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ABSTRACT 

This paper presents an investigation on the parametric sound enhancement at the 

sum and difference frequencies through different fluid layers to improve the 

performance of parametric array. To predict the parametric sound enhancement 

through different fluids, theoretical and numerical model are newly developed. 

Theoretical analysis is based on the Burgers equation with transmittance boundary 

condition and it is solved by quasi-linear approximation method. Numerical 

simulation is conducted by the hybrid model which combines the fluid dynamic 

equations in the vicinity of sound source and the KZK equation in the far field. This 

accounts for the effects of diffraction, absorption and nonlinearity during sound 

propagation in the fluids with transmission loss at the different fluid layer boundaries. 

The theoretical analysis and the numerical model are used to investigate the 

secondary wave generations including parametric sound at the sum and difference 

frequencies with and without different fluids in water environment. The generations 

of the secondary waves with respect to the water (enhancement ratio) are studied. To 

confirm the theoretical and numerical results, experiments are carried out by 

hydrophone measurements. The results indicate that a different fluid layer with a 

length of 150 mm generates an amplitude 3.7 times larger at the difference frequency 

and 2.9 times larger at the sum frequency compared to that in water alone. This is 

due to the nonlinear fluid properties and diffraction effect in the different fluid layer. 

It was also found that the enhancement ratio at the sum and difference frequencies 

increased with increasing length of the different fluid layer, while the enhancement 

ratio is slightly affected by the initial water layer length variation. The concept of 

different fluid layers combined with a shadow method is applied to the noninvasive 

measurement of a target square cylinder in water. It was found that the parametric 

sound is magnified using an different fluid layer and the size measurement accuracy 

of the target structure in water was better than that of conventional nonlinear 

imaging. 



ii 

 

Acknowledgment 

 This research was carried out at the University of Tokyo, Japan, 

between April 2014 and March 2017. This work was supported by Grant-in-Aid 

for JSPS Fellows Grant Number 16J07184. I should thank for my supervisor, 

Prof. Akira Asada from the University of Tokyo, for his support and guidance. 

Without his support and guidance this research would not have been possible. I 

wish to thank Dr. Kazuki Abukawa from Port and Airport Research Institute 

(PARI) and Mr. Norihito Kishi and Mr. Kazuya Yamaguchi from Civil 

Engineering Research Institute for Cold Region (CERI) for helping me during 

my experiments. I would also like to extend by thanks to Mr. Akihisa Fukami 

for his helpful suggestion and lab members for accepting me as a student. 

  



iii 

 

List of content 

1. Introduction                                   1 

1.1 Parametric Array                                               1 

1.2 Parametric sound enhancement                                   3 

1.3 List of publications                                             4 

2. Theory                                       5 

2.1 Parametric sound generation                                     5 

2.2 Enhancement ratio                                             8 

3. Experiments                                  14 

3.1 Experimental condition                                        14 

3.2 Experimental results                                           16 

4. Numerical method                             21 

4.1 Numerical method for nonlinear sound propagation                  21 

4.2 Hybrid model                                                22 

4.2.1 Fluid dynamic equations                                  23 

4.2.2 Khokhlov - Zabolotskaya - Kuznetsov equation                25 

4.2.3 Boundary conditions                                      27 

4.3 Grid resolution                                               34 

5. Results and discussions                         36 

5.1 Sound distribution                                            36 

5.2 Enhancement ratio                                            47 

5.3 Nonlinear effects_____________________________________________ 52 

 



iv 

 

6. Application                                   54 

6.1 Shadow method                                              54 

6.2 Nonlinear sound propagation through square cylinder                58 

6.3 Nonlinear shadow method                                      60 

6.4 Nonlinear shadow method with different fluid layers                 63 

7. Conclusion                                   68 

Appendix A.                                   70 

A - 1. Acoustic phased array                                        70 

A - 2. Numerical method                                          71 

A - 3. Results and discussions                                      71 

A - 4. Conclusion                                                75 

Appendix B.                                 76 

B - 1. Hybrid model and KZK equation                               76 

B - 2. Results and discussions                                      77 

References                                     79 

 

  



v 

 

List of Figures 

1. Nonlinear parametric sound enhancement through different fluids and its 

application to noninvasive detection of underwater structures.          5 

2. Variation of η for various fluid properties.                         12 

3. Variation of η for various LD.                                   12 

4. Experimental setup for parametric sound propagation through different 

fluids.                                                     15 

5. Signal waveforms of parametric sound detected at z = 200 mm.        17 

6. Frequency spectra of parametric sound detected at z = 200 mm.        19 

7. Variations of η with the axial distance z for LD = 150 mm and 70 mm.   20 

8. Axisymmetric simulation configuration. (hybrid model)             22 

9. Axisymmetric simulation configuration. (Fluid dynamic equations)   24 

10. Axisymmetric simulation configuration. (KZK equation)            24 

11. Staggered grid system.                                       25 

12. Leapfrog scheme.                                           25 

13. Schematic description of absorbing boundary.                      29 

14. Variation of sound pressure with Kmax.                            29 

15. Variation of sound pressure with LAB.                             30 

16. Computational condition of sound propagation through different fluid layers 

for hybrid model.                                            31 

17. Distribution of sound source in radial direction.                     32 

18. Schematic description of interface calculation in hybrid model.        33 

19. Variation of sound pressure with grid resolution.                    35 

20. Variation of sound pressure with interface position.               35 

21. Sound pressure distribution of primary frequency.                   39 

22. Sound pressure distribution for the difference frequency wave.         40 

23. Sound pressure distribution for the sum frequency wave.             41 

24. Acoustic beam characteristic of primary frequency with and without 



vi 

 

different fluid layer at z = 250 mm distant from sound source.         43 

25. Acoustic beam characteristic of difference frequency with and without 

different fluid layer detected at z = 250 mm away from sound source.   44 

26. Acoustic beam characteristic of sum frequency with and without different 

fluid layer detected at z = 250 mm away from sound source.           45 

27. Acoustic beam characteristics of parametric sound at the sum frequency in 

different fluid layer at z = 140 mm away from sound source.           46 

28. Acoustic beam characteristics of parametric sound at the difference 

frequency in different fluid layer at z = 140 mm away from sound source. 47 

29. Enhancement ratio for difference frequency along axial distance.       50 

30. Enhancement ratio for sum frequency along axial distance.            50 

31. Variation of ηmax with LD. (sum frequency)                        51 

32. Variation of ηmax with LD. (difference frequency)                    51 

33. Variation of nonlinear effect in water layer (sum and primary frequency) 53 

34. Variation of nonlinear effect in water layer (difference frequency)      53 

35. Noninvasive detection of square cylinder in water.                  57 

36. Arrangement of square cylinder and hydrophone.                   57 

37. Frequency spectrum of parametric sound detected at z = 200mm.       59 

38. Linear shadow image of square cylinder.                          62 

39. Nonlinear shadow image of square cylinder.                       62 

40. Signal amplitude along traversed direction.                        63 

41. Schematic for noninvasive measurement of a square cylinder with different 

fluids.                                                      64 

42. Side view of the square cylinder.                                 65 

43. B-mode images after logarithmic data compression.                 65 

44. Variation of the signal amplitude along the centerline distance.         67 

45. Schematic image of acoustic phased array.                         71 

46. Sound propagation of acoustic phased array (out-of-phase emission).    74 

47. Sound propagation of acoustic phased array (in-phase emission).       74 



vii 

 

48. Variation of nonlinear effect with source pressure amplitude.          75 

49. Schematic description of computational area.                       76 

50. Sound pressure distribution in full acoustic field. (0 - 1 m)            78 

51. Sound pressure distribution near sound source. (0 - 0.08 m)           78 

List of Tables 

1. Physical properties for theoretical calculation.                      13 

2. Physical properties for numerical calculation.                       30 

Nomenclature 

a: radius of sound source 

c: sound speed 

k: wave number 

f: frequency 

fC: center frequency of primary frequencies 

fD: difference frequency 

fS: sum frequency 

f1, f2: two primary frequencies 

g, h: Fourier series coefficients 

LD: length of different fluid layer 

p: sound pressure 

p0: input sound pressure 

pmax: maximum sound pressure 

Rd: Rayleigh distance 

T: transmittance 

t: time 

r: radial distance 

Z: acoustic impedance  



viii 

 

z: axial distance 

z0: position of different fluid layer 

 

Subscripts 

AL: properties of aluminum  

C : center 

D: different fluid layer 

E: ethanol 

in: input boundary 

out: output boundary 

R: rubber film 

W: water 

 

Greek letters 

α: absorption coefficient 

β: nonlinear coefficient 

η: enhancement ratio 

ρ: density 

ξ: dimensionless radial coordinate 

σ: dimensionless axial coordinate  

τ: normalized retarded time 

Ω: computational domain 

ω: angular frequency 

 

 



1. Introduction                                                                

1 

 

1. Introduction 

1.1 Parametric array 

 Nonlinear acoustic techniques utilizing secondary wave generation, 

such as harmonics and parametric sound at the sum and difference frequencies 

of transmitted sound, have been a powerful tool for acoustic imaging [1 - 4] and 

nondestructive testing [5 - 8] of target structures. This nonlinear technique 

improves acoustic imaging quality because it gives rise to high beam directivity 

and low imaging artifacts compared with linear acoustic techniques. 

 A parametric array is one of the nonlinear transduction mechanisms. It 

is characterized by low side lobe secondary waves at harmonics and the 

parametric sound at the sum and difference frequencies of the transmitted waves 

in comparison with linear sound at the same frequency. These secondary waves 

including parametric sound are generated through the nonlinear interaction of 

primary waves at two different frequencies in the medium fluid, as reported by 

Westervelt [9] and Berktay [10]. These results indicate that the difference 

frequency wave generated from the parametric array contributes to a narrow, 

nearly side lobe free low frequency beam with a small sound absorption during 

long distance propagation. Later, Muir [11] showed that the narrower main lobe 

and lower side lobe of the parametric sound at the sum frequency compared to 

the transmitted primary waves in a water environment. This author also 

demonstrated the feasibility of using harmonics in imaging because of a 

narrower main lobe and a lower side lobe of the harmonics compared with the 

primary wave [12]. It should be noted that the sum frequency wave is useful 

when combined with a frequency compounding technique to reduce speckle 

noise in imaging, owing to a large number of secondary waves in the limited 
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bandwidth of a hydrophone [3, 13]. In addition, the secondary waves reduce 

reverberation artifacts in imaging. Since then, secondary waves at harmonics 

and the sum and difference frequency have been applied to the detection of 

embedded archaeological objects and sediment characterization [14, 15], 

medical imaging [2, 13, 16, 17, 18], underwater acoustic measurement [1, 3, 19, 

20, 21] and seafloor characterization [22, 23]. Nonlinear acoustic imaging using 

secondary waves is known to improve the measurement accuracy and reduce 

reverberation artifacts compared with conventional linear acoustic techniques 

using primary waves. 

