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Preface

Method of Fundamental Solutions (MF'S) is a mesh-free numerical solver for linear homogeneous partial
differential equations, and its idea is very simple. Let us consider the following problem.

0.0.1 Lu=0 1in Q,
(00.1) Bu=f on 09,

where () is a bounded region in the plane with smooth boundary 9f), £ denotes a linear partial dif-
ferential operator, Bu = f gives boundary condition such as Dirichlet, Neumann, or Robin conditions.
MEFS offers an approximate solution for the above problem as in the following procedure.

(i) Take N singular points {yx}&_, “suitably” from the exterior of (2.

(ii) Construct an approximate solution u™¥) as follows:

N
uM(z) =3 QrE(z — yr),

k=1

where F is the fundamental solution for the operator £. Note that the function u™¥) satisfies
the first equation in (0.0.1) exactly, that is, Lu(™) =0 in Q.

(iii) Determine coefficients {Qx}~_, by the collocation method. Namely, take N collocation points
{z; };Vzl “suitably” on 912, and impose the following “approximate” boundary conditions.

BU(N)(xj):f(xj), j:1’2’.“’N‘

This is the algorithm of MFS. Namely, MFS is a truly mesh-free numerical solver for linear homogeneous
partial differential equations. Moreover, if we arrange the singular and collocation points “suitably”,
then the approximation error decays exponentially with respect to IN. This is a remarkable property
of MFS compared with popular numerical solver such as finite element method (FEM) and finite
difference method (FDM), in which the approximation error decays polynomially with respect to the
mesh size. Furthermore, implementation and extension to higher dimensional problems of MFS is
easy. Therefore, MFS has been applied to several problems in the field of engineering, science, and
so on. On the other hand, there are no satisfactory mathematical theory for MFS compared with
FEM and FDM, since we cannot apply useful mesh-dependent arguments used in the mathematical
analysis of FEM and FEM to MFS. Hence, although MFS is a numerical solver for PDEs, we cannot
use usual arguments in numerical analysis. Also, we have to clarify what the “suitable” arrangements
of the singular and collocation points in mathematical sense. This is one reason why there are no
adequate mathematical theory for MFS. In contrast, MFS has been applied to several problems (see,
for instance, [20, 44]), however, it is hard to find mathematical result in those results. The author
believes that mathematical analysis of MFS must be done in order to assure the efficiencies of previous
applied researches. Then, we can state that the aim of this thesis is



e to develop mathematical theory of MFS, and

e to construct reliable numerical scheme for problems in the field of complex analysis and fluid
mechanics based on MFS.

The contents of this paper are summarized as follows.

Part I is devoted to constructing mathematical theory of MFS. In Chapter 1, several notions are
introduced, which will be used in mathematical analysis of MFS. Particularly, we introduce a family of
Hilbert spaces which contains Sobolev spaces (Section 1.1), the notion of peripheral conformal mapping
which is a conformal mapping in the neighborhood of the region (Section 1.2), fundamental results in
potential theory (Section 1.3), the notion of capacity which measures the size of the region (Section
1.4), a theorem related discrete Fourier transform (Section 1.5), and estimates of Fourier coefficients
for function which is defined in the direct product of two annular regions (Section 1.6).

In Chapter 2, we develop mathematical theory for MFS applied to potential problems in doubly-
connected regions. Let us state the target problem precisely. Let Q be a nondegenerate doubly-
connected region in the complex plane, that is, there exist two disjoint connected components K7 and
K5 such that C \ Q@ = K; UKy, K; is unbounded in the sense that co € K1 holds, and neither K4
nor K5 is reduced to a single point, where C denotes the extended complex plane, and K, » denotes the
interior of K,. Then, we consider the following potential problem:

{AU:O in Q,

0.0.2
( ) u=f, onl* p=12,

where I'* is the boundary 0K, of K,, and f, is a given function defined on I'* for each p = 1,2.
Let W, be a peripheral conformal mapping of I'* with reference radius p, for each u = 1,2, where
p1 > p2 > 0 (see, for the definition of peripheral conformal mapping, Definition 1.2.1). Then, we define

the singular points {y,,k}ffjg]v and the collocation points {z,; }’7;1122]\[ as

Yo = U, (R, Y, v=1,2 k=1,2,...,N,
2. =V (pp’™ ), pu=12 j=12,...,N,

and construct an approximate solution u®) as follows:

2

U(N) Z Z kaE(‘T - ka)a
k=1

v=1

where E(x) = (2m)~'log|z| is the fundamental solution for the operator A, and the coefficients
{Q,k}’;ziﬁ’"'” are determined by the following “approximate” boundary conditions:

u N (2,5) = fulu), p=1,2; j=1,2,...,N.

Parameters R; and Ry for the singular points are chosen as Ry € |p1, kp1[ and Ry € k™1 pa, p2[, where
k is a constant appeared in the definition of peripheral conformal mapping. Then, we prove that an
approximate solution u(™) actually exists uniquely and an approximation error decays exponentially
with respect to N when the boundary data are analytic (Theorem 2.1.1). The above is the conventional
scheme for MFS applied to potential problems. Incidentally, it is known that u(Y) does not satisfy
invariance properties while the exact solution u for (0.0.2) satisfies them. Then, Murota [73] proposed
an invariant scheme for MFS in disk, which satisfies invariance properties. If we apply it to (0.0.2),
then an approximate solution u(™) is given of the form

u™(z) = Qo +ZZkaE T = Yuk),

v=1 k=1
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and the coefficients are determined by the collocation method together with the following invariance

condition:
2 N
Z Z ka =0.
v=1 k=1
We also prove corresponding results for this invariant scheme (Theorem 2.1.2). This chapter is based
on my paper [85].

In Chapter 3, we consider a variant of MFS, which is called the dipole simulation method (DSM).
When we consider the potential problem, MFS offers an approximate solution as a linear combination
of logarithmic potentials, that is, an approximate solution given by MFS can be regarded as a dis-
cretization of the single-layer potential representation of the exact solution in some sense. On the other
hand, in potential theory, the solution for the potential problem is given using double-layer potential.
Therefore, it is natural to consider a discretization of this double-layer potential representation. Then,
we find the following approximate solution for the potential problem:

—1 (ng | v — yx)

N
0.0.3 uMN(z) = D(z,yi;ng), D(x,yr;ng) = —
(0.0.3) () = > QrD(x, yx; nx) (T, Yk nk) 2 7= vl

k=1

Here the potential problem is considered as a problem in the two-dimensional Euclidean plane, and
ny, which is called the dipole moment, represents the direction of the axis of dipole located at y.
Hereafter, we identify R? with C in the usual manner. Although the formulation of DSM looks more
natural than that of MFS for the potential problem, the mathematical analysis has been done only
in [45]. In this chapter, we consider the potential problem in Jordan region. The singular points, the
collocation points, and the dipole moments are defined by using peripheral conformal mapping. Then,
under some conditions, we prove that an approximate solution actually exists uniquely, and that an
approximation error decays exponentially with respect to N (Theorem 3.1.1). This chapter is based
on my paper [84].

In Chapter 4, we consider the boundary value problem for the biharmonic equation. Namely, let
) be a bounded region in the plane with smooth boundary, and consider the following problem.

A?u=0 inQ,
u=f on 02,
ou

e g on 09,

) 84 84 4
where A* = — + 2 +

ozt 0x20y? = 0x%20y?
the derivative of u along outward normal direction. The conventional scheme for MFS offers an
approximate solution for the above problem as a linear combination of the fundamental solutions of

the biharmonic operator and ones of the Laplace operator. Namely, u™¥) is of the form

is the biharmonic operator in the plane, and du/0v denotes

N

WM(@) =3 (B — ) + QP Fla — ).

k=1

where F(z) = (87)~!|z|? log |z| is the fundamental solution for the biharmonic operator. Although the
above is the conventional scheme for MFS applied to biharmonic equation, in this chapter, we consider
the another scheme for MFS based on Almansi-type decomposition of biharmonic function. Namely,
we seek an approximate solution for the above problem having the following form:

N

u™) (z) = (Q§+QZ|3€|2) E(z —yi)-
k=1



Since there are no mathematical result for MFS applied to biharmonic equation, we consider the
case where () is a disk as a first step to establish mathematical theory, and then we prove that an
approximate solution actually exists uniquely (Theorem 4.1.2) and that an approximation error decays
exponentially with respect to N (Theorem 4.1.3). This chapter is based on my paper [86].

In Chapter 5, we try to modify the original MF'S for the potential problem, by adding the dummy
points and weighted average condition. Namely, we seek an approximate solution u") for the potential
problem having the form of

N
uM(2) = Qo + Y QuBi(z), Ei(z) = E(x —y) — E(x — z).
k=1

Here, {z;}Y_, are the dummy points, which are taken from the exterior of Q. We determine the
coefficients by the collocation method together with the following weighted average condition:

N
Z QrHy =0,
k=1

where {Hj, }_, are given weights. Adding the dummy points {zj}7_, and replacing the original kernel
function with the difference of logarithmic potential Ej, u"¥) satisfies the invariance condition with
no additional condition. Therefore, we can add one more another condition, which enables us to
construct geometrical variational structure-preserving numerical scheme for the one-phase Hele-Shaw
problem, which will be presented in Chapter 6. Also, in this chapter, we consider the case where € is
a disk, and establish mathematical theory, unique existence of approximate solution (Theorem 5.1.1)
and exponential convergence (Theorem 5.1.2). This chapter is based on my paper [91].

Part II is devoted to MFS applied to fluid mechanics and complex analysis. In Chapter 6, we
consider applications of MFS to fluid mechanics, especially, one-phase Hele-Shaw problems. The
classical one-phase Hele-Shaw problem describes a motion of viscous fluid in a quasi two-dimensional
space, which was starting from a short paper [32] in 1898 by Henry Selby Hele-Shaw (1854-1941). In
his experiment, viscous fluid is sandwiched by two parallel plates with a narrow gap, and the apparatus
is called Hele-Shaw cell. He succeeded in visualizing streamlines by means of colored water in the cell.
The classical one-phase Hele-Shaw problem is stated as follows:

Ap(,t) =0 in 2(t),t € [0,7),
(0.0.4) (- t) = vk(-, 1) on €(t), t €[0,7T),
V(,t)=-Vp(,t) - N(-,t) on%(t),te€][0,T),

where 2(t) C R? is a bounded region occupied by fluid, €'(t) is the boundary of Z(t) (positively
oriented closed curve), p(+,t) is the pressure function in Z(¢), 7 is the surface tension coefficient, k(-,t)
is the curvature (sing convention is the way that k = 1 if 2(¢) is a unit disk), N(-,t) is the unit
outward normal vector, and V (-, ¢) is the normal velocity, on € (t). We have three marked properties
of the classical Hele-Shaw problem (0.0.4): the total length of €(¢) is decreasing in time, the enclosed
area of 2(t) is preserving, and the barycenter of 2(t) is being fixed. These properties are called curve-
shortening (CS), area-preserving (AP), and barycenter-fixed (BF), respectively. Thus it is natural to
consider that the numerical solution should satisfy these geometrical variational structures in some
discrete sense. However, there is no such numerical scheme to our best knowledge. The purpose of
this chapter is to propose a simple numerical scheme by means of MFS with the uniform distribution
method. As a result, we have succeeded to construct numerical scheme which satisfies CS-, AP-, and
BF-properties exactly, in which we have to solve system of “quadratic” equations, and the one which
satisfies CS-, AP-,; and BF-properties asymptotically, in which we have to solve system of “linear”
equations. We also apply our scheme to other variations: the one-phase exterior problem, and the
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one-phase interior Hele-Shaw problem with sink/source points. This chapter is based on my papers
[89] and [90].

In Chapter 7, we construct numerical scheme for conformal mapping based on DSM. Conformal
mapping is basic and important notion in complex analysis, and it has wide range of application in
engineering, computational fluid mechanics, and so on. Therefore, it would be required to obtain
“analytic form” of conformal mapping in practical application. However, it is impossible to do so
except for only a few cases. Thus, numerical scheme for conformal mapping has been studied as
an important research topic worldwide. Among numerous methods, Amano [2] offered very simple
numerical scheme for conformal mapping based on MFS. Let 2 be a Jordan region in the complex
plane, and consider a problem to find a conformal mapping f of 2 onto the unit disk satisfying the
normalized conditions f(z9) = 0 and f'(zg) > 0, where z5 € Q is a given point. Then, we can reduce
this problem to find a harmonic function and its conjugate harmonic function as follows:

(i) Find a solution u for the following potential problem:

Au =0 in Q,
(0.0.5)

u(z) = —log|z — 29| on .

(ii) Find a conjugate harmonic function v of w satisfying v(z9) = 0.
(iii) Define a function f as f(z) = (z — z0) exp[u(z) + iv(z)].

Then, the function f thus defined is nothing but the conformal mapping of €2 onto the unit disk
satisfying the normalized conditions. Therefore, applying MFS to the above problem, we can obtain
the following numerical scheme for conformal mapping [2]:

(i) Construct an approximate solution u(™) for the problem (0.0.5) by MFS as follows:

N

u™M(2) =" Qrlog |z — Gl,

k=1
where {(}I_, are the singular points.

(ii) Construct an approximate function v) of v as follows:

N
v (2) = 3™ (2) = 5W)(z9), WM (2) = Z Qr arg(z — ().
k=1

(iii) Define a function f") as fV)(2) = (2 — 20) exp[u™) (2) + vV (2)].

This is an algorithm for computing conformal mapping numerically. However, in the expression for
vV the arg function appears. Mathematically, the branch of the arg function is selected so that v(™Y)
would be continuous in 2. On the other hand, when we implement the above numerical scheme, we
have to deal with the problem to assign appropriate value for arg function, since the existing function
in programing language only outputs the principal value of the arg function. Therefore, the above
scheme is not easy for non-specialist to implement. In this chapter, another numerical scheme for
conformal mapping based on DSM is proposed. As a result, we are able to avoid the issue related to
the arg function, but it offers high-precision numerical results as well as the scheme based on MFS.
Moreover, we investigate the behavior of errors for u™), v and f) mathematically, of which the
results tell us that the behaviors of errors are completely governed by the error for u™¥). We show



several results of numerical experiments in order to verify the effectiveness of our numerical scheme.
This chapter is based on my paper [88].

In Chapter 8, we develop an interpolation method for holomorphic function, the complex dipole
simulation method (CDSM). The idea of CDSM can be explained as follows. DSM offers an approxi-
mate solution for the potential problem as in (0.0.3). We here note that the kernel function D(x, yx; ng)
is a real part of the holomorphic function. Indeed, we have

D(xayk;nk) = 1§R< i ) )

27 z— (g

where z, and (; are complex representation of x, and ¥y, respectively, and the same symbol ny is the
point in the two-dimensional Euclidean plane in the left hand side, and the one in the complex plane
in the right hand side of the above relation. Therefore, we have

uMN (z) = uN (z) = ——?R <Z ZQE ) .

This expression suggests a new method for finding approximate function for holomorphic function in
the form

FN(2) ZQkH (0= .

This is a concept of CDSM. Approximate function obtained by CDSM can regarded as a discretization
of Cauchy integral representation in some sense. In this chapter, we develop fundamental mathematical
theory for CDSM in the case where €2 is a disk or the exterior domain of a disk. As a result, we prove
that approximate function exists uniquely (Theorems 8.2.2 and 8.2.5), and that an approximation
error decays exponentially with respect to N (Theorems 8.2.3 and 8.2.6). This chapter is based on my
paper [87].

These works were supported by the Program for Leading Graduate Schools, MEXT, Japan.
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Chapter 1

Preliminaries

Abstract

In this chapter, we collect several mathematical notions which are used to analyze MFS
and DSM mathematically in Chapters 2 and 3.

1.1 Function spaces

When we study MFS and DSM, the following family of Hilbert spaces is used, which was firstly
introduced by Arnold [5], in which a spline-trigonometric Galerkin method is studied.
Let T be the space of finite Fourier series on S* := R/Z. Namely, an element g of T is expressed
by
g(’r) _ Zg(n)e%rmr (7_ c Sl),

neEZ

where {§(n)}nez are complex numbers, all but a finite number of which are zeros. For each (e, s) €

10, +00[xR, define an inner product (-,-)¢s: 7 X T — C and a norm || - ||lc,s: 7 — R as
(9, 1)e,s = Zg(n);}(n)g\n\ﬂ?s (9,h€T),
neL
(1.1.1) Iglles =/ (9:9es = [ D la(n)2mIns (g€ T),
neL
where n := max{2n|n|,1}. Then a space 2., is defined as the completion of T with | - ||¢,s, which

forms a Hilbert space. The fundamental properties of 2 ; are as follows. Define a relation > on
10, +00[xR as

(61,81) > (62,82) g €1 > €V (61 =€y N8| > 82).
Proposition 1.1.1 ([48, Lemma 4.1]). (i) For each n € Z, the nth Fourier coefficient mapping
1 .
Togr i = [ g®)e a0
0

has a unique bounded linear extension to X s. Furthermore, a norm |\glle,s of g € Ze s is defined
as (1.1.1).
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Chapter 1 Preliminaries 1.2 Peripheral conformal mapping

(ii) For (ey,su) € ]0,4+00[xR (p = 1,2), if (e1,51) > (€2, s2) then there exists a natural inclusion
i1 Fey sy > Zey,s, and it is a compact operator. In particular, the union & = UE,S Zes of all
the spaces Z. s can be defined.

Here, we list several facts regarding {.Z. s} s, which enable us to gain a strong understanding.
Further details are explained in [5, Section 3]. When € = 1, H® := 27 , is a periodic Sobolev space
with period 1. Then, for an analytic Jordan curve I in the plane C, H*(I") can be defined as the set of
functions on I" whose composition with an analytic parameterization of I belong to H®, and the norm
of an element in H*(T) is given by the H® norm of the composition. When € > 1, an element in % ; is
an analytic function that can be continued complex analytically to the strip {b+i8 | b € R, |5] < loge},
and the trace on the boundary of the strip belongs to H°. When s > 1/2, an element in 27 ; is a
Holder continuous function on S'. Finally, the dual space of 2. s is isomorphic to Ze-1 _, therefore
we identify them as (2Z¢ )" = Z.-1 _4. For example, the Dirac delta function § on S1 can be regarded
as the member of -1 _ for (¢,5) > (1,1/2) (see also Propositions 2.2.1 (ii), 2.2.2 (ii), and 3.2.1 (ii)).

1.2 Peripheral conformal mapping

In the analysis of MFS for potential problems in doubly-connected region (Chapter 2) and that of
DSM in Jordan region (Chapter 3), we use peripheral conformal mappings to arrange the singular and
collocation points. We here give a definition of peripheral conformal mapping and show its existence.
Set v, :={z€C||z| =r} with r >0, and Ry, :={2 € C|re <|z| <ri} withry > ry > 0.

Definition 1.2.1. For a given Jordan curve I' in the complex plane C and a given positive constant
p, a map ¥ from a neighborhood of 7y, to C is called a peripheral conformal mapping of I' with the
reference radius p, if the following two conditions are satisfied:

(i) ¥ maps v, onto I';

(ii) there exists some x > 1 such that ¥: R,
holomorphic and injective.

pxp — C is a conformal mapping, that is, ¥ is

Although it has been pointed out in [48, Remark 3.1] that there exist peripheral conformal mappings
of real analytic regular Jordan curves with arbitrary reference radii, the proof has not given. We here
prove a theorem which verifies the above statement when p = 1. The other cases can be reduced to
this case by suitable scaling argument.

Theorem 1.2.2. Let I' be a real analytic reqular Jordan curve in the plane. Then, there exist some
k > 1, some open neighborhood U of I, and a biholomorphic function ¢: R,.-1, — U such that
»(11) =T holds.

Proof. Since T is a real analytic regular Jordan curve, there exists a real analytic function ¢: R/(27Z) —
C such that the following hold:

o« &(0) £ 0 for all € R/(27Z);
e For all 61,05 € R/(27Z) with 61 # 0o, it holds that p(61) # ¢(05);
o 5([0,27]) = T.

Since ¢ is real analytic, there exists some € |1, 00[ such that

> leals!" < +oc,
nez

13
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where c¢,, denotes the nth Fourier coefficient of ¢:
1 s

:% -

(0)e 0, necZ.

Cn

Since ¢'(0) # 0 for all 8, we have

Z inc,e™ #£0, 0cR/(2n7Z).

ne”Z
We then define

F(z2) = chz”, k< 2] < k.

neZ

The infinite series on the right hand side of the above equation uniformly converges absolutely. There-
fore F' is continuous on ﬁn—l’n, and holomorphic in R, -1 .. Taking x small if necessary, F' could be
injective on ﬁﬁflﬁ. In the following, we prove this assertion. Note firstly that

F(eine) — cheiné — %0(9)

neZ

holds for all § € R/(27Z). We show the existence of k € ]1,4o00[ satisfying the above property
by contradiction. Namely, suppose that for all x € |1,+oc[, there exist some 21,29 € R,-1, such
that z; # 29 and F(z1) = F(z2). Therefore, for each n € Z, by setting x := 1 + 1/n, there exist
Z1n, Zon € ﬁm—l’n such that z1, # z2, and F(z1,) = F(za2,). Since {z1,} and {z2,} are bounded
sequences, there exist convergent subsequences {z1,, } and {29, } of {z1,} and {22, }, and z; and 29
such that
Zin, —> #1, Zon, — %2, as k — oo.

Since F(z1pn,) = F(z2n,) and F is continuous, we obtain F(z1) = F(z2) by taking the limit k¥ — oo.
The injectivity of ¢ implies that z; = 25 because of |z1| = |z2| = 1. Incidentally, for any zy = e € v,
we have

1 ; 1

/ _ n—1 __ : infyg __ /

F'(z) = chnzo = o0 Zlncne" 0= oo ? (6o) # 0.
neL neEL

Therefore, by the inverse function theorem, there exists some neighborhood V' of z; such that F' is

injective in V. On the other hand, for sufficiently large k, z1,, and zay,, belong to V' and satisfy that

Z1n,, # Zan, and F(z1n, ) = F(z2n, ), which contradicts the injectivity of F in V. O

1.3 Potential theory

1.3.1 single-layer potential

The following propositions play important roles in the proof of Lemma 2.4.6, where we aim to prove that
AC! which are some bounded linear extensions of A! defined in Section 2.4, are homeomorphisms.
Here and hereafter, the symbol FCI means FC or F!. Likewise, the symbol Fc 1 means Fc or Fy. Details
of the following propositions are given in [33, Theorem 16.6h] and [79, Lemma 7], respectively.

Proposition 1.3.1. Suppose that T is a C*-reqular Jordan curve in the plane with Cap(T) # 1,
where Cap(T') denotes the capacity of T' and is defined in the subsequent section, Q is the interior
simply-connected region of T', ¢ is a Hélder continuous function on S, and v: S* — C is a C? regular
parameterization of I'. If it holds that
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then ¢ = 0.

Proposition 1.3.2. Suppose that T' is a C?-reqular Jordan curve in the plane, € is the interior
simply-connected region of T, ¢ is a Holder continuous function on S', v: S — C is a C? regular
parameterization of ', and o is a constant. If it holds that

a+/ E(x—~(0))(e(0) —a)dd =0, z€Q,
0

then a =0 and ¢ = 0.

Remark 1.3.3. The assumption on the capacity of €2 does not appear in Proposition 1.3.2, which
enables us to remove the condition on the capacity of 2 from Theorem 2.1.2 concerning the invariant
scheme for MF'S, while it appears in Theorem 2.1.1 concerning the conventional scheme for MFS.

1.3.2 double-layer potential

Similar property also holds for double-layer potential.

Proposition 1.3.4. Suppose that T is a C*-reqular Jordan curve, Q0 the interior simply-connected
region of I', and Q a continuous function on I'. If it holds that

1(ny |z —)
T Y) o(y)ds, =0, xeQ,
/m lo gz @) sy

then @ = 0. Here, ny denotes the unit outward normal vector of T' at y € T', and the symbol (- | -)
denotes the usual two-dimensional Euclidean inner product.

Although this proposition is stated in [81, Theorem 35.1], these authors did not include a rigorous
proof. Therefore, we provide a brief proof for the above proposition using the results in [19].

Proof. Let u be a function in §2 defined as

u(x) :/ _1MQ(3/) dsy, =€

rom |z —yl?

Because @ is a continuous function on I', owing to [19, Theorem 3.22], u has a continuous extension @
to €. Especially, u is expressed on I as

- 1 —1 _
i(x) = 5@(3?) + /r %WQ@) dsy, xel.

Because v = 0 in § and @ is a continuous extension of u to £, @ = 0 on I' holds, which is equivalent to

(1.3.1) Q(m):/rl(nyw_y)Q(y)dsw zel.

T [l —yl?

The statement of Proposition 1.3.4 can be proved by showing that the integral equation (1.3.1) has
only the trivial solution. Owing to Fredholm’s alternative, the integral equation (1.3.1) has only the
trivial solution if and only if the transposed equation of (1.3.1)

(1.3.2) Q(w)z/rl(nmy_w)Q(y)dsy, zel

T |y —=|?

15
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has only the trivial solution. Let @ be a solution for (1.3.2). Then, we have

(1.3.3) [ ewas, =0,

which can be justified as follows:

Jo@as = [ -2 [ 2l Dow)as, | as,
=2 [t | [ 5 2 ] dss = - [@wasy

We here consider the single-layer potential
1
= —1 — y|ds,,.
) /FQ(y)% og |z — y|dsy

Then, we see that w vanishes at a point at infinity, that is, w(x) — 0 (J&| — 0), which can be justified
by [19, Lemma 3.31] with (1.3.3). As @ is a solution for (1.3.2), d,4w = 0 on T follows from [19,
Theorem 3.28], where 0, is the exterior normal derivative on I' defined as

0,+9(@) = lim (@) - Vg(a + (@)

for g € C1(R?*\ Q) and = € I'. Here, v denotes the unit outward normal vector on I'. Therefore, w is
a solution for the following Laplace equation with the homogeneous Neumann boundary condition:

Aw=0 inR2?\Q,
Oyyw=0 onT.

Then, there exists a constant C' such that w = C in R?\ Q, because the solution of the exterior
Neumann problem is determined up to a constant. The constant C' is indeed equal to 0 because
w(x) = 0 (|| — o0). Using the continuity of single-layer potential [19, Proposition 3.25], we have
w = 0on I" Thus, w = 0 in Q follows from the maximum principle for harmonic functions, which
yields that 0,_w(z) = 0 (x € T'), where 0,_ is defined similarly to 9,+. Hence, we obtain @ = 0 on
T by applying [19, Theorem 3.28]. O

1.4 Capacity

We here define the capacity of the Jordan region in the complex plane, which measures the size of the
region.

Definition 1.4.1. Let I' be a Jordan curve in the plane C. Then, there exists a conformal mapping
g of C\ D; onto C\ © with the following Laurent series expansion about co:

C_ C_
g()=czteot+—+ 5+,
z z

where Q denotes the interior simply-connected region surrounded by I'. The absolute value |¢1]| of ¢; is
a geometrical value determined by T" only, and is called the capacity of T'. This is denoted by Cap(T).

The following proposition provides a method for evaluating the capacity of a Jordan curve in the
plane C. Roughly speaking, Cap(T') is bounded from below by the radius of a circle enclosed by T’
and bounded from above by that enclosing I'.

16
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Proposition 1.4.2. Let I' be a Jordan curve in the plane C.
(i) If T is a circle with radius r, then Cap(I') = r.
(ii) IfT' is enclosed by a circle with radius r, then Cap(I') < r.

(iii) If T encloses a circle with radius r, then Cap(T') > r.

1.5 Discrete Fourier transform
The following proposition, which is used to establish the unique existence of approximate solution for
MFS in annular region, states that the discrete Fourier transform is an isomorphism.

Proposition 1.5.1. Suppose that g € L*(S') and g is Hélder continuous in some neighborhood of
Apn. Then, the series ngpg(m) is convergent for p € Ay, and moreover, the following equivalence
holds:

g=0 onAy <— Zg(m)zo for allp € Ay.

m=p

The details can be found in [6, Lemma 2.1].

1.6 Estimates of Fourier coefficients of function which is har-
monic in the direct product of annular regions

The following proposition plays a key role in the analysis of MFS for potential problems in doubly-
connected regions.

Proposition 1.6.1. Let u: ﬁKA’H X ﬁ,flﬁ — C be continuous, and harmonic in Ry, X Ry-1 ..
Then, u has the following Fourier series expansion:

u(rel? pe™) = (almrmpm\ byl o1l g plml dlmf\upﬂm\) oi(10+m7)

l,meZ*
+ 3 (aOmp‘m‘ + bomp™ ™ + compI™ log T + domp~ ™ log T) Gl
mez*
+ Z (alorm + bior!!og p + cor ™! + djor 1 log p) elt?
lez~

-+ ago + boo log p + coo log r + dgp log 7 log p.
The Fourier coefficients {ajm}, {bim}, {cim}, and {dim} can be bounded as follows:

M
<M b < — doo| < ——=
ool < M, Jbool, Jeool < g ool < o
M
bal < g dol < ——— =l (+£0
latl, lbwo| < 7——=5&7" ol [dio] < A=) logr" (1 #0),
M M
—|m)| —Im|
laoml, lcom| < 1_ Sk s [boml; [dom| < (1 —I€_2)1ng€l{ (m #0),

M —|l|—|m
|atm |, buml, [iml, [dim| < m’f =l (I,m #0),
where

M= .
o B, lu(z,y)|

K

17
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1.6 Estimates of Fourier coefficients

Proof. Define quantities Ay, Bim, Cim, and Dy, as the double Fourier coeflicients for (r, p) = (k, k),

(k,k71), (k7 1, k), and (k~1, k1), respectively, that is,

1 2 27 ) ) )
A, = 72/ / u(ke'? | ke'")e 70+ MT) 49 dr
(2m)% Jo 0
ago + boo log & + cog log k 4 doo (log )?
alOHM + blofi‘” log k + cloff_m + dlom_l” log k
aomt ™ + bom k1™ + comr™ log k + domr 1™ log K

BN N R [ e B [ P B A

1 2 27 ) ) .
By, = 72/ / u(ke'? kel e H0EMT) 49 47
(2m)% Jo 0
aoo — boo log k + cop log k — doo(log I€)2
alolilll — bl(m‘ll logk + cloﬁ_l” — dloﬂ_l” log x
aOmﬁilm‘ + bOnL"f'ml + CO7nH7‘m| log x + dOm’f‘ml log k

apy 1m0 by, gl oy =l =lml g =l m]

1 2m 2m . . .
O, = -1 10, ity ,—i(l0+mT) dod
Im (27r)2/0 /0 u(k™ e’ ke’ )e T

aoo + boo log & — cop log K — dgo (log x)?

aloffm + blon*‘ll log k + clonl” + dlonl” log k

—|m|

aomt! ™ + bom K — comk!™ log k — dom 1™ log k

agy = IHm by e ll=lml o el ] gl Im]

1 27 27 Lo ) .
Dy, = 7/ / u(k™ e’ kT e7T)dOdr
(2m)2 Jo 0

ago — boo log k — cop log k + dgo (log )?

2]

alolﬁ_lll — bgof-@_‘ll log k + ¢yor'*! — dloml” log k

aomt ™+ b k™ — comr 1™ log k — domr™ log K

—|I]— — ||+ l|—|m l|4+|m
Aim K It ‘m|+bl7n”€ i |m‘+cl7n’§|| | |+dl7n’€|| Im|

Then, it clearly holds that
|Alm|7 ‘Blm|7 ‘Olm|a |Dlm| < M.

By definition, {aim}, {bim}, {¢im}, and {d,} can be expressed in terms of {A;m}, {Bim}, {Cim}, and

{Dim} as follows:

Aoo 1 logk log k (log k)2 ago

Bo | [1 —logk logrk —(logrk)? boo

Coo| |1 logsk —logk —(logk)? coo

Dy 1 —logk —logr (logr)? doo
apo 1 1 1 1

— boo | _ 1 [ (log k)"t —(logk)™r  (logr)™! —(logr)~!

coo| 4| (logr)™t  (logr)™! —(logr)™! —(logk)~*
doo (logr)2 —(ogr) 2 —(logn) 2 (logr) 2

18

ifl=m =0,
it 140, m=0,
if 1l =0, m #0,
if [,m #0,

ifl=m=0,
ifl £0, m =0,
ifl=0,m#0,
ifl,m#0

ifl=m=0,
ifl#0, m=0,
ifl=0, m#0,
if I,m # 0,

ifl=m=0,
if 140, m=0,
ifl=0,m#0,
if I,m # 0.

Ao
Boo
Coo
Dyg
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Ao + Boo + Coo + Doo
L | (log )~ *(Ago — Boo + Coo — Doo)
4 (lOg Iﬁ:)fl(A()o + BOO — C()O — Doo) ’
(log k) ~%(Aoo — Boo — Coo + Do)

A wlll kMogrk k711 Kk lHlogk ap
By | Kl —klllogr k=M —g~llogk bio
Co | |[x M gk Mlogk &l k! log K clo
Dy kI —k=lHogk kI —klllogk dio
apo H2|” K‘,Qll‘ -1 —1 AZO
bio | !l w2 (log k)™ —kM(logr)~!  —(logr)~! (log k)1 By
clo - 2(/4;4”‘ — 1) —1 -1 112‘” I%QM CIO
dio —(log k)~! (log k)1 2 (log k)=t —kl(logk)~! Dy
(Ai + Bio)r2!!l = (Cio + Dig)
_ M (log )~ [(Aio — Buo)w?!! — Cio + Do) 140
2(kAIU — 1) —(Aw + Buo) + (Cio + Dyo) 2! ’ ’
(log %) ™[~ Ao + Bio + (Cio — Dio)w?"]
Aom glml o g=lml k™ log K w~I"m og k aom
Bom | _ kIml glml k" og k k™ log K bom
Com | — | &l™  g=Iml —klmllogk —k~Imllogk Com
Do, Mgl _gmmllog k. —kIMlog K dom
Aom r2lml -1 Kk2lm! -1 Aom
bOm o Klml —1 /{2|m" —1 HQ‘ml BOm
com | 2(k¥ml —1) [ K2™(logr)™t  —(logr)™t  —wZ™(log k)t (log k)=t Com
dom —(logk)~' k2™ (logk)~! (log k)~! —k2ml(log k)1 ) \Dom
(AOm + COm)":mml - (BOm + DOm)
__nm —(Aom + Com) + (Bom + Do )™ , m#0,

2(kAml — 1) | (log k) " [(Aom — Com)k2™ — Bom + Doy
(log "i)_l[_AOm + COm + (BOm - DOm)Klel]
Apm wll+Im] rlll=Iml o =ll+Im| o —]l]=|m]

Alm
Bun | [ sietml gltitml il ettt | (g
O | = | emtisiml mti=iml elitiml elti=tml | | ey
o R200Hm) ol ol 1 A
by I+ 2l 2+ 1 2l | B
<~ =
Clm (KA = 1) (k4™ = 1) —k2lml 1 w2(H+Im)) — k2l Cim
di 1 e2ml 2 20D ) \ Dy,
AlmRQ(\l|+|m\) _ BlmFLQ‘ll _ Clmli2|7n| + D
l , )
_ pllHim! —Apy P 4+ By 2UUH M) 1 Gy — Dy 21! I,m #0
(K:Aw' - 1)(54"'”‘ — 1) _Alm/f2‘m| + Bim + Clm’€2(|l|+|m‘) - Dlm”iZl” ’ ’ '

A — Bimr2™ — Oy, 62U 4+ Dy, 520U+IMD
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Hence {aim}, {bim}, {cim}, {dim} can be evaluated as follows:

|ago| < i(|Aoo|+|Boo|+|Coo|+|Doo|) <M, |bool, ool < l(fgwﬁv Idoo] < (102{:)2’

ol gy +1) = £ < i bl € (e
o lbom| < == 557", e, dom| < ﬁﬁ—w’

ot Bl et i < 7 Jff)l(';:nl 1) 1) <

which are the desired estimates. 0

1.7 Notations

We conclude this chapter by stating some notations that will be used in Chapters 2 and 3. The relation
(e1,51) > (€2,82) on ]0,+00[xR is defined as €1 > €2 V (61 = €2 A 81 > s2), and (e1,81) > (€2, $2) as
(e1,81) > (€2, 52) A (€1,81) # (€2,82). For a given N € N, define Ay = {0,1,...,.N -1}, Ay ={p €
Z|—-N/2<p<N/2},and Ay = {j/N € S*|j€ Ay} Forpe N, define I(p) ={p+IN|l€Z*} =
p—+ NZ*, where Z* = 7\ {0}. For m,n € Z, m = n always means that m = n (mod N). Finally, for
a vector-valued function v = (vy,v2)T, define 9(n) := (61(n), vo(n))T for n € Z.
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Chapter 2

Asymptotic analysis of the
conventional and invariant schemes
for the method of fundamental
solutions applied to potential
problems in doubly-connected
regions

Abstract

The aim of this chapter is to develop mathematical theory of the conventional and invariant
schemes for the method of fundamental solutions used to solve potential problems in doubly-
connected regions. Particularly, we prove that an approximate solution actually exists
uniquely under some conditions, and that the error decays exponentially when the boundary
data are analytic, and algebraically when they are not analytic but belong to some Sobolev
spaces. Moreover, we present results of several numerical experiments in order to show the
sharpness of our error estimate. This chapter is based on the following accepted paper:

o K. Sakakibara, Asymptotic analysis of the conventional and invariant schemes for
the method of fundamental solutions applied to potential problems in doubly-connected
regions, accepted by Japan Journal of Industrial and Applied Mathematics.

2.1 Introduction and main results

Let Q be a nondegenerate doubly-connected region in the complex plane C. That is, assume that there
exist two disjoint connected components K; and K5 such that C \ Q = K; UK,, K; is unbounded in
a sense that oo € K, holds, and neither K; nor Ks is reduced to a single point, where C=cu {0}
denotes the extended complex plane and K, denotes the interior of K. Then, we consider the following
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potential problem:
(2.1.1) {AuzO in €,

u=f, onl* p=12

where I'* is the boundary 0K, of K,,, and f, is a given function defined on I'* for each 1 = 1,2. See,
for the geometrical settings, Figure 2.1. In this chapter, assume that each I'* is regular analytic and

Ky

u=f1

Figure 2.1: Graphic representation for the target problem

each boundary datum f, satisfies the following regularity condition:
(2.1.2) fu is analytic, or belongs to Sobolev space H? (I'*) for some o > 1/2.

The method of fundamental solutions (MFS) is a mesh-free numerical solver for partial differential
equations that can be applied to the potential problem [64, 1, 22], the Helmholtz equation [16, 69,
14], higher order PDEs [39, 40, 65], the heat equation [59, 63], fluid dynamics [7, 60], the inverse
problem [82, 103, 108, 37, 105], and so on. In addition, see the surveys [20, 44]. In the references
given above, it can be seen that MFS has been investigated numerically by many authors. However,
a satisfactory mathematical analysis has not been performed, because we cannot apply the mesh-
dependent arguments that are used to analyze mesh-dependent numerical solvers such as the finite
element method and finite difference method. The aim of this chapter is to develop a mathematical
theory of MFS for the potential problems in doubly-connected regions.

The conventional scheme for MFS (C-MFS) offers an approximate solution for (2.1.1), as given by
the following procedure.

(I) Take N points {y1x N, in K; \ {00} and {yox}Y_, in K,. That is, a total of 2N points are
chosen from the exterior of 2. In this chapter, these points are called the singular points.

(I) Construct an approximate solution u(CN) as follows:
2 N
N
v=1k=1
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where E(x) = —(27)!log|z| is the fundamental solution of the operator —A.

(IT) Determine the coefficients {Q,,k}ﬁjg """ N using the collocation method. That is, take N points

{xﬂj}é\f:l on I'* for each p = 1,2, i.e., take a total of 2N points on the boundary of €2, and
impose the following boundary conditions:

N .
(2.1.4) N (@) = fulze;), p=1,2 j=1,2,...,N.
In this chapter, these points are called the collocation points, and the equations (2.1.4) are the
collcocation equations.

The above is one algorithm for C-MFS. We only choose the singular and collocation points, and
solve the system of linear equations. That is, we do not need to perform mesh generation, which is
required for popular numerical solvers such as the finite element method and finite difference method.
Note that it is known that an approximate solution u(CN) is not invariant under affine transformations
of coordinates or an origin shift of the boundary data, while the exact solution for (2.1.1) satisfies
these properties. Murota [73, 74] proposed an invariant scheme for MFS (I-MFS), which gives an

approximate solution ugN) of the form

2 N
(2.1.5) ut™ (@) = Qo+ 3> QuiE(x — yur),

v=1k=1
as an alternative to (2.1.3). The coefficients are determined by the collocation method:

(2.1.6a) N (2,5) = fule), p=1,2 j=1,2,...,N,

with the constraint

2 N
(2.1.6b) 3> Que=0.

v=1 k=1

Such techniques are also applied in several papers (see, for instance, [96, 97]).

MFS has been widely applied in scientific fields. However, a satisfactory mathematical analysis
of this technique has not yet been performed. Restricting to the Dirichlet problem for the Laplace
equation, Katsurada and Okamoto [49] studied C-MFS in the case where  is a disk D, with radius
p, having the origin as its center. The boundary data are assumed to be analytic, and the singular
points {yx}y_, and the collocation points {z;}}_, are chosen as y; = Rw/~! and z; = pw’/~! for
j=1,2,..., N, respectively, where R > p and w = exp(27i/N). Then, it has been proved that there
uniquely exists an approximate solution by C-MF'S, except for at most one value of N (cf. [49, Theorem
1]). Furthermore, the error decays exponentially with respect to N (cf. [49, Theorem 2]). Subsequently,
Katsurada [45] extended this result to non-analytic boundary data (cf. [45, Theorem 2.3]), the case
where ) is the exterior of a disk (cf. [45, Theorem 4.1]), the Neumann problem (cf. [45, Theorems 6.1
and 6.2]), and the case where () is an annular region (cf. [45, Theorem 7.1]). Following these pioneering
works, C-MFS has been comprehensively studied in the case where € is a Jordan region [46, 47, 50, 48],
an annular region [74], and an elliptic region [76]. In addition to these works, [66] also studied C-MFS
in annular shaped regions based on [13, 68, 17]. However, their work deals with the Trefftz method,
rather than the collocation method. I-MFS has also been studied in [73] (Q is a disk), [74] (2 is an
annular region), [76] (€ is an elliptic region), and [79] (£2 is a Jordan region). Concerning other types
of PDEs see, for example, [67] (biharmonic equation), [10, 78] (Helmholtz equation), [38] (Collocation
method with delta functions for integral equations of the first kind), and [80, 102] (Cauchy problem).
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Among previous studies concerning MFS for potential problems, there does not exists a mathe-
matical result for multiply-connected regions other than in [74]. On the other hand, MFS has been
applied to multiply-connected regions in order to construct conformal mappings numerically, and it
offers satisfactory numerical results (see, for instance, [83, 3]). Therefore, it should be expected that
a mathematical theory of MFS in multiply-connected regions can be established. This chapter aims
to provide mathematical results regarding MFS in doubly-connected regions, as a first step toward a
theory in regions with arbitrary connectivity.

In the unique existence and convergence analysis, the positions of the singular and collocation
points play essential roles. In this chapter, we arrange these using peripheral conformal mappings
(see, for the details of peripheral conformal mapping, Definition 1.2.1). Let ¥y and ¥y be peripheral
conformal mappings of I'! and I'? with reference radii p; and p, respectively, where 0 < py < p;. We
suppose that the following two conditions hold:

(217&) \Ijl(ﬁnflpl,mpl) n \PQ(RK/—lprQ) = @,
(217b) \111(2’) = \112(2), z e ﬁiﬂ’lpl,ﬁm ﬁﬁmlpz,in
If Ry-1py pr N Ri=1py sy 7 0, then a map ¥ defined as

W(z) = Uy(z) ?f z € ?,rhlﬁpl,

Uo(2) if 2 € Re-1py.0p,
is a conformal mapping in a neighborhood of Q. Thus the assumption (2.1.7b) seems natural. On the
other hand, (2.1.7a) is a very technical assumption, and we do not know the way to remove it. These
assumptions will be used to prove Lemma 2.4.1.

Let Ry € |p1,kp1| and Ry € |~ tpg, p2[. We then arrange the singular points {yyk}fZ}gN and
the collocation points {z,; }f;llé """ N as follows:

e =0, (R, v=1,2 k=1,2,...,N,
(2.1.8) {yk ( )

T =V, (pp’™ ), u=12j=12,...,N.

See, for geometrical situation, Figure 2.2. Using these selections of the singular and collocation points,
we prove that the unique existence and convergence of MFS.

Using a family of Hilbert spaces which is introduced in Section 1.1, the condition (2.1.2) on reg-
ularity of f, is equivalent to F' = (Fy, F2)T € X¢ , for some (§,0) > (1,1/2), where F), is defined as
Fu(r) = fu(¥,u(pue®™™)) for 7 € S*.

We are now in a position to state the main results of this chapter.

