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Abstract

Rotation is an intriguing subject not only from the academic viewpoint but also in the practical
investigation of quantum matter. For Quantum Chromodynamics (QCD), the rotational effect
is much crucial because rapid rotation actually exists in quark-hadron systems: rotating hot
matter created in non-central relativistic heavy-ion collisions and rotating neutron stars. In
this thesis, we analyze the QCD thermodynamics in rotating systems. First, we briefly review
the relativistic scalar theory in a rotating frame. Then we find that for rotating systems the
boundary condition plays a quite important role to correctly define the low-energy structure.
Next we argue the thermodynamics of rotating fermionic matter. We prove that the rotational
effect is invisible in the vacuum as long as the boundary condition is properly taken into account.
In other words, rotation affects macroscopic quantities only if there is other external source,
e.g. temperature, magnetic field. We show that in such environments, the rotational effect
on the chiral symmetry breaking is quite similar to the finite-density effect. Especially for a
magnetized rotating system, we discover that the interplay between magnetic field and rotation
leads to the “rotational magnetic inhibition”; chiral symmetry for rotating fermions is restored
by magnetic field. This is a novel phenomenon analogous to the inverse magnetic catalysis in a
finite-density magnetized system. Finally, we qualitatively discuss that this phenomenon plays
a crucial role to determine the chiral structure in the realistic systems.
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Chapter 1

Introduction

1.1 Chiral symmetry breaking in QCD

Quantum Chromodynamics (QCD) is the fundamental theory to describe the physics of the
strong interaction. In principle thus, all of the dynamics of quarks and gluons is determined

only from the QCD Lagrangian
1 _
L= ) tr[F F* ) + (i Dy — m), (1.1)

where F,, = 0,A, — 0,A, + ig[A,, A,] is the field strength of gluon, v is the quark field, and
D, = 0, + igA, is the covariant derivative. One of the important features of QCD is the
asymptotic freedom [1,2]; the QCD running coupling constant a(Q) is weaken as the energy
scale ) increases. At the one-loop level in the perturbation theory, the running coupling is
calculated as as(Q) ~ [ln(Q2/A(QQCD)]_1, where Aqep ~ 200MeV is the QCD energy scale.
Because of this property, the perturbative QCD works very well for the physics in high-energy
nuclear collision experiments [3]. On the other hand at low energy or short distance, the
dynamics of quark and gluons is dominated by the nonperturbative effects, which lead to the
quite complicated vacuum structure of QCD. For example, quarks and gluons are confined
inside hadrons at low energy scale, unlike the ones in the high energy limit. This is so-called
quark confinement. To investigate such an infrared phenomenon in QCD, we should employ
nonperturbative frameworks.

The dynamical breaking of chiral symmetry is also one of the representative properties
underlying in the nonperturbative vacuum structure of QCD. For the massless QCD with Ng
flavors, the Lagrangian (1.1) is invariant under the transformation 1 — evi) or ¢p — e?15%4),
That is, chiral symmetry SU(Ng) x SUR(V;) holds. However this symmetry is dynamically
broken through the strong interactions; SUL(N¢) X SURr(N;) — SUp;r(N;). The spontanous
breaking of chiral symmetry is manifested by the existence of (approximately) massless scalars,
i.e. the Nambu—Goldstone bosons [4-6]. As a result of this, quarks acquire an additional mass
of order of ~ Aqcp. Since the chiral symmetry breaking is a nonperturbative phenomenon, it

is much challenging problem to explain the dynamical mechanism from Eq. (1.1) (although the
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2 Chapter 1. Introduction

chiral symmetry breaking itself is confirmed with the lattice QCD simulation). It was suggested
by Nambu and Jona-Lasinio, however, that such a low-energy dynamics can be understood in
the analogous manner to superconductivity [7,8]; the dynamical mass is generated because
of the condensate formed by a quark-antiquark pair (i.e. chiral condensate), similarly to the
metallic superconducting energy gap coming from the condensate of the Cooper pair [9].

The analogy between the QCD vacuum and superconductor indicates that the phase transi-
tion in terms of the chiral symmetry is induced by external parameters (e.g. temperature),
as well as the superconducting phase transition. In fact, chiral symmetry is restored at
T 2 Aqep ~ 102K, which corresponds to the temperature in early universe. The thermo-
dynamic properties of the chiral symmetry breaking have been actively investigated by many
nonperturbative analyses: the effective model studies [10-12], the remomalization group method
for the Ginzburg-Landau function [13,14]. Besides a lattice QCD simulation at finite temper-
ature declares that the chiral phase transition is crossover in the practical case [15] (see also
Ref. [16] as a review). On the other hand, the study for the chiral structure in finite-density
systems is also be important for compact stars, which mostly consist of quarks and hadrons.
An effective model analysis shows that the crossover chiral phase transition could be changed
into the first-order one at finite density [17] (see also Ref [18]). Unfortunately, no firm verifi-
cation for this suggestion has been given because lattice QCD does not work at finite chemical
potential, which is known as the sign problem for the Monte-Calro simulation. To confirm the
existence of this critical point at finite density (so-called the QCD critical point), we have to
rely on heavy-ion collision experiments. Thus the thermodynamics of the QCD chiral structure
is a much attractive subject not only theoretically but also experimentally [19,20].

As well as temperature and chemical potential, several environmental sources modify the
chiral structure in realistic systems. For example, external magnetic backgrounds exist in
relativistic systems governed by the dynamics of chiral fermions; the early universe [21-23], in
central cores of neutron stars (or magnetars) with eB ~ 10 G [24], and heavy-ion collisions
with eB ~ m?2 ~ 10 G [25-27]. The crucial role of external magnetic field is the magnetic
catalysis for the chiral symmetry breaking. Namely the chiral condensate in magnetic field is
enhanced, and fermions always acquire the dynamical mass. The magnetic catalysis is confirmed
from various theoretical approaches: the NJL model [28-31], the quark-meson model [32], the
MIT bag model [33], the lattice QCD simulation [34], the holographic model [35] (see also
Refs. [36,37] and references therein). This phenomenon is also applicable to condensed matter
with quasi-relativistic dispersions, i.e. the graphene [38,39] and the Weyl semimetals [40].

More interestingly, the magnetic response of the chiral symmetry is drastically changed in a
finite-density system. Contrary to magnetic backgrounds, density conduces to the restoration
of chiral symmetry. Thus it naively seems that the chiral condensate in a magnetized finite-
density system is simply determined through the competition between the enhancement by
magnetic field and the suppression by chemical potential. However the interplay between these

two effects realizes a more fruitful chiral structure. That is, at a finite chemical potential,



1.2. Rotational effects on quantum theory 3

the chiral condensate is abolished by magnetic field. This curious magnetic response, which
is so-called the inverse magnetic catalysis, is originally suggested from the analysis of a chiral

model [31], and also this is rediscovered with a holographic QCD analysis [41,42].

1.2 Rotational effects on quantum theory

As a external source, rotation leads to interesting physics in many quantum systems. An in-
triguing feature of rotation is to play a role of magnetic background. By rotating an atomic
gas in a harmonic trap very rapidly, we can experimentally realize this correspondence [43-45].
Thus the Landau quantization and other magnetic phenomena are expected to be observable
in rotating media: The quantum Hall effect is also induced by rotation instead of an external
magnetic field [46]. A quantum vortex is generated by applying a magnetic field to the Bose-
Einstein condensate or by rotating it [47,48]. Besides the correspondence between magnetism
and rotation is applied to non-central heavy-ion collisions; the experimental generation of rotat-
ing quark-gluon plasma is indicated by a global spin polarization [49-54]. In the leading order
contribution of the derivative expansion of hydrodynamics, the vorticity appears as a fictitious
magnetic field. Hence the chiral magnetic effect [55,56] and the chiral vortical effect [57,58] are
categorized as similar transport phenomena in quark-gluon plasma (see Ref. [59] for a recent
review for the anomalous transport phenomena). We note that the magnetic aspect underlying
in rotation is not steady without an external source or an approximation. Indeed contrary to
these cases, the relation between magnetism and rotation becomes unclear in relativistic field
theory [60].

It is also important that rotation resembles density, and that this analogy is more ubiquitous
than the one between rotation and magnetic field. In nonrelativistic theory, such an analogy is
much clear in the sense that the Hamiltonian in rotating systems H — €2- L may be regarded as
that with an effective chemical potential peg = €2- L. It might seem that the similarity between
rotation and density should hold for relativistic theories. However, this is not so trivial because
according to general relativity, an influence of acceleration is regarded as a deformation of
spacetime geometry. Thus the rotating quark-hadrons systems (heavy-ion collision, compact
star, etc.) should be investigated based on the quantum field theory in curved spacetime [61],
which is also utilized for the gravitational influence of the QCD vacuum structure [62-72] (see
also Refs. [73-75] for quantum lattice simulations). If the analogy between rotation and density
is found even in relativistic field theory, the QCD vacuum (especially the chiral structure)
should be modified by rotation, as well as the density effect. From this motivation, in Ref. [76]
(one of the main parts in this thesis), the author and collaborators have first manifested the
rotational effect on chiral symmetry. Subsequently to this work, the rotational effect on the
QCD matter has received more considerable attention [77-80]. In this thesis, we treat rotation
as a thermodynamic source, and discuss the chiral symmetry breaking in rotating systems.

Furthermore motivated by the finite-density inverse magnetic catalysis, we analyze the chiral
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symmetry breaking in the presence of both magnetic field and rotation.

1.3 Boundary in rotating systems

In rotating systems, arbitrary spacetime point should rotate with keeping the causality con-
straint. This means that the thermodynamic limit (i.e. taking the infinitely large system size) is
not permitted for rotating systems; otherwise the velocity on the edge would exceed the speed
of light. Thus we should properly take into account the boundary effect, which is inevitable
under the presence of rotation.

Here let us intuitively see how the boundary effect is related to the rotational effect on
fermionic systems. For simplicity we consider the zero temperature case of the rotating cylinder
with radius R and angular velocity 2 = Q2. For a fermion with j (the z-component of the
total angular momentum), the effective chemical potential reads €2j. Thus a mode with the
energy lower than 25 cannot be excited, and so it naively seems that the condensation of
fermionic paired states disappears at much large €2. However this is the case without considering
the boundary effect. The transverse momentum is discretized in finite-size systems, and the
infrared mode has a finite energy gap as ~ 1/R. Furthermore such a gap depends on j, which
is understood as follows. A particle with large j possesses a wide orbital motion, which yields
a strong centrifugal force. Hence a larger energy cost is required to confine the particle in the
cylinder, and so each energy level (even the infrared gap) is pushed up as j grows. As a result,
we need to consider the competition between these two contributions: the effective chemical
potential and the infrared energy gap. In this thesis, we prove that this infrared energy gap
always defeats the effective chemical potential. This means that the rotational effect is invisible
unless temperature exceeds the effective chemical potential.

We note that the rotational effect is visible in some environments. One of the examples
is finite temperature because the thermal screening for 7" > 1/R enables us to neglect the
boundary effect. In this thesis from a numerical calculation, we confirm that the dynamical
mass are affected by rotation at finite temperature. This is consistent with the fact that a
fermionic thermal radiation is induced by rotation at high temperature [81-83]. The second
example is the magnetic background. Once a magnetic field is applied, the wave function
of charged particles is localized with the width ~ 5 = 1/veB. At strong magnetic field
as g < R, it is expected that the particles do not receive the existence of the boundary.
Therefore even at zero temperature, the rotational effect is realized by a strong magnetic field.
In this thesis, we investigate the chiral structure in a magnetized rotating system. Also from
the viewpoint of the analogy between density and rotation, we expect that rotation could lead
to an inverse phenomenon of the magnetic catalysis. We name this novel phenomenon the
“rotational magnetic inhibition”.

We emphasize that the proper treatment of the boundary condition is quite important

for the analysis of rotating systems, which has first been pointed out by the auther and the
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collaborators [80]. If we took infinitely large radius, then the effective chemical potential could
be larger than the energy gap. Indeed due to taking the thermodynamic limit for a rotating
system, the authors in Ref. [77] have arrived at the incorrect result that angular velocity leads

to phase transitions even at zero temperature.

1.4 Outline of this thesis

Chapter 2

We review the rotational effect in quantum theory, utilizing the case of rotating scalar
particles. First we see how the rotational effect appears in nonrelativistic theory. Also based
on quantum field theory in curved spacetime, we discuss the rotational effect in the relativistic
case. Here we find that the boundary effect is important to determine the energy spectrum of

rotating particles.

Chapter 3

We study the Dirac equation in the rotating cylinder, and discuss the discretization of the
radial momentum for rotating fermions. With the solutions, we construct the Dirac propaga-
tor to analyze the dynamical breaking of chiral symmetry in rotating systems. We explicitly
show that rotation never changes the thermodynamic quantities at zero temperature. Moreover
within the NJL model, we compute the dynamical mass in a finite-size cylinder at zero tem-
perature. We also calculate the dynamical mass in a rotating cylinder at finite temperature.

We find that high temperature enables rotation to lead to the chiral restoration.

Chapter 4

We investigate the Dirac equation with both rotation and magnetic field. We find that the
solution of the Dirac equation indicates that the modified Landau levels with rotation have
nondegenerate spectrum with angular momentum dependence. Based on the resulting energy
dispersion relation, we analyze the NJL model coupled with both magnetic field and rotation
at zero temperature. Then we find that the chiral restoration is driven by increasing magnetic
field. In other word, we obtain the inverse phenomenon of the magnetic catalysis induced
by rotation, which we shall name “rotational magnetic inhibition”. Also we discuss possible

physical implications of our results.

Chapter 5

We summarize this thesis and mention the outlooks.
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Appendix A

We solve the Dirac equation for rotating fermions without magnetic field, Eq. (3.6), and
obtain the eigenfunction to construct the Dirac propagator. Also we solve the Dirac equation
for rotating fermions with magnetic field, Eq. (4.9), and discuss only the energy spectrum,
which enable us to analyze the dynamical symmetry breaking in Chapter 4 even without the

eigenfunctions.

