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Chapter 1

Introduction

This thesis is comprised of this Introduction and the other three main chapters. In each chapter,
we deal with some kind of boundary value problems for the Stokes equations and its numerical
approximation by the finite element method. Well-posedness and error estimates are established
in all cases. Theoretical convergence results are also verified by numerical experiments in every
chapter. Chapter 2 is devoted to a nonlinear boundary value problem at artificial boundaries,
which is proposed by Zhou and Saito [55] as a new mathematical model for the blood flow
problem in arteries. Since this boundary condition is interpreted as an inequality, we introduce
a penalty approximation for computation.

The latter two chapters are devoted to reformulations of an interface condition for the multi-
phase flow problems of viscous incompressible fluids. In Chapter 3, we study the immersed
boundary (IB) method proposed by C. S. Peskin [46] in 1972, where the interface condition is
interpreted as a singular outer force filed using the Dirac delta function. For computation, we
introduce a regularized Dirac delta approximation and study the regularization and discretiza-
tion errors separately. In Chapter 4, we study another reformulation method proposed by Fujita
et. al [21] in 1995. This method is essentially equivalent to the IB method. Only the difference
is an interpretation of the interface condition using a characteristic function instead of the Dirac
delta, which makes analysis somewhat easier. Following the case of IB method, we study the
regularization and discretization errors separately.

1.1 Artificial boundary condition setting

In numerical simulation of real-world flow problems, we often encounter some issues related to
artificial boundary conditions. A typical and important example is the blood flow problem in
the large arteries, where the blood is assumed to be a viscous incompressible fluid (see [20,53]).
The blood vessel is modeled as a branched pipe as illustrated, for example, in Fig. 1.1. In Fig.
1.1, the boundary S, represents a physical boundary as blood wall, while the boundaries Sy
and I are artificial boundaries standing for the inflow and outflow boundaries, respectively. In
this domain (denoted by Q), for T > 0, we consider the Navier-Stokes equations for velocity
v = (v1,...,vq) and pressure g with the initial condition v|;—¢ = vg and the boundary condition.
We suppose that we are able to give a velocity profile b = b(z, t) at the inflow boundary Sy, and



Figure 1.1: Example of domain (branched pipe)

that the flow is presumed to be a perfect non-slip flow on the wall S;. That is, we consider

v+ - Vo=V-o,q¢+f, V-v=0 in Qx (0,7), (1.1a)
v=> on Sy x (0,7), (1.1b)
v=20 on Sy x (0,7), (1.1c)

where o(u, p) = (045 (u,p))1<i,j<d = —pI+2vD(u) denotes the stress tensor, D(u) = (D;;(u))1<i,j<d =
% (Vu + VUT) the deformation-rate tensor and I the identity matrix. Then, the blood flow sim-
ulation is highly dependent on the choice of artificial boundary conditions posed on the outflow
boundary T'.

In mathematics, one of the common boundary conditions is the Dirichlet boundary condition
which poses a prescribed pressure and velocity profiles. However, the flow distribution and
pressure field are unknown themselves and cannot be prescribed at the outflow boundary in
many simulations. Another common boundary condition is a kind of the Neumann boundary
condition named the free-traction condition

7(v,q) =0 on T, (1.2)

where 7(u,p) = o(u,p)n denotes the traction vector on 92 with n the outward normal vector
to 9. In fact, for easy implementation, the free-traction condition is often employed in many
simulations (see [24,27]). However, the free-traction condition (1.2) may cause a risk of failure
of computation because of the lack of the energy inequality.

1.1.1 Unilateral boundary condition

Recently, Zhou and Saito [55] proposed a new outflow boundary condition as
v >0, T,(v,9) 20, vyTn(v,q) =0, 7r(v)=0 onT. (1.3)

for a generalization of the free-traction condition (1.2). Herein, v,, = v-n, 7, = 7 - n are the
normal components of v, 7 and 70 = 7 — 7, n the tangential one of 7. This is an analogy to
Signorini’s unilateral boundary condition in the theory of elasticity (see [32]). A benefit of using
(1.3) is that the Navier—Stokes equations (1.1) admits energy inequality, which is connected with
the stability of numerical schemes from the view-point of numerical computation. The purpose
of Chapter 2 is to establish the well-posedness of a model Stokes problem using (1.3) and study
its numerical calculations by the finite element method. For the numerical treatment of the



inequality condition (1.3), we use its penalty approximation

Tn(v,q) = é[un],, mr(v) =0 onT, (1.4)

where 0 < e <« 1 and
[s]+ = max{0,+s}, s=][s]+ —[s]- (s€R). (1.5)
Then, introducing a C! regularization ¢s of [-]_, we can solve the Stokes/Navier—Stokes equa-

tions with (1.4) by using, for example, Newton’s iteration.

[Main Result in Chapter 2] The well-posedness and error estimate of
the unilateral problem for the Stokes equations

For theoretical treatment, we introduce a reference flow (g, ) such that

V.o(g,m)=0, V-g=0 inQ, (1.6a)
g=bonS;, g=0onS,. (1.6b)

Function g is nothing but a lifting function of inflow b. Using this, we will find (v, ¢) of the form
v=utg, g=p+m

Thus, we consider the Stokes equations with homogenius boundary condition on S; U Sy and
corresponding unilateral boundary condition on I'

—vAu+Vp=f, V-u=0 in Q, (1.7a)
u=20 on S U S, (1.7b)
Up + gn > 0, on I, (1.7¢)
Tn (U, p) + i, > 0 onT, (1.7d)
(un, + gn)(Tn(u,p) + ) =0 on I, (1.7e)
mr(u) +ar =0 onTI (1.71)

where f,g and a(= 2vD(g)n) are prescribed functions. We also consider its penalty approxi-
mation

—vAu+Vp=f, V-u=0 in Q, (1.8a)

u=0 on Sy U Sy, (1.8b)
1

Tﬂ(uvp) +on = gd)(;(un + gn) on F7 (180)

mr(u) +ar =0 onT (1.8d)

for penalty parameter ¢ and regularization parameter 9.
In Chapter 2, we show the well-posedness of (1.7) in terms of variational inequalities.

Theorem 1.1.1. There exists a unique weak solution (u,p) to (1.7) and it holds that
lullgr + [lpll2 < C, (1.9)

where C,. denotes a positive constant depending only on Q, ||f|| L2, Ha||(H1/2 and ||g|| g -
00
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We also show the well-posedness of the P1b/P1 (MINI element) finite element approximation
to (1.8) applying the theory of monotone operators.

Theorem 1.1.2. Assume some nonrestrictive assumptions (A1)—(A2) are satisfied. Then, there
exists a unique finite element approzimated solution (un,pn) of (1.8), and we have

1
Jonllars + ol + [Sostunn +0)] < (1100
M;,
1 h
7¢5(u}m + gn) , < O* 14— ) (110b)
< HY2 (D) €
L lunn + gul gz < Co (142 (1.10c)
—=|[[Uhn n]— n o~ * - . . C
NG h g L2(I) -

1/2

where My C Hy (1) is a finite element approzimated function space.

As a main result in Chapter 2, we derive the following error estimate of optimal order O(h).

Theorem 1.1.3. Assume some nonrestrictive assumptions (A1)—(A2) are satisfied. Let (u,p)
and (up,pn) be above solutions, respectively, and suppose that (u,p) € H?(Q)% x HY(Q) and

Tn (U, D) + oy, € H(%Q(l")d. Moreover, assume that h,e,d are sufficiently small such that coe <

h < ce and § < 03h% with constants ¢y > ca,c3 > 0. Then, we have the optimal-order error
estimate
v —unllzr +[Ip = prllzz < Cush.

where Cy. denotes a positive constant depending only on c1, co, c3, Q, |u|gz, |p|lgr, ||7n(u,p)+
an”}qééz(p); HfHLQ) ”g”H1 and ||O‘||(Hé({2(p)d)/'
1.2 Interface problem for viscous incompressible fluids

For latter two chapters, we consider the Navier-Stokes equations with an interface condition

ou

1
E+(u~V)u—uAu+fV7r:h($7t), V-u=0 inQ, t>0, (1.11a)
p
u=0 on 0N, t >0, (1.11b)
[u] =0, |[7]=g(z,t) onT, t>0, (1.11c)
u(z,0) = u®(2) in Q. (1.114d)

for velocity u(x,t) and pressure m(z,t). Herein, 2 denotes a fixed bounded domain in R? (d =
2,3) with the boundary 99, T' is a surface/curve included in  which implies the interface of
two-phase flow. See Fig. 1.2 as an example of 2 and I'. The coefficients of kinetic viscosity v and
density p are assumed to be a constant for simplicity. The traction (or stress) vector is denoted
by 7. Moreover, [] stands for a jump across the interface I'. We assume that h(x,t),g(x,t)
and u(®)(z) are given functions. There are number of literature devoted to numerical methods
for these kinds of interface problems. For the finite element method, for example, you need to
calculate the the (moving) boundary integral term [, g(x,¢)v(z) da and the presence of it makes
discretization somewhat technical. In order to avoid this difficulties, some kind of reformulation
methods are proposed so far.
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Figure 1.2: Example of Q and I'; Q = Qo U Q.

1.2.1 Immersed boundary method

The IB method is originally proposed by C. S. Peskin [46] for solving a class of fluid-structure
interaction problems [44,45]. In the IB method, the interface problem (1.11) is equivalently
reformulated to classical partial differential equations as follows. Let I'(t) be parameterized as
L(t) = {X(0,t) = (X1(0,t),...,Xn(0,t)) | & € O} for the Lagrangian coordinate § € R~1L.
Then, the interface condition (1.11c) is interpreted as an outer force filed f defined on 2 and
putted in the Navier-Stokes equations such that

%—l—(u-V)u—yAu—F%Vﬂ':h—Ff, V-u=0 in Q, t>0, (1.12a)

u=0 on 09, t >0, (1.12b)

u(z,0) = ul®(z) in Q, (1.12¢)

flz,t) = / F(0,t)6(x — X (6,1)) d. (1.12d)
e

Herein, F' denotes the force density distributed along I'(t), and § is the Dirac delta function.
Then, the IB formulation (1.12) coincides with (1.11) if F(0,t) = g(X(0),t)Jx(0,t) with the
Jacobian Jx of X. For numerical computation, we solve (1.12) with the equation of the interface
motion %—f = u(X,t) after introducing regularization using a smooth Dirac delta approximation.

The main advantage of this method is that we can use fixed uniform meshes. In contrast to a
huge number of applications, however, it seems that there are only a few results about theoretical
convergence analysis. As previous works, convergences of the finite difference scheme for the
steady Stokes/Poisson equations under periodic boundary condition are studied in [35,42]. On
the other hand, there is nothing for the finite element scheme. Moreover, convergence analysis
in [35,42] are based on the explicit formula of the Green function associated with the periodic
boundary condition. Hence, it is difficult to apply those methods to more standard settings. In
Chapter 3, in order to deal with the problem more generally, we take a different approach and
study the convergence of the IB finite element method to the Dirichlet boundary value problem
for the Stokes equations.

[Main Result in Chapter 3] Convergence of the IB finite-element method
for the Stokes problem

For geometry setting of the interface, we assume the following:



e I'is a C! boundary (X (6) is a C! function);
o dist(I", 0Q) > 0;
o Jx(0)#0 (0 €0).

Then, we consider the IB formulation to the Stokes equations for the velocity v and pressure ,

—vAu+Vr=f inQ, V-u=0 inQ u=0 ondQ, (1.13a)
o) = / F(0)5(x — X (9)) db (1.13D)
©
and its regularized problem for u® and 7€,
—vAuU 4+ Vrt=f° inQ, V-u*=0 inQ, «*=0 on 99, (1.14a)
fe(x) = / F(0)6*(x — X (0)) do (1.14b)
e
where a Dirac delta approximation §¢ satisfies that, for some K > 0,
1 T
£ — i — .
5 (z) = 5”E¢(5> (x=(z1,...,2n)); (1.15a)
¢ is a continuous function in R, supp ¢ C B(0, K¢), / o(s) ds = 1. (1.15b)
R

In Chapter 3, we derive the following error estimates for the IB finite element method of sub-
optimal order in the W' x L9 and L" norms (1 < ¢,7 < -23).

Theorem 1.2.1. Suppose that Q is a convex polyhedral domain in R™ with n = 2,3. Assume
that {Tu}n ts a family of quasi-uniform triangulations. Let F € L*>(0). Let (u,m) and (u}, ;)
be weak solutions of (1.13) and the P1b/P1 finite element approzimation to (1.14) with (1.15),
respectively. Further, let € = ~v1h with a positive constant v1. Then, for any 0 < o < 1, there
exists a positive constant C' depending only on i, n, a, Q, K, 9| ®), |/x| 1= (0), meas(0),
and ||F|| (o) such that

llu —us lwra + |7 — 75| ne < CRY™®  with any 1 < g < (1.16)
n—a
and n
— |- < CA ™ with r=—-—. 1.17
Ju = willr < with r= " (117)

1.2.2 Reformulation using the characteristic function

Another reformulation method for (1.11) was proposed by H. Fujita et. al. [21] in 1995. Their
reformulation reads

1
681;—I—(u-V)u—l/Au—l-pVﬂ':h—i—g(Vx-ﬁ), V-u=0 inQ, t>0, (1.18a)
u=0 on 09, t >0, (1.18b)
u(z,0) = ul®(z) in . (1.18c)



Herein, y denotes the characteristic function of an internal area €y surrounded by I'(t) in
Q, and n is the unit normal vector on I'(t). Function § and 7 stand for smooth extensions
into Q of g(z,t) and n(z,t). The reformulation (1.18) is discretized by the finite element and
finite difference methods using fixed uniform meshes as well as the IB reformulation. Actually,
formulation (1.18) is essentially equivalent to the IB formulation (1.12), whereas reformulation
(1.18) makes analysis somewhat simpler than the others.

The purpose of Chapter 4 is to study convergence of the finite element approximation to a
model Stokes problem based on the reformulation (1.18). In [21], the derivation of reformulation
and some numerical results are presented; no mathematical analysis including convergence are
given. Since the derivative of characteristic function Vx has singularities on I', regularization
problem is required again. Following the case of the IB method, the regularization error and
the discretization error are studied separately.

[Main Result in Chapter 4] Numerical analysis of a Stokes interface
problem based on formulation using the characteristic function

We assume that (2 is a convex polyhedral domain in R? with d = 2,3, and T is a C? boundary.
Then, we consider a model Stokes problem for the velocity v and pressure 7,

—vAu+Vr=g(Vx-n) inQ, V-u=0 inQ vu=0 on 9, (1.19)
and its regularized problem for u® and 7¢,
—VvAUT+ Vit =g(Vx*-n) inQ, V-u*=0 inQ, «*=0 ondQ, (1.20)
where g € W2 5P is a given function for some p > d, and x° is defined by

1 (z € Qo)

X (z) = {max{o, {— djstg(z’r)} (¢ Q). (1.21)

In Chapter 4, we derive the following error estimates in the H! x L? and L? norm.

Theorem 1.2.2. Let (u,m) and (uj,n;,) be respectively the solution to (1.19) and (1.20) with
(1.21). In particular, if € = c1h with a positive constant c¢1, then we have

= u§ || g + |7 — 75|22 < CV. (1.22)

Else if e = c1h® then we have
llu —uf|| L2 < Ch. (1.23)

where C' denotes a positive constant depending only on 2, T, Hg||W2,L,p and c;.
p

In this thesis, there are some situations when we want to use some different notations such
as n or d for the number of dimension, p or m for the pressure solution, and so on, which are
suitable for the arguments in each chapter. In order that we want readers to avoid to confuse
the formulations, we explicitly write the definitions in each chapter. Although multiple same
definitions may appear through the thesis, the arguments in each chapter become self contained.
This helps readers understand the detailed content of each chapter separately.

10



Chapter 2

Unilateral problem for the Stokes
equations: the well-posedness and
finite element approximation

Abstract

We consider the stationary Stokes equations under a unilateral boundary condition of Signorini’s
type, which is one of artificial boundary conditions in flow problems. Well-posedness is discussed
through its variational inequality formulation. We also consider the finite element approximation
for a regularized penalty problem. The well-posedness, stability and error estimates of optimal
order are established. The lack of a coupled Babuska and Brezzi’s condition makes analysis
difficult. We offer a new method of analysis. Particularly, our device to treat the pressure is
novel and of some interest. Numerical examples are presented to validate our theoretical results.