Theorem 2.1.1 (Unique existence and convergence for C-MFS). Assume that for p = 1,2, there exists
a peripheral conformal mapping ¥,, of I'* with the reference radius p,, where py > ps > 0, and that

they satisfy (2.1.7). Let Ry € |p1,/kpi] satisfy Ry # 1 and Cap(Tg,) # 1, and Ry € [/& ' pa, p2l,
where Cap(I") denotes the capacity of a Jordan curve I', which is defined in Definition 1.4.1. Suppose

that F € X¢ » for some (§,0) > (1,1/2), (6,t) satisfies

1 <6 <min{&,r 2 k),
if6=1thent>1/2 and s <t; if 6 = Kk thent < —1/2; if 6 =& then t < o,

and let the singular and collocation points be defined as in (2.1.8), where r is a positive number defined

by r = max{p1/R1, Ra/p2}-

i) For a sufficiently large N € N, there exists a unique {Q kzl’Q """ N satis ying (2.1.3) and (2.1.4).
v=1,2
Thus, an approzimate solution of C-MFS actually exists uniquely.
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Y12
Z12

Z11 eY11

\ . S - <
- 1 SO / Lin
*Yin

Figure 2.2: Arrangements of singular and collocation points by two peripheral conformal mappings

(ii) The error estimate

5 1
lu = u™ e ny e o2y < CNPEOD | Fll,

holds true for a sufficiently large N € N, where C' is a constant that is independent of N, and

max{s —t,—1,s — 1} if s =r"2A(1,8) > (v,3/2),

max{s — t, —t} if6=1A(1,s) > (v,3/2),
(2.1.9) P(s,6,t) =< s—t if 6 € 11,77 2[A(1,8) > (v,3/2),

max{3/2 —t,3/2} ifd=r"2ANl=yAs<3/2,

3/2—1t if6 € [1l,r2[Al=7yAs<3/2,

where v = k! max{(R1/p1)?, (p2/R2)?}. This error estimate shows that the error decays ex-
ponentially with respect to N when both of boundary data f, are analytic, and that it decays
algebraically with respect to N when at least one of boundary data f,, is not analytic but belongs
to some Sobolev space (in particular, they are Holder continuous).

Theorem 2.1.2 (Unique existence and convergence for I-MFS). Suppose that the same hypotheses as
in Theorem 2.1.1 hold, except that the assumptions that Ry # 1 and Cap(T'r,) # 1 are removed.

(i) For a sufficiently large N € N, there exists a unique {ka}ﬁjgl\/ satisfying (2.1.5), (2.1.6a),
and (2.1.6b). Thus, an approzimate solution of I-MFS actually exists uniquely.
(ii) The error estimate

1
§N/2

lw =t ey cars 2y < CNFCD 2 || Pl

holds true for a sufficiently large N € N, where C is a constant that is independent of N, and
P(s,4,t) is defined as in (2.1.9).
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From the viewpoint of real computation, it is important to measure the errors in terms of L*°
norms. Using the embedding relation 27 ¢ C C(S?!) for s > 1/2, we immediately obtain the following
corollaries from Theorems 2.1.1 and 2.1.2. Here, C(S!) denotes the set of all continuous functions on
St

Corollary 2.1.3 (L°°-error estimate for C-MFS). Under the same conditions as in Theorem 2.1.1,
we have the following error estimate:

1

N P(s
HU,— U(C )||L°°(F1)><Loo(1"2) < CNP( ,0,t) 6]\]/2

HF”Xd,t?

for any s > 1/2, where C is a constant that is independent of N.

Corollary 2.1.4 (L*-error estimate for I-MFS). Under the same conditions as in Theorem 2.1.2, we
have the following error estimate:

N P (s 1
o= ™ oy y < ONPOOO s 1P

for any s > 1/2, where C is a constant that is independent of N.

Theorems 2.1.1 and 2.1.2 can be obtained as the corollaries of Theorems 2.4.4 and 2.4.5, respectively,
by setting € = 1 in both cases. Therefore, our aim is to prove Theorems 2.4.4 and 2.4.5, rather than
Theorems 2.1.1 and 2.1.2 themselves. The strategies for the proofs are as follows. First, we consider
the case where 2 is an annular region R,, ,, with p; > pa > 0, and establish the unique existence
(cf. Theorems 2.3.3 and 2.3.5) and convergence (cf. Theorems 2.3.7 and 2.3.8). Next, we consider
the case where () is a nondegenerate doubly-connected region with boundary that is composed of two
disjoint regular analytic Jordan curves. In fact, we can regard this problem as a compact perturbation
of the problem in an annular region. Thus, we adopt the Riesz-Schauder theory, and analyze MFS
using the results in annular region.

The contents of this chapter are as follows. In Section 2.2, integral operators and approximate
function spaces are introduced, which will be used in the analysis. In Section 2.3, MFS in annular
region is discussed. In Section 2.4, MFS in a nondegenerate doubly-connected region with boundary
that is composed of two disjoint regular analytic Jordan curves is considered, and the most general
versions of main results, Theorems 2.4.4 and 2.4.5, are proved. In Section 2.5, the results of some
numerical experiments are presented, in order to exemplify the sharpness of our error estimate. In
Section 2.6, we conclude the paper by providing some concluding remarks and conjectures describing
future work.

2.2 Integral operators and approximate function spaces

2.2.1 Integral operators
2.2.1.1 Conventional scheme

In order to introduce integral operators for C-MFS, we suppose for the moment that there exists some
function @ defined on I'r, U I'g, such that the boundary datum f, can be represented as a linear
combination of single-layer potentials, as follows:

2
fu@w) =Y / B - y)QU)dsl), zeT#
v=1 FRV
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for each p = 1,2, where ', = ¥, (7R, ), and dsg(f) denotes the line element of I'p, (v = 1,2). Then,
the exact solution w for (2.1.1) is represented as

Z/F )Qy)ds, € Q.

Considering S'-parameterizations of I'*, T'r_, f., and Q as
vr Jp

. S'sr— \Il#(pue%”) (
Tr,:S'360— U,(R,e*™?) Gest v=1,2
Fu(r)= fu(q}#(pue%h)) (
0.(0) = Q(¥,(R,e™) W, (R,e*™)| (

we have that
2 1 . . . .
_ Z / E(,(p,0>™7) — T, (Rue®™))Q(T, (R, ™)) 271 R, T, (R, ™ ¥)| d0
_ZAWq,, (rest u=1,2),
where AE,, are integral operators defined as

1
A7) = [ ol 0)0(6) a0 (re 8 pv=12),
0

au (7,0) = 21 R, E(W,,(p,e®™7) — U, (R,e*™%)) (1,0 € S*; p,v =1,2),

for ¢ € C(S'). Therefore, the boundary condition in (2.1.1) is equivalent to

A =F,
where
AC—(ac) - (M A} (ql) Fe (Fl)
. A§ AL ) a)’ F)

Thus, our problem is reduced to finding an approximation for the above gq.

2.2.1.2 Invariant scheme

Inspired by [5, Eq. (2.3)] and [79, Eq. (15)], we define the following integral operators for I-MFS:

A7) = 500+ [ antr.0) (600) = 360)) 0= 5 [ aua-ulr.0)50)00

(reSh ur=172)
for ¢ € C(S'). We also define A" := (4],,).
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2.2.2 Approximate function space
2.2.2.1 Conventional scheme

We define the following approximate function space @éN) for C-MFS:

Q k—1
@éN){Z <Q;:) < N) ‘ Qe €C(v=1,2 k1,2,...,N)},

which is a natural extension of that for C-MFS in a Jordan region (see, for instance, [48, p. 202]),
where § is the Dirac delta function on S*. For any ¢) e @( ) , we formally have that

2 N

ZAqu(,N) ZZQuk / au (7,0)0 (9 — N) do

v=1k

N
QWRVQVkE m (pue%ﬂ‘r) - yl/k’)a
v=1k=1

Mw

which is the same as an approximate solution produced by C-MFS. Thus, we can infer that the
definitions of the integral operators ASV and the approximate function space @éN) are suitable for the

analysis of C-MFS. The following proposition describes the fundamental properties of @(N).

Proposition 2.2.1. (i) For v = (v1,v)T € QéN), {0(n)}nez is a periodic vector sequence with
respect to n with period N. That is, it holds that o(n) = o(m) if n =m

(ii) If (epssp) < (1,—1/2) for p=1,2, then it holds that QéN) C Feyosy X Zegs-

The above proposition can be found, for example, in [48, Lemma 4.3] and [79, Lemma 2].

2.2.2.2 Invariant scheme
We introduce the following approximate function space @(N) for I-MFS:
Qo,kae(C(u—12 k=1,2,...,N)

ai=fa) S @50 FEa

This seems to be a natural extension of the one for I-MFS in a Jordan region (see, for instance, [79,
p. 238]). For any AR @I(N), we formally have that

ZA,WqﬁN)

= 22: (;%N)(O) + /01 a,(7,0) (q£N>(0) _ %q(ym (0)) a6 — ;/01 aso(7, )3 (0) d9>

v=1

L) (V) = [ ™) L) (V)
= 300 + &0+ Y [ ountr0) (470) - 5600+ 0) ) 0

_Q0+ZZQW</ au(7,0)0 <0—kN> de

v=1k=1

= QO + Z Z 27TRVQukE(\IJM(p,u627riT) - yl/k)7

v=1k=1
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which is the same as an approximate solution obtained by I-MFS. Therefore, we can infer that the
definitions of the integral operators A}w and the approximate function space @I(N) are appropriate for

the analysis of [-MFS. Concerning @I(N), the following proposition holds.

Proposition 2.2.2. (i) For allv = (vy,v)" € QI(N), {0(n) }nez~ is a periodic vector sequence with
respect to m with period N. That is, 0(n) = v(m) holds if n = m and n,m # 0. Moreover,
02(0) = 01(0) — 201(n) and 01(n) + v2(n) = 0 hold for n € I1(0).

(ii) If (ep,sp) < (1,—1/2) for p = 1,2, then it holds that _@I(N) C Feysy X Zegss-

Proof. We only prove the latter half of the statement in (i). Concerning the remainder parts, see [79,
Lemma 2].

Direct computation yields that for v = (vy,v9)T € @I(N), it holds that 9,(n) = 27'Qudn0 +
Zgzl Qui for v = 1,2 and n € I1(0), where 0,9 denotes the Kronecker’s delta. Therefore we obtain
that

N N ) N ) N
1(0) = 201(n) = Qo+ Y _ Qi —2>_ Qur = 5@~ > Qu = 5@+ > Qar = 12(0)
k=1 k=1 =1

k=1

for n € 1(0). O

2.3 MFS in annular regions

In this section, we consider the case where € is an annular region, defined by Q = R,, ,, with
p1 > p2 > 0. Although there already exist mathematical results relating to this case (see [45, Section
7] and [74]), the settings of this paper are different from those. Therefore, we provide a mathematical
analysis of MFS in the case of annular regions here.

Because we can take both of the peripheral conformal mappings ¥ and W5 as the identity mappings,
the integral operators AS:! are reduced to the following:

Qv
1 . .
LSV@(T) = / 27 R, E(p,e®™™ — R,e*™%)p(0) db,
0

60)+ [ 2nR Bl - R (100) - 15(0)) ao

N

L, (1) =

1 /1 . )
-3 / 2R3, E(p,e*™™ — Rz_,e*™)(0) do
0

for p € C(S'), 7 € S, and pu,v = 1,2. Introducing the functions
G (1) = =R, log|p,e®™™ — R,| (r€ 8% pv=12),

we have that

1

@@ﬁ—@wﬂ*ﬂm

Ly =Guxp, L= 5

n%

927(0> + G/U/ * (QO -

N | =
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Then, it follows that

(LSUQO)/\(W,) G,u (”)@(n)v
(L,{w@)A(n) {;(1 + él“’(o) - GH73—V(O))¢(0) if n=0,
G (m)B(n) if 0 40,
—R, logmax{p,, R, } if n =0,
Gw(n)

In|
R, . [ pu R }) .
min § =, — if n £ 0.
2|n| ( {RV Pu

In order to deal with the function spaces @éN) and @I(N), we need to extend the operators LS;,I and
LOT = (LG)) to 27 and Y := |, , Y s which can be defined by virtue of Proposition 1.1.1 (ii).

Lemma 2.3.1. (i) Define an opemtorf C Lt (u)s—1 — Leys as LG P = Guuxp for each (e, s) €
10, +oo[xR, where &(u,v) = min{p,/R,, R,/p.}. Then, $ is a bounded linear extension of

C
Ly,
1 1 1
(ii) Define an operator flfl,: Lee(up),s—1 — Les a8 flf §¢(O)+GW* <<p — 2@(0)) —iGu,g,V*
&(0) for each (e, s) € 10, +00[xR. Then, .i”jl, is a bounded linear extension of L}W
iii) For each (e, s) € 10, +00[xR, define an operator LC: Y., — Xes as LC = (£C). Then, L€
5 5 n%

is a bounded linear extension of LC. Moreover, if Ry # 1, then £C is a homeomorphism. That
18, it is continuous, bijective, and has a bounded inverse.

(iv) For (e,s) € ]0,400[xR, define an operator £*: Y., — Xc s as £ = (£),). Then, £ is a
bounded linear extension of L' and a homeomorphism.
2 pu R Inl|?
f =|—-R,1 R, in¢ £ ¥
212 =1 = Relogmaxton RAPIBOI + 3 15 (mm{R; o)

= R (logmax{p,, R, })*|@(0)]* + Rix® D |@(n)[*(e€(p, v))*(2mn)*~
nez*

< Ry max{(logmax{py, By}, 7 H @l 0,51

Proof. (i) For any ¢ € Z¢(,.1),s—1, we have that

@ ()€™ (2m[n])**

which implies that .Z);,, is a bounded linear extension of L, .
(ii) For any ¢ € Zee(uv),s—1, we have that

125012,
Inl|?
1 . A . pu Ry . n s
=[50+ G~ G| 0P + 3 | R (min ] 22 BN iyl or?
nez* H

3
< ma {30+ R Gog R)® + 3008 9,)7), B2 | el
which implies that .L”ﬁy is a bounded linear extension of L}W.
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(iii) Because .Z,,,, C are bounded linear extensions of LSV, the boundedness of £ is clear. Suppose that
Ry # 1. Then, we will show that Z€ is a homeomorphism. Because {¢, }nez, ¢n(T) = e2minT —|nly—s
(reSl,ne Z), forms a complete orthonormal basis of 2, s, (¢1,¢2)T € Y. s belongs to Ker ZCif

and only if it holds that

a2 (Gt &) (3)- () cnen

=:G%(n)

The determinants of G¢(n) can be computed as

—Rylog Ry —Rslogp

C —
det G~ (0) = det (—R1 log R —Rylog po

) = RlRQ log Rl log &
P1

and

Ry (m) " Rz (R>Inl Inl 2] 2/n|

det GO(n) = det | AP \NELS o 2Anl Ao/ Tal (RN 0, gy
R (p2\" Ry (Rp\" An)? P ol
2|n| \ Ry 2|n| \ p2

2
from which we know that the G¢(n) are nonsingular. Therefore, (2.3.1) has only the trivial solution.
That is, it follows that ¢(n) = 0 for all n € Z, or ¢ = 0. Namely, £ is injective. Concerning the
surjectivity of £, take any ¢ = (¢1,12)T € X, 4, and define ¢ = (p1,¢p2)T as

=Y @un)e*™ (re s p=12), ¢n)=G°mn) ") (ne2)

neEZ
that is,
1 n A
(240)) = | e log(p2/1p1)<—w1<o> log o2 +¥2(0) log.71)
@2 0 I ~ )
Rolog(p2/p1) W v2(0))
n|RIM1 i
2R () — ()
(@En;) _ P - p (nez),
p2(n 2|n|p} P2 (7p£n|q/;1(n) +p|1n\1[}2(n))

n|+1 2|n 2|n
B o = pi™)

Then, we have that
o2 ! |-
Hllee/Rus=t T R log Ry)? (10g(p2/ p1))?

1(0) log pa + 12(0) log py |2

4|n‘2 2(|"\ 1)

. 2|n|
+ Z 2\n| 2\n|) ‘P‘nl Y1(n) — Plgn‘¢2(n)|2 <€Rp11> (27r|n\)2(5*1)

nGZ*
2

= R2(log Rr)2(10a(pa/p1))?

2 P2 2l 2\ 2n| 2s
"B el P 22 <¢1 +(2) o ) (2rinl)

nez*
2 max{(log p1)?, (log p1)*} 2 2
Sma"{ (R log Rs 10g(pa/ 1)) )2 ’(Rw(l—(pz/m)Q))Q}WX“’
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and

(2.3.3)

2 _ 1 n 0 2
||<)02||5R2/p2 - R%(log(pz/p ))2 WI(O) ¢2(0)|

4|n|2 2|n| 2|”|

2[n|
n| 7 n| 7 €R2 s—
+ E : R 2\n| _ pg\n|)2| — "y (n) + pi"a(n) 2 ( ) (2l 7

nEZ* P2

max 2 2 )
5 {Rg(log(m/m))g’ R2r2(1 — (Pz/p1)2)2} [l .-

Therefore, ¢ € Y., and by definition ZCp = 1. The boundedness of (ZC)~! follows from the
inequalities (2.3.2) and (2.3.3).

(iv) The boundedness of .#! immediately follows from (ii). ¢ € Y. belongs to Ker £! if and only if
it holds that A

(0) 1+ G12(0)

e e (26 - (0)

G'(n)p(n) =0 (neZ)
hold, where G'(n) = G°(n) for n € Z*. Because

<1 + G (0) - g

1+ Ga1(0) —

and

dot QI(O) _ idet <1 — Rylog Ry + Ralogpr 1 — Rologpr + Ry logR1>

1— Rylog Ry + Rologps 1— Rylogps + Rylog Ry
1

1 ge 1—RilogRy 1+ RilogR; + det Ry log py — Ry log p1
T4 Rs log p2 — Ry log po 1—RilogR; 1+ RilogR;

1
= —Rylog P
2 P2

we have that ¢(n) = 0 for all n € Z. That is, ¢ = 0. For any ¢ € X ,, define ¢ as

=Y Gume™ T (re S n=12), ¢n)=G6"n)"dn) (ne2),

nez
that is,
<¢1(0)) -2 ((1 — Rylog ps + Rylog Ry)i1 (0) + (=1 + Ralog py — Ry 10gR1)1/:;2(0)>
#2(0)) " Rplog(p1/p2) \(~1+ Rilog Ry — Rylog p2)1(0) + (1 — Rulog Ry + R log p1)¢h2(0)
and ¢(n) for n € Z* are the same as that for £ i.e.,
[n|—1
2In|R nl nl ~
. ﬁ@‘l 1 (n) = o5 4a(n))
pa(n) 2\n|p'"‘ |

(= (n) + piMhy(n))

+1, 2 2
Rlzn‘ (Pl‘nI_PQ‘nI)

Then, we have that

(234) ||301||ep1/R1 s—1» H(P2||€R2/p2 s—1 (IU’ = 172)7
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which implies that ¢ € Y, 5, where

24

Ch = max { (R2log(p1/p2))?

(1+ (Rilog R1)? + R max{(log p1)?, (log p2)*}),

o
(Rum(1 = (p2/p1)*))? )

for p = 1,2. By the definition of ¢, it holds that #'¢ = . The estimates (2.3.4) imply the
boundedness of (#1)~!. O

Remark 2.3.2. From the above proof, we can observe that the operator norms ||.Z%!|| of .Z%! and
(LD~ of (£C1)~1 can be bounded by constants depending only on p, and R,. Therefore, in
the following context, the operator norms ||.Z<!|| and ||(-£“"!)~!|| do not appear explicitly.

We rewrite the collocation equation (2.1.4) for C-MFS and (2.1.6a) for I'MFS with the constraint
(2.1.6b) in terms of the extended operators ¢ and .Z!, respectively. For any ¢ e @éN), we have

N
k—1 .
qu£N) Z Quk ( - N> (T) = ZQTFRVQVkE(IDNGQmT — yuk’)-
k=1
Therefore, the unique solvability of (2.1.4) is equivalent to that of

(2.3.5) LN = F on Ay

in @éN). Similarly, for any ¢¥) e @I(N)7 we have

2 2
Z ‘i’pﬂuql(/N) (T) = Z
v=1

. 1
190 + G+ () = 300)) = 3Gy < 0 0))

2
=3 (G800 + G (4 - 10 + i 0)) ()
v=1
2 N
0t 33 2R E (e — )
v=1 k=1

Therefore, the unique solvability of (2.1.6a) with (2.1.6b) is equivalent to that of
(2.3.6) LyN) =F on Ay

in QI(N). The following theorem guarantees the unique existence of an approximate solution by C-MF'S.

Theorem 2.3.3 (Stability of C-MFS in annular regions). Suppose that 0 < Rs < pa < p1 < Ry, and
F e X¢ o for some (§,0) > (1,1/2). Then, for any N € N satisfying

log|pt’ — RYY| log|pY — RY|
(2.3.7) det N o N
10%\02 -’ | log\pz — R |

there exists a unique solution ¢N) € _@éN) for (2.3.5).

Remark 2.3.4. The condition (2.3.7) on N is the same as in [74, Theorem 2.1]. Therefore, it seems
natural for it to appear in this context.
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Proof. Noting that Zi:l fﬁql(,N) € LY(S') and it is Holder continuous in some neighborhood of Ay
for each © = 1,2, we have that (2.3.5) is equivalent to the following equations, by virtue of Proposition

1.5.1:

Y Gu(m)if(m) =Y Fu(m) (p€An; p=1,2).

m=prv=1
Because Q£N)(m) are periodic with respect to m with period N (Proposition 2.2.1 (i)), the above are
equivalent to
(2.3.8) *°(p)g"NM(p) = > F(m) (p€An),
m=p

where . .

®Ti(p) Ph(p) A

o (p) = < ;0L =) Gu(m).

(I)gl (p) (I)%(P) g ng:p !

Since

R, m R,
@EV(O) = 7Rl/ IOgmaX{pua RV} + Z 27(6(,”7 V))l = 7W log ‘pﬁ[ - le/v|a
meI(0)

the determinant of ®€(p) can be computed as

oo RiRs log [pt — RYY| log|py — RY|
det @°(0) = 52 d N oo N o]
log |py" — Ry'| log|py — Ry

[m| [
B (o) (Y
) 2oom\n) 2o
y A (ﬂ2> ZR2(R2>
2|m| \ Ry 21 \ p2

m=p I=p

[Il - Im|+]l] [m |+
RiRy Ry py )
pu— A .
2 2 R (gt 00 ALY

m=p [=p

Hence it follows that the ®©(p) are nonsingular. Therefore, the system (2.3.8) admits a unique solution.
O

Concerning the unique existence of the approximate solution by I-MFS, the following theorem
holds.

Theorem 2.3.5. Suppose that 0 < Ry < pa < p1 < Ry, and F € X¢, for some (§,0) > (1,1/2).
Then, for any N € N, there exists a unique solution qN) € _@I(N) for (2.3.6).

Remark 2.3.6. The condition (2.3.7) on N in Theorem 2.3.3 for C-MFS is removed in the above
theorem for I-MFS. This is the same as in [74, Theorem 2.3].

Proof. Owing to Proposition 1.5.1, (2.3.6) is equivalent to

WE

5 (1460~ G )iV O+ X Cunlma™ m)| = 3 Fulm),
m=0

melI(0)

Il
-

v

2

m=p m=p

-

v=
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for p = 1,2. Using the relations in Proposition 2.2.2 (i), (j,(,N) (m) = qu(,N)(N) if m = N and m # 0,
cjéN) (0) = q%N) (0) — 2qA§N)(N), and (j%N)(N) + qAéN)(N) = 0, the above are equivalent to

A(N) .
I ¢ (0) - B (m)
ro (@%M (N)) - mZ: (F2<m>> ’

(N)
3 (p) (ZEN) Ez;> k= (2&:;) (p € An \ {0}),

(2.3.9)

where

1 —(1 + élg(O) — éu(O)) + Z (éll(m) - G12(m))

1 o melI(0)
TO= 1 14 G - o)+ > (Gai(m) = Gaa(m)) |

mel(0)
o'(p) = 2°(p) (p€An\{0}).

Because the determinant of ®(0) can be computed explicitly as

det ‘PI(O) = Glg(O) — GH(O) — GQQ(O) + égl(O) + Z (égl(m) - égg(ﬂl) — Gll(m) + élg(m))
meI(0)

selan
s e

N _ pN N _ pN
= &log 7[)}\, R}V + &log 7%\[ R?v
py — Ry N p1 — Rs

1
= —Rslog p1 + Ralog p2 + N

)

N

which is negative, and det ®!(p) = det ®°(p) > 0 (p € Ay \ {0}), the unique existence of a solution for
(2.3.6) in .@I(N) has been shown. O

Next, we provide error estimates for C-MFS and I-MFS, which imply that the errors decay expo-
nentially with respect to N when the boundary datum F' is analytic, and algebraically when F' is not
analytic but belongs to some Sobolev space.

Theorem 2.3.7 (Error estimate for C-MFS in annular regions). Let 0 < Ry < p2 < p1 < Ry, Ry # 1,
and F € X¢, for some (§,0) > (1,1/2). Take any (9,t) satisfying (1,1/2) < (6,t) < (§,0), and
suppose that (e, s) satisfies the following conditions:

1 1
2 : .
(2.3.10) max{ér ,5} Segmln{wﬁ},
1 1
(2.3.11) if e =10 then s <t; ife:; thens<—§.

Then, there exist some positive constant C = C(e, s,0,t, p, R) and a real constant P = P(e, s,0,t) such
that, for all N € N satisfying (2.3.7), the following error estimate holds:

e\ V/2
IF = 29Nz, , <ONP (5) " 1Pl

where ¢V € .@éN) is the unique solution for (2.3.5), the existence of which is assured by Theorem
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Theorem 2.3.8. Under the same conditions as in Theorem 2.5.7, with the constraint Ry # 1 is
removed, there exist some positive constant C = C/(e, s,0,t,p, R) and a real constant P = P(e, s,0,t)
such that, for all N € N, the following error estimate holds:

e\ N/2
IF—2£"¢™x., <CN* (5) 1 15,0

where ¢ V) € .@I(N) is the unique solution for (2.3.6), the existence of which is assured by Theorem
2.8.5.

Remark 2.3.9. The condition (2.3.10) seems to be rather complicated. We employ a graph to show
the region in which the condition (2.3.10) is satisfied. Define the following;:

Then, we denote by 7 the closed region surrounded by H; U HsU HyU L. Tt follows that (4, €) satisfies
the condition (2.3.10) if and only if (d,¢) € J. Moreover, defining Z := {(d,¢) € J | § < £}, we have
that (0, €) satisfies the conditions (2.3.10) and ¢ < & if and only if (4,€) € Z. For the shape of Z, see
Figure 2.3.

¢ L c !
Tor2 €=6 E_ﬁ =5
Al
r r*l ,,,,,,,,,,,,,,,,,,,, ‘
|
153 H, i
- L 1 — 52
e=or > i H ! €=0r
| |
1 [ S VS R~ i
: : : 2 i
H, L | H) | Ly | 1
r 1 L T i i
€ €=~ | 1Cy | ! 1
T 5 i I e=—
i ! | ! o
o 1 ! 3 r2 § o 1 r! r2 3 5

() (b)

Figure 2.3: Graphic representation of the closed region Z when (a) £ < r~2; (b) £ > r~2.

Remark 2.3.10. The exponent P = P(e, s,0,t) in Theorem 2.3.7 and 2.3.8 can be written explicitly as

@)

max{s —t,—1,—t}
max{s —t,—1,s — 1}

(
(
max{s — t, —t} (
(
(
(

e

P 5,t) =
(6,5,0,¢) max{s —t,s — 1}

(6,€) =
(6,€) =
(6,€) € Hi \{C1}),
(d,€)
max{s —t,—1} @

s—t

y€) € L1\ {C1,Ca}),

otherwise).

Remark 2.3.11. The indices s and ¢ can take any real values if (J, €) is in the interior of Z, while they
must satisfy some conditions when (J,¢) € 0Z. In particular, when we consider the case that e = 1,
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which means that the errors ||F —.2%1qV)|

x. . are measured by H* x H* norm, P(e, s, d,t) is reduced

to
max{s —t, —t} (0=1),
P(s,0,t) = { max{s —t,—1,s — 1} (6 =r"?),
s—t (1<d<r?).

If £ = 1, then it holds that o > 1/2, 6 =1, 1/2 < t < g, and s < ¢, yielding the error estimates
||F _ gC,Iq(N) HHSXHS < CNmax{s—t,—t} ||F||Ht .
Therefore, the errors decay algebraically when the boundary datum F' is not analytic, but belongs to
some Sobolev spaces.
In order to prove the above Theorems 2.3.7 and 2.3.8 we will use the following Lemmas 2.3.12 and

2.3.13, respectively.

Lemma 2.3.12. Under the same hypotheses as in Theorem 2.3.7, there exists some positive constant
C = C(e,8,6,t,p, R) such that the following estimate holds for q € Y¢ , with £“q = F, the solution

¢ € @éN) for (2.3.5), the unique existence of which is assured by Theorem 2.3.3, and all N € N
satisfying (2.3.7):

g — ¢

s e\ N/2
v, SONPED ()7 gy, .

Lemma 2.3.13. Under the same hypotheses as in Theorem 2.3.8, there exists some positive constant
C = C(e,s,8,t,p, R) such that the following estimate holds for q € Y¢ , with £'q = F, the solution

¢ € @I(N) for (2.3.6), the unique existence of which is assured by Theorem 2.3.5, and all N € N:
e\ N/2
la—a™lly, . < CNPEE0 (27 gy,

We defer the proofs of the above two lemmas to Section 2.7 and Section 2.8, and first apply them
here to establish Theorems 2.3.7 and 2.3.8.

Proof of Theorem 2.3.7. For a given F € X¢,, there exists a unique ¢ € Y¢,, such that F = #Cq,
because £ is a homeomorphism (Lemma 2.3.1 (iii)). Then, by Lemma 2.3.12 we obtain that

|F - 2% W%, <|1.2% — 2%

€,8 —

€,8 e\N/2 €,8 e\ /2
< ONPEs30 (2 gy, < ONPE8 (D)7 1Py,

x.. < Cllg— g™y, .

which is the desire estimate. O

Proof of Theorem 2.3.8. This can be proved in the same manner as Theorem 2.3.7. O

2.4 MFS in doubly-connected regions
For the purpose of extending AS;} and A% = (AS;,I), we define perturbation operators KSZ;I and KC1
by
C,I C,I
Ky Ky )

N Iz C,I C,I
K21 K22

C,I._ 4CI C,I CI _ C,I\ _
KGl= A - L K _(KW)_<
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If p € C(S1), then we have
Wgo / Fy (1,0)(0) d6,

1. e .
Kior) = [ Kl ( 0~ 590)) 05 [ buanulr.0050) a0
for 7 € S* and p,v = 1,2, where

b (1,0) = 2R, (E(V,,(pu€®™7) = W, (R,e*™)) — E(p,e®™ — R,e*™))
\IJH (p#e27riﬂ—) _ \I,V(Rye%rie)

= —R,log P

Thus, the Ith Fourier coefficients of K C oand K v are given as follows:

My@ / KSVSO 727r1l7' dr = / / kuu de 6727r1l'r dr
/ / " T 9 ( ) —27if de e—27ril7' dr
mEZ

/ / kuv ,0)e —2mi(lT+m) 1 49 — Z kuv (1,m) m),

mEZ meZ
/ / » T 9 <230( ) Z (,0( m)e—Qﬂ'im0> do e—27ril7— dr
mezL*
1 1 1 .
-3 / / kv (T,0)(0)d0 e ™ dr
1 -
= 5 (b (1,0) kps—v(1,0)B(0) + Y k(L m)p(—m).

meZ*
We require the following estimates for I%W(l, m) in order to extend KE,;I and K1

Lemma 2.4.1. There exists some positive constant C' such that
|y (L, m)| < O (RE (v, v)) ™
holds for all l,m € Z.

Proof. Define 1, R X Ry-1 — C as

KT Pus kP
v, (2) =¥, (w)

z/;,“,(z,w) = Z-w ,
\I/;(w), 2 € Ryt

Pv KpPv

2 € Ri=1p, mpur WE Ru=1p, rp,, 2 F W,

purripps WE Ryk=1p, wp,, 2= w.

Thus, ,,,, as defined is holomorphic in Ry.-1,, xp, X Rx-1p, xp, and continuous on its closure. To verify
the above statement, take any w € R,..-1,, x,, and fix it. If 4 # v and ﬁﬂflpl,ﬁpl ﬁﬁnflmm =0, Y
is obviously a holomorphic function as a function of z. If not, considering the power series expansion
of ¥, around w as U, (z) = Y77 jan(z — w)", we have

D net On(z —
Vv (2, w) = == 12_ Zanz— )i 1—>a1:ﬁ/L(w) as z — w.
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Here, note that we have used the relation ¥, (w) = ¥, (w), which is the assumption (2.1.7). Therefore
w is a removable singularity of ¥, (z,w), that is, ¥, (2, w) is a holomorphic function as a function
of z for any fixed w. Similarly, for any fixed z € Ry-1,, «p, (2, w) is a holomorphic function as
a function of w. Hence, Hartogs’ theorem implies that 1), is a holomorphic function as a function
of two variables z and w. The continuity of ¢, is clear at this stage. Therefore, log [¢,,| has the
following double Fourier series expansion:

R log |¢;w (purle%’i‘rv pur262ﬂie) |

l I, - —|l 1 = .
= E (almr‘l |r|2m‘ + blmrll ‘7“2 Iml Clm, | ‘r‘2m| + iy | ‘7"2 \m\) 2mi(lr+mo)

l,mezZ*
m —|m m —|m 2
+ E (GOmr‘Q | + bOmrg Im| + cOm'rlg | log T1 + dOm’rQ | log Tl) € mimé
mezZ*
Ul b [l 1 my d iy 1 2milT
+ apry + 071y logre +cory " 4+ diory " logra ) e
lezZ*

+ ago + boo log ra + coo log 11 + dog log r1 log o

for r1,ro € [k71, k] and 7,0 € R. Then, by Proposition 1.6.1, there exists some positive constant M
that depends on the supremum of [, | on OR -1, rp, X OR k-1, p, and & such that am, bim, cim,
and dj,, can be estimated as follows:

|alm|a |blm|7 |Clm|a |dlm| < Mﬂill‘i‘ml (l,m € Z)

Because k, (7,0) = —R,Rlog ¢, (p.e*™", R,e*™?)|, we obtain the desired estimates by applying
those above. Indeed, we have

RV |m| Ru —|m| Rl, [m| Rl, —|m|
Aim | — + blm - + Cim | — + dlm -

Pv Pv Pv Pv
R, \ ™! N
() (&)
Kpy kR,

|l%uy(0,m)| < 2MR, (kE(v,v))~I™ (m #0), |l%,w(l,0)\ <2MR, <1 +

|k (L m)| = Ry

<2MR,x~! < AMR, &M (ké(w,v)) "™ (1,m # 0),

<)l 20),

). m

Using this lemma, we can extend KEL;I and KO = (KE;I) as follows:
Lemma 2.4.2. Suppose that (e,,s,) > ((k&(v,v))71,1/2) for v =1,2 and (6,t) < (k,—1/2).
(i) Define an operator l/ﬂcu Zeps, = Xt by
(Ao9) (1) = Y k(L m)g(=m)  (m € Z).

mEeZ

R,
log —
P

R,
log —

v

k. (0,0)] < MR, (1 +

c - ; C
Then, %, is a bounded linear extension of K.

(i) Define an operator ). 2e, s, = Zs1 by

(AL 1) = 5 (o (1,0) = s (1020 + 3yl m)p(-m).

meZ*

1, : ; I
Then, %, is a bounded linear extension of K,,,,.
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(iii) Define an operator #'C: X, sy X Zey.sy — Xs4 by HC = (Ji/ucy) Then, # € is a bounded linear
extension of K€, and is compact.

(iv) Define an operator #': X, sy X Xey.sy — Xop by KL= (HL). Then, #" is a bounded linear

Nz
extension of K, and is compact.
Proof. (i) For any ¢ € Z¢, ,, we have that
2
1,50l5.0 =D | Y k(L m)@(—m)| 62172
1€z |mez
<> (Z |1%W<z,m>|2e;2'%‘25> (Z @(—m>|2ez'mm2s> 52112
lEZ \mE€L meZ
a\*" o oml, —2s| |12
< C _ —zm — 48 .
<eX(2) B el 2l
=7 mez

Note that, by assumption, the above infinite sums are convergent. Thus, e/“i/ucy is a bounded linear
extension of 7,3
(i) Because we can bound the lth Fourier coefficient (%,},¢)"(1) of %}, by

(He) D] < C Y w(we (v, v) ™™ p(=m)],

meZ

we obtain the same estimate for Ji/#ll,go. Namely, %/#IV is a bounded linear extension of Kiw.

(iii) Because each %(,3 is a bounded linear extension of KEV, it immediately follows that #© is a

bounded linear extension of K. In order to show the compactness of #©, we choose (&', ') arbitrarily
such that it satisfies (6,t) < (¢',t') < (k, —1/2), and we split .# © as follows:

xC. 7.

Here, HC. Zey sy X Zeyso = Xy is a bounded linear operator, defined in a similar manner to HC,
and i: Zs ¢ — s+ is the natural inclusion, which is a compact operator by Proposition 1.1.1 (ii). It

is clear that i x i is a compact operator, and .#© = (i x i) o € is also a compact operator.
(iv) It can be proved in a same manner to that in (iii), so we will omit the proof. O

Corollary 2.4.3. If (e, s) satisfies

(2.4.1) (% 2) < (g5) < (n, —;) ;

then #©1: Y. o — X, 4 is a compact operator, where v = k™' max{¢(v,v) "2 | v =1,2}.

Proof. Setting €1 = €p1/R1, €2 = €eRy/pa, and s; = s = s —1, the above corollary immediately follows
from Lemma 2.4.2. O

When (e, s) satisfies the condition (2.4.1), we define &!: Y., — X, as O = O 4 L
These 7! are extensions of A% . Thus, we are now in a position to state main results of this paper
in their most general forms.
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Theorem 2.4.4 (Unique existence and error estimate for C-MFS). Suppose that Ry € |p1, kp1[ satisfies
Ry # 1 and Cap(T'g,) # 1, Ry € |k pa,pa|, F € X¢p for some (§,0) > (1,1/2), (8,t) satisfies
(1,1/2) < (4,t) < (k,—1/2) and (5,t) < (§,0), and (¢,s) satisfies

1 1
2 .
max{ér ’(5} <e< mln{w,é},

1 1
if e =0 then s < t; z'fe:fthens<§7
r

and € > . Then, the following hold:
(i) For a sufficiently large N € N, the equation

dCqN) = F on Ay

has a unique solution ¢¥) € @éN). Namely, an approzimate solution uéN) of the form (2.1.3)
satisfying the collocation equations (2.1.4) uniquely exists.

(ii) There exists some positive constant C = C(e, s,6,t, ||, |[(«€)7||) such that the following
error estimate holds:

~ e\ N/2
|7 ©gN) = Fllz, , < ONPE20 (L) Py,
where Ple, s, d,t) is defined as

P(e,s,6,t) if (e,8) > (v,3/2),

P(e,s,6,t) =
(675a ’) {P(6’3/275’t) Z'fg:’y/\8<3/2-

Namely, the error decays exponentially when the boundary datum F is analytic, and it decays
algebraically when F' is not analytic but belongs to Xy , with o > 1/2, which implies that F is at
least Holder continuous.

Theorem 2.4.5 (Unique existence and error estimate for I-MFS). Under the same conditions as in
Theorem 2.4.4 where the assumptions Ry # 1 and Cap(T'r,) # 1 are removed, the following hold:

(i) For a sufficiently large N € N, the equation
g =F onAy

has a unique solution ¢\ € QI(N). Namely, an approrimate solution u%N) of the form (2.1.5)
satisfying the collocation equations (2.1.6a) and the constraint (2.1.6b) uniquely exists.

(ii) There exists some positive constant C = C(e, s, 6,t, |||, ||(«1)71||) such that the following error
estimate holds:

- N/2
"¢ ™) = Fllx, . < ONPEs0 (2)77 Py, .
In order to prove the above theorems, we will require the following two lemmas.

Lemma 2.4.6. Suppose that Ry € |p1,kp1], R2 € |k pa, pa[, and (e, s) satisfies (2.4.1). Then, the
operators @1 are bounded. Moreover, if it holds that Ry # 1 and Cap(T'g,) # 1, then &/ is a home-
omorphism. Concerning /', without no additional assumption, it holds that o/* is a homeomorphism.
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Proof. The boundedness of the operators 7! are obvious.

Concerning the bijectivity of 7!, we only have to show that these are injective, because .27 are
Fredholm operators with indices 0, which can be justified by Lemma 2.3.1 (iii), (iv), from which £
are Fredholm operators with indices 0, and Corollary 2.4.3, from which .# ¢! are compact operators.
Take ¢ = (q1,q2)T € Ker .o arbitrarily, so @7“!q = 0. Because each .Z%! is a homeomorphism, we
have that &/“1q = 0 are equivalent to ¢ = —(Z“1)71¢%1g. Then, we have that #“lq € X, for
all t < —1/2, because # “!: Y., — X;; define bounded linear operators when (e,s) > (v,3/2) and
(8,t) < (K, —1/2) are satisfied (Lemma 2.4.2). Therefore, we obtain that ¢ = —(Z) "1 #Clg € Y, ;.
Because it holds that k&(v,v) > 1 for v = 1,2, owing to the assumptions on R,, it follows that g, are
Holder continuous functions on S*. Then, we have that

AN =0 <= u(x) =0 forallz e UT?

where

W) =3 / 2w Ry E(x — W, (Rye?))q, (0) do),
v=1 0

g~ DO F60) N~ [T s e _ 2(0) +:(0)
) = BOSER L33 [anm,ple (et (a0) - O TED )

The functions u! are harmonic in C\ (I'z, UTg,), and continuous on C. By the maximum principle

for harmonic functions, it holds that u®! = 0 in . Denote by €’ the interior doubly-connected
region surrounded by I'g, and I'p,. Then, using the identity theorem for harmonic functions (see, for
instance, [8, Theorem 1.27]), it holds that u“! = 0 in €’. By the continuity of u®!, we have that
u®! = 0 on ', UT'R,. Using the maximum principle for harmonic functions once again, we obtain
that «©! = 0 in K. Summarizing the above, we obtain v = 0 in Qr,, where Qp, denotes the interior
simply-connected region surrounded by I'r,. Thus, on I'r, we have that 0,,u = 0,_u = 0, which
yields that go(f) = 0 for § € S! in the expression for u°, and g2(8) —271(G1(0) + ¢2(0)) = 0 for § € S*
in that for u!, where d,, and 0,_ are the exterior and interior normal derivatives, respectively. Then,
the functions u! are reduced to the following forms:

1
W (z) = / 2Ry E(z — Uy(Rye2™?))q1 (0) do),
0

i) = DOTEO . [ormupe - v (o) - 20720 g

Then, we obtain that ¢;(6) = 0 for # € S' in the expression for u®, by Proposition 1.3.1, and
271(G1(0) + G2(0)) = 0 and ¢1(0) — 271(G1(0) + ¢2(0)) = 0 for § € S! in the expression for u!, by
Proposition 1.3.2. Hence, we obtain that ¢ = 0 for «©!. Namely, 7! are injective. O

Lemma 2.4.7. Suppose that Ry € |p1,kp1[ satisfies Ry # 1 and Cap(Tr,) # 1, Ry € |k 12, pal,
(1,1/2) < (4,t) < (k,—1/2), (€, s) satisfies (2.3.10), (2.3.11), and (e, s) > (v,3/2). When we consider
I-MFS, the conditions that Ry # 1 and Cap(T'gr,) # 1 on Ry are removed. Then, there exist some
positive constants C = C(e,s,0,t, ||/, (D)) such that for all N € N, with (2.3.7) when
C-MFS is considered, all ¢ € Y5, and all ¢ € @g\? satisfying o/ Slq = ZSNq¢N) on Ay, the
following estimates hold: 7

g — g™

e\ N/2
v SCNPED (S (gl + g =Nl .) -
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Proof. Because the operators o7 -1 Y. s = X s are homeomorphisms by Lemma 2.4.6, we have that

(N)| v.. < C”@(C,Iq _ dcqu(N)|

llg —q Koo

Define the following:
wy = qM, wi= g™ - (LO) Lyl ).
Then, we can easily verify that
dc’l(q(m —q) = ZC’I(wN —w), L = 2%Twny  on Ay.

Namely, wy is an approximate solution given by C-/I-MFS in the annular region R,, ,, with the
boundary data .Zlw. Therefore, we obtain the following estimates, by virtue of Theorems 2.3.7 and
2.3.8:

My, < | L% — LOMwyllx,, < CNPEsD (£ e LM%,
€,s s 5 st

lg —q
Moreover, using the relations w = g + (L)~ (L1 — 1) (¢(N) — ¢), we obtain that
|2z, < Cllwllvy, <€ [llallvs, +C'll = # N (q™ = g)llx,.
< C (llallvs +lla = aM ... )

where we have used the boundedness of 1 — Gl = — #C1. Y s = X5, in the final inequality.
Summarizing the above give us the desired estimates. U

Proof of Theorem 2.4.4. First, we note that

N/2
NP(esd.t) (g) =o(l) as N —
holds, by considering the definition of P(e,s,d,t) (Remark 2.3.10). Therefore, by Lemma 2.4.7 we
obtain that N/
€,8 €

My, < ONPE0 (S gl

for sufficiently large N, provided that (e, s) > (v,3/2). By using the embedding relation 27, ; < 27, 3,9
for s > 3/2, we obtain the above inequality for (e,s) = (v,3/2). By using the embedding relation
X372 — X, for s < 3/2, we obtain that

lg—q

. e\ N/2
lg =g, < ONPE3/280 (D)7 gy,

for € = v and s < 3/2. Therefore, the fact that @¢Y) = 0 on Ay yields that ¢¥) = 0, because
Lemma 2.4.6 gives that &/ is a homeomorphism, which implies that ¢ = 0 is the only possibility
for A®q = 0, that is, [|¢™¥)||y., = 0. Because A°¢"Y) = F on Ay is equivalent to a system of
linear equations, the above result indicates the unique existence of the solution ¢V) .@éN) for the
considered equation.