Appendix B

We discuss the Landau degeneracy factor in the cylindrical coordinate. From this, we

identify the momentum phase space for rotating magnetized fermionic systems, Eq. (4.15).

Appendix C
We briefly review the NJL model, which we employ in Chapters 3 and 4.



Chapter 2

Basics of rotating systems

The dynamics of quantum systems is modified by rotation, as well as the classical mechanics.
For the main purpose of this thesis, in this chapter, we briefly argue how the rotational effect
should be treated quantum-mechanically. We review the nonrelativistic case, and based on this

we consider the relativistic rotating scalar.

2.1 Nonrelativistic theory

First to catch a brief picture of the rotational effect on quantum particles, we see the non-
relativistic theory in a rotating system [47]. Let us consider the classical viscous fluid in a
container, and define the nonrotating Hamiltonian as H(x,p) (for instance, H(p) = p?/(2m)
in the case without the interaction between particles). Once the container rotates with angular
velocity €2, this fluid also rotates with the same €2 due to the rotating wall of the container.
This means that the dynamics is described by H,u(x,p), which includes all the influence of
rotation. Since the rotating wall is a time-dependent external potential for the fluid, the prob-
lem is easily solved not in the rest frame (x,p) but in the frame co-rotating with the wall,
(x’,p'). Under the presence of rotation, the energy observed in the rest frame is the sum of the
energy observed in the rotating frame and the rotational energy shift. Namely the Hamiltonian

H,oi (', p') is given by [84]
H.o(z',p") = H(z',p') — Q- L(z',p'), (2.1)

where L = o’ x p’ is angular momentum in the rotating frame. For the observer in the rotating
frame, the rotational effect appears only in the rotational energy shift. We emphasize that this
comes from the coordinate transformation to the external potential of the wall seems stationary.

From this Hamiltonian, we find the following important properties of rotation.

(I) Inhomogeneity induced by rotation

In the case without the interaction term, the Hamiltonian in the rotating frame with 2 = Q2
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can be written as

1 1
H.t = —(p — mQ2 x )2 — =mO? (2 + o> 2.2
=5 ? o SmO2(at ), 22
where coordinate & and momentum p are redefined as the valuables in the rotating frame
(hereafter we drop the prime symbol). The second term corresponds to the potential leading

to the centrifugal force:
1
v {imQQ(ﬁ + y2)1 =mQ x (Q xx). (2.3)

Namely in rotating systems, the potential in Eq. (2.2) realizes an inhomogeneity along the
direction perpendicular to the rotating axis. Because of such an inhomogeneity, the local free
energy is dependent on the radial coordinate r = \/m Besides for a theory involving
a spontaneous symmetry breaking, the energy gap becomes a function of r. In this thesis,
within the Nambu-Jona-Lasinio model in rotating frames, we discuss the inhomogeneity of the
dynamical mass.

On the other hand, the first term in Eq. (2.2) is not irrelevant to the inhomogeneity. To
understand this, we consider the charged nonrelativistic particle in a constant magnetic field

B = Bz. If we adopt the gauge A = Bz x x/2, the corresponding Hamiltonian reads

1
Hopog = %(p —eB2 x x/2)?, (2.4)

which is equivalent to the first term in Eq. (2.2) under the replacement
eB < 2m). (2.5)

This gives the classical correspondence between the Coriolis force Fooriois = 2ma x €2 and
the Lorentz force Floent; = e X B. The magnetized Hamiltonian (2.4) seems to break the
translational invariance on the xy-plane. However, magnetic field B = BZ does not lead
to the inhomogeneity as long as the system size is much larger than the magnetic length
scale {5 = 1/v/eB. Therefore, the kinetic term of rotating particles does not generate to an

inhomogeneity if angular velocity keeps the following condition:
1/VmQ < R, (2.6)

where R is the system size scale on the xy-plane. Indeed the above inequality is always satisfied

in the nonrelativistic limit; mQ = mc? x Q/c = mQc — oo, where c is the speed of light.
Furthermore the correspondence (2.5) implies that rotation could lead to magnetic phe-

nomena. In fact, rotation plays the role of magnetic field if the centrifugal force potential is

experimentally cancelled out by applying the external trapping potential

1
Virap = §mQ2(m2 + %), (2.7)
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As a result the spectra for the motion on the xy-plane become the Landau levels. In this way,
a rotating Bose-Einstein condensate realizes the quantum Hall effect [46] or forms quantum
vortex [47,48]. Also in the study of heavy-ion collision, the rotational effect is regarded as a
fictitious magnetic field. In the hydrodynamic description, a vorticity (i.e. the angular velocity
for local rotation) is defined as the derivative of fluid velocity. In the leading order level of
the derivative expansion, the higher order terms of the vorticity, such as the second term in
Eq. (2.4), do not appear. Thus magnetic field and vortex lead to similar anomalous transport
phenomena in quark-gluon plasma; 3 o« B and 7 €2, which are so-called the chiral magnetic
effect [55,56] and the chiral vortical effect [57,58], respectively.

(IT) Analogy between rotation and density

From Eq. (2.1), we find that rotation resembles density rather than magnetic field. This
analogy is easily understood by identifying the rotational energy shift as an effective chemical

potential:

where £ represents the quantum number for L, (the z-component of L). Thus thermodynamic
quantities of rotating particles would be calculated similarly to that in finite-density systems.
For example, it is naively expected that the Bose-Einstein distribution function for the mode

with angular momentum ¢ is given by

1

NBE = m ) (2-9>

where ¢ is the energy observed in the rest frame. The physical meaning of Eq. (2.9) is explained
as follows. Because of the centrifugal force, a particle tend to rotate at a large distance from
the rotation axis, and thus it possesses large angular momentum. As a result, for given ¢, the

distribution of modes with large ¢ is greater.

We should mention the exponent in Eq. (2.9). In finite-density systems, chemical potential
cannot be larger than the energy of particles so that the distribution function can be positive
at arbitrary temperature. On the other hands, it seems that the effective chemical potential
could exceed the particle energy as {2 increases. Such a pathological situation necessarily occurs
because the nonrelativistic discussion is available only for small Q = Q/c. Therefore for large
), rotation should be treated based on general relativity. More precisely, we should employ the
quantum theory in non-flat spacetime that is called quantum field theory in curved spacetime.
Indeed in this framework, we derive that Eq. (2.9) is always positive, namely, ¢ > Q¢ for
arbitrary /.
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2.2 Relativistic theory

We here consider relativistic particles confined in the system that has rotating boundary. As we
discussed in the previous section, the rotating frame is more appropriate in this case than the
inertial frame. From the relativistic viewpoint, thus we need quantum field theory in curved
spacetime. Compared with the flat (Minkowski) spacetime case, the major differences are the

following three.

(I) Metric tensor

As the generalization of quantum field theory in flat spacetime, the contraction of indices
in vectors and tensors is taken with the corresponding metric. Besides the effects of spacetime

geometry are introduced not only by the metric but also vierbein. These two are related as

g =neley, (2.10)
where 1 is the Minkowski metric. Here Greek (Latin) indices, y = t,x,y,2 (i = 0,1,2,3),
denote coordinate (tangent) space. We note that vierbein is not determined uniquely even if
a metric is designated. Indeed the representation of rotating Dirac fermions depends on the
choice of vierbein [85,86].

(IT) Covariant derivative

In gauge theory, the gauge-invariance of a derivative term is remained by introducing the
covariant derivative, i.e. 9, — D,,. Similarly to keep the invariance under the general coordinate

transformation, a corresponding covariant derivative is necessary:
O — V. (2.11)

The specific expression of V, is dependent on what the derivative acts on, such as scalar, spinor,

and so on.

(III) Fock space

In general, the coordinate transformation changes not only operators but also the Fock
space, and thus the expectation value of physical quantities is dependent on the coordinate of
observer. Because of this, even if a field is observed as a particle (i.e. the positive-energy mode)
in the Minkowski coordinate, it can be observed as an antiparticle (i.e. the negative-energy
mode) in a different frame. This is mathematically described as the Bogoliubov transformation
of the creation and annihilation operators. Once the Bogoliubov coefficient becomes nonzero,
a particle production takes place. Indeed, such a phenomenon in a black hole and in a linearly
accelerating frame are called the Hawking and Unruh radiation, respectively. It should be

mentioned that both cases possesses a horizon (a fictitious horizon), and that the existence of
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it plays the essential role to change the vacuum state. Therefore this is not the case for the
transformation to rotating frames (at least as long as the causality constraint holds), as we
discuss in a later part of the section.

Now let us see the free real scalar theory. The action is described by

Sy = /d4:c\/ | det ¢ [g“”c(?u(b 0,0 +m2e?| (2.12)
where the covariant derivative for scalar is given by V,, = 0,. The generalized four dimensional
volume factor d*z+/|det g| is invariant under the general coordinate transformation. From the
action (2.12), the classical equation of motion for ¢(z) is obtained as

[% d,\/| det g| g" 0, +m?*| ¢(z) = 0. (2.13)

det g|

When we consider an infinitely long rotating cylinder with angular velocity 2 = Q2 with €2 > 0

(see Fig. 2.1), the corresponding metric tensor reads

1— (> +yH)?* yQ —2Q 0

y<2 -1 0 0
In — 20 0 -1 0 (2.14)
0 0 0 —1

Since we are interested in a physically possible rotating system, the relativistic causality in
terms of rotation should be respected everywhere in the system. Thus it is necessary that the
velocity on the edge of the cylinder cannot be grater than the speed of light:

Vedge = R < 1, (2.15)
where the radius of the cylinder is defined as R (see Fig. 2.1).
In the rotating frame (2.14), the Klein-Gordon equation (2.13) is reduced to
2
[{ao +Q(20, — y@x)} PR R +m?|o(x)=0. (2.16)

The product of the angular velocity and angular momentum corresponds to the rotational
energy, and for {2 = 0 this is the same as the equation in the Minkowski spacetime. The
equation is a natural form because the energy of particles in a rotating frame is shifted by the
rotational energy; H —- H — Q- L.

If we adopt the cylindrical coordinate, the solution for Eq. (2.16) is easily found as

¢ — efiEt+ipZz+i£9J£(plr> (2'17>
with the Bessel function Jy(p,r). Also the energy spectrum is obtained as

E=+4e—Q, (2.18)
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-
-
————

Figure 2.1: Rotating cylindrical system. Because of the relativistic causality, the velocity on
the edge of the cylinder cannot exceed the speed of light; vegee = RS2 < 1

where the radial momentum p, is defined by € = \/p? + p? + m?. We note that ¢ is the energy
of rotating particles observed in the Minkowski coordinate, and thus E corresponds to the
energy seen by the co-rotating observer.

Since the angular momentum ¢ can be arbitrary integer, the spectrum (2.18) seems un-
bounded. This problem comes from the invalid assumption that the system size is infinitely
large. If we consider the rotating system that dose not violate the causality constraint, the
radius of the rotating cylinder R cannot be infinite because of R < 1/Q < co. As a result,
the radial momentum p,; should be discretized unlike p, (we here suppose an infinitely long
cylinder along the z-direction).

Here let us impose the Dirichlet boundary condition, i.e. J(p; R) = 0. Then the discrete

momentum is obtained as
pL=per =&x/R, (2.19)

where & represents the kth zero of Jy(z). This discretized momentum ensures that the spec-
trum (2.18) is definitely bounded, as follows. First the lower bound of £ = ¢ —Q/ is determined

as
E > b1 _ = l(ﬁu — RQY). (2.20)
- R R
Also the lowest zeros satisfy &1 > |¢|, which follows from the following inequalities [87]:

§1 =2.40483 for (=0,

2.21
o1 > 0+ 1.855757013 +0.507 for £>1. (221)

Therefore F = ¢ — Q¢ is lower-bounded as long as causality is kept (i.e. RQ) < 1). Similarly, it
is proved that the negative-sign spectrum is upper-bounded; £ = —¢ — ¢ < 0. In Fig. 2.2, we
plot the lowest positive-sign spectrum for p, = m =0, i.e. E = & /R — Q(. This plot shows
that the ground state is always £ = 0 even for 2 > 0.
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Figure 2.2: Positive-sign spectrum in Eq. (2.18) with p, = m = 0 and pyy = pr1 = &1/ R [60].
The ¢ = 0 mode always corresponds to the ground state. In rotating frames (2 # 0), the

positive £ modes are more energetically-favorable than the ¢ modes.

We should here mention the Fock space in the rotating coordinate. As discussed above,
the sign of F coincidences with that of €, and thus the positive- and negative-energy are never
mixed even under the transformation between the Minkowski and rotating coordinate. Hence
the rotating vacuum is equivalent to the Minkowski one, and the creation and annihilation
operators are also the same in both frames; [0p) = |0g) = |0), and al, = af; = af. Because of
this, the zero temperature field theory is unchanged regardless whether rotation is applied or
not. In other words, rotation cannot be realized in the vacuum.

Contrary to the zero temperature case, rotation definitely affects the system at finite tem-
perature. As discussed in Ref. [84], the rotational effect on thermodynamics is introduced

through the density operator

p=e PHEL) /4y [G_B(H_Q'L)] , (2.22)

where H is the Hamiltonian corresponding to the energy observed in the Minkowski frame.
Hence the thermodynamics in rotating systems is constructed in the imaginary-time formalism,
similarly to the one in the flat spacetime. For example the Bose-Einstein distribution function

for a rotating particle is obtained as

nse(l, k,p.) = <az,k,pza57k’7pz>/3
: (2.23)

eBle—2) _ 1

with e =, /p7, + p? +m?2. Here the thermal expectation value is defined as (O)g = tr[p O]. The

inequality € > Q¢ for arbitrary ¢ ensures that the expectation value in the rotating Minkowski
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frame is reproduced from Eq. (2.23) in the zero temperature limit:

(@} p. Ok )5 Pava (0la} 1., aerp.|0) = 0. (2.24)
Therefore the distribution for rotating bosons is thermodynamically well-defined, as mentioned
in the previous section.

