tr{(1I − Λm )ρN
m }, and we denote the maximum error probability by
N
N
pmax = maxm p (m).
We say a secret sharing rate r(ρABC ) for ρABC is achievable if there exist an
appropriate encoding method and a POVM such that |MN | = 2N (r(ρABC )−δ) and
pN
max ≤  for any δ,  > 0 and sufficiently large N > 0. The optimal secret sharing
rate r(ρABC ) is obtained via the Holevo-Schumacher-Westmoreland theorem [141,
142]:


ρ⊗N
ABC ,


1 
⊗N 
max S ρN
ABC − S(ρABC ) ,
(2)
N →∞ N
N
ρ ∈C ⊗N

r(ρABC ) = lim

(4.92)

ρ

where the maximum is over all uniformly distributed ensembles
ρN
ABC =

X 1
†
Um ρ⊗N
ABC Um
MN
m

(4.93)

(2)

†
satisfying Um ρ⊗N
ABC Um ∈ Cρ⊗N for all m = 1, ...MN . Here, the uniform distribution
is needed to avoid a bias in the choice of the secret message.
Our main result in this section is the equivalence of the 3rd-order irreducible
correlation to the optimal secret sharing rate r(ρABC ):

Theorem 11. Under the setting of Theorem 6, the equality
r(ρABC ) = C (3) (ρABC )

(4.94)

holds. From Theorem 6, it implies
Stopo = r(ρABC ) .

4.3.3

(4.95)

Proof: The Equivalence Between TEE and Optimal
Secret Sharing Rate

The techniques of the proof are generalization from the proof for the bipartite case
in Ref. [143], in which the irreducible correlation is shown to match the mutual
information.
Proof. We first prove Theorem 11 for the case of a region with the Levin-Wen type
partition. We will then generalize the proof to the other cases. By assumption
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(2)

and the proof of Theorem 6 in Sec. 4.2, the maximal entropy state ρ̃ABC is equal
to a quantum Markov chain which can be decomposed as
M
(2)
pi ρABiL ⊗ ρBiR C ,
(4.96)
ρ̃ABC =
i

associated to decompositions of HB1 and HB2 .
Consider the spectral decomposition of ρABiL ,
X
i
ρABiL =
λKi ΠK
,
AB L

(4.97)

i

Ki
i
where ΠK
is the projector on the eigenspace corresponding to eigenvalue λKi .
AB L
i

i
More explicitly, ΠK
can written as
AB L
i

i
ΠK
ABiL

=

dKi
X

|Ki , mKi ihKi , mKi |ABiL ,

(4.98)

mKi =1

where |Ki , mKi i are an orthonormal basis of the eigenspace of λKi and dKi denotes the dimension of the eigenspace. Then we write the state ρABC in terms of
eigenvectors of ρABiL to obtain
ρABC =

X

X

i,Ki ,mKi ,j,Lj ,nLj

|Ki , mKi ihLj , nLj |AB L ⊗ wB R C

,

(4.99)

i,Ki ,mKi j,Lj ,nLj

L
L
where HB L = i HBiL and HB R = i HBiR .
Next, we apply a random unitary UAB L ∈ U of the form
M
Ki
UAB L =
UAB
L ,

(4.100)

i

i,Ki
Ki
where for every i and Ki , UAB
L are drawn from an exact 1-design of the Haar
i
measure on the eigenspace corresponding to the eigenvalue λ. Note that the cardinality of U is finite 2 . Clearly, this randomization process does not change the
reduced state on AB. According to Schur’s lemma, this random unitary operation
transforms the state given by Eq. (4.99) to
M
i,Ki ,mK
i
ρ̄ABC =
(4.101)
ΠK
⊗ wB R C i ,
AB L
i

i

i,Ki ,mKi
Ki
{UAB
L } consists of unitaries associated to (i) all possible relative phase flips among the basis
i
states {|Ki , mKi i}, (ii) all permutations of the basis states, and (iii) all combinations of (i) and
(ii).
2
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where wB R C
i

i,Ki ,mKi ,i,Ki ,mKi

≡ wB R C

M

(2)

ρ̃AB L =

58

(2)

. Since ρ̃(2) and ρ̄ are in Cρ , we obtain

i
pi λKi ΠK
AB L

(4.102)

i

i,Ki

= ρ̄AB L

(4.103)


M

=

Tr 


X

i,Ki ,mKi

wB R C

mKi

i,Ki

 ΠKi L .

(4.104)

ABi

i

Thus, it holds that



Tr 

X

i,Ki ,mKi

wB R C
i

mKi

 = pi λKi .

(4.105)

P
i,Ki ,mKi
i
We denote the normalized operator pi λ1K
by ρK
. Note that
mKi wBiR C
BiR C
i
P
Ki
Ki
ρBiR C =
Ki qKi ρBiR C , where qKi = λKi dKi , but the states in {ρBiR C } are not
necessarily orthogonal to each other. Then, ρ̄ABC can be written as
ρ̄ABC =

M

i
i
⊗ ρK
.
pi λKi ΠK
AB L
BR C
i

(4.106)

i

i,Ki
(2)

The difference between ρ̄ABC and ρ̃ABC is that ρ̄ABC has additional correlations
between ABiL and BiR C via the index Ki .
Summarizing the above calculations, we obtain an ensemble of states


1
, Ui ρABC Ui† ∈ Cρ(2)
|U|


,

(4.107)

where the entropy of the averaged state ρ̄ABC is given by
S(ρ̄ABC ) = H({pi }) +

X

pi H({qKi }) +

i

X



i
pi qKi log dKi + S(ρK
)
. (4.108)
R
B C
i

i,Ki

From Eqs. (4.96) and (4.97), the entropy of ρ̃(2) is given by
(2)

S(ρ̃ABC ) =H({pi }) +

X

pi H({qKi })

i

+

X
i,Ki

pi qKi log dKi +

X
i

pi S(ρBiR C ) .

(4.109)
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By taking the difference between Eqs. (4.108) and (4.109), the 3rd-order irreducible
correlation of ρ̄ABC can be bounded by
(2)

C (3) (ρ̄ABC ) = S(ρ̃ABC ) − S(ρ̄ABC )
"
#
X
X
Ki
=
pi S(ρBiR C ) −
qKi S(ρB R C )
Ki

"
=

pi S

i

≤

X

(4.111)

i

i

X

(4.110)

!
X

i
qK i ρ K
BR C

#
−

X

i

Ki

i
qKi S(ρK
)
BR C

(4.112)

i

Ki

pi H({qKi }) ≤ max log Di

(4.113)

i

i

≤ log D ,

(4.114)

where Di and D denote the number of different eigenvalues of ρABiL and ρAB L ,
respectively. If we consider N copies of ρABC , D grows only polynomially in
N , whereas the total dimension of the Hilbert space grows exponentially. If the
dimension of the Hilbert space HA ⊗ HB L is denoted by dAB L , the number of
eigenvalues DN of the N -copy state ρ⊗N
ABC is bounded by [144],
DN ≤ (N + 1)dABL .

(4.115)

Given the expression for the rate



1 
,
max S ρN
− S(ρ⊗N
r(ρABC ) = lim
ABC
ABC )
(2)
N →∞ N
N
ρ ∈C ⊗N

(4.116)

ρ

and using that the irreducible correlation is additive (see Sec. 2.3.1), we obtain



1 
⊗N 
r(ρABC ) = lim
max S ρN
(4.117)
ABC − S(ρABC )
(2)
N →∞ N
ρN ∈C ⊗N
ρ



1 
max S ρN
− S(ρ̃(2)⊗N )
(4.118)
= lim
ABC
(2)
N →∞ N
N
ρ ∈C ⊗N
ρ

(2)

+ S(ρ̃ABC ) − S(ρABC )

1
= C (3) (ρABC ) − lim
max C (3) ρN
ABC
N →∞ N ρN ∈C (2)
⊗N

(4.119)
(4.120)

ρ

1
≥ C (3) (ρABC ) − lim
log(N + 1)dABL
N →∞ N
= C (3) (ρABC ) .

(4.121)
(4.122)
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This establishes a lower bound on the optimal rate R by C (3) . However, the upper
bound r(ρABC ) ≤ C (3) (ρABC ) follows directly from Eq. (4.116), and the definition
of C (3) (ρABC ). This completes the proof for the Levin-Wen type partition.
In the case of the Kitaev-Preskill type partition, i.e., when the maximum entropy state can be written as Eq. (4.83), we iteratively perform random unitary
operations as discussed in the previous case to systems AB and AC. Let us rewrite
(2)
ρ̃ABC as
M
(2)
ρ̃ABC =
p(a, b)p(c|a, b)ρARa BbL ⊗ ρBbR CcL ⊗ ρCcR ALa ,
(4.123)
a,b,c

where p(c|a,
We then introduce the spectral decomposition
P b) = p(c|a)p(c|b)/p(c).
Kab
ρARa BbL = Kab λKab ΠAR B L . Let us define a set of unitaries {UAR B L } in the same
a b
way as in the previous case. Consequently, the averaged state becomes
M
ab
ab
ρ̄ABC =
p(a, b)λKab ΠK
⊗ ρK
(4.124)
AR B L
AL B R C
a

a,b,Kab

b

a

b

ab
for some state ρK
=
R . We further introduce the spectral decomposition ρCcR AL
a
AL
a Bb C
P
Lac
and a set of unitaries {UC R AL } similar to {UAR B L }. After perLac µLac ΠCcR AL
a
forming the second average over the unitaries {UC R AL }, the state can be written
as
M
Kab ,Lac
ab
ρ̄¯ABC =
p(a, b)p(c|a, b)λKab µLac ΠK
⊗ ΠLCac
(4.125)
R AL ⊗ ρ B R C L .
AR B L
a

a,b,c,Kab ,Lac

b

c

a

b

c

Since the remaining correlation in ρ̄¯ABC is also bounded by the logarithm of the
number Kab , Lac of different eigenvalues, we can use the same argument as in
the case of the Levin-Wen type partition. Therefore, Theorem 11 holds for all
situations in which Theorem 6 holds.

4.3.4

Explicit Encoding for Abelian Models

As mentioned, our assumptions are satisfied for ground states of exactly solvable
models, e.g., the toric code model. For the toric code model, we can explicitly
demonstrate how to encode secrets to the reduced state on a subregion. It may
help to understand the meaning of our result intuitively.
There are two types of string operators, Z−string and X-string, in the toric
code model. These string operators create anyonic excitations at their endpoints.
Performing string operators does not change the reduced states on a region unless
the endpoints are outside of the region. Recall that the actions of two Z-string
operators on lines C and C 0 on a ground state are equivalent if one can deform C
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to C 0 by using vertex or face operators. From this property, we can deform a line
C overlapping with X to another line C 0 passing outside of X, namely,
ρX := TrX c [|ψihψ|]


= TrX c WX(Z) (C 0 )|ψihψ|WX(Z) (C 0 )†


= TrX c WX(Z) (C)|ψihψ|WX(Z) (C)†

(4.126)
(4.127)
(4.128)

for a state |ψi on the lattice (Fig. 4.5).

𝑚
𝑒

𝑋

𝑚

𝑒

𝑚
𝑒

𝑋

𝑚
𝑒

Figure 4.5: Two equivalent states with a different string configurations. Performing
Z- and X-string operators do not change ρX unless the anyonic excitations are
outside of X. By using the deformation property of the string operators, we see
that the actions of two string operators in both sides are the same for a ground
state of the toric code model.
Let us first consider a disc-like region with the Kitaev-Preskill type partition
in the toric code model. For such a region, the TEE is given by
√
(4.129)
Stopo = log2 4 = 1 .
Therefore, we can encode 1 bits of classical information in the region secretly
hidden from players knowing reduced states on any two of three subsystems. This
is done as follows. For any two dimensional lattice, the three subsystems share
either a vertex operator Av or a face operator Zp , not the both. When the former
holds, we encode a secret by performing Z-string operator WZ (C1 ) as in Fig. 4.6.
The string operator does not change the reduced states on any two subsystems, but
does change the eigenvalue of the loop operator WX (C2 ) from +1 to −1. Therefore,
the reduced states on ABC before and after performing WZ (C1 ) are orthogonal to
each other. It means that it allows encoding 1 bit of secret. For an annular region,
the TEE is given by
Stopo = 2 .
(4.130)
This is performed by encoding secrets by using both X and Z-string operators.
Associated to 2 bits of classical secrets, there are four orthogonal states sharing the
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same bipartite marginals, where each corresponds to one of four types of anyons
(e, m,  and the vacuum). The above discussion can be generalized to all quantum

𝑎

𝑏
𝐶2

𝑨
𝑒

𝑪

𝑩𝐶

1

𝑒

𝐴

𝑒

𝐵

𝑨
𝑒
𝑚

𝑩

𝐶

𝑪

𝑒

𝑩
𝑚

Figure 4.6: A schematic picture of the encoding method for the toric code model.
(a): for the Kitaev-Preskill type partition, three subsystem A, B and C share
either a vertex (this figure) or a face. We can encode a secret bit a ∈ {0, 1} by
performing (WZ (C1 ))a . a can be read out only if we perform a global measurement
on ABC, such as measure WX (C2 ). (b): for the Levin-Wen partition, we can use
both X-string and Z-string simultaneously, and therefore we can encode 2 bits.
double models exhibiting only abelian anyons. An important property of these
models is that string operators are written as tensor products of one-site unitary
operators. In other exactly solvable models such as a quantum double model
with non-abelian anyons, this property does not hold and we do not know any
explicit encoding method achieving the optimal rate. While in abelian models
one-copy of the reduced state is sufficient to achieve the optimal rate, in general
we need to consider encoding with multiple copies of the reduced state. This is the
case for non-abelian models, since the topological entanglement entropy is strictly
larger than the logarithm of the number of anyon types. In addition, for LevinWen models, we do not know how to create an anyon pair, therefore the explicit
encoding method is also unclear.

