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at d = 3. On the other hand , as has been explained in Sec.l.6, the flat phase of the rigid
membrane is stable with respect to weak randomnesses at T > 0. Based on these results ,
we propose the possibility t hat there exists a phase transition between the crumpled phase
and the flat phase in the self-avoiding randomly polymerized membrane as we change its

Abstract

bending rigidity or the strength of random stress.
In order to study the above possibili ty, especially the possible crumpled phases, we
perform numerical st udies in Chap.3. In Sec.3.2, we describe models and numerical procedures. We study two types of self-avoiding tethered membrane with random stress.

In this thesis we discuss the statistical prop erties of polymerized membranes. In partic-

The "effect ive" bending rigidity of the membrane a re controlled by changing their refer-

ular we concentrate on the phase transitions of polymerized membranes, wrinkling transi-

ence bond length b between monomers. The results are summ arized as follows: {1) The

tion of randomly polymerized membra ne and flat- compact phase transition of polymerized
membrane in poor solvent.

disorders only cause local bucklings. {2) The membrane with "weak" self-avoidance shows

In chapter 1, we review several fundamental results about polymerized membranes.

membrane with "strong" sel f-avoidance is asymptotically flat and the quenched in-plane
large shrink even if the strength of disorder is weak. The membrane with strong disorder is
~

~

After presenting th e definition of the polymerized membrane and explaining notations in

crumpled with the exponent

11

= 0.84

Sec.l.2, we review its phase transition , known as crumpling transition, from a crumpled

with the theoretical value

=

6/7. The membrane with weak disorder is fl at with small

phase to a flat phase as we increase its bending rigidity in Sec.l.3. In Sec.l.4 , we discuss

roughness exponent

the effect of self-avoiding interaction. The membrane with self-avoid ing interaction is flat

particular its rele\"ance to the wrinkling transition of partially polymerized membranes.

II.L

11

0.90(Rc

L"). The result is in good accordance

= 0.3 ± 0.1. In Sec.3.4, we discuss implications of the results, in

when embedd ed in 3-dimensional space. We explain the mechanism that the "entropic"

In Chap.4 we discuss phase transitions of polymerized membra ne with attract ive in-

bending rigidity induced by self-a'"oid ing interact ion causes the crumpling transition like

teractions. We summarize previous numerical results in Sec.4. 1. Depending on the local

crossover.

fl ex ibility of the membran e, it shows t,,·o-types of phase transitions . When the membrane

We also present a t heoretical approach that explain the mechanism and a

related phenom enon. In Sec.l.5 , we discuss the polymerized mem branes with lon g-ra nge

is less flexible , it shows a first-ord er transition frrom th e flat phase to the co mpact phase

repulsi,·e interact ions {r- 7 ). We briefly exp lain the met hod of the large-d lim it, which will

as the temperature decreases. If t he membrane has open boundary it shows a sequential

be used in later chapters. Sec.l.6 is devoted to the discussions on the effects of quenched

folding transition. When the membran e is very flexibl e, it seems to show a ccontinuous

in-plane di sorders. \\"e explain the condit ion of the bu ckling transition and t he stability
of the flat phase with respect to wea k random stress.

phase t ransition from the fl at phase to the compact ph ase passing through a intermedi-

The followin g chapters a re the main part of the thesis. Chap. 2 and Chap. 3 are devoted

ate crumpled phase. In Sec.4.2, we review the La ndau model for the phase t ransitions.
Sec.~.3

is de,·oted to a theory for D-dimensional polymerized membrane with attract ive

to theo ret ical and numerical st udies of self-avoidi ng randomly polymerized membranes.

long-range interactions (r- 7 ). Using the large-d limi t a nalysis, we soh·e the model and

In Sec.2.2 we st udy t he D-dimensional randomly polym erized membrane with long-range

discuss poss ibl e phases and phase transitions in the (r. D) plan e. \\"h en the interaction

repulsi,·e interactions {r- 7 ) using t he large-d limit analysis. T he phase diagram in the

is short- ranged, the membrane shows a co ntinuous phase transition from the fl at phase

(r . D) plane is obta in ed. Du e to t he random stress, t he flat phase becomes unstable a nd

to the compact phase passing through a critical crumpled phase.

t he crumpled glass phase takes 0\·er. The crumpl ed phases are not affected in the large-d

we propose a theoretical interpretations about the abo,·e fl ex ibl e case. In particular we

Based on the resu lt,

limi t . In order to disc uss the effect of quenched randomnesses on the crumpled phases,

emphasize on the ,·iewpoint of the cancel lation between th e '·entropic" bending rigidity

we St udy the ge neralized Edwards model with disorders in Sec.2.3. Using the repli ca field

and the negati\"e bending ri gidity from attract i\"e interact ions which causes t he crump ling

theory "·.e est im ate t he exponent for the radius of gyration. We show that e\·en a shor t-

transitio.n of the membrane. In orde r to describe the sequent ial folding transition of the

range disorder is reb·am a t d < 8 and crumpled phase exists at 2 < d < 4. This mea ns

membrane with attracti,·e interaction. ,,.e study the effect of attracti,·e (..; < O)and repul-

that the self- a,·oidi ng polymerized membrane with short-range disorder can be crumpled

si,·e (-· > O) interactions on the square lattice model. \rhich is introduced by Da,·id and

iii

v

Guitter in Sec.4.4 . \-Ve obtain the phase diagrams in the (u,w) plane and showJl that this
model describes the sequential folding transition of the polymerized membrane.
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CHAPTER 1. POLYMERlZED J'viEJ'viBRANES

2

1.2

Generalities and Definitions

Here we define the polymerized membrane with a lattice model of a flexible D-dimensional
sheet of interconnected particles embedded in the d-dimensional space [1, 7, 8]. The configuration of a polymerized membrane is given, once the location of each monomers in

Chapter 1

the d-dimensional space is known. The fixed connectivity of the polymerized membrane
allows us to label the constituent particles with a D-dimensional vector

Polymerized Membranes

a= (o-

0 ),

a,

(a= 1,2,· · · ,D).

(1.2.1)

We specify the embedding of these particles inside the d-dimensional space with a continuous d-dimensional vector fields X(o-),

1.1

Genesis

X=

(Xi) (i = 1,2,· .. ,d).

(1.2.2)

Because here we are only interested in the large distance physics, with the usual coarse
Statistical properties of membranes and surfaces has been stud ied extensively during

graining, we pass to a continuum field theoretic model. We assume that the configuration

these twenty years [1]. :Vlembranes can be regarded as a two-dimensional generalization

X 0 (o-) of minimal energy is flat. We can select coordinates o-0 such that the configuration

of lin ear polymer chains, which ha,·e a long history of extensive researches. However,

(1.2.3)

membranes a re very different from linear polymers. One of the most important difference
is that const ituent molecules of membranes can be in several different phases and the

minimize the free energy. The induced metric 9ofJ is defined by

difference in the internal properties causes very different physical properties. For example,

(1.2.4)

the molecules in fluid membranes can be in liquid or hexatic phase [2, 3, 4, 5]. The
Au1d membrane with hexatic order has long-range correlat ion between normals of the
membrane [5]. On the other hand , the fluid membrane with no internal order is crumpled

and the corresponding ground state metric is

with no such correlation [6] ..-\noth er example of membranes is polymerized (or tethered)

(12.5)

membrane, where connect ions between monomers are fixed and its local order is crvstalline
[6]. Such membrane has a nonzero shear modulus and s hows different behavior

fr~m

their

The cun·ature tensor

R;1

is defined by

liquid cou nterparts. One of the differences is that the membrane with bending rigidity

(1.2.6)

shows a flat phase at sufficiently low temperature [6]. The flat phase is stabilized bv
the presence of long-range force which is induced by the coupling of undulation mod;s
with the elast ic phonon modes Tl
t. · 11 ·
J·
•
· 1eore 1ca } , at 11gh tempe rature 1t was considered that
a crumpled phase docs exists [1, 8]. Ho,ve,·er, a crumpled phase does only appear in
computer simu lation of a .. phantom·• membrane or -1 t the ·'0 po· t fA t
1
. .
'
111 o a -compact p 1asc
tranSitiOn of an attractiw polymerized membrane [9]. i'iow it is widely believed that self-

where D; denotes the coquiant deri,·ative.

a,·olchng_ tetherrd membranes are always flat due to large entropically induced bending

continut\m field theoretical model respects all the original symmetries of the underlying

n gJrhty [10. 11]. In thi chapter. we briefly re,·iew some theoretical results of polymerized
membranes.

1.3

Phantom Polymerized Membranes

Here \\·e introduce a model for polymerized membranes

[~ .

13]. \\"c require that the

lattice model and construct an cfl.eCLi\·e free energy that is im·ariant under translation
and rotation in the embedding d-dimensional space and is O(D) im·ariant.

From the

1.3. PHANTOAJ POLY.\-/ERIZED MEMBRANES

3

translational in variance, the effective Hamiltonian 1!..11 of an arbitrary configuration

X(u)

j d 0 u[~~~:(oa X)
2

2

+ ~t(oaX) 2 + u(oaX · opX) 2 + v(oaX · o X) 2 •
0

The terms neglected here are of higher order in

X or involve higher derivatives,

and may

attention to phantom membrane or the flat phase of self-avoiding ones [7, 8].

£;,

where It and >. are Lame coefficients, related to the previous couplings by It = 4u( 4 and
The quantity u 0 p is the strain tensor, defined by

(1.3.1)

be shown to be irrelevant. We also exclude distant-neighbor interactions, restricting our
Upon identifying the tangent vectors

CHAPTER 1. POLYMERIZED J'v!EMBRANES

), = 8v(4

can be expressed as a Taylor series in BoX and its derivatives,

1i.11 (X) =

4

=o X as the order parameters of this field
0

theory, an analogy with the usual ¢ 4 theories of critical phenomena becomes apparent

Ua[J =

1
( (9o{J- 9oap) .
2 2

(1.3.8)

The strain tensor measures the local deformation of the membrane relative to the metric
in the ground state. For the pure system this reference metric 9oa{J is always taken to be
flat. However, as we will discuss later, the disorder will modify the reference metric.
Hereafter , we discuss the thermal fluctuations in the flat polymerized membrane [4, 13].
We concentrate on the case of experimental interest (D, d)

= (2, 3) .

Upon setting

[14]. Within mean-field theory the high-temperature crump led phase is characterized by
a positive t and the low-temperature flat phase is characterized by a negative t. It can be
shown that the order parameter ( behaves as

1~t
(--).

(=-

(1.3.2)

u+Dv

2

X(u) = ( {[ua + U 0 (u)]€,

+ f(u)€3},

(1.3.9)

with Q = 1, 2 and €3 = el X~. the Hamiltonian (1.3.7), to leading order in t he gradients
of the u0 (u) and f(u), reduces to

The nonlinear quartic term are now essential to stabilize the membrane.

(1.3.10)

\Nhen T > Tc or t > 0, the membrane is crumpled . A usual measure of the size of the
membrane in this high temperature phase is the correlation function

with
(1.3.11)

(1.3.3)
where the brackets represent a thermal average and we consider two-dimensional membrane case. At high temperature, the term proportional to
only sma ll corrections to t he basic result,
-

11:,

u and v in eq.( l.3.1) produce

1
tq2

<.\!(if). X(-i/) >= - ,

After integrating out the phonon fields
bending rigidity

lim <

1.\'(a)- .\'(oW>"'~
ln(u/a),
trr

U0

,

the Hamiltonian has two parameters, the

and the elastic parameter K 0

=

4~t(Jt

+ >.)/(21t + >.).

We now eval uate the renormalized wave vector dependent bending rigidity Kn(i/) a nd
the elastic param eter J( n(i/) by calu cu lating the two a nd four point connected correlation
function as,

(1.3.-l)
2

< lf(i/JI >c

and it follows that
o-+oo

11:

(1.3.5)

< Nit)f(i[- i[t)f(ih)f(ih- r/) >c

kaT
Kn(q)iqi•'

(1.3.12)

kaT/( n(q)P;[p(i/)P;.(i/)qtoQtfJQ21 Qu
(1.3.13)

where a is a microscopic cutoff. .-\ measure of the membrane size Rc is this correlation
function e1·aluated at u ~ L, where L is a typical membrane internal dimension [7, 8]:
~

1

Rc- rt=\l n
v(1ft)

1/ 2

(L/a).

(1.3.6)

Thr exponent v for the radius of gyration Rc(Rc ~ L") is zero.
In order to see the meaning of the origin al Hamiltonian (1.3.1) in the flat phase (t < 0).
we rc.w ritr it in the following form.

ll'here P'[;IJ is the transYerse projection operator, P;[p

=8 p 0

o0 op/.6. and .6. is the

Laplacian.
To leading order in kaT, ll'e obtain the renorrnalized bending rigidity and elastic paramrter as [6]
(1.3.14)
(1.3.15)

1.4. S.-A. POLYMERIZED MEMBRANE :SHORT-RANGE CASE
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where there is an implicit upper cutoff A in the integrals. Although the above pertur-

In the case of membrane in three dimensional space (D, d) = (2 , 3), vp = 4/5 and this

bation series is infrared divergent, we can still extract the qualitative effects of thermal

result is in good agreement with the numerical data v

fluctuations. A simple self-consistent theory which replace

K

by

KR

in the integrand of

eq.(l.3.14) and assumes no significant renormalization of K 0 gives

This means long-range order in the normals and thermal reduction of effective bending
rigidity. The equation (1.3.15) means that to one-loop order J(R is reduced by thermal fluctuations. More precisely, these parameters "-R(P) and KR(P) are expected to be
singular asp tends to zero, with "-R(P) ~ p-~· and KR(P) ~ p~". From a rotational

+ "'lu

0.8.

However, after the work , extensive numerical studies has been perform ed and now it
was widely believed that t he self-avoiding membra ne is always flat even if its "bare"

(1.3 .16)

invariance, these exponents satisfy the scaling relation 2ryK

~

= 2 and are estimated

bending rigidity is zero [17, 18, 19). This means that the crumpling transition does not
occur in self-avoiding membranes and there does not exist any crumpled phase. The
flat phase observed in these computer simulations was partly expla ined in terms of the
crumpling transition induced by the implicit bending rigidity ("entropic" rigidity) from
self-avoidance [10) . In fact, the restriction of the excluded volume interactions between
next nearest neighb or particles with hard core potential prevents the membra nes from
bending freely and induce the bending rigidity. This disc uss ion a lso means that the hard

using f-expansion etc [13).

sphere mode l has inevitably large bend ing rigidity and that these simu lations did not

1.4

Self-Avoiding Polymerized Membranes:
Range Int eraction Case

Short-

study t he "pure" self-avoiding polymerized membrane. In other words, this argument
clarified the possibility of attributing the flatn ess to the model-dependent problems in
numerical simu lat ions. On the other hand , there repo rted a n interesting result that the
tethered membranes with the excluded volume interactions are a lways fl at even for small

In a pioneer work [7, 8), Kantor et.al. studied the effect of self-avoiding interaction
on a pha ntom polymerized mem brane numerically and it was shown only to swell the
membrane and the exponent for the radius of gyration is obtained as v ~ 0.8. In order to
discuss the self-avoiding effect, they have introdu ced the generalized Edwards mod el for
D-dim ension al manifold in the d-dimensional space as

diameters of hard cores [19). With hard spheres of smaller diameters, it is possible to
reduce the entropic bending rigidity and to st udy the effect of the "pure" self- avoid ance.
The "plaquette" membra ne model [20, 21), which has incorporated the effect of selfa\"oidance by prohibiting a ll intersect ions of each plaquet te instead of hard s phere, was
also shown to be asymptotically flat. In Ref. [11), the model tethered membran e ''"as

(1.4. 1)
The first term is the '·entropic" gauss ian potent ial term, which appears in the previous
sect ion. The seco nd term means the excluded volume interact ion by assigning a positive
energet ic penalty u whene\"er two elements of the surface occupy the same position in the
d-dim ensiona l embed ding space.
Scaling beha,·ior of a self-a\"oiding tethered membra ne can be studi ed by Flory-type

described by a lo ca l Hami ltonian with the repulsive interactions acting only between
atoms whose degree of neighborhood does not exceed a certain value l . It was found that
the hard-core diam eter a has a critical value ac(l) at which the membra nes und ergo a
crumpling transition. :\loreo\"er a relation ac{l) 3 l 4 =Constant was a lso discovered. This
indicates that the membrane becomes flat when the excluded I"Oiume interact ions are
acti1·e e1·en for the case wi t h small diameter. Thus it was concl uded that the fl atness

approximation. Assum e a D-dimensional manifold of internal size L occupying a region

is an inh erent property of self-ai"Oiding tethered memb ran es. In add it ion, Kantor and

of size Rc in the d-dimensional embedding space. Accordin g to Flory, th e free energy F
is est imated as

On 1·ery short lengt h scale self-a,·o idance is not felt and the s urface is crumpled. Then.

