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Preface

In this thesis, we study relevance between the combinatorial structure of a poset
and the geometry of its order complex. The order complex of a poset P is defined
to be the abstract simplicial complex whose vertices are the elements of P, and
whose faces are the finite chains of P. Its geometric realization |P| is called the
classifying space of P. The aim of this study is to reveal the relationship between
combinatorial properties of a poset P and geometric properties of the geometric
realization |P| of the order complex. In this thesis, we discuss two topics. In
Chapter 1, we provide some basic notions and terminology. Chapter 2 and 3 are
devoted to the two topics, respectively.

In Chapter 2, we study homotopy types of Frobenius complexes. Let A be an
additive monoid, and assume that the following two conditions hold:

(1) A is cancellative, that is, A+p = A+’ implies g = p’ for any A, p, ' € A.
(2) A has no non-zero invertible elements, that is, \A+y = 0 implies A = p =0
for any A\, € A.

Such an A is said to be poset-like. Indeed, A can be equipped with the partial order
defined by A < A+ pu for A, u € A. For a non-zero element A of A, the Frobenius
complex F(A;A) is defined to be the geometric realization |[(0,A\)a| of the order
complex of the open interval in A.

Frobenius complexes were introduced by Laudal and Sletsjge in order to de-
termine the torsion group Tor®™ (k, k) of the monoid algebra k[A] over a field k.
They proved the isomorphism

Tor! M (k, k) 2 Hi_o(F(A; A); k).

They derived a formula for the Poincaré series of the torsion group Tor® (A] (k, k) in
the case where A is a saturated rational submonoid of N2.

Clark and Ehrenborg focused on homotopy types of Frobenius complexes as a
homotopical refinement of the Frobenius coin-exchange problem. They determined
the homotopy types of the Frobenius complexes of A in the following two cases:

(1) A is generated by two relatively prime positive integers.
(2) A is generated by the arithmetic sequence a,a+d,...,a+ (a —1)d, where
a and d are relatively prime positive integers.

Their proof is based on discrete Morse theory.
In Section 2.4, we show a broad generalization of the result about the two-
generators case by Clark and Ehrenborg.

THEOREM (Theorem 2.4.2). Let Ay and As be finitely generated poset-like ad-
ditive monoids. Let p1 and py be reducible elements of A1 and Ao, respectively. Let
A be the additive monoid obtained from the direct sum Ay & Ay by identifying pr
with py. Let p denote the equivalence class of p1 and ps. Then there is a homotopy
equivalence

FsA) ~ \/ SR Fs A« F(Aas Ag)
Lp+A1+A2=)
for X € A, where £, A1 and Ay run through N, Ay and Ao, respectively.

The proof is based on theory of homotopy colimits of diagrams of topologi-
cal spaces over a finite poset. We provide the definition and basic properties of
homotopy colimits in Section 2.3. As a corollary of the theorem, we derive the
formula
P:[Al] (t,z) - P:[Aﬂ (t,z)

1—t2z°

P (1,2) =



for the multi-graded Poincaré series associated to A. In Section 2.5, as an applica-
tion of the theorem, we determine the homotopy types of Frobenius complexes and
the multi-graded Poincaré series for some cases.

In Chapter 3, we discuss CAT(0) properties for orthoscheme complexes. The
CAT(0) property is defined for geodesic metric spaces as a generalization of non-
positive curvature property. Gromov gave a simple combinatorial characterization
for cubical complexes to be a (locally) CAT(0) space. Brady and McCammond de-
fined the orthoscheme metric on the geometric realization |P| of the order complex
of a graded poset P. The aim was to show that the braid groups and other Artin
groups of finite types are CAT(0) groups. The geometric realization of the order
complex equipped with the orthoscheme metric is called the orthoscheme complex.
Orthoscheme complexes can be seen as a generalization of cubical complexes. In-
deed, a cubical complex X is isometric to the orthoscheme complex of the face
poset of X. Brady and McCammond gave a combinatorial characterization for a
bounded graded poset of rank < 4 to have CAT(0) orthoscheme complex. In the
light of the above characterization, they showed that the n-strand braid group is a
CAT(0) group for n < 5.

There were some sufficient conditions for a graded poset P to have CAT(0) or-
thoscheme complex. However, it seems that there were few necessary and sufficient
conditions in a general situation. In Section 3.5, we try to give a characterization
for orthoscheme complexes to be CAT(0) as a generalization of Gromov’s charac-
terization for cubical complexes. We first show the following theorem, which is
equivalent to Gromov’s characterization under some observations.

THEOREM (Theorem 3.5.3). Let S be a semilattice of finite height, and assume

that each principal ideal S<* is a Boolean lattice. Then the orthoscheme complex
|S| is a CAT(0) space if and only if S is a flag semilattice.

A semilattice S is said to be a flag semilattice if any pairwise bounded finite
subset of S is bounded. We can weaken the hypothesis of the previous theorem as
follows.

THEOREM (Theorem 3.5.4). Let S be a semilattice of finite height, and assume
that each principal ideal S<* is a distributive lattice. Then the orthoscheme complex
|S| is a CAT(0) space if and only if S is a flag semilattice.

One of the keys of the proof is a representation theorem for semilattices which
satisfy the hypothesis of Theorem 3.5.4. This is shown in Section 3.3 as an extension
of Birkhoft’s representation theorem for distributive semilattices (Theorem 3.3.4).
Another key is a construction of cubical cone, which is a cubical analogue of the
construction of the cone. We will introduce it in Section 3.4, and show some
properties. In particular, cubical cones can be seen as a partial inverse of cubical
links of cubical complexes.
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CHAPTER 1

Preliminaries

In this chapter, we review the definitions and properties of some basic notions,
which will be used in later chapters.

1.1. Topological spaces

In this section, we will recall some basic notions and properties on topological
spaces. References for the subjects of this section are [Bro], [Hat] and [May].

First, we give notation which will be used in this thesis. We denote the n-
dimensional sphere by S™ for n > 0, the empty space by S~!, and the one-point
space by pt. Let k be a field. We denote the i-th homology group of a topo-
logical space X with coefficients in k& by H,;(X;k). Here we adopt the conven-
tion H;(X;k) = 0 for ¢ < 0. Similarly, we denote the i-th reduced homology
group by H;(X;k). Here H;(X;k) is defined to be the kernel of the induced map
H;(X;k) — H;(pt; k) for a non-empty topological space X. For convenience, we
define H;(S~';k) to be k for i = —1 and 0 otherwise. This definition can be
seen in [Bj6]. We denote the i-th reduced Betti number by B;(X;k), that is,
Bi(X; k) = dimy H;(X; k). We will omit & from the notation if no confusion can
arise.

Let X be a topological space, and A a subspace of X. We say that A is a
deformation retract of X, or the inclusion A — X is a deformation retract, if there
exists a continuous map H: X x [0,1] — X such that

(1) H(z,0) =z for all z € X.

(2) H(a,t) =afor alla € A and t € [0, 1].

(3) H(z,1) € A for all x € X.
Such an H is called a deformation retraction. If we set r = H(—,1): X — A, then
r is a homotopy inverse of the inclusion A — X. We also call r a deformation
retraction.

Deformation retracts are closed under compositions, that is, if both B — A
and A — X are deformation retracts, then so is B < X. Let us note that
deformation retracts are also closed under pushouts. More precisely, if A — X is
a deformation retract, B is a subspace of A, and f: B — Y is a continuous map,
then Y Uy A — Y Uy X is again a deformation retract. Here Y Uy X denotes the
adjunction space, that is, the topological space obtained from the disjoint union of
X and Y by identifying b € B with f(b) € Y.

Let i: A — X be a continuous map. We say i is a Hurewicz cofibration, or
simply a cofibration, if i satisfies the homotopy extension property, that is, for any
topological space Y and continuous maps g: X — Y and F: A x [0,1] = Y with
goi = F(—,0), there exists a continuous map G: X x [0,1] — Y which satisfies
g=G(—,0) and G o (i x idp,1) = F. For example, the inclusion A < X of a CW
pair (X, A) is a cofibration. A based space (X,b) is said to be well pointed if the
inclusion {b} < X is a cofibration. If X is a CW complex, (X,b) is well pointed
for any b € X.

LEMMA 1.1.1. The following hold.



(1) Cofibrations are closed under compositions, that is, if i: X — Y and
j:Y — Z are cofibrations, then joi: X — Z is again a cofibration.

(2) Cofibrations are closed under pushouts, that is, if an inclusion i: A — X
is a cofibration, and f: A — Y is a continuous map, then the induced
map Y — Y Uy X is again a cofibration.

PROOF. The proof is straightforward. U

LEMMA 1.1.2. Leti: A — X and j: A — Y be cofibrations. Let f: X — Y
is a homotopy equivalence satisfying foi = j. Then f is a homotopy equivalence
relative to i and j, that is, there are continuous maps g: ¥ — X, F: X x[0,1] —» X
and G:'Y x [0,1] = Y which satisfy the following:

e goj=1
e F(—,0)=gof, F(—,1)=1idx, F(i(-),t) =i (t € [0,1])
e G(—,0)=fog, G(—,1)=idy, G(j(-),t) = (t € [0,1])

PROOF. The proof is elementary; see [Hat, Proposition 0.19]. O

LEMMA 1.1.3. Let X be a topological space, and A be a subspace of X. If
the inclusion A — X is a cofibration and a homotopy equivalence, then A is a
deformation retract of X.

PrOOF. Applying the previous lemma to the inclusion A — X, we obtain
a continuous map G: X x [0,1] — X satisfying G(z,0) = z, G(a,t) = a and
G(z,1) € A O

Let f: X — Y be a continuous map. The mapping cylinder M(f) = M(X ER
Y) of f is obtained from the disjoint union of X x [0,1] and Y by identifying
(x,1) with f(x) for each € X. There are canonical embeddings i: X — M (f)
and j: Y — M(f), where i(z) = [z,0] and j(y) = [y]. One can easily check
that ¢ and j are cofibrations. Moreover, Y is a deformation retract of M(f). A
deformation retraction is given by H([z,t],s) = [z, max{t, s}] and H([y],s) = [y].
If we set r = H(—,1): M(f) — Y, then we have f = r oi. Thus f is a homotopy
equivalence if and only if so is i. By the previous lemma, we obtain the following:

LEMMA 1.1.4. A continuous map f: X — Y is a homotopy equivalence if and
only if i: X < M(f) is a deformation retract.

Let f: X — Y and g: X — Z be continuous maps. The double mapping
cylinder DM(f,g) = DM(Y L x 9 Z) is obtained from the disjoint union of
M(f) and M(g) by identifying two canonically embedded X.

LEMMA 1.1.5. Let us consider a commutative diagram

f1 fa

X, X, X,
h1 J/ ho J/ J/h/Q
Y1 Yo Y,
91 92

of topological spaces and continuous maps. If all vertical arrows are homotopy
equivalences, then the induced map DM (f1, f2) = DM(g1,g2) is also a homotopy
equivalence.

ProOOF. By Lemma 1.1.4, it is enough to show that the canonical embedding
DM(f1, fo) = M(DM(f1, f2) = DM(g1,g2)) is a deformation retract. There is
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canonical homeomorphisms
M(DM(f1, f2) = DM (g1,g2)) = DM (M (hy) + M(ho) = M(hs))

~ M) = Mlg) | U M(M(f2) = M(g2)).
0

Let us set Z; = M(M(f;) — M(g;)) for i = 1,2. We now show that M (f1) Ux,

M (ho) < Z7 is a deformation retract. Since hg is a homotopy equivalence, Xy <

M (hg) is a deformation retract, and thus so is M(f1) — M (f1)Ux, M (ho). In the

commutative diagram
M(fi) — X

| !

Zy ——— M(h),
the top, right and bottom arrows are homotopy equivalences, thus so is the left.
Hence, the inclusion M(f1) Ux, M (hg) — Z; is also a homotopy equivalence. One
can check that this inclusion is a cofibration. By Lemma 1.1.3, the above inclusion
is a deformation retract.
Similarly, we can prove that M(f2) Ux, M(hg) < Z2 is a deformation retract.
Thus the inclusion
M(f) Y M(ho)) U (M(f2) U M(ho)) > 21 U Z
(M) Y Mh)) U (M) Y Mho)) = 20 0 2
is a deformation retract. Since M (hy) deformation retracts to Xy, the left-hand

side of this inclusion deformation retracts to M (f1) Ux, M(f2), which is the same
as DM(fl,fz) U

LEMMA 1.1.6. Leti: A — X and j: A — Y be cofibrations. Then the canoni-
cally induced map DM (i,j) — X Ua Y is a homotopy equivalence, where X Us Y
denotes the space obtained from X andY by identifying i(a) with j(a) for alla € A.

ProoF. Applying Lemma 1.1.2 to the obvious deformation retractions M (i) —
X and M(j) — Y, we obtain homotopy inverses and homotopies preserving A. By
attaching them, we can construct a homotopy inverse of DM (i,j) = X U, Y. O

LEMMA 1.1.7 ([Bro, 7.4.1]). Let us consider a commutative diagram

X; 2 Xy —2 X,

sl s

1 Yo Yo

J1 iz

of topological spaces and continuous maps. If all vertical arrows are homotopy
equivalences, and all horizontal arrows are cofibrations, then the induced map

! Xo 2 ! Yo 2
is a homotopy equivalence.

