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ON THE EXISTENCE OF INFINITELY MANY
NON-CONTRACTIBLE PERIODIC TRAJECTORIES IN
HAMILTONIAN DYNAMICS ON CLOSED SYMPLECTIC
MANIFOLDS

RYUMA ORITA

ABSTRACT. We show that the presence of a non-contractible one-periodic tra-
jectory in a Hamiltonian dynamics on a connected closed symplectic manifold
(M,w) implies the existence of infinitely many non-contractible simple peri-
odic trajectories, provided that the symplectic form w is aspherical and the
fundamental group w1 (M) is either a virtually abelian group or an R-group.
We also show that a similar statement holds for Hamiltonian dynamics on
closed monotone or negative monotone symplectic manifolds under the same
conditions on their fundamental groups. These results generalize some works
by Ginzburg and Giirel. The proof uses the filtered Floer—Novikov homology
for non-contractible periodic trajectories.
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1. INTRODUCTION

Let (M,w) be a connected closed symplectic manifold and H: S x M — R a
Hamiltonian on M. The Hamiltonian H defines the Hamiltonian isotopy {¢%; Her
(9% = id) and the Hamiltonian diffeomorphism ¢y = ¢l,. In the present paper,
we study periodic trajectories of the Hamiltonian isotopies of various periods.

It is one of the most important problems in symplectic geometry to find peri-
odic solutions to Hamiltonian systems. In 1984, Conley [Co] conjectured that every
Hamiltonian diffeomorphism of tori T?" has infinitely many simple periodic trajec-
tories. This conjecture was proved in [Hi, ]. Other than the tori, Ginzburg and
Giirel | ] proved the Conley conjecture for a broad class of closed symplectic
manifolds containing closed symplectic manifolds whose first Chern class is aspher-
ical and closed negative monotone symplectic manifolds (see Subsection 3.1 for the
definitions).

The Conley conjecture fails for the 2-sphere S2. Indeed, an irrational rotation
of S? about the z-axis is a Hamiltonian diffeomorphism with only two fixed points.
However, Franks | , ] proved that every Hamiltonian diffeomorphism of S?
with at least three fixed points has infinitely many simple periodic trajectories.
Concerning this phenomenon, Hofer and Zehnder [[1Z, Chapter 6] conjectured that
every Hamiltonian diffeomorphism with more non-degenerate fixed points than a
lower bound derived from the Arnold conjecture has infinitely many simple periodic
trajectories.

Giirel | | interpreted this threshold as the existence of a non-contractible
non-degenerate (or just homologically non-trivial) one-periodic trajectory. For
closed symplectic manifolds, non-contractible periodic trajectories are unnecessary
in the sense that the total Floer homology HF(H; ) for non-contractible periodic
trajectories representing a # 0 always vanishes. Actually, she | ] proved that
every Hamiltonian diffeomorphism ¢y of a closed symplectic manifold equipped
with an atoroidal (see Subsection 3.1 for the definition) symplectic form has infin-
itely many simple periodic trajectories, provided that ¢g has a non-contractible

homologically non-trivial one-periodic trajectory (see also [ , Theorem 2.4]
for a refined version of her theorem). To be more precise, she proved
Theorem 1.1 ([ , Theorem 1.1],[ , Theorem 2.4]). Assume that w is

atoroidal. Let H: S' x M — R be a Hamiltonian having a non-degenerate one-
periodic trajectory x in the homotopy class « such that [o] # 0 in Hy(M;Z)/Tor,
P1(H; [a]) is finite. Then for every sufficiently large prime p, the Hamiltonian H
has a simple periodic trajectory in the homotopy class o and with period either p or
its next prime p'. Moreover, if w1 (M) is torsion-free hyperbolic, then the condition
[a] # 0 can be replaced by o # 1 and no finiteness condition is needed.

Here Py(H;[a]) is the set of one-periodic trajectories of ¢p representing [a] €
H,(M;Z)/Tor. The author [Or, Theorem 1.1] proved that the conclusion of Theo-
rem 1.1 holds for the tori (T?",wsq). We note that the standard symplectic form
wsta on T2 is not atoroidal but aspherical. It is worth pointing out here that
Theorem 1.1 implies the existence of infinitely many non-contractible simple peri-
odic trajectories of . Focusing on non-contractible ones, Ginzburg and Giirel
[ ] proved that a statement similar to Theorem 1.1 holds for closed toroidally
monotone or toroidally negative monotone (see Subsection 3.1 for the definition)
symplectic manifolds under an assumption on the “Euler characteristic” x. More
precisely, they proved

Theorem 1.2 (] , Theorem 2.2]). Assume that (M,w) is toroidally monotone
or toroidally negative monotone. Let H: S' x M — R be a Hamiltonian such that
P1(H; o)) is finite, and x(H, I; ) # 0 for some interval I with dINSpec(H; o) = 0,
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where a € [SY,M], [a] # 0 in Hy(M;Z)/Tor. Then for every sufficiently large
prime p, the Hamiltonian H has a simple periodic trajectory in the homotopy class
aP and with period either p or its next prime p'. Moreover, if w1 (M) is torsion-free
hyperbolic, then the condition [a] # 0 can be replaced by o # 1 and no finiteness
condition is needed.

Here x(H,I;«) is the sum of the Poincaré—Hopf indices of the Poincaré return
maps of one-periodic trajectories of pp representing o with augmented action (see

Subsection 6.1 for the definition) in I, and §;e/c(H; «) is the set of values of the
augmented action of one-periodic trajectories of ¢y representing a.

2. MAIN RESULTS

Let us now state our main results. Let (M,w) be a connected closed symplectic
manifold. Let a € [S!, M] = m1(M)/ ~conj be a free homotopy class of loops in M
and choose 7, € 71 (M) whose conjugacy class is a.

2.1. Results. If 71(M) is virtually abelian, by definition, it contains an abelian
subgroup A of finite index. Since (m1(M) : A) < oo, thereexists ¢ € {1,...,(m (M) :
A)} such that 44 € A. We fix a positive integer ¢ coprime to ¢. We consider the
set P, ¢ of primes congruent to ¢ modulo ¢

(1)  Pe={peN|pisprime, p=gmod £} ={p; |i €N, p; <pij1}.

Dirichlet’s theorem on arithmetic progressions [Di] asserts that #P, ; = co. One of
our main results is the following theorem.

Theorem 2.1. Assume that w is aspherical and 71 (M) is either a virtually abelian
group or an R-group. Let H: S' x M — R be a Hamiltonian having a non-
degenerate one-periodic trajectory x in the homotopy class a such that [a] # 0
in Hy(M;Z)/Tor, P1(H;[a]) is finite and w is a-toroidally rational (see Subsection
3.1). Let q be a positive integer coprime to £. Then for every sufficiently large prime
D; € Py, the Hamiltonian H has a simple periodic trajectory in the homotopy class
aPi and with period either p; or piy1. Moreover, when w1 (M) is an R-group, then
the finiteness condition on Pi(H;[a]) can be replaced by that on Pi(H; ).

When 71 (M) is an R-group (see Definition 4.8), we think of ¢ as an arbitrary
positive integer. Actually, we can also prove that for every sufficiently large prime
p, the Hamiltonian H has a simple periodic trajectory in a? and with period either
p or its next prime p’.