4.4

Correlation Analysis of Gapped Ground States
with Finite Correlation Length

In general, gapped ground states have a non-zero correlation length and the area
law is written as in Eq. (3.10). Thus, our assumptions (I) and (II) do not hold
exactly. In this section, we extend some of results obtained in Sec. 4.1 to more
general cases in which assumptions (I) and (II) are satisfied only approximately.
We consider the following modified assumptions,
(I 0 ) If two regions A and B are separated, then I(A : B)ρ ≤ ε.
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(II 0 ) For a simply connected region ABC such that B shields A from C, I(A :
C|B)ρ ≤ ε.
Here ε > 0 represents the effect of finite correlation length and vanishes when
the characteristic size of regions, which we denote by l, is infinitely large. For
simplicity, we further assume that ε = e−Θ(l) , i.e., the correction term decays
exponentially fast with respect to the characteristic scale of regions 3 . We expect
that this assumption holds when the system is described by a local commuting
Hamiltonian with sufficiently weak perturbations, but no rigorous proof has so far
been obtained.
In the case of zero correlation length, we have used two equivalent conditions
of Markov chains, a particular decomposition of the state (2.46) and the existence
of a recovery map (2.47). However, the first property is known to be fragile, i.e.,
there exists a tripartite state with small conditional mutual information but is far
from any Markov chains in the trace distance [77]. Such a tripartite state cannot
be well-approximated by states with the particular decomposition. As discussed
in Sec. 2.2.3, the second property survives in the following form for ε > 0,
I(A : C|B)ρ ≥ min

ΛB→BC

1
kρABC − (1IA ⊗ ΛB→BC )(ρAB )k21 .
4 ln(2)

(4.131)

We will use this inequality to extend the equivalence between the TEE and the
irreducible correlation in Sec. 4.1. This extension is then applied to extend the
result in Sec. 4.1.1.

4.4.1

A Smoothed Version of The Irreducible Correlation

To deal with situations with small uncertainty or errors, a “smoothed” version
of entropies are used in quantum information theory [145]. We want to define a
smoothed version of the irreducible correlation in analogy with this approach.
Let us consider a set of multipartite state where their k-partite reduced states
are δ-close to ρ ∈ S(H) defined as
Cρ(k),δ := {σ ∈ S(H)| kσSk − ρSk k1 ≤ δ, ∀Sk ⊂ [n]} .

(4.132)

We define the δ variation of the maximum entropy state as
ρ̃(k),δ := arg max S(σ) .

(4.133)

(k,δ)

σ∈Cρ

3
A function f (x) is said to be in Θ(g(x)) if there exist constants c, C > 0 such that cg(x) ≤
f (x) ≤ Cg(x) for all sufficiently large x.
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(k),δ

Note that ρ̃(k),δ is uniquely determined since Cρ
is a closed convex set. The
kth-order δ-irreducible correlation is then defined as
(k)

Cδ (ρ) := S(ρ̃(k−1),δ ) − S(ρ̃(k),δ ) .

(4.134)

Recall that the irreducible correlation has another representation in terms of
rI
distances from the sets of Gibbs states E k . This representation of the irreducible
correlation is used to obtain Theorem 9 . To extend Theorem 9 to finite correlation length cases, we consider a modification of the distance-like measure D(k) (ρ)
defined in Eq. (2.68) by inserting a cut-off on the set of Hamiltonians Hnn . Let us
define the set of nearest-neighbor Hamiltonians with the interaction strength less
than K by




X
K
:= H =
Hnn
hSk ⊗ 1ISkc , khSk k ≤ K .
(4.135)


Sk ⊂[n]

K
by
We are interested in the distance from all Gibbs states of Hamiltonians in Hnn

Dnn,K (ρ) := min S(ρke−H ) .
H∈HkK

(4.136)

(Here, we include the normalization factor in the Hamiltonian).

4.4.2

Extensions of Results for States with Finite Correlation Length

In Sec. 4.1, we prove that the TEE is equivalent to the 3rd-order irreducible correlation for a certain tripartition of an annular region (Theorem 6). Moreover,
when the number of partitions increases, the TEE is equivalent to the highestorder irreducible correlation (Theorem 4.6). We consider a similar setting with
the Levin-Wen type partitions, in which the TEE Stopo is approximately the conditional mutual information of certain regions. A key point is that the original
proof in Sec. 4.2 only exploits the existence of recovery maps of Markov chains,
not the direct sum decomposition of Markov chains.
Let us consider an annular region in a 2D spin lattice as depicted in Fig. 4.7(a).
For the δ-irreducible correlation, we have the following theorem.
Theorem 12. If assumptions (I 0 ) and (II 0 ) are satisfied, for a region as depicted
in Fig. 4.7(a), it holds that
(3)

Cδ (ρ) − Stopo ≤ e−Θ(l) ,
for δ = e−Θ(l) .

(4.137)

65

CHAPTER 4. TOPOLOGICAL ENTANGLEMENT ENTROPY AND
MULTIPARTITE CORRELATIONS

𝑎

𝑏

𝑨 𝑙
𝑩𝟏

𝑩𝟏

𝑩𝟐

𝑩𝟐

𝑙

𝑿𝒎

𝑿𝟏 𝑿𝟐

𝑿𝒎−𝟏

𝑪

𝑿𝟑

𝑙
𝑙

𝑿𝒊

𝑿𝒌

Figure 4.7: Annular regions with appropriate partitions for the proof. (a): we
consider a region with the Levin-Wen type partition. The size of each subsystem
is characterized by l. (b): a finer partition with sufficiently large subsystems.
Regions as in Fig. 3.5(a) is not considered here, since short-range correlations
around the center point makes the problem more involved.
(3)

Although Cδ (ρ) has no geometrical meaning yet, we can still assign a distancelike meaning to the TEE. Let us consider a region depicted as in Fig. 4.7(b) and
denote the number of spins in the whole region by n. We divide the region into m
pieces, where each piece has a sufficiently large width and height characterized by
l = O(ln n). The following theorem states that the distance from the Gibbs states
K
of Hamiltonians in Hnn
is approximately characterized by the TEE.
Theorem 13. If assumptions (I 0 ) and (II 0 ) are satisfied,
Dnn,K (ρ) − Stopo ≤ e−Θ(l)

(4.138)

for K = Θ(n).
Theorem 13 implies that when the correction terms in the area law decays
sufficiently fast, the non-zero TEE implies the entanglement Hamiltonian − ln ρX
contains a non-local interaction. Next, we investigate which types of many-body
interactions are contained in − ln ρX . To address this question, let us set A ≡ X1 ,
B ≡ X2 X3 Xm−1 Xm and C as the remaining subsystems. In a similar way to
Theorem 13, we can show that
D(2),K (ρ) − Stopo ≤ e−Θ(l) ,

(4.139)

where D2,K (ρ) is the set of all Gibbs states of 2-local Hamiltonians with the interaction length less than K. 2-local Hamiltonians in ABC contains at most (m − 1)
interaction in terms of X1 ...Xm . Therefore, Eq. (4.139) implies that adding (m−1)
interactions cannot improve the minimization in Eq. (4.136). This fact suggests
that the non-local part in the entanglement Hamiltonian is dominated by genuine
m-body interactions as in the case of the zero correlation length.
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Finally, we consider an extension of Theorem 9. We introduce a cut-off on the
spectrum by
λΛ (A) := {λ ∈ λ(A)| λ ≤ ln Λ} .
(4.140)
Let us consider a pure state on a 2D cylinder as depicted by Fig. 4.3. Then, the
extended theorem is stated as follows:
Theorem 14. Suppose that a pure state ρ = |ψihψ|Y XY 0 defined on the cylinder
in Fig. 4.3 satisfies assumption (I 0 ) and (II 0 ). We also assume the reflection
symmetry
ρY = ρY 0 .
(4.141)
Then, there exists a Hamiltonian HX on X = X1 X2 ...Xm such that for any Λ > 0,

λΛ Hρ(2)
(4.142)
− λΛ (HX ) 1 ≤ Λe−Θ(l) .
Y
Moreover, HX satisfies
0
min |kHX − HX
k − Stopo | ≤ e−Θ(l) .

0 ∈H K
HX
nn

4.4.3

(4.143)

Proof of Theorem 12

The strategy of the proof is as follows. We first construct a global state on ABC
from the reduced state of ρABC by using recovery maps. Owing to the FawziRenner bound [78], the constructed state has bipartite reduced states which are
δ-close to the marginals of ρABC . We then show that this state has a sufficiently
high entropy with which we bound the entropy of the maximum entropy state in
(2),δ
(3)
Cρ
and Cδ (ρ).
By assumption (I 0 ) and (II 0 ), it holds that
I(A : B2 C)ρ ≤ ε

(4.144)

I(A : B2 |B1 )ρ ≤ ε,
I(B1 : C|B2 )ρ ≤ ε .

(4.145)
(4.146)

and

By using the Pinsker inequality (2.26), the first assumption (4.144) implies that
√
(4.147)
kρAB2 C − ρA ⊗ ρB2 C k1 ≤ 2 ε .
By using the
this also implies that kρAB2 − ρA ⊗
√ monotonicity of the trace norm,
√
ρB2 k1 ≤ 2 ε and kρAC − ρA ⊗ ρC k1 ≤ 2 ε.
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From the Fawzi-Renner bound (4.131), the assumptions represented by (4.145)
and (4.146) imply that there exist CPTP maps ΛB1 →AB1 and ΛB2 →B2 C such that
√
kρAB1 B2 − ΛB1 →AB1 (ρB1 B2 )k1 ≤ 2 ε ,
(4.148)
√
kρB1 B2 C − ΛB2 →B2 C (ρB1 B2 )k1 ≤ 2 ε ,
(4.149)
p
where we omitted the identity maps for simplicity and used ln(2) ≤ 1. Similar
to the proof of Theorem 6 in Sec. 4.2.1, we define a global state ρ̃ABC by
ρ̃ABC := ΛB2 →B2 C ◦ ΛB1 →AB1 (ρB1 B2 ) .

(4.150)

We will show that the bipartite reduced states of ρ̃ABC are close to the reduced
states of ρ. By tracing out system A in Eq. (4.150), we obtain
ρ̃B1 B2 C = ΛB2 →B2 C ◦ TrA (ΛB1 →AB1 (ρB1 B2 )) .

(4.151)

From Eq. (4.148) and the monotonicity of the trace norm under CPTP-maps, we
have
kΛB2 →B2 C ◦ TrA (ΛB1 →AB1 (ρB1 B2 )) − ΛB2 →B2 C (ρB1 B2 )k1
≤ kΛB1 →AB1 (ρB1 B2 ) − ρB1 B2 C k1
√
≤ 2 ε.

(4.152)
(4.153)

We used ρB1 B2 = TrA ρAB1 B2 in the second line. Therefore, from Eq. (4.149), we
obtain
kρB1 B2 C − ρ̃B1 B2 C k1 ≤ kρB1 B2 C − ΛB2 →B2 C (ρB1 B2 )k1 + kΛB2 →B2 C (ρB1 B2 ) − ρ̃B1 B2 C k1
(4.154)
√
(4.155)
≤ 4 ε.
Similarly, we have

√
kρAB1 B2 − ρ̃AB1 B2 k1 ≤ 4 ε .

(4.156)

Finally, we show that ρ̃AC is close to ρAC . From Eq. (4.148), it holds that
kρ̃AC − ρAC k1 ≤ kρ̃AC − TrB ΛB2 →B2 C (ρAB1 B2 )k1 + kTrB ΛB2 →B2 C (ρAB1 B2 ) − ρAC k1
(4.157)
√
(4.158)
≤ 2 ε + kTrB2 ΛB2 →B2 C (ρAB2 ) − ρAC k1 .
Equations (4.147) and (4.148) yield
kTrB2 ΛB2 →B2 C (ρAB2 ) − ρAC k1 ≤ kρA ⊗ TrB2 ΛB2 →B2 C (ρB2 ) − ρA ⊗ ρC k1
√
(4.159)
+4 ε
≤ kTrB ΛB2 →B2 C (ρB ) − TrB ρBC k1
√
(4.160)
+4 ε
√
≤ 6 ε,
(4.161)
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where the last line follows from Eq. (4.149) and the monotonicity of the trace norm
under TrB . Inserting Eq. (4.161) to Eq. (4.158) implies
√
kρAC − ρ̃AC k ≤ 8 ε .
(4.162)
√
(2),δ
and therefore ρ̃ABC ∈ Cρ
for δ = 8 ε.
(2),δ
Although ρ̃ABC is not the maximum entropy state in Cρ , we can obtain ap(3)
propriate bounds of Cδ from this state. To do so, we first estimate the conditional
mutual information of ρ̃ABC . By definition,
kρ̃ABC − ΛB2 →B2 C (ρ̃AB )k1 ≤ kΛB1 →B1 A (ρB1 B2 ) − ρ̃AB k1
≤ kρB1 B2 − TrC ΛB2 →B2 C (ρB1 B2 )k1
√
≤ 2 ε,

(4.163)
(4.164)
(4.165)

thus ρ̃ABC can be approximately recovered from ρ̃AB by ΛB2 →B2 C . For ρ̃ABC and
ρ̃0 := ΛB2 →B2 C (ρ̃AB ), we have
I(A : C|B)ρ̃ ≤ S(A|B)ρ̃ − S(A|BC)ρ̃ ≤ S(A|BC)ρ̃ − S(A|BC)ρ̃0 .