PROOF. Applying Lemma 1.1.5 and Lemma 1.1.6, we obtain the commutative
diagram
DM(il,iQ) —_— X1 )L(J X2
0

! l

DM (j1,j2) —— Y1 }L,J Yo,
0
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whose top, left and bottom arrows are homotopy equivalences. Thus the right arrow
is also a homotopy equivalence. O

Let X and Y be topological spaces. The join X Y is defined to be the double
mapping cylinder DM (X &L X xy 22 Y). Here pr; denotes the i-th projection.
By definition, we have S~ X = X = X xS~!. The join pt* X with the one-point
space is called the cone of X, which is obviously contractible. The join S°* X with
the two-point space is called the suspension of X, and denoted by susp X. There
is a well-known formula for the homology of the suspension

ffi(SUSP X) = ﬁi—l(X)'
In our definition, the above holds even if X is empty. Moreover, there is a formula
for the homology of the join [Mil, Lemma 2.1]. If & is a field, it is simply given by

(1) H(X«Y:ik)= P Hy(X;k) @ Hy(Y:k).
ptrg=i—1

By Lemma 1.1.5, the join is homotopy invariant, that is, homotopy equivalences
f: X — X' and ¢g: Y — Y’ induces a homotopy equivalence X xY — X' *xY’.
The canonical embedding X < X %Y is a cofibration, which is follow from the
construction.

1.2. Simplicial complexes

In this section, we briefly review some basic definitions and properties on sim-
plicial complexes and their geometric realizations. Reference for the subjects of this
section are [Bjo] and [Wal].

An abstract simplicial complex K is a family of finite sets such that any subset
of any element of K is again an element of K. An element of K is said to be a face
of K, and an element of a face of K is said to be a vertex of K. In our definition,
the empty set is a face of K unless K = ). The set of the vertices of K is denoted
by V(K). The dimension of a face o of K is defined to be #o — 1, and denoted
by dimo. A face of dimensions d is simply called a d-face. If the dimensions of the
faces of K are bounded above, then K is said to be finite dimensional. In this case,
the dimension of K is defined by

dim K = maxdimo.
ceK

Simplicial maps. Let K and L be abstract simplicial complexes. A simplicial
map from K to L is amap f: V(K) — V(L) such that the image f(o) of any face
o of K is a face of L. A simplicial map f is an isomorphism if f is bijective and
the inverse f~! is a simplicial map from L to K. If an isomorphism between K
and L exists, then K and L are said to be isomorphic, and we write K = L.

Geometric realizations. For a finite set o, the standard simplex of vertex
set o is defined by

A7 ={Ytw | t,z0, Yt =1} cR@,

veEoT veEoT

where R(?) denote the free linear space D, c, Ro with basis 0. Geometrically, A”
is a point if dim o = 0, a segment if dimo = 1, and a triangle if dimo = 2. For an
abstract simplicial complex K, the geometric realization of K is defined by

K| = | A7 c RVEED,
ceK



Equivalently, |K| can be defined as

|K|:{l’: Z tyv ’ thO, Z tU:l, SupprK}7

veV(K) veV(K)

where suppz = {v € V(K) | t, # 0}. Usually, we consider |K| as a topological
space with the weak topology with respect to A? for o € K, that is, the coarsest
topology on |K| such that the inclusion A% < |K]| is a continuous map for each
o € K. In Chapter 2, we focus on homotopy types of geometric realizations with
this topology. In Chapter 3, we consider piecewise Euclidean metrics on geometric
realizations, and study their curvature properties. Such a metric defines another
topology on the geometric realization. This topology coincides with the weak topol-
ogy if and only if K is locally finite, that is, each vertex of K belongs to only finitely
many faces of K. In the rest of this section, we consider the weak topology on the
geometric realization.

Let f: K — L be a simplicial map. The geometric realization |f|: |K| — |L|

is defined by
|f|( Z tvv> = Z tvf(v)'
vEV(K) vEV(K)
Then |f| is a continuous map. It is easily checked that the geometric realization

defines a functor from the category of abstract simplicial complexes with simplicial
maps to the category of topological spaces with continuous maps.

Simplices. Let o be a finite set. The abstract simplicial complex consisting
of all subsets of o is called the simplex of vertex set ¢, which will be denoted by
o. Then the geometric realization || is the same as the standard simplex A7 of
vertex set o.

Joins. Let K and L be abstract simplicial complexes. For simplicity, we as-
sume that V(K) and V(L) are disjoint. Otherwise, we replace v € V(K) with
(1,v), and w € V(L) with (2,w). The join of K and L is defined by

K«xL={ocU7T|oc€eK, TeL}.

The vertex set V(K x L) is given by the disjoint union V(K)UV(L). The inclusions
induce simplicial maps K < K x L and L — K % L. If K and L are finite
dimensional, then so is K % L, and dim(K * L) = dim K 4 dim L + 1 holds.

For disjoint finite sets ¢ and 7, the obvious map

o] % |7| = A7 x AT — A" = |5 % 7|
is a homeomorphism. Using the inverse of the above map, we obtain a continuous
bijection
|K *« L| — |K|*|L]|.

This map is a homeomorphism if we consider the compactly generated topology on
the right-hand side [Wal, Section 2].

Links. Let K be an abstract simplicial complexes, and o a face of K. The link
of o in K is defined by

k(o;K)={reK|onNnTt=0, cUT € K}.

The link 1k(@, K) of the empty face is the same as K itself. The link lk({v}; K) of
a 0-face is simply denoted by lk(v; K). If 7 is a face of lk(o; K), then the iterated
link 1k(7;1k(o; K)) coincides with lk(o U 7; K).

9



1.3. Partially ordered sets

Let X be aset. A partial order < on X is a binary relation on X which satisfies
the following three conditions.

reflexivity: x < x for any x € X.

transitivity: z <y and y < z imply « < z for any z,y,z € X.

anti-symmetry: z <y and y < x imply x = y for any z,y € X.
We write y > z if x < y holds, and z < y if both z < y and x # y hold. Similarly,
we write x > y if y < x holds. A partially ordered set (poset for short) is a pair of
a set P and a partial order < on P. We denote a poset (P, <) simply by P if no
confusion can arise. Let S be a subset of a poset P. Then S can be seen as a poset
by the restriction of the partial order on P. In this case, S is said to be a induced
subposet of P. For a poset P = (P, <), the poset (P,>) with the opposite order is
called the opposite poset of P, and denoted by P°P.

Let a and b be elements of P. We define intervals of P by

Psy={zePlz>a},
[a,b]p={z€Pla<z<b},
(a,b)p={xze€Pla<x<b}

Similarly, we define Ps,, P<?, P<’ [a,b)p and (a,b]p. Usually, we see intervals of
P as induced subposets of P.

Let P = (P,<p) and Q = (Q,<q) be posets. A map f: P — @ is order
preserving if x <p y implies f(x) <g f(y) for any x,y € P. We say [ is strictly
order preserving if x <p y implies f(z) <¢ f(y) for any z,y € P.

Order complexes. Let P be a poset. A chain of P is a totally ordered
subset of P, that is, a subset o of P such that for any x,y € o, either z < y or
x >y holds. The order complex A (P) of P is defined to be the abstract simplicial
complex whose faces are the finite chains of P. Then V(A (P)) = P holds. We
denote the geometric realization |A (P)| of the order complex simply by | P|, and we
sometimes refer to the geometric realization of the order complex of P simply as the
order complex of P. An order-preserving map f: P — @ induces a simplicial map
between the order complexes. Its geometric realization |P| — |@| will be denoted

by [f].

Face posets. Let K be an abstract simplicial complex. The inclusion defines a
partial order on K. The poset (K, C) is called the face poset of K, and denoted by
F(K). Unless K = ), F(K) has the minimum ). The induced subposet F/(K)\ {0}
is also called the face poset of K, and denoted by Fy (K).

Barycentric subdivisions. Let K be an abstract simplicial complex. The
order complex A (F;(K)) of the face poset of K is called the barycentric subdivision
of K, and denoted by Sd K. The affine map from |Sd k| to |K| which sends the
vertex o of Sd K to its barycenter % > veo U gives a well-known homeomorphism
|Sd K| =~ |K|. Similarly, the face poset F'y (A (P)) of the order complex of a poset
P is also called the barycentric subdivision of P, and denoted by Sd P. Then we
have

SAP| = |A (F (A (P)| = [A(P)| = |P].

Products. Let P = (P,<p) and Q = (Q, <g) be posets. The product P x @
can be equipped with the partial ordered <pyq such that (p,¢) <pxg (p’,¢’) holds
if and only if both p <p p’ and ¢ <g ¢’ hold. Equivalently, <pyx¢ is the strongest
partial order on P x @) such that both projections P x Q@ — P and P x Q — @ are
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order preserving. The geometric realizations of these projections induces a contin-
uous bijection |P x Q| — |P| x |Q|. This map is a homeomorphism if we give the
compactly generated topology on the product |P|x |Q| [Qui, (1.2)]. In particular, if
either |P| or |@| is locally compact, there is a homeomorphism |P x Q| =~ |P| % |Q)|.
The following lemma plays an important role for a combinatorial approach to ho-
motopy theory.

PRrROPOSITION 1.3.1 (Quillen [Qui, 1.3]). Let P and Q be posets, and f and g
be order-preserving maps. Let us assume f < g, that is, f(x) < g(x) holds for each
x € P. Then the induced maps |f| and |g| are homotopic.

PRrROOF. Let H: P x {0,1} — @ be the map defined by H(z,0) = f(z) and
H(z,1) = g(x) for x € P. Then H is order preserving, where the order on {0, 1} is
given by 0 < 1. The geometric realization of {0,1} is homeomorphic to the closed
interval [0,1] C R, which is compact. Thus we obtain a homotopy

H
1P| % [0,1] ~ |P x {0, 1}| 2 ||
from |f| to |g|. O

Using the above proposition, we obtain some useful lemma to study the homo-
topy types of order complexes.

LEMMA 1.3.2. If a poset P has either a minimum or a mazimum, then |P| is
contractible.

PROOF. The constant map to the minimum (or the maximum) is homotopic
to the identity map on P. O

LEMMA 1.3.3. Let S be an induced subposet of a poset P. If SS% = SN PS®
has a mazimum for each x € P, then |S| is homotopy equivalent to |P)|.

PROOF. Let i: S < P be the inclusion, and r: P — S the map defined by
r(r) = max S=% for x € P. Then 7 is an order-preserving map satisfying roi = idg
and i or < idp. Thus |r| is a homotopy inverse of [i|. O

Walker showed the following:

PROPOSITION 1.3.4 ([Wal, Theorem 5.1(d)]). Let x and =’ be elements of P
with v < x’. Let y and 3y’ be elements of Q with y < y'. Then there is a homeo-
morphism

(@9 & 9) ] 51500 (1)
where the join has the compactly generated topology.
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CHAPTER 2

Frobenius complexes and diagrams over a finite
poset

2.1. Introduction

Let o,...,a4 be positive integers with ged(av,...,ay) = 1. Let A be the
submonoid of the additive monoid N generated by a1, ..., a,. The Frobenius coin-
exchange problem is to determine the largest integer which does not belong to A
[BR]. It is a homotopical refinement of this problem to determine the homotopy
types of Frobenius complexes of A [CE].

We now define a Frobenius complex in a more general situation (a more precise
definition is given in Section 2.2). Let A be an additive monoid. We say that A is
poset-like if A is cancellative and has no non-zero invertible elements. A poset-like
additive monoid A can be equipped with the partial order defined by A <) A+ u for
A, v € A. For a non-zero element A of A, the Frobenius complex F(A; A) is defined
to be the order complex |(0, A)a| of the open interval of A.

Let us fix a field k. Laudal and Sletsjge [LS] proved that there is an iso-
morphism between the graded component Tori[;\\](k, k) of the torsion group over

the monoid algebra k[A] and the reduced homology group H;_o(F(\; A); k) of the
Frobenius complex with coefficients in k. As an application, they showed that if
A is a saturated rational submonoid of N2, then its Poincaré series is given by a
rational function. Moreover, they gave an explicit formula for its denominator. The
multi-graded Poincaré series P,f (Al (t,2) is defined by

P:[A] (t,z) = Z dimy, Torf,[;\](k, k) -tiz.
€N, AeA
The rationality of the multi-graded Poincaré series was discussed in [PRS].
Clark and Ehrenborg [CE] studied homotopy types of Frobenius complexes,
and they showed the following:

e If A is generated by two relatively prime integers, then any Frobenius
complex of A is either contractible or homotopy equivalent to a sphere.

e If A is generated by the arithmetic sequence a,a + d,...,a + (a — 1)d
for relatively prime integers a and d, then any Frobenius complex of A is
homotopy equivalent to a wedge of spheres.