 Several numerical and experimental results for the enhancement of 

secondary waves, including harmonics and parametric sound, have been 

reported based on beam focusing with focused apertures [24] and phased arrays 

[25, 26]. However, by those experimental techniques it is difficult to obtain long 

distance enhancement with high directivity of the secondary waves due to the 

large diffraction in the far field. On the other hand, it is known that long distance 

enhancement of the difference frequency is obtained via a micro-bubble layer 

[27] which exhibits a large nonlinear oscillation on sound propagation [28, 29]. 

However, this micro-bubble layer largely broadens the beam directivity at the 

difference frequency compared to water [30]. An experimental technique for 

enhancing parametric sound using a silicon rubber material was also reported 

[31]. This technique, however, is difficult to apply to a high frequency wave 

because of the high sound absorption of silicon rubber in high frequencies. 
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1.2 Parametric sound enhancement 

One of the important material properties of nonlinear sound generation 

including parametric sound generation is the ratio B/A (= 2(β - 1), β: nonlinear 

coefficient), that has its origin in the Taylor series expansion of the pressure 

variation in terms of density variations. This property has large influence on the 

generation of the secondary waves including parametric sound at the sum and 

difference frequency, which will be described in detail in Section 4.2. Several 

studies measured the harmonic generation to evaluate B/A in fluids which is 

called finite amplitude method [32], and those techniques showed that the ratio 

B/A of water is between 4 and 6, which is smaller than other liquid such as 

ethanol and acetone [33 - 35]. Therefore the nonlinear acoustic effects in water 

are small compared to other fluid materials, while such previous studies focused 

on measuring the ratio B/A for material characterization. To apply this 

phenomenon to noninvasive measurement and acoustic imaging as underwater 

technology, it is important to understand the enhancement area after the different 

fluid material with large nonlinear property and the acoustic beam characteristic 

of generated secondary waves. Moreover, it is important to understand the 

generation of parametric sound at the sum and difference frequency which is 

more widely used than that of harmonics in underwater acoustic imaging. 

Therefore, further studies on the enhancement of the parametric sound at the 

sum and difference frequency using different fluid layers and its application are 

of timely interest. 

 The purpose of this paper is to study the concept of different fluid 

layers in water to improve the enhancement of the parametric sound at the sum 

and difference frequency and apply to noninvasive measurement in water. 

Theoretical, numerical and experimental studies are carried out in this paper to 

verify the experimental techniques of using different fluid layer in water with 
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the parametric array and to understand the mechanism of parametric sound 

enhancement through different fluid layers. Furthermore, together with a 

shadow imaging technique, this enhancement technique is applied to the 

noninvasive detection of underwater structures. 

1.3 List of publications 

 This thesis is based on the following five papers. 

1. Fujisawa, K., & Asada, A. (2016). Nonlinear parametric sound 

enhancement through different fluid layer and its application to noninvasive 

measurement. Measurement, 94, 726-733. 

2. Fujisawa, K., & Asada, A. (2016). Nonlinear Acoustic Shadow Method to 

Reduce Reverberation Artifact. Journal of Flow Control, Measurement & 

Visualization, 4(02), 49. 

3. Fujisawa, K., & Asada, A. (2015). Numerical method for calculating 

nonlinear sound propagation in full acoustic field. Acoustical Science and 

Technology, 36(5), 438-440. 

4. Fujisawa, K., & Asada, A. (2015). Nonlinear sound propagation on acoustic 

phased array. Applied Acoustics, 95, 57-59. 

5. Fujisawa, K. (2014). Numerical Study on Nonlinear Sound Propagation for 

Parametric Array. Journal of Flow Control, Measurement & Visualization, 

2014. 
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2. Theory 

Figure 1 shows the illustration of the concept of parametric sound 

enhancement through different fluids in water environment and its application to 

noninvasive measurement of underwater structures [36]. To understand the 

parametric sound enhancement in different fluid layers, the simple theoretical 

model is introduced to estimate the enhancement ratio of the secondary wave 

including harmonics and the parametric sound at the sum and difference 

frequencies. It should be noted that this theoretical model focuses on 

characterizing the influence of the fluid layer properties in water on the 

enhancement of the parametric sound. 

 

Figure 1 Nonlinear parametric sound enhancement through different fluids and 

its application to noninvasive detection of underwater structures. 

2.1 Parametric sound generation 

 The theoretical consideration is based on the Burgers equation for a 

large Goldberg's number in sound propagations [37, 38]. The governing 

equation is given by Equation 1. Note that the nonlinear term which is related to 

the generation of secondary waves is underlined in the governing equation. 

0
2

2

3













 p

cz

p
               Equation 1 
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c

z
t                      Equation 2 

where c is the sound speed, p is the sound pressure, t is time, z is the propagation 

distance, β ( = 1 + 0.5 B/A) is the nonlinear coefficient, ρ is the fluid density and 

τ is the retarded time. Although this equation approximates nonlinear sound 

propagation as plane wave without diffraction and absorption, it considers the 

major influence of fluid properties on nonlinear sound propagation. The initial 

condition for this equation is given by 

 tsinωtsinωpp 21  0              Equation 3 

where p0 is the input sound pressure of the primary waves at two angular 

frequencies (ω1 and ω2) to generate parametric sound at the sum (= ω1 + ω2) and 

difference angular frequencies (= ω1 - ω2). Quasi-linear approximation method 

(successive approximation for weak nonlinearity) was used to derive the sound 

pressure of the secondary wave pW using Equation 1 with the initial condition 

Equation 3 as sound source. In quasi-linear approximation method, transmitted 

primary waves propagate linearly without being affected by the presence of the 

secondary waves. 

The sound pressure of the secondary wave in water can be obtained 

from the nonlinear term in Equation 1 as follows, 

 sin
2

2

0p
A

pW                Equation 4 

zA W                     Equation 5 

3

WW

W
W

c


                    Equation 6 
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where ω is the angular frequency of the secondary wave and the subscript W 

denotes the properties of water. It should be noted that A in Equation 4 has a 

positive sign for the sum frequency wave, a negative sign for the difference 

frequency wave, and A = χWz/2 for harmonics. 

 To derive the sound pressure of secondary waves pD through the 

different fluid, we divide the computational domain into two different 

computational region of water and different fluid layer. At different fluid/water 

interfaces, reflection and transmission at the interface is caused by an acoustic 

impedance difference. In the theoretical consideration, the sound pressure 

transmittances of plane wave from water to different fluid TWD and from 

different fluid to water TDW can be written as, 

DDWW

DD
W D

cc

c
T








2
               Equation 7 

              
WWDD

WW
DW

cc

c
T








2
              Equation 8 

where the subscript D denotes the fluid properties of the different fluid. This 

equation uses the assumption of the plane wave propgation. In case of 

water-ethanol-water condition with rubber film between water and ethanol, the 

transmittances of the sound pressure are given as: 

  EERRRRWW

EERR
WD

cccc

cc
T








4
        Equation 9 

       
  WWRRRREE

WWRR
DW

cccc

cc
T








4
        Equation 10 

where the subscripts E and R denote the material properties of the ethanol and 
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rubber, respectively. Then, the sound pressure pD of a secondary wave through 

the different fluid layer in water is written as, 

 sinp
AAA

pD

2

0
321

2


          Equation 11 

01 zTTA WWDDW                 Equation 12 

DDWDDW LTTA 
2

2                  Equation 13 

 DWDWWD LzzTTA  0

22

3            Equation 14 

3

DD

D
D

c


                   Equation 15 

where A1 represents the nonlinear effect caused by propagation in water between 

the transducer and different fluid, A2 represents the effect caused by propagation 

in the different fluid, A3 represents the effect caused by propagation in water 

beyond the different fluid, and z0 and LD are the lengths of the water layer near 

the transducer and different fluid layer, respectively. 

2.2 Enhancement ratio 

 In order to understand the nonlinear effect in the different fluid layer as 

a function of propagation distance from sound source, the ratio of the sound 

pressure through the different fluid layer and water is defined as, 

W

D

p

p
                     Equation 16 

When η > 1, the sound pressure of the secondary wave through the different 
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fluid layer becomes larger than that in water, which suggests an enhancement of 

sound pressure caused by the different fluid layers. The enhancement ratio 

through the different fluid layer in water is obtained by substituting Equations 

4-15 into Equation 16, yielding, 

   
z

LTTLTzTT

W

WWDWWDDDWDWWDDW






22

0 
    Equation 17 

DW LzzL  0                Equation 18 

 Equation 17 indicates that the enhancement ratio η is not affected by the 

frequencies and sound pressure of the primary and secondary waves in plane 

wave without abosrption during sound propagation. Therefore, the present result 

is applicable to the secondary waves of parametric sound at the sum and 

difference frequencies and harmonics. Note that the enhancement ratio η in the 

different fluid layer was calculated by setting TDW = 1 and LW = 0 in Equation 17. 

It should be noted that the sound attenuation caused by absorption in fluid which 

reduces the generation of the secondary waves are assumed to be small in the 

derivation of this model. Moreover, this model is not valid for sound 

propagation beyond the distance where shock waves are generated, because the 

model uses the quasi-linear approximation which is limitted to the weak 

nonlinear phenomena. 

 A theoretical consideration for achieving high enhancement of the 

parametric sound through the different fluid layer in water was carried out for 

five types of fluids, i.e., benzene, silicon oil, acetone, hexane, and ethanol. Fluid 

properties, such as sound speed c, nonlinear coefficient β and density ρ of the 

five fluids are listed in Table 1. It also provides the theoretical results of the 

enhancement ratio η for the reference case of LD = 150 mm for each fluid layer 

and z0 = 20 mm in water just behind the rubber film. The results show an 
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increase in the enhancement ratio η of each fluid compared with water. Although 

a high enhancement ratio was obtained for the cases of ethanol, hexane and 

acetone, the highest enhancement ratio was obtained for ethanol. It should be 

noted that the high enhancement ratio in ethanol is caused by the high nonlinear 

coefficient of the fluid. The enhancement ratio also depends on the length of the 

different fluid layer, which will be discussed in the following section. 