The main tool for the proof of Theorem 2.1 is the filtered Floer-Novikov ho-
mology HFNY(H; a) for non-contractible periodic trajectories [311]. Tt is the main
difficulty to use the Floer-Novikov homology in our setting that all lifts of trajecto-
ries shifted by the Novikov actions appear as generators. However, if w is aspherical
and 71 (M) is either a virtually abelian group or an R-group, then Lemmas 4.6 and
4.10 enable us to deal with them.

In the present paper, we also prove the following theorems which are certain
generalizations of Theorem 1.2.

Theorem 2.2. Assume that (M,w) is monotone or negative monotone with mono-
tonicity constant X\ and 7y (M) is virtually abelian. Let H: S* x M — R be a
Hamiltonian such that P1(H;[a]) is finite, and x(H, I;a) # 0 for every sufficiently
small interval I centered at some s € S/p;c(H;oz), where o € [S*, M], [a] # 0 in
Hy(M;Z)/Tor and w is a-toroidally rational. Let q be a positive integer coprime
to £. Then for every sufficiently large prime p; € Py, the Hamiltonian H has a
sitmple periodic trajectory in the homotopy class aPi and with period either p; or

Pit1-
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If 7 (M) is an R-group, then we can relax the condition on x(H, I; &) as follows:

Theorem 2.3. Assume that (M,w) is monotone or negative monotone with mono-
tonicity constant A\ and 71 (M) is an R-group. Let H: S*x M — R be a Hamiltonian
such that P1(H;«) is finite, and x(H,I;a) # 0 for some interval I = [a,b) with
a,b e R\Sfp\e/c(H;oz), where a € [SY, M], [a] # 0 in Hy(M;Z)/Tor and w is a-
toroidally rational. Then for every sufficiently large prime p, the Hamiltonian H
has a simple periodic trajectory in the homotopy class of and with period either p
or its next prime p'.

As in Theorem 2.1, one can show that for any pair of coprime positive integers
(g,%) and every sufficiently large prime p; € P, ,, the Hamiltonian H has a simple
periodic trajectory in the homotopy class o and with period either p; or p; 1.

For the proof, we review the augmented action filtration on the Floer—-Novikov

—T
homology HFN (H; ) introduced in [ , ]. We note that if (M,w) is
toroidally monotone or toroidally negative monotone as in | |, then the aug-

mented action does not depend on the choice of the capping. However in our setting,
it does.

2.2. Examples. One important example for Theorem 2.1 is the tori T?" with the
standard symplectic form. This Theorem 2.1 generalizes [Or, Theorem 1.1]. Even
when 71 (M) is just finitely generated abelian, we have numerous examples due to
the following theorem.

Theorem 2.4 (] , Theorem 1.2]). Let G be a finitely generated abelian group.
Then there exists a closed symplectic manifold (M,w) with aspherical w such that
m (M) = G if and only if either G 2 Z & 7Z or rank G > 4.

Another interesting example is the Kodaira—Thurston manifold KT, which is the
product of the circle and the Heisenberg manifold. Namely,

KT = S' x (H(R)/H(Z)),

where H(R) denotes the set of the upper triangular unipotent 3 x 3 matrices with
coefficients in a given ring R. The fundamental group m(KT) is isomorphic to
Z x H(Z), and hence it is torsion-free nilpotent, in particular, an R-group. We note
that KT naturally admits an aspherical symplectic form.

On the a-rationality condition on w in Theorem 2.1, we have the following.

Proposition 2.5 ([ , Proposition 1.5]). Let M be a closed symplectic man-
ifold equipped with an aspherical symplectic form. Then M admits an aspherical
symplectic form w such that ([w],a) € Z for all a € Ho(M;Z).

Let us now discuss examples for Theorems 2.2 and 2.3. Let (NV,wy) be a con-
nected closed symplectically aspherical (i.e., wy and ¢; = ¢1(V,wyn) are both as-
pherical) symplectic manifold whose fundamental group is a virtually abelian group
or an R-group (e.g., N = T?", KT). Then the product (N x CP™ wy @ wrs) of
(N,wy) and the complex projective space CP™ equipped with the Fubini-Study
form wrg satisfies the assumptions of Theorem 2.2 or 2.3.

3. PRELIMINARIES

In this section, first we set conventions and notation. Then we define the filtered
Floer—Novikov homology which is the main tool for the proof of the main theorems.
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3.1. Conventions and notation. Let X be a connected CW-complex. Let LX =
Map(S?, X) be the space of free loops in X where S! = R/Z. For a free homotopy
class a € [S1, X], denote by £, X the component of £X with loops representing a.
We choose a loop z, € LX whose free homotopy class is «.

Every element of 71(L£,X, 2,) is represented by a map v: S x S' — X such
that v]{o1xs1 = V|{1}x51 = Za- We denote by [S* x S1] € Hy(S* x S';7Z) = Z the
fundamental class of S' x S'. We define a homomorphism

fim(LaX, 20) = Ho (X Z)

by f([v]) = vi([S* x S1]), where v,: Ho(S* x S1;Z) — Hy(X;Z). Then a cohomol-
ogy class u € H?(X; R) defines a cohomology class

W€ HY(LX; R) = Hom(H,(£LX;7Z),R) = Hom(7m1 (Lo X, 24), R)

by the formula @ = u o f, where R =R or Z.

A cohomology class u € H?(X; R) is called aspherical if u vanishes on ma(X).
Similarly, a cohomology class u € H?(X; R) is called atoroidal if the cohomology
class W vanishes on 1 (£, X, 2,) for any a € [S1, X]. We note that every atoroidal
class is aspherical.

A cohomology class v € H?(X;R) is called a-toroidally rational if the set
(@, m1(LoX, 24)) is discrete in R. Namely, if u is a-toroidally rational, then there
exists a number h, € R such that

(W, m(LaX, 24)) = hoZ.

Let (M,w) be a connected closed symplectic manifold. We call a closed 2-form
n € Q2(M) aspherical (resp. atoroidal, a-toroidally rational) if its cohomology class
[n] is aspherical (resp. atoroidal, a-toroidally rational).

As is explained above, the symplectic form w € Q?(M) and the first Chern class
c1 € H*(M;Z) of (M,w) define the cohomology classes

[w] € HY(LM;R) = Hom(H, (LM;Z),R)
and

¢ € HY(LM;7Z) = Hom(H,(LM;Z),7),
respectively. A symplectic manifold (M,w) is called monotone (resp. negative
monotone) if we have

(W]l (ar) = Act |y (ary

for some non-negative (resp. negative) number A € R. Similarly, a symplectic
manifold (M, w) is called toroidally monotone (resp. toroidally negative monotone)
if we have

[WHﬂ'l(L',QM,ZQ) = Aa'ﬂl(ﬁal\/l,za)
for some non-negative (resp. negative) number A € R. We note that every toroidally
monotone (resp. toroidally negative monotone) symplectic manifold is monotone
(resp. negative monotone).