F/kT=~Lo(Rc)2+u(Lo)2Rd
a
2
L
R~
c .

(

U.2

)

Here. Rc is the radius of gy rati on of the ma nifold a nd t he second term is the mean field
est imat e of the se lf-ai"Oiding interact ion. By bala ncing two terms in the free energy and
assuming t he scal ing form Rc ~ L"'. the exponent vp is
D +2
d+2

Vp= - - .

(U3)

Kremer proposed t he following picture about the beha\" ior of the self- avoiding membrane:
the se lf- a1·oidance begi n to modify t he behavior of the membrane. Up to certain length
scales lc. self-a,·oiding interact ion s produce effecti\·e ri gidi ty that suffices to keep the
enti re membrane fla t. In a se nse, the crumpling transition-like crosso\"e r occu rs t hrough
the effccti1·e rigidi ty. Beyo nd the scale lc the self- ai"Oid ing interaction no longer plays an
esse ntial· role.
\\"hile t he flatness of the tethered membranes with the excluded I"Oiume in teractions

1.4. S.-.4. . POLYMERIZED NIEMBRANE :SHORT-RANGE CASE
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is established in numerical simulations, there is no satisfactory theory that explains such

bending rigidity becomes large enough for the crumpling transition to occur. Therefore,

behavior of the membranes with self-avoidance. We have only Gaussian variational ap-

the value of the effective rigidity (1.4.6) is almost fixed at the critical value l'i<: of the

proach to obtain sensible results [22, 23, 24]. This is a variational approach and the best

crumpling transition of the phantom tethered membrane. In the work [11], the range of

quadratic Hamiltonian is determined by finding an upper bound for the exact free energy

the neighborhood l and the critical diameter of the hard sphere ac are determined by the

F,

condition that the crumpling transition occurs. In this case, the range l can be identified

F =-In Z,

Z=

j 'D[X]e-

11

(1.4.4)

.

with the length lc and u corresponds to acd· Then the integral at

j d2aa4(: )t+d/2 ~ lc4-d ,

Here 'H. is the Hamiltonian of the generalized Edwards model. The most general trial

2

hamiltonian, quadratic in the fields, is

d::;

4 behaves as
(1.4.7)

and we obtain the following relation at d ::; 4,
(1.4.5)
(1.4.8)
From the analysis, it was found that the membranes a re cru mpled above d
scales as R9 ~ L"G with vc

= 4/d.

=

4 and R9

The exponent vc gives a good estimate to the results

of computer simulations in higher dimensions

d;:::

4 [25](Table 1.1) .

l~u ~ 1

Table 1.1: Self-AYoiding Tethered Membrane in Higher Dimensional Space

Dimension
3

Numerical Result
Flat
Flat
0.82 ± 0.05
0.69 ± 0.05
0.60 ± 0.03

4

5

6
8

where B is a positive constant. Kantor and Kremer obtained the following relation

Gaussian Approx.
Flat
1.0
0.8
0.666
0.5

in d

=

3.

(1.4.9)

The exponent 4- d is very different from their numerical result [11], this is the relation
obtained by Kremer and Kantor.

Flory Approx.
0.8
0.666
0.571
0.50
0.40

From this result, we can rely on the results of the gaussian approximation, or at least,
we think it gives some insights into the behavior of self-avoidi ng tethered membrane.

1.5

Self- A voiding Polymerized Membranes: Long-Range
C ase

These t heories only treat the crumpled phases and does not describe the crumpling

In this section , we review the results about tethered membranes with long-range repul-

transition induced by the entropic rigidity. However, we can deri,·e the scaling relation

si,·e interaction [22, 2-l]. The interaction between different positions, which is rotationally-

obtained by I\antor and !\remer as follows [26]. According to the abm·e picture, at short

invariant, is represented by 1· and we take V(r 2 )

length scale, the membrane is crumpled . We assume that at this scale ,,.e can use the

and some positive constant, respecti,·ely. The Hamiltonian of the tethered membrane

generali zed Edwards model (1.-l.l) and that, the interaction od(X'(a)- X'(a')) is valid
2
only when (a- a') is smaller than some length scale 1c 2 \\'hen (a- a') 2 is greate r than

with long range interaction is gi,·en by

lc

2
-

the interaction Yanishcs. From the self-consistent eqnation for the propagator g(k),

=

u/(r 2 )t, rand u being the distance

F[.\'(a)]

it is possible to obtain the cffcctiYe rigidity /\:err from the self-a,·oidance with st rength u
as

'~here

((.\'(a) - .\'(0))

2
)

(1.-!G)

(1.5.1)

is the two-point function and we simply assume that ((.\'(a)-

The first. local term is the Hamiltonian for the phantom polymerized membrane which has

2

.\ (0 ))" ) = Aa with some constant .4 , because ncar the length scale lc . the membran e
is almost flat.

The length scale lc is determined b!· the condition that the effecti,·e

been introduced pre,·iously. Le Doussal , Guitter and Palmeri soh·ed this model exactly
in the large-d limit [22, 2-!J. Here we explain it shortly.

1.5. S.-A. POLYlv!EillZED MEMBRANE: LONG-R4.NGE CASE
After rescaling all physical constants, for instance, K.

-t

9
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dK., in order to obtain sensible

and nontrivial results in the limit d -t oo, we introduce several auxiliary fields XofJ, A, B
and rewrite the above Hamiltonian into
Flat Phases

(1)

5
4
where p = 1/2p. and

1)

= ->./(2p.(2p. + d>.)).

D 3
2

over X0 p, A, B, we recover the original expression (1.5.1).
By integrating out the fluctuations in the
state

X0 (X

= /( 0

+oX),

(3)

When we carry out functional integrations

X

degrees of freedom around the ground

we calculate the effective free energy. In the calculation, we

evaluate the auxiliary fileds x, A, B at their saddle points
following homogeneous solution ,

x0 , .4°, B 0

We look for the

0
0

2

3

4

5

6

7

8

9

10

11

12

13

14

I

B 0 (u, u')

= B(u- u')

A 0 (u, u')

= A(u- u').

(1.5.3)

Figure 1a: The flat phases in the (1, D) plane: (1) SRSF( short range superflat) phase;

(1.5.4)

(2) LRSF( long range superflat) phase; (3) SRF( short range flat) phase; (4) LRF( long
range flat) phase.

We refer to ( as flatness order parameter.
From the effective free energy, we obtain the sadd le point equations for 8.4, 88, 8x and
o(. From the co nvergence criteria, we can study the possible asymptotic behaviours of

the membrane. The membrane has mainly two phases, flat phase ((
ph ase ((

= 0).

> 0) and crumpled

In Fig. 1, we depict the phase diagram in the (!,D) plane.

5
Crumpled Phases

4

D 3
(7)

(8)

2
(5)

0
0

2

3

5

6

7

8

9

10

11

12

13

14

I

Figure 1b: The crumpled phases in the(!, D) plane: (5) :\G( normal Gaussian) phase:
(6) .-\G(. anomalous Gaussian) phase: (7) IC( in termediate crumpled) phase; (8) SC(
swollen crumpled) phase.

1.6. EFFECTS OF DISORDER
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We note that in several parts of the ('y, D) plane, some phases coexist. In the region

D > 2 and D <

tf;,

t he t hree phases (3:SRF) , (7:IC) and (8:SC) coexist. There exists

a phase transition between (3:SRF: v = 1) and (8:SC: v =

v=

4 0
; )

~) and the phase (7:IC:

2

phase of generalized Edwards model discussed in the previous section by replaci ng "f in
the interaction with the dimension d. The reason is that the st ructures of the saddle point
equations completely coincide. However, such coincidence only occurs in the crumpled
phase. When the membrane becomes flat, the short-range interaction has to be treated
carefully as in the previous section.

Effects of Disorder

We now extend the model (1.3. 7) for the pure membrane to include the effects of the
quenched random impurity disorder [27, 28]. In the definition of the strain tensor u 013 , t he
reference metric 90of3 is taken to be flat . In the presence of disorder, 9oof3 will be modifi ed
to reflect local deformations of the membrane to accommodate defects and impurities.
This leads us to model the effects of d isorders by taking

90of3

to be
(1.6.1)

where c(cr) is a new quenched random fi eld with a probability dist ribution
(1.6.2)

:\s in Sec.1.3, we can calcu late t he renormalized bending ri gidity ~'>n(q) from a sim ple
perturbati,·e calcu lation. The resu lt is

(1.6.3)
The secon d term generated by disorder in eq.( l. 6.3) leads to a divergent red uction of the
bendi ng rigidity. Since thr first tenn ca rri es t he factor of T, while the second term does
not depc r.rd On T, t he effect of disorder will dominate at low-temperature [28].
Replapng the wa,·e,·ector dependent quantities ~'>n(q) ~ p-''• a nd J,·n(q) ~ p~· which
are assumed to be r normalized only by thermal fluctuatio n a nd using the scalinu relation
21

/k

small singular correction. More precise study showed that the instability occurs only at

T

= 0 and

weak disorder is irrelevant in the flat phase at T > 0 [28]. In order to break

the flat phase of polymerized membrane, it is considered that long-range correlation of
disorders or strong disorder are necessary [28, 29]. However, as we will see later, these

describes the behavior being associated with the transition.

We also note that the above crumpled phase completely coincides with the crumpled

1.6
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+ 1/u = 2. \"clson and RadzihO\·sky concl ud ed that weak disorder "·ill produ:e on ly a

conclusion are restricted to a rigid membrane. When the bending rigidity of the membrane
is small , the flat ph ase becomes unstable and the membrane can be crumpled .

CHAPTER 2. S.-A. RANDOlviLY POLYii!ERIZED MElviBRANE I
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spheres of smaller diameter ("weak" self-avoidance) [11, 19], and "plaquette" membrane
model [20, 21] has been employed. Even in these cases, the membrane becomes flat and it
was concluded that the self-avoiding tethered membrane is flat. Theoretically, using the
gaussian variational method , Guitter and Palmeri [22], Le Dousaal [24] and Goulian [23]

Chapter 2

discussed the existence region of the crumpled phase and showed that the self-avoiding

Self-Avoiding Randomly
Polymerized Membrane I
Theoretical Approach

theory which describe the crumpling transition like cross-over of the membrane by the

tethered membrane is flat in three dimensional space. Higher dimensional cases are also
well described in the same frame work [25]. However, up to now , we have no complete
entropic bending rigidity which originates from the distant neighbor self-avoidance [ll].
Recently, stud ies on the effects of quenched in-plane disorders have been performed.
One of the most important effect of the disorder is the buckling transition [4, 31]. Although
the stable phase of a defect free polymerized membrane is flat , strains induced by a defect ,
such as a d islocation or disclination , can be accomodated by displacements in the normal
direction, resulting in the buckling of the membrane. This process , which depends on the

2.1

Genesis

balance between in-plane stretching energy and curvature energy, occurs when
(2.1.1)

The statistical properties of polymerized membranes, or tethered surfaces have been
widely discussed in the past few years [1, 7, 8, 15, 16]. The polymerized membrane is a

Here ,

two dimensional generalization of linear polymers. At low temperature T a membrane

dimensionless constant of order 102 [29 , 31]. The length scale l depends on the nature of

!( 0

is Young's modulus,

K

is the bending rigidity, l is a length scale, and 1 is a

with bending rigidity is asymptotically flat, and its radius of gyration Rc increases as the

the defect. In membranes of size R , l

linear dimension L of the surface [4, 15 , 16] . As the temperature increases t he phantom

with burger's vector

membranes shows a crumpli ng trans it ion between t he flat phase and a cru mpled phase

irrespective of t he value of the elastic constants. In the case of finite energy defects , such as

(Rc ~

vl.iL)

[15. 16]. The properties of the flat phase has been studied extensively

[4, 13, 30]. It is characterized by a divergent bending rigidity

K,

vanishing shear and

compression moduli ft and ,\, and a nonlinear stress-strain relation.
One of the surprising characters of the membrane is that the self-avoiding tethered

b.

= R for disclinations , and/ = ../R6 for a dislocation

Thus , these defects a lways buckle in sufficient ly large membranes,

vacancies or t ight ly bound dislocatio n pairs, l is of order a lattice constant and the stabi lity
of the flat phase in the prese nce of such defects is determined by the actual ,·alue of the
clastic constants. This leads to the following possibility of thermal buckling transition in
a n infinite system. As the temperature decreases,

K

decreases and J\ 0 increases [4]. A.t

membran e is flat when embedded in the three-dimensional space [17, 18, 19]. Abraham

so me temperature T 8 , the cond ition (2.1.1) is satisfied and the membrane shows buckling

a nd :\elson [10] discussed the origin of this phenomena and po inted out that entropic rigid-

transition.

ity induced by the (next-nearest neighbor) self-m·oidance causes the crumpling transit ion

Experimentally, \lutz , Bensimon and Brienne disCO\'ered th e '· wrinklin g transition" in

[1] and the membrane becomes flat. This means that the flat phase of t he self-avoiding

partially polymerized lipid ,·esicl es [32, 33]. The membrane und ergoes a re,·ersibl e phase

tethered membrane is desc ribed by the fixed point associated with the flat phase of the

transition from a high-temperature phase where the membrane is smooth and ,·ery flu c-

phantom membrane [30]. Their discussio n a lso means that the ha rd sphere model has

tuating to a low-temperature phase characterized by a rigid and highly wrinkled surface.

ine,·itably large bending rigidity originated from the next nearest neighbor interactions

\elson and Radziho,·sk\' [2 7. 28] a nd \Iorse, Luben sky and Grest [3 ~ , 35] analyzed the

and \ha\ these simu lati on did not purely im·estigate the effect of self-avoidance. That

stabi\ity.of the flat phase of the (p hantom) tethered membran e with rand om nesses of the

is. the hard sp here model becomes \'Cry rigid "·hen self-intersection is completely prohib-

locally preferred metric and spontaneous curYature by the field theoretical met hod. It

ited. In order to study the "genuine" self-a\'oidance effect, tethered membrane with hard

was concluded that weak s hort-range disorder is irrel emnt a nd that the rigid membrane

13
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at T > 0 is described by the pure flat phase. In order to exp lain the wrinkling transition ,

membrane (or stability of AL fixed point). Even if the self-intersection is not completely

two possibilities are presented. One is the strong disorder [36, 37] and the other is the

forbidden, when the usual flat phase becomes unstable in numerical studies, it means that

long-range correlation of the disorder [28, 38] which is induced by unscreened disclina-

AL fixed point becomes unstable by randomnesses. And we can say that the randomnesses

tions [28, 39]. On the other hand , the fact that the flat phase of the rigid polymerized

are relevant for the behavior of the membrane.

membrane is stable with respect to weak disorders at T > 0 seems to mean that the flat

condition (2.1.1) the buckling transition occurs more and more easily when the bending

phase of the self-avoiding tethered membrane is stable with respect to the randomnesses,

rigidity is small. If there occurs a large conformational transformation in the model only

The second reason is that from the

however the situation is not so simple. Mori and Wadati [40, 41, 42] discussed the exis-

with sel f-avoiding interaction and disorders, thermal phase transition from the flat phase

tence region of the crumpled phase of the self-avoiding tethered membrane with disorders

to some other phase is possible by introducing the bending rigidity and temperature T.

and showed the possibility that the membrane is crumpled with v

= 6/7 at d = 3.

And it may be related to the wrinkling transition [32] .

