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Abstract

Since the experimental realization of Bose-Einstein condensation in 1995, the field of ultracold
atoms has expanded rapidly, and has become an important arena for exploring diverse quantum
many-body physics, as highlighted by the experimental observation of quantum phase transi-
tions in the system of bosons in a periodic potential, which is described by the Bose-Hubbard
model.

Recently, ultracold atoms with spin degrees of freedom are actively studied because the
coupling between the internal spin degrees of freedom and the spatial degrees of freedom can
give rise to novel and interesting physics. A minimal model for studying such physics is the spin-
1 Bose-Hubbard model, which describes spin-1 bosons in a periodic potential. The model has a
spin-dependent interaction, which can be ferromagnetic or antiferromagnetic, and it is known
that although the ferromagnetic model resembles the spinless counterpart, the antiferromagnetic
model exhibits totally different features, which make the model much more intensively studied
compared with the ferromagnetic one.

However, the presence of an external magnetic field can change the situation, because the
positive quadratic Zeeman energy competes with the ferromagnetic interaction, which can give
rise to rich phases. In this thesis, we explore the ground-state and nonzero-temperature phase
diagrams of the spin-1 Bose-Hubbard model under an external magnetic field. To analyze the
model, we use an approximation method called the decoupling approximation, or equivalently,
the Gutzwiller variational ansatz.

It is shown that, in addition to the Mott insulator phase, the model possesses two superfluid
phases. Moreover, for large values of a spin-dependent interaction, the phase transitions be-
tween the two superfluid phases can be discontinuous. Such discontinuous phase transitions are
shown to survive at nonzero but sufficiently low temperature. The discontinuous phase transi-
tions are in clear contrast to the mean-field theory of weakly interacting spin-1 bosons without
a lattice, which predicts that the corresponding phase transition is continuous, signifying the
importance of the effect of strong interactions on the interplay between the spatial and spinor
degrees of freedom.
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Chapter 1

Introduction

1.1 Background

1.1.1 Ultracold atoms in optical lattices

It was about 70 years after the theoretical prediction by Einstein [1, 2] that Bose-Einstein
condensation was experimentally realized by several groups in 1995 [3, 4], which brought them
the Nobel prize in physics 2001 “for the achievement of Bose-Einstein condensation in dilute
gases of alkali atoms, and for early fundamental studies of the properties of the condensates” [5].
Since then, the field of ultracold atoms expanded rapidly [6, 7], incorporating various ideas and
techniques from such diverse fields of physics as AMO (atomic, molecular, and optical) physics
and condensed matter physics, and has become a unique and important arena for exploring the
physics of various quantum many-body systems [8, 9].

One of the main reasons that ultracold atomic systems enjoy such popularity is their high
controllability; the interaction between atoms can be tuned with the technique of Feshbach
resonances, and the geometry of the system can be tailored with various optical techniques.

In particular, by combining multiple laser beams, we can create diverse periodic potentials,
called optical lattices, which allow us to explore the physics beyond weak interaction approxi-
mations [9, 10]. Unlike conventional solid-state systems, systems of ultracold atoms in optical
lattices can be free of defects, thus opening up the possibility of studying the physics of strongly
interacting quantum many-body systems with unprecedentedly high precision.

A seminal example of this fact is the observation of the quantum phase transition between
the superfluid phase and the Mott insulator phase in the system of ultracold bosons in an
optical lattice. Jaksch et al. [11] have shown in 1998 that ultracold bosons in an optical lattice
can be described by the Bose-Hubbard model, which was originally introduced heuristically as a
way to describe the ground state and low-energy excitations of repulsively interacting bosons in
continuum space [12], and later, motivated by experiments on superfluid 4He in porous media,
analyzed in the context of condensed matter physics [13]. The Hamiltonian of the model is
composed of two parts that compete with each other; the kinetic energy part which makes each
boson spread over the whole system, and the repulsive interaction part which tends to localize
bosons. The competition between these two terms is predicted to give rise to the quantum
phase transition between the superfluid phase, in which each particle spreads over the whole
system and hence is highly mobile, and the Mott insulator phase, in which each particle is
localized due to the on-site repulsive interaction. Using ultracold bosons and an optical lattice,
this phase transition was experimentally demonstrated in 2002 [14].
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1.1.2 Spinor bosons

In the early days of researches of ultracold atoms, their internal degrees of freedom are frozen
due to magnetic traps used in experiments. However, by the implementation of optical traps,
bosons with spin degrees of freedom, which are called spinor bosons, can now be studied exper-
imentally [15, 16], and have attracted considerable interest because of the possibility they offer
of simulating quantum magnetism and exploring the interplay between the spatial degrees of
freedom and the spin degrees of freedom [17, 18] .

At first, studies on spinor bosons mainly dealt with a weak interaction regime [19, 20, 21,
22, 23, 24], where, at zero and low enough temperature, almost all the particles Bose-Einstein
condensate. Such studies revealed diverse quantum phases arising from the presence of the spin
degrees of freedom and a spin-dependent interaction.

More recently, as mentioned above, optical lattices allow us to explore the strongly interact-
ing regime of cold atoms, including spinor bosons. A minimal model for studying such physics
is the spin-1 Bose-Hubbard model [25] , which describes spin-1 bosons in an optical lattice. The
model resembles the Bose-Hubbard model for bosons without spin mentioned earlier, which is
called the scalar Bose-Hubbard model to distinguish it from the spinor counterpart. However,
the model involves a spin-dependent interaction term, whose sign depends on the specific atom
considered, and changes the qualitative features of the system drastically; for a negative sign,
the interaction is ferromagnetic, which maximizes the magnitude of the spin at each site, and
for a positive sign, the interaction is antiferromagnetic, which minimizes the magnitude of the
spin. For the ferromagnetic interaction, the zero-temperature phase diagram of the model is
known to be similar to that of the scalar model, in which the quantum phase transition is con-
tinuous. On the other hand, for the antiferromagnetic interaction, the phase diagram exhibits
distinct properties; Mott lobes with odd particle-number filling shrink, and the superfluid Mott
insulator phase transition is known to be discontinuous for even particle-number filling. With
such differences, the antiferromagnetic model is much more intensively studied compared with
the ferromagnetic counterpart [25, 26, 27, 28, 29].

However, the situation is expected to change in the presence of an external magnetic field,
where the competition between the positive quadratic Zeeman effect and the ferromagnetic
interaction gives rise to rich phases; the ferromagnetic interaction favors states with larger
spin, while the positive quadratic Zeeman energy penalizes such states. In systems without
a lattice, this competition is known to yield two superfluid phases and the continuous phase
transition between them [21].

To the best knowledge of the author, the ground-state phase diagram of the ferromagnetic
spin-1 Bose-Hubbard model in the presence of an external magnetic field remains largely un-
explored. Although there is a study on the unit-filling Mott insulator phase [30], the interplay
between the spatial and spin degrees of freedom has yet to be fully explored.

1.2 Our study

In this thesis, we study the ground-state and nonzero temperature phase diagrams of the spin-
1 ferromagnetic Bose-Hubbard model under an external magnetic field, using the Gutzwiller
variational ansatz, or equivalently, the decoupling approximation. We consider the positive
quadratic Zeeman energy, which competes with the ferromagnetic interaction.

For the ground-state case, we show that the competition between these two terms gives
rise to discontinuous phase transitions between two superfluid phases. In the presence of the
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positive quadratic Zeeman energy, there arise two superfluid phases; the polar superfluid phase,
in which only the Zeeman sublevel σ = 0 particles are superfluid and the system possesses no
magnetization, and the broken-axisymmetry phase, in which all the three components are
superfluid, and the system exhibits nonzero transverse magnetization. Moreover, it was found
that for large spin-dependent interaction, which corresponds to the spin-1 hyperfine manifold
of 7Li, the phase transitions between the broken-axisymmetry phase and the other phases are
discontinuous for some part of the phase boundary, which is in clear contrast to the case without
an external magnetic field. Discontinuous phase transitions also occur when the quadratic
Zeeman energy is varied, contrary to the mean-field theory of weakly interacting spin-1 bosons,
in which the corresponding phase transition is continuous, implying the importance of the effect
of strong interaction on the interplay between the spatial and spin degrees of freedom.

For the nonzero temperature case, two superfluid phases are also observed. The discontin-
uous phase transition is shown to survive for sufficiently low temperature, but the region of
discontinuous phase transitions shrinks with the increase of the temperature, and for higher
temperature, the phase transitions become continuous.

1.3 Outline of the thesis

The present thesis is organized as follows.

• Chapter 2 reviews some basic results on ultracold bosons with the spin degrees of freedom.
We briefly discuss some single-particle properties, i.e., hyperfine spins and the Zeeman
effect, after which the derivation of the Hamiltonian for interacting spin-1 bosons is dis-
cussed in detail. Then, we apply the mean-field theory, which assumes the interaction is
weak, to the derived Hamiltonian, and discuss the obtained phase diagram.

• Chapter 3 is also a review chapter, which deals with optical lattices and ultracold bosons
in them. We first describe the way to construct periodic potentials using multiple laser
beams, and then we discuss the Bose-Hubbard models which describes bosons in optical
lattices, for both the spinless and spinful cases. In each case, after derivation of the
model, we discuss the ground-state phases of the system, focusing on the quantum phase
transition between the superfluid phase and the Mott insulator phase. In particular, we
emphasize the effect of the spin degrees of freedom, which alter qualitative features of the
phase transition drastically.

• Chapter 4 describes the model we study, i.e., the spin-1 Bose-Hubbard model with an
external magnetic field, and the method used to analyze it. After defining the model,
we describe an approximation method called the Gutzwiller variational ansatz, which
is known to be able to capture the qualitative features of the quantum phase transi-
tions in the Bose-Hubbard models. Although the method, being a variational method, is
conceptually transparent, in actual calculations we use a method called the decoupling
approximation, which is shown to be equivalent to the Gutzwiller variational ansatz.
Some details of numerical implementations are also discussed.

• Chapter 5 shows the results of this study, where both the zero-temperature and the
nonzero-temperature phase diagrams are shown. It will be shown there that the compe-
tition between the ferromagnetic interaction and the quadratic Zeeman energy gives rise
to two distinct superfluid phases, and moreover, the phase transition is discontinuous at
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some part of the phase boundary, in clear contrast to the corresponding phase transition
in the system without a lattice.

• Chapter 6 summarizes the thesis, and discuss outlook.

1.4 Notes on the notations

Throughout this thesis, we use the following notations.

The size of a finite set
For an arbitrary finite set S, we denote the number of its elements by |S|.

Complex conjugate
For an arbitrary complex number z, we denote its complex conjugate by z∗.

Operators
In principle, we do not use the symbol hat (ˆ) to indicate operators.

Hermitian conjugate
For an arbitrary linear operator A on a Hilbert space, we denote its Hermitian conjugate
by A†.

State vector
In principle, we do not use the “bra-ket” notation. Thus, instead of |ψ⟩ ∈ H, we
write ψ ∈ H, where H is a Hilbert space.

Inner product
For an arbitrary Hilbert space H and ψ, ϕ ∈ H, we denote their inner product by ⟨ψ, ϕ⟩.
We define the inner product to be linear with respect to the second variable and antilinear
with respect to the first variable.

Others
Important results are enclosed by boxes, and derivations are shown in between (∵) and
■. Lemmas used in these derivations are derived in between (∵) and □.
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Chapter 2

Ultracold spinor bosons

In this chapter, we review some basic results about ground-state properties of spin-1 bosons.
Note that we do not consider optical lattices here.

• Section 2.1 discusses the properties of (alkali) atoms, where we describe the origin of the
hyperfine spin, and derive the expression for the linear and quadratic Zeeman energies,
which will be used in later sections.

• Section 2.2 is devoted to the derivation of the Hamiltonian of interacting spin-1 bosons. In
particular, we derive the spinor interaction by imposing the assumptions of the rotational
symmetry and the contact interaction on the general form of interaction Hamiltonians.

• The mean-field theory for weakly interacting spin-1 bosons is discussed in section 2.3,
where the ground-state phase diagrams and the properties of various phases are given.

The aims of this chapter are

• to introduce the Hamiltonian for interacting spin-1 bosons, which will be used to derive
the spin-1 Bose-Hubbard model in the next chapter, and

• to show the mean-field phase diagram of the ferromagnetic interaction case, in which the
competition between the ferromagnetic interaction and the positive quadratic Zeeman
energy gives rise to two superfluid phases and continuous phase transitions between them,
which will be compared with the results shown in chapter 5.

2.1 Atomic properties

In this section, we consider one-particle properties of an alkali atom. We describe the hyperfine
spin and the Zeeman effect, which are needed in writing down the one-particle Hamiltonian in
the next section.

2.1.1 Hyperfine spin

The total spin of an atom, F , is composed of the electronic spin s, the electronic orbital angular
momentum l , and the nuclear spin I, and we write F = I + J and J = s + l.
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Due to the presence of the hyperfine interaction, whose Hamiltonian is given by

Hhf := AI · J , (2.1)

where A is a constant, which could be positive or negative depending on the atom, the atomic
ground-state subspace split into manifolds of states with definite total spin F , and their energy,
EF,I,J , is given by

EF,I,J :=
A

2
[F (F + 1) − I(I + 1) − J(J + 1)] , (2.2)

where I and J denote the spins of the nucleus and the electrons, respectively.
(∵)

Assuming that the nucleus and the electrons have definite angular momentum
I and J , the Hamiltonian can be rewritten as

Hhf =
A

2

[
(I + J)2 − I2 − J2

]
(2.3)

=
A

2

[
F 2 − I(I + 1) − J(J + 1)

]
. (2.4)

Thus, the atomic ground states split into manifolds in which states have a definite
total spin F in each manifold, and their energy, EF,I,J , is given by

EF,I,J :=
A

2
[F (F + 1) − I(I + 1) − J(J + 1)] . (2.5)

■

The hyperfine energy splitting of alkali atoms

For alkali atoms, which are widely utilized in the field of ultracold atomic physics, J = 1/2 holds,
because all electrons except for one occupy the inner shell, and the remaining one occupies the
outermost s orbital. Thus, the atomic ground states split into two manifolds with F = I±1/2.
The hyperfine energy splitting ∆Ehf of an alkali atom is defined by

∆Ehf := EI+ 1
2
,I, 1

2
− EI− 1

2
,I, 1

2
(2.6)

= A

(
I +

1

2

)
(2.7)

In table 2.1, we list these quantities for several alkali atoms. It can be seen that for atoms
listed in the table, we have positive ∆Ehf and consequently positive A. Thus, for these atoms,
the hyperfine states with F = I − 1

2
lies lower in energy than those with F = I + 1

2
.

2.1.2 The Zeeman effect

The Hamiltonian and its energy eigenvalues

In the presence of an external magnetic field, atomic levels further split into levels with different
energies. The Hamiltonian which describes such system is given by

Hspin = AI · J + CJ (3) +DI(3), (2.8)
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Atom s l J I F ∆Ehf/(h · GHz) µ/µN
1H 1/2 0 1/2 1/2 0, 1 1.42 2.793
6Li 1/2 0 1/2 1 1/2, 3/2 0.228 0.822
7Li 1/2 0 1/2 3/2 1, 2 0.804 3.256
23Na 1/2 0 1/2 3/2 1, 2 1.772 2.218
85Rb 1/2 0 1/2 5/2 2, 3 3.036 1.353
87Rb 1/2 0 1/2 3/2 1, 2 6.835 2.751

Table 2.1: Angular momenta and other physical quantities for alkali atoms used in cold atom
experiments. s: the electronic spin, l: the electronic orbital angular momentum, J : the total
electronic angular momentum, I: the nuclear spin, F : the total angular momentum of the
atom, ∆Ehf : the hyperfine splitting of the atomic ground state, and µ: the nuclear magnetic
moment in units of the nuclear magneton µN . Values are taken from table 1 of [17], and tables
3.1 and 3.2 of [6].

where C and D are constants proportional to the external magnetic field B, and we take the axis
of the external magnetic field to be the third direction. In this section, we limit ourselves
to the case of J = 1/2, i.e., the case of alkali atoms, and I = 3/2. Then, the atomic
ground states now split into states with energy

E2 :=
3

4
A+

1

2
C +

3

2
D, (2.9)

E1,± := −A
4

+D ±
√

3

4
A2 +

1

4
(A+ C −D)2, (2.10)

E0,± := −A
4
±
√
A2 +

1

4
(C −D)2, (2.11)

E−1,± := −A
4
−D ±

√
3

4
A2 +

1

4
(A− C +D)2, (2.12)

E−2 :=
3

4
A− 1

2
C − 3

2
D. (2.13)

The first subscript of each E refers to the value of mI + mJ for the corresponding eigenstate,
where mI and mJ are magnetic quantum numbers for the nucleus spin and the electronic
angular momentum.
(∵)

The Hamiltonian can be rewritten as

Hspin = A

[
I(3)J (3) +

1

2

(
I+J− + I−J+

)]
+ CJ (3) +DI(3), (2.14)

where I± := I(1) ± iI(2) and J± := J (1) ± iJ (2) are ladder operators.
Because the Hamiltonian conserves the value of mI +mJ , we can consider sub-

spaces with different values of mI +mJ separately. Hereafter in this derivation, the
state with the magnetic quantum numbers mI and mJ is denoted by ϕmI ,mJ

.
The cases with mI +mJ = ±2 are trivial and we get

Hspinϕ± 3
2
,± 1

2
= E±2ϕ± 3

2
,± 1

2
, E±2 =

3

4
A± 1

2
C ± 3

2
D. (2.15)
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For mI +mJ = 1, we have

Hspinϕ 3
2
,− 1

2
=

(
−3

4
A− 1

2
C +

3

2
D

)
ϕ 3

2
,− 1

2
+

√
3

2
Aϕ 1

2
, 1
2
, (2.16)

Hspinϕ 1
2
, 1
2

=

(
1

4
A+

1

2
C +

1

2
D

)
ϕ 1

2
, 1
2

+

√
3

2
Aϕ 3

2
,− 1

2
. (2.17)

Thus, Hspin in this subspace can be expressed as(
−3

4
A− 1

2
C + 3

2
D

√
3
2
A√

3
2
A 1

4
A+ 1

2
C + 1

2
D

)
, (2.18)

where the basis are placed in the order of ϕ 3
2
,− 1

2
, ϕ 1

2
, 1
2
. Thus, we obtain its eigen-

values

E1,± := −A
4

+D ±
√

3

4
A2 +

1

4
(A+ C −D)2. (2.19)

The result for mI + mJ = −1 can be obtained by reversing the signs of C and
D in the result for mI +mJ = 1.

For mI +mJ = 0, we have

Hspinϕ 1
2
,− 1

2
=

(
−1

4
A− 1

2
C +

1

2
D

)
ϕ 1

2
,− 1

2
+ Aϕ− 1

2
, 1
2
, (2.20)

Hspinϕ− 1
2
, 1
2

=

(
−1

4
A+

1

2
C − 1

2
D

)
ϕ− 1

2
, 1
2

+ Aϕ 1
2
,− 1

2
(2.21)

Thus, Hspin in this subspace can be expressed as(
−1

4
A− 1

2
C + 1

2
D A

A −1
4
A+ 1

2
C − 1

2
D

)
, (2.22)

where basis are placed in the order of ϕ 1
2
,− 1

2
, ϕ− 1

2
, 1
2
. Its eigenvalues are

E0,± := −A
4
±
√
A2 +

1

4
(C −D)2. (2.23)

■

Approximation: neglecting the D term

Physically, the constants C and D are given by

C = gµBB, D = −µ
I
B, (2.24)

where g is the electronic spin g factor (g ≃ 2.002), µB is the Bohr magneton, and µ is the
nuclear magnetic momentum 1.

It can be shown that the constant D is much smaller than A and C, and can be neglected
for magnetic fields used in experiments.
(∵)

1This usage is limited to the present chapter. Later, we use the letter µ to denote the chemical potential.
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First, let us consider |D/C|. Because the Landé g factor and I are of the order
of 1, and the nuclear magnetic momentum µ is of the order of the nuclear magneton
µN (table 2.1), we have ∣∣∣∣DC

∣∣∣∣ ∼ µN
µB

(2.25)

From their definitions, we have µB = eℏ
2me

and µN = eℏ
2mp

, where e is the absolute

value of the charge of the electron, ℏ is the Dirac constant, me is the electron mass,
and mp is the proton mass. Thus, we have∣∣∣∣DC

∣∣∣∣ ∼ µN
µB

=
me

mp

∼ 10−3 (2.26)

To compare D with A, we use the fact that ∆Ehf = 2A (see (2.7)), which gives∣∣∣∣DA
∣∣∣∣ ∼ µNB

∆Ehf

. (2.27)

Because µN ∼ 5×10−27J T−1 and ∆Ehf is of the order of 6×10−25J (see table 2.1),
we have ∣∣∣∣DA

∣∣∣∣ ∼ 10−2T−1|B|, (2.28)

which shows that |D| is much smaller than A for magnetic fields usually used in
ultracold atomic experiments, where B is much smaller than 1T.

■

Based on this argument, we can approximate the atomic energy eigenvalues by

E2 ≃ A

(
3

4
+
b

2

)
=: Ẽ2, (2.29)

E1,± ≃ A

(
−1

4
±
√

3

4
+

1

4
(1 + b)2

)
=: Ẽ1,±, (2.30)

E0,± ≃ A

(
−1

4
±
√

1 +
b2

4

)
=: ˜E0,±, (2.31)

E−1,± ≃ A

(
−1

4
±
√

3

4
+

1

4
(1 − b)2

)
=: Ẽ−1,±, (2.32)

E−2 ≃ A

(
3

4
− b

2

)
=: Ẽ−2, (2.33)

where the effective magnetic field b is defined by

b :=
C

A
=

2gµBB

∆Ehf

(2.34)

and we assume A > 0, which is the case for atoms listed in table 2.1.
Figure 2.1 shows the plot of these energy eigenvalues as functions of b after the approxima-

tion.
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Ẽ−1,+
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Figure 2.1: Approximate energy eigenvalues of the atomic Hamiltonian for I = 3
2
, J = 1

2
after

neglecting D, displayed as functions of the effective magnetic field b. Note that A > 0 is
assumed, and the energies are measured in units of A.

The linear and quadratic Zeeman energies

Usually, experiments on ultracold alkali atoms are carried out in relatively low magnetic field
where b≪ 1 holds. Thus, we can expand energy eigenvalues in terms of b and keep only a few
low order terms. Concretely, we have, for low-lying three states,

Ẽ1,− = A

(
−5

4
− 1

4
b− 3

32
b2
)

+ O(b3) (2.35)

Ẽ0,− = A

(
−5

4
− 1

8
b2
)

+ O(b3) (2.36)

Ẽ1,− = A

(
−5

4
+

1

4
b− 3

32
b2
)

+ O(b3). (2.37)

In the following sections, only the energy differences matter, and thus we can consider energy
eigenvalues after subtracting Ẽ0,−:

Ẽ1,− − Ẽ0,− = A

(
−1

4
b+

1

32
b2
)

+ O(b3) = −p+ q + O(b3), (2.38)

Ẽ1,− − Ẽ0,− = A

(
1

4
b+

1

32
b2
)

+ O(b3) = p+ q + O(b3), (2.39)
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where we have defined

p :=
1

4
Ab =

1

4
gµBB, (2.40)

q :=
1

32
b2A =

1

16

(gµBB)2

∆Ehf

, (2.41)

and call p the linear Zeeman energy and q the quadratic Zeeman energy.

2.1.3 Spin-1 bosons

In the next and later sections, we focus on the three low-lying states with energy Ẽ1,−, Ẽ0 and
Ẽ−1,0, and regard them as the internal degrees of freedom of a spin-1 bosonic atom 2.

2.2 Hamiltonian for spin-1 bosons

Based on the results in the previous section and symmetry discussion, we derive the Hamiltonian
for interacting spin-1 bosons [19, 20]. In 2.2.1, we show the single-particle Hamiltonian, and
2.2.2 is devoted to the derivation of the interaction Hamiltonian. The final result is summarized
in 2.2.3.

2.2.1 Single-particle Hamiltonian

According to the result of the previous section, the single-particle Hamiltonian Hsp is given by

Hsp :=

∫
V

dr
∑
σ∈S

ψ̂†(r, σ)

[
− ℏ2

2M
∇2 + U(r) − pσ + qσ2

]
ψ̂(r, σ), (2.42)

where

• V ⊂ R3 denotes the region in which particles reside, r ∈ V represents the position 3,
σ ∈ S := {1, 0,−1} represents the spin index,

• ψ̂(r, σ) is the field operator with position r and spin index σ,

• M is the mass of the atom,

• U is the external potential,

• p and q are the linear and quadratic Zeeman energies defined in (2.40) and (2.41), where
we have subtracted the energy of the σ = 0 level.