Because A€ is a homeomorphism of Y¢ , onto X¢,, it holds that for a given F' € X¢,, there
uniquely exists ¢ € Y¢ , such that ACq = F. Therefore, we have that

|F — /™)

5 o e\ N/2 5 o e\ N/2
% € Clla =g Mlv, . < CNPE0 (D)7 glly,, < ONPE00 ()70 P,

which gives the desired estimate. O

Proof of Theorem 2.4.5. This can be proved in a similar manner to Theorem 2.4.4, so we omit the
details. O
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Chapter 2 MFS in doubly-connected region 2.5 Numerical experiments

2.5 Numerical experiments

In this section, we will present the results of some numerical experiments. We choose p; and ps as
2 and 1, respectively, throughout this section. In Figures 2.4-2.12, the horizontal and vertical axis
represent NV and the common logarithms of errors, respectively, except for in Figure 2.8.

2.5.1 : annular region

In this subsection, we consider the case where 2 is an annular region R, ,,. Then, we can take two
peripheral conformal mappings ¥; and ¥, as the identity mappings.

2.5.1.1 Boundary data: harmonic polynomial

First, we consider the case that the boundary data f, are harmonic polynomials. Namely,
(2.5.1) fu(z) =Rz", p=1,2 me{0,1,...,5}.
These can be extended analytically to the entire plane. Therefore, the errors can be estimated as
lu = ul? ez sy = OCN),  u = uly e en)pe r2) = O(NY/2rV),
where r = max{p1/R1, Ra/p2}. We choose R; =4 and Rs = 1/2, which yields that » = 1/2. That is,
e = u& e @yxrawey = 0@7N), |l —ulY lw )z (ray = O(N/227N),

The results of numerical experiments are presented in Figures 2.4 and 2.5. It can be observed that

m=0 —— m=2 m=4 m=0 —— m=2 m=4

m=1 — m=3 m=5 m=1_ — m=38 m=5
104 T T T T T T T T 102
102 - 1 100 F 1

N\
100 | 1 102 F 1
102 1 10%F .
104 | il 4 10 | i
106 - 1 1081 1
108 - 110710 1
10-10 L n 10-12 - _
10-12 L n 10-14 - i
1 1 1 1 1 1 1

10-14 I i I I i I I 10-16 I I
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

(a) L%-error estimate (b) L*-error estimate

Figure 2.4: Numerical results of C-MFS in the annular region R; > with the boundary data being
harmonic polynomials. The gradient of the hypotenuse of the triangle represents the theoretical order
of convergence.

the theoretical order of convergence describes the behavior of the errors very accurately. However, it
should be noted that the order O(N/2r) for the L> norm of the error is slightly overestimated,
because of the appearance of the term N'/2. Indeed, in [74, Theorems 2.2 and 2.4], it has been proved
that the errors could be estimated as O(r"). We also note that there do not exist lines corresponding
to the case m = 0 in Figure 2.5, while there does in Figure 2.4, which can be explained as follows.
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m=0_— m=2 m=4
m=1_ —— m=3 m=5 ——
104 . . . . . . . . 102
102 1 109 4
0 N\,
10° 1 102 b
102 ]
10 ]
1074 1
10°® ]
10 T
108 | | 10° 1
1040 i ] 10-10 .
10,12 | B 10-12 .
10-14 I I I I I I I I 10-14 i i i i i i i i
0 5 10 15 20 25 30 35 40 45 0 5 10 15 20 25 30 35 40 45

(a) L%-error estimate (b) L*-error estimate

Figure 2.5: Numerical results of I-MFS in the annular region R; > with the boundary data being
harmonic polynomials. The gradient of the hypotenuse of the triangle represents the theoretical order
of convergence.

When m = 0, the boundary data f, are equal to 1, and therefore the exact solution u is the constant
function 1. If we use C-MFS, then the constant function 1 is approximated by a linear combination
of logarithmic functions, and therefore there should exist an approximation error. On the other hand,
if we use I-MFS, then the approximate function is given by the linear combination of a constant and
logarithmic functions, u%N) () = Qo + Zi:l Zivzl Q. E(z — yur). Moreover, a direct computation
yields that Qo = 1 and Q, = 0 for v = 1,2 and k = 1,2,..., N. That is, the approximate solution
gives the exact solution in this case, which can be identified as the cause of such phenomena.

2.5.1.2 Boundary data: logarithmic potential

Next, we consider the case that the boundary data f,, are logarithmic potentials. Namely,
(2.5.2) fu(z) =loglz — 20|, p=1,2,

where zy = 4p1. In this case, there exists a singularity at zy, and therefore the error can be estimated

as
N
1
HU_U(CJYI)||L2(F1)><L2(F2) :O (max{(Q) ,T‘N}> s
N
1
||w— 'U,(C}]YI)”LOC(FI)XLOO(I'Q) =0 <N1/2 max { <2> ,TN}> .

We take Ry and Ry as Ry = (1 +0.2(m + 1))p; and Rz = 1/2, respectively. Then, we have that

N N
1 1
(25.3) R R (max { () - (rrozmim) }> |
N N
N 1 1
(254) ||U7u(C,I)HLoc(F1)XLoo(F2) = O <N1/2 maX{(Q) 5 (H()Z(M) }) .

The results of the numerical experiments are presented in Figures 2.6 and 2.7.
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m=0 — m=2 m=4 m=6 —
m=1_ — m=3 m=5 —  m=7 ——

102 . 102

100 r . 100

102 | 1 102

104 4 10*

10 | 1 10°

108 | 1 10

10710 - 1 1010

10712 - 1 1012

10-14 1 i i i i 10-14 i i i i i
0 10 20 30 40 50 60 0 10 20 30 40 50

(a) L%-error estimate

(a) L°-error estimate

Figure 2.6: Numerical results of C-MFS in the annular region R; 2 with the boundary data being
logarithmic potentials. The gradients of the broken lines represent the theoretical orders of convergence
for the corresponding solid lines for m = 0,1,2,3,4, and the hypotenuse of the triangle is that for

m=25,6,7.
m=0 — m=2 m=4 m=6
m=1_ — m=3 m=5 ——_ m=7 ——
102 . . . . . 100
100 - 1 102
-2 | N
10 10
104 - .
106
10 1
108
108 | 1
1010 1 {107
1012 | 11012
10-14 1 1 1 1 1 10-14 i i i i i
0 10 20 30 40 50 60 0 10 20 30 40 50

(a) L%-error estimate

60
(b) L°°-error estimate

Figure 2.7: Numerical results of I-MFS in the annular region R; > with the boundary data being
logarithmic potentials. The gradients of the broken lines represent the theoretical orders of convergence
for the corresponding solid lines for m = 0,1,2,3,4, and the hypotenuse of the triangle is that for

m=5,6,7.
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2.5.2 : a doubly-connected region surrounded by polynomial curves

For positive real numbers «, 3, [, and r, define a function ¥, g, , as

Vapir(z) =P (Z + W) .

(% r

Then, ¥, g, defines a conformal mapping of D, =3/l to C. Let I'', and I'? be defined as I'' =

VU, 3487p), and I? = W, 4 64(7,, ), respectively, and let 2 be the interior doubly-connected region
surrounded by these polynomial curves. The configuration of Q and the locations of the singular and
collocation points are depicted in Figure 2.8. From Figure 2.8, we can easily check that Cap(T'g,) >

S . T T T . . . ' collocation points

singular points

Figure 2.8: Configuration of the region €2 surrounded by two polynomial curves I't = ¥ p1,3,4,8(7p, ) and
rz= \I/p271,6724(’yp2), and the locations of the singular and collocation points when N = 30, R; = 1.25,
and R2 = plpg/Rl.

1, using Proposition 1.4.2. Therefore, Theorem 2.1.1 and Corollary 2.1.3 for C-MFS hold in this
situation. Note that Ry and Ry can be chosen such that Ry & |p1,/kp1] and Ry € [k ' p2,pal,
while Ry € |\/kp1,kp1| and Ry € |k 1py, \/E_1 p2]. Nevertheless, the errors decay exponentially, and
their convergence rates are what we can expect from Theorems 2.1.1 and 2.1.2, and Corollaries 2.1.3
and 2.1.4 (see Figures 2.9, 2.10, 2.11, and 2.12). Therefore, we can conjecture that these would hold
for Ry € ]p1,kp1[ and Ry € |61 pa, pal.
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2.5.2.1 Boundary data: harmonic potential

Here, we consider the harmonic polynomials (2.5.1) as the boundary data f,,, and we define R; and
Ry as Ry = 1.25 and Ry = pip2/Ry, so that p1/R1 = Rs/ps. In this case, k can be regarded as
/2~ 1.259921 - - - , and the errors are estimated as follows:

4 N
[ U(C]YI)”Lz(Fl)xL?(F?) =0(rM)=0 ((5) ) ’
4 N
N2 _

The results of the numerical experiments are depicted in Figures 2.9 and 2.10, which imply that the
above estimates accurately express the behaviar of errors.

||’LL - u(C]YI)”LOC(I‘l)xLoo(Fz) = O(NI/Q’]“N) -0

/N

m=0 —— m=2 m =4 m=0_—— m=2 m=4

m=1_—— m=3 m=5 —— m=1_—— m=3 m=5
108 T T T T T T T 104 T T T T T T T
104 | 4 102 1
102 1 100 .
102 1 10 1
104 1 10€ | .
100 | 1 10%F 1
108 1 i i i i i i 10710 I I I I I I I

0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80

(a) L2-error estimate (b) L*°-error estimate

Figure 2.9: Numerical results of C-MFS in the region (2 surrounded by two polynomial curves with the
boundary data being harmonic polynomials. The gradient of the hypotenuse of the triangle represents
the theoretical order of convergence.

2.5.2.2 Boundary data: logarithmic potential

Now, the boundary data f,, are given by logarithmic potentials as in (2.5.2), at which the singular point
2g is replaced W,, 3 48(po), where pg = 2.3. Here, Ry and Ry are defined as R; = (1+0.023(m+1))p:
for m € {0,1,...,7} and Ry = p1p2/R;1. Then, the errors can be estimated as

) 9 \ /2 1 N
— N — -
e = e ez eycaes O<max{<2.3> ’(1+0.023(m+1)) })
N/2 N
o= ooy = O 52 max d () L .
2.3 "\ 1+0.023(m +1)

The results are shown in Figures 2.11 and 2.12.
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33
o

104 - 1 8
106 - 1106 - .
10-8 L 1 1 L 1 1 L 10-8 I 1 1 L i 1 I
0 10 20 30 40 50 60 70 80 0 10 20 30 40 50 60 70 80
(a) L%-error estimate (b) L*-error estimate

Figure 2.10: Numerical results of I-MF'S in the region §2 surrounded by two polynomial curves with the
boundary data being harmonic polynomials. The gradient of the hypotenuse of the triangle represents
the theoretical order of convergence.

m=0 —— m=2 m=4 m=6 —— m=0 — m=2 m=4 m=6 ——
m=1 — m=3 m=5 — m=7 —— m=1 —— m=3 m=5 — m=7 ——
108 ¢ . . . . . . . 10% , , , , , , ,
102 | 1 101} ;
10" | 1 10° ;
100 | 1 107 ;
107 | 1 102
102 | 1 10° ;
1073 4 10* 4
104 L—1 : ' ' ' 5L ‘ ‘ ‘ ‘

1 1 10 1 1
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160
(a) L%-error estimate (b) L*-error estimate

Figure 2.11: Numerical results of C-MFS in the region €2 surrounded by two polynomial curves with
the boundary data being logarithmic potentials. The gradients of the broken lines represent the
theoretical orders of convergence for the corresponding solid lines for m = 0, 1,2, and the gradient of
the hypotenuse of the triangle is that for m = 3,4,5,6,7.
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m=0 —— m=2 m=4 m=6 —— m=0 —— m=2 m=4 m=6 ——

m=1 — m=3 m=5 — m=7 —— m=1 — m=3 m=5 — m=7 ——
102 F T T T T T T T 100

1] ]

107 ¢ 101 1
100 ¢ ]

— 102 E
107 ¢ ]

| 10-3 i
102 | 4
103 I i 10 .
10-4 L 10-5 I I I I I I I

0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160

(a) L2-error estimate (b) L*-error estimate

Figure 2.12: Numerical results of I-MFS in the region (2 surrounded by two polynomial curves with
the boundary data being logarithmic potentials. The gradients of the broken lines represent the
theoretical orders of convergence for the corresponding solid lines for m = 0,1, 2, and the gradient of
the hypotenuse of the triangle is that for m = 3,4,5,6,7.

2.6 Concluding remarks

In this chapter, we have built on the work of [48] by using two peripheral conformal mappings to arrange
the singular and collocation points. Furthermore, we have established the stability and convergence
of C-MFS and I-MFS for the potential problem in a nondegenerate doubly-connected region with
boundary that is composed of two disjoint regular analytic Jordan curves. The work presented here
could be regarded as the first step towards extending mathematical theory, unique existence and
convergence, to cover multiply-connected regions.

Possible directions for future work are as follows. First, MFS should be considered for a potential
problem in an n-ly connected region, where n > 3. To the author’s knowledge, there currently exist no
mathematical results concerning this problem. Second, MFS could be applied to a potential problem
with a nonsmooth boundary; for instance, a polygonal curve. It can be extended that desirable posi-
tions for the singular and collocation points could be obtained using the Schwarz-Christoffel mapping.
However, a mathematical theory regarding this does not exist so far.

2.7 Proof of Lemma 2.3.12

First, we bound the norm [|g — ¢™[|2_ " as follows:

2
Y T+ em (T 2 4 2mf)

v=1
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where
2 2
7" =0 -V, 1= ](iu(nww\ (€))7,
neAl\{0}
2
T = 3 |i )| (e a2, T = 3T ()P (e, v) e
Z\Ny Z\Ny

for v = 1,2. In the following, we provide estimates for Tj(l) for j =1,2,3,4.

Utilizing the relations (2.3.8), the Fourier coeflicients chN) (n) can be obtained explicitly as follows:

(A%N)(n)> 1 Z G22 Z G12 ngn (éll(m)(jl (m) + G12(m)Cj2 (m))
i) det@(n) Z G (1) Z Gu) |\ 32 (Garlm)as(m) + Gas(m)da(m) )

I=n m=n
_ 1 T1(m,1)g1(m) + Lo(m, 1)g2(m)
~ det ®C(n) m;l; (Tg(m,l)ql(m) + T4(m,l)42(m)> ’

where
T1(m, 1) = G11(m)Gaa(l) — Gor(m)Gia(l), YTa(m, 1) = G1a(m)Gaa(l) — Gaz(m)Gia(l),
Ts3(m, 1) = —G11(m)Ga1(1) + Go1(m)Gr1(l),  Ta(m,1) = —G12(m)Ga21 (1) + G2 (m)Gr1 (D).
We will employ the following proposition without proof.
Proposition 2.7.1. (i) There exists some positive constants C; (j =1,2,3,4) such that

[m| I |m] 41|
C R C R
i 2 () (B) L o< 22 (B2

P2

Co (I o (R \ I
T N < — | = T < — [ = — .
T(om, >_m_l(R1) i< (22 (2

(i) There exists some positive constant Cy, ,, R, R, Such that

1
(et 3°(0))2 < Cpypa.Ri,Rs

holds for all N € N.

(ili) There exists some positive constant Cp, ,, R, R, Such that

1 R/ py 2
. —— e 4 (2 7z
(det ®C(n))2 — 102, o 1 <p1> Ry

holds for all N € N, and all n € A%y \ {0}.

(iv) For all (e, s) € 10, +o0[xR with (¢, s) < (1,—1), there exists some positive constant C. s such that

Z Im|*™ < O, (N3N 1P
mel(p)

holds for all N € N, and all p € Aly.
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(v) For all (e,s) € ]0,400[xR, there exists some positive constant C. s such that

max [(N> eN_2|p|] < Ces
per\{0} [\ |P]

holds for all N € N.

Tl(l) can be bounded as follows:

1 1 .
1 = Gergo | 2 2 THm D@0 = 3 3 Talm, Dasm) = 30 30 Yalm, Dialm

m=0 [=0 m=0 [=0 m=0 [=0
2
1
= [t a9 (02 D D Talm D@0 = 3o ¥ Talm,Dan(m) = 37 Y Ta(m, ga(m)
mel(0) m=0 mel(0) m=0 m=0 [=0
T + Tl + 115
where
2
= e | S mm Dl 0)]
(det 89(0)* \ | &) 1= ’
2
(1) 3 ;
TV = T [
2
1) _
15 = ———— Yao(m,l) .
§ = ey (3 X mamlo )
By using Proposition 2.7.1 (i), (ii), and (iv), we have that
jm| I ’
1 Cq P1 "™ ( Ry N
Tl(l) < 30P1,P27R17R2 Z Z 1 (R ) <> |Q1(O)‘
mel(0) =0 — 1 P2
(1) P1 o
<ON 2 (25) oy i
By assumption, we have that dr? < e. Therefore, the following inequalities can be obtained:
-2 (VY 2 : 2
Ci{'N (5) a1 l15p, /R 41 ife=¢dr®and s —t < —1,

1 1) rAr—2 2N
T < CON22N gy |2, o,y < O aton (NN .
Cii’N (5> ||q1||5p1/R1,t71 otherwise.

By using Proposition 2.7.1 (i), (ii), and (iv), we have that

W Cy o m R\
T12 SgcﬂhﬂmRth Z Z — |Q1(m)‘

me10)10** P2

1 1 1 " (Spl 2lm _ 1 _ 1
< C( : Z s2Im] 2t Z |4(m)[? <R1 m*Y < Ciz)N 2t627N||ql||§p1/R1,t71'
meI(0) —  mel(0)
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The assumption that 1/6 < € implies that

o (€N )
CS)N 2 (5) ||Q1||§p1/R17t,1 ife=1/6 and s <0,

1
Ty < o v
s—t1 .
Oy N )(3) la1ll5p, /Ry t—1  otherwise.

Then, Tl(é) is bounded by splitting it into the following three terms:

1 1 1 1
TI(S) < TI(S% + T1(3% + T1(3:)3a

where
2 2
M 9 ; 2) 9 i
131 = (qer aC(0) 2 HZ@ 2001120 |+ T = Gorgoop EZI@' 2(m,0)] [@2(m)] |
2
®»_ 9 .
Tiss = aracqye | O [T2lmDllda(m)]
m,l€1(0)

In the same manner as in deriving an estimate for Tl(ll)7 1(?3 can be bounded by Proposition 2.7.1 (i),

(ii), and (iv) as follows:
€

N
C’g)lN_2 (5) \|q2H§R2/p27t_1 ife=6r2and s —t < —1,

Tis) <
< D |
CIAN? D (5) 4213, oo otherwise,

In a similar manner as for estimating T1(21)7 a bound for TS% can be given by

1) Aot (€N .
70 053)2]\] 2 (5) ‘|Q2H§R2/p27t_1 ife=1/d and s <0,
<

132 S AN .
C%)zNZ(S 2 (5) ||qz||§1,32/p2’t,1 otherwise,

by Proposition 2.7.1 (i), (ii), and (iv). Furthermore, T1(§1)>, can be estimated using Proposition 2.7.1 (i),
(i), and (iv) and the relation €/6 > (r/§)?, as follows:

2

(1) Cy (R i s (1) ar2(s—t) (€ N 2
T35 < 9Cp, ps Ry Ry Z ml(pg) |G2(m)| < CpzgN™ (5) ||q2||5R2/p2,t71'

m,lel(0) — ~

Summarizing the above, we can obtain the following bound for T 1(1):

N2 (Y g2 if (6,€) € L, \ {C1} and s —t < —1

N2 (5) Nl if (6,6) € L\ {C1} and s — ¢ < —1,
N

oW N2 (g) lall3, . if (5,€) € Hy \ {C1} and s < 0,

1
Tl( ) S (1) ) 1 € N 2
Cl N max{s—t,—1,—t} (5) HQ||Y5,t i

-

((57 6) = 017

eV .
C’{l)N2(S4) (5) ||q2||§R2/p2,t—1 otherwise.
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Next, we estimate T( ). Because we can estimate |G1(n) — q£ )(n)| as

g1 (n) — ™) (n)?

:m ZZT (m,1)q1(n ZZTlml ZT2(mJ)(§2(m)
m= nl=n

nl=n m=nl=n m=

2

1
= (det @(n))2 SN Tim i) — Y Ti(m,1)g = 3" Ta(m,D)ga(m)

mel(n)l=n mel(n)l=n ml7£ln
2 2
<(detT >3 ITa(m, )] ldi(n) > > 0am, DG (m)]
mel(n)l=n mel(n)l=n
2
+ Z |T2(m7l)||62(m)‘ )
m,l=n
m#£l
we have that
) <) 1y 47
where
2
(1) 3 €P1 2 2(s—1
Ty'= Y, ——=c—3| 2 2 IMimllam|| (5 n[*=),
(det ®©(n)) ~ Ry
neAy\{0} mel(n) l=n
2
7 _ Z 3 Z Z‘T (m, )] |61 (m)] P 2 In[26=1)
2 = (det ®°(n))? @i (m R, ’
neA\{0} mel(n)l=n
2
W Y 2 S i | (L) ey
23 = (det C(n))2 | &= 2V HII® R ‘
neAG\{0} mﬁl;ln
Using Proposition 2.7.1 (i), (iii), and (iv), for n € A%y \ {0}, we have that
2
1
—_ Ti(m,l)
(det € (n))2 (Z Z| 1(m, D ( )|)
mel(n) l=n
2
e 2|n| P2 2|n| o1 Im| Ry [ )
<l () (2) | 2 T (2 (2) )

mel(n)l=n

(1) 1272 ( PL 2=z 2
<ofen(2) 0 o,
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which yields that

(1) ~(1) 2 2 [ P1 AN =2{n) 2 [ €P1 2ind 2(s—1
T <sCPN S () P (ZH) e

neAl\{0} R Ry
< CQ(%)N2[—1+max{s—t+1,O}] (g)N
2|n| 2\ N—2|n|
x Z |(j1(7’l)|2 (f?) BQ(tfl) (57’) |n|2(57t+1)N72max{sfﬂ»l,O}
nEAR\{0} L ¢

1 —14+max{s— e\ N 1
< 02(1)N2[ 1+max{s—t+1,0}] (5) ||‘11||§p1/R1,t71Aé1)7

where

512 N—2|n|
Aéll): sup <) |n‘2(s—t+l)N—2max{s—t+1,0} )
AN\{0} €

Because this constant can be evaluated using Proposition 2.7.1 (v) as

1 ife=6r2and s—t<—1,
gstt-l ife=6r2and s —t> —1,
05T2/6,,2(3,t+1)N2(5_t+1) if e >dr?and s —t < —1,

C&r2/5,72(57t+1) ife>dr2ands—t> -1,

AYY <

we obtain that

_o (N .
C’z(})N 2 (5) ||q1||§p1/317tf1 ife=6r2and s —t < —1,

T <
< e .
C’Q(PN2(S t (5) ||111||§p1/317t_1 otherwise.

By Proposition 2.7.1 (i), (iii), and (iv), we have that

2
1 ~
@ | 22 2 TimDlam)
mel(n)l=n
Ry 2|n| P2 2|n| Cy o | Ry Il )
< 4 (4 P2 P Ry
_01)17P27R1,R2|n| (pl) Ry Z —~m- -1\ Ry 2 |L]1(m)|
mel(n)l=n
< CP|p)2N—2t 1 i) 2 A 5 (0p1 2lm] 2(t—1)
< C5y'[n 2D \ oy zl;)|q1(m)| = m
mel(n
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for n € A’y \ {0}. Therefore, Tz(é) can be bounded as follows:
1 %(1) nr— 1 R\ €01 2l o
T <30RN* ST P sy () o L.

neA\{0} P
2|m
o ()2
< P () m
mel(n) 1

N 1 N-—2|n|
< Céé)NQ[bemax{s,O}] (E) Z <> |n|2sN72 max{s,0}
neA\{0}

o 5P1 2fml _
X Z |q1(m)|2 (R1) m?=Y
mel(n)

— maxqs € N
< Cé;)NZ[ t+max{s,0}] (5> A§12)||Q1||§p1/317

1 N—2|n|
ASQ) = sup () |n‘23N—2max{s,0} 7
neAy\{o} | \ €0

where

which can be bounded as

1 ife=1/5 and s <0,

Aélz)< 47¢ ife=1/§ and s > 0,
" | Ciyes),—2sN?* if e >1/6 and s <0,
C1/(e5),—2s ife>1/6and s >0

by Proposition 2.7.1 (v). Then, we obtain the following estimate for Tz(;):

cON-2 ()Y a2 ife=1/6 and s <0
o N T(S) Nl p e ie=1/5amd s <o,
T22 S e\ N

CHN () sl gy otherwise.

Concerning the estimation of Téé), we use Proposition 2.7.1 (i), (iii), and (iv) to yield that

2
1 A~
@R | 2 [Te(mllaa(m)
mTr,ll;ln
2
R, 2|n]| s 2|n| X Ry [m]+]1]
<C 4 (14 P2 Oy (Ry )
< pl,pz,Rl,Rz|n| <p1> Rs m;nm'é 2 |(]2(m)|
me£l
~ _ R 2|n| R 2(N—|nl) A
<ot () (G) o
P1 P2
Cazlnf® R\ Ly 5 o (0R2 )2 2(t—1)
+ Ca3z|n| m AT €ZJ()qu(mﬂ . m
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~ ~ R, 2|n| R, 2(N—-2|n|) 1 ) 6Rs 2|m]| -
C(l) 4p-2(t+1) (21 12 2 2(t—1)
+ 233 ’I’L‘ p1 P2 62(]\[_‘”‘) m;ﬂ) ‘qZ(m” P2 m )

which implies that

1 1 1 1
Tz(s) < T2(3% + Tz(sg + Tz(gz)sa

where

W) _ A1) oy 2s 2 (B2} 2N )
Tys1 = Coz Z ™[N~ <) g2(n)|%
neA\{0} P2

. . altzs 1 _ ) SR\
T2(3%202(3)2 Z el ‘|n|2 MN 2 Z |Ga(m)[? < m?t 1)7

neA\{0} mel(n) P2
. . . . 1 B Ry 2(N=2|n|)
Ty =Ciy Ml S N (m)
neA\{0}

) SR \2m
< Y la(m)? () 2D,

méel(n) P2

We estimate each of these quantities below. Concerning Té;%, we have that
1 1) Ar2[—1+max{s— e\ 1
Tt < N O O () sl 1 AR

where

1 5r2 N—2|n|
Aég)l _ sup |n|2(57t+1)N72max{sft+1,0} <> )
neA \{0} €

This can be bounded by virtue of Proposition 2.7.1 (v) as follows:

1 ife=6r2and s—t < —1,

Aél) - gmsti=l if e=0r? and s —t > —1,
o= 057«2/6772(57754’,1)N2<s_t+1) ife>ér2and s—t < —1,
Csr2 je,—2(s—t+1) ife>dr2and s—t > —1.

. . 1
Therefore, we can determine an estimate for T2(3% as

N
Céé)ﬂvi? (g) HQQH(%RZ/pQ,t_l if e=0r?and s —t < —1,

T <
< N |
Cé:l)))l]\/?(s t) (5) ||q2H§RQ/p2,t71 otherwise.

Concerning Tz(?g, we have that

1 1) Ar2[—t+max(s e\ 1
T2(3% < 053)2]\72[ “ {0} (5) ‘|Q2H§R2/pz,t—1Aé3)27

L 1 N—=2|n|
Aés)2 = sup |n|QsN—2 max{s,0} (5> )
neA \{0} €

where
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The constant A%)Q can be bounded by using Proposition 2.7.1 (v), as follows:

1 ife=1/5 and s <0,

A%)2< 47° ife=1/8 and s > 0,
B Ol/(ée),—%st ife>1/6 and s <0,
C1/(5¢),—2s if e >1/6 and s > 0.

Then, we obtain the following estimate for TQ%%:

1) Aot (€N .
" 02(3)2N 2t (5> HQQH(%RQ/F,N_l ife=1/6and s <0,
Fon = (1) ar2 e\ 2
s—t .
Oy N2~ (5> 92115R, /p5,6—1  Otherwise.

Finally, for Tz(gl,% we have that

_ N—2|n|
N N\ 26D (/R 2
(1)~ (1) Ar2(s—t) (E) 2 2
Toss < CoalV 5 la2llar, s -1 nei};l\){o} In| de \ p2

The above supremum can be bounded by some constant, because (d¢) ~!(Ra/p2)? < 1, and so we obtain
that

1 1 s— e\ N
Ti < O (2) laelZr, i

Summarizing the above, we obtain the following estimate for Tg(l):

1) n—2 (VN 2 i
ci'N 2 (5) Nl (6,0 € L\ {Ch) and s~ < -,
e\ N .
(1) csIN (5) lqll?, , if (0,€) € Hi\ {C1} and 5 <0,
7 <
2 = C(l)szax{s—t,—L—t} (E)N H ||2 if (5 ) =C
5 5 q Y(S,t 1 ,€) = 1
N
02(1)]\72(84) (g) ||q‘|§{(H otherwise.

Next, we give the estimate for T;l). We divide Tél) into two parts, as follows:

1 1 1
T =7 7,

where
2/IN| )
Ty = > INPeY (}51) o) .
1€2\{0} !
2|p+IN]|
Ty =Y > Ip+INPETY (;pll) 1N ().

peANG\{0} \I1€Z\{0}

First, we consider Tﬁ). By Proposition 2.7.1 (iv), we have that

2|IN| 2|m|
E |ZN|2(8—1) <€1§1) = E |m|2(5_1) (;Pl) < C(Er)z’Q(sfl)NQ(s_l)(E’I“)2N
1 1

1ez\{0} mel(0)
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and by Proposition 2.7.1 (i) and (ii) we have that

2
|@§N><o>|2§m (ZZm m, )| |1 (m ) (ZZIB(mJ)II@(m)I)
Bz

m=0 [=0 m=0 [=0

y ) |
L (2 )mlﬂl |@2<m>|>

[m|
< 2C), ps,R1,Rs (Z Z () (
m=01[=0 —

P
< Clql#,,-

Because it holds by definition that e < 1/(dr?), we obtain that

(1) aAr2(s—1) ( € N 2 . 2
W e (5) lqll,, ife=1/(5r2) and t > 1,
13 <

N
C’P(&)Nﬂs_t) (g) ||q|\§6’t otherwise.

Concerning ng), we have by virtue of Proposition 2.7.1 (iv) that

sony (1 2[p+IN| soty (1 2/m|
INJ26-D ((PL - s-1) (€1
> e (1) > P (21

1eZ\{0} mel(p)

€p1 2(N—Ipl)
< C(epl/R1)2 2(3_1)N2(571) ()
, 7

for all p € A%y \ {0}. Furthermore, it follows from Proposition 2.7.1 (i) and (iii) that

2

0P < orgen || 2 2 MamDl1aim)

m=p [=p
2
+ Z [T2(m, p)||G2(m)| + Z |T2(p, D ld2(p)| + Z | Ta(m, )| |G2(m)]
mel(p) lel(p) m,lel(p)
R/ g\ 2P & [\ R\
<920, . a P2 R\
<2yl (5) (2 yaam) () wem
O, Ry [m|+|p| R O, R |p|+1] R
() ael X () o)
mel(p) B\ P2 i) BTE NP2
2
Cy RN\
+ X (B
mael(p) 2t \ P2
RO oo\ [ RN 1 A o2
<Cp|4< 1> (2) <2> 2(t+1) 2|| |q1(m)|2 <1> mz(t 1)
P1 Ry P2 p| o2Ip =y Ry
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Ry 2lel 1 1 1 . ) 5R2 2|m| .
+<p2> pENEENy 2 e (755 ) m* Y

mel(p) P2

.\ & 2|p| 1 L 1 g <p)‘2 5& 2\p\p2(t_1) & 2(N—2|p|)
P2 [p[2t N2 5211 2 p2 - P2

R2 2(N—|pl) 1 1 ) 9 6R2 2|m| 2(1—1)
+ (pg) N2@t+1) §2(N—Ipl) mEZI(p) [g2(m)] ; =

R, 2|pl 1 1 1 1
2 - e
< C’\p| (m ) |p‘2t 52Ipl + N2t §2(N—|p|)

S 5 (9P 2l 2(t—1) S o (0R: A 2(t—1)
X mzzp\ql(m)l i m +mzzp|q2(m)\ — m -

P2

Therefore, we obtain that

2(N—|pl) 2|p|
W <oy (D2 o (I 11 1 1
T3 < Cgy/ N2 (R1 | P [p|2t 5217l + N2t §2(N—[p])

peA\{0}
2 (9p1 i 2(t—1) g [(0R: 2l 2(t—1)
X 1 (m —— m-\"T 4 Jo(m — m\T
i) (%) = 3l ()"
s—14+max{— e\ N 1
< QN im0 ()7 g7, AG),
where
N —2max{—t+1,0} er? N-=2|p|
AN sr2)N-2lpl 2 \y—2[t+max{—t+1,0}] ( _
- pefgl\){O} |p|2(t71) (o) * Ipl 4

This supremum can be bounded as follows:

A < C'N?>HD if e = 1/(6r?) and t > 1,
2 =) ¢ otherwise.

Then, we obtain the following estimate for T?S):

N
" O N2(-D) (g) lall3,, ife=1/(6r2) and ¢ > 1,
T3, <

N
C’:g)Nz(S*t) (g) ||q|\§m otherwise.

Summarizing the above, we have that

N
o OV N2(s-D) (g) lqll3,, if (6,€) € Hyand t > 1,
T <

N
Cél)NZ(S*t) (g) ||q||%{5yt otherwise.

Finally, we will establish the estimate for Tf), which can be obtained by straightforward arguments
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as follows:

2|n| 2(s—1) 2|n|
(1) _ . 2 (0p1 2t-1) 0l €
= 5 o () B (1

n€Z\Ay

—2(s—t) 2|n|-N
W 26— (Y 112 al :
< e N €
<CN () el S0 {(W (5)

1 - e\ N
< CEON (D) il e

Hence, we obtain the following estimate for |¢; — qu) ngl/Rm*l:
las = a12, e < TV + (202 D(@f) 4 2780 + 27
CEI)N2max{S*t,*1»*t} (g)N ||q||§{m if (d,¢) = C4,
01(1)N2max{s—t,—1,s—1} (g)N ||q||§{&t if (d,€) = Oy,
e (o, w0 € m (o

maxq{s—t,8S— € N 3
YNzt () T lgll3, i (6.0) € Ha \ {Ca),

p— —_— 6 N 3
O N2maxts—t-1} (5) lgll?, , if (0,€) € L1 \ {C1,C2},

N
CI(I)NQ(S_” (%) HqH%M otherwise.

2.8 Proof of Lemma 2.3.13

We require one additional proposition as to the upper bound for (det ®!(0))~2, which will be used
without proof.

Proposition 2.8.1. There exists some positive constant Cy, ., R,, R, Such that
1
et di(0))2 = Crvpn o

holds for all N € N.

We can represent (jiN)(O) explicitly from (2.3.9), which yields that

010 = 10 = gy | B0 = B0 + Y (BaO)rd) + BaDi() |
1€I1(0)
where
B1 = 1 Z (7@11(777,) =+ Gu(m) + Ggl(m) — Ggg(m)
melI(0)

- Tl(mvo) + T2(7na O) - T3(m’ 0) + T4(m’0))’

B3(l) = Gll(l) - GQI(Z) + T4(07 l) - T3(0a l) - Z (T3(m’ l) - T4(m’ l)>7
mel(0)
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By(l) = Ghra(l) = Gaa(l) = T2(0,1) + 11(0,1) — Z (=T1(m,1) + Ta(m,1)).
mel(0)

Each term can be evaluated as follows, by Proposition 2.7.1 (i) and (iv):

Bidi(0)2 < CYNT2 2N 1|2, pym1s [B1d2(0)? < CNT2N gal2p, i1
2
) (1) 11 o (0N ) nmaieany 1
Z Bs(1)qi(1)| < Cig Z 5201 2t Z |G1(1)] R T <CigN™™6 ||q1H5p1/R1,t71’
1€1(0) 1€1(0) L 1er(o) !
2

. . 11 . SRy \ ! ot
> mia| <0 Y s 3 00 () B < CON S l
1€1(0) 1€1(0) N STO)) P2

Therefore, using Proposition 2.8.1 (i), we obtain that

e\ N .
cH N2 (5) [ - if (5,¢) € L1 \ {C1} and s — ¢ < —1,
_ot (€N .
N oW N2 (5) 12013 25 /.t -1 if (6,¢) € Hy \ {C1} and s <0,
™ < .
€ .
O N2t () gl it (4,€) = O,
N
Cfl)Nz(S_t) (g) ||q||§{6,t otherwise.
Because qA§N) (n) (n € Ay \ {0}) are the same as for C-MFS, we immediately obtain the estimate
W =2 (YY1 2 .
< ) € 1 1 —t==5
csIN72(5) lalk,, if (5,€) € Ly \ {C1} and s — ¢ < —1
N
" oY N2 (g) lall3,, if (8,¢) € Hy \ {C1} and s < 0,
TV < N
ax{s—t.—1,—ty (€ .
OV Nl (L) g7, if (0,0) = O,
N
C’Q(l)N2(57t) (g) ||q||%{61t otherwise.

)

Now we consider T. él , which we decompose as follows:

1 1 1
T =7 7,

where

201N
1 s— €p1 (N
T = 3 P (B

lez\{0}

(2) 2(s—t) [ €P1 Zptin| (N) 2
= 3 X e (2) i)

peA\{0} \leZ\{0}
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The definition of Té}) is slightly different from that for C-MFS, while that of T:g) is the same as for
C-MFS. Therefore, we only have to consider the estimate of T3(11 ). From (2.3.9), we have that

dM (V) = m B(GIQ(O) — G'22(0))G1(0) + %(GQQ(O) — G12(0))d2(0)

+ 3 (@) = Cu®)ar () + (Go(l) = G)a0) |
1€1(0)
from which we can easily obtain by Proposition 2.7.1 (ii) and Proposition 2.8.1 that
(N
i (NP < Clall, ,-

By using the results in Section 2.7, we have that

(1) ar2(s—1) (€ N 2 . 2

) - C3’'N (5) lqll,, ife=1/(6r%) andt>1,
37 = N

Cél)Nz(s_t) (%) ||qH§{d,‘t otherwise.

The estimate of T4(1) is the same as for C-MFS. That is,

S— € N
7" < N () el o

Summarizing the above, we obtain the following estimate for ||¢; — qu) ||fpl/R1 a1t

N
01(1)N2max{s—t,—1,—t} (g) ||q||§76,t if (8,€) = Cy,
e\ N .
C{l)N2max{sft,71,sfl} (5) ||q||%{5t if (6’ 6) = CQ’
N
- CI(I)NQmax{s—t,—t} (g) ||q”%(6,t if (5, 6) € Hy \{Cl},
lar — a1 ngl/Rl,sq < L e\ N
Cl( )N2max{s—t,s—1} <g> HqH%{é,t if (6,€) € Hy \ {Ca},
N
OEI)NQmaX{S*t,*l} (g) ||q||§.61t if (5, 6) e ly \ {Cl, 02},
N
01(1)N2(3—t) (g) HqH%{M otherwise.
Then ||gz — qéN) 12 Ro/ps,s—1 Can be estimated in a similar manner, and we obtain the desired estimate.
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Chapter 3

Analysis of the dipole simulation
method for two-dimensional
Dirichlet problems in Jordan
regions with analytic boundaries

Abstract

This chapter presents a unique solvability and error estimate of the dipole simulation
method applied to Dirichlet problems in Jordan regions. Specifically, it is proved that the
error decays exponentially when the boundary data is analytic, and it decays algebraically
when the boundary data is not analytic but belongs to some Sobolev space. Moreover, some
numerical results and conjectures are presented. This chapter is based on the following
published paper:

o K. Sakakibara, Analysis of the dipole simulation method for two-dimensional Dirichlet
problems in Jordan regions with analytic boundaries, BIT Numer. Math. 56 (2016),
no. 4, 1369-1400.

3.1 Introduction and main results

Let © be a Jordan region in the two-dimensional Euclidean space R?. Consider the following Dirichlet
problem for the Laplace equation:

Au=0 1in Q,
(3.1.1)

u=yf onl,

where I' denotes the boundary 09 of 2, and A the Laplace operator. Throughout this chapter, suppose
that I is regular analytic and [ satisfies the following regularity condition:

(3.1.2) f is analytic or belongs to H°(T") for some o > 1/2,

and we identify R? with the complex plane C.
As is well known, the Dirichlet problem (3.1.1) appears in many fields in mathematical physics and
engineering. Therefore numerous numerical methods have been developed and studied for (3.1.1) such
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Chapter 3 DSM in Jordan regions 3.1 Introduction and main results

as the boundary integral method (BIM) [104, 75, 30], multipole method (MM) [9, 29, 23], method
of fundamental solutions (MFS) [49, 43, 27|, and singular boundary method (SBM) [15, 24, 51]. A
remarkable feature of them is that the error decays exponentially with respect to the number of degrees
of freedom used under some suitable conditions. In the following, we focus on MFS and BIM especially.

MFS is applied to homogeneous linear partial differential equations (PDEs), and offers an approx-
imate solution by using a linear combination of the fundamental solutions of the considered problem.
Especially, an approximate solution for the potential problem (3.1.1) could be found by using a linear
combination of logarithmic potentials in which case the MFS would also be known as the charge sim-
ulation method (CSM). The MFS requires us to choose singular points exterior to the region under
consideration and collocation points on the boundary of this region, to enable us to determine the co-
efficients of the approximate solution by using an approach that would provide approximate boundary
conditions, for instance, collocation or least-squares methods. This approach would allow us to avoid
having to address problems caused by the existence of singularities and would also obviate the need
for numerical integrations, as opposed to using BIM. This enables us to apply the MFS to various
PDEs, with the advantage that the implementation of the MFS and its extension to 3D problems are
much easier compared to the use of BIM. However, in general, because MFS reduces an ill-conditioned
linear system, the system is hard to solve (cf. Kitagawa [57, 58], Tsai et al. [100], and Barnett and
Betcke [10]). On the other hand, when using BIM, the resulting system is usually well-conditioned;
thus, in this respect BIM has many advantages over MFS. Nonetheless, in view of the simplicity and
extendability of MFS, we adopt MFS in this paper and provide a mathematical analysis.

On account of its simplicity, MFS has been used to solve various problems. However, obtaining
a mathematical result is rather difficult, especially in terms of ensuring unique existence and con-
vergence of approximate solution. Restricting ourselves to the potential problem, the CSM was first
mathematically analyzed by Katsurada and Okamoto [49]. They considered (3.1.1) for the case where
QN is a disk D, with radius p having the origin as its center, and showed its unique solvability (cf. [49,
Theorem 1]) and exponential convergence (cf. [49, Theorem 2]). Unlike the finite difference or finite
element methods, the unique existence of approximate solution is not as obvious. In fact, when we
select the singular points in a slightly different manner, an approximate solution cannot exist (cf. [45,
Theorem 8.2]). After this pioneering work, the unique solvability and exponential convergence of CSM
were well established for a Jordan region with an analytic boundary [46, 47, 50, 48], an annular region
[45, 74], and an elliptic region [76]. Furthermore, CSM was also applied to compute numerical confor-
mal mappings in various regions, and offers a high-precision and simple numerical scheme (cf. Amano
et.al [3] and references therein). Besides the above result, several mathematical and numerical results
have been established. See for instance [13, 43, 20, 95, 100, 10, 107, 38, 102, 44, 108] and references
therein.

Note that an approximate solution of CSM can be regarded as a discretization of the single-layer
potential representation of the exact solution. On the other hand, in the usual potential theory, the
exact solution for the potential problem is represented by the double-layer potential. Therefore, it
is natural to consider that the logarithmic potential, which is the basis function of CSM, should be
replaced with the dipole potential. Based on this consideration, Katsurada [45] concentrated on the
case of disk = D, and proposed the dipole simulation method (DSM), in which the basis function
FE is given as follows:

L (ny|z—y)

E = wlr7Y)
Y=o ey

where n, = y/|ly||, and (- | -) denotes the Euclidean inner product on R? It has been shown that
there exists an approximate solution for DSM uniquely (cf. [45, Theorem 5.1]) and that exponential
convergence occurs (cf. comments before [45, Theorem 5.2]). Note that the multiple multipole method
was developed by Ballisti and Hafner [9], and has been commonly used in the field of engineering (see
for instance Hafner [29]). Therefore, the idea of using DSM also seems natural from the viewpoint of
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engineering. Recently, Ogata [77] generalized Katsurada’s DSM and examined its effectiveness through
numerical experiments. Thus, he treated (3.1.1) in the case where () is a Jordan region in R? and
considered an approximate solution of the form

N
(3.1.3) uNM (@) = QrD(@, yy;mi),
k=1

where {y, }&_, C R?\Q are the dipole points, {n;}&_, are the unit vectors, which are known as dipole
moments, and ny represents the direction of the dipole located at y,, and D is defined as

L (ng |z —yy)

D(@,yp;mi) = _%W

The coefficients {Qk}szl are determined by the collocation method, that is, take the collocation points
{a;}7_, C T and impose the following boundary conditions:

(3.1.4) uN (x;) = f(z;) (j=1,2,...,N).
In fact, the approximate solution of DSM can be represented as the real part of a holomorphic function:

1 N
W@ =) =R =5 >0 T“Ck] 7

where z = = + iy, (x = &k + ing, and ng, = n,(cl) + inf) in which = (z,9)", y;, = (&, m)", and

ng = (n,(cl), n,(f))T. Inspired by the above expression, the complex dipole simulation method, which is
an approximation technique for holomorphic functions, was proposed in our previous paper [87] (see
also Chapter 8 in this thesis).

Moreover, in [77], Ogata applied DSM to compute numerical conformal mappings, which permits
us to remove the difficulty of computing complex arguments; therefore, his method offers a much easier
and simpler scheme for numerical conformal mappings than that obtained by CSM (see also Chapter
7 in this thesis). However, this work of his did not include a mathematical result.