In both cases the multi-graded Poincaré series are determined and proved to be
rational. They showed the above statements by discrete Morse theory.

In this chapter, we establish a new method to determine the homotopy types
of Frobenius complexes. Let A; and Ay be finitely generated poset-like additive
monoids. Let p; and ps be reducible elements of A; and As, respectively. Let A be
the additive monoid obtained from the direct sum A; @& A by identifying p; with
p2. Let p denote the equivalence class of p; and py in A. We show the following
homotopy equivalence (Theorem 2.4.2):

Foud)= \ S8 FOai A« Fhwi As)
LoptA1+A2=A
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The proof is done by using homotopy colimits of diagrams over a finite poset. As
a consequence, we derive the formula

P}f[l\l] (t,z) - P]f[A2] (t,z)
1—t2zr
for the multi-graded Poincaré series (Corollary 2.4.5).

As an application, we determine the homotopy types of the Frobenius complexes
and the multi-graded Poincaré series for some A. For example, we show that if A
is generated by a finite geometric sequence, then any Frobenius complex of A is
homotopy equivalent to a wedge of spheres, and give a formula for the multi-graded
Poincaré series (Proposition 2.5.5). This gives an answer to a question raised by
Clark and Ehrenborg [CE, Question 6.4].

The rest of this chapter is organized as follows. In Section 2.2, we give a precise
definition of Frobenius complexes, and show some basic properties. In Section 2.3,
we review homotopy colimits of diagrams of topological spaces over a finite poset,
and give self-contained proofs for the basic properties of homotopy colimits. In
Section 2.4, we show Theorem 2.4.2 and derive its corollaries. In Section 2.5, we
determine homotopy types of Frobenius complexes of some additive monoids by
using the theorem.

P:[A] (t’ Z) =

2.2. Preliminaries

2.2.1. Notation. For convenience, we introduce a formal symbol S~2, which
is not a topological space. We define its reduced homology ﬁi(S_Q;k) to be k
for ¢ = —2 and 0 otherwise. The reduced Betti numbers are similarly defined by
Bi(572) = 8;,_5. Here §; ; denotes the Kronecker delta.

Let X ® Y denote the suspension susp(X xY") of the join of topological spaces
X and Y. We also define

SPTeX=X=X®S %
In the light of (1), we have

(2) Bia(X®Y) = Z Bp—a(X) - By—a(Y).

pt+g=i

In our definition, the above holds even in the case X = S™2 or Y = §72.

2.2.2. Frobenius complexes. An additive monoid is a triple A = (A, +,0)
of a set A, a binary operator + on A, and an element 0 of A which satisfies the
following three conditions:

associativity: (A+ p) +v =X+ (1 +v) holds for any A\, u, v € A.
commutativity: A+ p = u+ A holds for any A, € A.
identity element: A\ 4+ 0 = X holds for any A € A.

For example, the non-negative integers form an additive monoid N. The Cartesian
product N9 is also an additive monoid with the coordinatewise addition.

There is a canonical action of N on an additive monoid A. The action is
inductively defined by 0-A =0 and (n4+1)-A=n-A+Aforn € Nand A € A. Then
this action is distributive, that is, (n4+m)-A = n-A+m-Aand n-(A+p) =n-A+n-pu
hold. We will denote n - A simply by nA.

A map ¢ from an additive monoid A to another A’ is a homomorphism if ¢
preserves the additions and the zero elements, that is, (A + 1) = ©(A) + ¢(u)
and ¢(0) = 0 hold. An isomorphism is a bijective homomorphism. We say a
homomorphism ¢: A — A’ is proper if ¢(A) = 0 implies A = 0 for any A € A. Let
us note that a proper homomorphism is not necessarily injective.

13



An additive monoid A is finitely generated if there exist aq,...,ay € A such
that the homomorphism 7: N9 — A defined by

m(z) =100 + - + x40y (av: (x1,...,24) 6N9>

is surjective.

Let A be an additive monoid. We can associate A with the small category
whose objects are the elements of A, and whose morphisms from A to v are the
elements p of A satisfying A + 1 = v. The associated category forms a poset if and
only if the following hold.

e A is cancellative, that is, A+p = A+’ implies p = p for any A\, pu, p’ € A.
e A has no non-zero invertible elements, that is, A+ = 0 implies A = 4 = 0
for any A\, u € A.
In this case, we say that A is poset-like.

Let A be a poset-like additive monoid. The partial order <5 on A is char-
acterized by A <p A+ p for \,u € A. In the case A <, v, the unique element
1 satisfying A + 4 = v will be denoted by v — A. Let A, denote the set of the
non-zero elements of A. For A € Ay, the Frobenius complex F(A;A) is defined to
be the order complex [(0,A\)a| of the open interval in A. In the case A = 0, we
define F(0;A) = S=2 for convenience. Let us note that any open interval (u,v)a
of A is isomorphic to (0,7 — p)a. Thus its order complex is homeomorphic to the
Frobenius complex F(v — pu; A).

A non-zero element \ of A is said to be reducible if there exist non-zero elements
o and 7 of A satisfying o + 7 = A. Otherwise, A is irreducible, which is equivalent
to that A is a minimal element of Ay. Thus F(A;A) is empty if and only if A is
irreducible.

Frobenius complexes were introduced by Laudal and Sletsjge [LS], and they
showed the following.

THEOREM 2.2.1 (Laudal-Sletsjge [LS, Proposition 1.3]). Let A be a poset-like
additive monoid, and k a field. Then there is an isomorphism

Tor} ' (k, k) = H;_o(F(A\A); k),

where k[A] denotes the monoid algebra of A over k. In particular, the multi-graded
Poincaré series is given by

P (tz) = > Bia(FOGA)K) -tz

iEN,AEA

PRrROOF. The following proof is based on [PRS]. The monoid algebra k[A] is
defined to be the free k-linear space with basis {z* | A € A }. The multiplication is
given by z* -z# = z*T# for \, u € A. The subspace spanned by z* for A € A forms
an ideal of k[A], which will be denoted by k[Ay]. Moreover, k[A4] is a maximal
ideal with quotient k[A]/k[A4] = k. In this proof, we denote k[A] and k[Ay] by R
and R, , respectively. We see k as an R-module by the isomorphism k¥ = R/R.,
that is, z* - 1 is defined to be 1 for A = 0 and 0 otherwise. We also see k as a
k-subalgebra of R by the obvious inclusion k = kz’ < R.

We now construct a left R-free resolution of k, which is known as the bar
resolution. We denote the tensor over R simply by ®, and the tensor over k by the
vertical bar |. Let us define

By=R[|Ri| - |Ry|R
N—— ——

n

for n > 0. We see B, as a left-right R-module by
s-(rolry| - |ralrngr) -t =(sro) [re |- [ ra | (Pnsat)

14



for ro | -+ | rpy1 € By, and s,t € R. The boundary operator 9,,: B,, — By_1 is
defined by

n

On(ro |-+ [rni1) = Z(—l)iro [ fririg | [ T
i=0

forn>1andrg|---|rnt1 € By. The augmentation map : By — R is defined by
8(7“0 | 7‘1) =T7ToT1-

We now show that the augmented left-right R-chain complex {B,, 0,,e} is right
R-contractible, that is, there exist right R-homomorphisms h,,: B,, = B,+1, n >0
and n: R — By such that the following equations hold:

(1) eon=1idg

(2) noe+ 01 0hg =idp,

(3) hn—l o an + 5n+1 o hn = idBn (TL Z ].)
We define h,, and 1 by

hon(ro |- |rpqa) =1|m(ro) [r1 | - | rnsa
n(ro) =11ro,
where 7 denotes the projection R = k& Ry — R,. Then h, and n are right R-
homomorphisms. We can derive the above equations from definition. For example,
(moe+d1oho)(ro|r1) =1]ror1 +m(ro) [r1—1[m(ro)rs

=1]|(ro—m(ro))r1 +m(ro) | ™1

= (ro = m(ro)) [ 1+ m(ro) [ 11

=ro |71,
where we use the fact that ro — m(rg) belongs to k.

Thus we have a left R-resolution {B, ® k, 0, ®idy,e ®id;} of R®k = k. Each
B, ® k is left R-free since a left R-basis given by

{1|z’\1 |2 11 )\1,...7AneA+}.
Hence, the torsion group is given by
Torf(k, k) = H;(k ® B, ® k,id;, ® 0, @ idy).
Let us focus on the chain complex {B},,0,} = {k ® B, ® k,id; ® 0, ® idy}.
Then we have
Bl =k®R|Ry| - |R+|R®k
Ek[Ry||Ry |k
~“Ry|---|Ry.

Under this identification, B/, is a free k-linear space generated by z*t | --- |z for
Als--y An € Ay. The boundary operator 9), is given by

n—1

O(ry |-+ ) =Y _(=1)'ry [ [ rarign |-+ | 7o

i=1
Each By, has an obvious decomposition B;, = D, B, 5, Where B, , denotes the

k-subspace generated by z* | ---|z* with A\; +--- + X\, = A\. This A-grading
comes from the natural A-grading on B,. The boundary operators 9!, preserve
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the A-gradings, that is, 0;,(B,, ) C B,,_; , holds for n > 1 and A € A. Thus the
homology groups also can be decomposed as
Hi(B.,0.) = @ Hi(B. ,0.,)-
AEA
Thus we have Tor[%, (k, k) = H;(B, ,, 9, ,).

In the case A = 0, we have Bj, = k and B, ; = 0 for n > 0, which implies the
assertion. In the case where A is irreducible, we have B(/J,/\ =0, Bi)\ = kz* and
B;u y» = 0 for n > 2, thus the assertion similarly follows.

Let us assume that A is reducible, and show that H;(B; ,,d, ,) is isomorphic to
Hi_o(F(A\; A); k). We have Bj , =0and Bf , = kz*. Let us consider the simplicial
chain complex C, = {C,, 0.} associated to F(A; A) with coefficients in k. Then
H;(F(\; A); k) is isomorphic to H, (Cy). Here, C, is a free k-linear space generated
by the chains of (0, )5 of length n. The boundary operator 9,: C,, — Cp41 is
given by

On({po <+ <pn}) = Z(*l)i{#o < <ot < it <o < ke
i=0
For n > 2, there is an isomorphism between B,, , and C), 2, which sends P B P2
to {1 <A+ < <A +---+ A1} Moreover, these isomorphisms commute
with the boundary operators up to sign. In the case n =2, 05 y: By, — B} \ =k
corresponds to the augmentation map €: Cy — k. Hence, we have the desired

isomorphism H;(B;, 5,0, ) = Hi_o(F(\A)i k). O
PROPOSITION 2.2.2. There is a homotopy equivalence
S=2 (n=0)
Fn;N)~ ¢St (n=1)
pt  (n=>2),

and the multi-graded Poincaré series is given by
P:[N] (t,z) =1+ tz.
PROOF. In the case n > 2, we have F(n;N) = |[1,n)n| =~ pt. O

2.2.3. Local finiteness. Let A be a finitely generated poset-like additive
monoid.

PROPOSITION 2.2.3. As a poset, A is locally finite, that is, AS* is finite for
each A € A.

PROOF. Let us take a finite generating system {ai,...,a4} of A. We can
assume that each «a; is non-zero. Let m: N9 — A be the homomorphism defined by

W(x):inai (x:(xl,...,xg)GNg).

Then 7 is a proper surjective homomorphism.
For A € A, we have

AN = U W((Ng)sz).
zE€m—1())

We can check that 771()\) is an antichain of N9, that is, z <ys y implies x = y for
any x,y € 7 1(\). By Dickson’s lemma, which will be shown below, the antichain
71()\) of NY is finite. Since each (N9)=? is finite, A<? is also finite. O
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LEmMA 2.2.4 (Dickson’s lemma [Dic, Lemma Al). Any antichain of N9 is
finite.

PROOF. The proof is done by induction on g. The case g < 1 is trivial. Let us
assume g > 2, and let A be a non-empty antichain of NY9. Set
Xin={2x=(21,...,29) €N | z; =n}.

Then AN X, , is finite since it is an antichain of X, , = N9~! Fix an element

a=(ai,...,aq) of A. Then we have A = (J7_; UL, ANX; . Thus A is finite. O

COROLLARY 2.2.5. The Frobenius complex F(\; A) is a finite simplicial complex
for any A € Ay.

LEMMA 2.2.6. For any p € Ay and \ € A, there uniquely exist { € N and A € A
satisfying A = Lp + X and X\ Fp p. In this case, € is the largest integer satisfying
lp < ).