We emphasize again that the boundary effect is most essential in the above argument. If
we permitted an infinitely large R, the radial momentum p, would be continuous valuable
independent of angular momentum ¢. In this case, since £ < 2/ could be allowed for a large ¢,
we would not arrive at Eq. (2.24). Similarly such an undesirable situation emerges for rotating
fermions unless we properly treat the boundary effect. We also note that such a boundary
condition is physically necessary because we assume that the rotation of relativistic particles
is driven due to the rotating wall of the cylindrical system. The same is true for fermionic
matter. Unfortunately the boundary condition for spinors in rotating systems is not so trivial
as scalars. In the following chapter, we discuss the boundary condition for rotating fermions in

a finite-size cylinder, and then obtain a discretized momentum similar to Eq. (2.19).



Chapter 3

Chiral symmetry with rotation

Chiral symmetry is one of the most important concepts to identify the state of the QCD matter.
Its breaking structure is quite sensitive to environmental sources, such as temperature, density,
and electromagnetic backgrounds. In this chapter, from the viewpoint of the analogy to the

density effect, we discuss the rotational effect of the chiral symmetry breaking.

3.1 Dirac equation

The Dirac theory in the curved spacetime reads

Sy = /d4x\/ | det g| ¥ [iv* (8, + T) — m]w, (3.1)

Gamma matrices in flat spacetime and the one in curved spacetime are related as v* = ~'el’.

The covariant derivative V,, = 0, +1I',, is defined with

0

affine connetcion : I'), = _Zw”ijaij ,
spin connetcion : wy;; = gaﬂef‘(auef + Ffwe]”»), (3.2)
spin matrix : o = 5[72, 1,

where I'j,, denotes the Christoffel symbol. From the fermion action (3.1), the Dirac equation

in a curved spacetime is given by
[iv"(0, 4+ Tp) —m]y =0. (3.3)

Now let us assume that fermions confined in a rotating cylindrical container with angular
velocity €2 = Q2 (see Fig. 2.1). Namely we assume that a rigid rotation is realized in a fermionic
fluid system. Although realistic rotating QCD systems might not be so simple, such a ideal
picture should be quite useful to pick up typical features of rotating fermions. For example,
for the rotating matter generated in the ultrarelativistic heavy-ion collisions, the transverse

size scale of it corresponds to the radius R in the cylinder (see Figure 3.1). Also the angular

15
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Figure 3.1: Schematic picture of the rotating matter produced in heavy-ion collision experi-
ment. Noncentral heavy-ion collisions on the zy-plane produces the hot QCD matter with a
finite angular momentum along the z-direction. The rotating cylinder depicted in Fig. 2.1 is

the simplest version of this system.

velocity of the boundary of the rotating cylinder is replaced with the one driven externally by
the colliding heavy-ions.

The corresponding metric is hence the same as Eq. (2.14):

1— (22 + 9y yQ —20Q 0

Yy -1 0 0
v — 34
In — 20 0 -1 0 (34)
0 0 0 -1

In this thesis we adopt the vierbein as
eh=¢el =€) =e; =1, eq = y<2, ey = —xf), (3.5)

and zero for other components. From the above metric and vierbein, we reduce the Dirac

equation in the rotating frame to the following form:

iw{%+9Qwrw&+%&ﬁ}+m@rmf@+m%ywn¢=0. (3.6)
As well as in scalar theory, rotation here appears only through the rotational energy shift,
H — H—Q(L,+ S,). Namely the Dirac fermions in rotating frames behave as if they were

put at the finite-density systems with a chemical potential
p=Sl+s:) (3.7)

where the quantum number ¢ and s, denote the eigenvalue for L, and S,, respectively. We
should note that due to this similarity, the fermions under rotation also involve the sign problem

for Monte Carlo simulations [73].
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In the Dirac representation, the positive-energy solution with positive and negative helicity

for the Dirac equation (3.6) are obtained as follows:

(e +m)Pri 0
", = e—iEt—i—z’pzz 0 y e—iEt+ipzz (6 + m)@é,k (38)
VE+m D=z ek ’ Vet+m | —ipogder |
iPek Pok =Dz Ve

where ¢ = |E + Q(¢ + 1/2)| is the energy observed in the Minkowski frame, and the transverse
momentum is defined with p7, = e* — p? — m?. The quantum number k is determined from
the boundary condition that we discuss later, and so this k is slightly different from that for
rotating scalars, i.e. Eq. (2.19). The solution in the above expressions is not normalized, but
the normalization factors are properly given once the momentum phase space with respect to

¢ and k is identified. In the above solutions we introduce the scalar functions

bor = O T(porr),  wor =TV T (poar) (3.9)

where Jy() is the £th Bessel function of the first kind. From the charge conjugation vy = iyu?,

the negative-energy antiparticle solutions are also obtained as

—iPek Py —P: Pu
iBt—ip,z _ * 1Et—ip.z —_q *
v, = € Dz ¢é,k¢ - € D¢k ¢é,k (31())
Ve+m 0 vet+m [ —(e+m)eiy
(e +m)ors 0

The detail of the calculation is shown in Appendix A.1.

Here we should mention the spin of u4.. Since the z-component of the total angular momen-
tum is a good quantum number, u is an eigenfunction for it. Indeed the azimuthal angular
momentum of spin-up and -down are related to each other as / = ¢, = ¢_ — 1 so that both of
the up and down spin states has the same total angular momentum; ¢, +1/2=/¢_—1/2 = j.
For the same reason, the solution uy consists of ¢, and ¢y, which correspond to the ¢, and

(_ state, respectively.

3.2 Momentum discretization

In rotating systems, the boundary effect should be properly taken into account because of
R < 1/Q < oo. In the scalar case, the momentum discretization is easily obtained with
the Dirichlet boundary condition. Unfortunately such a trivial condition is not applicable to
rotating fermions [83]. Instead it is necessary to find a different boundary condition for rotating

fermions.



18 Chapter 3. Chiral symmetry with rotation

Here we adopt the boundary condition about the fermionic current. If the vector current

g* = 1y*) is conserved in a curved spacetime, the following equation holds:

1
/| det g|

This is equivalent to the boundary condition that there is no incoming flux of the fermions:

/V 4V 0. (\/Tdet gl 1°v) = /a Lz, [detg] 7 =0, (3.12)

where « stands for the spatial components x, y, z in coordinate space. In the rotating coordinate

9,(v/Tdetg[ ) = 0. (3.11)

defined by Eq. (3.4), the above equation is reduced to

[e's) 27
R/ dz/ df "y
—0o0 0

Here we introduced 7" = ~' cosf + ~%sin that follows from v'0; 4+ v20y = 770, + r~17%0,.

—0. (3.13)

r=

Expanding ¢ (z) with the complete set of ui(x) and vy(z), Eq. (3.13) gives the boundary
condition at r = R for the arbitrary solution of Eq. (3.6). Namely after performing the 6-

integral, Eq. (3.13) are represented only with the liner combination of the following products:
Jo(PexR)Jex1(pew R) , Jora(perR) Je(per R)
Jo(pepR)Je1(p—rawR) ,  Jer1(perR)Je(p—rawR) -

In order to realize the no-flux condition for the arbitrary solution of Eq. (3.6), it is necessary
to vanish all of the four simultaneously. Therefore the radial momentum should be discretized
as follows [88,89]:

&x/R for (=0,1,...
E o1 x/R for (=-1-2,... (3.14)
= &ljl-1/24/ R

This expression is consistent with the fact that the total angular momentum j = ¢+ 1/2 is a

Per =

good quantum number.
Let us discuss the momentum phase space in the cylindrical systems. The modification of
the phase space is obtained from the normalization for u4 and vy. Because of the discretiza-

tion (3.14), the inner products of ¢, and ¢y is calculated as

R 27 R 2
/ Td?”/ dO ¢y xPor = / Td?“/ df oy e = TR Joi1 (pesR)*Suer Sy - (3.15)
0 0 0 0

Here we used the following relation:

2

R R
R
/ drr Jo(pexr)Je(powr) = / drr Jog1(pesr) Jos1 (powr) = - Sew o1 (perR)? . (3.16)
0 0
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Therefore in the cylindrical coordinate, the integration of the momentum phase space is changed

as

oo o0

dpxdpy 1 1
/ (22 Z(pespy) = e Z %mf(&k% (3.17)

We note that for 2 = 0 and R — oo, this modified phase space should become the one in the
flat Minkowski spacetime. In other words, as R increases, the /- and k-sum involving these

factors is approximately reduced as the integral of the radial momentum:

1 dPL
== D Dok Apek —>/ (3.18)
mR? Z Jz+1(pz R)? Z

where Apy i = peg+1—Dpex. We have numerically confirmed that this approximation is applicable
for not too large ¢; for example, the deviation at ¢ = 100 and k£ = 10 is around one percent,

and the precision grows for smaller ¢.

3.3 NJL model

To compute the chiral condensate in rotating frames, we first construct the Dirac propagator for
rotating fermions. From u.(z) and vy (), which build ¢ (z) and ¢ (z), the following propagator
is straightforwardly obtained:

S /
(@2 = Z kZﬂ'R2J€+1 (pexR)’

(3.19)
e~ i’ (t—t)+ipz (2—2") sa oy
X P (p; .
Here we defined the spinor matrix as
(po + M) rdy . 0 o N Dok PerPy s,
S — 0 (po + M)w,k%,k —ipz,kw,kﬁb@,k pzw,k%k (3.20)
—P2 e kb s —ipexPerprr  (—Po+ m)derdyy, 0
Dok PekPy DPr iy, 0 (=po + m)pe kbl

where we used simpler notations for the matrix elements; ¢px(7,0) = ¢pr, der(r',0) = &y,

and so on. For €2 = 0 and R — oo, this propagator should be the one in the flat Minkowski
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spacetime:

Sr(z,a') |Q:O,R—>oo

d4p efipo(tft’)Jripz(zfz’)
i / :

2m)t (p0)? — €% +ie 078" =2'ps - m)Jo(pulr — 7))

—1 {(7’ cos® — 1" cos0')y' + (rsind — r’sin 9’)72} (3.21)

prJi(prlr —r'))
7 — 1|

— / d4p ’yupu +m 6fip~(xfz/)
(2m)* (p°)2 — €2 + ie

_ / d'p ‘ o—ip-(a—a)
(2m)4 y#p, — m + e '

Here the k-sum is replaced as Eq. (3.18), and for the f-sum we use the following summation

formula:

. oy
0 7”/619

Sl itw re
> g (pir)e Y Ju(por') = (

W) Ju(prlr —7']). (3.22)

{=—00

For the ideal framework to analyze the rotational response to chiral condensate, we employ
the Nambu—Jona-Lasinio model [7,8], which is an effective model including only the contribution

of the leading order in the large N, limit. In a rotating frame, this effective Lagrangian reads

L = i@+ T + 2 [(G0)° + @ins0)?] (323)

At the one-loop order in the mean-field approximation, the effective thermodynamic potential
at zero temperature is obtained by introducing the covariant derivative I', to Eq. (C.5) with
Ny=N.=1,mg=0and § — oc:

2
Cege[m(r)] = %/d‘lx % - %Tr In[d, + T, —m(r)], (3.24)
where V} is the volume factor in four dimensional spacetime, i.e. V; = mR?x (area of the ¢z-plan).
Since rotation involves the centrifugal force, we here assume the thermodynamic potential with
the inhomogeneity along the radial direction. We note that such an assumption is necessary
even without rotation because the radial size of the cylindrical systems is finite. To determine
the dynamical mass (or chiral condensate), we have to self-consistently solve the gap equation
that corresponds to the optimization condition of the effective potential, 0T cg[m(r)]/dm(r) = 0.
For such a functional gap equation, however, it is technically difficult to find the exact solu-
tion [90]. In our analysis, we utilize the local density approximation; we suppose that the
spatial fluctuation of the dynamical mass are negligible compared with the mass itself, namely,

d.m < m? [77]. Under this approximation, the Dirac operator can be diagonalized with the



3.4. Rotation at zero temperture 21

complete set of the eigenfunctions uy(x) and vy (z), as well as in the homogeneous case. Then
the effective potential in the local density approximation is obtained as the decomposed form

of the vacuum part and the rotational part:

1 m(r)?
Ceg[m(r)] = ﬁ/d‘lx Q(G) + Lo[m(r)] + Ta[m(r)], (3.25)
with
Ty — 1 2 i i Jo( psz‘z )? + Jopa(pesr)®
S = TR (perR)? (3.26)
/ \/ pz + 8tr )
1 o o0 2
F _ d4f[} Z Z JE pﬁkz + ‘]f-i-l(pfk’r) 9(Q|€+ 1/2| . etr)
— —~ TRy (perR)’
(3.27)

qe,k d
x/ Pl +1/2 — \Jp2 4 22|
—q¢,k 27T

Here ¢ = \/ Q2(0+1/2)* = pj; —m(r)? is an effective Fermi momentum along the radial

direction, and e, = 4/ pik +m(r)? is the transverse energy. In the above expressions, the
terms proportional to Jy(pxr)? and Jyi1(pexr)? correspond to the spin-up (¢, = ¢) and spin-
down (¢~ = ¢+ 1) modes, respectively. From the radial momentum discretization (3.14),
we confirm that each ingredient in the momentum sum is unchanged under the replacement
l <> —{—1, or equivalently j <» —j. Therefore the contributions of fermions (the j > 0 states)
and antifermions (the j < 0 states) are equivalently included in I'g, and rotation affects particle
and antiparticle similarly. This is a big difference from the real density effect, which works to

fermions and antifermions oppositely.

3.4 Rotation at zero temperture

Because of the step function in I'g, which originates from the zero-temperature distribution
function with the effective chemical potential p, = Q(¢+1/2), only energy modes that satisfies
e < Q|0+ 1/2] gives a rotational contribution. In the competition between Q|¢ + 1/2| and &,
it is quite crucial whether the cylinder radius is finite.

Let us first consider nonnegative ¢ modes with m(r) = 0. If we took the infinite volume
limit, R — oo, the radial momentum could be continuous and there would exist a zero mode.
In cylindrical systems with a finite radius, however, the energy dispersion has the nonzero lower

bound as
€or = Deg > Eo1/R> 0. (3.28)
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Figure 3.2: Infrared dispersions of rotating fermions. Since j = ¢+ 1/2 is a good quantum
number, the spectra are symmetric with respect to ¢ = —1/2, as shown in Eq. (3.14). The
=0 (ie. j=1/2)and £ = —1 (i.e. j = —1/2) mode are the lowest energy states.