This analysis does not contradict with the above analyses of the flat phase, because it
does not forbid the existence of any flat phase. That is, when the membrane is very rigid,
the membrane may become flat and crumpled phase on ly occurs when the bending rigidity
of the membrane is small. In fact, Morse, Petsche, Grest and Lubensky [43] carried out
molecular dynamics simu lat ion for self-avoiding polymerized fluid membrane. They have
studied hard-sphere model with a diameter wh ich completely prohibit the intersection of
the membrane. They concluded that the membrane is asymptotically flat and those sites
which have more than six neighbors buckled only locally. In order to conclude whether the
"genuine" self-avoiding tethered membrane with randomnesses is crumpled or not, it is
necessary to investigate very soft (small bending rigidity) membranes with randomnesses.
That is, we need to study the hard sphere model with smaller diameter [19] or plaquette
membrane [20, 11]. Following this point of view, Mori have performed the numerical
studies of a model randomly tethered membrane and a model tethered membra ne with
quenched random intemal disorder with several strength of disorder and self-avoid ing
interaction [-14, 45, -16]. \\'hen the self-avoiding in teraction is strong, both models show
small shrink and random stress does not cause any large buckli ng. And the membrane is
asymptotically fiat. \\'hen the self-avoiding interaction is weak and the bending rigidity
of the membrane is small , the membrane shows large bucklings and large shrink is found
(densiy changes 01·der of a magnitude in some case) irrespecti,·e of the strength of disorder.

In the following two chapters, we discuss the behavior of self-avoiding randomly polymerized membrane. In this chapter, we study its behavior theoretically and next chapter
is devoted to its numerical analyses. The organizat ion of this chapter is as follows. In
Sec.2.2, we shall study the randomly polymerized membranes with long-range repulsive
interactions

r-~

using the large-d limi t analysis. Due to the randomness in the metric ,

the fiat phase becomes unstable and the spin-glass phase takes over. The phase diagram
in the ('y, D) plane is obtained. The crumpled phase is not affected by the randomnesses
and the exact exponent for the radius of gyration in the spin-glass phase is given . In
order to discuss the effect of disorders on the crumpled phase, we analyze the generalized
Edwards model with quenched random internal disorders in Sec.2.3. In subsec.2.3.1, using the gaussian variational method (or Replica field theory) we obtain the sadd le point
equations. We discuss the difference between the saddle point equations with and without
disorders. In subsec.2.3.2, we obtain the large distance behaviors of the membrane for
se,·eral types of the randomnesses by analyzing the saddle point equations. We show that
e,·en a short-range stress disorder is relevant at d < 8 and the crumpled phase exists at
2 < d

s;

-l. This means that the self-avoiding polymerized membranes with short-range

stress disorder can be crumpled at the physical dimension (d = 3). We also obtain the
phase diagrams of the crumpled phases of the self-avoiding polymerized membranes \\'ith
long-range disorders. Sec.2.-l contains summary and concluding remarks.

Howe,·er, "'hen the disorder is "'eak, the membrane is asymptotically flat and theoreticallv
predicted crumpled phase only appears when the disorders are very strong.

-

In these models, '·"'eak'' sclf-a,·oiding case \\'as studied and there remains the possibility

2.2

Randomly Polymerized Membrane with Longrange Interactions

that such large shrink is a n artifact of the model , because the self-in tersection is not
nPcrssarily prohibited . It is impossible to exclude such possibility in the hard sphere

mod~! "'hen "'e analyze the self-a,·oiding membrane \\'ith small bending rigidity. Ho"·e\'er.

In

thi~

section \\'e study the randomly polymerized membrane \\'ith long-range repulsi,·e

It IS Important that uch large shrink occurs e,·en in the \\'eak self-a\'oiding case. Because,

(r - 1 ) interactions. This model can be solved exactly in the large-d limit and \\'e can discuss

up to no\\'. almost all lhPoretical \\'Orks treat the stability of (phantom) rigid polymerized

the possible phases and phase diagrams in the {"(, D) plane.

2.2. LONG-RANGE 5.-A . INTERACTION CASE

2.2 .1
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Randomly polymerized membrane with long-range interactions

-

dimensional space is described by d bulk coordinates Xi(a )(i

= 1, ···,d), where a

0

(a

=

1, ··· , D) are the internal manifold coordinates. We denote the bending rigidity of the

membrane by "' and the elastic Lame coefficients by J.1. and >..

The interaction be-

tween different positions, which is rotationally-invariant, is represented by V and we take

V(r

2

)

= u/(r

2

)1, r and u being the distance and some positive constant, respectively.

The Hamiltonian for the tethered membrane with long range interaction is given by

-

jod a[2KL'.X
d
1
· L'.X + ;jJ.l.d{8aX · af!X- Oaf!}

1i [X(a)J

j d a j d 0 a'{~[(X(a)- X(a'))
0

2

-

A]B(a,a')

V(A(a,a'))}

+

We prepare some notations. The position of the D-dimensional membrane in a d0

d

where p

d

jd

0

al'.X · fi,

= 1/2J.i. and T) = ->./(2J.1.(2J.1. + d>.)) .

(2.2.5)

When we carry out fun ctional integrations

over Xaf!, A, B, we recover the original expression (2.2.4). The disorder-averaged effective
free energy Fe/ 1 is given by the average of the logarithm of the partition function Zc,ii
for each configuration of the randomnesses with the weights P[.Sc] and P[fi]. We use the
replica formalism [48] and introduce n copies of the fields X, Xaf!, A, B labelled by replica
index a. The total free energy is the replicated version of the free energy (2 .2.5). We take

2

an average of the replicated partition function over the randomnesses to get the replicated
free energy,

2

+ ~>.d{8aX·8aX-D} ]
+ d j d0 a j d0 a'V((X(a)- X(aW).

j 'D[X.]V[xaafJ]'D[A.]'D[B.]

(2.2.1)

exp{ -:F,.p[X., Xaaf!, A. , B.]},
The first term represents the bending elastici ty, the second and third terms correspond

(2.2.6)

n

L

to the stretching elasticity and the last term represents the long-ra nge interactions. In

Fo[X., Xa

0

f!,

Aa , Ba]

order to consider the randomnesses of the preferred internal metric and the spontaneous
cu rvature of the membrane, we introduce the fields .Sc(a) and Hi(a) which are random
variables obeying the Gaussian probability distributions with variance a and J / d, i. e.

2~ j d a.Sc(a)
0

P[.Sc(a)]

<X

exp[-

·
P[H'(a)]

<X

exp[- d

21

2

(2 .2.2)

],

Jd aH'(a) ].
0

·

2

where

(2 .2.3)

We start with the following Hamiltonian :

-

jd

0

1ic.n[X (a)]

1

d-

-1--

a[2~~:L'.X · L'.X
-

-

+ ;jltd{8aX · Of!X- OofJ[1 + 2.5c(a)]}

2

2

+ B>.d{ Oa.Y · Oa X - D[1 + 2.5c(a)]} ]

+ d j d0 a j d0 a'V((X(a)- -~(a')f) + d j

d 0 al'.X

·fl.

(2.2.4)

\\"e have rescaled all physical constants, for instance, "-t d~~: , in order to obtain sensible
and nontri,·ial results in the limit d-+ oo. To si mplify t he calculati on we introdu ce seve ral
aux ili ary fields \nJ, .-\,Bas in [13. 22 , 2~ , 36] and rewrite t he abo,·e Ham il ton ian into

1ic.n[.\'.

\oJ·

.-I, B]

with a'= (2Jt+D,\) 2 a , X= >.-da' and

7)

1

= -X/(2J.1.(21t+dX)). \\"e introduce the spin-

glass order parameter Qaba /l iJ· as the therm a l average of a composite quadratic operator
of tangent fields from different replicas 00 .Y;.8f!Xjb [36]. Integrating out the fluctuations
in the.\'. degrees of freedom around the ground state.\'~ (.\'.
the cffcctiYc free ene rgy to be

= ,\'~ + o.\'.) , we calculate

2.2. LONG-RANGE S.-.4.. INTERACTION CASE
1(

-

P2 Xao{J

+

dJ

-

d

2

J

0)2
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I 1
0 2]
- TJ 2(Xaoo )

0

d a(L 6Xa

-

- j d 0 a{~[( 2 a 2 - A(a)]B(a)- V(A(a))}

0 2
)

a

j d a j d 0 a'l:{~[(.X2(a)- X2(a'))
0

2

-

A~(a,a')JB2(a,a')

+

a

V(Aa 0 (a,a'))}

-

Del 2
2
-8-(q - 2q()

+

'"'j dv a[BQaoof!ii
ci
o2
-

+

L j d 0 a~Trln{Mabij},

-

de/
o
o
o
4Q•Ix>liii 8aXa; of!Xbi ]

L.,

1

J( 1r)D
0

d k
c/ 2
4
2
{2ln[Kk + xk +
2
2 qk + B(k) - B(O)j
clqk 2 + 2J2k 4
"k4 + xP + !!j-qk2 + B(k)- B(O) }].
(2.2.15)

;j

For a later convenience, we write
(2.2.9)

where Mabii stands for

(2.2.16)

Mabij =

Oab0ij(K6

2

-

OoXao{J 0f!) + ~OoQabof!/Of!
0

+ (B2(k)- B2(0))oabli;1 - J 2 6 2 o;1 ,

which is approximately the full inverse propagator< X(k) ·X( -k)
(2.2.10)

and x~. A~, B~ are the sadd le points of this effective action. Assuming that the replica
symmetry breaking occurs in higher orders in 1/ d, we look for the following homogeneous
and replica symmetric solution,

>c -I.

Note that, as

seen in (2.2.12), q is considered to be the spin-glass order parameter.
From the effective free energy (2.2.15), we have the saddle point equations for oA , liB, ox, oq
and o(:
(2.2.17)

(2.2.11)

Q~bo{!ij = QOof!Oij(1 - Oab)
0

Ba (a, a')

= B(a- a')

0

Aa (a, a')

= A(a- a') .

(2.2.12)

A(a)

= (2a 2 + 2

(2.2 .13)

J(2d1r)Dk (1 - cos(k- ·a))[
1
c/qk +2J 2k
K(k) +
K(k)
0

2

2

We refer to ( as the Aatn ess order parameter. Then the effective free energy is evaluated
as

4
].

(2 .2.18)

(2.2.19)
2- 1- _2__
( - q(
2D

( =0

J21r°

dDk o:'k4 + 2J2k6 jq

or/and

K(k) 2

8q,K(q)

= 0.

).

(2.2.20)
(2 .2.21)

Equation (2.2.21) indi cates that the solution with the broken symmetry((> 0) is possible
only if the coefficient of k 2 term in K(k) is 0. We can formally expand (2.2.17) in powers
of k:
(2.2.22)
(2.2.14)

where the cffectiYe surface tension '•If and the effective rigidity "•If arc given by

11011
.

\\"e
take the limit n -t 0 as usual in the replica trick and arri1·c at a final expression
for the rffccti1·e free energy of the membrane in the large d limit:

F.

eff

[(

·\·Q

]/LD

=

d[lD
.,
1
o
2 X(( --1 )-2D\-(P+'I'D)

(2.2.23)
"-ef I

(2.2.24)

2.2. LONG-RANGE 5.-A. INTERACTION CASE

2.2.2
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and when the membrane is in the crumpled phase, w is given by

w = max(O, 2- D

We analyze the large distance (infrared) behaviors of A( a) and K(k) from convergence

+ Bo, 2Bo- D) .

(2.2.32)

criteri a and discuss the possible phases in the ('y, D) plane [22]. Convergence criteria
insist that the integrals appearing in (2.2. 17) ~(2.2.20) are infrared-convergent. We first

As will be shown shortly, Bo is always equal to or smaller than 2, so the third term in the
r.h.s. of (2.2.32) is not relevant. This indicates that the randomness of the spontaneous

assume the following forms of K and A in the infrared limit:

curvature does not play an essential role in contrast with the resu lt of [34]. Inserting the

+ K-ok 2+9.
+ Aoa"' .

Te11k 2

K(k)
A(a)

(

2

a

2

(2.2.25)
(2.2.26)

When the manifold is in the crumpled state (( = 0, q = 0) , the exponent w is related

= w/2. In the
by~ = w/2. It is

to the standard exponent v for the radius of gyration (Rb ~ L 2") by v
case ( > 0, this exponent is also related to t he roughening exponent~
conveni ent to introd uce 80 and w0 by

Bo
wo

0

if

Tell > 0

B

if

7 ell

2

if

( > 0

w

if

( = 0.

d k

(2.2 .27)

d -k - 1
(1 - cos(k.
(27r)° K(k)

B))~ a2-D+Oo

.

-

B))~ a2-D+20o

2

(2.2.28)

B > 0.

(2.2.34)

Phase diagram and possible phase transitions

•

(2 .2.29)

B))~ a-D+20o

.

phases, four crumpled ph ases and four crumpled spin glass phases.

(1) short range superflat (S RSF ) phase, 11 = 2,w = 0. Then K(k) ~ "•Ilk' and
2
A( a)~
+ .4 0 . Th is phase exists for D > 6 and D < -y- 2.
(2) long range superfl at (LRSF) phase, 11 = -D + -y,w = 0. Then K(k) ~ K. 0 q2+ 0 and
..l (a) ~ ( 2 a 2 + ..1 0 . This phase exists forD> !{2 + 2-y), D > -y- 2 and D <'f.

ea

(

2

a2

+ ..l 0 a"'.

= 2,w = 6- D.

Then K(k) ~ "-•llq 4 and A(a) ~

This phase exists for D < -y- 2 and 4 < D < 6.

= -D + "f, W = 2- 3D+ 2-t- Then K(k) ~ K.ok2+ 0
+ .4 0a"'. This phase ex ists for D > 7- 2, D < -y, D < !(2 + 2-t ) and

(-1) long range fl at (LRF) phase, 11

ea

2

D>h
(2.2.30)

From. these condit ions, we see that when the membrane is in the q > 0 phase, w is given
by

+ 280 ).

characterized by the exponents 11 and w, and whether Tel 1 vanishes or not. Summarizing
the above maximum or minimum cond itions a nd the const raints, we end up with four fl at

and ..l(a) ~

2

-

spin-glass phase (( = 0, q > 0) and cru mpled phase (( = 0, q = 0). Each phase is further

(3) short range flat (SRF) phase, 11

2J2J,;·l

w = max(O , 2- D

w < 2,

1. The flat phases:

d 0 k ciqk 2

J(2rr)D K(kf is infrared convergent when 2- D + 2Bo < 0,
otherwise - - - - ( 1 - cos(k.
J(2rr)° K (k)
cfDJ,;
J(2rr)D l\ (1.:) is infrared convergent when - D + 2Bo < 0,
.J
ot henl'!se - - -- (1 - cos(k.
cfDk 2J2k·l
(2rr)° K(J,;)-0

2. We can also derive the following restrict ions [22];

The membrane has mainly three different phases depending on the flatness order pa-

0

d 0 k ciqk 2

~

(2.2.33)

rameter (and the spin-glass order parameter q, that is, flat phase (( > 0, q > 0) , crumpled

1

. j

which implies 110

= 0,

J(21r)D K(k) is infrared convergent wh en 2- D + Bo < O,
otherw1se

B = min(2, -2- D + (1 + i)wo),

2.2.3

We substitute the dominant behavior K(k) ~ k 2+0•(k -t 0) into the integrals in (2.2.18).
We find that
0

dominant behavior A( a)~ a"'• in (2.2. 18), we find [22] t hat B sat isfies

(2 .2.31)

2. The crumpled phases:
(5) normal Gaussian (\G) phase. B = 2,w = 2- D. Then K(k) ~ n.e11k·1 + Te11k 2 and
..l(a) _ ~ a"'. This phase ex ists forD< 2 (};~2 1.
(6) anomalous Gaussian (.-\G) phase, B = -2D

n.ok 2 "" 0

2

+ r. 11 k and ..l(a)

+ ~(2-

D) . .,;= 2- D. Then K(k)

~a"'. This phase exists for -:1;~ < D <

-Jf,.

