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We study freeness of group actions on C*-algebras from the viewpoint of homo-

logical algebra of triangulated category and relate it with dynamics.

This thesis consists of two parts. In Part I, we investigate the homological ideal JZ,
the kernel of the restriction functors in compact Lie group equivariant Kasparov
categories. Applying the relative homological algebra developed by Meyer and
Nest, we relate the Atiyah-Segal completion theorem with the comparison of J&
with the augmentation ideal of the representation ring. As an application, we
refine a known result on permanence property of the Baum-Connes conjecture

under extensions of groups.

In Part II, we study the continuous Rokhlin property of C*-dynamical systems,
which is an analogue of freeness in dynamical system. We relate it with relative
injectivity studied in Part I. In addition to that, we determine the KK-equivalence
class of a G-C*-algebra with the continuous Rokhlin property and give a classifica-
tion of continuour Rokhlin actions on Kirchberg algebras when the G is a compact

Lie group with the Hodgkin condition.
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Chapter 1

Introduction

Equivariant KK-theory is one of main subjects in the noncommutative topology
(the area of mathematics which deals with topological properties of C*-algebras).
In the study of the ordinal equivariant topology, freeness of group actions is one of
the most fundamental properties. However, it is not trivial to give an appropriate
definition of freeness for group actions on C*-algebras. This problem was first
studied by Phillips by using equivariant K-theory for C*-algebras and summarized
in the book [Phi87]. On the other hand, the Rokhlin property of finite group ac-
tions introduced by Izumi [Izu04a] is able to be regarded as a dynamical definition

of freeness.

In this thesis, we give a new approach for freeness from the viewpoint of the
homological algebra of triangulated categories and study the relation with the
previous researches. A modified version of the Rokhlin property, the continuous
Rokhlin property, is compatble with this viewpoint. It enables us to apply the

homological algebra to classification theory.

Part I. A categorical perspective of freeness and

the Atiyah—Segal completion theorem

The first part is based on the paper [AK15].
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The main subject here is the homological ideal
JE(A, B) := Ker(Res? : KK¢(A, B) — KK”(A, B))

of the Kasparov category £8Y. Here, RR® is the category whose objects are sepa-
rable G-C*-algebras, morphisms are equivariant KK-groups [Kas80b] and compo-

sition is given by the Kasparov product.

In [MNO06], Meyer and Nest introduced a new approach to study the homological
algebra of the Kasparov category. They observed that the Kasparov category
has a canonical structure of the triangulated category. Moreover, they applied the
Verdier localization for RRY in order to give a categorical formulation of the Baum-—
Connes assembly map. Actually, they prove that an analogue of the simplicial
approximation in the Kasparov category is naturally isomorphic to the assembly
map. Their argument is refined in [Mey08] in terms of relative homological algebra
of the projective class developed by Christensen [Chr98]. Moreover, it is proved
that the ABC spectral sequence (a generalization of Adams spectral sequence in
relative homological algebra) for the functor K, (G x ) and an object A converges

to the domain of the assembly map.

These results are essentially based on the fact that the induction functor Ind$ is
the left adjoint of the restriction functor Res when H < G is an open subgroup.
On the other hand, it is also known that when H < G is a cocompact subgroup,
Indg is the right adjoint of Resg . This relation enables us to apply the homological
algebra of the injective class for KK-theory. It should be noted that the category
of separable G-C*-algebras is not closed under countable direct product although
the fact that RR® have countable direct sums plays an essential role in [MNO6,
MN10, Mey08]. Therefore, we replace the category G-€*sep of separable G-C*-
algebras with its (countable) pro-category. Actually, the category Proy_, G-€*sep
is naturally equivalent to the category o G-€*sep of 0-G-C*-algebras, which is dealt
with by Phillips in his study of the Atiyah—Segal completion theorem. Fortunately,
KK-theory for (non-equivariant) o-C*-algebras are investigated by Bonkat [Bon02].
We check that his definition is generalized for equivariant KK-theory and get the

following theorem.

Theorem 3.16 and Theorem 4.4. For a compact group G, the equivariant

Kasparov category o RRY of 0-G-C*-algebras has a structure of the triangulated
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category. Moreover, for a family F of G (Definition 4.1), the pair of thick sub-
categories (FC, <.7-"I)1°C) is complementary. Here FC 1is the full subcategory of

F-contractible objects and FI is the class of F-induced objects (for more details,
see Definition 4.3).

By investigating an explicit construction of the semi-orthogonal decomposition
associated to the above homological algebra by using the phantom castle, we
observe that the Milnor construction {Ex,G} of the universal F-free proper G-
space ExG arises in a canonical way. For example, compornents A, of the phantom
castle is the tensor product with C(Ex,,G) and the right component A of A with
respect to the semi-orthogonal decomposition is nothing but AQC(ExG). For this
reason, the subcategory (]—"I)loc can be regarded as the category of C*-algebras
with F-free G-actions. In particular, we are interested in the case that F = T.
Indeed, this characterization of freeness is compatible with the previous studty in
[Phi87] (see Remark 4.8).

Moreover, this construction is parallel to the proof of a classical theorem in the
ordinal equivariant topology, the Atiyah—Segal completion theorem. In the theory
of equivariant cohomology, there is a canonical way to construct an equivariant
general cohomology theory from a non-equivariant cohomology theory. Actually,
the general cohomology group of the new space given by the Borel construction
X Xg EG is regarded as the equivariant version of the given cohomology group
of X. On the other hand, equivariant K-theory is defined in terms of equivariant
vector bundles by Atiyah and Segal in [AS68,Seg68]|. This group has a structure
of modules over the representation ring R(G) and hence is related to the repre-
sentation theory of compact Lie groups. In 1969, Atiyah and Segal discovered a
beautiful relation between them [AS69]. When the equivariant K-group Kg (X)) of
a compact G-space is finitely generated as an R(G)-module, then the completion
of the equivariant K-group by the augmentation ideal is actually isomorphic to

the (representable) K-group pf the Borel construction of X.

There are two generalization of this theorem. In [AHJMS88], it is proved that the
completion of K% (X) by the family of ideals of the form [Z (where H is in a
given family of subgroups of () is isomorphic to the equivariant K-group K¢ (X x
ErQG), where ExG is the universal F-free G-space. In [Phi89al, the Atiyah—
Segal completion theorem is generalized for K-theory of C*-algebras. In order to

formulate the statement, he generalizes operator K-theory for o-C*-algebras in
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[Phi89b]. Actually, this contains the Atiyah—Segal completion theorem for twisted
K-theory because the twisted equivariant K-group is isomorphic to the K-group

of certain C*-algebra bundles with (twisted) group actions.

Here, we prove the following categorical counterpart of the Atiyah—Segal comple-

tion theorem.

Theorem 4.16. Let G be a compact Lie group and let A, B be o-C*-algebras such
that KKS (A, B) are finitely generated for + = 0,1. Then the filtrations (35)*(A, B)
and (IZ)*KKY(A, B) are equivalent.

Applying it for the relative homological algebra of the injective class, we obtain

the following generalization of the Atiyah—Segal completion theorem.

Theorem 4.22. When KKS(A, B) are finitely generated R(G)-modules for x =

0,1, the following R(G)-modules are canonically isomorphic:

KK®(4, B) > = KK“(4, B) = RKKY(ErG; A, B) = ¢ RRC /FC(A, B).

We remark that the Atiyah—Segal completion theorem has been already generalized
for equivariant KK-theory by Uuye [Uuyl2]. He assumes that KK (A, B) are
finitely generated for all subgroups H of GG in order to regard the correspondence
X — KKY(A, B® C(X)) as an equivariant cohomology theory of finite type. In

Theorem 4.22, we succeed to weaken this assumption.

It is remarkable that in some special cases we need not to assume that KK¢(A, B)

are finitely generated.

Corollary 4.14. Let Z be the family generated by all cyclic subgroups of G. Then,
there is n > 0 such that (J&)" = 0.

It immediately follows from Corollary 4.14 that if Resg A is KK -contractible for
any cyclic subgroup H of G, then A is KK%-contractible. This is a variation of Mc-
Clure’s restriction map theorem [McC86] which is generalized by Uuye [Uuy12] for
equivariant KK-theory. Since we improve the Atiyah—Segal completion theorem,

the assumption in Theorem 0.1 of [Uuy12] is also weakened (Corollary 4.24).

CC) of

the Kasparov category 0 88 and the Baum-Connes conjecture (BCC). Oue main

We apply Corollary 4.14 for the study of the complementary pair ((CZ)

loc ?
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interest here is permanence property of the BCC under group extensions, which is
studied by Chabert, Echterhoff and Oyono-Oyono in [OO01, CE01b, CEOla] with
the use of the partial assembly map. Let 1 — N — G > G/N — 1 be an extension
of groups. It is proved in Corollary 3.4 of [CEOla] and Theorem 10.5 of [MNOG]
that if G/N and 7~ '(F) for any compact subgroup F of G/N satisfy the (resp.
strong) BCC, then so does G. Here, the assumption that 77! (F') satisfy the BCC is
related to the fact that the assmebly map is defined in terms of the complementary
pair ({(CZ), . ,CC) (this assumption is refined by Schick [Sch07] when G is discrete,

H is cohomologically complete and has enough torsion-free amenable quotients by

loc ?

group-theoretic arguments). On the other hand, Corollary 4.14 implies that the
subcategories CC and CZC coincide in 0 8R®. As a consequence we refine their

results as following.

Theorem 4.29. Let1 — N — G — G/N — 1 be an extension of second countable

groups such that all compact subgroups of G/N are Lie groups and let A be a G-
C*-algebra. Then the following holds:

1. If 7=Y(H) satisfies the (resp. strong) BCC for A for any compact cyclic
subgroup H of G/N, then G satisfies the (resp. strong) BCC for A if and
only if G/N satisfies the (resp. strong) BCC for N xFR A.

2. If 7 Y(H) and G/N have the y-element for any compact cyclic subgroup H
of G/N, then so does G. Moreover, in that case vy gy = 1 and yg/ny = 1
if and only if v = 1.

Part II. Continuous Rokhlin Property for com-

pact group actions

The second part is based on the paper [AK17].

After the initial work by Connes [Con75], the study of group actions on C*-algebras
and von Neumann algebras, particularly their classification, is a fundamental sub-
ject in the theory of operator algebras, as well as the classification of operator
algebras themselves. In this paper, we focus on actions of compact Lie groups on

C*-algebras.
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In the study of von Neumann algebras, the classification of compact group actions
on factors are studied in Kawahigashi-Takesaki [KT92], Masuda-Tomatsu [MT10]
and so on. In the context of C*-algebras, Izumi [Izu04a, Izu04b| introduced the
Rokhlin property for finite group actions on C*-algebras, extracting an essential
property which is used to classify group actions in the von Neumann algebra the-
ory. Izumi classified finite group actions with the Rokhlin property, while also
showing that many of fundamental C*-dynamical systems such as infinite ten-
sor products of left regular actions of a finite group G on Mg and the quasi-
free action of a finite group G on Ojg by a regular representation have this
property. After his work, the study of this kind of actions has been attracting
attention among C*-algebraists [Phill, OP12, HWZ15, HP15]. Among those, re-
cently, Gardella [Garl4c] initiated the study of Rokhlin actions for general compact

groups.

Roughly speaking, the Rokhlin property is an analogue in an approximate sense
of freeness of product type (that is, G-actions on G x X) in topological dynamics.
For a G-C*-algebra A with the Rokhlin property, there is a fundamental technique
that allows us to replace a projection or a unitary with a G-invariant one, which
is called an averaging technique by Gardella [Garl4d]. More precisely, there is
a sequence of completely positive maps A — A which is approximately a -
homomorphism preserving A®. This gives a strong restriction on the structure of
C*-dynamical systems, its K-groups, crossed products and so on. For example,
we can prove certain “approximate cohomology vanishing” type theorems, which

play an essential role in the study of actions on von Neumann algebras.

Here, we study a variation of the Rokhlin property, the continuous Rokhlin prop-
erty [Garlde], replacing the parameter N of approximation with R>q. Although
the continuous Rokhlin property is strictly stronger than the Rokhlin property,
many known examples of Rokhlin actions have the continuous Rokhlin property.
Actually, a necessary and sufficient condition for a Rokhlin action on a unital
UCT-Kirchberg algebra to have the continuous Rokhlin property is given in terms
of equivariant KK-theory (Theorem 6.15).

In connection with the homological algebra discussed in Part I, it is remarkable
that this replacement is compatible with Thomsen’s picture of equivariant KK-

theory [Tho99]. In fact, we immediately get the following theorem.

Theorem 5.9. Let G be a second countable compact group and let A be a sep-

arable unital G-C*-algebra. If A has the continuous Rokhlin property, then A is
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Ja-injective. Moreover, if A has continuous Rokhlin dimension with commuting

towers at most d — 1, then A is 3é-mjectwe.

This theorem is also available for the study of the Rokhlin property. Indeed,
the Rokhlin dimension with commuting towers is finite if and only if so is the

continuous Rokhlin dimension with commuting towers (Proposition 5.3).

Compatibility of the continuous Rokhlin property with equivariant KK-theory en-
ables us to apply KK-theory for classification theory of C*-dynamical systems.
Although KK-theory is a kind of (co)homology theory and hence does not dis-
tinguish two homotopic C*-algebras, it is also a powerful tool for classifications
of C*-algebras up to isomorphism. For example, the Kirchberg-Phillips classifi-
cation [Kir, Phi00] asserts that two unital Kirchberg algebras (separable, nuclear,
simple and purely infinite C*-algebras) are isomorphic if and only if there is a KK-
equivalence preserving the unit classes in the Ky-groups. It is essential in the proof
of [Phi00] that the KK-group has a presentation as the set of homotopy classes of
asymptotic morphisms. Actually, in [Izu04a] Izumi gives a necessary and sufficient
condition for two actions with the Rokhlin property to be conjugate by using an
intertwining argument. With the same argument, we prove that two unital Kirch-
berg G-algebras with the Rokhlin property are G-equivariantly isomorphic if and
only if they are KK®-equivalent (Proposition 6.12).

Now, let us focus on the case that GG is a Lie group with the Hodgkin condi-
tion (connected and 71(G) is torsion-free) and A is a unital Kirchberg algebra.
Then, the following theorem enables us to determine the structure of Kirchberg

G-algebras with the continuous Rokhlin property.

Theorem 6.3. Let G be a compact Lie group with the Hodgkin condition. Then,
for any separable unital G-C*-algebra (A, «) with the continuous Rokhlin prop-
erty, there is a KKC-equivalence from A to A* @ C(G) mapping [14] € K§(A) to

[Lacgc@)-

For the proof, we use the strong Baum—Connes isomorphism for an arbitrary
coefficient of the dual quantum group G [MNO7], which is rephrased in terms of

the crossed product functor since G is torsion-free in the sense of [Mey08].
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Consequently, together with a construction of the model action O(G) of a uni-
tal Kirchberg G-algebra with the continuous Rokhlin property which is KK-
equivalent to C'(G) (Corollary 6.10), we get the following complete classification
of unital Kirchberg G-algebras in terms of equivariant KK-theory.