(4.166)

By using the Fannes inequality (2.23), it implies that
√
√
1
I(A : C|B)ρ̃ ≤ 6 2|A|ε 4 = 3|A| δ
(4.167)
√
for 2 ε ≤ 12 , where |A| = log2 (dim HA ).
(2),2δ
From the triangle inequality, ρ̃ABC ∈ Cσ
holds for any state (including the
(2),δ
maximum entropy state) σABC ∈ Cρ . Therefore, from the Fannes inequality, we
have
S(ABC)σ ≤ S(A|B)σ + S(BC)σ

√
√
≤ S(A|B)ρ̃ + S(BC)ρ̃ + 6|A| 2δ + 6|BC| 2δ
√
= S(A|B)ρ̃ + S(BC)ρ̃ + 6|ABC| 2δ
√
= S(ABC)ρ̃ + 6|ABC| 2δ + I(A : C|B)ρ̃
√
√
≤ S(ABC)ρ̃ + 6|ABC| 2δ + 3|A| δ

for

√

(4.168)
(4.169)
(4.170)
(4.171)
(4.172)

2δ ≤ 1. It implies that
√
(3)
Cδ (ρ) ≤ S(A|B)ρ̃ + S(BC)ρ̃ + 6|ABC| 2δ − S(ABC)ρ
≤ S(A|B)ρ̃ − S(A|B)ρ + S(BC)ρ̃ − S(BC)ρ
√
+ I(A : C|B)ρ + 6|ABC| 2δ
√
√
≤ I(A : C|B)ρ + 6|ABC| δ + 6|ABC| 2δ
√
= I(A : C|B)ρ + 12|ABC| 2δ .

(4.173)
(4.174)
(4.175)
(4.176)
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where we used Eq. (4.171) for σ = ρ̃(2),δ in the first line and again used the Fannes
inequality in the third line.
Eq. (4.168)≤Eq. (4.172) for σ = ρ yields
√
√
S(ABC)ρ̃ ≥ S(A|B)ρ + S(BC)ρ − 9 2|ABC| δ .
(4.177)
(2),δ

Since the maximum entropy state in Cρ
that of ρ̃ABC , we have

has a entropy greater than or equal to

(3)

Cδ (ρ) ≥ S(ABC)ρ̃ − S(ABC)ρ

√
≥ S(A|B)ρ + S(BC)ρ − S(ABC)ρ − 9|ABC| 2δ
√
= I(A : C|B)ρ − 9|ABC| 2δ .

(4.178)
(4.179)
(4.180)

where we used strong subadditivity in the second line. Hence, we conclude that
√
(3)
(4.181)
Cδ (ρ) − I(A : C|B)ρ ≤ 12|ABC| 2δ
√
for sufficiently small δ. By assumption, |ABC| = n ln(d) and δ = e−Θ(l) . Therefore, we can set the right hand side of Eq. (4.181) in e−Θ(l) by choosing l = Θ(ln(n)).
By assumption (I), we have
Stopo − I(A : C|B)ρ = I(A : C)ρ ≤ ε

(4.182)

and thus complete the proof.

4.4.4

Proof of Theorem 13

The strategy of the proof is as follows. We first consider ρ̃ABC introduced in the
proof of Theorem 12. We then introduce a modification on ρ̃ABC and then make
a Gibbs state of a nearest-neighbor Hamiltonian from its reduced states. This
Gibbs state gives a bound on the distance from the set of Gibbs state of bounded
nearest-neighbor Hamiltonians.
Let A ≡ X1 , B1 ≡ Xm X2 , B2 ≡ Xm−1 X3 and C ≡ X4 X5 ...Xm−2 . We also
set X1 ≡ Xm+1 . Without loss of generality, we assume that |X1 | = maxi |Xi |. In
the following, we use both notations X1 ....Xm and ABC interchangeably. Define
a full-rank modification of ρ̃ABC introduced in Eq. (4.150), that is,


1
1
f
(4.183)
ρ̃ABC := 1 − n−1 ρ̃ABC + n−1 τABC ,
2
2
where τABC is the completely mixed state on ABC. Since by definition it holds
that
kρ̃fABC − ρ̃ABC k1 ≤ 2−n ,
(4.184)
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the Fannes inequality implies
12|A|
I(A : C|B)ρ̃f ≤ I(A : C|B)ρ̃ + √
2n
√
12|A|
≤ 3|A| δ + √ .
2n

(4.185)
(4.186)

We consider a Gibbs state π̃X defined as
π̃X :=

1 −HXρ̃
e
,
Z

(4.187)

where Z is the normalizer and
ρ̃
HX

:=

m 
X

ln ρ̃fXi − ln ρ̃fXi Xi+1



.

(4.188)

i=1
K
By definition, π̃X is an element of Hnn
with K = Θ(n).
ρ̃
By definition of HX and the definition of the relative entropy, it holds that



S ρ̃X e

ρ̃
−HX



=

m
X

S(Xi+1 |Xi )ρ̃f − S(X1 X2 ...Xm )ρ̃f .

(4.189)

i=1

We use an iterative calculation:
m
X
i=1

S(Xi+1 |Xi )ρ̃f =

m
X

S(Xi |Xi+1 )ρ̃f

(4.190)

i=1

= S(X1 |X2 )ρ̃f + S(X2 |X3 )ρ̃f + S(X3 |X4 )ρ̃f +

m
X

S(Xi |Xi+1 )ρ̃f

i=4

(4.191)
= S(X1 |X2 )ρ̃f + I(X2 : X4 |X3 )ρ̃f + S(X2 X3 |X4 )ρ̃f
m
X
+
S(Xi |Xi+1 )ρ̃f

(4.192)

i=4

= S(X1 |X2 )ρ̃f + I(X2 : X4 |X3 )ρ̃f + S(X2 X3 |X4 )ρ̃f
m
X
+ S(X4 |X5 )ρ̃f +
S(Xi |Xi+1 )ρ̃f

(4.193)

i=5

= S(X1 |X2 )ρ̃f + I(X2 : X4 |X3 )ρ̃f + I(X2 X3 : X5 |X4 )ρ̃f
m
X
+ S(X2 X3 X4 |X5 )ρ̃f +
S(Xi |Xi+1 )ρ̃f
(4.194)
i=5

CHAPTER 4. TOPOLOGICAL ENTANGLEMENT ENTROPY AND
MULTIPARTITE CORRELATIONS

71

..
.
= S(X1 |X2 )ρ̃f + S(X2 . . . Xm−1 |Xm )ρ̃f + S(Xm |X1 )ρ̃f
+

m−1
X

I(X2 ...Xi−1 : Xi+1 |Xi )ρ̃f

(4.195)

i=3

= S(X2 . . . Xm−1 |Xm )ρ̃f − S(X2 )ρ̃f + S(Xm X1 X2 )ρ̃f
m−1
X

+ I(Xm : X2 |X1 )ρ̃f +

I(X2 ...Xi−1 : Xi+1 |Xi )ρ̃f

(4.196)

i=3

By using the subadditivity S(X2 Xm ) ≤ S(X2 ) + S(Xm ), we obtain that
(4.196) ≤ I(X1 : X3 . . . Xm−1 |X2 Xm )ρ̃f + I(Xm : X2 |X1 )ρ̃f +

m−1
X

I(X2 ...Xi−1 : Xi+1 |Xi )ρ̃f .

i=3

(4.197)
Therefore, we have


ρ̃
−HX

S ρ̃X e



≤ I(Xm : X2 |X1 )ρ̃f +

m−2
X

I(X2 ...Xi : Xi+2 |Xi+1 )ρ̃f

i=2

+ I(A : B2 |B1 )ρ̃f + I(A : C|B1 B2 )ρ̃f ,

(4.198)

where we used the chain rule I(A : B2 C|B1 )ρ̃f = I(A : B2 |B1 )ρ̃f +I(A : C|B1 B2 )ρ̃f .
√
(2),δ 0
(2),δ
for δ 0 =
Recall that ρ̃ ∈ Cρ , where δ = 8 ε. From Eq. (4.184), ρ̃f ∈ Cρ
−n
f
δ + 2 . Therefore, ρ̃ ’s reduced states on AB1 = Xm X1 X2 and BC = X2 . . . Xm
are δ 0 -close to ρ’s reduced states. Combining the Fannes inequality, Eq. (4.186)
and the δ 0 -closeness imply that


ρ̃
−HX

S ρ̃X e



≤ 12 |X2 | +

m−2
X

!
|Xi+2 |

√

δ 0 + (m − 1)ε + I(A : C|B1 B2 )ρ̃f

i=2

(4.199)
√
√
12|X1 |
≤ 12(m − 2)|X1 | δ 0 + (m − 1)ε + 3|X1 | δ + √
2n
 √ 
= O n δ0 ,

(4.200)
(4.201)

√
where we used |Xi | ≤ |X1 |, m|X1 | = Θ(n) and the asymptotic notation O(n δ 0 )
as n → ∞ and ε → 0 (and therefore δ 0 → 0).
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ρ̃

Let us estimate the partition function Z = Tre−HX . By the Pinsker inequality,
the above upper bound (4.201) implies
r 

ρ̃
ρ̃
−HX
−HX
(4.202)
ρ̃X − e
≤ 2S ρ̃X e
1
 1 1
≤ O n 2 δ0 4 .
(4.203)
We obtain
ρ̃

Tre−HX − 1 =

and therefore

ρ̃

e−HX − kρ̃X k1
 1 11
≤ O n 2 δ0 4

(4.204)
(4.205)

 1 1
| log2 Z| ≤ O n 2 δ 0 4 ,

(4.206)

where we used the inequality |kAk1 − kBk1 | ≤ kA − Bk1 . Thus, the difference
between ρ̃fX and π̃X is bounded as
p
ρ̃fX − π̃X ≤ 2S(ρ̃X kπ̃X )
(4.207)
1
r  


ρ̃
(4.208)
= 2 S ρ̃X e−HX − log2 Z
 1 1
≤ O n 2 δ0 8 .
(4.209)
The conditional mutual information of π̃ is calculated as


1
1
I(A : C|B)π̃ ≤ O |A|n 4 δ 0 16 .

(4.210)
(2),δ 0

So far, we have shown that the Gibbs state π̃X is close to ρ̃X . Since ρ̃f ∈ Cρ
we obtain that
kρAB − π̃AB k1 ≤ kρAB − ρ̃fAB k1 + ρ̃fAB − π̃AB
 1 1
≤ O n 2 δ0 8 .

,

(4.211)
1

(4.212)

In a similar way, it can be shown that
 1 1
kρBC − π̃BC k1 ≤ O n 2 δ 0 8 .

(4.213)

Next, we show that I(A : C|B)ρ approximates the distance between ρ and π̃ in
terms of the relative entropy. Since π̃ and ρ are close on AB and BC, the Fannes
inequality yields


1
1
|S(A|B)ρ − S(A|B)π̃ | ≤ O |A|n 4 δ 0 16
(4.214)
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and also



1
1
|S(BC)ρ − S(BC)π̃ | ≤ O |BC|n 4 δ 0 16 .

(4.215)

These inequalities imply
|I(A : C|B)ρ − (S(π̃ABC ) − S(ρABC ))|
= |S(A|B)ρ + S(BC)ρ − S(ABC)π̃ |
≤ |S(A|B)ρ − S(A|B)π̃ | + |S(BC)ρ − S(BC)π̃ | + I(A : C|B)π̃
 5 1
≤ O n 4 δ 0 16 ,

(4.216)
(4.217)
(4.218)

where we used the triangle inequality in the second line, and used Eq. (4.210) in
the last line. By definition of the distance measure Dnn,K , it holds that
Dnn,K (ρ) = min S (ρABC kµABC )

(4.219)

K
µ∈Enn

= min S(ρABC ) − Tr(ρ log2 µ) .