2In the presence of an external magnetic field, the total spin F is not a good quantum number, i.e., Hspin

and F are not simultaneously diagonalizable. However, for a weak magnetic field, F can be an approximate
good quantum number, and we regard atoms in these three levels as F = 1 spinor atoms.

3Henceforth, the ranges of integrals are understood to be V (or direct products of V ) unless otherwise stated.
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2.2.2 Interaction Hamiltonian

Here we show that the interaction Hamiltonian can be obtained by imposing the following two
conditions on the general form of the interaction Hamiltonians:

• The interaction Hamiltonian commutes with the total spin operators, i.e., the interaction
is invariant under global spin rotations.

• The interaction occurs only between two atoms at the same position, i.e., the interaction
is a contact interaction.

Before showing the result, we first define several operators.� �
The particle-number density operator is defined by

n̂(r) :=
∑
σ∈S

ψ̂†(r, σ)ψ̂(r, σ). (2.43)

The spin density operators F̂ (α)(r), where r ∈ V denotes the position and α ∈ {1, 2, 3}
denotes the direction, are defined by

F̂ (α)(r) :=
∑
σ,τ∈S

S(α)
σ,τ ψ̂

†(r, σ)ψ̂(r, τ), (2.44)

and spin-1 matrices S(α) (α ∈ {1, 2, 3}) are defined by

S(1) :=
1√
2

0 1 0
1 0 1
0 1 0

 , S(2) :=
i√
2

0 −1 0
1 0 −1
0 1 0

 , S(3) :=

1 0 0
0 0 0
0 0 −1

 , (2.45)

where it is understood that matrix indices are in the order of 1, 0,−1 a, and α = 3 corre-
sponds to the direction of the quantization axis.
The total spin operator F̂

(α)
tot is defined by

F̂
(α)
tot :=

∫
drF̂ (α)(r). (2.46)

aFor example, S
(3)
σ,τ can be written as S

(3)
σ,τ = σδσ,τ .� �

Under these definitions, the interaction Hamiltonian is given by
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� �
Hint =

1

2

∫
dr
[
c0 : n̂(r)n̂(r) : +c1 : F̂ (r) · F̂ (r) :

]
, (2.47)

c0 :=
g0 + 2g2

3
, c1 :=

g2 − g0
3

, (2.48)

where : · : denotes the normal ordering of creation and annihilation operators,

gF :=
4πℏ2

M
aF , (2.49)

M is the mass of the atom, and aF is the s-wave scattering length of the total spin-F
channel.� �

The derivation is given below, which proceeds step by step. It assumes spin-1 bosons, but
the argument in step 1 and step 2 applies to general spinor bosons.

Step 1: Rewriting the general interaction Hamiltonian

First, we present the general form of the two-body interaction Hamiltonians.� �
In general, the two-body interaction Hamiltonian can be written as

Hint =
1

2

∑
σ1,σ2,τ1,τ2∈S

∫
dr1dr2Vσ1,σ2,τ1,τ2(r1, r2)ψ̂

†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r1, τ1)ψ̂(r2, τ2),

(2.50)
where V is a function, which can be assumed to satisfy

Vσ1,σ2,τ1,τ2(r1, r2) = Vσ2,σ1,τ2,τ1(r2, r1) (∀ r1, r2 ∈ V, ∀ σ1, σ2, τ1, τ2 ∈ S) (2.51)

without loss of generality.� �
To make the calculation easy, we rewrite the general interaction Hamiltonian in terms of

the composite spin of two spins.
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� �
Let F ∈ {0, 1, 2}, M ∈ {−2,−1, 0, 1, 2} be quantum numbers representing the magnitude
and the third component of the composite spin of two spins with magnitude 1, respectively.
Here we denote the Clebsch-Gordan coefficients by ⟨F,M |σ1, σ2⟩, where σ1, σ2 ∈ S. If we
define

AF,M(r1, r2) :=
∑

σ1,σ2∈S

⟨F,M |σ1, σ2⟩ψ̂(r1, σ1)ψ̂(r2, σ2), (2.52)

UF,M,F ′,M ′(r1, r2) :=
∑

σ1,σ2,τ1,τ2∈S

Vσ1,σ2,τ1,τ2(r1, r2)⟨F,M |σ1, σ2⟩⟨τ1, τ2|F ′,M ′⟩, (2.53)

then we can rewrite the general interaction Hamiltonian as

Hint =
1

2

∫
dr1dr2

2∑
F,F ′=0

2∑
M,M ′=−2

UF,M,F ′,M ′(r1, r2)A
†
F,M(r1, r2)AF ′,M ′(r1, r2). (2.54)

In addition,

AF,M(r2, r1) = (−1)FAF,M(r1, r2), (2.55)

UF,M,F ′,M ′(r2, r1) = (−1)F+F ′
UF,M,F ′,M ′(r1, r2) (2.56)

hold, and in particular, for odd F , we have AF,M(r, r) = 0.� �
The meaning of AF,M(r1, r2) will be shown in the next box.

(∵)

From the completeness of the CG coefficients

δσ1,σ′
1
δσ2,σ′2 =

2∑
F=0

2∑
M=−2

⟨σ′
1, σ

′
2|F,M⟩⟨F,M |σ1, σ2⟩, (2.57)

we have

Hint

=
1

2

∑
σ1,σ2,τ1,τ2∈S

∫
dr1dr2Vσ1,σ2,τ1,τ2(r1, r2)ψ̂

†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r1, τ1)ψ̂(r2, τ2)(2.58)

=
1

2

∫
dr1dr2

∑
σ1,σ2,
τ1,τ2∈S

∑
σ′
1,σ

′
2,

τ ′1,τ
′
2∈S

2∑
F,F ′=0

2∑
M,M ′=−2

Vσ1,σ2,τ1,τ2(r1, r2)

×⟨F,M |σ1, σ2⟩⟨σ′
1, σ

′
2|F,M⟩ψ̂†(r1, σ

′
1)ψ̂

†(r2, σ
′
2)

×⟨F ′,M ′|τ ′1, τ ′2⟩⟨τ1, τ2|F ′,M ′⟩ψ̂(r1, τ
′
1)ψ̂(r2, τ

′
2) (2.59)

=
1

2

∫
dr1dr2

2∑
F,F ′=0

2∑
M,M ′=−2

 ∑
σ1,σ2,
τ1,τ2∈S

Vσ1,σ2,τ1,τ2(r1, r2)⟨F,M |σ1, σ2⟩⟨τ1, τ2|F ′,M ′⟩


×
∑

σ′
1,σ

′
2∈S

⟨σ′
1, σ

′
2|F,M⟩ψ̂†(r1, σ

′
1)ψ̂

†(r2, σ
′
2)
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×
∑

τ ′1,τ
′
2∈S

⟨F ′,M ′|τ ′1, τ ′2⟩ψ̂(r1, τ
′
1)ψ̂(r2, τ

′
2) (2.60)

=
1

2

∫
dr1dr2

2∑
F,F ′=0

2∑
M,M ′=−2

UF,M,F ′,M ′(r1, r2)A
†
F,M(r1, r2)AF ′,M ′(r1, r2). (2.61)

Next, we show the latter part. By noting the property

⟨F,M |σ2, σ1⟩ = (−1)F ⟨F,M |σ1, σ2⟩, (2.62)

we have

AF,M(r2, r1) =
∑

σ1,σ2∈S

⟨F,M |σ2, σ1⟩ψ̂(r2, σ2)ψ̂(r1, σ1) (2.63)

= (−1)F
∑

σ1,σ2∈S

⟨F,M |σ1, σ2⟩ψ̂(r1, σ1)ψ̂(r2, σ2) (2.64)

= (−1)FAF,M(r1, r2). (2.65)

For U , the definition

UF,M,F ′,M ′(r2, r1) =
∑

σ1,σ2,τ1,τ2∈S

Vσ2,σ1,τ2,τ1(r2, r1)⟨F,M |σ2, σ1⟩⟨τ2, τ1|F ′,M ′⟩ (2.66)

and the properties

Vσ2,σ1,τ2,τ1(r2, r1) = Vσ1,σ2,τ1,τ2(r1, r2), (2.67)

⟨F,M |σ2, σ1⟩ = (−1)F ⟨F,M |σ1, σ2⟩, (2.68)

⟨τ2, τ1|F ′,M ′⟩ = (−1)F
′⟨τ1, τ2|F ′,M ′⟩ (2.69)

yield
UF,M,F ′,M ′(r2, r1) = (−1)F+F ′

UF,M,F ′,M ′(r1, r2). (2.70)

■

A†
F,M(r1, r2) can be regarded as an operator which creates a pair of two particles, one at r1

and the other at r2, with total spin (F,M). This can be seen from the following results, which
will be used later:� �

Let Φvac be the vacuum state. Then, it follows that

n̂(r)A†
F,M(r1, r2)Φvac = [δ(r − r1) + δ(r − r2)]A

†
F,M(r1, r2)Φvac, (2.71)

F̂
(3)
totA

†
F,M(r1, r2)Φvac = MA†

F,M(r1, r2)Φvac, (2.72)

F̂±
totA

†
F,M(r1, r2)Φvac =

√
(F ∓M)(F ±M + 1)A†

F,M±1(r1, r2)Φvac, (2.73)

F̂
2

totA
†
F,M(r1, r2)Φvac = F (F + 1)A†

F,M(r1, r2)Φvac. (2.74)� �
(∵)
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Particle number density

From the definition of A†
F,M(r1, r2), we have

n̂(r)A†
F,M(r1, r2)Φvac

=
∑

σ,σ1,σ2∈S

⟨σ1, σ2|F,M⟩ψ̂†(r, σ)ψ̂(r, σ)ψ̂†(r1, σ1)ψ̂
†(r2, σ2)Φvac (2.75)

=
∑

σ,σ1,σ2∈S

⟨σ1, σ2|F,M⟩ψ̂†(r, σ)

×
(

[ψ̂(r, σ), ψ̂†(r1, σ1)]ψ̂
†(r2, σ2) + ψ̂†(r1, σ1)[ψ̂(r, σ), ψ̂†(r2, σ2)]

)
Φvac (2.76)

=
∑

σ,σ1,σ2∈S

⟨σ1, σ2|F,M⟩ψ̂†(r, σ)

×
(
δσ,σ1δ(r − r1)ψ̂

†(r2, σ2) + δσ,σ2δ(r − r2)ψ̂
†(r1, σ1)

)
Φvac (2.77)

= [δ(r − r1) + δ(r − r2)]
∑

σ1,σ2∈S

⟨σ1, σ2|F,M⟩ψ̂†(r1, σ1)ψ̂
†(r2, σ2)Φvac (2.78)

= [δ(r − r1) + δ(r − r2)]A
†
F,M(r1, r2)Φvac. (2.79)

The α = 3 component of the total spin
From the definitions, we have

F̂
(α)
tot A

†
F,M(r1, r2)Φvac

=

∫
dr

∑
σ,τ,σ1,σ2∈S

S(α)
σ,τ ⟨σ1, σ2|F,M⟩ψ̂†(r, σ)ψ̂(r, τ)ψ̂†(r1, σ1)ψ̂

†(r2, σ2)Φvac.(2.80)

Because

ψ̂(r, τ)ψ̂†(r1, σ1)ψ̂
†(r2, σ2)Φvac

= [ψ̂(r, τ), ψ̂†(r1, σ1)ψ̂
†(r2, σ2)]Φvac (2.81)

=
(

[ψ̂(r, τ), ψ̂†(r1, σ1)]ψ̂
†(r2, σ2) + ψ̂†(r1, σ1)[ψ̂(r, τ), ψ̂†(r2, σ2)]

)
Φvac (2.82)

= (δ(r − r1)δτ,σ1ψ̂
†(r2, σ2) + δ(r − r2)δτ,σ2ψ̂

†(r1, σ1))Φvac, (2.83)

it follows that

F̂
(α)
tot A

†
F,M(r1, r2)Φvac

=

∫
dr

∑
σ,τ,σ1,σ2∈S

S(α)
σ,τ ⟨σ1, σ2|F,M⟩ψ̂†(r, σ)

×(δ(r − r1)δτ,σ1ψ̂
†(r2, σ2) + δ(r − r2)δτ,σ2ψ̂

†(r1, σ1))Φvac (2.84)

=
∑

σ1,σ2∈S

⟨σ1, σ2|F,M⟩

×
∑
σ∈S

(
S(α)
σ,σ1

ψ̂†(r1, σ)ψ̂†(r2, σ2) + S(α)
σ,σ2

ψ̂†(r2, σ)ψ̂†(r1, σ1)
)

Φvac (2.85)

=
∑

σ1,σ2∈S

∑
σ∈S

[
⟨σ, σ2|F,M⟩S(α)

σ1,σ
+ ⟨σ1, σ|F,M⟩S(α)

σ2,σ

]
×ψ̂†(r1, σ1)ψ̂

†(r2, σ2)Φvac. (2.86)
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From the relation

M⟨σ1, σ2|F,M⟩ =
∑
σ∈S

[
⟨σ, σ2|F,M⟩S(3)

σ1,σ
+ ⟨σ1, σ|F,M⟩S(3)

σ2,σ

]
, (2.87)

which will be shown later, we obtain

F̂
(3)
totA

†
F,M(r1, r2)Φvac = M

∑
σ1,σ2∈S

⟨σ1, σ2|F,M⟩ψ̂†(r1, σ1)ψ̂
†(r2, σ2)Φvac (2.88)

= MA†
F,M(r1, r2)Φvac (2.89)

Ladder operators
It follows from (2.86) that

F̂±
totA

†
F,M(r1, r2)Φvac

=
∑

σ1,σ2∈S

∑
σ∈S

[
⟨σ, σ2|F,M⟩S±

σ1,σ
+ ⟨σ1, σ|F,M⟩S±

σ2,σ

]
×ψ̂†(r1, σ1)ψ̂

†(r2, σ2)Φvac. (2.90)

From the relation√
(F ∓M)(F ±M + 1)⟨σ1, σ2|F,M ± 1⟩ =

∑
σ∈S

[
⟨σ, σ2|F,M⟩S±

σ1,σ
+ ⟨σ1, σ|F,M⟩S±

σ2,σ

]
,

(2.91)
which also will be shown later, we arrive at

F̂±
totA

†
F,M(r1, r2)Φvac

=
√

(F ∓M)(F ±M + 1)
∑

σ1,σ2∈S

⟨σ1, σ2|F,M ± 1⟩ψ̂†(r1, σ1)ψ̂
†(r2, σ2)Φvac(2.92)

=
√

(F ∓M)(F ±M + 1)A†
F,M±1(r1, r2)Φvac. (2.93)

The magnitude of the total spin
From the equalities

F̂
(1)
tot =

F̂+
tot + F̂−

tot

2
, F̂

(2)
tot =

F̂+
tot − F̂−

tot

2i
, (2.94)

it follows that

F̂
2

tot =
3∑

α=1

(
F̂

(α)
tot

)2
=

1

2

(
F̂+
totF̂

−
tot + F̂−

totF̂
+
tot

)
+
(

ˆF (3)
tot

)2
, (2.95)

which, combined with (2.72) and (2.73) yields

F̂
2

totA
†
F,M(r1, r2)Φvac

=
1

2

[√
(F +M)(F −M + 1)

√
(F −M + 1)(F +M)+√

(F −M)(F +M + 1)
√

(F +M + 1)(F −M) + 2M2
]

×A†
F,M(r1, r2)Φvac (2.96)

= F (F + 1)A†
F,M(r1, r2)Φvac. (2.97)
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■

Here we show equalities (2.87) and (2.91) used in the previous derivation:� �
M⟨σ1, σ2|F,M⟩

=
∑
σ∈S

[
⟨σ, σ2|F,M⟩S(3)

σ1,σ
+ ⟨σ1, σ|F,M⟩S(3)

σ2,σ

]
, (2.98)√

(F ∓M)(F ±M + 1)⟨σ1, σ2|F,M ± 1⟩
=

∑
σ∈S

[
⟨σ, σ2|F,M⟩S±

σ1,σ
+ ⟨σ1, σ|F,M⟩S±

σ2,σ

]
. (2.99)

� �
(∵)

We start from an equality for two-spins

|F,M⟩ =
∑

τ1,τ2∈S

⟨τ1, τ2|F,M⟩|τ1, τ2⟩, (2.100)

where τ1, τ2 refer to each spin, while F and M refer to the composite spin, and
⟨τ1, τ2|F,M⟩ means CG coefficients.

By operating F (α) ⊗ I and I ⊗ F (α) on this equation, and then taking the inner
product with |σ1, σ2⟩, we obtain

⟨σ1, σ2|F (α) ⊗ I|F,M⟩ =
∑
τ1∈S

⟨τ1, σ2|F,M⟩⟨σ1|Fα|τ1⟩ (2.101)

=
∑
σ∈S

⟨σ, σ2|F,M⟩S(α)
σ1,σ

(2.102)

⟨σ1, σ2|I ⊗ F (α)|F,M⟩ =
∑
τ2∈S

⟨σ1, τ2|F,M⟩⟨σ2|Fα|τ2⟩ (2.103)

=
∑
σ∈S

⟨σ1, σ|F,M⟩S(α)
σ2,σ

. (2.104)

Summing up these equations yields

⟨σ1, σ2|F (α) ⊗ I + I ⊗ F (α)|F,M⟩
=

∑
σ∈S

[
⟨σ, σ2|F,M⟩S(α)

σ1,σ
+ ⟨σ1, σ|F,M⟩S(α)

σ2,σ

]
. (2.105)

The equality (2.87) can be obtained by setting α = 3, and the equality (2.91)
can be obtained by taking [(2.105) with α = 1] ±i [(2.105) with α = 2].

■
For later convenience, we calculate matrix elements of Hint:� �

⟨
A†
F,M(r1, r2)Φvac, HintA

†
F ′,M ′(r

′
1, r

′
2)Φvac

⟩
= UF,M,F ′,M ′(r1, r2)

[
δ(r1 − r′

1)δ(r2 − r′
2) + (−1)F

′
δ(r1 − r′

2)δ(r2 − r′
1)
]
.(2.106)� �

(∵)
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First, we show that

AF̃ ,M̃(q1, q2)A
†
F,M(r1, r2)Φvac

=
[
(−1)F δ(q1 − r2)δ(q2 − r1) + δ(q1 − r1)δ(q2 − r2)

]
×δF,F̃ δM,M̃Φvac (2.107)

holds.
(∵)

From the definition of the operator AF,M(r1, r2), we have

AF̃ ,M̃(q1, q2)A
†
F,M(r1, r2)Φvac

=
∑
σ1,σ2

σ′
1,σ

′
2∈S

⟨F̃ , M̃ |σ1, σ2⟩⟨σ′
1, σ

′
2|F,M⟩

×ψ̂(q1, σ1)ψ̂(q2, σ2)ψ̂
†(r1, σ

′
1)ψ̂

†(r2, σ
′
2)Φvac. (2.108)

Because

ψ̂(q1, σ1)ψ̂(q2, σ2)ψ̂
†(r1, σ

′
1)ψ̂

†(r2, σ
′
2)Φvac

=
[
δ(q2 − r1)δ(q1 − r2)δσ2,σ′

1
δσ1,σ′

2

+ δ(q1 − r1)δ(q2 − r2)δσ1,σ′
1
δσ2,σ′

2

]
Φvac, (2.109)

it follows that

AF̃ ,M̃(q1, q2)A
†
F,M(r1, r2)Φvac

=
∑

σ1,σ2∈S

[
δ(q2 − r1)δ(q1 − r2)⟨F̃ , M̃ |σ1, σ2⟩⟨σ2, σ1|F,M⟩

+δ(q1 − r1)δ(q2 − r2)⟨F̃ , M̃ |σ1, σ2⟩⟨σ1, σ2|F,M⟩
]

Φvac (2.110)

=
∑

σ1,σ2∈S

[
(−1)F δ(q2 − r1)δ(q1 − r2)⟨F̃ , M̃ |σ1, σ2⟩⟨σ1, σ2|F,M⟩

+δ(q1 − r1)δ(q2 − r2)⟨F̃ , M̃ |σ1, σ2⟩⟨σ1, σ2|F,M⟩
]

Φvac (2.111)

=
[
(−1)F δ(q1 − r2)δ(q2 − r1) + δ(q1 − r1)δ(q2 − r2)

]
×δF,F̃ δM,M̃Φvac. (2.112)

□
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From (2.54), we have⟨
A†
F,M(r1, r2)Φvac, HintA

†
F ′,M ′(r

′
1, r

′
2)Φvac

⟩
=

1

2

∫
dq1dq2

∑
F̃ ,M̃,F̃ ′,M̃ ′

UF̃ ,M̃,F̃ ′,M̃ ′(q1, q2)

×
⟨
AF̃ ,M̃(q1, q2)A

†
F,M(r1, r2)Φvac,

AF̃ ′,M̃ ′(q1, q2)A
†
F ′,M ′(r

′
1, r

′
2)Φvac

⟩
(2.113)

=
1

2

∫
dq1dq2

∑
F̃ ,M̃,F̃ ′,M̃ ′

UF̃ ,M̃,F̃ ′,M̃ ′(q1, q2)δF̃ ,F δM̃,MδF̃ ′,F ′δM̃ ′,M ′

×
[
(−1)F δ(q1 − r2)δ(q2 − r1) + δ(q1 − r1)δ(q2 − r2)

]
×
[
(−1)F

′
δ(q1 − r′

2)δ(q2 − r′
1) + δ(q1 − r′

1)δ(q2 − r′
2)
]

(2.114)

=
1

2

∫
dq1dq2UF,M,F ′,M ′(q1, q2)

×
[
(−1)F+F ′

δ(q1 − r2)δ(q2 − r1)δ(q1 − r′
2)δ(q2 − r′

1)

+(−1)F δ(q1 − r2)δ(q2 − r1)δ(q1 − r′
1)δ(q2 − r′

2)

+(−1)F
′
δ(q1 − r′

2)δ(q2 − r′
1)δ(q1 − r1)δ(q2 − r2)

δ(q1 − r1)δ(q2 − r2)δ(q1 − r′
1)δ(q2 − r′

2)] (2.115)

=
1

2
(−1)F+F ′

UF,M,F ′,M ′(r2, r1)δ(r2 − r′
2)δ(r1 − r′

1)

+
1

2
(−1)FUF,M,F ′,M ′(r2, r1)δ(r2 − r′

1)δ(r1 − r′
2)

+
1

2
(−1)F

′
UF,M,F ′,M ′(r1, r2)δ(r1 − r′

2)δ(r2 − r′
1)

+
1

2
UF,M,F ′,M ′(r1, r2)δ(r1 − r′

1)δ(r2 − r′
2) (2.116)

= UF,M,F ′,M ′(r1, r2)δ(r1 − r′
1)δ(r2 − r′

2)

+(−1)F
′
UF,M,F ′,M ′(r1, r2)δ(r1 − r′

2)δ(r2 − r′
1) (2.117)

= UF,M,F ′,M ′(r1, r2)

×
[
δ(r1 − r′

1)δ(r2 − r′
2) + (−1)F

′
δ(r1 − r′

2)δ(r2 − r′
1)
]
, (2.118)

where, in going from (2.116) to (2.117), we used (2.56).

■

Step 2: Imposing the two conditions on the interaction Hamiltonian

Having finished the preparation, we move on to imposing the two conditions stated at the
beginning of this subsection on the interaction Hamiltonian.
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� �
We assume

[Hint, F̂
(1)
tot ] = [Hint, F̂

(2)
tot ] = [Hint, F̂

(3)
tot ] = 0 (2.119)

holds. Then, UF,M,F ′,M ′(r1, r2) can be expressed as

UF,M,F ′,M ′(r1, r2) = δF,F ′δM,M ′UF (r1, r2) (2.120)

by a function UF .
Thus, we have

Hint =
1

2

∫
dr1dr2

2∑
F=0

UF (r1, r2)
F∑

M=−F

A†
F,M(r1, r2)AF,M(r1, r2). (2.121)

� �
(∵)

U is diagonal with respect to M .
Because Hint and F̂

(3)
tot commute with each other, we have⟨

A†
F,M(r1, r2)Φvac, F̂

(3)
totHintA

†
F ′,M ′(r

′
1, r

′
2)Φvac

⟩
=

⟨
A†
F,M(r1, r2)Φvac, HintF̂

(3)
totA

†
F ′,M ′(r

′
1, r

′
2)Φvac

⟩
. (2.122)

Combining this equation with (2.72) and (2.106), we obtain

0 = (M −M ′)
⟨
A†
F,M(r1, r2)Φvac, HintA

†
F ′,M ′(r

′
1, r

′
2)Φvac

⟩
(2.123)

= (M −M ′)UF,M,F ′,M ′(r1, r2)

×
[
δ(r1 − r′

1)δ(r2 − r′
2) + (−1)F

′
δ(r1 − r′

2)δ(r2 − r′
1)
]
. (2.124)

Assuming M ̸= M ′ yields

0 = UF,M,F ′,M ′(r1, r2)
[
δ(r1 − r′

1)δ(r2 − r′
2) + (−1)F

′
δ(r1 − r′

2)δ(r2 − r′
1)
]
. (2.125)

When r1 ̸= r2, UF,M,F ′,M ′(r1, r2) must be zero, which can be shown by integrating r′
1over

a small neighborhood of r1, and r′
2 over a small neighborhood of r2.