Theorem 6.13. Let G be a Hodgkin Lie group.

o A wunital Kirchberg G-algebra (A, «) with the continuous Rokhlin property is
G-equivariantly isomorphic to A* ® O(G).

o Two unital Kirchberg G-algebras (A, o) and (B, B) with the continuous Rokhlin
property are isomorphic if and only if the fized point algebras A® and B? are
isomorphic.  Moreover, if the underlying C*-algerbas A and B are in the
UCT class, then (A, «) and (B, 3) are conjugate if and only if

(Ko(A%), [1ae], K1(A")) = (Ko(B”), [1p4], Ki(B7)).

o A unital UCT-Kirchberg algebra (A, «) in the Cuntz standard form (i.e.
[14] = 0 € Ky(A)) admits a G-action with the continuous Rokhlin prop-
erty if and only if there is a countable abelian group M such that K;(A)

(i = 0,1) are isomorphic to M®", where n = 27°KCG=1 " [n this case,
M 2 Ky(AY) & Ki(A2).

It generalizes Theorem 5.3 of [Garl4b] (for G = T') and Theorem 6.6 of [IM10]
(for G =TV).



Part 1

A categorical perspective of
freeness and the Atiyah—Segal

completion theorem



Chapter 2

Preliminaries in the relative

homological algebra

In this chapter, we briefly summarize some terminologies and basic facts on the
relative homological algebra of triangulated categories. The readers can find more
details in [MN10] and [Mey08]. We modify a part of the theory in order to deal
with the relative homological algebra of the injective class for countable families

of homological ideals.

A triangulated category is an additive category together with the category auto-
morphism ¥ called the suspension and the class of triangles (a sequence A ENYS RN
C %5 S A such that go f = hog=Xfoh = 0) which satisfies axioms [TRO]-[TR4]
(see Chapter 1 of [NeeO1]). We often write an exact triangle A - B — C — XA

as

A B

N
\ /
C.
Here the symbol A —> B represents a morphism from A to X B.

Let T be a triangulated category. An ideal J of ¥ is a family of subgroups J(A, B)
of T(A, B) such that (A, B)oJ(B,C)o%(C, D) C J(A, D). A typical example is
the kernel of an additive functor F': T — 2. We say that an ideal is a homological
tdeal if it is the kernel of a stable homological functor from ¥ to an abelian category
20 with the suspension automorphism. Here a covariant functor F' is homological
if F(A) — F(B) — F(C) is exact for any exact triangle A - B — C — XA

10
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and stable if F'o X = X o F. Note that the kernel of an exact functor between
triangulated categories is a homological ideal by Proposition 20 of [MN10].

For a homological ideal J of ¥, an object A is J-contractible if id 4 is in J and is J-
injective if f*: T(D,A) — T(B, A) is zero for any f € J(B, D). The triangulated
category T has enough J-injectives if for any object A € Obj ¥ there is a J-injective
object I and a J-monic morphism A — [ (i.e. the morphism ¢ in the exact triangle
NS5 A—IT—YXNisin J). Note that the morphism ¢ is J-coversal, that is, an
arbitrary morphism f: B — A in J factors through ¢ (see Lemma 3.5 of [Mey08]).

More generally, we consider the above homological algebra for a countable family
J = {Jk}trez., of homological ideals of ¥. For example, we say an object A is
J-contractible if A is Jx-contractible for any k € Z-.

Definition 2.1. A filtration associated to J is a filtration of the morphism sets of
¥ coming from the composition of ideals {J;, 0Ji, 0 - -0Ji, }rez., Where {i1,ia,...}
is a sequence of positive integers such that each k € Z-, arises infinitely many

times.

Note that two filtrations associated to J are equivalent (here, we say that two
filtrations A, and A’ of an abelian group A are equivalent if for any n € Z- there
is m € Zsq such that A,, C A} and A C A,). For simplicity of notation, we use
the letter J” for the r-th component of a (fixed) filtration associated to J unless

otherwise noted.

The relative homological algebra is related to complementary pairs (or semi-
orthogonal decompositions) of the triangulated categories. For a thick triangu-
lated subcategory € of T (Definition 1.5.1 and Definition 2.1.6 of [Nee01]), there
is a natural way to obtain a new triangulated category T/ called the Verdier
localization (see Section 2.1 of [Nee0Ol]). A pair (M,J) is a complementary pair
it ©(N,I) =0 for any N € ObjNM, I € ObjJ and for any A € ObjT there is
an exact triangle Ny — A — |4 — XN, such that Ny € Obj9% and |4 € ObjJ.
Actually, such an exact triangle is unique up to isomorphism for each A and there
are functors N: T — 9t and I: T — J that maps A to N and I4 respectively. We
say that N (resp. I) the left (resp. right) approximation functor with respect to
the complementary pair (M, 7). These functors induces the category equivalence

I: T/ — J and N: T/3 — M.
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Moreover we assume that a triangulated category T admits countable direct sums
and direct products. A thick triangulated subcategory of ¥ is colocalizing (resp.
localizing) if it is closed under countable direct products (resp. direct sums). For
a class C of objects in T, let (C)"°° (vesp. (C),,.) denote the smallest colocalizing
(resp. localizing) thick triangulated subcategory which includes all objects in C.

We say that an ideal J is compatible with countable direct products if the canonical
isomorphism T(A, [[ B,) = [[%(A, B,,) restricts to J(A,[[ Bn) Z [[J(A, By).

We write 91y for the thick subcategory of objects which is Ji-contractible for any
k. If each Jj is compatible with countable direct products, 915 is colocalizing. We

write Jy for the class of Ji-injective objects for some k.

Theorem 2.2 (Theorem 3.21 of [Mey08]). Let T be a triangulated category with
countable direct product and let § = {J;} be a family of homological ideals with
enough J;-injective objects which are compatible with countable direct products.

Then, the pair (Mg, (35)'°°) is complementary.

We review the explicit construction of the left and right approximation in Theorem
3.21 of [Mey08]. We start with the following diagram called the phantom tower
for B:

1 4

L2 L3 L
0 N1 1 N2 2 N3 3 N4
O/ O/ O/ O/
S eo Trx ! wx /€2 ﬂx /€3 wx
0 5 Iy 5 I, 5 5 e .

B =Ny

o~

L
I

k41 A ~ s . . . . .
where ¢ are in J;, and |, are J;, -injective (here {ij}rez., is the same as in

Definition 2.1). There exists such a diagram for any B since ¥ has enough J-
injectives. We write ¢ for the composition ¢}, o t/=2 o - 0 (FT1 Since each (T

is J;,-coversal, we obtain JP(A, B) = Im(:f)). for any A.

Next we extend this diagram to the phantom castle. Due to the axiom [TR1],
there is a (unique) object Bp in T and an exact triangle N, — B — Bp — XN,

for each p. By the axiom [TR4], we can complete the following diagram by dotted
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morphisms
B N,y =—N,
\ S
s
By1 o—>1,
B,.

and hence B, is JP-injective. Moreover, we obtain a projective system

Ny N, N Ny N5
G P N N
B B B B B —_—
NN AN N

Bl B2 BB B4 B5

of exact triangles. Now we take the homotopy projective limit |5 := ho- @p B, (we
also use the symbol B for this object) and Np := ho- l&n N,. Here the homotopy
projective limit of a projective system (Bp,gpgﬂ) is the third part of the exact

triangle
> B, = bo-lim B, = [[ B, == [[ B

where S := [[ ¢!, Then, the axiom [TR4] implies that the homotopy projective
limit Ng — B — |lgp — XNp of the projective system of exact triangles is also
exact. In fact, it can be checked that I is in (J3)'°° and N is in 95 and hence

Ng and Ig gives the left and right approximation of B.

At the end of this section, we review the ABC spectral sequence, introduced in
[Mey08] and named after Adams, Brinkmann and Christensen. Let B be an object
in T, let J be a countable family of homological ideals with a fixed filtration and
let F': ¥ — 2b be a homological functor. Set

= (T2 . pp +1,g-1

ipg = (thy1)"  DP?— DP ,

D= @ Dp7q’ Dpt = Fp+q+1(Np+1)a . L g * . D Ep—l,q—i-l

E f— @Epﬂ Ep,q o F 1(| 1) jz%q — (5p+1) . — ,
’ . p+g+1\'p+1/; kp’q — (Trp)* 2 N Dp’q+17

where N, = A and |, = 0 for p < 0. Then the diagram

D—*“ 2D

N

E
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forms an exact couple. We call the associated spectral sequence is the ABC spectral

sequence for B and F'.

Proposition 2.3 (Proposition 4.3 of [Mey08]). Let B be an object in T and let
F be a homological functor. Set DP = DPY(B) := "~} (DP~"tLrtr=1) gnd EP1 =
EP(B) := k=1(DP?)/j(Keri"). Then the following hold:

1.
3T_1Fp+q+1<Np) ifp >0,
Db =g getr-lp L (B) if —r+1<p <0,
Fyiqt1(B) ifp<—r+1,

where JPF(B) denotes the subgroup {f.£ | £ € F(A), f € J*(A, B)} of F(B).

2. The Ey-page EX? is isomorphic to the right derived functor RPFI(B) :=
Hy(Fq(1), (0i)+)-

3. There is an exactl sequence

3pFP+Q+1(B)
3p+1Fp+q+1<B)

_y P _y BadPtlrtatl by gygrptatl
oo

where Bad™?(B) = Bad”? := J*F,(N,).

Lemma 2.4. Assume thati: Bad”t P14t (B) — Bad”P™*(B) is injective. Then,
the ABC spectral sequence E converges to F'(B) with the filtration 3*F(B). More-

over, a,,: F(B) — F(B) induces an isomorphism of graded quotients with respect
to the filtration J*F.

Proof. The convergence of the ABC spectral sequence follows from Proposition 2.3
(3). By (the dual of) Proposition 3.27 of [Mey08], we have the morphism between

exact couples and hence the commutative diagram

pFP q B ) i I
0 s Eggl(B) —X Badp+1+1p(3) S BadT(B)
P Fpiqi1(B) 3 X +at+1lp( Ry _i A( R
0 et EP(B) —X Bad”t*1(B) -~ Bad”(B).

Now, by Proposition 2.3 (2), the map «..: E5?(B) — E5!(B) is an isomorphism and
hence so is a,: E?(B) — EPI(B). Therefore, injectivity of i: Bad” P 71 (B) —
Bad”?*7™(B) implies y = 0. Consequently we get Y = 0, which gives the conclu-

sion. O



Chapter 3

Equivariant KK-theory for

o-C*-algebras

In this chapter, we summarize basic properties of equivariant KK-theory for o-C*-
algebras for the convenience of readers. Most of them are obvious generalizations
of equivariant KK-theory for C*-algebras (a basic reference is [Bla98]) and non-
equivariant KK-theory for o-C*-algebras by Bonkat [Bon02]. Throughout this

section we assume that G is a second countable locally compact topological group.

3.1 (Generalized operator algebras and Hilbert

C*-modules

Topological properties of inverse limits of C*-algebras was studied by Phillips in
[Phi88a, Phi88b, Phi89a, Phi89b]. He introduced the notion of representable K-
theory for o-C*-algebras in order to formulate the Atiyah-Segal completion theo-

rem for C*-algebras.

Definition 3.1. A pro-G-C*-algebra is a complete locally convex *-algebra with
continuous G-action whose topology is determined by its G-invariant continuous
C*-seminorms. A pro-G-C*-algebra is a 0-G-C*-algebra if its topology is generated

by countably many G-invariant C*-seminorms.

15
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In other words, a pro-G-C*-algebra is a projective limit of G-C*-algebras. Actually,
a pro-G-C*-algebra A is isomorphic to @pes ) A, where 8(A) is the net of G-

invariant continuous seminorms and
A, =A/{zx e A|p(z'x) =0}

is the completion of A by the seminorm p € §(A). A pro-G-C*-algebra is separable
if A, are separable for any p € 8(A). If A is a separable o-G-C*-algebra, then
it is separable as a topological space. Basic operations (full and reduced tensor
products, free products and crossed products) are also well-defined for pro-C*-
algebras. When G is compact, any o-C*-algebras with continuous G-action are

actually o-G-C*-algebras.

We write 0 G-€*sep for the category of separable o-G-C*-algebras and equivariant

x-homomorphisms. Then we have the category equivalence
hm: Proz_,G-C'sep — 0G-C'sep

where Proz_,G-C*sep is the category of surjective projective systems of separa-
ble G-C*-algebras indexed by Z- with the morphism set Hom({A,}, {B.}) =
@n h‘glm Hom(A,, By,). Actually, a x-homomorphism ¢: A — B induces a mor-
phism between projective systems since each composition A % B — B, factors

through some A,.
Next we introduce the notion of Hilbert module over pro-C*-algebras.

Definition 3.2. A G-equivariant pre-Hilbert B-module is a locally convex B-
module together with the B-valued inner product (-,-): E x E — B and the

continuous G-action with

(e1,e3b) = (e1,e2) b, (e1,e2)" = (ea,€1),

g({e1,e2)) = (g(e1), g(ez)) , g(eb) = g(e)g(b),

and the topology of E is induced by seminorms pg(e) := p({e, e))'/? for p € 8(B).
A G-equivariant pre-Hilbert B-module is a G-equivariant Hilbert B-module if it is

complete with respect to these seminorms.

Basic operations (direct sums, interior and exterior tensor products and crossed

products) are also well-defined (see Section 1 of [Sch94]).
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As a locally convex space, E is isomorphic to the projective limit @pes B) E,
where E, := E/{e € E | p((e,e)) = 0}. A G-equivariant Hilbert B-module E is

countably generated if E, is countably generated for any p € 8(B).

Let L(E) and K(FE) be the algebra of adjointable bounded and compact operators
on E respectively. They are actually pro-G-C*-algebras since we have isomor-
phisms
L(E) = lim L(E,), K(E)= lim K(E,).
peS(B) pES(B)
In particular, L(E) and K(E) are 0-G-C*-algebra if so is B. Note that L(F) is not

separable and the canonical G-action on LL(F) is not continuous in norm topology.

Kasparov’s stabilization theorem is originally introduced in [Kas80a| and general-
ized by Mingo-Phillips [MP84] and Meyer [Mey00] for equivariant cases. Bonkat [Bon02]
also gives a generalization for o-C*-algebras. Let J{ be a separable infinite dimen-
sional Hilbert space and we write Hp, He p and Kg for H® B, H ® L*(G) ® B

and K(L?G ® H) respectively.