‘We note that every atoroidal symplectic form is a-toroidally rational with h, =0
for any a € [S!, M]. Moreover, every toroidally monotone or toroidally negative
monotone symplectic form is an a-toroidally rational symplectic form with h, =
Al for any a € [S', M], where ¢ € N is the a-minimal first Chern number
given by

(e1, m(LaM, 24)) = crlrjifZ.

Similarly, the minimal first Chern number ¢ € N is given by
<Cl7 T (M)> = CllninZ.

We note that crf‘gl divides cjin,
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In the present paper, we assume that all Hamiltonians H are one-periodic in
time, i.e., H: S* x M — R, and we set H; = H(t,-) for t € S' = R/Z. The
Hamiltonian vector field Xp, € X(M) associated to H; is defined by

UX gy, W = —dH;.

The Hamiltonian isotopy {¢%; }er associated to H is defined by

i = id,
4ot =Xy, o0l forallteR,

and its time-one map ¢y = @} is referred to as the Hamiltonian diffeomor-
phism generated by H. For k € N, let Px(H;«a) be the set of k-periodic (i.e.,
defined on R/kZ) trajectories of the Hamiltonian isotopy {¢% }icr representing
a. A one-periodic trajectory x € P;(H;«) is called non-degenerate if it satisfies
det((dgoH)x(O) — id) # 0. Moreover, H is said to be a-regular if all one-periodic
trajectories of H representing « are non-degenerate.

Let K and H be two one-periodic Hamiltonians. The composition KiH is defined
by

(KiH); = K; + Hy o (p) ™"

Then the isotopy defined by K#H coincides with @b o %, For k € N, we set
H® = Hy---4H (k times). We denote by 2" the k-th iteration of a one-periodic
trajectory x of H. To be more precise, ¥ is the k-periodic trajectory z: R/kZ — M
of H. Since there is an action-preserving and mean index-preserving one-to-one
correspondence between the set of k-periodic trajectories of H and the set of one-

periodic trajectories of H% we can think of 2* as the one-periodic trajectory of
H? later.

3.2. Floer—Novikov homology. In this subsection, we define the Floer—Novikov
homology for non-contractible periodic trajectories (see, e.g., | , BH] for details).
Let (M, w) be a connected closed symplectic manifold. Although [BT1] assumed that
(M, w) is weakly monotone, we need not impose any additional conditions on (M, w)
[FO, On].

Let H: S' x M — R be a Hamiltonian. For a free homotopy class « € [S!, M],
we fix a reference loop z, € a.

3.2.1. Action functional. We consider the universal covering space Z;\]\//[ of LoM
and define the covering space m: L, M — L, M with fiber being the group

_ ﬂ-l(lcaMa ZCK)
“ KermﬁKera.

We consider the set of pairs (x, ), where z € £,M and II: [0,1]x.S' — M is a path
in £L,M joining z, and z. We set an equivalence relation ~ by defining (x1,II;) ~
(z2,112) if and only if 1 = z9, ([w],1#(~1l2)) = 0 and (1, 1 #(~12)) = 0,
where II1#(—Ils) is the loop defined by the path II; and the path —II, which
can be seen as a toroidal 2-cycle obtained by gluing II; and I, with orientation
reversed along the boundaries. Then the space £,M can be viewed as the set of
such equivalence classes [z, IT].

We define the action functional Ag: Lo,M — R by

1
Ag ([x,11)) :f/ H*w+/0 Hy(z(t)) dt.

[0,1]x S

Since m*[w] = 0 € H'(L,M;R), the action functional Ag is well-defined. Here we
note that the critical point set Crit(Agy) is equal to P1(H;a) = 71 (P1(H; ).
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We fix a trivialization of T M along the reference loop z,. Then one can associate
the mean index Ay (Z) to a capped one-periodic trajectory z = [z,II] € L, M as
follows. By extending the trivialization of TM|,_ to the capping II, we obtain a
trivialization of TM|,. Thus we get a path ¢ — (d¢l;),0) in the group Sp(2n).
Now we define the mean index Ay (Z) to be the mean index of the resulting path
(see, e.g., [SZ]). Similarly, if z is non-degenerate, we can define the Conley—Zehnder
index ucz(H,Z) of Z. We note that the above two indices have the relation

|Ar(Z) — poz(H,Z)| < n.

Assume that all iterated homotopy classes a*, k € N, are distinct and non-trivial.
We choose the iterated loop z* with the iterated trivialization as the reference loop
for a®. Then the action functional Ag and the mean index Ay are homogeneous
with respect to iterations in the sense that

Ao ([2,11]%) = kAg ([2,11))  and Ay ([2,11]%) = kA g ([z, 1)),

where [z, TIJ¥ = [2¥,TI*] is the k-th iteration of [z, II]. Here we think of the iterated
loop z* as the loop defined on S! = R/Z, where z* defined on R/kZ and on R/Z
have the same action and mean index (see, e.g., | , Subsection 2.1]). Moreover,
for any 7 € P1(H; ) and any [v] € 71 (Lo M, z4) the equalities

An(@#[v]) = An(@) = (W], b)),  Au(@#[v]) = An(z) - 2(e, [v])
and

pez(H,Z#[v]) = pez(H, Z) — 2{(c1, [v]) (if « is non-degenerate)

hold (see, e.g., [Ba, Subsection 2.3]). We define the action spectrum of Ay by

Spec(H; o) = Ay (P1(H; ).

3.2.2. The filtered Floer—Novikov chain complex. We assume that H is a-regular.
Let J € J(M,w) be an w-compatible almost complex structure. We consider the
Floer differential equation

(2) dsu+ J(u)(Opu — Xp, (u)) =0

for u: R x St — M where (s,t) € R x S1. For a smooth solution u: R x S* — M
to (2), we define the energy by the formula

1 o)
E(u) = / / |0sul|? dsdt.
0 —o0

Then we have the following:

Lemma 3.1 ([Sa]). Let u: R x S* — M be a smooth solution to (2) with finite
energy.

(i) There exist 2+ € P1(H; ) such that

lim u(s,t) =25 (t) and lim du(s,t) =0,

s— s—Foo

where T+ = [¢7, 17| and = = [z~,117|, and both limits are uniform in
the t-variable. Moreover, we have

2%, I~ #u] = [+, 1] € Lo M.
(ii) The energy identity holds:
E(u) = Ag(z7) — Ag(z™).
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We call a family of almost complex structures regular if the linearized operator
for (2) is surjective for any finite-energy solution to (2) in the homotopy class a.
We denote by Jreg (H; @) the space of regular families of almost complex structures.
This subspace is generic in J(M,w) (see | ). For any J € Jreg(H; ) and any
pair 2% € P1(H; ), the space

M(z~, 2" H,J) = {solution to (2) satisfying (i) }

is a smooth manifold whose dimension near such a solution u is given by the
difference of the Conley—Zehnder indices of = and Z' relative to u. We de-
note by M (z=,z%; H,J) the subspace of solutions of relative index one. For
J € Jreg(H; ), the quotient M*(z~,z%; H,J)/R is a finite set for any pair 7+ €
Pi(H;a).