The purpose of this chapter is to suggest ways in which to arrange the dipole points {yk},]c\’:1
and collocation points {x; };V:l, and to define the dipole moments {ny}4+_, that guarantee the unique
solvability and exponential convergence of DSM composed of (3.1.3) and (3.1.4). As a preliminary
step to this end, we first consider the case where I' is a circle 7, = {z € C | |z| = p} with p > 0.
Introducing the dipole points, collocation points, and dipole moments as yr = Rw*™1, z; = pwi=1,
and np = yi/|yk|, respectively, we establish the unique solvability (cf. Theorem 3.3.3) and exponential
convergence (cf. Theorem 3.3.4), where w = exp(27i/N) and R > p. We then extend the results to
more general regions by following the approach of Katsurada [48].

Let ¥ be a peripheral conformal mapping of I" with a reference radius p. Then, the regularity
condition (3.1.2) on f is equivalent to F' € %, for some (§,0) > (1,1/2), where F' is defined as
F(1) = f(¥(pe*™7)) (r € S'). Letting R €]p, rp[, we propose an arrangement of the dipole and
collocation points and a definition of the dipole moments as

W (Rwi 1)

3.1.5 S = U(Rw ! C=W(pwi Tt = :
( ) Yj (Rw )7 Ty (pw )7 nj ‘\I//(ijflﬂ

(j=1,2,...,N).
We are now in a position to state the main result of this chapter, where the unique solvability
and exponential convergence of DSM under the arrangement and definition (3.1.5) are established by

applying the results for a circle.
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Theorem 3.1.1. Assume that there exists a peripheral conformal mapping ¥ of I with reference radius
p. Let R € |p, kp| and suppose that F' € Z¢ , for some (§,0) > (1,1/2), (4,t) satisfies

2
lgégmin{u, (R> ,H},
P
. 1 _ 1 .
zf(izlthent>§ and s < t; zfdszthent<—§; if 0 =& thent < o,

and that the dipole, collocation points, and dipole moments are deifned as (3.1.5), where F(1) =
f(¥(pe*™iT)) for T € St.

(i) For a sufficiently large N € N, there exists a unique {Qr}N_, satisfying (3.1.3) and (3.1.4).
Thus, an approzximate solution of DSM actually exists uniquely.

(i) There exists a constant C' such that the error estimate

1
§N/2

lu = ™| oy < CNFESD || |5,

holds true for a sufficiently large N € N, where C' is independent of N, and

max{s —t,0,s}  if 0 =(R/p)* A (Vkp,s) > (R,1/2),
max{s —t, —t} if § = 1A (VEp,s) > (R,1/2),

P(s,0,t) = s —t if § € ]1,(R/p)* [ N(Vrp,s) > (R, 1/2),
max{1/2 —t,1/2} if6 = (R/p)* NR=kpAs<1/2,
1/2 -t if 8 € [1,(R/p)* [AR = VEpAs<1/2.

This error estimate shows that the error of the approximate solution u](DN) decays exponentially
with respect to N when the boundary data f is analytic, but it decays algebraically with respect
to N when f is not analytic but in H°(T') with o > 1/2 (especially, f is Hélder continuous).

In Theorem 3.1.1 and in the following, (£, o) denotes the regularity of the datum f, p the reference
radius of the peripheral conformal mapping ¥ of I', k the parameter for ¥ appearing in Definition
1.2.1, s the index of the Hilbert space H® in which the norm of the error is measured, (4,¢) the index
of the Hilbert space Z5; in which the norm of the boundary datum is measured, and R the parameter
concerning the locations of the dipole points. This theorem is a readily obtainable corollary of Theorem
3.4.4 below. Indeed, putting e = 1 in Theorem 3.4.4 and considering the conditions for R and (4, ),
we reach Theorem 3.1.1. Therefore, hereafter we aim to prove Theorem 3.4.4 instead of Theorem 3.1.1
itself. From the viewpoint of real computations, it is important to measure the error by using L
norm. If v € H*(T') with s > 1/2, then v € C(T') (see the comments after Proposition 1.1.1) and there
exists some positive constant C' such that ||v]|cc < C||v[[gsr). Therefore, we immediately obtain the
following corollary from Theorem 3.1.1.

Corollary 3.1.2. Under the hypothesis in Theorem 3.1.1, we have the following error estimate:

1
5N/2

lu = u™ | oo ry < ONFEOD || F 5,

for any s > 1/2, where C is a constant independent of N.

The contents of this paper are as follows. In Section 3.2, we introduce integral operators and
approximate function spaces which are used in the analysis below. Section 3.3 is devoted to the
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case where I is a circle for which we prove the unique solvability (cf. Theorem 3.3.3) and exponential
convergence (cf. Theorem 3.3.4). The general case is studied in Section 3.4, where the proof of Theorem
3.4.4 is described. In Section 3.5, results of several numerical experiments are shown. We conclude
this paper with a summary of the results, and some concluding remarks and conjectures in Section
3.6.

3.2 Integral operator and approximate function space

3.2.1 Integral operator

Specify R € ]p, kp[ and suppose that there exists some function @ defined on ' = ¥(yg) such that
the boundary data f of (3.1.1) can be written as a double-layer potential:

(3:2.1) f@= [ S0 ds, ecr.

R 27z —yl?

where n, denotes the unit outward normal vector of I'r at y € I'r and ds, the line element of I'g.
Then, the exact solution u of (3.1.1) is as follows:

u(x) :/F _1MQ@) dsy, x €

R 21l —yl?

At this moment, our problem is reduced to finding an approximation of Q. If f is not sufficiently
smooth then it cannot be written as in (3.2.1); thus, f must be taken in one of the Hilbert spaces 2% s
described in Section 1.1.

We introduce an integral operator by providing S'-parameterizations of I', I'r, and @ as follows:

I':S' 57— U(pe?™7) € C,
Ir: S'3 60— U(R™Y) € C,
q(0) := Q(¥(Re*™%)), He S

Then, we can represent (3.2.1) as

£ /1 —lo [ 21i Re?>™00 ( Re?™19) 1
T) = - T T . T T
0 2m |27TiR627”9 \I/’(RGQT”GH \I/(pe27”7') — \I,(Rezme)

x Q(¥(Re?™9))|27i RV’ (Re*™)| dO
1 210\ / 2716
—Re*™ W' (Re*™)
- /O' " <\I/(p62ﬂi‘r) - \I’(RQQ‘n'iQ)) q(a) d07 T E Sl.

Thus if we define an integral operator A as

(3.2.2) Ap(T) :/0 a(t,0)p(0)do (r €S,

_RGQWiG\III(Re%riO) N
a(r,0) = R (\Ij(pe%ri'r) _ \I/(Re2“19)> (.6 €5%)

for ¢ € C(S'), then the boundary condition in (3.1.1) is equivalent to FF = Aq. Eventually, our
problem is reduced to finding an approximation of the above q.
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3.2.2 Approximate function space

We introduce an approximate function space defined on S* for ¢ as follows:

W) — {ZQké( )’ le«:(k—m,...,m},

where § is the Dirac delta function on S'. Concerning 2N), the following proposition, which is
described in [48, Lemma 4.3], [79, Lemma 2| for example, is well known.

Proposition 3.2.1. (i) For allv € 2, the sequence {0(n)}nez is periodic with respect to n with
period N, that is, O(n) = 0(m) (n =m).

(ii) If (e,s) < (1,—1/2), then 2N) C 2. ..

For any ¢/V) € 2) | formal computation yields that

Re27r1(k 1)/N\I/ (R62771(k 1)/N)
(N)
Ag kz_:l QrAd < ) Z QxR ( U (pe2™i7) — U(Re2m(k-D/N) >
eQﬂ'l(k—l)/N\Ij/(Re%ri(k—l)/N)/'\IJ/(RGQ‘n'i(k—l)/N)|
\Ij(pe%ri'r) _ \I;(Re27ri(k71)/N) )

al . -1
Z27TR‘\I/ 2m(k_1)/N)Qk%<
Pt 27

N
_ -1 ng
2 \I/ k 1 —_ _—
=32 Qs 2W%(wp(pew)_yk),

which is nothing but an approximate solution by DSM. Therefore, it is natural to consider that the
integral operator A and the approximate solution 2(") are appropriate for the analysis of DSM.

3.3 DSM in a disk

The unique solvability and exponential convergence of DSM were studied in [45] for the case where
T is a circle. However, the settings in this chapter differ from those of [45], which does not seem to
contain the complete proof. Therefore, we state the results and proofs for DSM for the case where I"
is a circle in this section.

Let © be a disk with radius p with the origin as its center: {2 = D,. In this case, we can take the
peripheral conformal mapping ¥ as the identity mapping, and the integral operator A is reduced to
an integral operator L defined as

Lq(r) = /01 R (‘ReQ;;M) 4(6)d9 (7€ S

p627r17'
for ¢ € C(S). If we define a function G as

G(r) = R (pe%;RR> (resY,

then Lq can be represented as the convolution of L and g:
(3.3.1) Lg=Gxgq.
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Chapter 3 DSM in Jordan regions 3.3 DSM in a disk

By direct calculation, the Fourier series expansion of G is

(3.3.2) Gr)=1+ % 3 (%) Mrinr (7 ¢ g1y,

Then, the nth Fourier coefficient of Lq can be calculated as

1
Lg)"(n) = G(n)j(n) (ne€z), Gn)= "
L' = Gin) €2 =1 oy g

according to (3.3.1) and (3.3.2).

Addressing the problem under consideration on the Hilbert space Z¢ s requires us to extend L to
Ze,s-

Lemma 3.3.1. For each (¢, s) € |0, +00[xR, we define an operator £ : Ze s — Zeryps as Lq = Gx*q.
Then, £ is an extension of L to Z. s and a homeomorphism, that is, £ is continuous, bijective, and
has a bounded inverse.

Proof. For all ¢ € Z¢ 5, we have

eR\ M s 14 1 . n| 2s
12 = S 120 @ (L) = g0P + ] X i,

nez n€Z\{0}

Therefore, we obtain

1
(3.3.3) JlallZs < 12all2gy,,s < llallZ.s-

The linearity of . is clear, and its continuity follows from the right inequality of (3.3.3). The injectivity
of Z follows from the left inequality of (3.3.3). Concerning the surjectivity of 2, take ¢ € Zig/, s
arbitrarily and define a function ¢ as

p(r) =) @)™ (re S, ¢(n)= d(n) (nez).

ne”Z

Then, we have that

. R R 2[n|
Il = (GO +4 3 [in)? (p) 02 < 491Pp)p e

nezZ\{0}

which implies that ¢ € 2. 5, and by definition that £ ¢ = 1 holds. Therefore .Z is surjective. The
continuity of Z~1 follows from the left inequality of (3.3.3). O

Remark 3.3.2. Let X and Y be two Banach spaces, and Z(X,Y) be the set of all bounded linear
operators from X into Y. We can compute the operator norms [.Z| = |-Z|z2. . 2.5,,.) and

|~ = H.,%*l||%(%€mpw%m) explicitly. From the inequalities (3.3.3), we have ||.Z|| < 1 and
£ < 2. If we take ¢ = 1 then [|Zqlcr/ps = |lglle,s holds, and if we take ¢(7) = sin(277) then
12 qlle,s = 2|gller/p,s holds. Therefore, [|£]| =1 and [|.£ | = 2 follow.
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Chapter 3 DSM in Jordan regions 3.3 DSM in a disk

Here, we can rewrite the collocation equations (3.1.4) by the extended operator .. We take
¢ € 2W) arbitrarily and write it as

q :ZQk§ TN )
k=1

Then, we have

Mz

ZLqWN (1)

k-1 -R
o fone( )0 o )
N n
z g n ().
Pt pe ™T __ yk
Therefore, the unique solvability of (3.1.4) is equivalent to that of

(3.3.4) Z¢N) =F on Ay.

As to the unique solvability of (3.3.4), the following theorem holds, which assures the unique solvability
of DSM when 2 is a disk.

Theorem 3.3.3. Let 0 < p < R and F € Z¢, with some (§,0) > (1,1/2). Then, there exists a
unique ¢qN) € PWN) which satisfies (3.3.4), and its Fourier coefficients are given by

(3.3.5) ™M (p) = (Z F(m)) /oM (p)  (p € An),

m=p
where

:Zém

m=p

Proof. Note that Zq™) € L'(S') and it is Holder continuous in some neighborhood of Ay. By
Proposition 1.5.1, (3.3.4) is equivalent to

Z G(m)g(m) = Z F(m) (Vpe An).

Since ¢V is periodic with respect to m with period N because of Proposition 3.2.1 (i), the above
system is equivalent to

(3.3.6) M ()™M (p) = D F(m) (Vp € An).

Since <p1(,N) (p) # 0 for all p € Z, (3.3.6) is uniquely solvable and its Fourier coefficients are given by

(3.3.5). O

We next give the error estimate of DSM, which asserts the exponential convergence of DSM for
analytic boundary data.
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Theorem 3.3.4. Let 0 < p < R and F € ¢, with some (§,0) > (1,1/2). Take any (J,t) satisfying
(1,1/2) < (4,t) < (&,0) and suppose that (€, s) satisfies the following conditions:

pN\2 1 (1 /R\?
Ll Ve Il i .
max{é(R> ,5}emm{6<p L0 2
) . R 1
(3.3.7) ife=209 then s <t;ife=— then s < —3
p

Then, there exist some positive constant C = C/(e, s,6,t, p, R) and real constant P = P(e, s,6,t) such
that the following error estimate holds:

e\ N/2
IF =24 s < ONT () 1 F s

where ¢N) € 9WN) s the unique solution of Lq™N) = F on A, of which the existence is assured by
Theorem 3.5.3.

Remark 3.3.5. The same as in Remark 2.3.9, we use a graph to understand the conditions on ¢ and €
in Theorem 3.3.3. We set

J as a closed region surrounded by H; U L; U Hy U Ly and 7 := ._7|5§5. Then § and e satisfy the
conditions in Theorem 3.3.4 if and only if (J,€) € Z (see Figure 3.1)

€ 1 (R’

=33 s
R/p \

Ly Hy
1
o/B H - T,
0 1 R/p

(a) (b)

Figure 3.1: Graphic representation showing the boundaries of Z of (6,¢). a £ < (R/p)?. b £ > (R/p)?
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Remark 3.3.6. Exponent P in Theorem 3.3.4 can be defined as follows:

€

max{s — t,0, —t}
max{s —t,0, s}
max{s — t, —t}

( C1),
(
(
max{s —t, s} (
(
(

é,¢€)

d,€) = Ca),
é,€) € Hi\ {C1}),
0,€) € Ho \ {Cq}),
d,€) € L1\ {C1,Ca}),

otherwise).

3

@)

(
(
P = P(e,s,0,t) = E
(

max{s —t,0}

s—t

The appearance of explicit representation of P is similar to that for MFS (see Remark 2.3.10).
Remark 3.3.7. s and t could take any real values if (d,€) were in the interior of the region Z, whereas
they would have to satisfy some constraints if they were on the boundary. Especially, if we consider
the case where € = 1, the exponent P becomes the following:

max{s —t,0,s} (8§ = (R/p)?),

P =P(s,0,t) = { max{s —t,—t} (0 =1),

s—t (1 <6< (R/p)?).

If £ = 1 (then o > 1/2), that is, the boundary data f is not analytic but in H?(T") (expecially

Holder continuous), in which case the exponentially decaying term (¢/8)% is omitted, and the order of
convergence becomes “algebraical”.

Proving Theorem 3.3.4 requires the following lemma.

Lemma 3.3.8. Under the same hypothesis in Theorem 3.3.4, there exists some positive constant C' =
C(e,8,0,t,p, R) such that the following estimate holds for q € Z¢p .o with Lq = F and ¢ e 9
with Lq™N) = F on An, of which the unique existence is assured by Theorem 3.3.3:

s e\ N/2
la = 4N lpsms < CNPE20 () gl

We include the proof of Lemma 3.3.8 in Section 3.7, and provide the proof of Theorem 3.3.4 by
virtue of Lemma 3.3.8.

Proof of Theorem 8.3.4. Since .Z is a homeomorphism according to Lemma 3.3.1, there exists a unique
q € Z¢p/R,0 such that F = Zq holds. Moreover, we know that ||.Z|| = 1 and [|.£ || = 2 by Remark
3.3.2. Therefore we obtain
(V) (V) (V) Plesst ()2
IF = 24N oo = 120 = 24 s < lla = 0™ llep/me < ONFES0 (D)7 g5/,
N/2 N/2
< 2CNP(e,s,6,t) (%) ngHﬁ,t — 2CNP(6,S,6,t) (g) ||F||6,t7

which is the desired estimate. ]

3.4 DSM in a Jordan region

At first, we extend the integral operator A defined by (3.2.2) to Z.s. To this end, we define a
perturbation operator K as
K=A-L.
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If ¢ is a continuous function on S!, then we have

1
‘thjzi/ k(r,0)q(0) do,
0
where 20/ ( Pp2il 2mif
Tl q:j Tl Tl
k(r,0) = R - T VRT) e :
\I/(pe%nr) _ \I,(Re%na) pe271'17' _ Re27\'19
Thus, the {th Fourier coefficient of K¢ can be calculated as

(Ka)" (1) = Y k(L m)a(~m),

meZ

> (1,0 € S1).

where k(I,m) is the double Fourier coefficient defined as

1 1
k(l,m) = / / k(T,0)e2miUm+mé) 41 qg,
0 0

We require estimates on k(l,m) to extend K to 2 .

Lemma 3.4.1. There exists some positive constant C' such that
R R |m|
lk(l,m)| < Cx~ ()

Kp

holds for all l,m € Z, where k is the parameter introduced in Definition 1.2.1.

Proof. Define a function ¥ on ﬁ,{flpﬁp X ﬁn—lp},{p as
—w¥'(w) w —
\Il(z)—\I/(w)+z—w’ 2,W E€ Ry1pppy 27 W,
Y(z,w) = "
w3 (w) —
207 (w) 2w € Retony
Then, v is holomorphic in R,-1, .., X Ri-1, ., and continuous on its closure. Since R is harmonic

in R.—1 X R-1 and continuous on its closure, it has the following Fourier series expansion:

pkp
R (pr1*™7, proe®™?)

U Im Il —|m —1l Im ~1l —im omi(l 0
= 2 (almrlllr‘2 by ™ ey S - dpr l) e?milir+mo)
l,meZ*

pyKp

+ Z (GOmT|2m‘ + bOmT;‘m| + COmr‘2m| log r1+ dOmT;|m| 10g 7"1) e27rim0
meZ*
+ Z (alor‘lll + blor‘lll logro + clorl_m + dlorl_‘ll log 7'2) g2milr
1€z
~+ ago + boo log s + coo log r1 + doo log r1 log o
for r1,79 € [k~ !, k] and 7,0 € R. Then, we can evaluate the Fourier coefficients a;,, bim, Cim, and di,
as follows:
|alm|a|blm|a|clm|7|dlm| SM"{_ll‘_‘ml (lamEZ)7
where M is some positive constant depending on x and the supremum of [R¢)| on OR -1, p XOR -1, -
Since k(7,6) = R (pe®™7, Re?>™?), substituting this into the definition of k(I,m) and evaluating it by
using the above estimates for a;,, bim, Cim, and d;,,, we obtain the desired estimates. O
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The above estimates enable us to extend K as follows:

Lemma 3.4.2. Suppose that (e,s) > (R/(kp),1/2) and (6,t) < (k,—1/2). If we define H : Z.s —
Zst as

(Ji/q)/\(l) = Z k(l7m>d(_m)7 lez,

meZ

then J is a bounded linear extension of K and is compact.

Proof. For all ¢ € 2. s we have

2

1# a5 =Y 1(F)NOPE =" 1Ykl m)g(—m)| 611
leZ I€EZ ImEL
< Z (Z |k(l’m)|2€2mm2s> (Z |q(_m)262|mm2s> 52\l|l2t
IEZ \mEL MEZL
AN /1 R\
< o 1 —2s) 12 < 2
<o (2) X (FR) T w < clal,
leZ meZ

This implies that £ is a bounded linear operator.
We then verify the compactness of . by taking (6’,t) € ]0, +oo[xR to satisfy (d,¢) < (¢',¢) <
(k,—1/2), and decomposing it as follows:

H e Lt

> A

X5t v

Here, Va Zes — A5 is a bounded linear operator defined similarly to %2 and ¢ is a natural
inclusion, which is compact operator by Proposition 1.1.1 (ii). Since J# =1io ¢, % is compact. O

The following corollary immediately follows from the above lemma.

Corollary 3.4.3. If (e, s) satisfies

(3.4.1) <;f;;> < (e8) < </<;§;) :

then the operator X : Zc s — Zer/p,s 15 compact.

When (¢, 5) satisfies the condition (3.4.1), we define o7: Zc s — Zcg/ps as & = A + £. Then,
o7 is an extension of A. We can now state the most general version of Theorem 3.1.1.

Theorem 3.4.4. Suppose that R € |p,kp[, F € Z¢, with some (§,0) > (1,1/2), (4,t) satisfies
(1,1/2) < (4,t) < (k,—1/2) and (4,t) < (&,0), and (e, s) satisfies the conditions

pN\2 1 (1 /R\?
£y “l<cec - (= -
max{é(ﬁ) ,5}emm{5<p ,0 05

R 1
if e=0 then s <t; ife:—thens<—§,
p

and € > (R/p)*k~1. Then the following hold true:
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(i) For sufficiently large N € N, there exists a unique ¢N) € 9WN) such that

dq¢N(r)=F(r), 7¢€An.

(i) There exists some positive constant C which depends on ¢, s, 8, t, p, R, ||.<7||, and ||.«/ ~|| such
that

. e\ N/2
|F = /g™l < ONPEE0 (ST 175,

where
P(e,s,0,1) if (e,5) > ((R/p)*k~1,1/2),

Ples,d6) = {P((R/p)zn_17 1/2,0,) if e=(R/p)* "' As < 1/2.

Note that all the operator norms ||.<|| and ||.<Z ~!|| are the abbreviated forms of | a2 .28,

and ||.&7 1 ||:@(%€R/pis7gg'€ys) for some (e, s) € ]0, +00[xR, respectively. We need the following two lemmas
to prove the above theorem.

Lemma 3.4.5. Suppose that R € |p, kp| and that (¢, s) satisfies (3.4.1). Then, o is a homeomorphism.

Proof. The boundedness of o is clear. Considering that <7 is bijective, we only have to show that .o/
is injective, because &7 is a Fredholm operator with index 0. We take ¢ € Ker &/ arbitrarily. Since
% is a homeomorphism, &/q = 0 is equivalent to ¢ = —%~'#q. Then, we have #'q € 2, for all
t < —1/2 since H : Zes — £s. defines a bounded linear operator when (e,s) > (R/(kp),1/2) and
(0,t) < (k,—1/2) are satisfied due to Lemma 3.4.2. Therefore, ¢ = —Z 1. q € Zrp/R,t- Note that
kp/R > 1. Defining a function @ on I'p as

Q(¥(R*™T)) = q(r) (1 €8,
Q: I'r — C is continuous. Then we have

1 270 \[y/ 27if

— Re?™0Q (Re?mi) 1

q 0<:>/0 %{\Il(peQMT)—‘I/(Re%‘@)}q() 0 (Vresh

“lnyz—y)
Iy 2T |z — yl2

— Q(y)dsy =0 (Ve eT).

=:u(x)

The function u is harmonic in the interior simply-connected region Qg of I'g, and especially contin-
uous on . Thus, we have v = 0 in Q because of the maximum principle for harmonic functions.
Furthermore, we have u = 0 in 2 because of the identity theorem for real analytic functions. Hence,
Q@ = 0 follows from Proposition 1.3.4, and this yields ¢ = 0. The open mapping theorem determines
that 7 ~! is bounded. O

Lemma 3.4.6. Suppose that R € |p, kp[, (6,t) satisfies (1,1/2) < (4,t) < (k,—1/2) and (4,t) < (§,0),
and that (e, s) satisfies (3.3.7) and (¢,5) > ((R/p)?x~1,1/2). Then, there exists some positive constant
C which depends on ¢, s, 8, t, p, R, |||, and ||«/ | such that for all N € N, all q € Lsp/r,t and
all ¢qN) € 9WN) satisfying o q = o/ ¢'N) on Ay, the following estimate holds:

s e\ N/2
lg = 4N lopsrs < ENPE5D (D) lallspsme + g = 6 gy

Proof. Since o is a homeomorphism by Lemma 3.4.5, the following estimate holds:
llg = a™lep/m,6 < Cll (¢ = @)cs-
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Here we put
wy =q™, w=¢™N - 27 (™) —g).

Then, we have

wy € 9N, fﬁld(q(N)fq):waw, Lw=Lwy on Ay,
w=q+ L NL— ) (g™ —q).

Therefore, by Theorem 3.3.4, which gives the error estimate of DSM when (2 is a disk, we have

e\ N/2
19N = allops s < Cl Ly = Ll < ONFED ()70 L5,

(3.4.2)
e\ N/2
< ONPless) (5) [

Moreover, we have

lwllsp/re = lla+ 2L~ ) @™ = Dlsp/re < Nallsp/re + CNL = ) @™ = @)l

(3.4.3)
< llgllsp e + Clla™ = qllcp/rs < C (IIqHap/R,t + [lg™™) - qnep/R,s) :

where we use the boundedness of & — &/ = — %" Z.,/p s — 25 Combining (3.4.2) with (3.4.3),
we obtain the desired estimate. O

Proof of Theorem 3.4.4. At first, we remark that

N/2
NP(essb) <§) =o(1) as N — oo

follows from (e,s) < (d,¢) and the value of P in Remark 3.3.6. Therefore, by Lemma 3.4.6, for a
sufficiently large N € N and all ¢(™) € 2(N) with «7¢N) = o/q on Ay, we have

s e\ N/2
(3.4.4) lg =4 pss < CNTE20 () gl

provided that (e,s) > ((R/p)?x~1,1/2). Since this relation holds for e = (R/p)?k~! with any s > 1/2,
using the embedding relation Z(g/p)2x-1,s <> Z(R/p)2x-1,1/2, We obtain the inequality (3.4.4) when
(6,5) = ((R/p)?s~1,1/2). Using the embedding relation Z(R/p)2k-1,1/2 — Z(R/p)2r-1,s fOr 5 < 1/2
once more, we obtain

. e\ N/2
(3.4.5) lg =4 lop/ s < CNTE200 () gl

for e = (R/p)?k~! and s < 1/2. Therefore, using the fact that & is a homeomorphism, which follows
from Lemma 3.4.5, 7¢N) = 0 on Ay yields ¢™) = 0. Since «7¢N) = F on Ay is equivalent to a finite
system of linear equations, this shows the unique solvability of the considered functional equation.

Finally, we prove the second statement. For F' € Z¢ ., there exists a unique ¢ € Z¢,/p , that
satisfies @/q = F' because &/ is a homeomorphism. Then, we have

”F - ﬂq(N)”e,s = H'Q{q - dq(N)He,s < CH‘] - q(N)Hep/R,s

and
lallso/r,e < ClIF |5

Hence, we obtain the desired error estimate by the above two inequalities, (3.4.4), and (3.4.5). O
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Chapter 3 DSM in Jordan regions 3.5 Numerical experiments

3.5 Numerical experiments

In this section, we present the results of two numerical experiments. The first considers the case
where € is a disk D, that is, ¥ is the identity mapping. The other involves the case where Q2
is the interior simply-connected region surrounded by the curve defined by a polynomial. In each
numerical experiment, we consider two types of boundary conditions: the harmonic polynomial and
the logarithmic potential. The error is measured by the L? norm (s = 0 in Theorem 3.1.1) and the
L norm (Corollary 3.1.2). In each Figures 3.2, 3.3, 3.5, and 3.6, the horizontal and vertical axes
represent N and the common logarithm of the errors, respectively.

3.5.1 The case of the disk D,
Since €) is a disk D,, the peripheral conformal mapping ¥ can be taken as the identity mapping.
Therefore, k can be regarded as +oo. In this case, the values of p and R are selected as 1 and 2,
respectively.
3.5.1.1 Boundary data f: a harmonic polynomial
Let the boundary data f be a harmonic polynomial. Namely, f is defined as

f(pe*™™) = p™cos(mt) (1€ SY; me{0,1,...,5}).

Obviously, f can be continued to the whole plane C complex analytically. Hence, the errors can be
estimated as follows:

™o (2N ey _ 2 (PN
850 =™ =0 ((2)") lumule =0 (372 (5)").

The numerical results are depicted in Figure 3.2. The errors are investigated by a Monte-Carlo method,

102 ——— T T T T 102
K
o [ XG4 ol
10 AN 10 SN
102 | 102 | N
104 104 -
106 - 106 -
108 |- 108
-10 L -10 L
100F 100F
" m=1 ~ m=1
102 2o 102 F 2o
m=3 m=3
101 - m=14 107 m=4
=5 =5
10—16 m 1 1 1 1 1 10—16 m 1 1 1 1 1
0 10 20 30 40 50 60 0 10 20 30 40 50 60

(a) (b)

Figure 3.2: Numerical results of DSM with the boundary data f(pe®™i7) = p™cos(mt) (7 € S;
m=0,1,...,5). The gradient of the hypotenuse of the red colored triangle is the theoretical order of
convergence. a L?-norm estimate. b L>-error estimate

that is, we take a sufficiently large number of points, i.e., a number greater than 10 max N, on the
boundary I and compute the error on them. We found the behavior of the errors to be estimated well
by (3.5.1). In this experiment, the estimation of the L? norm is optimal; however, the estimation of
the L error is “not” optimal because N1/2 appears in the error estimate. Indeed, in the case of a
disk, the power of N does not appear in the error estimate (see for instance [45, Theorem 5.2] and the
comments before it).
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3.5.2 Boundary data f: logarithmic potential
We next consider the following boundary condition:
f(pe?™T) =log |pe®™ — p(m)|, p(m)=p+02(m+1) (1€ me{0,1,...,10}).

There exists a singularity at p(m); therefore, f can be continued complex analytically to the disk
D). This means the error can be estimated as

llu— u(N)||L2(F) =0 (max{(p(pm))N/Q, (g)N}> ,
lu — u(N)”L"O(F) =0 <N1/2 max{(z)(pm>N/2, (g)N}> .

The results of the numerical experiments can be found in Figure 3.3.

p(m

102 T T T T 10°
100 - 102 |
102 | 10 |
10 | 106 -
m=0 —— m=0 —
106 F m=1 108 F m=1
m=2 m=2
8| m=3 10| m=3
10 m=4 10 m=4
m=5 m=5_
100 F m=6 — 102+ m=6 — >
m=7 —— m=7 — >
2| m=8 —— 4| mM=8 ——
10 m=9 — 10 m=9 — ]
m=10 NN m=10
10-14 1 1 1 1 1 = 10-16 1 1 1 1 1
0 10 20 30 40 50 60 0 10 20 30 40 50 60

(a) (b)

Figure 3.3: Numerical results of DSM with the boundary data f(pe®™'") = log |pe?™™ — p(m)| (T € S;
m = 0,1,...,10). The gradients of the broken lines are the theoretical orders of convergence for the
corresponding solid lines. a L2-error estimate. b L>-error estimate

3.5.3 The case of a curve defined by a polynomial

The second example considers the case where €2 is the region surrounded by the following closed curve:

l
(3.5.2) D=0, (n), U,(2)=z+ 27

with r > 0 and [ > 0. ¥;, is a conformal mapping in D YD therefore k could take any value

between 1 and ’*\1/7“7/1 , which enables us to think x to be equal to l’{/m . In the following numerical
experiments, we take r = 8 and [ = 4. The collocation points {z; }é\’:l, the dipole points {y;}_,, and
dipole moments {nj}Y_, are defined as in (3.1.5) under p = 1 and R = 1.2, in which ¥ is replaced
with ¥, .. Note that R € ]\/kp, kp[. Therefore, although the definitions of the dipole points and dipole
moments in (3.1.5) make sense, the unique existence and covergence are not assured. However, as
we shall see in each Figures 3.5 and 3.6, the exponential convergence is achieved, and the order of
convergence is what we can expect from Theorem 3.1.1 and Corollary 3.1.2. Hence we can conjecture
that the unique existence and convergence hold for R € ]p,xp[. The shape of the region 2, the
arrangements of the dipole, and collocation points, and the directions of the dipole moments are
depicted in Figure 3.4.
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2 T T T T T T boundary curve
collocation points
15 dipole points
~r 7 dipole moments
1L i
05 | i
0L i
-0.5 L i
1L i
15 L _

Figure 3.4: Graphic representation showing the shape of 2, the arrangements of the dipole, and
collocation points, and the directions of the dipole moments when N = 60, p =1, and R = 1.2.

3.5.3.1 Boundary data f: a harmonic polynomial

Since f can be extended complex analytically to the whole plane C, the errors could be estimated in
a similar way as in (3.5.1). The results are found in Figure 3.5.

102 102
100 100
102 102
104 104 |
10 | 106 |
108 - 108 -
m=0 —— m=0 ——
m=1 — m=1 —
10 |[M=2 10 |[Mm=2
1070 1m=3 107 =3 1
m=4 m=4
m=5 — m=5 —
10-12 L L L L L L L 10-12 L L L L L L L
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160

(a) (b)

Figure 3.5: Numerical results of DSM with the boundary data f(z) = f(¥(pe®™'7)) = R(¥(pe™im)™)
(2 = U(pe*™™) € T, 7 € [0,1]; m = 0,1,...,5). The gradient of the hypotenuse of the red colored
triangle is the prospected order of convergence. a L?-error estimate. b L>-error estimate.
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3.5.3.2 Boundary data f: logarithmic potential

Since f can be continued complex analytically to the disk Dj(,y,), this results in the following error

estimate:
N/2 N
—a™ = P P
et o (e {(55) ™ (3)'})
N/2 N
_ ) — 1/2 P P
im0 (e (55) (2)'})

where p(m) is the positive real number satisfying ¥(p(m)) = p(m), and p(m) = 1.0 + 0.05(m + 3)
(m € {0,1,...,10}) in this experiment. The numerical results are shown in Figure 3.6.

m=0 —— 10-4_ m=0 — -
10% - m=1 1 m=1
m=2 10°F m=2 .
m=3 5 m=3
106 m=4 J 106 F m=24 1
m=5 2| m=5 |
m=6 10 m=6
~ m=7 —— 8l m=7 —— il
108 m=g 8 10 m=8 —
m=9 10»9_ m=9 4
m=10 m=10
10710 | | I I I | | 1010 ! | I I I I |
0 20 40 60 80 100 120 140 160 0 20 40 60 80 100 120 140 160

Figure 3.6: Numerical results of DSM with the boundary data f(z) = f(¥(pe?™7)) = log |¥(pe?™iT) —
p(m)| (z = ¥(pe®™7) € T, 7 € [0,1]; m = 0,1,...,10). The gradients of the broken lines are the
prospected orders of convergence for the corresponding solid lines. a L2-error estimate. b L>-error
estimate.

3.6 Concluding remarks

In this chapter, we introduced the concept of peripheral conformal mapping following Katsurada [48],
and used it to arrange the dipole and collocation points and to define the dipole moments. For this
situation, we proved the stability and exponential convergence of DSM. The numerical results in Section
3.5 show that our error estimate provides a good bound but that there is a slight overestimation, and
that our convergence theorem could hold even if R > /kp.

This presents an opportunity for further research, namely to extend this result to a multiply-
connected region. However, it should be considered that it would not be possible to apply the original
DSM to potential problems in a multiply-connected region, which may require some modifications.
Furthermore, the reason for the overestimate needs to be clarified. Finally, the approach in this paper
may be applied to the multipole method; therefore, the mathematical analysis of the multipole method
using the proposed method would be expected to be possible.

3.7 Proof of Lemma 3.3.8

We here prove Lemma 3.3.8. The basic concept is the same as that in [48].
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Firstly, note that ¢(™)(p) can be represented as
™ (p) = (Z é(m)@(m)> /oSN (p).
m=p

We decompose and estimate |g — ¢¥) llep/R,s as follows:

X . . . €P\? 2
le =12, 5. = 120) = dMOFP + Y lam) - m)P (%) n?
neZ\{0}

< T+ (2m) % {Ty + 273 + 214},

where

N R . R ep 2Inl s
n=1g0) - M OF, = Y i -a™mE(F) In>,
neA\{0}

n= Y P (L) e m= 3 e (L) e

nEZ\N)y nEZ\AY
We frequently use the following proposition without providing proof.

Proposition 3.7.1. (i) For arbitrary N € N we have |<p(()N) (p)| > 1.
(ii) For each n € Ay \ {0} we have \goglN) (p)| =27 (p/R)I".
(iii) For all € €]0,1[ and all t € R there exists some positive constant Ce, such that

t
max (N> N2l b < Cet
per\{o} | \[p|
holds for all N € N.

(iv) For all (e,s) < (1,—1) there exists some positive constant Ce s such that

Z |m|s€|m\ < C'E,SN%N_“"‘
mel(p)

holds for all N € N and all p € Aly.

In the remainder of this section we estimate each T; (j = 1,2,3,4). Since

§(0) = ™M)= | Y Gm)go) - Y Gmyam)| /o5 (p)

mel(0) meI(0)
we have
Ty = 1G(0) — g™ (0)* < Ty + Tha,
where
2 2
2 A R 2 R A
Tu= T(N) g Z G(m)q0)| , Tz = N, Z G(m)g(m)
‘<P0 (P)| meI(0) |SDO (,0)| mel(0)
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From Proposition 3.7.1 (i) and the assumption §(p/R)? < € we obtain

00 2
7 < (Z (;)’N) 40P < Cua (2) ol
=1
e (5

o (\V .
O N2 (5) ||q||§p/R7t otherwise.

N
) lall3,, 7. if e=0(p/R)?As—1<0,

Here and hereafter C:Eg:crff;tipt denotes some constant independent of N and each symbol may represent

a different constant. By Proposition 3.7.1 (i) and (iv), we have

2

ro<2( 0 L(2) " tm)

mel(0)
_1 e (oo, 11
<s| X2 limP (%) m D Gl g
mel(0) mel(0)
CaN 2 (£) Jal? it 6= = s <0
S ép/R,t =Y

< 0125_2NN_2thH§p/R,t < ¢

012N2(s—t) (6

N
) ||QH§p/R’t otherwise.

Here, we use the assumption 6! < e.
Next, we estimate Tp. For n € A’y \ {0} we have

i(n) —q™Mm)=| > Gm)im)— Y Gm)am)| /oM (p);

mel(n) mel(n)
therefore,
2 2
. . 2 A . A .
i) =iV < || 3 G| +| 3 Gmitm)
Pn P mel(n) mel(n)

holds. Thus, we obtain Ty < Th; + T, where

L= Y | X Gmim]| (L)

N
neAly\{0} 2 )(P)\Q mel(n)

L= Y | 2 Gmitm)| (L)

neA’y\{0} ln " (p)]? mel(n)

As to Ts1, from Proposition 3.7.1 (ii), we have

2 2

el 2 em) =1 3 @] ey

—
lon " (p) 2 mel(n) p mel(n)
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for n € Ay \ {0}; therefore,

T21 S 021 Z |d(n)|2 (%)Q(N—QMD (%)Q‘M ‘n|2s
neA \{0}

maxys— € N
< Oy N2max{s=1.0} (5) ||Q\|§p/R,tA21>

s p 2y N—2|n|
Agy = sup |n|2(57t)N72max{sft,0} { (7> } )
neA\{0} € \R

By ensuring that ¢ > §(p/R)?, the above supremum Ajg; is bounded as follows according to Proposition
3.7.1 (iii):

where

1 ife=6(p/R)?Ns<t,

o < 4=(s=0) if e =d(p/R)?> N s>t,
21 <
05671(p/R)z’,Q(S,t)NZ(Sit) if € > 5(p/R)2 Ns <1,
C(Se_l(p/R)2,—2(s—t) if e > (S(p/R)Q ANs>t
Therefore, we obtain
ey 2 ; 2

Co () NallZuyme if ¢ = (p/R)* As < t,
Ty < AN

Cy N2571) (5) ||q||§p/R7t otherwise.

For n € A%y \ {0} we have

o (%) Y

mel(n

R 2‘n| 1 o R 9 6p 2|m\ ot
< COx (p) San T Y > litm)] (R) m

mel(n)

1 1
2|m| 192t
mel(n) ) 0 m

by Proposition 3.7.1 (ii) and (iv). Thus, we have

R\ L —2t NN R 2 2t (€PN o
T22S0222 ” MN Z |g(m)] R m (E) n|

neAN\{0} mel(n)
N —2|n|
Ttmaxas e\ 1 s AT—2max{s
< 022||q||§p/R,tN2[ Fmaxts, 01 (*) sup (5) |n|?s N—2max{s,0} &
ne€A\{0} €

=:Az2

Because € > 6! we have the following estimate on Ay as a consequence of Proposition 3.7.1 (iii):

1 ife=0"1As5<0,
4=° ife=0""As>0,
Agp < 0s X
C(ets)—l’,g‘sN S ife>d"tNs<0,
0(65)717_25 ife>0"TAs>0.
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Therefore, we obtain

_os (ENN . _
Coy N2 (5) ||q||§p/R,t ife=0"1A5<0,

Ty < AN
Oy N1 (3) Hq||§p/R7t otherwise.

Concerning T3 we have

A s 2|n| e 2/n| .
s 3 1wl (%) sw {(5) mpeo )

n€Z\Ay

, N 2fn|=N (|| 27
< 2 2(s—t) (€ € ) .
< Cllllyn e (5)" s 1(5) (&

:2A3

Remarking that (e, s) < (6,t), A can be bounded by some positive constant. Thus, we obtain

7 < cane) (€)Y g2
= 5 dp/R,t"

Finally, as to T, we have

To=Y > i @+IN)P (%

pEN 1EZ\{0}

2|p+IN]| 5
) [p+ IN|** = Tyy + Tyo,

where

Ty = Z |lN|2s (%)ﬂll\” |(j(N)(0)|27

1eZ\{0}
< (€PN 2IPHINT
Tip= > Ip+INP (Ef)) 1§ (p)|?
peAN\{0} | lez\{0}
Here, note that the infinite series
s (€P 2|p+IN|
> v (L) (Vp € Ay)

lezZ\{0}

is absolutely convergent because of the assumption (¢, s) < (R/p, —1/2). By implementing Proposition
3.7.1 (i) we have |¢™V)(0)]? < CHqup/Rt and from Proposition 3.7.1 (iv) this yields an estimate

L [Ep\2N
Tn = CGP/R,%NQ (E) ’ OHQ||§,;/R¢
AR i -1 2
5) lall5,) ¢ if e=6"1(R/p)2 Nt >0,

e\ N .
Oy N0 (5> ||q||§p/R7t otherwise.

Cu N (

Concerning Tyo we first have an estimate of ¢¥)(p) for p € Ay \ {0}

M @) < (2;)7”2 atm)? @)'m ( zj)mm

=p
1 1 oy 1 2(N—|pl)
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Then, we have

Tp< Y. > Ip+INP

peA\0} [ \leZ\{0}

o (2) " (f)")
5>2( —p)l

[t

€

<C NZ[ermax{ft,O}] N 2 A
> Vep/R,2s 5 HQ||6p/R7t 425

where

N —2max{—t,0}
Agp = sup — {66 (ﬁ
pEN\{0} |

)Q}N—mm

—2[t+max{—t,0}] ) € (P 2\ V2
+Csa N a{emh .

=

R
Noting that € < §~1(R/p)? we have

s < C'N™? ife=0"Y(R/p)>At>0,
2= otherwise
due to Proposition 3.7.1 (iii). Therefore, we obtain
CuaNZ (€ N|| 12 ife=0"1(R/p)2At>0
Thn < 42 5 q dp/R,t - P = U,
42 < N
Cya N0 (g) ||q||(2;p/R7t otherwise.

Combining the above estimates we obtain

€,8 € N
la =012 . < ON2PE250 (2) laly s

as desired.
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Chapter 4

Method of fundamental solutions
for biharmonic equation in disk
based on Almansi-type
decomposition

Abstract

The aim of this chapter is to analyze mathematically the method of fundamental solutions
applied to biharmonic problem. The key idea is to use Almansi-type decomposition of
biharmonic function, which enables us to represent the biharmonic function in terms of two
harmonic functions. Based on this decomposition, we prove that an approximate solution
exists uniquely and that an approximation error decays exponentially with respect to the
number of the singular points. We finally present results of numerical experiments, which
verify that our error estimate is almost optimal. This chapter is based on the following
submitted paper:

e K. Sakakibara Method of fundamental solutions for biharmonic equation based on
Almansi-type decomposition, submitted.
4.1 Introduction and main results

Let 2 be a simply-connected region in the plane. We then consider the following boundary value
problem for biharmonic equation:

AN?u=0 inQ,
(4.1.1) u=f ondq,

ou

Eoie g on 0,

0? o o4

2 _
Where N = @‘i‘ 8x2ay2 +87y4
normal derivative of u on 012, and f and g are given functions defined on 9f2.

is the biharmonic operator in the plane, du/dv denotes the outward
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Chapter 4 Almansi-type MFS 4.1 Introduction and main results

Goursat [28] proved that for a given biharmonic function u, there exist two holomorphic function
o and 7 in Q) such that the following relation holds:

u(@,y) = @(2) + B(2) + 2(2) + 20(2) = 2R(p(2) + Z(2)).
Especially, defining v(z,y) = 2Rp(2), a(z,y) = 2RY(2), and B(z,y) = 23¢(2), we have

u(z,y) = v(z,y) + va(z,y) + yB(z,y).