Theorem 3.3. Let B be a o-unital o-G-C*-algebra and let E be a countably gen-
erated G-equivariant Hilbert B-module together with an essential G-equivariant

x-homomorphism ¢: Kg — L(E). Then there is an isomorphism
E®Hgp =Hen

as G-equivariant Hilbert B-modules.

Proof. In non-equivariant case, the proof is given in Section 1.3 of [Bon02]. In
fact, we have a sequence {e'} in E such that sup, ||e%|| < 1 and {7 (e?)} generates
E, for any p € 8(B) since the projection (E,); — (£,)1 between unit balls is
surjective for any p > ¢. Now we obtain the desired unitary U as the unitary

factor in the polar decomposition of the compact operator
T:Hp = E®Hp; T(E) =27 @47

where {£'} is a basis of Hp. Actually the range of |T| is dense because T*T =
diag(42,47%,..) + (27777 (e;, ;) )s; is strictly positive.

In equivariant case, we identify F with L*(G,H) ® (L*(G,H)* @k, E) and set
Ey:=H ®¢ (L*(G,H)* @k, E). Let U be the (possibly non-equivariant) unitary
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from Hp to Ey ® Hp as above. Then we obtain
U(g) == g(U): Ce(G,Hp) = Co(G, By ® Hp)

which extends to a G-equivariant unitary U : Hep = L*(G,Hp) = L*(G,Ey @
Hp) = E & He p. More detail is found in Section 3 of [Mey00]. O

A pro-C*-algebra is o-unital if there is a strictly positive element h € A. Here, we
say that an element h € A is strictly positive if hA = Ah = A. A pro-C*-algebra
A is o-unital if and only if it has a countable approximate unit. A separable o-
C*-algebra is o-unital and moreover has a countable increasing approximate unit
(Lemma 5 of [Hen89]).

Lemma 3.4. Let B be a 0-C*-algebra with G-action, A C B a 0-G-C*-algebra, Y
a o-compact locally compact space, ¢: Y — B a function such that y — [¢(y), a]
are continuous functions which take values in A. Then there is a countable ap-
proximate unit {u;} for A that is quasi-central for p(Y) and quasi-invariant, that

is, the sequences [u;, p(y)] (y € Y) and g(u;) — w; converge to zero.

Proof. Let {p,}nez., be an increasing sequence of invariant C*-seminorms on B
generating the topology of B and let {v,,} be a countable increasing approximate
unit for A and h := > 27%y,. By induction, we can choose an increasing sequence

{u,} given by convex combinations of v;’s such that

L. pp(uh —h) < 1/n,
2. pu([tn, ©(y)]) < 1/n for any y € Y,,,

3. pn(g(un) - un) < 1/” for any g € X_n

Each induction step is the same as in Section 1.4 of Kasparov [Kas88]. [

Theorem 3.5. Let J be a o-G-C*-algebra, Ay and Ay o-unital closed subalgebras
of M(J) where G acts continuously on Ay, A a separable subset of M(J) such
that [A, A1] C Ay and ¢: G — M(J) a function such that supec pesa() P(#(9))
is bounded. Moreover we assume that Ay - Ay, Ay - o(G), and p(G) - Ay are in J
and g — @(g)a are continuous functions on G for any a € Ay + J. Then, there

are G-continuous even positive elements My, My € M(J) such that
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o My+ My =1,

o Ma;, [M;,d], Map(g), ¢(g)Ms, g(M;) — M; are in J for any a; € A;, d € A,
geaq,

o g+— Myp(g) and g — p(g)Ms are continuous.

Proof. The proof is given by the combination of arguments in p.151 of [Kas88]
and in Theorem 10 of [Hen89]. Actually, by Lemma 3.4 we get an approximate
unit {u,} for A; and {v,} for J such that

L. pp(uphy — hy) <277,

2. po([tn,y]) <27 forany y €Y,

3. pu(g(uy) —uy,) <27 for any g € X,
4. pu(vaw —w) < 272" for any w € W,

5. pn([vn, 2]) is small enough to p,([b,, z]) < 27 for any z € {hy,hs} UY U
o(Xn),

6. pn(g(bn) —b,) < 27" for any g € X,,,

where hy, hs, k are strictly positive element in A;, Ay and J respectively such that
Pn(h1), pn(ha), pr(k) < 1 for any n, Y C A is a compact subset whose linear span
is dense in A, X, is a increasing sequence of relatively compact open subsets of G
whose union is dense in G, W,, := {k, unho, Uny1ha} U tno(X ) U tlny190(Xpg1) U
©(X )t U@(X 1) tngr and b, == (v, — v,_1)"%. Now, it can be checked that
the finite sum »_ b,u,b, converges in the strict topology to the desired element

M € M(J). 0

3.2 Equivariant KK-groups

A generalization of KK-theory for pro-C*-algebras was first defined by Weid-
ner [Wei89] and was generalized for equivariant case by Schochet [Sch94]. Here the
notion of coherent A-B bimodule is introduced in order to avoid Kasparov’s tech-
nical theorem for pro-C*-algebras. On the other hand, Bonkat [Bon02] introduced
a new definition of KK-theory for o-C*-algebras applying the technical theorem
3.5 for o-C*-algebras. In this paper we adopt the latter definition.
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Definition 3.6. Let A and B be o-unital Z/2-graded o-G-C*-algebras. A G-
equivariant Kasparov A-B bimodule is a triplet (£, ¢, F') where

o Eis a Z/2-graded countably generated G-equivariant Hilbert B-module,
o p: A— L(F) is a graded G-equivariant *-homomorphism,

o I € L(F) is an odd self-adjoint operator such that [F,(A)], p(A)(F? — 1),
©(A)(g(F) — F) are in K(E) and p(a)F, Fp(a) are G-continuous.

Two G-equivariant Kasparov A-B bimodules (F1, @1, F1) and (E2, ¢, Fy) are uni-
tarily equivalent if there is a unitary u € L(Ey, E2) such that upju* = ¢y and
uFiu* = F5. Two G-equivariant Kasparov A-B bimodules (£, @1, F1) and (Es, 9, F3)
are homotopic if there is a Kasparov G-equivariant A-IB bimodule (E, ¢, F') such
that (ev;).(F, p, F') are unitarily equivalent to (E;, ¢;, F;) for i = 0, 1.

Definition 3.7. Let A and B be o-unital Z/2-graded o-G-C*-algebras. The KK-
group KKG(A, B) is the set of homotopy equivalence classes of G-equivariant Kas-

parov A-B bimodules.

It immediately follows from the definition that KK“(C, A) is canonically isomor-

phic to the representable equivariant K-group RK§ (A) introduced in [Phi89b].

Definition 3.8. Let (E1, ¢, F1) be a G-equivariant Kasparov A-B bimodule and
(Es, @9, F5) a G-equivariant Kasparov B-C' bimodule. A Kasparov product of
(E1, 1, F1) and (Es, @9, Fy) is a G-equivariant Kasparov A-C' bimodule (E; ®p
Es, o, F) that satisfies the following.

1. The operator F' € L(E; ®p E,) is an Fy-connection. That is, T, o Fy —
(—1)deezdee 2 o T and Fy o T — (—1)d82dee 2T o [ are compact for any

x e El.
2. p(a)[F1 ® 1, Flp(a)* > 0 mod K(E).

Theorem 3.9. Let A, B, C and D be o-unital o-G-C*-algebras. Moreover we
assume that A is separable. The Kasparov product gives a well-defined group ho-

momorphism

KKY(A, B) ® KKY(B,C) — KK%(4,C)

which is associative, that is, (t@pY)Dcz = 25 (yRc 2) for any v € KKC(A, B),
y € KK(B,0) and z € KKY(C, D) when B is also separable.
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Proof. What we have to show is existence, uniqueness up to homotopy, well-
definedness of maps between KK-groups and associativity of the Kasparov prod-
uct. All of them are proved in the same way as in Theorem 12 and Theorem 21 of
[Ska84] or Theorem 2.11 and Theorem 2.14 of [Kas88]. Note that we can apply the
Kasparov technical theorem 3.5 since we may assume that sup,eg g p(F) < 1
by a functional calculus and a separable o-C*-algebra is separable as a topological
algebra (see also Section 18.3 - 18.6 of [Bla98g]). O

Moreover, we obtain the Puppe exact sequence (as Theorem 19.4.3 of [Bla98])
for a x-homomorphism between o-C*-algebras and the six term exact sequences
(Theorem 19.5.7 of [Bla98]) for a semisplit exact sequence of o-C*-algebras by the

same proofs.

Next we deal with the Cuntz picture [Cun83] (see also [Mey00]) of KK-theory for
0-G-C*-algebras.

Definition 3.10 (Definition 2.2 of [Cun83]). We say that (g, p1): A = D>J —
B is an equivariant prequasihomomorphism from A to B if D is a o-unital o-C*-
algebra with G-action, ¢y and ¢, are equivariant x-homomorphisms from A to
D such that ¢o(a) — p1(a) are in a separable G-invariant ideal J of D such that
the restriction of the G-action on J is continuous, and J — B is an equivariant
s-homomorphism. Moreover we say that (g, 1) is quasihomomorphism if D is
generated by ¢o(A) and ¢1(A), J is generated by {po(a) — ¢1(a) | a € A} and
J — B is injective.

The idea given in [Cun87] is also generalized for o-G-C*-algebras.

Definition 3.11. Let A and B be o-G-C*-algebras. The full free product A* B is
the o-G-Cr*-algebra given by the completion of the algebraic free product A *,, B

by seminorms

Dramp(@1by ... anby) = ||mala))mp(br) ... ma(an) (b))l

where 74 and 7p are x-representations of A and B on the same Hilbert space. In
other words, when A = @An and B = @Bm, the free product A x B is the
projective limit @(An * By,).
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By definition, any *-homomorphisms p4: A — D and ¢g: B — D are uniquely
extended to @4 * pp: Ax B — D. We denote by QA the free product A x A and
by qA the kernel of the x-homomorphism idy *ids: QA — A.

Since we have the stabilization theorem 3.3 and the technical theorem 3.5 for o-
G-Cr-algebras, the following properties of quasihomomorphisms and KK-theory is
proved in the same way. We only enumerate their statements and references for
the proofs. Here we write gsA for the G-C*-algebra ¢(A ® K¢).

o The set of homotopy classes of G-equivariant quasihomomorphisms from
A®Kg to B®Kg is isomorphic to KK(A, B) (Section 5 of [Cun83]).

o The functor

KKY: G-C*sep x G-C*sep — R(G)-Mod
is stable and split exact in both variables (Proposition 2.1 of [Cun87]).

o For any o-G-C*-algebras A and B, A% B and A @ B are KK%-equivalent
(proof of Proposition 3.1 of [Cun87]).

o The element 74 := [m] in KK®(qA, A) where 7y := (ida * 0)]ga: ¢A — A is
the KK%-equivalence (Proposition 3.1 of [Cun87]).

o There is a one-to-one correspondence between G-equivariant quasihomomor-
phisms from A ® Kg to B ® Kg and G-equivariant s-homomorphisms from
¢sA to B ® K¢ (Theorem 5.5 of [Mey00]).

o There is a canonical isomorphism KK (A, B) = [¢,A, B ® Kg]¢ (the stabi-
lization theorem 3.3 and Proposition 1.1 of [Cun87]).

o The correspondence
[QSA X KG; qu ® KG]G - KKG<A7 B>7 prH>TRpOYO (ﬂ-A)il

induces a natural isomorphism (Theorem 6.5 of [Mey00]).

For a projective system {A,,m,} of o-C*-algebras, the homotopy projective limit

ho- @An is actually isomorphic to the mapping telescope

Tel A, = {f € [[C([0,1], A.) | ful(1) = ma(f(0))}.
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The following theorem follows from the fact that the functor KK%(A,.) and
KK%(_, B) is compatible with direct products when B is a G-C*-algebra.

Theorem 3.12. The following holds:

1. Let {A,}nez., be an inductive system of 0-G-C*-algebras and A := ho- llﬂ A,.

For a 0-G-C*-algebra B, there is an exact sequence

0 — hm'KKS, | (A, B) — KK%(A, B) — KK (A, B) = 0.

2. Let {By}nez., be a projective system of o-G-C*-algebras and B := ho- Lm B,.

For a 0-G-C*-algebra B, there is an exact sequence

0 — Im'KK{,, (4, B,) = KK(4, B) — limKK{(A, B,) — 0

3. Let{A,}nez., be a projective system of o-G-C*-algebras and A := ho- Lm A,

For a G-C*-algebra B, there is an isomorphism

KK“(4, B) = lip KK%(4,, B).

Corollary 3.13. Let A = ho- l'LnAn and B = ho—l'&nBm be homotopy projective

limits of C*-algebras. There is an exact sequence

0 — lim" lim KK, | (A, B) = KKY (A, B) = lim lim KK(A,, B,,) — 0.

In particular, if two homotopy projective limits A = ho- m A, and B = ho- l&n B,
of G-C*-algebras are KK“-equivalent, then we get a pro-isomorphism of projecctive
systems {A,}n — {Bm}m in 8RC.

3.3 The Kasparov category

Definition 3.14. We write 0 88 for the Kasparov category of o-G-C*-algebras
i.e. the additive category whose objects are separable o-G-C*-algebras, morphisms

from A to B are KK®(A, B) and composition is given by the Kasparov product.

Note that the inclusion G-€*sep C 0G-€*sep induces a full embedding KR in

cRRY. Additional structures of SR such as tensor products, crossed products
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and countable direct sums are extended on ¢ 8R8Y. Moreover the category KR

has countably infinite direct products.

Theorem 3.15 (Theorem 2.2 of [Tho98], Satz 3.5.10 of [Bon02]). The category
o RRY is an additive category that has the following universal property: there is the
canonical functor KKY: o€*sep — 0 &RRY such that for any C*-stable, split-exact,
and homotopy invariant functor F': o€*sep — A there is a unique functor F such
that the diagram
* G
o€ Iep —: 2
sRRC

commautes.

This follows from the Cuntz picture introduced in the previous subsection.

A structure of the triangulated category on R8¢ is introduced in [MNO6]. Let S
be the suspension functor SA := Cy(R) ® A of C*-algebras. Roughly speaking,

the inverse ¥ := S~! and the mapping cone exact sequence
YB — cone(f) — A 4B

determines a triangulated category structure of £8%. More precisely we need to
replace the category RR® with another one that is equivalent to R, whose ob-
jects are pair (A, n) where A is a separable o-G-C*-algebra and n € Z, morphisms
from (A, n) to (B, m) are KK,,_,(A, B) and composition is given by the Kasparov
product. In this category the functor ¥: (A,n) — (A,n + 1) is an category iso-
morphism (not only an equivalence) and So3 = ¥ o S are natural equivalent with
the identity functor. A triangle 3(B,m) — (C,l) — (A,n) — (B, m) is exact if
there is a *-homomorphism from A’ to B’ and the isomorphism «, § and v such
that the diagram
YB C A B

R R

YB'——cone(f) —= A’ .

commutes. For simplicity of notation we use the same letter R8Y for this category.