When r1 = r2 =: r, we have

0 = UF,M,F ′,M ′(r, r)
[
1 + (−1)F

′
]
δ(r − r′

1)δ(r − r′
2). (2.126)

Thus, for even F ′, UF,M,F ′,M ′(r, r) must be zero. For odd F ′, because AF ′,M ′(r, r) = 0, it
can be seen from (2.54) that UF,M,F ′,M ′(r, r) can be set to be zero without changing Hint.

U is diagonal with respect to F

Because Hint commutes with F̂
2

tot, it follows that⟨
A†
F,M(r1, r2)Φvac, F̂

2

totHintA
†
F ′,M(r′

1, r
′
2)Φvac

⟩
=

⟨
A†
F,M(r1, r2)Φvac, HintF̂

2

totA
†
F ′,M(r′

1, r
′
2)Φvac

⟩
. (2.127)
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Combining this relation with (2.74) and (2.106), we obtain

0 = [F (F + 1) − F ′(F ′ + 1)]
⟨
A†
F,M(r1, r2)Φvac, HintA

†
F ′,M(r′

1, r
′
2)Φvac

⟩
. (2.128)

When F ̸= F ′, we have

0 =
⟨
A†
F,M(r1, r2)Φvac, HintA

†
F ′,M(r′

1, r
′
2)Φvac

⟩
(2.129)

= UF,M,F ′,M(r1, r2)

×
[
δ(r1 − r′

1)δ(r2 − r′
2) + (−1)F

′
δ(r1 − r′

2)δ(r2 − r′
1)
]
. (2.130)

The same discussion as that in the previous paragraph yields UF,M,F ′,M(r1, r2) = 0 when
F ̸= F ′.

U does not depend on M
From the results we have shown, U can be rewritten as

UF,M,F ′,M ′(r1, r2) = δF,F ′δM,M ′UF,M(r1, r2) (2.131)

with a function UF,M . Because Hint and F̂±
tot commute, it follows that⟨

A†
F,M(r1, r2)Φvac, HintF̂

±
totA

†
F,M∓1(r

′
1, r

′
2)Φvac

⟩
=

⟨
F̂∓
totA

†
F,M(r1, r2)Φvac, HintA

†
F,M∓1(r

′
1, r

′
2)Φvac

⟩
. (2.132)

It follows from (2.73) that

(LHS) =
√

(F ±M)(F ∓M + 1)

×
⟨
A†
F,M(r1, r2)Φvac, HintA

†
F,M(r′

1, r
′
2)Φvac

⟩
, (2.133)

(RHS) =
√

(F ±M)(F ∓M + 1)

×
⟨
A†
F,M∓1(r1, r2)Φvac, HintA

†
F,M∓1(r

′
1, r

′
2)Φvac

⟩
. (2.134)

Thus, we can see that ⟨
A†
F,M(r1, r2)Φvac, HintA

†
F,M(r′

1, r
′
2)Φvac

⟩
(2.135)

does not depend on M , and hence, from (2.106),

UF,M(r1, r2)
[
δ(r1 − r′

1)δ(r2 − r′
2) + (−1)F δ(r1 − r′

2)δ(r2 − r′
1)
]

(2.136)

also does not depend on M . Thus, UF,M(r1, r2) does not depend on M . (When F is odd
and r1 = r2, UF,M(r1, r2) can be set to be zero. )

■

25



Further, we assume that the system is dilute, so that the interaction can be approximated
by a contact interaction:� �

By imposing UF (r1, r2) = gF δ(r1 − r2), we obtain

Hint =
1

2

∫
dr
∑
F=0,2

gF

F∑
M=−F

A†
F,M(r)AF,M(r), (2.137)

AF,M(r) := AF,M(r, r). (2.138)

Note that the summation over F is restricted to even numbers.
Physically,

gF =
4πℏ2

M
aF , (2.139)

where M is the mass of the atom, and aF is the s-wave scattering length of the total spin-F
channel.� �

(∵)

By plugging the expression for UF into (2.121), we obtain

Hint =
1

2

∫
dr

2∑
F=0

gF

F∑
M=−F

A†
F,M(r, r)AF,M(r, r). (2.140)

When F is odd, AF,M(r, r) = 0, and hence the summation is restricted to even F .

■

Step 3: rewriting the obtained interaction Hamiltonian

Here, we rewrite the obtained interaction Hamiltonian (2.137) using more intuitively under-
standable operators.

We start by deriving two equalities:� �
Let :: be the normal ordering. Then,

: n̂(r1)n̂(r2) :

:=
∑

σ1,σ2∈S

ψ̂†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r1, σ1)ψ̂(r2, σ2) (2.141)

=
2∑

F=0

F∑
M=−F

A†
F,M(r1, r2)AF,M(r1, r2) (2.142)

: F̂ (r1) · F̂ (r2) :

:=
∑

σ1,σ2,τ1,τ2∈S

3∑
α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

ψ̂†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r1, τ1)ψ̂(r2, τ2) (2.143)

=
2∑

F=0

[
1

2
F (F + 1) − 2

] F∑
M=−F

A†
F,M(r1, r2)AF,M(r1, r2). (2.144)

� �
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(∵)

In C3 ⊗ C3, the Hilbert space of two spin-1 spins,

1 =
2∑

F=0

F∑
M=−F

|F,M⟩⟨F,M | (2.145)

holds, where the left hand side denotes the identity operator in C3 ⊗ C3.
First, let us think about the paricle number. By multiplying ψ̂†(r1, σ1)ψ̂

†(r2, σ2)⟨σ1, σ2|
from the left, multiplying |σ′

1, σ
′
2⟩ψ̂(r1, σ

′
1)ψ̂(r2, σ

′
2) from the right, and taking the

summation over σ1, σ2, σ
′
1, σ

′
2, we get

(LHS) =
∑

σ1,σ2∈S

ψ̂†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r1, σ1)ψ̂(r2, σ2), (2.146)

(RHS) =
2∑

F=0

F∑
M=−F

A†
F,M(r1, r2)AF,M(r1, r2). (2.147)

Next, we consider the spin. Let f̂ be the spin operators in C3, and define the
spin operators in C3 ⊗C3 by f̂ 1 := f̂ ⊗ I, f̂ 2 := I ⊗ f̂ , and f̂ tot := f̂ 1 + f̂ 2. Then,

f̂ 1 · f̂ 2 =
1

2

[
(f̂ 1 + f̂ 2)

2 − f̂
2

1 − f̂
2

2

]
=

1

2
f̂

2

tot − 2. (2.148)

From this relation and (2.145), we obtain

f̂ 1 · f̂ 2 =
2∑

F=0

[
1

2
F (F + 1) − 2

] F∑
M=−F

|F,M⟩⟨F,M |. (2.149)

By multiplying ψ̂†(r1, σ1)ψ̂
†(r2, σ2)⟨σ1, σ2| from the left, multiplying |τ1, τ2⟩ψ̂(r1, τ1)ψ̂(r2, τ2)

from the right, and taking the summation over σ1, σ2, τ1, τ2, we get

(LHS) =
3∑

α=1

∑
σ1,σ2,τ1,τ2∈S

S(α)
σ1,τ1

S(α)
σ2,τ2

×ψ̂†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r1, τ1)ψ̂(r2, τ2), (2.150)

(RHS) =
2∑

F=0

[
1

2
F (F + 1) − 2

] F∑
M=−F

A†
F,M(r1, r2)AF,M(r1, r2). (2.151)

■� �
The interaction Hamiltonian (2.137) can be rewritten as

Hint =
1

2

∫
dr
[
c0 : n̂(r)n̂(r) : +c1 : F̂ (r) · F̂ (r) :

]
, (2.152)

where

c0 :=
g0 + 2g2

3
, c1 :=

g2 − g0
3

. (2.153)� �
(∵)
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Equation (2.137) means

Hint =
1

2

∫
dr

[
g0A

†
0,0(r)A0,0(r) + g2

2∑
M=−2

A†
2,M(r)A2,M(r)

]
. (2.154)

If follows from equations (2.142) and (2.144) that

: n̂(r)n̂(r) : = A†
0,0(r)A0,0(r) +

2∑
M=−2

A†
2,M(r)A2,M(r) (2.155)

: F̂ (r) · F̂ (r) : = −2A†
0,0(r)A0,0(r) +

2∑
M=−2

A†
2,M(r)A2,M(r). (2.156)

By comparing these three equations, we obtain

g0 + 2g2
3

: n̂(r)n̂(r) : +
g2 − g0

3
: F̂ (r) · F̂ (r) :

= g0A
†
0,0(r)A0,0(r) + g2

2∑
M=−2

A†
2,M(r)A2,M(r), (2.157)

which yields

Hint =
1

2

∫
dr

[
g0 + 2g2

3
: n̂(r)n̂(r) : +

g2 − g0
3

: F̂ (r) · F̂ (r) :

]
. (2.158)

■

2.2.3 The full Hamiltonian

The full Hamiltonian for spin-1 bosons is given by� �
H =

∫
dr
∑
σ∈S

ψ̂†(r, σ)

[
− ℏ2

2M
∇2 + U(r) − pσ + qσ2

]
ψ̂(r, σ)

+
1

2

∫
dr
[
c0 : n̂(r)n̂(r) : +c1 : F̂ (r) · F̂ (r) :

]
, (2.159)

� �
where

• the normal ordering is defined by

: n̂(r)n̂(r) :

:=
∑

σ1,σ2∈S

ψ̂†(r, σ1)ψ̂
†(r, σ2)ψ̂(r, σ1)ψ̂(r, σ2), (2.160)

: F̂ (r) · F̂ (r) :

:=
∑

σ1,σ2,τ1,τ2∈S

3∑
α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

ψ̂†(r, σ1)ψ̂
†(r, σ2)ψ̂(r, τ1)ψ̂(r, τ2), (2.161)
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Atom a0/aB a2/aB c1/c0
7Li 39.1 4.9 ∼ −0.7
23Na 50.0 ± 1.6 55.0 ± 1.7 ∼ 0.03
87Rb 101.8 ± 0.2 100.4 ± 0.1 ∼ −0.005

Table 2.2: The scattering lengths and the ratio of coefficients of the spin-dependent and the
spin-independent interaction for various spin-1 atoms (i.e., F = 1 is assumed ). Scattering
lengths are shown in units of the Bohr radius aB ≃ 0.529 × 10−10m. The values of scattering
lengths are taken from table II of [18] (23Na, 87Rb) and [31] (7Li), and the ratio is calculated
by c1/c0 = (g2 − g0)/(g0 + 2g2) = (a2 − a0)/(a0 + 2a2).

• spin matrices S(α) are defined in (2.45), and

• the coefficients of the interaction part are defined by

c0 :=
g0 + 2g2

3
, c1 :=

g2 − g0
3

(2.162)

and

gF :=
4πℏ2

M
aF , (2.163)

with aF being the s-wave scattering length of the total spin F channel.

Hereafter, we assume aF > 0, which ensures c0 > 0, i.e., the spin-independent interaction is
repulsive. On the other hand, the sign of c1 can be positive or negative, depending on the atom.
In table 2.2, we list the scattering lengths of a few spin-1 alkali atoms 4.

• When c1 > 0, it is energetically favorable to minimize the spin, and we call the interaction
antiferromagnetic. For 23Na (F = 1), its spin-dependent interaction is antiferromagnetic.

• when c1 < 0, it is energetically favorable to maximize the spin, and we call the interaction
ferromagnetic. For 87Rb (F = 1)and 7Li (F = 1), their spin-dependent interaction is
ferromagnetic.

As we will see later, the sign of the spin-dependent interaction greatly affects the physics of
the system.

2.3 The mean-field phase diagrams for weakly interact-

ing spin-1 bosons

In this section, we give the ground-state phase diagrams of spin-1 bosons by assuming the
following two conditions:

• the interaction between bosons is weak enough so that each ground state can be written
as the product of an identical one-particle state, and

• the trapping potential is negligible so that the ground states are uniform in space.

4Spin-1 Bose-Einstein condensation has been experimentally realized for 23Na (F = 1) [15] and 87Rb (F = 1)
[16], and recently experimental efforts to realize that of 7Li are underway [31].
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Based on these conditions, we restrict our variational states to be the products of an identical
one-particle state, and then minimize the expectation value of the Hamiltonian with respect to
this one-particle state.

2.3.1 The variational state and the expectation value of the Hamil-
tonian

In the mean-field theory for weakly interacting spin-1 bosons, it is assumed that the ground
state can be written as

Ψϕ :=
1√
N !

(
A†
ϕ

)N
Φvac (2.164)

A†
ϕ :=

∫
dr
∑
σ∈S

ϕ(r, σ)ψ̂†(r, σ), (2.165)

where

• N ∈ N represents the number of particles, and

• ϕ ∈ L2(V,C3) is a one-particle wave function (or a condensate wave function), which is
normalized :

∫
dr
∑

σ∈S |ϕ(r, σ)|2 = 1.

The normalization ⟨Ψϕ,Ψϕ⟩ = 1 is ensured by the equality [Aϕ, A
†
ϕ] = 1, which is in turn

ensured by the normalization of the one-particle wave function ϕ. The variational state means
that all the N particles are condensed into the same one-particle state represented by the wave
function ϕ.

Using this variational state, we calculate the expectation value of the Hamiltonian.� �
The expectation value of the full Hamiltonian (2.159) with respect to the variational state
(2.164) is given by

E(ϕ) :=

∫
dr

{
N
∑
σ∈S

ϕ(r, σ)

[
− ℏ2

2M
∇2 + U(r) − pσ + qσ2

]
ϕ(r, σ)

+
c0
2
n(r)2 +

c1
2
|F (r)|2

}
, (2.166)

where

n(r) := N
∑
σ∈S

|ϕ(r, σ)|2, (2.167)

F (r) := (F (1)(r), F (2)(r), F (3)(r)), (2.168)

F (α)(r) := N
∑
σ,τ∈S

S(α)
σ,τ ϕ

∗(r, σ)ϕ(r, τ), (2.169)

and we assumed that N ≫ 1 so that 1 − 1/N can be well approximated by 1.� �
(∵)

30



It can be easily shown by induction that, for an arbitrary integer k such that
k ≥ 1, [

ψ̂(r, σ), (A†
ϕ)k
]

= kϕ(r, σ)(A†
ϕ)k−1, (2.170)[

ψ̂(r1, σ1)ψ̂(r2, σ2), (A
†
ϕ)k
]

= kϕ(r2, σ2)ψ̂(r1, σ1)(A
†
ϕ)k−1

+kϕ(r1, σ1)(A
†
ϕ)k−1ψ̂(r2, σ2) (2.171)

hold. Thus, we have

ψ̂(r, σ)(A†
ϕ)kΦvac = kϕ(r, σ)(A†

ϕ)k−1Φvac, (2.172)

ψ̂(r1, σ1)ψ̂(r2, σ2)(A
†
ϕ)kΦvac = k(k − 1)ϕ(r1, σ1)ϕ(r2, σ2)

×(A†
ϕ)k−2Φvac. (2.173)

Using these equalities, we obtain⟨
Ψϕ, ψ̂(r, σ)Ψϕ

⟩
=

⟨
Ψϕ, ψ̂

†(r, σ)Ψϕ

⟩
= 0, (2.174)⟨

Ψϕ, ψ̂
†(r1, σ1)ψ̂(r2, σ2)Ψϕ

⟩
= Nϕ∗(r1, σ1)ϕ(r2, σ2), (2.175)

⟨
Ψϕ, ψ̂

†(r1, σ1)ψ̂
†(r2, σ2)ψ̂(r3, σ3)ψ̂(r4, σ4)Ψϕ

⟩
= N(N − 1)ϕ∗(r1, σ1)ϕ

∗(r2, σ2)ϕ(r3, σ3)ϕ(r4, σ4). (2.176)

Thus, we obtain (⟨·⟩ is the abbreviation of ⟨Ψϕ, ·Ψϕ⟩)⟨∫
dr
∑
σ∈S

ψ̂†(r, σ)

[
− ℏ2

2M
∇2 + U(r) − pσ + qσ2

]
ψ̂(r, σ)

⟩

= N

∫
dr
∑
σ∈S

ϕ∗(r, σ)

[
− ℏ2

2M
∇2 + U(r) − pσ + qσ2

]
ϕ(r, σ) (2.177)

and ⟨
1

2

∫
dr
[
c0 : n̂(r)n̂(r) : +c1 : F̂ (r) · F̂ (r) :

]⟩
=

∫
dr

[
c0
2

∑
σ,τ∈S

⟨
ψ̂†(r, σ)ψ̂†(r, τ)ψ̂(r, σ)ψ̂(r, τ)

⟩

+
c1
2

∑
σ1,σ2,
τ1,τ2∈S

3∑
α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

⟨
ψ̂†(r, σ1)ψ̂

†(r, σ2)ψ̂(r, τ1)ψ̂(r, τ2)
⟩ (2.178)

= N(N − 1)

∫
dr

[
c0
2

∑
σ,τ∈S

ϕ∗(r, σ)ϕ∗(r, τ)ϕ(r, σ)ϕ(r, τ)

+
c1
2

∑
σ1,σ2,
τ1,τ2∈S

3∑
α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

ϕ∗(r, σ1)ϕ
∗(r, σ2)ϕ(r, τ1)ϕ(r, τ2)

 (2.179)

31



= N(N − 1)

∫
drc02

[∑
σ∈S

|ϕ(r, σ)|2
]2

+
c1
2

3∑
α=1

[∑
σ,τ∈S

S(α)
σ,τ ϕ

∗(r, σ)ϕ(r, τ)

]2 (2.180)

=

(
1 − 1

N

)∫
dr
[c0

2
n2(r) +

c1
2
|F (r)|2

]
. (2.181)

■

Further, we assume that the trapping potential is negligible and that the one-particle state
is uniform in space.� �

Assume that the trapping potential U is zero, and that ϕ(r, σ) = 1√
|V |
χ(σ), where |V | is

the volume of the region V , and χ is a function of spin indices satisfying
∑

σ∈S |χ(σ)|2 = 1.
Then, the variational degree of freedom is χ, and the energy functional to be minimized
becomes

ε(χ) :=
1

N
E

(
1√
|V |

χ

)
=

∑
σ∈S

(−pσ + qσ2)|χ(σ)|2 +
c0
2
ρ+

c1
2
ρ|f |2, (2.182)

where

ρ :=
N

|V |
, (2.183)

f := (f (1), f (2), f (3)), (2.184)

f (α) :=
∑
σ,τ∈S

S(α)
σ,τ χ

∗(σ)χ(τ). (2.185)

� �
(∵)

The result follows directly from the assumption ϕ(r, σ) = 1√
|V |
χ(σ) and (2.166).

■

2.3.2 The phase diagrams

By a straightforward but lengthy calculation, the energy functional ε (2.182) can be analytically
minimized with respect to χ [17], and we can obtain the ground-state phase diagrams of the
system, which are shown in figure 2.2 [21]. As was already pointed out, the sign of c1 crucially
affects the structure of the phase diagrams.

We first describe five phases and their properties which can be obtained from the minimiza-
tion procedure, and then turn to the phase diagrams.
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Figure 2.2: Ground-state phase diagram of uniform spin-1 bosons, within the mean-field the-
ory for weakly interacting bosons. Solid curves indicate discontinuous phase transition bound-
aries, while dashed curves show continuous phase transition boundaries, where the continu-
ity/discontinuity of a phase transition is judged by whether there is a jump of the spin expec-
tation value f .

The property of each phase

Here, χ is denoted by a vector (χ(1), χ(0), χ(−1)).

• The phase I and II are the ferromagnetic phases, in which all particles populate σ = 1
(phase I) or σ = −1 (phase II) states, and the system possesses the largest value of

∣∣f (3)
∣∣.

I : χ = (eiθ, 0, 0) (θ ∈ R), (2.186)

f = (0, 0, 1), (2.187)

ε = −p+ q +
1

2
c1ρ+

1

2
c0ρ, (2.188)

II : χ = (0, 0, eiθ) (θ ∈ R), (2.189)

f = (0, 0,−1), (2.190)

ε = p+ q +
1

2
c1ρ+

1

2
c0ρ. (2.191)

It is natural that phase I (phase II) appears when the linear Zeeman energy p is large
(negatively large) enough, as can be confirmed from figure 2.2.

• The phase III is the antiferromagnetic phase, in which all the particles populate the
σ = ±1 states.

III : χ =

(
eiθ+

√
1 + p/(c1ρ)

2
, 0, eiθ−

√
1 − p/(c1ρ)

2

)
(θ± ∈ R), (2.192)

f =

(
0, 0,

p

c1ρ

)
, (2.193)

ε = q − p2

2c1ρ
+

1

2
c0ρ. (2.194)
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• The phase IV is the polar phase, in which all the particles populate the σ = 0 state. The
state does not possess magnetization.

IV : χ =
(
0, eiθ, 0

)
(θ ∈ R), (2.195)

f = (0, 0, 0) , (2.196)

ε =
1

2
c0ρ. (2.197)

The polar phase appears when the positive quadratic Zeeman energy q, which penalizes
particles in σ = ±1 levels, is strong enough.

• The phase V is the broken-axisymmetry phase, in which the magnetization tilts with
respect to the axis of the external magnetic field, and the symmetry around the axis is
spontaneously broken.

V : χ =

(
ei(θ0−θ3)

q + p

2q

√
p2 − q2 + 2|c1|ρq

2|c1|ρq
,

eiθ0

√
(q2 − p2)(p2 + q2 + 2|c1|ρq)

4|c1|ρq3
,

ei(θ0+θ3)
q − p

2q

√
p2 − q2 + 2|c1|ρq

2|c1|ρq

)
(θ0, θ3 ∈ R), (2.198)

f =

(
cos θ3

√
(q2 − p2)[(p2 + 2|c1|ρq)2 − q4]

2|c1|ρq2

sin θ3

√
(q2 − p2)[(p2 + 2|c1|ρq)2 − q4]

2|c1|ρq2
,

p(p2 − q2 + 2|c1|ρq)
2|c1|ρq2

)
, (2.199)

ε =
(p2 − q2 + 2q|c1|ρ)2

8|c1|ρq2
+

1

2
c0ρ. (2.200)

The phase arises as a result of the competition between the ferromagnetic interaction,
which energetically favors a larger spin state, and the positive quadratic Zeeman energy,
which penalizes the σ = ±1 spins.

The properties of each phase are summarized in table 2.3.

The phase diagram and phase transitions

• antiferromagnetic interaction
When c1 > 0, the spin-dependent interaction favors the state with smaller |f |. In
the absence of an external magnetic field (p = q = 0), the ground state becomes
χ = (0, 1, 0), 1√

2
(1, 0, 1), (which satisfy |f | = 0) or any states represented by spin ro-

tations of these states. (In fact, the latter can be obtained from the former by a spin
rotation. )
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Phase order parameter χ magnetization f energy ε− 1
2
c0ρ

I ferromagnetic (eiθ, 0, 0) (0, 0, 1) −p+ q + 1
2
c1ρ

II ferromagnetic (0, 0, eiθ) (0, 0,−1) p+ q + 1
2
c1ρ

III antiferromagnetic (2.192)
(

0, 0, p
c1ρ

)
q − p2

2c1ρ

IV polar
(
0, eiθ, 0

)
(0, 0, 0) 0

V broken-axisymmetry (2.198) (2.199) (2.200)　

Table 2.3: Five ground-state phases of spin-1 bosons and their properties. θ, θ± ∈ R. The
roman numbers correspond to those shown in figure 2.2.

When p = 0 and q < 0, the state χ = 1√
2
(1, 0, 1) is favored, and when |p| is increased,

the state follows the change by changing the population in the σ = ±1 levels (the anti-
ferromagnetic phase III) until it finally becomes ferromagnetic (the ferromagnetic phases
I and II). This phase transition is continuous as can be seen from table 2.3.

When p = 0 and q > 0, the state χ = (0, 1, 0) is favored (the polar phase IV). By
increasing |p|, the ground-state turns ferromagnetic at a threshold value (except for the
case in which q is small so that the ground-state first becomes antiferromagnetic and then
ferromagnetic.). The phase transitions between the ferromagnetic phases and the polar
phase, and the phase transitions between the antiferromagnetic phase and the polar phase
are discontinuous.

• ferromagnetic interaction
When c1 < 0, the spin-dependent interaction favors the state with larger |f |. In the
absence of an external magnetic field (p = q = 0), the ground state becomes χ = (1, 0, 0),
which satisfies |f | = 1, or any states represented by spin rotations of this state.

For a negative q, the quadratic Zeeman term is compatible with the ferromagnetic spin-
dependent interaction, and the mean-field ground state becomes χ = (1, 0, 0) or (0, 0, 1),
depending on the sign of the linear Zeeman energy p.