2.1 Introduction

We suppose that Q is a bounded domain in R? with d = 2,3 and that the boundary 99 is
comprises of three parts Si, So and I'. Those Sy, S5 and I' are assumed to be smooth but the
whole boundary 0f2 is not necessarily smooth. One might imagine a branched pipe resembling
that depicted in Fig. 2.1. The first purpose of this chapter is to study the well-posedness of the
following unilateral boundary value problem for the Stokes equations

—vAu+Vp=f, V-u=0 in Q, (2.1a)
u=20 on S U Ss, (2.1b)
Up + gn > 0, onT, (2.1c)
Tn (4, D) + an, >0 on I, (2.1d)
(t + 90) (11, 9) + 1) = 0 on T, (2.1¢)
mr(u) + ar =0 onT (2.11)

11



Figure 2.1: Example of Q (branched pipe)

for velocity u = (uq,...,uq) and pressure p with density p = 1 and kinematic viscosity v of the
viscous incompressible fluid under consideration. Therein,

7(u,p) = o(u,p)n

denotes the traction vector on 92, where n is the outward normal vector to 99, o(u,p) =
(0ij(u,p))1<i,j<a = —pI + 2vD(u) the stress tensor, D(u) = (Dy;(u))i<ij<da = 3 (Vu+ VuT)
the deformation-rate tensor and I the identity matrix. For a vector-valued function v on 912,
its normal and tangential components are denoted, respectively, as

Up =V N, V7 =V —UpN.

Particularly, 7, (u,p) = 7(u,p) - n and 7p(u) = 7(u,p) — 7 (u, p)n respectively denote normal
and tangential traction vectors. Moreover, f, g and « are prescribed functions. We also consider
the finite element approximation for a regularized penalty problem to (2.1) which is given as

—vAu+Vp=f, V-u=0 in Q, (2.2a)

u=0 on S1 U So, (2.2b)
1

Tn(uvp) +oan = gd)(;(un + gn) on F7 (220)

Tr(u) + ar =0 onT (2.2d)

with 0 < e < 1 and 0 < § < 1. Therein, ¢s(s) is a C! regularization of [s]_ = max{0, —s}. We

can take, for example,
_fo (s> 0)
Pale) = {(m_ 5) (s<0). (23)

First, we explain our motivation for studying (2.1) and (2.2). In numerical simulation of real-
world flow problems, we often encounter some issues related to artificial boundary conditions.
A typical and important example is the blood flow problem in the large arteries, where the
blood is assumed to be a viscous incompressible fluid (see [20,53]). The blood vessel is modeled
as a branched pipe as illustrated, for example, in Fig. 2.1. Then, for T" > 0, we consider the

Navier—Stokes equations for velocity v = (v1,...,vq) and pressure g,
v+ @W-Vivo=V-ov,q+f V-v=0 in Qx (0,7), (2.4a)
v=1> on S1 x (0,7, (2.4Db)
v=0 on Se x (0,T) (2.4c)

12



with the initial condition v|;—g = vg. We are able to give a velocity profile b = b(x,t) at the
inflow boundary S1. The flow is presumed to be a perfect non-slip flow on the wall S;. Then,
the blood flow simulation is highly dependent on the choice of artificial boundary conditions
posed on the outflow boundary T.

An earlier paper by Zhou and Saito [55] presented discussion of the free-traction condition

7(v,q) =0 on T, (2.5)

which is one of the common outflow boundary conditions (see [24,27]), and some nonlinear
energy-preserving boundary conditions (see [4,9,10,13,14]) from the view-point of energy in-
equality. Moreover, we proposed a new outflow boundary condition as

vy >0, T,(v,9) >0, v,Tu(v,q) =0, 7r(v)=0 onl. (2.6)

This is an analogy to Signorini’s condition in the theory of elasticity (see [32]). It is indeed a
generalization of the free-traction condition (2.5), as

if v, >0onw CT, then 7,(v,q) =0 on w;
if v, =0 onw CT, then 7,(v,q) > 0 on w.

A benefit of using (2.6) is that (2.4) admits energy inequality, although it is not guaranteed under
(2.5). To describe it more specifically, we take a reference flow (g, ), which is the solution of
the Stokes system

V- O—(gvﬂ—) = Oa V- g = 0 in Qy (27&)

g=bonS;, g=0on9,, g:—go(m)/ b-ndS;onl (2.7b)
S1
for all t € [0, 7], where gy = go(z) € C5°(I')? is a prescribed function satisfying

/go-nszl, go-n>0 onT. (2.8)
r

(Function g is nothing but a lifting function of b.) Using this, we will find (v, ¢) of the form
v=u-+g, q=p+m.

Assuming that (2.4) admits a smooth solution (v, q) = (u+g,p+7) in 0 < ¢t < T and multiplying
both sides of (2.4a) by u, by the integration by parts, we have

d 1
%HquLQ(Q)d + 2V/ D;;(u)D;j;(u) dx + 3 / Up|ul? dl — / 7(v,q) - u dT’
Q r r
=I

:/Q[f_gt_(g'v)g]-udw—/ﬂ(u-V)g-udw. (2.9)

Using (2.6), we derive I > 0. Consequently,

T
sup IIUH%g(Q)d + 2V/ D;;(u)D;;(u) < C, (2.10)
t€[0,T] 0

13



where C' denotes a positive constant depending only on f, ug, b and T (see [55, Theorem 4]).
This inequality is useful. It plays a crucial role in the construction of a solution of the Navier—
Stokes equations (see [55]). Moreover, it is connected with the stability of numerical schemes
from the view-point of numerical computation. That is, it is preferred that energy inequality
not be spoiled after discretizations (see [54]). With (2.5), we do not know whether I > 0 or not.
Therefore, energy inequality cannot be derived even for the continuous case.

There are a lot of strategies to treat the inequality condition (2.6) in numerical calculations.
For example, we can use its penalty approximation

Tn(v,q) = é[vn]_, 7r(v) =0 onT, (2.11)
where 0 < € < 1 and
[s]+ = max{0,+s}, s=][s]+ —[s]- (s€R). (2.12)

We also obtain energy inequality with (2.11) for a sufficiently small £ (see [55, Theorem 5]).
Moreover, after introducing a C! regularization ¢s of []_, we can solve (2.4) with (2.11) by
using, for example, Newton’s iteration.

Our ultimate objective is to develop the theory for the initial-boundary value problems for
the Navier—Stokes equations (2.4) with (2.6) or with (2.11) from the dual standpoints of analysis
and numerical computations. As a primary step, we studied the well-posedness of these problems
in Ladyzhenskaya’s class in [55]. That is, we studied the unique existence of a solution of

ur+((u+g) - Viut+(u-V)g—V-o(u,p)=F, V-u=0 in €,
u=0 on S U.Ss,
Un +9gn >0, To(u,p) +70(g,7) >0 on I,
(un + gn)(Tn(u,p) + (g, 7)) =0,  7r(u) +71(9) 20 on T,

where F = f — g, — (g-V)g.

For the analyses described herein, we devote our attention to the discretization of the space
variable. Therefore, we study the finite element approximation using model Stokes problems.
Consequently, we come to consider Problems (2.1) and (2.2).

As a matter of fact, (2.1) and (2.2) themselves are not new problems (see [5,15, 18, 32]
for example). In a classical monograph [32], Chapter 7 is devoted to similar problems, say
Signorini’s problem for incompressible materials. However, their problem includes the traction
condition 7(u,p) = h. More precisely, they assume that Sy is divided into two parts Sa1, Sao
and consider

u=0 on Sy, 7(u,p)=h on Sy

instead of (2.1b). Then, assuming
TN (S USa) =0, (2.13)
we can prove that there exists a domain constant C' > 0 satisfying

V-v)d , dl
sup fQ q(V-v) de + fF TV

vEH(Q)%,v|s,Usy; =0 HU”Hl(Q)

(2.14)

C [lallzao + 71,3 ] <

for any (q,7) € L2(Q) x H-2(T') (see [32, Theorem 7.2]). This inequality is usually desig-
nated as the coupled Babugka-Brezzi condition. The well-posedness and error estimates of the
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corresponding penalty problem (with no regularization) are direct consequences of this result
from the general theory (see [6]). [15,18] study similar unilateral problems and they also as-
sume Soo # (). In contrast, we are interested in establishing a formulation without the traction
boundary condition. Unfortunately, if Saa = ), then (2.14) is not available. It makes analysis
somewhat difficult. Moreover, we do not prefer assuming (2.13). Consequently, we must de-
velop a completely new method of analysis in this work. Particularly, we offer a new device
to treat the pressure part. As a result, we succeed in deriving the optimal-order error esimate
for the finite element approximation for the penalty problem using the MINT (P1b/P1) element
(see Thereom 2.6.1). Our method is different from that of [18] in which the optimal-order er-
ror estimates are proved for linear and quadratic finite element approximations for Signorini’s
contact problem (with no penalization). We first derive non-optimal error estimates and then
apply them to improve several estimates. Our error estimates are novel even in the literature of
elasticity theory (see [15]).

Finite element approximation of another class of unilateral boundary value problems for the
Stokes equations, say unilateral problems of friction type, are discussed, for example, in several
reports of the literature [2,30,33,34].

This chapter is composed of 7 sections. After introducing basic definitions and recalling
some standard results in Section 2.2, we state two variational formulations, (PDE) and (VI),
for (2.1) in Section 2.3. The equivalence of these formulations and well-posedness of (VI) are
also established there (see Theorems 2.3.1 and 2.3.2). Section 2.4 is devoted to presentation
of the finite element approximation for (2.2). We consider only the MINI (P1b/P1) element
approximation. The well-posedness and error estimates are proved, respectively, in Sections
2.5 and 2.6 (see Theorems 2.5.1, 2.5.2 and 2.6.1). Finally, we confirm our results by numerical
experiments in Section 2.7.

2.2 Preliminaries

Geometry We recall that © C R? d = 2,3, is a bounded domain and the boundary 99
comprised of three parts S1, Sy and I'. We address the following two cases:

(G1) Sy, Sz and I' are smooth surfaces (curves) and € is a Lipschitz domain (see Fig. 2.1);
(G2) Si, Sy are polygon (line segment) and € is a polyhedral (polygonal) domain.

For the following, we assume that 2 is given as (G1) or (G2) unless otherwise stated explicitly.
Moreover, we set

S =5US5

and assume that the d — 1 dimensional Lebesgue measure |S| is positive.
Throughout this chapter, C' denotes various positive constants depending on 2.

Remark 2.2.1. Although we mostly address the case presented in Fig. 2.1, our discussion is

also valid for the case in which O is smooth withT NSy =0, SanNS1 =0, and S NT = 0.

Function spaces and forms We use the standard Lebesgue and Sobolev spaces, for example,
L2(Q), HY(Q), L"), Hz(T'). (We follow the notation of [38] as for function spaces and their
norms. ) The abbreviations

(v,w) = (v,w)a = (v,w)r2), (@,w)r= (V,w)or = (v,w)r2r),

[oll = llvlle = llollo.e = lolli2@),  lIvllh = [lvlle = [[vllar @, vle = [lvllor = l[vlz2)
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will be used. Moreover,

[Vl = [v]m. = [v]Em @), V|m,r = [v]zm(r)

are the semi-norms of H™ (), H™(T).
For a vector-valued function space, we use the same symbol to denote its norm as

[ = llollzz@e (ve L2@)D), ol = lvlgi@e (v € HHQ)?).
The basic function spaces of our consideration are
V={veH Q) v=00nS} and Q= L*Q).

They are, respectively, Hilbert spaces equipped with the norms |[v|; and ||¢||. We use closed
subspaces of V,

Vi={weV|V-o=0inQ}, Vo=H QY Vi={veVy|V-v=0inQ},

QOZ{qGQ/qum:O}.

K={veV|v,+g,>00onT} and K°={veV?|v,+g,>0o0nTl}

and that of Q as

Convex subsets

of V and V7, respectively, play important roles.
1
We recall the so-called Lions—Magenes space Hg(T'). It is defined as (see [38, §11.5, Ch. 1])
3 1 ~1/2 2
Hgp((D) ={pe H2() [ p~/"p e L*(I")}

which is a Hilbert space equipped with the norm

1
2
s =<||u||21 +||p-1/2u||%) |

HZ () H2 ()

Here, p € C°(T") denotes any positive function satisfying plor = 0, and for z € JT,

: px) /
lim ——————=d
oo dist (x,0T) >0

with some d’ > 0. Moreover, we know (see [38, Theorem 11.7, Ch. 1])
HO%O(F) = (H&(l"),LQ(I‘))%V2 (algebraically and topologically), (2.15)

where the right-hand side denotes the real interpolation space between L?(T') and H}(T') with

the exponent 1/2 and p = 2. Particularly HO%O(I‘) is strictly included in H= ().
Below we set

1
M=H2(T =
o), ”NH%,F HMHHO%O(F)

Mo{u€M|/udFO}.
r
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In general, X’ denotes the topological dual space of a Banach space X. The norm of X’ is
defined as

lollx = sup Br0xnx
veEX,v#£0 HU”X

where (-,-)x/ x is the duality pairing between X’ and X. For a closed subspace Y of X and
p €Y', we mean by |||y

lolly: = sup {Broxx
veY, v#0 ||UHX

Set
(-,) = (-,-)yr,v = the duality pairing between V' and V,
[,-] = [, ]m,m = the duality pairing between M’ and M,
(-] = ([ ](arayr,ara = the duality pairing between (M%) and M*.

We use the following forms:
a(u,v) = 2V/ D;j(u)D;j;(v) dz (u,v € HY(Q));
Q

b(p,u) = — / p(V - u) dr (pe Q. uec H'(Q)Y).

Trace and lifting operators Let Tr = Tr(€2, I') be a trace operator from H'(Q) into Hz (T).
The meaning of Tr(£2,.S) is the same.

Lemma 2.2.1. The trace operator v — pu = Trv is linear and continuous of V. — M?. Con-
versely, there exists a linear and bounded operator € of M?% — V, which is called a lifting
operator, such that Ep = p on T for all p € M?.

This result follows directly from [25, Theorem 2.5] and [26, Theorem 1.5.2.3]. A partial result
is also reported in [48, Theorems 1.1 and 5.1]. As a consequence of Lemma 2.2.1, we obtain a
lifting operator &, : M — V such that

Ent)n =4, (Enp)r =0 on T, [[Enply < Cllpllsr

for any € M.
Below, we will often write as v|r = Trv if there is no fear of confusion.

Remark 2.2.2. In view of Lemma 2.2.1 and the standard trace/lifting theorem, the zero exten-
sion i of p € M? into 98);

~_fu ont,

=0 on OO\l
belongs to Hz (9Q)%.

Remark 2.2.3. Another definition of Ho%o(r) is given by Baiocchi and Capelo [3, Page 379].
That s,

Hzy(T) = {Trv | v e HY(Q), Te(Q,8)v = 0}
which is a Hilbert space equipped with the norm

lal =l | ve H'(Q), Tr(2 S =0, Tro=u}.
Hg, (1)
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Redefinition of traction vectors Next we propose the redefinition of 7(u,p). If a smooth
vector field v and scalar field p satisfy the Stokes equation

—vAu+Vp=f, V-u=0 in
for a given f € L%(Q)?, they satisfy

a(u,v) + b(p,v) + /1“ T(u,p) - v = (f,v) (Vv eV) (2.16)

and
a(u,v) + b(p,v) = (f,v) (Vv € Vp). (2.17)

(In (2.16), 7(u, p) is understood as a usual function defined on I'.) Based on those identities, for
functions (u, p) € V7 x @ satistying (2.17), we redefine the traction vector 7(u, p) as a functional
over M? by

[[T(U,p), /j’]] = a(u, w#) + b(pa w,u) - (fa w#) (/‘L € Md)7 (218)
where w, = Eu € V. Actually, the right-hand side of (2.18) is independent of the way of
extension. Therefore, this definition is well-defined. Similarly, we redefine

(e (w), 1] = alu, w,) + bpow,) — (Fow)  (n € M with p, = 0; w, =€) (2.19)

and
[Tn(u, p), 1] = a(u,w,) + b(p,w,) — (f, w,) (n e M; w, =Epp). (2.20)

Then, we deduce an expression

[ (w, p), 1] = [ (w, ), ] + [[rr(u), prl] - (€ MY). (2.21)

2.3 Variational formulations and well-posedness

From this point forward in our discussion, we always assume
feq@t  beM?, ﬁz—/b-nds>0.
s

We take g € H'(Q)? satisfying
V.g=0inQ, gls=bglc=0, glr=_7Bgo,
where gg is the function defined as (2.8). Then, we have
gn>0o0nT, gn € M, a = 2vD(g)n € (MY

Under those assumptions and redefinitions in the previous section, we interpret (2.1) precisely
as follows.

(PDE) Find (u,p) € V x @ such that

a(u,v) + b(p,v) = (f,v) (Vv € Vo), (2.22a)
b(q,u) =0 (Vg € Q), (2.22b)
Up + Gn >0 a.e. on I, (2.22¢)
[Tn(u, p) + atny ] >0 (Vpe M, u>0), (2.22d)
[Tn (U, P) + Qs tp + gn] = 0 (2.22¢)
(72 (w) + o, ] = 0 (Vi € MY, i =0). (2.221)
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If a solution (u,p) of (PDE) is sufficiently smooth, it solves (2.1) in the classical sense.
Actually, (PDE) is equivalent to the following variational inequality.

(VI) Find (u,p) € K x @ such that
alu,v —u) +b(p,v—u) > (f,v—u) — [[a, v — u]] (Vv € K), (2.23a)
b(g,u) =0 (Vg € Q). (2.23b)
In this section, we prove the following two theorems.
Theorem 2.3.1. Problems (VI) and (PDE) are equivalent.