Theorem 3.16. The category cRRC, with the suspension ¥ and exact triangles

as above, 1s a triangulated category.
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We omit the proof. Actually, the same proof as for RRF given in Appendix 1 of

[MNO6] works since we have the Cuntz picture of equivariant KK-theory introduced

in the previous subsection.



Chapter 4

Equivariant topology in
KK-theory

In this section we apply the relative homological algebra of the injective class
introduced in Section 2 for equivariant KK-theory and relate it with the Atiyah-
Segal completion theorem. We deal with the Kasparov category 0 RR of o-G-C*-
algebras, which is closed under countably infinite direct products. The definition
and the basic properties of equivariant KK-theory for o-G-C*-algebras are summa-
rized in Appendix 3. In most part of this section we assume that G is a compact

Lie group. We need not to assume that G is either connected or simply connected.

4.1 Semi-orthogonal decomposition in equivari-

ant KK-theory

For a subgroup H < G, consider the homological ideal J& := Ker ResZ of oRRC.
There are only countably many homological ideals of the form JZ since 321 = 3g2
when H; and H, are conjugate and the set of conjugacy classes of subgroups of a

compact Lie group G is countable (Corollary 1.7.27 of [Pal60]),

Definition 4.1. Let F be a family, that is, a set of closed subgroups of a compact
group G that is closed under subconjugacy. We write JZ for the countable family
of homological ideals {J& | H € F}.

26
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In particular, we say that the family 7 consisting of the trivial subgroup {e} is

the trivial family.

Let us recall that the induction functor Ind% : o H-€*sep — 0G-C*sep is given by

md§ A= {f € C(G,A) | an(flg-h)) = f(g)}

with the left regular G-action \,(f)(¢') = f(¢~'¢’) when H is a cocompact sub-
group of G. By the universal property of the Kasparov category (Theorem 3.15),
it induces the functor between Kasparov categories. An important property of

this functor is the following Frobenius reciprocity.

Proposition 4.2 (Section 3.2 of [MNO06]). Let G be a locally compact group and
H < G be a cocompact subgroup. Then the induction functor Indg 15 the right
adjoint of the restriction functor Resg. That is, for any o-G-C*-algebra A and
o-H-C*-algebra B we have

KKY(A,Ind$, B) = KK”(Resf A, B).
Proof. The equivariant KK-cycles induced from the *-homomorphisms

ea: ResAnd% A= C(G, AT = A, s fle),
np: B — Ind§ Resg B= C(G/H)® B; av a® lg/m,

form a counit and a unit of an adjunction between Indg and Resg . Actually it

directly follows from the definition that the compositions

ResZ na CResH A
Res? A —% ResH Ind% Res? A —<= Res A

G nlndg B e H G Indg B G

are identities in o ARC. O

Definition 4.3. Let G be a compact group and let F be a family of G.

1. A separable o-G-C*-algebra A is F-induced if A is isomorphic to the induc-
tions Indg Ay where Ay is a separable o- H-C*-algebra and H € F. We write
FZT for the class of F-induced objects.

2. A separable o-G-C*-algebra A is F-contractible if Resg A is KK -contractible
for any H € F. We write FC for the class of F-contractible objects.
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In particular, when F = T we say that A is trivially induced and trivially con-

tractible respectively.

Theorem 4.4. Let G be a compact group and let F be a family G. The pair
(FC,(FI)'%) is complementary in o RKS.

Proof. This is proved in the same way as Proposition 3.21 of [Mey08].

Note that FC = ‘ﬁjg and FZ C JJJGT. By Theorem 2.2, it suffices to show that
o RRC has enough J5-injectives and all JZ-injective objects are in (FZ)°°. The
first assertion follows from the existence of the right adjoint functor of Resg .
Actually, for any H € F, the morphism A — I; := Ind% ResH A is JZ-monic and
I is J8-injective. Moreover, the morphism A is a direct summand of I; when A

is 35 -injective. This implies the second assertion. ]

In particular, applying Theorem 4.4 for the case of F = T, we immediately get

the following simple but non-trivial application.

Corollary 4.5. Let A be a separable o-C*-algebra and let {oy }iepo1) be a homotopy
of G-actions on A. We write A; for the o-G-C*-algebra (A, o). Then, Ay and A,
are equivalent in o RRY /TC. In particular, if Ay and A, are in (’TI)IOC, then they

are KKC-equivalent.

Proof. Consider the o-G-C*-algebra A := (A®C|0, 1], &) where a(a)(t) = ay(a(t)).
Since the evaluation maps ev,: A — A, are non-equivariantly homotopy equiva-
lent, they induce equivalences in 0 RRC /TC. Consequently, evio(evy)™': Ay — A;

is an equivalence in 0 RR®/TC. The second assertion is obvious. ]

4.2 The Borel construction

Next we study a canonical model of phantom towers and phantom castles. Ac-
tually, we observe that the cellular approximation tower obtained in the proof of
Theorem 4.4 is nothing but the Milnor construction of the universal F-free (i.e.
every stabilizer subgroups are in F) proper (in the sense of [Pal61]) G-space (see

[Liic05]). Hereafter, for a compact G-space X, we write Cy for the mapping cone

{f € Co([0,00),C(X)) | f(0) = C-1x}
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of the *x-homomorphism C — C(X) induced from the collapsing map X — pt.

Definition 4.6. Let {H,},cz., be a countable family of subgroups in F such that
any L € F are contained infinitely many H,’s. We call the phantom tower and

the phantom castle determined inductively by
l,(B) = Ind§, Res¢” N,(B) 2 N,(B) ® C(G/H,)

is the Milnor phantom tower and the Milnor phantom castle (associated to {H,})

respectively.

By definition, I and N in the Milnor phantom tower are explicitly of the form

Ne & A® Coym - @ Coym,
e = A® Coym ® -+ @ Coym,_, ® C(G/Hy)

and ¢; ! is induced from the restriction (evaluation) *-homomorphism evy: Co/m, —
C given by f — f(0).

For G-spaces Xj,...,X,, the join %}_, X} is defined to be the quotient of A™ x
(IT Xk), where

A" = {(tr,. ) €[0,1)" | Dt =1},

with the relation
(L1, s tny @1y ey y) ~ (L1, o b, Y1y - -5 Yn) if 2 = yg for any k such that ¢, # 0.

It is equipped with the G-action induced from the diagonal action on A™ x [] X
(where G acts on A" trivially). For n € Z-¢, Er,G denotes the n-th step of the

Milnor construction [?] x}_; G/Hj.

Lemma 4.7. The n-th step of the cellular approzimation C,, of C is isomorphic
to C(E]:mG).

Proof. Let f be a function on the Gelfand-Naimark dual of Cq/y, ® -+ ® Cqym,
given by
f(((l’h tl)? S (xmtn))) =t + -+ 1ty

Obviously, f71((0,00)) is G-homeomorphic to (0,00) x (sk G/H},) and f~1(0) = *.
Consequently, Cq/m, @ -+ ® Cgn, is G-equivariantly isomorphic to the mapping

cone Cy q/H, - O
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Consequently, it can be seen that the right approximation A is nothing but the
tensor product A® C(ExG), where ExG is the universal F-free G-space. In other
words, a G-C*-algebra A is in the full subcategory (FZ)'°° if and only if it is KK%-
equivalent to A ® C'(ExG). Tt is analogous to the fact in the equivariant topology
that a G-space X is F-free if and only if it is G-equivariantly homotopy equivalent
to X x ExG.

Remark 4.8. In particular, when F = T, the subcategory (’TZ}IOC gives a char-
acterization of freeness of group actions on C*-algebras. In fact, it is compatible
with the previous approach for the definition of freeness of G-actions by Phillips
[Phi87]. In Section 4.4 of [Phi87] (see in particular Proposition 4.4.4), a G-C*-
algebra A is said to have discrete KK-theory if IJZKK®(A, A) = 0 for some n > 0
and be KK-free if all G-invariant ideals I <t A has discrete KK-theory. We remark
that a G-C*-algebra A is J&-injective for some k > 0, then it has discrete KK-
theory, which is obvious from the definition. Moreover, if G is a subgroup of T! or
KKS(A, A) (+ = 0,1) are finitely generated as R(G)-modules, then the converse

follows from Theorem 4.12 or Theorem 4.16 in the next section.

More generally, let X be a F-free finite G-CW-complex containing a point x whose
stabilizer subgroup is H. By Proposition 2.2 of [Mey08], there is n > 0 such that
C(X) is (J5)™-injective. Moreover, the morphism evy: Cx — C is in J& since
the path of H-equivariant *-homomorphisms ev(,): Cx — C connects evy and
zero. Let {X;} be a family of F-free compact G-CW-complexes such that for any
H € F there are infinitely many X;’s such that X # (). Then, in the same way

as Theorem 2.2, the exact triangle
SC(%* X;) =+ R)Cx, =+ C— C(* X)
i=1 et i=1

gives the approximations of C with respect to the complementary pair (FC, (FZ)"°).
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4.3 Comparison of ideals and the Atiyah—Segal

completion theorem

Now we compare the filtration (J%)*(4, B) with another one;

(IZ)"KKE(A, B) := {D vt -6 | 7F € 15", & € KK9(4, B),}

where I} are the augmentation ideals Ker ResZ of R(G) and {H;} is the same as
Definition 4.6. Obviously its equivalence class is independent of the choice of such
{H;}. We also remark that (IZ)"KK%(A, B) C (3&)"(A, B).

Ezxample 4.9. We consider the case that G = T and F = T. The first triangle in

the Milnor phantom tower is

where T! = U(1) acts on R? = C canonically. By the Bott periodicity, KK%(N;, C)
is freely generated by the Bott generator 3 € KK%(Ny,C) and Jo(N;,C) = I - 8.
Consequently, ¢} is in IgKK®(A, B). More explicitly, ¢} = X - 8 where \ :=
[A°C] — [A'C]. Since ¢} is Jo-coversal, Jo(A, B) = IgKKY(A, B) holds for any A
and B.

Ezample 4.10. Let G be a compact connected Lie group such that 7 (G) has no
2-torsion element and let 7" be a maximal torus of G. In this case the following

lemma shows that ¢} = 0 and hence J% = IZKKY = 0.

Lemma 4.11. The morphism my € KK®(C,C(G/T)) in the Milnor phantom

tower has a left inverse.

Proof. Let us fix a choice of positive roots P C A and p := ) _,a/2. By

the assumption about 2-torsion elements of (&), the weight ip is analytically

acP

integral, that is, (X,ip) € 27Z for any X € it such that eX =1 € T (in terms
of bundles, this means that the flag manifold G/T has a homogeneous Spin‘-

structure).

Let A € it* be an analytically integral weight such that A\ + p is regular i.e.
(a, A+ p) # 0 for all @ € P. The Borel-Weil-Bott theorem (see for example
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Theorem 8.7 of [BGV04]) says that the equivariant index of the twisted Dirac
operator Dy on G/T twisted by A is the highest weight module [V}] € R(G). In
particular when A = 0, the index of the (untwisted) Dirac operator is 1 € R(G).
Therefore, the corresponding K-homology cycle [D] € KK%(C(G/T), C) satisfies

(0] ®c(ayry [D] = [Ind D] = 1 € R(G) = KKY(C,C)

since 7y is induced from the x-homomorphism mapping 1 € C to the identity
element in C(G/T). O

For a group homomorphism L — G and a family F of GG, define the pull-back to
be

©o*F:={p ' (H) | H € F}.
Then, the functor ¢*: cRRY — o RRY maps (FZ) and FC to (p*FI) and ¢*FC

respectively.

Theorem 4.12. Let H < G be compact connected Lie groups without any 2-
torsion in their fundamental groups and rank G —rank H < 1. For a group homo-
morphism ¢: L — G, let F := ©*Fg. Then, for any r € Z~qg there is k € Z~g
such that (J7)*(A, B) € (I)’KK*(A, B) for any A, B € 0€*sep”.

Proof. 1t suffices to find a compact F-free proper L-space X such that the exact
triangle
Cx > C5 C(X) = XCx

in o RRY satisfies ¢ € (I7)"KK*(Cx, C) because
Im(: ®idg), = Ker(7m ®idp), D (J5)*(A, B),

for any A, B € o€*sep” and k € Z~¢ such that X C Ex L. Since ¢*IF C IM for
any M € F, we can reduce the problem for the case that ¢ = id.

When rank G = rank H, it immediately follows from Example 4.10 (note that in
this case (J%)* = 0 for some k > 0). To see the case that rank G — rank H = 1,

choose an inclusion of maximal tori Ty C Ty. Consider the exact triangle

SC(T(;/TH) — CTG/TH —-C— C(Tg/TH)



Contents 33

By Example 4.9, Res.’ 1} is in IggKKTG(NI,C). Since (];Fg)” C I}"R(Tg) for
sufficiently large n > 0 (Lemma 3.4 of [AHJMSS]), for any ! > 0 there is k > 0
such that

=@ @i € (IE)KK™ (N, C)

(note that I5" = IH). Moreover, «f is actually in (I )'KK%(Ny, C) since KK (N, C)
is a direct summand of KK’¢(Ny, C) by Example 4.10. Now Ez ;G is the desired
X (recall that C(Er;G) = Cy). O

As a corollary, we obtain a generalization of Corollary 1.3 of [AHJMS88]. For a
family F of G, we write Fy. for the family generated by (topologically) cyclic
subgroups in F. In particular, let Z denote the family generated by all cyclic
subgroups. Here, we say that T" < (G is a cyclic subgroup of (G if there is an element
g € T such that m = T. Note that T is cyclic if and only if T"= T™ x Z/IZ.

Lemma 4.13. Let F C F' be families of G. If for any H € F' there is k € Z~q
such that (3?1{)]“ = 0, then two filtrations 35 and I}, are equivalent uniformly,
that is, for any k > 0 there is n > 0 (independent of A and B) such that
(JE)(A, B) C (JE)E(A, B) for any A, B € 0€*sep©.

Proof. Pick Hy,...,H, € F'. By assumption, we can choose L;1,...,L;; (i =
1,...,k) such that 3%’1 0---0 3ZJ = 0. Then, by definition

~L171 ~L1," ~Li,1 ~Lk,j ~H
(JG Q...O‘JGJl)o...o(dG O”'O\SG k)CdGlo...odG’

which is the conclusion. O
Corollary 4.14. For a compact Lie group G, the following hold:
1. There is n > 0 such that (J&)" = 0. In particular, the subcategory ZC is
zero in cRRC .
2. For any family F of G, the filtrations (J%)* and (S‘gcyc)* are equivalent.

Moreover, FC = FeycC in cRRY.