For a positive q, the quadratic Zeeman term penalizes the population in the σ = ±1 levels,
and competes with the ferromagnetic spin-dependent interaction. This competition gives
rise to the broken-axisymmetry phase V, in which the magnetization tilts with respect
to the axis of the external magnetic field, and the rotational symmetry around the axis
is explicitly broken. By increasing q, the transverse magnetization gradually shrink, and
the ground state continuously changes to the polar phase. This phase transition has been
experimentally observed [32, 33].
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Chapter 3

Ultracold bosons in optical lattices

In this section, we review some basic results on bosons in optical lattices, i.e., periodic potentials
created by laser beams. We consider both scalar and spinor bosons, emphasizing the phase
transition between the superfluid phase and the Mott insulator phase.

• Section 3.1 discusses two topics:

1. We describe the way to create periodic potentials with various geometries using laser
beams, and some examples including square/triangular lattices are shown.

2. To describe bosons in an optical lattice from the viewpoint of localized particles,
we introduce the Wannier functions, which will be used to derive the Bose-Hubbard
Hamiltonian.

• Section 3.2 deals with the scalar (i.e., spinless) Bose-Hubbard model, which describes
spinless bosons in optical lattices. We derive the Bose-Hubbard Hamiltonian using the
Wannier function introduced in the previous section, assuming deep lattice (i.e., the tight-
binding approximation) and low temperature (i.e., only the lowest band is considered).
After discussing two extreme cases, namely, the no-hopping (i.e. strong interaction) case
and the non-interacting case, we turn to the fascinating topic of the quantum phase
transition between the superfluid phase and the Mott-insulator phase, which we will
analyze using a simple approximation.

• Section 3.3 deals with the spin-1 Bose-Hubbard model, which describes spin-1 bosons in
optical lattices. After deriving the model, we examine its ground state properties in the
no-hopping case. Then, we again discuss the properties of superfluid to Mott-insulator
phase transitions in the model, emphasizing the distinction from the scalar case.

3.1 Optical lattices

3.1.1 Creating periodic potentials

First, we begin by discussing the single-particle problem with a uniform electric field. It is
known [6] that a time-dependent, spatially uniform electric field E(t) = E(−)e−iωt + E(+)eiωt
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changes the ground-state energy 1 of an atom by

∆E = −1

2
α(ω)

⟨
|E(t)|2

⟩
t
, (3.4)

where

• α(ω) is the polarizability of the atom 2 , and

• ⟨·⟩t denotes the time average over a multiple of the oscillation period of the electric field.

Here we assume that the oscillating electric field is off-resonant, i.e., ℏω ̸= En −Em, where En
and Em denote arbitrary energy eigenvalues of the atom.

When the spatial variation of an oscillating electric field is much larger than the spatial
extent of the atom, we can assume that (3.4) holds locally, and view the energy shift as an
external potential

U(r) = −1

2
α(ω)

⟨
|E(r, t)|2

⟩
t
. (3.5)

We show that, based on (3.5), spatially periodic potentials can be created by superposing
laser beams propagating in different directions. First, take

E(r, t) =
n∑
j=1

Ej cos (kj · r − ωt+ δj) (3.6)

=
n∑
j=1

1

2
Ej

[
ei(kj ·r−ωt+δj) + e−i(kj ·r−ωt+δj)

]
, (3.7)

1Here, the “energy eigenvalue” under an oscillating perturbation is defined by considering time-average as
follows: Let us expand the state ψ by

ψ(t) =
∑
n

cn(t)ϕn, (3.1)

where (ϕn)n are energy eigenstates of the unperturbed Hamiltonian, and we assume that ψ(0) = ϕ0. Note that,
without the perturbation, cn evolves as cn(t) = e−iEnt/h, where En is the energy eigenvalue of the state ϕn.
Define the phase θ0(t) of the time-dependent coefficient c0(t) by

θ0(t) :=
1

i
log c0(t), (3.2)

where it is understood that θ0 is defined to be continuous with respect to time t. Then, Ẽ0, the “energy
eigenvalue” of ϕ0 under the oscillating perturbation is defined by

Ẽ0 := −ℏ lim
l→∞,l∈N

θ0(lT )

lT
, (3.3)

where T is the period of the oscillating perturbation.
2Generally, the polarizability is a tensor, but here we assume it is rotationally symmetric so that it can be

expressed by a scalar.

37



where each Ej ∈ R3 is a real vector denoting the direction of the electric field, and each kj ∈ R3

is a real vector denoting the wave number of the mode. Then,⟨
|E(r, t)|2

⟩
t

=
1

4

n∑
j,j′=1

Ej ·Ej′
⟨[
ei(kj ·r−ωt+δj) + e−i(kj ·r−ωt+δj)

] [
ei(kj′ ·r−ωt+δj′ ) + e−i(kj′ ·r−ωt+δj′ )

]⟩
t
(3.8)

=
1

4

n∑
j,j′=1

Ej ·Ej′
{
ei[(kj−kj′ )·r+δj−δj′ ] + e−i[(kj−kj′ )·r+δj−δj′ ]

}
(3.9)

=
1

2

n∑
j=1

|Ej|2 +
∑
j<j′

Ej ·Ej′ cos[(kj − kj′) · r + δj − δj′ ]. (3.10)

By subtracting the first term in the right-hand side, which does not depend on the position,
we obtain the potential 3

U(r) = −1

2
α(ω)

∑
j<j′

Ej ·Ej′ cos[(kj − kj′) · r + δj − δj′ ]. (3.11)

Thus, by choosing n, Ej, kj properly, we can realize various lattice geometries. A few examples
are shown below.

One-dimensional lattice
To implement a one-dimensional lattice, we take n = 2, k1 = k,k2 = −k, E1 = E2, where
k ∈ R3, with |Ei| = 1 4, and for simplicity, δ1 = δ2. Then, by denoting r · k/|k| = x, we
obtain a periodic potential

U(r) = −1

2
α(ω) cos(2|k|x) (3.12)

whose period in space (or lattice spacing) is given by π/|k| i.e., the half of the wavelength
of the laser light.

Three-dimensional cubic lattice
The two-dimensional case and the three-dimensional case are similar, so we treat the
three-dimensional case here. The idea is to reproduce the one dimensional case in three
directions. Here, we need n = 6 laser beams, and take

k1 = −k2 = ke1, k3 = −k4 = ke2, k5 = −k6 = ke3, (3.13)

where ei denotes the unit vector in the i direction, and k denotes the magnitude of the
wavenumber. To avoid interference between beams of different axes, we take

E1 = E2 = e2, E3 = E4 = e3, E5 = E6 = e1. (3.14)

For simplicity, we take all δi to be zero. Then, we obtain the three dimensional cubic
potential

U(r) = −1

2
α(ω) [cos(2kx1) + cos(2kx2) + cos(2kx3)] (3.15)

with lattice spacing π/k.
3This potential is different from the one in (3.4) by the constant 1

4α(ω)
∑n

j=1 |Ej |2, but we slightly abuse
notation.

4E1 and E2 can be chosen arbitrarily as long as E1 ·E2 ̸= 0.

38



Two-dimensional triangular lattice
As a less trivial example, here we show how to construct a two dimensional triangular
optical lattice [34]. Here, we use n = 3 beams, with

k1 = k(0, 1, 0), k2 = k

(
−
√

3

2
,−1

2
, 0

)
k3 = k

(√
3

2
,−1

2
, 0

)
(3.16)

E1 = E2 = E3 = e3, (3.17)

and we set δi = 0 for simplicity. Then, the potential becomes

U(r) = −1

2
α(ω) {cos(b1 · r) + cos(b2 · r) + cos[(b1 + b2) · r]} , (3.18)

where

b1 := k2 − k3 =
√

3k(−1, 0, 0), (3.19)

b2 := k3 − k1 =
√

3k

(
1

2
,−

√
3

2
, 0

)
(3.20)

are reciprocal lattice vectors. The corresponding direct lattice vectors are given by

a1 :=
4π

3k

(
−
√

3

2
,−1

2
, 0

)
, (3.21)

a2 :=
4π

3k
(0,−1, 0) (3.22)

which satisfy ai · bj = 2πδi,j, from which we can see that the potential forms a triangular
lattice.

Figure 3.1 shows optical lattice potentials discussed above. For more complex optical lat-
tices, see [35]

3.1.2 Bloch wave functions and Wannier functions

Here, we consider a one-particle problem under a periodic potential UL. For simplicity, we
consider a finite lattice, whose lattice points are collectively denoted by Λ, and integrals are
understood to be over the whole lattice (not the whole space Rd. ).

Bloch wave function

From Bloch’s theorem in condensed matter physics, we can write down energy eigenstates in
the form of

ϕb,k(r) = eik·rub,k(r), (3.23)

where

• k is a crystal wave vector in the first Brillouin zone, which is determined from the direct
lattice vectors,

• b is a label specifying the band, and
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Figure 3.1: Examples of periodic potentials. Here we assume α is positive, and the color bars
are in an arbitrary unit. Left: a square lattice, which can be obtained in a way similar to
(3.15). Right: a triangular lattice represented by (3.18).

• u is a function with the same periodicity as the periodic potential UL.

We assume that the set of Bloch wave functions forms a complete orthonormal basis:∫
drϕ∗

b,k(r)ϕb′,k′(r) = δb,b′δk,k′ , (3.24)∑
b,k

ϕb,k(r)ϕ∗
b,k(r′) = δ(r − r′). (3.25)

Wannier functions

Bloch wave functions represents a particle extending over the whole lattice. To describe the par-
ticle in terms of localized states, we can employ another basis set called the Wannier functions
defined by

Wb,x(r) :=
1√
|Λ|

∑
k

e−ik·rxϕb,k(r), (3.26)

where the summation is over the first Brillouin zone, and x ∈ Λ 5.
It follows from the properties of the Bloch wave function (3.24) and (3.25) that the set of

all the Wannier functions constitutes a complete orthonormal basis:∫
drW ∗

b,x(r)Wb′,x′(r) = δb,b′δx,x′ , (3.27)∑
b,x

Wb,x(r)W ∗
b,x(r

′) = δ(r − r′). (3.28)

5Concretely, x ∈ Nd, and, if we denote the i-th component of x by xi, then rx can be expressed as rx =∑d
j=1 x

jaj , where aj denotes primitive vectors of the lattice.
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Note that, because Wb,x(r + rx) does not depend on x 6 , the Wannier functions can be
expressed as

Wb,x(r) = Wb(r − rx), (3.29)

Wb(r) :=
1√
|Λ|

∑
k

ϕb,k(r). (3.30)

3.2 Scalar Bose-Hubbard model

3.2.1 Derivation

In this subsection, we derive the Bose-Hubbard model. Our starting point is the Hamiltonian
for scalar bosons interacting through a contact interaction

H =

∫
drψ̂†(r)

[
− ℏ2

2M
∇2 + UT (r) + UL(r)

]
ψ̂(r)

+
g

2

∫
drψ̂†(r)ψ̂†(r)ψ̂(r)ψ̂(r), (3.31)

where UL represents the optical lattice potential, and UT represents a trapping potential.
To derive the Bose-Hubbard Hamiltonian, we first define the boson creation/annihilation

operators from the Wannier functions;

ab,x :=

∫
drW ∗

b,x(r)ψ̂(r), (3.32)

a†b,x :=

∫
drWb,x(r)ψ̂†(r), (3.33)

which, from the orthonormality (3.27), satisfy the bosonic canonical commutation relations

[ab,x, ab′,x′ ] = [a†b,x, a
†
b′,x′ ] = 0, [ab,x, a

†
b′,x′ ] = δb,b′δx,x′ . (3.34)

Then, we can rewrite the Hamiltonian (3.31) as� �
H =

∑
b1,x1,b2,x2

(
−tb1,b2x1,x2

+ U b1,b2
x1,x2

)
a†b1,x1ab2,x2

+
1

2

∑
b1,x1,b2,x2,b3,x3,b4,x4

U b1,b2,b3,b4
x1,x2,x3,x4

a†b1,x1a
†
b2,x2

ab3,x3ab4,x4 , (3.35)

where

tb1,b2x1,x2
:= −

∫
drW ∗

b1
(r − rx1)

[
− ℏ2

2M
∇2 + UL(r)

]
Wb2(r − rx2), (3.36)

U b1,b2
x1,x2

:=

∫
drW ∗

b1
(r − rx1)UT (r)Wb2(r − rx2), (3.37)

U b1,b2,b3,b4
x1,x2,x3,x4

:= g

∫
drW ∗

b1
(r − rx1)W

∗
b2

(r − rx2)Wb3(r − rx3)Wb4(r − rx4). (3.38)

� �
6This property can be seen from the definition (3.26), the form of the Bloch wave function, and the fact that

ub,k possesses the same periodicity as the lattice.
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From the completeness relation (3.28),

ψ̂(r) =
∑
b,x

Wb,x(r)ab,x, (3.39)

ψ̂†(r) =
∑
b,x

W ∗
b,x(r)a†b,x (3.40)

holds. Substituting these relations into (3.31) yields

H =
∑

b1,x1,b2,x2

{∫
drW ∗

b1,x1
(r)

[
− ℏ2

2M
∇2 + UL(r)

]
Wb2,x2(r)

}
a†b1,x1ab2,x2

+
∑

b1,x1,b2,x2

[∫
drW ∗

b1,x1
(r)UT (r)Wb2,x2(r)

]
a†b1,x1ab2,x2

+
g

2

∑
b1,x1,b2,x2,b3,x3,b4,x4

[∫
drW ∗

b1,x1
(r)W ∗

b2,x2
(r)Wb3,x3(r)Wb4,x4(r)

]
×a†b1,x1a

†
b2,x2

ab3,x3ab4,x4 (3.41)

Then, by using (3.29) and (3.30), and defining symbols as above, we obtain the
result.

■

Various models can be obtained by imposing different approximations on the Hamiltonian
[36]. Here we consider the simplest case:
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� �
We impose the following three assumptions:

• All bands except for the lowest one, which we label as b = 0, can be neglected.

• The lattice potential is so deep that the Wannier functions are strongly localized at
each site (i.e., the tight-binding approximation).

• The trapping potential U changes much slowly in space compared with the lattice
potential UL.

Then, the Hamiltonian (3.35) can be approximated by the Bose-Hubbard Hamiltonian

HBH = −
∑
x,y

neighboring

tx,ya
†
xay +

∑
x

Vxa
†
xax +

U0

2

∑
x

n̂x(n̂x − 1), (3.42)

where

ax := a0,x =

∫
drW ∗

0,x(r)ψ̂(r), (3.43)

tx,y := −
∫
drW ∗

0 (r − rx)

[
− ℏ2

2M
∇2 + UL(r)

]
W0(r − ry), (3.44)

Vx := UT (rx), (3.45)

U0 := g

∫
dr|W0(r)|4, (3.46)

n̂x := a†xax, (3.47)

and the first summation is restricted to neighboring sites x and y.� �
(∵)

From the first assumption, we neglect all the terms with b ̸= 0, and the Hamil-
tonian can be approximated by∑

x,y

(−tx,y + Ux,y) a
†
xay +

1

2

∑
x1,x2,x3,x4

Ux1,x2,x3,x4a
†
x1
a†x2ax3ax4 , (3.48)

where

ax := a0,x, (3.49)

tx,y := t0,0x,y

= −
∫
drW ∗

0 (r − rx)

[
− ℏ2

2M
∇2 + UL(r)

]
W0(r − ry), (3.50)

Ux,y := U0,0
x,y =

∫
drW ∗

0 (r − rx)UT (r)W0(r − ry), (3.51)

Ux1,x2,x3,x4 := U0,0,0,0
x1,x2,x3,x4

= g

∫
drW ∗

0 (r − rx1)W
∗
0 (r − rx2)

×W0(r − rx3)W0(r − rx4). (3.52)
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From the second assumption, tx,y, Ux,y, and Ux1,x2,x3,x4 rapidly decay as separa-
tions between different variables (x and y) become larger. Thus, we neglect

• Ux,y if x ̸= y,

• Ux1,x2,x3,x4 unless x1 = x2 = x3 = x4, and

• tx,y unless x and y represent a pair of neighboring sites 7 .

We define

U0 := Ux,x,x,x = g

∫
dr|W0(r)|4. (3.53)

Further, from the slow variation assumptions on UT , we approximate the integral
(3.52) by UT (rx). Then, we arrive at

−
∑
x,y

neighboring

tx,ya
†
xay +

∑
x

UT (rx)a
†
xax +

U0

2

∑
x

a†xa
†
xaxax. (3.54)

■

3.2.2 Ground-state properties for two limits

Hereafter, we assume U0 ≥ 0, and tx,y ≥ 0.

Non-interacting case (U0 = 0)

In the non-interacting, i.e., U0 = 0 case, it is easy to show that the Hamiltonian can be
diagonalized as follows:

7Because of the discrete translational invariance, the terms with x = y gives Const. × (Total particle
number), which does not affect the physics of the system.
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Let K be an appropriate finite set, (ϕk)k∈K be a complete orthonormal basis of L2(Λ), and
(εk)k∈K be a family of real numbers which satisfy

−
∑
y∈Λ

tx,yϕk(y) + Vxϕk(x) = εkϕk(x) (∀x ∈ Λ, k ∈ K). (3.55)

(Because the equation has the form of the eigenvalue problem of a Hermitian matrix, such
(ϕk)k∈K and (εk)k∈K exist. ). Let us define

ãk :=
∑
x∈Λ

ϕk(x)∗ax. (3.56)

Then, the Hamiltonian can be diagonalized as

HBH =
∑
k∈K

εkã
†
kãk, (3.57)

and a ground state, whose total particle number is N ∈ N, can be expressed as

ΦGS =
1√
N !

(
ã†0

)N
Φvac, (3.58)

where Φvac denotes the vacuum state.� �
In particular, if we take V = 0 and consider the d-dimensional hypercubic lattice, we can

easily obtain the following results for the ground state.
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The ground state for the d-dimensional hypercubic lattice� �
Let N be the total particle number. We also assume the hopping amplitude tx,y for two
neighboring sites does not depend on x, y and can be written as tx,y = t > 0. Let L be the
linear length (measured by the lattice spacing) of the lattice.

• The ground state is unique, and can be expressed as

ΦGS =
1√
N !

(
ã†0

)N
Φvac, ã0 =

1

Ld/2

∑
x∈Λ

ax. (3.59)

The ground energy is −2tdN , and the energy difference between the ground state and
the first excited state is 2t(1 − cos(2π/L)). .

• For the ground state, Probx(n|ΦGS), the probability distribution of the number of
particle n at site x ∈ Λ, is a binomial distribution

Probx(n|ΦGS) =
N !

n!(N − n)!

(
1

Ld

)n(
1 − 1

Ld

)N−n

, (3.60)

which, in the thermodynamic limit, can be approximated by a Poisson distribution

Probx(n|ΦGS) = e−n
nn

n!
, (3.61)

where n = N/Ld.

• The one-body correlation function satisfies

⟨ΦGS, a
†
xayΦGS⟩ = n. (3.62)� �

From these results, we can see

• there is no energy gap in the thermodynamic limit,

• the particle number at each site has a large fluctuation, and

• the state possesses the off-diagonal long range order (ODLRO) because ⟨ΦGS, a
†
xayΦGS⟩

does not decay even if x and y are largely separated from each other.

No-hopping case(t = 0)

In the no-hopping case, Fock states become energy eigenstates, where Fock states are defined
by

IN :=

{
n = (nx)x∈Λ

∣∣∣∣∣ ∀x ∈ Λ (nx ≥ 0),
∑
x∈Λ

nx = N

}
, (3.63)

Φn :=
∏
x∈Λ

1√
nx!

(
a†x
)nx

Φvac (n ∈ IN). (3.64)
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Assume tx,y = 0.

• Φn (n ∈ IN) are eigenstates of HBH, and

HBHΦn = EnΦn, En =
∑
x∈Λ

[
Vxnx +

U0

2
nx(nx − 1)

]
. (3.65)

• For Φn, Probx(n|Φn) (n ∈ N) becomes a Kronecker delta:

Probx(n|Φn) = δnx,n (3.66)

• The one-body correlation function satisfies

⟨Φn, a
†
xayΦn⟩ = δx,ynx. (3.67)� �

For the simples case with V = 0, the uniqueness of the ground state depends on whether
N/|Λ| is an integer or not.� �

Assume tx,y = 0, Vx = 0 (∀x, y ∈ Λ) and that the particle number N satisfies

N = nc|Λ| + nr (nc ∈ Z+, 0 ≤ nr < |Λ|). (3.68)

•ground state
Let us take a configuration n that satisfies

nx = nc (∀x ∈ Λ) if nr = 0, (3.69)

nx = nc or nc + 1 (∀x ∈ Λ) if nr ̸= 0. (3.70)

Then, the corresponding Φn is a ground state of HBH. We call the former case the
commensurate filling case, and the latter the incommensurate filling case. The ground
state is unique for the commensurate filling case, while ground states are degenerate
for the incommensurate filling case.

• ground-state energy
The ground energy EGS can be expressed as

EGS =
U0

2
nc [|Λ|(nc − 1) + 2nr] . (3.71)

• energy gap
The energy difference between the ground state and the first excited state is U0.� �

Thus, for the commensurate filling case,

• the energy gap exists in the thermodynamic limit,

• the particle number at each site is fixed, and

• the state possesses no ODLRO.
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For incommensurate case, it can be shown that linear combinations of the degenerate ground
states can possess ODLRO.

3.2.3 Superfluid to Mott-Insulator transition

Hereafter, we assume that tx,y does not depend on x, y as long as they are neighboring sites,
and write tx,y = t

We have seen in the previous subsection that the ground state of the non-interacting case and
that of the no-hopping case with commensurate filling exhibit completely different properties;
each particle spreads over the whole system in the former state, while each particle is completely
localized in the latter state.

When we have the Bose-Hubbard Hamiltonian with both terms being non-zero, there is a
competition between these two terms; it is energetically favorable to delocalize particles for the
hopping term, while it is energetically favorable to localize particles for the interaction term
8. This competition gives rise to a fascinating phenomenon; the quantum phase transition
between the superfluid phase and the Mott-insulator phase. The former phase is defined by
non-zero ODLRO, and it is known to have no energy gap, while the latter phase does not
exhibit ODLRO, and has a non-zero energy gap.

Let us first analyze the system using a simple approximation of the Gutzwiller variational
ansatz [37, 38]. To make the discussion simple, we consider the grand canonical ensemble at
zero temperature specified by the grand Hamiltonian K̂BH = HBH−µN̂ , where µ is the chemical
potential, and N̂ is the total particle-number operator. We assume that the trapping potential
UT is zero. We calculate its approximate ground state using a variational method, with the
variational states being the product of identical local states:

8We assume t > 0 and U0 > 0.
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Gutzwiller variational ansatz for the ground state� �
To approximate the ground state, we use the following variational wave function Ψc,Λ

Ψc,Λ =
⊗
x∈Λ

nmax∑
n=0

c(n)Φ(x)
nx
, (3.72)

where

• the states

Φ(x)
nx

:=
1√
nx!

(
a†x
)nx

Φ(x)
vac (3.73)

are local Fock states, and Φ
(x)
vac stands for the vacuum state of the Hilbert space of a

single site x.

• Although the particle number can be infinite in principle, for simplicity we assume
that the particle number at each site is not larger than a given value nmax.

• The function c satisfies the normalization condition
∑nmax

n=0 |c(n)|2 = 1.

Here, the function c is the variational degree of freedom, and we search for such c that
minimizes the expectation value of K̂BH⟨

Ψc,Λ, K̂BHΨc,Λ

⟩
. (3.74)� �

The rationale behind this approximation is that, in both the non-interacting and no-hopping
limits, the corresponding ground states can be written in the form of (3.72), and hence it is
natural to assume that states in this form can interpolate these two limits, and can capture the
quantum phase transition well.

It is straightforward to show

1

|Λ|

⟨
Ψc,Λ, K̂BHΨc,Λ

⟩
= −zt

∣∣∣∣∣
nmax−1∑
n=0

√
n+ 1 c(n)∗c(n+ 1)

∣∣∣∣∣
2

+
nmax∑
n=0

[
U0

2
n(n− 1) − µn

]
|c(n)|2, (3.75)

where z is the number of the nearest neighbor sites of a site, and we assume that this number
does not depend on the chosen specific site.

First, consider the t = 0 case. It is easy to see the minimum is attained by

c(n) = δn,nc , (3.76)

where nc ∈ N is an integer satisfying 9

U0(nc − 1) < µ < U0nc. (3.77)

This is nothing but the exact ground state for commensurate filling, and has no ODLRO, i.e.,
the state is a Mott insulator.