Namely, the above implies that any biharmonic function can be decomposed into three harmonic
functions, two of which are conjugate harmonic. Moreover, Krakowski and Charnes [61] and Bock and
Giirlebeck [12] showed that the number of harmonic functions are indeed equal to 2, that is, for a given
biharmonic function u in §2, there exist harmonic functions p, q, D, q, D, q such that the following hold:

(4.1.2) u(z,y) = pla,y) + (2 + y*)q(z,y),

u(z,y) =Dp(z,y) + 2q(z,y),

u(z,y) =p(@,y) +yq(z,y).
Especially, (4.1.2) is a decomposition of Almansi type. Therefore we only have to find suitable approx-
imations of two harmonic functions. We hereafter consider the case of (4.1.2) restricted to the case
where 2 is a disk D, with radius p having the origin as its center.

Based on the Almansi-type decomposition of biharmonic function, the following scheme for MFS

can be obtained [42]. Choose the singular points {y}7_, as yr = Rw*~1, 1 <k < N, and construct
approximations for p and ¢ as follows:

N

PN (@) =D QhE@ —y), ¢ (x) =

k=1 k=1

M=

Qzﬁxx__yk%

where E(z) = (2r) !log|z| is the fundamental solution of the Laplace operator A, R > p, and
w = exp(27i/N). Namely, an approximation u(™¥) for the solution u of (4.1.1) is given by

N

(1.1.3) W) = 3°(@QF + 2P QI E(x — ).

k=1
Remark 4.1.1. In the usual formulation of MFS, the approximate solution is given by

N

(4.1.4) uM (@) = (QF + |z — yP QL) E(w — yr)

k=1

since the function (87)~2|z|?E(x) is the fundamental solution for the biharmonic operator A?. MFS
of the form (4.1.4) has been proposed firstly in Karageorghis and Fairweather [41], but there does not
exist any mathematical result so far.

The coefficients {Qz’q}fc\;l are determined by the collocation method, that is, take the collocation
points {z; }évzl as T; = pw’ —! and impose the following boundary conditions:

SuV)
(4.1.5) W) = ), (@) = gla;), G=1.2,..N.

This type of MFS based on Almansi-type decomposition has been investigated in Li et al. [67] and
some mathematical analysis has been done. However, they consider the Trefftz method rather than
the collocation method. Thus, the aim of this chapter is to establish mathematical theory of MFS
based on Almansi-type decomposition (4.1.3) together with the collocation method when Q is a disk
as a first step for developing mathematical theory in arbitrary region.

We are now in a position to state the main theorems of this chapter.
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Theorem 4.1.2. An approzimate solution uN) for (4.1.1) satisfying (4.1.5) exists uniquely if and
only if RN — pN # 1.

Theorem 4.1.3. Suppose that RN —p~ # 1 and R # 1 holds. Also suppose that the Fourier coefficients
{fntnez and {gn}nez of f and g can be estimated as follows:

Fuls 12 =0 ((p)'> (vn € ),

0 (N (fo)m) (B?/(pro) > 1),

Ju =™ @) = { 0 <N2 (;)N) (R?/(pro) = 1),

0 (N (E)N) (B/(pro) < 1).

where rg > p. Then we have

The contents of this chapter are as follows. In Section 4.2, we prove Theorem 4.1.2, which assures
the unqiue existence of approximate solution. In Section 4.3, the exponential decay of approximation
error, that is, Theorem 4.3 is proved. In Section 4.4, we present several results of numerical experiments,
which exemplify the sharpness of our error estimate. We also compare the conventional scheme (4.1.4)
with the present scheme (4.1.3) based on Almansi-type decomposition. In Section 4.5, we summarize
this chapter and give some concluding remarks.

4.2 Unique existence

In this section, we establish the unique existence of approximate solution u¥) for (4.1.1) of the form
(4.1.3) satisfying (4.1.5) provided that the singular points {yx}2_, and the collocation points {xj}j-vzl
are given as in the previous section.

Since we have

1 212 — yr1k2

Bz — ) = —
012 (@ = ) 21 |z — ygl?
0 9 o 1 T12 — Yr1,k2
Elx — — 9 o F( — P2 7 IkLE2
2l Ble — ) = 224aB(e — ) + a5 LU,

the normal derivative of u™¥) at x = (x1,22)T € 9Q can be computed as
N
8u(N) (x) _ Z Qi T1— Ykl i T
ov 2r|r — ygl? \T2 —Yk2/) x| \Z2

k=1
1 [z |z|2 1 — Yy 1 [z
1) op(y — 1)y L (%1 L+ (7 k1) L [T1
s {2 —u (7) 5y (0) e (2 20) 1

v {QZ @/lel 2= y) | oo {mm o 4 2B @/l L — ) H

2 [ —yl? 2 |z — yil?
N P 2

=5 [Lon (L) 4 fotele - o + o ()],
L2 \T = 2r \T =k
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Especially, on the collocation point z; = pw’ 1 we have

ouN) - [Qp wl q P’ W
W(zj) - Z {QW% <33j - yk) O {sz(Ij Tt %% (%‘ - ?/k> H .

k=1

Therefore the collocation equations (4.1.5) are equivalent to the following system of 2N linear equa-
tions:

GQ=0b,

where

G Gi2 2N x2N
G- € R2VX2N.
(G21 G22)

Gu = (E(z;—wy)| j,k=12,...,N) e RN,
Gi2 = (pPPE(zj —yk) | j,k=1,2,...,N) = p°Gy € RNV,

1 J—1
Gy = (%( d )’ j,k=1,2,...,N) e RVXN,

21 Tj — Yk

2 wi—1

G22_<2pE(CBJ—yk)+%< )’ ],k_l,Q,,N)
2m Tj— Yk

=2pG11 + p°Gay € RV,
»
Q= (Z) eB. @ - QT e R,
o= () em. 1= 16, s € RY,
g = (g(xl)vg(xQ)a s 7g(xN))T € RN'
We here note that each matrix G, is circulant. Indeed, we have

1 . . 1 i
(Gi1)jp = Ew; — yp) = 5~ log [pw’ '~ RoF 1l = 5 log |p — R,

2 .
(Gr2)jk = P*(Gu1)jk = 57 log|p — Rw"™,

1 wi—t 1 1
(Ga1)jk = %% <$J_ _yk> = %% (p— kaj) )

2
= 4 2 (Go)ik = Ploglp— Rt 4 P (— L
(G2 = 20(Cua) + (Gl = Llog o= R+ 0 ().

Therefore, using the discrete Fourier transform, these matrices can be diagonalized as follows:

WG W = diag [Yjko, Vikts - - > Vik,N—1)

1 .
where W = | —=wU~D¢=D
(7

5 k=1,2,..., N> denotes the discrete Fourier transform, and

N-1 1 N-1 1
_ ml m _ 2 _ 2 ml m
711l—mz;0w 3, loglp = Bw™|, miz = pPyiu = p dw 3, loglp — Bw™|,

m=0
N-1

1 1

ml

=Yoo (——— ),
Y211 m:Ow o (p—me>
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Chapter 4 Almansi-type MFS 4.2 Unique existence

N-1 1 N-1 1 1
-9 2 -9 ml 1 — Rw™ 2 ml R )
Y221 = 2p71u + P71 me:ow 5 08 [p— Rw™[ +p mE:ow 21\ p— Rom

Defining two auxiliary functions ¢; and ¢, as

N-—1 l N_lwml Z/|Z‘
wz(2)=;)w E(z — Rw™), 1/}1(Z)=mz_:o%%(w)

foreach [ =1,2,..., N, we have

(4.2.1) Yiu=@ilp), 2 = p2ei(p)s e = i(p)s e = 2001(p) + pPbi(p).

Consequently, we obtain

Y110 Y120
Y111 Y121
WAGW _ Y11,N—-1 Y12,N—1
Y210 Y220 ’
V211 V221
Y21,N—1 Y22,N—1
where
~ w O
W= (o W) :
Using the permutation matrix
P=(e1 enxy1 e enya -+ en ean),
we have
P UWLGWP = diag (9o, &1, -+, By_1), &= 7121) :
V211 Y221
thus

N-1
det G = ] det@,.
1=0
Therefore G is nonsingular if and only if all ®;’s are nonsingular. The determinant of ®; can be
computed as

det ®; = 117221 — V120721 = @1(p) 2001 (p) + p*i(p)) — P> i (p)bi(p) = 2p01(p)>.

Therefore G is nonsingular if and only if all ¢;(p) are not equal to 0.
In order to see the precise nature of ¢; and 1)y, the following lemma is useful.

Lemma 4.2.1. For all z = rel? (r € [0, R[, 6 € R), we have

1
?log\ZN—RNl (1=0),
v
er(z) =< N 1 /ralnl
_ 0 (D in6 — _
- In\(R> e (1=1,...,N—1)
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Also, for all z =re? (r €]0,R[, 6 € R), we have

neZ\{0}

Proof. We first prove formulae for ;. When [ # 0, we have

—1 N-1 N-1

= E(z — Rw™ Zlog|z—me|——log H(z—me)
m=0 m=0
1

= —log |z — RYN].
71'

When [ =1,...,N — 1, using the expansion

log |z — Rw™| = log‘—me (1 - %)’ 1ogR+1og’1 -

Rw W
—log R+ Rlog (1 - =) = log R - mz (me)
logR %Z ( ) mG —mn
il (£>n e1n9w—mn+e—in9wmn
—=n R 2
1 T In inf, —mn
=logR= 3 o () <"
n€Z\{0}
for z = rel?, we have
N-—-1
pi(z) = D w™'o—log|z — Ru™|
m=0
N-1
1 ! 1 7\ Inl ing —
_ m 1 _ - (7) in mn
o w og R Z 2] \R e w
m=0 nezZ\{0}
1 1 rInl in@Nﬁ1 m(l—n) N 1 I in6
=5 2 lp) X et =gy (R) e
n€eZ\{0} m=0 n=I

Next we prove a formula for ;. We can expand the kernel function as

z/|z| B el? B 1 el?
8%<2—me) B 8%< relf —me) _%(_me l—reie/me)
19 10 ! 1 S A" in —mn
n (S (5) ) (S ) e
1 Inl inf, ,—mn
~ Ty 2 (E) .

" nenn{oy

N——
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Therefore, we obtain

wml 1 r \n\ inf, —mn
W= 5y X (5)
m=0 nez\{0}
1 Il in(JN_1 m(l—n) N I in6
= 2 (g) X=X (5) 0
nez\{0} m=0

From this lemma, we have

1 N1 /py\l
L el _ RN I —=1,...,N—1).
@0(p> o og |p ‘7 <Pl(/)) A — |7’L| (R) <0 (l ’ ) )

Hence, we can conclude that G is nonsingular if and only if RV — p"¥ # 1 holds, which proves Theorem
4.1.2.

4.3 Error analysis

In this section, we give estimate for approximation error, which shows that the approximation error
decays exponentially with respect to NV when the boundary data f and g are analytic.

4.3.1 Exact solution for (4.1.1)

We here write down the exact solution w« for (4.1.1) by virtue of Fourier expansion. Since p and ¢ are
harmonic in the disk D,, they have the following complex Fourier expansions:

In| In|

T : r .

p(’l", 9) - Z an () em9’ q(r, 9) _ Z b, <> em&
nez p nez p
for 0 <r < p and € € R. Then the exact solution have the following form:

A\

u(r,0) = p(r,0) + rzq(r, 0) = Z(an +72by,) (p) einf
neZ

for 0 < r < pand 6 € R. The coefficients {a,}nez and {b,}nez are determined by the boundary
conditions. From the Dirichlet boundary condition, we have

f(e) — Zanein9 + ZprneinG,

nez ne”Z

that is,

1 27 )
ant o= o [ fO) 0= .
0
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Concerning the Neumann boundary condition, since the normal derivative of u can be computed as

ou  Ou
- _ - \n| inf \n|+2 inf
o= r|_ Tar |0t 2 pu’” +Zp\n\
T=p neZ\{0} nez r=p
1 ) .
== Z an|nle™® + p Z ba(|n| + 2)e™?
P nezZ\{0} neL
fZan|n|em9+pr (In| +2)el"?,
nEZ neZ
we obtain
an|n\ 1 [ —ing
Fobulln +2)= 5 [ @) A =g, (2 (o).

Using the above relations, we can write down {an }nez and {b, }nez explicitly in terms of the Fourier
coeflicients of f and g as follows:

1
o — (1+ '”') fu=B0n b= 350600~ nlf) (ne2)

4.3.2 Explicit form of the approximate solution

Let G’ = P~1GP and W/ = P~1WP, that is,

I I I

I wl w2l w11
wi= |1 I wil - o WD

I o wNSD 2(N-D L ,(N-D(N-D)

where I denotes the 2 x 2 identity matrix. Then we have
Plw-lawp = (W) ta'w,
therefore we have
(4.3.1) (WHTIG'W' = diag (®g, 1,...,Pn_1).
Using these matrices, the linear system G@Q = b could be transformed into the following one:
G'Q =0,

where

Q' =P'Q=(Q.01.Q5.0%. ... Qx. Q)"

b =P f = (f(@1),9(x1), f(x2),9(w2),. ., f@n), g(an)) "

We can represent (G')~! explicitly from (4.3.1) as follows:
1 & .
(@)= (@) ey | ki=12 N) (@) ey = Dow e e R,
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If we write the boundary data f and ¢ in the form of Fourier series expansion

— Z‘fnein&7 g(€> _ ZgneinQ

nez nez
then the coefficients {Q}'?}Y_ are given as follows:

Qi al 1 al (k=) (I-1) g—1 In (G=1n
o) 2 (3T ) 2 0)-

j=1 ne

g )

nez

Therefore the approximate solution can be written as

WE

uM@) = (QF+1aPQ)) Blw —ye) = 3 B =) (1 lﬂ)(’é)
1

E(x—yk 1 ‘LE| Zw(k 1)71(1) (fn)

M= 11

k=1 nez
=S n@) (1 [af?) @5 (gn)
nez "
Pn Z‘)
= det(<I> [sznfn — Y12,n9n + |z|? (=21, fn + 711,n9n)] .
nez n

Therefore we can evaluate the error ||u — u™) || 1) as

l[u— U(N)HLoc(m = sup fu(re'’) — U(N)(Teieﬂ
0<r<p
0eR

In| i0
_ Z r ino _ B Pn(rel”)
- Oilig (an (p) € (7227nfn '712,ngn) det @n )
STSPnez
6eR
In| i
§ : el $nlre
+T2 ( < ) o (7’721,nfn + Vll,ngn) de(t(I> )> |
ne”Z n
In] i0
Inl\ (T inf Pn(re”)
= n 1 LAREk — mo _ p—_
2 |2 (( T2 )\5) ¢ TP s,
STSPnez
0cR

In| i0
E _F m9 Pn (re )
+ gn ( ( ) + '712 n det @n )

neZ
In| i0
22 _ z 1n0 @n(re )
+r fn ( (p) +721,n det@n >
neZ
n| i0
1 .
2 - 1n9 _ QDTL(Te )
+r E gn( ( ) ’Yllndetq) )'
nez
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Since the 1st and 2nd terms are harmonic, and the 3rd and 4th terms are of the form 72 x harmonic,
the above can be bounded by

(432) Z (lfn|gln + |gn|92n + pQ‘fnLan + p2|gn|g4n) s
nez

where g, = supgcp jn(0) and

7]\ ine on(pe) P ino n(pe)
n 0) = 1 -~ Y — n" 5 ;. | n 0) =|—=e" n-y . = |
o1n (0) ‘( + 2 © 22, det @, a2n (0) 2e T, det ®,,
|Tl| ind @n(pew) 1 ing ‘Pn(pew)
n 0) =|— 1 n 3 n 0) =|—e" — n
asn (6) ‘ 2p2e + 2, det @, @n(6) 2pe TN et D,

Firstly, we give global estimates on g;y,.

Lemma 4.3.1. There exists some positive constant C = C(p, R) such that

9in, 93n S C(]- + |n‘)v 92n, 94n S C
hold for alln € Z.

Proof. Note that g, = gjm holds if n = m. Therefore we only have to show that the desired inequalities
hold for n € Aly.
We first show the estimate on gi,,. By definition we have

In| ©n(pel?)
n 0) <1 a n" 3 .+
larn ()] < 1+ 57 + 17020 =g =0

for all § € R. Since Va2, = 2p0n(p) + p*thn(p) and det @, = 2pp,,(p)?, the 3rd term is bounded as

< (1 + pl%(ﬂ)l) lon(pe®)]

on(pe?)
U 2 leal) Tento

V22n det &,

When n = 0, we evaluate |¢o(p)], [¢¥0(p)|, |¢o(pe'?)| as in the following. As to |¢o(p)|, we know
that |po(p)] # 0 and

eo(p)] = | —— Tog(p™ — RV)| = = |Nlog R +1 (1—(3))N—> N
polp)| = |5 log(p =5 [Nlog og 7 0o as 00,

which implies that there exists some positive constant C’ such that |pg(p)] > C” holds. Next, |1 (p)]
can be bounded straightforwardly as

N
o =V ()"

Finally, concerning |¢o(pei?)|, we have
i 1 i 1
)] = |10 )~ RN < o ma {108(RY = ), 1ou(RY + )1}

These estimates lead us to

N lo RN+ N
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When n € Ay \ {0}, we have

onlo)l = |5 3 (5) " = ev (£)"
Im| In]
oo =1 3 g (8) 2 g (B)
enloe®) = |1 0 o (B) e < 23 o (2) = et

Therefore we obtain

jonn(0)) < 1+ 24 (14 Clnl) < €1 + )

Using the estimate on gy, and the relations (4.2.1), we have

P, plen(pe) |, 1 [a(p)l len(pe)]
az(@)] < 24 L1l < L 7
OS5 5 e O =02 T ] e
1 1 |po(pe'®)|
g (0)] < — 4+ —————.
24 ()] 20 2p |en(p)l
Hence we have the desired global bounds. O

We next give more precise estimates on g, for 0 <n < N/2.

Lemma 4.3.2. There exists some positive constant C = C(p, R) such that

910,90 <C(£)N 420, 9 <CN—1(£)N
10, Y30 > R ) 20,940 > R )

and

Cn (p>N72n

N —n \R

P N—-2n
9in; 93n S Cn (E) ) 92n; 9an S R

hold for 1 < n < N/2 with sufficiently large N.

Proof. We first note that if IV is sufficiently large then |pg(p)|~ < C/(N|log R|) holds.
Firstly, we show estimates on ¢1,,. When n = 0, we have

volpe®) | _ 12p00(p)* — (2pp0(p) + p*%0(p))po(pe)]
det @ 2p¢po(p)?
_ 12p00(p) (90(p) — 0(pe®)) — p*o(p)po(pe™)|
2p0(p)?
 leolp) = @olpe®)l | p [¥o(p)] |o(pe)]
[20(p)] 2[eo(p)| leo(p)l

la10(8)] = \1 -

The previous estimates yields the following bound for the 2nd term:

P [ho(p)] [o(pe®)| PN
3ot oot <€ (&)
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As to the 1st term, we have

lv0(p) — wo(pe)]

|
[N}
—
9]
0
<

IA
3|~
[]#
~] =
~
=
~_
=4

AN

Q
~
o] RS
N—
=4

Therefore we obtain

When 1 < n < N/2, since Y22, = 2p0n(p) + p*10n(p) and det ®,, = 2pp,,(p)?, we have

01\ e ©n(pe'?)
1 = 11 _ ”
< TR ) T s,

1 2 n in 2 i
G {2”“""(” (1 ¥ |2|) " — (2pga(p) + p wn<p>>gon<pe9>]

m {2,0%(/)) (sﬂn(p) (1 + |n2|> e — oy (pei‘))) = P (p)Pn (peia)]
=:(%)

The equation (*) within the brackets can be computed as follows:

() =2p- % 2 \}| (%)m

l=n
=¢n(p)
N 1 /pyIml |\ 0 —N 1 /spN\Iml 0
_ - K 1 = 1m _ - (7) m
X{ o sz: Im| (R) ta)e in 2 Jm] \R) °
:90”(0) :Lpn(pe“’)
VPN 1 /pylml
2 ~ _ i imé
P 47‘1’p;(R> 47 mzzn |m| (R) ¢
=n(p) =pn(pei?)
_pN? i(g)'” L(g)'m' ino _ im0
" 8e? 2 \R mZ:n|m| r) -
pN? 1 p)ll\ |n| p)lm\ o PN? (p 1] 1 (p Iml . o
T l6m2 2- 7] <R Z m| <R © T e & R) ' m| R) ¢
I=n m=n l=n m=n
_pN? i(ﬁ)m 1 (ﬁ)lml ing _ _im6
" 8e? 2 \R §n| &) @7 =) @
pN2 1 (ﬁ)“l—Hml |£| ind _ . im6
* 62 ;n iml \R e o ®
(1;m)#(nn)
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(D can be bounded as follows:

z Wl\ (%)\m (en? _ i)

m;én
> tN+n ) )

L in0 _ _i(tN+n)o
> (v () ety

1 P tN—n in i —-n
riya (7) @

< VSt () e (7

t=1

< (B (RS @ <crm ()

t=0

121
Ol 87r2 ﬁ (%) |

(&)

2 is decomposed into 3 parts as follows:

2 n m
o= i () 2 () e e
i@ 2 ()@
(n)
1 1 0] v im
lg(:) p m;)m(@ MLI 0 ﬂ ...... ®

_ (PN PN 0 N0
R z_:{thL(R) S )

() Sl (0w ()]
e OREES 1O
v @) ()@ s G

o -2 [E{ ) B () )
SEE[ET GG
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o1-| = G (S awtes G (oo

lel(n) t=1
1 PN ] e ien—nye
+tN—n(R) (|ze ¢

S PO DT (Ci
TS B G

Combining the estimates on @), @), and (%), we have

@ < PN2[ C1 (ﬁ)N+@(£)N+ Cs (p>2(N—n)]

1672 | N —n \R n \R N —-n\R

2 2 2 —n
s¢ {NN—n (%)N + N? (%)N + NN—n (%)Z(N )} '

Therefore we have

@ + @]

co[ i ) B ) )

Hence we obtain

2 2 2 2 (N—n)
C[n(]\]fv—n) (%)N—I—N]\[—n(%)N—I—%(%)N—i—N]\[—n(%)QN }

aln(a) S

<Cn (%)Nﬁ% ;

that is, we have shown that
P N—-2n
gin = sup ai, () < Cn (E> :
feR

We next show the estimate on go,,. By definition, we have

i60
P in $nlpe
ann(0) = |- 5o+ o () 2200

sl Jing_ Pn(pe?)
pen(p

on(p)

_ plen(p)e™ — pu(pe)]
2 lon(p)l

_r
2

Therefore we find the following estimate from [49, Lemma 2]:

gzog()N*(ﬁ)N, gon < 2" (E)N_Qn <1§nSN>.

R N —-n\R
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By definition, we have

Pn (pew) _ 1
2p0n(p)?| 2p%0n

asn(0) = —2|npzei”9 +Yn(p) (0)2 |[nlen ()€™ — prpn(p)n (pe®)| .

When n = 0, we have

L plaollentoe < € (2"

“0l®) = 3 o2

When 1 <n < N/2, we have

Inlen(p)?€™ — pn(p)ion(pe'?)

-N 1 /p\ll =N 1 /rpy\I™ 0 -N o\ =N 1 /pN\Iml 0
= Xg (5 wXm®) M rma(®) iR

l=n I=n m=n

N? Lo rp\IHHmETn] g ime
“mﬂl%%pm(R) Lze —e

N2 Lorp\HUH™ITn| (e
~ 1672 2 W(E) [ue B

l,m=n

(I,m)#(n,n)

Therefore, we can estimate s, (0) in the same say for aq,(6) as follows:

azn(0) < Cn (%)N_%, or gz, <Cn (%)N_Qn.

We finally show the estimate on g4,. By definition, we have

1 en(pe’) | _ 1| ino _ #ulpe)
a1 (0) = |35 — pn() 2L | = L o
i 2p " 2000 ()2 2p n(p)
which can be bounded as s, (6), that is,
N Cn [p\N-2n N
< -1(L < = < —
0(d) < CN (R) » uan(6) < N—n(R) <1—”§ 2)‘ -

We then give the error estimate here. Using the symmetricity g;, = g;,—n, we have by (4.3.2) that

lu =™ e <Y (Ifnlgin + gnlg2n + 071 falgsn + p°|gn]gan)

neZ
:2(|f0|910+ IgO‘gQO+p2|f0|g30+p2|go|g40) <1>
[N/2]
n=1
+2 Z (‘fn|gln + |gnlgon + p2|fn|93n +p2|gn|g4n) .o (3)
n=[N/2]+1

(1) can be estimated as
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(2) is estimated as in the following way:

[N/2] n Vo NIV, o
P " R
2) <C — = <CN (= —
(2 = nzz:l <r0> n(R) - R = <pr0>
Using
™ e 1)
m 7_71 ’
ZTm§ m (ifr=1),
n=1 1
(ifo<7<1),
1-71
for 7 = R?/(pro), we have
N/2
CN (Tp) (R%/pro > 1),
0
(2) < 2 (P\N 2
=) CN (ﬁ (R%/pro =1),

CN (%)N (R?/pro < 1).

Finally, the last term (3) can be estimated as

[%S) n N/2
be £ () =ee)”
ne[N/2+1 N0 "o

Hence we have shown Theorem 4.1.3.

4.4 Numerical experiments

We here present some results of numerical experiments.

4.4.1 € disk

We first consider the case where (2 is a disk D,, where p = 1. We adopt the following polynomials as
the boundary conditions:

(4.4.1) fla) =af — a3 (v = (v1,22)7), gla) =4z}, —2)" 0.

Then, it can be easily checked that u(r) = x$ — x5 is the exact solution for (4.1.1). We define R equal
to 2, and the result is depicted in Figure 4.1. It can be observed that our error estimate grasps the
behavior of approximation error very well. Moreover, it can be found that the order of convergence
for the present scheme is higher than that for the conventional scheme, which yields the difference
in accuracy. In order to investigate the reason for such a phenomenon, it would be expected that
backward error analysis should be done in future work.

4.4.2 : interior simply-connected region surrounded by polynomial curve

We next consider the case where the boundary I' is given by a polynomial curve ¥;,., where r = 8,
I =4, and ¥;, is defined in (3.5.2). It is natural to expect that theoretical error analysis could be done
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2 T

m
Almansi MFS
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Figure 4.1: Numerical experiment with boundary data f and g are given by (4.4.1), and the parameter
R = 2. The blue colored line and the orange colored one represent numerical solutions obtained by
the conventional scheme (4.1.4) and the present scheme (4.1.3), respectively, and the gradient of the
hypotenuse of the red colored triangle is the theoretical order of convergence.

for the present scheme as we have shown in Chapters 2 and 3. Therefore, we here present numerical
experiment for the case where {2 is the interior simply-connected region surrounded by polynomial
curve, and verify numerically that the same error estimate could be obtained. The parameter R is
taken to be equal to 1.2, and the boundary conditions are given by (4.4.1). The result of numerical
experiment is depicted in Figure 4.2. We can also observe in this situation that the accuracy of
approximate solution by present scheme is better than that by conventional scheme. Moreover, its
convergence rate is what we can expect from theoretical analysis of MF'S and DSM in Chapters 2 and
3. Therefore, it should be expected that theoretical convergence analysis could be done in the case
where 2 is bounded by an regular analytic Jordan curve.

4.5 Concluding remarks

In this chapter, we have considered a typical boundary value problem for the biharmonic equation, and
its approximate solution by MFS based on the Almansi-type decomposition of biharmonic function.
As a result, we have proved that an approximate solution actually exists uniquely except for at most
one value of N, and an approximation error decays exponentially with respect to N. Numerical results
have supported our error analysis.

We here note that Almansi-type decomposition can also hold for polyharmonic function, therefore,
our approach in this chapter can be applied to boundary value problems for the polyharmonic equa-
tions. Possible direction of the future research can be listed as in the following. The first topic is to
extend the results in this chapter to general Jordan regions. Numerical results in section 4.4 strongly
imply that theoretical error estimate such as in Chapters 2 and 3 also hold for present scheme. The
second topic is to compute numerically the stream function for Stokes flow. Since the stream function
for Stokes flow satisfies the biharmonic equation, there exists possibility to apply the present scheme
to Stokes flow, which enables us to understand the aspect in the Stokes fluid.
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2 T

usual MFS
Almansi MFS

~10 I I I I I
0 20 40 60 80 100 120

Figure 4.2: Numerical experiment with boundary data f and g are given by (4.4.1), and the parameter
R = 1.2. The blue colored line and the orange colored one represent numerical solutions obtained by
the conventional scheme (4.1.4) and the present scheme (4.1.3), respectively, and the gradient of the
hypotenuse of the red colored triangle is the expected order of convergence.
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Chapter 5

Method of fundamental solutions
with weighted average condition
and dummy points

Abstract

The aim of this chapter is to develop the method of fundamental solutions using weighted
average condition and dummy points. We accomplish mathematical analysis, a unique
existence of an approximate solution and an exponential decay of the approximation er-
ror, for potential problem in disk, and show some numerical experiments which exemplify
sharpness of our error estimate. This chapter is based on the following submitted paper:

e K. Sakakibara and S. Yazaki, Method of fundamental solutions with weighted average
condition and dummy points, submitted revised vertion to JSTAM Lett.

5.1 Introduction and main result

Let Q be a Jordan region with smooth boundary 9€2. Then we consider the following potential problem:

Au=0 in Q,
(5.1.1)
u=f on 0f,
where f is a given datum. In this chapter, we develop new formultation of the method of fundamental
solutions (MFS), which is numerical solver for linear homogeneous partial differential equations, by
introducing dummy points and weighted average condition. Namely, we seek an approximate solution
u™) for the problem (5.1.1) of the form

1

]
5 og |z|,

N
(5.1.2) u™M () = Qo + ZQjEj(x), Ej(z) = E(x —y;) — E(x — zj), E(x)
j=1
where {y; }§V21 and {z; }é\,:1 are the singular and dummy points, which are taken in C\ Q, respectively,

and F is the fundamental solution of the Laplace operator /A. The coefficients {Qo}j»vzo are determined
by the collocation method and weighted average condition, that is, choosing the collocation points
{z;}_,, we solve the following linear system:

(5.1.3a) uN(z;) = f(z;), j=1,2,...,N
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with the weighted average condition:
N

(5.1.3b) Y QiH;=0, H;eR (j=12,...,N).
j=1

In this chapter, we consider the case where €2 is a disk D, with radius p having the origin as its center,
and choose the collocation, singular and dummy points as follows:

(5.1.4) zj=pw’t y; =Rl 2z =RowT' j=1,2,...,N,
where R > p, 0 > 1 and w = exp(2wi/N). The following are main results of this chapter.

Theorem 5.1.1. Suppose that the collocation, singular and dummy points are chosen as in (5.1.4).
Then, an approximate solution of the form (5.1.2) satisfying the collocation equations (5.1.3a) and
the weighted average condition (5.1.3b) actually exists uniquely if and only if the average Z;\le H; of
weights {Hj}é»v:l is not equal to 0.

Theorem 5.1.2. In addition to the hypothesis in Theorem 5.1.1, suppose that the boundary f is real
analytic. Namely, there exists some constant b € 10,1[ such that the Fourier coefficients {f,} of the
boundary data f can be estimated as follows:

[fal =00@")  (n€z).

, such that the following error

Then there exists some positive constant C', which depends on )Ef\il H;
estimate holds:
PN 12 2
C = if bR /p* < 1,
5 _ @) ‘ < o\NN
spfule) = @S en (£)7 iR/ =1,

CHN/? if bR%/p? > 1.

The contents of this chapter are as follows. We prove the unique existence (Theorem 5.1.1) and
exponential decay of an approximate solution (Theorem 5.1.2) in Sections 5.2 and 5.3, respectively.
In Section 5.4, we show results of numerical experiments together with that of condition numbers,
which imply that we should place the dummy points not so far from the boundary 02 of Q2. We finally
conclude this chapter in Section 5.5 by giving some concluding remarks.

5.2 Unique existence

The collocation equations (5.1.3a) and the weighted average condition (5.1.3b) are equivalent to the
following linear system:

(5.2.1) GQ =,

where

_ 0 HT ~ NxN
G(l é), G = (Ej(a)) € RV,
H=(H ,Hy,....,Hy)" eRY, 1=(1,1,....,D)T e RV,

Q = (QO;QD"'?QN)T € RNJrlv .f = (Oaf(xl)avf(xN))T € ]RNJrl'
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The (i, 7)-element of G' can be rewritten as
Ei(z;) = S log |p — R ™| — € log |p — Row’ ™|
T 27 2T '
Thus G is a circulant matrix, that is, G can be diagonalized by discrete Fourier transform. Indeed,

putting
- 1 ) .
W= ——u-DGE-1
(7=

z’,jl,?,...,N) e CNXN,

we have R o N N N
WIGW = diag (@8 "0), 8™ (), -,wgv_)l(p)) ;
where N
PV (2) = > wPFTVE(2).
k=1
Therefore, defining
w— (1 0"
T\ G’
we obtain
1 A H™W
WGwW = <W11 WIGW>
N N _ N _
0 N71/2 Z H; N71/2 Z Hiw“l L N71/2 Z Hiw(zfl)(Nfl)
i=1 i=1 i=1
5.2.2
(522) v V) 0 0
| o 0 oM (p) 0
0 0 0 o1 (p)

Therefore det G, the determinant of GG, can be explicitly computed as

N N—1
det G = _ZHi H (pl()N)(p).
i=1 p=1

The following lemma represents more precise nature of the function go,()N).

Lemma 5.2.1. For any z =rel?, r < R, € R, we have

1 2N _ RN e
. glog N RN ifp=0 (mod N),
vp (2) = N 1 ( r )Im\ Lo L] ime therwi
- Z ol \& ~ | € otherwise.

The above lemma is a direct consequence of [49, Lemma 1]. Then we can easily verify that
@;N)(p)<07 p:172a"'7N717

which implies that the coefficient matrix G in (5.2.1) is nonsingular if and only if Z;\;l H; # 0. Thus
Theorem 5.1.1 has been shown.
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5.3 Error estimate

We compute G~1, the inverse matrix of G, explicitly from (5.2.2). Defining

N
0 N2y H

A= i=1 ,
N2 oM (p)
12 9% i 12 98 (N—1)(i-1
B N /Zwl H, --- N /Zw( =1
=1 =1 )
0 0

D =diag(2'™ (p), ..., o, (p)),

we have
A B

—1 o

w GW_(O D)’

which yields that

I
=

A"l —A-'BD™!
11717 _ -1 -1 _

WG—W = (W "GW) _(O p-1 )
Each component can be easily computed as follows:

N ogi—1)
w " TV H,;
_ o) N-1/2 oSV () 21 ’

1 (N) _N-L/2 X H, N &) N
A _ ®o (p) 21 il S H; eo (P S op,
- N 1= - =1 i=1 bl
SYH; \-N-1/2 0 N/ 0
i=1 H;

1 1
D_lzdiag< sy ),
oM (p) oW1 (p)

% i—1 N N—DG-1)
W' H; W N ==,
N-1/2 o5 (p) = o N-1/2 eV (p) = ’
(N) N, (N N,
Y1 (P) Z H. ¢N71(P) E H
AT'BD! = = =
- - N
(N-1)(-1) .
o w ,
2w 'H; 1 _7121 ’
N N
S @0 S H, P21 ()
i i=1

i=1 1

From these expressions, we obtain the explicit formulae for coefficients {Q; }évzo as follows:

N
y Yo i H
Qo = Z[G Yol flk = Z N Zw—(k—l)(l—l) oN) i=1 - Flan)
k=0 k=1"" I=1 Pi—1(p) S H;
i=1
(N) N
_ 1 ©o (p) (i—1)
n=0 S Hj n#0 $n \P) =1
j=1
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and
N
Qi =) (Gl
k=0
N X WE=Da=1) g, . LN .
- = —(k=1)(1-1) =1 il (1—k)(p—1)
_Z NZ“’ N cp(N) )+NZ“ <,0(N)(p) f(zk)
k=1 1=2 S H; i—1( p=2 p—1
i=1
N n(-1) N
n(t— w
N P\ = = 2w TV H + ™) > Hi
Z H; n#0 n (P) i=1 e (p) k=1
i=1
for j =1,...,N. Therefore we can write down the approximate solution u(") as follows:

N
W) = Qo+ QEy(a)

j=1
1
:an+ - pfnzwnz I)H
n=0 Z H; n#0 (,On p
=1
N N . n(j—l) N
j=1 Z H,; n#0 “n (P) i=1 en - (p) k21
=1

= fot

n=0 Z H; n#0 $n (p) =1
=1
1 N ) N
—— an(zfl)Hi Z Ej (N) Z H, an(J NE (z)
on ' (p) =1 j=1

n=0 ZH n0

i=1

+ Y Hi

[sof)m () — oM (@) | & ¢%N)(w)]
e (p) = M)

Since the exact solution u for the problem (5.1.1) is written by the Fourier series as

u(z) = => fn ()ln et

nez

owing to the maximum principle for harmonic functions, we have

sup [u(z) —u™ (@) = sup |u(z) —u™ (2)]
z€Q €0

=sup > fue™ = > fut
neZ n=0 Z Hz nz0
i=1

N N i N N i
25" (p) — o (pe) P (pei?)
™ +2_ H
n (p) =1 on ' (p)
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<3 fulsuple™ — 1]
n=0 oeR

L o™ () N,
+Z|fn|sup el ~ (SOO (p)(N;DO (pe )+ZH1<7@ (N()( )>
Z H,, P)

nZ0 on ' (p) k=1 Pn
k=1
(631) =Y [falgl™,
nez
where
sup [e™? — 1] if n =0,
6eR
N) — (V) (N)( ey N (N)(.i0
9n . 1 _ 1 " i
sup [ei™? — - ¢ (p) NSOO (pe'”) + Hk% if n # 0.
OcR o™ (p) - o (p)
Z n k=1 n

We split the error bound (5.3.1) into three parts as

[N/2] 00
ST 1ald® = 1£olgs™ + 3" Ufal + 1F=aDgi™ + 3" (1l + [ F=ngl
nez n=1 n=[N/2]+1

(N)

and estimate them. We immediately obtain from the definition that g5 ' = 0. In order to estimate

the second term we prepare the following lemma.

Lemma 5.3.1. For sufficiently large N so that (p/R)N < 1/2 is satisfied, there exists some positive
such that

g,(lN) <c (%)N72n

N
i=1

constant C', which depends on

holds for 1 <n < N/2.

Proof. We estimate the following equation for 6:

(ZH ( 1n9 (p) — ng)(peie)) _ ((péN)(p) . (péN)(peie))> .

N
2 1%071 ( )
We obtain from Lemma 5.2.1 and [49, Proof of Lemma 2] that
2N N—n 2N N-—n AN N—n
in (N) o) A v (P < s
[0 (o) = e () < iy (%) HETEETD) (%) S AN =n) (&)

We also have from Lemma 5.2.1 that
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Concerning the term goéN) (p) — goélv)(pew)7 we have

1 1 i
—log|p™ — RN| — = log|(pe’)" — R"|
2 2

RN <1— (E)Nﬂ _log

= (- ()]

[n| In|N nN
LIS )]s LR () IS8
nZ0 nZ0
(p/R)™ N
%'1—p(p}jR)N§%(%) :

which yields that
(V) (N)(, iy < 2
0o (p) = o " (peT) < —
Summarizing the above, we obtain

i< s (BY (Sl s (0 )

N
N ZHk
S H; k=1
i=1
DIORS

N
> Hi
k=1

8
< €
> Hi|(1-071)

which is the desired estimate. O

Concerning the third term we need the following lemma.

Lemma 5.3.2. Suppose that N is taken large enough to satisfy (p/R)™N < 1/2. Then there ewists

some positive constant C', which depends on ‘Zivzl H;|, such that the following estimate holds for all
n € Z:

g <.
Proof. Note firstly that the function @%N) satisfies the following relations:
(5.3.2) pM =M (n=m (wod N)), oM (p) =\ (p) (n=1,2,...,N-1).
(N)

When n = 0, it is clear that gy’ = 0. When n € I(0), using the periodicity of @%N) with respect to
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n, we have

(N) (N)

N N), i N N
mo 1 <s06 '(p) = 57 (pe?) oy (pel ))
OER JZV:HZ, vy " (p) k=1 eo ' (p)

where we have used an inequality supgep \(p(() (pel?)| < |90(N)( )|, which can be proved as follows:

(N oy | L (pe)N — RN _ 1y 0N _ pN| O\WWN N
0o (pe™) = | 5 Og‘(pew)N(aR)N 27T|0gl(,0e )Y — RN| —log|(pe”))™ — (Ro)™||
. N : N
_i N B pe19 B N B pe19
=5 log |R (1 ( 7 ) > log|(Ro)™ | 1 T

1 1 /p\"N . X1/ p "N .

— — |-Nlogo - RS = (7) inNO N 2 (7) inNe
27 087 ngl n \R ¢ + 7;1 n \Ro ©
1 InlN 1 inNo

=5 —N10g0+22| ‘( ) <J|nN_1>e

n7£0

1 In|N 1
< — -
= o0 Nlog”+z 2| | (%) (1 gnuv)
n;ﬁO
1 pAN p \N
=50 (Nloga—log 1—<§) ‘—Hog 1—(E) D
1
=5 (Nlogo + Nlog R —log |[RY — pN| — Nlog(Ro) + log |(Ro)™ — pM|)
1 (Ro)Y —p" - RY (V)
— 71 = 71 = .
o0 og RN — o og ,ON — (RO’)N |800 (p)|

When n # 0, we only need to consider the case where 1 < n < N/2 owing to the periodicity (5.3.2).
As we have already written in the proof of Lemma 5.3.1, we have

8 (p) — 08" (pe")| _  4/m(p/R)N _16m ¢ p\N-n
|90$LN)(P)| S]\/v/(47rn)(p/R)n - N < ) <8

Since supycp \gogl (pel?)| < |<p(N)( )| holds, which can be proved in similar way that for cp(()N)7 we
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(s m)).

Hence, defining a constant C' as right hand side in the above inequality, we obtain the desired estimate.
O

obtain

N

>

k=1

oM <1+

N

\g

H;

i=1

Proof of Theorem 5.1.2. Using the estimate (5.3.1), Lemmas 5.3.1 and 5.3.2, and the assumption on
the decay of Fourier coefficients of f, we have

(N/2] p N-—2n 0

sup |u(z) — U(N)(l’)’ <20 Z b - (E) +2C Z b"

2€Q n=1 n=[N/2]+1
N/2]

N2 g™ >
— 920 (%) 3 (/)2) 20 Y o
n=[N/2]+1

The summation part in the first term in the right hand side can be estimated as follows:

e When bR?/p? < 1, we have

Ly ML R g (2

(1st term) = 2C (R g bR =

e When bR?/p? = 1, we have
p\N [N pAN
= — =] < — M
(1st term) ZC( ) [ } <CN (R) ;

e When bR?/p? > 1, we have

(1st term) = 2C (ﬁ)

N bR? (bR?/p?)V/2 — 1 p\N bR\ bR2 1
R} p2 <QC( ) 2

P> bR?/pP-1 ~ " \R p? 2 bR?/p? — 1
1

<ocpNz. L
S 2O T R

The second term can be estimated by straightforward computation as follows:

1 < ﬁbN/?

(2nd term) = 20pIN/2H1 T3 513

Summarizing the above, we obtain

C (E)N if bR2/p? < 1,

R
8 _ (V) ‘ < p\N
sup |u(z) —u'(z .
sap |ulo) Wl=qen (E) if bR?/p* = 1,
CoN/? if bR?/p? > 1,
which concludes the proof of Theorem 5.1.2. O
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5.4 Numerical experiments

In this section, we present some results of numerical experiments in order to examine the sharpness of
our error estimate. Throughout these experiments, we only consider the case where p = 1, which is
the radius of the problem region €.

Ezxample 5.4.1. We first adopt harmonic polynomials as the boundary data, that is,
flx)=Rz™ (x€0), m=0,1,...,5.
Parameters are taken as follows:
e R =2 (the parameter for singular points);
e 0 = 2 (the parameter for dummy points);
e Hi =1+ecos(2mj/N) for j =1,2,..., N (the weights), where e =0, 1.

The result is depicted in Figure 5.1, in which the horizontal and vertical axes represent N and common
logarithms of errors, respectively, here and hereafter. We can observe that the errors decay exponen-

prERiiiinaaa
SLLLLLLLLLLE
i

_16 I I I I I
0 10 20 30 40 50 60

Figure 5.1: Numerical experiment with boundary data being harmonic polynomials, and the parame-
ters R = 2 and o = 2. The solid lines and dots represent numerical solutions where ¢ = 0 and € = 1,
respectively, and the gradient of the hypotenuse of the red colored triangle is the theoretical order of
convergence.

tially with respect to N, and their convergence rates agree well with the theoretical error estimate
Theorem 5.1.2, which tells us that ||u — u™)|| 1) = O((1/2)"). We can also see that differences of
weights affect very little behavior of errors. Note that lines corresponding to the case m = 0 do not
appear in Figure 5.1, since the numerical solution coincides with the exact solution in this case.

Ezample 5.4.2. We next consider the case where the boundary data are logarithmic potentials:
f(z) =log|z — x| (x € 0N),

where x( is the singularity of f, which is located outside ). In this case, the approximation error is
estimated by Theorem 5.1.2 as follows:

lu— U(N)”LO"(Q) = O [ max (E)Ny <p>N/2 .
R ol
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The parameters R and x are taken as R = (1 4+ 0.1m)p (m = 1,2,...,7) and xg = 2p, respectively,
which yields for m = 1,2,...,7 that

1 Moy
_ (N) = TN 9
Ju = u™ || e @) O<max{<1+o.1m) (2) })

The results are depicted in Figure 5.2, which represents the sharpness of our error estimate.

s3s3383888833833

12 I I I I I
0 10 20 30 40 50 60

Figure 5.2: Numerical experiment with boundary data being logarithmic potentials, and the parameters
R=(1+01m)p (m=1,2,...,7) and ¢ = 2. The solid lines and dots represent numerical solutions
where € = 0 and € = 1, respectively, and the gradients of broken lines and that of the hypotenuse
of the red colored triangle are the theoretical order of convergence for m = 1,2,3 and m = 4,5,6,7,
respectively.