Note that the second assertion means that for any n > 0 we obtain k£ > 0 (which
does not depend on A and B) such that (35)¥(A4, B) C (35°)"(A, B).
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Proof. First, we prove when G is abelian by induction with respect to the order of
G/G°. When G/G" is cyclic, then the assertion holds because G is also cyclic. Now
we assume that G/G° is not cyclic (and hence any element in G/GY is contained
in a proper subgroup). Let P be the family of G generated by pull-backs of proper
subgroups of G/G". By the induction hypothesis and Lemma 4.13, it suffices to
show that there is a large n > 0 such that (J5)" = 0. Because G is covered by
finitely many subgroups in P, we obtain a large m > 0 such that (IZ)™ = 0.
Since G /Gy is a direct product of finite cyclic groups, there is a nontrivial group
homomorphism f: G/Gy — T'. Applying Theorem 4.12 for compositions of the
quotient G — G/G° and f, we get n > 0 such that (J5)" C (I5)"KK® = 0.

Fot general G, let m: G — U(n) be a faithful representation of G. As is pointed
out in the proof of Theorem 4.12 for Ty (,y < U(n) and 7 (in this case F is equal
to the family of all abelian subgroups AB of GG), Example 4.10 implies that there
is k € Zg such that (JA%)F = 0. Now, we get the conclusion by Lemma 4.13 for
Z C AB.

Now, the assertion (2) immediately follows from (1) and Lemma 4.13. O

Remark 4.15. Unfortunately, in contrast to Theorem 4.12, (£ € IZKK%(N,,C)
does not hold for general compact Lie groups and families. For example, consider
the case that G = T? and F = 7. Computing the six-term exact sequence of the

equivariant K-homology groups associated to the exact triangle
SC(SQn_l X SQn_l) — Cg2n-14g2n-1 = C — C(S2n_1 X S2n_1),

we obtain KK (Cgan-1g2n1, C) = R(G)-1f (note that KK (C(S?1x 52"~ 1),C) =
K;(CP" x CP") = 0 by Poincaré duality). By Theorem 3.12 (3), we obtain
KK%(N¢, C) = R(G) - 15° and hence ¢&° is not in IoKK®(N¢, C).

Instead of Theorem 4.12, the following theorem holds for general compact Lie

groups and families.

Theorem 4.16. Let G be a compact Lie group and let A, B be o-C*-algebras such
that KK¢(A, B) is finitely generated for + = 0,1. Then the filtrations (35)*(A, B)
and (IZ)* KK (A, B) are equivalent.

Note that this is a direct consequence of Lemma 4.7 and Corollary 2.5 of [Uuy12]
when KK (A, B) are finitely generated for any H < G and * = 0, 1.
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In order to show Theorem 4.16, we prepare some lemmas.

Lemma 4.17. Let G be a compact Lie group, let X be a compact G-space and let
A, B be 0-G'x X -C*-algebras. We assume that KKE** (A, B) are finitely generated
for « =0,1. Then, the following holds:

1. Assume that G satisfies Hodgkin condition and let T' be a maximal torus of
G. Then KKI"X(A, B) are finitely generated for x =0, 1.

2. When G = T", KKX*X(A, B) are finitely generated for any H < T".

3. For any cyclic subgroup H of G, there is a G-space Y such that C(Y') is
(JEE-injective for some k > 0 and KKE**(A, B ® C(Y)) are finitely gen-
erated for x =0, 1.

Proof. First, (1) follows from the fact that C(G/T) is KK®-equivalent to C!"el
(which is essentially proved in p.31 of [RS86]). To see (2), first we consider the
case that T™/H is isomorphic to T. Then, the assertion follows from the six-term

exact sequence of the functor KK™ *¥(A, B ® ) associated to the exact triangle
SC(T') — Co(R?*) — C — CO(T).

In general T™/H is isomorphic to T™. By iterating this argument m times, we

immediately obtain the conclusion.

Finally we show (3). Since the space of conjugacy classes of G is homeomorphic to
the quotient of a finite copies of the maximal torus T' of G° by a finite group, there
is a finite family of class functions separating conjugacy classes of G. A moment
of thought will give you a finite faithful family of representations {m;: G — U(n;)}
such that {x(m;)} separates the conjugacy classes of G. Then, two elements g; , g2
in G are conjugate in G if and only if so are in U := [[U(n;) (here G is regarded
as a subgroup of U by [[ 7). Set F :=={L < GNgHg'| g€ U}. Then G
acts on U/H F-freely and every subgroup in F. is contained in a conjugate of
H. By Corollary 4.14 (2), C(U/H) is (J&)*-injective for some k > 0. Moreover,
KKY(A, B® C(U/H)) are finitely generated R(G)-modules. To see this, choose a
maximal torus T of U containing H. Then U/H is a principal 7'/ H-bundle over
U/T and we can apply the same argument as (2). O]

Lemma 4.18. Let X be a compact G-space and let X1, ..., X, be closed G-subsets
of X such that X1 U---UX, = X. Then, in the category cRRE*™, the filtration
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associated to the family of ideals Jx, ... x, = {Ker Resgiﬁ"} is trivial (i.e. there is

k>0 such that (Ix,..x,)*=0).

-----

Proof. 1t suffices to show the following: Let X be a compact G-space and X7, X5
be a closed G-subspaces such that X = X;UX,. For separable o-G'x X-C*-algebras
A, B, D and & € KK“¥(A, B), & € KK (B, D) such that Res&* ' & = 0

and Resg§§2 & = 0 holds, we have & o0 & = 0.

To see this, we use the Cuntz picture. Let K¢ := K(L*(G)*) and let g5 x A be the

kernel of the canonical *-homomorphism
(AR Kg) xx (ARKg)) @ Kg = (AR Kg) @ Kg

for a G x X-C*-algebra A. Then, KK“** (A, B) is isomorphic to the set of homo-
topy classes of G x X-equivariant *-homomorphisms from ¢s x A to ¢, x B and the

Kasparov product is given by the composition.

Let X’ be the G-space X7 x {0} U (X; N Xy) x [0,1] U Xy x {1} € X x [0,1]
and let p: X’ — X be the projection. Note that p is a homotopy equivalence.
Let ¢1: ¢sxA — ¢sxB be a G x X-equivariant *-homomorphism such that
[¢1] = & . By using a homotopy trivializing ¢;|x,, we obtain a G x X’-equivariant
s-homomorphism ¢} : ¢s x'p*A — ¢s xp*B such that [¢}] = & under the isomor-
phism KK (4, B) = KK¥X' (p*A,p*B) and ¢} = 0 on X'NX x [0,1/2]. Simi-
larly, we get @ : p*qs B — p*qsD such that [ph] = & and ¢}, = 0 on X'NX x[1/2,1].
Then, & 0 & = ¢ 0 ] = 0. 0

Proof of Theorem 4.16. By Corollary 4.14, it suffices to show the theorem for Fy..
Hence we may assume that F = F.,. without loss of generality. When G = T",
the conclusion follows from Lemma 4.17 (2) and Corollary 2.5 of [Uuy12].

For general G, let U be the Lie group as in the proof of Lemma 4.17 (3) and let

T be a maximal torus of U. Consider the inclusion

KK (A, B) = KKY*Y/%(IndY, A, IndY, B)
C KK™U/%(1ndY A, IndY, B).
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Set F and F’ the family of G and T respectively given by

F={L<GngHg'|HeF,gelU},
F ={L<TngHg'|HeF,gecU}.

Note that Corollary 4.14 implies that the filtration (J%)* is equivalent to (35)*

since Feye = Feye-

Consider the family of homological ideals

JJTC;U/G = {KerResngU//g | H € F'}.

We claim that the restriction of the filtration (J7., U/G)*(Indg A,Ind% B) on KK®(A, B)
is equivalent to (J%)*(A, B).

Pick L € F'. The slice theorem (Theorem 2.4 of [Zun06]) implies that there is a
family of closed L-subspaces Xi,..., X, of U/G and z; € X; such that (JX; =
U/G and the inclusions Lz; — X; are L-equivariant homotopy equivalences. Now

we have canonical isomorphisms

Lz,
Resy

KK"*¥i(Indg, Alx,, Indg Bx,) —=KK" " (Indg A4, Indg B|r.,)

—KKI9 "G (A, B)
gLg~'NG LK X; . . .
such that Res, = Resyj, 17 under these identifications (here g € U such that
gL = z; € U/L). Now, we have gLg™' NG € F. Therefore, by Lemma 4.18, we
obtain (3£)k C Ji;U/G for some k > 0. Conversely since F = Fy., for any L € F,
we can take g € U such that gLg~' € F'. Hence KK%(A, B) ﬂfj;;U/G(A,B) -
J5(A, B).

Similarly, the filtration (1Z)*KK%(A, B) is equivalent to the restriction of
(IF " KK™*V/¢(1IndY, A, Ind% B).

Actually, by Lemma 3.4 of [AHJMSS], the [Z-adic and I7"-adic topologies on
KKY(A, B) (here F” is the smallest family of U containing ') coincide and so do
the I7-adic and I -adic topologies on KK”*Y/¢(Ind¥ A, Ind% B).

Finally, the assertion is reduced to the case of G = T". O]
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Theorem 4.16 can be regarded as a categorical counterpart of the Atiyah-Segal
completion theorem. Since Theorem 4.16 holds without assuming that KK (A, B)
are finitely generated for every H < (G, we also obtain a refinement of the Atiyah-
Segal theorem (Corollary 2.5 of [Uuy12]).

Lemma 4.19. Let A, B be separable o-G-C*-algebras such that KKf(A, B) are

finitely generated for x = 0,1. Then there is a pro-isomorphism

{KK(A, B)/(3%)"(A, B)}pez.o = {KK(A, By) hyez.

Proof. By Lemma 4.17 (3), there are compact G-spaces {Xj}rez., such that
KKY(A, B ® C(X})) are finitely generated for x = 0,1, each O(X;) is (J%)'-
injective for some r > 0 and for any H € F there are infinitely many Xj’s such
that X/ £ (0. Set

* X))
=1

1=

p
N, :=B®Q)Cx, I:=N,_, &C(X,), B, :=BaC(
=1

and N := ho-lim N, B = ho—LmBI’). By the same argument as Theorem 2.2,
we obtain that
SB—Nz —>B— B

is the approximation of B with respect to (FC, (FZ)°°). Moreover, by the six-term
exact sequence, we obtain that KK%(A, leo) are finitely generated R(G)-modules.

Consider the long exact sequence of projective systems
- o (5. (0B)- .
{KKZ(A,SB,)}, = {KKZ(A,N))}, == {KKZ(A, B)} —= {KKI(4, B,)},.

Then, {Im(:5).}, = {Ker(ah).}, is pro-isomorphic to (JZ)*(A4,B). Actually,
for any p > 0 there is 7 > 0 such that (J%)" (A4, B) C Ker(ah), = Im(:5), C

(J5)P(A, B) since B, is (J%) -injective for some r > 0.

Therefore, it suffices to show that the boundary map {0,} is pro-zero. Apply
Theorem 4.16 and the Artin-Rees lemma for finitely generated R(G)-modules
M = KK®(A, N’) and L := Imd,. Since BZ’) is (JZ) -injective for some r > 0,
there is £ > 0 and [ > 0 such that

Im(2™), NL = Q&) (AN)NLC (IZ)*MnLc () L=o0.
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Consequently, for any p > 0 there is [ > 0 such that Im Lngl 0 Opy = 0. O]

Remark 4.20. Tt is also essential for Lemma 4.19 to assume that KK%(A, B) are
finitely generated. Actually, by Theorem 4.12, the pro-isomorphism in Lemma
4.19 implies the completion theorem when G = T! and F = 7. On the other
hand, since the completion functor is not exact in general, there is a o-C*-algebra
A such that the completion theorem fails for K¢(A). For example, let A be the

b D - c
Then, the completion functor for the exact sequence 0 — R(G)* — R(G)>® —
K§(A) — 0 is not exact in the middle (cf. Example 8 of [Stal5, Chapter 86] ).

mapping cone of

Lemma 4.21. Let A, B be separable o-G-C*-algebras such that KKC(A, B) are
finitely generated for x = 0,1. Then, the ABC spectral sequence for KK (A, )
and B converges toward KK%(A, B) with the filtration (J5)*(A, B).

Proof. According to Lemma 2.4, it suffices to show that i: Bad?tt P17t — BadrPtat!
is injective. As is proved in Lemma 4.19, the boundary map &, is pro-zero ho-
momorphism and hence the projective system {Ker:y} = {Ima,} is pro-zero.

Therefore, for any p > 0 there is a large ¢ > 0 such that
Ker 15 N (JZ)(A,N,) C Kerth N (I5)%(A,N,) = Ker iy N Im 2+ = 0.

O
Theorem 4.22. Let A and B be separable o-G-C*-algebras such that KK¢(A, B)
are finitely generated R(G)-modules (* = 0,1). Then, the morphisms
o KKY(A,B) - KK9(A, B),
o KKY(A, B) = RKK®(ExG; A, B),
o KKY(A, B) — 088 /FC(A, B)

induce the isomorphism of graded quotients with respect to the filtration (J5)*(A, B).

In particular, we obtain isomorphisms

KK®(4, B) > = KK“(4, B) = RKKC(ExG; A, B) = 0 RRY /FC(A, B).
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Proof. This is a direct consequence of Lemma 4.19 and Lemma 4.21. Note that
Lemma 4.19 implies that the projective system {KK%(A, B,)} satisfies the Mittag-

Leffler condition and hence the Lml—term vanishes. O

Corollary 4.23. Let A be a separable o-C*-algebra and let 5; be a homotopy of
continuous actions of a compact Lie group G on a o-C*-algebra B. We write By
for o-G-C*-algebras (B, 8;). If KKY(A, By) and KK (A, By) are finitely generated

for x = 0,1, there is an isomorphism

KK®(A, Bo)r — KK“(4, By);r.

We also weaken the assumption of Theorem 0.1 of Uuye [Uuy12], a generalization
of McClure’s restriction map theorem (Theorem A and Corollary C of [McC86])
for KK-theory.

Corollary 4.24. Let G be a compact Lie group and let A and B separable G-C*-
algebras. We assume that KKf(A, B) are finitely generated for x = 0,1. Then the
following hold:

1. If KK (A, B) = 0 holds for any finite cyclic subgroup H of G, then KK%(A, B) =
0.
2. If € € KKY(A, B) satisfies Res € = 0 for any elementary finite subgroup H

of G, then £ = 0.

Proof. Tt is proved in Theorem 0.1 of [Uuyl2] under a stronger assumption that
KK" (A, B) are finitely generated R(G)-modules for any closed subgroup H < G.
Applying Theorem 4.22, the same proof shows the conclusion. O]

4.4 The Baum-Connes conjecture for group ex-

tensions

In this section we apply Corollary 4.14 for the study of the complementary pair

(<CI> loc?
sequence, we refine the theory of Chabert, Echterhoff and Oyono-Oyono [OO01,

CC) of the Kasparov category e 8R8% when G is a Lie group. As a con-
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CEO01b, CEOla] on permanence property of the Baum-Connes conjecture under

extensions of groups.