 Figure 2 shows variations of the enhancement ratio η of the different 

fluid layers in water, plotted against the axial distance z from the parametric 

array. For z > z0, Equation 17 can be rewritten as, 

321                    Equation 19 

 2

1 DWWDTT                 Equation 20 

 
z

LTzTT

W

DDWDWWDDW






2

0

2


          Equation 21 

   
z

LzTT

W

DWDWW D







 0

2

3           Equation 22 

This explains the decrease in 1/z for z > z0 + LD, and the asymptotic value of η is 

(TWDTDW)
2
. As z increases, the nonlinear contribution of the fluid becomes 

negligible and only the interfaces affect η. The enhancement ratio η is smaller 

than unity at the water/fluid interface (z = z0) because of the smaller impedance 

of the different fluid (TWD < 1). Then, η increases rapidly and then gradually as 

the distance z increases to the end of the fluid layer. At the fluid/water interface 

(z = 170 mm), η rapidly increases because of the larger acoustic impedance to 

water compared with the different fluid medium (TDW > 1). Finally, η gradually 

decreases in water as the distance z increases. Note that the discontinuities of the 

enhancement ratio η at the interfaces reflect the distinct properties of the fluids. 
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The theoretical consideration of the interface effect indicates that, among the 

five fluids used, the highest enhancement ratio is obtained for the ethanol layer 

as summarized in Table 1. 

Figure 3 shows the variations of the enhancement ratio η with respect to 

the propagation distance z for various lengths of the ethanol layer in water, with 

the length of the initial water layer set to a fixed z0 = 20 mm in all cases. The 

maximum enhancement ratio ηmax was measured in water at the fluid interface 

LW = 0, and ηmax can be expressed as 

 
 




















DW

DDW D

D

W D
DW

Lz

LT

Lz

zT
T

0

2

0

0
max




        Equation 23 

which implies that when LD increases, η tends towards the asymptotic 

enhancement ratio ηasy as 

W

DW DDW
asy

TT






2

                Equation 24 

Hence, the enhancement ratio η increases as the length of the ethanol layer LD 

increases because of the larger influence of the ethanol layer, while the 

enhancement ratio seems to be saturated in an ethanol layer longer than LD = 

200 mm. The result indicates that the enhancement ratio of the ethanol layer is 

approximately 3, demonstrating that the experimental technique of using a 

different fluid layer in water can significantly enhance the signal amplitudes of 

the secondary waves from the parametric array. The nonlinear coefficient β, 

sound speed c and density ρ for the different fluid layer contribute to the 

enhancement ratio η of the secondary waves. Their contributions can be ranked 

as c > β > ρ in the range of the present study. However, the contribution of the 

different fluid layer length LD is dominant in the range of LD < 150, while the 
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length effect is limited to a small fluid layer length because of the saturation 

behavior in longer length. Moreover, the different fluid layer should be placed 

close to the transducer for a sufficient length of the different fluid layer. 

 

 

Figure 2 Variation of η for various fluid properties. 

 

Figure 3 Variation of η for various LD. 
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Table 1 Physical properties for theoretical calculation. Note that ηmax (150) and 

ηasy denote the maximum enhancement ratio for LD = 150 mm and the 

asymptotic enhancement ratio, respectively. 
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3. Experiments 

 To confirm the theoretical results, the parametric sound enhancement 

through different fluid layers was measured by hydrophone and enhancement ratio 

was experimentally evaluated using sound pressure of the secondary waves 

including harmonics, and parametric sound at the sum and difference frequencies 

with and without different fluid layer. In this study, ethanol (C2H5OH) is used as 

different fluid, which showed the largest enhancement for the secondary waves 

among the five types of fluids as shown in Section 2. 

3.1 Experimental condition 

 The sound pressure distributions through different fluid layer (ethanol) 

were measured using a calibrated hydrophone, as shown in Figures 4 (a) and (b). 

The water tank used in the experiments was 600 mm long, 500 mm wide, and 500 

mm deep. It was filled with degassed and distilled water maintained at a 

temperature of 298 K. The different fluid layer was placed at a distance of z0 away 

from the transducer in the water tank and the sound waves were measured by 

traversing the hydrophone using a three-dimensional positioning stage that had an 

accuracy of 0.05 mm. A cylinder with a radius RC with a thin rubber film of 

thickness 0.1 mm contained ethanol to prevent any mixing of ethanol and water. 

Note that the sound absorbing materials were pasted on the inner surface of the 

cylinder and the water tank in order to minimize the reverberation waves. In the 

experiments, a circular type transducer with a flat surface was used as a sound 

source. In this study, the received signals were averaged over 64 times at each 

position to increase the experimentally attained signal-to-noise ratio. 
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(a) 

 

(b) 

Figure 4 Experimental setup for parametric sound propagation through different 

fluids. 
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3.2 Experimental results 

 Experiments were carried out for the ethanol layer which was set in a 

water environment at a distance z0 = 20 mm away from the transducer. The 

lengths of the ethanol layer were set to either LD = 70 mm or 150 mm. The size of 

cylinder was 120 mm in diameter. Furthermore, the rubber film effect on η of 

higher harmonics and sum frequency can be minimized by dividing the sound 

pressure through the different fluid for a secondary wave by that through the water 

layer with the rubber film. The transducer used in the experiment was a circular 

type transducer which was 12 mm in diameter with a flat surface (Japan Probe 

B2K10I) and center frequency of 2.0 MHz. Ethanol was confined to the circular 

cylindrical housing that had an inner diameter of 120 mm. The receiver 

hydrophone (Japan Probe B5K5I) had a flat frequency response over the 

frequency range from 2 to 8 MHz. The transducer was excited by two different 

frequencies of f1 = 2 MHz and f2 = 2.4 MHz as the primary waves with a 

transmittance time of 15 μs. In this experiment, the sum frequency wave and 

harmonics were considered because of the limitations on receiving hydrophone 

performance for the difference frequency wave. However, the results are expected 

to be valid for the difference frequency wave within the range considered in the 

theoretical model. 

 Figures 5 (a) and (b) show the waveforms of the sound signals from the 

hydrophone located at z = 200 mm with and without the ethanol layer in water, 

respectively. Note that the experiment is carried out at the distance z0 = 20 mm 

and the ethanol layer is set to LD = 150 mm. The same input voltage was applied 

to the transducer in both cases. The results show that when compared with the 

waveform observed for water, waveform distortions were observed for the ethanol 

layer because of the secondary wave generations. 
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(a) Through ethanol layer 

 

(b) Through water layer. 

Figure 5 Signal waveforms of parametric sound detected at z = 200 mm. 
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 Figures 6 (a) and (b) show the frequency spectra of the sound signals 

from the hydrophone located at z = 200 mm with and without the ethanol layer in 

water, respectively. The results show the generations of the secondary wave at the 

sum frequency (f = 4.4 MHz) and harmonics (f = 4 MHz and 4.8 MHz) caused by 

nonlinear sound propagation. It should be noted that the sound pressure at the sum 

frequency in the ethanol layer is more than three times larger than that in the water 

layer. The amplitude of the sum frequency secondary wave is larger than that of 

the second harmonic waves, although the frequency is close. This is because the 

conversion efficiency from the primary waves is larger for the sum frequency 

secondary wave than that for the second harmonics, which was described in 

Section 2. It is also found that the sound pressure at higher harmonics, such as f = 

6.4 MHz and 6.8 MHz, are observed in the ethanol layer, while they are not 

clearly observed in the water layer. These results indicate that the sum frequency 

secondary wave is highly magnified in the ethanol layer in comparison with the 

water layer. 

 Figure 7 shows comparisons between the theoretical enhancement ratio 

and the experimental one along the beam axis in the water behind the ethanol 

layer of LD = 150 mm and LD = 70 mm. Both results show a similar tendency to 

experimental results that decrease in η with increasing axial distance z, suggesting 

the validity of the present theoretical analysis. Generally, these results agree 

qualitatively with each other, while the theoretical result is smaller than the 

experimental one, which might be due to the difference in diffraction effects 

between the sound propagation in ethanol and water, which are not considered in 

the present model. In order to verify the repeatability of these experiments, the 

experiments were performed thrice with the same experimental conditions. The 

scattering of the results was ± 4 % from the average. 
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(a) Through ethanol layer 

 

(b) Through water layer. 

Figure 6  Frequency spectra of parametric sound detected at z = 200 mm. 
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Figure 7 Variations of η with the axial distance z for LD = 150 mm and 70 mm. 
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4. Numerical method 

 The theoretical analysis based on the Burgers equation is an efficient 

approach to predict the enhancement ratio of parametric sound through different 

fluid layer. However, it is difficult to understand the acoustic beam characteristic 

of the secondary waves in radial direction because of the plane wave 

approximation in the theoretical analysis. In this section, numerical method for 

nonlinear sound propagation through different fluid layers, called hybrid model, 

has been newly developed to study the parametric sound generation at the sum 

and difference frequencies in the different fluid layers. 

4.1 Numerical method for nonlinear sound propagation 

 Nonlinear sound propagation in the far-field acoustics has been studied 

by numerically solving the Khokhlov-Zaboloskya-Kuznetsov (KZK) equation [39 

- 41], which is derived from the fluid dynamic equations under the assumption of 

parabolic approximation. It is well known that the approach based on the KZK 

equation is efficient enough in the far-field acoustics, whereas it is not accurate 

enough in the near sound source owing to the parabolic nature of the equation [2, 

42]. Therefore, the approach based on the KZK equation cannot be applied to 

nonlinear acoustics in the near field, where the reflection, refraction and 

interference of sound play an important role in the nonlinear sound propagation. 

Such a situation can be seen in applications, such as beam focusing by an acoustic 

phased array, and nonlinear sound propagation through different fluid layers. On 

the other hand, full-field (near- and far-field) acoustics can be studied by solving 

the fluid dynamic equations [26, 43 - 46]. This approach uses the compressible 

form of the fluid dynamic equations including the Navier-Stokes equation and 

those are solved numerically by the finite difference time domain (FDTD) method, 

although it requires a large amount of computational time even for a small target 
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area of computation. Therefore, it is difficult to simulate the full-field acoustics 

using this approach, especially in the huge target acoustic field of underwater 

acoustics. Note that solving the Westervelt equation is one of the numerical 

approaches, however large computational memory is required to solve the third 

order differential term in the equation [47]. 

4.2 Hybrid model 

 A novel numerical method for nonlinear sound propagation through 

different fluid layers, called ‘hybrid model’ is described, especially to consider the 

effect of reflection and refraction at the interface between two fluids, and the 

diffraction effect which generates the difference between the parametric sound at 

the sum and difference frequencies. It should be mentioned that the theoretical 

model based on the Burgers equation described in Section 2 neglects the 

diffraction effect during sound propagation. In the hybrid model, the velocity 

vector, and scalar values are expressed in axisymmetric cylindrical coordinates as 

shown in Figure 8, 9 and 10. This numerical model combines the fluid dynamic 

equations in the vicinity of sound source where the reflection, refraction and 

interference of sound play an important role in the propagation, and those are 

connected to the KZK equation in the far-field [48]. It should be noted that this 

numerical model focuses on predicting nonlinear sound distribution of parametric 

sound through different fluid layers in water. 