~

2.2. LONG-RANGE S.-A. INTERACTION CASE
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(7) intermediate crumpled (IC) phase, (} = 2, w = 4- D. Then I<(k) ~ "-effk 4 and

the three phases (12 :SG2), (7:IC) and (8:SC) coexist. There exists a phase transition
between (12:SG2: v =~)and (8:SC: v =~)and the phase (7:IC: v =

A(u) ~ uw. This phase exists for 2 < D < ~·
(8) swollen crumpled (SC) phase, (}= D- 2 + ~,w = ~· Then I<(k) ~ K.ok2+ 8 and
A(u) ~ uw . This phase exists forD < ~. D <

CHAPTER 2. S.-A. RANDOMLY POLYMERIZED MElviBRANE I
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:#4 and D >

fh·

4

2°) describes

the behavior being associated with the transition. However in this region, the behavior
of v is vsc2 < vsc < VJc and the size of the membrane becomes small in the crumpled
spin-glass phase. This behavior is interesting.

3. The crumpled spin-glass phases:
(9) normal Gaussian spin-glass (NGSG) phase, (} = 2, w = 2 - D . Then I<(k) ~

2.2.4

"•Jfk 4 + r,ffk 2 and A(u) ~ Clw. This phase exists forD < 2 ~:-72 ) .
(10) anomalous Gaussian spin-glass (AGSG) phase,(}= -2D
Then I<(k) ~ K.ok2+

+ ~(2- D),w

= 2- D.

0+ Teffk 2and A(a)~ uw. This phase exists for -::~1 < D < tf:;.

(ll) crumpled spin-glass 1 (SGl) phase, (} = 2,w = 6- D . Then K(k)
A(u) ~ A 0 uw. This phase exists for 4 < D <

~

"-effk 4 and

¥/=f.

(12) crumpled spin-glass 2 (SG2) phase, (} = -2- D

D iscussions

As has been discussed in Chap.! , it is possible to make some conjecture about the
short-range self-avoiding interaction case by replacing the number -y with the dimension
of the embedding space d. From our study, the crumpled phase is not affected by the
randomnesses. If we assume it remains so at finite d, the physical point (3, 2) is outside the

+ (1 + ~ )(¥ef), w =

I<(k) ~ K.ok2+ 0 and A(u) ~ Aoaw. This phase exists forD< hand

tf:;

2

:;~. Then

< D <

¥'R·

boundary of the crumpled phase and the membrane can not be in the crumpled phase.
That is, the self-avoiding random ly polymerized membrane (d = 3, D = 2) is in the

The phase diagrams are summarized in Figures 1. The flat phase is unstable to the

crumpled spin-glass phase or in the flat phase. However, as we shall see in section 2.3, the

randomness of the preferred metric, which is consistent with the previous analyses. The

assumption that the randomnesses are irrelevant on the crumpled phase of the membrane

spin-glass phase replaces the flat phase [36] and the exponent v = w/2 for the radius of
gyration is given explicitly. The crumpled phase is not affected by the randomnesses and

at finite d is not right. In the next section, we discuss the effect of randomnesses on the

coincides with that of the tethered membrane with long-range interactions [22]. However,
the lower critical dimension of the spin-glass phase is 0 in our case as in [36]. Therefore the
existence of the crumpled spin-glass phases, especially NGSG and AGSG phases, below 2
dimension is unlikely. Furthermore, the instability of the flat phase is a (known) artifact
of keeping only the zero-th order in a 1/ d expansion. Therefore "·hen we consider the
finite d case, there remains the possibility that the flat phase is stable and at large enough
disorder strength the crumpled glass phase appears. This picture is also supported by the
field theoretical studies and one interpretation about the above spin-glass phase is that
it only appears when the strength of disorder is strong. When the strength is weak , the
result of .. pure" polymerized membrane with long-range interaction applys (Chap.!). Or
there also remains the possibility that the short-range disorder is irrelevant and long-range
disorder becomes important in order to cause the crumpled glass phase [28].
\\·e also note that in se,·era l parts of the {!,D) plane, some phases coexist. 'vVe think
that all these phases arc stable except for the crumpled spin-glass phases :\iGSG and
.-\GSG. \\·c gi,·e a conjectural picture. In the region D >-!and D < 2:L the three phases
·1+ 1 1

(3:SR.F). ( ll:SG I) and ( 12:SG2) coexist with decreasing ,·alues of v(v = 1,

6

2°, ;~;~ ).

The transition occurs in this region. separating a large u and small disorder flat phase
(3:SR.F) from a small u and large disorder crumpled glass phase (12:SG2). the beha,·ior
(ll:SGl ) being associated with the transition point. In the region D > 2 and D < 2:L
-lT ')' '

crumpled phase.

2.2. LONG-RANGE S.-A. INTERACTION CASE
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7
Crumpled Glass Phases

6
(1)

7

5

D 6

5

(3)

4

4

D 3

3
2

2

2

3

4

5

6

7

8
"I

9

10

2

11

SRF( short range flat) phase; (4) LRF( long range flat) phase.

Crumpled Phases
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Figure lb: The crumpled phases in the (1, D) plane:
(5) \G( normal Gaussian) phase; (6) AG( anomalous Gaussian) phase; (7) IC( intermediate crumpled) phase; (8) SC( swollen crumpled) phase.

(9) NGSG( normal Gaussian spin-glass) phase; (10) AGSG( anomalous Gaussian spinglass) phase; (11) SG1( spin-glass 1) phase; (12) SG2( spin-glass 2) phase.
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5

Figure 1c:The crumpled spin-glass phases in the (1, D) plane:

(1) SRSF( short range superflat) phase; (2) LRSF( long range superflat) phase; (3)
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Figure 1a: The flat phases in the (1, D) plane:
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Generalized Edwards Model with Internal Disorders
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manifold, we introduce random fields oc(a) and Hi(a) [27, 28] whose distributions are
Gaussian: That is , in Fourier space we have

< Oc(q,)oc(q2) >Dis
In the previous section, we have studied the D-dimensional randomly polymerized

6.1'(q1)oo(q,

< H;(ql)Hi(q2) >o;,

membrane with long-range repulsive interaction (r- 1 ). We have obtained phase diagrams

+ q2) = 6./q~z"oo(q, + Q2)·
+ q2) = o;jL1K'q!zK o0 (q, + q2)·

{2.3.5)

in the {r, D) plane and the exponents for the radius of gyration in the crumpled and
crumpled glass phases. In particular, we have pointed out that the crumpled phase is not
affected by the randomnesses in the large-d limit.

{2 .3.4)

o;jL1K(q,)o 0 (q,

Here<

> 0 ;, denotes the average over disorders.

Then, we start with the following Hamiltonian:

The reason is as follows. In the replicated Hamiltonian {2.2. 7), by the average over
random stress, terms like

+

{2.3.1)
appear. In order to decouple this term, we have introduced auxiliary fields Qaba f3ii and
performed the Havard-Stratonovich transformation as,
{2.3 .2)

Jd
jd

+ u

0 a~8 X'8 X'
a
a
0

2
a[oc(a)8aX;8aX; + H'(a)6.X;]

jd ajd
0

0

a'od(X;(a)- X;(a')) .

{2.3.6)

The disorder-averaged effective free energy :F, 11 is given by the average of the logarithm of
the partition function Zc,ii for each configuration of the randomnesses . We have recourse
to the replica formalism [48] and introduce n copies of the fields ./( labelled by replica

After the transformation , the quartic terms {2.3.1) becomes quadratic terms in the field

X and

we can perform the integration over the fields

.it.

index a. The total hamiltonian is the replicated version of the Hamiltonian {2.3.6) ,

And the integration over the

n

ftotal =

auxiliary fields Qabo/J ii is replaced by the est imation at its saddle point. If one consider
the crumpled phase, the value of the fields Qaba!Jii is zero and the disorder has no play
any more. Howe,-cr, it is true only in the large-d limit case and in the finite d case, the
random st ress becomes relevant. In this section, we will study the effect of random stress
and rand om spontaneous cu rvat ure on the crumpled phase.

2.3.1

Replica field theory for S.-A. randomly polymerized membrane

a=l

where a 0 (a:

{2.3.8)
where

~ j d 0 kf{ab(k)X!(-k)X~(k)
n

-2 a.b=
I:: l j q=k, +kz ,k> +k2=-(k3+k4) d 0 k 1d 0 k2 d 0 k3 d 0 k4

=

I,··· , D) are the internal manifold coordinates. \\'e denote by u the strength of the

+

" excluded volume .. interaction. The Hamiltonian for the generalized Edwards model is
gi,·en by [l]

t

6 1 ,(q)kfk~ X!(k,)X!(k2)kg k~ Xt{i.:J)Xt(k.)

u

j d a j d 0 a'od(X~(a)- X!(a')).
0

{2.3.9)

a=J

In the abo,·e. J,·ab(k)
{2.3.3)

{2.3.7)

'

replicated hamiltonian :F,.P ,

]

= 1, ... , d),

Fe fi[_.,\".].

We take an average of the replicated partition function over the rand omnesses to get the

\\'e consider a 0-dimensional membrane in a d-dimensional space. The position of
the membrane is described by d bulk coordinates X;(a 0 )(i

L

=

k 2 r5ab- .:::.."(k)k''J.b, where lab

=

1 for all a, b. To calculate

the cffccti,·e free energy we use the gaussian mriational approxim ation [49, 23, 50]. The
method eonsists in choosing as a ,·ariational hamiltonian the most general quadratic form.

Thr first term corresponds to the Gaussian potential of a free tethered manifold. In order
to take into account the randomnesses of the stress and spontaneous cun·ature of the

{2.3.10)
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That is, two-point correlation function is given by
(2.3.11 )
(2.3.17)

where <
>var means the thermal average with the trial hamiltonian(2.3.10). Then the
effective free energy is given by [49]
and the two-point correlation function K(a) reduces to
1
- 0
L

Feff

1 1

= n-+o
lim -[LD
n

d
< Frep- Fvar >var -- Tr ln Gab(k)J,
2

(2.3.12)
K(a) =

where L is the linear size of the membrane. It is easy to carry out this calculation to find

d0 k
-0 (1- cos(k · ii))(gK(k)

J(2rr)

+ gc,(k)) .

(2.3.18)

For disorder flu ctuations [38] we also introduce t he following fun ction L(a) ,
1

L(a)

.

.

< d < (X'(a)- X'(O)) >

2

>o;s

2
d0 k
rr) (1- cos(k · ii))gc.(k).
2 0

j(
Here<

(2.3.19)

> means the thermal average. Note that the second equali ty is correct only

in the gaussian variational approximation. These two functions are characterized by two
exponents wand w': K(a) ~ A 0 aw and L (a) ~ A~aw'.
Taking the variational derivatives of (2 .3.17) with respect to 9K(k) and gt:.(k) and
setti ng t he results equal to zero, we find that
(2.3.13)

0

9K

where K (a) is the two-poin t correlation function for the trial hami ltonian ,
J\ (a)

=

lim~n a=l
t

Tt--i-0

1
d <
2

I: j (d2

1 "

lim n--i-0 n a= !

0

1T

(X~(a)- X~(0))

2

hK- 4

1

and
k

-

-

(2.3.14)

9:::.

g} = h:::. + 4

-

( rr)DLl~(q)gK(k- q)((k- if)· k)

_u_ jd 0 a(--) ~+ 1 (rr)df 2 ( 1
2(2rr)d
K(a)

>var

)D (l- cos(k · O'))G •• (k) .

J 2d q

J( rr)

dDq

2

0

2

- cos(k · 0'))
-

-2

D.,.(q)g:::,(k- q)((k- if) . k).

'

(2.3.20)

(2.3 .21 )

Th e sadd le point equation (2.3.20) is different from that of t he pure self- avoiding tethered

\\"e now look for a rep lica symmetric sol ution

membrane [22, 23] by the second term. This term comes from t he st ress disord er term and
(2 .3. 15)
For late r con,·cniencc, we in troduce the following expression for the .. bare" propagators

as we shall see below, we can also interpret it as the contribu tio n from the flu ctuations of
the sp in-glass ope rator in the short-range di so rder case. \\"e note that these saddle point
equations haYe essentially th e same structure with the integral eq uat ions st udi ed in [38].

(2 .3. 16)
\\'i th these propa gators, th e effect i,·e free energy is eva lu ated as

In the short-range disord er case, we can in corporate the spin-glass phase. As in [36],
we consider the grou nd state Xa,cl·
(2.3.22)
and Au crua tions about the grou nd state .
.\'~(a)= x~ .cl(a)

+ <5.\"~(a).

(2.3.23)
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The thermal average is calculated by use of the following trial hamiltonian ,
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Large distance behaviors of crumpled phases
(2.3.24)

To find the possible phases we analyze the saddle point equations (2.3.20) and (2.3.21)
through convergence criteria. We assume the following forms of 9K(k),gc:.(k), K(a) and

L(a) in the infrared limit:

Then, we have

9K(k)- 1 ~ kok 2 +a.
9c:.(k)-l ~ k~e+a'.

K(a)

~

Aoaw.

L(a) ~ A~aw'.
The exponent w is related to the standard exponent v for the radius of gyration (R~ ~ L 2")
by v = w/2. We then have
rf2k

-

J(27r)29K(k)(1- cos(k ·B))
J(27r) gc:.(k)(1- cos(k ·B))

(2.3.25)

rf2k

-

2

In this case, the sadd le point equations are

9K
(2.3.26)
a nd

a a'

(2.3.28)

If a > a', the thermal fluctuations take over disorder fluctuations; K(a) ~ a 0 and
w = a hold . We name such a regime temperature-dominated phase [38]. On the other
hand, if a < d , disorder fluctuations take over the thermal fluctuations and two-point
correlat ion function is determined by the disorder fluctuations. That is, K(a) ~ L(a) ~
a 0 ' and w = d. We call such a regime disorder-dominated phase. These suggest that

w = max(a, a'). We now analyze the crumpl ed phases of t he membrane. vVe assume the
(2.3 .27)
From these calcu lations,

II'C

following constraints on the values of the above exponents,

can identify t he contributions from the stress disorder with

0<w,w'<2,

the fluctuation of the spin-glass operator. It is in teresting to note that, except for the

0 <a, a'< 2.

contributi ons from the stress disorder, t hese saddle point equations (2.3.26).(2.3.27) are
the same ll'ith those of the randomly polymerized membrane with long-range interactions
[~OJ.

2.3.2

Inserting the dominant beha,·iors 9K(k)- 1 ~

J.:2+a

(2.3.29)

and g.-.(k)- 1 ~ k2+o' in the integrants,

ll'e find that

Solutions to saddle point equations

(2.3.30)
k~ -z" -a'.

In this subsection, ll'e restrict our interest to the 2-dimensional membranes in d-

(2.3.31)

ditnrnsion and examine the large distance (infrared) beha,·iors of 1\"(a). L(a). 9K(k) and

9.-.(k). \)'e first st ud!· the crumplrd phases ofself-a\'oiding tethered membranes with longrange disorders and then the crumpled-glass phase (q
disorder.

#

0) in the case of the short-range

Front the dominant beha,·ior !\(a)~ a'", we also find that
(2.3.32)

2.3. SHORT-RANGE S.-A. INTER4.CTION CASE
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by the condition that the exponents of the first term and the second term become equal.

d

0=-4+(l+z)w~2.

(2.3.33)

From this condition, we obtain

_ 5- z~
a- 2 + d/2.

The condition () ~ 2 comes from the followings. If () > 2 the coefficient of the k 4 term
in the lhs of (2.3.32) becomes finite and the infrared behavior is ~

k4

(2.3.36)

[22], which implies

() = 2. From these considerations we determine the infrared behaviors , that is, w, a and

a' of the membranes in several cases.