9We assume µ/U0 ̸∈ Z for simplicity.
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Next, we examine the stability of this state against a small fluctuation in the particle-number
density, when t is non-zero. Assume that c takes the form of

c(nc ± 1) = ε±1, c(nc) =
√

1 − ε21 − ε2−1, c(n) = 0 (otherwise), (3.78)

where ε±1 > 0 are assumed to be small. Then, the expectation value of the grand Hamiltonian
becomes

1

|Λ|

⟨
Ψc,Λ, K̂BHΨc,Λ

⟩
= [−U0(n1 − 1) + µ− ztnc] ε

2
−1 + [U0nc − µ− zt(nc + 1)] ε21

−2zt
√
nc(nc + 1)ε−1ε1

+const.+ (higher order terms of ε1 and ε−1) . (3.79)

Thus, the Mott-insulator state is stable against small fluctuations in the particle-number density
if and only if the quadratic form

[−U0(n1 − 1) + µ− ztnc] ε
2
−1 + [U0nc − µ− zt(nc + 1)] ε21 − 2zt

√
nc(nc + 1)ε−1ε1 (3.80)

is positive definite, which is equivalent to 10

zt

U0

<
(U0nc − µ) [µ− (nc − 1)U0]

U0 + µ
. (3.81)

If zt/U0 is larger than the right-hand side of (3.81), then the fluctuation grows, and the ap-
proximate ground state exhibits non-zero ODLRO.

Figure 3.2 shows the result of numerical minimization 11 of (3.75), which agrees well with
the boundary (3.81) obtained by the above simple argument. Note that here the ODLRO
can be decomposed into the product of the expectation values of a†x and ay, and we call them
superfluid order parameters.

Although the analysis above is a simple one, various theoretical studies, including quantum
Monte Carlo calculations [39, 40], have confirmed that the analysis shown above captures the
qualitative feature of the phase transition well. For a summary and comparison of these studies,
see Table 2 of [10].

The quantum phase transition between the Mott-insulator phase and the superfluid phase
was experimentally realized [14], which is one of the cornerstones in cold atomic physics, opening
up the possibility of quantum simulation, where various quantum many-body Hamiltonians can
be implemented and compared with theoretical predictions.

10Here, we assume µ+ U0 > 0.
11Precisely speaking, the result is obtained by the method called the decoupling approximation, which is

equivalent to minimizing the Gutzwiller variational energy (3.75. This fact will be shown in section 4.4). The
equivalence will be shown in section 4.4 for the spin-1 Bose-Hubbard model, but the same discussion applies to
the scalar case.
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Figure 3.2: Ground-state phase diagram of the Bose-Hubbard model within the Gutzwiller
variational ansatz. Left: Plotted in color is the superfluid order parameter ⟨ax⟩, which is zero in
the Mott-insulator phase, but non-zero in the superfluid phase. The white dashed curve denotes
the boundary (3.81) obtained by the simple argument, which agrees well with the numerical
result. Right: The hopping-amplitude t dependence of the superfluid order parameter ⟨a⟩. It
can be seen that the transition is continuous.

3.3 Spin-1 Bose-Hubbard model

3.3.1 Derivation

In this section, we derive the spin-1 Bose-Hubbard model starting from the Hamiltonian

H =

∫
dr
∑
σ∈S

ψ̂†(r, σ)

[
− ℏ2

2M
∇2 + UT (r) + UL(r) − pσ + qσ2

]
ψ̂(r, σ)

+
1

2

∫
dr
[
c0 : n̂(r)n̂(r) : +c1 : F̂ (r) · F̂ (r) :

]
, (3.82)

where

: n̂(r)n̂(r) :

:=
∑

σ1,σ2∈S

ψ̂†(r, σ1)ψ̂
†(r, σ2)ψ̂(r, σ1)ψ̂(r, σ2), (3.83)

: F̂ (r) · F̂ (r) :

:=
∑

σ1,σ2,τ1,τ2∈S

3∑
α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

ψ̂†(r, σ1)ψ̂
†(r, σ2)ψ̂(r, τ1)ψ̂(r, τ2). (3.84)

Because the derivation can be done in almost the same way as the scalar case, here we only
show the sketch of the derivation.

First, we define the creation/annihilation operators of spin-1 bosons at lattice points from
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the Wannier functions:

ab,x,σ :=

∫
drW ∗

b,x(r)ψ̂(r, σ), (3.85)

a†b,x,σ :=

∫
drWb,x(r)ψ̂†(r, σ), (3.86)

which, from the orthonormality (3.27), satisfy the bosonic canonical commutation relations

[ab,x,σ, ab′,x′,σ′ ] = [a†b,x,σ, a
†
b′,x′,σ′ ] = 0, [ab,x,σ, a

†
b′,x′,σ′ ] = δb,b′δx,x′δσ,σ′ . (3.87)

Then, the Hamiltonian (3.82) can be rewritten as� �
H =

∑
b1,b2,x1,x2,σ1,σ2

(−tb1,b2x1,x2
+ U b1,b2

x1,x2
)a†b1,x1,σ1ab2,x2,σ2

+
∑
b,x,σ

(−pσ + qσ2)a†b,x,σab,x,σ

+
1

2

∑
b1,b2,b3,b4

∑
x1,x2,x3,x4

∑
σ,τ

U b1,b2,b3,b4
0,x1,x2,x3,x4

a†b1,x1,σa
†
b2,x2,τ

ab3,x3,σab4,x4,τ (3.88)

+
1

2

∑
b1,b2,b3,b4

∑
x1,x2,x3,x4

∑
σ1,σ2,τ1,τ2

∑
α

U b1,b2,b3,b4
2,x1,x2,x3,x4

S(α)
σ1,τ1

S(α)
σ2,τ2

×a†b1,x1,σ1a
†
b2,x2,σ2

ab3,x3,τ1ab4,x4,τ2 , (3.89)

where

tb1,b2x1,x2
:= −

∫
drW ∗

b1
(r − rx1)

[
− ℏ2

2M
∇2 + UL(r)

]
Wb2(r − rx2), (3.90)

U b1,b2
x1,x2

:=

∫
drW ∗

b1
(r − rx1)UT (r)Wb2(r − rx2), (3.91)

U b1,b2,b3,b4
0,x1,x2,x3,x4

:= c0

∫
drW ∗

b1
(r − rx1)W

∗
b2

(r − rx2)Wb3(r − rx3)Wb4(r − rx4), (3.92)

U b1,b2,b3,b4
2,x1,x2,x3,x4

:= c1

∫
drW ∗

b1
(r − rx1)W

∗
b2

(r − rx2)Wb3(r − rx3)Wb4(r − rx4). (3.93)

� �
(∵)

Substituting the relations

ψ̂(r, σ) =
∑
b,x

Wb,x(r)ab,x,σ, (3.94)

ψ̂†(r, σ) =
∑
b,x

W ∗
b,x(r)a†b,x,σ, (3.95)
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which follows from the completeness relation (3.28), into (3.82) yields

H =
∑
b1,b2

∑
x1,x2

∑
σ

{∫
drW ∗

b1,x1
(r)

[
− ℏ2

2M
∇2 + UL(r)

]
Wb2,x2(r)

}
×a†b1,x1,σab2,x2,σ

+
∑
b1,b2

∑
x1,x2

∑
σ

[∫
drW ∗

b1,x1
(r)UT (r)Wb2,x2(r)

]
a†b1,x1,σab2,x2,σ

+
∑
b

∑
x

∑
σ

(−pσ + qσ2)a†b,x,σab,x,σ

+
c0
2

∑
b1,b2,b3,b4

∑
x1,x2,x3,x4

∑
σ,τ

∫
drW ∗

b1,x1
(r)W ∗

b2,x2
(r)Wb3,x3(r)Wb4,x4(r)

×a†b1,x1,σa
†
b2,x2,τ

ab3,x3,τab4,x4,τ

+
c1
2

∑
b1,b2,b3,b4

∑
x1,x2,x3,x4

∑
σ1,σ2,τ1,τ2

∑
α

∫
drW ∗

b1,x1
(r)W ∗

b2,x2
(r)Wb3,x3(r)Wb4,x4(r)

×S(α)
σ1,τ1

S(α)
σ2,τ2

a†b1,x1,σ1a
†
b2,x2,σ2

ab3,x3,τ1ab4,x4,τ2 . (3.96)

■� �
By imposing exactly the same assumptions as in the scalar case, we obtain the spin-1
Bose-Hubbard model

H = −
∑
x,y

neighboring

∑
σ

tx,ya
†
x,σay,σ +

∑
x

Vxn̂x +
∑
x

∑
σ

(−pσ + qσ2)n̂x,σ

+
U0

2

∑
x

n̂x(n̂x − 1) +
U2

2

∑
x

(
S2
x − 2n̂x

)
, (3.97)

where

ax,σ := a0,x,σ =

∫
drW ∗

0,x(r)ψ̂(r, σ), (3.98)

tx,y := t0,0x,y = −
∫
drW ∗

0 (r − rx)

[
− ℏ2

2M
∇2 + UL(r)

]
W0(r − ry), (3.99)

Vx := UT (rx), (3.100)

n̂x,σ := a†x,σax,σ, n̂x :=
∑
σ

n̂x,σ, (3.101)

U0 := c0

∫
dr|W0(r)|4, U2 := c1

∫
dr|W0(r)|4, (3.102)

S(α)
x :=

∑
σ,τ

S(α)
σ,τ a

†
x,σax,τ (3.103)

� �
(∵)

It is easy to confirm the result for terms except for the last term. Here we look
at the last term. After the approximation, which is almost the same as the scalar
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case, it becomes

1

2
c1

∫
dr|W0(r)|4

∑
x

3∑
α=1

∑
σ1,σ2,τ1,τ2

S(α)
σ1,τ1

S(α)
σ2,τ2

a†x,σ1a
†
x,σ2

ax,τ1ax,τ2 (3.104)

The result follows from the fact that

3∑
α=1

∑
σ1,σ2,τ1,τ2

S(α)
σ1,τ1

S(α)
σ2,τ2

a†x,σ1a
†
x,σ2

ax,τ1ax,τ2 (3.105)

=
3∑

α=1

∑
σ1,σ2,τ1,τ2

S(α)
σ1,τ1

S(α)
σ2,τ2

a†x,σ1
(
ax,τ1a

†
x,σ2

− δτ1,σ2
)
ax,τ2 (3.106)

=
3∑

α=1

(
S(α)
x

)2 − 3∑
α=1

∑
σ,τ,ρ

S(α)
σ,ρS

(α)
ρ,τ a

†
x,σax,τ (3.107)

= S2
x − 2n̂x, (3.108)

where we used
∑3

α=1

∑
ρ S

(α)
σ,ρS

(α)
ρ,τ = 2δσ,τ .

■

Hereafter, we assume that the hopping amplitude tx,y for two neighboring sites does not
depend on x and y, and denote it by t. Also, in this chapter, we consider the case of Vx =
0 (∀x ∈ Λ) and p = q = 0.

3.3.2 Ground states for the t = 0 case

First, we consider the t = 0 case to capture qualitative features of the ground state [28]. Because
the Hamiltonian is now reduced to the sum of a local Hamiltonian at each site, we can consider
the single-site grand Hamiltonian

Kss =
U0

2
n̂(n̂− 1) +

U2

2
(S2 − 2n̂) − µn̂, (3.109)

where we drop subscripts for lattice sites. From the fact that the grand Hamiltonian commutes
with n̂ and S, we can diagonalize it using the simultaneous eigenstates of n̂,S2, S(3), whose
eigenvalues are n, S(S + 1),M , respectively, where [24]

• for even n, S can be S = 0, 2, 4, . . . , n, and for each S, M can be M = −S,−S+ 1, . . . , S,
and

• for odd n, S can be S = 1, 3, 5, . . . , n, and for each S, M can be M = −S,−S + 1, . . . , S

For the state specified by n, S,M , the corresponding eigenvalue of the grand Hamiltonian can
be written as

K(n, S) =
U0

2
n(n− 1) +

U2

2
[S(S + 1) − 2n] − µn. (3.110)

Using this expression, we calculate ground states as follows.
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Ferromagnetic case
For the ferromagnetic interaction (U2 < 0), K(n, S) can be minimized with respect to S
by taking S = n, which means that the ground state maximizes the magnitude of spin.
The state with the particle number density n attains the minimum only if

K(n+ 1, n+ 1) > K(n, n), K(n− 1, n− 1) > K(n, n), (3.111)

which is equivalent to
(n− 1)(U0 + U2) < µ < n(U0 + U2). (3.112)

Note that U0 +U2 > 0 holds from the assumption of positive a0, a2 (see subsection 2.2.3).

Antiferromagnetic case
For the antiferromagnetic interaction (U2 > 0), the value of S which minimizes K(n, S)
depends on whether n is even or odd. If n is even, S = 0 is the minimizer, which means
that the ground state forms a spin-singlet. On the other hand, if n is odd, S = 1 is the
minimizer.

The state with n being odd and S = 1 is a ground state only if

K(n+ 1, 0) > K(n, 1), K(n− 1, 0) > K(n, 1), (3.113)

which is equivalent to
(n− 1)U0 < µ < nU0 − 2U2. (3.114)

Note that 2U2 < U0 holds from the assumption of positive a0, a2.

The state with n being even and S = 0 is a ground state only if

K(n+ 1, 1) > K(n, 0), K(n− 1, 1) > K(n, 0), (3.115)

which is equivalent to
(n− 1)U0 − 2U2 < µ < nU0. (3.116)

Figure 3.3 summarizes these results. Note that for the antiferromagnetic interaction, the
odd Mott lobes shrink as U2/U0 is increased, and finally disappear in the limit of U2/U0 → 1/2.

3.3.3 Superfluid to Mott-insulator phase transitions

Similarly to the scalar case, the spin-1 Bose Hubbard model also exhibits superfluid to Mott-
insulator transitions when the hopping amplitude t is changed. However, we will see that the
nature of the phase transition is greatly affected by the presence, especially the sign, of the
spin-dependent interaction.

Ferromagnetic case
For the ferromagnetic interaction, the superfluid to Mott-insulator phase transition is
known to be quite similar to the scalar case; the phase diagram resembles that of the
scalar case except for the value of the chemical potential, and the phase transition is also
continuous. Figure 3.4 shows the phase diagrams obtained by the Gutzwiller variational
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Figure 3.3: Phase diagram of spin-1 Bose-Hubbard model at the atomic limit (t = 0). Solid
lines denote phase boundaries, while the dashed line denotes the boundary between the antifer-
romagnetic case and the ferromagnetic case. For the ferromagnetic interaction, the ground state
exhibits ferromagnetism with S = n, while for the antiferromagnetic interaction, the ground
state has spin S = 0 (even n) or S = 1 (odd n). It can be seen that, for the antiferromagnetic
interaction, the odd n region shrinks as U2/U0 is increased.
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Figure 3.4: Ground-state phase diagrams of the ferromagnetic spin-1 Bose-Hubbard model,
where U2/U0 = −0.7. Left: The t−µ phase diagram. Right: The t dependence of the superfluid

order parameter. In each panel, plotted as the superfluid order parameter is
√∑

σ ⟨aσ⟩
2. The

t−µ phase diagram resembles that of the scalar Bose-Hubbard model, and the phase transitions
are continuous.

ansatz 12, and a quantum Monte Carlo study of a two-dimensional system has shown the
same behavior (see figures 1 and 7 in [41] ). Also, it has rigorously been shown that the
ground state exhibits ferromagnetism [42].

Antiferromagnetic case
For the antiferromagnetic interaction, the phase diagram changes drastically from the
scalar case. First, as can be anticipated from figure 3.3, odd Mott lobes shrink compared
with even Mott lobes. For even lobes, bosons form spin-singlets with S = 0, and for odd
lobes, S = 1. Moreover, it is known from various calculations [27, 41] that the phase
transition between an even Mott lobe and the superfluid phase is discontinuous for small
values of U2/U0, while the transition between an odd Mott lobe and the superfluid phase
is continuous. Figure 3.5 shows the phase diagrams obtained by the Gutzwiller variational
ansatz 13.

12Precisely speaking, it is obtained by the decoupling approximation, which is equivalent to the Gutzwiller
variational ansatz. The equivalence will be shown in section 4.4.

13See the previous footnote.
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Figure 3.5: Ground-state phase diagrams of the antiferromagnetic spin-1 Bose-Hubbard model,
where U2/U0 = 0.1. Left: The t−µ phase diagram, where odd Mott shrink compared with even
lobes. Right: The t dependence of the superfluid order parameter. In each panel, plotted as the

superfluid order parameter is
√∑

σ ⟨aσ⟩
2. It can be seen that the quantum phase transition

between odd Mott lobes and the superfluid phase can be discontinuous.
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Chapter 4

The model and analyses

In this chapter, we present the model, and discuss in detail the methods that we utilize for
analyzing the model.

• In section 4.1, we present the model we analyze, and establish the notation. As discussed
in the previous chapter, we are interested in the competition between the ferromagnetic
interaction and a positive quadratic Zeeman effect, and we introduce such terms in the
model.

• In section 4.2, we discuss an approximation method called the Gutzwiller variational
ansatz, whose idea is to restrict our variational states (wave functions or density matrices)
to products of local states.

Although the method is conceptually straightforward, implementing this method directly
for spinor systems is numerically inefficient. To cope with this problem, we instead use an
equivalent and numerically low-cost 1 method, which will be described in the next section
2.

• In section 4.3, we describe an approximation method called the decoupling approximation,
3 in which we decouple hopping terms between different sites. The method will be shown
to be equivalent to the Gutzwiller variational ansatz in the next section.

• In section 4.4, we show the equivalence between the Gutzwiller variational ansatz and the
decoupling approximation. Based on this result, we employ the decoupling approximation
as our method to analyze the model.

• In section 4.5, we turn to the problem of numerical implementation of the decoupling
approximation, including the basic algorithms we use, concrete expressions for the matrix
elements of the grand Hamiltonian, and some numerical tricks.

1This point will be discussed in subsection 4.5.1.
2The reason why a section on the Gutzwiller variational ansatz, which we do not use directly later, is

included is that it is more conceptually transparent compared with the decoupling approximation described in
the subsequent section. Based on the equivalence discussion in section 4.4, we use the decoupling approximation
to do our calculations. Those who are not interested in the Gutzwiller variational ansatz can skip this section
and section 4.4 altogether.

3Some authors use phrases with the word “Gutzwiller” to mean the decoupling approximation [43, 44].
However, here we use the word “Gutzwiller” only for the Gutzwiller variational ansataz, for clearly distinguishing
the two methods.
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4.1 The model

4.1.1 Setting

Basic settings

• Let Λ be a finite lattice, on which we load our bosons, and let |Λ| be the number of lattice
sites.

• Define B ⊂ Λ × Λ to be the set of all bonds with order, i.e., for different sites x and y
(x, y ∈ Λ, x ̸= y) we distinguish (x, y) from (y, x). We assume that bonds are symmetric,
i.e., (x, y) ∈ B implies (y, x) ∈ B.

• By Nx := {y ∈ Λ|(x, y) ∈ B}, we denote the neighborhood of a site x ∈ Λ, and by
zx := |Nx|, we denote the number of sites neighboring the site x.

• We consider bosons with spin 1. Thus, for a given quantization axis, we denote the set
of magnetic quantum numbers by S := {−1, 0, 1}.

Observables

• We define the boson annihilation and creation operators by ax,σ and a†x,σ, where x ∈
Λ, σ ∈ S.

• Particle-number operators are denoted by

n̂x,σ := a†x,σax,σ (x ∈ Λ, σ ∈ S), (4.1)

n̂x :=
∑
σ∈S

n̂x,σ (x ∈ Λ), (4.2)

where n̂x,σ means the number of particles with magnetic quantum number σ at site x,
and n̂x means the number of particles (regardless of their magnetic quantum number) at
site x.

• We denote the spin operators by

Sx :=
(
S(1)
x , S(2)

x , S(3)
x

)
, (4.3)

S(α)
x :=

∑
σ,τ∈S

S(α)
σ,τ a

†
x,σax,τ (x ∈ Λ, α ∈ {1, 2, 3}), (4.4)

S±
x := S(1)

x ± iS(2)
x (x ∈ Λ), (4.5)

where S
(α)
x means the operator of the α component of the spin at a site x. Spin matrices

S(α) (α ∈ {1, 2, 3}) are defined by

S(1) :=
1√
2

0 1 0
1 0 1
0 1 0

 , S(2) :=
i√
2

0 −1 0
1 0 −1
0 1 0

 , S(3) :=

1 0 0
0 0 0
0 0 −1

 , (4.6)
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where it is understood that matrix indices are in the order of 1, 0,−1 4, and α = 3
corresponds to the direction of the given quantization axis. For the total spin, we define

Stot :=
(
S
(1)
tot , S

(2)
tot , S

(3)
tot

)
, S

(α)
tot :=

∑
x∈Λ

S(α)
x (α ∈ {1, 2, 3}), S±

tot :=
∑
x∈Λ

S±
x = S

(1)
tot±iS

(2)
tot .

(4.7)

States

• We define sets of particle configurations by

I := {n = (nx,σ)x∈Λ,σ∈S | ∀x ∈ Λ, ∀σ ∈ S (nx,σ ≥ 0)} , (4.8)

IN :=

{
n ∈ I

∣∣∣∣∣ ∑
x∈Λ,σ∈S

nx,σ = N

}
, (4.9)

where I is the set of all configurations, and IN is the set of all configurations whose total
particle number are N .

• For a configuration n ∈ I, we define nx :=
∑

σ∈S nx,σ, nx := (nx,1, nx,0, nx,−1), which
refer to the local configuration at site x.

• For x ∈ Λ, σ ∈ S, we define ex,σ ∈ I by (ex,σ)y,τ = δx,yδσ,τ , and for σ ∈ S, we define eσ
by (eσ)τ = δσ,τ . In other words, they are “unit vectors” in configuration space.

• Φvac denotes the vacuum state.

• We define our orthonormal basis composed of Fock states by

Φn :=
∏
x∈Λ
σ∈S

1√
nx,σ!

(
a†x,σ
)nx,σ

Φvac. (4.10)

• We define our Hilbert space by

HN := Span {Φn | n ∈ IN} (4.11)

H :=
∞⊕
N=1

HN (4.12)

4.1.2 The grand Hamiltonian

We work in the grand canonical ensemble with chemical potential µ, and consider the following
grand Hamiltonian K̂

K̂ = −t
∑

(x,y)∈B
σ∈S

a†x,σay,σ+
U0

2

∑
x∈Λ

n̂x(n̂x−1)+
U2

2

∑
x∈Λ

(
S2
x − 2n̂x

)
+
∑
x∈Λ

∑
σ∈S

(−pσ+qσ2)n̂x,σ−µ
∑
x∈Λ

n̂x.

(4.13)
The meanings and the properties of terms and coefficients are as follows:

4For example, S
(3)
σ,τ can be written as S

(3)
σ,τ = σδσ,τ .
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• The first term −t
∑

(x,y)∈B
σ∈S

a†x,σay,σ represents the hopping between different sites, and we

call t the hopping amplitude, or simply the hopping. We assume that t > 0.

• The second term U0

2

∑
x∈Λ n̂x(n̂x − 1) means the spin-independent interaction, where the

coefficient U0 is defined by U0 = g0+2g2
3

∫
dr|W0(r)|4, and satisfies U0 > 0 because we

assume g0, g2 > 0 5.

• The third term U2

2

∑
x∈Λ
(
S2
x − 2n̂x

)
stands for the spin-dependent interaction. The na-

ture of the interaction crucially depends on the sign of the coefficient U2:

– If U2 < 0, it is energetically favorable to make the spin at each site larger, and the
interaction is called the ferromagnetic interaction;

– if U2 > 0, it is energetically favorable to make the spin at each site smaller, and the
interaction is called the antiferromagnetic interaction.

Note that the ratio

U2

U0

=
g2 − g0
g0 + 2g2

=

g2
g0

− 1

2g2
g0

+ 1
=

1

2
− 3

2

1

2g2
g0

+ 1
, (4.14)

satisfies U2/U0 ∈ (−1, 1
2
) because g2/g0 ∈ (0,∞). In our analysis, we assume U2 < 0.

• The fourth term
∑

x∈Λ
∑

σ∈S(−pσ + qσ2)n̂x,σ represents the Zeeman energy induced by
the external magnetic field. Here, we assume that we take the quantization axis in the
direction of an applied external magnetic field.

– The first term with the coefficient p ∈ R represents the linear Zeeman energy, and

– the second term with the coefficient q ∈ R represents the quadratic Zeeman energy.

In our setting, where the total magnetization along the axis of the applied magnetic field is
conserved, the linear Zeeman energy can be gauged out. Thus, in our actual calculations,
we set p = 0. Also, we assume q > 0.

Note that t > 0 and U0 > 0 causes the competition between the kinetic energy and the
repulsive interaction, and the assumption of U2 < 0 and q > 0 ensures the competition between
the ferromagnetic spin-dependent interaction and the positive quadratic Zeeman energy.