Theorem 2.3.2. There exists a unique solution (u,p) € K x Q of (VI) and it holds that
[ully + llpll < C, (2.24)
where C.. denotes a positive constant depending only on Q, ||fl, [[all(azay and [|g]|1-

Remark 2.3.1. The boundary condition (2.22f) is nothing but one alternative. One can pose
ur +ap =0 ae onT (2.25)

with a prescribed ofp instead of (2.22f). Actually, the discussion presented below remains true if
we re-choose a suitable lifting function g and replace the original V with

V={ve H Q) |v=00nT, vy =0 onT}.

Proof of Theorem 2.3.1. (PDE)=-(VI). Let (u,p) € V x @ be a solution of (PDE). We verify
(u, p) is a solution of (VI). First, we have u € K by (2.22¢) and (2.22b). By using (2.18), (2.21),
and (2.22¢)—(2.22f), we have for any v € K

a(u,v —u) +b(p,v —u) — (f,v—u) + [[a, v — 1]

= [[r(u,p),v — u]] + [[a, v — u]]

= [1n(u, D), vn — un] + [[Tr(u) + a1, vr — ur]] +]an, Vo — Uy
=0

= [Tn(u, p) + an, Un + gn] — [Tn(u, p) + 0, up + gn] > 0.

>0 =0

(VI)=(PDE). Let (u,p) € K x @ be a solution of (VI). We now verify (u,p) actually satisfies
(PDE). First, (2.22b) and (2.22c) are obvious.

Let v € Vj be arbitrary. Substituting v = u + v € K into (2.23a), we have (2.22a).

We recall 7(u, p) is defined as (2.18). Consequently, (2.23a) implies

[[T(uap)7v - u“ > _[[04,71 - U,H (V’U € K)
Moreover, by (2.21)
[Tn(uvp) + Qp, Up — un] + [[TT(U) + ar,vr — UT]] Z 0 (VU (S K) (226)

Let ¢ € C5°(I')¢ with 1, = 0 on I'. Substituting v = u + ¥ € K into (2.26), we have
[7r(u) + ar,]] = 0. By density, this implies (2.22f).

Next, let ¢ € C§°(TI')? with 1, > 0 and ¥y = 0 on I'. Substituting v = u + £ € K into
(2.26), we have [1,,(u, p) + ap,¥y] > 0. By density, this implies (2.22d).
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Combining (2.26) and (2.22f), we have
[T (1, P) + s 0 —up) >0 (Vv € K).
At this stage, we introduce w* € V satisfying
w'=gonl, [w<Clgls (2.27)

Since g |[r€ M?, such w* truly exists in view of the trace theorem. However, it does not satisfy
the divergence-free condition. Consequently, w* & V7. We now have —w} +¢, = —gn+9gn >0
and 2u, + w + g, = 2(un + gn) > 0. Therefore, we can choose as v = —w* and v = 2u + w*
above and obtain (2.22e). O

Proof of Theorem 2.3.2. Since a is a coercive bilinear form in V7 x V¢ by virtue of Korn’s
inequality (see [32, Lemma 6.2]), we can apply Stampacchia’s theorem (see [12, Theorem 5.6])
to conclude that there exists a unique u € K7 satisfying the following:

a(u,v —u) > (f,v —u) — [[o, v — ul] (Vv e K%). (2.28)
Taking v = u £ ¢ with ¢ € V{7 in (2.28), we deduce
a(u,0) = (fr9) (Ve e V7). (2.29)
Therefore, according to [23, Lemma 1.2.1], there exists a unique p € Qg satisfying
—b(p,v) = alu,v) — (f,v) (Vv € V). (2.30)

Now we set, for k € R,
pr=p+k (2.31)

and verify, with an appropriate choice of k, that (u,py) is a solution of (VI). To this end, it
suffices to check that (u,py) is a solution of (PDE).
We have by (2.18) and (2.28)

(7t 1)y n — ] + [, or —wr]] > —[lyo—wl]  @EKT).  (232)
Letting v € C§°(I')¢ with t,, = 0 on T, then since Jp tn dI' = 0, there is a function w € V
satisfying w =¢ onT', V-w =0 in Q and ||w|; < C||¢)||pra. Substituting v = v+ w € K into
(2.32), one obtains [[mr(u) + ar,¥r]] = 0. By density, this implies (2.22f).
Therefore, it follows from (2.32) that
[Tn (U, DE) + Qpy Uy — Up] >0 (veK?). (2.33)

We set
i f n 7A n» Y
0 Hel [Tn (w, D) + atn, 1]

where
Y:{MEM|M>07u§_ﬁO,/udF=1}. (2.34)
r

For any p € M with p > 0 and p # 0, we have

i) + o) = [0 + 0ol = [ = = [
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Therefore, we deduce (2.22d) if k < ~.
For the time being, we admit that

_ [ma(u,P) + o, un + g

ﬁ b

When u, + g, = 0 on I', we have v = 0, but this is impossible because u,, + g, > 0 and
Ji gn dU > 0. Therefore, we have by (2.35)

(2.35)

[Tn(u7ﬁ> + Qs Un +gn] :75 :7/971 ar :’Y/<un+gn> dr.
r T

Hence, taking
k=,

we obtain
[Tn(uaplc) + Qp, Uy + gn] = [Tn(qu) + Qp, Up + gn] - 7/(“71 + g’ﬂ) =0.
T

Therefore, we have verified (2.22¢).
To show (2.35), we use w* € V defined as (2.27) again. From (2.33) with k =0,

[Tn(u, D) + Qny v +wp] > [T (u, D) + ansup +wy] (v € K7).
Since w* = g on I, this is expressed equivalently as

Moreover, we obtain

Up + Gn un+gn:|
B B

Now let yo € Y be arbitrary and set i = Bu — g, € M. Since [, i dI' = 0, there exists 0 € V'
such that ¢, = & on T" according to Remark 2.2.2 and [23, Lemma 1.2.2]. Then, the function ¢
satisfies that U, + g, = S > 0 on I'. Consequently, © € K. Therefore, we have by (2.36) that

() + 0, ]E{MW$%H%7 (v e K°). (2.36)

ol ) sl = [ralw) + a0
= [Tn(u,p) + a, On ; gn} > % [Tn (U, P) + Qs U, + g
which implies (2.35).
It remains to derive (2.24). First, from (2.30), we have
19 < € sup WD Z el < gy 4, (2.37)

where we have used the standard infsup (Babuska and Brezzi’s) condition (see [23, Corollary
1.2.4])

b(q,v)

inf sup > C.
o lallllvllx

9€Qo veV,
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Equation (2.22e), together with (2.20), implies
a(u,u+ g)+b(p,u+g) — (f,u+g) + [an, uy + gn] = 0.
Therefore, by virtue of Korn’s inequality (see [32, Lemma 6.2]),
Cllu+gllt < CULN + lledllaray + llgll)llw+ glls

and, consequently,

lutglh <Cs, lulh <Ci. (2.38)
Finally, because of the expression (2.35), we can estimate as
1 . .
vl < BIITn(um) + anllmflun +gnlly 0 < Clulls + 1DID]w + gll1- (2.39)
Combining this with (2.37) and (2.38), we obtain (2.24). O

2.4 Finite element approximation

While there are a lot of strategies for solving the variational inequality problem (VI), we con-
centrate our attention to its penalty approximation.
As a regularization of [s]_(s € R), we introduce a function ¢s : R — R that satisfies

¢s is a non-increasing C'!'(R) function; (2.40a)
¢5(s) = [s]-| < C6 (s € R); (2.40b)

¢s5(s) =0 (s>0), 0<¢s5(s) <—s (s<0); (2.40c)
’jsqﬁg(s) <C (s €R), (2.40d)

where ¢ € (0,1] is a regularized parameter and C’s are independent of d. As described in the
Introduction, we can take, for example, the function ¢s(s) defined as (2.3).
For penalty parameter € € (0, 1], we consider the following penalty problem,

(PE. ) Find (u,p) € V x Q such that

a(u,v) + b(p,v) — %/F%(un + gn)vn dU = (f,v) — [[o, V] (Vv e V), (2.41a)
b(g,u) =0 (Vg € Q). (2.41b)

This and the subsequent sections are devoted to the finite element approximation of (PE. 5).
To avoid unimportant difficulties related to the “curved boundary”, we consider only the case
(G2). Consequently, the unit outer normal vector n to I is a constant vector over T

We use the so-called MINI (P1b/P1) elements for discretization. Let {7}, be a regular
family of triangulations of Q. As the granularity parameter, we used h = max{hy | T € Tp},
where hp denotes the diameter of T'. We introduce the following function spaces:

Vi, = {on € C°@Q) | vn = 0 on S, wplr € [P\ @ span{epr}]* (VT € Ta)},
Vor = Vi N HL(Q)?, ViZ = {vn € Vi | b(gn,vn) =0 (Ygn € Qn)},
Qn=1{an € C°Q) | anlr € PV (VT € To)},  Qon = Q1 N Qo

My, = {pn = vanlr | vn € i}, Mo = {Mh S /,Uh I’ = 0} .
r
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Therein, ’P,Ed) denotes the set of all polynomials in z1, ..., x4 of degree < k, and o1 = Hf:ll AT,
with Ar1,..., A7 441 the barycentric coordinates of T'.
We denote by Sy, the d — 1 dimensional triangulation of I" inherited from 7,. We have

My, = {un € C(V) | pnls € 7)1(‘#1) (VS € Sh), pnlor =0} (algebraically). (2.42)

Moreover, we introduce a projection operator A : Q — Qg by
. 1
Ag=q—mlg) wib m(g) = &7 [ade  weQ. (2.43)

It seems readily apparent that ||Ag|| < C||q|| for ¢ € Q and Agy, € Qop for g, € Q.

Then, the finite element approximation for (PE. ;) reads as follows.
(PE. ;) Find (up,pn) € Vi X Qp such that

a(up,vp) + b(ph, v) — %/F%(un + gn)Vhn dU = (f,vn) — [, 0] (Yon € Vi),  (2.44a)
b(qn,un) =0 (Van € Qr).  (2.44b)

Before considering the well-posedness and error estimates, we recall here basic results on the
finite element method.

Babuska-Brezzi condition As is well-known, the Babugka-Bezzi condition is well-known to
hold true in Vpp X Qon. There is a constant ' > 0, which is independent of h, such that

b
inf  sup _blgn, vn)_ >~ (2.45)

qn€Qon v €Von ||UhH1 ||Qh|| B

Discrete lifting operators and discrete traction vectors The following is a discrete
analogue of Lemma 2.2.1.

Lemma 2.4.1 ( [30, Lemma 2.1]). (i) There is a continuous linear operator &, from Mg to V,
such that Eppin = p, on I' and [|Eppnlly < Cllpalls p for any pn € M{, where C is independent
of h.

(ii) There is a continuous linear operator Enp from My to Vi such that (Epppin)n = pr and
(Ennpr)T =0 on T and ||Epnpin]lr < C’||,uh||%7r for any p, € My, where C is independent of h.
(iil) For un € Mon, the above wy, = Eyppn can be chosen in such way that wy € V7.

As the continuous case, we define traction vectors 7(up,pn) € (M2), 7r(up) € (MZ) and
T (un,pn) € Mj, for a solution (up,pp) € V7 x Qp, of

a(un,vn) + b(pn,vn) = (f,vn) (vn, € Von) (2.46)

as follows:
([ (un,pn), pnl) = a(un, wi) + b(pn, wa) — (fywn)  (un € My, wh = Enpn); (2.47a)
[ (un), o] = a(up, wn) + b(pp,wn) = (fwn)  (un € Mg with gy = 0, wp = Eppn); (247b)
[Tn(un, Pr), tn] = alup, wr) + b(pn, wrn) — (f,wn)  (pn € My, wp = Ennptn) (2.47c)
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These definitions are independent of the way of extensions. In fact, for any up, let w, € Vj
and wy, € Vj, be both extension of Ap; wpy = Whn = Ap on I'. Set v, = wy, — Wy. Then, since
vy, € Von, we deduce, by (2.46),

a(un, wp) + b(pn, wn) — (f,wn) — [a(un, Wn) + b(pn, wWn) — (f, wn)]
= a(up,vn) + b(pn,vn) — (f,vn) = 0.

Consequently, (2.47c) is well-defined.

2.5 Well-posedness of (PE.;;)

In this section, we establish the well-posedness of (PE; 5). Thus, we shall prove the following
two theorems. Recall that C, denotes a positive constant depending only on Q, || f||, ||g|lx and

el agey-

Theorem 2.5.1. There exists a unique solution (un,pr) € Vi X Qn of (PEcs) , and we have

. 1
ol + 1l + | 050+ 90) +

<C,, (2.48)
M}

where pp, = App, and kn, = m(pp).
Theorem 2.5.2. Assume
(A1) the family {Sp}n is quasi-uniform;

(A2) there existsT'y C T with |T'1| > 0 which is independent of h, €, § and 2 such that upn+gn >
0onlhi.

Then, the solution (up,pr) € Vi, X Qn of (PE¢s) admits the following estimates:

1
Jonlis -+ el + [ Z6tunn + ]| < (2.490)
£ M;IL
1 h
H%(uhn +gn)|| < Ci <1 + ) ; (2.49b)
€ MY €
L+ galle < (142 (2.49¢)
\E Uhn gn|—|lr = Uk z ) .

Remark 2.5.1. Condition (A2) is not restrictive. It is natural to presume this condition if S
1s sufficiently large and h,e,0 are suitably small.

Remark 2.5.2. If § < coe with some co > 0, we have, from (2.49¢), ||[upn + gn]-|Ir — 0 as
e—0.

To prove Theorem 2.5.1, we apply the following fundamental result.

Lemma 2.5.1 ( [36, Theorem 2.1]). Let X be a separable reflexive Banach space and let T :
X — X' be a (possibly nonlinear) operator satisfying the following conditions:

1. (boundness) There exist C,C',m >0 s.t. ||Tullx < C|lu||'g +C" for allu e X;

2. (monotonicity) (Tu —Tv,u —v)x/ x >0 for all u,v € X;

24



3. (hemicontinuity) For any u,v,w € X, the function A — (T'(u + \v),w)x/ x s continuous
on R;

(T, u) x7 x

— o0 as ||lul|x — oo.
[l

4. (coerciveness)
Then, for any ¢ € X', there exists u € X such that Tu = . Furthermore, if T is strictly

monotone:
(Tu—Tv,u—v)x/,x >0 (Vu,v € X, u # v),

then the solution is unique.

We set ps : V — V' by

<p5(u)7v> = - /1; ¢5(un + gn)vn dF (U (S V)

Lemma 2.5.2. ps is a bounded, monotone and hemicontinuous operator from V to V'.

Proof. (boundness) By using (2.40c) and the trace theorem, we have

(ps(u),v) < /F [tn + gnl - [va] dU < ([ully + [lgnll) o]l

for u,v € V. Hence,
los(@llv: < llully + llgnllc — (uwe V).

(monotonicity) Since —¢s(s) is non-decreasing function, we have

(p(u) — ps(v),u —v) = — / (63 (ttn + gn) — 65(vn + g0)) (tn + G — (Un + gn)) dT >0

for u,v € V.
(hemicontinuity) Let u,v,w € V. Then, a real-valued function

(ps(u+ Av),w) = — /F s (upn, + Avp )w, dU°

of A € R is a continuous function, since the function ¢; is continuous. O

Proof of Theorem 2.5.1. 1t is divided into three steps.
Step 1. First, we prove that there exists a unique u;, € V)7 satisfying

s on) + < (psn),on) = (Foom) = lavonl] — (Fon € Vi) (2:50)

by using Lemma 2.5.1.
To do this, we introduce a nonlinear operator A, : Vj, — V! by setting

! (ps(un),vn) (un,vn € Va).

(Acup,vp) = alup,vp) + -

and verify the conditions of Lemma 2.5.1.
(boundness) For up, € V)7, we have immediately

1 1
Acunlivy < (lall+ 2 ) Tonll + 2l
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(strictly monotonicity) By virtue of Korn’s inequality and monotonicity of ps,

1
(Acup, — Acvp,up — o) = alup —vp,up — vp) + g(ﬁg(uh) — ps(vn), ur, — vn)

v

C’||uh — 'Uh”% >0

for up,vn, € V7, up # vp.
(hemicontinuity) Let up, vp, w, € V7. Then, a real-valued function

1
(ps(un + Avp), wp)

(Ac(up + dop),wr) = alup, + Avp, wy) + R

of A € R is continuous, since a(-,wp,) is continuous and ps(-) is hemicontinuous.
(coerciveness) For uy, € V7, we have by (2.40c)

(ps(un)supn) = _/F(bﬁ(uhn“v‘gn)Uhn dl’
= _/F(%(uhn + gn) ([Whn + gnl+ — [Unn + gn]— — [gn]+ + [gn]-) dT

> / 65 (ttn + gn)lgn] - dT

> =C(llunlly + llgnllr) llgnllr-

This gives
Acup,u a(up, u 1 up), u C (||lu +
< eUh, }L> _ ( hs h) 7<p5( h)a h> ZCHU}L”l_i(” h”l ||gn||F) ||gn||F;
[[un1 lunlh e llunll £ [[unllx
and, hence,
A
{Acup, un) as  |Jupls — oo.
[[unllx

As a consequence, we can apply Lemma 2.5.1 to conclude that there exists a unique uj, € V}7
satisfying A.uy = F},, where Fj, € (V7)) is defined as (F,vy) = (f,vn) — [[o, vi]] for vy, € V7.
Therefore, we have proved a unique existence of the solution wuj, € V)7 of (2.50).