 

Figure 8 Axisymmetric simulation configuration. (hybrid model) 
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4.2.1 Fluid dynamic equations 

 Solving the fluid dynamic equations is one of the numerical approaches 

applicable to nonlinear sound propagation in full acoustic field in water. This 

approach considers the nonlinearity, dissipation, thermal conduction during the 

propagation in thermal viscous fluid by solving the continuity equation, the 

compressible form of the Navier-Stokes equation, the entropy balance equation, 

and the state equation, 
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where c: sound speed, t: time, P: pressure, S: entropy, T: temperature, κ: thermal 

conductivity, μ: shear viscosity, ηB: bulk viscosity, ρ: density, and u: velocity 

vector. The index * expresses the fluctuation from the initial condition and the 

subscript 0 indicates the reference fluid properties at T = 298 K in atmospheric 

pressure. 
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0

*                      Equation 31 

0

* SSS                     Equation 32 

 These equations are solved by the finite difference time domain (FDTD) 

based method using staggered grids as shown in Fig 11. Staggered grid used in 

FDTD based method is different from a collocated grid, where all variables are 

stored in the same positions. In the FDTD based method, the leapfrog scheme is 

used for marching in time as shown in Fig 12. The increment of time step is 

determined to satisfy the Courant–Friedrichs–Lewy (CFL) condition. It should be 

mentioned that the 4th order central difference scheme is applied to the acoustic 

terms, the QUICKEST scheme is used for the advection term, and the 4th order 

central difference scheme is used for the dissipative terms. Note that this method 

was also applied to the prediction of nonlinear sound distribution of phased array 

as shown in Appendix A. This direct numerical approach, however, requires large 

computational cost, and the computational cost increases with increasing of 

computational area. Note that the effects of nonlinearity and absorption during 

sound propagation in rubber film is neglected in the numerical calculation because 

the length of the rubber film is smaller than wavelength. Therefore, B/A, ηB, μ and 

κ are set to 0 for the material properties for the calculation of sound propagation in 

rubber film in this calculation.

 

Figure 9 Axisymmetric simulation 

configuration. (Fluid dynamic 

equations)  

 

Figure 10 Axisymmetric simulation 

configuration. (KZK equation) 
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Figure 11 Staggered grid system.  

 

Figure 12 Leapfrog scheme. 

4.2.2 Khokhlov - Zabolotskaya - Kuznetsov equation 

 For the calculation of the hybrid model for the nonlinear sound 

distribution in the far field, the KZK equation is numerically solved using the 

distribution of sound pressure obtained from the numerical simulation of the fluid 

dynamic equations. The KZK equation (Equation 33) is the parabolic equation 

that is commonly used in nonlinear sound propagation considering the 

nonlinearity, diffraction, and diffusivity of sound propagation. Note that the 

nonlinear term is underlined in Equation 33. 
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where a is the radius of sound source, k is the wave number, Rd (= ka
2
/2) is the 

Rayleigh distance, p0 is the input sound pressure, p* (= p/p0) is normalized sound 

pressure, z and r are the axial and radial distance, respectively, α is the absorption 

coefficient, β is the nonlinear coefficient, ρ is the density, σ (= z/a) and ξ (= r/a) 

are the dimensionless axial distance and radial distance, respectively, σD ( = 

ρc
3
/(Rd β p0)) is normalized shock wave formation distance, τ* ( = ω (t – z/c)) is 

normalized retarded time and ω is the angular frequency. The second and third 

term of Equation 33 represents the absorption and nonlinearity during sound 

propagation, respectively. The usage of the KZK equation for nonlinear sound 

propagation is accurate enough for most acoustic applications, while it is 

restricted to the region close to beam axis and relatively distant from a sound 

source. In addition, it is limited to the applications of one-way propagation due to 

the parabolic approximation.  

  The KZK equation is solved by the finite difference method in frequency 

domain after converting it into Fourier series equations. In the method, sound 

pressure p* is described by following Fourier series, 
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where gn and hn are the Fourier series coefficients of nth frequency components. 

To convert the KZK equation into Fourier series equations, substituting Equation 

35 into Equation 33 yielding, 
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where αn is the absorption coefficient of nth frequency components. Equations 36 

and 39 are converted form of the KZK equation in frequency domain and those 

are solved by the implicit finite-difference method [41]. The term A in Equation 

36 and the term C in Equation 39 represent the absorption and diffraction effect in 

sound propagation, respectively. The term B in Equation 36 and the term D in 

Equation 39 represent the nonlinearity of sound propagation, and those terms 

generate the secondary waves. In the method, sound pressure is periodic in time 

and the 46 different frequency components are solved in the present computation 

for parametric sound at the sum (n = 23) and difference frequency (n = 1). 

4.2.3 Boundary conditions 

 The computational domain is surrounded by absorbing boundary to 

minimize acoustic reflections from the edges of the computational domain. For 

the computational domain solved by the fluid dynamic equations, the absorbing 

boundary is consisted of the fluid dynamic equations with artificial absorbing 

terms. The governing equations at the absorbing boundary are defined as follows, 
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where K is the artificial absorption coefficient for the fluid dynamic equations 

[49]. Note that the artificial absorbing terms are underlined in Equation 42 and 43. 

The coefficient of artificial absorption can be defined as, 

 ABi LLKK /max                 Equation 44 

where Kmax is the maximum artificial absorption coefficient for the fluid dynamic 

equations, Li and LAB are the distance from the inlet of absorbing layer and the 

absorbing layer length, respectively. The sound pressure at the end of the 

computational domain in axial (Equation 45) and radial direction (Equation 46) 

are defined as follows, 
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where index i is the grid number in axial direction, index j is the grid number in 

radial direction and index k is the time increment. 

 In order to understand the effect of the absorbing boundary on sound 

propagation, the numerical simulation is carried out for the sound propagation 

emitted from circular disk of a = 10 mm in radius as shown in Figure 13. The 

sinusoidal plane wave is used as a sound source in water and the sound 

propagation in radial direction is neglected in the governing equations (= without 

diffraction effect). This corresponds to the one dimensional form of the fluid 

dynamic equations, where the frequency of sound source is set to f = 1.1 MHz and 

the pressure amplitude is set to 1 Pa in the present computation. The 
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computational domain is 80 × 80 mm in axial and radial directions, respectively, 

surrounded by absorbing boundary (Equation 42 and 43). Figure 14 shows the 

variation of sound pressure with Kmax with the length of the absorbing layer: LAB = 

50 mm. Sound absorption effect increases with increasing of Kmax, while the 

numerical oscillations are generated in the case with Kmax = 1, 10, 1000 and 10000 

due to the small absorption effect or the large difference of Kmax between 

absorbing boundary and water. Results with Kmax = 100 shows the large absorption 

without reflection from the absorbing boundary. 

Figure 15 shows the variation of sound pressure with the absorbing layer 

length: LAB with Kmax = 100. The results indicate that the sound pressure decreases 

in absorbing layer, while the results with LAB = 5, 10, 20 show the numerical 

oscillations due to the reflection from the end of the absorbing boundary. On the 

other hand, the results with LAB = 50 and 60 show no oscillation, while it increases 

the numerical cost. Therefore, the parameters of absorbing boundary are set to LAB 

= 50 mm and Kmax = 100 in the present calculation. For the comparative purpose, 

the numerical calcuation considering the sound propagation in radial direction 

(Fig 15 (b)) is carried out. It is found that the peak and dip of the sound pressure 

generated by the diffraction effect in the near field. Similarly to the result without 

diffraction effect, sound pressure attenuates as increasing of the propagation 

distance. 

 

Figure 13 Schematic description of absorbing boundary. 
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Figure 14 Variation of sound pressure with Kmax. 

  

      (a) without diffraction effect            (b) with diffraction effect 

Figure 15 Variation of sound pressure with LAB.  

Table 2 Physical properties for numerical calculation. 
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 Figure 16 shows the computational domain for parametric sound 

propagation through different fluid layers in water, which is set to 500 × 250 mm 

in axial and radial directions, respectively. For the parametric sound propagation 

through different fluid layers, the computational domain includes the different 

fluid (ethanol) domain: ΩD and two water domains: ΩW1 and ΩW2 with the input 

boundary zin for water/different fluid interface and output boundary zout for 

different fluid/water interface. For the sound pressure calculation in ΩW1, the 

sound source on z = 0 is used as an initial condition prescribed by two different 

primary frequencies as follows: 

)22(0 tfsintfsinpS 21            Equation 47 

where f1 (= fC - fD) and f2 (= fC + fD) are the two primary frequencies, fC and fD are 

the center and difference frequencies of the primary waves, respectively, and t is 

time. The initial sound source distribution in radial direction is shown in Fig 17. 

  

Figure 16 Computational condition of sound propagation through different fluid 

layers for hybrid model. 
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Figure 17 Distribution of sound source in radial direction. Note that sound 

pressure is normalized by input sound pressure. 

 As mentioned in Section 4.2.2, the KZK equation is limited to one-way 

nonlinear sound propagation although it is accurate enough for most application in 

underwater acoustic with low numerical cost. However, the difference in the 

acoustic impedance Z between two fluids causes reflection and refraction at the 

interface of two fluids, which generates an amplitude loss in forward propagating 

acoustic waves. In order to consider such phenomena at the water/different fluid 

and different fluid/water interfaces during sound propagation, the sound pressures 

in ΩW1, ΩD and the sound pressures on zout in ΩW2 are calculated using the fluid 

dynamic equations with the absorbing boundary as shown in Fig 18. Then, the 

distribution of sound pressure on zout in ΩW2 is transferred to the KZK equation as 

an initial condition to consider the reflection loss at water/ethanol and 

ethanol/water interfaces during sound propagation. It should be mentioned that the 

fluid dynamic model in the near field is solved in time domain, while the KZK 

equation in the far field is solved in frequency domain. To smoothly connect the 

sound pressure at the interface, the sound pressure distribution on zout in ΩW2 as 

the initial condition of KZK equation is prescribed by Fourier coefficients: h, g  

of sound pressure evaluated from the sound pressure on zout in ΩW2 obtained by 

solving the fluid dynamic equations. Therefore, the sound pressure distributions in 

the fluid dynamic equations are not affected by the results obtained from the KZK 
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equation in the hybrid model. Note that the computational cost in the hybrid 

model increases with increasing length of the different fluid layer due to the large 

computational cost in solving the fluid dynamic equations. 