Let a and b be real numbers such that —co < a < b < oo and a,b & Spec(H; o).
We set Py = {Z € Py(H;a) | Ag(Z) < a}. We define the chain group of our
Floer—Novikov chain complex to be

CFN[a’b)(H; a) = CFNb(H; a)/CFN*(H; a),

where

CFN*(H;a) = {5 => &a

T € Py, & € Z/2Z such that YC € R,
#{7 | & #0, AH(x)>C}<oo}'
We define the boundary operator 81?"]: CFN®(H;a) — CFNY(H;a) by
0, (#) =Y # (M (@, 5:H,J)[R) §
for a generator T € ﬁl{.

Theorem 3.2 ([F'l]). If J is regular, then the operator 8;{"] is well-defined and
. H,J _oH,J
satisfies 9," 0 0,7 = 0.

The energy identity (ii) in Lemma 3.1 implies that CFN“(H;«) is invariant
under the boundary operator 8bH J Thus we get an induced operator 8[115) on the
quotient CFNI*Y (H; o).

Definition 3.3. The filtered Floer—Novikov homology group is defined to be

HFN®Y) (H, J; ) = Ker a{jf)/lm 8[1;[{}])

Theorem 3.4 ([I'], Sa, S7Z]). If Jo,J1 € J(H;«) are two regular almost complex
structures, then there exists a natural isomorphism

HFN®Y (H, Jo; o) — HFN*Y (H, J;; ).
We refer to HENI®Y (H; o) = HFN“Y) (H, J; o) as the Floer-Novikov homology
associated to H.
3.2.3. Continuation. We define the set
HY(M;a) = {H: S* x M =R | a,bd Spec(H;a)}.
Proposition 3.5 ([ , Remark 4.4.1]). Every Hamiltonian H € H**(M;a) has
a neighborhood U such that the Floer—-Novikov homology groups HFNI®:?) (H',J;a),

for any a-regular H' € U and any regular almost complex structure J' € Jree(H'; v),
are naturally isomorphic.

Proposition 3.5 enables us to define the Floer-Novikov homology HFNI®:?) (H; )
even when H is not a-regular.
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Definition 3.6. For H € H%"(M;«), we define HFN[*Y (H; o) = HFN*Y)(K; a),
where K is any a-regular Hamiltonian sufficiently close to H.

Let HY, H=: S' x M — R be two Hamiltonians. We choose regular almost
complex structures J* € Jeg(HT;a). We consider a linear homotopy {Hs}ser
from H~ to Ht, i.e., a smooth homotopy of the form

(Hs)e = Hy + B(s)(H, — Hy ),
where 8: R — [0,1] is a non-decreasing function, and choose a smooth homotopy
{Js}ser from J~ to JT such that
(H-,J7) if s« -1,

HS7Js = .
( ) {(H+,J+) if s> 1.

We set Hs; = (Hs)i. Let a € [S', M] be a nontrivial free homotopy class and
a,b € RU {oco} such that a < b and a,b & Spec(H*; a). It follows from the energy
identity

E(u)=Ay-(z7) — A+ (@ / / OsH (s,t,u(s,t)) dsdt

that the Floer-Novikov chain map CFN(H ;) — CFN(H*; ), defined in terms
of the solutions of the equation
Osu+ Js(u) (0w — Xp, ,(w)) =0,
induces a natural homomorphism
op+ - HENI®Y (H=: ) — HENIHOHHO) (. o),
where C' = C'(Hy) is the constant given by

1
C:max{/o max (HtJr —H{) dt,O}

(see, e.g., | , Subsection 4.4]).

4. LEMMAS FROM ALGEBRAIC TOPOLOGY AND GROUP THEORY

In this section, we review several necessary facts on aspherical cohomology
classes, the fundamental groups of loop spaces and elementary group theory.

4.1. Aspherical cohomology classes and Eilenberg—MacLane spaces. In
this subsection, we collect some facts concerning aspherical cohomology classes
and the Eilenberg-MacLane space. Given a group G, we recall that the Filenberg—
MacLane space K(G, 1) is defined to be a connected CW-complex with fundamental
group G and such that m;(K(G,1)) =0 for any i > 1.

Proposition 4.1 ([RT, Lemma 2.1]). Let X be a finite CW-complex and u €
H?(X;R) an aspherical cohomology class. Then for every map f: X — K(m(X), 1)
which induces an isomorphism of fundamental groups,

uelm (f: H*(K(m(X),1);R) — H*(X;R)).
Corollary 4.2 ([LO, Lemma 4.2], [RT, Corollary 2.2]). Let (M,w) be a symplectic
mamnifold. Then the following conditions are equivalent.

(i) w is aspherical,
(ii) there exists a map f: M — K(m1(M),1) which induces an isomorphism
of fundamental groups and such that

[w] € Im (f*: H*(K(m(M),1);R) — H*(M;R)),
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(iil) there exists a map f: M — K(m (M), 1) such that
[w] € Im (f*: H*(K(m(M),1);R) — H*(M;R)) .

4.2. Fundamental groups of free loop spaces. In this subsection, we describe
the growth of the fundamental group of the free loop component containing itera-
tions of a loop. Namely, we examine how 71 (L, X) and 71 (LX) differ. Let Ca(g)
denote the centralizer of an element g in a group G: Cg(g) = {c € G| gc = cg }.
The following proposition enables us to compute the fundamental group of a com-
ponent of a free loop space.

Proposition 4.3 ([Ha, Proposition 1]). Let X be a connected topological space such
that ma(X) = 0. Let a € [S*, X] be a free homotopy class and choose zo € Lo X
and o € m1(X) representing a. Then

m1(LaX, 20) = Cry(x)(Va)-

4.2.1. Virtually abelian groups. From now on, we concentrate on spaces having
virtually abelian fundamental groups.

Definition 4.4. A group G is called virtually abelian if it contains an abelian
subgroup of finite index.

Let G be a virtually abelian group and A < G an abelian subgroup of finite
index. For g € G, there exists £ € {1,...,(G : A)} such that ¢° € A. Let q be a
positive integer coprime to £. We prepare the following useful lemma concerning
virtually abelian groups.

Lemma 4.5. Let G be a virtually abelian group. Choose A, g, £ and q as above.
Then for every k € Zsq and ¢ € Cg(g?t*t), there exists m € {1,...,(G : A)} such
that ¢™ € Cg(g).

Proof. Let k € Z>o and ¢ € Cg(g97**) C G. Then there exists m € {1,...,(G : A)}
such that ¢™ € A. Since A is abelian, ¢g¢ and ¢™ commute. Since ¢ and £ are
coprime, we have

niqg+nol =1

for some ny, no € Z. Therefore, we have

_ _ n —ni1k+ng  _
CmgC mo_ CmgnqurngEC m_ .m (qurkl) 1 (gé) 1 2 e m

— (gq+u)n1 Me—m (gz)—n1k+nz —g. 0

Let X be a finite CW-complex whose fundamental group is virtually abelian.
Then there exists an abelian subgroup A < m1(X) of finite index. Let a € [S?, X]
be a free homotopy class and choose v, € m1(X) representing c. As above, there
exists ¢ € {1,...,(m(X) : A)} such that v, € A. Let ¢ be a positive integer
coprime to £.

We recall that every cohomology class u € H?(X;R) defines a cohomology class
u € HY(LX;R) (see Subsection 3.1). The following is the key lemma.