From this relation we obtain

e — Q0+ 172> & €1 — oR(+1/2)]
i (3.29)
> =6 — (0+1/2)] >0,

which follows from the property of the Bessel zero in Eq. (2.21). Similarly it can be checked
that e, > Q¢ + 1/2| is true for arbitrary ¢ < 0. In Figure 3.2, we plot the infrared spectra
pan — Q¢+ 1/2| as a function of I. Therefore regardless of the magnitude of angular velocity,
rotation never contributes to the effective thermodynamic potential, which means I'o = 0. We
should emphasize again that this consequence results from the causality constraint R{2 < 1 and
the boundary effect leading to the infrared gap ~ 1/R.

To clarify the role of the boundary gap for rotation, it is worthwhile to refer the thermo-
dynamics at finite density. In a system with finite chemical potential, microscopic quantities
(e.g. the Dirac eigenvalue) should be modified even at zero temperature. This is not the case
for macroscopic quantities. Because of the distribution function §(u — ¢), the density effects
on thermodynamics never emerge at zero temperature unless the chemical potential is lager
than the infrared threshold, i.e. fermion mass. In the finite-density QCD, this is known as the
Silver Blaze problem [91]. We see a similar situation in rotating systems. It naively seems that
rotation induces the alignment of the angular momentum. If so, chiral condensate with zero
total angular momentum is no longer most favored. However the effective chemical potential
Q(f 4 1/2) cannot exceed the infrared threshold p, = & /R (see Figure 3.3). Hence the ro-

tational effect on chiral condensate is never realized at zero temperature, as we have discussed
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Figure 3.3: Schematic picture of the rotational effect on fermionic matter at zero temperature.
In the finite-size cylinder with radius R, fermions possess the infrared energy gap (the left
figure). If the number of occupied modes were changed for finite 2, then rotation would
affect thermodynamic quantities (the right figure). However, the effective chemical potential
Q0 4 1/2) never exceed the infrared energy gap &,1/R, no matter how large 2 is (the middle
figure). Therefore the rotational effect does not appear at zero temperature. This is similar
to the density case with a chemical potential smaller than the lowest energy gap i.e. the mass
threshold.

above.

3.5 Dynamical mass at zero temperature

We discuss the chiral symmetry breaking in finite-size systems at zero temperature. Due to the
absence of the rotational effect, the spatial profile of the dynamical mass is computed as the

solution for the gap equation

mAr < dp, - AL OA L ékTQ +1 k7’2
()_m(r)/_oodp 303 fp ) Je(pewr)” + Jea(pe, )’ (330)

G 2m (=00 k=1 WRQJZH(W,I:R)Q \/pzk +p? + m(r)2

which follows from dI'g[m(r)]/ém(r) = 0. Here to remove the ultraviolet divergence, we intro-
duced the cutoft function

sinh(A/0A)
cosh(p/dA) + cosh(A/5A)

f(pi A 6A) = (3.31)

with p =/ pz » + p?. In the numerical calculation, we adopt the parameters in Table 3.1. Here
G. = 19.65 A2 is the critical value of G for R — oo and 6A/A = 0.05. For A ~ 1GeV (the
standard choice in QCD), the smaller radius in Table 3.1 corresponds to the typical radial scale
of heavy ion; R = 30A~! ~ 6 fm.

We numerically solve Eq. (3.30) and show the r-dependence of its solution in Figure 3.4.
In the region with small r, we see the plateau independent off the system size. On the other
hand, as r grows there appears the boundary effect that suppresses the dynamical mass. The

vanishing of the mass at r = R results from the boundary condition (3.13). We note that
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Figure 3.4: Inhomogeneous dynamical mass as a function of the radial coordinate r [80]. In
the region expect for the vicinity of the boundary r ~ R, the local density approximation is
legitimate. At the boundary r = R, the mass should be zero because of the condition (3.13).
For large R, the oscillation behavior becomes smaller, and it eventually disappears in the

thermodynamic limit R — oo.

our analysis is valid only for not too large r because the local density approximation is valid

only for |9,m| < m?

. In Fig. 3.4, we also see that the dynamical mass has an oscillational
behavior at r ~ 0.9R, which is a cutoff artifact in the discrete sum of ¢ and k. Such an
oscillation should completely disappear in the limit of R — oo where the discrete sum becomes
continuous. Indeed we confirm that the oscillation for R = 100A~! is smaller and comes closer
to the boundary than the one for R = 30 A=*. Contrary to this, the boundary effect is generally
enhanced for small R, as shown in Fig. 3.4. At the same time, the cutoff artifact in the /- and
k-sum becomes larger (more badly oscillating) because the spacing in discrete py; grows as R
decreases. Furthermore although the magnitude of the dynamical mass is quite sensitive to the
coupling GG, the boundary effect is irrelevant to the coupling. From numerical calculation with
different GG, we have actually confirmed that the structures of the spatial profile, i.e. both the

plateau at 0 < r < 0.8 R and the oscillational behavior at r 2 0.8 R are unchanged even if G is

Table 3.1: Parameters in the numerical calculation for Eq. (3.30)

In Fig. 3.4 RIATY GG.] dA [A]
red line 30 0.61 0.05
blue line 100 0.61 0.05




3.6. Environments affected by rotation 25

changed.

3.6 Environments affected by rotation

So far we have seen that rotation does not affect macroscopic (i.e. thermodynamic) quantities.
This conclusion essentially stems from the fact that the physical scale of wave functions is
characterized only by radius R, which cannot be greater than Q! because of the causality
constraint RQ < 1. Because of this, the infrared energy gap (~ R™!) is always larger than the
rotational energy shift (~ €2). The situation should be changed, however, if other physical scale
enters into theory. In other words, a parameter much stronger than R~! enables us to neglect
the boundary effect, and thus rotation can contribute to thermodynamics. In what follows, we

see two possible situations where the rotational effect is visible.

Finite temperature

The first is the finite-temperature case. In this case, we employ the Fermi distribution
function [eHe-R(H/2)) 4 1}71 instead of 6(€2(¢ + 1/2) — €), and then the rotational effect is
visible even for € > Q(¢ + 1/2). Therefore, the dynamical mass is obtained as the solution for
the following gap equation:

o0

m(r) /°° dp. S~ !
o =m(r) .o Z ZWR2JE+1(WJ€R)2

l=—o00 k=1

) (3.32)

Jo(pesr)” + Jen (pesr)”
X f(p; A OA) — eB{e—Q(t+1/2)

P+ P2+ m(r)’

P41 |’

Here we should insert the cutoff function for the vacuum contribution, while the thermal con-
tribution does not require it. The factor 2 of the Fermi distribution function comes from the
fact that fermions and antifermions are not distinguished for the rotational effect.

In Figure 3.5, we plot the numerical solution for the above equation with 7" = 0.2A, R =
30A~1, and G, §A in Table 3.1. In Fig. 3.5 rotation leads to decreasing the dynamical mass
for a fixed r. Thus we confirm that the rotational energy shift plays the role of an effective
chemical potential. For a fixed (2, the suppression becomes strong at large r. This stems from
the enhancement of the centrifugal force for large r. The oscillations of the dynamical mass is
the cutoff artifact same as that in Fig. 3.4. Indeed both in Figs. 3.4 and 3.5, such behaviors
emerge at r ~ 0.9R. For small 2, the damping of the mass is not so large except for the vicinity
of the boundary » = R. For example, for QR = 0.3 (the blue line), we find that |0,m(r)| is
less than 5% of m?(r) within 0 < r < 0.4R. Therefore our analysis with the local density
approximation is more reliable for small {2. On the other hand, for QR = 0.5 (the yellow line),
the derivative terms of m(r) should be taken into account. This is quite natural because the

rotational effect with large {2 generates more intense inhomogeneity:.
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Figure 3.5: The rotational effect on the dynamical mass as the solution for Eq. (3.32). The
dynamical mass is more suppressed when the effective chemical potential or angular momentum
Q2 becomes large. The oscillation at r ~ 0.9R is the cutoff artifact similar to that in the zero

temperature calculation (see Fig. 3.4)

Besides, a rotating system at finite temperature is related to the recent topic of the QCD
physics. Let us consider a high-temperature system with 7> R™! > Q. In such a case, the
bulk constraint at the boundary is no longer relevant because of the thermal screening. In
fact, for rotating right-handed fermions with small €2, we analytically derive the following axial
current:

gVt = ra  gq
12 4872

+OQR™?) for T>R'>Q, (3.33)

which is originally discussed for the neutrino radiation in a rotating black hole [81-83]. Nowa-
days this current is investigated in the context of the transport phenomenon coupled with the
vorticity generated in non-central heavy-ion collisions. The vorticity generated after the colli-
sion is evaluated as 2 ~ 1 MeV [54], which is much smaller scale compared with the temperature
T ~ Aqcp. Therefore the vortex in the collisions satisfies 7' > Q > R™! with the vortex size R.
The current generation by vortex in the heavy-ion collision is called the chiral vortical effect.
An interesting aspect of the chiral vortical effect is that it is strongly connected to quantum
anomaly. Independently of Ref. [81], the same expression is obtained with the gauge-gravity
duality [92,93]. and then it is discussed that the coefficient of the current is yielded by the
chiral anomaly coupled with Riemann tensors. However, this seems a contradiction with the
current calculated in rotating frames, which has zero Riemann tensor. Hence we should clarify
how the anomalous aspect of the chiral vortical current is extracted from the Dirac field theory

in rotating frames [94].
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Figure 3.6: Difference between the radial parts of the wave function without/with magnetic
field. In general, the Bessel function does not converge even at infinity (although it is known
that Jy(z) ~ 1/z for z > |¢*> — 1/4] [95]). On the other hand, the Landau wave function is
localized with the width characterized by the magnetic length £z = 1/veB. If magnetic field
is quite large as {p < R, hence, magnetized fermionic matter is affected by rotation even at

zero temperature.

Magnetic field

The second environment that rotation affects is magnetized systems. Under a strong mag-
netic field, the Landau wave-function is localized with the length scale ~ £5 = 1/v/eB (see
Figure 3.6). If this wave function is much squeezed than system size, i.e. VeB > R, then the
boundary effects are essentially irrelevant to dynamics. Also in this case, the radial momentum
is characterized by the Landau level, which is independent of angular momentum. This is dif-
ferent from the rotating systems without magnetic field, where the radial momentum depends
on ¢, as we have seen in Eq. (3.14). Therefore there always exist exited modes that exceed
the effective chemical potential. Namely a strong magnetic field supports the rotational effect
to be visible even at zero temperature. Following this argument, in Chapter 4 we discuss the
magnetic response of the dynamical mass in a rotating system.

Intriguingly the magnetized rotating systems are also related to an anomalous phenomenon,
as well as the rotating system at finite temperature. We know that a strong magnetic back-
ground triggers intriguing transport phenomena involving a P- and CP-odd current and den-
sity [55-58,96-99] (see also Refs. [51,59,100,101]). From the viewpoint of the analogy between
density and rotation, such phenomena are expected to take place in rotating magnetized sys-

tems. Indeed we can analytically obtain the anomalous number density as

eB)

472
where N = |eBR?/2] is the Landau degeneracy factor. In Refs. [78,102], the similar relation

to Eq. (3.34) is derived. However their anomalous density picks up only the second term,

(N+1), (3.34)

Ntotal =

which corresponds to the spin part. If we employ the thermodynamic potential in magnetized
rotating systems, it is concluded that the total angular momentum (i.e., both the orbital and
spin angular momentum) contribute this anomalous effect (see Section 4.3).

We note that the above induced density comes from the imbalance of the contributions

of fermions and antifermions. In other words, magnetic field creates an energetically favored
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modulus of the total angular momentum for rotating charged particle. Indeed, if magnetic field
is not applied, rotation does not distinguishes j > 0 and j < 0 modes, as seen in Eq. (3.26),
and thus the number density should be zero. Also rotation is necessary for the density because
particles with j > 0 and antiparticle with j < 0 has same energy dispersions only with magnetic
field.

Finally we again stress the analysis of the rotational effect becomes complicated if external
sources are not much stronger than the scale of energy gap ~ R™!. In such cases, we properly
take into account the boundary effect, as we have done for solving Eq. (3.32). Then there
appears an infrared energy gap, which plays the essential role to determine the dynamics of
rotating fermions. Fortunately, this is not the case in most QCD systems of interest: T > R™!
in a quark-gluon plasma or veB > R™! in a neutron star. However for an applications to

table-top experiments, more precise treatment of the boundary effect would be important.



Chapter 4

Chiral symmetry with rotation and

magnetic field

Magnetic field is a useful probe for various intriguing phenomena in QCD since many systems
with a gigantic magnetic field could be realized; the early unverse [21-23], compact stars [24],
and heavy-ion collision experiments [25-27]. Especially a magnetic field produces the com-
plicated but rich chiral structure. In this chapter, we discuss the rotating and magnetized
fermionic system. After constructing the fundamental framework, we investigate the rotational
effect on chiral symmetry. Then we obtain the inverse phenomenon of the magnetic catalysis

induced by rotation, which we term the rotational magnetic inhibition.

4.1 Magnetic response of chiral condensate

Magnetic catalysis

Before our discussion of the rotational effects on the dynamical symmetry breaking, we see
an intuitive picture of the magnetic catalysis. Let us focus on the fermionic modes with zero
angular momentum. Namely we only consider the condensate of the paired state with zero
total orbital angular momentum (L, = 0). Since chiral condensate is a scalar condensate,
which has zero total angular momentum (Ji,x = 0), it should be constructed by fermion and
antifermion with opposite individual spins so that the total spin can be zero (Six = 0). In
the magnetized system, the spin of a positive-charged (negative-charged) particle tends to be
aligned parallelly (antiparallelly) to magnetic field (see Figure 4.1). Therefore such a paired
state is energetically stable under a magnetic field, and its condensation is enhanced by the

magnetic field.