(4.220)

K
µ∈Enn

Here, log2 µ ∝ HAB + HBC for some bounded Hermitian operators HAB and HBC
satisfying kHAB k + kHBC k ≤ O(mK). Equations (4.212) and (4.213) yield that
|Tr(ρY OY ) − Tr(π̃Y OY )| ≤ kOkkρY − π̃Y k


1
1
≤ O kOkn 2 δ 0 8

(4.221)
(4.222)

for Y = AB, BC. Therefore, we have
D

nn,K



1
2

(ρ) = min S(ABC)ρ − Tr(π̃ log2 µ) + O mKn δ

1
8



K
µ∈Enn

= min S(ABC)π̃ − Tr(π̃ log2 µ) + I(A : C|B)ρ
K
µ∈Enn
 5 1
 5 1
+ O n 4 δ 0 16 + O n 2 δ 8
 5 1
= min S (π̃ABC kµABC ) + I(A : C|B)ρ + O n 2 δ 0 16
K
µ∈Enn
 5 1
= I(A : C|B)ρ + O n 2 δ 0 16 ,

(4.223)

(4.224)
(4.225)
(4.226)

where we used Eq. (4.218) and mK = O(n2 ) in the second line. The third equality
K
follows from Eq. (4.218) and the last line follows from πABC ∈ Enn
. We know
−Θ(l)
that I(A : C|B)ρ = Stopo + e
by choosing suitable l = Θ(log2 n) so that
5
n 2 e−Θ(l) = e−Θ(l) . Thus, we complete the proof by using that δ 0 is e−Θ(l) .
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4.4.5

Proof of Theorem 14

We prove Theorem 14 in this subsection.
Proof. Since |ψY XY 0 i is pure, it holds that
λ(ρY Y 0 ) = λ(ρX ) .

(4.227)

Since we choose ε = e−Θ(l) , assumption (I 0 ) implies that
I(Y : Y 0 )ρ ≤ e−Θ(l) .

(4.228)

Therefore, by Pinsker inequality and the reflection symmetry, we obtain that
−Θ(l)
kρY Y 0 − ρ⊗2
.
Y k1 ≤ e

(4.229)

For bounded Hermitian operators A and B, the difference of their spectrum is
bounded as
kλ(A) − λ(B)k1 ≤ kA − Bk1 .
(4.230)
Therefore, we obtain
λ(ρ⊗2
Y ) − λ(ρX )

1

≤ e−Θ(l) .

(4.231)

From Eq. (4.230), Theorem 13 implies that there exists a Hamiltonian HX such
that

λ(ρY ) − λ e−HX 1 ≤ e−Θ(l) .
(4.232)
By Theorem 13, this Hamiltonian is short-ranged if Stopo = 0 and otherwise contains non-local interactions. By using the triangle inequality, we obtain that

−HX
λ(ρ⊗2
≤ e−Θ(l) .
(4.233)
Y )−λ e
1
Let us introduce another cut-off to the spectrum


1
λΛ (A) := λ ∈ λ(A) λ ≥
Λ

(4.234)

which bounds possible values of the spectrum from below. Clearly, it implies that

−HX
λΛ (ρ⊗2
)
−
λ
e
≤ e−Θ(l) .
(4.235)
Λ
Y
1
Using the Lipschitz continuity of the logarithm in [1/Λ, ∞), we conclude that
Λ
λΛ (− ln ρ⊗2
Y ) − λ (HX )
(2)

Since HρY = − ln ρ⊗2
Y , we complete the proof.

1

≤ Λe−Θ(l) .

(4.236)
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Concluding Remarks

We have shown that the TEE is equivalent to the irreducible correlation and the
optimal rate of a secret sharing protocol under assumption (I) and (II), and thus
provide characterizations of the multipartite correlations in topologically ordered
phases by information-theoretically well-defined functions. The equivalence between the TEE and the irreducible correlation implies that the TEE is directly
related the structure of the entanglement Hamiltonian on a region, and also the
ES of a half cylinder.
A weakness of the TEE as an indicator of topologically ordered phases is that
a non-zero value of the TEE for a gapped ground state does not necessary imply
that the states are in a topologically ordered phase as shown by a counterexample
constructed by Bravyi [65]. A natural question is to ask whether a complete characterization of multipartite correlations in topologically ordered phases excluding
Bravyi’s counterexample is possible or not by considering the irreducible correlation (or the optimal rate of a secret sharing protocol). Unfortunately, the answer
is probably no, since Bravyi’s example satisfies our assumptions and therefore the
TEE is equivalent to the irreducible correlation. Therefore, the highest-order irreducible correlation and the optimal rate of a secret sharing protocol only provide
a partial characterization in this sense. So far, we do not know if there is a better way to characterize correlations in topologically ordered phases or there is no
purely “characteristic” multipartite correlations in topologically ordered phases
which distinguish them from the trivial phase.
One possible way to solve this problem is to decompose the irreducible correlation into a quantum part and a classical part. The value of the irreducible
correlation represents the amount of both quantum and classical correlations, and
there is no way to distinguish whether the correlation has a quantum or classical
origin. In the case of Bravyi’s counterexample, the nontrivial irreducible correlation can be understood as classical, since the reduced state is diagonal in a product
basis (and therefore separable). However, one would expect that the multipartite
correlations in topologically ordered phases should be somehow “quantum”, as
sometimes referred as long-range entanglement [109, 48, 123]. Recall that the irreducible correlation is defined by using the set of Gibbs states Ek . It may be
possible to consider a convex hull of Ek and define a quantum version of the irreducible correlation in terms of the distance from these sets of states 4 . Another
possibility is to consider a quantum secret sharing of quantum information instead
of classical bits. Investigating these extensions remains as a future problem.
Another remaining problem is the relation between the irreducible correlation
4
The convex hull of Ek has been already considered in Ref. [146] to define a “witness” of the
irreducible correlation.
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and the optimal rate of the secret sharing protocol. They are known to coincide for stabilizer states [134, 70], and we have shown that the equivalence also
holds for reduced states of gapped ground states with exactly zero correlation
length. However, we have not showed that the equivalence holds for the case of
the finite-correlation length even approximately, since the proof relies on a property of Markov state which is fragile against perturbations. Further, in the secret
sharing protocol, the encoding method is very restricted: it must be performed
by unitaries which do not change reduced states. Relaxing these conditions may
help to solve this problem. It is also interesting to check whether the fragile property still approximately holds by requiring reasonable constraints which gapped
ground states are expected to satisfy. Moreover, whether these two functions, the
irreducible correlation and the optimal rate of the secret sharing protocol, are exactly same for all quantum states is also interesting problem to investigate from a
viewpoint of quantum information theory.

Chapter 5
1D Quantum Gibbs States and
Approximate Markov Chains
Gibbs states which describe systems in thermal equilibrium are a main topic of
analysis when studying quantum states at finite temperature. Typical Hamiltonians in many-body physics only contain short-range interactions. For short-range
Hamiltonians, the corresponding Gibbs states are known to have several aspects of
“locality”. For example, it has been proven that such a Gibbs state has finite correlation length in 1D systems at any temperature, and also in higher-dimensional
systems above a universal temperature (i.e., independent of the system size and
details of the Hamiltonian) [147]. In addition, an area law in terms of the mutual
information for any spatial dimension has been proven [44]. These results provide
quantitative representations of an intuition that correlations in the Gibbs states
of short-range Hamiltonians are short-ranged.
In classical information theory, the Hammersley-Clifford theorem [79] is a fundamental result establishing another type of locality of Gibbs states, the Markov
property. A state or probability distribution on a many-body system satisfies
the Markov property1 if I(A : C|B) = 0 for any tripartition ABC of the whole
system, such that B separates C from A. A distribution or state satisfying the
Markov property is called a Markov network, a generalization of Markov chains.
The definition states that correlations between A and C are always mediated by
B and there is no direct correlation between A and C. The Hammersley-Clifford
theorem [79] states that any positive2 Markov network is equivalent to a Gibbs
state of a short-range classical Hamiltonian. When we take the logarithm of a
positive distribution, we can always consider the distribution as a Gibbs state of
some “Hamiltonian”. The Hammersley-Clifford theorem implies that the Markov
1

It is more precisely called the global Markov property.
A probability distribution is called positive if it has only non-zero entries. In a similar
manner, a quantum state is called positive if all eigenvalues are strictly positive.
2
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property strictly restricts the possible form of such Hamiltonians, and also implies
Gibbs states of short-range Hamiltonians satisfy the Markov property. A quantum analog of the Hammersley-Clifford theorem has been investigated [80, 46, 81].
As a result, it has been shown that the quantum version of the positive Markov
networks is equivalent to a Gibbs state of a commuting short-range Hamiltonian.
Since general Hamiltonians of quantum systems contain non-commuting interaction terms, it is natural to ask whether the Gibbs states of general short-range
Hamiltonians obey a similar property. Indeed, one can show that the area law
for mutual information [44] implies that such Gibbs states obey the Markov property, approximately. However, the area law does not show the accuracy of the
approximation.
In this chapter, we go one step further and show the very first explicit bound
on the accuracy of the Markov property of a Gibbs state of any 1D short-range
Hamiltonian. Moreover, we show that in 1D any state approximately satisfying
the Markov property, which we call an approximate Markov chain, can be wellapproximated by a Gibbs state of some short-range Hamiltonian. These statements
form a generalization of the quantum Hammersley-Clifford theorem for 1D systems:
Gibbs states of 1D short-range Hamiltonians and approximate Markov chains are
approximately equivalent.
The proof of the upper bound exploits the fact that the conditional mutual
information of a state is bounded from above by its distance to a reconstructed
state. The reconstructed state is a global state which is created from the reduced
state of the given state by applying a recovery map. In the proof, we explicitly construct a recovery map which approximately creates the Gibbs state. The recovery
map consists of operators which remove/add local interactions in the Hamiltonian
associating to the Gibbs state. Although such operations only succeed with a constant probability, employing a repeat-until-success method provides a solution to
make a deterministic recovery map. For the converse, i.e., the approximate Markov
property implies that the corresponding Hamiltonian is short-ranged, we use the
equivalence between states having maximum entropy under linear constraints and
Gibbs states (see Sec. 2.3 for details). The approximate Markov property offers
a new characterization the locality of general 1D Gibbs states. Due to a close
relationship between states with small conditional mutual information and local
recoverability of the state, this result has an application for preparing of 1D Gibbs
states on a quantum computer. The decay rate of our upper bound on the conditional mutual information explains how fast the mutual information of a region
saturates the bound from the area law for mutual information. Conversely, our results also provide a new structural characterization of approximate Markov chains
in terms of Gibbs states of short-range Hamiltonians.
This chapter is organized as follows. In Sec. 5.1, we review the Hammersley-
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Clifford theorem. We then represent our main results and applications in Sec. 5.2.
Proofs are given in Sec. 5.3 and Sec. 5.4. We discuss our results in Sec. 5.5.

5.1

The Hammersley-Clifford Theorem

In this section, we review the Hammersley-Clifford theorem and its quantum extension which has been presented in Refs. [80, 81].
Consider random variables Xv1 , ..., Xvk associated to vertices V = (v1 , ..., vk ) of
a graph G = (V, E). We denote the set of random variables on a subset of vertices
A ⊂ V by XA . We call a set of random variables on a graph a Markov network if
the associating distribution p(Xv1 = x1 , ..., Xvk = xk ) satisfies
I (XA : XB | XC )p = 0

(5.1)

for any (disjoint) tripartition ABC of V such that any path connecting A and C
through B (Fig. 5.1). We say such a situation B shields A from C.

𝐶
𝐴

𝐵

Figure 5.1: An example of graphs with appropriate tripartition ABC of vertices.
All paths connecting A and C pass B.
The Hammersley-Clifford theorem states that (positive) Markov networks are
equivalent to Gibbs states of short-range Hamiltonians defined on the graph.
Theorem 15. (The Hammersley-Clifford Theorem [79]) A positive probability distribution on a graph G = (V, E) is a Markov network if and only if it can be written
as
!
X
1
p(Xv1 , ..., Xvk ) = exp −
hc (XVc ) ,
(5.2)
Z
c
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where the sum is over all cliques 3 {c}, XVc is the set of random variables corresponding to vertices of the clique c and hc is a real function on it.
Note that when the graph G does not contains any triangles, all interactions
network on the
h(XVci ) are nearest-neighbor interactions. Therefore, any MarkovP
graph is a Gibbs state of a nearest-neighbor Hamiltonian H ≡ ci h(XVci ) and
vice versa.
In a similar manner, we define a quantum Markov network as a state ρ ∈
S(HV1 ⊗ · · · ⊗ HVk ) on a Hilbert space HV1 ⊗ · · · ⊗ HVk associated to vertices of a
graph G = (V, E), such that
I (A : C| B)ρ = 0 .

(5.3)

A Markov network ρ is called positive if ρ > 0. In Ref. [80], one direction of the
equivalence has shown.
Theorem
P 16. [80] For any positive Markov network ρ, there exists a Hamiltonian
H = c hc such that
ρ = e−H ,
(5.4)
where the sum is over all cliques of G.
For the reverse direction, we encounter the problem of non-commutativity of
quantum Hamiltonians. However, for graphs only containing two-body cliques,
positive Markov networks are equivalent to Gibbs states of local and commuting
Hamiltonians.
Theorem 17. [81] If a system defined on a graph G contains only two-body
cliques, a positive state ρ on the system is a Markov network if and only if ρ = e−H ,
where
X
hC , [hC , hC 0 ] = 0
(5.5)
H=
C
0

for any cliques C, C .
For more general short-range commuting Hamiltonians, the Markov property
holds when APand C are sufficiently separated. For any Gibbs state ρ of a Hamiltonian H = v∈V hv on a graph G = (V, E), where each interaction hv acts on
spins within distance r and [hv , hv0 ] = 0 for any v, v 0 ∈ V , it holds that
I(A : C|B)ρ = 0

(5.6)

for any tripartition ABC of V such that B shields A from C and d(A, C) ≥ r. The
converse also holds, i.e., any positive state on GPsatisfying above condition can be
written as a Gibbs state of a Hamiltonian H = v hv , where each hv acts on spins
within distance r from v. The proofs are straightforward extensions of the original
proofs of the quantum Hammersley-Clifford theorem given in Ref. [81].
3

A clique of a graph is a subgraph where all two vertices are connected by an edge.
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5.2

An Approximate Quantum Hammersley-Clifford
Theorem for 1D systems

We summarize our results of this chapter and discuss its implications to the area
law for mutual information, preparation algorithm for 1D Gibbs states and an
upper bound on the squashed entanglement.