Lemma 4.6. Let X be a finite CW-complex whose fundamental group is virtually
abelian and u € H*(X;R). Then the following conditions are equivalent.

(i) u is aspherical,
(ii) for every a € [SY, X], k € Z>o and [v] € m1(Lyarre X), there exist m €
{1,...,(m(X) : A)} and [w] € 71 (LX) such that

m(, [v]) = (¢ + k€) (@, [w]),
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(iii) some ag € [S', X] satisfies the following: For any k € Zso and [v] €
s (EanguX) there exist m € {1,...,(m(X) : A)} and [w] € 1 (LayX)
such that
m(a, [v]) = (g + k€)@, [w]).
Proof. (i)=(ii): Suppose that u is aspherical. Fix a € [S', X] and k € Z>(. Choose
Yo, £ and g as above. Let f: X — K = K(m(X), 1) be the classifying map. Hence
f induces an isomorphism of fundamental groups. Applying Proposition 4.1, there
exists Q € H2(K;R) such that

u= f*Q.
For every [v: T? — X] € m1(Lyq+xe X), we have
(@, [v]) = (f"Q, [v]) = (Q, [f o v]).
We note that [f ov] € m1(Ly, (qarieyK) = 1 (Ly, (a)a+ee K), where fo: [ST, X] —
[S1, K] is the map induced by f. Moreover, Proposition 4.3 implies that
1 (L. @y K) = Cry iy (fo (7))

where f.(7,) € m1(K) is a representative of the conjugacy class f.(a) € [S1, K].

Denote by ¢ € Cr, (k) (f* ('ya)q“"d) the image of [f ov] € m (Ef*(a)quuK) under
the above isomorphism. Applying Lemma 4.5 for ¢, there exists m € {1,..., (7 (K) :
A)} such that

"™ € Crya0) (f< (70)) = M (L. () K)-
It implies that there exists [wo] € 71 (L}, (o)K) such that

m<§7 [f © ’U]> = (C] + k()<§7 [w0]>'

(Q,[fov])
f*('Ya)
q+ kL
fe(Va)
fe(Va) 000 (Q, [wo])

m

Since now f,: m1(X) — m1(K) is an isomorphism, the elements 7,, f. 1(c™) €
7m1(X) determine an element [w] € m (L, X) such that

[wo] = fi([w]) = [f o w].
Therefore, we have
m(a, [v]) = m(, [f ov]) = (g + k€)(Q, [wo]) = (g + kO){(, [f o w])
= (g +kO(f*Q [w]) = (¢ + k&) (@, [w]).

Thus (ii) holds.

(iii)=-(i): Suppose that u is not aspherical. Then (u,m(X)) is a non-trivial
finitely generated Z-submodule of R. We fix o € [S', X] and choose a loop z,
representing «. Choose ¢ and g as above.
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We denote by Q. yX C LX the space of loops with base point z,(0). We
define a map ¢1: 2, ()X — L, X by concatenating a loop = € €2, )X with z,.
Then ¢y induces the homomorphism

t1x: 2(X, 20(0)) = m (LaX, 2a),

where we used the fact that 71 (. (0)X,2a(0)) = 72(X, 24(0)). Similarly, for all
n € N, we can define the homomorphisms

tnw: T2 (X) = m (Lon X).
Choose s € m3(X) such that (u,s) # 0. Then we have
(u, 8) € (u,m2(X)) = (U, tn«(m2(X))) C (@, 71 (Lon X))

for any n € N. Hence it is enough to show that for every m = 1,...,(m(X) : A)
and every [w] € (L, X) we have

m(u, s) # (q + k€)@, [w])
when k is large.
We note that

(u, m (X)) C Qlu, m (X)) N (T, 71 (LX) C (@, m (Lo X)) CR.
If (@, [w]) € (@, m1 (LX) \ (Qu, m2(X)) N (T, 71 (LaX))), then we have

(@ ful) # 2 ()

for any m = 1,...,(m(X) : A) and any k € Z>g. If (@, [w]) € Qu,m (X)) N
(@, m(LoX)) and k is so large that

g+ k> (11 (X) 2 A)(Q(u, m2(X)) N (@71 (La X)) ¢ (u, m2(X))),

then Iy
q+kt, _
(u,s) # (@, [w])
forany m=1,...,(m(X) : 4).
Since (iii) immediately follows from (ii), Lemma 4.6 is proved. d

Remark 4.7. In general, we have

@, m (Lan X)) D nla,m(LoX))
for any u € H*(X;R), a € [S*, X] and n € N.
4.2.2. R-groups. Here we consider R-groups.

Definition 4.8 ([Ko, Ku]). A group G is called an R-group if the equality g = h"™
implies g = h, where g, h are any elements in G and n is any natural number.

Let G be an R-group. Then we have

Proposition 4.9. Let g € G andn € N. If c € Cg(g™), then c € Ca(g).
Proof. Let ¢ € Cg(g™). Then the equality (cge™)"™ = cg™c™! = g" implies cge™t =
g. Hence ¢ € Cg(g). O

Combining with the proof of Lemma 4.6, we then obtain

Lemma 4.10. Let X be a finite CW-complex whose fundamental group is an R-
group and u € H?(X;R). Then the following conditions are equivalent.

(i) u is aspherical,

(ii) for every o € [S', X] and n € N, we have

(@, m (Lon X)) = n(@, 71 (Lo X)),
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(iii) there exists o € [S*, X] such that for every n € N, we have
<E; 7Tl ('C(XSX)> = 'I’L<ﬂ, 7T1 (£OZOX)>

5. PROOF OF THEOREM 2.1

In this section, we state a refined version (Theorem 5.1) of Theorem 2.1 and
prove the theorems. Let (M,w) be a closed symplectic manifold. We recall that an
isolated periodic trajectory x of H is said to be homologically non-trivial if for some
lift Z € Lo M of x, the local Floer homology HF'*°(H,Z) of H at I is non-zero (see
[ ] for details). Every non-degenerate fixed point x is homologically non-trivial
since we have

ZJ2Z i * = pca(H, ),

HFY(H, 7) = .
0 otherwise,

where poz(H,Z) is the Conley—Zehnder index of Z. Then we can refine Theorem
2.1 as follows (see also | , Theorem 3.1]).

Theorem 5.1. Assume that w is aspherical and w1 (M) is either a virtually abelian
group or an R-group. Let H: S' x M — R be a Hamiltonian having an isolated and
homologically non-trivial one-periodic trajectory x in the homotopy class o such
that [a] # 0 in Hy(M;Z)/Tor, Pi1(H;[a]) is finite and w is a-toroidally rational.
Let q be a positive integer coprime to £. Then for every sufficiently large prime
p;i € Py, the Hamiltonian H has a simple periodic trajectory in the homotopy class
aPi and with period either p; or pix1. Moreover, when w1 (M) is an R-group, then
the finiteness condition on P1(H;[a]) can be replaced by that on P1(H; ).

Here, when 71 (M) is virtually abelian, we choose an abelian subgroup A <
m1(M) of finite index, v, € m1 (M) representing «, and ¢ € {1,...,(m (M) : A)}
such that 7%, € A. When 71(M) is an R-group, we may choose an arbitrary positive
integer £. The proof of Theorem 5.1 is inspired by the argument by Giirel | ].