Let G be a second countable locally compact group such that any compact sub-
group of G is a Lie group. We bear the case that GG is a real Lie group in mind.
We write C and CZ for the family of compact and compact cyclic subgroups of G

respectively.

Corollary 4.25. We have CC = CZC and (CZ), . = (CZI)

loc loc*

Proof. Since CZ C C, we have CZZ C CZ and CC C CZC. Hence it suffices to
show CC = CZC, which immediately follows from Corollary 4.14 (2). O

Corollary 4.26 (cf. Theorem 1.1 of [MMO04]). The canonical map f: EczG —
EcG induces the KK -equivalence f*: C(EezG) — C(EcG).

Note that the topological K-homology group KP(G; A) is isomorphic to the KK-
group KK¢(C(E¢G), A) of 0-C*-algebras for any G-C*-algebra A.

Proof. Since f is a T-equivariant homotopy equivalence between EcG and EqzG
for any T € CZ, f* is an equivalence in 0 RR /CZC. The conclusion follows from
Corollary 4.25 because C(E¢zG) and C(E¢G) are in (CI),,. = (CZI),,... O
Next we review the Baum-Connes conjecture for extensions of groups. Let 1 —
N — G — G/N — 1 be an extension of second countable locally compact groups.
We assume that any compact subgroup of G/N is a Lie group. As in Subsection
5.2 of [EMO7], we say that a subgroup H of G is N-compact if m(H) is compact in
G/N. We write Cy for the family of N-compact subgroups of G. Then, we have

the complementary pair ((CyZ),..,CnC). It is checked as following. First, in the

loc
same way as Lemma 3.3 of [MNO06], for a large compact subgroup H of G/N we
have

KK®(Ind% A, B) = KK (Res? Ind’ A, Resf B)

where H := 7~ *(H) for any H < G//N and Uy is as Section 3 of [MNO6]. Hence
KK%(Q, M) = 0 for any Q € CyZ and M € CyC. Let SM — Q — C — M be the
loc  CC). Since
the functor 7*: cRRYY — ¢ RRY maps CZ to CyZ and CC to CnC respectively,
ST*M — 1Q — C — 7*M gives the approximation of C in 0 8R® with respect

approximation exact triangle of C in o 88" with respect to ((CT)
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to (<CNI>
C*-algebras which are regarded as o-G-C*-algebras.

1oc : CNC). Hereafter, for simplicity of notations we omit 7* for o-(G/N)-

Since CZ C CyZ and CyC C CC, we obtain the diagram of semi-orthogonal de-

compositions
(c1),,, ———(CI),,,—0 P P——0 (4.27)
| I A
Dg/n
<CNI>10C TG CNC T (1: M
(CxT),,. N CC cc ey, AEN—N—M.

For a 0-G-C*-algebra A, the (full or reduced) crossed product N x A is a twisted
0-G /N-C*-algebra (Definition 2.1 of [PR89]). By the Packer-Raeburn stabilization
trick (Theorem 1 of [Ech94]), it is Morita equivalent to the untwisted G/N-C*-

algebra
N x"™ A= Cy(G/N,N x A) x5 (G/N)

where & and 7 are induced from the canonical G-action on Cyo(G/N, N x A). The
Packer-Raeburn crossed product N xR _is a functor from G-€*sep to G/N-C*sep,
which induces the partial descent functor (Section 4 of [CE01Db])

jg/N: o RRC — o RRC/N

by universality of ¢ RR® (Theorem 3.15).

/N

Lemma 4.28. The functor jg maps (CnZI),,. to (CI), . and CyC to CC.

loc loc

Proof. Let H be a N-compact subgroup of G and let A be a o-H-C*-algebra.
Then, N x"® Ind$ A admits a canonical 0-G/N x ((G/N x H\G)/G)-C*-algebra
structure. Since the G /N-action on (G/N x H\G)/G is proper, N x"® Ind% A is
in (CT),,.. Consequently we obtain j&((CyZT),.) C (CT)

loc* loc®

Let A be a Cy-contractible o-C*-algebra. Then, for any compact subgroup H of
G/N, Resg/N(N xPRA) = N x Resg_l(K) A is KK"-contractible. Hence we obtain
i&N(ene) c cc. O
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Consider the partial assembly map
pela - KOP(G; A) = KIP(G/NSN x A)

constructed in Definition 5.14 of [CEOla]. Then, in the same way as Theorem 5.2

of [MNO4], we have the commutative diagram

KiP(G; P @ A) = K'P(G; Q@ A) = K'P(G; A)

| l |z

KIP(G/N: N P (P © A) —~ KP(Qs N xR (Q© 4)) =~ KIP(G/N; N xR A)

lg G K. (G x l(; ® A))

l'U’G/N,NxPRA

K.(G x A)

ja(Dg/n)

and hence the composition of partial assembly maps
— GV KP(G; A) — K'P(G/N; N x"R A) —» K, (G x A
HG,A = /-LG'/N,NNPRA OMG,A . * ( ) ) — K, ( / ) X ) — *( X )

is isomorphic to the canonical map K.(G x (P ® A)) - K.(Gx (Q® A)) —
K. (G x A). In other words, the partial assembly map ugﬁv is isomorphic to the

assembly map jigqea for Q® A.

We say that a separable o-G-C*-algebra A satisfies the (resp. strong) Baum-Connes
conjecture (BCC) if jz(D¢) induces the isomorphism of K-groups (resp. the KK-

equivalence).

Theorem 4.29. Let1 - N — G — G/N — 1 be an extension of second countable
groups such that all compact subgroups of G/N are Lie groups and let A be a
separable o-G-C*-algebra. Then the following holds.

1. If m=Y(H) satisfies the (resp. strong) BCC for A for any H € CZ, then G
satisfies the (resp. strong) BCC for A if and only if G/N satisfies the (resp.
strong) BCC' for N xFR A,

2. If n=Y(H) for any H € CZ and G/N have the y-clement, then so does G.
Moreover, in that case Yr—1gy = 1 for any H € CZ and gy = 1 if and
only if v¢ = 1.

Proof. To see (1), it suffices to show that G satisfies the (resp. strong) BCC for
Q ® A. Consider the full subcategory O of ¢ RRY consisting of objects D such
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that G satisfies the (resp./ strong) BCC for D ® A. Set CZZ; be the family of all
G-C*-algebras of the form Cy((G/N)/H) for H € CZ. By assumption, 91 contains

loc
loc?

equal to 7* (CZ1 )\ because Co(G/N)/H) are KK-equivalent to Cy((G/N)/H)®

loc

C(E¢zH) € m (CZZ,)"*°. By Proposition 9.2 of [MN06], we obtain Q € 9.

m*CZTI,. Since M is localizing and colocalizing, 9 contains ©* (CZZ,), .., which is

The assertion (2) is proved in the same way as Theorem 33 of [EMO07]. Actually,
since we may assume without loss of generality that G/N is totally disconnected
by Corollary 34 of [EMO7], the homomorphism

D;,: KK(A,P) = KKY(P® A,P)

is an isomorphism if A € 7#* (CZZ), . and in particular when A = Q (note that

loc

any compact subgroup is contained in an open compact subgroup which is also a

Lie group by assumption). Consequently we obtain a left inverse ng/ N Q= Pof

Dg/zv /N

. Now, the composition ng o ng/n: C — P is a dual Dirac morphism of

/N G/N
o D¢

G. Of course g o Dg = idc if ng = idq and ng/n o Dg/n = idc. Il
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Chapter 5

Continuous Rokhlin property

5.1 Definition and Examples

Let G be a second countable compact group and let (A, ) be a unital G-C*-
algebra. Set

ToA ={a = (a;) € Cp([0,00),A) : g = ay(a) is norm continuous},
WA = T A/Co([0,00), A), Cad = A AN A,

They are equipped with the canonical G-C*-algebra structure. We say the (non-
separable) C*-algebra €, A is the central path algebra of (A, a).

Definition 5.1. Let G be a compact group, let X be a compact G-space and let
(A, @) be a unital G-C*-algebra.

1. We say that (A,a) has the continuous Rokhlin property if there is a G-

equivariant unital *-homomorphism ¢: C(G) — €,A.

2. We say that (A, «) has the continuous X-Rokhlin property if there is a G-

equivariant unital x-homomorphism ¢: C(X) — €, A.

3. We say that (A, «) has continuous Rokhlin dimension with commuting tow-
ers at most d, and write as dimly (A, a) < d, if there are G-equivariant

completely positive contractive order zero maps

O D (@) = €A
46
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with commuting ranges such that @ (1) 4 --- + @ (1) = 1.

These are variations of the Rokhlin property (Definition 3.1 of [Izu04a]) and the
Rokhlin dimension (Definition 2.3 of [HWZ15]), which are defined by using Z-q

instead of [0, 00).

Remark 5.2. Here we claim that a unital G-C*-algebra (A, «) has continuous
Rokhlin dimension with commuting towers at most d — 1 if and only if it has
the continuous F;G-Rokhlin property (cf. Lemma 1.7 of [HP15] and Lemma 4.4 of
[Garl4e]). To see this, recall that a completely positive contractive map of order
zero from A to B is of the form p(ta), where t € Cy(0, 1] is the identity function
and ¢ is a *-homomorphism from the cone CA := Cy(0,1]® A to B (Corollary 4.1
of [WZ09]). We remark that ¢(ta) is G-equivariant if and only if so is ¢. Hence

we get a unital G-equivariant x-homomorphism
CCA)T® - ®CO(G)T — €, A.

On the other hand, by the same argument as the proof of Lemma 4.7, we get an
isomorphism

COX*Y)M=2e(X)TweC(y)t

for any G-spaces X and Y. In particular, we get CC'(G)"®...CC(G)* = CC(E,G)™.
Now, the relation @M (1) + --- + ¢ (1) = 1 implies that the *-homomorphism
CC(E,G)T — €, A factors through the restriction CC(E,G)" — C(E,Q).

Conversely, if (A, @) has the X-Rokhlin property for some compact free G-space
X which is proper in the sense of Palais [Pal61] (in other words X — X/G is a
principal G-bundle), then A has finite continuous Rokhlin dimension since there is

a continuous G-map X — E;G for some d by universality of £G and compactness
of X.

Proposition 5.3. For a unital G-C*-algebra (A, a), we have
dimf, (A4, a) < dimgg (A, @) < 2dimp,, (A, o) + 1.

In particular, we have dimgg,, (A, @) < 1 if (A, ) has the Rokhlin property.

Proof. We write F,(A) := (>(N, A)/co(N, A)NA’ as in [Garldc]. Let ¢V: C(G) —

F,(A) (i =0,...,d) be completely positive contractive maps of order zero such
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that @@ (1) 4+ -+ + @ (1) = 1 and choose completely positive contractive lifts
(gpg))neN by applying the Choi-Effros lifting theorem [CE76]. Let F,, be an in-
creasing sequence of finite subsets of C'(G) such that |JF, = C(G) and choose
©n inductively such that H[gm(f)(f),gp%)(f)]|| < 27" ™ for any m > n, f € F,, and
i=0,....d

Then, we obtain (2d + 2) G-equivariant completely positive contractive maps of

order zero from C(G) to €, A of order zero given by

Pul) ()= [t (f) fort e [~1,1]

for v = 0,...,d and 5 = 0,1. By definition, the images in €,A commute and
Y (1) = 1. m

Remark 5.4. The continuous Rokhlin property is actually strictly stronger than
the Rokhlin property. See Subsection 6.4 for more details.

Example 5.5. The following examples are pointed out to us by Eusebio Gardella.
Let G be a finite group. The UHF algebra Mg~ with the G-action oy :=
@™ Ad A\, has the continuous Rokhlin property. Actually, we obtain an asymptot-
ically central path of mutually orthogonal projections {p{},cc satisfying ay(pf) =
Pl given by

pl =10 @1 unp, @ Nu;_, 1@ ---

for t € [n,n + 1]. Here p, € Mg = B(£*G) is the projection onto Cd, for g € G
and wu; is a homotopy of G-invariant unitaries in M%‘ such that ug = 1 and wuy is
the flip on C/¢ @ CI€!,

Since O,, ® M, = O,,, we obtain an example of a continuous Rokhlin action on
the Cuntz algebras O)g;. On the other hand, since any automorphism on Og
is approximately inner (Theorem 3.6 of [Rgr93]), Theorem 3.5 of [Izu04a] implies
that every Rokhlin action on O)g| is conjugate to the above action and hence
has the continuous Rokhlin property. In particular, the quasi-free action with
respect to the left regular representation has the continuous Rokhlin property
(Proposition 5.6 of [Izu04a]). Similarly, by the above example and Kirchberg’s
absorption theorem (Theorem 3.2 of [KP00]), the unique Rokhlin action of G on
O, (Theorem 4.2 of [Izu04a]) has the continuous Rokhlin property.

Ezample 5.6. Fix 0,w € R\ Q such that §# —w € R\ Q. Let us consider the Z-

actions ag and a,, on C(T) induced by the rotation by 2™ and e?™ respectively.
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Let
B:=Z,xC(T), A:=Zo,x B=Zn,% (Z,,x C(T))

be noncommutative tori (here we use the same letter oy for the automorphism
Z % ay on B). Then, the automorphism «y on B is approximately representable.
Actually, by choosing a subsequence {ny} of Z.q such that nyw — 0, we get a
sequence of unitaries (u™) in B approximating oy where u denotes the canonical
unitary implementing «a,, in the crossed product B. Hence the dual action &y of
T on A has the Rokhlin property (Proposition 3.6 of [Garl4al).

It will be seen in Remark 6.6 and Example 6.14 that (A, &) does not have the
contionuous Rokhlin property although (A ® O, & ® ids) has the contionuous
Rokhlin property.

5.2 Averaging technique via equivariant KK-theory

A fundamental technique for C*-dynamical systems with the (continuous) Rokhlin

property is an averaging process.

Let G be a second countable compact group, let X be a compact G-space. Let A
be a separable unital G-C*-algebra with the continuous X-Rokhlin property. Take
a completely positive contractive lift of ¢ using the Choi-Effros lifting theorem,

which is a path of completely positive contractive maps ¢;: C(X) — A.

Let us choose an increasing sequence F,, of finite subsets of A ® C(X) = C(X, A)
such that |J F,, = A® C(X) and a sequence of open coverings {U,,; }icr, such that

lla(x) —a(y)|| < 27" for all a € F,, and z,y € U,;.