Step 2. We verify the unique existence of p, € Qp, such that (up,pn) is a solution of (PE¢ s5p).
In view of (2.45), there exists a unique P, € Qo satisfying

a(un,vn) +b(Pr,vn) = (fyvn)  (vn € Vo). (2.51)

Now, we find a constant kj, such that (up,ps) is a solution of (PE. s5), where py, = pp + k.
(In fact, with any kp, € R, (un,pp) also solves (2.46).) To do this, we first rewrite (2.44a) as by
using (2.47a)—(2.47c),

(70 (un, pr) — €' P5(unn + gn) — @, Unnl + [T (un) — ar, onr]] =0 (vn € Vi)
Consequently, in view of Lemma 2.4.1, it suffices to prove the following two equations:

(7o (un,pr) — €' @5 (Unn + gn) — Qi pin] =0 (i € My); (2.52a)
[[TT(uh) —ar, ,Ll,h]] =0 ([Lh S M;li with Whn = 0) (252b)

It might be readily apparent that v, = E,un € Vi belongs to V)7 for any up € M,f with
thn = 0. Hence, (2.50) and (2.47b) immediately implies (2.52b).
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On the other hand, combining (2.50) and (2.47c), we have
[T (wns o) + i — €7 b5 (unn + gn), A] =0 (YA, € Mon). (2.53)

At this stage, let us take

ﬂheYh:{Uhth|,uhZOa pn Z 0, /thr:l}-
T

Then, for any u, € My, the function up — Kkpfip belongs to Moy, where kK, = fr wn dl.
Therefore, for any p, € My,
[Tn(uh7ph) + o, — 5_1¢6(uhn + gn)vuh] = [Tn(uhaph) + apn — 5_1¢5(uhn + gn)aﬂh - K;hﬂh]
+ [Tn(uhaph) + ay — 671¢5(uhn + gn)7 ’ihﬁh]
= Kn[Tn(un, pn) + 0 — € 06 (Unn + gn), fin]  (2.54)
Now, choosing
kn = [Tn(un, pn) — € b5 (tnn + gn), fin), (2.55)

we have

[T (uns ph) + 0 — € G5 (Unn + gn), fin] = [Tn(un, Br) + an — €7 Gs (unn + gn), fin] — kn
0.

Hence, we get (2.52a) by (2.54).

It remains to be verified that (2.55) is independent of the choice of fi,. We let fip, i}, € Y3
with fi, # fi;, and let the corresponding kj, be denoted by l;h, ];3;17 respectively. Then, since
Ah = pn — p, satisfies [ Ap dT' = 0, we have by (2.53),

];h - ];;7, = [Tn(uhaﬁh) + an — E_I(b(;(uhn + g”)’ )\h] =0,

which means that kj, is uniquely determined by (2.55).

Step 3. Finally, we derive the stability result (2.48). Substituting vy, = u, € V)7 into (2.50),
we obtain,

a(un, un) — é/r(b(;(u;m  gn)tnn AT = (fun) — [l un]]. (2.56)

Noting that, by (2.40c)
1 1 1
- / ¢5(uhn + gn)uhn dal' = —— / (bé(uhn + gn)(uhn + gn> ar + 7/ ¢5(uhn + gn)gn dar
€Jr €Jr €Jr

1
> g/ ¢5(Unn + gn)[Unn + gn]- dI' > 0, (2.57)
r

we get
a(un, un) < (f,un) — [lo, un]].
Hence, by virtue of Korn’s inequality ( [32, Lemma 6.2]),
lunlly < CAULFI+ el aray)- (2.58)
Moreover, according to (2.45) and (2.51),

b N _
pnll < sup (B, vn) _ sup (f,vn) — a(un,vp)
vh EVoR ||Uh||1 v €Von ||UhH1

< O+ Nunlly)- (2.59)
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Since (2.44a) is expressed as

/(5_1¢5(uhn + gn) + kn)pn dU°
r

= a(up,vn) + 0(Pn,vn) — (fyon) + [l vnll (Vi € My, v = Ennpin € Vi),
we deduce )
|25t 4920+ | < Cllaall + 1l + 171+ o) (2.60)
M,
Summing up (2.58), (2.59) and (2.60), we obtain (2.48). O

We proceed to the proof of Theorem 2.5.2. We use the standard Lagrange interpolation
operator ip, : C(I') — M}, defined by

inp(P) = p(P) (every node P of Sp) (2.61)
and the L? projection operator 7, : L2(I') — Mj, defined by

/F(mu —mpn dU =0 (un € Mp). (2.62)

The following results are well-known.

w>0 = ipu>0, (2.63a)

lingt — e + Bllings — plle < CHplox (€ HA(T) 0 H(T)), (2.63b)
Imhplle < Cllplle (1€ LA(T)), (2.63c)

Imnpllie < Cllplie (n € Hy(D), (2.63d)

Imp = plie < Chllulle (0 € Hg(T)). (2.63¢)

In fact, (2.63a), (2.63b), (2.63c), (2.63e) are standard. On the other hand, (2.63d) holds true if
{Sh}n is quasi-uniform (see [8,16,29]).

Remark 2.5.3. According to (2.63b), ||inu||1,r is bounded by a positive constant depending only
on wif pe Ce(T).

Lemma 2.5.3. |[mnp — pllar < Chllplly p for any p e M.

Proof. Tt follows from (2.63c) that ||mpp — pllr < C|lp|lr- Combining this with (2.63e), (2.15)
and applying the interpolation theorem (see [38, Theorem 5.1, Ch. 1]), we obtain

1
[map = plle < Ch2{lpllar (n€M).

We can use this in the following way. That is, noting (2.62),

— A - A=A
||7I'hILL — 'U,HM/ = sup M = sup [ﬂ—h:u‘ My Th ]
rem Al p rxeM [RY/E
- A=A
< sup l7mnp — pllrlmn Ir < Chluls o
AeM [RY/F 2
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Lemma 2.5.4. ¢s(p)||2 p < Cllplly p for any p e M.

Proof. Using (2.40c) and (2.40d), we have ||¢s(p)|lr < C|lpllr for 4 € Q and ||¢s(p)|1r <
Cllpllir for u € HY(T). Hence, we can apply the (nonlinear) interpolation theorem (see [37,
Theorem 3.1]) and (2.15) to get the desired result. O

Proof of Theorem 2.5.2. First, we derive an estimation for k. We take i € C§°(T") satisfying
>0, a#0inT, suppp CTy.

Then, setting jip, = ippu € M}, we have

fin >0, fpZ0in T, g =0inT\Ty, |@nlsn <C,

/ﬂh dr —/,1 dI“ < Ch?, (2.64)
T T

where those C’s depend on .
Since (A2) gives
¢6(Uhn + gn> =0 on F17
we deduce from (2.44a) and (2.64)

kr /r fin, dI' = a(up, On) + b(Pn, Op) — é/F%(Uhn + gn)fin dU — (f,0n) + [[a, Op]]
= a(un, On) + 0(Pn, 0n) — (f,0n) + [[a, O], (2.65)

where 0y, = Eppfin, € Vi
This leads to
lknl < Ci,  lpnll < Ci. (2.66)

Hence, we have proved (2.49a).
Using (2.62) and (2.44a), we can make the following calculation.

/571Wh¢5(uhn + gn)un, dI' = / e s (unn + gn)pn dT’
r r

= a(un,vn) + b(pn,vn) — (f,vn) + [[a,vn]]  (Yun € My, vn = Ennpin € Vi).
Therefore,

le ™ mn s (wnm + gu)llag, < (lunlly + 150l + 1£1+ Netllaray + llgln)- (2.67)

We write as

sup [e2ds (wnn + gn), 1]

peM HU”%F
_ 1 sup [¢5(uhn + gn) - Whﬁbé(uhn + gn)v“] + sup [571Wh¢5(uhn + gn)nu] )
€ peM ”/J”%,F pneM 1] ir
=1 =I>

Using Lemmas 2.5.3 and 2.5.4,

[7nds(unn + gn) — ds(unn + gn)llaer < Chllgs(unn + ga)ll1 r
< Chlluwnn + gnly x
< Ch([lunlly + lgll1)-
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Consequently,

h
1] < C= (lunll +llgll)-
On the other hand, by virtue of (2.62), (2.63d) and (2.67), we have

[e™ 7 ds (Unn + gn), 1] e mnds (uhn + gn), Th]

Iy = sup < C sup
pneM HNH%,P pneM ||7Thﬂ||%,1“
<0 sup [5717h¢5(uhn + gn)vﬂlh]
C uneM, H/’thlé,l“

Therefore, from (2.67),

[Ia] < C(llunlly + [Iprll + 1 £l + [lallazay + [lgll1)

Summing up those estimates, we get (2.49b).
Finally, using (2.40b),

1 1
T r

1
r

We apply this to (2.56) and obtain

2 [t onl2 a0 < () = founl) + €2 [ o+ g ar

0
< A1 Tunlly + llodlaray llunlly + €= (lunlle + llgll),

which implies (2.49¢c). O

2.6 FError estimate

We are now ready to state the error estimates between (PDE) and (PE s5).

Theorem 2.6.1. Assume that (A1) and (A2) are satisfied. Let (u,p) and (up,pn) be solutions of
(PDE) and (PE. s4), respectively, and suppose that (u,p) € H*(Q)%x HY(Q) and 7, (u, p)+a, €
M. Moreover, assume that h,e,d are sufficiently small and h < c1€ with a constant ¢; > 0, then

we have
52
Jlu—unl1 +[|p = pull < Cox [ h+e+ = (2.68)

and

+Ve

M’

1
Tn(uap) + o, — g¢5(uhn + gn)

1
Tn(uvp) + o — g¢5(uhn + gn)

r

52
<Cu|h+e+ - | (2.69)
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where Cy. denotes a positive constant depending only on c1, Q, |ula, |p|1, ||7n(u,p) + anllar,
£, Mgl and [allaray -
. . . 3 .
Particularly, if taking as coe < h and 6 < cz3h? with constants (¢; >)ca, c3 > 0, we have the
optimal-order error estimate

lw — unlly + [lp = pall < Cush.

We use the standard Lagrange interpolation operator I, : C(Q)¢ — V}, and the L? projection
operator Il : Q — Q. Actually, the following are well known.

lv = Inv|ls < Chlv|s (v € [H*(Q) N H(Q)]Y), (2.70a)
lg — gl < Chlgly (¢ € H'(Q)). (2.70b)

Proof of Theorem 2.6.1. 1t is divided into three steps.
Step 1. Let us show that the following non-optimal error estimate holds true:

= wnlly + 19 = pill < Cuw (VE+ VB + VR), (2.71)

where p = Ap, pr = App,.-
We recall that (2.22) together with (2.20) give

a(u,v) +b(p,v) = [Tn(u, p),vn] = (f,0) = [[ar,vr]]  (veV). (2.72)
Hence, errors u — up and p — pp, satisfy
a(u — up, vn) +b(p = P, o) = [T (u, p) + @ — €7 P5(Unn + gn), Van] =0 (vp € Vi)
Setting p = Ap, pn = Apn, k = m(p) and k, = m(pp), we can write as

a(u — up,vp) = —b(p — Pn, vn)
—_————

=J1(vp)

B (2.73)
+[Tn(u7p) + Qp — € ¢5(uhn + gn) + k - khﬂ)hn} (’Uh € Vh)
:.]Q(Uh,)
Particularly we have
b(Agn — Pr,vn) = —a(u — up,vp) — b(p — Agn,vr)  (vn € Von, qn € Qn).
and, by application of (2.45),
- - —b(p— A
||AQh _ﬁh” S C sup a(u uhvvh) (p qhavh)
v €Von ||'Uh||1
< CO(llu — unlls + [|p — Agal])
<CO(lu—wunlli +lp—anll)  (gn € Qn)- (2.74)
At this stage, we set
vp = Ipu —up, € Vi, qrn = Ixp € Qp, Gn = Agn € Qon.
Then,
15— pnll < 1P — anll + ldn — Drl
<|lp = Uppll + C([[u — unlls + [|p — Hppl])
< Cush + Cllu — upllr- (2.75)
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Using (2.70), (2.74) and ||p — dnll < C|lp — qn||, we estimate as
|[J1(Inu = un)| < [6(P = Phy Tnw — w) |+ [6(D = Gn, w — un)| + [b(q = P, u — un)|
<1l {19 = pall - [Tnw — wlly + (1l 15 = Gull - lu = unllL +0
< C(Cush + [lu = unll1) - hluls + Chlph[lu — a2
< Cunh® + Coshllu — up||y
< Conh?® + Coh||Tnu — upl);. (2.76)

To perform an estimation for Jo, we divide it as

J2(Ihu - uh) = [Tn(uap) + an — Eilqsé(uhn + gn) + k— khv (Ihu)n - Un]
=J21
+[Tn(uap) + o — 571¢5(uhn + gn) +k— khvun - uhn] . (277)

=Ja2

According to stability results (2.48) and (2.49b), we deduce

[ Jor| < (17 (s D) | ar + lle™ G5 (unn + ga)llarr + llnllaer + R D (Tnw)n — wnll g
S C*HIhU - UHI S C**h

Noting
/(un—u;m) dF:/V-(u—uh) dx =0
r Q
and using (2.22¢), (2.22d), (2.22e), (2.40b), (2.40c¢) and (2.49b), we can calculate as:

Jog = [T (u, p) + an = €05 (Unn + Gn)s tn + gn — (Unn + gn)]
= —[e 7 ¢s(unn + gn), Un + gn] — [0 (U, p) + an, Unn + gn)
+ [ b5 (unn + gn)s unn + 9]
= _[5_1¢5(uhn + Gn)s Un + gn] =70 (u,p) + an, [unn + gnl+]
<0 <0
+ [Tn(u7p) + an, [uhn + gn],] _[5_1¢6(uhn + gn)v [uhn + gn]*]
<0
21, 9) + o, it + Gl — G5 (atn + )] + () + & B3 (et + 1)
|7 (u, p) + an|lr [ [tnn + gn]- — @6 (unn + gn)lIr
+ |7 (u, p) + anllarlle™ b5 (wnn + gn)llar

<clore(1+M) <o+ (2.78)
pre(103))

Summing up those estimates, we obtain

C’||Ihu — uh||% § a(Ihu — uh,Ihu — uh)
= a(Ipu — w, Inu — up) + a(u — up, Inu — up,)
= a(lpu — u, Inu — up) + J1(Ipw — up) + Jo(Ipu — up)

(2.79)
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Therefore, we deduce

[ n = wnlly < Cun (VR + VE + V)

and
lu —unlly < llu— Tpulls + [[Thu — up 1 < Ci (\/E-i- Ve + \/3) .

This, together with (2.75), implies (2.71).

Step 2. We derive an estimation for |k, — k| by using (2.71). For sufficiently small €, h, § with
h < ¢qe, according to (2.71) and (A2), there exists I'y C I' with |I'g| > 0 such that u, + g, >0
and upy + gn, > 0 on I'g. As in the proof of Theorem 2.5.2 (see (2.64)), we take i € C§°(T)
satisfying t > 0, 1 Z 0 in ' and supp it C I'g. Then, setting i, = ipu € My, we have

>0, jn 20T, in=0in T\(To), [l <, \/ahdr—/ﬂdr\sch%
r r

Since up, + g, > 0 on Ty, we have 7,(u,p) + a, = 0 on Ty in view of (2.22e). Substituting
Op = Ennfin, € Vi C V into (2.72) and using (2.22d), we have

k/ fir dI' = a(u,¥p) + b(p, on) — (f, 0n) + [[a, Tn]] — /(Tn(u7p) + ) fin dT
r r

= a(u’ ﬂh) + b(ﬁ’ f}h) - (fv 'Eh) + Haa ﬁh]]
This, together with (2.65) and (2.75), gives

kn — k| < la(un — u, 0p)| + [b(pn — B, 0n)|
< C(llun —ully + 180 = Bl < Coxl|l I — unllr + h). (2.80)

Step 3. We proceed to the proof of (2.68) and (2.69). We will prove
3 2 2 h3 52
Jg([hu - Uh) + 5 H)‘HF < C** h* + ? +eh+ ? + (5 + h)||Ihu - Uh||1 5 (281)
where

1
A =T (u,p) + an — g¢5(uhn + Gn)-

Recall that Jo(Ipu — up) is divided into Jo; + Jao as in (2.77). We have, by (2.80) and the
standard trace theorem,

Jo1 < (Ml + [k = kn) [ (Znw)n — unll 1 p < Cosh([[Alar + b+ ([ Taw — unll). (2.82)

We derive an estimation for ||| First,

A = A, — A,
||/\||M’ = sup [ H ,uh} + [ ,uh] < O”/\”F sup H:u UhHF + sup [ ,uh] 7 (283)
pEM ||N||%,F ||/i||%,r neM ||/l||%r peEM ”MH%,F

where puy, is an arbitrary element of Mjp,.