5.2.1

Settings and Notations

We consider a 1D quantum spin system Λ = {1, ..., n} with n spins. When we
consider the periodic boundary condition, we set n+1 ≡ 1. Each spin i corresponds
to a Hilbert space Hi with dimension d < ∞. We denote HX as the Hilbert space
corresponding to a subsystem defined by X ⊂ Λ. We say that the support of an
operator V is X ⊂ Λ if V can be written as
V = VX ⊗ 1IX c ,

(5.7)

i.e., the product of some operator VX on HX and the identity operator acting on
the complement of X, which is denoted by X c . We will denote the support of an
operator V by supp(V ).
P
We consider a short-range Hamiltonian on Λ given by HΛ = i hi , where each
hi is bounded and supp(hi ) contains r < ∞ neighboring spins around the spin i.
We will denote a restricted Hamiltonian on a region X by HX , which is defined as
X
HX =
hi .
(5.8)
supp(hi )⊂X

The Gibbs state of a Hamiltonian HX at an inverse temperature β is defined as
ρHX =

e−βHX
,
Z

(5.9)

where ZX = Tr[e−βHX ] is the partition function. Note that we will omit β in the
notations and simply denote ρHX and ZX , while they depend on β. The reduced
X
state of this Gibbs state of a subsystem Y ⊂ Λ is denoted by ρH
Y .

5.2.2

Main Results

We summarize our main results. Our first result is the following theorem:
Theorem 18. Let H be a short-range 1D Hamiltonian defined on a 1D spin system
Λ. For any β > 0, there exists a constant l0 > 0 such that for any tripartition ABC
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of Λ with d(A, C) ≥ l0 , there exists a CPTP-map ΛB→BC : S(HB ) → S(HBC )
satisfying
√

−q(β) d(A,C)
ABC
ρHABC − (idA ⊗ ΛB→BC ) ρH
,
(5.10)
≤
e
AB
1
where q(β) = Ce−cβ for some constants C, c > 0.
This theorem means that if A and C are sufficiently separated, the Gibbs state
can be approximately recovered from the reduced state on AB by performing a
recovery map acting on B. Moreover, the approximation accuracy is exponentially
good with respect to the square root of d(A, C). It turns out that the corresponding
conditional mutual information decays in a similar way:
Corollary 19. Under the setting of Theorem 18, it holds that


√
−2
− 21
e−q(β) d(A,C) .
I(A : C|B)ρHABC ≤ d(A, C) + 3q(β) d(A, C)
−Θ

(5.11)
√


d(A,C)

,
The proof is given in Sec. 5.3.3. The RHS of Eq. (5.11) is in e
and moreover it is independent of the dimensions of subsystems. This is the very
first explicit bound on the conditional mutual information of general Gibbs states.
However, our bound may not be tight and it may be possible to obtain a better
decaying rate for the same class of Gibbs states.

𝐴

𝐵

𝐶

𝑑(𝐴, 𝐶)
Figure 5.2: A 1D chain with tripartition ABC where B shields A from C.
Our second main result is a kind of converse to Theorem 18.
Theorem 20. Let ρA1 ...An ∈ S(HA1 ⊗· · · HAn ) be an
P ε-approximate Markov chain.
Then, there exists a short-range Hamiltonian H = i hAi Ai+1 with supp(hAi Ai+1 ) =
Ai Ai+1 such that


e−H
≤ εn .
(5.12)
S ρ
Tre−H
Corollary 19 claims that any 1D Gibbs state of a short-range Hamiltonian is
an approximate Markov chain with subexponentially good accuracy. Conversely,
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Theorem 20 shows that any 1D approximate Markov chain is close to a Gibbs state
of a 1D short-range Hamiltonian. The combination of these two results consists
a variant of the Hammersley-Clifford theorem for general 1D quantum systems.
Next, we discuss three applications of our results.
Saturation Rate of The Area Law for The Mutual Information
A Gibbs state of a short-range Hamiltonian obeys the area law in terms of the
mutual information [44]. For a Gibbs state ρH of a short-range Hamiltonian H
defined on a lattice, it holds that
I(A : Ac )ρH ≤ 2βJ|∂A| ,

(5.13)

where J is a universal constant depends on the strength of the interactions in H.
Note that in 1D systems, |∂A| = 2 and therefore the upper bound is a constant.
As we have discussed before, the area law represented by Eq. (5.13) implies a
decay of the conditional mutual information. Let us assume that A is a simply
connected region on a lattice and divide Ac into {Bi } so that B1 shields B2 from A,
B2 shields B3 from AB1 and so on. By the monotonicity of the mutual information
under the partial trace, we have
I(A : B1 B2 ...Bl )ρH ≤ I(A : B1 B2 ...Bl Bl+1 )ρH ≤ I(A : Ac )ρH ≤ Cβ|∂A| ,

(5.14)

where C > 0 is a constant. Since the upper bound is independent of l, for any
ε > 0, there exists l such that
I(A : B1 ...Bl+1 )ρH − I(A : B1 ...Bl )ρH = I(A : Bl+1 |B1 ...Bl )ρH ≤ ε .

(5.15)

Our result provides how fast the conditional mutual information decays in 1D
Gibbs states. Suppose that each size of Bi is some sufficiently large constant w > 0.
From Corollary 19, we have
I(A : B1 ...Bl+1 )ρH − I(A : B1 ...Bl )ρH ≤ e−Θ(

√

wl)

.

(5.16)

Therefore, 1D Gibbs states saturate the upper bound of the area law subexponentially fast in l.
Efficient Preparation of 1D Gibbs states
Theorem 18 ensures that there exist local CPTP-maps which approximately recover the state from tracing out operations on local regions. This statement can
be rephrased that the Gibbs state can be prepared by locally “patching” reduced
states by using recovery maps.
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𝐴

⋯ 𝐵3 𝐵2 𝐵1

𝐵1 𝐵2 𝐵3 ⋯

Figure 5.3: An example of regions AB.
When the number of regions
{B1 , B2 , ..., Bl } increases, or equivalently, when the size of B1 ...Bl grows, the mutual information I(A : B1 ...Bl ) of the Gibbs state rapidly saturates the upper
bound given by the area law.
Corollary 21. A Gibbs state of any 1D short-range Hamiltonian can be wellapproximated by a depth-two (mixed) circuit with each gate acting on O(log2 (n))
qubits.
In more detail, there is a CPTP-map of the form
!
!
O
O
∆=
∆2,i
∆1,i ,
(5.17)
i

i

with each CPTP-map ∆k,i acting on O(eO(β) log2 (n/ε)) sites, with ∆k,i and ∆k,j
acting on non-overlapping sites for i 6= j, such that
∆(τ ) −

e−βH
Tr(e−βH )

≤ ε,

(5.18)

1

with the maximally mixed state τ .
The proof is given in Sec. 5.3.4.
Bounds on The Squashed Entanglement of 1D Gibbs states
Entanglement contained in 1D Gibbs states has been investigated for specific models and different entanglement measures [148, 149, 150]. Intuitively, it is natural
that one expects any 1D Gibbs state to contain only “short-range” entanglement.
Although any 1D Gibbs state ρH of a short-range Hamiltonian H exhibits an
exponential decay of the correlation functions [151], it only provides a dimensiondependent upper bound on correlation measures.
However, as we have discussed in Sec. 2.2.2, the conditional mutual information
provides an upper bound on the amount of entanglement in terms of the squashed
entanglement. Therefore, our result implies
√
Esq (A : B)ρH ≤ Ce−c d(A,B) .
(5.19)
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Δ1,𝑖
𝑖

Δ2,𝑖
𝑖

Δ1,1

Δ2,1

Figure 5.4: A schematic picture of the preparation algorithm
for 1D Gibbs states.
N
At the first step (blue arrow), we perform CPTP-map i ∆1,i on a product state
(black dots). Each ∆1,i acts on a small set of spins (dotted circle) and produces the
reduced state of the target Gibbs state on the set. At the second step (red arrow),
we perform another CPTP-map to concatenate these reduced states locally. Due
to the approximate Markov property of the Gibbs state, the output state is close
to the Gibbs state.
This bound holds for any 1D short-range Hamiltonian, and moreover the bound
is independent of the size of regions A and B. Such a general bound had not been
known.

5.3

Proof: 1D Gibbs States are Approximate
Markov Chains

In this section, we prove Theorem 18 and Corollary 19. A key technical tool in the
proof of the main theorem is the quantum belief propagation equations which have
been studied in Refs. [152, 47]. By combining with the Lieb-Robinson bounds [153],
the equations implies that if a short-range Hamiltonian is perturbed locally, the
corresponding Gibbs state also changes (almost) locally. This fact is also derived
by Araki in Ref. [151] by using analysis of imaginary time evolutions of operators.

5.3.1

Quantum Belief Propagation Equations

Consider an one-parameter family of a Hamiltonian H on a spin lattice with a
perturbation operator V
H(s) = H + sV ,
(5.20)
where s ∈ [0, 1]. The change of the Gibbs state of H(s) under a small change of s
can be computed by a quantum belief propagation equation [152, 47]:
o
β n −βH(s) H(s)
d −βH(s)
e
=−
e
, Φβ (V ) ,
ds
2

(5.21)
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(V ) is given by [47]
H(s)

Φβ

(V )ij = Vij f˜β (Ei (s) − Ej (s))

(5.22)

P
. Using
in the energy eigenbasis of H(s) = i Ei (s)|iihi| 4 , with f˜β (ω) = tanh(βω/2)
βω/2
R
H(s)
1
dω f˜β (ω)eiωt , Φβ (V ) can be written as the
the Fourier transform fβ (t) = 2π
integral form:
Z
H(s)
Φβ (V

∞

dtfβ (t)e−iH(s)t V eiH(s)t .

)=

(5.23)

−∞

Taking the formal integration of Eq. (5.21), we obtain
e−βH(1) = Oe−βH(0) O† ,
where the operator O is defined as


Z
β 1 0 H(s0 )
O := T exp −
ds Φβ (V )
2 0
n Z 1
Z s0n−1
Z s01
∞ 
X
β
H(s0 )
H(s0 )
0
0
ds0n Φβ n (V ) · · · Φβ 1 (V ) .
ds2 ...
ds1
:=
−
2
0
0
0
n=0

(5.24)

(5.25)
(5.26)

H(s)

The operator norm of Φβ

(V ) can be evaluated as
Z ∞
H(s)
dtfβ (t)e−iH(s)t V eiH(s)t
Φβ (V ) =
Z−∞
∞
0
0
dt0 f1 (t0 )e−iβH(s)t V eiβH(s)t
=
−∞
Z ∞
≤ kV k
dt0 f1 (t0 )

(5.27)
(5.28)
(5.29)

−∞

= kV k.

(5.30)
0

0

The second line follows from dtfβ (t) = dtβ f1 ( tβ ) and the integral in the last equality
can be calculated through the series expansion:
∞

tanh(x) X
2
=
1 2 .
2
x
x
+
(k
+
)π
2
k=0

(5.31)

The upper bound (5.27) provides an upper bound of kOk:
β

kOk ≤ e 2 kV k .
4

Each |ii also depends on s as well as the eigenvalues.

(5.32)
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When the Hamiltonian H is short-ranged, time-evolutions of a local operator by
H is restricted by the Lieb-Robinson bounds [153]. Let us consider two operators
OA and OB supported on separated local regions A and B. Then, the LiebRobinson bound for these local operators is formulated as


0
OA , e−iHt OB eiHt ≤ ckOA kkOB k min(|A|, |B|)ec (vt−d(A,B)) ,

(5.33)

where c, v ≥ 0, c0 > 0 are constants. Suppose further that supp(V ) is a simplyconnected local region. Then, H(s) obeys the Lieb-Robinson bounds for all s ∈
[0, 1]. Since fβ (t) in Eq. (5.23) decays fast in |t|, the Lieb-Robinson bound implies
H(s)
that supp(Φβ (V )) is approximated by some local region Vl , which contains all
spins within the distance l from supp(V ). Let us introduce a restricted operator
h
i
H(s)
TrVlc Φβ (V ) ⊗ 1IVl

(5.34)

supported on Vl . Then, from Eq. (5.33), we have [47]
H(s)

Φβ

h
i
c0 l
−
H(s)
(V ) − TrVlc Φβ (V ) ⊗ 1IVl ≤ c0 kV ke 1+c0 vβ/π .