Ezxample 5.4.3. We also compute condition number of coefficient matrix numerically. Results in Figure

Figure 5.3: Numerical computation of condition numbers of coefficient matrices
5.3 imply that the linear system (5.2.1) would be ill-conditioned, and the condition number of coefficient
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matrix becomes large if ¢ is large, that is, the parameter o should not be taken large in vain. Note
also in this case that the weights {H; }jvzl do not affect condition numbers.

5.5 Concluding remarks

In this chapter, we studied MFS with weighted average condition and dummy points for potential
problem in disk, and established that an approximate solution actually exists uniquely if and only if
the average of weights is not equal to 0, and that the error decays exponentially with respect to N when
the boundary datum is real analytic. We showed numerical results with boundary data being harmonic
polynomials and logarithmic potentials, which exemplified the sharpness of our error estimate. We also
computed the condition number of coefficient matrix numerically, which told us that the parameter o
for dummy points should not be taken so large.
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Part 11

Application of the method of
fundamental solutions to the
complex analysis and fluid
mechanics
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Chapter 6

Structure-preserving numerical

scheme for the one-phase
Hele-Shaw problems by the method
of fundamental solutions

Abstract

The solutions to the one-phase interior or the classical Hele-Shaw problem are discretized
in space by means of the method of fundamental solutions combined with the uniform
distribution method, and then a system of ordinary differential equations is obtained, which
is solved by the usual fourth order Runge-Kutta method. The one-phase interior Hele-
Shaw problem has curve-shortening (CS), area-preserving (AP), and barycenter-fixed (BF)
properties. Under our numerical scheme, discrete versions of CS-, AP-, and BF-properties
hold, while simple boundary element method does not satisfy these properties in general.
The one-phase exterior Hele-Shaw problem and the one-phase interior Hele-Shaw problem
with sink/source points can also be treated. In each problem, a non-trivial exact solution
is constructed and an experimental order of convergence is shown. This chapter is based
on the following submitted paper:

e K. Sakakibara and S. Yazaki, Structure-preserving numerical scheme for the one-phase
Hele-Shaw problems by the method of fundamental solutions, submitted revised version
to Numer. Math.

6.1 Introduction

The classical Hele-Shaw problems is description of a motion of viscous fluid in a quasi two-dimensional
space, which was starting from a short paper [32] in 1898 by Henry Selby Hele-Shaw (1854-1941). In
his experiment, viscous fluid is sandwiched between two parallel plates with a narrow gap, and the
apparatus is called Hele-Shaw cell. He succeeded to visualize stream lines by means of colored water
in the cell. The classical or the one-phase interior Hele-Shaw problem is stated as follows (see Lamb
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[62] or Gustafsson and Vasil’ev [26] in detail):

Ap(,t) =0 in 2(t), t €[0,7),
(6'1'1) p('at) - ’yk('at) on cg(t), te [OvT)7
V(- t)==Vp(,t)- N(-,t) on€(t),te€[0,T),

where /A = 0%/0x% + 0?/0y? is the Laplace operator and V = (9/0xz,0/9y)T is the gradient in R?,
9(t) C R? is a bounded region occupied by fluid, €() is the boundary of 2(t) (positively oriented
closed curve), p(+,t) is the pressure function in 2(t), v is the surface tension coefficient, k(x,t) is the
curvature (sing convention is the way that k = 1 if 2(t) is a unit disk), N(x,t) is the unit outward
normal vector defined by N (z,t) = —T(z,t)*, and V (z,t) is the normal velocity, of € (t) at x € € ().
See Figure 6.1(a) (in the figure, « is the position vector and T is the unit tangent vector). Here

N

20

€ (1) (e -

=
/ \ 7 \
\ \ !

k>0 k<0 k\<0 k>0 k>0 k<0
(a) (b) (c)

Figure 6.1: One-phase interior Hele-Shaw problem (a) and its variations: (b) one-phase exterior Hele-
Shaw problem and (c) one-phase interior Hele-Shaw problem with sink/source points {&;}7 ;.

and hereafter, a - b represents the usual two-dimensional Euclidean inner product for a,b € R? and
at = (=b,a)t for a = (a,b)T.

We have three marked properties of the one-phase interior Hele-Shaw problem (6.1.1): the total
length of €(t) is decreasing in time, the enclosed area of Z(t) is preserving and the barycenter of
2(t) is being fixed. These properties are called curve-shortening (CS), area-preserving (AP) and
barycenter-fixed (BF), respectively. See Proposition 6.2.2.

The purpose of this chapter is that for (6.1.1) we propose a simple numerical scheme by means of
the method of fundamental solutions combined with the uniform distribution method. Our scheme
can be applied for two variations: the one-phase exterior problem (see Figure 6.1(b) and the problem
(6.2.1) below) and the one-phase interior problem with sink/source points (see Figure 6.1(b) and the
problem (6.2.2) below).

This chapter is organized as follows. In Section 6.2, two variations of one-phase interior Hele-Shaw
problem (6.1.1) will be stated and variational structures and several properties of Hele-Shaw problems
such as CS-, AP- and BF-properties will be given. In Sections 6.3, 6.4 and 6.5, we will propose
numerical schemes for the problems (6.1.1), (6.2.1) and (6.2.2), respectively. In Section 6.6, numerical
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experiments will be shown with the results of numerical CS- and AP-properties and an experimental
order of convergence (EOC) compared with a non-trivial exact solution, and we will remark some
future works in the final Section 6.7.

A feature of our scheme is to realize the CS-, AP- and BF-properties asymptotically in a discrete
sense by means of the normal velocity determined by a modified invariant scheme of MFS, so-called
Murota’s invariant scheme [73, 74], and the tangential velocity determined by MFS and the uniform
distribution method (UDM) [93]. Note that under UDM, we have stable numerical computation. Of
course, there are many ways to solve the Hele-Shaw problem numerically (see selected just a few
papers or a monograph [53, 94, 26, 106]). However, many of known schemes did not focus on making
schemes which preserve a variational structure of the Hele-Shaw problems such as CS-, AP- and BF-
properties. Note that one can find polygonal Hele-Shaw flow [56] which satisfies discrete CS-, AP- and
BF-properties, and can be regarded as semi-discretization scheme from a numerical point of view.

6.2 Variational structures

6.2.1 Two variations of the one-phase interior Hele-Shaw problem (6.1.1)

Besides the interior problem, an exterior problem is also interested. The first variation is the one-phase
exterior Hele-Shaw problem which is stated as follows:

Ap(-,t) =0 in 2(t), t € [0,7),

p(t) = 7k(t) on —%(t), t € 0,T),

p(z,t) = ¢E(x) + O(1) as || — 00, t € [0,7),

V(,t)=-Vp(-,t)- N(-,t) on —€(t),t€[0,T),

(6.2.1)

where Z(t) := R2\ 2(t) is an unbounded region occupied by fluid with a bounded region 2(t), ¢ is a
given real number, |z| = /z -z for z € R? and

1
B(z) = 5 loglal

is a fundamental solution of the Laplace operator AA. Here and hereafter we use the notations that
k and N denote the curvature and the unit outward normal vector of —%(t), respectively, when the
exterior problem is considered, where —%(t) is the boundary of 2(t) (negatively oriented closed curve).
See Figure 6.1(b).

If g is positive, then changing speed of the enclosed area of 2(t) is negative —g, which corresponds
to existence of source at the infinity |&| = co. Conversely, the case ¢ < 0 corresponds to existence of
sink at the infinity. See Proposition 6.2.3.

The second variation is referred as the one-phase interior Hele-Shaw problem with sink/source
points, which is stated as follows.

Ap(',t) = ZQZ(;( - éz) in @(t)’ te [OvT)’
i=1

p(-,t) = 'Yk(i'v t) on %(t% te [OvT)7
V(-t) = —Vp(-1) - N(- ) on €(t), ¢ € [0,T),

(6.2.2)

where §(-) denotes the Dirac delta function with the singularity at the origin, {¢;}7*, are given real
numbers, and {&;}; denote the positions of sink or source points located in a bounded fluid region
9(t) C R% See Figure 6.1(c).

If ¢; > 0 (resp. ¢; < 0), then &, is a sink (resp. source) point. Hence we have area-decreasing or
area-increasing property depending on sign of sum of all ¢;’s. See Proposition 6.2.4.
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6.2.2 Moving boundary problem

Let {€(t)}+>0 be a family of closed embedded C?!-curves, parameterized as [0,1] > u — x(u,t) € R?
for each time ¢, governed its motion by the evolution law:

(6.2.3) Orx(u,t) = a(u, )T (u,t) + V(u, t) N (u,t)

for u € [0,1] and ¢ > 0, where 9; = 9/0t is the time derivative, and T (u,t) and N (u,t) = —T (u,t)*
denote the unit tangent and the unit outward normal vectors of € (t) at x(u,t) € €(t), respectively.
Then «(u,t) and V(u,t) denote the tangential and normal velocities of €(t) at x(u,t) € €(t), re-
spectively. In general, it is known that the shape of €(t) does not depend on the tangential velocity
a(-,t) [18, Proposition 2.4]. Then one can take o = 0, but it causes numerical instability in general.
Therefore a nontrivial a has been utilized from a numerical point of view [34, 52, 53, 70, 71, 72, 92, 93].
See Section 6.3.5 for our choice . On the other hand, the normal velocity V(-,t) determines the shape
of €(t), and in this chapter, V is given by the one-phase Hele-Shaw problems (6.1.1), (6.2.1) or (6.2.2).
Here and hereafter we abbreviate a notation for function F(u,t) as F unless there is confusion.

Let 2(t) be a bounded region surrounded by €'(t). The total length £(¢) of € (), the enclosed area
A(t) of 2(t) and the barycenter G(t) of Z(t) are respectively defined as follows:

1
L) :[g(t) ds, A(t) :/%) s, G(t) = A(t)/@(t)a:ds,

Here ds is the line element of €’(t) and d.S the area element of 2(t). Note that 2(¢) is a bounded region
surrounded by an unbounded fluid region for Problem (6.2.1), and so A(t) and G(t) are respectively
the area and the barycenter of Z(t) in the geometric sense. Their time evolution under the evolution
law (6.2.3) can be computed as follows (see e.g. Gurtin [25, (2E) Transport theorem for area and total
length] and Kimura [54, Theorem 6.4]).

Theorem 6.2.1. Let {€(t)}i>0 be a family of closed embedded C**-curves, governed its motion by
the evolution law (6.2.3). Then we have

z(t):[m KV ds, A(t):[g(t)Vds, g(t):—jggg(tw@[m 2V ds.

Here and hereafter, F denotes the time derivative dF/dt.
Using this theorem, we can derive the variational structures for the one-phase Hele-Shaw problems
as follows.

Proposition 6.2.2 (One-phase interior Hele-Shaw problem (6.1.1)). In addition to the hypothesis in
Theorem 6.2.1, suppose that the normal velocity V' is computed by (6.1.1). Then we have

Namely, CS-, AP- and BF-properties hold.

Proposition 6.2.3 (One-phase exterior Hele-Shaw problem (6.2.1)). In addition to the hypothesis in
Theorem 6.2.1, suppose that the normal velocity V' is computed by (6.2.1). Then we have

A(t) = —q.
Namely, Z(t) shrinks if ¢ > 0 and enlarges if ¢ < 0.
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Proposition 6.2.4 (One-phase interior Hele-Shaw problems with sink/source points (6.2.2)). In ad-
dition to the hypothesis in Theorem 6.2.1, suppose that the normal velocity V' is computed by (6.2.2).
Then we have

Namely, &, is a sink point if ¢; > 0 and a source point if ¢; < 0.

Proof of Proposition 6.2.2. Let p be the solution for the one-phase interior Hele-Shaw problem (6.1.1).
Then the time derivative of the total length can be estimated using Theorem 6.2.1, (6.1.1) and the
divergence theorem as follows:

. 1 1 1
L(t) = —7/ pVp- Nds = —f/ div(pVp)dS = —f/ (IVp|* + pAp) dS
Y Je(t) Y Ja(t) Y Ja)

1
”/ |Vp|2dS < 0.
Y Ja)

Especially, the length decreases strictly monotonically unless Z(t) is a disk. In similar way, the time
derivative of the enclosed area can be computed as
Alt) = — Vp- Nds = —/ div(Vp)dS = — ApdS = 0.
% (t) 2(t)

Finally, using the divergence theorem repeatedly, the time derivative of the barycenter can be computed
as follows:

. 1 1 div(zVp) 1
gt) = — / xVp- Nds = —/ < )dS:—/ Vp+xAp)dS
D=2 Jou ™" A gy \div(yVp) AQD) S VPP
1 / (div(p, O)T) 1 / v /
= dS = ——— Nds = ——— kN ds
TAD) div(0,p)” A(D) S At) Jeoio
~y
= — 0,T'ds=0
At) Jow
where we have used the Frenet formula. O

Proof of Proposition 6.2.3. Take R large enough so that a circle g = {x € R? | |z| = R} encloses
2(t). Let Zgr(t) be the doubly-connected region surrounded by €z and —%(t). Denote the enclosed
area of Zr(t) by Ag(t). Then we have

AR(t)z/ Vds=/ Vds:—/ Vp- N ds.
0Dr (1) —&) —e)

Here we have used the fact that V' = 0 on ¥y because % is a fixed boundary. On the other hand, we
obtain

Vp-Nds+/ Vp- Nds

—€(t)

Oz/ ApdS = Vp-Nds =
PDr(t) 0Dr(t) Cr

Therefore we have

Ap(t)= [ Vp-Nds.
Cr

Here, note that for the fundamental solution E of the Laplace operator, we have

q
V(gE) - Nds-—/ - —= s:—/ ds=gq.
Cr ( R2 2R Cr
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Then we can prove that

/ Vp-Nds —q as R — oc.
Cr

Since A(t) = |Zr| — Ag(t), we obtain A(t) = —q. O

Proof of Proposition 6.2.4. For simplicity, we prove the case m = 1, and denote £ = &; and ¢ = ¢.
Take sufficiently small positive number € so that the disk B(§,¢) = {x € R? | |z — €| < €} is contained

in 2(t), and denote the doubly-connected region surrounded by % (t) and —0B(&,€) by Z.(t). Then
we have

0:/ ApdS = Vp~Nds+/ Vp- Nds.

D (1) (1) —0B(&:¢)

Denoting the pressure function p as the sum of ¢F(x — £€) and a harmonic function p, we obtain

. —_&8-N
.A(t):/ Vds:/ Vp~Nd5:/ (Vﬁ~N+q<x£)2)ds
() _8B(¢.e) ) 2|z — €|
:7/ AﬁdSJr/ q(w_€)2._(w_£)ds:fq. O
B(&.e) _0B(z,e) 27T —&[* | — £

6.3 Numerical scheme for the one-phase interior Hele-Shaw
problem (6.1.1)

We approximate the boundary curve %'(t) by polygonal curve, say I'(¢), and consider the evolution of
it.
Let T'(¢t) = [J;, I'i(t) be an n-sided closed polygonal Jordan curve, where I';(¢) is the i-th edge of
I'(t) defined as
Li(t) = i1 (t), 2i(t)] = {(1 = Nzi1(t) + Azi(t) | A € [0,1]}
and x;(t) the i-th vertex of T'(t) (i = 1,2,...,n; xo(t) = Tn(t), Tni1(t) = x1(t); t > 0). See Figure
6.2. T'(t) moves according the following evolution law, the polygonal version of (6.2.3):

(6.3.1) $i(t) = Oéi(t)Ti(t) + V;(t)Ni(t) (Z =1,2,... ,n),

where T;(t) and N;(t) = —T;(t)* denote the unit tangent and the unit outward normal vectors of
I'(¢) at the i-th vertex x;(t), respectively. The tangent vector T';(t) is not well-defined at this stage,
and its definition will be given later. Hereafter we abbreviate a notation for function F(t) as F unless
there is confusion.

6.3.1 Algorithm
Since N; = =T, we can rewrite the evolution law (6.3.1) as follows:
(6.3.2) & =a,T; — VT (i=1,2,...,N).

As we will see in the following sections, the all quantities {T;}7;, {o;}7; and {V;}? in the right
hand side can be expressed as functions of {x;}?" ;. Therefore the time evolution equations (6.3.2) can
be rewritten as a system of ordinary differential equations:

X (1) = (@i(t)iey = (21(t), @2(t), .., @a(t)) € R,

X = FXO). {F — (F1 oo ) RET SR X o F(X),
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Notation

Ty = |il3z - «’L‘i—1|

g Ti— @iz _ (cost
* r; sin 0;

cos 0
L= (sin 0;)

0i + 0ita ©;

gr = ~ L g4 T

' 2 + 2

r  Ti1t Xy
r=——"
P — T + Tir1
c; = cosﬁ7 S; = sin%
b — tan(p;—1/2) + tan(p;/2)

T

T, = X9

Figure 6.2: Description of the symbols

where f;(X(t)) = a;()T;(t) — V;(1)T:(t)*, in which T;(t) = T:(X(t)) = (cos0;,sin ;)T is defined
by the following Step 1 and in the subsequent subsection, V;(t) = V;(X (¢)) is defined by (6.3.3) and
(6.3.13) via the solution 2 of (6.3.15) and (6.3.16), which is the structure-preserving scheme (see
Section 6.3.4.1), or the one P of (6.3.18) and (6.3.20), which is the practical computational scheme
(see Section 6.3.4.3), and «;(t) = «;(X (t)) defined by (6.3.21) (see the following Step 3 and Section
6.3.5). In our numerical computation, we use the usual fourth order Runge-Kutta method to solve it.
Namely, denoting by X" the solution at the m-th step with time increment 7 (X" ~ X (m7)), then
the solutions at the next time step can be obtained as follows:

1
X7 = XT 4 (K1 + 2K + 2K + Ka), X7 = X(0),

where
K, =F(X!), K;=F(XT"+K;/2), K;=F(X!+Ky/2), Kys=FXT+Kj3).

As mentioned above, the quantities {T";}? ;, {a;}_; and {V;}?, are computed as in the following

way.

Step 1: Let 6; be the i-th tangent angle on the i-th edge T';, that is, 6; satisfies the relation (x; —
x;_1)/r; = (cosby;,sin6;)T, where r; = |@&; — x;_1| is the length of the i-th edge I';. Then we
define T'; as follows:

cos 0F «  0it0i
T = (sin@j)’ oi = 2

See Section 6.3.2.

Step 2: The i-th normal velocity V; is computed by MFS. Namely, when we consider the one-phase
interior Hele-Shaw problem, the approximation of the pressure p at x € (2 is given by

Qo+ QEj(x), Ej(x)=E(—y;) Bz —z)),
j=1
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where {y,}]_; and {z;}}_; are the singular and dummy points located in R?\ Q, in which Q de-
notes the bounded n-polygonal region surrounded by I" here and hereafter. Coefficients {Q); };’:0
are determined by solving some system of linear, or quadratic, equations. See Section 6.3.4.

Step 3: The i-th tangential velocity «; is computed by UDM. Indeed, the tangential velocities can be
represented by some linear relations in which the normal velocities obtained in Step 2 appear.
See Section 6.3.5.

6.3.2 Step 1: Compute {T;}",

Let r; be the length of the i-th edge T';, that is, r; = |&; — @;—1]. Then the i-th tangent vector ¢; of
T on the i-th edge I'; can be computed as t; = (x; — x;—1)/7;. Let 6; be the i-th tangent angle of T’;
t; = (cos®;,sin0;)T. From these relations, we compute {61-}?;01 as in the following procedure: Firstly,
from t; = (t11,t12)7, we have ) = —arccosty if t1o < 0; 61 = arccosty; if t1o > 0. Secondly, for
i=1,2,...,n we successively compute ;1 from 6; as follows:

O;x1 = 0; + (sgn D) arccos I,

where D = det(t;,¢t;41) and I = ¢; - t;+1. Note that the sgn function is defined as follows:

1 if a >0,
sgna =< 0 if a =0,
-1 ifa<O.

Finally, we obtain 0y = 61 — (0,,+1 — 0,,), since 0,, = 0y + 27 and 60,,41 = 61 + 27 hold.
Let us introduce the i-th “dual” edge I'; of the i-th edge I'; as I'} = [z}, ;] U [z;, ] ], where

xf = (z;—1 +x;)/2 is the mid point of T';. The length r of the i-th dual edge I'} is r¥ = (r; +1ri11)/2.
We define the i-th dual tangent angle 67 by the following relation: 6 = (6; + 0;41)/2 = 0; + ¢./2,
where ¢; = 0,411 — 6; is the angle between adjacent two edges I'; and I';1;. Thus the i-th dual unit
tangent vector T'; is defined as in Step 1. See Figure 6.2 for geometrical descriptions.

6.3.3 Time evolution of the total length, the enclosed area and the barycen-
ter

The total length L of T is

L=

Ti.
1

n
1=
The enclosed area A of Q can be computed as

n

_]. _1 - ) —(wi—wi,l)J— _]. - )
A—QZ(wi~ni)m—22<wz-H)TZ—QZ:cf‘l-ml.

i=1 i=1

The barycenter G of €2 can be computed as
G = 1 En (x| -zt
3A P i—1 1 )%
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Indeed, direct computation yields that

1 _ 1 div(zx) RS 1
GfA/Qa:dS 3A (div(ya:)) deSAZ/F x(x -n;)ds = Agmz 1 M)

=1 i
1 n
= L @t ae
=1

Hereafter we use the following abbreviations:

ci = cosﬂ, S; = sinﬁ.

2 2

Let m; = —t; be the i-th unit outward normal vector of I' on the i-th edge T';. Then we can easily
derive the following relations between the unit tangent and the unit outward normal vectors of I" on

the edges and the ones on the dual edges by virtue of addition theorem of trigonometric functions:
ti=cTi+siNi, tig1=c¢Ti—siNi, n;=—sTi+¢N;, nip=5Ti +¢ N,

Now we are ready to show a polygonal version of Theorem 6.2.1. For smooth curve € the curvature
k can be defined from the first equation in Theorem 6.2.1: L= fcg kV ds, rather than the Frenet type
definition 0T = —kIN. In the same manner, for polygonal curve I' the discrete curvature k; on I';
can be defined from

L= Zn—z _d:i—l)'(w’_wi—l):zn:( ; — @i-1) t—Zsz ti —tiy1)

i=1

:Z(aiTi—i—ViN -28;IN; —2ZVSZ—2ZUZ(tan—+tan% 1) Zkvn,

i=1

when the normal velocity V; is defined by
Vi + Viy1

(633) sz = 2(21' ’

=1,2,...,n,
where v; will be defined later as the constant normal velocity I'; (see (6.3.13) or (6.3.19)) and, as a
result, k; is defined by
t i—1/2 t i/2 .
(6.3.4) g = i /2) Ftanli/2)

T

This is so-called the polygonal curvature when T'; is in an equivalent class [11, 56], and the crystalline
curvature when T is in an admissible class [4, 99].

The following proposition, a polygonal analogue of Theorem 6.2.1, offers us explicit formulae for
the time derivatives of the length L, the area A and the barycenter G.

Proposition 6.3.1. We have

(6.3.5) L= Z kiviri,
i=1
(636) A= Z’Uﬂ“i +erry,
i=1
. A 1
(6.3.7) G= —ZG-FZ;%WTVFGI‘I‘G?
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where err, and errg := errb + errzG are the error terms:

_ - Vit1 — Vi \ Ti+1 — T4
(6.3.8) erry = Z (aisi — 5 > 5 ,

i=1
1 o it1 — Ui
(6.3.9) errg = GA Z <Oéz'Si - UHQU) ci(ry + 7’1'2+1)T1:,
i=1
1 i+1 — Vi
(6.3.10) e”%; = GA (aisi - v+12v) (3x; — 257 N i) (riy1 — 73).
i=1

Proof. (6.3.5) is clear since the discrete curvatures {k;}?_; are defined to satisfy (6.3.5).
By direct calculation, we obtain

n

TR SN . .
A= 3 Z ((331‘71) i+ wz) D) Z(wifl —Tip) &

=t i=1
1 n
_lzn:((r —1i)8iTi + (riy1 +1i)eiN;) - wT—#MN,
_2_ i+1 i)9id i i+1 i)Cit Vg iy 5, i

Iy N T =T
=1 Z(Uz + vi1) (rit1 +1i) + Z s

i=1 i=1
]. " ]. n " ’I"i+1 — T
=3 Zvﬂ”i T Z(Uﬂ”iﬂ + vig1ri) + Zai5i72
i=1 i=1 i=1

n

n
1
(virigr + Vigam) — = (viTi + Vig1Tit1)
4
i—=1 i=1

>~

- - T T
+1 = I'q
=Y vri+ Y aisi—5— +
=1 =1

- “ r T “ (Y v; T T
+1 — T4 i+1 — Ui Ti41 — T4
=2 uit ) sy = 2 2
i=1 =1 i=1

n n
- (A 191 ’
2 2
i=1 i=1

which is nothing but (6.3.6).
Concerning the time derivative of the barycenter, we have

. A n 1 % 1 d =~ 1 * A 1 d . 1 *
G = 342 ;(m¢—1 c@g) Ty + 3Adt <Z(mi—1 : xi)“%‘) = *ZG+ 3Adt (;(%’—1 )Ty |

=1

therefore )

6A | G+ ZG = 2& i:Zl(:cFl X))
holds. In the following, we compute the right hand side in the above equality. Using the evolution
equation (6.3.1) and the relation (6.3.3), we have

2= (Z(zh -wow:)

i=1
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I

©
I
i

.1 1 1
(mi—l'mi+mi—1 )m JFE (i - @) (Lim1 + X4)

[

<
Il
_

(if-wi+1)$f+1+22(wil1 &;)x] +sz T T i)
=1

I

o
Il
N

( Lo+ ripatin) ) T +2 Z —rity)
+ Z wz[xz . i, — T3 t + Z ml zJ_ (wz + rz+1t2+1)]
i i=1

=2 (& @)z, +2) ((ViTi — ailNy) - ria (6T — siNy) )y, + 22(3'% -z )x]

i=1 i=1

+ 2 Z [(aiTi + V;Nz) . ri(_siTi + Cz ZI: + Z wz ;- ’rznz + Z 331 T’H—ltz-&-l)

i=1

=-2 Z(mz . wf‘)wfﬂ +2 Z(%‘Sz‘ + Vici)rigiei  +2 Z(wl cxlh)ax)

i=1 i=1
n n n
+2 Z(*%Sz’ + Vie)rix] + Z xi(x; - m)r; + Z (T - 1ig1)Ti
i=1 i=1 i=1
n
= -2 Z(wz cxf)(zh, — ) +2 Z Vici(ripixyq +rix)) +2 Z%Sz Tip1Xyq — 1)
=1 =1 =1

+ Z wz 7 rznz + T1+1nz+l)]

Using the relations
2@y —xf) =@ + Tig1 — (Ti1 + i) = Tig1 — Tio1 =it +rigatin
=ri(ciTi + siNy) +riv1(eiTi — siN;) = (ri + rig1)eiTi + (ri — rig1)silN;
and
i + ripanipr = 15(=8 T + ¢ Ni) + ripa(siTi + ¢iNy) = (riva —13)8i T + (ri + rig1)eilN s,

we have

+Z$z (rig1 —ri)(xi - Ty) + ci(rs + 7ig1) (25 - Ny)]

n
—+ Z(viri""lx;i-l + ’Ui’l"iZE;k —+ vi+1ri+1x;‘+1 + 'Uz'-t,-lri-'Bj;)
i=1
n
+ ) aisilripa (@i + @ig1) — ri(@ion + )]
i=1
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i Vici(ri + rig1)(xi - T)Ti + Visi(ry — rig1)(x; - T;) N,
o —a;ci(ri + i) (@i Ni)Ti — aisi(ri — riy1) (@i - Ni) N
+ Z[aiSi(ri+1 —ri)(x; - T)Ti + aici(ri + rig1)(x; - N;)T
+ Visi(riz1 —ri)(xi - Ti)N; + Viey(ri + rig1) (i - N;) N

n
* * * *
+2) @jvir; + E [(Vig1 — vi)ri®] 4+ virizy + viri @] ]
i=1 i=1

n n
+ Z 08 (Tig1 — 15)T; + Z a;S;i[rip1 (s + ripitipr) — ri(x — rit;))
i=1 i=1
n n
=2 Z Vicirix; + Z @;8;(riy1 —ri)x; +3 Z xivr; + Z Vit1 — V)T &4
i=1 i=1
"y v
i+1 — Vi o 2
_ Z 72 T t; + Z ViTi41%; + 5 Z UiTi+1ti+1 +2 Z aisi(ri—&-l — ’I“i)SCI
i=1 i=1 i=1 i—1

+ Z aisi[ci(rfﬂ + 7T — Si(7’§+1 —r7)N;]

i=1
Tz + i1 =
Z (v + vit1) T:cz + 3Zaisi(ri+1 )T + SZ:B v;r; + Z (Vig1 — vi)ri;
i=1 i=1
Vigl = Vi o -
— Z ?Ti (CiTi + SlNz) + Z[UH_l — (Ui+1 — ’Ui)]ri—i-lxi
i=1 i=1
1 n n
+5 D i = vier) Fvinlri (6T = siNa) + Y aisici(riy + )T,
i=1 i=1
-2 Z ;s2ri(riv1 — i) N,
The underlined part, say (@), can be computed as follows:
" v v
Q) 72%@ +r2,)e T +ZL( 2 —12)s; N, +Zum
i=1 i=1
1 n n
t3 Z ViTi1 Vi) @ +3 ) v + Z(%‘H —03)(ri — i)
i=1 i=1 i=1
+ Y vipariam + 3 Y viniri (6T — 5:N3)
i=1 i=1
v " vigg — v -
= —Z ZH +T?+1)CiTi+Z%(T?+1 —rf)siNi—i—GZw;‘vim
i=1 i=1
n 1 n
- Z(CL’@—1 + x;)vir; + B Z(Uﬂ"i+1 + V1T + 205401741 T
i=1 i=1
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n n

n
Vit1 — U; Vit1 — Vs 1 2
+ g T(n —Tit1)3T;i— E T(h —Tip1)Ti + 5 g Vit1Tip1bit1
i=1 i=1 i=1

The underlined part, say @), is equal to 0. Indeed, we have

n n n
@ = — T;U;T; — (il)z — ’I’iti)’l)i’f'i -2 ’02'7"7;+1t7;
=1 =1 i=1
n
+ 5 E (Virig1 + Vig17i + 207 — Vig 1T + Vip1Tie 1 + VT — Uil 1) T
i=1

n n n n n
3 1 1
=-2 E TV + E Uﬁ“izti + 5 E V1 Ti41 T 5 E TV + 5 E ’Ui’l“?ti
1—1 =1 i=1 =1 =1

3 n
= 5 Z(Uﬂ"ftt + Virii—1 — viria:i) =0.
i=1

Summarizing the above relations, we obtain

., A
6A| G+ —G
=3 Z aisi(rH»l — ri)mi + Z OéZ'SiCi(T'Z-2+1 + 7"12)TZ -2 Z OéiS?T;-k (riJrl - Tz)Nz
i=1 i=1 i—1

n n
Vidl =V o | o Z Vit1 — Vi
— E Tci(’l“i + ’r‘iJrl)Ti + ?281'7“: (ri—i-l — Ti)Ni
i=1 =1
n

n
Vi41 — V5
+ GZﬁf’Uﬂ'Z — Z T(TiJrl — n)SwZ
i=1 i=1
~ v v
i+1 — Uq 2 2
= <Oli5i - 2) ci(ry + )Ty
=1

g

n n
+ Z ((Xisi — ’UZ+12—’UZ) (3581 — QSiT;kNi)(Ti_;,_l — ’I“i) + GZ{E;UZ'H,
i=1 i=1

which completes the proof of Proposition 6.3.1. O

Remark 6.3.2. Note that under UDM, 7; = L/n holds for all i, then we have err4 = 0 and errZ = 0,
and if A = 0, then we have G = 0 by MFS (see Section 6.3.4.1). We also note that if o = (v;41 —
v;)/(2s;), then err4 = 0 and errg = 0 simultaneously [11, 56]. In this case, T' is restricted in the
equivalent class, since v; = &; - n; = &;—1 - n; hold. Indeed, by the evolution law (6.2.3), we have

. Vit1 — V; Vi + Vit1
x;-n; = (0T + ViN;) - (=8 Ti + ¢;N;) = —as; + Viey = — s; + ci = vy,
257; 26,;
i1 -n; = (1T +ViciNi—1) - (i1 Tic1 +¢imaNi21) = o182 + Visisia
U — Vi1 Vi—1 +v; .
=—F——8 -1+t —F—"¢-1=v;
28;_1 2¢i_1
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Direct computation yields

. d r; — L;—1 o 1 . . 1. .
tz - & <7'1) - 7'1'2 [(171 131,1) tz] (wz 1,'1,1) + T (wz 1,'2,1)

1
= ——[(Ti + ViNy) - (T + 8ilN;) — (-1 Tim1 + VieaNi—1) - (ci-1Ti—1 — si-1N 1)) 4
1
+ —(Ti +ViN; — (;-1Ti—1 + Vi-1Ni—1))

T

1 1
—— (e +Visi —aimicioi + Vicisio) 6 + - (T; +ViN; — ;1 Tiq — ViealN—1).

? K2

The underlined part, say (D), can be computed as
O = (e + Visi) (T + s;N;) — (ai—1ci—1 — Vicisi—1)(cim1Ti—1 — 8i—1.N;—1)
= ai(1 — 8T + icisiN; + Vie;siN; + Vi(1 — ¢)N;
— a1 (1 =87 )Ti+ai—1¢i—185i-1Ni + Vi_ieim18i1Tio1 — Viei (1 — ¢ )Ni—1.
Therefore we have

. 1
2 2 2
t; = - (isiT; — ajcisiN; — Vieis Ty + Vit Ny — 157 T — o—1¢i-18i-1 N1
K3

2
—Vicicic18i-1Tio1 — Vimici_ 1Ny _1)

1 Vip1 — U; Ui + Vi1 Vg1 — U Vi + Vit1
=— s S — G | Ti+c|— i + ¢ | NG

T 251’ 261' 281' 261‘
Vi — Vi1 Vi—1 + V; Vi — Vi1 Vi—1 + v;
—si1|—w——8i1+———c a1 |Ti1—c1|———81+———¢c_1|N;1
28;1 2¢i1 28;1 2¢i 1

1
=— (—v;i8Ti +vic;N; — vis; 1T 1 —vici_1N;_1)
7
v
= i [=siTi +ciNi — (si-1Ti—1 +¢i-1N;_1)] = 0,

K2

which concludes that I' is restricted in the equivalent class.

6.3.4 Step 2: Compute {V;}" , by MFS

Fix the time ¢t and give the approximation of the pressure function p(-,¢) by using the method of
fundamental solutions.

6.3.4.1 Structure-preserving scheme

Let (¢) be the region surrounded by I'(¢). Under MFS, the solution of (6.1.1) is approximated by &
such as

(6.3.11) P(x) =2+ Z,@jEj(w), Ej(x)=E(x—y,;) — E(x—z;), xeQ(t),
j=1

(6.3.12) (P —~Aki)VP),-n; =0, i=1,2,...,n,

(6313) vi:f<V<@>i~ni, i:172,...7n,

where {2; }?:0 are unknown coefficients, y,’s are the singular points defined as

(6.3.14) y;=x; +dn;, j=12,...,n,
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d > 0 is a parameter controlling accuracy of MFS, and {z;}}_; are “dummy” points located in R2\Q(t)
which are not equal to the singular points {y;}_;. Here (F);, = rit fl“l- Fds is the average of F on
T';. Te normal velocities {V;}_; are determined by (6.3.3) and the above {v;}? ;. Note that AZ =0
holds in Q(t) and we have direct calculation such as V.2 = 2?11 2;VE;. Note also that if we put
(Z]; = (PVDP)-n;/ (VP), n;, then (6.3.12) can be expressed as [Z]; = vk; when (VL) -n; # 0.
We can see that the conditions (6.3.12) are weak forms of the original boundary condition in some
sense.

The coefficients {2;}7_ are determined from (n+1)’s quadratic equations: n’s quadratic equations
(6.3.12) expressed by

n

(6.3.15) (\,@0 — vk;) aiij —&—ZZailele =0, +1=12,...,n,
j=1 j=11=1

where a;; = (VEj), - ni, ag; = (E;VEj), - n;, and one more equation derived from the second term in
(6.3.7) and the first error term (6.3.9):

1 n
1 Z xjvir; +errg| =0,
i=1
which is the same as the following quadratic equation
n n n

(6.3.16) >3 b b;2,2;+2> b-b;2;+ b =0.

j=11=1 j=1

Here vectors b and {b;}"_; are calculated from (6.3.21) as follows:

n i—1 i n i rig + 7'1‘2+1
b:Zl'l'z " L—ZTl w, b]:A]—i_ZIJ’szl]) 75 TT“
=2 =2 =2 =2
—1

1 1 " = . Ait1,j — Qi

IliZSiT'L_f Zf <ZS[T[> y Aj:Z(_aijmiTi"_WciTi) 5
Ci j=1 € =1 i=1

tan(y;/2) kyr; n tan(p;—1/2)

by = g Uit 5y 5

1 n
D) al_17j—EZkia,-jr,-, 12172,...,71,

i=1

for 4,7 =1,2,...,n. Using these normal velocities, we will see in Proposition 6.3.3 that CS-, AP- and
BF-properties are satisfied, however, it is hard to compute a;; and a;; analytically so that we have
to do some numerical integration. Moreover, we have to solve (n + 1)’s nonlinear equations, and it is
hard to discuss the existence of solutions of (6.3.15) and (6.3.16). Hence we propose simpler scheme
we only have to solve (n + 1)’s linear equations. Using this scheme, we will see in Proposition 6.3.4
that CS-, AP- and BF-properties hold asymptotically, and in section 6.6 that it offers satisfactory
numerical results.

132



Chapter 6 MFS for Hele-Shaw problem 6.3 Numerical scheme for (6.1.1)

6.3.4.2 Derivation of the equations (6.3.15) and (6.3.16)

Direct computation yields

<<@V<@>i~n7;:l @V@ds-ni——/ <90+ZglEl >ZQJVE] )ds - n;
Iy

T3 =
fzozn:fzj:/ x)ds - nlJrZZQlQ /El( ©)VE;(x)ds - n;
j= @ JT =1 j—1
ﬂ@ozg (VE;) nlJrZZQlQ (E/VE;), -
Jj=1 =1 j=1
—QOZa”Q +ZZ%°@I°@],
=1 j5=1
(V) /ZQ VE;(x)ds - n; = ZQ VE;) Za”
Lj 1
Hence we obtain
(P = Vk)V D), -mi = (PVDP),-mi — vk (VP), - m
—,@Oza”,@ +ZZall],@lQ — ki Y a2
=1 j=1 j=1
= (2o — ki) Za”,@ +ZZ%QZ,@
=1 j=1

As to the expression (6.3.16), we firstly have

n

x 1 12
+ 1 g ;v - errg + lerrg | .
i=1

2
n
1 *
— T, U;T;
127
i=1

1 n
* 1
A x; ;T + errg
i=1

We hereafter expand and tidy up the above expression.

3

1 < 1 1
ZZvairi:—— *(VP}i-niri:—Zwa Zaijgj T
i=1 ; -
1 n n
Z (Z Qi T; Tz) T
1 - Ui — V;
errg = oA Z ;s — +12) ci(r? +r7 )T

1 - Vi+1 —
—6—AZach(r +r7.)T GAZ + (r? + 72T
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The underlined and doubly-underlined parts, say (D) and 2), respectively, can be computed as follows:

n
@ = agsier(r +r3)Tq + Z aisici(r] +r7) T
i=2

n n
2 2 2 2
= 101 E Si(Ti + TZ-JFI)TZ' + E \IJiSZ'(Ti + TZ'+1)T’L
i=1 =2

i=1

-1
EZZ ‘fl//cczl ) Z SiTi + 62 U, 8,1 = 62 SiTi — —Z ; clj (Z sl‘rl>
Here ¥, = 2522 iy for i =2,3,...,n, and 9; can be written concretely by their definitions as follows:
Y= —Visi = Vi_isi1 + % + <ﬁ - Tl) w
__u ‘;;;Hlsl _ Uz;lj—lvz i+ Zk virs + (n B Tz)

_ ~ tan( 901/2 zn: 0,2, — Zaula M Z‘” 125 — Zalﬂ

1o - L
+Elzzlk/’z Zazj i | Ti (H_Tl)w

" /tan 2 1 tan 2) + tan(p;_1/2 ta _1/2
YL GG G P

‘ 2 2 T 2

j=1

1 — L
n;]ﬁaisz‘> Qj —+ <n ’I"l> w

n L
= Zblje@j + ( —m) w

=1 "

therefore we obtain that

_62\11“111_622 Zbljﬁ +(—rl)w W

=2 1=2 [ j=1
)WM
n

=6 Zzblﬂ%ﬁff(i;l
i=1

i=2 | 1=2 j=1
We also have that

= j=1
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Summarizing the above relations, we reach
n

errGf Z(iulzbl]JrZaﬁ-ljaw 17-1> QjJrili“i <in1Lim>w
i=2 i=2 1=2

LS (S S ) 2y
7=1 \i=2 =

Thus we have

n 2 n n n n
%Zw;‘vm % ZZ <Z —a;T; n) . (Z —aijw;‘ri> 2,2,
i=1

=1 j=1 \i=1

xiu;r; - err1G

HM:

2
Az

(n N Zbgj-i—zaﬁl]_ iCZTZ>=@j+b

=2

(ZH szzﬁ-zalﬂl 'T'>

=2

(z N ) 22,

+Ai < mzbmza’*” J >b3+|3|;
=2

Hence we finally obtain
2

1 n
k0 1
1 x;v;Tr; + errg

i=1

[ ()

i=1
+2 (Z —aumfn> : (Z 1 Z brj + Zn: WQH)
i=1 i=2 =2 i=1
+ <i M i b + i Tt _70%‘1 Cﬂ'i)
i=2 =
(Z 1 Z bj + Z e ] — Cﬂ'z)] 212,

=2 ""=2
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2 v o Gig1j — Gij |6
+ 2 [Z (—aijwi ri + jz cm) - Zuz szjl b2+
j=1 Li=1 i=2 =

n n n
= % DD b b 22, +2) bb; 2+ b,

1=1 j=1 j=1

which is nothing but the equation (6.3.16).

6.3.4.3 Practical computational scheme

The approximate solution P has of the form

(6.3.17) P(z) = Qo+ QBy(2), Ej@)=E@—y,) - E@—z,), =ec().

j=1
The boundary condition and the normal velocity are approximated as follows:
(6.3.18) P(x})=~k;,, i=1,2,...,n
Then the normal velocities {V;}_; are determined by the same manner as before. The above equations
(6.3.18) and (6.3.19) can be obtained by approximating the average (F), in (6.3.12) and (6.3.13) as the
mid-point value F(x}) of F on I';, respectively.

The coefficients {Q;}7_ are determined from (n+1)’s linear equations: n’s linear equations (6.3.18)
expressed by

Qo+ QiE;(x)) =7k, i=12,..,n,

j=1
and one linear equation given by
(6.3.20) > QH; =0, H;= ZVE ‘nre, j=1,2,....n,
j=1
which means >.1 , v;r; = Z _1Q;H; = 0 with v; = 72@:1 Q;VE;(x}) - n;. The existence of

solutions of (6.3. 18) and (6.3. 19) are discussed in Chapter 5.
Note that our approximation is a kind of Murota’s invariant scheme [73, 74|, in which zero-average
condition Z?:1 Q; = 0 was utilized instead of (6.3.20). We, however, use (6.3.20) since this means

S vir; =0 and A =0 holds if err, = 0 in (6.3.6).
To realize erry = 0, we use UDM in the next Step 3.
6.3.5 Step 3: Compute {o;}? ; by UDM
Under the following UDM, tangential velocities {o;}?_; are computed by

U, +aicy ‘ .
o= == q/i_Zm, i=2,3,...,n
=2
L (L
(6321) P =-Visi = Vi_isio1+ —+ ( - Tl) w, 1=2,3,...,n,
n n

Do Vi/ci
c1 27:1 1/c’

a1 = —
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where w = w(n, t) is a relaxation term defined by w(n, t) = 0, f(n,t), and if we assume lim; 1. f(n,t) =
oo with the final computation time Tj,ax, then fOT““”‘ w(n,t)dt = oo is satisfied. When Tphax = 00, w
can be taken a constant. In our numerical computation, we take f(n,t) = 10nt, that is, w = 10n (see
Section 6.6).

Tangential velocities (6.3.21) are derived from the following criterion [93]:

(6.3.22) ri(t) — ? =n;exp(—f(n,t)), i=1,2,...,n,

where f(n,t) satisfies lim;_,7__ f(n,t) = co and one can add the assumption lim, o f(n,t) = oo,
and {n;}7_, satisfies ..~ ;m; = 0 and |n;| < 1 for all i. Differentiating (6.3.22) with respect to time,
we obtain

(6.3.23) 7i(t) — Lo = (L(t) - m(t)) w(n,t).

n
On the other hand, we obtain from the evolution equation (6.3.1) that
(6.3.24) 7o = (T — Tj—1) - t; = Visi + Vicisi—1 + iy — o161

Combining the relations (6.3.23) and (6.3.24) with the zero-average condition > ; a; = 0, the tan-
gential velocities {a;}"_; can be determined. See also [34, 52, 70, 71, 72] for utilization of nontrivial
tangential velocities. '

As we can see from (6.3.23), if w = 0, then 7;(¢) — L(¢)/n = 0 holds, which yields that
L(0)

L(t
Q =r;(0)———=, i=1,2...,n; t€[0,Tnax)-
n n

ri(t) —

Thus, if the distribution of initial vertices are “completely” uniform, then it will be kept theoretically
in all time. However, in the real numerical computation, uniformness would be broken since numerical
error accumulate. From this point of view, it would be preferred to use this type of technique, known
as the asymptotic uniform distribution method:

ri(t)——= —0, i=1,2,...,n; as t— Tpax-

It can also be examined in similar way that (6.3.23) keeps r;(t) = r;41(t) for all ¢ and all time ¢ if
uniform distribution is achieved at initial time.