In order to set u, appropriately, we use Scott and Zhang’s projection I, : HY(Q)? — Q;’ll
( [51]). The projection IT), satisfies the same stability and interpolation error estimates as IIj,.
For example, we have ||II,v|| < C|[v]|, [[Txv|1 < Cv||; and ||v—TI4v| < Chljv])1 (see [11, §4.8]).
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Particularly, we have ||v — ITv|| < Chz||v|; by the interpolation. Furthermore, IIj,

1
H2(Q)
preserves the boundary condition; IIpv € V}, for v € V. At this stage, for p € M, we set

Hh = (wh ’ ’/l)|[‘, Wp = ﬁhgn,u~
Then, again by the standard trace theorem,
I = mnlle < Cll€np = WpEnpilly < ChZ | Enpilly < Ch2|plly p-

In view of (2.73),
(A pn] = a(u — up, wp) + 0(p — Pr,wn) — (k — kn) / ftn, dT
r
and, by (2.75) and (2.80),

A il < C(lluw = unlly + 1P = Drll + [k = En[)[wnly

<C
< Cox(h A+ [ Hnu = unl[) ol 3 r-
Putting those estimates together in (2.83), we obtain
INarr < Coa(RZ (A0 + P+ [ T = n ). (2.84)
Substituting this into (2.82) and applying Schwarz’s inequality, we deduce
Ja1 < Co(R? + ChE | A0 + bl Inu — up|1)
h3 £
S C** (h2+€+h||fhu—uh1) +6||)\||1% (285)
Next, we derive a sharp estimate for Jos. According to the third equality of (2.78), we have

Joo < [N, [Unn + gnl=] = [N, [hn + gnl— — 05 (Unn + gn)] —€[A, A + €[X, T (u, p) + @) -

=J221 =J222

From (2.40Db),
82 e, e
Jo21 < IMell[wnn + gn]— — &5 (Unn + gn)llr < CO||Ar < C—+ 6||)\||r-

Using (2.84), we get the estimation of Jago as follows:

Jaza < e[| Al ||n(u, p) + O‘"”%T

1 &
< Case(hZ|[Me + b+ Unu — unlly) < Cosleh +elllnu — unlly) + 5||>\||%.

Summing up those estimates, we obtain
52 2e
Jog < Ol <€h + . + e[ Tpu — uh||1> — EHAH%

Combing this with (2.85), we deduce (2.81).
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Now, instead of (2.79), we have by (2.76) and (2.81)
CllInu — up|lF < a(Ipu — u, Inu — up) + Jy(Inw — up) + Jo(Inu — up,)

h3 52
< Co(h+ &) Inw — uplh + C <h2 +—teht 6) = %||)\||%.

This yields

h3 62 62
||Ih’LL7uh||1§C** h + ?‘F\/é‘ih‘i’ ? SO** h+e+ ? 5

since we chose as h < cje.
Finally, we obtain (2.68) and (2.69) by combining (2.75), (2.80), (2.81) and (2.84). This
completes the proof of Theorem 2.6.1. O

Remark 2.6.1. In addition to the basic assumption of Theorem 2.6.1, we suppose that
Upn +Gn >0  on T. (2.86)

Then, for sufficiently small h,e,d with coe < h < c1e, we have

lu —unllr + llp — pull < Cush. (2.87)
In particular, we do not need to choose as § < c;;h%. Inequality (2.87) is derived by noting
Jag = 0 under (2.86).
2.7 Numerical examples
In this section, we present some results of numerical experiments to confirm our theoretical

results. We prefer the original setting (2.4) with (2.6), (2.11) to (2.1) and (2.2). Therefore, we
consider a model Stokes problem with a nonlinear Robin condition as

—vAv+Vg=f, V-v=0 in Q, (2.88a)

v=">0 on Sy, (2.88b)

v=0 on Sa, (2.88¢)
1

Ta(v,q) = Z¢5(vn), vr =0 onT, (2.88d)

where ¢ represents the regularized function defined as (2.3).

Remark 2.7.1. As described in Introduction, we are interested in computing v and q in (2.4).
The unknown functions u and p in (2.1) and (2.2) are introduced as “perturbations” of those
target variables. They clarify analysis. Moreover, the reference flow (g, ) plays an important
role in theoretical considerations, although it is not readily apparent that it is always available
in actual computations.

Remark 2.7.2. In (2.88), we take vr = 0 instead of Tr(u) = 0 as a boundary condition for the
tangential component of v on I'. See Remark 2.3.1.
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The finite element approximation for (2.88) reads as follows.
(PEla,é,h) Find (vp,qn) € Wy, x Qp, such that vy, = i,b on S; and

(v, wn) + blan, wi) — = / 65 (vn)wnn dT = (f,wn) (Van, € Vi),
N
b(Th,’Uh) =0 (Vrh € Qh),

where
_ d
Wi, = {vy € C’O(Q) |vp =0o0n Sy, vpr =0o0n T, vp|7 € [Pl(d) @ span{or}t| (VT € Th)}.

First, we deal with a simple example, setting @ = {(z,y) | 0 < = < L,—R < y < R},
S1 ={0} x [-R,R], and I" = {L} x [-R, R], we impose

b(x,y) = (Co(R* —4?),0), f=0 (2.89)

with Cy > 0. Then, (2.88) has the exact solution, which is given explicitly as

v(z,y) = (Co(R? —y),0),  q(a,y) =2vCoL (1 - %) : (2.90)
This is the well-known Poiseuille flow.

Details of our computation are the following. Set L =15, R =5, v = 1/50, and Cy = 5/(vL).
For the triangulation of €2, we use a uniform mesh composed of 12N? congruent right-angle
triangles; The rectangle is divided into 3N x 2N squares. Then, each small square is decomposed
into two equal triangles by a diagonal. Consequently, h = v/2/N. Since we have employed the C!
regularization ¢, Newton’s method is available for computing the nonlinear equation (PE"E 5, n)-
Penalty parameters are chosen as ¢ = § = h/20. Hence, it is ensured by Theorem 2.6.1 and
Remark 2.6.1 that

lo = onlh + lla — aull < Ch. (2.91)

To verify this point, we set
1 2 3
EY =lvo—wl, EY =lv—wlh, E =la—all

and observe that @ @
(i) logk ) —log Ehl .
_ =1,2,3
Ph logh/ — logh (1=1,2,3)

with b’/ ~ 2h.

The result is reported in Tab. 2.1 and support our theoretical result (2.91). We were unable
to derive the L? error for v;,. From Tab. 2.1, we observe that second-order convergence actually
occurs.

Next, we consider a two-dimensional branched pipe as portrayed in Fig. 2.2. Since this
) is not a polygon, we approximate it by a polygon €2, with vertices located on 9. On Sy,
we impose a parabolic inflow similarly to (2.89). Fig. 2.3 shows the state of a numerical flow
velocity vp,.

As before, we observe pgll), pf) and ,0513). Since, in this case, we are unable to obtain the
(explicit) exact solution, we use numerical solutions with extra fine mesh. Tab. 2.2 presents
the results. We observe that convergence rates of the H' error for v;, and the L? error for g,
are close to unity even in the curved domain. Moreover, that of the L? error for vy, is close to 2.
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b ED W | g® )2 | B® o
1.0743 | 13.9 —[120-10>  —[207-10" -
0.5371 | 347  2.001 | 5.96-10" 1.010 | 6.57-107> 1.656
0.2685 | 0.87  2.000 | 2.97-10" 1.003 | 2.18-107 1.594
0.1342 | 0.21  2.000 | 1.48-10' 1.001 | 7.42-10% 1.553
0.0665 | 0.052  2.000 | 7.17 1.000 | 2.56-10%  1.527

Table 2.1: Numerical convergence rates of (PEL ;) for (2.90).

Figure 2.2: A branched pipe and an example of triangulation.

Finally, we examine the convergence in terms of the penalty parameter e. We now consider
a non-trivial external force f and the resulting flow velocity is showed in 2.4.
Letting 6 = 2 (see Theorem 2.6.1), we set

EM =lv-wl, E®=lv—uvpli, E® =q—aqull,
and observe

@) _ log Es(f) — log Es(i)

€

i =1,2,3
loge’ —loge (i=123),

where ¢’ = 2¢ and (v, ¢) is the numerical solution with extra small e.

4.1667
3.2912
24157
1.5403

0.66482

-0.21064

Figure 2.3: Velocity and pressure field in branched pipe.
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1 1 2 2 3
T VR A,
0.69279 | 2.497 107! 5.941 — | 1.786 - 101

0.33353 | 7.767-1072 1.552 | 3.359 0.780 | 5.909-10"2 1.513
0.17571 | 2.044-1072 2.083 | 1.768 1.001 | 3.069-10=2 1.022

3
5

Table 2.2: Numerical convergence rates of (PE 5, ) for branched pipe.

Results are reported in Tab. 2.3 and 2.4, respectively, for h = 0.6928 and h = 0.1757. We
observe from these tables that the first order convergence with respect to € actually occurs.

45.581
29.528
13.476
-2.5774
-18.63
-34.683

-50.736

-66.789

-82.842

Figure 2.4: Velocity and pressure fields.

. D0 | g 22 | g® 3)

Pe
0.034639 | 7.315 22.400 — | 9.359
0.017319 | 3.649 1.003 | 11.177 1.002 | 4.668 1.003
0.008659 | 1.749 1.060 | 5.358 1.060 | 2.238 1.060

Table 2.3: Numerical convergence rate of (PE[ ;) for h = 0.6928.
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. EY 0| g® @ | g® 3)

Pe
0.0087854 | 2.088 6.421 2.469 —

0.0043927 | 1.024 1.028 | 3.149 1.027 | 1.210 1.028
0.0021964 | 0.486 1.073 | 1.497 1.072 | 0.575 1.073

Table 2.4: Numerical convergence rate of (PE[ ;) for h = 0.1757.
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Chapter 3

Convergence of the immersed-
boundary finite-element method
for the Stokes problem

Abstract

Convergence results for the immersed boundary method applied to a model Stokes problem with
the homogeneous Dirichlet boundary condition are presented. As a discretization method, we
deal with the finite element method. First, the immersed force field is approximated using a
regularized delta function and its error in the W =1 norm is examined for 1 < p < n/(n — 1),
n being the space dimension. Then, we consider the immersed boundary discretization of the
Stokes problem and study the regularization and discretization errors separately. Consequently,
error estimate of order A'~® in the W' x L' norm for the velocity and pressure is derived,
where « is an arbitrarily small positive number. Error estimate of order A'~® in the L" norm
for the velocity is also derived with r = n/(n — 1 — «). The validity of those theoretical results
are confirmed by numerical examples.

3.1 Introduction

The immersed boundary (IB) method is a powerful method for solving a class of fluid-structure
interaction problems originally proposed by Peskin [44,45] to simulate the blood flow through
artificial heart valves. For later developments, see [46]. The IB method is also successfully
applied to multi-phase flow problems, elliptic interface problems, and so on.

In contrast to a huge number of applications, it seems that there are only a few results
about theoretical convergence analysis. The pioneering work was done by Y. Mori in 2008
(see [42]). He studied a model (stationary) Stokes problem for the velocity u and pressure ¢ in
an n dimensional torus U = [R/(27Z)]™ C R",

—Au+Vqg=f—-—ginU, V-u=0inU, (3.0)

40



with
f(z)

I
—

1
F(0)5(z — X(0)) db, g— 7/ F(6) db.
2m)" Jo
Herein, the immersed boundary I' C U, which is assumed to be a hypersurface of R", is param-
eterizaed as

where © denotes a subset of R"~!; see Figure 3.1. The function F' = F(6) denotes the force
distributed along I" and § = §(x) the (scalar-valued) Dirac delta function. (In [42], the case
n = 2 was explicitly mentioned.) Introducing the regularized delta function 6" ~ § with a
parameter h > 0, he considered the regularized Stokes problem

an+vq:/F(9)5h(fo(9)) d) —ginU, V-a=0inU.

The regularized problem was discretized by the finite difference method using a uniform Eulerian
grid with grid size h. Then, he succeeded in deriving the maximum norm error estimate for the
velocity of the form

lu —tn||Lee @y < C(h+h%)[logh| (a > 0 suitable constant)

under regularity assumptions on I' and F' together with structural assumptions on 6. Herein,
i, denotes the finite difference solution. After that, the method and results were extended
to several directions (see [39,40]). For example, several LP-error estimates, 1 < p < oo, were
obtained in [40]. A typical result is given as

lw = @nll Loy + hllg = @nllery < Ch?[log k" (1 > 0 suitable constant).

Similar results for the Poisson interface problem was presented in [35]. On the other hand,
we observe from numerical experiments that the IB method has a first order accuracy for the
velocity in the L* norm. Therefore, those estimates are only sub-optimal and the proof of
optimal-order error estimate is still open at present. Moreover, the explicit formula of the
Green function associated with (3.0) was used to derive error estimates in [39,40,42]. Hence,
it is difficult to apply those methods to more standard settings, for example, to the Dirichlet
boundary value problem.

Q

T

Figure 3.1: Q = QU Qy, Qo, Q1 and T

In this work, we take a different approach. We consider the Dirichlet boundary value problem
for the Stokes equations (3.5) below and study the regularization error and discretized error
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separately in Sections 3.2 and 3.3. To this end, we first give interpretations of the immersed outer
force f above as an R™-Lebesgue measure and as a functional over WO1 "P(Q)™; see Propositions
3.2.1 and 3.2.2. (The meaning of mathematical symbols will be mentioned in Paragraph 3.2.1.)
Then, we introduce a regularized delta function 6° with a parameter € > 0 and examine the
error between f and its regularization

F (@) = / F(0)6°(z — X(9)) dO

in the W=17(Q)" norm for 1 < p < -~ see Proposition 3.2.3. Estimate for the regularization
error (see Proposition 3.2.4) is a dlrect consequence of Proposition 3.2.3 and the stability result
of [41] (or (Al,) below). After introducing structural assumptions on §¢,

1 n

=10 (2):

i=1

that is essentially the same as that of [39,40,42], we show that the WP x LP error estimate for
the velocity and pressure is of order gty

Then, we proceed to the study of discretization in Section 3.3 . We are concerned with the
finite element method rather than the finite difference method. This enable us to apply several
sharp WP x LP stability and error estimates due to [22] (or (A2,) below). Finally, we obtain
several (still sub-optimal but nearly-optimal) error estimates in several norms; see Theorem
3.3.1 which is the main result of this chapter. The effect of numerical integration for computing
f¢ is discussed in Section 3.4. Actually, a simple numerical integration formula does not spoil
the accuracy of the IB method (see Proposition 3.4.1 and Theorem 3.4.1). The validity of those
theoretical results are confirmed by numerical examples in Section 3.5.

We only assume that ¢ is a continuous function in R with compact support and with the
unit mean value (see (3.12)). On the other hand, several conditions on moment and smoothing
orders of ¢ were assumed in [39,40,42]; we are able to remove those restrictions.

It should be kept in mind that our aim is to reveal the accuracy of the regularization and
discretization procedures and is not to propose a new computational method; see also Remark
3.2.2. We consider the finite element method only as a model discretization method.

3.2 Immersed boundary formulation

3.2.1 Geometry and notation

Suppose that € is a polyhedral domain in R, n = 2,3, with the boundary 9. The domain
is divided into two disjoint components Qy and Q; by a simple closed curve (n = 2) or surface
(n = 3) which is designated by I'. The curve (surface) I' is called the immersed boundary and is
supposed to be parametrized as I' = {X (0) = (X1(0),..., X, (0)) | 0 € O} where © is a bounded
subset of R"~! for the Lagrangian coordinate. See Fig. 3.1 for example. We set

X112 | |9Xo |2 .
Jx(0) %6 + | %] iftn=2
X =

8(X2,Xs) 8(X3,X1) X1.x2) |2 e

’ 2001.0) +‘ 2(01.02) +‘ b | ifn=3

Throughout this chapter, we assume the following:

e I'is a C! boundary (X(6) is a C* function);
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o dist(I", 0Q2) > 0;
e Jx(0) #0 (6 €0O).

We collect here the notation used in this chapter. We follow the notation of [1] for function
spaces and their norms. For a function space X, the space X™ stands for a product space
X x --- x X. For abbreviations, we write as, for example,

[ullwrr = llullwir@n, lwllze = 7l e @)-

We set Wy P(Q) = {v € WP(Q) | v]ag = 0} and W—1P(Q) the topological dual of W, (Q).
The dual product between W~12(Q)" and W, ()" is denoted by (o,-)W,prW&,p. We let
Ly(Q) ={q e L*(Q) | [, q dx =0}. Set B(a,r) ={x € R" | |z —a| <r} for a € R" and r > 0.
For 1 < p < oo, let p’ be the conjugate exponent of p; 1 < p’ < co and % + ﬁ =1.
For vectors a = (a1,...,an), b= (b1,...,b,) € R™, let us denote by a-b = aib; + -+ a,b,
the scalar product.