Proof: the virtually abelian case. Since Py (H;[«]) is finite, there exist finitely many
distinct homotopy classes a; € [S', M] representing [o] € Hy(M;Z)/Tor such that
every « € P1(H;[c]) is contained in one of a;’s. Asin | ], one can show that
for every sufficiently large prime p, the classes a? are all distinct (If we replace the
finiteness condition on Py (H;[«]) with that on P;(H;«), then there might exist
B # « such that P = aP even when p is large. However, if 71 (M) is an R-group,
then «? has the unique p-th root v, and hence the conjugacy class o” has the
unique p-th root «).

Fix a reference loop z, € a and choose the iterated loop 22 as the reference loop
for aP. Denote by zj the elements of Pi(H;a). We note that every sufficiently
large prime p is admissible in the sense of | ] for all trajectories z, (i.e., \? # 1
for all eigenvalues A # 1 of (dpp)y,: Tu,M — Ty, M). Since x is isolated and
homologically non-trivial, we have HF'°°(H,Z) # 0 for some lift z = [z,II] €
LoM of x and some * € Z. By | , Theorem 1.1 and Remark 1.1], when p is
admissible, we can think of 2P as an isolated one-periodic trajectory of H% and we
have

HFYS, (H™,2°) = HF*°(H, 7)
for some s,, where ZP = [2P,IIP] € L,» M. Hence we have HFl*oﬁsp (H 7P) # 0.

From now on, we only consider primes in P, , (see (1) in Section 2 for the defi-
nition). Let p; € P, ¢ be a sufficiently large prime satisfying the above conditions.
Assume that H has no simple p;-periodic trajectory in aP*. Since p; is prime,
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all p;-periodic trajectories in o are the p;-th iterations of one-periodic trajecto-
ries in a. Hence there is an action-preserving one-to-one correspondence between
P1(H™i; aP) and the set of ps-th iterations {y?* |y € Py (H;a) }.

By adding a constant to the Hamiltonian H, we can assume that the action of
the lift 7 is Ag(Z) = 0. Hence for all n € N, we have

Aggin (7) = nAg(z) = 0.

Since Py1(H;[a]) is finite and w is a-toroidally rational, we can choose ¢ > 0 so
small that for all m =1,..., (7 (M) : A)

3) [c,cm{AH@)lM,[wn § € P (H; a), [w]emcam}{oy

3

In particular, when m = 1, we have
[—¢,¢) N Spec(H; o) = {0}.
Now we claim that
[—pic, pic) N Spec(H™i; a?') = {0}.
To see this, choose s € [—p;c, pic) N Spec(H™i; aPi). Then there exist § € Py (H; )
and [v] € m1(Lqri M) such that
s = Agpew, (77 #[0]) = pidu (9) — (W], [v])-

Since (M) is virtually abelian and w is aspherical, by applying Lemma 4.6 for
[v], there exist m € {1,..., (71 (M) : A)} and [w] € 71 (L, M) such that

m[w], [v]) = pi{[w], [w]).

Therefore,

|s| = pi | Au(y) — —([w], [w])| <pic.

By (3), it concludes that
() = (], ) = 0.

Thus we obtain s = 0.
Hence zero is the only critical value of Ay, in [—p;c, pic). Therefore,

HFN[*ZMCJHC) (th"' : api) ~ [loc (thz‘ , jpi) @,

*+5Pi *+8P7‘,
where the dots represent the contributions of the local Floer homology groups of z%'
whose A, (24') = 0 and pcz(H™,Z1) = * + sp, for some lifts 7, € P1(H;a).
For any [v] € T'yr:, we have

0 # HEloc (th1,,jpi) ~ HFLOfspifz(a,[vD(thi’ TPiH]).

*+‘SP7‘,

Hence [ :

HEN (H™ o) = HFlﬁsm La(HP57) @ £ 0
for any d € Z/2c¢, 7.

We set
C:max{ max H; dt,O} +max{— mintht,O}.
st M st M

Since p;+1 — pi = o(p;) as i — oo (see, e.g., [ , Theorem 3 (I)]), we may assume

pi € Py so large that p;c > 6C(p;+1 — p;) Choose K > 0 such that
pic — 4C(piv1 — pi) < K < pic — 2C(piy1 — pi)-
Then we have

(4) —pic < K< -K+ 2C(pi+1 —pi) <0< K< K+ zc(piJr]_ —pi) < pic,
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and
—piy1c < =K +C(pis1 —pi) <0< K+ C(piy1 — pi) < pig1c

We set § = C'(p;+1 — pi). Now we have the following commutative diagram:

HFN[_K’K)(thi; abi)

IR

T giPit1 prhips J/

HEN[K+0K40) (pripisa, P ———> HFN[-K+20.K+420) (ptpi. i)
' O Py giPit1 !

Here the map o a1 gap; (T€SP. O gy, grtwsys ) is induced by a linear homotopy from
Hw: to HWPit1 (resp. from HWit1 to thi)7 and the diagonal map is an isomor-
phism induced by the natural quotient-inclusion map (see (4)). Combining with
HENIEE) (i oi) £ 0, we conclude that

HFN[_K+5’K+6)(HW”+1 caP) £ 0.

Thus H has a p;41-periodic trajectory y in the homotopy class a®i, and hence in
the homology class p;[a].

Now it is enough to show that ¥ is simple. Arguing by contradiction, we assume
that y is not simple. Since p; 1 is prime, y is the p;11-th iteration of a one-periodic
trajectory in the homology class p;[a]/pi+1 € H1(M;Z)/Tor. Since p;/p;+1 is not
an integer, this contradicts the fact that [o] # 0 € Hy(M;Z)/Tor. O

Proof: the R-group case. The proof is almost same as in the virtually abelian case
except at the following place.

Assume that all p-periodic trajectories in of are the p-th iterations of one-
periodic trajectories in « for a large prime p. Since 71 (M) is an R-group and
w is aspherical, Lemma 4.10 shows that

(5) Spec(H™: aP) = pSpec(H; av).
Since P;1(H; «) is finite and w is a-toroidally rational, we can choose ¢ > 0 so small
that
[—¢,c) N Spec(H; a) = {0}.
By (5), we obtain
[—pe, pe) N Spec(H™; o) = {0}.

Then the rest of the proof follows the same path as in the virtually abelian case. [

6. PROOF OF THEOREMS 2.2 AND 2.3

In this section, we show Theorems 2.2 and 2.3. The main tool used here is the
augmented action filtration on the Floer—-Novikov homology.

6.1. Augmented action filtered Floer—Novikov homology. This subsection
is devoted to introduce the augmented action filtration (see | , ])- Let
(M, w) be a connected closed monotone or negative monotone symplectic manifold
of dimension 2n with monotonicity constant A\. Let H: S' x M — R be a Hamil-
tonian. For a free homotopy class a € [S, M], we fix a reference loop z, € a and
choose a trivialization of T M along z,.



16 RYUMA ORITA

6.1.1. Augmented action. We define the augmented action of a capped one-periodic
trajectory z € P1(H; ) to be

XH(i‘) = Ap(T)

— %AH(@.