In order to understand more precisely how magnetic field affects chiral condensate or the

dynamical mass, let us see the infrared energy spectra for magnetized fermions [36]. In a strong

29
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Figure 4.1: Schematic figure for chiral condensate in a strong magnetic field. Each arrow of a
charged particle denotes the direction of its spin. Chiral condensate can be formed by particles
with oppositely aligned spins. The number of the possible paired state increases due to the
Zeeman flip.

magnetic field, the dispersion of fermions is discretized as

Esp=+\/eB(2n+1 —2s,) 4 p + m2, (4.1)

where the integer n runs from zero to infinity. It is clear that the lowest mode n = 0 dominates
in the strong eB limit. Namely the dynamics is described only by spin-up fermions with the
effective 1+ 1-dimensional spectrum: F;1p = \/W . In the NJL model with an attractive
interaction, such a reduction of dimension leads to the following equation for the dynamical

mass:

1 eB A dp, 1 B (Ydp. 1
_:6_2%/ p :e_/ dp- 1 (4.2)
G 2m — 0 2m \/QneB—{—pg+m2 2T 0 2T ,/pg+m2
with o, = 2 — 0,0. This is the magnetized version of Eq. (C.10) with N, = Ny = 1. We
shall revisit Eq. (4.2) later (although the regularization scheme is different). The solution is

analytically obtained as

i~ s [-E] us

which exponentially increase as eB increases. The above solution shows that the dynamical
symmetry breaking is realized even for an infinitesimally small interaction. From the viewpoint
of the analogy to superconductivity, this is nothing but the Cooper instability. Indeed in the
Bardeen—Cooper—Schrieffer theory, the superconducting energy-gap A is determined from the

following gap equation:
fup de

1
— — (0 -
e p()0 Ry

where p(0) denotes the density of states on the Fermi surface, and wp represents the Debye

(4.4)
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Figure 4.2: Spectrum without/with magnetic field. The Landau degeneracy amplifies the

dominant contribution for the dynamical mass generation.

frequency. Since this is mathematically equivalent to Eq. (4.2), the solution is readily given by

1
A ~ fwp exp [ Gp(O)] : (4.5)
Thus the Cooper instability is realized due to the finite density of states on the Fermi surface;
the gap is vanished for p(0) = 0. On the other hand in Eq. (4.2), eB/27 plays the role of the
density of states. Indeed this coefficient is the Landau degeneracy factor, which corresponds to
the density of states for the lowest Landau level n = 0. Therefore the essential concept of the
magnetic catalysis is that the density of states for the infrared mode becomes finite due to the

Landau quantization (see Figure 4.2).

Inverse magnetic catalysis

In finite-density systems, the magnetic response is drastically changed; magnetic field de-
creases chiral condensate, and eventually restores chiral symmetry, which is named the inverse
magnetic catalysis. This phenomenon is understood as follows. For simplicity, we see the
zero temperature case. The thermodynamic potential at finite chemical potential p is decom-
posed into the vacuum and density contribution, as well as the one at finite angular velocity,
Eq. (3.27). Namely the dynamical mass is determined by the competition between these two.
The density contribution comes from the prohibition of the low energy excitation due to the
shift of the Fermi surface (see Figure 3.3). The strength of the density contribution is thus
characterized by the volume of Fermi sphere. Without magnetic field, this volume is typically
obtained as

/ dp ~ p. (4.6)
Ipl<u

On the other hand, since only the lowest Landau level survives in strong magnetic fields, the
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En eB:() Eu eB#:O

~ 11 states ~ | eB states

Figure 4.3: Density effect without/with magnetic field. Shaded parts represents the modes
that cannot be excited. Because of the Landau degenerate, more modes cannot be exited in a

strong magnetic field, and thus the dynamical mass is suppressed as magnetic field increases.

phase space becomes
eB "

o » dp ~ peB. (4.7)
We find for eB = p?, the density contribution with magnetic field is larger than that without
magnetic field (see Figure 4.3). In other word, the dynamical mass is more suppressed because
of a strong magnetic field. In fact, the results from the NJL model or the holographic QCD
agree that the inverse magnetic catalysis becomes visible for y ~ veB [41]. Here we note that
the vacuum contribution is also changed by magnetic field. For this reason, the actual vacuum
structure with magnetic field and density is determined more complicatedly. For exmaple,
the dynamical mass oscillates as a function of eB/u?, which is called the de Haas-van Alphen
oscillation [103,104]. Even from the above simple argument, however, we find that the density
of states for the lowest Landau mode plays the crucial role to lead to the inverse magnetic
catalysis, as well as magnetic catalysis. The analogy between density and rotation implies a
possibility that rotation induces a similar phenomenon to the inverse magnetic catalysis. In
this chapter, we discuss the magnetic response of the chiral condensate in rotating systems,

and obtain such a novel phenomenon, i.e. the rotational magnetic inhibition.

4.2 Dirac equation

We first find the energy dispersion of rotating fermions interacting with magnetic fields. In the
presence of gauge field, the modification of the Dirac theory in curved spacetime is replacing 9,

with the covariant derivative D, = 9, + ieA,. Then the Dirac equation (3.3) is changed into
[i7#(Dy + Ty) — m]o =0, (438)

and the definition of v* and I', are the same as without gauge field. We consider the system

with the constant magnetic field parallel to the rotation axis; B = BZ and Q2 = QZz. This
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corresponds to the system depicted in Fig. 2.1 under the background magnetic field. Let us
choose the symmetric gauge in the inertial frame as A; = (0, By/2, —Bx/2,0). The above Dirac

equation is reduced into

[Z")/O {60 —Q (.’13'82 — y@l + %012) }

B B
+int (al + zeTy) +in? (02 - z%) +iv%05 —m

(4.9)
b =0.

The linear term of {2 here appears as effective chemical potential, as well as without magnetic
field, Eq. (3.6). Solving the above Dirac equation, the energy dispersion for eB > 0 is obtained
as )

[E + Q0 + sz)} =p>+ (2n+1—2s,)eB+m?. (4.10)

where ¢ and s, denote the eigenvalues for L, and S,, respectively. If we realize that E+Q(¢+s,)
as the energy eigenvalue in the inertial frame, this can be obtained from the ordinary dispersion

for the charged spin-s particle coupled with an external magnetic field, i.e.
E?=p2+(2n+1—2s,)eB+m”. (4.11)

We also obtain the eigenfunction for Eq. (4.9) as explained in Appendix A.2, but only the
energy spectrum is sufficient in our discussion about the dynamical symmetry breaking. In

what follows we discuss several features of magnetized Dirac fermions in rotating frames.

(I) Lorentz force in rotating frame

The gauge field in rotating frames, A* = A’e!’, leads to an electric field
eE=—eVA' = —eV(-BQr?/2) = eBQ(x,y,0) . (4.12)

This is identified as the Lorentz force induced by rotation because the velocity vector at (x,y,0)
caused by rotation is v = Q2 xx = Q(x,y,0). However, there appears no coupling term between
rotation and magnetic field in Eq. (4.9) because the gamma matrix ' = ~%e! cancels it out.
Therefore rotation never induce any electromagnetic effect. In this point, we see the analogy

between rotation and density.

(IT) Momentum phase space

Let us focus on the motion in the xy-plane. In the ordinary Landau quantization, the
energy level is designated only by an integer n instead of (p., py), as seen in Eq. (4.11). Namely
one degree of freedom that characterizes the motion in the xy-plane disappears here, and each
Landau level is degenerate with the Landau degeneracy factor given by

N = FZSJ , (4.13)
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where S is the area of the zy-plane. This factor N is gauge-independent, but the degree of
freedom that gives the Landau degeneracy is different for each specific gauge choice. In the
cylindrical coordinates, for example, the degenerate quantum number is the canonical angular
momentum /¢, and thus it should take N different integer. As explained in Appendix B, the
Landau quantization imposes the lower bound of ¢ as £ > —n. For the nth Landau level, hence,
the possible range of ¢ should be

—n<l{<N-—-n. (4.14)

(Here we implicitly assume N > 1 with sufficiently strong magnetic field.) This possible range
holds even for ¢ in Eq. (4.10), as shown in Appendix B. Therefore the spectrum in Eq. (4.10)
is not degenerate. The integration in the p,p,-space becomes the double sum with respect to

n and ¢. For instance, for spin-1/2 fermions with up spin, we should rewrite the phase space

sum into
Magnetic field + Rotation: / Ap.dp, Z(p i g Z(n,?) (4.15)
i . (27T) b y n=0{=—n .

If the function Z is independent of ¢, the phase space sum is reduced to the well-known form

in a magnetic field:

oo N-—n 00
dp.d
Magnetic fild: [ L T0.p) S NS I = ). (4
n=0 {=—n n:O

(IIT) Necessary condition for the Landau quantization in rotating frames

For quantization in harmonic oscillators, the system size should be large enough as com-
pared to typical scales of the problem. Thus to realize the Landau quantization, which is
mathematically the same as the one in harmonic oscillators, the system size scale should be
larger than the magnetic length, namely R > Ip = 1/ veB in the cylindrical systems (see
Appendix A.2). Without rotation, the thermodynamic limit, i.e. R — oo can always be taken
validly. In rotating frames, however, we cannot consider systems with infinitely large radius
because of the causality constraint R < 1/ [105,106]. Therefore, our discussion about the

Landau quantization in rotating frames is legitimate only if the following condition is imposed:

1/veB< R<1/9Q. (4.17)
We note that N > 1 follows from the above condition.

(IV) Realization of zero-modes

The Landau quantization drastically changes the structure of the energy spectrum of ro-

tating fermions. The dispersion (4.10) shows that there exist the Landau zero modes n = 0
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Figure 4.4: Rotational effect without/with magnetic field. In the case without magnetic field,
the infrared energy gap always exceed the effective chemical potential, and thus the rotational
effect is invisible at zero temperature. On the other hand, the Landau quantization enables
rotating fermions to take the zero mode that is independent off angular momentum ¢. Therefore

rotation affect magnetized fermionic systems even at zero temperature.

independent of the angular momentum ¢. Such lowest modes always receives the rotational
effect (see Figure 4.4). Thus, the strongly magnetized fermionic matter should be affected by

rotation even at zero temperature.

4.3 NJL model

To study the vacuum structure in the presence of rotation and magnetic field, we analyze the
NJL model defined by

Lyt = T,ZWM( )@/’ + = [(QW)) (7»/;7577@)2} . (4-18)

Let us suppose that chiral condensate is homogeneous in the current setup (we shall briefly
discuss about the validity of this assumption later). In the mean field approximation, the

effective thermodynamic potential is obtained in the same manner for Eq. (C.5):

dpz

Feﬂr(m) ﬁ — ﬁ_S

{% +In [1 +e 5{8—9(“59}} +In [1 4 e p{era f+5z)}1 } .

Here we note that the number density (3.34) is derived from the above potential. To confirm
this, we replace Q(¢ + s,) with Q(¢ + s,) + p. For T'= m = 0, the derivative 0T'eg/Jp in the
lowest Landau approximation gives the following number density:

0 < eBQ

Mhotat =~z > ((+1/2) = (N +1). (4.20)
=0

(4.19)

It is obvious that the first and second term are the contribution of orbital angular momentum
and spin, respectively. Thus the total angular momentum affects this anomalous density, as we

have mentioned in Section 3.6.
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Now we return to the analysis of the dynamical symmetry breaking. Similarly to the case
without magnetic field, at zero temperature this can be decomposed into the pure-magnetic
and rotational contributions:

m2

Feﬁ(m) = % + FO( ) + Fg(m) N (421)

eB
m:—%- o [ Tefreet. (1.22)
= ——Zan Z O(QU+1/2| — &)

t=-n (4.23)
qen dpz
x/ [Q|€+1/2|—\/p2+5fr]
—Qn 27T
where €2 = 2neB + m?, and ¢, = /Q2({ +1/2)? — 2. Here a,, = 2 — J,9 stems from the
sum with respect to spin: only the up-spin mode can be the lowest Landau level, as seen
in Egs. (4.10) and (4.11). We note that I'g corresponds to the counterpart of the density

contribution: if an effective chemical potential Q|¢ + 1/2| is replaced with an actual chemical

with

potential p, the thermodynamic potential ['et is same the one in finite-density systems.
To regularize the ultraviolet momentum in the effective thermodynamic potential (4.21), we

adopt the same cutoff function as without magnetic field, namely,

sinh(A/0A)

cosh(p/dA) + cosh(A/5A) (4.24)

f(p; A, 0A) =

with p = \/m . Since a naive cutoff function actually breaks the gauge transformation,
the proper-time method [107] and the Pauli-Villars regularization are usually utilized for the
usual magnetized NJL model. For instance, in the derivations of the magnetic catalysis in
Refs. [28,29], the proper-time method is used to regularize the pure-magnetic potential (4.22).
It is known however that such a naive cutoff scheme could give a qualitatively correct result
as long as the parameter dA is not too small [108]. Also the ultraviolet divergent structure is
the same even if rotation is induced except for the ¢-sum. For these reasons, f(p; A, dA) should
lead to results that physically make sense in our analysis.