3.2.2 Immersed boundary force

We set (formally at this stage) the immersed boundary force field f : Q — R™ as
= / F(0)dx o) do (3.1)
e
for F € L'(©)". Hereinafter, we set 6,(x) = d(z — a) for a € R™. We have (still formally)

/f(fv)wp(x) dw:/ F(0) - o(X(0) do (¢ e C5(Q)"). (3:2)
Q ©

We state two interpretations of (3.2).

Proposition 3.2.1. Let F € LY(0)". Then, f defined as (3.1) is a finitely signed measure on
Q, with which the integration is defined for any (vector-valued) measurable function ¢ on Q. In
particular, if F € LP(©)" for 1 < p < oo, the integrant is given by

(fo0) = / o df = /@ F(0) - (X (0)) do

for any ¢ € Wl’p/(Q)". Moreover, f is a singular measure against the Lebesgue measure on 2
and, consequently, f ¢ L*(2)™.

Proof. We identify 0,(x) = 6(xz — a) with the Dirac measure concentrated at a € R™. Then, for
any measurable set B C R™ and 6 € ©, we have

dx(6)(B) = 1x-1(py(0) =

{1 (X(0) € B)
0 (X(0) ¢ B),

where 1y-1(p) denotes the indicator function of X ~!(B) on ©. By virtue of Lebesgue’s domi-
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nated convergence theorem, we derive for any disjoint measurable sets { B},

f(U Bn> /F Z5X(9 d9—/ F(Q)le—l(Bn)(a) do
0)1x-1(p,)(0 dG—Z/ 0)dx (6)(By) db

Il
1Me
@\

'TJ

n=1

Herein, note that F(6) ZnN:1 Lx-1(p,)(0) is integrable for any N € N since F € L'(0)" and B,
is disjoint. It follows f() = 0 from §, (@) = 0 for all a € R™. Thus, f is a finitely signed measure
on () so that the integral fQ o df is well-defined for all measurable function ¢. According to an
integral with the Dirac measure, we have

/ o df = / F(6) - p(X(9)) db,
Q ®

where the right hand side is meaningful for F € L?(©)" and ¢ € W' (Q)". Although the R"-
Lebesgue measure m(T") of " vanishes (note that I' is “very thin”), we have f(T') # 0. Hence,
f is singular against m. Finally, the fact f ¢ L'(Q) follows from the Lebesgue decomposition
theorem. O

Although f does not belong to any LP()) spaces as is mentioned in Proposition 3.2.1, it is
well-defined as a functional on WP (Q)".

Proposition 3.2.2. Let 1 <p < oo and F € LP(O)". Then, the functional
Q) = [ FO)-p(x0) & (o€ CF))

1s extended by continuity to a bounded linear functional on Wol’p(Q)”, which will be denoted by
(f; Yw-10wrw below. That is, we have f € W=Ltr(Q)n.

Proof. Let ¢ € Cg°(2)™. Since

Jre ar = [ ex ) P17 )] a0,

we have by the trace theorem

f0) < IFll ooy (/ (X (O) 1 d9>

< I Flle@)l7x 1 Z gy lell e ) < CIFlLo@) [€llwor (0)-

1
I’

Let € > 0 be a regularized parameter. Take a continuous function §¢ = 6°(z) satisfying
supp 6° C B(0, Ke¢) (3.3)

with K > 0.
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Setting 0% (x) = 0°(x — a) for a € R™, we introduce the regularized immersed force field as
e

Since 62 € L>(2), we have f¢ € L°°(Q) for F € L'(0). The following result plays the most
crucial role in this study.

Proposition 3.2.3. Suppose that we are given a continuous function 0° satisfying (3.3). Then,
for 1 <p< 25 and F' € LP(©), we have

1 = Fllw 1w < CollFllirco Hl - / 5(y) dy\ ; ||P5E||LP(RH)] ,

where p(x) = x and Cy denotes a positive constant depending only on n, p and ||Jx | 1= @)-

Proof. Let ¢ € C§°(2)™ and express it as
p(x) = p(X(0)) + (z — X(0)) - /O Vo(t(z — X(0)) + X(0)) dt (z €R").

Then, applying Fubini’s lemma, we have

=0 = [ FOeCe) (1= [ s do) as

=I
1

f/ /F(e)/ 55y (@) — X(0)) - Vip(t(x — X(8)) + X (0)) dwddt.
0 [S] Q

=1,

For a sufficiently small ¢, we have B(X (), Ke) C Q and

/5§<<e) dx :/ 0% (o) (2) dz :/ 6 (y)dy= [ 0°(y) dy.
Q B(X(0),Ke) B(0,Ke) R™

Hence,

< [i= [ s a| [ 1F0) ) o

< IFllzo(oy ( [ el de);’

L— [ 0°(y) dy’

Rn

1Flliro

< O ol 1= [ ) dy
||JX||Loo(@) R

<ClFle 1= [ 50) dy]||sa||W1,m).
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By virtue of Holder’s inequality, we have

L] < / /@ FO)] - l(x — X(0)% o)l v

1
Iy

' [/Q [Viplt(z = X(0)) + X (@)1 d:c} dgdt

1
Y

< U5l [ [ 1F01] [ 9o - x@) + x@) ] as

1
7

! 1 R
<ol [ [ 1@ a0 | [ 1w @]
0 S) R™
1

< 195 o oy | F L 0 ( / e dt) 16l i

/

P
p—n

IE1 L1 @) 100l o ey lep .

where ¢ denotes the zero extension of ¢ into R™ and z = t(z — X(0)) + X (). (Note that
n<p <oobyl<p< g O

Remark 3.2.1. We take ¢g € C5°(2) satisfying
wo(z) =1ifzxel(e) ={x e Q| dist(x,T') < e} UQy.

Then, I in the proof above vanishes and

1f = ol > =000 1 /@F(a) a0 [1/ 5 (2) dx}

leollwor— llollwrr

Hence,

0°(x) de —1 (e —0)
R’!L

w-1.» — 0 to hold.

is a necessary condition for ||f — f€|

3.2.3 Target and regularized problems

We proceed to the formulation of the immersed boundary method. Using f and f¢ defined
by (3.1) and (3.4), we consider, respectively, the immersed boundary formulation to the Stokes
equations for the velocity v and pressure 7,

—vAu+Vr=finQ, V-u=0inQ, wu=0ond (3.5)
and its regularized problem for u® and 7€,
VAU 4+ VT =finQ, V-«*=0inQ, «° =0ond. (3.6)

By a weak solution (u,7) € Wy (Q)" x LE(Q) of (3.5) for example, we mean a solution of
the following variational equations: Find (u,7) € Wy (Q)" x L2(Q) such that

a(u, 'U) + b(’/T, 'U) = <fa U>W*17P7W01’P (V”U € WOLPI (Q)n)a (373“)
b(g,u) = 0 (Vg € LY (9)), (3.7b)
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where

v Ouj  Ouy Ov;  Ov;
a(u,v) = 5 /Q (6% + aa:j) (axi + 8a:j> dzx, (3.8a)
b u) = — / (V- u) da. (3.8b)
Q

Remark 3.2.2. Problem (3.7) can be directly discretized by the finite element method with no
reqularization of f. Such methods were studied in [7,52] for nonstationary Navier-Stokes equa-
tions. However, our aim here is to reveal the accuracy of the regularization and discretization
procedures as is mentioned in Introduction.

Remark 3.2.3. The bilinear form a defined by (3.8a) is based on the deformation-rate tensor
[((1/2)(wi; + uj4))i<ij<n. Another definition

0u; 0v 4,

a(u,v) =v |, O, O,

is also available. However, with (3.8a), our problem is (essentially) equivalent to a two-phase
Stokes problem considered in [52] for example.

We make the following assumption for 1 < p < oo:

(A1,) For a given g € W—1P()", there exists a unique weak solution (w, ) € Wy (Q) x L5 ()
of the Stokes problem,

—vAw+Vr=¢ginQ, V-w=0inQ, w=0ondN (3.9)

satisfying
[wllwre +[Irlle < Cillgllw—re- (3.10)

Moreover, if g € W=12(Q)" N LP(Q), we have (w,r) € W2P(Q) x W1P(Q) and
[wllwzre + [rllwre < Collgllze- (3.11)
Herein, C7 and C5 denote positive constants depending only on p and Q.

Remark 3.2.4. If Q is a convex Lipschitz domain and 1 < p < 2, (Al,) is satisfied in view
of [41, Example 5.5] and Lemma 3.2.2. However, we directly assume (Al,) instead of the shape
condition on Q. Below, p will be restricted as p < n/(n —1).

The following result is a direct consequence of Lemma 3.2.3 and (Al,).

Proposition 3.2.4. Let 1 < p < "5 and suppose that (Aly) is satisfied. Let F' € LP(©). Let
(u, ) and (u®,7¢) be the weak solutions of (3.5) and (3.6), respectively. Then, we have

o= ol +lm = 7L < CoClFlren |1~ [ 6°(6) do| 4 105 v
R’!L

The most familiar choice of §° is given by a product of one variable functions:

5 (z) = %ﬁ(ﬁ(%) (@ = (z1,....20)); (3.12a)

3
i=1

¢ is continuous in R, supp ¢ C B(0, Ke¢), / o(s)ds=1 (3.12b)
R
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with K > 0. In (3.12a), the function (1/¢)¢(x;/e) is an approximation of the one-dimensional
Dirac delta. Then, we can calculate as:

A 6°(y) dy = 1; (3.13a)

[ P dy < Coctomer, (3.13b)
R’Vl

[ 5 dy < e, (3.130)

where C3 and C3 denote positive constants depending only on p, n, K and |@|[p~r). For
example, if n = 3,

y[?10%(y)I” dy
Rn

VvnK p2m
<eP™ p"+"/ / / sPF 1 (s cos psin )[P-

- |p(ssin psin 6)|P|od(s cos 0)|P sin 6 dsdpdf
p+n 3p p—pn+n
n n(\/gK) [Nt :

Similarly, we can take C3 = p+2 \fK)P+2||¢||Lm (®) =2

Therefore, our error estimate for the regularized problem is given as follows.
Proposition 3.2.5. Let 1 < p < "5 and suppose that (Al,) is satisfied. Let F' € LP(©). Let
(u,p) and (u®,p®), respectively, be the weak solutions of (3.5) and (3.6) with (3.12). Then, we

have ’
lu = wllwrs + llp — p°lze < CIF ey ™5, (3.14)

where C' denotes a positive constant depending only on n, p, ||Jx ||z~ (), K, ||¢llr~®) and Q.

Remark 3.2.5. Proposition 3.2.5 remains valid for a bounded Lipschitz domain €.

3.3 Discretization by finite element method

This section is devoted to a study of the finite element approximation applied to (3.6). We
introduce a family of regular triangulations {3}, of Q (see [11, (4.4.16)]). Hereinafter, we
set h = max{hr | T € F}, where hr denotes the diameter of T. For any T € J,, let
P1(T) be the set of all polynomials defined on T of degree < 1, and let Z(T') = [Z1(T) &
span{A; Az« - Ap41}]"™, where A; are the barycentric coordinates of T. Below, we consider the
P1-b/P1 element (MINT element) approximation. That is, set

Vi, = {vn € C(Q)" N W, 2(Q)" | vn|r € B(T) (VT € Th)},
Qn = {an € CO)NLF(Q) | gnlr € 21(T) (VT € F)}.

It is well-known that (see [23, Lemma I1.4.1]) a pair of V}, and @, satisfies the uniform Babuska—
Brezzi (inf-sup) condition

b(“ha‘]h)
vhHW1,2

> Bllgnllce (qn € Qn),

v €V

where 8 > 0 is independent of h.
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Remark 3.3.1. We deal with the P1-b/P1 element only for the sake of simple presentation. An
arbitrary pair of conforming finite element spaces Vi, C WOM(Q)” and Qp, C L3(Q) satisfying
the uniform Babuska—Brezzi condition is available.

We state the finite element approximation to (3.6): Find (u},n}) € Vi, x Qp such that
a(ug, vn) + b(my, vn) = (f°,vn) L2 (VYon, € Vi), (3.15a)
b(an,uy,) =0 (Van € Qu). (3.15b)

The finite element approximation (wp, ) € Vi, X Qp, of (3.9) is defined similarly.

We make the following assumption:
(A2,) For a given g € LP(Q)", the finite element approximation (wy,r,) € Vi, x @y, of (3.9)
admits

[w—wnllwre +[Ir —rallee < Cy inf (lw = vallwre + lIr = anllzr)
(Vn,qn)EVR X Qp

where C; denotes a positive constant depending only on p and Q, and (w,r) € Wol’p(Q)" x LB (Q)
the weak solution of (3.9).

Remark 3.3.2. If Q is a convex polyhedral domain in R™ with n = 2,3 and {Tp}n is quasi-
uniform (see [11, (4.4.15)]), then (A2,) is actually satisfied for 1 < p < oo; see Corollaries 4,
5, 6 and Remark 4 of a sophisticated paper [22]. However, we directly assume (A2,) instead of
the shape condition on 2 as before.

Applying the standard interpolation/projection error estimates, we obtain the following.

Proposition 3.3.1. Let 1 < p < co and suppose that (Al,) and (A2,) are satisfied. Let (u®,n®)
and (u§, %) be solutions of (3.6) and (3.15), respectively. Then, we have

[u® = wujllwrr + |7° = w3 [ e < ChF7| Lo, (3.16)
where C' denotes a positive constant depending only on p and Q.
Putting together those results, we deduce the following error estimate.

Proposition 3.3.2. Let 1 <p < "5 and suppose that (Al,) and (A2,) are satisfied. Assume
F € LP(0). Let (u,7) and (u5,75) be solutions of (3.5) and (3.15) with (3.12), respectively.
Then, we have

lu = llwrw + |7 = 75 || e < Ce™™ 7 (e + ), (3.17)

where C' denotes a positive constant depending only onn, p, ||Jx||L=(e), meas(0), K, [|¢|| 1o ®),
||F||Lp(®)7 ||F||L;z’(@) and €.

Proof. Since f¢ is defined in terms of 6° given by (3.12), we have by (3.13c)
1£%1[z» < meas(©)P | F| 11 (@) 16° | o (m
< Cmeas(0)7 |||y )= 5,

where C' > 0 is a constant depending only on p, n, K, and ||¢|| - (r). Hence, in view of Lemmas
3.2.5 and 3.3.1,
lu—ugllwrr + |7 = 73llr < [lu—ullwre + ||m =720
+ [Ju® = ugllwre + [|7° — 75 [l e

n

< Cel™ % £ Ch-Ce ™.
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We usually take as € = h in the immersed boundary method. Therefore, applying Proposition
3.3.2 with p = 1, we obtain the optimal order error estimate

luw —uj |lwie + |7 — 73] p2 < Ch. (3.18)

It should be kept in mind that this estimate is available only if (Al,) and (A2,) are true.
However, the case p = 1 is excluded both in [41] and [22] (see Remarks 3.2.4 and 3.3.2). In
conclusion, we offer the following theorem as the final error estimate in this chapter.

Theorem 3.3.1. Suppose that Q is a convex polyhedral domain in R™ with n = 2,3. Assume
that {Tn}n ts a family of quasi-uniform triangulations. Let F' € L*°(©). Let (u,m) and (uj,77)
be solutions of (3.5) and (3.15) with (3.12), respectively. Further, let € = ~y1h with a positive
constant y1. Then, for any 0 < a < 1, there exists a positive constant C' depending only on 71,
n, o, Q, K, [|¢|l @), |Ix|l=(0) meas(@), and ||F|| p o) such that

llu —us, lwra + |7 — 75| ne < CRY™Y  with any 1 < q < (3.19)
n—a
and n
— || < ChYe ith r=———. 3.20
e < ORI with r= " (3.20

Proof. As was pointed out in Remarks 3.2.4 and 3.3.2, (Al,) and (A2,) are true for a convex
polyhedral domain. Setting « = n(1—1/p) in (3.17) and applying an obvious inequality [|1|| L« <
CllY|lLe for 1 < g < n/(n — ), we deduce (3.19). Inequality (3.20) is a consequence of (3.17)
and the Sobolev embedding theorem (see [1, Theorem 4.12, Part I, Case C]). O

Remark 3.3.3. The exponent r in (3.20) is included in 2 < r < oo ifn =2 and in 3/2 <r <3
ifn=3.

3.4 Numerical integration

In this section, we study the error caused by numerical integrations for computing f¢. As will be
stated below, a simple numerical integration formula does not spoil the accuracy of the immersed
boundary method described in Theorem 3.3.1.