Let us choose points z,,; € U,; and partition of unities ({ f,;}icr, )n associated to

{Un.i}ier,. Then, for any a € F,,, we have

lo@) =X, alwndfus@)|| < X2, fuil@) la(@) = alwas)| < 27"

uniformly on x € X.
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Now, we construct a path of completely positive maps ;: A @ C(X) — A
parametrized by ¢ € [0, 00) as

Yila) :=(t = n) > oy (i) (i) o (i) (5.7)
i€l
+(n+1=1) > oynfarra) a1 o (fosri)
i€Tns1

for t € [n,n + 1], where x: R>g — R5¢ is a homeomorphism such that
ot (fn), a(xni)]ll < 27"|L,| " for any t > x(n) and a € F,.

Since 7(¢(a)), where m: T, A — A, A is the quotient map, coincides with (id4 ®
¢y )(a) in A, A for any a € A®C(X), this ¢ determines a G-equivariant completely

positive asymptotic morphism in the sense of [Tho99].

This averaging map is compatible with the picture of KK-theory given in [HLT99,
Tho99] using completely positive asymptotic morphisms. Actually, we have the
isomorphism

KKY(A,B) 2 [SA® K¢, SB @ Kg]¢ (5.8)

cp?

where [A, B]]CC;; is the set of homotopy classes of completely positive G-equivariant
asymptotic morphisms from A to B. Moreover the Kasparov product is given by
the composition of asymptotic morphisms. Hence 1 gives an element KKG(A ®
C(X),A). Let tx: C — C(X) denote the inclusion (we simply write it as ¢ when
X = (@) and 1x 4 = idg ® tx. Then, the KK%-cycle represented by v is a left

inverse of [tx, 4]

As an immediate consequence of the above construction, Lemma 4.7 and Remark

5.2, we get the following theorem.

Theorem 5.9. Let G be a second countable compact group and let A be a sep-
arable unital G-C*-algebra. If A has the continuous Rokhlin property, then A is
Ja-injective. Moreover, if A has continuous Rokhlin dimension with commuting

towers at most d — 1, then A is 3é-mjectwe.

Corollary 5.10. Let A and B be separable unital G-C*-algebras with finite Rokhlin
dimension with commuting towers. For ¢ € KKY(A, B), ¢ is a KK®-equivalence
if and only if Resqg ¢ is a KK-equivalence. Moreover, if A and B are in the UCT
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class, ¢ is a KKC-equivalence if and only if (Resg ¢).: K.(A) — K.(B) is an

1somorphism.

Proof. It follows from Theorem 5.9, Proposition 5.3, Theorem 4.4 and the universal
coefficient theorem (Proposition 7.3 of [RS87]). O

Lemma 5.11. Let (A,«) be a separable unital G-C*-algebra with the Rokhlin
property and let p € C5(G) = G x C C G x A be the projection corresponding to

the trivial representation. Then, p is a full projection in G x A such that the map
ji A® = p(G x A)p, j(a) = pa = pap

1s an isomorphism. In particular, G x A is Morita equivalent to A% and j induces

the KK-equivalence.

Proof. Tt is proved in [Ros79] that j is isomorphic for arbitrary action «. We
remark that p corresponds to the constant function 1 € L'(G, 4,a) C G x A.
According to Proposition 2.6 of [Garldc], « is saturated in the sense of Definition
7.1.4 of [Phi87]. Now, fullness of p is shown in the proof of Proposition 7.1.8 of
[Phig7]. O

Corollary 5.12. Let A be a C*-algebra and let {ou}icpa) be a homotopy of G-
actions on A such that oy and oy have finite Rokhlin dimension with commuting
towers. Then (A, ag) and (A, ay) are KK -equivalent. Moreover, if o and oy have

the Rokhlin property, the fized point subalgebras A“° and A*' are KK-equivalent.

Proof. 1t follows from Theorem 5.9, Proposition 5.3, Proposition 5.11 and Corol-
lary 4.5. O
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Classification results

In this chapter, we focus on G-C*-algebras with the continuous Rokhlin prop-
erty and present the results on the classification. Our main result is a complete
classification of unital Kirchberg G-algebras (i.e. unital Kirchberg algebras with
G-actions) with the continuous Rokhlin property up to G-equivariant isomorphism

in terms of (equivariant) KK-theory.

6.1 Equivariant KK classification

In this section, we focus on the case that G is a compact Lie group with the
Hodgkin condition, that is, G is connected and m1(G) is torsion-free. An important
feature of Hodgkin Lie groups is that the dual quantum group G is torsion-free
in the sense of Section 7.2 of [Mey08]|. Together with the strong Baum-Connes
conjecture for G (proved in Corollary 3.4 of [MNO7] and rephrased in terms of
crossed products in Section 7.2 of [Mey08]), we obtain the following.

Proposition 6.1. Let G be a Hodgkin Lie group. A KK®-morphism ¢ € KK%(A, B)
is a KK -equivalence if and only if Gx & € KK (Gx A, GxB) is a KK-equivalence.

Remark 6.2. A typical use of Proposition 6.1 is the KK-equivalence of noncommu-
tative tori. More strongly, here we show that A, := Z,, x C(T) (where « is as in

Example 5.6) with the dual T-action are KK"-equivalent.

Let & be the automorphism on C([0,1],C(T)) given by a(z)(t) := au(z(t)) for
z € C([0,1],C(T)) and t € [0,1]. Set A := Z4x (C([0,1],C(T))). Then, the

52
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equivariant *-homomorphisms ev;: A — 4, induce KK -equivalences since T x
(evy) are homotopy equivalences by the Takesaki-Takai duality. We remark that

the KK"-equivalence constructed here preserves the unit classes in the Ko-groups.

Theorem 6.3. Let G be a compact Lie group with the Hodgkin condition. Then,
for any separable unital G-C*-algebra (A, «) with the continuous Rokhlin prop-
erty, there is a KK®-equivalence from A to A* @ C(G) mapping [14] € K§(A) to

[]-AO‘@C(G)] .

Proof. Let 1) be as in (5.7). By Proposition 6.1, it suffices to show that G x £ is

a KK-equivalence for

£ = [Y]|aeac@)] € KK%(A* ® C(G), A).

Let i;: A*QC — A*®C(G) and iy: A* — A be canonical inclusions. Since o1,

is asymptotically equivalent to is, we obtain

(Gx ) o (G x[i]) =G x [is] € KK(CHG) ® A%, G x A). (6.4)

Let p be the projection in C5(G) corresponding to the trivial representation and
let j: A* — C5(G) ® A be the inclusion given by j(a) := p®a. Then, by Lemma
5.11, both (G x i1) o j and (G X i3) o j induce KK-equivalences. Now we obtain
the conclusion by composing [j] with the left and right hand sides of (6.4) from
the right. O]

Remark 6.5. In fact, KK®-equivalence of A with B®C/(G) for some B holds under
weaker assumptions for the action. Asin [Yam11], we can apply the Baum-Connes
conjecture for duals of Hodgkin Lie groups to the path of cocycle actions using
the duality [VV03] and we obtain that any G-C*-algebra is KK%-equivalent to
B ® C(G) for some B if its dual action is asymptotically inner.

Remark 6.6. It is remarkable that the isomorphism
& Ko(A ® C(G)) — Ko(A)

is actually an ordered map. It is because an asymptotic morphism maps projection
to projection. This fact gives a stronger obstruction for a G-C*-algebra to have

the continuous Rokhlin property.
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For example, let (A, «) be as in 5.6. Let 7 be the unique trace on B whose image

is Z + wZ. If A has the continuous Rokhlin property, the composition
Ko(A) 25 Ko(B ® C(T)) 25 Ko(B) 25 Z + wZ C R

is an ordered map, where ev: B ® C(T) — B is the evaluation at a point in T. It
contradicts with the fact that there is a unique ordered map from (Ko(A), Ko(A4)4)
to (R,R>¢) and its image is Z + 0Z + wZ.

The following corollary is an analogue of Theorem 5.5 of [Garlda] for T-C*-

dynamical systems.

Corollary 6.7. Let G be a Hodgkin Lie group and let (A, «) be a separable unital
G-C*-algebra with the continuous Rokhlin property. Set n = 2"KG=1  yhere
rank G is the dimension of the maximal torus of G. Then, there is a countable
abelian group M such that K;(A) is isomorphic to M™ for i = 0,1. Moreover, in
this case M = Ko(A%*) & K;(A%).

Proof. Tt follows from Theorem 6.3. Note that C(G) is KK-equivalent to C* &
Co(R)! for some k,l € Z-o by the universal coefficient theorem [RS87] because
K*(G) is torsion-free (Theorem A (i) of [Hod67]). By taking tensor product with
Q and using the Chern character isomorphism, we conclude that k = | = n (Hopf’s
theorem, see for example Theorem 1.34 of [FOTO08]). O

Corollary 6.8. Let G be a Hodgkin Lie group. Two separable unital G-C*-algebras
with the continuous Rokhlin property are KKY-equivalent if and only if their fized
point algebras are KK-equivalent. In particular, when these C*-algebras are in the
UCT-class, then they are KK© -equivalent if and only if the K, -groups of fized point

algebras are isomorphic.

Proof. 1t follows from Theorem 6.3 and Proposition 5.11. Note that for a separable
unital G-C*-algebra (A, o) with the continuous Rokhlin property, A is in the UCT
class if and only if so is A“ because C(G) is KK-equivalent to C* @ Co(R)". O

6.2 Model actions

Theorem 6.9. Let X be a G-space. Assume that for any x,y € X there is a G-
equivariant continuous map F: X — X with F(x) =y. Then, there is a Kirchberg
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G-algebra O(X) with the X -Rokhlin property which is KK -equivalent to C(X).
Moreover, if such F can be taken to be homotopic to the identity, O(X) has the

continuous Rokhlin property.

Proof. The construction is in the same way as Lemma 5.2 of [Izu04b].

Let us fix a dense subset {x1,zs,...} of X and a sequence of continuous maps
{F,: X = X}nen such that {F,(z,) | n € N} is dense in X. For each n > 0,
choose a family of mutually orthogonal projections {p,, ; }7_o in Os with Y7 pp; =
1 such that

[Pn0] = [1], [Pni] = 0 € Ko(Oc).

Let us consider the following G-equivariant *-homomorphism
i C(X,02") = O(X,08") ® On = C(X,020D),

Son(f) = f ®pn,0 + ZF;*(f> ®pn,i

i=1

and set O(X) := lim(C(X, O2"),1,). Obviously the compositions
on: C(X) = C(X,0%") — O(X)

form a X-Rokhlin map. Therefore, a non-equivariant KK-equivalence ¢;: C(X) —

O(X) is actually an equivariant KK-equivalence by Corollary 5.10.

To see that O(X) is simple and purely infinite, fix a nonzero element f € C(X, O2").
Then, we can choose an open subset U C X and h,k € C(X,0%2") such that
hzk|y = 1. By assumption, there is a large m such that [JI", F, '(U) = X. By
choosing a partition of unity {¢;}", of X with respect to this covering and a

family of isometries vy, ..., v, € OX™ ™ with

ViV < P10 @ - @ P10 @ P

we get

O 6P h @) (@m0 0al PO 6P Fk®v;) =1 € C(X, 05
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Assume that there are pathes F,,;: X — X of continuous maps with F, o = F),
and F), ; = id. Then, for t € [n,n + 1] we get a path of *-homomorphisms

i O(X) = C(X,050) — O(X),
ei(f) = [ @ pno+ Z Fyn(f) @ Py
i=1
connecting ¢, and ¢, 1. By construction (¢;)cjo,o0) forms a continuous X-Rokhlin

map. O

Corollary 6.10. Let G' be a compact second countable group.

1. For any n > 1, dimgy  (O(E,11G)) = n.

2. If G is path-connected, O(G) has the continuous Rokhlin property.

Proof. First we show (1). By Theorem 5.9 and Theorem 6.9, it suffices to show
that for any x,y € E, G there is a G-equivariant continuous map F': E,G — E,G
with F(z) = y which is homotopic to the identity.

Fix z,y € E,G. We may assume that s; > (n + 1)~! when we write as z =

(1, 8n, A1, ..., hy]. Choose a homotopy 7: [0, 1] — E,G with

~v(0) =[1,0,...,0,e,... ¢, 7(1):h1_1-y.

(Note that E,G is connected.) Then, the path of continuous maps

ti—s+1 t tn
Flltns s bustis g]):{ B ) 0<h<s

gyt —s)/(1—=(n+171Y)) s<t, <1

is well-defined. Since it satisfies F_(,41)-1(z) = y and F; = id, we get the

conclusion.

For (2), the multiplications of ¢ € G from the right are desired G-equivariant
continuous maps. Since there is a path connecting g with e, they are homotopic
to the identity. O

In Section 4.2 of [AK17], another construction of O(G) for path-connected compact

groups is given by using the crossed product by the dual discrete quantum group

~

G.
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We also remark that O(G) has the continuous Rokhlin property. It is a conse-

quence of Theorem 6.15.

6.3 Classification of Kirchberg (G-algebras

An important feature of Kirchberg algebras is the Kirchberg-Phillips classifica-
tion: two unital Kirchberg algebras are isomorphic if and only if there is a KK-
equivalence between them preserving unit classes (Theorem 4.2.4 of [Phi00]). It is

generalized to the equivariant setting when the actions have the Rokhlin property.

Lemma 6.11. Let G be a compact group and let (A,«) and (B, ) be unital
separable G-C*-algebras. Assume [ has the Rokhlin property and there exists a

x-homomorphism ¢: A — B such that there exists a sequence of unitaries (uy,)nen
in B® C(G) such that

(Ad(un(g)) 0 @) () = (Byopoa,)(z) asn — oo,

Then, there exists a G-equivariant x-homomorphism 1 : A — B which is approzi-
mately unitarily equivalent to p. Moreover, if p is an isomorphism and a also has

the Rokhlin property, then 1 can be taken to be an isomorphism.

Proof. Put §: A — B® C(G) as §(z)(g) == (Bgopoay’)(z) forge Gandz € A
by identifying B ® C(G) with the space of continuous B-valued functions on G.
Then 0 is a G-equivariant *-homomorphism. Fix a G-invariant compact set F¥ C A

and € > 0. By assumption, we may take a unitary v € B ® C(G) such that
[u(p(z) @ Du* —0(z)|| <«

for x € F.

Let ¢: C(G) — F,(B) be a Rokhlin map. Let us construct a completely positive
lift of p ®idp: C(G)® B = {F(N, B)/co(N, B) in the same way as 1y in (5.7) (see
also the proof of Theorem 2.11 in [Garl4c]). Then we get a completely positive
map x: B ® C(G) — B such that

o [Ix(u)x(u) =1l <&, [[x(u)x(u)" = 1| <e,

o [[x(u)x(p(z) ® )x(u)" = xob(z)| <eforzeF,
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o lIx(p(z) @ 1) —p(z)]| <eforzeF,

o [[Bg(x(x)) = x((Bg @ Ag)(2))|| < & for g € G and x € F U {u}.
The last condition can be replaced with a stronger one:
o x is G-equivariant,

by replacing x with
r s / Byt (X((By © M) (2)))dg.