This suggests that even in the short-range disorder case (Z~ = 0), w at d < 8 is altered
from the value 8/d of the pure case to 6/(2 + d/2). We see that the self-avoiding tethered

1. Pure case (no disorder).

membranes with short-range stress disorder at d > 2 are in the crumpled phase. This

For readers' convenience, we summarize the results of the gaussian variational approxi-

conclusion seems to contradict with the result that for T > 0 (short-range) stress and

mation for the 2-dimensional self-avoiding tethered membranes in d-dimension [22, 23, 24].

spontaneous curvature disorders are irrelevant in the flat phase of the membrane. It is

In this case, the equalities()= a= w hold and from (2.3.33) we obtain w = 8/d. This

not so. Our conclusion means only that the self-avoiding tethered membrane with short-

means that the crumpled phases exist on ly at d > 4 and the membrane at d ~ 4 is in

range stress disorder is in the crumpled phase. It does not exclude its transition to the

the flat phase. In [22], more carefu l discussions have been made in order t hat the gaus-

flat phase. T herefore if the strength of the disorder is weak enough and we increase the

sian variational approximation works for t he polymer case. However, their improvement

rigidity of the membrane, there may occur the phase transition to the flat phase. In

results in that the 2-dimensional self-avoiding tethered membrane in 4-dimension is in

a previous work, we gave a conjecture that the self-avoiding tethered membranes with

the crumpled phase, which contradicts with the results of the numerical simulations [25].
Therefore, we shall not pursuit such a direction.

short-range stress disorder is in the flat phase or in the crumpled-glass phase and it is not
in the crumpled phase. There, we assumed that the stress disorder is irrelevant even at
finite d-case. This, however, does not hold as we have seen above. vVe note that in the

2. Stress disorder only.
In this case, 6-K(q) = 0, which means the up-down symmetry of the membrane. Then
9u(k) = 0 and the equality w =a holds. We only need to consider eq.(2.3 .20) . Introducing
two positive constants c 1 and c2 , we can write eq.(2 .3.20) as

long-range disorder case (Z~ > 0) , the membrane does not become flat even at d = 2. It
is a drawback of the variational method.
3. Curvature disorder only.
From eq.(2.3.21) we find that a'= ZK

(2.3.34)
If~

-z,, -a> 2+0, then the disorder term becomes irrelevant and the infrared behavior is

determined by the sclf-a,·oiding term . That is, the self-avoidance completely determines
the behavior. Then, we can usc the result of the case l (no disorder) and we obtain

w = 8/d. \\"e put this result in the above condition to obtain the following constraint:
16

2-Z~>-.

(2 .3.35)

d

+ 2a- 2.

And the equality a=() holds. That

is,

a= -4

+ (l + ~)w,

and w = max(a , a').

(2.3.37)

In the temperature-dominated phase (a> a'), we find that w =a= ~ and the condition
a > a' reduces to ~ < 2- ZK. In the disorder-dominated phase (a' > a) , the equality
w = a' holds and
-1- (l + d/2)(ZK- 2)
a = -~----~~----~
(2.3.38)
l+d

At first sight, the second

For the short-range cun·aturc disorder (ZK = 0) , at d > 4. w = 8/d and at d < 4, w >
a = (G + d)/(1 +d) > 2. This means that the crumpled phases do not exist at d < 4

term in cq.(2.3.3-1) determin es the infrared behavior of the membrane. Howe,·er, this

and the self-avoiding tethered membrane with short-range curvature disorder at d < 4 is

Then we may ask what happens when the above constraint does not hold, that is , when

lG /d ~ 2 - Z,, and the stress disorder becomes re!e,·ant.

is not tmc. One should note that the coefficie nt of t he second term in eq.(2.3.3-1) is

in the flat phase. However, long-range curvature disorder can destroy the flat phase. For

negati,·e implying the cancellation between the first term and the second term. Phvsicalh·

example. in the case Zk· = 1, w = a' = 9/(1 +d) at d < 8. From this, we see that the

speaking. the seco nd term comes from the stress disorder, and the fact that it

b.ecome~

rele,·ant means that the membrane tends to shrink. Th en the exponent of the first term
in cq.(2.3.3-1) becomes smaller and the infrared behavior of the membrane is determined

sc lf-avoi~ling tethered membrane with long-range cutTature disorder (ZK = 1) at

can be in the crumpled phase.
-1. General case.

d = -1

2.3. SHORT-RANGE S.-.4.. INTERACTION CASE
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At first, we determine the value of the exponent a'. Introducing two positive constants
d 1 and d2 , we can write eq.(2.3.21) as
(2.3.39)
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phases and flat glass phases of tethered membrane in (Z~', ZK) plane ford= 3 case is
given . Our conclusion is that the tethered membrane with disorder exponents (Z~', ZK)
with no rigidity is in the associated crumpled phase of Figure 2b. Following the first
scenario presented in the introduction, when we increase the rigidity of the membrane

Then, if ZK > Z~'+d the infrared behavior is determined by the first term of this equation

there occurs the phase transition to the flat phases presented in the ref.[36] or to the

and a' = ZK + 2a- 2. Inserting this value in the above condition, we obtain the following
constraint:

crumpled glass phase depending on whether the strength is weak or strong. If we follow

0>
If ZK <

zl' +a' the second

zl' +2a- 2.

(2.3.40)

the second scenario [38], the exponents (Z~', ZK) must be larger than the critical values in
order that there occur the phase transition to the crumpled-glass phase. Otherwise, the
rigid membrane is in the flat phase.

term determine the infrared behavior. Since
Large distan ce behaviors of the crumpled-glass phases (s hort-range disorders)
(2.3.41)

we find that 2- Z~'- 2a = 0. That is, the above constraint is not broken and the equality

a'= ZK + 2a- 2 holds alll'ays. However, as we shall see below, the constraint(2.3.40) is
not necessarily conserved.
The process of determin ing the exponent a is essentially same with the previous cases.
The different phases are characterized by whether the second term in eq.(2.3.34) (the
contribution of the stress disorder) is relevant or not and whether the phase is in the
temperature-dominated phase or in the disorder-dominated phase; four cases are a priori
possible.
(1) Temperature-dominated (a> d) and irrelevant stress disorder phase, a= 8/d, a'=
ZK + 16/d- 2. Then K(u) ~ (J 0 . T his phase exists fo r 16/d < 2- zl' and ZK < 2- 8/d.
(2) Temperature-dominated (a > d) and relevant stress disorder phase, a = (6 Z,,)/(2 + d/2),0<' = ZK + (8- d- 2Z1,)/(2 + d/2) . Then K(u) ~ u 0 • This phase exists
for 16/d > 2- Z1, and Z 1,· < (d- 2 + Z~')/(2 + d/2) .
(3) Disorder-dominated (a < a') and irrele,·ant stress disorder phase, a = (6 + d(1 + d/2)Zn)/(1 +d) , a'= (10- ZK)/(1 +d). Then K(u) ~ u 0 ' . This phase exists for
Z" > 10/(2 +d)+ (1 + d)Z,,/(2 +d), ZK > 2- 8/d and 8- Z" < 2d.

(~) Disorder-dominated (a< d) and relevant stress disorder phase, a= (8 + d- Z , 1

(1 + d/2)Z,,·)/(3 +d) , a'= (Z 1,· + 10- 2Z1,)/(3 +d). Then !\(u) ~ u 0 '. This phase exists
for

z,,

< 10/(2+d)+(1+d)Z,./(2+d), Zg > (d-2+Z1,)/(2+d/2) and ZK+4-2Z , < 2d.
1

In Figures 2. ll'e summarize the phase diagrams of the rest ricted cases of the general
resu lt. Figure 2a shows tlw phase diagram of the crumpled phases in (d , ZK) plane for the
case of the short-range stress disorder (Z1, = 0) . The region ll'hcre the abm·e crumpled
phasqs c(o not occupy is considered to be the flat phase or the crumpled-glass phase.
Figure 2b sholl's the phase diagram of the crumpled phases in (Z ,. Z,:) plane for the
1

case "·hen the embedding dimension dis three. In ref.[38]. the phase diagram of the flat

In the crumpled-glass phase (q # 0), we need to study the saddle point equations
(2.3.26) and (2.3.27) . The analysis goes in the same way with the previous subsection.
From eq.(2.3 .27), we find that the infrared behavior of ge.(k) is completely determined
by the last term 26.~'qk 2 • Then, ll'e have a' = 2a, indicating that the membrane is in
the disorder-dominated phase (a > d). This is very natural, because the membrane is
in the crumpled-glass phase and the infrared behavior is determined by the disorder of
the ground state. With the above result (w = a' = 2a), the analysis can be done as in
the stress disorder only case. We present the results. At d > 3, the stress disorder is
irrelevant and w = 8/(1 + d). At d ::; 3, both the self-avoidance and the disorder are
rele,·ant. However w becomes larger than two and we believe that the crumpled-glass
phase does not exist at d ::; 3. These situations entirely coincide with the previous ones
[40] by changing -1 with d. The fluctuation of the spin-glass operator does not modify the
pre,·ious result in contrast to the crumpled phases.

2.3. SHORT-RANGE S.-A. INTERACTION CASE
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2.3 .3

7

S ummary

6

In this section, we have studied the crumpled phases of the self-avoiding tethered mem-

ZK5

brane with disorders. We have shown that even a short-range stress disorder is relevant
at d

4

< 8 and the crumpled phase exists even at 2 < d

~ 4. This result is in contrast

with the crumpled phase of the phantom tethered membrane [28]. There, a short-range
(3)

3

stress disorder merely causes to swell the membrane slightly and should not affect the

2

universal property. We have given the exponent for the radius of gyration . Furthermore, we have considered the case where the disorders have long-range correlations. The

(1)

membrane's behavior is characterized by whether the stress disorder is relevant or not

0
2

0

3

4

6

5

7

8

9

10
d

11

12

13

14

and by whether the membrane is in the temperature-dominated phase or in the disorderdominated phase. Specifying which phases the membrane with the disorder exponents
(Z~, ZK) in d-dimension belongs to, we have given the exponent for the radius of gyra-

Figure 2a: The crumpled phases of the self-avoiding tethered membrane with shortrange stress disorder (Z~
d-dimensional space.

=

0) and long-range curvature disorder with exponent ZK in

(1) Temperature-dominated and irrelevant stress disorder phase; (2) Temperaturedominated and relevant stress disorder phase; (3) Disorder-dominated and irrelevant stress
disorder phase; (4) Disorder-dominated and relevant stress disorder phase.

tion. The phase diagrams in two special cases are presented (Fig.2a, Fig.2b) . We have
also studied the behavior of the crumpled-glass phase in the case of short-range disorders.
In this case, the contribution from stress disorder can be seen as the fluctuations of the
spin-glass operator. This fluctuation does not modify the behaviors of the crumpledglass phase. However, the analysis is restricted to the replica symmetric solution and the
improvement is left for a future study.

2.4

ZK

(3)

4

Discussions and Concluding R em arks

In t his chapter, we have reviewed theoretical approaches to the self-avoiding randomly

3

polyme rized membranes. The model for random ly polymerized membranes with longrange interactions

2

r-~

can be soh·ed exactly using the large-d limit and we found that

the flat phase becomes unstable and the crumpled glass phase takes over. We haYe
obtained the phase diagram in the {-{,D) plane and several possible phase transitions.
0
0

2

3

4

z,.

The exponents for the radius of gyration in the crumpled and the crumpled glass phase
are also gi ,·en.
In order to discuss the ordinary "short-range" self-aYoiding tethered membrane with

Figure 2b: The crumpled phases of the self-avoiding tethered membrane with long-

randomnesses, Sec.2.3 is dcYotcd to the analysis of the generalized Edwards model with

range stress disorder with exponent Z 1, and long-range curvature d isorder with exponent
zk. in 3-dimensional space.

quenched randomnesscs. The model is studied using the replica field theory. We have
found that the randomncsscs arc re]e,·ant on the crumpled membrane and its behavior.
In particular, the analysis has proposed the possibility that the self-aYoiding tethered

(2) TeJnpcrature-dominated and relevant stress disorder phase; (3) Disorder-dominated
and irrcJe,·am stress disorder phase: (.J) Disorder-dominated and re]e,·ant stress disorder
phase.

membrane with random stress can be crumpled when its bending rigidity is small. In the
next chapter. we "·ill study this possibility by \Ionte-Carlo method.
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crumpled at d = 3 [42]. The validity of the approach is not clear, however as has been discussed in Chapter 1, it gives good estimate about the behavior of the membrane without
disorder embedded in higher dimensional space. In addition, the dimension four , which is
the "upper" critical dimension for the flat phase of self-avoiding tethered membrane , has
a meaning in the same frame work.

Chapter 3

In this chapter, we study the above possibility of crumpled self-avoiding polymerized

Self-A voiding Randomly
Polymerized Membrane II:
Numerical Studies

membrane with random stress by numerical methods [44, 45]. As a model for numerical
studies, we have employed two types of models. (1) The first one is a randomly tethered membrane model [43] and (2) the second model is a model tethered membrane with
random bond length [47]. In particular, we will study the membrane with small bending
rigid ity. In order to do so, we use the hard sphere model with smaller diameter "(weak
self-avoid ing case)" . In this case we cannot prohibit the self-intersection of the membrane.
Even if the membrane is found to be crumpled or large conformational transformation, it

3.1

may be an artifact of the model. That is, if the self-intersection is completely forbidden ,

Genesis

such behavior may not occur. However, if there occurs some instability and the universality changes, it means that the random stress is relevant on the flat polymerized membrane

Self-avoiding polymerized membrane is asymptotically flat when it is embedded in three

and the resu lts of the above perturbation theory that the flat phase of (phantom) poly-

dimensional space. Now it is understood that it is the result of crumpling transition caused

merized membrane is stable with respect to random stress breaks down. Therefore, in

by the "entropic" bending rigidity from self-avoiding interaction [10]. This means that

our numerical studies we concentrate on the weak self-avoiding case.

the flat phase of the self-avoiding tethered membrane is described by the fixed point
(Aronovitz-Lubensky fixed point) associated with the flat phase of the phantom polymerized membrane [30]. When one consider t he stabi li ty of t he fl at polymerized membrane
by some effect, a natural approach is to discuss the stabi lity of the fixed point by the
effect.

T he organization of th is chapter is as follows . In Sec.3.2, we describe the model and
nu merical procedures. We study two type of self-avoiding tethered membrane with random st ress. (1) T he first model is a randomly tethered membrane model. By the random polymerization, the membrane has dislocations and disclinations and they cause
quenched random stress [43]. (2) The second model is a tethered membrane with random

Recently, studies on the effect of quenched in-plane disorder have been extensively

bond length [47]. The membrane is excised from regular hexagonal lattice and it has no

performed. And the f-expansion analyses about the stability of the fixed point by the

dislocation or disclination. E,·ery atom i was independently assigned a random number

= ± 1, representing big or small atoms and the bond length between atom i and neigh= b + (p; + Pi)v. Then the membrane has random stress.

quenched inplane disorders, such as preferred metric and spontaneous cun·ature, con-

p;

clud ed that the flat phase is stab le \\'ith respect to ll'eak these randomnesses at fin ite

boring atom j was set as bu

temperature T > 0 [27, 28, 3~, 35]. This means that the flat phase of self-avoiding

\\' hen ll'e consider the rigid membrane, we fix b = 1.7 and when we consider a membrane

polymerized membrane is stable \\'hen the membrane is ,·ery rigid. Because, when the

\\'ith sma ll bending rigidity \\'e usc b = 3.0. We call the former case "stro ng" self-avoiding

lllCIIlbrane is ,·cry rigid. and flat , it is possible to neglect the sclf-a,·oiding interaction and

one, hm,·c,·er, even in t his case the self-intersection is not necessarily prohibited. The

thr abo,·c result also app lies in this case. Ho\\'e\'er, \\'hen the membrane is ,·ery soft or

onl,· difference from the latter one is its bending rigidity and fl ex ibility. The results of

its bending rigidity is Slllal l, thr only apprach to study the stability of the flat phase is

the simulations are presented and analyzed in Sec.3.3. The membrane with weak self-

to di~cu~s the membrane's crumpcd phase. From this point of ,·ie\1·. the crumpled phase

a,·oid.an<;e (b = 3.0) sholl's large shrink by buckling transitions in both models. (1) The

of genera lized Ed\\'ards model \\'ith quenched in-plane disorders has been discussed in

randomly tethered membrane is crumpled and the exponent for the radius of gyration

the prc,·ious chapter and it

Rc is O.S.J ± 0.01. For the second model (2) the fact that there occurs large shrink is

\\'FLS

concluded that the membrane ll'ith random stress can be

39
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right even if the strength of disorder is small (v ~ 0.2). About its asymptotic form , the

to all nearest neighbors which were identified by Delaunay triangulation [51] . The force

membrane with weak disorder (v ~ 0.52) is asymptotically flat and roughness exponent

constant k of the springs connecting the nearest neighbors is the same everywhere. Typ-

VJ.

is small in our data (vJ.:::: 0.3±0.1) . The membrane with strong disorder (v = 0.75) is

crumpled and the exponent for the radius of gyration

Rc

is 0.90 ± 0.04. The membranes

ical connectivity of the membrane with N = 721 monomers is shown in Figure L

In

the configuration, roughly 40% of monomers have six nearest neighbors. Membranes are
1

with strong self-avoidance are asymptotically flat in both models and their shrinkages are

excised from the network with monomer number N = 169,271,397 and 547

smalL For the second random bond length model, we have studied its cooling process for

ering potential has a parameter b that determines the reference length at which potential

.