PrOOF. Let A be the set of all £ € N satisfying £p <p A, and define f: N — A
by f(¢) = £p. Then f is injective and the image of A under f is contained in

the finite subset AS*. Hence A is finite. It is enough to take as £ = max A and
A=)\—{p. O

2.2.4. Frobenius complexes of a direct sum. Let A; and Ay be finitely
generated poset-like additive monoids.
PROPOSITION 2.2.7. There is a homeomorphism
F(A @A AL B Ag) = F(A1; A1) ® F(Ag; Ag)
for A1 € Ay and Ay € As.
PROOF. As a poset, A; @ Ay is canonically isomorphic to the product A; x As

of posets. The assertion follows by Proposition 1.3.4 if both A; and As are non-zero.
The other cases follow by definition. O

COROLLARY 2.2.8. The multi-graded Poincaré series is given by
POt 2) = B (1 2) - P (1 2).
PROOF. By the previous proposition and the equation (2), we have
gifz(f(Al B A A1 B Ap)) = Z 5;‘172(]:()\1;/\1)) . Ejzﬁ(}-()\z;fb)),
Jitjz=t

which implies the assertion. O

2.2.5. Barycentric subdivisions of Frobenius complexes. Let A be a
finitely generated poset-like additive monoid, and A a non-zero element of A. In
this subsection, we consider the barycentric subdivision of the Frobenius complex
F(\;A). A composition of Xin A is a tuple £ = (€M), ..., £)) of non-zero elements
of A satisfying Y7, €0 = \. We say ¢ is non-trivial if s > 2. Let us define C'(\; A)

to be the set of the non-trivial compositions of A in A. Then there is a bijection
®: C(A;A) =2Sd(0,\)a, which is given by

¢<@mv,wg%):{gq€m+f@g“”gn+”.+g#n}
We see C(A; A) as a poset by using this bijection. Thus we have
F(AA) =1[(0,A\)a] &= [SA(0, N)a| = |C(XA)].

Let A’ be another finitely generated poset-like additive monoid, and ¢: A — A’
a proper homomorphism. Then ¢ induces an order-preserving map from C(\;A)
to C'(¢(A); A'), which will be denoted by ..
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LEMMA 2.2.9. For any £ € C(A\A) and any n € C(p(N\); A) with p.(§) > 7,
there uniquely exists & € C(\; A) satisfying & < & and p.(&') =n.

PROOF. Since ¢ is proper, ¢ induces a strictly order-preserving map from
(0, A)a to (0,(A))ar. It is enough to show that the induced map Sd(0,A\)pn —
Sd(0, (X)) as satisfies the above property. Let o be a non-empty finite chain of
(0,A\)a, and 7 a subset of ¢(0). Note that the restriction of ¢ on o is injective.
Thus o’ = (p|s)~1(7) is the desired element. O

2.3. Diagrams over a finite poset

In this section, we will review the definition of homotopy colimits of diagrams
of topological spaces over a finite poset, and give self-contained proofs for their
basic properties. References for the subjects of this section are [BK] and [ZZ)].

Let @ be a finite poset. A diagram over @ (Q-diagram for short) in a category
C is a functor D: Q — C. Here we see () as a category by the following way. The
objects are the elements of (). There is a unique morphism ¢ — ¢’ if ¢ < ¢/, and
no morphism otherwise. We denote the induced morphism from D(q) to D(q’) by
D,y for q,q' € Q with ¢ <¢'.

Let D be a @-diagram of topological spaces, that is, D is a )-diagram in the
category of topological spaces and continuous maps. The homotopy colimit of D is
defined by

quQ D(q) x |Q2q|

~

hocolim D =
Q
where ~ denotes the equivalence relation generated by

(2.9) ~ (Do (2).5) (2.4 €Q. a<d’, 2€Dla), y€Qsyl).

The construction of the homotopy colimit is a generalization of that of the
mapping cylinder. In fact, the following holds.

LEMMA 2.3.1. If Q has a mazimum m, then the obvious map r: hocolimg D —
D(m) is a homotopy equivalence.

PrROOF. Here r: hocolimg D — D(m) is defined by

r([z,y]) = Dgm(z) (¢ € Q, € D(q), y € |@>q])-
Let i: D(m) — hocolimg D be the canonical embedding, that is,

i(x) = [x,m] (z € D(m)).

Then r is a retraction, and a homotopy H: hocolimg D x [0, 1] — hocolimg D from
i or to the identify is given by

H([z,y],t) =[z,ty + (1 —=t)m] (¢€Q, v € D(q), y € |Q>4]). 0

The construction of the homotopy colimits is functorial. Let E be another Q-
diagram of topological spaces, and « a natural transformation from D to FE. Then
o induces a continuous map from hocolimg D to hocolimg E. The induced map
will be denoted by hocolimg «. Let us note that if o is a natural homeomorphism
then the induced map is a homeomorphism. Moreover, the following holds.

LEMMA 2.3.2 (Homotopy Lemma [BK, X11.4.2], [ZZ, 1.7]). Let us assume that
« s a natural homotopy equivalence, that is, a is a natural transformation and each
aq: D(q) — E(q) is a homotopy equivalence. Then hocolimg a:: hocolimg D —
hocolimqg F is a homotopy equivalence.
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PrOOF. We first show the case where (Q has a maximum m. Let us consider
the commutative diagram

hocolimg D —— D(m)

hocolimg aJ{ laq

hocolimg E —— E(m).

By assumption, the right arrow is a homotopy equivalence. By Lemma 2.3.1, the
horizontal arrows are homotopy equivalences. Thus hocolimg « is also a homotopy
equivalence.

We next show the general cases by induction on the size of Q. The case Q = ()
is trivial, so we assume that @) is non-empty. Let us fix a maximal element m of
@, and consider the following commutative diagram:

hocolimg<m D +——— hocolimg<m D ——— hocolimQ\{m} D
hocolingm al hocolimg<m al lhocolimQ\{m} @

hocolingmE +—— hocolimg<m £ —— hocolimQ\{m}E

The left vertical arrow is a homotopy equivalence as we show above. The other
vertical arrows are homotopy equivalences by the induction hypotheses. Applying
Lemma 1.1.7, we obtain a homotopy equivalence

hocolimD U  hocolim D — hocolimEZ U  hocolim F,
Qsm h%cglriLmD Q\{m} Qsm h%cglrisz Q\{m}

which is the same as hocolimg «: hocolimg D — hocolimg E up to obvious home-
omorphisms. O

We say a Q-diagram D is cofibrant if the obvious map colimg<s D — D(q) is a
cofibration for each ¢ € @. In this case, we can replace the homotopy colimit with
the colimit up to homotopy equivalence.

LEMMA 2.3.3 (Projection Lemma [BK, XI1.3.1(iv)], [ZZ, 1.6]). If D is a cofi-
brant Q-diagram, then the canonical map

hocolim D — colim D
Q Q

is a homotopy equivalence.

PROOF. The proof is similar to that of the Homotopy Lemma. If @ has a
maximum m, then the canonical map

hocolim D — colim D ~ D(m)
Q Q
is a homotopy equivalence by Lemma 2.3.1.
We now show the general cases by induction on the size of (). The case Q =

is trivial, so we assume that @ is non-empty. Let us fix a maximal element m of
@, and consider the following commutative diagram:

hocolingm D <—— hocolimg<m D —— hocolimQ\{m}D

! ! |

colingmD +—— colimg<m D —— colimQ\{m}D

The left vertical arrow is a homotopy equivalence as we show above. The other
vertical arrows are homotopy equivalences by the induction hypotheses. Since D is
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cofibrant, the lower horizontal arrows are cofibrations. Applying Lemma 1.1.7, we
obtain a homotopy equivalence

hocolim D U  hocolimD — colimD U colim D,
Qsm h%CS}TiLm D Q\{m} Q<m g’iirr;? D Q\{m}

which is the same as the canonical map hocolimg D — colimg D up to obvious
homeomorphisms. O

In a certain situation, the homotopy colimit is homotopically decomposed into
a wedge.

LEMMA 2.3.4 (Wedge Lemma [ZZ, 1.8]). Let us assume that for each q € Q
there exists a point ¢, in D(q) which satisfies the following:

o (D(q),cq) is well pointed.
o the obvious map hocolimg<s D — D(q) is homotopic to the constant map
to cq.

Then there is a homotopy equivalence
hocolim D Q] V { D(g) *[Q=4| | 1€ Q},

where the wedge is formed by identifying q € |Q| with cq; € D(q) C D(q) * |Q>4| for
each q € Q.

PROOF. Let W be the topological space of the right-hand side of the required
homotopy equivalence. Let us define two @-diagrams D and E by

D(q) = hocolim D C hocolim D
Q<a Q

E(q) = |Q§q|V{D(p)*|(p,Q]Q| ’ peQSq} cw.

The induced maps D(q) — D(q') and E(q) — E(¢') are inclusions. By the Projec-
tion Lemma, we have

hocolim D ~ colim D = hocolim D
Q Q Q
hocolim F ~ colim E = W.

Q Q

By the Homotopy Lemma, it is enough to construct a natural homotopy equivalence
a: D — E. B

By Lemma 2.3.1, the obvious map D(q) — D(q), say 74, is a homotopy equiv-
alence. We now show that the obvious embedding D(q) — E(q) is a deformation
retract. For p € Q<9, we have

D(p) * |(p, qglq| =~ D(p) * pt ~ pt.

Since the composition {¢,} — D(p) — D(p)*|(p, ¢lg| is a cofibration, the inclusion
{ep} = D(p) * |(p,qlo| is a deformation retract. Similarly, {¢} — |Q<?| is a
deformation retract. Thus the composition

D(q) = |Q=9| v D(q) = |Q="| v {D(p) *|(p, dlol ’ pec ng} — E(q)

is a deformation retract. Let r4: E(q) — D(q) be the deformation retraction ob-
Tq

tained by the above argument. Let us note that the composition E(p) < E(q) —
D(q) is the constant map to ¢, € D(Q) for each p < q.

Let q1,...,q, be a linear extension of a finite poset @, that is, ¢1,...,q, are
distinct elements of @ such that
e Q={aq,....qn}

e ¢; < ¢; implies ¢ < j for each 1 <i,5 < n.
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We now inductively construct homotopy equivalences {ag, : D(¢;) = E(qi) hi<i<n
such that the diagram

D(gj) —— Elgy)

commutes for each ¢; < ¢;. Let us assume that we could construct {ayg, }i<ic;
satisfying the commutativity described above. Let us consider the diagram

qu <aj Qa;

U D(a:) U E(a)

qi<q; qi<q;

| |

D(q;) 7—:]> D(q;) —— E(g))-
Let us note that the composition

U D(a:) = D(a;) - D(gy)

is the same as the canonical map hocolimg<q; D — D(g;) in the assumption, which
is homotopic to the constant map to c,. As we see above, the composition

U E(@) = E(g) —> D(gy)

q:<q;

is the constant map to ¢, and 74, is a deformation retraction. Thus the inclusion
qu<qj E(¢;) — E(g;) is homotopic to the constant map to ¢,. In particular, the
rectangle in the above diagram commutes up to homotopy. Since the inclusion
qu<qj D(q;) < 15(qj) is a cofibration, we can take ay,: D(q;) — E(g;) such that
in the diagram

9<4j Qg;

U D(a) U E(a)

qi<q; qi<q;

|

D(q;) d E(q))

Yoy /

D(Qj) )

the upper rectangle commutes, and the lower triangle commutes up to homotopy.
Thus ay; is a homotopy equivalence, and satisfies the required commutativity. [J

Let X be a @-diagram of posets, that is, X is a @)-diagram in the category
of posets and order-preserving maps. Taking the order complexes, we obtain a
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Q-diagram of topological spaces, which will be denoted by |X|. The Grothendieck
construction @ [ X is a poset defined by

QfX={(¢2)|qeQ, z€X(q)}
(¢,2) < (¢,2') <= q¢<¢ and X,y (z) <2’

THEOREM 2.3.5 (Thomason [Tho, Theorem 1.2]). There is a homotopy equiv-
alence

hoc(glim|X| ~Q [ X|.

PROOF. Let Y be the @Q-diagram defined by Y(q) = Q=? [ X. The map
Y,y is defined to be the inclusion. Let us define the natural transformation «
from Y to X by ay(¢’,x) = Xyq(z). Then a4 induces a homotopy equivalence,
since the obvious section x — (gq,z) gives a homotopy inverse. By the Homotopy
Lemma, we have hocolimg | X | =~ hocolimg |Y'|. By the Projection Lemma, we have
hocolimg |Y| ~ colimg [Y| ~ |Q [ X]. O

THEOREM 2.3.6 (Quillen Fiber Lemma [Qui, Proposition 1.6]). Let P and Q
be finite posets, and f: P — Q) be an order-preserving map. If the fiber |f Q<q)}
is contractible for each q € Q, then |f|: |P| — |Q| is a homotopy equivalence.

PROOF. Let X and Y be the Q-diagrams defined by X(¢) = f~1(Q<%) and
Y (g) = Q<9. The maps X, and Y, are defined to be the inclusions. Let a: X —
Y be the natural transformation defined by a,(p) = f(p). Since both | X (q)| and
|Y(q)| are contractible for each ¢ € @, |a|: |X| — |Y] is a natural homotopy
equivalence. By the Homotopy Lemma, hocolimg |a| is a homotopy equivalence.
By the Projection Lemma, the canonical maps hocolimg | X | — colimg | X| ~ |P|
and hocolimg Y] — colimg |Y| = |Q| are homotopy equivalences. Then we have
the commutative diagram

hocolimg ||

hocolimg | X| hocolimg |Y|
|P| I QI
whose top, left and right arrows are homotopy equivalences. Thus |f| is also a
homotopy equivalence. [l

REMARK. Let us note that the order complex |P°P| of the opposite poset is
isomorphic to |P|. Thus the dual statement of the Quillen Fiber Lemma is also
true, that is, if ’f (Q@>q) | is contractible for each q € Q, then |f]| is a homotopy
equivalence.