Take the unitary v := x(u)|x(u)|~!. Then we have ||x(u) — v|| < £/2 and hence

. 3
lop()v” = x o 8(z)|| < Fe.

Since y o # is G-equivariant, we get

lop(ag(2))v™ = By(ve(z)o™)|| < 3e.

Moreover since
10(x) — p(z) @ 1| = Sup 1(Bg 0 poayt)(z) —
g

we get

[(x 0 0)(x) — p(z)]| < sup 1(Bg0 0 oay')(x) — x| +e.

Therefore, the intertwining argument in Theorem 3.5 of [Izu04a] and Lemma 5.1

of [Izu04b] works for this situation and we obtain the conclusion. O

Proposition 6.12. Let G be a second countable compact group and let (A, «)
and (B, 8) be unital Kirchberg G-algebras with the Rokhlin property. If there is a
KKY-equivalence from A to B mapping [14] to [15], then they are conjugate.

Proof. First, we observe that a x-homomorphism ¢: A — B satisfies [p o o] =
[Boy] € KK(A, B® C(G)) if [p] is in the image of the functor Resg. To see
this, take a G-equivariant quasihomomorphism [py, ©}]: A — B ® K¢ such that
Resg[to, ¥1] = [¢]. Then, we get

[p] o [a] = [¢h, i) o a] = [phoa, @i oal =[Bogy, Bo¢]=][8]o ]
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Now, take a KK®%-equivalence ¢ € KK®(A, B) preserving unit classes and a -
isomorphism ¢: A — B such that [p] = Resg&. Then, p o« and o ¢ are
equivalent in KK(A, B® C(G)) by the above argument, and hence asymptotically
unitarily equivalent thanks to Theorem 4.1.1 of [Phi00]. Now we get the conclusion
by Lemma 6.11. [

Theorem 6.13. Let G be a Hodgkin Lie group.

o A unital Kirchberg G-algebra (A, ) with the continuous Rokhlin property is
G-equivariantly isomorphic to A* @ O(G).

o Two unital Kirchberg G-algebras (A, o) and (B, ) with the continuous Rokhlin
property are isomorphic if and only if the fized point algebras A* and B® are

isomorphic. Moreover, if the underlying C*-algerbas A and B are in the
UCT class, then (A,«) and (B, 3) are conjugate if and only if

(Ko(A%), [Lae], K1(A")) = (Ko(B”), [15s], Ki(B7)).

o A wunital UCT-Kirchberg algebra (A,«) in the Cuntz standard form (i.e.
[14] = 0 € K¢(A)) admits a G-action with the continuous Rokhlin prop-
erty if and only if there is a countable abelian group M such that K;(A)
(i = 0,1) are isomorphic to M®", where n = 2"%G=1 " In this case,

M = Ko(A%) & K, (A%).

Proof. By Theorem 6.3, for every G-C*-algebra (A, ) with the continuous Rokhlin
property, there is a KK%-equivalence from A* ® O(G) to A preserving unit ele-
ments. Moreover, as is shown in Corollary 6.10 (2), both (A*®O(G), id 4« ®7y) and
(A, ) have the continuous Rokhlin property. Since the fixed point algebra A® of
a (continuous) Rokhlin action on Kirchberg algebras is again a Kirchberg algebra
(Corollary 3.20 of [Garl4dc]), A and A* ® O(G) are G-equivariantly isomorphic by
Proposition 6.12.

The second assertion follows from Theorem 4.2.4 of [Phi00], Corollary 6.8 and
Proposition 6.12. The third assertion follows from the KK-equivalence C(G) ~
C" @ Cy(R)™ as in the proof of Corollary 6.7. O

Ezample 6.14. Let (A,&) be as in Example 5.6 and let us consider the tensor
product (A ® Oy,& ®ide_ ). It is a unital Kirchberg algebra since A is simple
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(this is because A is the crossed product of C(T) by Z? by a free minimal action
[AS94)).

It is shown in Remark 6.2 that there is a KK"-equivalence between A and B&C(T)
(on which T acts by idg®A where A is the regular action) preserving the unit classes
in the Kg-groups. Therefore, we can apply Proposition 6.12 to see that A ® O, is
T-equivariantly isomorphic to O(T) ® D, where D is the UCT-Kirchberg algebra
with Ko(D) = Z* = K;(D). In particular, A ® O, has the continuous Rokhlin

property.

6.4 Rokhlin property vs. continuous Rokhlin prop-
erty

We conclude the article by comparing the Rokhlin and continuous Rokhlin prop-

erties.

Theorem 6.15. Let G be a second countable compact group and let A be a unital
UCT-Kirchberg G-algebra with the Rokhlin property. Then, A has the continuous
Rokhlin property if (and only if) it is Jg-injective.

For the proof, it suffices to prove that there exists a G-equivariant asymptotic
morphism ¢,: A ® C(G) — A such that ¢, o 14 is asymptotically equal to id
(recall that ¢: C — C(G) is the canonical inclusion and 14 := ¢ ® idy), so that
f = (1 ® f) gives the desired continuous Rokhlin approximation. Now, by
assumption of Jg-injectivity, there exists a left inverse ¢ € KKY(A® C(G), A) of
t4 in the level of KK-theory. In order to construct such v, starting from this &,

first we prepare some lemmas.

Lemma 6.16. For any second countable compact group G, there is a unital UCT-
Kirchberg G-algebra D with a unital G-equivariant x-homomorphism j: C(G) — D

inducing a KKY-equivalence.

Proof. Let us define D to be the Cuntz—Pimsner construction [Pim97, Kum04] for
the Hilbert C'(G)-bimodule Hg ® C(G), where Hg is the Hilbert space L*(G)™
together with the natural C'(G)-action from the left. Now, it is shown in Proposi-

tion 2.1 of [Kum04] that D is a unital Kirchberg algebra. Moreover, the canonical
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inclusion j: C(G) — D induces a KK%-equivalence by Theorem 4.4 of [Pim97],

whose proof also works for the equivariant setting. ]
We write ¢/ for the canonical inclusion C — D (in other words, ¢/ := j o) and
Uy =1 ®ida.

Lemma 6.17. Let A be a Jg-injective unital UCT-Kirchberg G-algebra with the
Rokhlin property and let j: C(G) — D be as in Lemma 6.16. Then, there is a
G -equivariant x-homomorphism 0: A® D — A such that [] € KKY(A® D, A) is

the left inverse of [V,].

Proof. Set & := o (ida®[j]"), which is a left inverse of [¢/;]. Thanks to Theorem
4.1.1 of [Phi00], we can take a unital *-homomorphism ¢: A ® D — A with
[¢] = Resg € (note that &[lagp] = &ix[la] = [1a]). Let S denote the G-action
on A ® D. Then, by the same argument as the proof of Lemma 6.12, we get
[pof] = [aog] € KK(A® D,A® C(G)). Applying Lemma 6.11, we get a
G-equivariant unital *-homomorphism ¢': A ® D — A approximately unitarily

equivalent to ¢.

Since [¢'ot/,] € KKE(A, A) induces the identity on K,(A), it is a KK%-equivalence
by Corollary 5.10. Now, we observe that [¢/ o /]! ® idp is represented by a G-

equivariant x-homomorphism. To see this, recall that there is an isomorphism
Ind®: KK(A® D, A) *KK¢(A® D, A® C(Q))

(see for example Proposition 3.2 of [AK15]), which is compatible with the isomor-

phism between the spaces of x-homomorphisms
Ind“: Hom(A® D, A) =2 Hom®(A® D, A® C(Q)),

defined by ((Ind“(¢))(z))(g) := a,(¢(z)) for any + € A® D and g € G. Now, let

0: A® D — A be a unital x-homomorphism representing
((idg ® j)s 0 Ind“)1([¢/ 0 /4] ' ®idp) € KK(A® D, A).

Then, the x-homomorphism & := (id4®7),0Ind® () satisfies [5] = [¢'ot/y] ' ®idp.
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Now, 0 := ¢’ o & is the desired *-homomorphism because
(6] 0 [a] = ([¢/ 0] @idp) o (ida @ [V]) = [th] 0 [¢" 0 4] .

O
Proof of Theorem 6.15. Let 0 be the G-equivariant *-homomorphism constructed
in Lemma 6.17. Thanks to Theorem 4.1.1 of [Phi00], there is a path of unitaries

(ut) € A such that
wl(a® )u; — a

for any a € A.

Choose an increasing sequence {F),} of self-adjoint compact G-invariant subset of
A which satisfies

© A:UnFn7
o A® D=1/, 01 (F,) and

o {us:s<n—1} CF,.
By an inductive reparametrization, we may assume for any n € N,
[uf(a @ 1)uf —al| < 27"||al]
for any ¢ > n and a € F,,. Note that we also get
(i) la(u)(@la®1) ® 1)a(u)* —a® 1| ageey < 27" al| for a € F,
(i) [ Ad((unt1 ® Der(unir)")er(un) — alua)|| <277,
since

[a(u)(@(a® 1) @ Da(u)* — a® 1 agc)

=sup [lag(u)0(a @ L)ag ()" — all
geG

=sup [[ub(ag-1(a) ® Dug — ag-1(a)l| < 27lal],
ge
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and
| Ad(uy,)(a) — 0(a ® 1)|| < [ Ad(uy)(@ — upb(a @ L)uy)[| < 27"{|al]

for any a € F,, (now the second inequality follows from them).

Thanks to the inequalities (i) and (ii), again by an induction, in the same way
as the proof of Lemma 6.11 we may take G-equivariant averaging maps x: A ®
C(G) — A such that

L [[xn(a(u))0(a @ 1)xn(o(ue))” — al| < 27"al],

2. || Ad(tntaXn(@(tn41))") (Xn(@(un))) — Xn(a(un))|| < 277,

3. | Ad(xn(a(un)) Xn-1(a(un)) ) (Xn-1((tn-1))) = Xn-1(a(un-1))[| < 27+,

4 [Ixn(e(ur))"xn((ur)) = 1, [[xn (e(ue))* xn (@) — 1| < 277,

forn <t <n-+1andaé€ F,. (Note that for (3), we use (2) in the previous step.
Actually we do not need (2) for the later argument, but we put this to get (3) in
the induction.) Then due to the condition (4), for n <t <n+1,

Vnt = Xn(0(ug))[Xn(a(ue))|

are G-invariant unitaries such that

Ve — Xn((up))|| < 27771

Hence we rewrite (1) and (3) as

(1) llvnsb(a @ Loy, — all < 27" al,

n,t

(37) |l Ad(vn—&-l,n-i-lvz,n-i-l)(vn,n) — Una|| < 272,
for any n <t <n+1, a € F,. Note that we can check in the same way as (ii)
that (1’) implies || Ad(vyv7, 1 ,)(a) — al| < 272 |la]| for any a € F,,.
Now, for n € Z~o and t € [0, 1], set

(n) ._ *
wy "~ = Un+1,n+lvn7n+1vn,t—n
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(in particular, wé ) — Uy, and woy, = Un41n+1Vp p an,t,n). We construct a desired

path v to be

tAd(wi™0(x) + (1 — ) Ad(w{" " (x) for t € [0, 1],

Vane(T) 1= Ad(w™)0(2) for t € [1,2)].

Indeed, from (1’) and (3’), ¢ is a G-equivariant asymptotic morphism since

I A((On s 1,n41V7 g1 )Unn) © () — Ad(0nn) 0 O(2)]|
<[ Ad(vnn(Vns1,041V5 1 11)) © 0(2) = Ad(vnn) 0 ()| + 27" < 27"

for any x € 67(F,). Moreover again from (1’) and (3’), ||¢¢(a ® 1) — a|| — 0 as

t — 00, as desired. Il

We remark that Theorem 6.15 holds for general second countable compact groups,
in particular for finite groups. As a concluding remark, we discuss on the connec-
tion of our results with Izumi’s classification of finite group actions on unital
UCT-Kirchberg algebras with the Rokhlin property [Izu04b]. For any finite group
G, a G-module (i.e., a Z[G]-module) is called relatively projective if it is a di-
rect summand of the module of the form M ®gz Z[G] for some countable abelian
group M. The class of G-modules which is isomorphic to an inductive limit of
relatively projective modules is characterized by its cohomology groups and called
CCT G-modules (Theorem 3.15 of [Izu04b]). A complete classification of unital
UCT-Kirchberg G-algebras with the Rokhlin property is given in Corollary 5.4 of
[Izu04b] by their K,-groups as CCT G-modules and [14] € Ko(A)¢.

In fact, it is an immediate consequence of Theorem 5.9 that the K,-group of G-C*-
algebras with the continuous Rokhlin property is relatively projective. The class
of relatively projective modules is strictly smaller than the class of CCT modules
although they coincide under some reasonable assumptions. Actually, Katsura
[Kat07] shows that every CCT module is given by the third term of a pure exact
sequence whose first and second terms are relatively projective (in other words,
its “relatively projective dimension” is at most 1, cf. Proposition 5.3). Hence we
obtain a unital UCT-Kirchberg G-algebra with the Rokhlin property which does
not have the continuous Rokhlin property. Moreover, relative projectivity is also

a sufficient condition for the continuous Rokhlin property.
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Lemma 6.18. Let G be a finite group and let A be a unital UCT-Kirchberg
G-algebra such that K,(A) is a relatively projective G-module. Then, A is Jg-

mjective.

Proof. Let O(G) denote the model action in Theorem 6.9, which is KK“-equivalent
to C(G) by the inclusion. Choose an isomorphism M, & M. = N, ®z Z[G] where
N, are abelian groups. Let A, A’ be the unital UCT-Kirchberg G-algebras in
the Cuntz standard form with the Rokhlin property corresponding to M,, M,
respectively and let B be the unital UCT-Kirchberg algebra in the Cuntz standard
form corresponding to N,. By Lemma 5.1 of [Izu04b], we obtain G-equivariant x-
homomorphisms ¢: A - B O(G) and ¢': A’ - B® O(G) such that [¢] ® [¢] €
KKYA® A, B® O(G)) induces an isomorphism of K,-groups and hence a KK¢-
equivalence by Corollary 5.10. Since B ® O(G) is Jg-injective, so are the direct

summands A and A’ O

Corollary 6.19. Let G be a finite group. Under the one-to-one correspondence
giwen in Corollary 5.4 of [1zu04b], any triplet (Mo, z, My) such that My and M,
are relatively projective corresponds to a unital UCT-Kirchberg G-algebra with the

continuous Rokhlin property.

Proof. This follows from Lemma 6.18 and Theorem 6.15. ]

Corollary 6.20. Let G be a finite group and let A be a unital UCT-Kirchberg
G-algebra with the Rokhlin property. If both Ko(A) and Ky (A) are either finitely

generated groups or bounded p-groups, then A has the continuous Rokhlin property.

Proof. This follows from the above corollary and Lemma 3.12 and Lemma 3.13 of
[Izu04b). O
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