First, we deal with the case n = 2. Suppose that we are given a continuous function F(6)
in © = (c¢1,dy) with ¢; < dy. Let us introduce a partition ¢; = 0y < 01 < --- < Oy = dy.
Moreover, letting 0_1 = 6o, 6;_1 = (0; + 6;—1)/2 for 1 < i < M, and 0y, 1 = O, we set
G = 92+1 —0,_ 1 for 0 < ¢ < M. Further, set ( = maxo<;<ar ¢;. Then, we employ the midpoint
rule to compute f¢, that is,

M
Fo @) = F(0:)05 (o, ZF 6% (z — X (0,))G:. (3.21)
1=0
It is useful to express f&¢ as
£ () = / FC(0)5° (@ — XC(6)) db, (3.22)
(S]

where F¢(0) and X¢(0) = (X$(0), X5(6)) are piecewise constant functions such that

FS(0) = F(6:), X°(0)=X(0:;)  (6_1 <0<0;,1, 0<i<M).
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From the standard theory, we know

|F — F|| () < CCF e (o), (3.23a)
X = X o (oyn < CCIX |wrioe )n,s (3.23b)

where |F|y1.0(g) denotes the seminorm in W1°°(0) for example.

For the case of n = 3, f&¢ is defined similary. We introduce a suitable partition of @ =
(c1,d1) x (¢2,ds) with ¢; < dy, [ = 1,2, and the size parameter ¢ > 0. Let F<(0) and X¢(0) be
piecewise constant interpolations of F(6) and X (), respectively. Then, f¢ is approximated by
f¢ defined as (3.22). For the partition of ©, we only assume so that (3.23) hold true.

Remark 3.4.1. Let n =2. If F(0) is a periodic function, F(c1) = F(d1), and the partition is
uniform, & is coincide with the trapezoidal rule for F(0)6¢(x — X (0)). However, we here do
not explicitly assume the periodicity for F(0).

Proposition 3.4.1. Let §° be a continuous function satisfying (3.3). Suppose that F € C1(©).
Then, for 1 <p < 2=, we have

n—1’

If = 1*llw-rr < C H1 -/

n

5(y) dy\ 00 gy + € + ¢

where p(x) = x and C denotes a positive constant depending only onn, p, ||Jx||L~ ), |F|w1. o)
and |X|W1,oo(@)n .

Proof. Tt is a just modification of the proof of Proposition 3.2.3. Let ¢ € C§°(Q2)™ and express
it as

p(z) = p(X¢(0)) + (z — X(0)) - /O Ve(t(x — XC(0)) + X<(0)) dt
for x € R™. Using this, we have
(f — f87<= 90>W—1,p’W01’P
_ _ ¢ Sl — XC(O)) da
= [ Foetxo) - [ Foreceson ([ 5w x50 ) as
=1
- / / #(0) / 5 o) (@) (@ = XE(0)) - Viplt(x — X9(0)) + X4(0)) dedbdt
0 © Q

=1y

To estimate | 1|, we further divide it as follows:

I = / F(8) — FS(0))p(X(6)) db+ / FE(0)[0(X(8)) — o(X<(9))] db
© ©

=111 =I12

+/@F<<9)<p()2<(9)) (1 —~ /Qaf(z — X5(0)) dx> de.

=3

As in the proof of Proposition 3.2.3, we derive

Iis| < C||F |10 o)

1 */R 6*(y) dy’ lellw.e o)-
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By (3.23), we have
[11| < CIIF = F¢|l ooy Il 1o o)
< CCFlwroe @) lellwr o)
We apply Morrey’s inequality to obtain
Tl £C [ [FEO)]1X(0) = KO ol a9

< ¢ FC | Ligoy | X [wtoe ()

SOHWLP”

Estimation for |I3| is done in exactly the way as the proof of Proposition 3.2.3, that is, we
deduce .
|| < C||F) 12 (0)l1p0%| o r)

el
Finally, noting ||FCHL1(@) < Of|F||z (o), we get the disired inequality. O
Applying Proposition 3.4.1 instead of Proposition 3.2.3, we obtain the following result.

Theorem 3.4.1. Let (u, ) and (u}, 7,) be solutions of (3.5) and (3.15) with (3.12), respectively,
where f€ is replaced by f&¢ defined as (3.22). In addition to assumptions of Theorem 8.3.1, we

assume that F € C1(0). Further, let ¢ = yoh with a positive constant vo. Then, error estimates
(3.19) and (3.20) remain true.

3.5 Numerical experiments

Throughout this section, we let Q = (~1,1)2 € R? and I' = B(0,1/2). We consider the
stationary Stokes problem

—vAu+Vr=f+ginQ, V.-u=0inQ, wu=0ondN.

Herein, we have added an extra outer force g = (1,0) in order to illustrate a pressure jump
across I'. We also set © = [0, 27| and

X(9) = %(cos(@),sin(@)).

In accordance to the simplest elasticity modeling (see [7,46]), we take F() = k0*>X /06? with
K is a suitable positive constant. Specifically, taking x = 2, we set

F(6) = — (cos(0),sin(6)) .
We deal with the following problem: Find (u,p§) € Vi, x Qp such that

a(ug,, vn) + b(ph, vn) = (f° + g, vn) 2 (VYun € Vi),
b(gn,u;) =0 (Vg € Qp).
Herein, f¢ is defined as (3.22) and ¢ = 27/M, 6; = i¢, 0 < i < M. As a choice of 6%, we

examine the following discrete delta function

%(1 +cos(ms)) (]s| <1)
0

(otherwise).

¢(s) =
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For discretization, we take .7, as a uniform mesh composed of 2N? congruent right-angle
triangles; each side of 2 is divided into IV intervals of the same length. Then each small square
is decomposed into two equal triangles by a diagonal. Each parameters are set as follows:

h=—, e=h, M=N, and Cz%zx/éﬂe.

To confirm convergence results described in Theorems 3.3.1 and 3.4.1, we compute the fol-
lowing quantities:

Ej” =g —upler, B =lla—unlwir, and Ef® = |7 — L,

where (@, ) € Vi X Qp denotes the numerical solution using a finer triangulation 75,. Moreover,

we compute _ '
r(i) _ log Eg}(:) — log EZ(Z)
h log2h — log h

The result is reported in Table 3.1-3.3. We observe from Table 3.1 that convergence rates of
the Whl-error for velocity is first-order while that of the L'-error for pressure is larger than 1.
It is also observed that as p becomes larger, each convergence rate becomes worse. Nevertheless,
the rate of the L2-error for velocity is still larger than 1; see Table 3.3. All of those numerical
results support our theoretical results. From those numerical observations, we infer that the
following optimal-order error estimate,

(i=1,2,3).

= e + hllu® — - < CR'°

actually holds true. However, we postpone the proof of this conjecture for future study.

Figure 3.2: Profile of pressure 7§ for N = 80. A jump of pressure is observed across I' so that
7y becomes a discontinuous function.
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h Eill(l) Pi(l) Eill(2) p}1L(2) Ei(?’) pi(3)
0.2828 | 0.000436582 — | 0.0104959 — | 0.0508396 —
0.1414 | 0.00010817  2.0129 | 0.00525413 0.9983 | 0.0195045  1.382
0.0707 | 2.61239e-05  2.0498 | 0.00262956 0.9986 | 0.00892026 1.128
0.0353 | 7.315e-06 1.8364 | 0.0012387 1.086 | 0.00269059 1.729
Table 3.1: Convergence rates in Wb7" x L" with r = 1.
1.5(1 1.5(1 1.5(2 1.5(2 1.5(3 1.5(3
h Eh() ph() Eh() ph() Eh() ph()
0.2828 | 5.92276e-06 — | 0.000648725 — | 0.00932687 —
0.1414 | 9.07843e-07  1.803 | 0.000298948  0.745 | 0.00291411 1.118
0.0707 | 1.51842e-07  1.719 | 0.000150538  0.659 | 0.00113506 0.906
0.0353 | 2.37657e-08  1.783 | 7.14263e-05  0.717 | 0.000222016  1.569
Table 3.2: Convergence rates in Wb x L™ with r = 3/2.
h Ei(l) pi(l) EZ(Z) pi(2) ‘ E,QL(S) pi(S)
0.2828 | 8.89239e-08 — | 4.5878e-05 — | 0.00196196 —
0.1414 | 8.78242e-09 1.669 | 1.98618e-05 0.60390 | 0.000535873 0.9361
0.0707 | 1.03983e-09 1.539 | 1.02922e-05 0.47422 | 0.000176548 0.8009
0.0353 | 1.05306e-10 1.651 | 5.33301e-06 0.47426 | 2.25745e-05 1.4836

Table 3.3: Convergence rates in W' x L with r = 2.
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Chapter 4

Numerical analysis of a Stokes
interface problem based on
formulation using the
characteristic function

Abstract

Numerical analysis of a model Stokes interface problem with the homogeneous Dirichlet bound-
ary condition is considered. The interface condition is interpreted as an additional singular
force field to the Stokes equations using characteristic function. As a discretization method, the
finite element method is applied after introducing regularization of the singular source term.
Consequently, the error is divided into the regularization and discretization parts which will be
studied separately. As results, error estimates of order h2 in H! x L2 norm for the velocity and
pressure, and of order h in L? norm for the velocity are derived. Those theoretical results are
also verified by numerical examples.

4.1 Introduction

In study of multi-phase flow problems of viscous incompressible fluids, we often encounter the
Navier-Stokes equations with an interface condition

ou

1
E—&-(u-V)u—uAu—i—pr:h(x,t), V-u=0 inQ, t>0, (4.1a)
p
u=0 on 092, t >0, (4.1b)
[u] =0, [7]=g(z,t) onI, t>0, (4.1c)
u(z,0) = ul®(z) in Q. (4.1d)

for velocity u(z,t) and pressure p(z,t). Herein,  denotes a fixed bounded domain in R? (d =
2,3) with the boundary 0, T' is a surface/curve included in © which implies the interface.
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The coefficient of kinetic viscosity v is assumed to be a piecewise constant function (v = 1
inside I" and v = v outside I" for example). The traction (or stress) vector is denoted by T;
see Section 4.2 for the precise definition. Moreover, [-] stands for a jump across the interface T.
We assume that h(z,t),g(x,t) and u(®)(z) are given functions. There are number of literature
devoted to numerical methods for these kinds of interface problems (see [19,28,50]) for example.
In particular, the variational formulation of (4.1) is directly discretized by the finite element
method (see [7] and [52]). However, the variational formulation could not be applied to the
finite difference and finite volume methods because of the presence of the boundary integral term
Jr 9(x, t)v(x) dz. Even if we use the finite element method, the approximation of the boundary
integral term is quite technical. In order to avoid those difficulties, the immersed boundary (IB)
method is frequently applied in many applications. It is the method proposed by C. S. Peskin [46]
originally for solving a class of fluid-structure interaction problems [44,45]. In the IB method,
the interface problem (4.1) is equivalently reformulated to classical partial differential equations
as follows. Let I'(t) be parameterized as I'(t) = {X(0,t) = (X1(0,t),...,X,(6,t)) | 6 € ©} for
the Lagrangian coordinate § € R?~!. Then, the interface condition (4.1c) is interpreted as an
outer force filed f defined on €2 and putted in the Navier-Stokes equations such that

%—&—(u-V)u—uAu—i—Vp:h—i—f, V-u=0 in Q, t>0, (4.2a)

u=0 on 0L}, t >0, (4.2b)

u(x,0) = ul®(z) in €, (4.2¢)

Flot) = / F(0,0)5(z — X (6,1)) db. (4.2d)
(C]

Herein, F' denotes the force density distributed along I'(¢), and ¢ is the Dirac delta function.
For computation, we solve (4.2) with the equation of the interface motion % = u(X,t). The
main advantage of this method is that we can use fixed uniform meshes. Consequently, the
equation is discretized not only by the finite element method but also the finite difference
method. Moreover, f(z,t) is replaced by a regularized outer force f¢(x,t) which is defined using
a smooth delta approximation. Then, the value of f¢(z,t) is calculated by simple quadrature
formulas. Actually, the IB method is recognized to be one of most powerful methods for the
interface problems and it is widely applied at present. However, it seems that there are only a
few results about theoretical convergence analysis in contrast to a huge number of applications.
In a previous paper, Saito and Sugitani [49], we have studied the convergence of the IB method
for a model stationary Stokes problem. That is, the immersed force field is approximated using
a regularized delta function and its error in the W~1? norm is examined for 1 < p < d/(d —1).
Then, we consider the immersed boundary discretization of the Stokes problem and study the
regularization and discretization errors separately. Consequently, error estimate of order h'~¢
in the W11 x L' norm for the velocity and pressure is derived, where « is an arbitrarily small
positive number. Error estimate of order A% in the L™ norm for the velocity is also derived
with r = d/(d — 1 — ). However, optimal order and L? error estimates are still open at present.

At this stage, it is worth recalling that a simpler reformulation method for (4.1) was proposed
by H. Fujita et. al. [21] in 1995. Their reformulation reads

%:—i—(u-V)u—yAu+Vp=h+§(Vx-ﬁ), V-u=0 inQ, t>0, (4.3a)
u=0 on 99, t >0, (4.3b)
u(z,0) = ul®(z) in Q. (4.3c)

Herein, x denotes the characteristic function of an internal area surrounded by I'(¢) in 2, and n is
the unit normal vector on I'(¢). Function § and 7 stand for smooth extensions into €2 of g(z,t)
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and n(x,t). The reformulation (4.3) is discretized by the finite element and finite difference
methods using fixed uniform meshes as well as the IB reformulation. Actually, formulation (4.3)
is essentially equivalent to the IB formulation (4.2), whereas (4.3) seems to be easier to deal
with both mathematically and practically since there are no Lagrangian coordinate and no need
to generate lots of meshes along I'(t) for each time step like moving mesh. In [21], the derivation
of reformulation and some numerical results are presented; no mathematical analysis including
convergence are given.

The purpose of this chapter is to study convergence of reformulation using the characteristic
function. To this end, following [49], we consider a model interface problem for the stationary
Stokes equations (Stokes interface problem) and study the regularization and discretization
errors separately. We state our model problem in the classical form and its weak formulation
in Section 4.2. Then, since the derivative of characteristic function Vyx has singularities on
I') regularization is required. We sate our regularization procedure and examine its error in
Section 4.3. As a matter of fact, the H' x L? error estimate between regularized and original
problems is estimated of order £z (see Proposition 4.3.2). Section 4.4 is devoted to the finite
element approximation by MINI (P1b/P1) finite elements. Theorem 4.4.1, the main result of
this chapter, offers the error estimates for discretization parameter h > 0. That is, the H' x L?
error for velocity and pressure converges at order h%, while the L? error for velocity has a first
order convergence. Finally, we confirm our results by numerical experiments in Section 4.5. We
verify that desired convergence rates are obtained with uniform mesh.

4.2 Stokes interface problem

4.2.1 Geometry and Notation

Let 2 be a polyhedral domain in R%(d = 2,3) with the boundary 92. We suppose that Q is
divided into two disjoint subdomains Q¢ and Q7 by a simple Lipschitz curve (d = 2) or surface
(d = 3) denoted by I'. We assume that the interface I' is closed (9Q NT = (}), or goes across
Q 0QNT # 0). For example, see Fig. 4.1. In both cases, the boundaries 9;(i = 0,1)
are Lipschitz boundaries. As for function spaces and their norms, we follow the notation of

Q,

Figure 4.1: Example of Q as 90 NT = 0 (left) and 92N T # () (right).

[1]. The standard Lebesgue and Sobolev spaces such as L?(Q), H(Q), W1>°(Q), L?(T'), and

WQ_%”’(I‘) with some p > d will be used. We set Hi = {v € H}(Q) | v = 0 on 90} and
L3(Q) = {q € L*(Q) | [, q dz = 0}. For a function space X, the space X% denotes a product
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space X X --- x X. The norms are denoted by

lullar = l[ullz@ye,  llpllee = lplle2 @ (4.4)

for abbreviations. H~! stands for the dual space of HZ(f2) and the dual product between
H=H Q)% and Hg(Q)* is written as (-,-) = (-,-)y-1 3. Also, the inner product of L*(Q)¢ is
denoted by (-, -)rz.

4.2.2 Model Stokes interface problem and equivalent formulations

We consider the following model Stokes interface problem

—vAu; +Vp; =0, V-u; =0 in €;, (45&)
u; =0 on 0, \T (i=0,1), (4.5b)
ug=uy, To+T1=9g on I, (4.5¢)

for velocity u; and pressure p; with density p = 1 and kinetic viscosity v > 0, respectively, in
Q;(t) (i =0,1). Herein, 7; denotes the traction vector defined by

7i = o(ug, pi)n; (4.6)

where o(u,p) = (05w, p))1<jk<n = —pI + v(Vu + VuT) is called the stress tensor, I the
identity matrix, and n; the outward normal vector to 9€2;. Moreover, g is a prescribed function
standing for a jump of tractions across I'. We assume g € L%(T")? for the time being.

To deal with the problem precisely, we introduce a weak solution. By a weak solution to (4.5),
we mean a solution of the following variational equations are: Find (u,p) € H}(Q)4 x L3(Q)
such that

a(u,v) + b(p,v) = /Fg -v dl (Vo € HY ()Y, (4.7a)
b(g,u) =0 (Vg € L3()), (4.7b)
where
v Ou;  Ouy Jv; Oy
b(p,u) = — /Qp(V cu) dx. (4.8b)

Indeed, if there exists a smooth solution (u;,p;) to (4.5), then (u;,p;) satisfies (4.7) as

=1 %n 2 and p= po ?n o . (4.9)
up  in p1 in Q.