As a generalization of the Quillen Fiber Lemma, Bjérner, Wachs and Welker
showed the following.

THEOREM 2.3.7 (Poset fiber theorem [BWW, Theorem 2.5]). Let P and Q be
finite posets, and f: P — @Q be an order- preserm'ng map. Let us assume that for

each q € Q the inclusion ’f (Q<9) | |f (Q=9) | 18 homotopic to the constant
map to some point cq in |f Q<q)|, Then there is a homotopy equivalence
Pl 11 {1F71@%)] 15l | a€ @},

where the wedge is formed by identifying q € |Q| with ¢ € }f (Q=9) | for each
q€Q.
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PROOF. Let us consider the @-diagram D of topological spaces defined by
D(q) = |f‘1(Q§q)‘. The induced maps D(q) — D(q’) are inclusions. Since D is
cofibrant, we have

hocolim D ~ colim D = |P|.
Q Q

We now check that the assumption of the Wedge Lemma for D. Since each D(q) is
a CW complex, (D(q), ¢q) is well pointed. The obvious map hocolimg<a D — D(q)
is factored as

hocolim D — colim D = [/ 71(Q=")| = |/~H(Q=")] = D(q).

By the assumption, this map is homotopic to the constant map to ¢;. Thus we
obtain the required homotopy equivalence. O

2.4. Frobenius complexes of a sum with one relation

Let A; and As be finitely generated poset-like additive monoids. Let p; and ps
be reducible elements of A; and As, respectively. Let A be the quotient additive
monoid of A;®As by the equivalence relation generated by p; ~ p2. The equivalence
class of p; and ps will be denoted by p. We define

A = A\ (M) >,
fori=1,2.

PROPOSITION 2.4.1. The following hold.
(1) A is a finitely generated poset-like additive monoid.
(2) Any element X of A can be uniquely written as np + A + Ay for n € N,
5\1 € Al and 5\2 € AQ.
(3) Any element of A can be uniquely written as M 4+ Xg for A € Ay and
Ao € Ay. Equivalently, fNOT any X\ € A there uniquely exists )€ AL @A,

satisfying m(A) = X and A 2 p1, where © denotes the canonical projection
Al D A2 — A

PROOF. The proof is straightforward. O

THEOREM 2.4.2. There is a homotopy equivalence

FsA) >\ ST @ F( A1) @ F(A; As)
Lp+A1+Aa=A
for X € A\ {p}, where £, \y and Ay run through N, Ay and As, respectively. In the
case A = p, there is a homeomorphisms

FAA) & F(pr; M) U F(p2; Az).

We show this theorem in the rest of this section. Let A be an element of A.
Then A can be uniquely written as A = np + M+ A forn e N, A € Ay and
A2 € Ay. In the case n = 0, the obvious map (0, A\; @ A2)a,er, — (0,A)4 is a poset
isomorphism, which implies the assertion. In the case A\ = p, the open interval
(0, p)a is isomorphic to the disjoint union of (0, p1)a, and (0, p2)a,, which implies
the assertion.

In the rest of proof, we assume A >, p. It is enough to show

F(MA) ~ \/ S22 @ F(lipr + Ais A1) @ F(lapa + Aos Aa).
€+€1+€2:n

Let Q be the set of all subsets of [n] = {0,1,...,n}. We see Q as a poset by reverse
inclusion, that is, ¢ <5 ¢’ means ¢ D ¢’. We denote the minimum [n] and the
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maximum ) of Q by 0 and 1, respectively. Let Q be the induced subposet Q \ {1}.
We will construct two Q—diagrams of posets. Let us set

A=A1®Na; @ ®Na, ® Ay

A= 4ar+ -+t Ao
For q € Q, let A, be the quotient additive monoid of A by the equivalence relation
~q generated by o; ~4 a;41 for i € [n]\ ¢, where ap and ;41 denote p; and
p2, respectively. There are canonical isomorphisms Ay = A and A; = A. For
¢,¢ € Q with ¢ < ¢/, there is a canonical projection from A, onto A, which
will be denoted by ¢g4e. Then ¢qq is a proper homomorphism. For ¢ € Q, let us
define Ay = cpﬁq()\) € Aq. For each ¢ = {qo < -+ < ¢s} € Q, the obvious inclusion
A1 ®Nay, @ - ® Ney, @ Ay — A induces an isomorphism
(3) Al @Naql ®~~~@Naqs @AQ %Aq_

Using Proposition 2.2.7, we have

FAgiAy) = Flgopr + A3 A1) @ Flgr —qo;N) @ - -
@ F(qs — qs—13N) @ F((n — qs)p2 + A2j Ag).
Thus F(Ag; Aq) is contractible if ¢; — g;—1 > 2 for some ¢ = 1,...,s. Otherwise, g
can be written as {¢1,¢1 +1,...,n —¥fo — 1,n — £5}. In this case, we have
(4) F(Ag; Ay) = 8" 07272 F(lipy + A1) ® F(laps + Aa).
Let X and Y be the Q-diagrams of poset defined by

X(q) = (0, Ag)a,

Xog = pqq: X(0) = X ()

Y(q) = C(Agi Ag)

Yo = (pgq )+ Y(g) = Y(d).
Then | X (¢)| and Y (¢)| are homeomorphic to F(A\g; A,). Moreover, two Q-diagrams
|X| and |Y'| of spaces are naturally homeomorphic.

The rest of the proof goes as follows. First, we show that |Q f Y’ is homotopy

equivalent to F(A;A) by using the Quillen Fiber Lemma. Second, we show that

|Q /X ‘ is homotopy equivalent to the right-hand side of the theorem by using the
Poset Fiber Theorem. Therefore we can conclude

FNA) ~[Q [Y]~ hoc811m|Y| ~ hocglim\X| ~|Q [ X| ~ (RHS).

LEMMA 2.4.3. There is a homotopy equivalence ’Q Ik Y| ~ F(\A).

PrOOF. We use the Quillen Fiber Lemma to the map f: Q [Y — C(\A)
which sends (g, ) to (¢,7)«(§). Let us fix an element 7 = (nM, ..., n®)) of C(A\; A).
We now show that the fiber | f~}(C/(X; A)>,)| is contractible. By Lemma 1.3.3 and
Lemma 2.2.9, the fiber is homotopy equivalent to ‘fﬁl(n)|.

Let rem;: A — Ay be the map defined by rem1(5\1 + X)) = A for A\ € Ay
and A2 € Ap. For ¢ € @, let pr,: Ay — Ay be the projection via the isomor-
phism (3). We also denote the composition of rem; after ¢ 4 by remi. Then we
have rem; (pr,(1tq)) = remi(pig), and thus g > remy(pg) for ¢ € Q and pg € A,
By Lemma 2.2.6, we can take the largest integer ¢; satisfying

lipy <a, Y remy(n®).
i=1
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Let us set

S={(@8ef |t eq}
We now show that the inclusion S C f~!(n) satisfies the hypothesis of Lemma 1.3.3.
Let (q,& = (€M, ... £())) be an element of f~*(n). Then we have

S

S S
)\q = Zg(z) Z Zreml(f(l)) = Zreml(n(’)) Z £1p1~
i=1 i=1 i=1
Thus at least ¢1 of avy, ..., v, are identified with p; in A4, which implies ming > /;.
In the case ming = /1, (q,&) itself is the maximum of S<(@€), Let us assume
min g > ¢; and set ¢ = {¢1} Uq. By the same manner of Proposition 2.4.1(3), there
uniquely exists £ e Ag satisfying <pqq(§_(i)) = £0 and €9 ¥ p;, which means
prq(g(i)) = rem; (n¥). Then we have

pry <Z g(i)> - Zreml(ﬁ(i)) = lip1 + A1 = prg(Ag)-
=1

i=1
Combining this with

() =50
i=1 i=1

we have 7 €@ = \;, which implies £ = (£€1),...,£)) € C(\g;Ag). Moreover,
(g, &) is the maximum of S<(@€), Thus |f_1(77)| is homotopy equivalent to |.S/.

Similarly, there uniquely exists 7 € C'(Ags,1; Age,y) satisfying (@{el}i)*(ﬁ) =1.
Then ({¢1},7) is the maximum of S. Thus we have

[F7HON N>y = [f7H ()| = [S] ~ pt. O
LEMMA 2.4.4. There is a homotopy equivalence
Q [ X|~ \/ S?72 @ F(lip1 + Ay A1) @ F(lapa + Aoj Ag).
L+l +lo=n

PROOF. We use the Poset Fiber Theorem to the map g: @ [ X — @ which
sends (g, 1) to q. We first show that ¢ satisfies the hypothesis of the Poset Fiber
Theorem. By definition, we have g7 (Q<9) = Q<7 [ X and ¢~ 1(Q<7) = Q=7 [ X.

By the assumption A >, p, X(0) is non-empty. The canonical map

QY[ X = X(q); (1) = Ppq(p)

induces a homotopy equivalence, since the obvious section p — (g, 1) gives a ho-
motopy inverse. Thus it is enough to show that the restriction

h: Q< [ X — X(q); (D, 1) = ©pg(t)

induces a null-homotopic map. We can assume that ¢ can be written as {¢1,¢; +
1,...,n — {3}, since otherwise | X (q)| is contractible. Since each p; is reducible,
we can take o;,7; € (A;)4 satisfying o; + 7, = p;. For p € Q<9 we define the
homomorphism 9,4: A, = A4 by
Ypq(p1) = 1 (1 € A1)
Upg(p2) = p2 (p2 € Ag)
o1 (minp<i§€1)
Ypg(ai) = oo (n—fy < i < maxp)
a; (otherwise).
Then the following hold.
® 1, is well-defined.
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® 1,4 is a proper homomorphism.

® pq < ppg holds.

e Uy < Yprg © @pp holds for any p,p’ € Q<7 with p < p'.
Let us define h/: Q<7 [ X — X(q) by 1/ (p, i) = ¥pg(t). Then A’ is order preserving
and satisfies b’ < h, which implies |h'| ~ |h|. Next, we show that the image of ||
is contained in a contractible subset. The case {1 = f5 = 0 is trivial, since ¢ is
the minimum of . In the case {1 = 0 and /> > 0, we have n — {5 < maxp
holds for any p € Q<9. Thus the image of i’ is contained in (0, A\, — 72]a,, whose
order complex is contractible. Similarly we can show the case ¢; > 0 and {5 = 0.
We assume that both ¢; and /5 are positive. Then the image of h’ is contained
in the union (0,\; — 71]a, U (0, Ay — 72]a,. Then the order complex of the union
is contractible since all order complexes of (0,\; — 71]a,, (0,A; — 72]a, and the
intersection (0, Ay — 71]a, N (0, Ay — 72]a, = (0, Ay — 71 — T2]4, are contractible.

Let us note that A (Qs4) is isomorphic to the barycentric subdivision of the

boundary of (n — ¢; — £3)-simplex, whose geometric realization is homeomorphic to
Sn—ti—t2=1 By the Poset Fiber Theorem, we have

QX[ =1QIv{|Q= | X|<1Q=| | ac @}
~ \/ S%_2®]‘-(€1p1+5\1;A1)®]‘-(€2p2+5\2;/\2). O
L+l +lo=n
COROLLARY 2.4.5. The multi-graded Poincaré series is given by
P]f[Al](t, 2) ~P:[A2](t, 2)
1—t2zr
PROOF. By the previous theorem and equation (2), we have

Bia(FOSA) = D> Bu-a(F(Ai A1) - Bipoa(F(A2; A2)).

Lp+X1+A2=\
20+j1+j2=1

P:[A] (tvz) =

Combining this with Theorem 2.2.1, we obtain the assertion. O

We say that X has homotopy type of a wedge of spheres if X is S™2 or a

topological space which is homotopy equivalent to

¢ w;
[TV s

i=1j=1
for some non-negative integers ¢, {w;}1<;<. and {d”}%é;gﬂ In this case, the
reduced Betti numbers of X is independent of the choice of a field. Moreover,
the homotopy type of X is determined only by the reduced Betti numbers of X if

Bo(X) =0.

COROLLARY 2.4.6. Let us assume that any Frobenius complex of A; has homo-
topy type of a wedge of spheres for i = 1,2. Then any Frobenius complex of A has
homotopy types of a wedge of spheres.

2.5. Examples

Let A be an additive group, and «1,...,q, elements of A. Let A be the
submonoid of A generated by ay,...,ay, that is,

A={a1,...,ag)y = {mas +-- +ngay|ny,...,ng € N}

In this case, A is poset-like if and only if AN (—A) = {0} holds. We denote the
smallest additive subgroup of A containing A by A, that is,

A={X—plApeA}
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The following is a convenient form of Theorem 2.4.2.