Later, we sometimes decompose the grand Hamiltonian into two parts: the hopping part
and the local part which are defined by

K̂ = Hhop +
∑
x∈Λ

Kloc,x, (4.15)

Hhop := −t
∑

(x,y)∈B
σ∈S

a†x,σay,σ, (4.16)

Kloc,x :=
U0

2
n̂x(n̂x − 1) +

U2

2

(
S2
x − 2n̂x

)
+
∑
σ∈S

(−pσ + qσ2)n̂x,σ − µn̂x. (4.17)

5W0 is the Wannier function for the lowest band, and for the definitions of g0 and g2, see subsection 2.2.3.
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4.2 The Gutzwiller variational ansatz

As a way to analyze the grand Hamiltonian presented in the last section, here we describe
an approximation method called the “Gutzwiller variational ansatz” [37, 38]. The idea of
this approximation is that we restrict our variational states (density matrices, for non-zero
temperature cases) to products of local states. The rationale behind this restriction is that in
both non-interacting and no-hopping limits, we can describe the corresponding ground states
by this form of wave function

Although the method, being a variational method, is conceptually transparent, we have an
equivalent and numerically efficient 6 approximation method, which will be described in the
next section and will be used later.

4.2.1 The ground state

Gutzwiller variational ansatz for the ground state� �
To approximate the ground state, we use the following variational wave function Ψc,Λ

Ψc,Λ =
⊗
x∈Λ

∑
nx,1,nx,0,nx,−1≥0

nx,1+nx,0+nx,−1≤nmax

c(nx)Φ
(x)
nx
, (4.18)

where

• the states

Φ(x)
nx

:=
∏
σ∈S

1√
nx,σ!

(
a†x,σ
)nx,σ

Φ(x)
vac (4.19)

are local Fock states, and Φ
(x)
vac stands for the vacuum state of the Hilbert space of a

single site x.

• Although the particle number can be infinite in principle, for simplicity we assume
that the particle number at each site is not larger than a prescribed value nmax.

Here, the function c is the variational degree of freedom, and we search for such c that
minimizes the expectation value of K̂⟨

Ψc,Λ, K̂Ψc,Λ

⟩
(4.20)

In short, as a variational wave function, we take the product of an identical local state, and
we change this local state to attain the minimum of the variational energy a .

aAlthough we concentrate on spatially uniform cases, the Gutzwiller variational ansatz can be extended
to non-uniform cases, where each local state is site-dependent, i.e., c in the variational state (4.18) is
replaced by site-dependent functions cx, as was done in [11] for calculating spatial profile of the ground
state of the scalar Bose-Hubbard model in a harmonic trap.� �

As was already stated, this form of the wave function can describe the ground states for
both the non-interacting limit and the no-hopping (i.e., strong interaction) limit. For the no-

6This point will be discussed in subsection 4.5.1.
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hopping limit, this is trivial. For the non-interacting limit, note that the exact ground-state
wave function can be approximated by the product of local coherent states 7, which is of the
above form.

4.2.2 Non-zero temperature

Before discussing the non-zero temperature version of the Gutzwiller variational ansatz, first
note the following fact:

Variational principle for density matrices� �
For a Hermitian matrix A, define

fA(X) := Tr(XA) + Tr(X logX), (4.21)

where the domain of f is defined to be

{X : matrices with the same shape as A | X : positive semidefinite, TrX = 1} , (4.22)

i.e., the set of all density matrices.
Then, it is known [45] that

XA :=
e−A

Tre−A
(4.23)

is the unique minimizer of the function fA, and

fA(XA) = −Tre−A (4.24)� �
If we set A to be β× (grand) Hamiltonian, the minimizer is the (grand) canonical ensemble,

and the minimum × 1
β

corresponds to the free energy.

Gutzwiller variational ansatz for non-zero temperature� �
To approximate the equilibrium state, we use the following type of variational density
matrices:

ρtot =
⊗
x∈Λ

ρ (4.25)

where ρ is a density matrix of the one-site system.
We choose ρ which minimizes the function

JK̂(ρtot) :=
1

β
fβK̂(ρtot) = Tr(ρtotK̂) +

1

β
Tr(ρtot log ρtot) (4.26)

� �

7For an arbitrary few-body observable (i.e., observables which can be written as a product of l annihila-
tion/creation operators, where l ∈ N is much smaller than the total particle number, or linear combination of
them ), the expectation values with respect to this state and the exact ground state coincide in the thermody-
namic limit, provided that we take ϕ, the coherent state eigenvalue, to be the square root of the particle number
density.

64



4.3 The decoupling approximation

In this section, we describe an approximation method called the decoupling approximation
[46, 47], in which we decouple the hopping term between different sites. As it will be clear
in the next section, the method is equivalent to the Gutzwiller variational ansatz, but the
decoupling approximation is much more numerically efficient 8.

4.3.1 The decoupling procedure

In the decoupling approximation, we approximate the hopping term as follows :

a†x,σay,σ =
[
ϕ∗
x,σ +

(
a†x,σ − ϕ∗

x,σ

)]
[ϕy,σ + (ay,σ − ϕy,σ)] (4.27)

= ϕ∗
x,σϕy,σ + ϕ∗

x,σ (ay,σ − ϕy,σ) + ϕy,σ
(
a†x,σ − ϕ∗

x,σ

)
+ (ay,σ − ϕy,σ)

(
a†x,σ − ϕ∗

x,σ

)
(4.28)

≃ ϕ∗
x,σϕy,σ + ϕ∗

x,σ (ay,σ − ϕy,σ) + ϕy,σ
(
a†x,σ − ϕ∗

x,σ

)
(4.29)

= ϕy,σa
†
x,σ + ϕ∗

x,σay,σ − ϕ∗
x,σϕy,σ (4.30)

where ϕx,σ, called “superfluid order parameters”, or the expectation value of ax,σ, will be
determined self-consistently later. In deriving the third line, we have neglected the last term
in the second line by assuming that the fluctuation represented by the term is small.

Because we consider uniform systems only, we assume that the superfluid order parameters
ϕx,σ do not depend on the position x:

ϕx,σ = ϕσ (4.31)

Also, we assume that zx does not depend on the site x 9 and write z. Then, we have∑
(x,y)∈B

a†x,σay,σ ≃
∑

(x,y)∈B

(
ϕσa

†
x,σ + ϕ∗

σay,σ − |ϕσ|2
)

(4.32)

= zϕσ
∑
x∈Λ

a†x,σ + zϕ∗
σ

∑
y∈Λ

ay,σ − z|Λ||ϕσ|2 (4.33)

= z
∑
x∈Λ

(
ϕσa

†
x,σ + ϕ∗

σax,σ − |ϕσ|2
)

(4.34)

and

K ≃
∑
x∈Λ

[
−zt

∑
σ∈S

(
ϕσa

†
x,σ + ϕ∗

σax,σ − |ϕσ|2
)

+
U0

2
n̂x(n̂x − 1) +

U2

2

(
S2
x − 2n̂x

)
(4.35)

+
∑
σ∈S

(−pσ + qσ2)n̂x,σ − µn̂x

]
. (4.36)

Thus, the problem reduces to the single-site problem with the grand Hamiltonian K̂dc(ϕ)
given by

8For detail, see subsection 4.5.1.
9This assumption holds for different types of lattices including the d-dimensional cubic lattice and the

triangular lattice
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The decoupled grand Hamiltonian� �
K̂dc(ϕ) := −zt

∑
σ∈S

(
ϕσa

†
σ + ϕ∗

σaσ − |ϕσ|2
)

+
U0

2
n̂(n̂− 1) +

U2

2

(
S2 − 2n̂

)
+
∑
σ∈S

(−pσ + qσ2)n̂σ − µn̂, (4.37)

where ϕ collectively represents ϕ1, ϕ0, ϕ−1, and we omit the index x which represents sites.� �
The ground state

The approximate ground state under the decoupling approximation is obtained self-consistently
as follows:

The approximate ground state� �
Choose a set of superfluid order parameters ϕ such that the ground state of K̂dc(ϕ), ψϕ

satisfies the self-consistent condition

ϕσ = ⟨ψϕ, aσψϕ⟩ (∀σ ∈ S). (4.38)

If we have multiple ϕ’s that satisfy the condition (4.38), then we choose the one whose

corresponding ground state ψϕ gives the smallest value of
⟨
ψϕ, K̂dc(ϕ)ψϕ

⟩
. Then, Ψtot :=⊗

x∈Λ ψϕ is the approximate ground state.� �
Non-zero temperature

The approximate density matrix� �
Choose a set of superfluid order parameters ϕ such that the density matrix ρϕ, defined by

ρϕ :=
1

Ξϕ

e−βK̂dc(ϕ), Ξϕ := Tre−βK̂dc(ϕ), (4.39)

satisfies the self-consistent condition

ϕσ = Tr(aσρϕ). (4.40)

If we have multiple ϕ’s that satisfy the condition (4.40), then we choose the one which gives
the smallest value of the free energy − 1

β
log Ξϕ. Then, ρtot :=

⊗
x∈Λ ρϕ is the approximate

equilibrium state.� �
4.3.2 Rephrasing the self-consistency condition in terms of the min-

imum of the (free) energy functional

In the last subsection, we have given the self-consistent conditions that determine the approx-
imate states.
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Here, we show that these conditions can be rephrased in terms of the minimum condition
of the (free) energy functional, which will be used later to visualize and clarify the properties
of phase transitions [48, 49].

The ground state

The minimum condition for the energy functional� �
Define the energy functional K by

K(ϕ) := min
ψ

⟨
ψ, K̂dc(ϕ)ψ

⟩
. (4.41)

For each ϕ, let ψϕ be the state ψ that gives the minimum of
⟨
ψ, K̂dc(ϕ)ψ

⟩
, i.e.,

ψϕ = argminψ

⟨
ψ, K̂dc(ϕ)ψ

⟩
. (4.42)

Note that ψϕ is the ground state of the decoupled grand Hamiltonian K̂dc(ϕ):

K̂dc(ϕ)ψϕ = K(ϕ)ψϕ. (4.43)

Assume that ψϕ is differentiable with respect to ϕ. Under these assumptions, the following
two are equivalent:

• ϕ0 is a stationary point of K.

• ψϕ0 satisfies the self-consistent condition ⟨ψϕ0 , aσψϕ0⟩ = ϕ0
σ (∀σ ∈ S).� �

(∵)

The result follows directly from the Hellmann-Feynman theorem.
Let

xσ := Reϕσ, yσ := Imϕσ. (4.44)

Then,

∂K

∂xσ
(ϕ) =

⟨
ψϕ,

∂K̂dc

∂xσ
(ϕ)ψϕ

⟩
(4.45)

= −zt
(⟨
ψϕ, a

†
σψϕ

⟩
+ ⟨ψϕ, aσψϕ⟩ − 2xσ

)
, (4.46)

∂K

∂yσ
(ϕ) =

⟨
ψϕ,

∂K̂dc

∂yσ
(ϕ)ψϕ

⟩
(4.47)

= −zt
(
i
⟨
ψϕ, a

†
σψϕ

⟩
− i ⟨ψϕ, aσψϕ⟩ − 2yσ

)
(4.48)
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Thus, it follows that

ϕ0 is a stationary point of K. (4.49)

⇐⇒ ∂K

∂xσ
(ϕ0) =

∂K

∂yσ
(ϕ0) = 0 (∀σ ∈ S) (4.50)

⇐⇒ ∀σ ∈ S :⟨
ψϕ0 , aσψϕ0

⟩
+
⟨
ψϕ0 , a†σψϕ0

⟩
= 2x0σ and⟨

ψϕ0 , aσψϕ0

⟩
−
⟨
ψϕ0 , a†σψϕ0

⟩
= 2iy0σ (4.51)

⇐⇒
⟨
ψϕ0 , aσψϕ0

⟩
= x0σ + iy0σ = ϕ0

σ (4.52)

■

Using this property, [48] and [26] analytically calculated phase boundaries between the
Mott insulator phase and the superfluid phase for the scalar Bose-Hubbard model and the spin-1
antiferromagnetic Bose-Hubbard model, respectively, by evaluating K(ϕ) perturbatively, where
the hopping term is treated as a perturbation, up to fourth order in superfluid order parameters
10.

Non-zero temperature

The minimum condition for the free energy functional� �
Define

J(ϕ) := − 1

β
log Ξϕ, Ξϕ := Tre−βK̂dc(ϕ). (4.53)

Then, the following two statements are equivalent:

• ϕ0 is a stationary point of J .

• ϕ0 satisfies the self-consistent condition ϕ0
σ = Tr(aσρϕ0).� �

(∵)

Let
xσ := Reϕσ, yσ := Imϕσ. (4.54)

Then,

∂J

∂xσ
(ϕ) = − 1

β

∂

∂xσ
log Ξϕ = − 1

βΞϕ

∂Ξϕ

∂xσ
(4.55)

= − 1

βΞϕ

Tr

[
∂

∂xσ
e−βK̂dc(ϕ)

]
=

1

Ξϕ

Tr

[
∂K̂dc(ϕ)

∂xσ
e−βK̂dc(ϕ)

]
(4.56)

=
1

Ξϕ

Tr
[
−zt(a†σ + aσ − 2xσ)e−βK̂dc(ϕ)

]
(4.57)

= Tr
[
−zt(a†σ + aσ − 2xσ)ρϕ

]
, (4.58)

10However, the result in [26] for even Mott lobe does not coincide with the result obtained by direct mini-
mization of the Gutzwiller variational energy, as pointed out in [27], because the sixth order terms should be
considered to describe the first order phase transition within the decoupling approximation, which occurs for
even Mott lobes.
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∂J

∂yσ
(ϕ) = − 1

β

∂

∂yσ
log Ξϕ = − 1

βΞϕ

∂Ξϕ

∂yσ
(4.59)

= − 1

βΞϕ

Tr

[
∂

∂yσ
e−βK̂dc(ϕ)

]
=

1

Ξϕ

Tr

[
∂K̂dc(ϕ)

∂yσ
e−βK̂dc(ϕ)

]
(4.60)

=
1

Ξϕ

Tr
[
−zt(a†σ + aσ − 2xσ)e−βK̂dc(ϕ)

]
(4.61)

= Tr
[
−zt(ia†σ − iaσ − 2yσ)ρϕ

]
. (4.62)

Thus, it follows that

ϕ0 is a stationary point of J . (4.63)

⇐⇒ ∂J

∂xσ
(ϕ0) =

∂J

∂xσ
(ϕ0) = 0 (∀σ ∈ S). (4.64)

⇐⇒ ∀σ ∈ S :

Tr(a†σρϕ0) + Tr(aσρϕ0) = 2x0σ and

−Tr(a†σρϕ0) + Tr(aσρϕ0) = 2iy0σ. (4.65)

⇐⇒ Tr(aσρϕ0) = x0σ + iy0σ = ϕ0
σ. (4.66)

■

4.4 The equivalence of the Gutzwiller variational ansatz

and the decoupling approximation

In this section, we show that the decoupling approximation and the Gutzwiller variational
ansatz are basically equivalent.

4.4.1 The ground state

The equivalence for the ground-state case� �
We assume that at most nmax particles can populate each single site.

1. Let
⊗

x∈Λ ψ
0 be a state obtained by the Gutzwiller variational ansatz. Then, ψ0

satisfies the self-consistent condition of the decoupling approximation, i.e., ψ0 is the
ground state of K̂dc(ϕ

0), where ϕ0
σ := ⟨ψ0, aσψ

0⟩.

2. For an arbitrary superfluid order parameter ϕ and an arbitrary single-site state ψ
that satisfy ⟨ψ, aσψ⟩ = ϕσ (∀σ ∈ S), the following equality holds:⟨⊗

x∈Λ

ψ, K̂
⊗
x∈Λ

ψ

⟩
= |Λ|

⟨
ψ, K̂dc(ϕ)ψ

⟩
. (4.67)

From these two statements, it follows that a state obtained by the Gutzwiller variational
ansatz can be obtained by the decoupling approximation.� �

(∵)
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Recall that the grand Hamiltonian can be written as

K̂ = Hhop +
∑
x∈Λ

Kloc,x (4.68)

Let ψ be an arbitrary single-site state, and ϕ be an arbitrary superfluid order

parameter. We rewrite
⟨⊗

x∈Λ ψ, K̂
⊗

x∈Λ ψ
⟩

and ⟨ψ,Kdc(ϕ)ψ⟩, and derive an

equality connecting these two quantities.
On one hand, we have⟨⊗

x∈Λ

ψ, K̂
⊗
x∈Λ

ψ

⟩
= |Λ|

(
−zt

∑
σ∈S

⟨
a†σ
⟩
⟨aσ⟩ + ⟨Kloc⟩

)
(4.69)

where ⟨·⟩ := ⟨ψ, · ψ⟩ and subscripts standing for sites are omitted.
On the other hand, we also have

⟨ψ,Kdc(ϕ)ψ⟩ = −zt
∑
σ∈S

(
ϕσ⟨a†σ⟩ + ϕ∗

σ⟨aσ⟩ − |ϕσ|2
)

+ ⟨Kloc⟩ (4.70)

The hopping term can be rewritten as

ϕσ⟨a†σ⟩ + ϕ∗
σ⟨aσ⟩ − |ϕσ|2 = ⟨a†σ⟩⟨aσ⟩ − (⟨aσ⟩ − ϕσ)

(
⟨a†σ⟩ − ϕ∗

σ

)
(4.71)

= ⟨a†σ⟩⟨aσ⟩ − |⟨aσ⟩ − ϕσ|2, (4.72)

which yields⟨
ψ, K̂dc(ϕ)ψ

⟩
= −zt

∑
σ∈S

⟨a†σ⟩⟨aσ⟩ + ⟨Kloc⟩ + zt
∑
σ∈S

|⟨aσ⟩ − ϕσ|2. (4.73)

By comparing (4.69) and (4.73), we obtain⟨
ψ, K̂dc(ϕ)ψ

⟩
=

1

|Λ|

⟨⊗
x∈Λ

ψ, K̂
⊗
x∈Λ

ψ

⟩
+ zt

∑
σ∈S

|⟨ψ, aσψ⟩ − ϕσ|2 . (4.74)

The result 2 follows directly from this equality.
We show the result 1. Define

ϕ0
σ := ⟨ψ0, aσψ

0⟩ (∀σ ∈ S). (4.75)

If suffices to show that ψ0 = argmin
⟨
ψ, K̂dc(ϕ

0)ψ
⟩

. Let ψ be an arbitrary single-

site state. Then, from the equality (4.74), we have⟨
ψ, K̂dc(ϕ

0)ψ
⟩

=
1

|Λ|

⟨⊗
x∈Λ

ψ, K̂
⊗
x∈Λ

ψ

⟩
+ zt

∑
σ∈S

∣∣⟨ψ, aσψ⟩ − ϕ0
σ

∣∣2 (4.76)

≥ 1

|Λ|

⟨⊗
x∈Λ

ψ0, K̂
⊗
x∈Λ

ψ0

⟩
+ zt

∑
σ∈S

∣∣⟨ψ, aσψ⟩ − ϕ0
σ

∣∣2 (4.77)

≥ 1

|Λ|

⟨⊗
x∈Λ

ψ0, K̂
⊗
x∈Λ

ψ0

⟩
(4.78)

=
⟨
ψ0, K̂dc(ϕ

0)ψ0
⟩
, (4.79)

from which the result 1 follows.

■
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4.4.2 Non-zero temperature

The equivalence for the non-zero temperature case� �
We assume that at most nmax particles can populate each single site. We also assume
that the approximate ground states in the Gutzwiller variational ansatz and the decoupling
approximation can be determined uniquely in each procedure.
For an arbitrary single-site state ρ, define

jϕ(ρ) := Tr[ρK̂dc(ϕ)] +
1

β
Trρ log ρ. (4.80)

Recall that

JK̂(ρtot) := Tr(ρtotK̂) +
1

β
Tr(ρtot log ρtot). (4.81)

1. Let
⊗

x∈Λ ρ
0 be the state obtained by the Gutzwiller variational ansatz, i.e.,

⊗
x∈Λ ρ

0

be the state that minimizes JK̂
(⊗

x∈Λ ρ
)
. Then, ρ0 satisfies the self-consistent condi-

tion of the decoupling approximation, i.e., for ϕ0
σ := Tr(ρ0aσ), the following relation

holds:

ρ0 =
e−βK̂dc(ϕ

0)

Tre−βK̂dc(ϕ
0)
. (4.82)

It should also be noted that

jϕ0(ρ0) = − 1

β
log
[
Tre−βK̂dc(ϕ

0)
]

= J(ϕ0) (4.83)

holds, where J is defined in (4.53).

2. For an arbitrary superfluid order parameter ϕ and an arbitrary single-site density
matrix ρ that satisfy the self-consistent condition Tr(ρaσ) = ϕσ (∀σ ∈ S), we have

jϕ(ρ) =
1

|Λ|
JK̂

(⊗
x∈Λ

ρ

)
. (4.84)

From these two statements, it follows that the state obtained by the Gutzwiller variational
ansatz is equal to the state obtained by the decoupling approximation.� �

(∵)

Recall that the grand Hamiltonian can be written as

K̂ = Hhop +
∑
x∈Λ

Kloc,x (4.85)

We denote Tr(ρ ·) by ⟨·⟩.
Let ρ be an arbitrary single-site state, and ϕ be an arbitrary superfluid order

parameter. Like the ground-state case, we begin by rewriting JK̂(
⊗

x∈Λ ρ) and
jϕ(ρ), and derive an equality connecting these two quantities.
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On one hand, we have

JK̂

(⊗
x∈Λ

ρ

)
= Tr

(⊗
x∈Λ

ρK̂

)
+

1

β
Tr

[⊗
x∈Λ

ρ log

(⊗
x∈Λ

ρ

)]
(4.86)

= |Λ|

(
−zt

∑
σ∈S

⟨a†σ⟩⟨aσ⟩ + ⟨Kloc⟩ +
1

β
Trρ log ρ

)
, (4.87)

where subscripts standing for sites are omitted. On the other hand,

jϕ(ρ) = −zt
∑
σ∈S

(ϕσ⟨a†σ⟩ + ϕ∗
σ⟨aσ⟩ − |ϕσ|2) + ⟨Kloc⟩ +

1

β
Trρ log ρ (4.88)

holds.
The hopping term can be rewritten as

ϕσ⟨a†σ⟩ + ϕ∗
σ⟨aσ⟩ − |ϕσ|2 = ⟨a†σ⟩⟨aσ⟩ − (⟨aσ⟩ − ϕσ)

(
⟨a†σ⟩ − ϕ∗

σ

)
(4.89)

= ⟨a†σ⟩⟨aσ⟩ − |⟨aσ⟩ − ϕσ|2 (4.90)

which gives

jϕ(ρ) = −zt
∑
σ∈S

⟨a†σ⟩⟨aσ⟩ + ⟨Kloc⟩ +
1

β
Trρ log ρ+ zt

∑
σ∈S

|Tr(ρaσ) − ϕσ|2(4.91)

=
1

|Λ|
JK̂

(⊗
x∈Λ

ρ

)
+ zt

∑
σ∈S

|Tr(ρaσ) − ϕσ|2. (4.92)

The result 2 follows directly from this equality.
To show the result 1, it suffices to show that ρ0 minimizes jϕ0(·) because this

condition and the variational principle for density matrices 11 yields

ρ0 =
e−βK̂dc(ϕ

0)

Tre−βK̂dc(ϕ
0)
. (4.93)

In addition,

jϕ0(ρ0) = − 1

β
log
[
Tre−βK̂dc(ϕ)

]
= J(ϕ0) (4.94)

holds immediately from the form of ρ0. Thus, we concentrate on showing that ρ0

minimizes jϕ0(·).
Let ρ be an arbitrary single-site density matrix. Then, it follows that

jϕ0(ρ) =
1

|Λ|
JK̂

(⊗
x∈Λ

ρ

)
+ zt

∑
σ∈S

∣∣Tr(ρaσ) − ϕ0
σ

∣∣2 (∵ (4.92)) (4.95)

≥ 1

|Λ|
JK̂

(⊗
x∈Λ

ρ0

)
+ zt

∑
σ∈S

∣∣Tr(ρaσ) − ϕ0
σ

∣∣2
(∵ ρ0 minimizes JK̂

(⊗
x∈Λ ·

)
) (4.96)

≥ 1

|Λ|
JK̂

(⊗
x∈Λ

ρ0

)
(4.97)

= jϕ0(ρ0) (∵ equality (4.92) and ϕ0
σ = Tr(ρ0aσ)) (4.98)

11See the box enclosing 4.23).
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which shows that ρ0 minimizes jϕ0(·).

■

4.5 Numerical calculation

So far, we have discussed two approximation methods and equivalence between them, and con-
centrated on their conceptual aspects. In this section, we turn to a more practical problem, i.e.,
the problem of solving the self-consistent equations. Here, we discuss the details of numerical
methods that are used to solve the self-consistent equations.