The condition to minimize the effective potential, Ol'eg/dm = 0, leads to the gap equation:

m

T Fy - o) (1.25)

where the pure-magnetic term and the rotational term are respectively given by

dp. f(p; A, 6A)
, (4.26)
Z / V pz + 5tlr
N—n

1« “n dp, f(p; A, OA
Q= — Zan O(Ql+1/2] — &) p: f(pi 8, 0A)

/2 2 ’
n=0 l=— 0 p; + Etr

(4.27)

3
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We note that F can be reduced to a simpler form if g, is negligibly small compared with A
and VeB (fortunately, this is the case for our analysis with a small G in Section 4.4). In this
case, since the p.-integral is irrelevant to the ultraviolet divergence, the cutoff function in Fg
can be replace with f (\/W ;A\, 0A). Such a simplification is a significant advantage for the
analytical investigation: after the p,-integral, Eq. (4.27) is then reduced to

00 N—n
1
Fom =Y o 00 +1/2] — ) f(V2neB: A, 08
n=0 l=—n (428)
WNCIES RN, s cearpir
Etr .

Instead of Eq. (4.25), in finite-density systems, the dynamical mass is determined from

g - %(F0 ~F,) (4.29)

with

o 2 _ 2
Fo=%2 ORNEEN (VIR (430)
which is the same as Fy under the replacement (¢ 4+ 1/2) — pu. Since the step function
(|pt| — €4r) truncates the sum in terms of n, an ultraviolet regularization is unnecessary for F),.
Namely the density effects on chiral condensate comes only from the infrared physics. This
implies that Fg is also not really sensitive to the regularization scheme if S is large enough.
We comment about the inhomogeneity of chiral condensate. Regardless whether chiral
condensate is homogeneous or inhomogeneous, the dynamical mass is obtained from the gap
equation

m = Gtr[S(z,z)], (4.31)

which is a general form of Eq. (4.25). From this equation, it is self-consistently verified that
m should also be homogeneous if the Dirac propagator S(z,y) is homogeneous. Under the
condition (4.17), the eigenfunction for Eq. (4.9) is the same as without rotation (i.e the Landau
wave function), as shown in Appendix A.2. Since this eigenfunction leads to the spatially
homogeneous Dirac propagator, the mass in the local density approximation has no spatial
dependence, unlike that without magnetic field. As the same time, there is no inhomogeneity
in the thermodynamic potential, which is determined by the dynamical mass.

Within the above setup, we investigate the magnetic response for the dynamical symmetry
breaking in rotating frames. In the finite-density NJL model coupled with magnetic field, we
obtain the magnetic catalysis for a weak coupling (G < G.) and the inverse magnetic catalysis
for a strong coupling (G > G.), where G, is the critical coupling for the onset of the chiral
condensate in the vacuum (i.e. @ = veB = 0). Following the discussion in finite-density
systems, we calculate the dynamical mass in these two cases. Although the former is not

a practical case, this is convenient to confirm the analogy between density and rotation. The
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numerical calculation is performed with the parameters in Table 4.1. It is easily checked that eB,
R and Q in these choices satisfy Eq. (4.17) so that the analysis based on the Landau quantization
in a rotating frame is justified. We have numerically confirmed that 0A is qualitatively irrelevant

to our results.

4.4 Dynamical mass for weak coupling

Let us discuss the weak coupling case. The numerical results are shown in dimensionless unit
in terms of
Mayn = 1.25 x 1072 A, (4.32)

which is the solution of the gap equation with eB = 0.2A% and Q = 0. We plot Figure 4.5,
where the red line corresponds to the solution for Eq. (4.25) as a function of 2. The horizontal

axis represents an effective chemical potential

Also in Fig. 4.5, the blue line is the solution for Eq. (4.29) with p = py. From the comparison
between Eqgs. (4.28) and (4.30), we find that this uy = QN is the maximum counterpart of p.
Figure 4.6 is a 3D plot for the solution of Eq. (4.25) as a function of 2 and eB. From this 3D
plot, we can calculate the critical value €. (i.e. the onset value of of angular velocity for chiral
symmetry breaking), which is plotted as a function of magnetic field in Figure 4.7. Here are

some remarks on these numerical results.

(I) Comparison between density and rotation

When the angular velocity exceeds Q ~ mgay, /N, the rotational effects become visible with
the smooth damping of the dynamical mass (see the red line in Fig. 4.5). On the other hand,
the density effect appears as the sharp damping of the dynamical mass, and thus this is the
first order phase transition (see the blue line in Fig. 4.5). Such a difference is understood from
the viewpoint of the number of relevant modes to the suppression. Let us focus only on the

lowest Landau level n = 0 (although the following argument is also applicable even including

Table 4.1: Parameters in the numerical calculations for Eqs. (4.25) and (4.29). Here G, is the
critical coupling obtained with Q2 = veB =0 and A = 0.05 A.

GGl Q[A] B[\ RAY oA
Weak coupling 0.62 0—2x107"7 0.01 — 0.02 103 0.05
Strong coupling 1.11 0— 1075 0.1 —0.2 103 0.05
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Figure 4.5: Dynamical mass for eB = 0.2A? as the solution for Eq. (4.25) (red line) and
Eq. (4.29) with g = pn (blue line) [76].

higher Landau levels); for Fy and F), with the parameter in Table 4.1 the lowest Landau level
approximation is valid. Because of the step function in Fg, only the modes with ¢ > m/Q—1/2
are relevant. Indeed the red line in Fig. 4.5 begins decreasing at N2 = mgyy, which corresponds
to the threshold that F becomes finite. On the other hand, the step function in F), says that
all N modes simultaneously start contributing for p > m. As a result, the finite-density effect
arises suddenly when p exceeds a critical value.

For the comparison between the red and the blue lines in Fig. 4.5, it is useful to approximate
the /-sum as an integration. Suppose that €2 is small enough to treat Q(¢+1/2) as a continuous
variable. Since N is a sufficiently large integer (N ~ O(10%) in Table 4.1), the f-sum in Fq can

be represented as

Ji‘ . <Q|£+ 1/2] + Q20+ 1/2) — &2,

) QUL+ 1/2| — ey)

Etr
= (4.34)
1 [HN 2 — 22
2—/ dpIn (M—'— a 5“) O(p — ee) -
Q 0 Etr
This means that the rotational contribution in Eq. (4.25) is reduced to
eB & g2,
Fo=Fu(u=px) — 5 nzzoan 1-— e O(in — eur) - (4.35)

Namely the rotational contribution Fy, has the density-like effect as the first term F,. The
second term with negative sign is a difference from the density contribution. Due to this extra,

the chiral restoration by rotation is weaker than that by density. Therefore the suppression of
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Figure 4.6: Dynamical mass as a function of €2 and eB at weak coupling [76]. For small € the

dynamical mass is exponentially enhanced with 1/eB (i.e. the magnetic catalysis).

the dynamical mass in the rotating system (the red line in Fig. 4.5) is more gradually than
that in the finite-density system (the blue line in Fig. 4.5). Additionally, from Eq. (4.35) we
find Fo < F), for a fixed pun. Thus the chiral restoration by rotation need larger pn than that
by finite density, as shown in Fig. 4.5.

(IT) Critical value of angular velocity

From Eq. (4.35), we can analytically obtain the critical angular velocity above which the
dynamical mass vanishes. Since the dynamical mass generation stems from the physics of the
infrared modes, the regularization scheme should be irrelevant. If we utilized the proper time

regularization [107], we would obtain the following gap equation, instead of Eq. (4.25):
472 A%
¥el =App —m? [ln(%) — 'YEM}

2 2 2 2 2
() pomr( ) o (ANEVENTITY L [
dmeB 2eB m 5

where yg); is the Euler-Mascheroni constant, I'(z) denotes the gamma function, and Apr stands

(4.36)
+eB

Y

for the cutoff parameter in the proper-time regularization. The last two terms in the second
line result from the contribution of the n = 0 mode in Eq. (4.35). From the above gap equation
in the limit of m — 0, we analytically obtain the following critical :

R4 o (1 1 _L53x10°° 0.610A”
QC(eB)_S\/e_BeXp B\ . +1| ~ Y exp| —— : (4.37)

where G, = 47 /A% is the critical coupling calculated without rotation and magnetic field. The

last expression in Eq. (4.37) is obtained with substituting the parameters in Table 4.1. On the
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Figure 4.7: eB-dependence of Q, for 0.1 A> < eB < 0.2 A% [76].

other hand, from the eB-dependence of €2, shown in Fig. 4.7, we perform numerically evaluate

the critical value as

Q.(eB) ~

1.58 x 1076 0.609A2
#exp<— ) . (4.38)

veB eB

This fitting result ensures that the integral representation (4.34) is a good approximation for
the parameters in Table 4.1.

4.5 Dynamical mass for strong coupling

Let us see the strong coupling case. In Figure 4.8 we show the numerical results. Here are

discussions about the numerical results.

(I) Magnetic suppression of the dynamical mass in rotating systems

It is obvious that the magnetic response in Fig. 4.8 is different from that in Fig. 4.6. For
small angular velocity, the dynamical mass is almost independent of 2 and eB. For large
), the dynamical mass is suppressed as magnetic field increases. This is thus a counterpart
of the finite-density inverse magnetic catalysis. We name such a magnetic suppression of the
dynamical mass the “rotational magnetic inhibition” [76]. We find also that the damping starts
at uy = QN ~ veB. This is similar to the finite-density inverse magnetic catalysis, which is
observed at p ~ veB [41].

We note that such a drastic difference between Figs. 4.6 and 4.8 originates in the contribution
of higher Landau levels to the dynamics. In the weak coupling case only a few lower Landau

levels is relevant to the gap equation. On the other hand many more Landau levels get involved
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Figure 4.8: Dynamical mass as a function of Q and eB at strong coupling [76]. At large Q,

chiral symmetry is restored by eB, which is the rotational magnetic inhibition.

for the strong coupling. This is essential for the realization of the rotational magnetic inhibition,

as well as of the inverse magnetic catalysis at finite density.

(IT) de Haas-van Alphen oscillation

We compare more precisely the finite-density inverse magnetic catalysis and the rotational
magnetic inhibition. It is known that for strong coupling G > G., the interplay between p
and eB generates many local minima in the QCD vacuum [31], due to the de Haas-van Alphen
oscillation [103,104]. In other words, the dynamical mass becomes an oscillational function of
p?/eB. In contrast, the mass in Fig. 4.8 does not show such a structure. To clarify the reason
of this, we first review the original argument of the de Haas-van Alphen oscillation. Let us

investigate the profile of the following function:

F(m) = é _ %(Fa _F), (4.39)

whose zero corresponds to the nontrivial solution in Eq. (4.29). This function itself is continuous

for any m, but its derivative is not:

dFy(m)  meB & /°° dp. [(p; A, 6A)
_ : , 4.40
i SEaD DL e N (440
dF,(m) meB /qé’" dp. 0(|u| —eee)  O(|p| — )
_ . 4.41
dm 2 nzzoa [o WE+eie |l 12 — €, A

The second term in Eq. (4.41) positively diverges at

m =0, =+\/u?—2neB . (4.42)
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and Eq. (4.41) becomes zero if m is slightly larger than o,. Namely we find

drm)) -, (1.43)

dm dm |, 040

m—on—0
which shows the nonmonotonicity of F'(m). This behavior in the vicinity of m = o, is the
direct origin of the de Haas-van Alphen oscillation for the dynamical mass [31].

On the other hand, at least in rotating systems with our parameter choice, such an oscillating
profile does not appears. Since in the case with rotation, we replace F), with Fy defined in
Eq. (4.27), the singular part of dF'(m)/dm is obtained as

meB Z (|u| — Eu)
n=0 |M| \/ gtr

QU+ 1/2| — &)
s Z Z QIO+ 1/2]/Q2(C+1/2)2 — (Q!H L2l A, 08,

(4.44)

where the cutoff function is additionally involved, similarly to that in Eq. (4.27). However for
un = QN < A, we can practically remove the cutoff function from the third term in Eq. (4.44).

Then the (-sum is approximately written by an integration, as well as in Eq. (4.34):

3 0(Q0+1/2 — ew) 1 /”N dpb(pn — ew)
o QU+ 17213/ Q20+ 1/2)? — €, cw UV PP —EL (4.45)

N—n

T TN PR
_Qgtr 5 M?V_ggr 1%0% tr) »

which is finite even at m = /3, — 2neB. For uy > A, taking the replacement puy — A, we can
similarly confirm the absence of the singularity in Eq. (4.44). Hence F'(m) in our analysis can
be regarded as a monotonic function, which does not lead to the de Haas-van Alphen oscillation
in Fig. 4.8.

(III) Rotational magnetic inhibition in realistic systems

Our result for the rotational magnetic inhibition could be applied to realistic systems. First
let us estimate the necessary angular velocity in a condensed matter system involving pseudo-
relativistic fermionic modes, such as graphene or 3D Dirac semimetals. We consider the system
with the radius R = 10 cm in the magnetic field B = 1.7 x 10* G. Since the rotational magnetic
inhibition becomes visible at uy = QN ~ VeB (sce Fig. 4.8), we find that the rotational
magnetic inhibition is observed at Q ~ veBug /N =~ 2.5 x 103s™!, which is an experimentally
possible value [109]. Here we employ vz = 10 m/s, which is a typical value of the Fermi velocity
in graphene [110]. Therefore in a table-top experiment, we should confirm the realization of
the rotational magnetic inhibition.

A more interesting environment is neutron stars. For a millisecond pulsar with Q ~ 103 s71

and R ~ 10* m, the velocity on the edge of star reads QR ~ O(107!). The numerical result in
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Fig. 4.8 suggests that chiral symmetry should be restored at small e B. In other words, this novel
phenomenon could affect the equation of state (EoS) for neutron stars; the rotational magnetic
inhibition stiffens the neutron star EoS through the chiral symmetry restoration. Actually to
obtain the quantitative suggestion, it is necessary to analyze the chiral symmetry breaking
in a system with R ~ 10* m, which is larger than the radius we chose in the current study.
Although such a evaluation could be our future task, we emphasize that the chiral condensate
in larger rotating system is more sensitive to rotation because the effective chemical potential
i is proportional to R2. Thus, the rotational magnetic inhibition should be a significant effect

for the neutron star physics.



Chapter 5

Summary

In Chapter 2, we gave a brief review of the quantum physics in rotating systems. Rotation
has two aspects analogous to environmental sources: magnetic field and density. The former
is reflected in the mathematical correspondence between the Lorentz force and the Coriolis
force. As a result, rotation leads to several magnetic-like phenomena, such as the vortex of
the Bose-Einstein condensate, the quantum Hall effect, and the chiral vortical effect. In the
realization of them, we need to cancel out the centrifugal force with a trapping potential, or to
take the approximation to neglect higher order terms of angular velocity (or vorticity). This
means that in relativistic field theory, rotation with large angular velocity cannot solely create

the magnetic environment.