 The computational domain in the KZK equation is also surrounded by the 

absorbing boundary to minimize acoustic reflections from the end of the 

computational domain in radial direction. The governing equation for absorbing 

boundary is defined as follows,  
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where M is the artificial absorption coefficient for the KZK equation. Note that 

the absorbing term is underlined in Equation 48. And the artificial absorption 

coefficient in KZK equation can be defined as 

  ABi LLMM /1 max                  Equation 49 

where Mmax is the maximum of the artificial absorption coefficient. In this paper, 

Mmax = 200 is used. 

 

Figure 18 Schematic description of interface calculation in hybrid model. 
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4.3 Grid resolution 

 The hybrid model is applied to the parametric sound propagation emitted 

from a sound source of 14 mm in radius in water, where the two different primary 

frequencies were set to f1 = 1.1 MHz and f2 = 1.2 MHz to generate a difference 

frequency of fD = 0.1 MHz and a sum frequency of fS = 2.3 MHz. The input sound 

pressure was p0 = 50 kPa.  

 Figure 19 shows the variation of sound pressure at z = 200 mm on beam 

axis with grid resolution using the fluid dynamic equations and the KZK equation. 

The material properties used in the numerical simulation are summarized in Table 

2. Note that the grid sizes in numerical simulation are set to Δ = 1/λR, where λR is 

the number of grid per wavelength of primary frequency. The results show that the 

numerical results in the KZK equation are saturated around λR = 20, while those 

are saturated around λR = 50 in the fluid dynamic equations. And the numerical 

results did not change with increasing of the grid number per wavelength.  

Figure 20 shows the variation of sound pressure at z = 200 mm on beam 

axis from the sound source with various interface positions with grid size of λR = 

50 in the hybrid model. The results showed that the variation of interface position 

has small influence on the numerical results in the hybrid model. From these 

results, the grid size in hybrid model is set to λ/50 and the interface is located at 

the different fluid/water interface to consider the reflection at the two different 

fluid boundaries in this paper. Note that the comparisons of the numerical results 

of hybrid model with that of the KZK equation are shown in Appendix B. 
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Figure 19 Variation of sound pressure with grid resolution. 

 

Figure 20 Variation of sound pressure with interface position. 
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5. Results and discussion 

5.1 Sound distribution 

 In order to predict sound distribution of the parametric sound at the sum 

and difference frequencies through the different fluid layers, both the numerical 

simulation and experiments were carried out for nonlinear sound propagation 

from a circular sound source prescribed by Equation 47, where the two different 

primary frequencies were set to f1 = 1.1 MHz and f2 = 1.2 MHz to generate a 

difference frequency of fD = 0.1 MHz and a sum frequency of fS = 2.3 MHz, which 

is illustrated in Fig 16. The input sound pressure was p0 = 50 kPa. The 

transmittance time of the sound source signal was 80 μs, this gave a 

quasi-continuous sound pressure field. 

 The different fluid layer was placed at a distance of z0 = 70 mm away 

from the transducer in the water tank and the sound waves were measured by 

traversing the hydrophone using a three-dimensional positioning stage as 

described in Section 3. A circular cylinder with a RC = 120 mm radius with a thin 

rubber film of thickness 0.1 mm contained ethanol to prevent any mixing of 

ethanol and water. The length of the different fluid (ethanol) layer varied as LD = 

70, 100, and 150 mm. In this experiment, a circular type transducer of 14 mm in 

radius with a flat surface was used as a sound source. The emitted sound 

propagated through the different fluid layer and was received by two different 

hydrophones in the water tank. A hydrophone with uniform sensitivity in the 

frequency interval of 1 to 3 MHz was used for the sum frequency measurements, 

and a hydrophone with uniform sensitivity in the frequency range below 0.5 MHz 

was used for the difference frequency measurement. The acoustic parameters used 

in numerical studies are listed in Table 2. Note that in the numerical simulation, 

the absorption coefficient in liquid is assumed to be proportional to the square of 
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the frequency in the fluid [50]. 

 Figure 21 shows the numerical results of the sound pressure distribution 

at the primary frequency f1 = 1.1 MHz with and without the different fluid layer as 

a contour map. The distribution of sound pressure with and without the different 

fluid layer show extensive fluctuations near the sound source due to the wave 

interferences of the primary wave. This is also referred to as ‘diffraction effect’. 

However, the sound pressure in the different fluid layer was smaller than that in 

water due to the smaller acoustic impedance of ethanol. It was also found that the 

sound pressure distribution after the different fluid layer was similar to that in 

water without the different fluid layer. The maximum sound pressure was pmax = 

91.8 kPa through the different fluid layer less than pmax = 99.3 kPa in water. This 

is due to the reflection loss through the different fluid layer. 

 Figure 22 shows the sound pressure distribution at the difference 

frequency fD = 0.1 MHz with and without the different fluid layer as a contour 

map. The sound pressure at the difference frequency, with or without the different 

fluid layer, gradually increases without any fluctuation in the near field due to the 

accumulation of nonlinear effect during sound propagation. At the same time, the 

sound pressure at the difference frequency generated in the different fluid layer 

was larger than that in water due to the large nonlinear property of ethanol. The 

maximum sound pressure at the difference frequency is pmax = 0.32 kPa at the 

different fluid/water interface with z = 170 mm away from sound source through 

different fluid layer exhibiting a sharp peak. On the other hand, in the water, the 

maximum sound pressure was found to be pmax = 0.096 kPa at z = 250 mm. 

 Figure 23 shows the sound pressure distribution at the sum frequency fS = 

2.3 MHz with and without the different fluid layer as a contour map. The results 

show that the sound pressure at the sum frequency gradually increases in the near 

field and it continues in the far field due to accumulation of nonlinear effects 
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during sound propagation generated by the combination of the smaller diffraction 

effect of sound pressure at the sum frequency than primary one. This behavior was 

also observed at the difference frequency. There are no clear peaks in the sound 

pressure, while the maximum sound pressure at the sum frequency through 

different fluid layer was found to be pmax = 27.3 kPa at z = 232 mm with the 

different fluid layer. This value is larger than pmax = 13.0 kPa at z = 300 mm in 

water. It was also found that the amplitude of the sum frequency is much larger 

than that of the difference frequency. This is because the conversion efficiency 

from the primary waves increases with increasing secondary wave frequency. 

Note the abrupt increase of the sound pressure at primary, sum and difference 

frequencies at the different fluid layer/water interface at z = 170 mm away from 

the sound source is due to the larger acoustic impedance of water than that of 

ethanol [51]. 
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a: with etahnol layer 

 

b: without ethanol layer 

Figure 21 Sound pressure distribution of primary frequency. 
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a: with etahnol layer  

  

b: without ethanol layer 

Figure 22 Sound pressure distribution for the difference frequency. 
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a: with etahnol layer  

 

b: without ethanol layer 

Figure 23 Sound pressure distribution for the sum frequency. 
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In order to understand the effect of ethanol layer on radial distribution of 

sound pressure at sum and difference frequency, the beam directivity is evaluated 

using sound pressure distribution perpendicular to the beam axis obtained at z = 

250 mm away from the sound source. Note that each sound pressure distribution 

is normalized by their maximum sound pressure. Figure 24 shows the radial sound 

pressure distribution at primary frequency f1 = 1.1 MHz perpendicular to the beam 

axis obtained at z = 250 mm away from the sound source. The results show that 

the side lobes were observed due to the interferences of the primary wave during 

sound propagation which was the same phenomena described as ‘diffraction effect’ 

in Fig 21. However, they gradually decrease with increasing radial distance. On 

the other hand, there was no significant difference between the sound pressure 

distributions through different fluid layer and that in water. 

 Figure 25 shows the radial sound pressure distribution at the difference 

frequency fD = 0.1 MHz perpendicular to the beam axis at z = 250 mm away from 

the sound source. The results show that the sound pressure increases with the 

different fluid layer length. In contrast to the primary frequency, side lobes were 

not observed with or without the different fluid layer. It is also found that the 

beam directivity decreases through ethanol layer due to the narrower distribution 

of the difference frequency at the ethanol/water interface generated by the higher 

directivity of the difference frequency in ethanol layer compared to that in water. 

 Figure 26 shows the radial sound pressure distribution at the sum 

frequency fS = 2.3 MHz perpendicular to the beam axis at z = 250 mm away from 

the sound source. The results show that the sound pressure at the sum frequency 

increases with increasing length of the different fluid layer. This was also 

observed in the radial sound pressure distribution at the difference frequency. In 

contrast to the difference frequency, side lobe observed had small amplitude 

though it was much smaller than that at the primary frequency.  
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(a) LD = 70 mm 

 

          (b) LD = 100 mm                 (c) LD = 150 mm 

  

(d) Beam directivity 

Figure 24 Acoustic beam characteristic of primary frequency with and without 

different fluid layer at z = 250 mm distant from sound source.  
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.  

(a) LD = 70 mm 

 

           (b) LD = 100 mm                 (c) LD = 150 mm  

 

(d) Beam directivity 

Figure 25 Acoustic beam characteristic of difference frequency with and without 

different fluid layer detected at z = 250 mm away from sound source. 
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(a) LD = 70 mm 

 

           (b) LD = 100 mm                   (c) LD = 150 mm 

 

(d) Beam directivity 

Figure 26 Acoustic beam characteristic of sum frequency with and without 

different fluid layer detected at z = 250 mm away from sound source. 
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 Figures 27 and 28 show the acoustic beam characteristic of sum and 

difference frequencies perpendicular to the beam axis obtained at z = 140 mm 

away from sound source in different fluid layer comparing with those in water. 

Note that each sound pressure distribution is normalized by their maximum sound 

pressure. Solid and dash lines indicate the numerical results with and without 

different fluid layer, respectively. The results show higher directivity of difference 

frequency in different fluid than that in water at the same distance from the sound 

source due to the small diffraction effect in ethanol than that in water. On the other 

hand, the acoustic beam characteristic of sum frequency does not show clear 

difference in beam directivity between the acoustic beam characteristic through 

different fluid layer and that in water, because diffraction effect largely affect for 

low frequency wave than high frequency wave. Therefore, large enhancement of 

difference frequency was affected by both nonlinear fluid property of ethanol but 

also small diffraction effect in different fluid layer, that results in larger 

enhancement of difference frequency and its peak at different fluid/water 

interfaces which was not observed in sum frequency. 