(5.35)

We also define the integral of (5.34) as


Z
h
i
β 1 0
H(s0 )
OVl := T exp −
ds TrVlc Φβ (V ) ⊗ 1IVl .
2 0

(5.36)

Let us choose the coefficients c0 , v so that Eq. (5.35) holds for all s ∈ [0, 1]. Then,
we obtain that
l
c0 βkV k (1+c0 )βkV k − 1+cc0 0vβ/π
2
.
(5.37)
kO − OVl k ≤
e
e
2
To see this, consider some parametrized operators Q(s) and Q̃(s) satisfying kQ(s)k,
kQ̃(s)k ≤ C and kQ(s) − Q̃(s)k ≤ ∆ for all s ∈ [0, 1]. From the simple calculation,
we obtain
Q(sn )Q(sn−1 ) · · · Q(s1 ) = Q̃(sn )Q̃(sn−1 ) · · · Q̃(s1 )
n
X
+
Q(sn ) · · · Q(sj+1 )∆j Q̃(sj−1 ) · · · Q̃(s1 ) ,

(5.38)

j=1

where ∆j = Q(sj ) − Q̃(sj ). This implies
kQ(sn )Q(sn−1 ) · · · Q(s1 ) − Q̃(sn )Q̃(sn−1 ) · · · Q̃(s1 )k ≤ nC n−1 ∆ .

(5.39)
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H(s)
Φβ (V

In our case, Q(s) =
) and Q̃(s) = Tr
norms of these operators can be bounded as

h
Vlc

H(s)
Φβ (V
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i
) ⊗ 1IVl . The operator

kQ(s)k, kQ̃(s)k ≤ kQ(s)k + kQ(s) − Q̃(s)k


c0 l
0 − 1+c0 vβ/π
kV k
≤ 1+ce
≤ (1 + c0 )kV k .

(5.40)
(5.41)
(5.42)

Therefore, the assumption for norms holds when we choose C = (1 + c0 )kV k and
−

c0 l

∆ = c0 e 1+c0 vβ/π . By inserting Eq. (5.39) into the definition of O (5.25), we obtain
the bound (5.37).

5.3.2

The proof of Theorem 18

We restate Theorem 18: Theorem 18. Let H be a short-range 1D Hamiltonian
defined on Λ. For any β > 0, there exists a constant l0 > 0 such that for any
tripartition ABC of Λ with d(A, C) ≥ l0 , there exists a CPTP-map ΛB→BC :
S(HB ) → S(HBC ) satisfying
ABC
ρHABC − (idA ⊗ ΛB→BC ) ρH
AB


1

√
≤ e−q(β) d(A,C) ,

(5.43)

where q(β) = Ce−cβ for some constants C, c > 0.
For simplicity, we shall omit idA in the following. The proof of Theorem 18
consists of three steps. First, we show that there exists a CP-map which approximately recovers the Gibbs state ρHABC from the reduced state on AB. In the
second, we normalize the CP-map to be trace non-increasing. The normalized
map can be regarded as a probabilistic quantum operation which succeed to recover the Gibbs state with a constant probability. Finally, in the third step, we
construct a CPTP recovery map from the probabilistic operation by employing a
repeat-until-success strategy.
Let us begin with the following lemma in which the techniques based on the
quantum belief propagation equations are used.
Lemma 22. For any 1D Gibbs state ρHABC of a short-range Hamiltonian HABC
on a 1D system with a tripartition ABC with l := d(A, C)/2 > r, there exists a
CP-map κB→BC , such that

ABC
ρHABC − κB→BC ρH
≤ C1 (β)e−q1 (β)l .
(5.44)
AB
1
where c0 , v, C1 (β) and q1 (β) are non-negative constants.
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P
Proof. P
Let us consider a local Hamiltonian H = i hi with the range r. We assume
that k j:i∈supp(hj ) hj k ≤ J for all i. Without loss of generality, we introduce a
tripartition ABC of a 1D system so that each subsystem is simply connected and
d(A, C) is chosen to be 2l for some integer l > r. We then split region B into the
left half B L , which touches A, and the right half B R which touches C (Fig. 5.5).
We denote the sum of the all interactions hi acting on both B L and B R by HB M .
Remark 23. When B consists of a fixed number of simply connected regions, each
connected component neighboring both A and C is divided into two halves as in
the same way. Then, HB M is the sum of all interaction terms acting on both such
divided regions.

𝐵𝐿

𝐴

𝑙

𝐻𝐵 𝑀

𝐵𝑅

𝐶

𝑙

Figure 5.5: A schematic picture of the definition of HB M . We divide B into two
halves B L and B R . In the case of a nearest-neighbor Hamiltonian, HB M is the
interaction term acting on both B L and B R (the orange circle).
We apply the technical tools discussed in the previous section to an oneparameter family of Hamiltonians HABC (s) = HAB L + HB R C + sHB M . Here,
HB M corresponds to the perturbation operator V in the previous section. From
Eq. (5.24), it holds that
†
e−βHABC = OABC e−β(HABL +HBR C ) OABC
,

(5.45)

where OABC is defined as
OABC



Z
β 1 0 H(s0 )
ds Φβ
(HB M ) .
:= T exp −
2 0

(5.46)

The inverse of OABC is given by
−1
OABC

 Z 1

0
β
0 H(s )
:= T̄ exp
ds Φβ
(HB M ) ,
2 0

(5.47)

−1
where T̃ is the inverse time-ordering operator. We shall denote OABC
by ÕABC as
well. By definition, it holds that

OABC ÕABC = ÕABC OABC = 1IABC .

(5.48)
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From Eq. (5.32), we have an upper bound of the operator norms:
β

kOABC k, kÕABC k ≤ e 2 J .

(5.49)

We note that the bound is independent of the size of subsystems, although these
operators are non-trivially acting on the whole system ABC.
Since Eq. (5.45) holds, it is not difficult to see that
h


i
HABC
HABC
HABC †
ρ
= OABC TrB R C ÕABC ρ
ÕABC ⊗ ρB R C
(5.50)
holds. Since the “perturbation” HB M has a local support, there exist a local
operator which approximates OABC as shown in Eq. (5.37). Let us choose the
support of the approximating operator to be B and denote it by OB . For simplicity,
we denote
c0 βJ (1+c0 )βJ
(5.51)
e 2 .
K(β) =
2
Then, there exist constants c0 and v such that
kOABC − OB k ≤ K(β)e−q1 (β)l ,
where q1 (β) =

c0
.
1+c0 vβ/π

(5.52)

The same relation holds for ÕABC and its local approxi-

mation ÕB . Their operator norms are bounded as
kOB k, kÕB k ≤ kOABC k + kOABC − OB k ≤ e

βJ
2

+ K(β) .

(5.53)

Let us denote the non-trivial part of ÕB by ÕB|B , i.e.,
ÕB = ÕB|B ⊗ 1IAC .

(5.54)

By using this notation, we define a CP-map κB→BC by replacing the operators in
Eq. (5.50) by their local approximations:
h


i
H
†
†
κB→BC (σB ) := OB TrB R ÕB|B σB ÕB|B
⊗ ρB RBRCC OB
.
(5.55)
Note that the partial trace over C is removed from Eq. (5.50).
ABC
In the following, we show that κB→BC (ρH
) is close to ρHABC . Let us denote
AB


H
†
X1 := TrB R C ÕABC ρHABC ÕABC
⊗ ρB RBRCC
(5.56)
and



HB R C
†
ABC
X2 := TrB R ÕB ρH
Õ
AB
B ⊗ ρB R C .

(5.57)
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For any state σABC , we have
kX1 − X2 k1 =

=
≤
≤



H
†
TrB R C ÕABC σABC ÕABC
⊗ ρB RBRCC


H
†
−TrB R ÕB|B σAB ÕB|B
⊗ ρB RBRCC




†
†
TrB R C ÕABC σABC ÕABC − TrB R C ÕB σABC ÕB
†
†
ÕABC σABC ÕABC
− ÕB σABC ÕB

(5.58)
1

(5.59)
1

(5.60)
1

†
†
†
.
(ÕABC − ÕB )σABC ÕABC
+ ÕB σABC (ÕABC
− ÕB
) (5.61)
1

1

We used the monotonicity of the trace-norm in the last inequality. To address the
calculation, we use the following spacial case of the Hölder’s inequality:
kABk1 ≤ kAk1 kBk .

(5.62)

It implies that
(5.61) ≤

(ÕABC − ÕB )

†
σABC ÕABC

1

+ ÕB σABC

†
ÕABC

+ ÕB
(ÕABC − ÕB )
 βJ

≤ 2K(β) e 2 + K(β) e−q1 (β)l .

≤

†
(ÕABC

1

†
†
(ÕABC
− ÕB
) (5.63)

†
− ÕB
)

(5.64)
(5.65)

The first and second lines follow from Eq. (5.62) and kσABC k1 = 1. In the last
line, we used Eq. (5.52) and Eq. (5.53).
By using the above bound, we bound the difference between the original Gibbs
ABC
state ρHABC and κB→BC (ρH
) as
AB
ABC
ρHABC − κB→BC (ρH
)
AB

=

†
OABC X1 OABC

1

†
− OB X2 OB

†
†
− OB X1 OB
≤ OABC X1 OABC
†
≤ (OABC − OB )X1 OABC

1

(5.66)
1
1

†
+ OB (X1 − X2 )OB

†
†
− OB
)
+ OB X1 (OABC

(5.67)
1

1

†
+ k(X1 − X2 )k1 OB

2

(5.68)
2

≤ kOABC − OB kkÕABC k kOABC k +

†
kOABC

−

†
OB
kkÕABC k2 kOB k

2

†
+ k(X1 − X2 )k1 OB

 βJ

 βJ
3 
3βJ
βJ
≤ K(β) e 2 + e
e 2 + K(β) + 2 e 2 + K(β)
e−q1 (β)l
 βJ
3
≤ 4K(β) e 2 + K(β) e−q1 (β)l .

(5.69)
(5.70)
(5.71)
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Here we used the fact that kX1 k1 ≤ kρHABC k1 kÕABC k2 = kÕABC k2 in the fourth
3
 βJ
line. Choosing C1 (β) = 4K(β) e 2 + K(β) completes the proof.
Unfortunately, the CP-map κB→BC is not a trace non-increasing map in general.
Next, we normalize κB→BC to obtain a CP and trace non-increasing map, which
corresponds to a probabilistic process described by an instrument (see Sec. 2.1.2
for the definition of instruments).
Lemma 24. Under the setting of Theorem 22, there exists a CP and trace non(β)+1
increasing map Λ̃B→BC for any l ≥ l0 = log Cq11(β)
such that
HABC

ρ

ABC
Λ̃B→BC (ρH
)
AB
−
≤ C2 (β)e−q1 (β)l ,
HABC
Tr[Λ̃B→BC (ρAB )]

(5.72)

1 (β)
ABC
where C2 (β) = 2C
. Moreover, p := Tr[Λ̃B→BC (ρH
)] > 0 is a constant
AB
1−e−1
independent of the size of subsystems A, B and C.

†
†
ÕB
B
Proof. We denote the maximum eigenvalue of OB
OB (ÕB
ÕB ) by λO
max (λmax ).
†
2
From Eq. (5.53) and inequality kA Ak ≤ kAk , these eigenvalues are bounded as
ÕB
B
λO
max , λmax



≤ e

βJ
2

2
+ K(β) .

(5.73)

ÕB
B
Define λmax := λO
max λmax . Then, we define the normalized map Λ̃B→BC as

Λ̃B→BC (σB ) :=

1
λmax

κB→BC (σB ) .

(5.74)

By definition, Λ̃B→BC is CP and trace non-increasing. Let us define a complementary map τB→BC as
τB→BC (σB ) := σB ⊗ τC ,
(5.75)
for some fixed state τC ∈ S(HC ). We denote τB→BC − Λ̃B→BC by ẼB→BC . Then,
{Λ̃B→BC , ẼB→BC } is an instrument. We refer the output corresponding to Λ̃B→BC
ABC
as the “success”. The successful output state for the input ρH
is
AB
ABC
Λ̃(ρH
)
AB
.
HABC
Tr[Λ̃(ρAB )]

Let us introduce l0 (β) =

ln C1 (β)+1
.
q1 (β)

(5.76)

For any l ≥ l0 (β), C1 (β)e−q1 (β)l ≤ e−1 < 1.