The teth-

strong self-a\'Oiding case. Even if the temperature decreases, the shape of the membrane

becomes minimum . We take b = 3 orb= 1.7 for all nearest-neighbor pairs, independent

does not show large folding , which is observed in the phantom case. On the contrary,

of the distance between monomers . The case b = 1. 7 corresponds to a rigid membrane

the membrane becomes flatter and flatter. In Sec.3.4, we discuss the implications of the

and the case b = 3.0 corresponds to a membrane with small bending rigidity.

results and suggest a direction of further study.

3.2

Initial Configuration for R.T.M. with N-721

Model Systems and Simulation Procedure

JO

We study two kinds of self-avoiding tethered membranes with quenched internal disor-

20

ders. The first one is randomly tethered membrane model and the second one is random
10

bond length modeL The models which we study consists of hard spheres with diameter
= 1 connected in a fixed geometry by flexible bonds. Hereafter, we will explain them
in detaiL

17

·10

3.2.1

S.-A. randomly tethered membrane

·20

For the randomly tethered membrane case, the initial states were two-dimensional
random con figuration of hard spheres. In order to prepare a random configuration of
monomers, we first equilibrated systems of N =721 monom ers in a circ le of radius 24
(density is about 0.~ particle per unit area) by standard i\ lctropolis method.
potential between monomers, we use

U(r)

={ 0

. JO

u_~~~~~~~-L~~~-L~~~_u

-.W

-20

0

20

40

Figure.l. Planar configuration of a randomly tethered membrane with 721 monomer.
The solid lines represent flexible bonds.

As the
We then allow the membrane to reequili brate in three dimensions. \Ve have fixed the

1'

> 17

(3.2 .1 )

oo otherwise

An elementary move in such :'donte Carlo simulation consists of randomly choosing an
atom and attempting to mo,·e it by a n amount s in a randomly chosen direction. In
the simulati on we have taken the displacement s ::; 0.2. :\ trial mo,·e is accepted or
rrjrctcd according to the com·c ntional procedure of comparing exp( - :-. ,BE), where 6£
is the energy difference between the configuration before and after the trial mo,·e, with
a random number chose n frotn the inten·al 0- L During one \!note Carlo time unit an
atlt'mpt .is made to mo,·e every atom of the surface. \\'e performed 5

* .\' 2

:\Ionte-Carlo

force constant kf3(= kjk 8 T) = 1. At this temperature, the fluctuation of the distances
between monomers is smalL Of course, in the reequilibration, the hard core potential
(3.2. 1) also works with

3.2.2

17

= 1.0.

S.-A. tethered membrane with quenched random internal
disorder (Random bond length model)

The model which we study consists of hard spheres with diameter

17

= 1 connected in

a two-dimensional triangular array embedded in a three dimensional space. 1-th atom of

swps. \\'c then "polymerized" the configuration by adding a tethering potential
(3.2.2)

1 In our predous study, a different procedure for preparing initial configurations is used. In this paper,
we ha,·e also modified the initial density of monomers and obtained better data.

3.2. MODEL SYSTEMS AND SI1viULATION PROCEDURE
such network is described by
across) with N

43

r;. In the simulation a hexagonal sheet (L

~
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27 monomers

simulation begin at T = 10.0, which was decreased from time to time by a factor 3. This

= (3£ 2 + 1)/4 monomers excised from the triangular lattice has been used.

is rapid cooling and th ere remains the danger that the membrane is trapped in some local

The connectivity of t he system was fixed by keeping nearest neighbor atoms on the lattice
connected by a tethering potential

2

minimum. However, we think that even with such rapid cooling we can see whether there
occurs buckling instability, which results in a large conformational transformation of the
membrane.

(3.2.1)
Here T;j means the distance between i-th and j-th monomers and b;i means the equilibrium
distance (bond length) , which varies among atom pairs but is kept frozen during the
simulation. The force constant k of the springs connecting the nearest neighbors is the
same everywhere and it is represented as ,;
unit

f0.

=

fo/(J

2

in terms of an arbitrary energy

The bond lengths have been chosen by the following procedure [47]: every

atom i was independent ly assigned a random number Pi = ±1 , representing big or small
atoms, respectively. The bond length between atom i and neighboring atom j was set
as b;i = b + (p;

+ Pi)v.

Thus the bond length between two big atom was b + 2v , the

bond length between two small atoms was b- 2v, while t he distance between a big and
small atom was b. Such choice maintains an average bond length b. In order to take into
account the effect of self-avoidance, we also add the following potential between all pairs
of monomers,

Ur

( )s.A.

Here,

(J

={

Simulation procedure

An elementary move in a Monte-Carlo simulation consists of randomly choosing an
atom and attempting to move it by an amount s in a randomly chosen direction. In
all the simulation we have taken the displacement s

~

0.2. A trial move is accepted or

rej ected according to the conventional procedure of comparing exp( - 6.(3E), where D.E
is the energy difference between the configuration before and after the trial move, with a
random number chosen from the interval 0- 1. We defin e the one Monte-Carlo time unit
as a time required to perform N elementary moves.
In order to investigate t he number of time steps (defined in terms of Monte-Carl o steps)
required for thermalization , we have estimated the relaxation t ime by calculating the
autocorrelation function of the observables such as radius of gyration and eigenvalu es of
the inertia tensor. Figure 2 depicts an example of such measureme nt for L

0
1' > ( J
oo otherwise

mea ns the di ameter of the hard sphere and we fix

3.2.3

(J

= 1.

= 27(N = 547)

(3.2.2)

surface at temperature T = 1.0. The li ne (x), the line (o) and t he lin e (D) correspond

Th e tethering potential

to the autocorrelation fun ct ion AR9 (t) of the radius of gyration for (b , v) = (3.0 , 0.75),

does not restrict the length between nearest neighbor monomers. Even if we take b <

J3

(b, v)

= (3.0, 0.0) and

randomly tethered membrane (b

= 3.0).

and v = 0, we cannot completely forbid the self- intersection at finite temperature. In the
simulation we have st udied two cases: The first case is b = 3.0 ((1):"\\'eak" self-aYoidance)
A( t) wit h Rg N=547

and the second one is b = 1.7 ((2): "Strong" self-avoidan ce). The case (1) corresponds to a
membrane with small bending rigidity and the case (2) corresponds to a rigid membran e.
:\bout the strengt h of disorder, in the case (2) , we have fixed v

= 0.3 which is close to the

I

I
1.0

I

t-

-

maximal co ntrast betwee n the long and the short bonds as allowed by t he algorithm. In
the case (1) , we luH"e at first st udi ed two cases v = 0.3 x 3.0/1. 7 ~ 0.52(weak disorder) and
u = 0. 75(st rong disorder) extensiYely. Then we have ,·aried the strengt h of disorder in the
range 0.0 < u < 0.95. For comparison, we have also perform ed the :\lonte-Carlo study
of hexagonal latti ce with no disorder, (b, v)

= (3.0 , 0.0)

and (b, v)

=

(1. 7, 0.0). :\bout

the force const an t k, \\'e ha,·c st udi ed the behm·ior of the membrane at one temperature

k/kBT ~ 1.0 and used the unit T = l.O(k/ [{ 8 = 1.0) ..-\ t this temperature, the fluc tuat ion
of the dista nces between monomers is small. \\'h en we decrease the temperature, the
'In the model by Kantor [.J 7], a slightly different potential was used.

lN•N

Figmc 2. Time dependence of autocorrelation

.-I R9

for the radius of gyration "·ith

3.3. RESULTS

N

= 547.

45

The Curve (x) depicts AR9 for (b,v)

= (3.0,0.75)

strong disorder), the curve (o) represents AR9 for (b, v)

=

(weak self-avoidance and
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where, Volume is defined as

(3.0 , 0.0) (Regular hexagonal

(3.3.2)

membrane) and the curve (D) represents shows AR9 for randomly tethered membrane
with b = 3.0.

This shrink parameter means the inverse of the relative density of the membrane. In
Figures 6, we show the shrink parameter as a function of the monomer number N for

The autocorrelation function of the radius of gyration is defined as AR9 (t) = ( < [Rg(t' +
t)Rg(t) >- < Rg(t') >J[Rg(t')- < Rg(t') >] >)/ < [Rg(t') 2 - < Rg(t') >] 2 >,where the
average <> is performed over the timet' . From the figure we see N 2 Monte-Carlo time
units is sufficient for equilibration and independence between samples at the system size.
In all the simulation, we have used N 2 Monte-Carlo steps as our time unit and we have
performed equilibrium process over times ranging between 30JV2 and 500N 2 Monte-Carlo
time units . We have also performed the disorder average for N

~

169 with some samples

with random bond length modeL For the randomly tethered membrane model, we have
used the samples which are excised from the same initial configuration. When we vary
the temperature or the strength of disorder, we have used a hexagonal sheet with 271
monomers.

3.3

Results

We show typical spatial conformations of the membranes with several cases in Figure 3 a nd Figure 4 (N = 547).

Figures 3 correspond to the conformations of self-

avoiding randomly tethered membrane with b

=

1.7 (Fig.3a) and b

=

3.0 (F ig.3b).

Figures 4 correspond to the con format ions of random bond lengt h model case (b, v) =

(1.7, 0.3)(Fig.4a) ,(3. 0, 0.75)(Fig.4b) and (b, v)
conformation without disorders in Figs.5.

= (3.0, 0.52)(Fig.4c).

We a lso depict t he

From these pictures, in the random bond

length model , we can see that the configurations of the membrane with "strong" selfavoidance (b = 1.7) and disorder are not so different from those without disorders. On
the other hand , the membranes with weak self-avoidance show large shrink and there
occurs buckling transitions all over the membrane. In particular, the membran e with
strong disorder seems to be crumpled (Fig.4b). On the othr hand, in the randomly tethcrl'd membrane model, we cannot sec the difference bet1reen t he weak self-a,·oidance and
strong self-:cwoid a ncc.
In order to quantify the shrinkage of the membrane with disorder , we define the following shrit!k paranwtrr [~~ ] .
p

.

- \·olume membrane with disorder

shnr1k-

\"

olumehexagonal membrane

(3.3.1)

both models. Fig. 6a and Fig.6b correspond to the randomly tethered case and random
bond length case. When the self-avoiding interaction is weak b = 3.0, large shrink occurs
and its density changes 5 ~ 11 times when N
conformation of the membrane more carefully.

=

547. In what follows , we will study the
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(a)

(a)

(b,v)=(1.7,0.3)

Config.

(b)

Con fig.
(b)

Configuration with (b,v)=(3.0,0.75)

Fig.3.(a) T ·

with strong sel f-

m·oidancc (b)= (1.7).
(b) Typical configu rat ion of a randomly tethered membrane with weak self-amidance
and weak (b) = (3.0).
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(c)
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(a)

(b,v)=(3.0,0.52)

(b, v )=( 1. 7 ,0.0)

(b)

(b,v)=(3.0,0.0)
Figure 4.(a) Typical configuration of a tethered membrane with strong self-avoidance
and weak disorder (b, v)

= (1.7, 0.3) and 547 monomers in 3 d imensional space.

(b) Typical configuration of a tethered membrane with weak self-avoidance and strong
disorder (b , v) = (3.0, 0.75).
(c) Typical configuration of a tet hered membrane with weak se lf-avoidance and weak
disorder (b , v) = (3.0, 0.53).

Figure 5.(a) Typical configuration of a tethered membrane with strong self-a,·oidance

(b. 1') = (I. 7, 0.0).
(b) Typical configuration of a tethered membrane with weak self-avoidance (b , v)

(3.o, o.o}.
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3.3.1

(a)

Randomly tethered membrane case

As in previous works [17, 18, 19], t he inertia tensor of the system was diagonalized

0.80
0.70

for each configuration in the data set and the eigenvalues are numbered according to

0.60
0~0

their magnitudes as A1 > A2 > A3 . The directions of the principal axes are given by the

0.40

eigenvec tors~

corresponding to Aj. In Figures 7, we plot the eigenvalues and the square

of the radius of gyration R(/(= A1

0 .30

+ A2 + A3 )

versus N. When the membrane is fiat ,

the exponents v for Rc, A1 and A2 should coincide (R~ ~ A1 ~ A2 ~ £2"). And it is

!I

i

different from the roughness exponent VJ.(A 3 ~ L 2"J.. ). When the membrane is crum ped,

0.20

the exponent for A3 also coincides with v.

= (3.0), the exponent vis about 0.82 and the membrane is crumpled. In
= (1.7), v ~ 0.94 and v 1. ~ 0.47. The data are not good, anisotropic nature

In the case (b)
the case (b)

0.10

0.09
0.08

is clear and we think the membrane is asymptotically flat .
80 90 100

300

400

500

600

In order to see furth er the shape of the membrane, we investigate the structure factors
defined by

(b)

-

5(k)

0.90
0.80

= N12 <I: expik- · [fi- 1"'j] >

(3.3.3)

•,J

0.70

where i , j are the indices of the N particles on the network and f"; is the posit ion of

0.60
0.:50

particles i. The angular bracket indicates the average over equilibrated configurations. In

0.40

Fi gs.8, we show t he structure factors 5(ke1 )

O.JO

= 5 1 (k), 5(k~) = 5 2 (k)

a nd 5(kej)

= 5 3 (k) ,

plotted as a fun ction of the variable kL" for 271 :-:; N :S 547 and b = 1.7. The Structure
factor 5(1) and 5(2) are scaling fun ct ions of kL and it means that the membrane is

0,20

flat. From the behavior of 5(3) the roughness exponent v 1. = 0. 55. Figs.9 depicts the
struct ure factors 5(1), 5{2) and 5(3) for the membran e with b = 3.0. From these figures,
the ex ponent v = 0.85.

0 . 10

0.09
0.08

80 90 100

200

)()(}

400

500

600

Figure 6 (a) The Shrink Parameter P,,.d.. ~ as a func t ion of monomer number N . The
Curve ( x) depicts Pshronk for b = 3.0, u = 0. 75, the curve (o) depi cts
3.0, v = 0.52 and the curve (D) rep rese nt P sh rink for b = 1. 7.0, v = 0.3.

?shrink

for b

{b) R.T.\ l.case. The cun·e (x) depicts b = 3.0 and the curve (o) depicts b = 1.7.

=
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1000

Figure 7. Scaling plot of the mean square
radius of gy ration <
tation values < A1

Rb > ( x) and expec> (o) , < A2 > (D),<

A3 > (+) of the eigenvalues of the moment
of in ertia tensor for R.T.~l. with (b) = (3.0)

). 1 o:85

k£0.55

Figure S.(a) Th e structure factor 5 1 (1.:£1.

0)

(a) and (b) = (1.7) (b). (a) The so lid lines for N = 27 l (x), 39i(o) and 5-17(0). R.T.:\l.wi t h
lu1,·e slopes 0.82.0.82,0.85, 0.80 from top to b = l. 7.
bot tom. (b) 0.90. 1.0.0.9 1. 0. -1/.

(b) The st ru cture fa cto r S2

b = 3.0.
(b) The st ructure factor 5 2 (1,; £ 0·85 ).

(k£L 0 ).

(c) The '·perpendicul ar·• st ru ct ure factor

s3 (1,;£055) .