 

Figure 27 Acoustic beam characteristics of parametric sound at the sum frequency 

in different fluid layer at z = 140 mm away from sound source. 
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Figure 28 Acoustic beam characteristics of parametric sound at the difference 

frequency in different fluid layer at z = 140 mm away from sound source. 

5.2 Enhancement ratio  

 Enhancement ratio for the sum and difference frequencies through 

different fluid layers were evaluated numerically and experimentally. For 

comparative purposes, the theoretical calculation based on the Burgers equation 

was carried out. Note that the enhancement ratio in the theoretical calculation is 

not affected by the frequency of the parametric sound because both diffraction and 

absorption effects are neglected in the theoretical calculation. Therefore, the 

enhancement ratios at the sum and difference frequencies are of the same value in 

the theoretical result. 

 Figure 29 shows the enhancement ratio at the difference frequency for the 

three different fluid layer lengths. The results show that η at the difference 

frequency gradually increases in the different fluid layer due to the larger 

nonlinearity of ethanol than that of water during sound propagation. Then, η 

increases rapidly at the different fluid/water interface, due to the larger acoustic 

impedance of water compared to ethanol. Both numerical and theoretical results 

show the similar tendency of increasing η with increasing z in the different fluid 

layer and decreasing η with increasing z in the far field. The maximum 
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enhancement ratio was 3.7 at an ethanol length of 150 mm. However, there is a 

tendency for η in both the numerical simulation and the experiment to be larger 

than that from the theoretical calculation in the vicinity of the different fluid/water 

interface. This is due to the smaller diffraction effect in ethanol than in water. In 

addition, there is a tendency that experimental results have a larger value than the 

numerical results. This discrepancy may be explained by an existing accumulation 

of nonlinear effect in rubber. Such an effect is not considered in the numerical 

calculation and may account for the smaller amplitude at the difference frequency 

in second water layer. 

 Figure 30 shows the enhancement ratio at the sum frequency for the three 

different lengths of the different fluid layer. As in the case of the difference 

frequency, the results showed that η increases with increasing axial distance in the 

different fluid layer and η decreases with increasing axial distance in the far field. 

The maximum enhancement ratio was 2.7 at an ethanol length of 150 mm which 

was smaller than that of difference frequency which can be attributed to the 

diffraction effect in the different fluid layer. The increase of η at the sum 

frequency in the different fluid layer was smaller than that at the difference 

frequency in the same domain. This is due to the diffraction effect in the different 

fluid layer as it is described in Section. 5.1 above. It was also found that the large 

dip and peak of η at the sum frequency around z = 100 mm in the different fluid 

layer is due to the diffraction effect of the sum frequency in the near field. This 

behavior was not in the theoretical results because the diffraction effect is 

neglected in the theoretical model. 

 Figures 31 and 32 show the numerical results for the maximum 

enhancement ratio ηmax at the sum and difference frequencies with respect to the 

length of the different fluid layer LD for the three different layer positions z0 from 

the sound source. The two primary frequencies were set to f1 = 1.1 MHz and f2 = 

1.2 MHz. The results indicate that ηmax increases with increasing length of the 
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different fluid layer and it is largest when the different fluid layer is close to the 

sound source. This is where a large accumulation of nonlinear acoustic effects is 

caused. Further, ηmax tends to be saturated for long lengths of the different fluid 

layer. It is also found that ηmax at the difference frequency is larger than that at the 

sum frequency due to the diffraction effect which was described in Section 5.1. 

Note that numerical results for short lengths of the different fluid layer were not 

attained except for LD = 0. This is due to the difficulty in obtaining steady state 

results due to the interaction, in this range, of the forward propagating wave with 

the reverberation wave. 
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Figure 29 Enhancement ratio for difference frequency along axial distance. Marks, 

solid lines and dot lines denote the enhancement ratio using experimental results, 

numerical results and theoretical results. 

 

Figure 30 Enhancement ratio for sum frequency along axial distance. Marks, solid 

lines and dot lines denote the enhancement ratio using experimental results, 

numerical results and theoretical. 
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Figure 31 Variation of ηmax with LD. (sum frequency) 

 

Figure 32 Variation of ηmax with LD. (difference frequency) 
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5.3 Nonlinear effects 

In order to understand the nonlinear effects in water layer: ΩW2, the 

numerical calculation is carried out for the sound propagation with and without 

nonlinear term in ΩW2. The nonlinear effect is evaluated by the difference of the 

sound pressure for the parametric sound at the sum and difference frequencies for 

linear and nonlinear cases: pN - pL. pN is the sound pressure of the parametric 

sound at sum and difference frequencies and primary wave calculated using 

nonlinear term in the governing equation and pL is the sound pressure at the sum 

and difference frequency without nonlinear term in the governing equation. For 

comparative purposes, the nonlinear effect at the primary frequency is also 

evaluated. The ethanol layer is set at z0 = 70 mm and the same initial condition on 

zout considering the nonlinear effect in both ΩW1 and ΩD is used for both linear and 

nonlinear cases. Note that the other computational conditions are the same as that 

used in Section 5.1.  

Figures 33 and 34 show the variation of nonlinear effect in water layer 

along beam axis at the sum and difference frequency, respectively. The results 

indicate that the nonlinear effect of parametric sound at sum and difference 

frequency gradually increase with increasing of propagation distance, while it 

saturated around 300 mm due to the decreasing of the sound pressure at primary 

frequency in the far field which is described in Section 5.1. It is also found that 

the nonlinear effect in the parametric sound at the sum and difference frequencies 

increase with decreasing of the ethanol layer length due to the small conversion of 

primary frequency to the secondary waves in ethanol layer. On the other hand, the 

nonlinear effect in primary frequency decreases with increasing of propagation 

distance due to the energy conversion of primary frequency to the sum and 

difference frequencies.  
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Figure 33 Variation of nonlinear effect in water layer. (sum and primary 

frequency) 

 

Figure 34 Variation of nonlinear effect in water layer. (difference frequency) 
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6. Application 

 The parametric sound enhancement technique with the different fluid 

layers is applied to the noninvasive measurement of a square cylinder in water 

together with a shadow method [3, 36, 51]. First, the nonlinear shadow method 

that utilizes the parametric sound is described, then, nonlinear shadow method 

combined with the parametric sound enhancement technique with the different 

fluid layers is studied. 

6.1 Shadow method 

 Shadow method is an efficient ultrasound imaging technique for 

diagnosis of inner and outer state for target object, which utilizes acoustic shadow 

of the object backward. The shadow occurs at the area where acoustic signal 

intensity is lower than other area due to the high acoustic impedance differences at 

the medium interface of the target. It has higher signal intensity than acoustic 

images obtained by pulse echo method because of low attenuation during sound 

propagation in medium material. It is also known that the shadow method can be 

applied to rough surface that causes the acoustic scattering where the target 

detection using pulse echo method is difficult to apply for the limitation of critical 

angle of reflection to the target [52 - 55]. For these better acoustic characteristics, 

it has been applied to a detection of flaw defects and a characterization of 

materials [56 - 58]. However reverberation artifact repeatedly occurred in the 

measurement due to the acoustic impedance difference between the target and 

water, especially when transducer and hydrophone receiver are located vertical to 

the surface of the target and it causes virtual image of the target material [59]. In 

order to reduce the reverberation artifact in acoustic shadow imaging, the sound 

pressure of the transmitter can be reduced or the transducer can be inclined to the 

target surface, while the signal amplitude of imaging is reduced and causes lower 
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SNR (signal to noise ratio) in acoustic shadow imaging. Therefore, the reducing 

reverberation artifact is an important topic in the application to underwater 

measurement and material characterization in comparison with the medical 

application due to higher environmental and machinery noise. Furthermore, it is 

difficult to estimate the incident angle of the beam to the target in the underwater 

measurement. 

Parametric sound generation is a promising method to reduce 

reverberation artifact of acoustic shadow imaging in water. When two different 

frequency of sound waves (primary waves) are transmitted in the same direction, 

the secondary wave such as sum and difference frequencies are generated by 

nonlinear interaction of finite amplitude waves for its acoustic characteristic such 

as high directivity with low side lobe beam, which has been described in Section 1 

and 5. 

 The experiments were carried out for acoustic shadow imaging of square 

cylinder made of aluminum, which is summarized in Fig 35 (a), (b). The water 

tank was 600 mm long and 500 mm wide with 500 mm deep, and the water 

temperature was maintained at 298 K by temperature control unit. Both the 

transducer and hydrophone used in the experiment were circular type with flat 

surface. The size of the transducer was 12 mm in diameter and that of the 

hydrophone was 6 mm in diameter. It should be mentioned that hydrophone 

potentially has space averaging error in measurement, and such error may be 

reduced by smaller size of the hydrophone. However smaller size hydrophone also 

reduces the sensitivity and has difficulty in measuring the secondary waves which 

has lower signal level than that of the primary waves. The center point of the 

square cylinder was located at the axial position z = 85 mm from the transducer in 

water and the hydrophone was located at z = 200 mm from the transducer on 

beam axis. 
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 The transducer and hydrophone were traversed in the same direction 

across the square cylinder and the hydrophone was set (a) vertical to the square 

cylinder and (b) 45 degree to square cylinder, which allows the detection of the 

acoustic signal from the transducer influenced by the presence of the square 

cylinder and reconstructs two-dimensional acoustic image as shown in Fig 36 (a), 

(b). The sampling of the acoustic signal was carried out by traversing the 

transducer and hydrophone for every 1 mm across the target by three-dimensional 

positioning stage. Then, the two-dimensional shadow images were reconstructed 

after detecting the envelope of each wave by Hilbert transformation [60 - 62].  