6.3.6 CS-, AP- and BF-properties

Under our algorithm in Section 6.3.1, it can be shown that discrete analogue of Proposition 6.2.2,
that is, CS-, AP- and BF-properties hold when the normal velocities are computed by structure-
preserving scheme (see Section 6.3.4.1), and that they hold asymptotically when the normal velocities
are computed by practical computational scheme (see Section 6.3.4.3) as follows.

Proposition 6.3.3 (CS-, AP- and BF-properties). Suppose that there exists an approzimate solution
P of the form (6.3.11) satisfying (6.3.15) and (6.3.16) for each time t, and that the distribution of
the initia vertices is uniform, that is, r;(0) = L(0)/n holds for all i. The normal velocities {v;}_, on
edges are computed by (6.3.13). Then we have

. 1 . .
L:7||v9?fu§2(mgo, A=0, G=o.
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Namely, CS-, AP- and BF-properties hold.

Proof. Using the expression (6.3.5) for L and the condition (6.3.12), we have

=S B (V) mari = —2 S (PVP), s = JZ/ PVD - ds
i—1 74 Y= Jr.

= —1/ div(2V2)dS = —1/ (V2] + 2L2) dS <0,
Y Ja Y Ja

where we have used the fact that & is smooth in some neighborhood of Q and harmonic in Q. As to
the enclosed area, we have

A== (VD) nir; = —Z/ VP mids= —/ div(V#)dS =0
i=1 i ' Q
from the expression (6.3.6) for A. Here err 4 vanishes since the distribution of vertices is uniform. The
barycenter G of © does not move since A = 0, (6.3.16) and errZ = 0 (by UDM) hold. O

Proposition 6.3.4 (AP-, and asymptotic CS- and BF-properties). Suppose that sup,c(o 1,,..) L(t) <
+o0o holds, that there exists an approzimate solution P of the form (6.3.17) satisfying (6.3.18) and
(6.3.20) for each time t, that the distribution of the initial vertices is uniform, that is, r;(0) = L(0)/n
holds for all i, and that the following angle condition (AC) and non self-intersection condition (NSIC)
hold:

(AC) there exists some (small) positive constant § such that |p;| < 7 — 3§ holds for alli=1,2,...,n;

(NSIC) there exists some positive constant 5 such that dist(T',T';) > 8 holds for alli,j =1,2,....n
with |i — j| > 2.

The normal velocities {v;}_; on edges are computed by (6.3.19). Then

Cl CQ

L< —*IIVPHLzm A=0, |G <=

hold for sufficiently small d and sufficiently large d, where d is a parameter to arrange the dummy
points {z;}]_; as
Z; :m;+dnj, ji=1,2...,n,

where the constants C1 and Cy are defined as

2

~\ 2
2 L+d
o) | 2ea(ucrd).

j=1

- 2(Cy +1) Slellper) | 1
S e 2 R L e i Sl T,
Cy = Awd E Q5 < 3 et E)

Ch =

7rfyd2

in which

Cy = ma 1 i Com ma 1 Ch. + 1 z": Com
= X n [ X - i n 9
2 a1y /e S Cm i=l2.m g ST a = Cm

% n
Chi=>" ‘tan%‘+’tan%‘+22’tan%‘
— j=1
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Namely, AP-property holds, and CS- and BF-properties hold asymptotically.

Remark 6.3.5. We conjecture that the sum Z;-L:O |Q;]| of the absolute values of coefficients Q); is order
of 1, that is, it can be bounded by some constant which is independent of n. Indeed, when we consider
the case where T is a regular n-gon, then we obtain the following numerical results (see Figure 6.3),
which enable us to present the above conjecture. In the numerical experiment, I' is a regular n-gon

0.06 T T T
rho=1,R=11 ——
rho=1,R=12 ——
rho=1,R=1.3

0.05 rho=1,R=14 4
rho=1,R=1.5
rho=1,R=1.6 ——
rho=1,R=17 ——

0.04 rho=1,R=1.8 — 4
rho=1,R=19 ----—-
rho=1,R=20 —~—-—-

0.03 | b

0.02 | b

0.01 | q

O Il Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90 100

Figure 6.3: Numerical computation of the sum of the coefficients in the case where I is a regular n-gon.
with radius of inscribed circle being equal to 1, which means that the collocation points {x}}? ; are
expressed by x; = w;, and the singular and dummy points are distributed as follows:

. cos(2m(j —1)/n) )
y] :w]+dyj :ij’ Zj :R/wj7 w] = (sm(27r(]1)/n) I ] :1,2,...7TL,

in which R’ = 1000 and R = 1.1,1.2,...,2.

In order to prove the above proposition, we need the following lemma which gives bounds for
L>(T;) norms of P, VP, VP, and VP,.

Lemma 6.3.6. Suppose that the same hypothesis in Proposition 6.3.4 hold except for the uniform
distribution of the initial vertices. Then we have following estimates:

2
n

i L+d 2 1
[ PllLoe(r;) < ZIQjI log ——, IVP| oory < =5 Z\le ok

/ 72 \ 4
3=0 Jj=1

2

5 (& 1
VP2 (riy VPl 7y < ) > 1] a
j=1

Here || f||Le(r,) is defined by || fllper,) = ||f1||2°°(1“i) + Hf2||2<>°(1“,-) for vector-valued function f =
(flan)T (OT f = (flan))-
Proof. Note that d < [z — y;| holds as d — 0 for all j = 1,2,...,n and all z € I';, and

|z — zj| = |z — (x] +dn;)| < |& — ]| +d < L +d.
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Then we have

T — zj|

infger, [z — y,|

AN

1Pl (rsy < Qo +Z|QJ|||E Lo,y < [Qol + *ZIQJU
j=1

i L+d
AN
;|Q1| 0g d

IN

for sufficiently small d and sufficiently large d. Next, direct computation yields that

—Y; r—Zz;
Q( J J )
2wZJ @~y Jae 2]

Thus we obtain

2
2 n
1 |21 — y1l |21 — zji
VP <D o= Y Q] sup ( N ;
IVP[Zer,) 2_: Qﬂg| ‘7|weri lz—y;[? |z -z
=1 Jj=1
9 2
1 n 1 1 2 = 1
<2|— |Q'|sup< + ) <= Q51 —5-
27Tj:1 ! er -yl Jo -z m ; ’ *

We again have by direct computation that

[z —y;l* |z — 2|t

ZQJ < (#1 —yj1)* + (22 —yj2)®>  —(x1—21)* + (w2 — zj2)2> |

1 ZQJ' ( 1 — Y1) (T2 —yj2) (21— zjn) (2 — Zﬂ)) ’

|z —y,l* [z — 2|t

therefore we obtain

12

n 2 2 2 2
—yj)® + (22 —yj2)° | (1 — 251)° + (v2 — zj2)
VP2 < Q) bup( "
e Z:: ! zer, |z —y,[* |z — 2;]*
22
1 ¢ |71 — yillwe — yjol | 71 — zjllze — 250
23 ks Sl —=2l)
T ety |z — 1y, |z — 24
2 2 )
5 | — 1 1 5 [ — 1
<2 |Q~|sup< n ) <3 (e L
A2 ; Rz = g,z — 2 2 ; J 4
The estimate on ||VPy||2Lm(Fi) can be obtained in similar way. O

Proof of Proposition 6.3.4. Put fi;(a) = P(a)VP(a) - n;. Note that fi; is smooth in some neighbor-
hood of €Q(t) since P is so. Then we have

1
O0f1,i " *
Fa@) = fatad) = [ T = et + p2) dn (@ - 27)
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for all « € I';. Therefore

L
2n

Y1of1

O0f1,i
L (1 s + ) i,

Oa

Fra() — fra(a])] < /

dula o] < |

Le=(T;)

holds for all € T';. Owing to Lemma 6.3.6, |0 f/dal|rr,) can be bounded as follows:

Haflv

= = [VP(z)(VP () - n;) + P(x)(Hess P(x))ni| L (r,)

oo

= \/HPNP “n; + PYP, |2y + [P,V P ni+ PP, nill3

< V20UPB ) + IVP e 0 IVP - il B

+20PI2 ey (\|va il2 e + VP, .ni\@x(m)

IN

¢2||VP||2W<FI.>+2||P||2® L (IVPB ey + IV Py 2 r,)

4 2 9 2

4 [& L+d\ 10 (< 1
S e] i+ ZIQ; (bg y ) Sl o
j=1 j—1

2 N 2
- 2 L+d 1
;IQjI Jﬂ%(logd ) =

IN
o

CREN)

Using a relation

] n 1 n i §
L= Zkiviri = —§ZP(;CZ)VP(:CZ) Ny,
i=1 i=1

we obtain
.1 ) 1 ) .
L+= [ |[VP@)?dQ=|= | |VP(x)]?dQ+ L
Y Ja Y Ja
1 n
53 / (P(z)VP(x) — P(a})VP(x})) - mi ds
i=1 /T
1< .
— 1230 [ (i@ - e as
7= T
2 N 2
1< 2 [ <& 2 L+d 1 L C
< = z . il 1 L2 s < =L
_7;/11 ™ ;@]l \JW2+5<Og d > d? 2nd3_ n’
where

2 N 2
L2 2 2 L+d
C = ; — +5(log—— | .
1 7T’)/d2 ;'QJ| $ﬂ,2 + (Og d )

Hence we obtain the desired estimate for L.
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Since we use UDM, we obtain errg = 0. Y1, v;7; is equal to 0 because of the constraint (6.3.20).
Hence we obtain AP-property.

As to the barycenter, since we use UDM, A = 0 and errZ = 0 hold. err can be evaluated as
follows:

(lelloo 4 llvlloo) L?
3An ’

lerry| < — L5 | ,|+|Ui+1|+|vi| (12412, ) <
G 6A Q; D) Ty TTig1) S

where a = (a1, @z, ...,0,)T and v = (v1,v9,...,v,)T. By definition of tangential velocities, we have

n
_u + V41 v_1+ 1
o = E E 5; — s1—1+ — E kjvir; |,
o Zz 1 1/cl cz 2¢;_1 n =

?

1 v+ U4 vi_1+ I .

;= — § — S — 8171-1-*5 kjvir; | +oner |, 1=2,3,...,n.
Ci 2¢; 2¢ci_1 n 4

t\i=2 j=1

Therefore we obtain estimates

1 lu| + |Ul+1\ pr| o 1| + |ug] Yr-1
lan| < E E —_ ‘t ’Jr ‘t ‘
Zz 11/Cl Ci
=2

+

Z(‘tan L 1’+‘tan D lvj]

1
n

j=1
s Ch/em

v
Srna M

and
E"izc‘é /em .
< Cl. 4 &=m=2 “=ml TR ) )y =2,3,...
‘O‘Z‘ z< 21 22;1 1/Cl H HOO, ? y 9y y 1y
where
Cél:Z ‘tan%’-’—‘tansolzil‘+;Z’tan%‘ , i:2737.“7n'
1=2 j=1

Summarizing the above, we obtain

N N m L em n O [em
ol < Caloll, Co = max { Zmbense + g Cinlen )|

max Cy; =
C1 Zl 1 1/6[ 1=2,3,...,n C; < 2 Zl:l 1/6[
The normal velocities {v;}?; can be estimated as

vil = [ = VP(27) - ni| <[[VP|Loory, thatis, [[vflec < [IVP]Lee(r;)-

Therefore we obtain

Co
Ll< 22 Oy =
lerrg| < n’ 2 3Awd
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The second term in the expression (6.3.7) for G can be evaluated as follows:

1 1 ”/
-y yrixl| =|—— z;VP(x}) n;
1 n
(6.3.25) < ZZ/ (xVP(x)"n; — x;VP(z})n;)ds
i=1 /T

_|_

)

32 [ (@) - Pladymias

where we have used the relations

z”:/ q:VP(a:)-nids:Xn:/ Pn;ds
i=1 714 i=1 YT

and

(M1 + 1)

Il
)
INgE
Q‘CID

<
Il
—

%

N

;/FI P(x})n;ds = ’Y;kinﬂi = 7; (tan ‘Pz‘2—1 + tan %) n
n n
i=1 i=1

We evaluate (6.3.25) by similar procedures for evaluating L, and obtain

1 & L2 2|\ || o 1
1S ] < (1 2y L
=1

— And d n
Indeed, putting f, ;(a) := aVP(a)"n; and f3(a) := P(a), we obtain for & € T'; that

2

Of 2,
da

M,L>(T";)

+ VP i+ 22V P, - ni| 7 < 1,y

<2 (IVPI oy + o1l (o IV Pl ey ) + 01l

VPyH%oo(ri)

VPyH%oo(m))

< AIVPI ey + 22y (IVPelEoqry + IV P r,)
2 2

8 [ 1 9 10 [ < 1

< ;\Qﬂ 2 T2lElzew - — ;l@ﬂ T

VPl + 2 (IVP IRy + N2l

+ HZQHQLOO(R,)

and

2

2 1

0fs 2 [
| S IVP ey < o [ 10|
j=1

da

Le=(T';)
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which yield that

%Z/ (zVP(x)"'n; —z;VP(z;) n,) ds| =
i=1 /T

1af21

0f
Oa

L
-—ds

M, Lee () 2n

1 - 2 - ” ”200 F) L 022
< = - ; 24 —— ds = —
A ;/Fl m 7:21 Q5] + d? d 2n n

and
1 & Ll
7 P(xz) — P(x*))n; _ =
‘ A;/Fi( (@) = P(z))nids| = ;/m(f?’( x) — f3(x))n; ds
Ly V2 (5 1 L Coas
< A L J - e ——
_Aiz_;/ri T ;|Q3| d 2nds =,
where
L2 5@~ 2 [
Cao Amd ; on + a2 , Cas JoAnd ;|Q3|

Here for matrix-valued function A = (A;;) € R?*?, its L°°(T';)-spectral norm ||Au, = (r;) is defined

1/2
as || Allm, oo (r,) = (Zle Z?:l ||Aij||%oo(m)> . Combining the above estimates, we obtain

|G‘ < )

- 2(Co + 1 5| o 1
Cy = Co1 + Cyp + Caz = Z <32+)+ 2+”w|llL2(F)+\/§>

as desired. O

where

6.4 Numerical scheme for the one-phase exterior Hele-Shaw
problem (6.2.1)

Using the clockwise-indexed notation in contrast to the interior problem, we can write down numerical
scheme in almost similar way. Therefore we only state how to compute the normal velocities, in which
essential difference exists.

The problem to be solved is as follows:

Ap=20 in ﬁ(t),
p=k; on T'(t), i=1,2,...,m,
p(x) =qE(x) + O(1) as |z| = oo,
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Chapter 6 MFS for Hele-Shaw problem 6.5 Numerical scheme for (6.2.2)

where Q(t) = R2\ Q(t), and Q(t) is a bounded region surrounded by TI'(¢). For the above problem, we
construct the approximate solution P as

(641) P(@) = Qo+ QB @) +aB(@—2). By(®)=E@@—y;)~E@—=2). @ <ur(),

where {z;}]_; and z are dummy points located in (t) and y;’s are the singular points given by
(6.3.14), in which n; denotes the unit “inward” normal vector of I" on the j-th edge I';. Coefficients

{Q; };‘l=o are determined by solving the linear equations (6.3.18) with the following constraint:

> QiH; =Y qVE(x; —2)=q.
j=1 i=1

Then the speed of time variation of A(t), the area of §2(t), is constant —q as follows:

Proposition 6.4.1 (Prescribed area-speed property). Assuming the uniform distribution of initial
vertices, under our practical scheme, we obtain the prescribed area-speed property, that is, A(t) = —q.

6.5 Numerical scheme for the one-phase interior Hele-Shaw
problem with sink/source points (6.2.2)

The only difference between the one-phase interior Hele-Shaw problem and the one-phase interior
Hele-Shaw problem with sink/source points is a problem to be solved:

Ap=Y gz —§) forxeQ(),
=1
p=k; onT;(t), 1=1,2,...,n.

We approximate the solution p for the above problem by P which is defined as

(6.5.1) P(z) = Qo + Z Q,;E}(z) + Z 4 E2(x),
where
Ej(x)=E(x—y,;)— B(x—z;), Ej(x)=E(x—-¢;)—Ex-z),

in which {2;}/_, and z are dummy points located at a sufficiently far position in R*\Q(t). Coefficients
{Q;}7—, are determined by solving the linear equations (6.3.18) with the following constraint:

n m

D QiH; =Y Y 4 VE(®]) miry = — qu'-
j=1 i=1 j=1 j=1

Then for A(t) the area of 2(t), we obtain the following prescribed area-speed property:

Proposition 6.5.1 (Prescribed area-speed property). Assuming the uniform distribution of initial
vertices, under our practical numerical scheme, the prescribed area-speed property, that is, A(t) =

— > 0L, ¢j holds.
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Chapter 6 MFS for Hele-Shaw problem 6.6 Numerical experiments

6.6 Numerical experiments

In this section, we show some results of our numerical computation. In all numerical computation
shown below, we make distribution of the initial vertices into uniform one. For instance, for a given
initial closed polygonal curve I'(0) which is not necessarily distributed uniformly, we may use a closed
polygonal curve which can be obtained by using Algorithm in Section 6.3.1 with all normal velocities
Vi being equal to 0 until uniform distribution is realized. (It can be done within one second.)

6.6.1 One-phase interior Hele-Shaw problem (6.1.1)

Exact solution

Ezample 6.6.1. When the initial curve €(0) is a circle with radius R, the Dirichlet problem to be
solved at the initial time becomes

Ap(x,0) =0 for x € 2(0),
p(z,0) = % for 2 € €(0).

By the maximum principle for harmonic functions, the solution is the constant function p = v/R,
therefore the normal velocity V is equal to 0. Hence the solution curve %(t) does not change from
the initial curve €(0). This is the only known exact solution for the one-phase interior Hele-Shaw
problem. Similarly, we only know a trivial solution P = Q)¢ for the polygonal problem, therefore the
normal velocities v; on the i-th edge I'; are equal to 0 for all ¢. Moreover, we can easily verify that the
MF'S solution coincides with the exact solution in this case, that is, the following proposition holds:

Proposition 6.6.2. If I'(0) is a regular n-polygon, then the solution P of (6.3.18) and (6.3.20) is
given by a constant function P = ~/R. Namely, P coincides with the exact solution p.

Thus we do not compare our numerical scheme with this exact solution but compare with a result
where the normal velocity is computed by using the boundary element method (BEM) instead of
MFS, since in the previous work [106], one of the authors offered a scheme for the one-phase interior
Hele-Shaw problem with a time-dependent gap, where the normal velocity is computed by BEM.

Numerical results

The parameters are taken as follows:

n = 100 (the number of grid points);

v =1 (the surface tension coefficient);

z; = 1000y; (the dummy points in MF'S approximation (6.3.17));

e 7 =1/(10n?) (the time-mesh size);

w = 10n (the relaxation term);
e d =n~'/2 (the parameter controlling accuracy of MFS);
e Tiax = 0.9 (the final computation time).
The initial curve €(0): [0,1] 3 u + x(u) = (21(u), z2(u))T € R? is given by

(6.6.1) x1(u) = 1.8cos(2mu), z2(u) = 0.5sin(2mu) + sinay (u) + az(u) sin(27u)
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Figure 6.4: Results of numerical computation: (a) the initial curve; time evolution of boundary curves
(b) MFS; (¢) BEM; (d) time evolution of total length; (e) time evolution of area; (f) the accuracy of
area.
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where ag(u) = 0.2 + sin(mwu) sin(67u) sin(2aq (v)) for v € [0,1]. In Figure 6.4(a), the black points
represent vertices of polygon, and the solid lines are contour lines of pressure computed by MFS. The
numbers indicate the values of pressure. We summarize the results of our numerical computation for
the one-phase interior Hele-Shaw problem.

e Time evolutions of boundary curves are indicated in Figure 6.4(b) and (c), when the normal
velocity is computed by MFS and BEM, respectively. The boundary curves converge to circles
in both cases, and their size seem to be coincide.

e Figure 6.4(d) shows the time evolution of the total length L(t) of the boundary curve I'(t), where
the horizontal axis and the vertical axis represent the time and the total length L, respectively. It
can be observed that the total length decreases monotonically for both methods: MFS and BEM
(their graphs are overlapped with each other). As we have seen Proposition 6.3.4 in section
6.3.6, when the normal velocity is computed by MFS, we can prove that L takes a negative
value plus a small error for a large n, since the approximate solution by MFS is smooth in a
neighborhood of Q. On the other hand, when the normal velocity is computed by BEM, there
exist singularities on the boundary curve I', therefore we cannot use a useful mathematical tool
such as the divergence theorem, and this makes it difficult to analyze the evolution of the total
length. However, CS-property is observed numerically.

e Figure 6.4(e) shows the time evolution of the enclosed area A(t) of the region (t) bounded
by T'(t), where the horizontal axis and the vertical axis represent the time ¢ and the area A,
respectively. Concerning the time evolution of the area, there is a big difference. In both methods
of MFS and BEM, the tangential velocity is computed by UDM, therefore errs converges to 0
exponentially as ¢ 1 Tpax or n — oo. When we compute the normal velocity by MFS, AP-
property is achieved in maximal accuracy in double-precision arithmetic. On the other hand,
when the normal velocity is computed by BEM, AP-property does not hold. Indeed, the area
increases in time.

e Figure 6.4(f) shows the accuracy of area, where the horizontal axis and the vertical axis represent
the number of grid points n and the error err(n), respectively. The error is measured by

A — Al

err(n) = A,(Jn)

max , n=4k (k=5,6,...,47),
1<m<M

where As,rf ) denotes the enclosed area of n-polygon at the m-th step, and M = 1000 denotes the
maximum number of time steps. It can be observed that there are differences of accuracy about
9-12 digits between in two methods, and this implies that our proposal scheme computing the
normal velocity by MFS is much better than that by BEM.

Since the pressure function is approximated by MFS as (6.3.17), we can easily visualize the contour
lines of pressure. Indeed, we can draw the contour lines of pressure as in Figure 6.5.

Ezample 6.6.2. We show one more toy example for our numerical scheme. We take the initial curve
as “m-like curve”, which is given by some one-parameter functions (see for details the web page of
Wolfram Alpha). The parameters are taken as follows:

e 1= 100 (the number of grid points);
e v =1 (the surface tension coefficient);
e z; = 1000y; (the dummy points in MF'S approximation (6.3.17));

e 7=1/(10n?) (the time-mesh size);
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Figure 6.5: Contour lines of pressure corresponding to Figure 6.4.
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e w = 10n (the relaxation term);
o d=n"1/? (the parameter controlling accuracy of MFS);
® Tinax = 3.0 (the final computation time).

The results are shown in Figure 6.5, where the white circles represent the positions of the singular
points.

Total Iengih —_—
i Area ---- | 20.9

Total length

-5 L L L L L L L L -5 1 1 1 1 1 1 1 1

4 3 2 4 0 1 2 3 4 5-4 3 2 -1 0 1 2 3 4 5 0 05 1 15 2 25 3
(a) initial curve (b) Evolution of curves (c) Total length L and area A

Figure 6.6: Results of numerical computation in which the initial curve is taken as the w-like curve:
(a) initial curve; (b) the evolution of boundary curves; (c) time evolution of length; (d) time evolution
of area.

6.6.2 One-phase exterior Hele-Shaw problem (6.2.1)
Exact solution

Ezample 6.6.3. We can construct a nontrivial exact solution for the one-phase exterior Hele-Shaw
problem when the initial curve is a circle, especially we seek a self-similar solution for (6.2.1). Let ()
be a circle with radius R(t) having the origin as its center: ¢(t) = Bp) := {|z| = R(t)}. Then our
problem is to find a self-similar solution p and a radius R(t) for (6.2.1), that is, we seek a solution p
of the form

p(r,t) =C + % logr (R(t) <r < +00),

where C' is a constant. Since the curvature k is equal to —1/R(t), the boundary condition becomes

g
R(t =——.
Then we can determine the constant C, and obtain
p(rt) = —— + Llog—— (R(t) < r < +00).

R(t) 21 S R()

The normal velocity V of the curve €(t) can be computed as

V=x-N=-R(t)=-Vp N =0,p(R(t),1).
Therefore we obtain the initial-value problem for ordinary differential equation:

q

R(t) = ~5 2y

R(0) is given.
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Solving this problem yields
R(t) = /R(0)2 — L¢.
w
These p and R(t) are the exact solutions for (6.2.1).

On the other hand, for polygonal problem, we can seek the solution by using MFS. Let I'(¢) be a
circumscribed regular n-polygon of B,;). We take the singular points {yj 71 as follows:

yj:MIB;, j:1a27"';n7
where p € ]0,1[. See for settings Figure 6.7. Since the length r; of the i-th edge I'; and the angle ;

Figure 6.7: Our settings for the polygonal exterior problem.

between adjacent two edges I'; and I'; 11 are calculated as r;(t) = 2a(t) tan(n/N) and p; = —27/N for
all 4, respectively, we have

g - fan(pi-1/2) +tan(ei/2) 1
L i o a(t)’
Therefore the problem is written as follows:
Ap(z,t) =0 for x € Q(t), t € [0,T7,
p(x,t) = - for x € T'(¢),

O —

a(t
p(x,t) = qE(x) + O(1) as|xz|— oo, t€[0,T].
We seek the approximate solution P by MFS, that is, P at time t has of the form

n
Q; |z — yj| q
P(x) = — log ———— + —log |x
() Qo+;2ﬂ B ol T ar 8l
where the dummy points {z;}"_, and 2z are taken as the origin. The boundary condition (6.3.18) is
Y .
Plx*) = ——— =1,2,... .
(m’l/ ) a(t) 9 Z ) b b n
Taking into account of the symmetry, we can take Q;, 7 = 1,2,...,n as the same value C, and can

determine Q. After taking C' = 0, and similar procedure for smooth curve yields

(6.62) Pl@) =t b log oL a(t) = a0 - Lt

151



Chapter 6 MFS for Hele-Shaw problem 6.6 Numerical experiments

We can observe that this solution for polygonal curve coincides with that for smooth curve. As you
can see from the above argument, if the initial curve is a circle, where we can write down the exact
solution, then the corresponding solution for polygonal problem can be constructed by using MFS,
that is, MFS is a numerical solver which contains the exact solution. Namely, the following proposition
holds:

Proposition 6.6.5. If I'(t) is a circumscribed regular n-polygon of By, then the solution P of
(6.3.18) and (6.3.20) is given by (6.6.2). Namely, P coincides with the exact solution p when a(0) =
R(0).

Numerical results

Ezample 6.6.4. Taking the initial curve as the same for the interior problem (6.6.1), we perform a
numerical computation using our numerical scheme, where the parameters are taken as follows:

e n =100 (the number of grid points);
e v =1 (the surface tension coefficient);

e z=2z;=n"'>" vy, (the dummy points in MFS approximation (6.4.1));

7 =1/(10n?) (the time-mesh size);
e w = 10n (the relaxation term);

e d =n~'/2 (the parameter controlling accuracy of MFS);

e ¢=1(A(t) = —q);
e Thax = 0.9 (the final computation time).

The results are depicted in Figure 6.8 and Figure 6.9.
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(a) Initial curve (b) Evolution of curves (c) Total length L and area A

Figure 6.8: Results of numerical computation: (a) the initial curve; (b) the evolution of boundary
curves; (c) time evolution of total length and area.

Ezxample 6.6.5. Another toy example is the exterior Hele-Shaw problem with “dolphin-like curve” as
its initial curve (see for details the web page of Wolfram Alpha). The parameters are taken as follows:

e n =100 (the number of grid points);

e v =1 (the surface tension coefficient);
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t = 0.000000

t=0.180000

t =0.360000

t = 0.540000

t=0.720000

t=0.900000

Figure 6.9: Contour lines of pressure corresponding to Figure 6.8.
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e z=2z;=n"'>" vy, (the dummy points in MFS approximation (6.4.1));
e 7 =1/(10n?) (the time-mesh size);
e w = 10n (the relaxation term);

o d=n"1? (the parameter controlling accuracy of MFS);

e Tinax = 4.8 (the final computation time).

The results are depicted in Figure 6.10.
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Figure 6.10: Results of numerical computation in which the initial curve is take as the dolphin-like
curve: (a) the initial curve; (b) the evolution of boundary curves; (c) time evolution of total length
and area.

6.6.3 One-phase interior Hele-Shaw problem with sink/source points (6.2.2)
Exact solution

Ezample 6.6.6. Let the initial curve €(0) surround the origin and there exists one sink/source point
at the origin, that is, we consider the following problem:

Ap(x,t) = ¢16(x) for x € 2(t), t € [0, T,
p(x,t) =0 forx € €(t), t € [0,T],
V(x,t) = —Vp(z,t)- N(z,t) forxeL(t),te(0,T]

Note that the surface tension coefficient «y is equal to 0 and that the origin is a suction point if g1 > 0
and an injection point if ¢; < 0.

For the above problem, we can construct nontrivial exact solution as follows. Riemann’s mapping
theorem assures the unique existence of conformal mapping f(-,¢): B(0,1) — Q(t) satisfying f(0,t) =0
and f¢(0,t) > 0. Then there exists some holomorphic function ¢(¢,t) such that f(¢,t) = {p(¢,t) and
©(0,t) # 0. Moreover, we know that ¢((,t) # 0 for all ( € B(0,1) at each time ¢ € [0, T since f
is conformal. Since the solution p(z,t) for the above problem can be expressed as the sum of the
logarithmic potential ¢/(27)log || and some harmonic function p(x,t), we have

P(F(G,0),8) = 5 1og |F(C, )] + BU(C. ). 1) = 5= log[¢| + 5= Tog [9(C. )] + B(C. ). ).
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Note that the last two terms D(¢,t) := ¢/(2m) log |¢(¢, )| + p(f(C, t),t) is a harmonic function since ¢
is a holomorphic function. In view of the boundary condition, p(¢,t) = 0 for |¢| = 1, therefore by the
maximum principle for harmonic functions, we have p(¢,t) = 0 for ¢ € B(0, 1), that is,

P(F(C.D.) = 5-log[cl, ¢ € B(0,1).

Let w(:,t) = u(-,t) —iv(-, t) be complex representation of velocity field and g(-,¢) := f~*(-,¢). Then
we have q q
p(z,1) = p(flg(2,1),1),1) = - loglg(z,1)] = 5 -Rlog g(=,1).

Owing to Darcy’s law u = —Vp, we obtain
4 ,9:(2,1) q 9:(21)
)= —— )= —+G
uzt) 271'§R g(z,t)’ (1) 21 g(z,t)’
that is,
_ . g g:(21)
w(z,t) = u(z,t) —iv(z,t) = o7 g(et)
Since g(f(¢,t),t) = ¢, we clearly have g.(f((,t),t)fc(¢,t) = 1, that is,
q 1
w ,1),t) = —— .
R A
Let N (z,t) be the complex representation of the unit outward normal vector of €(t), that is,
9/4(S1))
N f C7t 1) = s C =
T

Using a relation

@:N~Vp:fN~u:f§R(Nw),

we obtain
dp

_a 1 —
aW(f(Cat)7t)_ 27r|fC(C7t)‘7 |<|

Since the normal velocity V is represented in two ways as V = —9p/ON and V = R((0,f)N), we
finally obtain the so-called Polubarinova-Galin equation:

of Of\ _ «q B
m<8t<8<)—2ﬁ, =1

Particularly, if we seek quadratic conformal mapping f((,t) = a(t)¢ + b(t)¢?, we obtain from the
Polubarinova-Galin equation that

Q

™

a(t)?b(t) = a(0)%6(0), a(t)? + 2b(t)% + a(0)? 4 2b(0)? t.
Solving this yields the solution curve

Cg(t): [Oa 1] Sur— .’I)(U,t) - (xl(uvt)a x2(u7t))T € R2;
x1(u,t) = a(t) cos(2wu) + b(t) cos(4mu), w2(u,t) = a(t)sin(27w) + b(t) sin(4dru).

for each time t € [0, Tmax[- See for details Gustafsson and Vasil’ev [26, p. 28] and Varchenko and
Etingof [101, p. 62].
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Numerical results

Example 6.6.7. We compare a result of our numerical computation with the exact solution. The
settings of parameters are as follows:

n = 100 (the number of grid points);

~ = 0 (the surface tension coefficient);

z = (1000,0)T, z; = 1000y, (the dummy points in MFS approximation (6.5.1));

e m =1 (the number of sink/source points), then we have A(t) = —¢;

&, = (0,0)T (the position of sink/source point);

g1 =1 (21 is a sink point);

e 7 =1/(10n?) (the time-mesh size);

w = 10n (the relaxation term);
e d =n~'/2 (the parameter controlling accuracy of MFS);
® Tiax = 3.0 (the final computation time).
The initial curve €(0): [0,1] 3 u +— x(u) = (z1(u), v2(u))T € R? is given by
x1(u) = acos(2mu) + beos(4dmu), x2(u) = asin(2wu) + bsin(4dru)

where a = a(0) = 2 and b = b(0) = 1/3. The results of our numerical computation can be found in
Figure 6.11 and Figure 6.12, where the velocity field is added in Figure 6.12. In Figure 6.11(a), the

2'5 T T T T T T T T
2 ' 13 T T T T T 13'5 T T T T T
15 128 | . |
1L
> 126 | 1 1251 ]
051 g 124 L _
0L 12 | 4
122 | ]
0.5 1 15[ i
121 ]
r 11
a5l 1.8 | -
2L 116 | | 105} i
25 1 1 1 1 1 1 1 1 11.4 1 1 1 | | 10 1 | | | |
245105005115 2 25 0 05 1 15 2 =25 3 0 05 1 15 2 25 3
(a) Evolution of curves (the most (b) Total length L (A) Area A

outside curve is the initial curve)

Figure 6.11: Results of numerical computation for the one-phase interior Hele-Shaw problem with
sink /source points: (a) the evolution of boundary curves; (b) time evolution of total length; (c) time
evolution of area.

solid and dashed lines are the exact solutions, the points are the numerical solutions and the circle
denotes the position of sink point. We can see that the numerical solution matches well with the exact
solution. In [53], the similar numerical computation is doen, where the origin is a source point. See
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Figure 6.12: Velocity field corresponding to Figure 6.11.

[63, Figure 11]. Furthermore, we compute the error between the exact solution and the numerical
solution by using a discrete Hausdorff distance as follows.

Let €(t): x(u,t) (u € [0,1], ¢t € [0, Tmax|) be the exact solution with the given initial curve. We
divide the parameter interval [0, 1] into m equal sections, that is, [0,1] = J;~ [ui—1,u;], where u; = i/m
(i=0,1,...,m). We then measure the error between ¢(t) and I'(t) by the following quantity:

dg“m) (€(t),T(t)) = max {DY”") (1), Dén’m) (t)} )

where
D™ ()= max  min |a(u,t) — @i(t)],
i=1,2,...,n j=1,2,....om
DS"™(t) = max  min |a(uj,t) — x(t)].

j=1,2,....ni=1,2,..n

Take m sufficiently large and fix it. Moreover we define the time-mesh size 7 a priori, and define
the following quantity:
(n,m) 3 —
_max d ™ (1), T(0) if r = oo,
EWM(n) = LA 1/r
(A S dim € (), r(tl))r7> if1<r< oo,
1=1

where A is a positive integer and ¢; = I7. It can be seen that EﬁA)(n) corresponds to the time £"

norm of the discrete Hausdorff distance de””") (¢(t),T(t)). In our numerical scheme, the pressure
p is approximated by MFS, therefore the error for approximation of p can be expected to decay
exponentially with respect to n. On the other hand, the time discretization is done by the usual fourth
order Runge-Kutta method. Therefore we can expect that the error W™ (n) decays algebraically with

respect to n. If we assume that EﬁA)(n) = Cn~% (a, > 0) holds, then we have

=: EOC,.(n),

in which the right hand side EOC,.(n) is the experimental order of convergence.
We show the results of our numerical computation. The settings for parameters are as follows:

157



Chapter 6 MFS for Hele-Shaw problem

6.6 Numerical experiments

n = 10,20, ...,200 (the number of grid points);
7=1/(10-(200)?) = 2.5-107° (the time-mesh size);

d = n~1/? (the parameter controlling accuracy of MFS);

e m = 1000 (the number of divisions of parameter interval [0, 1]);

e A =0.001/7 =400 (the number of steps of computation).

In the previous numerical computation, the time-mesh size 7 depended on n, more precisely, it was
defined as 7 = (10n?)~!. However, we here define 7 as the case where n = 200, and compute the same

number of steps A, and compute Eéé\)(n), E%A) (n) and EéA)(n) (see Table 6.1). We can see in Table

| n | EOCx(n) | EOCi(n) | EOCy(n) |

20 1.004146 | 1.004411 | 1.004411
30 | 0.998665 | 0.998819 | 0.998816
40 | 0.999435 | 0.999709 | 0.999710
50 | 0.997245 | 0.997025 | 0.997032
60 | 0.999651 | 0.999914 | 0.999915
70 | 0.999844 | 1.000614 | 1.000624
80 | 0.994698 | 0.994774 | 0.994775
90 | 0.997119 | 0.998162 | 0.998164
100 | 1.004909 | 1.006235 | 1.006227

Table 6.1: Experimental order of convergence

6.1 that B (n), E§A)(n) and EgA) (n) are of order n~1. In the previous work, Kimura and Notsu [55]
computed the one-phase exterior Hele-Shaw problem with the use of signed distance function, and the
experimental order was almost equal to 1, which agrees with our numerical results. Then we can say
that our proposal scheme has good accuracy, together with asymptotic structure preserving properties.
Furthermore, its implementation and computation are easier than other known numerical schemes.

Ezample 6.6.8. We show two more results of our numerical experiments. The one is the case where
the initial curve €(0): [0,1] > u — x(u) = (v1(u), r2(u))T € R? is an ellipse

x1(u) = acos(2mu),

xo(u) = bsin(27u),

where a = 1 and b = 2, which was studied in [53]. The parameters are taken as follows:

e n = 50 (the number of grid points);

e v = 0.2 (the surface tension coefficient);

e z=(1000,0)", z; = 1000y, (the dummy points in MFS approximation (6.5.1));

g1 =2 (21 is a sink point);

e 7 =1/(10n?) (the time-mesh size);

o w = 10n (the relaxation term);

&, = (0,0)T (the position of sink/source point);
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o d=n"1/? (the parameter controlling accuracy of MFS);
® Tiax = 2.1 (the final computation time).

The results are shown in Figure 6.13 and Figure 6.14. We can say that our result agrees with the one

2

10 T T T T 65

551

451

8t 35}

251

0 05 i 15 2 25 0 05 1 15 2 25
(b) Total length L (c) Area A

-2 1 1
-1 05 0 05 1

(a) Evolution of curves (the

most outside curve is the
initial curve)

Figure 6.13: Results of numerical computation for the one-phase interior Hele-Shaw problem with
sink /source points: (a) the evolution of boundary curves; (b) time evolution of total length; (c) time
evolution of area.

obtained in [53] (see Figure 9 and Figure 10 in [53]).
Example 6.6.9. The other one is the case where the initial curve €'(0): [0,1] > u — x(u) = (z1(u), 72(u))T €
R? is given by
x1(u) = 2cos(2mu), xa(u) = 4sin(27u) — 3.98sin®(27u).
The parameters are taken as follows:

e n =100 (the number of grid points);

e v =1 (the surface tension coefficient);

z = (1000,0)T, z; = 1000y, (the dummy points in MFS approximation (6.5.1));

m = 2 (the number of sink/source points), then we have A(t) = —q1 — ¢o;

£€=(12,0)7, & = (-1.2,0)%;

e g1 =—1, g2 =1 (21 is a source point and z5 is a sink point);
e 7 =1/(10n?) (the time-mesh size);

o w = 10n (the relaxation term);
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Figure 6.14: Velocity field corresponding to Figure 6.13.

o d=n"1/? (the parameter controlling accuracy of MFS);
® Tiax = 0.9 (the final computation time).

The results are shown in Figure 6.15 and Figure 6.16.

2 2 16 644
' ' ' ' ' T T Total length ——
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s 115 15 ! | 642
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(a) Initial curve (b) Evolution of curves (c) Total length L and area A

Figure 6.15: Results of numerical computation for the one-phase interior Hele-Shaw problem with
sink/source points: (a) initial curve; (b) the evolution of boundary curves; (c¢) time evolution of total
length and area.

6.7 Concluding remarks

In this chapter, solutions to the several one-phase Hele-Shaw problems are discretized in space by
means of MFS combined with UDM, and our scheme satisfies variational structures such as CS-,
AP- and BF-properties under some ideal situations, and asymptotically under practical computational
situations, in a discrete sense. As we have seen in Section 6.6, it is easy to make pressure field and
vector field without generating mesh in the fluid region in each computational step. This is one of
powerful and useful feature of MFS. Application of MFS to moving boundary problems has been done
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Figure 6.16: Velocity field corresponding to Figure 6.15.

in quite a few papers, but our present attempt will open up a new strategy in numerical computation
for moving boundary problems. In this sense, we have many future works. The following are selected
future works directly connected to the present paper: (1) to analyze the value of EOC (why it takes
“around” 1 and does not “converge” to 1 as n tends to infinity), (2) to treat two-phase Hele-Shaw and
other potential problems, (3) to track the exact solution curve (Figure 6.11(a)) of one-phase Hele-Shaw
problem with sink until it forms cusp singularity.
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Chapter 7

Numerical conformal mapping
based on the dipole simulation
method

Abstract

In this chapter, we propose a method for numerical conformal mapping based on the dipole
simulation method. The proposed method offers us simpler numerical scheme compared
with Amano’s method based on the method of fundamental solutions, in which we have to
compute suitable branch of complex logarithmic function. Several numerical experiments
exemplify the effectiveness of our proposed method. This chapter is based on the following
paper in preparation:

e K. Sakakibara and M. Katsurada, Numerical conformal mapping based on the dipole
simulation method, in preparation.

7.1 Introduction

Conformal mapping is a fundamental and important concepts in the field of complex analysis, and it
has been applied to science and engineering. Therefore, it is preferable to obtain “analytic expression”
of conformal mapping. However, it is impossible to do it except for some simple region, so we have
to compute conformal mapping “numerically” in general. Thus, numerical computation of conformal
mapping is a hot research topic in numerical analysis. Among several numerical methods, Symm
[98] offered an efficient numerical scheme, in which we have to solve first kind of Fredholm integral
equation. Afterward, several techniques based on spline function, FFT, and so on, to solve it have been
developed (see, for instance, [31, 35, 36]). As a result, high precision numerical conformal mapping
could be obtained. On the other hand, their numerical procedures are complex, and their applicable
region is so limited. In view of the affairs stated above, Amano [2] offered very simple and accurate
numerical scheme based on the method of fundamental solutions. Hereafter, we explain the concept
of his method.

Mathematical formulation

Let Q2 be a Jordan region in the complex plane C. Riemann mapping theorem assures the existence of
conformal mapping f of {2 onto D;. Taking zo €  arbitrarily, fixing it, and imposing the normalized
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condition

(7.1.1) f(z0) =0, f'(20) >0,

a conformal mapping f is determined uniquely. Since the boundary 02 of Q is a Jordan curve, f can
be continued to an isomorphism of  onto D; by virtue of Osgood-Carathéodory theorem. We here
consider a function g defined as

f(z)

z—2y

9(2) =

According to the normalized condition (7.1.1), g(z) # 0 for all z € . Since Q is simply-connected,
there exists a single-valued branch of logg(z). Denote its real, and imaginary parts by u, and v,

respectively:
u(z) = Rlog M7 v(z) = Slog M
Z— 20 Z— 20
Namely, we obtain an expression f(z) = (z — z0) exp[u(z) + iv(z)]. Since 9 is mapped onto OBy, the
function u can be characterized as the solution for the following boundary value problem:

Au=0 in Q,
(7.1.2)

u(z) = —log|z — z9| on 9.

The function v is a conjugate harmonic function of u, and satisfies a condition v(zp) = 0 (mod 2)
since f'(zp) > 0, the second equation in (7.1.1), is assumed. Summarizing the above, we can construct
the conformal mapping f by solving the boundary value problem (7.1.2), which yields u, and compute
the conjugate harmonic function v of w satisfying v(zp) = 0.

Amano’s method

Amano [2] offered a simple numerical method for computing conformal mapping based on MFS, which
does not require any numerical integration. Namely, taking singular points {¢}2_, € C\Q “suitably”,
an approximation u¥) of v is given by

N
uM(z) = log|z — Gl-
k=1

Coeflicients {Qk}szl are determined by collocation method, that is, take the collocation points {z;};=1 C
0f) “suitably”, and impose the following approximate boundary conditions, which are termed the col-
location equations:

uN)(z;) = ~log|z; — 20|, j=1,2,...,N.

Solving the above system yields v("V). Then, we can obtain v), which is an approximation of v, as

follows:
N

v (2) = 6™ (2) — W) (29), WV (2) = ZQk arg(z — (i)

k=1

Here, the value of arg function should be determined so that it would be continuous in Q. If Q is
starlike with respect to 2y, then we have

- ¢
U(N)(z):ZQkAI"g<Z k>7
k=1

20 — Ck
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where Arg is a principal value of arg. Therefore, it is easy to program the above scheme. However,
if © is not starlike with respect to zg, then it would be a hard task to choose suitable branch of arg
function. In order to resolve this difficulty, the following “continuous scheme” has been developed in
[3]. An approximation u") of u is given by invariant scheme for MFS:

N

N
u™M(2) = Qo+ Quloglz—Gl, > Qr=0.

k=1 k=1

We here rewrite u(N) by using Abel transformation, which yields the following expression.

z — (g

Z = Q1

N—1
uM ()= Qo+ Y QW log

k=1

k
) Q(k) = ZQZ
=1

Since the function z — Arg((z — (x)/(# — Ck+1)) is a harmonic function defined in C\ [(x, Cky1], if

[Ck, Ckt1] is contained in C\ Q for all k =1,2,..., N, then

N-1

M) = 3 W Arg <Z—Ck>
b1 Z = Crt1
is a conjugate harmonic function of u(™. Hence, defining v™) := (V) — 5(M)(2,), we obtain the

desired approximation.