ABC
For such l, the success probability p of the instrument for the input ρH
is then
AB
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estimated as
ABC
p = Tr[Λ̃(ρH
)]
AB
1
ABC
=
κB→BC (ρH
) 1
AB
λmax
1
ABC
≥
kρHABC k1 − ρHABC − κB→BC (ρH
)
AB
λmax

1
1 − C1 (β)e−q1 (β)l
≥
λmax


1
1
≥
1−
λmax
e
−1
1−e
≥
4
βJ
2
e + K(β)

(5.77)
(5.78)
(5.79)

1

(5.80)
(5.81)
(5.82)

> 0,

(5.83)

where we used Eq. (5.73) in the line before the last.
The approximation error of the succeeded output is then estimated as
ρ

HABC

ABC
)
Λ̃B→BC (ρH
AB
−
HABC
Tr[Λ̃B→BC (ρAB )]

= ρ
1

HABC

ABC
)
κB→BC (ρH
AB
−
HABC
kκB→BC (ρAB )k1

1
kρHABC k1
≤ 1−
ABC
kκB→BC (ρH
)k
1
AB
1
ABC
)
ρHABC − κB→BC (ρH
+
AB
ABC
kκB→BC (ρH
)k
1
AB
1
C1 (β)e−q1 (β)l
+
C1 (β)e−q1 (β)l
≤
−1
1−e
1 − e−1
2C1 (β) −q1 (β)l
e
.
≤
1 − e−1

(5.84)
1

1

(5.85)
(5.86)
(5.87)

In the third line, we used the fact
ABC
kκB→BC (ρH
)k1 − 1 ≤ C1 (β)e−q1 (β)l ,
AB

(5.88)

which follows from
ABC
1 − C1 (β)e−q1 (β)l ≤ kκB→BC (ρH
)k1 ≤ 1 + C1 (β)e−q1 (β)l .
AB

Thus, we conclude that Lemma 24 holds by choosing C2 (β) =

2C1 (β)
.
1−e−1

(5.89)
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We are now in position to prove Theorem 18. Without loss of generality,
let us assume that d(A, C) = |B| = 3l2 − l for l ∈ N. We divide B into
B = Bl B̄l−1 Bl−1 ...B̄1 B1 as shown in Fig. 5.6, where for each i, |Bi | = 2l and
|B̄i | = l. From Lemma 24, there exists a CP and trace non-increasing map
Λ̃Bi →Bi B̄i−1 ...B1 C for each i which approximately recovers ρHABC from the reduced
state on ABl ...B̄i Bi . Let us simply denote Λ̃Bi →Bi B̄i−1 ...B1 C by Λ̃i and its complementary map ẼBi →Bi B̄i−1 ...B1 C by Ẽi . We also denote the tracing operation over
B̄i Bi ...B1 C by Tri . We define a CPTP-map ΛB→BC as
ΛB→BC (σB ) =






Λ̃1 (σB ) + Λ̃2 + · · · Λ̃l−1 + Λ̃l + Ẽl Trl−1 Ẽl−1 · · · Tr2 Ẽ2 Tr1 Ẽ1 (σB )

(5.90)

based on the repeat-until-success method (Fig. 5.6).
𝐴

𝐵𝑙

𝐵𝑙−1

𝐵𝑙−1

⋯

𝐵2

𝐵2

𝐵1

𝐵1

𝑙

2𝑙

𝐶

𝐵
Fail

Apply Λ1
Success
Obtain a state ≈ 𝜌

Trace out 𝐵1 𝐵1 𝐶
& apply Λ2

Fail

⋯

Trace out
𝐵𝑙−1 . . 𝐵1 𝐶 &
apply Λ𝑙

Fail

Success

Success
𝐻𝐴𝐵𝐶

Fail

⋯

Figure 5.6: A schematic picture of the repeat-until-success method. We introduced
buffer systems {B̄i } to suppress the effect of failure. The “failure” output at the
end corresponds to the CP-map Ẽl ◦ Trl−1 Ẽl−1 · · · ◦ Tr1 Ẽ1 .
ABC
When we input ρH
to ΛB→BC , the output of each map Λ̃i corresponds
AB
to the success of the recovery process atthe ith step (with probability pi ) and Ẽi
corresponds to the failure of the recovery process (with probability 1−pi ). If it fails,
we trace out both the recovered system and the “buffer” system B̄i , and then, the
effect of the failure can be almost neglected. Thus, we can repeat the probabilistic
process to obtain the success outcome. The effect of the failure is estimated by the
following lemma, which utilizes the exponential decay of correlation of 1D Gibbs
states [151].

Lemma 25. Under the setting of Theorem 22, there exists a constant ξ ≥ 0 such
that

HABC

Tr
Ẽ
ρ
l
i
ABl ...Bi
(1 − pi ) Tri ρHABC −
≤ e− ξ .
(5.91)
1 − pi
1
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Proof. Define a correlation function Cor(X : Y )ρ of regions X and Y by
Cor(X : Y )ρ =

max

kM k,kN k≤1

|Tr [(M ⊗ N )(ρXY − ρX ⊗ ρY )]| .

Consider some CP and trace-decreasing map (1IX ⊗ EY )(ρXY ) =
lemma 9 of Ref. [154], it holds that

P

i

(5.92)

Ei ρXY Ei† . By

Cor(X : Y )ρ ≥ Tr[MY ρXY ]kρX − σX k1 ,
where MY =

P

i

(5.93)

Ei† Ei and

σX =

(idX ⊗ EY )(ρXY )
1
TrY [MY ρXY ] = TrY
.
Tr[MY ρXY ]
Tr(idX ⊗ EY )(ρXY )

(5.94)

It has been shown that any 1D Gibbs states with a short-range Hamiltonian have
exponentially decaying Cor(X : Y )ρ [151], i.e., there exist constants c ≥ 0 and
ξ > 0 such that
Cor(X : Y )ρ ≤ ce−d(X:Y )/ξ .
(5.95)
Choosing X = ABl ...Bi+1 , Y = Bi and EY = Ẽi prove Lemma 25.
Without loss of generality, let us assume
ABC
pi = Tr[Λ̃i (ρH
ABl ...Bi )] = p > 0

(5.96)

for all i. Lemma 25 allows an iterative calculation. First we have
ABC
ABC
ABC
ΛB→BC (ρH
) − Λ̃1 (ρH
) + (1 − p)Λ̃2 (ρH
AB
AB
ABl ...B2 )

 

 
ABC
+(1 − p) Λ̃3 + · · · Λ̃l + Ẽl Trl−1 Ẽl−1 · · · Tr2 Ẽ2 (ρH
ABl ...B2 )

≤ e−l/ξ
1

(5.97)
ABC
ABC
Here, we used Lemma 25 for Tr1 Ẽ1 (ρH
) and ρH
AB
ABl ...B2 . Then we can obtain
ABC
ABC
ABC
ΛB→BC (ρH
) − Λ̃1 (ρH
) + (1 − p)Λ̃2 (ρH
AB
AB
ABl ...B2 )


2
ABC
ABC
)
+
(1
−
p)
+(1 − p)2 Λ̃3 (ρH
Λ̃
+
·
·
·
Tr
Ẽ
Tr3 Ẽ3 (ρH
4
4
4
ABl ...B3
ABl ...B3 )

≤ 2e−l/ξ .
1

(5.98)
ABC
We can proceed in a similar way, where at each ith step, we replace Tri Ẽi (ρH
)
AB
HABC
by Tri (ρ
) by using the triangle inequality. After iterating l − 1 steps, we
obtain

ABC
ΛB→BC (ρH
)
AB

l
X
ABC
ABC
(1 − p)i−1 Λ̃i (ρH
) + (1 − p)l−1 Ẽl (ρH
−
AB
ABl )
i=1

≤ (l − 1)e−l/ξ .
1

(5.99)
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Since

P

l
i=1

i−1

p(1 − p)

ρ

HABC
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+ (1 − p)l = 1, it follows

=

l
X

p(1 − p)i−1 ρHABC + (1 − p)l ρHABC

(5.100)

i=1

and thus
ρ

HABC

−

l
X

ABC
ABC
(1 − p)i−1 Λ̃i (ρH
) + (1 − p)l−1 Ẽl (ρH
AB
ABl )

i=1

≤

l
X
i=1

(5.101)
1

1
ABC
p(1 − p)i−1 ρHABC − Λ̃i (ρH
ABl ...Bi )
p

+ (1 − p)l ρHABC −
1

1
ABC
Ẽl (ρH
ABl )
1−p

1

(5.102)
≤ {1 − (1 − p)l }C2 (β)e−q1 (β)l + 2(1 − p)l .

(5.103)

Therefore, by combining Eq. (5.99) and Eq. (5.103), we conclude
ABC
kρHABC − ΛB→BC (ρH
)k1 ≤ {1 − (1 − p)l }C2 (β)e−q1 (β)l + 2e−| ln(1−p)|l + (l − 1)e−l/ξ
AB
(5.104)

≤ C2 (β)e−q1 (β)l + 2e−| ln(1−p)|l + le−l/ξ .

(5.105)

Here, the probability p can be bounded as in Eq. (5.82), and thus we have




(1 − e−1 )e−2βJ
(1 − e−1 )e−2βJ 

−Θ(β)
≥
| ln(1 − p)| ≥ ln 1 − 
,

4 
4 = e
βJ
βJ
− 2
− 2
1+e
1+e
K(β)
K(β)
(5.106)
where the last inequality follows from log(1 − x) ≤ −x for any x ∈ [0, 1]. If
ξ = eO(β) , Eq. (5.105) can be bounded by
0

0

2C2 (β)le−q (β)l = e−q (β)l+ln(2C2 (β)l) ,

(5.107)

√
where q 0 (β) = Ω(e−Θ(β) ). Since d(A, C) = 3l2 − l, Eq. (5.107) is Ω(e−Θ( d(A,C)) ).
Therefore, for sufficiently large
l, there exists a constant q(β) = Ω(e−Θ(β) ) such
√
0
that e−q (β)l+ln(2C2 (β)l) ≤ e−q(β) d(A,C) .
Note that the all arguments are symmetric under the exchange of A and C.
Thus, there exists a recovery map from B to AB with a similar accuracy as well.
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5.3.3

The proof of Corollary 19

Let us first consider a 1D open spin chain with a tripartition ABC so that a
simply connected region B shields A from C. Then, d(A, C) = |B|. Divide C into
C = C1 ∪ C2 ∪ ... ∪ Cm , where m is the maximum number such that |Ci | = |B| for
1 ≤ i < m and each Ci shields Ci−1 from Ci+1 (here, C0 ≡ B).
Theorem 18 and the Fannes inequality imply
√
I(A : Ci |BC1 . . . Ci−1 )ρHABC ≤ |B|e−q(β) i|B|
(5.108)
for any i ∈ [1, m]. By the chain rule
I(A : C|B) = I(A : C1 |B) + I(A : C2 |BC1 ) + . . . + I(A : Cm |BC1 . . . Cm−1 ) ,
(5.109)
we have
I(A : C|B)ρHABC ≤

m
X

|B|e−q(β)

√
i|B|

i=1

√

≤

|B|e−q(β)

|B|

+ |B|

m−1
X

√

e−q(β)

!
|B|(i+1)

i=1


Z ∞
√
√
−c |B|
−q(β) |B|x
≤
|B|e
+
e
dx
1
!
p
√
2(1 + q(β) |B|)
−q(β) |B|
=
1+
|B|e
.
q(β)2 |B|

(5.110)

√
Again, the upper bound is e−Θ( d(A,C)) . The same strategy works for a more
complicated tripartition ABC of both 1D open chains and closed chains.

5.3.4

The proof of Corollary 21

The original proof of this corollary is first given by Brandao in Ref. [155]. We first
divide the whole 1D spin chain into consecutive regions A1 B1 C1 A2 B2 C2 ...Ak Bk Ck ,
where we choose |Ai | = |Bj | = l ≥ l0 and |Ci | = 5ξ(ln d)l for all i, where
l0 is the constant given in Theorem 18 and the correlation length ξ is given
in Eq. (5.95). Let us consider region (A1 B1 C1 ...Ci−1 Ai Bi+1 )(Bi Ai+1 )Ci , where
Bi Ai+1 shields A1 B1 ...Bi+1 from Ci . From Theorem 18, there exists a CPTP-map
δi : S(HBi Ai+1 ) → S(HBi Ci Ai+1 ) such that


√
H
−q(β) l
. (5.111)
∆i ρH
−
ρ
≤
Ce
A1 B1 ...Ai Bi Ai+1 Bi+1 Ci+1
A1 B1 ...Ai Bi Ci Ai+1 Bi+1 Ci+1
1
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Since the Gibbs state has exponentially decaying correlations, after tracing out
Ci , the two remained connected components are almost uncorrelated. By using
Lemma 20 of Ref. [154], it follows that
ρA1 B1 C1 ...Bi−1 Ai Bi − ρA1 B1 C1 ...Bi−1 ⊗ ρAi Bi

1

2

≤ (dim HAi Bi ) Cor(A1 B1 C1 ...Bi−1 : Ai Bi )ρH

(5.112)

≤ d4l e−5ξ(ln d)l/ξ

(5.113)

= e−(ln d)l .