THEOREM 2.5.1. Let A1 and As be finitely generated poset-like submonoids of
an additive group A, and p a non-zero element of Ay N Ay. Let us assume the
following.

(1) Ay NAy =Zp holds.
(2) p is an reducible element of A; fori=1,2.
(3) Any Frobenius complex of A; has homotopy type of a wedge of spheres for
i=1,2.
Then any Frobenius complex of the sum A1+ Ao in A has homotopy type of a wedge
of spheres, and the multi-graded Poincaré series is given by

Pk[A1+A2](t Z) _ Plf[Al](t’Z) . Plf[/\z](t72)
k ’ - 2
1 —t2zr

PROOF. Let A be the additive monoid obtained from A; & Ay by identifying
p @0 with 0 p. Clearly, the map

@: Al@A2—>A1—|—A2; A D Ay = AL+ Ao

induces a surjective homomorphism ¢: A — A; + As. We now show that ¢ is
injective. If Ay + A2 = A} + A} holds in A for A, A} € Ay and Ag, A, € Ay, then we
have A\; — A\ = X, — Ay € Ay N Ay = Zp. Let us assume \; — A} = np for n > 0.
Then we have

M@ A= (A +np) © A~ A] D (Mg +71p) = N] © N
The case n < 0 is similarly proved. Thus we can apply Theorem 2.4.2 to A1 +As. O

PROPOSITION 2.5.2. Let A be a torsion-free additive group, and A a finitely
generated poset-like submonoid of A. Let us fix a positive integer p. Then there is a
canonical homeomorphism F(pA;pA) =~ F(A\;A) for A € Ay, and the multi-graded
Poincaré series is given by

PPN, 2) = PN (¢, 27).
PROOF. The proof is straightforward. O
The following is an alternative proof for [CE, Theorem 4.1]

PROPOSITION 2.5.3 (Clark-Ehrenborg). Let a and b be integers with 1 < a < b,
and assume that b is not a multiple of a. Then any Frobenius complex of (a,b)y C N
has homotopy type of a wedge of spheres, and the multi-graded Poincaré series is
given by
(1 +tz%)(1 + tz")

1 — t2zm ’
where m is the least common multiple of a and b.

P (g, ) =

PRrROOF. We can easily check that (a,b)y = (a)y + (b)y satisfies all hypotheses
of Theorem 2.5.1 with p = m. Thus we have
phlfat P4 ) PO 4 2) (14 ) (1 t2h)
k (t,Z): 1 — ¢2gm = 1 — {2gm ' .
Z t°z
PROPOSITION 2.5.4. Let a be a positive even number, and d a positive odd
number. Let us assume that a+2d is not a multiple of a. Let A be the submonoid of
N generated by the arithmetic sequence a,a+d,a+2d. Then each Frobenius complex
of A has homotopy types of a wedge of spheres, and the multi-graded Poincaré series
is given by

(14 tz%)(1 + tzo+24)
(1 —t2zm)(1 — tzotd)’
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where m 1is the least common multiple of a and a + 2d.

PrOOF. We can easily check that A = (a,a + 2d) + (a + d) satisfies all hy-
potheses of Theorem 2.5.1 with p = a + (a + 2d) = 2(a + d). Thus we have
P:[<a7a+2d>N] (t,z) - P:[(aer)N} (t,z) (1 + t2%)(1 + tz+2d)

k[A] _ -
Pk (t, Z) - 1 — 2g72(a+d) - (1 _ t2zm)(1 _ tZaer)' U

The following gives an answer to a question raised by Clark and Ehrenborg [CE,
Question 6.4].

PROPOSITION 2.5.5. Let p and q be relatively prime integers with 1 < p < q,
and n a positive integer. Let A, be the submonoid of N generated by the geometric
sequence p”, p"tq,...,pq" "1, q*. Then each Frobenius complex of A, has homo-
topy type of a wedge of spheres, and the multi-graded Poincaré series is given by

n PR

[TA+tzr 1)

=0

43 . . !
(1 _ tQan—H»lqz)

=1

PN (¢, 2) =

K2

In particular, in the case p =2,

1+ tz2"
H (1 _ tzzn—iqi)
1=1

PROOF. We show the assertion by induction on n. The case n = 1 follows
from Proposition 2.5.3. Let us assume n > 2. By the induction hypothesis, A, =

Pt (2, 2) =

pA,_1 + (¢")y satisfies all hypotheses of Theorem 2.5.1 with p = ¢-pg" ™' = p-¢".
Thus we have
k[pAn—1 k(g™ )y
Pk[An] B Plc [p ](Tf,Z) . Pk[<q >h](t,Z)
k (t7 Z) - 2 n
1 — t?zre
(1+tz" 0"
= 7::0 . D
H (1 _ tQan—H»lqi)
i=1
PROPOSITION 2.5.6. Let p1,...,pn (n > 1) be mutually relatively prime integers

with 1 < p; < -+ < p,. Let A, be the submonoid of Q generated by 1/p1,...,1/py.
Then any Frobenius complex of A, has homotopy type of a wedge of spheres, and
the multi-graded Poincaré series is given by
n
[1(1 + tz!/P)
k[An] _ =1
P (tz) = —(1 T
PROOF. We show the assertion by induction on n. The case n = 1 follows
from Proposition 2.2.2. Let us assume n > 2. By the induction hypothesis, A, =
Ap—1 4+ (1/pn)y satisfies all hypotheses of Theorem 2.5.1 with p = 1. Thus we have

n

1+t 1/pi
PEMl(g gy PR gy TL (1 t277)

= . (]
1—t2z (1 —t2z)n1

P,f[A"](t7 z) =

PROPOSITION 2.5.7. Let a, b, ¢ and d be integers greater than 1, and assume
ged(a, b) = ged(e,d) = ged(a+b,c+d) = 1. Let A be the submonoid of N generated
by a(c+d), b(c+d), (a+b)c and (a+ b)d. Then each Frobenius complex of A has
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homotopy type of a wedge of spheres, and the multi-graded Poincaré series is given

by
(1 + tz2 D) (1 + tz2(FD) (1 4 t2(0F0)) (1 + tzla+b)d)
(1 _ t2zab(c+d))(1 _ t2z(a+b)cd)(1 _ t2z(a+b)(c+d))

PNt 2) =

PRrROOF. We can easily check that A = (¢ + d) (a,b)y + (a + b) (¢, d) satisfies
all hypotheses of Theorem 2.5.1 with p = (a 4+ b)(c + d). Thus we have

k[(c+d){a,b)y] k[(a+d){c,d)y]
P N (¢ . P Nt
PN (¢, z) = —& (t,z) - Py (t,2)

1 — t2zr

(1 + tzFDY (1 4 tzbHD) (1 + tzatbe) (1 + tzlath)d) -
- (1 _ tQZab(c+d))(1 _ t2z(a+b)cd)(1 _ tQZ(a+b)(c+d)) :
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CHAPTER 3

An extension of Gromov’s characterization for
orthoscheme complexes

3.1. Introduction

Gromov [Gro] showed that a cubical complex has non-positive curvature if
and only if the link of each vertex is a flag complex. This theorem has a lot of
applications. A typical example is the proof that any right-angled Artin group is
a CAT(0) group, which goes as follows (see [CD] for more details). For a right-
angled Artin group Ar, one can construct a cubical complex Sp with fundamental
group Ar, which is called the Salvetti complex associated to Ar. Using Gromov’s
characterization, one can check that Sr have non-positive curvature. Thus Ar acts
properly, cocompactly by isometries on the universal cover of Sr, which is a CAT(0)
geodesic space.

It is, however, still open whether all Artin groups are CAT(0) groups. Brady
and McCammond [BM] introduced orthoscheme complexes as a generalization of
cubical complexes. Orthoschemes are Euclidean simplices which appear in the
barycentric subdivision of the cube [—~1,1]¢. The orthoscheme complex of a graded
poset P is a piecewise Euclidean complex obtained by gluing orthoschemes along
the chains of P. A precise definition will be given in Section 3.5. Brady and
McCammond showed the following.

(1) If the orthoscheme complex of the poset NPC,, of the non-crossing parti-
tions is a CAT(0) space, then the n-string braid group is a CAT(0) group.
(2) For n <5, the orthoscheme complex of NPC,, is a CAT(0) space.

Thus the n-string braid group is a CAT(0) group for n < 5. They conjectured that
(2) holds for arbitrary n. Haettel, Kielak and Schwer showed that (2) holds for
n < 6 [HKS].

Now, it seems to be important to develop criteria for a graded poset to have
CAT(0) orthoscheme complex. Chalopin et al. [CCHO)] established some sufficient
conditions. For example, they showed the following.

(1) The orthoscheme complex of a modular lattice is a CAT(0) space.
(2) The orthoscheme complex of a locally distributive flag semilattice is a
CAT(0) space.

Relevance between the CAT(0) properties of orthoscheme complexes and the com-
putational complexity of the 0-extension problem was pointed out (see [CCHO]
for more details).

It seems, however, that there were few necessary and sufficient conditions for
a graded poset to have CAT(0) orthoscheme complex. In this chapter, we discuss
a translation and an extension of Gromov’s characterization for orthoscheme com-
plexes. We say a semilattice S is a flag semilattice if any pairwise bounded finite
subset of S is again bounded. As a translation, we show that the orthoscheme
complex of a locally Boolean semilattice S is a CAT(0) space if and only if S is a
flag semilattice (Theorem 3.5.3). As an extension, we show that the orthoscheme
complex of a locally distributive semilattice S is a CAT(0) space if and only if S is
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a flag semilattice (Theorem 3.5.4). We also show that the orthoscheme complex of
any locally distributive semilattice can be embedded in that of some locally Boolean
semilattice as a convex subset.

The rest of this chapter is organized as follows. In Section 3.2, we introduce
some notions and terminology. In Section 3.3, we establish a representation theorem
for locally distributive semilattices. In Section 3.4, we review some notions concern-
ing CAT(0) geodesic spaces and Euclidean polyhedral complexes. In Section 3.5,
we discuss an extension of Gromov’s characterization for orthoscheme complexes.

3.2. Preliminaries

An abstract simplicial complex K is said to be a flag complex if the following
condition holds for any finite subset o of vertices: if any two-element subset of o
forms a face of K, then o itself is also a face of K.

PROPOSITION 3.2.1. The following hold.

(1) An abstract simplicial complex K is a flag complex if and only if the
following condition holds for any faces 1,092,053 of K: if all of o1 U 09,
01 Uos and o3 Uog are faces of K, then 01 Uog Uo is also a face of K.

(2) The simplex 7 is a flag complex for any finite set o.

(3) If K is a flag complex, then the link lk(o; K) is a flag complex for any
face o of K.

(4) For abstract simplicial complezes K and L, the join KL is a flag complex
if and only if both K and L are flag complezes.

PROOF. The proof is straightforward. O

Let P be a poset. A chain of P is a totally ordered subset of P. The length
of a chain C' is defined to be #C — 1. The height ht(P) of P is defined to be the
least upper bound of the lengths of all chains of P, which might be co. The height
htp(z) of an element x of P is defined to be ht(P<%). We say that P has locally
finite height if the height of any elements of P is finite. Let us note that P has
finite height if and only if the order complex of P is finite dimensional. In this case,
ht(P) = dim A (P) holds. A subset A of P is said to be bounded above, or simply
bounded, if there exists u € P satisfying A C PS%.

A lattice is a poset L such that any pair x,y € L has the greatest lower bound
and the least upper bound, which will be denoted by x Ay and x V y, respectively.
We say L is modular if the modular law

(xVy)Ahz=zV(yAz)
holds for any z,y, 2z € L with x < z. We say L is distributive if the distributive law
xA@yVz)=(@Ay)V(xAz)

holds for any x,y, z € L. We say L is bounded if L has a minimum and a maximum,
which will be denoted by 0 and 1, respectively. A bounded lattice L is said to be
complemented if for any x € L there exists y € L satisfying s Ay =0 and xVy = 1.
A complemented distributive lattice is called a Boolean lattice.

A meet-semilattices, or simply a semilattice, is a poset S such that any pair
x,y € S has the greatest lower bound, which will be denoted by = A y.

LEMMA 3.2.2. Let S be a semilattice of locally finite height, and A a non-
empty subset of S closed under A, that is, x,y € A implies x Ny € A. Then A has
a mInImum.
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PrOOF. First, we show that A has a minimal element. Otherwise, we can take
an infinite strictly decreasing sequence ag > a; > --- of A. Thus we obtain

oo > htg(ag) > htg(ar) > -,

but htg(x) is non-negative by definition, which is a contradiction.
Thus A has a minimal element m. Then m is the minimum of A, since we have
x> x Am=m for any x € A. O

PRrROPOSITION 3.2.3. Let S be a non-empty semilattice of locally finite height.
Then the following hold.

(1) S has a minimum, which will be denoted by 0.
(2) Any bounded pair of elements of S has the least upper bound.
(3) S=% is a bounded lattice for any x € S.