This is introduced by | | for contractible trajectories, and by | ] for non-
contractible ones.

We assume that all iterated homotopy classes o, k € N, are distinct and non-
trivial. We choose the iterated loop 2% with the iterated trivialization as the refer-
ence loop for a®. As the usual action functional, the augmented action .ZH is also
homogeneous with respect to iterations. Namely,

.ZHuk(i‘k) = k‘./ZH(i)
Moreover, for any z € P1(H;«) and [v] € m1 (Lo M, z,), we have
A (@#[v]) = An(@) - (W] - Aer, [v]).

The augmented action spectrum §Be/c(H ;) is defined to be the set of values of the
augmented action of capped one-periodic trajectories in «, i.e.,

Spec(H; a) = Ay (P1(H; ).
Now we assume that w is a-toroidally rational, i.e., ([w], 71 (LaM, 24)) = haZ for
some non-negative real number h,,. Since (M, w) is monotone or negative monotone,
we have

(W], ma(M)) = Xcy, ma(M)) = A Z.

Hence h, divides Aef™. We put v = A" /hy € N and & = ™ /it € N. We fix

[vo] € Kerer and [wo] € Ker [w] and choose ny, ny, € Z such that ([w], [vo]) = hany

and (c1, [wo]) = c"4'nyw. Then we obtain

([w] — A, [UO}nwy#[WO]nvq = nyvhon, — Anvgcrlr:io?nw = 0.

We set an equivalence relation ~ on P1(H;«) by defining [z1,11;] ~ [z2,II5] if and
only if 1 = 22 and [Hl#(—ng)] S {([’Uo]nwy#[wdn”g)k | k € ZZO } We denote
by 5,1 (H; ) the set of such equivalence classes ¥’ = [z,1I]'. For [v}] € Kerer and
[wk] € Ker [w], k € N, we define the set le (H;a*) in the same manner.

Let I = [a,b) be an interval with a,b € R\ §i)vec(H; «). We suppose that H is a-
regular (i.e., all one-periodic trajectories of H representing « are non-degenerate).
Since [w] — Acy is also a-toroidally rational, the number of Z’' € fll (H;«) with
augmented action in 7 is finite. We define x(H, I; @) to be the sum of the Poincaré-
Hopf indices of their Poincaré return maps. Namely,

x(H,I;a) = Z sgndet((dng)m(O) — id).
' €P (H;a), Au(z')el

Since S/;;/ec(K ; ) depends continuously on the Hamiltonian K in the sense that for
any open subsets U, V' C R satisfying V' C U and for any Hamiltonian H sufficiently
C'-close to K we have §;)/ec(H; a)NU CV, and x(H,I;«) takes values in Z, this
definition can be extended to all Hamiltonians K satisfying a,b € R\ §;)/ec(K; Q).
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6.1.2. Augmented action filtration. Here we give necessary changes in the argument
of [ , Subsection 3.3] to be applicable to our case. We define the augmented
action gap by

gap(H; o) :inf{|s—s'| €[0,00] | s#£ GS/pE;(H;a)}.

We use the convention that inf ) = co. We set
2n+1
2 )
where + is the sign of \. We say that the gap condition is satisfied if
gap(H; a) > co(M).

co(M) = [Al

Proposition 6.1 (] , Proposition 3.1]). Assume that H is a-regular and the
gap condition is satisfied. Then the complex CFN(H; ), and hence HFN(H; «), is
filtered by the augmented action. In other words,

Au(y) < Au(@)
whenever §' appears in O’ with non-zero coefficient.

Let a and b be real numbers such that —oco < a < b < oo and a,b & %(H; Q).
We assume that H is a-regular and the gap condition is satisfied. We set Pf =
{7 € ﬁll (H;a) | Aa(Z') < a}. We define the augmented action filtered chain
group by

[a;b)

—— ——0b —~—a
CFN " (H;a) = CFN (H;a)/CFN (H;a),

where

é_ﬁVaH; = = =@
i) {5 ng #{z' & #0, Au(z') > C} <0

z' € PY, & € 7J27 such that VC € R, }

Proposition 6.1 shows that 6151/\Ia(H ;@) is invariant under the boundary operator
——~[a,b)
85{"]. Thus we get an induced operator 8[211;1) on the quotient CFN[a (H; ). Then
the augmented action filtered Floer—Novikov homology group is defined to be
——[a,b)

HEN " (H; o) = Ker g /Tm 9,3

The following proposition enables us to define the augmented action filtered
——[a,b)

Floer—Novikov homology HFN " (H; ) even if H is not a-regular.

Proposition 6.2 (| , Proposition 3.3]). Let H: S' x M — R be a Hamilton-

ian such that the gap condition is satisfied and let a ¢ Spec(H;«). Then for any
—~—a

a-regular Hamiltonian K sufficiently C*-close to H, the subspace CFN (K;a) C

CFN(K; ) is a subcompler.
We define the set
H(M;a) = {H: S x M = R | a,b ¢ Spec(H; ) }.

[a,b) [a,b)

Definition 6.3. For H € H*"(M;a), we define HFN (H;a) = HFN (K; ),
where K is any a-regular Hamiltonian sufficiently C'-close to H.

A standard argument similar to Subsection 3.2 shows that this definition does
not depend on the choice of K.
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Remark 6.4. Let I = [a,b) be an interval with a,b € R\ §_p5e/c(H; a). We suppose
that w is a-toroidally rational. Then a straightforward computation shows that

X(H, I;a) = Z sgndet ((deg)z(0) — id)
' eP, (H;a), Au(z)el

= > (et
& €P(H;a), Au (@))€l
1

— 1
= (—l)n {dimz/gz CFNeven(H; a) - dimz/gz CFNodd(H; a)}

I

— ——1
= (*1)" {dimz/gz HFNeven(H; Oé) — dimz/QZ HFNodd(H; Oé)} .

T
In particular, we have HEN (H;«) # 0 if x(H, I; ) # 0. Here we note that if one
of the conditions that a # —oo, b # oo and w is a-toroidally rational is dropped,

/_\-/I
then the Z/2Z-vector space CFN (H;«) might be infinite-dimensional.

6.1.3. Continuation. Let H—, H": S' x M — R be two Hamiltonians. We consider
a linear homotopy {H}ser from H~ to H' (see Subsection 3.2). We set

co(Hg) = max(H" — H™)dt
g1 M
and
cn(Hs) = max{0,¢c,(Hs)} + [Ajn > 0.
Proposition 6.5 (] , Proposition 3.5]). Assume that both H~ and H™ satisfy

the gap condition, i.e.,
gap(H ;) > co(M) and gap(H";a) > co(M),

and a,b € RU{oo} satisfy a < b and a,b ¢ S/pge/c(Hi; a). Then a homotopy {H}s
from H= to HY induces a map in the Floer—-Novikov homology shifting the action
filtration upward by cp(Hy):
——a,b ———Ja,b)+cn(Hs
OH+H-: HFN[ )(Hf;oz) — HFN[ Jrent )(H+;a),
where [a,b) + cp(Hs) = [a + cn(Hs), b+ cp(Hs)).