Figure 9.(a) The structure facto r 5 1 (k£ 0 ·85 ). R.T}vl.with

(c) The "perpendi cular" st ru ct ure fa ctor
53(1,;£085).
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In summary, we have found that the self-avoiding randomly tethered membrane is
crumpled with exponent v = 0.84 ± 0.01(Rc ~ L".

Its shape changes dramatically
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(a)

(c)

Rg and Li for (b,v)-(3.0,0.75)

(b,v)-(1.7,0.3)

and becomes highly crumpled. In addition there occurs large bucklings in contrast to
the previous results in the strong self-avoiding case. The membrane with b = 1. 7 is
asymptotically flat and the roughness exponent is v J.

= 0.51 ± 0.04.

100

1:-

1-:

10

f---

-

I

The shrink is small.

From these behavior, the membrane with b = 1.7 is in the usual flat phase described by
AL fixed point.
It-

3.3.2

Random bond length model case

In Figures 10, we plot the eigenvalues and the square of the radius of gyration Rc 2 (=
At

+ A2 + AJ)

versus N.

In the case (b , v) = (3.0, 0.75), the exponent vis about 0.90 ± 0.04 and the membrane
is crumpled. In the case (b, v)

=

(3.0, 0.52), v

=

0.98

± 0.07.

so

The data are not good,

100

I

f---

so

I

= 3.0) ,
S(ket) =

In order to see further the shape of the membrane with weak self-aYoidance (b
we investigate the structure factors. In Figs.ll , we show the st ructure factors

= S2 (k)

and S(k€:3)

=

S3 (k) , plotted as a fun ction of the variable kL"

for 271 :S N :S 547 and v = 0.75(Strong disorder case). Although the scaling for the
"perpendicular·' structure factor 5 3 is not good, we estimate v = 0.90 ~ 0.85 from other

10

-

structure factors. Figs.l2 depict the st ructure factors 5 1 and 5 3 for the membrane with

(b , v) = (3.0 , 0.52). The scaling behavior for 5 1 , which is a function of kL, indicates
that the membrane is flat. From the scal ing of the perpendicular structu re factor 5 3 , " ·e
estimate the roughness exponent 11.1 = 0.21. This value is within the error bar of the
pre,·ious estimate from the scaling A3 and is reliable 3 .

:~ The behador of structure factors for the membrane with (b, v) = (1. 7, 0.3) are not good. The reason
is not clear and our conclusion that the membrane is flat is only from the spatial conformation (Fig.-la )
a nd that the shrink is smali (Fig.6b)

I
100

Rg Li for (b,v)-(3.0,0.52)

singular and the roughness exponent v J. = 0.3 ± 0.1. This value is small as compared

S1(k), S(ke2)

,I
1000

(b)

we think the membrane is asymptotically flat. The behavior of the exponent for AJ is
with the tethered membrane without disorders. The membrane with (b, v) = (1.7, 0.3)
behaves as 11 = 0.95 ± 0.01. The exponent v ~ 0.95 seems to be small , from the spatial
conformation ( Fig.4a) we think the membrane is flat.

100

I

so

100

Figure 10. Scaling plot of the mean square

~

H-11
soo

I_

radius of gyration <

Rb

> ( x) and expec-

tation values < At > (o) , < A2 > (D) , <
AJ > (+) of the eigenvalues of th e moment
of inertia tensor for membranes with (b , v)

=

(3.0, 0.75) (a) , (b, v) = (3.0 , ~ 0.52) (b) and

(b, v) = (1.7, 0.3) (c). (a) The solid lin es
-

have slopes 0.94,0.92,0.86 from top to bottom. (b) 0.91,0.98,1.06,0.3 (c) 0.96 ,0.93 ,0.95 .

_l
1000

57

3.3. RESULTS

CHAPTER 3. S.-A. RANDOMLY POLYMERIZED MEMBRANE II
In order to see the behavior of the confor-

(a)

(a)
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mational transformation and the shrinkage
Sl with (b,vl-(3.0,0..53)

S(l)with (b,v)-(3.0,0.7.5) 271<Nd47

...

. ......

·-"""'

••'

••'

\

caused by the random stress, we have studied the behaviors of the membrane with var-

Y\_

-~

'~

ious strength of disorder. The strength of
disorder is in the range 0.0 < v < 0.95.
Fig.13a depicts the behavior of Rc and other
eigenvalues of the inertia tensor as a func-

...

tion of v.
(b)

(b)
... . _., __

""

the strength of disorder is small v

SJ with (b,v)-(3.0,0 ..53)

••'

~

(b)
Shrink Parameter vs v-o.o to 0.9!5

0.2,

the shrink is large and density becomes 2.5

'"'

~

Fig.13b shows the correspond-

ing shrink parameter, respectively. Even if

5(2) with (b.vH3.0.0.7!5)

Rg"2 and Li with b-3.0 and (v-o.o to 0.9.5)

of the membrane with weak self-avoidance

;

...

(a)

times. That is, the membrane's shape changes
much. After that, the shrink parameter and

••'

other quantities does not change so much .

10'~

••'

In figures 14, we depict the conformational

••'

transformation of the membrane as we change

••'
k'£0.21

(c)
S(l)wilh(b,v)-(3.0.0.75)

Figure 12. (a) The struct ure factor S 1(q£1. 0).
(b) The "perpendic ular" structure factor
3(qLo.21 ).

s

the strength of disorder v. When the disorder is weak v

=

Figure 13 (a) Plot of the mean square ra-

0.05, the membrane is dius of gy ration <

Rb

> (x) and expecta-

smooth and we can see its anisotropic na- tion values < J\ 1 > (o), < J\ 2 > (D) , < J\ 3 >
ture. As the disorder becomes large, v
0.30

~

= (+) of the eigenvalues of the

moment of in-

0.50, the membrane's conformation ert ia tensor for membranes with (b, N)

changes dramatically and we see large shrink, (3.0, 271)
which is induced by buckling transit ions. And
the membrane with strong disorder v

= 0.95

(b) The Shrink Parameter

seems to be crumpled and takes isotropic and b = 3.0.
conformation .

Figure ll.(a) The structure factor 5 1 (q£0.90).
(b) T he st ru ct ure factor 5 2 (qL 0-85).
(c) The "perpendicular" st ructme factor

s3(q£o9s).

P,hdnk

as a

function of strength of disorder v . N = 271
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(b,v)-(3.0,0.05)
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Secondly, we study the cooling of the membrane with strong self-avoidance and weak

(c)

(a)

60

disorder (b, v)

v-0.50

= (1.7, 0.3). If the bending rigidity and the elastic constants change as

we decrease the temperature T, the buckling condition (2.1.1) may be satisfied. At the
temperature T

= 1, the membrane is flat from the above analysis.

membrane with the same strength of disorder (b, v)

On the other hand, the

= (3.0, 0.52) shows large shrink. If

buckling transition occurs as T decreases, the membrane with (b , v) = (1.7, 0.3) also shows
large shrink. The temperature dependence of the spatial conformations of the membranes
are depicted in Figure 15. As the temperature decrease, at T ~ 0.3, some peak occurs
in A3 , however overall the membrane becomes flatter and flatter. We see no apparent
evidence of foldings or large buckling, which was seen in the phantom case near T

=0

[47]. We have also obtained other thermodynamic fun ctions such as in ternal energy and
specific heat. We do not find any singurality in the data.
(b)
Temp. dep. of Li with (b,v)•( l.7,0.3)

v-0.30

v-0.95

Tcmpcrarure

Figure 15. Temperature dependence of the three (ordered) eigenvalu es A1 > A2 > A3 of
the in ertia tensor of the membrane with (b, v)

= (1.7, 0.3)

and N

= 271.

Figure 14. Typical spatial conformation
of the two-dimensional membrane with weak
self-a,·oidance (b

= 3.0)

and (a)v

=

0.05,

(b)v = 0.3, (c)v = 0.50 in flat , and (d)u
0.95 in crumpled .

=

\\"e can interpret this result as follows. Even if the temperature decreases, the bending
rigidity does not become enough ly small and the buckling condition is not satisfied . This
means that the '·entropic"" bending rigidity in the flat phase, contributes as a remnant one
to the total bending rigidity and it does not depend on the temperatu re. This explanation
secnts to cont rad ict "·ith the picture that the induced "ent ropic" rigidity is proportional
to temperature and \\·e cannot gi,·e any clear answe r [10]. If the abm·e interpretation is
not rjgh\. we can propose two other possibilities. One is that the large shrink is an atrifact
of the model and if the self-intersection is completely prohibited , such behaYior including
large buckling transition cannot occur. The second possibility is the difference in the local

3.4. DISCUSSIONS AND CONCLUDING REMARKS
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flexibility of the membrane. That is, the large shrink or buckling transition occurs only if
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the other hand the membrane with the same strength of disorder and weak self-avoidance

=

the membrane is very flexible case. Otherwise, even if the bending rigidity becomes small

(b, v)

enough, buckling transition cannot occur and large shrink does not apppear. However,

former one has large bending rigidity than the latter one. The condition (2.1.1) is not

within our study we cannot determine which one is true.

satisfied and buckling transition does not occur in the strong self-avoidance case. In

(3.0, 0.52) shows large shrink. One possible reason for the difference is that the

oreder to see whether there occurs some large conformational transformation by thermal

3.4

bucklings transition, we have performed the cooling of the membrane. The membrane

Discussions and Concluding Remarks

becomes flatter and flatter as the temperature decreases and we find no folding or large
buckling between the temperature about 0.01 < T < 10.0. This means that the bending

In this chapter, we have performed simulations of the self-avoiding tethered membrane

rigidity cannot be so small even if the temperature is very low. That is, as the "en tropic"

model with quenched disorders. As a model for randomly polymerized membrane we have

rigidity contribution to the total bending rigidity of the membrane does not depend on the

studied two types .

temperature and the buckling condition is not satisfied even if the temperature becomes

[1] The first model is a randomly tethered membrane model. The membrane with weak
self-avoidance b = 3.0 shows large shrink and takes highly crumpled conformation. The
asymptotic form ts isotropic anf the exponent for the radius of gyration is v

=

0.84

±

small.
From these results, we propose the possibility of thermal conformational transformation
of the "weak" self-avoiding tethered membrane with quenched disorder. Introducing the

0.01. On the other hand, the membrane with strong self-avoidance does not show any

"bare" bending energy

large conformational transformation and its anisotropic behavior is clear. The roughness

again. Then ll'e may be able to see the large buckling of the membrane by decreasing the

exponent is

v.~_

= 0.51 ± 0.04.

= 1)

and small (p;

= -1))

Introducing two kinds of

,the reference length between i-th and

j-th monomers b;i varies among monomer pairs by the rule b;j

= b+ (p; +Pi)v .

We have

studies the model with b = 3.0 ( "weak" self-avoidance and various strengths of disorder)(1) and with (b, v)

in the model, we can make the membrane smooth and flat

temperature [29] . Because, as the temperature decreases the effective rigidity becomes

[2] The second model is a random bond length model.
monomers ( big (p,

K

= (1.7, 0.3)

smaller and smaller. If the total bending rigidity, which is the sum of the "entoropic" one
a nd the thermally induced one which include the bare bending rigidity, becomes small
enough and the constant K 0 becomes large, the buckling condition (2 .1.1 ) is satisfied and
there occurs bucklings. Such transformation is possible only for the weak self-avoidance

( "strong" self-avoidance and weak disorder)(2). (1)

case, otherwise remnant entropic rigidity prevent the condition (2.1.1) to be satisfied in

For membranes with weak self-avoidance there occurs large buckling transitions and the

the strong self-avoidance case. This possibility may be relevant to the understanding of

membrane shows large shrinkage. The relative density with the v = 0.0 case becomes

the wrinkling transition in partially polymerized vesicles [32].

8 ~ 9 times even if the strength of disorder is small v ~ 0.52 (Fig.6). When the disorder

\Ve a lso propose the following possibility which may correspond to the wrinkling transi-

is small (u ~ 0.52) , the membrane is asymptotically flat and the roughness exponent

tion [28] . In the experiment, the partial polymerization at high temperature presumably

is small (v.~_

= 0.30 ± 0.10).

:\bout the membrane with strong disorder (v

=

=

0.75) , it

results in sparse but percolating netll'ork of covalent bonds and the flat shape is stable. As

0.90 ± 0 . 0~. Theoretical

the temperature decreases , crystalline order sets in ll'ithin these lipid area and quenched

prediction is v = 6/7 [42], holl'ever more large system size is necessary in order to esti-

random stress ll'ill appear. This process corresponds to the increase in v in our model

mate the exponent and to determine whether these results are cross-over effect or not.

and large transformation occurs and ll'rinkled structure appears. That is , the ll'rinkling

\\'e also note that these findings may arise from that the model does not completely for-

transition may be a mechanical buckling transition ll'hich II'C found in this II'Ork.

is crumpled ll'ith the exponent for the radius of gyration v

bid the self-intersection. That is, if the self-intersection is completely prohibited, such
bcha1·iors may not occur. Ho11·e,-er , even if the self-intersection is completely forbidd en ,
highly crumpled and floppy conformation is possible in elf-avoiding plaquette membrane

mod~! [20. 21 ]. \\'{'think that large shrinkage can occur in complete self-a,·oiding tethered
tllt'llthrane ll'hen the bending rigidity is small. (2) :\ membrane ll'ith strong self-avoidance
and ll't'ak disorder (b. u)

= (1.7. 0.3) is asymptotically flat

and its shrinkage is small. On
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mension of the membrane at the transition is estimated as d1 = 2.4. Mori and Wadati [54]
discussed the phase transition of D-dimensional (phantom) polymerized membrane with
long-range attractive interaction

(r""~)

and showed that there are several types of phase

transition from a flat phase to a compact phase depending on the type of the interaction

(I) and the dimension of the membrane (D) . Especially, when the interaction is short-

Chapter 4

ranged, the transition is continuous. Based on this result, they discussed the possibility of
the complete cancellation between the "entropic" rigidity from self-avoidance [10] and the

Phase Transitions of Polymerized
Membrane with Attractive
Interactions

negative rigidity from attractive interaction which causes the crumpling transition of the
membrane. This cancellation does only occur when the membrane is very fl exible case.
Otherwise, the flat phase becomes unstable before the cancellation becomes complete
and the membrane shows the sequential folding transition . About the sequential folding
transition , Mori and Kajinaga [55] have presented a simple model, a square lattice model
with attractive interactions, and has succeeded in constructing a model which describe
the transition.

4. 1

Genesis
In this chapter, we review theoretical approaches to the phase transitions of polymer-

Recently there has been considerable interest in the phase transition of polymerized

ized membranes with attractive interactions. The bala nce of this chapter is as foll ows.