The transducer was excited by two different frequencies of primary 

waves and the driving signal s is written by the following equation, 

    trttftfss  02sin2sin 210     Equation 50 

where s0 is the signal amplitude of primary waves and t is a time. The two 

frequency of primary waves were set f1 = 2 MHz and f2 = 2.4 MHz with 

transmittance time of tr = 2.5 μs. The signal was observed by the digital storage 

oscilloscope, where the spurious reflections were eliminated using the time gate, 

and the received signal was averaged over 64 times at each position to minimize 

the white noise in this measurement. The sound pressure was measured using the 

receiver hydrophone which had flat frequency response over the frequency range 

from 2 MHz to 8 MHz. Note that the initial time of signals recorded by 

hydrophone is set as a time when acoustic wave is transmitted from transducer. 
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(a) Top view of experimental setup 

 

(b) Side view of square cylinder 

Figure 35 Noninvasive detection of square cylinder in water. (unit in mm) 

 

        (a) Vertical to square cylinder       (b) 45 degree to square cylinder 

Figure 36 Arrangement of square cylinder and hydrophone. (unit in mm) 
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6.2 Nonlinear sound propagation through square cylinder 

 Figures 37 (a), (b) show the frequency spectrum of the sound signal 

detected by the hydrophone located at z = 200 mm with and without square 

cylinder, respectively. The center of the square cylinder is on the beam axis and 

the hydrophone is set behind the square cylinder, which is the vertical case in Fig 

36 (a). The same input voltage was applied to the transducer in both cases and the 

frequency spectrum of the sound wave was evaluated using discrete Fourier 

transform, and the frequency spectrum is normalized by each maximum amplitude 

of the signal. Note that the signal level of the primary waves are reduced to 1/5  

by the influence of the square cylinder (36.7 mV without square cylinder → 7.01 

mV with square cylinder), while that of the secondary wave is reduced more 

strongly (8.88 mV without square cylinder → 0.81 mV with square cylinder). The 

results of the normalized pressure amplitude show the generation of secondary 

wave at the sum frequency (centered at f = 4.4 MHz) due to the nonlinear 

interaction of finite amplitude sound propagation. Furthermore, the pressure 

amplitude at higher harmonics (centered at f = 6.8 MHz) shows a similar trend as 

the secondary wave with and without square cylinder. These results indicate that 

acoustic shadow imaging using secondary wave can be applied to eliminate the 

small amplitude phenomena in imaging, such as the reverberation artifact in 

shadow method, when the secondary wave is properly amplified. 
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(a) With square cylinder 

 

(b) Without square cylinder 

Figure 37 Frequency spectrum of parametric sound detected at z = 200 mm. 
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6.3 Nonlinear shadow method 

 The noninvasive detection of the square cylinder using nonlinear shadow 

method that utilizes the generation of secondary wave in water is studied. For the 

comparative purposes, linear shadow imaging was carried out by removing 

secondary wave by low-path filter with the cut-off frequency 3.3 MHz. Note that 

the linear shadow imaging corresponds to the conventional shadow method that 

utilizes primary waves. These images were normalized by each maximum 

amplitude that corresponds to the direct wave. 

Figure 38 (a) and (b) show the linear shadow images of two different 

arrangements of hydrophone to square cylinder, respectively. These are the cases 

of beam axis vertical to square cylinder (Fig 38 (a)) and 45 degree to square 

cylinder (Fig 38 (b)). There are three kinds of signal distributions, which are 

numbered in 1, 2 and 3 in Fig 38 (a). These are the penetration wave through 

square cylinder, reverberation waves inside the square cylinder and the direct 

waves, respectively, while Fig 38 (b) shows no reverberation artifact in shadow 

image due to large incident angle of the beam to the square cylinder.  

Figure 39 (a) and (b) show the nonlinear shadow images of two different 

arrangements of square cylinder and hydrophone, respectively. These are vertical 

to square cylinder (Fig 39 (a)) and 45 degree to square cylinder (Fig 39 (b)). There 

is a tendency of nonlinear shadow image to have sharper outline compared to 

linear shadow image due to the shorter wave length of the secondary wave than 

that of the primary waves, which are commonly observed in these results. The 

signal level of penetration wave and reverberation wave are greatly suppressed in 

the image using nonlinear shadow method in Fig 39 (a) compared to that of linear 

shadow method shown in Fig 39 (a). This is true for the case of 45 degree to 

square cylinder in Fig 39 (b). 
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In order to verify the size measurement accuracy of nonlinear shadow 

method, the error of measurement is introduced as follows, 

                 0LLs                     Equation 51 

where Ls and L0 are the side lengths measured by shadow method and actual size, 

respectively. Note that the shadow is defined by 10% amplitude of the direct 

wave.  

 Figures 40 (a) and (b) illustrate the signal amplitude distributions along 

traversed direction of two different arrangements of hydrophone to square 

cylinder, respectively. These are the cases of vertical to square cylinder (Fig 40 

(a)) and 45 degree to square cylinder (Fig 40 (b)). The error of measurement ε is 

4.1 mm in nonlinear shadow method and it is 9.0 mm in linear shadow method of 

Fig 40 (a), while the ε is 4.0 mm in nonlinear case and it is 9.3 mm in linear case 

in Fig 40 (b). These results indicate that the image using nonlinear shadow 

method shows sharper distribution, and the error is almost half in the nonlinear 

shadow method compared to that of the linear shadow method. This is due to the 

smaller refraction effect and higher directivity of secondary wave propagation 

than that of the primary waves. It should be mentioned that the nonlinear shadow 

method offer better measurement accuracy by eliminating the reverberation 

artifacts in imaging. 
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       (a) Vertical to square cylinder    (b) 45 degree to square cylinder 

Figure 38 Linear shadow image of square cylinder. (1: penetration wave, 2: 

reverberation wave, 3: direct wave) 

 

      (a) Vertical to square cylinder     (b) 45 degree to square cylinder 

Figure 39 Nonlinear shadow image of square cylinder. 
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  (a) Vertical to square cylinder        (b) 45 degree to square cylinder 

Figure 40 Signal amplitude along traversed direction. 

6.4 Nonlinear shadow method with different fluid layers 

 To verify the effect of parametric sound enhancement technique with 

different fluid layers in noninvasive measurement, the experiments were carried 

out. A schematic of the experimental setup is shown in Figs 41 and 42, 

corresponding to the top view of the setup and side view of the square cylinder, 

respectively. The transducer and receiver are the same as that used in Section 6.1. 

A square cylinder made of aluminum was used for the measurement test. It was 

located at z = 200 mm in water behind the ethanol layer, and the hydrophone was 

at z = 300 mm. A sampling of the acoustic signals was carried out by traversing 

the cylinder manually at every 2 mm normal to the beam axis. Then, the B-mode 

images of the signal amplitude distribution were generated using the shadow 

method. Note that the primary waves were removed by a high-pass filter with a 

cut-off frequency of 3.5 MHz, and the envelope of the secondary wave signals 

was evaluated using the Hilbert transformation. 

 Figures 43 (a) and (b) show the B-mode images of nonlinear sound 

through the ethanol layer in water and that through the water layer in water, 

respectively. The primary frequencies were set to f1 = 2.0 MHz and f2 = 2.4 MHz, 

and the time duration of the transmission was set to 1.28 μs. Note that the B-mode 
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image is shown after logarithmic data compression of large amplitude differences 

between the direct waves and the penetration waves through the cylinder. Three 

types of signal amplitude distributions were observed in the results both with and 

without the ethanol layer. The three types of waves were penetration waves 

through the cylinder, reverberation waves inside the cylinder and direct waves. 

These distributions are more clearly observed in the result with the ethanol layer 

than in the water layer. The results indicate that the secondary waves from the 

parametric array are magnified by the ethanol layer. 

 

Figure 41 Schematic for noninvasive measurement of a square cylinder with 

different fluids. 
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Figure 42 Side view of the square cylinder. 

 

Figure 43 B-mode images after logarithmic data compression. (a) Ethanol layer 

and (b) Water. (1: penetration wave, 2: reverberation wave and 3: direct wave) 
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 To obtain the side length of the cylinder, the length is measured by 

following equation: 

tcL AlAl                   Equation 52 

where cAl = 6320 m/s is the sound speed in aluminum. Figure 44 shows the signal 

amplitude distributions along the centerline of the cylinder with and without the 

ethanol layer. The highest peak corresponds to the penetration waves through the 

cylinder, and the second and third peaks correspond to the reverberation waves 

inside the cylinder. It is clearly seen that the signal amplitudes are highly 

magnified in the ethanol layer compared with those in the water layer. The result 

indicates that the amplitude of the penetration wave is 3.7 times larger than that of 

the penetration wave with water, while the signal amplitude distributions are 

spreading in a similar manner in the lower range because of the influence of noise. 

It should be noted that the half width of the first peak is 0.7 mm, and that of the 

second peak is 0.8 mm with the ethanol layer. On the other hand, the half width of 

the first peak is 1.8 mm, and that of the second peak is 2.3 mm with the water 

layer. Then, the side length of the cylinder structure can be measured using the 

half distances of these peaks and the sound speed in aluminum and water. The 

measurement result with the ethanol layer is 29.8 ± 1.5 mm, while that in water is 

29.8 ± 4.1 mm. These results indicate that the ethanol layer magnifies the 

amplitude of the secondary wave from the parametric array, resulting in an 

improvement in the size measurement accuracy of the target cylinder. Thus, the 

concept of the different fluid layer is useful in the noninvasive measurement of 

underwater structures. 
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Figure 44 Variation of the signal amplitude along the centerline distance. Note that 

the position of the first peak is set to 0 mm. 
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7. Conclusion 

 The mechanism of nonlinear parametric sound enhancement through 

different fluid layers was derived theoretically, and the acoustic beam 

characteristic of the parametric sound at the sum and difference frequencies were 

numerically and experimentally studied. In addition, the concept of different fluid 

layer was applied to noninvasive measurement of structures in water. 

 First, a theoretical analysis based on the Burgers equation showed that 

among the five types of fluids studied, the ethanol layer in water had the highest 

enhancement of the secondary wave amplitudes. This was due to the nonlinear 

fluid properties of ethanol and the fluid/water interface. Second, to confirm the 

theoretical analysis, experiments were carried out by measuring the sound 

amplitude behind the ethanol layer in water. The experimental results showed an 

amplitude increase in the parametric sound at the sum frequency and second 

harmonics in the ethanol layer, thus supporting the theoretical results. 

 To predict the sound distribution and the enhancement ratio at the sum 

and difference frequency through the different fluid layers, a numerical simulation 

was conducted by solving the hybrid model that combines the fluid dynamic 

equations in the vicinity of sound source and the KZK equation in the far field, 

and the results were confirmed by hydrophone measurements. The numerical 

simulation and the experiments were performed using an ethanol layer in water 

under the irradiation of two distinct primary frequencies from a circular sound 

source. The results were compared with those in water to evaluate the 

enhancement ratios at the sum and difference frequencies. The results showed that 

the sound pressure at the sum and difference frequencies increases with increasing 

length of the different fluid layer. It was also found that the maximum 

enhancement ratio in the axial direction was 3.7 at a length of 150 mm at the 

difference frequency, which is larger than that of 2.7 at the sum frequency. The 
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larger enhancement ratio at the difference frequency can be attributed to the 

diffraction effect in the different fluid layer. Furthermore, the enhancement was 

the largest when the different fluid layer was positioned close to the sound source, 

which may be due to the large nonlinear accumulation effect in the near field 

occurs. 