(5.114)

Each ∆i acts on different sets of spins and therefore does not overlap. Then
we have
k∆1 ⊗ · · · ⊗ ∆k (ρA1 B1 ⊗ · · · ⊗ ρAk Bk ) − ρA1 B1 C1 ···Ak Bk Ck k1
≤ k∆1 ⊗ · · · ⊗ ∆k (ρA1 B1 ⊗ · · · ⊗ ρAk Bk )
−∆2 ⊗ · · · ⊗ ∆k (ρA1 B1 C1 A2 B2 ⊗ ρA3 B3 ⊗ · · · ⊗ ρAk Bk )k1
+ k∆2 ⊗ · · · ⊗ ∆k (ρA1 B1 C1 A2 B2 ⊗ ρA3 B3 ⊗ · · · ⊗ ρAk Bk ) − ρA1 B1 C1 ...Ak Bk Ck k1
(5.115)
≤ k∆1 (ρA1 B1 ⊗ ρA2 B2 ) − ρA1 B1 C1 A2 B2 k1
+ k∆2 ⊗ · · · ⊗ ∆k (ρA1 B1 C1 A2 B2 ⊗ ρA3 B3 ⊗ · · · ⊗ ρAk Bk ) − ρA1 B1 C1 ···Ak Bk Ck k1
(5.116)
≤ k∆1 (ρA1 B1 A2 B2 ) − ρA1 B1 C1 A2 B2 k1 + e−(ln d)l
+ k∆2 ⊗ · · · ⊗ ∆k (ρA1 B1 C1 A2 B2 ⊗ ρA3 B3 ⊗ · · · ⊗ ρAk Bk ) − ρA1 B1 C1 ···Ak Bk Ck k1
(5.117)
√

≤ 2Ce−q(β)

l

+ k∆2 ⊗ · · · ⊗ ∆k (ρA1 B1 C1 A2 B2 ⊗ · · · ⊗ ρAk Bk ) − ρA1 B1 C1 ···Ak Bk Ck k1 .
(5.118)

The first inequality follows from the triangle inequality, the second from the monotonicity of the trace norm under quantum operations, the
third from Eq. (5.114),
√
−(ln d)l
−q(β) l
.
and the fourth from Eq. (5.111) and e
≤ Ce
Iterating the argument above, we find
√

k∆1 ⊗ · · · ⊗ ∆k (ρA1 B1 ⊗ . . . ⊗ ρAk Bk ) − ρA1 B1 C1 ...Ak Bk Ck k1 ≤ 2kCe−q(β)

l

.
(5.119)
Since k ≤ n, choosing l = O(log2 (n/ε)) gives an error bounded by ε. We
denote a CPTP-map whichNconstruct ρAi Bi by ∆1,i and relabel ∆i in the above
by ∆2,i . The CPTP-map
∆1,i creates product state of the form of ρA1 B1 ⊗
iN
ρA2 B2 ⊗ · · · ⊗ ρAk Bk , and then i ∆2,i approximately creates the target state from
this product state.
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5.3.5

Extension to more general graphs

Our proof of Theorem 18 for 1D spin chains can be generalized to more general
graphs with appropriate partitions. For instance, let us consider a tree graph
G = (E, V ) with a partition ABC as depicted in Fig. 5.7. Since G is a tree, it
is guaranteed that there is a unique path connecting A and C. Then, all spins in
B are classified as (i) spins belonging to the unique path (ii) the descendants of
spins on the path (iii) the rest spins which are separated from the path. From
this property of tree graphs, we can obtain a coarse-grained 1D chain by regarding
each spin on the path and its descendants as a single system, and removing all
spins in (iii). We can then apply the proof presented in the previous section to
this situation. Note that the norm of an interaction term connecting spins on the
path is irrelevant to the size of the coarse grained spins.

𝐶

𝑖

𝐴

𝐵

Figure 5.7: An example of the region with a partition ABC for a tree graph. In
the coarse-grain procedure, spin i and its descendants (the spins in the gray dotted
region) can be regarded as one large system.
An important point of this argument is that the success probability of the
recovery map in Lemma 24 is also bounded by a constant of d(A, C) in the case of
tree graphs. In general cases, we can consider a partition ABC which cannot be
reduced to 1D systems, such as depicted in Fig. 5.8. Remember that the success
probability p is in the order Ω(eβkHBM k ). In the case of the situation of Fig. 5.8,
HB M is the sum of all interactions along the perimeter of B L and the strength
kHB M k is proportional to l. When considering the repeat-until-success method,
the success probability decays too rapidly, and therefore our strategy does not
work. Because of this reason, we need an alternative way to proof the approximate
Markov property of Gibbs states on 2D or higher-dimensional lattice systems.
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𝑩𝑹
𝑙

𝑩𝑳

𝐴

Figure 5.8: An example of the systems of which the partition is not reducible to
1D. When the system is defined on a 2D lattice, kHB M k is proportional to l, since
it contains all interactions between B L and B R (the interactions corresponding to
the orange lines in the case of a nearest-neighbor Hamiltonian).

5.4

Proof: Approximate Markov Chains are 1D
Gibbs States

We restate Theorem 20:
Theorem 20 Let ρA1 ,...,An be anP
ε-approximate Markov chain. Then there exists
a short-range Hamiltonian H = i hAi ,Ai+1 , with hAi ,Ai+1 only acting on Ai Ai+1 ,
such that


e−H
S ρ
≤ εn.
Tre−H

Proof. We first consider a 1D open spin chain. Let σA1 ...An be the maximum
entropy state such that
σAi Ai+1 = ρAi Ai+1
(5.120)
rI

for all i. σA1 ...An is an element of E (A), where A is the set of all observables or
all elements of the orthonormal basis of observables on {Ai Ai+1 }. ByP
definition,
E(A) is the set of Gibbs states with Hamiltonians in the form H = i hAi Ai+1 .
We will show
S(σ) ≤ S(ρ) + εn.
(5.121)
The result then follows from Eq. (2.62) and the fact that inf ω∈E(A) S(σkω) = 0.
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By strong subadditivity we find
S(A1 . . . An )σ

≤ S(A1 A2 )σ − S(A2 )σ + S(A2 . . . An )σ
≤ S(A1 A2 )σ − S(A2 )σ + S(A2 A3 )σ − S(A3 )σ + S(A3 . . . An )σ
···
n−1
X
≤
S(Ai Ai+1 )σ − S(Ai+1 )σ
i=1

=

n−1
X

S(Ai Ai+1 )ρ − S(Ai+1 )ρ .

(5.122)

i=1

The last equality follows from Eq. (5.120). Since ρ is an ε-approximate Markov
chain, for every i ∈ [1, n − 1],
I(Ai : Ai+2 ...An |Ai+1 )ρ ≤ ε,

(5.123)

which can be written as
S(Ai ....An ) ≥ S(Ai Ai+1 ) − S(Ai+1 ) + S(Ai+1 ...An ) − ε,

(5.124)

i.e., the strong subadditivity is saturated up to error ε. Therefore we obtain
n−1
X

S(Ai Ai+1 )ρ − S(Ai+1 )ρ ≤

i=1

n−2
X

S(Ai Ai+1 )ρ − S(Ai+1 )ρ + S(An−2 An−1 An ) + ε

i=1

..
.
≤ S(A1 A2 )ρ − S(A2 )ρ + S(A2 . . . An )ρ + (n − 2)ε
≤ S(A1 ...An )ρ − (n − 1)ε.
(5.125)
Combining Eq. (5.122) and Eq. (5.125) we have
S(ρkσ) = S(σ) − S(ρ) ≤ ε(n − 1) .
By the discussion considered in Sec. 2.3, there exists a Gibbs state
!
X
1
ω = exp −
HAi Ai+1 ∈ E(A)
Z
i

(5.126)

(5.127)

which satisfies
S(σkω) ≤ ε .

(5.128)

Using the Pythagorean theorem, we obtain
S(ρkω) = S(ρkσ) + S(σkω) ≤ nε ,

(5.129)

which completes the proof. The above proof can be applied to the case of periodic
boundary condition as well. In this case, we set A as the set of all observables
on {An A1 A2 , A2 A3 , ..., An−1 An } and the Hamiltonian H contains a next-nearestneighbor interaction.
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Concluding Remarks

The approximate Markov property of 1D Gibbs states implies that the Gibbs
state can be constructed by first preparing the reduced states on distinct blocks,
and then patching them by locally performing quantum operations. It has been
shown that there exists an efficient quantum Gibbs sampling algorithm if the target
Gibbs state satisfies the approximate Markov property and another property called
uniform clustering [82]. It is known that any 1D Gibbs state satisfies the later
condition [151] and our preparation method can be understood as a special case
of this algorithm for 1D systems.
The area law of the mutual information guarantees that any Gibbs state of a
short-range Hamiltonian fullfills the approximate Markov property in any dimension (even there are various phases in two or higher dimensions). However, the
accuracy of the approximate Markov property of Gibbs states in systems with dimension greater than 1 has not been derived. Unfortunately, as we have discussed
in Sec. 5.3.5, our techniques cannot be generalized to higher-dimensional systems.
Moreover, our bound on the conditional mutual information may not be tight.
New mathematical tools are required to address these issues.
One difficulty in higher-dimension originates from the existence of another type
of the Markov property. In 1D systems, it is sufficient to consider the approximate
Markov property for a tripartition ABC of the whole system, as it ensures the
conditional mutual information of a reduced state to be small as well (Fig. 5.9(a)).
This is because of that a possible patterns of tripartitions are very restricted in 1D
systems. However, this is not the case in higher-dimensional systems (Fig. 5.9(b)).
This difficulty also arises when we consider characterization of states on a general
graph satisfying the approximate Markov property in terms of Gibbs states.
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(𝑎)

𝐶 𝐵 𝐴 𝐵 𝐶

𝐶𝐵 𝐴 𝐵 𝐶

(𝑏)

𝐴 𝐵 𝐶

𝐴

𝐵

𝐶

Figure 5.9: Correspondence of the Markov property of the tripartite partitions for
the whole system (the left hand side) and a reduced system (the right hand side).
(a): In 1D systems, the approximate Markov property for the partition in the left
hand side implies that I(A : C|B) is also small for the partition in the right hand
side. (b): In higher-dimensional systems, the approximate Markov property for
the partition in the left hand side does not imply that I(A : C|B) is small for the
partition in the right hand side.

Chapter 6
Conclusion
In this thesis, we have studied generic properties of multipartite correlations in 2D
gapped ground states (Chapter 4) and 1D Gibbs states (Chapter 5). We summarize
our results obtained in each chapter and present concluding remarks.

6.1

Summary of Results

In Chapter 4, we have studied multipartite correlations in gapped ground states
in 2D systems. To characterize multipartite correlations in topologically ordered
phases, we have focused on two measures of multipartite correlation: the irreducible correlation which has a geometrical interpretation, and the optimal rate of
a secret sharing protocol which provides an operational significance. We have considered gapped ground states with the zero correlation length, and also analyzed
the case of finite correlation length.
First, we have calculated the irreducible correlation of each order for regions
with certain partitions and have derived that the highest-order irreducible correlation coincides with the TEE of the state. This statement has been conjectured in
Refs. [74, 75] for gapped ground states, and we have provided a rigorous proof in
the limit of zero correlation length. The second-order irreducible correlation can
be written as the sum of the mutual information of bipartite subsystems, and the
other orders the irreducible correlations are zero. That is, a non-zero TEE implies
that the entanglement Hamiltonian of the reduced state on the region contains
genuinely multipartite interactions in addition to bipartite interactions. As an
application of this result, we have shown that the value of the TEE provides a restriction on the possible form of the ES on a cylinder. A similar restriction on the
ES had been found in the PEPS formalism [131, 132], but our result generalizes
previous observations and provides a connection to the value of the TEE.
Second, we have considered a particular type of secret sharing protocols by
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regarding the reduced state of a ground state as a resource. We have shown that
the optimal rate of the secret sharing protocol coincides with the TEE of the state
and thus we have discovered an operational interpretation of the TEE. We have
also explicitly demonstrated how to encode secrets in the optimal way for the toric
code.
Our results indicate that, as long as gapped ground states satisfy the conditions of zero correlation length, the TEE is an information-theoretically meaningful
measure of multipartite correlations. Moreover, if the correction due to the finite
correlation length decays sufficiently fast, we can assert a geometrical interpretation to the TEE beyond the ideal situation. We emphasize that the two measures
are defined for general quantum states and thus applicable for more general settings in contrast to the TEE, such as many-body states at finite temperature or
ground states of long-range Hamiltonians.
In Chapter 5, we have studied the Markov property of 1D Gibbs states and their
relation to approximate Markov chains. We have derived that any 1D Gibbs state
of a short-range Hamiltonian has sub-exponentially decaying conditional mutual
information I(A : C|B) with respect to the distance between regions A and C, and
therefore they are approximate Markov chains with a good accuracy. The proof is
based on the technique of quantum belief propagation [152, 47], which states that a
local perturbation on a Hamiltonian disturbs the corresponding Gibbs states only
locally. The decay rate of the conditional mutual information describes how fast
the mutual information of a 1D Gibbs state saturates the bound given by the area
law. We have also shown that the approximate Markov property can be utilized
to show the existence of an efficient preparation method of 1D Gibbs state in a
constant-time. In addition, we have shown that any approximate Markov chain
can be well-approximated by a Gibbs state of a short-range Hamiltonian. This
result provides a characterization of approximate Markov chain in terms Gibbs
states, along with the previous result by using recovery maps [78]. The result has
been derived by the equivalence between Gibbs states and the maximum entropy
states which is also used in Chapter 4.
By combining our results, we have shown that 1D Gibbs states of short-range
Hamiltonians and approximate Markov chains are approximately equivalent. This
statement forms a generalization of the quantum Hammersley-Clifford theorem [80,
81] for 1D systems.

6.2

Concluding Remarks of This Thesis

In this thesis, we have derived generic properties of multipartite correlations in
quantum many-body states obeying an area law. These generic properties provide
characterizations of classes of states or phases beyond bipartite correlations. An
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important idea behind our results on generic properties of multipartite correlations
is that when a state obeys an area law of entanglement or the mutual information,
the reduced states on certain regions form (approximate) Markov chains. We have
demonstrated properties of Markov chains and approximate Markov chains, which
have been intensively investigated in quantum and classical information theory,
are useful theoretical tools to derive and understand generic properties of quantum
many-body systems independent of details of interactions or physical models.
To analyze complex multipartite correlations, we have used the classification
based on the interaction patterns of Hamiltonians in the expression of quantum
states as effective Gibbs states. Our results affirm that this classification method,
starting from Amari’s work presented in Ref. [66], has an affinity with analysis of
entanglement Hamiltonian and Gibbs states. We believe that our results contribute
to understanding of properties of multipartite correlations in quantum systems by
bridging condensed matter physics and quantum information theory.
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