6.2. Proof of Theorem 2.2. As in Theorem 5.1, we choose an abelian subgroup
A < (M) of finite index, v, € m1 (M) representing «, a positive integer ¢ €
{1,..., (71 (M) : A)} such that 7 € A and a positive integer ¢ coprime to ¢. The
proof is inspired by the argument by Ginzburg and Giirel | ].

Proof. Since P1(H;[«]) is finite, there exist finitely many distinct homotopy classes
a; € [St, M] representing [a] € Hy(M;Z)/Tor such that every x € Pi(H;[a]) is
contained in one of a;’s. As in Theorem 5.1, one can show that for every sufficiently
large prime p, the classes ozg-’ are all distinct. Fix a reference loop z, € a and a
trivialization of TM|,_. Choose the iterated loop 22 with the iterated trivialization
as the reference loop for o?.

From now on, we only consider primes in P,, (see (1) in Section 2 for the
definition). Let p; € P,, be a sufficiently large prime satisfying the above con-
dition. Assume that H has no simple p;-periodic trajectory in oPi. Since p; is
prime, all p;-periodic trajectories in aP are the p;-th iterations of one-periodic
trajectories in a. Hence there is an action-preserving and mean index-preserving
one-to-one correspondence between Py (H®i;aPi) and the set of p;-th iterations
{y |y € Pi(H; )}
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Put
s { ey L@ | ¥ ST W it

Since x(H,I;a) # 0 for every sufficiently small interval I centered at some s €
E‘Tch(H;a), we can assume that x(H,[—¢,c);a) # 0 for every sufficiently small
¢ > 0 by adding a constant to the Hamiltonian H. Moreover, since P;(H;[a]) is
finite and w is a-toroidally rational (and so is [w] — Acy), we can choose ¢ > 0 so
small that
[—c,cJNS = {0}.

In particular, we have [—¢, )N gi)\/ec(H; a) = {0}. Since the monotonicity of (M,w)
implies the asphericity of [w] — Ac; and m (M) is virtually abelian, as in the proof
of Theorem 5.1, one can show that

(6) [=pic, pic) N Spec(HP*; ") = {0}.
Therefore, there is a one-to-one correspondence between the sets

{# ePlmia) [ An@) e 1} ana {3 €PLa:0m) | Ayn @) it }.

where I = [—c¢,¢) and p;I = [—p;c,p;c). Moreover, the Shub—Sullivan theorem
[SS, | shows that the Poincaré—Hopf index of zPi coincides with that of x
for sufficiently large admissible (see the proof of Theorem 5.1 or | | for the

definition) prime p; € P, ;. Therefore, we have
X(H™ pil; o) = X(H, I; a)
when p; € P, is large.

Now we claim that we can define the augmented action filtered Floer—-Novikov
homology }ﬁpil(thi;api) as long as p; € Py is so large that pic > co(M).
Indeed, let 2’ be a generator of CFEN(H™i; aPi) with Aps, (7') € pil. By the
choice of ¢, we have A, (') = 0. Hence it is enough to show that Ay, (§') <

0 = Ap: (7)) whenever 7 appears in 97’ with non-zero coefficient. For simplicity,
we assume that A > 0. Then

e / —/ A —
Agie (U') = Agee, (U') — §AHm (¥)
/ )\ Sy
S Athfy (ZJ ) - 5(#CZ(th17y ) - n)
’ )\ P}
< Apeni (T7) — §(I~LCZ(th’~T )—n—1)
A

S Athfz (fl) - §(Athi (if/) —2n — ]_)

= Appin (T') + co(M)
< pic.

By (6), we have cither Ap, (') < —pic < 0 or Az, (') = 0.
Since x(H®i,p;I;aP") = x(H, I;a) # 0, Remark 6.4 shows that

—~—p;I
HEN " (H%i;aP%) 0.

Let {H}}, (resp. {H] },) be a linear homotopy from H%: to H™i+1 (resp. from
H%i+1 to H%1). We set

et = max{ max H; dt,O} , €. = max {— min H; dt,O}
St M St M
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and
at+ = (piv1 — pi)ex + |An.

Then we have
(7) ax > cp(HT).

Since p;+1 — pi = o(p;) as i — oo (see, e.g., | , Theorem 3 (I)]), we have

1
ipic >ap +a_

for sufficiently large p; € P, . Let J = [—¢/2,¢/2) C I. Then

(pid + as + a_) N Spec(HP; aPt) = {0}.
—pidtagtas .
Then HFN (H®i;aPi) is also defined when p; € P, is so large that
pic+ay +a_ > co(M). Moreover, we have an isomorphism

—~—piJ —~—piJtar+a_
®: HFN ~ (Hi;oP?) — HFN i (Hi; oP?)
induced by the natural quotient-inclusion map.

Now we are in a position to show that H has a p;i1-periodic trajectory in the
homotopy class aPi. Arguing by contradiction, we assume that there are no such

trajectories. Then we have gap(H"i+1;aP?) = co. By Proposition 6.1, the filtered

—~p;J+a
Floer—Novikov homology T (HPi+1; oPi) is defined (of course, this should

be zero at the chain level). Once the filtered Floer-Novikov homology groups are
defined, it is easy to see that the same conclusion as with Proposition 6.5 holds.
Hence we have the continuation maps

——piJ ——p;J+
O ppimnss v HEND - (HP 0Pty o HEN(H™P+1;0P?)
and
o~ piJ+ —~—piJtar+a_
O ppips v t HEN(H®Po s oP) 5 HEND 0 (H™i; o)

by (7). Now we have the following commutative diagram:

——~—piJ
HEN * (H®i; aPi)

ool
9 yiPit1 ghp,

S —~piJtasta_
N a+(Hhm+1;apqz) HENG T (H:; P+

O ybp; giPit

i J
Since ® is an isomorphism and HFN' (H®%::aPi) £ 0, we conclude that

——p;Jtay

HFN (thiﬂ;am) £ 0.

Thus H has a p;yi-periodic trajectory y in o*, and hence in the homology class
pilal.

Now it is enough to show that ¥ is simple. Arguing by contradiction, we assume
that y is not simple. Since p; 1 is prime, y is the p;11-th iteration of a one-periodic
trajectory in the homology class p;[a]/pi+1 € H1(M;Z)/Tor. Since p;/p;+1 is not
an integer, this contradicts the fact that [a] # 0 € Hy(M;Z)/Tor. O
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6.3. Proof of Theorem 2.3.

Proof. Since the proof is almost same as in Theorem 2.2, here we only give the
necessary changes.

Assume that all p-periodic trajectories in of are the p-th iterations of one-
periodic trajectories in « for a large prime p. Since 71 (M) is an R-group and
[w] — Acy is aspherical, Lemma 4.10 shows that

Spec(H®; a”) = pSpec(H; a).
Thus we obtain gap(H";aP) = pgap(H;«a). Hence, by Proposition 6.1, the aug-

mented action filtered Floer—-Novikov homology ITII?/NPI(H o P ) is defined as long
as p is so large that pgap(H; o) > co(M).
Moreover, since P;(H; «) is finite and [w] — Acy is a-toroidally rational, we can
show that
X(H®,pI;a?) = x(H, ;)

when p is large. Then the rest of the proof follows the same path as in Theorem
2.2. O
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