    Finally, the concept of nonlinear sound enhancement through different fluid 

layers was applied to the noninvasive measurement of a target square cylinder in 

water. Nonlinear shadow method was combined with parametric sound 

enhancement with different fluid layers for the noninvasive detection of aluminum 

structure in water. The noninvasive measurement result with different fluid layer 

showed higher signal amplitudes in imaging and a higher accuracy of the size 

measurement of the target structure than conventional nonlinear shadow imaging. 

These results demonstrated that the concept of the different fluid layer provided a 

high efficiency and a high accuracy in target structure measurements in water 

using a parametric array, and might lead to a wider application of nonlinear 

acoustic imaging for high resolution underwater acoustic imaging. 
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Appendix A. 

A - 1. Acoustic phased array 

 Acoustic phased array is a noninvasive measurement device featured by the 

beam focusing, high signal-to-noise ratio and high azimuth resolution of acoustic 

sound beam. The acoustic phased array has been applied to the nondestructive 

testing of solid materials [63, 64], medical inspection [65], under-water acoustic 

measurement [2], and nondestructive inspection for underwater structure using 

variable focusing control with phase shifts [66]. In the design of acoustic phased 

array, it is necessary to predict the sound pressure field emitted from the acoustic 

phased array for various phase shifts. 

      The sound propagation from the acoustic phased array in water has been 

studied in literature by solving the linear acoustic-wave equation with the finite 

difference time domain (FDTD) method [67, 68] by neglecting the nonlinear terms 

in the governing equation. To consider the nonlinear effect of the fluid properties, 

The KZK equation has been solved in the under-water acoustics, but it is not 

applicable to the near region of the sound source and off-axis region because the 

KZK equation is derived under the assumption of parabolic approximation, while 

near-field sound propagation is important in the beam focusing characteristics of the 

phased array. One of the numerical approaches applicable to the nonlinear sound 

propagation on the near and far field of the phased array is the method based on the 

fluid dynamic equation [43 - 46], while this approach has not been applied to the 

study of phased array in water. In this section, the nonlinear effect on sound 

propagation of acoustic phased array with some phase shifts was numerically 

studied based on the fluid dynamic equation without neglecting the nonlinear terms, 

and the results are compared with that of the linear acoustic-wave equation. 



Appendix A                                                          

71 

 

 

Figure 45 Schematic image of acoustic phased array. 

A - 2. Numerical method 

 The governing equations are based on the fluid dynamic equations for 

viscous fluid of water as described in Section 4.2.1. They consist of mass and 

momentum conservation equations, entropy balance equation, state equation, in 

cylindrical coordinate system (r, z) under the axisymmetric assumption. These 

equations are solved by finite difference time domain (FDTD) based method as 

described in Section 4.2.1. 

A - 3. Results and discussions 

 The numerical calculation is carried out for the sound propagation on an 

acoustic phased array with the radius of circular disk DA = 2 cm for channel A 

(inner disk) and DB = 4 cm for channel B (outer ring), which is illustrated in Fig 45. 

The computational domain is 180 × 180 mm in axial and radial directions, 

respectively, surrounded by Mur’s absorbing boundary condition to avoid the 

reflection of the sound at the boundaries [69]. The physical properties of water used 

in this study are summarized in Table 2. The computational cell size is set to Δ= 

λ/40 (λ: wavelength of sound) and the time increment is determined to satisfy 
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Courant-Friedrichs-Lewy (CFL) condition. It should be mentioned that the 

numerical dispersion in the FDTD based method can be considered relatively small 

in the range of the sound pressure amplitude. 

 In the numerical calculation, the acoustic pressure on the phased array is 

assumed uniform on the circular disk and it varies in sinusoidal form with time, as 

follows, 

    pftπpp  2sin0             Equation 53 

where αp is the phase shift between the transducers A and B. The frequency of the 

sound pressure emitted from the phased array is set to f = 1 MHz in the present 

computation. 

 Figures 46 and 47 show the numerical results of sound pressure 

distributions along the beam axis emitted from the phased array of out-of-phase and 

in-phase emission, respectively, where the frequency is set to f = 1 MHz and the 

pressure amplitude is p0 = 0.2 MPa. Note that the out-of-phase emission 

corresponds to the normal phased array and the in-phase emission is the normal 

acoustic array. Each figure consists of contour map of the sound pressure level (a) 

and the pressure signal variation along the beam axis (b). The pressure amplitude of 

the out-of phase emission in Fig 46 is larger than that of the in-phase emission in 

Fig 47, which suggests the beam focusing characteristics in the out-of-phase 

emission. The pressure amplitude of the out-of phase emission shows the maximum 

amplitude at the distance 0.07 m from the sound source and it corresponds to the 

peak pressure amplitude of the phased array, which is slightly outside the applicable 

range of the KZK equation. However, pressure amplitude distribution in the 

in-phase emission does not show clear peak. For comparative purposes, the linear 

numerical calculations are carried out by neglecting the nonlinear terms and the 

results are shown by the contour lines of the pressure amplitude in Figs 46 and 47. 
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It is seen that the contour line of the linear result is deviated from the nonlinear 

result, and the deviation shows the nonlinear effect of the finite amplitude of the 

sound pressure due to the primary wave distortion, that generates higher harmonics 

in sound propagation. The nonlinear results shift to the higher pressure region 

independent of the phase shift, while the peak-to-peak amplitude remains the same 

as the linear results. Although there are several peaks in the pressure amplitude 

distribution, the largest deviation appears at the peak pressure amplitude of the 

phased array at the distance of 0.07 m. 

 In order to understand the nonlinear effect on the pressure amplitude, a 

normalized pressure difference of maximum pressure at the peak pressure amplitude 

is introduced as follows, 

  
0

maxmax

p

pp
p LN

d


                  Equation 54 

where the index N and L denote the maximum pressure with and without nonlinear 

effect, respectively.  

 Figure 48 shows the variations of the normalized pressure difference at the 

peak pressure amplitude with respect to the source pressure amplitude for some 

phase shifts αp at f = 1 MHz . The result indicates that the nonlinear effect appears 

in all phase shifts, while it is largest in the out-of-phase emission. Note that the 

result of phase shift π/2 is located between the results of out-of-phase and in-phase 

emissions. It is also found that the nonlinear effect starts around p0 = 0.01 MPa and 

it grows abruptly with an increase in the source pressure amplitude. The nonlinear 

effect reaches 0.2 at p0 = 0.2 MPa for the out-of phase emission, which is almost 3 

times larger than the in-phase emission. 
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 (a)                               (b) 

Figure 46 Sound propagation of acoustic phased array. (out-of-phase emission) (a) 

contour map of pressure level; (b) pressure amplitude along beam axis. 

 

   (a)                                (b) 

Figure 47 Sound propagation of acoustic phased array. (in-phase emission) (a) 

contour map of pressure level; (b) pressure amplitude along beam axis. 
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Figure 48 Variation of nonlinear effect with source pressure amplitude. 

A - 4. Conclusion 

 The nonlinear sound propagation of acoustic phased array is numerically 

studied based on the fluid dynamic equations. The results with and without 

nonlinear terms are examined for some phase shifts to understand the influence of 

finite amplitude of sound pressure from the source. The present result shows that 

the pressure amplitude grows at the peak pressure amplitude in the out-of phase 

emission, while it is small in the in-phase emission. It is found that the nonlinear 

effect appears at the source pressure amplitude larger than 0.01 MPa in out-of-phase 

emission, and the growth rate increases abruptly with an increase in the source 

pressure amplitude. 
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Appendix B. 

B - 1 Hybrid model and KZK equation 

 The hybrid model is applied to the full acoustic field of sound 

propagation in water emitted from a sound source, as shown in Fig 49. The 

numerical results of hybrid model are compared with that of the KZK equation. 

The computational area is 0.3 m in radial distance and 1 m in axial distance, and 

the radius of sound source is a = 0.01 m. The fluid properties of water used in the 

computation are as follows: sound velocity c = 1496 m/s, density ρ = 0.997×10
3
 

kg/m
3
, shear viscosity μ = 0.89×10

-3
 Pa s, bulk viscosity ηB = 2.4×10

-3
 Pa s, 

thermal conductivity κ = 0.61 W/(m K), nonlinear coefficient β = 3.5, and 

diffusivity of sound γ = 3.6×10
-6

 m
2
/s. The sound pressure fluctuation at the sound 

source is given by the sinusoidal frequency of 1 MHz and amplitude of 0.1 MPa. 

The absorbing boundary is used to minimize the reflection from the boundary. It 

should be mentioned that the interface of the hybrid model is located at z = 0.052 

m ( = 35λ, λ: wavelength) from the sound source, where the parabolic 

approximation is acceptable. However, the selection of the interface boundary in 

the far field, z>0.052 m, does not change the sound pressure distribution. 

 

Figure 49 Schematic description of computational area. 
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B - 2. Results and discussion 

 Figure 50 shows the computational results of the fundamental harmonic 

(primary wave) and second harmonics of the nonlinear sound propagation in the 

axial direction on beam axis, which are obtained from the numerical simulation by 

the hybrid model and that by the KZK equation. The numerical result indicates 

that the sound pressure level of the hybrid model and that of the KZK equation 

agrees closely in the far field, while the computations in the near field deviate 

from each other owing to the parabolic approximation of the KZK equation. Note 

that the sound pressure level of the hybrid model is smoothly connected at the 

interface, which suggests smooth data transfer of the sound pressure at the 

interface of the hybrid model. 

 The close-up view of the near field is shown in Fig 51. It is clear that the 

numerical results of KZK equation shows a minor variation in sound pressure, 

whereas the hybrid model shows a clear variation in sound pressure near the 

sound source. Such variations were similarly observed in the near field of the 

sound source by Nomura et al. [43], who simulated the nonlinear sound pressure 

propagation using a fluid dynamic equations and compared their findings with 

numerical result of the KZK equation. The present computation was carried out 

using the grids (fluid dynamic equations: 3743×16040, KZK equation: 

14974×1604) in the axial and radial directions, respectively, on a PC with Intel(R) 

Core(TM) i7-4770 CPU 3.40 GHz with OpenMP. In this case, the computational 

time is 14 hours with the hybrid model, while the computational time is expected 

to be more than 2400 hours with the fluid dynamic equations. These results 

indicate that the hybrid model shows a higher accuracy than the KZK equation in 

the near field and has a much lower computational cost than the fluid dynamic 

equations. Therefore, the hybrid model is an efficient tool for the study of 

nonlinear sound propagation in underwater acoustics. 
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Figure 50 Sound pressure distribution in full acoustic field. (0 - 1 m) 

 

Figure 51 Sound pressure distribution near sound source. (0 - 0.08 m) 
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