• In 4.5.1, we discuss costs required for solving the Gutzwiller variational ansatz and the
decoupling approximation, and describe why we use the decoupling approximation rather
than the conceptually straightforward Gutzwiller approximation.

• Subsection 4.5.2 describes the basic framework of the calculation.

• In 4.5.3, we show concrete forms of matrix elements of the decoupled grand Hamilto-
nian, and their derivation. Matrix elements shown here will be plugged into programs to
numerically solve the self-consistent equations.

• In 4.5.4, the method of accurately determining phase boundaries, a binary search algo-
rithm, will be described.

• In 4.5.5, we briefly touch on some numerical tricks that are used for the calculation of
the non-zero temperature case.

• Subsection 4.5.6 is a short note on the implementation.

4.5.1 Why do we use the decoupling approximation?

Before delving into the detailed discussion on how to numerically solve the self-consistent equa-
tions, we first make a few comments on the numerical costs required to deal with the Gutzwiller
variational ansatz and the decoupling approximation, and thereby clarify why we employ the
decoupling approximation rather than the conceptually straightforward Gutzwiller variational
ansatz.

• In numerically solving the variational problem with the Gutzwiller variational ansatz, we
have to carry out minimization over high-dimensional space; dnmax-dimension for the zero
temperature case, and dnmax(dnmax + 1)/2-dimensional space for the non-zero temperature
case, where dnmax is the dimension of the Hilbert space corresponding the single-site system
with its particle number less than or equal to nmax. The concrete expression for dnmax is
given by

dnmax =
1

6
(nmax + 1)(nmax + 2)(nmax + 3), (4.99)

because the number of ways of allocating nmax particles to four states, i.e., three spin
indices (1, 0,−1) and a state “none”, is

(nmax + 3)!

nmax!3!
=

1

6
(nmax + 1)(nmax + 2)(nmax + 3). (4.100)
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For example, we have

nmax 1 2 3 4 5 6 7
dnmax 4 10 20 35 56 84 120

.

• On the other hand, in implementing the decoupling approximation, we have to care about
only three variables, i.e., superfluid order parameters. This number, three, of course does
not depend on nmax.

Thus, it can be seen that for typical value of nmax ≥ 2, the decoupling approximation
is much easier to handle, and we choose this method to numerically obtain the approximate
ground (or equilibrium) state.

4.5.2 The basic procedure

We solved the self-consistent equations iteratively as follows:

1. Choose the initial value of ϕ randomly.

2. Diagonalize K(ϕ), and

• for the ground-state case, obtain its ground state ψ̃.

• for non-zero temperature case, obtain the corresponding density matrix

ρ̃ = e−βK(ϕ)/Tre−βK(ϕ).

3. From the obtained state, calculate ϕ by ϕσ =
⟨
ψ̃, aσψ̃

⟩
or ϕσ = Tr (ρ̃aσ) .

4. Iterate 2 and 3 until ϕ converges within a prescribed numerical precision.

To avoid being trapped by local solutions, we start the iteration from randomly chosen
different initial values (ϕ), and select the solution with the lowest grand energy. In performing
the numerical calculation, the maximum particle number per site nmax, whose specific value
will be chosen to be large enough that the physics will not be affected 12.

4.5.3 Matrix elements

For the numerical calculation, we need matrix elements of K̂dc(ϕ) (for a given value of ϕ) with
respect to a specific set of basis. Here, we take local (i.e. single-site) Fock states as our basis,
and give the expression for the matrix elements.

Recall that the decoupled grand Hamiltonian K̂dc(ϕ) is

K̂dc(ϕ) := −zt
∑
σ∈S

(
ϕσa

†
σ + ϕ∗

σaσ − |ϕσ|2
)

+
U0

2
n̂(n̂− 1) +

U2

2

(
S2 − 2n̂

)
+
∑
σ∈S

(−pσ + qσ2)n̂σ − µn̂ (4.101)

12Specific values of nmax will be shown in the next chapter.
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In this section, we use the following simplified notations (because we only consider single-site
problem here) :

n = (nσ)σ∈S , (4.102)

Φn =
∏
σ∈S

1√
nσ!

(a†σ)nσΦvac, (4.103)

n :=
∑
σ∈S

nσ. (4.104)

Then, the matrix elements are given by

Matrix elements of the decoupled grand Hamiltonian� �
⟨

Φn, K̂dc(ϕ)Φn′

⟩
= −zt

∑
σ∈S

(√
nσϕσδn−eσ ,n′ +

√
nσ + 1 ϕ∗

σδn+eσ ,n′ − |ϕσ|2δn,n′
)

+

[
U0

2
n(n− 1) +

∑
σ∈S

(−pσ + qσ2)nσ − µn

]
δn,n′

+
U2

2

{[
(n1 − n−1)

2 + (2n0 − 1)(n1 + n−1)
]
δn,n′

+2
√
n0(n0 − 1)(n1 + 1)(n−1 + 1)δn+e1+e−1−2e0,n′

+2
√
n1n−1(n0 + 1)(n0 + 2)δn−e1−e−1+2e0,n′

}
(4.105)

= −zt
∑
σ∈S

(√
nσϕσδn−eσ ,n′ +

√
nσ + 1 ϕ∗

σδn+eσ ,n′ − |ϕσ|2δn,n′
)

+

{
U0

2
n(n− 1) +

∑
σ∈S

(−pσ + qσ2)nσ − µn

+
U2

2

[
(n1 − n−1)

2 + (2n0 − 1)(n1 + n−1)
]}

δn,n′

+U2

[√
n0(n0 − 1)(n1 + 1)(n−1 + 1)δn+e1+e−1−2e0,n′

+
√
n1n−1(n0 + 1)(n0 + 2)δn−e1−e−1+2e0,n′

]
. (4.106)� �

(∵)

hopping term
It is easy to show⟨

Φn, a
†
σΦn′

⟩
= ⟨aσΦn,Φn′⟩ =

√
nσ ⟨Φn−eσ ,Φn′⟩ =

√
nσδn−eσ ,n′ , (4.107)

⟨Φn, aσΦn′⟩ =
⟨
a†σΦn,Φn′

⟩
=

√
nσ + 1 ⟨Φn+eσ ,Φn′⟩ =

√
nσ + 1δn+eσ ,n′ , (4.108)
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from which we obtain⟨
Φn,−zt

∑
σ∈S

(
ϕσa

†
σ + ϕ∗

σaσ − |ϕσ|2
)

Φn′

⟩
= −zt

∑
σ∈S

(√
nσϕσδn−eσ ,n′ +

√
nσ + 1ϕ∗

σδn+eσ ,n′ − |ϕσ|2δn,n′
)
. (4.109)

local term (except for the spin-dependent interaction term)
This term can be easily treated because it is diagonal:⟨

Φn,

[
U0

2
n̂(n̂− 1) +

∑
σ∈S

(−pσ + qσ2)n̂σ − µn̂

]
Φn′

⟩

=

[
U0

2
n(n− 1) +

∑
σ∈S

(−pσ + qσ2)nσ − µn

]
δn,n′ . (4.110)

spin-dependent interaction term
Note that the term can be rewritten as

S2 − 2n̂ =
∑
σ1,τ1,
σ2,τ2∈S

3∑
α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

a†σ1a
†
σ2
aτ1aτ2 (4.111)

(See equation (3.105).).⟨
Φn,

(
S2 − 2n̂

)
Φn′
⟩

=
⟨(
S2 − 2n̂

)
Φn,Φn′

⟩
(4.112)

=
∑
σ1,τ1,
σ2,τ2∈S

[
3∑

α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

] ⟨
a†σ1a

†
σ2
aτ1aτ2Φn,Φn′

⟩
(4.113)

=
∑
σ1,τ1,
σ2,τ2∈S

[
1

2

√
(1 + σ1)(2 − σ1)(1 − σ2)(2 + σ2)δσ1−1,τ1δσ2+1,τ2

+
1

2

√
(1 − σ1)(2 + σ1)(1 + σ2)(2 − σ2)δσ1+1,τ1δσ2−1,τ2

+σ1σ2δσ1,τ1δσ2,τ2 ]
⟨
a†σ1a

†
σ2
aτ1aτ2Φn,Φn′

⟩
(4.114)(

∵ From a straightforward expansion of
3∑

α=1

S(α)
σ1,τ1

S(α)
σ2,τ2

)
=

∑
σ1,τ1,
σ2,τ2∈S

[√
(1 + σ1)(2 − σ1)(1 − σ2)(2 + σ2)δσ1−1,τ1δσ2+1,τ2

+σ1σ2δσ1,τ1δσ2,τ2 ]

×
⟨
a†σ1a

†
σ2
aτ1aτ2Φn,Φn′

⟩
(4.115)

=
∑
σ1,τ1,
σ2,τ2∈S

√
(1 + σ1)(2 − σ1)(1 − σ2)(2 + σ2)δσ1−1,τ1δσ2+1,τ2

⟨
a†σ1a

†
σ2
aτ1aτ2Φn,Φn′

⟩
+
∑

σ1,σ2∈S

σ1σ2
⟨
a†σ1a

†
σ2
aσ1aσ2Φn,Φn′

⟩
. (4.116)
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The second term can be rewritten as follows∑
σ1,σ2∈S

σ1σ2
⟨
a†σ1a

†
σ2
aσ1aσ2Φn,Φn′

⟩
=

∑
σ1,σ2∈S

σ1σ2
⟨(
a†σ1aσ1a

†
σ2
aσ2 − δσ1,σ2a

†
σ1
aσ2
)

Φn,Φn′
⟩

(4.117)

=
∑

σ1,σ2∈S

σ1σ2 (nσ1nσ2 − δσ1,σ2nσ1) ⟨Φn,Φn′⟩ (4.118)

=

(∑
σ∈S

σnσ

)2

−
∑
σ∈S

σ2nσ

 δn,n′ (4.119)

=
[
(n1 − n−1)

2 − (n1 + n−1)
]
δn,n′ . (4.120)

For the first term, note that the summand is zero when σ1 = −1 or σ2 = 1, which enables
us to write∑

σ1,τ1,
σ2,τ2∈S

√
(1 + σ1)(2 − σ1)(1 − σ2)(2 + σ2)δσ1−1,τ1δσ2+1,τ2

⟨
a†σ1a

†
σ2
aτ1aτ2Φn,Φn′

⟩

=
1∑

σ1=0

0∑
σ2=−1

√
(1 + σ1)(2 − σ1)(1 − σ2)(2 + σ2)

⟨
a†σ1a

†
σ2
aσ1−1aσ2+1Φn,Φn′

⟩
(4.121)

= 2
⟨
a†1a

†
0a0a1Φn,Φn′

⟩
+ 2

⟨
a†1a

†
−1a0a0Φn,Φn′

⟩
+2
⟨
a†0a

†
0a−1a1Φn,Φn′

⟩
+ 2

⟨
a†0a

†
−1a−1a0Φn,Φn′

⟩
(4.122)

= 2n0(n1 + n−1)δn,n′

+2
√
n0(n0 − 1)(n1 + 1)(n−1 + 1)

⟨
Φn+e1+e−1−2e0 ,Φn′

⟩
+2
√
n1n−1(n0 + 1)(n0 + 2)

⟨
Φn−e1−e−1+2e0 ,Φn′

⟩
(4.123)

= 2n0(n1 + n−1)δn,n′

+2
√
n0(n0 − 1)(n1 + 1)(n−1 + 1)δn+e1+e−1−2e0,n′

+2
√
n1n−1(n0 + 1)(n0 + 2)δn−e1−e−1+2e0,n′ . (4.124)

Thus, we finally arrive at⟨
Φn,

(
S2 − 2n̂

)
Φn′
⟩

=
[
(n1 − n−1)

2 + (2n0 − 1)(n1 + n−1)
]
δn,n′

+2
√
n0(n0 − 1)(n1 + 1)(n−1 + 1)δn+e1+e−1−2e0,n′

+2
√
n1n−1(n0 + 1)(n0 + 2)δn−e1−e−1+2e0,n′ . (4.125)

■

4.5.4 Binary search

We are mainly interested in the t−µ phase diagrams. To obtain the phase diagram in the t−µ
space, we solve the self-consistent equations for each point of the mesh in the parameter space.
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As to phase boundaries, they can be obtained by plotting the superfluid order parameters
calculated for each point in the mesh, and choosing the point where the order parameters
changes from 0 to non-zero values. However, there is a more accurate way to determine the
phase boundary; a binary search algorithm that we describe below.

Usually, superfluid order parameters grow monotonically with the hopping amplitude t (This
property is numerically confirmed for the parameter ranges we considered. ). Then, we can
use binary search to locate the phase boundary across which the value of ϕσ (for a specific
σ) changes from 0 to a non-zero value, and distinguish discontinuous phase transitions from
continuous phase transitions as follows (Here, we denote zt/U0 by x):

1. Fix the value of chemical potential .

2. Choose a sufficiently large xr, and set xl = 0. It is assumed that, at x = xl, we have
ϕσ = 0, and at x = xr we have ϕσ ̸= 0.

3. Set xc := (xr + xl)/2. Solve the self-consistent equation at x = xc, and obtain ϕσ. What
we do next depends on whether ϕσ = 0 or not 13.

• If ϕσ ̸= 0, the desired value of x is located at the left of xc, and we substitute xc for
xr.

• If ϕσ = 0, the desired value of x is located at the right of xc, and we substitute xc
for xl.

4. Iterate step 3 until x converges within a prescribed numerical precision 14. The final value
of xc represents the location of the boundary.

5. Whether the phase transition is continuous or not can be judged as follows: Define ϕr
and ϕl as the values of ϕσ corresponding to the final value of xr and xl. If the phase
transition is continuous, we have |ϕr| ≃ |ϕl|. On the other hand, if the phase transition
is discontinuous, |ϕr| deviates from |ϕl|. 15

4.5.5 Some notes on the non-zero temperature case

For the non-zero temperature case, its numerical calculation requires a few tricks.

Expression instead of trace

We denoted the expectation value of an observable O with respect to a density matrix by a trace
of the product of O and a matrix exponential. However, we use the following implementation
because it is faster:

1. First, diagonalize the decoupled grand Hamiltonian, and denote eigenvalues and the corre-
sponding eigenvectors by λ1, λ2, . . . , λn and ψ1, ψ2, . . . , ψn. Define U := (ψ1, ψ2, . . . , ψn),
where each ψi is regarded as a column vector. Denote the j-th component of the eigen-
vector ψi by ψij, from which Uij = ψji holds.

13Because we have inevitable numerical error in numerical calculations, the condition ϕσ ̸= 0 is replaced by
|ϕσ| > ϕthresh, where we took ϕthresh = 10−4.

14We took the criteria to be 10−4

15In our calculation, we take this threshold to be ∼ 10−2

78



2. Then, ⟨O⟩, the expectation value of O can be expressed as

⟨O⟩ =
TrOe−βK

Tre−βK
=

∑
i⟨ψi, Oψi⟩e−βλi∑

i e
−βλi

(4.126)

=

∑
i,j,k(ψ

i
j)

∗Ojkψ
i
ke

−βλi∑
i e

−βλi
(4.127)

=

∑
i,j,k U

∗
jiOjkUkie

−βλi∑
i e

−βλi
(4.128)

=

∑
i,j,k(U

†)ijOjkUkie
−βλi∑

i e
−βλi

(4.129)

=

∑
i(U

†OU)iie
−βλi∑

i e
−βλi

. (4.130)

3. In addition, the thermodynamic potential J can be calculated from

J := − 1

β
log

(∑
i

e−βλi

)
. (4.131)

Subtracting the ground-state energy

Although the above expressions are analytically correct, they will cause problems when they
are directly implemented. This is because, for large β (i.e., low temperature),

• if all the eigenvalues λi are large, the Boltzmann factors are so small that numerically
they are judged to be zero, which causes the zero division problem.

• if there are small (i.e., negatively large) eigenvalues λi, the Boltzmann factor will cause
overflow.

To remedy this situation, we subtract the ground energy from eigenvalues as follows: Define

ε := min
i
λi (4.132)

and, rewrite

⟨O⟩ =

∑
i(U

†OU)iie
−βλi∑

i e
−βλi

=

∑
i(U

†OU)iie
−β(λi−ε)∑

i e
−β(λi−ε)

(4.133)

and

J = − 1

β
log

(
e−βε

∑
i

e−β(λi−ε)

)
(4.134)

= ε− 1

β
log

(∑
i

e−β(λi−ε)

)
. (4.135)

.

4.5.6 Implementation

Methods described so far are implemented by python, with numpy and scipy. Especially, as
to the diagonalization routine, scipy eigh function is utilized. Data visualizations are done by
matplotlib.

All calculations are run on my laptop or cluster computers of the Ueda group.
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Chapter 5

Phase diagrams in the presence of a
quadratic Zeeman effect

In this chapter, we present the results obtained by the method described in the previous chapter.

• In section 5.1, we first present the results for the ground state i.e., T = 0 case. It will be
shown that, by exerting external magnetic field, we have two distinct superfluid phases
in addition to the Mott-insulator phase, and, for the parameter set corresponding to 7Li,
discontinuous phase transitions between two superfluid phases occur.

• In section 5.2, we present the results for the non-zero temperature case will be presented.
It will be shown that discontinuous phase transitions similar to those found at T = 0 also
occur at for low temperatures.

• Based on these results, in section 5.3, we compare our results with previous studies, and
discuss their physical implications.

5.1 Ground-state phase diagrams

In this section, we discuss ground-state phase diagrams, i.e. the T = 0 case.

• First, in subsection 5.1.1, we show the t−µ plane phase diagrams, which show the presence
of two superfluid phases.

• Then, the t dependence and the q dependence are examined in subsections 5.1.2 and 5.1.3,
where discontinuous phase transitions between the two superfluid phases are clearly seen.

• Finally, in subsection 5.1.4, we present t − µ phase diagram which was obtained by the
binary search algorithm described in section 4.5.4, and shows whether the transition is
continuous or discontinuous.

In calculating results throughout this subsection, the maximum number of particles per site,
nmax, is taken to be nmax = 7, which is confirmed to be sufficient for numerical convergence in
the parameter regime studied here (see appendix A).
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5.1.1 t− µ plane phase diagrams

Figure 5.1: Ground-state phase diagrams for (U2/U0, q/U0) = (−0.7, 0.1) (7Li ). Upper left:

|ϕ0|, upper right: |ϕ1|, lower left: transverse magnetization Mtr :=

√
⟨S(1)⟩2 + ⟨S(2)⟩2, where

the white dashed curve shows the boundary obtained from the data of ϕ1, which coincides with
the boundary across which Mtr changes from zero to non-zero, and lower right: the entire phase
diagram, where dashed lines represent the slices taken in figure 5.3, SF stands for superfluid,
MI stands for Mott-insulator, and n in each Mott-lobe represents particle number densities.
Contrary to the case without a quadratic Zeeman effect, there are two phases (polar and BA) in
superfluid phase, and the lower-left plot shows that transverse magnetization arises in the BA
phase. The magnetization parallel to an applied magnetic field is always zero (within numerical
errors).
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Figure 5.2: Ground-state phase diagrams for (U2/U0, q/U0) = (−0.005, 0.0085) (87Rb ). The
same description as figure 5.1 applies.

Figures 5.1 and 5.2 show the obtained observables and phase diagrams in the t − µ plane for
(U2/U0, q/U0) = (−0.7, 0.1) and (−0.005, 0.0085), respectively. Note that the former parameter
set corresponds to the hyperfine spin-1 manifold of 7Li, while the latter to the hyperfine spin-1
manifold of 87Rb.

In each figure:

• The upper panels show the magnitude of superfluid order parameters |ϕσ|. Note that
because of the inversion symmetry 1, we have |ϕ1| = |ϕ−1|.

• We find that no longitudinal magnetization arise along the axis of the external magnetic

field, and thus we only plot the transverse magnetization Mtr :=

√
⟨S(1)⟩2 + ⟨S(2)⟩2, which

is shown in the lower left panel of each figure. The white dashed curve is the boundary

1In performing the self-consistent calculation, we did not make any assumptions about the relation between
ϕ1 and ϕ−1. The relation |ϕ1| = |ϕ−1| is confirmed from the obtained data.
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across which |ϕ1| changes from zero to non-zero value 2.

• The lower right panel shows the phase diagram obtained from the data of superfluid order
parameters (ϕ1, ϕ0, ϕ−1). Dashed lines correspond to slices taken in figure 5.3.

From the lower left panel, it can be seen that the white curve coincides with the boundary
across which Mtr changes from zero to non-zero value. Thus, we have two distinct super-
fluid phases in our system, and following the convention for the mean-field theory of weakly
interacting spin-1 bosons, we call

• the superfluid phase in which only the 0 component is superfluid and no magnetization
is present, the polar superfluid phase, and

• the superfluid phase in which all the 1, 0,−1 components are superfluid and transverse
magnetization is present, the broken-axisymmetry superfluid phase.

5.1.2 Hopping amplitude (t) dependence

Discontinuous phase transitions

Although the obtained t− µ phase diagrams for 7Li and 87Rb apparently look similar, a closer
look reveals that order parameters behave in quantitatively different ways.

2Numerically, we set a threshold value.
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Figure 5.3: The hopping dependence of order parameters (for fixed chemical potential µ). The
left scales show |ϕσ|, the magnitude of superfluid order parameters , and the right scales show
the transverse magnetization Mtr. The parameters used are (a) U2/U0 = −0.7, q/U0 = 0.1,
and (b) U2/U0 = −0.005, q/U0 = 0.0085. For phase transitions between the polar and the
broken-axisymmetry superfluid phases, the panel (a) shows discontinuous phase transitions,
while panel (b) shows continuous phase transitions. Discontinuous phase transitions between
the broken-axisymmetry superfluid phase and the Mott-insulator phase should be interpreted
with caution (see text for details).

Figure 5.3 shows the hopping amplitude (t) dependence of order parameters ϕσ and Mtr,
where the left scales show ϕσ and the right scales show Mtr. The upper panels show the results
for 7Li, while the lower panels show the results for 87Rb. Slices are taken along the dashed lines
shown in the lower right panels in figures 5.1 and 5.2.

It can be seen that, for 7Li, i.e., in the upper panels, we have discontinuous phase transitions
between two superfluid phases, while for 87Rb, i.e., in the lower panels, we only have
continuous phase transitions between superfluid phases in the parameter range we consider.
Although we have discontinuous phase transition between the broken-axisymmetry superfluid
phase and the Mott-insulator phase for both cases, this result should be interpreted with caution
(See subsection 5.3.1).

The energy functional: metastability

To clearly visualize and confirm the observed discontinuous phase transitions from a different
point of view, here we show plots of energy functional K(ϕ), which is defined by

K(ϕ) := min
ψ

⟨
ψ, K̂dc(ϕ)ψ

⟩
(5.1)
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Recall that in section 4.3 we have shown that stationary points of K correspond to solutions
to the self-consistent equations of the decoupling approximation. Thus, if K has multiple local
minima, it indicates that we have discontinuous phase transitions.

Figure 5.4 shows the plot of K as a function of 3 |ϕ1| and |ϕ0|. For clarity, we only plotted
values below a certain threshold value. The values of K are shifted so that 0 in the grayscale
bars correspond to the threshold value, and the bars are in an arbitrary unit. The white circle
in each panel indicates the global minima.

The left panel corresponds to the polar superfluid phase, while the right panel to the broken-
axisymmetry superfluid phase. It can be clearly seen from the figure that K has two local
minima, whose presence shows metastability and accompanying discontinuous phase transitions.

Figure 5.4: K(ϕ) := minψ⟨ψ,K(ϕ)ψ⟩, where, by the assumption of the inversion symmetry
|ϕ1| = |ϕ−1|, ϕ can be written as (|ϕ1|eiθ, |ϕ0|, |ϕ1|eiθ) and the minimum with respect to θ has
already been taken numerically. White circles stand for global minima. For clarity, values above
a given threshold value are not plotted, and the grayscale bars are in an arbitrary unit. It can
be seen that there are two local minima, indicating metastability and the ensuing discontinuous
phase transition. U2/U0 = −0.7, q/U0 = 0.1 and µ/U0 = 0.756.

5.1.3 Quadratic Zeeman energy (q) dependence

Discontinuous phase transitions between two superfluid phases can also be observed when the
external magnetic field is varied. The upper panel of figure 5.5 shows that with an increase
in the quadratic Zeeman coefficient q, the system undergoes a discontinuous phase transition
from the broken-axisymmetry superfluid phase to the polar superfluid phase. The lower panels
of figure 5.5 also show metastability and the accompanying discontinuous phase transition.

3Here we assume the inversion symmetry |ϕ1| = |ϕ−1|. Then, by using a global phase shift and a rotation
around the applied external magnetic field, we can write ϕ = (|ϕ1|eiθ, |ϕ0|, |ϕ1|eiθ), where θ ∈ R. The minimum
with respect to θ has already been taken numerically before plotting K.
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Figure 5.5: Upper : Superfluid order parameters (left scale) and the transverse magnetization
(right scale) as functions of q/U0 for U2/U0 = −0.7, zt/U0 = 0.0372, and µ/U0 = 0.819. A
discontinuous phase transition occurs at q/U0 ≃ 0.116. Lower : K(ϕ) (see the caption of figure
5.4 for detail).