Based on the idea described above, simple and high-precision numerical conformal mappings have
been studied in several regions. Nevertheless, we always keep in mind that the singular points {(x }_;
should be chosen so that all the line segment [k, (x+1] are in the exterior of €2, in which some crafts-
manship would be required. The aim of this chapter is to construct numerical conformal mapping
with same accuracy and without any difficulty in implementation. Concretely speaking, we adopt
DSM instead of MFS. This is the only but essential idea of our numerical scheme. The contents of this
chapter are as follows. In Section 7.2, we briefly explain our method for numerical conformal mapping.
In Section 7.3, we investigate the accuracies of our method and Amano’s method by using Hilbert
transform. In 7.4, we extend our numerical scheme to multiply-connected region. The efficiency of our
numerical scheme will be verified in Section 7.5. We finally summarize this chapter and present future
works in Section 7.6.

7.2 Numerical conformal mapping based on DSM

In Amano’s method, approximation V) of v is given by MFS. If we use DSM instead of MFS, (")

has of the form N
(N) _ g
ut(z) = E QR (z Ck) .

k=1

(N)

The most important fact is that the following function \*Y) becomes a conjugate harmonic function

of u@),
N -
~(N) (N .
U z) = E Qi .
(2) 2 k (ch)

Therefore, defining v (2) := V) (2) — 5V (2) and fN)(2) = (2 — 29) exp[u™)(2) + 1w (2)], we
obtain the desired numerical conformal mapping. A noteworthy point of this method is that arg
function does not appear in the expression for v™). This implies that we can compute numerical
conformal mapping easier than Amano’s method.
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7.3 Accuracy

In both Amano’s method and our method, approximation u¥) of u is given by MFS and DSM,
respectively, and approximation v(™) of v is given by the conjugate harmonic function of u(™) satisfying
vV )(zo) = 0. In this section, we investigate the accuracy of such approximations.

7.3.1 Accuracy of uv

It has been studied in previous studies [49, 45, 46, 47, 50, 48, 79, 84] and in this thesis, Chapters 2
and 3, that if we define the singular points, the collocation points, and the dipole moments suitably,
then the approximation error decays exponentially with respect to the number of the singular points.
Therefore, we do not turn attention to the accuracy of real part, and we next study the approximation
error of imaginary part.

7.3.2 Accuracy of vV

In previous studies, the behavior of approximation error of imaginary part have not been studied
theoretically. The following theorem tells us that it will be completely dominated by the approximation
error of real part.

Theorem 7.3.1. Let Q2 be a Jordan region in the complex plane, whose boundary OS2 is analytic, and
denote its analytic parameteziation by : [0,1] — C. Let u be a solution for the following boundary
value problem:

(7.3.1)

Au=0 1inQQ,
u=f on 012,

where f is a given data, which satisfies the reqularity condition f oV € Z¢ , for (§,0) > (1,1/2). Let
v be a conjugate harmonic function of u satisfying v(zo) = 0. Denote by u™) an approzimation of u
by MFS or DSM, and by v'N) the conjugate harmonic function of u™) satisfying v(N)(zo) = 0. Then,
there exists some positive constant C' such that the following estimate holds for all s € R:

v = 0400 < Cllu = u™ |17+ (00)-

Proof. We only consider the case where € is a unit disk D;, in which the constant C is indeed equal
to 1. The general case can be shown via the conformal mapping of €2 onto the unit disk.

Define F(7) = f(e*™'7) for 7 € S'. Then, using the Fourier coefficients {F'(n)},cz of F, we can
explicitly write the exact solution u for (7.3.1) as follows:

oo
Z F(n)r|n\627rin9 (Z _ ,,,6271'19).
n=—o00

Let u(N) be an approximation of by MFS or DSM, and define ¢ (1) := u(N) (e2717) for 7 € S*.
Then, ¢™) can expanded into Fourier series as follows:

(b(N) Z ¢(N) 27'rin7'.

Then, we have

1E = 6MN1%. , = [E(0) = 6P(0)2 + Y [F(n) — o) (n)?e" (2m[n] >

nez*
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We here define the Hilbert transform G of F', that is, G is defined as
G(r) = Z onF(n)e?™ e St

n=—oo
where o, is a signum function, which is defined as
1 if n >0,

on =<0 if n=20,

—1 otherwise.

Similarly, the Hilbert transfor (V) of ¢(N) can be defined as

oo

M) = Y ondMm)erm ™, re st

n=—oo

Hence, we obtain

G =™ )2, = " lonE(n) — 0,6 (n) *I" (2m[n])**
nez*
= > [F(n) = oM ()Pl (2r|n))* < ||F — M2,
nezZ*
which implies the desired estimate. O

7.3.3 Accuracy of f(V)
Using the above theorem, we immediately obtain the following estimate.

Theorem 7.3.2. Under the same condition in Theorem 7.8.1, there exists some positive constant C
such that the following estimate holds for all s € R:

e

< 2|lu — ™| - (a0

‘HS(BQ)

Note that we can observe from the numerical experiments in Section 7.5 that the behavior of the
error for f(N) is almost the same as that for u(Y). Therefore, it can be conjectured that

(7.3.2) 1F = F™N s 00) = lw = u™ e (90

holds.

7.4 Numerical conformal mapping in multiply-connected re-
gions

In the above sections, we have considered the case where 2 is a simply-connected region. However,

numerical conformal mapping in multiply-connected region is actively used in practical applications,

for instance, computation of potential flow. Thus, in this section, we aim to extend our method to
multiply-connected region.
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7.4.1 Doubly-connected region

Let Q2 be a nondegenerate doubly-connected region. Namely, assume that there exist two disjoint
connected components K7 and K5 such that ® \ Q = K; UK>, K; is unbounded, and neither K7 nor
K is reduced to a single point. Then, the following theorem holds, which assures the existence of
conformal mapping in doubly-connected region.

Theorem 7.4.1 (Henrici [33, Theorem 17.1a]). There uniquely exists p € |0,1[, which is called the
modulus of 2, such that there exists a conformal mapping f of Q0 onto the annular region R 1.

_ Ifboth €1 = 0K, and Cy = 0K, are Jordan curves, f can be extended to isomorphism of Q onto
Ry by virtue of Osgood-Carathéodory theorem. Hereafter, assume that 0 € K just for simplicity.
We are also able to assume that the conformal mapping f has of the form

f(2) = zexplu(z) + iv(2)],

which is the same for the case where Q is a Jordan region. Since f(C1) = v and f(C2) = 7, holds,
following boundary conditions for u are derived.

u(z) = —log|z| for z € C1,
u(z) —logpu = —log|z| for z € Cs.

When € is a simply-connected region, the existence of conjugate harmonic function v of u can be
assured easily. On the other hand, when (2 is not a simply-connected region, it is not easy to ensure
the existence of the conjugate harmonic function. However, in general, the following theorem is well
known.

Theorem 7.4.2 (Henrici [33, Theorem 15.1d]). A harmonic function u in o finitely connected region 2
has a conjugate harmonic function in Q if and only if the conjugate periods with respect to all bounded
components of the complement of 0 are equal to zero.

We hereafter construct numerical scheme for numerical conformal mapping with keeping the above
theorem in mind. We give approximation u(™) of u by MFS or DSM, that is,

2 2

ny
u™ (2 Z Quk log |z — G| or u™M(z Z Qui¥t (z — ’5 k) ;

v=1k= v=1k=1

where {(,}a_, C K are singular points, and {n,j}i_, are dipole moments for v = 1,2. Coeffi-
cients {Ql,k}],f 1 3 are determined by the collocation method, that is, take the collocation points
{2 }j=1 C C, for p=1,2, and impose the following collocation equations.

(7.4.1a) u™ (215) = —log |21 (j=1,2,...,N),
(7.4.1b) u™N) (295) —log M = —log |295] (j=1,2,...,N).
Here, note that the modulus p of 2 cannot be obtained analytically in general. Therefore, we regard
it as the unknown quantity, say M, and obtain it together with u, and v. In order to derive one more

equation, we recall Theorem 7.4.2. When we consider the case where an approximation u(N) of u is
given by MFS, a conjugate harmonic function vN) has of the form if it exists:

2 N
v () =30 Qurarg(z — (k) +

v=1 k=1
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where ¢ is an arbitrary constant. Defining f(™) as f(V)(2) := zexp[u™)(2) + iv™)(2)], we have

/02 (U(;V()))(_> dz = CQZZz?% 322771?:_1@%,

v=1k=1

which implies that the conjugate period of v™¥) with respect to K> is equal to 27 2112[:1 Q25 Therefore,
if we impose the condition

N
(7.4.1¢) > Qar =0,
k=1

then the existence of vV) is assured. Therefore, solving the linear system (7.4.1a), (7.4.1b), (7.4.1c),
we can obtain numerical conformal mapping and approximation M of the modulus . We here also
note that it would be required to choose suitable branch of arg function in programming. On the other
hand, if we use DSM, then

A <(f(;v()))( “1) = /C ﬁ’g”k’“ dz =0,

2 y= lkl

which implies that the conjugate period of ™) with respect to K is always equal zero. Therefore
there exists possibility to obtain better numerical conformal mapping than Amano’s method, and it
would be expected that this advantage could be used effectively when we apply our method to potential
flow problem, and so on. However, we here adopt the same condition (7.4.1¢) just for simplicity. Since
there does not appear arg function in vN) obtained by DSM, it is easy to implement our method.

7.4.2 nly-connected region, where n > 3

We here consider more general situation, which appears in practical application. Let 2 be an n-ly
connected region in the complex plane C, where n > 3. Namely, there exist n disjoint connected
components K; (j =1,2,...,n) such that C \Q =K UKyU---UK,, K; is unbounded, and none of
them is reduced to a single point. Then, the following theorem holds.

Theorem 7.4.3 (Henrici [33, Theorem 17.1b]). Under the above hypothesis, there exist n — 1 real
numbers pj, j =1,2,...,n—1, such that 0 < p,—1 < p; <1, 5 =1,2,...,n—2, such that there exists
a conformal mapping f of {2 onto the annulus R, _, 1, cut along n—2 mutually disjoint arcs A; located
on the circles lw| = w;, j =1,2,...,n—2. The mapping function f can be extended analytically to the
curves 0K bounding Q). The images of 0Ky and 0K, are circles A1: |w| =1 and Ay, |w| = pin—1,
respectively. The images of the curves 0K are the arcs Aj, j =1,2,...,n—2.

We can also obtain numerical conformal mapping in this case by similar procedures in Section 7.4.1.
We also here assume that 0 € K,, just for simplicity.
We construct an approximation u(N) of u by I-MFS or DSM, that is,

n N
ny
W)= Q0+ 373 Quilog— Gl o 1) =33 QuR ( : )
v=1k=1 v=1k=1 z = Gk
Using the collocation method, we obtain the following collocation equations.

ut™ (z15) = —log|z] (j=12...,N),
uMN) (z,5) —log M, = —log|z,j| (n=2,...,n; j=1,2,...,N).
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N)

We first consider the case where uY) is computed by MFS. Since

(2 e v el
[ (20D [ (55222 ) a3 o

v=1 k=1

the conjugate period of u¥) with respect to Kj; is equal to 27 ZkN:1 Qji for each j = 2,3,...,n.
Therefore, we impose the following conditions.

N
(7.4.2) Q=0 j=23,...n
k=1

In order to derive one more condition, we focus on the scaling invariance of conformal mapping.
Here, the scaling invariance means that for arbitrary given positive constant «, define a region 2, as

Qu={weClw=az z€Q}=al

Then, the conformal mapping f, of Q, onto Ry, 1 \U;:l2 A; is given by fo(w) = f(2), w = az. We
would like to require numerical conformal mapping f™) to satisfy the above property. Since

n N
Qo+ Y Y Qirlog(z—Gu)|

v=1k=1

f(N)(Z) = f(N)(%Cn, e sCNy 2115+ ZnN) = Z€XP

the approximation of f, is given by
FM (w) = F(wyait, ..., alan, 2115+ - -, 2an)-

Using the condition (7.4.2), we have

I (w) = azexp

n N
QO + Z Z Ql/k IOg(a(z - Cuk))‘|

v=1k=1
n N n N
ozesn 00433 0utoga + 33 Quntontc )
v=1k=1 v=1k=1
N
= F(z)aexp Z Q11 log a] .
k=1
Therefore, if we impose the condition
N
(7.4.3) > Qu=-1
k=1

the numerical conformal mapping f(V) satisfies the scaling invariance property.

If we use DSM, numerical conformal mapping f(N) satisfies the above properties naturally. There-
fore, there are several possibilities of constructing better numerical conformal mapping to meet a
request for the considered problem. We here adopt the conditions (7.4.2) and (7.4.3).

7.5 Numerical experiments

In this section, we show results of numerical experiments.
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7.5.1 Collocation points, singular points, and dipole moments

We arrange the singular points, the collocation points, and the dipole moments as in the following
procedure, which is influenced by Amano’s method [3]. For the sake of simplicity, let €2 be a Jordan
region with analytic boundary curve 2. Denote the analytic parameterization of 9Q by ¥: [0,1] — C.
Then, we arrange the collocation points {z; }é\le as follows:

(7.5.1) 2 =U(j/N), j=1,2,...,N.

Then, the singular points {(x}2_, and the dipole moments {nj}._, are defined automatically from
the collocation points {z; }5\7:1 Namely, they are defined as follows:

(7.5.2) Ch = 25 — %(Ck+l —Cel), = i Crt1 — Ch—1

k=1,2

—_) ..., N
|Ch1 — Co—1]’ Y

)

where r, = rN, and r is a positive parameter. It can be observed that the singular points {Ck}szl and
the dipole moments {7”Lk}~]k\7=1 thus defined are approximations of those obtained by using conformal
mappings. Therefore, the above methods offer simple and good arrangements of the collocation points,
the singular points, and the dipole moments.

7.5.2 (): Cassini’s oval

We firstly consider the case where () is a Cassini’s oval, which is defined as
{(z,y) e R? [{(z +1)* + " H(z = 1)* +y*} < a'},

where a is a parameter greater thatn 1. It is known that the explicit form of the conformal mapping

f is given by
az

Vatr =1+ 22

where zg = 0. The boundary 92 can be parameterized as follows:

flz) =

00 ={r(f)exp(if) | 6 € [0,27]}, r(0) = \/005(29) + /cos2(260) + a* — 1.

Therefore, we determine the collocation points {z; é\le by (7.5.1), and the singular points {(x}_,
and the dipole moments {n;}~_, by (7.5.2). The configurations of the region (2, the collocation
points {zj}é\f:l, and the singular points {(;}2_, are depicted in Figure 7.1 (a), and the images of
numerical conformal mapping are in Figure 7.1 (b). The behavior of the error can be found in Figure
7.2. It can be observed that the error [[v — v™¥)|| 90y of v¥) is a little bit smaller than the error
|lw — u(N)||Loo(@Q) of u(™). Moreover, it can be found that the error | f — f(N)HLoo(ag) of f(N) agrees
with [|u — u™)|| Lo (90), which implies that the relation (7.3.2) might hold.

7.5.3 (2: doubly-connected region surrounded by two ellipses

We next show numerical results for the case where 2 is a doubly-connected region surrounded by two
ellipses. More precisely, define two curves C,, (1 =1,2) as

2 2
X
v

2
C/t:{(x7y)€R g b

5 < 1} (,u: 1,2; a1 > as, by > bo, a, > blt)’
m
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collocation points X singular points (r = 0.03)
singular points (r=0.01) % singular points (r = 0.04) a=11,N=60
singular points (r = 0.02) K 1 T T

a=1.1,N=60
15 . . . . . : : ’

0\
i <\ /> ]
0.5 /"-.\\
/)
> 15 14 05 O(ao)s T 15 o 15 1 0.5 (b; 0.5 1 15

Figure 7.1: Numerical conformal mapping from Cassini’s oval onto the unit disk, where a = 1.1 and
N = 60. a Configurations and the preimage of numerical conformal mapping. b Image of numerical
conformal mapping.

a=1.1
10° ' ' ' ' error of f (r=0.01) ——
\\ = M
wvw\\\\\ y error of u (r = 0.01)
102 | R - error of v (r = 0.01)
\\ S l error of f (r=0.02) ——
4 N N error of u (r = 0.02)
107 \\\ ] error of v (r = 0.02)
i 1 error of f (r=0.03) ——
__ 10% | \ N S error of u (r = 0.03)
5 N\ ] error of v (r = 0.03)
= N\ N\ error of f (r =0.04) ——
< 108 : \ U . error of u (r = 0.04)
S I N\ N ; error of v (r = 0.04)
k] 10 L \ AN |
10 \ \ N
1012 L : NNt
1014 + W
1 0-1 6 1 1 1 1
0 50 100 150 200 250
N

Figure 7.2: N-log,(error) plots, where € is Cassini’s oval. The lines correspond to the case where
r = 0.01, 0.02, 0.03, and 0.04 from the above.
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and define (2 as the interior doubly-connected region surrounded by C; and Cs, which we call doubly-
elliptic region hereafter. If two ellipses C,, (u = 1,2) has the same foci, which means that a — b3 =
a3 — b3 hold, then the exact conformal mapping can be represented by the following formula:

@R
a1 + by

where the values of square roots /22 — (a2 + b?) should be chosen so that y/22 — (a2 + b%) is contin-

uous in ). Also, the exact value of the modulus p is given by

fz) =

7

7a2+b2
a; +by’

We have taken the parameters a1, b1, as, and by as 7, 5, 5, 1, respectively. The configurations of the
region €2, the collocation points {z; };y:p the singular points {(x }2_,, and the dipole moments {ny }5_,
are depicted in Figure 7.3 (a). Images of numerical conformal mapping can be found in Figure 7.3 (b),

and the behaviors of errors are shown in Figure 7.4.

collocation points X
singular points (r1 = 0.08, r2 = 0.02)
singular points (r1 = 0.1, r2 = 0.02)
singular points (r1 = 0.08, r2 = 0.03)
al=7.0,b1=5.0,a2=5.0,b2=1.0,N=30
10 T T T T T
8 - -
6 - -
4 - =
2 - -
0 - =
2| _
-4 + i
-6 -
8} 4
-10 1 1 1 1 1
-15 -10 -5 0 5 10 15

Figure 7.3: Numerical conformal mapping from doubly-elliptic region onto the annulus, where a1 = 7,
by =5, a3 =5, b =1, and N = 30. a Configurations and the preimage of numerical conformal
mapping. b Image of numerical conformal mapping.

7.6 Concluding remarks

In this chapter, we have developed scheme for numerical conformal mapping based on DSM, and
proved that approximation errors of v and f are completely governed by that of u. Results of numerical
experiments in Section 7.5 verify the effectiveness of our proposed numerical scheme. Although we have
omitted the details of the application for another multiply-connected regions, we just comment here
that our present scheme works well for such regions. Namely, we could construct numerical scheme
for conformal mapping which does not require any special techniques in computation but offers us
high-precision results.
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10! T T T T

T
error of f ——

\ errio of mu
100 F 1

101 F 5 1

102 F I ]

108 E

104 ™ 1

105 F 0‘ \/\/\\M_

106 1

1 0-7 1 1 1 1 1
0 20 40 60 80 100 120

Figure 7.4: N — log,,(error) plots, where € is doubly-elliptic region, and the parameters are a; = 7,
b1:5, a2:5, al’ldbgil.

There are possibilities for our numerical scheme to apply several problems. The first thing is to
construct numerical scheme for Poisson equation in arbitrary Jordan region. Since the exact solution
can be obtained by using Green function and it can be represented by using conformal mapping, it can
be expected that another numerical scheme for solving Poisson equation can be obtained by combining
our numerical conformal mapping and some quadrature rule, such as the double exponential formula.
We also expect that numerical scheme for moving boundary problem can be obtained by applying our
method. For instance, if we consider water wave problem in bounded region in the plane, its motion
can be represented by using conformal mapping. Therefore, our numerical conformal mapping may
develop new numerical scheme for such a kind of moving boundary problems.
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Chapter 8

A mathematical analysis of the
complex dipole simulation method

Abstract

We propose the complex dipole simulation method (CDSM) which approximates a holo-
morphic function by linear combination of 1/(z — {) with the use of its boundary values. In
this chapter, we deal with a function f which is holomorphic in € and continuous on Q in
the case where () is a disk or the exterior region of a disk. Then, we establish the following
fact: if f is holomorphic in some neighborhood of €2, the error of an approximate function
fW) decays exponentially with respect to N, where N is the number of the singular points.
This chapter is based on the following published paper:

e K. Sakakibara and M. Katsurada, A mathematical analysis of the complex dipole sim-
ulation method, Tokyo J. Math. 38 (2015), no. 2, 309-326.

8.1 Introduction

The objectives of this chapter are to propose the complex dipole simulation method (CDSM) which
is an approximation technique for holomorphic function f by using its boundary values, to prove the
unique existence of the approximate function f¥) and the exponential decay of the error of f(¥) and
to exemplify the effectiveness of CDSM by numerical experiments.

As we have explained in Chapter 3, DSM offers an approximate solution for the potential problem
in the following form.

L (ni | @ —yy)

N
(N) — D . D . -
u (.’E) kX::le (waykvnk)7 (x7ykank) m ||w_yk||2

We here rewrite the DSM approximate solutions in terms of the real part of the holomorphic function:
N

w3512

k=1

where
Qr =pr +ige, z=x+1y, G =& + i,
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in which
ank = (pkvqk)T7 T = (xvy)Tv Y = (fkﬂ?k)T

In view of this expression, we propose CDSM for approximating holomorphic functions. In detail, let
€ be a region in the complex plane and f be a function which is holomorphic in €2 and continuous on
Q). CDSM gives an approximate function for f as

= Q
(8.1.1) fM )=
k=1

)
Z =Gk

where {(;}_, are taken from the exterior of {2 and the complex coefficients {Qy}_, are determined
by the collocation method, that is, we take N points {z;}}_; on 9Q and determine {Qx}y_, by the
equations below:

(8.1.2) FY(z) = f(z), 7=1,2,...,N.

This is an algorithm of CDSM. We call {C}z_;, {2;}}L,, and the equations (8.1.2) the singular points,

the collocation points, and the collocation equations, respectively.

The readers may think that a holomorphic function can be approximated by DSM by considering
its real part and imaginary part separately. Indeed, when we write the boundary values of f = u + iv
as flog = ¢ + 19, then u and v are characterized by two Dirichlet problems:

Au=0 in Q u=¢ on 09,
Av=0 in Q, v=1 on 0.

Although the collocation equations
M) = 1), j=1,2,.. N
are solvable, the collocation equations
RFM () = f(z), j=12....N
are not solvable. Furthermore, since the error of CDSM’s approximate function f(N) is evaluated as
PN p\V
sup |£(2) - fM(m)| <0 (£) +cr (L)
2eQ R To

(we will show details in Theorems 8.2.3 and 8.2.6), where C' and C’ are constants independent of N,
comparing (8.1) with the error estimate for DSM, we see that the convergence rates are different from
each other. Therefore the theory of CDSM are not followed from the one of DSM.

This chapter consists of six sections. In Section 8.2, we state theorems on the convergence and
error estimates and we prove them in Section 8.3. In Section 8.4, we calculate the condition number of
the coefficient matrix for the linear system (8.1.2) explicitly. In Section 8.5, we show some numerical
experiments in the case where € is a disk, and moreover we compare the results for CDSM with DSM.
In Section 8.6, we summarize this chapter and give some concluding remarks.

8.2 Main results

We prepare some notations in advance.
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Notations 8.2.1. For a positive number r, we define
D, ={z€C||z|<r}, ~v:={2€C||z|=r}, Dp={z€C]||z|>r}

We first consider the case where Q = D, where p is a positive number. The singular points {¢j }2_,,
and the collocation points {z;}}_, are located at Rw*~' (k=1,2,...,N),and pw?~! (j =1,2,...,N),
respectively, where R > p and w = exp(27i/N). We assume that a function f is holomorphic in © and
continuous on €.

We seck an approximate function f™) within the function space 2 (™) which is defined as follows:

N
2N = 2M{G3L) = {ZQkH(~,<k>

(QlaQQa"'aQN)T ECN},

k=1
where )
H = .
(.0 =
We introduce a norm || - ||-: X — R for each r € ]0, +o0[ as follows:

0
£l = lanlr™,
n=0

where X is a function space whose elements are holomorphic functions in D, and

f(z):Zanz" (feX; ze€ D).
n=0

We are now in a position to state the theorems:
Theorem 8.2.2. We can determine fN) € 2°N) by (8.1.2) uniquely.

Theorem 8.2.3. Assume that f is holomorphic in some neighborhood of Q. If we choose rq > p so
that || f|lr, < +00, then we have the inequality

N
=5 0 < % (2)" + 20l (p)

for the approzimate function fN) in Theorem 8.2.2.

We next consider the case 2} = D7,

{Ck}nz, and the collocation points {z;}_, similarly in the case Q = D,, where 0 < R < p. We

where p is a positive number. We take the singular points

assume that a function f is holomorphic and bounded in €2 and continuous in §2.
We seek an approximate function fV) within the function space % (N) which is defined as follows:

N
W) = NG = {Z Qil'(-, Ck)
k=1

(Q1,Q2,...,Qn)" € (CN},

where
z

z—(

I'(z,¢) =

Remark 8.2.4. We cannot use H(-,-) as a substitute for I'(-,-) in (V) since if we use H(-, ), then the
value at the point at infinity becomes zero. Inversely we cannot use T'(-,-) instead of H(,-) in 2 (N)
since if we use I'(+, ), then the value at the origin becomes zero. However, we can use H(z, () = (/(2—()
in place of H(z,¢) in 2" ™) and obtain similar theorems with Theorems 8.2.2 and 8.2.3.
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We introduce the norm || - ||-: ¥ — R for each r € 0, +o00[ as follows:

£l = [b-alr™™,
n=0

where Y is a function space whose elements are holomorphic and bounded in €2 and
flz)= Zb,nz_" (feY; ze D).
n=0

We can state the theorems:
Theorem 8.2.5. We can determine fN) € YV) by (8.1.2) uniquely.

Theorem 8.2.6. Assume that f is holomorphic in some neighborhood of Q. If we choose 0 < 1y < p
so that || fllr, < 400, then we have the inequality

) 2||f||(R>N (7"0>N
17 =7 e = T () 200 (5

for the approzimate function fN) in Theorem 8.2.5.

8.3 Proofs of theorems

The proof techniques employed here are based on the ones due to [49].

8.3.1 Proof of Theorem 8.2.2

We rewrite the collocation equations (8.1.2) as follows:

N

ZL& = f(z;), j=12...,N,

wI—1 gRwk—1i
k=1 oR

therefore (8.1.2) is equivalent to the linear system
(8.3.1) GQ=f,

where Q = (Q1,Q,...,Qn)T € CN, f = (f(zl),wf(zg),...,_wN_lf(zN))T € CV, and G is an
N x N complex matrix with the entries g;x = 1/(p — Rw*7J) (j,k = 1,2,...,N). Let W =
Wik | ,k=1,2,...,N) be an N-dimensional discrete Fourier transform, that is,

1
N1/2
Note that G is a circulant matrix whose (j, k) entry depends on k£ — j (mod N). In general, circulant
matrices can be diagonalized by discrete Fourier transform, indeed we see

Wik = WwU=DE=D e =192 ... N.

)

(8.3.2) W'GW = diag (so(()N)(p), e, wﬁév_)l(p)) ,
where
N
(8.3.3) M (2) =Y wPFVH(2,¢) (2 € C\{G}hlrs p € D).
k=1

The function cpéN) plays a fundamental role in the following analysis. We first prove the following

lemma.
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Lemma 8.3.1. (i) go,(,N) is periodic with respect to p with period N .
(ii) We have
N /z\r-1 1
0= 2 () b e
Pp (Z) R 1_ (Z/R)N (Z € R)
forallpe{1,2,...,N}.

Proof. (i) <p§,N) = <p((1N) follows from (8.3.3) if p = ¢ (mod N) since w? = 1.
(ii) To begin with, we expand H(z, (i) as

H = R — ol —(k—=1)(n+1) D).
(2 Gk) Rwk=11 — z/(Rwk-1) R 7;) (R) w (z € Dg)

Hence we have

N 0o
WD (2 ) = S Wt | 1§ (2 "w<k1><n+1>]
Z g ; R; (R)

0o N
_ O( ) ;w n—(p—1))(k— 1>__% ) 3 (%)N

n= = n:p71n>(6nod N)
Nz 1 1 )
" R (E) 1—(z/R)N

for all p € {1,2,...,N}. O

Proof of Theorem 8.2.2. By (8.3.2) and Lemma 8.3.1, we can compute the determinant of G as

N—-1
det G = Hcpé Hgo(N)
p=0
By Lemma 8.3.1 (ii), we know 5" (p) < 0 (p = 1,2,...,N). Hence detG # 0 follows and this
completes the proof of Theorem 8.2.2. O

8.3.2 Proof of Theorem 8.2.3

By (8.3.2), the inverse matrix of G is as follows:

1 1
, - w1t
(0) ™M (p) so%v_h(p))

1
-1 _ .
G~ = W diag ( ™
%o

A direct calculation yields

N .
3 1 wk=3)(p—1) ,
G =52 Uk=12....N)
p=1 Pp— 1( )
where [G71]x; denotes the (k,j) element of G=!. This makes it possible to solve (8.3.1) as
N N N ;
3 1 wk=5)(p—1) o
Q=) G lfli=d | w2~ |« (=)
N (V)
j=1 j=1 p=1 Sop—l(p)
N
1 wE=D(P-1D)-G-1)(p—2)
= N Z ™) f(zj)

Pp—1 (p)
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Hence we have

N N N .
1 wE—DE-D)-G-1)(p—-2)
fM(z) = ZQkH(ZaCk) = Z v Z 559 f(z) | H(z Ck)
k=1 k=1 j.p=1 S%q(ﬂ)
(N) o0
. _ 1)(p—2 @p 1(2) n 1)n
ffz G-1)(p— )WZ%P w1
7,p=1 (ppfl(p) n=0
N cp z) N .
=¥ Z p— 1 Z anp” Zw(n—(zﬂ—?))(rl)
p 1(P j=1
N (N)
Py (2)
Z > >, " Z )
p=1 1(p) n=p—2 (mod N) <pn+1(p)

n>0
Consequently we can write the error function e™) = f — f(N) a5

oo n (N)
M) () — a ot z <Pn+1(z)
(=) ngp) - ]

<pn+1 (p>

Since ™) is holomorphic in € and continuous on €, we obtain by the maximum modulus principle
for holomorphic functions

(8.3.4) le™ |y <D lanlo" g,
where ()
(N) ._ su z " §Dn+1( )
n.p *= SUP ™) |
ZE’yp P gpn-‘,—l(p)

At this stage, we claim the following Lemma 8.3.2 concerning gﬁl{\;).
Lemma 8.3.2. (i) For alln € NU{0}, we have

N
(8.3.5) gt < 2.
(ii) For allp € {0,1,...,N — 1}, we have

) 2/ R)N

(8.3.6) 959 < T TR

Proof. (i) We know by Lemma 8.3.1 that the inequality

S ()] < Lo (121)]

holds for all p € Z and for all z € Dg. Therefore we see
n (N) n (N)
‘ () so%l(z) . ( El > Llen@l
p <Pn+1(P)

N
o) lentio)l
for all z € y,. This establishes (8.3.5).
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(ii) By Lemma 8.3.1, we have

N
’(z) o1 (2)
P PN ()

for all z € v,. Thus (8.3.6) is shown and this completes the proof of Lemma 8.3.2. O

1= (/RN |7 1= (p/R)N

_ ‘(Z)p (p/R)N — (Z/R)N’ _ 20p/R)N

Proof. By (8.3.4) and Lemma 8.3.2, we have

zf:

= n=N

<Z|n|" A +2Z|n|ro(r)
N
<1_2'(,%v(§) +2lfll, (£) 0

8.3.3 Proofs of Theorems 8.2.5 and 8.2.6

Theorems 8.2.5 and 8.2.6 are proved as well as Theorems 8.2.2 and 8.2.3, respectively. Therefore we
only sketch out the proofs of them.

We rewrite the collocation equations (8.1.2) into (8.3.1) similarly, where @ = (Q1,Q2,...,Qn)T
CN, f = (f(=1), f(22),..., f(zn))T € CV, and G is an N x N complex matrix with the entries
gik = I'(%,¢) (4,k = 1,2,...,N). G is a circulant matrix whose (j,k) entry depends on k — j
(mod N). Therefore we see

If - f(N)”LOO(Q) <

\an\p"gfl]\;) = Z |lan|p" 1 ~ T Z |lan|p™ - 2

(8.3.7) wtew = diag (v6" (), 01 (0), ... v ()
where

N
M (2) =Y WP IT(2,G) (2 € C\{G iy PED).

We have the following Lemma 8.3.3 as to the function @bl(,N).
Lemma 8.3.3. (i) ¢;(,N) 18 periodic with respect to p with period N.
(ii) We have
R\N? 1
(M () =N 2 S D
w0e=n(2) e GeDi
forallp e {1,2,...,N}.

By (8.3.7), G~ can be represented as follows:

1 1 1
G1Wdiag< , )Wl.
oM () oM () W)

A direct calculation yields

wk=9)(p—1)

kj NZ (N) ) (j,k=1,2,...,N).
p=1
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This makes it possible to solve (8.3.1) for Qx (k=1,2,...,N) as

N (=D p-1)~(G-1)(p-1)

N
j.p=1 w,(,—%(P)

f(25)-

1
Qk:N

Hence we have

= eM(z)
f(N)(Z) = bonp "y .
g 0 (p)

Consequently we can write the error function e®™) = f — f(N) ag

= ey W)
e<N>(z):n§=:Ob_np l(’z)) ek

We obtain by the maximum modulus principle for holomorphic functions

(8.3.8) sup [e™ (2)[ < Y [bonlpgY),
z€Q n=0
where (V)
(N) _ P n . w—n (Z)
n,p = SUup (N) ’
2€% < Q/Ln (p)
(N)

At this stage we claim the following Lemma 8.3.4 concerning ¢y, -
Lemma 8.3.4. (i) For alln € NU{0}, we have

gg{\;) < 2.

(ii) For allp € {0,1,...,N — 1}, we have

2(R/p)™
5 S T (njon

By (8.3.8) and Lemma 8.3.4, we complete a proof of Theorem 8.2.6.

8.4 Condition numbers

In this section, we calculate the condition number of the coefficient matrix G for the linear system

(8.3.1).
(I) In the case @ = D,. Since the coefficient matrix G is an Hermitian matrix, if we take a norm
for N-dimensional vectors as

||$H = (53—(@'1,1}2, axN)T)7
we can calculate the condition number of G as
N
maxp—12..v o5 (o) gl

cond G = |G| - |G™1|| =

_ (N)(p)‘ _ (R>N—1.
ming_10. v o5 ()] o8 (p)]  \P
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(IT) In the case Q2 = Dj;. We can calculate cond G similarly in the case (I) as

cond G = (%)N_l .

We know from (I) and (II) that cond G increases exponentially with respect to N. Therefore,
the linear system (8.3.1) is ill-conditioned. Nevertheless, as we shall see in Section 8.5, numerical
computations perform well.

On the other hand, in MFS, cond G = O((R/p)™/?) or O((p/R)™/?) in the case Q = D, or Q = Dy,
respectively. Therefore, the linear system for Qs is ill-conditioned, too. There are results abount the
numerical stability of CSM by Kitagawa [57, 58]. Studying the numerical stability of CDSM will be
expected, too.

8.5 Numerical experiments

In this section, we present results for our numerical experiments in the case 2 = D,. Since errors of
MFS and DSM show almost similar behavior, we show results for DSM, and compare it with that for
CDSM. A corresponding Dirichlet problem which is solved numerically by DSM is as follows:

Au =0, in ,
u=RNf, on IN.

The singular points {(x}4_, and the collocation points {z;}}_, are defined by
=R (k=1,2,....,N) zj=pu" ! (j=1,2,...,N),

where R is a parameter which satisfies R > p. In order to estimate the error |f — f(N)HLoo(Q)
numerically, we use the Monte Carlo method. In other words, we adopt the following quantity as an
approximation of the error:
&™) = max | £(2) - fM(z)]
z€EA
where A is a set of points chosen from +,. To be more concrete, we prepare a set © := {0}, C [0,1]
(M is equal to 10 - max N) by using pseudo-random numbers, and put

A= {pe®™ | g c O©}.

Likewise, we set up
s(N) _ ., (N)
ép 1= max u(z) —u'™(z)
as an approximation of the error for DSM. Test 1, 2-(i), 3, and 4-(i) were performed by using MATLAB,
and Test 2-(ii), and 4-(ii) by C++ programs using the multiple-precision arithmetic library “exflib”
(see Fujiwara [21]).
In each numerical experiment, we compute é¥) and égv), and plot graphs whose horizontal axis
. . ~(N) ~(N)
represents N and vertical axis log,, €'Y/ or log; ép,
Test 1. In this test we deal with the case where f is a power function whose exponent is a non-
negative integer:

flz) =27,

where m € {0,1,...,5} is a parameter. In Figure 8.1, we find these graphs are almost linear. This
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100 T 100
m=0 ——
ms=1 -
! m=2 - 1
m=3
0.01 [ 0.01
m=5 -
0.0001 0.0001
1e-06 1e-06
1e-08 1e-08
1e-10 1e-10
m=0 ——
1e-12 1e-12 |- m=1 —n
m=2 -
[ m=3
1e-14 tet4 | M=3
ms=5 -
Te-16 1e-16 ‘
0 10 20 30 40 50 60 0 10 20 30 40 50 60

(a) CDSM (b) DSM

Figure 8.1: f(z) = 2™, where m € {0,1,...,5}, N € {2,3,...,60}, p=1, and R =2

implies that é¥) and é](DN) behave as

(8.5.1) M oV, &N oY (N = ).

We know that 7 and 7/ are almost equal to p/R in this case since f is holomorphic and « harmonic in
the entire plane.

Test 2. In this test we deal with the case where f is an exponential function composed with a
power function whose exponent is a non-negative integer:

f(z) = exp(z"),

where m € {0,1,...,5} is a parameter.

(i) We compute é¥) and é](DN) forall N € {2,3,...,60} when (p, R) = (1,2),and N € {2,3,...,100}
when (p, R) = (1,1.5) (see Figure 8.2).

Since f is holomorphic and u harmonic in the entire plane, 7 and 7’ are both almost equal to p/R as

well as Test 1. However, we cannot see from Figures 8.2 (a) and (b) that é¥) and é](DN) behave as (8.5.1).
On the other hand, from Figure 8.2 (c), é™¥) behaves as (8.5.1) for m € {0,1,2,3,4}. Simultaneously,

from Figure 8.2 (d), é](DN) behaves as (8.5.1) for m € {0,1,2,3}. Hence we can investigate that é(¥)
and é](DN) behave as (8.5.1) for sufficiently large N.

In order to clear up this investigation, we compute éV) with (p, R) = (1,2) and é](DN)
for large IV using multiple-precision arithmetic.

(ii) We compute V) and é](DN) for all N € {2,3,...,400} in 120 digits by C++ programs using
exflib (see Figure 8.3). We can see from Figure 8.3 that é) and égv) behave as (8.5.1).

with (p, R)

Test 3. In this test we deal with the case where f is a rational function:
f(2) = ——— p(m) = p+01+02
z) = N pim) = p . .2m,
z —p(m)

where m € {0,1,...,10} is a parameter. f has a simple pole at p(m). We find from Figure 8.4 that &)

and é](DN) behave as (8.5.1), and 7 and 7/ are equal to max{p/R, p/p(m)} and max{p/R,+/p/p(m)},
respectively.
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100

0.01

0.0001

1e-06

1e-08

1e-10

1e-12

1e-14

1e-16

100

0.01

0.0001

1e-06

1e-08

1e-10

1e-12

1e-14

1e-16
0

Figure 8.2: f(z) = exp(z™) where m € {0,1,...,5}, in double-precision: (a), (b) N € {2,3,

333333
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20 30

(a) CDSM

40

50

60

333333
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o

30 40 50

(c) CDSM

60

70

80

100

0.01

0.0001

1e-06

1e-08

1e-10

1e-12

1le-14

1e-16
0

100
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0.0001
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1e-08
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1e-14

1e-16
0

333333

arWN—=O

20
(b) DSM

30 40 50 60

333333
Lonwowomon

ahwWN=O

-
o

p=1,and R=2; (c), (d) N € {2,3,...,100}, p=1,and R=1.5

1e+20

1e-20

1e-40

1e-60

1e-80

1e-100

1e-120

rm=0 ——
m=1 -
m=2 -

[Frm=3

ms=4 --—---
m=§ -,

50 100 150 200 250 300 350
(a) CDSM

400

30
(d) DSM

40 50 60 70 90 100

..., 0601,

1e+20
1
1e-20
1e-40
1e-60
1e-80 - m=0 ——
I
m=2 -
1e-100 F m=3
ms=4 ----m-
m=5 e N
1e-120 - L
0 50 100 150 200 250 300 350 400
(b) DSM

Figure 8.3: f(z) = exp(2™) where m € {0,1,...,5}, N € {2,3,

digits): (a) p=1land R=2; (b)p=1and R=1.5
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100 100
1b — 1
0.01 [ e T 0.01 77 T e
\\ ey i S -
0.0001 N T 0.0001 < e
1e-06 N 16-06 :
m=0 —— m=0
m=1 > T m=1
1e-08 - o AN R 1e-08 - o .
m=3 SO ’ m=3
1e10 - m=4 - < 1e-10 - m=4
m=5 - “ m=5
le-12 - m=6 1e-12 1 m=6 -
m=7 m=7 -
m=38 m=8
te-14 - 1= g te14 - =g
m=10 - s m=10 -
1e-16 : 1e-16 :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
(a) CDSM (b) DSM

Figure 8.4: f(z) =1/(z — p(m)) where m € {0,1,...,10}, N € {2,3,...,60}, p=1and R =2

Test 4. In this test we deal with the case where f is an exponential function composed with a
rational function:

1
z—p(m)
where m € {0,1,...,10} is a parameter. f has an essential singularity at p(m).

(i) We compute é™) and V) for all N € {2,3,...,60}. See Figure 8.5.

f(z) = exp < > , p(m)=p+0.1+0.2m,

0.01 o T 0.01

0.0001 \ 0.0001
16-06

1e-06

1e-08 |- M=0 —— 1e-08 |- M=0
ms=1 - ms=1 -
m=2 m=2 -
1e-10 - m=3 1e-10 + m=3
m=4 -—-- ms=4 -
tet2 | M=2 te-t2 | M2
m=7 m=7 -
le-14 -+ m=38 le-14 + m=38
m=9 —— m=9 ——
m=10 - m=10 -
1e-16 : 1e-16 :
0 10 20 30 40 50 60 0 10 20 30 40 50 60
(a) CDSM (b) DSM

Figure 8.5: f(z) = exp(1/(z—p(m))) where m € {0,1,...,10}, N € {2,3,...,60}, in double-precision:
p=1land R=2

(ii) In order to elucidate the same investigation of Test 2, we compute éN) and égv) for al N €
{2,3,...,400} in 120 digits precision by C++ programs using exflib. We find from Figure 8.6 that é(¥)
and égv) behave as (8.5.1), and T and 7" are equal to max{p/R, p/p(m)} and max{p/R, /p/p(m)},

respectively, in this case.
We summarize the results of our numerical experiments.

e The behaviors of é) and é](DN) are what we can expect from the error estimate.
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1
1e-20 1e-20 i e P
1e-40 3 1e-40
1e-60 AN 1e-60
m=0 —— NS m=0 ——
ms=1 -~ ms=1 -
1e-80  m=2 1e-80  m=2 -
m=3 m=3
m=4 ----- m=4 -—----
1e-100 - m=5 -~ S 1e-100 - m=5 -
m=g -~ N m=6 -
m=7 m=7 -
1e-120 - m=8 1e-120 - m=8
m=9 —— m=9 ——
m=10 - m=10 -
1e-140 . - 1e-140 . .
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
(a) CDSM (b) DSM

Figure 8.6: f(z) = exp(1/(z — p(m))) where m € {0,1,...,10}, N € {2,3,...,400}, in multiple-
precision (120 digits), p =1, and R =2

e ¢V) decays exponentially with respect to N, and the gradient of the straight section of N- -log;g ev)
curve is almost equal to
14 P
max {log10 i log;, 7”0} .

Simultaneously, é](DN) decays exponentially with respect to IV, and the gradient of the straight

(V)

section of N-logq €y, ’ curve is almost equal to

p 1 p
max q log, B3 log; % .

e Best selection of Rs for CDSM and DSM is R = rp and R = ,/prg, respectively. Hence, the

fastest decaying speed of the error for CDSM and DSM is (p/ro)" and (p/ro)™/?, respectively.
In the light of this fact, the convergence rate for CDSM is faster than that for DSM, and to
incarnate it, we have to choose largish R, but we can achieve the smallest error for smaller V.

8.6 Concluding remarks
In the previous sections, we proposed CDSM which approximates a holomorphic function f by a linear
combination of 1/(z — () of the form (8.1.1) using boundary values of f. A mathematical analysis

showed the exponential convergence of the approximate function which is constructed by CDSM, and
the result of our numerical experiments exemplified the effectiveness of CDSM.
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