We can also regard rotating systems as a fictitious finite-density system. This is a more
ubiquitous analogy that does not require any extra source or any approximation, unlike that
to magnetism. The analogy between density and rotation is readily understood if it is noticed
that the rotational energy shift plays the role of an effective chemical potential. Namely we
expect that the thermodynamics in rotating systems is easily formulated in the same way to the
density case. For rotating bosons, however, we immediately conflict a pathological problem:
for large angular velocity, the distribution function seems negative, and so ill-defined. Such
an unexpected situation emerges as long as rotation is treated in relativity. In other word, to
keep the relativistic causality in terms of rotation, we should properly take into account the
boundary effect. Indeed we explicitly confirmed that the Dirichlet boundary condition for a
rotating cylinder leads to the well-defined Bose-Einstein distribution function. At the same
time, this means that the vacuum in the rotating frames is the same as in the Minkowski

spacetime, and thus rotation does not affect the bosonic thermodynamics at zero temperature.

In Chapter 3, we constructed the fundamental framework for the analysis of rotating
fermionic matter, including the chiral symmetry breaking in the presence of rotation. Based on
the argument of the quantum field theory in curved spacetime, we solved the Dirac equation for
free fermions in a finite-size rotating cylinder. As well as rotating scalars, a proper treatment
of the boundary is necessary to investigate rotating fermionic matter, but the Dirichlet-type

condition is not applicable to fermions. Instead, imposing the boundary condition in terms of
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the fermionic flux, we obtained the energy spectrum with an infrared energy gap. By using the
solutions for the Dirac equation, we analyzed the NJL model in rotating systems at zero tem-
perature. From the resulting NJL gap equation, we analytically found that the finite infrared
energy gap prohibits rotation affecting thermodynamic at zero temperature. Therefore rota-
tion cannot affect thermodynamic at zero temperature. This would be understood as a similar
situation to the finite-density system with a chemical potential less than mass threshold. In
other words, we showed that the boundary of systems should plays the most important role for
rotating matter. If the thermodynamic limit is taken in rotating systems, we could arrived at
the incorrect result that rotation solely induces a phase transition [77]. This suggestion should
be the basis of QCD with rotation, which is applied to the future investigation of relativistic
rotating systems, such as non-central heavy-ion collisions and compact stars. Also we numeri-
cally computed the spatial profile of the dynamical mass in the cylinder at zero temperature.
From this result, we confirmed the validity of the local density approximation to numerically
evaluate the inhomogeneous dynamical mass.

Although the rotational effect is invisible at zero temperature, we can see it in the case
that the boundary effect can be neglected somehow. The first case is a high-temperature
system because the thermal screening permits us to neglect the boundary effect. Indeed from
the numerical calculation, we confirmed that rotation induces the chiral restoration at finite
temperature. This is consistent with the argument that an axial current is induced by rotation
at high temperature in Ref. [81-83]. This current are related to quantum anomaly, as suggested
by the analysis with the gauge-gravity duality. The topological structure is however unclear in
the original derivation within the Dirac field theory in rotating systems. From the viewpoint
of the recent study of the transport phenomena in a quark-gluon plasm, we should need more
deep understanding for anomalous aspects of rotating matter.

The second case is a strongly magnetized system. In a strong magnetic field, wave functions
are tightly localized, and thus the particles cannot feel the existence of the boundary. We
also mentioned that even at zero chemical potential, rotation leads to a finite number density,
which is provided by the interplay between magnetic field and rotation. This is an actual
manifestation of the analogy between density and rotation. Interestingly, we found that the
number density induced by rotation contains an anomalous contribution. Thus the dynamics
of rotating matter is fundamentally connected to quantum anomaly, which comes out through
combining with temperature or magnetic field.

In Chapter 4, we first reviewed the basic idea of the magnetic response of chiral condensate.
Both in the magnetic catalysis and the inverse magnetic catalysis, the crucial concept is that
through the Landau quantization, the density of states for the infrared mode (i.e. the lowest
Landau level) becomes large. Therefore, the chiral structure is expected to be unchanged even
with rotation as long as energy levels are Landau-quantized.

Next we analyzed the Dirac equation both with magnetic field and rotation. Due to the

localization of the wave functions, the boundary effect is irrelevant to dynamics in a strong
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magnetic field. For this reason, we solved the Dirac equation without considering the boundary
condition, and showed that rotation modify the Landau levels and resolve the Landau degen-
eracy. We also investigated the chiral structure in a rotating magnetized system. In the weak
coupling case (where chiral symmetry is not yet broken in the vacuum), the dynamical mass
is generated and enhanced by the magnetic field, which is nothing but the magnetic catalysis.
Together with rotation, we found that the dynamical mass is suppressed with increasing angu-
lar velocity. In the strong coupling case (where chiral symmetry breaking is already broken in
the vacuum), we discovered the opposite magnetic response of the dynamical mass; at a finite
angular velocity, the dynamical mass decreases with increasing magnetic field. Such a chiral
restoration induced by magnetic field is an inverse phenomenon of the conventional magnetic
catalysis. As an analogous phenomenon to the inverse magnetic catalysis at finite density, we
named this novel phenomenon the “rotational magnetic inhibition.”

We also suggested possible applications of the rotational magnetic inhibition. We could
discuss the realization of this phenomenon, e.g. in condensed matter systems, in the cores of
the neutron star, and in noncentral relativistic heavy-ion collision experiments [111]. For the
heavy-ion collision the estimate of €2 is still unclear, and it is difficult to make any decisive
statement (although the vorticity could be computed [54]). For a condensed matter system,
we confirmed from a brief estimate that the rotational magnetic inhibition should be observed
in a table-top experiment. For the neutron star, angular velocity itself is much smaller than
the QCD scale. However rotation contributes to the dynamics through the combination with
angular momentum, namely the rotational energy shift or the effective chemical potential. For
this reason, our results showed that the rotation should give a sizable modification to the
dynamical mass through an effective chemical potential uy = QN oc R?. This suggested that
we should consider the rotational effect on the neutron star EoS; its angular velocity has seemed
too small to affect the QCD dynamics, and only a global effect of rotaiton has been considered
in the construction EoS [112] (see also Refs. [113-116]).

Our framework constructed in this thesis is obviously applicable to the system with other
environmental parameters. For instance, since finite chemical potential shifts the Fermi surface,
the rotational effect should be visible in the real finite-density system, even at zero temperature.
For the neutron star physics, it is most necessary to investigate rotating matter with finite
chemical potential. In this case, it is expected that the necessary angular velocity for the
rotational magnetic inhibition decreases due to the support of the real chemical potential.

In rotating systems, it is important to analyze spatial inhomogeneity [90]. Intuitively the
chiral condensate could decrease as r (the radial distance from the rotational axis) increases
because the geometry in rotating frames is more deformed with larger r. Nevertheless for the
analysis for magnetized rotating matter in Chapter 4, we assumed a homogeneous condensate.
For this reason we obtained our numerical results dependent on the system size R, not on the
local coordinate r. Such an assumption is useful for the manifestation of the analogy between

rotation and density, but including this spatial inhomogeneity should be necessary for more
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precise discussion.

Finally we comment about the realistic rotating systems. In this thesis, we treat the rota-
tional effect as follows. In a rotating container with angular velocity €2, the confined classical
viscous fluid also rotates with the same 2 since the fluid interacts with the microscopically
rough wall (boundary) of the container. In this case, through the coordinate transformation to
the rotating frame, the rotational effect could be taken into account as the rotational energy
shift, which plays the role of an effective chemical potential. This is the basis of the discussion
for a rotating Bose-Einstein condensate. Also for rigidly rotating systems, e.g. compact stars,
the argument with homogeneous rotation should be usable (although it is necessary to consider
a spherical rotating frame with gravity).

On the other hand, for fluid with small viscosity, each particle in the rotating container can-
not possess the same angular velocity immediately. From the viewpoint of the field theory, such
a fluid corresponds to strongly interacting systems, where the mean free pass is short. Thus
the above brief argument might be not simply applicable to quark-gluon plasma, which can be
regarded as a perfect fluid with much small viscosity [117]. In other words, if the relaxation
time after externally driving rotation is short enough compared with the typical time scale,
then the picture as the rigid-body rotation is much reliable. Contrary if not, the hydrodynamic
description should be utilized instead of the field theory in rotating frames. For example, in
Refs. [118-122], the hydrodynamics has been employed to describe the thermodynamics in ro-
tating systems through the Poincaré algebra. (We note that the chiral symmetry breaking has
not been discussed there.) Furthermore not only more quantitative discussion with phenomeno-
logical analysis but also the experimental estimation of the angular momentum of hot matter

in heavy-ion collisions should be required to clarify the rotational effect on QCD.
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Appendix A

Dirac equation in a rotating frame

A.1 Solution without magnetic field

We solve the Dirac equation in the presence of rotation. From Eq. (3.6) we obtain the equation

in the cylindrical coordinate:
0= [iv"(0u + T') + m][iv*(0, + T'y) — mfyp

- - o2\’ 2 1 L 2 2
= 280—1939—1-9—2 + 0, + -0, + 50, + 05 —m”| Y.
r r
A positive energy solution for this equation can be represented as

b = uy = e B2 (Zi) . (A.2)

where

il 6~

ne(r,0) = e i (r)xe, oxe=Hxs, (A.3)

and Ay is obtained from 7.. Because of the rotational invariance in Eq. (A.1), the solution 7

should be the eigenfunction of the total angular momentum J.=L,+o? /2. This means that
Oo+1/2=10_—-1/2, ie. Ly =(_—1=C. (A4)

With such an ansatz, Eq. (A.1) is reduced to the equation for the scalar function ¢.:

, 1 G,
a,,,_‘_;ar_r_z—p&k 77:|::0, (A5)

where the transverse momentum is defined as pj, = [E + Q¢ + 1/ 2)}2 — p? —m? For this
differential equation, the nonsingular solution at » = 0 is given by the Bessel function of the

first kind, i.e. 7o.(r) = Jo.(p.7), and thus we arrive at

i (r,0) = € Ji(poxr)xs = ben(r,0)xy ,

. (A.6)
(r,0) = e’(”l)ngH(pg’kr)X, = ur(r,0)x_ .

il
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Now A is determined from Eq. (3.6) with the above 7. In the Dirac representation, uy takes

the following form:
e—iEH-ipzz (8 + m)ni e—iEt-i-ipzz (8 + m)ni (A 7)
Uy = ——— ) = — .
* ve+m \ —ic'On+ Ve+m \(oTpy +07p_ +03p.)ne

with e = |E + Q¢ + 1/2)|, 0% = o' & 0%, and pL = —i(0; & 0»). We note that pi play the
role of the ladder operators with respect to . Indeed using the recursion relation of the Bessel
function

[i&x v+ 1)] Jear () = Jo(x) | (A.8)

we find that the scalar functions ¢y and ¢, are interchanged each other:

Pitor = =i (0p +ir ™ 0p)bor = iDeres

A~ R .1 . (A9>
Ppep = —ie” (O — i1 0p) ek = —iPerPrk -
Finally we obtain the positive energy solution (3.8):
(8 + m)gbg,k 0
—iEt+ip.z 0 —1Et+ip.z c+m
Uy = Cu = EEmen | (A.10)
Ve+m Pz Qe ve+m | —ipok Gok
iPek Pk —Dz Yok

From vy = iy*u} we also obtain the negative energy solution (3.10).

A.2 Solution with a magnetic field

We solve the Dirac equation in the presence of rotation and magnetic field. Then we show
that the solution is the Landau wave function, and that the quantum number ¢ is the same as
without rotation.

First the Dirac equation (4.9) leads to the following equation:

0=[y"(Dy + ) + ml[iv* (D + 1) — mly

o2\? 1 1.,

= | (0 — iQ0 + Q— 2+ =0, + =0

(“’ B 2) OOt 5% (A.11)
B 2

+ eB(—i0y + o'%) — <Q> + 05 —m?

2 v

The last line is written with the cylindrical coordinate z# = (¢,r,0,z). As well as without

magnetic field, we have an ansatz of the positive energy solution for this equation:

) = uy = e BITP:Z (i’\i) : (A.12)
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with
"= (r)x+ (A.13)
where /. is an integer and y. is the spin eigenstate; 0®y+ = fx+. The rotational invariance

imposes the condition between ¢, and ¢_, i.e. Eq. (A.4). We note that Eq. (A.4) is the only
constraint for ¢ at this stage. From this ansatz, we find that 7. is the determined by the

n+(r,0) =

following equation:

2
&
T2

2
{E+Q(€i + 1/2)} O+ %ar .

(A.14)
+eB(ly + 1) — (eBr/2)* — p? — m2] ne=0.

The general solution for this equation is given by the following form with the confluent hyper-

geometric functions:

Ny = pllxlg=eBr/4 {clM(a, 0|+ 1,eBr*/2)

(A.15)
+ CQ(eBr2/2)"Zi|M(a — [ly], 1 — \€i|,eB'r’2/2)] ,
where ¢; and ¢y denote integral constants, and a is defined as
o= |eB(ltel 71—t +1) ~ {E e £1/2)) 192+ (A.16)
2eB * * * # ’ ’

Let us identify the solution that respects boundary conditions. Here 74 should be normalizable,
and so be finite at arbitrary . The finiteness of 74 (r — 0) requires co = 0. Besides 7. (r — 00)

has no singularity only if a is a nonpositive integer:
n,=—-a=0,1,2---. (A.17)
In this case, this hypergeometric function is reduced to an associated Laguerre polynomial:
M (—np, |l<| +1,eBr?/2) o< LIl (eBr?/2) . (A.18)
From Eq. (A.17), we find that the energy dispersion relation is quantized:
E+ Qs + 1/2)]2 = B@ny 4 [la] — e+ 1F 1)+ P2+ m? (A.19)
This dispersion can be reduced to Eq. (4.10) if we introduce the new integers defined by

n=ny=n_-+1,
1 (A.20)
niznp—l—§<|€i|—€i—l—1:|:1>.
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We note that these equations imply the lower bounds for ¢.:

(=0, =0_—1>-n. (A.21)

Finally using the property of the Laguerre function,
Lt (2%) oc 2 LE(2%) (for £<0), (A.22)
we obtain the eigenfunction as the following simpler form:
Tne(r) o< rle P ALE (e Br?/2) . (A.23)

We mention that the solution is derived similarly even for 2 = 0, and so the quantum
number / is the same as without rotation. Therefore the possible range of £ in a rotating frame
is also defined by Eq. (4.14) (see in the discussion in Appendix B).