5.1.4 t− µ phase diagrams (revisited)

So far, we have seen that, within our approximation scheme of the decoupling approximation,
the spin-1 Bose-Hubbard model with the quadratic Zeeman effect has discontinuous phase
transitions between the broken-axisymmetry superfluid phase and other phases.

Based on this observation, in figure 5.6, we show phase boundaries obtained by the binary
search method described in subsection 4.5.4. In the figure, black circles indicate the bound-
aries across which discontinuous phase transitions take place, and white circles indicate the
boundaries across which continuous phase transitions occur.

It can be seen that the increase in q results in the increase of the polar superfluid phase
region, and that the discontinuous phase transitions occur between two superfluid phases,
and between the broken-axisymmetry phase and the Mott-insulator phase (although the latter
should be interpreted with caution4). Also, we can see that discontinuous phase transitions
occur only when the transition point is close to the Mott-insulator phase.

4See subsection 5.3.1.
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Figure 5.6: The ground-state phase diagram for (U2/U0, q/U0) = (−0.7, 0.1), (−0.7, 0.2), and
(−0.7, 0.3), where phase boundaries are determined by the binary search algorithm described
in section 4.5.4. White circles denote the boundary across which continuous phase transitions
occur, while black circles denote the boundary across which discontinuous phase transitions
occur. It can be seen that discontinuous phase transitions between two superfluid phases occur
when the boundary is close to Mott lobes.
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5.2 Phase diagrams at non-zero temperature

In this section, we show the results for the non-zero temperature case, and compare them with
those for the zero temperature case. Throughout this section, we consider smaller particle-
number densities compared with the previous section to decrease the numerical cost. For that
aim, we take µ to be smaller compared with the previous section, and set nmax = 5 and
(U2/U0, q/U0) = (−0.7, 0.02). The choice nmax = 5 is confirmed to be sufficient (see appendix
A).

As was done in the last section, we examine the t − µ phase diagrams, the t dependence,
the q dependence, and finally the effect of temperature.

5.2.1 t− µ phase diagrams

Figure 5.7 shows the obtained observables and phase diagram in the t − µ plane, where the
temperature is kBT/U0 = 0.02. The panels are read in the same way as the panels in figure
5.1.

Similarly to the zero-temperature case, it can be seen that, the system possesses the normal
bose liquid phase 5 and the two superfluid phases, i.e., the polar superfluid phase and the
broken-axisymmetry phase.

5The normal bose liquid phase corresponds to the Mott-insulator phase in the ground state. The distinction
comes from the fact that, for non-zero temperatures, compressibility takes a non-zero value.
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Figure 5.7: Equilibrium state phase diagrams for (U2/U0, q/U0, kBT/U0) = (−0.7, 0.02, 0.02)
(7Li ). Upper left: ϕ0, upper right: ϕ1, lower left: transverse magnetization Mtr :=√

⟨S(1)⟩2 + ⟨S(2)⟩2, where the white dashed curve shows the boundary obtained from the data
of ϕ1, which coincides with the boundary across which Mtr changes from zero to non-zero,
and lower right: the entire phase diagram, where SF stands for superfluid. The magnetization
parallel to an applied magnetic field is always zero (within numerical errors).

5.2.2 Hopping amplitude (t) dependence

The upper panel in figure 5.8 shows the hopping amplitude (t) dependence of the order param-
eters ϕσ and Mtr, where the left scales show ϕσ and the right scales show Mtr. It can be seen
that we have discontinuous phase transitions between the two superfluid phases.

The lower panels visualize this discontinuous phase transition more clearly. In analogy with
figure 5.4, we plot the thermodynamic potential J(ϕ) defined by

J(ϕ) := − 1

β
log Tre−βK̂dc(ϕ). (5.2)
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In section 4.3, we have shown that stationary points of J correspond to self-consistent solutions
obtained by the decoupling approximation. Thus, the presence of multiple local minima in-
dicates the occurrence of metastability and the accompanying discontinuous phase transition.
Plotted in the lower panels are J as a function of |ϕ0| and |ϕ1|, where the white circle indicates
the global minimum in each panel. The presence of two local minima, one corresponding to
the polar superfluid phase and the other corresponding to the broken-axisymmetry phase can
clearly be seen.
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Figure 5.8: Phase transitions at non-zero temperature. Upper : Superfluid order parameters
(left scale) and transverse magnetization (right scale) as functions of zt/U0. A discontinuous
phase transition occurs at zt/U0 ≃ 0.094. Lower : J(ϕ). By the assumption of the inversion
symmetry |ϕ1| = |ϕ−1|, ϕ can be written as (|ϕ1|eiθ, |ϕ0|, |ϕ1|eiθ) and the minimum with respect
to θ has already been taken numerically. White circles stand for the global minima. For clarity,
values above certain thresholds are not plotted, and the grayscale bars are in an arbitrary unit.
In all panels, U2/U0 = −0.7, q/U0 = 0.02, µ/U0 = 0.13, and kBT/U0 = 0.02.
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5.2.3 Quadratic Zeeman energy (q) dependence

In figure 5.9, we examine the q dependence of the order parameters. The upper panel shows
the occurrence of the discontinuous phase transition at q/U0 ≃ 0.0256, and the lower panels
visualize the presence metastability.
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Figure 5.9: Upper : Superfluid order parameters (left scale) and the transverse magnetization
(right scale) as functions of q/U0. A discontinuous phase transition occurs at q/U0 ≃ 0.0256.
Lower : Lower : J(ϕ). For detail, see the caption of figure 5.8. In all panels, U2/U0 =
−0.7, zt/U0 = 0.095, µ/U0 = 0.13, and kBT/U0 = 0.02.

5.2.4 The effect of temperature

Finally, we examine how the temperature affects the nature of phase transitions in this system.
Figure 5.10 shows the t−µ phase diagrams obtained by the binary search algorithm described

in section 4.5.4, where white circles show the continuous phase transition boundary, and black
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circles show the discontinuous phase transitions boundary. The temperature is varied between
0 (the upper left panel) and kBT/U0 = 0.05 (the lower right panel).

For a sufficiently low temperature, the phase diagram resembles that of the zero-temperature
case, where we can see two superfluid phases and the normal bose liquid phase, and discontin-
uous phase transitions occur between the two superfluid phases, when the boundary is close to
the normal bose liquid phase. However, by raising the temperature, we can see that the region
of discontinuous phase transition shrinks, and finally disappear, i.e., phase transitions between
different phases become continuous.
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Figure 5.10: The non-zero temperature phase diagrams for (U2/U0, q/U0) = (−0.7, 0.02), where
phase boundaries are determined by the binary search algorithm described in section 4.5.4.
White circles denote the boundary across which continuous phase transitions occur, while black
circles denote the boundary across which discontinuous phase transitions occur. It can be seen
that, as the temperature is increased, discontinuous phase transition region shrink, and finally
disappear.

5.3 Discussions

5.3.1 On the Mott-insulator phase

Our calculation shows that the Mott phase exhibits no magnetization and that the phase transi-
tions between the Mott phase and the broken-axisymmetry superfluid phase are discontinuous.
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However, as already stated, this result should be interpreted with caution. This is because the
decoupling approximation cannot treat the effect of the hopping term in the Mott-insulator
phase correctly, which can be easily seen from the decoupled grand Hamiltonian (4.37); in the
Mott-insulator phase, where ϕσ = 0, the hopping term vanishes, and its effect is completely
ignored.

A previous study treated the unit-filling Mott-insulator phase by an effective spin model and
a field theory [30], which shows that, inside the Mott lobe, there are two phases, namely, the
XY-FM phase and the Ising nematic phase, where the rotational symmetry around an applied
external magnetic field is broken in the former phase, but not in the latter phase. The presence
of such a phase transition inside a Mott lobe suggests that the discontinuous phase transition
from the Mott-insulator phase to the BA superfluid phase predicted in our calculation might
be an artifact of the decoupling approximation. Further analyses about these phase transitions
and the entire phase diagram remains to be explored.

5.3.2 Comparison with previous results on spin-1 bosons

We have found that the ferromagnetic spin-1 bosons in optical lattices can exhibit, in addition to
the Mott-insulator phase, two superfluid phases and that discontinuous phase transitions occur
between these two superfluid phases when various parameters including the hopping amplitude
and the quadratic Zeeman energy are varied. Although the presence of two superfluid phases
is expected from previous studies on ferromagnetic spin-1 bosons without a lattice (see figure
2.2), where the presence of two superfluid phases is shown on the basis of mean-field theory for
weak interaction, the discontinuous phase transition we have found for the system with lattices
is in clear contrast to the prediction for the system without a lattice; mean-field analyses for
the latter system predict continuous phase transitions between these two superfluid phases.

We note that discontinuous phase transitions between two superfluid phases occur only
when the boundary is close to the Mott-insulator phase, and that continuous phase transitions
occur when the hopping is so large that the boundary is far from the Mott-insulator phase.
(See figures 5.6. ). This is not only consistent with the fact that the corresponding phase
transitions are continuous for weakly interacting bosons, in which almost all the particles par-
ticipate in the superfluidity, but it also suggests that the presence of a considerable portion of
the non-superfluid component is crucial for the occurrence of discontinuous phase transitions,
highlighting the role of the interplay between the spatial degrees of freedom and the spin degrees
of freedom.

5.3.3 On the experimental realization

The discontinuous phase transitions between two superfluid phases predicted in our calculation
can be experimentally observed by examining the presence of hysteresis, as was recently reported
for the antiferromagnetic spin-1 bosons in an optical lattice [29]. Here, we discuss this topic,
using experimental parameters of 7Li (F = 1), where U2/U0 ≃ −0.7, for the three-dimensional
cubic lattice.
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model parameters

First, we note that, for the three-dimensional cubic lattice, the model parameters can be ex-
pressed as (equations (23) and (57) in [10])

U0 = 4
√

2πER
a0 + 2a2

3λ
x3/4, (5.3)

U2 = 4
√

2πER
a2 − a0

3λ
x3/4, (5.4)

t =
4√
π
ERx

3/4e−2
√
x, (5.5)

where

• a0 and a2 stands for the s-wave scattering length of the total spin-0, and 2 channels,
respectively,

• the optical lattice potential UL(r) is expressed as UL(r) = V0
∑3

i=1 sin2(ki ·r), and |ki| =:
k, λ := 2π/k (note that the lattice spacing is not λ, but λ/2.),

• ER := ℏ2k2/(2M), where M is the mass of the bosonic atom, and

• x := V0/ER.

Here we calculate the value of U0 for later calculations.
For 7Li (F = 1), we have [31]

a0 = 39.1aB, a2 = 4.9aB, (5.6)

λ = 1064nm,
V0
ER

≤ 100, (5.7)

which gives
U0 ≃ 1.37 × 10−31 × x3/4J. (5.8)

(∵)
Using parameters given above and the values of physical constants

Planck constant h ≃ 6.626 × 10−34J · s, (5.9)

Atomic mass M0 ≃ 1.6606 × 10−27kg, (5.10)

Bohr radius aB =
4πε0ℏ2

mee2
≃ 0.529 × 10−10m, (5.11)
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we have

U0

= 4
√

2πER
a0 + 2a2

3λ
x3/4 (5.12)

= 4
√

2π
ℏ2k2

2M

a0 + 2a2
3λ

x3/4 (5.13)

=
2

3

√
2π
h2

M

a0 + 2a2
λ3

x3/4 (5.14)

=
2

3

√
2π × 6.632 × 10−68J2 · s2

7 × 1.66 × 10−27kg

×(39.1 + 2 × 4.9) × 0.529 × 10−10m

1.063 × 10−18m3
× x3/4 (5.15)

=
2

3

√
2π × 6.632 × (39.1 + 2 × 4.9) × 0.529

7 × 1.66 × 1.063
× 10−68−10+27+18 × x3/4J(5.16)

≃ 137.3 × 10−33 × x3/4J (5.17)

≃ 1.37 × 10−31 × x3/4J. (5.18)

■

Note that, once scattering lengths and the lattice wave length are given, the value of x
determine t/U0 as t

U0
≃ e−2

√
x × 2.767 × 102.

(∵)

t

U0

=
3

π
√

2
e−2

√
x λ

a0 + 2a2
(5.19)

≃ e−2
√
x × 3

π
√

2

1.06 × 10−6

(39.1 + 2 × 4.9) × 0.529 × 10−10
(5.20)

≃ e−2
√
x × 2.767 × 102. (5.21)

■

Thus, for the three-dimensional cubic lattice, where z = 6, if we fix zt/U0 ∼ 0.1, which is a
typical value for observing the phase transitions mentioned in earlier sections, then x must be
x ∼ 20 − 30.

The strength of the magnetic field

Because the magnetization parallel to an applied magnetic field is conserved 6, and hence the
linear Zeeman effect can be gauged out, the quadratic Zeeman effect can be easily tuned with
an external magnetic field.

The value of q/U0 ≃ 0.1 used in previous sections corresponds to B ∼ 0.6G.

6For alkali atoms, it is known (see table I of [18]) that the magnetic dipolar-dipolar interaction, which breaks
the angular momentum conservation, is sufficiently small so that the total angular momentum is conserved for
typical experimental time scales. For example, [32] experimentally showed that, for F = 1 manifold of 87Rb,
the magnetization along the axis of the applied magnetic field is conserved for approximately 1 second.
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(∵)
The definition of the quadratic Zeeman energy is (see (2.41))

q =
1

16

(gµBB)2

∆Ehf

, (5.22)

where

• g ≃ 2 is the electronic spin g factor,

• µB ≃ 9.27 × 10−24 J T−1 is the Bohr magneton,

• B is the strength of the external magnetic field,

• ∆Ehf is the hyperfine energy splitting.

For 7Li , we have ∆Ehf ≃ h× 0.804GHz (See table 2.1. ), which gives

q =
1

16
× (2 × 9.27 × 10−24JT−1B)2

0.804 × 109s−1 × 6.63 × 10−34J · s
(5.23)

=
9.272

4 × 0.804 × 6.63
× 10−48−9+34(BT−1)2J (5.24)

≃ 4.03 × 10−23(BT−1)2J (5.25)

Thus, we have

q

U0

≃ 4.03 × 10−23(BT−1)2

1.37 × 10−31 × x3/4
(5.26)

≃ 2.94 × 108 × x−
3
4 (BT−1)2, (5.27)

and hence

B =

√
q

U0

× x3/4

2.94
× 10−4T (5.28)

If we use x ≃ 20, q/U0 ≃ 0.1, then, the magnetic field should be

B ∼ 0.6 × 10−4T = 0.6G (5.29)

■

The required value of magnetic field (several hundred mG) is experimentally realizable [32].

Temperature

As to the temperature, the system should be cooled as low as kBT/U0 ∼ 0.3, which corresponds
to T ∼3 nK.

(∵)
From (5.8) for U0 and the value of the Boltzmann constant kB ≃ 1.3806 ×

10−23J/K, we have

U0

kB
≃ 1.37x3/4 × 10−31J

1.38 × 10−23J/K
(5.30)

≃ 0.993x3/4 × 10−8K. (5.31)
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and

T =
kBT

U0

× U0

kB
(5.32)

≃ kBT

U0

× 0.993x3/4 × 10−8K, (5.33)

which, for x ≃ 20, gives

T ≃ kBT

U0

× 0.993x3/4 × 10−8K (5.34)

≃ kBT

U0

× 9.39 × 10−8K. (5.35)

Thus, kBT/U0 ∼ 0.03 corresponds to T ∼ 3nK.

■

Although the temperature is much lower than usual BEC transition temperature (hundreds
of nanokelvin), it is not experimentally unreachable, as exemplified by the realization of cold
atomic systems with temperature less than 6 nK [50].

Initial state preparation

In our results, the magnetization along the axis of the applied magnetic field is always zero,
which correspond to experimental settings where initial states have zero magnetization (note
that the magnetization along the axis of the applied magnetic field is conserved).

Such initial states, including pure σ = 0 condensate, can be prepared by several experimental
techniques, as described in literatures [32, 51]

Measurement

Discontinuous phase transitions predicted in our study can be experimentally tested by exam-
ining the presence of hysteresis, which signifies metastability and accompanying discontinuous
phase transitions.

Similar measurements were recently performed for the spin-1 hyperfine spin manifold of
23Na [29], which is described by the antiferromagnetic spin-1 Bose-Hubbard model. In the
experiment, the depth of the optical lattice is changed in two ways; in the first case, the lattice
depth was gradually raised to the value at which TOF imaging was performed, and in the
second case, the lattice depth was first raised to a large enough value and then lowered to the
value at which TOF imaging was performed. It was shown that the transition points for two
cases estimated from the condensate fraction as a function of the final lattice depth, which is
calculated from the TOF image, do not coincide with each other, signifying the presence of
hysteresis.

In addition to TOF imaging, the transverse magnetization can also be directly measured,
as was done in [51] for F = 1 87Rb.
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Chapter 6

Summary and outlook

6.1 Summary

In this thesis, we have studied the ground-state and nonzero-temperature phase diagrams of
the ferromagnetic spin-1 Bose-Hubbard model with an external magnetic field, which describes
spin-1 atoms such as 7Li and 87Rb in an optical lattice. In addition to the competing effect of
the kinetic-energy term and the repulsive interaction term, which induces the phase transition
between the superfluid phase and the Mott insulator phase, the model also involves yet another
competition between the ferromagnetic interaction and the positive quadratic Zeeman energy,
which is known to give rise to two superfluid phases in the corresponding weakly interacting
spin-1 system without a lattice.

As a mean to analyze the system, we described the Gutzwiller variational ansatz, whose
essence is to restrict variational states to products of local states. The rationale of this approx-
imation is that the ground states for both the no-hopping and non-interacting limits can be
written in this form, and that it is natural to expect that this form of state can also capture
the physics of intermediate parameter region, in which phase transitions occur. However, in
our actual calculations, we have employed the decoupling approximation, which was shown
to be equivalent to, and much more numerically efficient compared with the Gutzwiller varia-
tional ansatz In the decoupling approximation, we decouple the hopping term which connects
different lattice sites, and reduce the problem to a single-site problem with mean-field order
parameters, which are to be determined self-consistently. To obtain the phase diagrams, we
have numerically solved the resulting self-consistent equations by iteratively diagonalizing the
single-site Hamiltonian which include the mean-field order parameter.

For the zero-temperature case, we have found, in addition to the Mott insulator phase, two
superfluid phases; the polar phase, which shows no magnetization, and the broken-axisymmetry
phase, which exhibits nonzero transverse magnetization. Further, we have found that, for
the strong spin-dependent interaction corresponding to the 7Li, the phase transition between
these two superfluid phases can be discontinuous, i.e., the superfluid order parameters and the
transverse magnetization have nonzero jumps at the transition point on some part of the phase
boundary in the t − µ phase diagram. Discontinuous phase transitions are also found when
the quadratic Zeeman energy is varied, in clear contrast to the mean-field theory prediction
for weakly interacting spin-1 bosons without an optical lattice, where the corresponding phase
transition is known to be continuous. To clarify that these discontinuous phase transitions
seen in our calculations are not due to numerical artifacts, we have also examined the energy
function as a function of the superfluid order parameters, and confirmed metastability and
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ensuing discontinuous phase transitions. We have found that discontinuous phase transitions
between the two superfluid phases occur only when the boundary is close to the Mott insulator
phase, which is consistent with the mean-field theory prediction for weakly interacting spin-1
bosons in which almost all particles participate in a superfluid.

For the nonzero-temperature case, we have found that the system also exhibits the above
mentioned properties, i.e., two superfluid phases with different magnetic properties and discon-
tinuous phase transitions between these two phases, for low enough temperatures. However,
with the increase of temperature, the region of discontinuous phase transition gradually shrinks,
and for higher temperature, the phase transitions become continuous.

6.2 Outlook

6.2.1 Quantum Monte Carlo calculation

As we already pointed out, the decoupling approximation on which we rely has the drawback
of completely neglecting the effect of the hopping term in the Mott insulator phase. Thus,
physics inside Mott lobes cannot be properly predicted by the decoupling approximation. To
firmly verify the discontinuous phase transitions between two superfluid phases predicted in our
research, and to explore the whole phase diagram including the Mott insulator phase, various
quantum Monte Carlo methods [52] are promising, because bosonic systems are free of the sign
problem.

The idea of quantum Monte Carlo methods 1 is to sample quantum states according to the
weight represented by the Boltzmann factor and evaluate observables using many samples of
quantum states. Important properties of quantum Monte Carlo methods are that it is exact
except for statistical errors which converge to zero as the sample number is increased, and that
it is numerically much more efficient compared with the exact diagonalization, which requires
exponentially large computational resource as the particle number increases.

Recently, quantum Monte Carlo calculations of spin-1 Bose-Hubbard model in two-dimensional
square lattice was performed in 2013 [41], confirming various properties predicted by diverse
methods including the decoupling approximation; for the ferromagnetic interaction, the model
exhibits ferromagnetism over the entire phase diagram, and the phase transition between the
Mott insulator phase and the superfluid phase is continuous, while for the antiferromagnetic
interaction, the phase transitions is continuous for odd Mott lobes, but discontinuous for even
Mott lobes, when U2/U0 is small enough. The same method are expected to be directly appli-
cable to the system with an external magnetic field.

6.2.2 Experiment

The discontinuous phase transitions predicted in our calculation can be probed experimentally
by examining the presence of metastability and the accompanying hysteresis, as was recently
done [29] for the spin-1 hyperfine spin manifold of 23Na, which is described by the antiferromag-
netic spin-1 Bose-Hubbard model. There, Jiang et al. performed TOF imaging after varying
the lattice depth in two ways; in the first case, the lattice depth is monotonically raised, and in
the second case, the lattice depth is first raised to large enough value, and then lowered. It was

1Here we exclude variational Monte Carlo, which is nothing but a variational method.
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shown that the transition points for two cases calculated from the TOF image do not coincide
with each other, signifying the presence of hysteresis.

Recently, experimental efforts to realize ultracold spinor 7Li gas are actively underway [31],
and the temperature required to observe the discontinuous phase transitions is predicted to be
not far beyond the current experimental techniques. It is our hope that the predictions made
in this the present thesis will be tested experimentally in the near future.
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Appendix A

nmax dependence

As was described in chapter 4, in our calculations, we assume that the particle number at each
site is not larger than a prescribed value nmax.

Here, we show that the truncation does not change the physics within the decoupling ap-
proximation, by showing that phase diagrams do not change when nmax is further increased.

A.1 T = 0 case

First, we show results for ground-state cases.
Figure A.1 shows the t − µ phase diagram for (U2/U0, q/U0) = (−0.7, 0.1) (c.f. figure 5.6,

where nmax = 7), and figure A.2 shows the t−µ phase diagram for (U2/U0, q/U0) = (−0.7, 0.02)
(c.f. figure 5.10, where nmax = 5).

Both figures show that increasing nmax beyond the values used in chapter 5 does not change
the phase diagrams significantly, showing that the values used in 5 are sufficient.

A.2 T > 0 case

Here, we show results for nonzero temperature.
Figure A.3 shows the t− µ phase diagram for (U2/U0, q/U0, kBT/U0) = (−0.7, 0.02, 0.025).
It can be seen that increasing nmax beyond nmax, which is the value used in chapter 5, does

not change the phase diagrams significantly, showing that nmax is sufficient.
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Figure A.1: Ground-state t−µ phase diagrams for different values of nmax, which are shown in
the figure. White circles denote the boundary across which continuous phase transitions occur,
while black circles denote the boundary across which discontinuous phase transitions occur. No
significant change can be seen with the increase of nmax, signifying that the value nmax = 7,
which was used in section 5.1, is sufficient for capturing the physics of the system within the
decoupling approximation. U2/U0 = −0.7 and q/U0 = 0.1.
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Figure A.2: Ground-state t−µ phase diagrams for different values of nmax, which are shown in
the figure. White circles denote the boundary across which continuous phase transitions occur,
while black circles denote the boundary across which discontinuous phase transitions occur. No
significant change can be seen with the increase of nmax, signifying that the value nmax = 5,
which was used in section 5.2, is sufficient for capturing the physics of the system within the
decoupling approximation. U2/U0 = −0.7 and q/U0 = 0.02.
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Figure A.3: Nonzero temperature t − µ phase diagrams for different values of nmax, which
are shown in the figure. White circles denote the boundary across which continuous phase
transitions occur, while black circles denote the boundary across which discontinuous phase
transitions occur. No significant change can be seen with the increase of nmax, signifying that the
value nmax = 5, which was used in section 5.2, is sufficient for capturing the physics of the system
within the decoupling approximation. U2/U0 = −0.7, q/U0 = 0.02, and kBT/U0 = 0.025.
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