Proof. Tt is obvious that (u,p) defined by (4.9) belongs to H{ (2)¢ x L?(Q2) since u is continuous

on I' and vanishes on 9. Further, since V - u; = 0 in §2;, u satisfies (4.7b). In order to derive
(4.7a), multiply (4.5a) by v € C§°(R2)? and integrate over §;, respectively. Then we have

—1// Au; - vlg, dx +/ Vpi-vlg, de =0 Yove CP(Q)Y, (i=0,1). (4.10)

i i
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Using density result C5°(Q)¢ C H}(Q)4, Green’s formula, and summing up both equations, we
obtain

a(u,v) + b(p,v) = /F (o (uo, po)no + o(ur,p1)ny) - v dI', Yo € Hi (Q)4. (4.11)

Because of the jump condition (4.5¢c), the right hand side equals to fr g -v dl'. This discussion
remains true if p; is replaced by p; + ¢ with some ¢ € R. Finally, we can choose ¢ € R such that
Jo(p+¢) dz=0. O

Since v — [, g-v dI' by g € L*(I')? is a bounded linear functional on H(Q2)?, the well-
posedness of (4.7) is proved by the standard theory. Actually, we recall the following result.

Lemma 4.2.1 (cf. [31] and [17]). Let Q be a connected, bounded, convex polyhedral domain of
R?, and let h be in H=1(Q)?. Then, there exists a unique weak solution (w,r) € H}(Q)4x L3(9)
of the Stokes problem

—vAw+Vr=hinQ, V-w=0nQ, w=0ondQ (4.12)

satisfying
ol + lI7llzz < Cllhll . (4.13)

Moreover, if h € L%(Q)?, we have (w,r) € H>(Q)4 x HY(Q) and
[wllmz + (|7l < Collh[ 2. (4.14)
Herein, C1 and Cy denote positive constants depending only on €.
Now we proceed to derive an equivalent formulation to (4.7). To this end, we assume
I is of class C?, (4.15)
g€ Wg_%’p(I‘)d with some p > d. (4.16)

According to [21, (1.17)], we have

[a-edr=@vx-.g) VoeoF @) (4.17)
r
where x is the characteristic function of 2y in £2;

1 1‘690,

x(z) = {0 ¢ Q. (4.18)

Moreover, 7 is a C! extension of n; into Q and g is the extension of g given by the following
lemma. For the reader’s convenience, we recall the proof of (4.17) in Appendix.
Lemma 4.2.2. Suppose that (4.15) and (4.16) are satisfied. Then, there exists § € W2P(2)4N
Wt (Q)? such that

I3llwse s < Collgl oo (1.19)

where Cy denotes a positive constant depending only on I' and Q.
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The proof is a consequence of the lifting-extension theorem (see [43, Theorem 2-5.8. and
Theorem 2-3.9.]), and Sobolev embedding theorem (cf. [1, Theorem 4.12]).
At this stage, we set

f=(x- 7). (4.20)
Then, we still have f € H~*(Q)? and state an equivalent formulation to (4.7): Find (u,p) €
H ()4 x L3() such that
a(u,v) +b(p,v) = (f,v) g1 m (Vv € Hy ()%, (4.21a)
b(g,u) =0 (Vq € L3(Q)). (4.21Db)

Finally, writing down the strong form of (4.21), we obtain the Stokes equations with singular
source term defined by (4.20):

—vAu+Vp=finQ, V-u=01in Q, u =0 on 09Q. (4.22)
which is equivalent to our problem (4.5) in the distribution sense.

Remark 4.2.1. Problem (4.7) can be directly discretized by the finite element method using the
boundary integral on T'. Such methods were studied in [7], [52] for nonstationary Navier-Stokes
equations. However, in order to avoid moving mesh problem, we study the formulation (4.21)
and apply the finite element method to it using uniform mesh.

4.3 Regularization to the distribution form with charac-
teristic function

As explained in Introduction, for computation using uniform mesh, we introduce a regularized
force field f¢ € L2(2)? as

fe=9(Vx*-n). (4.23)
Herein, ¢ > 0 is a regularization parameter and x° is an appropriate approximation to the
characteristic function x. We assume that x° is a Lipschitz function. For f€ given as (4.23), let

us consider
—vAu*+Vp* = f*inQ, V-u*=0inQ, u* =0 on 09. (4.24)

Since f € L?, there exists a unique weak solution (u®,p®) € HE ()4 x L3() for all £ > 0.
Then, the error of regularization is estimated using Lemma 4.2.1.

Proposition 4.3.1. Let (u,p) and (u, p®) be the weak solution of (4.22) and (4.24), respectively.
Then we have

lu —wllgr +llp = p*lle < C¥lIx = X522 (4.25)
where C* > 0 is a positive constant depending only on Q, T, and HgHWQ,%,p,

Proof. By virtue of Lemma 4.2.1, we have

lw =l + lp = pollee < Cillf = folla—
It remains to bound || f — f¢[|g-1 by [[x — x°[|z2- Indeed, we obtain for all v € Hg ()"
(f — f57U>H*1,Hé = (GV(x—x°) 'ﬁvU>H*1,Hé
= —(x=x5 V- (g v)))r
< = xElle2lln(g - v) [ a
< allwreellgliwsellx = XEllz2 vl
Hence, desired result holds as C* = CoC1||n||w1. ||g||W

1
o1 .
pvp
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4.3.1 Construction of \¢
Now we choose x°, for example, as a polyline for outward direction to I'

€ o 1 ) (.13 S Qo)
(o) = {maX{O, - dist@Dy o g ), (4.26)

&€

Then, x° is a Lipschitz function on Q, i.e. x € WH°°(Q) and satisfies that

Ix = xllL2() < Csve (4.27)
where Cj is a positive constant depending only on I'. To verify this, we set I'* = { € Q |
dist(z,T') < €} and calculate as (noting that x — x© equals to x° in I'* and vanishes outside)

X=X Nz2@ = IXTlz2re
[XE[| L= meas(I)% < Cay/e.
———

<1

IN

Therefore, we obtain the regularization error estimate as follows.

Proposition 4.3.2. Let (u,p) and (u®,p®) be respectively the weak solution of (4.22) and (4.24)
with (4.26). Then we have

lu— s + o — 972 < OVE. (4.28)

Remark 4.3.1. Any other choices of X°, such as C' approzimation, are of course possible for
implementation. For our error estimates, however, it is enough to suppose x° € Wh>. The
order of error is independent of x°.

4.4 Discretization by finite element method

This section is dedicated to a study of the finite element approximation to (4.24). Let {7p}n
be a family of regular triangulations of €2, i.e., there exists k > 0 satisfying hy < kpp for all
T € Tp. Herein, hr denotes the diameter of T, pr the diameter of the inscribed ball of T', and
h =max{hg | K € Tp}.

We employ the P1-b/P1 (MINI) element for discretization as setting

Vi = {on € COI N Hg () [ o7 € [P1(T) ® BT} (VT € Ta)},
Qn=1{g € COONLAQ) | qu|lr € PL(T) (VT € Tp)}.
Therein, Py (T) is the set of all polynomials defined on T' € Tj, of degree < k, and B(T') =

span{A; s - - Agy1} is so-called bubble function with A; the barycentric coordinates of T. Tt is
well-known that a pair of V}, and @, satisfies the uniform Babuska—Brezzi (inf-sup) condition

b(vn, qn
sup b(vn, 4n) > kallgnllzz (gn € Qn),
v €VR ”Uh”H1

where ko > 0 is independent of h.

Remark 4.4.1. We deal with the P1-b/P1 element only for the sake of simple presentation.
An arbitrary pair of conforming finite element spaces Vi, C HY(Q)? and Qp, C L3(QY) satisfying
the uniform Babuska—Brezzi condition is available.
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The finite element approximation to (4.24) is given as follows: Find (uj,p5) € Vi, x Qp, such
that

auj,, vp) + b(pf,,v) = (f,vn) L2 (Von € Vi), (4.29a)

b(gn, up,) =0 (Van € Qn). (4.29b)

The well-posedness of (4.29) is a standard result, for example, refer to [47, Theorem 15.3.].

4.4.1 FError estimate

We are now ready to state the error estimates. First, discretization error is bounded by the
following.

Proposition 4.4.1. Let (u®,p®) and (u$,p5) be the solution to (4.24) and (4.29), respectively.
Then, we have

[0 = wi g + [Ip" = pille < C™hlXE | a, (4.30a)
lu® = uillze < Ch2|IX" |- (4.30b)

where C** denotes a positive constant depending only on Q, T, ||g||W2_1

e
1 Moreover, if x° is

given by (4.26), then we derive

*ok h

Juf il + 19 = pilze < O (4:31a)
h2

uf — || < 0**%. (4.31b)

Proof. Tt is well known that the finite element approximation makes the optimal approximation.
That is,

[u® = upllar + [lp° = Phlle < Ca inf (lw® = onllmr + p° — anllz2)
(Vh,qn)EVRXQn

where Cy > 0 depends only on . Refer to [47, Theorem 15.3], for example. Applying the
standard interpolation error estimates and stability result (4.14), we obtain that

[u® = whllzr + [lp° = PRllL2 < Cshl[f7]lL>-
Furthermore, by virtue of the duality technique in [23, Theorem 1.9. §1. Chapter II], we have
lu® = ufllz2 < Csh?|| £l e

Therein, Cs depends only on €. Then, estimates (4.30) is consequently obtained as C** =
CoC5gll, 2- 1 o lIAllLee since [z = [19(VX" - A)l[L2 < [lgllcee 2]l = [VXE (L2 When x© is
given by (4.26), we continue to calculate as

VX2

Hvdist(x, )
5

L2(Te)
x
NG

IN

1
fmeas(FE)%Hdist(x,F)||W1,oo = |ldist(z, T)|ly1.00-
€
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At this stage, we apply Propositions 4.3.2 and 4.4.1 to deduce the total error estimate which
is the main theorem in this chapter.

Theorem 4.4.1. Let (u,p) and (u5,p5) be respectively the solution to (4.22) and (4.29) with
(4.26). Then we have

ﬁ> : (4.32a)

h2
lu—usllLe < C (ﬁ—i— ) . (4.32b)

h
lu =l + Ip— pillze < € <ﬁ+

VE
where C' denotes a positive constant depending only on Q, T, HgHWQ_%J,. In particular, if € = c1h
with a positive constant c1, then

lw =il s + llp = pill o2 < CVR. (4.33)

Else if € = c1h? then
lu — uf ||z < Ch. (4.34)

where C denotes a positive constant depending only on Q, T, Hg||W2_%,,, and c;.
Remark 4.4.2. As will be observed in next section, we infer that

lu—upll> < Ch

actually holds true both as € = h and € = h%. In order to prove this, there are some difficulties
in constructing appropriate duality problem to the regularized equations (4.24).

4.5 Numerical examples

In this section, we show some results of numerical experiments to verify our theoretical results.
We consider the following Stokes interface problem

—vAu; +Vp;=1t, V-u;=0 inQ; (i=0,1), (4.35a)
u; =0 on 0\ T, (4.35b)
Uo=U, To+T1=9g on I, (4.35¢)

for v > 0. Here, ¢ is a an extra outer force field added in order to illustrate a pressure jump
across [. We want to obtain the solution of (4.35) numerically. To do this, for f¢ given as
(4.23), we consider the stationary Stokes problem

—VvAUT+Vp = f4+.1inQ, V-4 =01in Q, u® =0 on 99, (4.36)
and its regularized problem

—vAUE+Vp = 4+:inQ, V-u*=01in 2, u® =0 on 9N. (4.37)
Then, we solve the following finite element approximation

a(uy,, vn) + b(p5, vn) = (f° +t,vn) 12 (Yo, € V), (4.38a)
b(gn,up) =0 (Van € Qn). (4.38b)
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First example corresponds to the case 92 N T = . Setting as Q = (—1,1)> € R? and
I'={(z,y) € Q| r= (22 +y2)2 =1/2}, we impose v = 1 and

g:n:7<§,%) and ¢ = (1,0).

Then, g,n € C°(I')? have canonical extension to C*°(Q\{0})?. Indeed, we have §,n €
Wh(Q)2. We simply use x¢ as described in (4.25). For discretization, we employ the uni-
form triangulation over €, which is divided into N2 isosceles right triangles with h = \/i/N .
Hence, it is ensured by Theorem 4.4.1 that

e if e = h then ||u® — u§ ||z + ||p° — p5 |2 < CVh,
e if ¢ = h? then ||u —u§||z2 < Ch.
To verify this point, we compute the following quantities:
1 . 2 . 3 .
B = lla—ui ez, B = la—uillm. B = 15— llee,
G(l) — |5 — 4,52 G(2) — |F — 4,52 G(3) — |h — 2
h [l Uy, L2, h [l Uy, (F7en h 1D Py Iz2-
Herein, ¢; is chosen as ¢; = h* (i = 1,2) and (4,p) € V; x Q; denotes the numerical solution
using a finer triangulation 7;. Then, we observe

@) _ log Eg}z — log Ef(:)

O (i)  log Gg,z — log ng)
h log2h —logh '

d -
e Hn log 2h — log h

The results are reported in Table 4.1-4.2. It is showed in Table 4.1 that H' x L? error of
(u,p) is of order more than 1/2, and in Table 4.2 that L? error of u is of order more than 1.
These numerical results support our theoretical results. Note that every order of error with
€ = h is higher than with ¢ = h2.

(i=1,2,3).

h | By o | B o) | B o
0.1414 | 1.422e-03 — | 0.0316202 0.246641 —

0.0707 | 5.056e-04 1.492 | 0.0174619 0.856 | 0.170653 0.531
0.0353 | 1.462e-04 1.790 | 0.0092711 0.913 | 0.093534 0.867
0.0176 | 3.601e-05 2.021 | 0.0051765 0.840 | 0.022952 2.026

Table 4.1: Convergence rates of example 1 as € = h.

i Gg) MS) ng) u;lz) GE{S) MS’)
0.1414 | 1.509e-03 — | 3.771e-02 1.508e-01 —

0.0707 | 6.081e-04 1.312 | 2.524e-02 0.579 | 8.616e-02 0.807
0.0353 | 2.261e-04 1.427 | 1.843e-02 0.453 | 5.234e-02 0.718
0.0176 | 9.610e-05 1.234 | 1.230e-02 0.583 | 2.432e-02 1.105

Table 4.2: Convergence rates of example 1 as € = h2.

Second example corresponds to the case 9Q NT # (). We set Q = (—1,1) x (0,1) C R? and
I" equal to y axis. In this simple case, we have a exact solution

-1
u=1(0,0) and p= {y
Y
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Figure 4.2: Magnitude of pressure p;' of example 1 for N = 160. The pressure solution becomes
discontinuous function across interface I'.

to (4.35) for ¢ = (0,1) and g = n = (—1,0). Therefore, the numerical error is measured precisely.
We compute same quantities in example 1 and reports in Table 4.3-4.4. In this case, we observe
there are almost no differences between ¢ = h and ¢ = h?. H' x L? error of (u,p) is of order
1/2, and L? error of u is of order 1.5, which suggests that the optimal-order error estimate

llu = il s+ [l = wj | 2 < CV.

holds true when € = ¢;h® with @ > 1. The proof of this conjecture remains for future study.

ST U AT R T
0.0707 | 2.94849¢-05 — | 2.824e-03 — | 4.853e-02 —
0.0353 | 1.07469¢-05 1.456 | 2.028e-03 0.477 | 3.341e-02 0.538
0.0176 | 3.85533e-06 1.478 | 1.445e-03 0.489 | 2.329¢-02 0.520
0.0088 | 1.37281e-06 1.489 | 1.025e-03 0.494 | 1.635e-02 0.510
Table 4.3: Convergence rates of example 2 as € = h.
SRR U e SR CIr R
0.0707 | 1.250e-04 — | 1.198e-02 — | 5.491e-02
0.0353 | 4.559¢-05 1.456 | 8.606e-03 0.477 | 3.816e-02 0.525
0.0176 | 1.635e-05 1.478 | 6.131e-03 0.489 | 2.674e-02 0.512
0.0088 | 5.824e-06 1.489 | 4.351e-03 0.494 | 1.882e-02 0.506

Table 4.4: Convergence rates of example 2 as &€ = h2.
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Appendix A. Proof of (4.17)
In this appendix, we prove the equation
[0 =avx-ne) VoeCE@? (417)

Proof. First, we note that the assumptions (4.15) and (4.16) imply § € W1>(Q)¢ and 7 €
HY(Q)?. Then, we have §(Vyx -7) € H~(Q)¢ by the representation

9 )
9(Vx - n) = Z 97 (gx7i) — ZX@Q:» (974)-
i=0 v i=0 ¢

Furthermore, for all ¢ € C§°(2)4, the function (g - )7 belongs to Hi(2)¢. Thus, we have

G(Vx-n),0) = (Vx,(G-9)n) = —(x,div((g - )7))
- [ g o)) do == [ (9 o (-ma) dr
Qo

r
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