We here emphasize that the essential requirement for the Landau quantization is the bound-
ary condition at r — oo; the wave function should converge at infinity. Therefore the energy
dispersion for charged particles is Landau-quantized only if the size of system is infinite. In
other words for the Landau quantization in the cylindrical system, its radius is large enough
compared with the magnetic length, i.e. R > I = 1/\/6_3, as discussed in Section 4.2. In the
system with a size comparable to or smaller than ¢z, we should properly take into account the

boundary condition, as well as in Chapter 3. In such a case, n, is differently quantized from
Eq. (A.17).
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Landau degeneracy in cylinders

Based on the Klein—Gordon equation for charged scalars in external magnetic field, we briefly
show that the Landau degeneracy factor in the cylindrical coordinate is the same as in Cartesian
coordinate. As a result we find that the range of the quantum number ¢ for the nth Landau

level is given by Eq. (4.14).

B.1 Landau quantization for general gauges

For general gauge we prepare the Landau quantization. In a magnetic field B = BZ (i.e.

B = ;3,07 A¥) the Klein-Gordon equation for charged scalar particles reads
(ag—a§+m2—D$—D§)q>:o (B.1)

with D; = 9; + ieA;. Since the solution is given by ® = e *"*%®=2¢(z 1), this equation is then
reduced to
Hp =\ (B.2)

with H = —(D? + D2) and A = €2 — p> — m®. Under the gauge condition B’ = ¢;;,0 A*, the
operator H can be written with

A

H=eB(2a'a +1), (B.3)
where we define the ladder operators

7
2eB

)
2eB

a = (Dl + ZDQ) s CI,T =

(D1 —iDs) , (B.4)

;
;

which satisfy [a,a!] = 1. Namely the eigenstates for Eq. (B.2) are |n) o« (a')"|0), and the
corresponding eigenvalue is obtained as the Landau energy levels; A = eB(2n + 1). Therefore

the energy dispersion is given by

e=+veB@2n+1)+p2+m?. (B.5)

o4
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B.2 Landau quantization for symmetric gauge

When we utilize the cylindrical coordinate, the symmetric gauge A, = (0, By/2, —Bxz/2,0) is
most useful because the Hamiltonian in Eq. (B.2) respects the rotational symmetry. Instead of

(r,0), we use the complex coordinate defined by
z=x+iy, Z=x—1y. (B.6)

and we introduce the new notations for the derivatives & = 9/0z and d = §/0z. Then the

ladder operators are also rewritten with them:

—1 - eB —1 eB
= 20+ —z), a = (28——) . B.7
¢ v2eB ( 2 Z) ¢ v2eB 2 - (B-7)

The ground state is defined with the condition a|0) = 0:

1 - eB
(2 2lal0) = —i——— (23+ %z) $(2,2) =0 (B.8)
The solution is given by
0(2,2) = d(z)e P/ (B.9)

where gz;(z) denotes a function of z. In principle, we have no condition for the choice of gzg(z),
except for the analyticity. Such an ambiguity of gz;(z) comes from assuming an infinitely large
system in our calculation. In other words, the eigenvalue equation of the harmonic oscillator
cannot be solved in finite-size systems (see Appendix A.2).

In order to find gzz(z), we analyze another quantum number, i.e. the canonical angular mo-
mentum. Because of the rotational invariance of the Hamiltonian, the corresponding eigenstate
can be also the eigenstate of the angular momentum L,= Tp, —yp. = 20— z0. Let us introduce

the new ladder operators:

1 eB 1 - eB
b= 204+ —z), b <—28+— ) , B.10
v2eB ( 2 Z) v2eB 2 : ( )

which satisfy [b, '] = 1. We represent the angular momentum as the ladder operators:

L,=bb—ala. (B.11)
We define the simultaneous eigenstates for afa and b'b:
ataln,n,) = nln,ny), b'bln,n,) = nyln,n,) (B.12)

for n,n, =0,1,---. Instead of n,, we designate these eigenstates by the new quantum number

{=n,—n:

(2,2|n,np) = Onn, (2, 2) = Yne(2, 2) ,

N B.13
szné = (bTb - GTG)wne = gwné . ( )



56 Appendix B. Landau degeneracy in cylinders

We note that the non-negativities of n and n, lead to the lower bound of ¢:
(> —n. (B.14)
We produce a ground state by the operation of ladder operator b':

Yoe(z, 2) o (b)) %o (2, 2)

{ —eBzz/4

(B.15)

X ze

From this eigenstate, we find that ¢ corresponds to the degenerate quantum number, which is
irrelevant to the energy level. Thus the possible range of ¢ is nothing but the Landau degeneracy

factor. In order to calculate the degeneracy factor, we focus on the following equation:

& (omriund®) = 0. (B.16)

which determines the radius that gives the maximum value of this distribution. If we consider
the system to be the cylinder with radius R, the solution for Eq. (B.16) should be smaller than
R, which leads to the upper bound of ¢:

2
< eBR _ eBS (B.17)

l < .
2 2T

Therefore from this upper bound and the lower bound ¢ > —n = 0, the degeneracy factor in
the cylindrical coordinate is given by Eq. (4.13).

Higher excited states with n > 1 are calculated in a similar way to ground states:

@Z)RZ(Z? 2) & (aT)n(bT)n+€¢00(Zv 2)

, B.18
o 2le B=MALE (eB27/2) ( )

which is the same as Eq. (A.23) if we use z = re? and z = re=™. The upper bound of ¢ for
exited states cannot directly be found from Eq. (B.18) while the one for the ground state is
derived from the wave function (B.15). Nevertheless the upper bound of ¢ for exited states is
obviously N — n because the degeneracy factor N is a common quantity for all Landau levels.

From this and the lower bound ¢ > —n, we obtain Eq. (4.14).
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Nambu—Jona-Lasinio model

In this chapter, we review the basics of the Nambu-Jona-Lasinio (NJL) model, which is the
fundamental framework in this thesis. For the clarification of the correspondence between
this effective model and the original QCD, we here focus on the two-flavor NJL model. (The
following argument is similarly applicable to the one-flavor NJL model, which be utilized in
Chapters 3 and 4.)

In the two-flavor NJL model, the corresponding Lagrangian is given by

Ly = 1/; (z”y“@u — Mo)p + g[(wwz + @W&‘ﬂ/})ﬂ ) (C.1)

with ¢ = (u,d)”. The first part is the Dirac Lagrangian for free fermions with the current
mass My = diag(m,, mg). The second denotes the four-fermi interaction vortex. Here G is
the dimensionful coupling constant, which is one of the parameters of the NJL model. For

m, = mg = 0, the above Lagrangian is invariant under the transformation
P — eV, P — eMiagy (C.2)

Hence chiral symmetry SUp(2) x SUg(2) is unbroken in the classical (tree) level of Eq. (C.1), as
well as the original Lagrangian of QCD (1.1). However the NJL model realizes the dynamical

breaking of chiral symmetry, and the following order parameter becomes finite:

1 Oln ZNJL

(qq) = AV om, (for g =wu,d), (C.3)

which is called chiral condensate.
To see this, we analyze the thermodynamics of the NJL. model. Employing the imaginary

time formalism, the partition function reads

ZNiL = / DD exp {— /0 ’ dr / >z cNJL(w,iz)} . (C.4)

The functional integration for fermion fields is calculated with the Hubbard-Stranovich trans-

formation; the integration with respect to 1) and ¢ are replaced with that of the auxiliary field
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> = 0 + 1957 - ™. For the degenerate two-flavor case with m, = myg = mg, we obtain the

following expression:

3
Y(x

where we define 4 = —iv,, and Tr represents the traces in terms of the spinor and momentum

ZngL, = /DZ e BV er[Y] ’
(C.5)

Ne In[—iv40; — iy - V +mg + GZ(x)]

phase space. We now calculate the effective action in the mean-field approximation. Namely,
we assume that the dominant contribution of the >-integration comes from the stationary point
that is the solution for 0lws/03(x) = 0. Besides let us take the homogeneous real solution:
Y(x) = X(z) = . In this case, the logarithmic term is calculated in the same manner as that

for free fermions. As a result, the effective potential is reduced to

N 2 3 /2 2
To(m) = % — 4N;N, / (%3 L ; = +T1n(1+e—ﬁvp2+m2>] (C.6)

with m = mg + Go. We note that the factor 4/N¢N. corresponds to the internal degrees
of freedom for quarks: fermion/antifermion, spin-up/spin-down, flavor (N = 2), and color
(N. = 3). As is well-known, the first and second term in the integrand are the vacuum and
the thermal contribution, respectively. From Eq. (C.6), we confirm that the constituent quark

mass is generated through the chiral symmetry breaking, as follows:
1 0anNJL . 8Feﬁ‘_ m — Mmo

) = = C.7
As well as the stationary point &, the dynamical mass m is determined from
(9Feff(m)
SV C.8
Iy : (C.8)

which is so-called the gap equation. In the present case, this equation is equivalent to the
condition that the dynamical mass m gives a local minimum of the effective thermodynamic

potential I's¢. The gap equation is analytically reduced to

— d? 1 1 1
m m0:4NfNCm/( p

G 27T)3 A /p2 + m? 5 B 65\/p2+m2 +1

and especially for mg = T = 0, the equation to determine the nonzero dynamical mass is

(C.9)

written as

= 2NiN, / (C.10)

VPP m?
Once the momentum integral is regularized with a cutoff scheme (see the following discussion
in IV), the right hand side is a monotonically decreasing function of m. Therefore there exists

a nontrivial solution only if G is larger than the following critical value:
1

G- [szNc/%%] | (C.11)
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If the nontrivial solution m # 0 satisfies I'eg(m) < I'eg(0), it is the dynamical mass that we
seek, and then we find that the chiral broken phase is the ground state. In fact, a nonzero
solution for Eq. (C.10) is always the global minimum of I'eg(m), which implies to the second
order chiral phase transition. In finite-density systems, it is known that the phase transition

becomes first order. We here mention several remarks about the above argument.

(I) Vafa—Witten theorem

For the stationary condition 0lwz/d% = 0, we consider only the scalar condensate; ¢ = & and
7 = 0. Within the framework of the NJL model, there is no restriction for the emergence of the
pseudoscalar condensate. Indeed the scalar and pseudoscalar solutions interchanges each other
through an axial rotation. However the pseudoscalar condensation cannot take place because
of the Vafa-Witten theorem [123]; vector-like symmetries cannot be spontaneously broken in a
vector-like theory (e.g. QCD). We note that the positivity of the Dirac determinant is required
for the Vafa-Witten theorem. For this reason, this theorem is not applicable to the system with
chemical potential, f-angle, or electric field, where the lattice QCD simulation suffers from the
sign problem. Also for rotation, the pseudoscalar condensate can generally becomes nonzero
because the rotational energy shift plays the role of an effective chemical potential. In this
thesis we investigate only the scalar condensate in rotating systems, and we leave the analysis

of the pseudoscalar condensation induced by rotation as a future work.

(IT) Axial anomaly
Since the baryon number should also be conserved due to the Vafa-Witten theorem, the
original flavor symmetry in QCD is broken down as follows:

UL(Nf) X UR(Nf) ~ SUL(Nf) X SUR(Nf) X Uv<1> X UA(l) — SUV(Nf) X Uv(l) . (C12>

Here Ux(1) is explicitly (not dynamically) broken through a quantum anomaly. In the present
NJL model, we do not consider the breaking of the Uy (1) symmetry. For this point, the NJL

model is modified with introducing the following new term:
ﬁKMT =K det&(l%—’yg))w—l—det 1;(1 +")/5)¢ > (013)

which is called the Kobayashi-Masukawa—"t Hooft (KMT) term [124,125]. In the NJL model,
this new term explains the origin of the large mass of 7. Since the main purpose in this thesis is
to clarify the dynamical breaking of chiral symmetry, the KMT vortex is not taken into account
in Chapters 3 and 4.

(IIT) Large N, limit and mean-field approximation

Here let us consider the large N, limit. In the model Lagrangian (C.1), the coupling G
should be O(1/N.) so that the interaction term is O(V.), as well as the kinetic part. This



60 Appendix C. Nambu—Jona-Lasinio model

means that the 1-loop contribution dominates Zyjy, in the large N, limit. Therefore the above
analysis under the mean-field approximation is equivalent to the one in the large N, limit. In

Chapters 3 and 4, we also consider only such a leading order contribution.

(IV) Cutoff scheme

Since the mass-dimension of the four-fermi interaction part is six, the NJL model is un-
renormalizable. Indeed in Eq. (C.9), the momentum integration of the vacuum contribution
includes diverges in the ultraviolet region. This implies that the dynamical mass depends on
the choice of the momentum cutoff scheme. First let us adopt the three-dimensional cutoff
scheme with A. Namely, we rewrite the gap equation (C.10) into

1

— =2N
G f

N7 /A dop” (C.14)
2m)% Jo /P2 +m?
where the momentum integral can be performed analytically at zero temperature. The dynam-
ical mass is obtained by solving the above equation self-consistently. Practically, to analyze the
chiral symmetry breaking based on Eq. (C.1), the model parameters G and A are adopted so
that they reproduce physical quantities. For example, when the pion mass m, = 138 MeV and
the pion decay constant f, = 93MeV are chosen as the fixed physical quantities, we obtain
A =631 MeV and G/2 = 0.214 fm? for (m,, +mq)/2 = 5.5MeV [10].
From the viewpoint of the numerical calculation, such a simple cutoff can lead to an unde-
sirable artifact if the momentum integration is substituted with the discrete sum. This is the
case with rotation or magnetic field, as we discuss in Chapters 3 and 4. For this reason, in this

thesis, we employ the following function:

sinh(A/JA)

Jp:i A, oh) = cosh(p/0A) + cosh(A/6A)

(C.15)

where p is the modulus of the momentum. The parameter dA represents the smoothness of
the cutoff function f(p;A, 0A). In the limit of JA — 0, for example, f(p;A, dA) becomes the
shape cutoff function, i.e. (A% — p?). To avoid severe artifacts, the smoothness of f(p;A, JA)

is much important in our calculation.
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