PRrROOF. To show (1), apply the previous lemma to S itself. To show (2),
similarly consider S<* N S<¥. (3) follows from (1) and (2). O

Let S be a non-empty semilattice of locally finite height. For a bounded pair
x,y € S, we denote their least upper bound by = V y. We can see V as a partial
binary operator on S. For a property (®) for bounded lattices, we say S is locally
(®) if S= satisfies (®) for any x € S. For example, a locally distributive semilattice
is a semilattice S such that S=% is a distributive lattice for any = € S. We say that
S is a flag semilattice if any pairwise bounded finite subset of S is bounded. By
the similar way in Proposition 3.2.1, a semilattice S is a flag semilattice if and only
if any pairwise bounded triple of elements of S is bounded.

3.3. A representation theorem for locally distributive semilattices

It is well-known that any distributive lattice of finite height is isomorphic to the
poset of the down sets of a finite poset, which is known as Birkhoff’s representation
theorem for distributive lattices (see [Gré, Theorem 107]). In this section, we
discuss its extension for locally distributive semilattices. The basic idea of this
extension can be seen in [CCHO, Proposition 7.6].

Let S be a non-empty locally distributive semilattice of locally finite height.
An element z of S is said to be join-reducible, or simply reducible, if there exist
Y,z € S<7 satisfying z = y V 2. An element x of S is said to be join-irreducible,
or simply irreducible, if x is neither reducible nor equal to 0. Let Irr .S denote the
induced subposet of all irreducible elements of S.

PrROPOSITION 3.3.1. Let x be an element of S. Then the following are equiva-
lent.

e 1 is irreducible.
e For any finite subset F' of S<%, \/ F = x implies v € F.

PROOF. The proof is done by induction on #F. O
LEMMA 3.3.2. If a subset A of Irr S is bounded in S, then A is finite.

PROOF. Let us take u € S satisfying A C S<%. We now show #A < htg(u).

Otherwise, we can take n > htg(u) and distinct n elements aq,...,a, of A. By
permutation, we can assume that a; < a; implies ¢ < j. Set b; = \/Kj a; for
j =0,...,n. Clearly, the sequence by, ..., b, is weakly increasing. If the equation

bj_1 = b; holds, then we have
a; = bj /\aj = bj,1 /\aj = (\/ ai) /\aj = \/(al /\aj).
1<j i<j

32



Since a; is irreducible, there exists ¢ < j satisfying a; A a; = a;, which implies

a; > aj. This contradicts the assumption for ai,...,a,. Hence the sequence
bo, . ..,by is strictly increasing, and thus forms a chain in S<* of length n, which
contradicts the assumption n > htg(u). O

A down set of a poset P is a subset I of P such that x < y and y € I imply
x € [ for any z,y € P. Let Down P denote the set of all down sets of P. For a
subset o of P, we define the closure of o by

=] P
TET

Then 7 is the smallest down set of P which contains o.

Let K be an abstract simplicial complex, and fix a partial order < on V(K).
A face of K is said to be a down face if it is a down set of V(K') with respect to
this order. Let DF(K) denote the set of all down faces of K. We see DF(K) as an
induced subposet of F(K). A partial order < on V(K) is said to be a compatible
order on K if any face of K is contained in some down face of K. Equivalently, &
is a face of K for any face o of K.

PROPOSITION 3.3.3. Let K be an abstract simplicial complex, and fix a partial
order on V(K). Then F(K) is a locally Boolean semilattice of locally finite height,
and DF(K) is a locally distributive semilattice of locally finite height. Moreover,
the meets, the joins and the heights in DF(K) coincide with the restrictions of
those in F(K).

PROOF. The meet is given by the intersection, the join by the union if exists,
and the height by the size of a face, which is finite. O

THEOREM 3.3.4. Let S be a locally distributive semilattice of locally finite

height. Then there exist an abstract simplicial complex K and a compatible or-
der on K such that DF(K) is isomorphic to S.

PROOF. Let K be the abstract simplicial complex whose faces are the subsets
o of Irr S bounded in S. The finiteness of faces of K follows from Lemma 3.3.2.
The induced order on V(K) = Irr S is a compatible order on K, since o C S<U
implies & C S=U.

Let ¢: S — DF(K) and ¢: DF(K) — S be the maps defined by

o(x) = (Irr §)=* (x €8)
o) =\o (0 € DF(K)).

Clearly, ¢ and 1 are well-defined and order-preserving. We will show these maps
are inverses of each other.

It is clear that ¢ o ¢(x) < x holds for any = € S. We now show the other
direction by induction on htg(z). The case either x = 0 or & € IrrS is trivial.
Let us assume that x is reducible, that is, z = y V z for some y,z € S<*. By the
induction hypothesis, we have

bop(x) =top(yVvz)ZPop(y)Viop(z)=yVz=ur.
It is clear that ¢ o ¢(0) D o holds for any ¢ € DF(K). Let x be an element of
pot(c) = (Irr S)<V 7. Then we have

x:x/\(\/cf) = \e/a(m/\y)

Since z is irreducible, there exists y € o satisfying x = x A y, which implies z < y.
Since o is a down set, = belongs to o. O

33



COROLLARY 3.3.5. Let S be a locally Boolean semilattice of locally finite height.
Then there exists an abstract simplicial complex K such that F(K) is isomorphic
to S.

PrOOF. It is enough to show that Irr S is an antichain, that is, there is no
non-trivial ordering in S. Otherwise, there exist x,y € Irr S satisfying = > y. Since
S=7 is a Boolean lattice, there exists z € S<% satisfying y A z =0 and y V 2z = z.
Since z is irreducible and y < x, we have z = z. Thus we have

O=yAz=yANx=y,
which contradicts to the assumption that y is irreducible. O

PROPOSITION 3.3.6. Let K be an abstract simplicial complex, and fix a com-
patible order on K. Then the following are equivalent.
(1) K is a flag complex.
(2) F(K) is a flag semilattice.
(3) DF(K) is a flag semilattice.

PRrROOF. (1) < (2) and (2) = (3) are trivial. We now show (3) = (2). Let
us assume that DF(K) is a flag semilattice. Let 01,02,03 be pairwise bounded
elements of F(K). Then 71,073,035 are pairwise bounded in DF'(K), since an upper
bound of &; and o; is given by o; Uo;. Thus there exists an upper bound of
{G1,72,03} in DF(K), which is also an upper bound of {o1,09,03} in F(K). O

3.4. Metric spaces

In this section, we first review some notions concerning CAT(0) geodesic spaces
and Euclidean polyhedral complexes. References for these subjects are [BH] and
[Gro]. Second, we construct the cubical cone from an abstract simplicial complex,
and show some properties of cubical cones.

A pseudo-metric on a set X is a binary function d: X x X — [0, 00] which
satisfies the following conditions:

e d(x,z) = 0 holds for any z € X.

e d(z,y) = d(y, ) holds for any z,y € X.

o d(x,z) < d(z,y) + d(y, z) holds for any z,y,z € X.
A metric on a set X is a pseudo-metric d on X which satisfy

e d(z,y) =0 implies z = y for any z,y € X.
A metric space is a set X equipped with a metric dx on X. Similarly, we define
a pseudo-metric space. The metric on R™ defined by d(z,y) = /> (z; — y;)?
is called the Fuclidean metric, and R™ with the Euclidean metric is called the
Euclidean space, which will be denoted by E". A metric space X is said to be
complete if any Cauchy sequence in X converges. For a metric space (X, dx) and
a subset A of X, the restriction of dx on A x A is called the induced metric on
A. For two pseudo-metric spaces X and Y, a map f: X — Y is non-expanding if
dy (f(z), f(2")) < dx(z,z’) holds for any z,2’ € X, and f is distance preserving if
dy (f(z), f(z')) = dx(x,2’) holds for any z,2’ € X. Clearly, a distance-preserving
map from a metric space is injective. A bijective distance-preserving map is called
an isometry. Two metric spaces are called isometric if an isometry between them
exists. For a metric space X and z,y € X, a geodesic path from z to y in X is
a distance-preserving map 7: [0,¢] — X which sends the endpoints 0 and ¢ to «
and y, respectively. Here [0, ¢] denotes the closed interval of R with the standard
metric, that is, djg 4(s,t) = [s —t|. In this case, we have dx(z,y) = £. A metric
space X is said to be geodesic if for any x,y € X there exists a geodesic path from
rtoyin X.
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CAT(0) properties. A geodesic metric space X is said to be CAT(0) if for
any x,y,z € X and any geodesic path v: [0,¢] — X from z to y in X, the inequality

dx (y(t0),2)* < t-dx(y,2)* + (1 = t) - dx(2,2)* = t(1 = t) - dx (2,7)

holds for all ¢t € [0, 1]. Roughly speaking, this inequality means that the any triangle
in X whose edges are geodesic paths is at least as thin as the comparison triangle
of the same side lengths in the Euclidean space. We say a metric space X has
non-positive curvature, or is locally CAT(0), if for any x € X there exists r > 0
such that the open ball {y € X | dx(z,y) < r} of radius r centered at z is a
CAT(0) geodesic space with the induced metric.

Let us note that if a geodesic space X is CAT(0), then X is uniquely geodesic,
that is, for any pair of points in X there uniquely exists a geodesic path between
them. Since the unique geodesic path can be taken continuously with respect to
the end points, any non-empty CAT(0) geodesic space must be contractible.

THEOREM 3.4.1 (The Cartan-Hadamard Theorem [BH, 11.4.1(2)]). Let X be
a complete metric space. Then the following are equivalent.

(1) X has non-positive curvature, and is simply connected.

(2) X is a CAT(0) geodesic space.

Euclidean polyhedral complexes. In this subsection, we review the defini-
tion and basic properties of Fuclidean polyhedral complexes. Roughly speaking,
Euclidean polyhedral complexes are obtained from Euclidean polytopes by gluing
them along isometric faces. We are interested in conditions for Euclidean polyhedral
complexes to have (locally) CAT(0) metric.

A Euclidean polytope is a polytope in a Euclidean space with the induced metric.
A EBuclidean polyhedral complez is a set X equipped with a family {(Px,ix)}xea of
pairs of a Euclidean polytope Py and an injection iy: Py — X which satisfies the
following conditions:

e The images of iy cover X, that is, X = (Jyc, ix(P).

o If iy(Py) and 7,(P,) have non-empty intersection, then the inverse image
of the intersection under ) is a face of Py, similarly the inverse image
under 7, is a face of P,, and the induced bijection

iptoin: iy (ia(Py) Nin(P)) = in  (ia(Py) Ni(Py))

is an isometry with respect to the induced metrics.

The maps {i)}rca are called face maps of X, and their images are called faces
of X. The restriction of i) on a face of Py is also called a face map of X, and its
image is also called a face of X.

By definition, our Euclidean polyhedral complexes are regular, that is, all face
maps are injective. Moreover, our Euclidean polyhedral complexes are simple, that
is, any two faces intersect in at most one face of them.

For z,y € X, a string from x to y in X is a finite sequence ¥ = {(\;, =i, yi) }724
of triples which satisfies the following conditions:

e \,ecA;fori=1,....m

o z;,y; €Py fori=1,....m

o x =iy (x1)

® ix,(Yi) =irn (@igr) fori=1,...,m—1
® iy, (Ym) =y

The length of a string ¥ = {(\;, x5, ;) }; is defined by
i=1
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The intrinsic pseudo-metric on X is defined by
dx(z,y) = inf{4(X) | X is a string from z to y in X }.

If there is no string from x to y in X, we define dx (x,y) = co. The intrinsic pseudo-
metric can be characterized as follows: for any pseudo-metric space Z and any map
f: X — Z, f is non-expanding if and only if f oiy: Py, — Z is non-expanding for
each A € A. Equivalently, the intrinsic pseudo-metric is the largest pseudo-metric
such that all face maps iy: Py — X are non-expanding. Let us note that a string
Y ={(N\,zi,y;)}™, induces a path in X by concatenating the line segments [x;, y;]
in Py,. We say X is connected if any pair of points in X can be connected by a
string in X. We say that X has finite shapes if the number of isometry types of
{Pr| A € A} is finite. Bridson showed the following.

THEOREM 3.4.2 ([BH, 1.7]). If X is a connected Fuclidean polyhedral complex
of finite shapes, then the intrinsic pseudo-metric is a metric, and X is a complete
geodesic metric space. Moreover, any geodesic path in X is obtained from a string.

Cubical complexes. A cubical complex is a Euclidean polyhedral complex X
such that each face of X is isometric to a unit cube I¢ = [0,1]¢ C E? for some
d > 0. Let us note that a cubical complex has finite shapes if and only if it is finite
dimensional. A face of X isometric to I° is called a verter of X. Since a vertex
v of X is a one-point subspace of X, we identify v as a point in X. A face of X
isometric to I' is called an edge of X. Two distinct vertices v and w of X is said
to be adjacent if there exists an edge of X which contains both v and w. Let v
be a vertex of X. The cubical link, or simply the link, Ikg(v; X) of v in X is an
abstract simplicial complex whose vertices are the vertices of X adjacent to v. A
finite subset o of such vertices forms a face of lkg(v; X) if and only if there exists
a face of X containing both v and o.

Gromov characterized the condition for cubical complexes to have non-positive
curvature.

THEOREM 3.4.3 (Gromov [Gro, 4.2.C], [BH, Theorem I1.5.20]). Let X be a
finite-dimensional cubical complex. Then X has non-positive curvature if and only
if Ikg(v; X) is a flag complex for any vertex v of X.

Cubical cones. We will discuss a translation and an extension of this char-
acterization by Gromov in the next section. In order to do this, we now introduce
cubical cones, which behave as a partial inverse of cubical links. Let K be a finite-
dimensional abstract simplicial complex. The cubical cone Co(K) of K is the
cubical complex defined by

Co(K) = |J 17 cEVED,
ceK
where
o = {Ztvv ‘ to € [0, 1]} CE@ c EVED),
vEo
Here E() denotes the direct sum @D oc 4 Ra with the Euclidean metric with respect
to A, that is, dga (3, tat, Y, Sat) = /Y ,(ta — sq)%. Equivalently, Co(K) can
be defined as
Co(K) = {x = Z tyv ‘ t, € 10,1], suppzx € K},
veEV(K)
where suppz = {v € V(K) | t, # 0}. Face maps of Co(K) are the inclusions

I° < Cp(K) for 0 € K. Here we see I° as a Euclidean polytope in E(®). By
definition, I¢ is isometric to the unit cube I#7.
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PROPOSITION 3.4.4. Any vertex of Co(K) has form xo = ), ., v for some
o € F(K). Moreover, the link Ikg(xo; Co(K)) is isomorphic to ¢ x lk(o; K). In
particular, the link 1kg(0; Co(K)) at the origin 0 = xg is isomorphic to K itself.

ProoOF. The first assertion is obvious. We now show the second. A vertex
adjacent to X, has form either x o\ (o) for v € o or xouqw) for w € V(lk(o; K)).
The obvious bijection

V(o xlk(o; K)) =V (o) UV (k(o; K)) = V(Ikg(xos; Co(K)))
gives an isomorphism between abstract simplicial complexes. O

PROPOSITION 3.4.5. The cubical cone Co(K) is a CAT(0) space if and only if
K is a flag complex.

PROOF. By Theorem 3.4.2, Co(K) is a complete metric space. Since Cp(K)
is star-shaped at the origin, C(K) is contractible, and thus simply connected. By
Theorem 3.4.1, Co(K) is CAT(0) if and only if it has non-positive curvature. By
Theorem 3.4.3, this is equivalent to that the link of each vertex in Co(K) is a flag
complex. Combining the previous proposition and Proposition 3.2.1, we have the
assertion. U

PROPOSITION 3.4.6. The inclusion i: Co(K) < EVU) js a non-expanding
map. Moreover, if a pair £,m € Co(K) satisfies the equation

dog k) (§,m) = dgovaoy (§5m),
then the line segment between & and n in EV ) 4s contained in Co(K).

PROOF. The first assertion follows from that the composition
I7 < Cq(K) — EVK)

is distance preserving, and thus non-expanding for ¢ € F(K). We now show the
second. Let us assume §,7 € Cg(K) satisfies doyx)(§,m) = drvay (§,m). Let
us take a geodesic path v: [0,¢] — Cp(K) from £ to n in Cg(K). Then i oy
is a geodesic path from & to 7 in the Euclidean space E(V(5)) which implies the
assertion. (]

3.5. Orthoscheme complexes

In this section, we consider the orthoscheme complex of a poset, which is the
order complex equipped with a certain Euclidean polyhedral complex structure.
For positive real numbers (1, ...,¢4, the orthoscheme O(¢y,...,£q) is defined
to be the Euclidean polytope in E¢ spanned by v; = Z;Zl liej for i = 0,...,d.
Here ey, ..., eq denote the standard orthonormal basis of E?. Then the orthoscheme
O(ty,...,4q) is a d-dimensional Euclidean simplex satisfying the following proper-
ties:
e The edge v;v; is orthogonal to vjv, for 0 <i¢ < j <k <d.
e The edge v;_1v; has length ¢; for 1 <i <d.

e The edge vjv; has length /7 .. (7 for 0 <i < j <d.
Let us note that the unit d-orthoscheme O(1,...,1) is isometric to the facet of the
barycentric subdivision of the cube [—1,1]%.
Let P be a poset, and 7: P — R be a strictly order-preserving map. We now
construct a FEuclidean polyhedral complex structure on the order complex |P| by
using r. For a finite chain o = {zg < --- < x4} of P, Let us define

07 = O(\/r(w1) = 1(@0), /r(wz) = r(@1)s - - \/7(@a) — F{@a1)),
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and define i,: O, — |P| to be the affine map which sends v; to x; for i =0,...,d.
Then i, is an injection onto A?. We can see that i, gives a Euclidean metric on
A satistying dae (z;, ;) = /7(x;) —r(x;) for 0 < i < j < d. The orthoscheme
complex of P with respect to r is defined to be the Euclidean polyhedral complex
on the geometric realization |P| whose face maps are i,: 07 — |P| for o € A (P).
We say that a poset P is connected if for any z,y € P there exists a finite sequence
g, ..., Ton, in P satisfying

T=x0<T1 2Ty < 2 Top =Y.

Let us note that P is connected if and only if the orthoscheme complex |P| is
connected. By using Theorem 3.4.2 we have the following.

ProprosITION 3.5.1. If P is connected and the image of r: P — R is finite,
then the orthoscheme complex |P| of P with respect to r is a complete geodesic
metric space.

A poset P is said to be graded if there exists a strictly order-preserving map
r: P — Z such that the equation htlz, y]p = r(y) — () holds for any pair x,y € P
with < y. Such an r is called a rank function on P. If P is a poset of finite
height with a minimum, a rank function on P is given by the height function
htp: P — {0,1,...,ht P} if exists. In the rest of this chapter, we treat only graded
posets of finite height, and discuss their orthoscheme complexes with respect to rank
functions. Clearly, the orthoscheme complex of a graded poset P with respect to a
rank function is independent of the choice of a rank function. Let us note that any
locally distributive semilattice of locally finite height is graded by Theorem 3.3.4.

LEMMA 3.5.2. Let K be a finite-dimensional abstract simplicial complex. Then
the orthoscheme complex |F(K)| is isometric to the cubical cone Co(K).

PROOF. Let us define ¢: |F(K)| = C(K) by

d d
2 (Z tiai) = Z tiXU’i'
=0 =0

We now construct the inverse ¥ of . Let & = Zvev(K) t,v be an element of
Co(K). Let us note that {v € V(K) | t, > 0} is finite and forms a face of K. Let
us take a descending sequence 1 = s9 > s1 > -+ > sg+1 = 0 such that

{ty |v e V(K)}U{0,1} = {s0, S1,---,Sd+1},
and let
o, ={veV(K)|t, >s;}
for i =0,...,d. Then o9 C 01 C -+ C 04 is a finite chain of F(K). We define
d

B(€) = (si — siv1)0i.
i=0

We can easily check that 1 is the inverse of .

We next show that ¢ is distance preserving. By definition we can check that
the restriction of ¢ on A® is distance preserving for any finite chain C' of F(K).
Using the characterization of the intrinsic metric on |F(K)|, it follows that ¢ is
non-expanding. Moreover, a string in Cg(K) can be decomposed via v into a
string in F(K) of the same length, which implies that ¢ is distance preserving. O

The following gives a translation of Theorem 3.4.3 for orthoscheme complex.

THEOREM 3.5.3. Let S be a locally Boolean semilattice of finite height. Then
the orthoscheme complex |S| is a CAT(0) space if and only if S is a flag semilattice.
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Proor. By Corollary 3.3.5, it is enough to show the case S = F(K) for a
finite-dimensional abstract simplicial complex K. Let us note that F(K) is a flag
semilattice if and only if K is a flag complex. The assertion follows from Proposi-
tion 3.4.5 and the previous lemma. O

The following is an extension of the previous theorem.

THEOREM 3.5.4. Let S be a locally distributive semilattice of finite height. Then
the orthoscheme complex |S| is a CAT(0) space if and only if S is a flag semilattice.

To show this theorem, we first show the following.

LEMMA 3.5.5. Let K be a finite-dimensional abstract simplicial complez, and
fix a compatible order on K. Then |DF(K)| is a convezx subset of |F(K)|, that is,
any geodesic path in |F(K)| between points in | DF (K)| is contained in |DF(K)|. In
particular, the induced metric on |DF(K)| from |F(K)| coincides with the intrinsic
metric of its own.

PRrROOF. Let ¢: |F(K)| — Cp(K) be the isometry defined in the proof of
Lemma 3.5.2. Let X be the image of |DF(K)| under . By the definition of ¢ and
the construction of its inverse, we have

3 tuueCD ’t>t for v < w in V(K )}.
ueV (K
It is enough to show that X is convex in Ch(K). Set
?vw = { Z tyu € E(V(K)) ‘ ty > tw }
ueV(K)

and Y, = Cg(K)N Y,, for v < w in V(K). Then we have X = (., Yo
Thus it is enough to show that Yy, is convex in Ch(K) for v < w. We now deﬁne
1/)1,“) VIK)) Ymv as follows. Let £ be an element of EV(E) | Let us define
wq,w(f) € Y, to be the unique point satisfying

dyvion (€, Dpw(€)) = inf  dgvaoy (€,7).
NEYyuw

Indeed, va is given by

~ t t tw
ww( Z tuu) :max{tv, UJ; w}v+min{tw, by + } Z tul

ueV (K) uFv,w

Let us note that if o is a face of K and w € o, then o U {v} C 7 is also a face
of K. Thus the image of Co(K) under ), is contained in Co(K). We define
Yow: CO(K) — Yy to be the restriction of zsz. Since {/;Uw is non-expanding,
Yy 18 non-expanding on each face, and thus entirely on Ch(K). Moreover, .,
is a retraction. Let us assume that Y, is not a convex subset of Co(K). Then
there exist £,7,( € Cg(K) satisfying £,¢ € Yyu, 7 ¢ Yiw, and dogx)(§,m) +
dogx)(1,¢) = deqk)(§,¢). Let us take a shortest string ¥ = {(oy, zi,y:) Hi2y
from £ to 1. Then there exists ¢ = 1,...,m such that z; € Y, but y; ¢ Y.
For such z; and y;, 1y, strictly shortens their distance. Thus the resulting string
Y = {(T, Yow (i), Yow(y:)) }72, from € to ¥y (n) has length less than that of X.
Hence we have
dog () (&5 €) < dog (k) (€ Yuw()) + dog () (Yow(n), )
<deg ) (§;m) + deq ) (0, €)
= dCD(K) (57 C)a

which is a contradiction. O
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PROOF OF THEOREM 3.5.4. By Theorem 3.3.4, we can assume S = DF(K)
for some finite-dimensional abstract simplicial complex K with a fixed compatible
order on K. If DF(K) is a flag semilattice, then K is a flag complex, and thus
|F(K)| = Co(K) is a CAT(0) space. Hence its convex subset |DF(K)]| is also a
CAT(0) space.

We now show the converse. Let us assume that |[DF(K)| is a CAT(0) space. Let
o; (i =1,2,3) be pairwise bounded elements of DF(K), that is, o, Uo; € DF(K)
holds for 4,5 € {1,2,3}. Let X be the image of |DF(K)| under the isometry
: |F(K)| = Co(K) in the proof of Lemma 3.5.2. Then X is isometric to | DF (K)|
with the induced metric from Ch(K), and thus X is a CAT(0) space. Since the
line segments [Xo,, Xo,] in E(V(5)) are contained in X, we have

dx (Xo;s Xo;) = drv) (Xows Xoy)
for i,j € {1,2,3}. By the CAT(0) inequality, we have

+ +
dx(%,xm) < d]E(V(K))(%7XUB)'
This is possible only if the line segment [%, Xos] is contained in X, which
implies 01 Uog Uz € F(K), and thus 01 Uos Uos € DF(K). O

Chalopin et al. conjectured that a locally modular flag semilattice of finite
height has CAT(0) orthoscheme complex [CCHO, Conjecture 7.3]. We suggest the
following stronger form.

CONJECTURE 3.5.6. Let S be a locally modular semilattice of finite height. Then
the orthoscheme complex |S| is a CAT(0) space if and only if S is a flag semilattice.

The following gives a criterion for a graded poset of finite height to have locally
CAT(0) orthoscheme complex.

PROPOSITION 3.5.7. Let P be a graded poset of finite height. Then the or-
thoscheme complex |P| has non-positive curvature if and only if the intervals P<®
and P>, have CAT(0) orthoscheme complezes for each x € P.

PROOF. The assertion follows from [BM, Proposition 3.11, Proposition 5.7]
and [BH, Theorem I1.5.2]. O

COROLLARY 3.5.8. Let P be a graded poset of finite height, and assume that
the intervals (P=<*)°" and P~ are locally distributive semilattices for each x € P.
Then the orthoscheme complex |P| is a CAT(0) space if and only if the intervals
(P=*)® and Ps, are flag semilattices.

PRrROOF. The assertion immediately follows from Theorem 3.5.4 and the previ-
ous proposition. O
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