(tethered) membranes [l]with attractive interactions [10, 52, 53, 9]. In a pioneer work

In Sec.4.2, we review the Landau theory for the phase transitions of polymerized mem-

[10]. Abraham and Nelson found by molecular dynamics simulations that the introduction

branes with attractive interactions. Sec.4.3 is devoted to a theory for (D-dimensional)

of attractive interactions between monomers leads to a collapsed membrane with fracta l
dimension 3 at sufficiently low temperature. Subsequent ly, Abraham and Kardar [52]
showed that for open membranes with attractive interactions, as temperature dec reases,
th ere exists a well defined sequence of folding t ransitions and then the membrane ends
up in the collapsed phase. Th ey also presented a Landau theory of the transition and in
addition , they discussed that the folding transition is related to the unbinding transition
of bimembranes. Liu and Plischke [53] carried out ~dante Carlo simulations for a similar
model and found that the membrane undergoes a phase transition from the high temperature flat phase to the low temperature collapsed phase passing through an intermediate
crumpled phase. The intermed iate crumpled phase exi sts over a certain range of temperat ure and its fracta l dim ension is est imated as d 1 = 2.5. Following this work, Grest and

polymerized membrane with attractive long-range (r--r ) interactions. Using the large-d
lim it , we solve the mod el and discuss the possible phases and phase transitions in the

(r, D) plane . When the interaction is short-ranged 1 the membrane shows a continuous
transition from the flat phase to the compact phase passing through a crumpled ph ase.
Based on the result , we propose a theoretical interpretation about th e above numeri cal
results. In particular, we

empha~ize

on the cancellation between the "entropic" bending

rigidity from self-avoiding interaction and the negative bending rigidity from attractive
interactions. We defin e the square lattice model with bending rigidity (u) a nd interactions (w) in Sec.4.4. \Vc consider two types of interaction ; the first one is a potential
which is proportional to the contact area of the latti ce (CA type) and the second one is
proportional to the numb er of pairs of elementary squares which occupy the same pl ace

Petsche [9] extensi,·cly carried out mol ec ular dynamics simulations of closed membranes.

in the plane (CP type). \\·e analyze th ese models theoretically and we obtain the phase

They co nsidered flexible membranes ; the nodes of the membrane arc connected by a linear

diagrams in the (u, w) plane for each potential. In particular, for theCA type interaction ,

chant of n. monomers. For short monom er chains, n

= -.!.

t here occurs a first order transi-

t ion (ron.1 the high temperatures fla t phase to the low temperature collapsed phase, but no
llttenncd!ate crumpled phase. For longer chains , n·
- 8 , tile t rans1·t·10n 1·s e1· t 11er contmuous
or "·eakly first order. \\"ith the assumption of the continuous transition. the fractal di-

63

"·e find a pa rtially fold ed state in the region (u > 0, w < 0) . :\umerical studies for the
modG l with the CA type interact ion shows a sequential foldin g transition of the latt ice.
In Src.-1.5. we conclude \\·ith remarks on the Yiewpoint of the cancellation between t he
··emropic"' bending rigidity a nd the negat i,·e bending rigidity.

4.2. LANDAU THEORY FOR ATTRACTIVE POLYMERIZED ME!'v!BR.t\NE

4.2
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Landau Theory for Attractive Polymerized Membrane
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the following sections, we study several models of attractive polymerized membranes and
their relations with the Landau model.

Here we will explain the Landau theory for tethered membranes with attractive interactions [52]. An effective free energy is constructed for X(a), which is a coarse-grain version
of the coordinate X(m, n) of the monomers in the network. On the basis of symmetry
consideration, the lowest order terms in a gradient-density expansion for the Hamiltonian

{31i are

j d2 a[~o;X. o;X + u(o;X. aix)(o;X. aix)

f31i[X(a)]

compact phase

crumpled phase

+ v(aix · o;X)(aix · aix) + ~6.X. 6X]
+

+

~j

j d a'8 [X(a)- X(a')]
~ j d a j d a' j d a"8 [X(a)- X(a')J8 [X(a')- X(a") ].
da

2

2

2

2

3

2

3

3

folded state

nat phase

(4.2.1)
The parameters t, u, v, K , b, c depend on temperature and the microscopic potential. The
local term represents the nonlinear elasticity of the membrane and the non-local terms are
due to long-range interactions, such as sel f-avoidance. If we ignore thermal fluctuations,
we can evaluate the free energy :F at mean field level in terms of a uniform density

n( ~ £2 I R 3 ) and tangent vector tii. Here L is the linear size and R is the radius of
gyration. The free energy is eva lu ated as,
(4.2.2)

Figure I. Phase diagram of the Landau theory. The arrow on the line indicate the
possible trajectory which corresponds to the sequential folding transition.

4.3

The signs of the lowest order term (that is , t and b) determine t he phase of the membrane

Polymerized Membrane with Long-range Attractive Interactions

and there are four phases (flat, crumpled, compact, folded) correspondi ng to the signs of
the parameters b, t (Fig.!).

In this section, we study the phase transition of phantom polymerized membrane with

In the first quadrant (t > 0, b > 0) , the membrane is in the crump led phase and R ~

attracti,·e interactions. This model can be solved exactly using the large-d limit and we

L' 1·;. In the fourth quadrant (t < 0, b > 0), the membrane is flat (m fo 0). In the region

can discuss their phase transitions.

(t > 0, b < 0), the order parameter m is 0 and the density n becomes finite (£2 1R 3 ~ n).
Thr membrane is in the compact phase (R ~ L 2i 3 ). In the t hird quadrant (t < 0, b < 0) ,

4.3.1

Polymerized membrane with attractive interactions

both m and n tend to be nonzero. Physical meaning of the phase is not so clear, it seems
to correspond to a folded structure, because this phase can be obtained by regularly

foldi1)g ~he flat membrane into a compact structure.

Based on this results, :\braham

\\·r prepare some notations.

The position of the 0-dimcnsional membrane in a d-

dilllensi[!nal space is described by d bulk coordinates .\i(a 0 )(i = 1, ·· · ,d), where C7°(a =

and l~ardar think that as the temperature decreases the membrane proceeds along the

I , ···. D) are the internal manifold coordinates. \\'e denote the bending rigidity of the

trajectory indicated in Fig.! and it corresponds to the sequential folding transition. In

membrane by

K

and the clastic Lame coefficients by Jl and

>. . The interaction bet\\·een
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case, that is V(r 2) = 0, eqs.(4.3.6) and (4.3.7) survive and flat phase (( > 0) exists only

different positions, which is rotationally-invariant, is represented by V. We take

forD> 2 [22]. By a formal expansion of eq.(4.3.4) in powers of k, we obtain
(4.3.8)
where r is the distance, and u and 'Yare some constants. The Hamiltonian of the tethered
where the effective surface tension

membrane with long-range interaction is given by

-

IDd u[2~~:6X
d
- · 6X- + 4_J.Ld{8aX
1
· 8fJXtlafJ}

'li[X(u)J

+

1

-

-

Teff

2

I I

X-~

and the effective rigidity

Kef 1

are given by

I dDuu2[A(u)tl-~,
I dDuu4[A(u)tl-~.

(4.3.9)

~~:+ 4(D2'Y:2D)

2

B.Xd{8aX · 8.,X - D}]

+ d d0 u d0 u'V((X(u)- X(uW).

Tef 1

(4.3.2)

(4 .3.10)

We find that in the attractive force case u < 0, a correction to the rigidity is negative,
while in the repulsive force case u > 0, it is positive.

1J J d

0

And in the flat phase, from

u(A(u))-l-~. Depending on the sign of u, we

The first term represents the bending elasticity, the second and third terms the stretching

eqs.(4.3.7),(4.3.8) and (4.3.9), X=

elasticity and the last term the long-range interactions. To investigate the large-d limi t,

see from eq.(4.3.6) there is a positive or negative contribution to the order parameter ( 2

it is useful to introduce the auxiliary fields XafJ, A(u, u') and B(u, u')[22, 24] and rewrite

Hereafter , we shall consider these saddle point equations in the attractive interaction case

the Hamiltonian as

u < 0.

'li[X ,XafJ, ri. , B]
Dd-1-1
1
d u[-~~:6X · 6X + -XofJ(OaX · 8pX- tla(J)- -p(XafJ) 2 - -1)(Xao) 2 ]
2
2
2
2

I

-d

I I d u'(~([i(u)0

d u

0

4 .3.2

Large distance behavior and phase transitions

First, we consider the crum pled phase. In the phantom case, it is known that the
behavior of the membrane is governed by r. 11 k 2 and two-point fun ct ion A(u) behaves as

X(u')f- A(u,u'))B(u,u')- V(A(u,u')),
(4.3.3)

A(u)

_1_0"(2-D)

for

D < 2,

(4 .3.11}

Teff

where p = 1/2tt and7)

= -.X/(2tt(2J.L+d.X)).

We define the flatness order parameter(; for

the flat phase X(u) = (u"e",. \\'e assume that XofJ = XtlafJ, A(u, u')
B(u - u') because of isotropy and translational invariance.

A(u)

-

1

for

D > 2.

(4 .3.12}

Teff

= A(u-u'), B(u, u') =

Let the interaction be switched on (u < 0). Equation (4.3 .9) shows that

Teff

diverges

positi,·ely in the region D > ~ and the membran e shrinks to a point. In actual

:\ow we can derive the following set of saddle point equations [24],

membranes , there is a three-body interaction that forbid s the membrane to shrink to a

f((k)

(4 .3.4)

point. [50] and such collapsed phase should be interpreted as the com pact phase. However ,
in the discussion of the flat phase and its instability, the three-body interaction is irrelevant

A(u)

(4.3.5)

and we may neglect it.

(4.3.6)

action. In this case, the most important relation is eq .(4 .3.10). By inserting the large
distance behm·ior of the two-p oint function .-l(u) ~ ( 2B2 , we obsen·e that the second

Second , we consider the flat phase and its instability caused by the attractive inter(

(4.3./)

term, the co ntribution from the interact ion , diverges when 'Y - D < 2. That is, in the
Equ<\tiott (~.3.1) indicatrs that the solution "·ith the broken symmetry (( > O) is possible

regiop . t.he flat phase becomes unstable by even a weak attractiYe interaction. In there-

onl,· if the coefficient of the k 2 term in K(k) is 0. These saddle point equations have been

gion D > 2 and "f - D > 2. the flat phase ex ists and remains stable when the in teraction

analyzed in the repu lsi,·e force case (u > 0) [22, 2-l] . \\"e also reca ll that, in the phantom

is

\W_\"

"·eak. Then, it is interesting to ask the following question : what will happen in

4.3.
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this coexistence region between the flat phase and the compact phase when we increase
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order parameter ( and u is the strength of attractive interaction.

the magnitude of u. From eqs.(4.3.7) and (4.3.8), we have K(k) ~ K.effk 4 • Rewriting ( 2
From this, we find that there exists a first-order transition from the flat phase to the

by B(u), we have the large distance behaviors of the two-point function as

A(a)

B(u)a 2 + Ca 4 -D

for

A(a)

B(u)a2 + C

D > 4.

for

D

< 4,

compact phase at a certain value
(4.3.13)
(4 .3.14)

Uc·

The transition from the compact phase to the

flat phase requires a further investigation, but it seems that there is a "superheated"
compact phase. Phase diagram in terms of"! and D is summarized in Fig.3. Recall that

r

< 4} corresponds to the usual flat phase and the latter (D > 4} to the

signifies the decaying power of the interaction and D is the dimension of the membrane.

super flat phase [22]. Let us discuss the behavior of B(u) when the parameter u changes.

From these analysis, it is clear that, if the attractive interaction is finite-ranged, then the

The former one (D

We suppose that B(u) vanishes continuously at u

=

Uc·

Then by inserting the above

infrared behavior of A(a) into eq.(4.3.10} , we know that the second term diverges in the
region "!

membrane exhibits a continuous crumpling transition from the flat phase to the compact
phase and there exists a critical crumpled state at the transition point.

< 1 _~ 14 at u = Uc and is convergent in the region "! > 1 _~ 14 at u = Uc· This
< 1 _~ 14 }, the transition from the flat phase to the compact

means that in the region ("!

phase cannot be continuous. In order to see the situation more clearly, we introduce the

Phase Diagram

following "toy" model for the order parameter B(u),

B(u)
K.eff(u)

1

1- C 1 - - ( - ) '
K.eff U
K. + uC2B(u)- 6 .

(4.3 .15}
(4.3.16}

Here, we have considered the infinite elastic constant limit in the original saddle point
equations and introduced some constants C 1 ,C2 and 8.

These equations are used to

determine self-consistent ly the order parameter. The behavior of B(u) is schematically
drawn in Fig.2.

5

(3}

4

(1}

3

(4}
2
(2)
Flat Phase

0

B(u)

0

2

3

4

5

6

7

8

9

10 11 12 13 14

'(

Figure 3. Phase diagram in the {'{,D) plane: (1) compact state; (2) crumpled state;
(3) flat state+ compact state; (4) flat state+ crit ica l state+ compact state.

4

Superheated State

Co~act Phase

Figure 2. BehaYior of the order parameter in the (B. u) plane. B is the square of the

4.3.3 ·Discussions
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In what follows, we discuss the implication of the above analysis, in particular to the
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left for a future study.

numerical studies and the Landau model. Our analysis deals mainly with the instability
of the flat phase of the phantom membrane caused by the attractive interaction. On
the other hand, numerical simulations treat the self-avoiding tethered membranes with

Finally we make a comment on an experimental situation of our model. It is known
that attractive forces (short-range or long-range) appear when a system of polymers is

short-range attractive interaction. The self-avoidance induces the entropic rigidity [10)

in a critical fluid [57) . The conformation of the polymers change drastically due to these

and because of its effect, the membrane is in the flat phase. When the membrane is in the

forces. If we consider the same situation for the polymerized membrane we can imagine

flat phase, it is widely believed that the self-avoidance is irrelevant and can be ignored.

two possibilities. First, the phase transition of the membrane occurs when the surrounding

in the Hamiltonian (eq.(4 .3.2)) include the effect of

fluid is far from critical point. In this case, the attractive force is short-ranged and phase

In other words, the bare rigidity

K.

the self-avoidance and this contribution does not depend so much on the temperature.

transition may be smooth. Second, if the phase transition occurs when the fluid is near the

Therefore, the analysis in the present paper corresponds to the numerical simu lat ions

critical region , the transition is discontinuous because the attractive force is long-ranged.

before the phase transition to the collapsed phase occurs. This transition is a continuous

Then the correlation length of the fluid exceeds the size of the membrane, the membrane

crumpling transition and there exists a critical crumpled state, which explains the result

expands to the original flat shape. We think that this situation should be also interesting
for numerical studies.

of the recent numerical simulation [9) that the phase transition seems to be continuous
in the n

= 8 case.

However, our model treats the very flexibl e membrane and in the less

flexible case the transition may be discontinuous. The reason is that: when the membrane
is not flexibl e, before the cancell ation becomes complete, the flat phase becomes unstable
by the attractive interac tions. Then the first order transition to the folded state occurs

'.

Co'ru_pact phase

crumpled phase

and the unbindin g transition nature [52) becomes important. In order to describe such
process, the foldin g degree of freedom of the membrane is very important. In this respect ,
the square lattice mod el is a convenient starting point for the description of the sequential
folding transition . In the next sec tion , we will propose such model and study its phase
transitions.
Now, we discuss the relat ion of the above result with the one by Abraham and Kardar
based on the Landau model [52), which is explained in Sec.4.2. Our analysis indicates
that the cha nge in the parameter b causes a change in t and there is a critical crumpled

folded state

tO

··flat phase

state which co rres pond to the origin of the phase diagram. Therefore we expect that th e
phase transiti on occurs along the arrow as depicted in Fig ..J. Howewr, if the membrane
is less flexible , the route consid ered by Abraham and Kardar is also possible. \ \"ith these
co nsid erations, we propose the following relation between the pa ram eters b and t.

b -

(T- To) ,
-b - t 0 .

Figure .J. Phase diagram of the Landau theory and the possible traj ectori es; the arrow
(4 .3.17)

Herr. To is the transition temperature and the positi,·e co nsta nt lo differentiates the two
tasrs; lu.= 0 correspond to the fl ex ibl e membrane (continuous transition case) and to> 0
correspond to the less flexible membrane (first order transition case). These relations
enable u. to discuss the properties of the membranes· solution. The detailed analysis is

(lo = 0) indicates the co ntinu ous crumpling transition proposed in thi s sect ion ; the line

(1 0 > 0) is suggested by :\braham and Ka rdar .
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Square Lattice with Attractive Interactions

Lx
xn

This section is devoted to a simple model which describes the sequential folding tran-

n·l

sition of the polymerized membrane with attractive interaction. In order to describe the
transition of the membrane, the folding degrees of freedom of the membrane are important. Square lattice model was at first introduced by David and Guitter [12] as a simple
xJ

model for polymerized membrane. The model is a discrete rigid-bond square lattice,

x2

xi

which is allowed to fold on itself along its bonds in a two-dimensional embedding space.
By changing the bending rigidity u, it shows a first order transition from a completely
flat phase (u > 0) to a completely folded state (u < 0) [12, 59]. Triangular lattice case
was also studied [58, 60, 59]. Here, we would like to study a square lattice model with

Figure 5: a) Stretched form of a square lattice of size L x L.
b) Typical configuration of a section of the lattice. The folds have a vanishing length.
The lattice is not completely folded to clearly indicate the configuration .

attractive (w < 0) or repulsive interactions (w > 0) as a simple model which describes the
sequential folding transition of the tethered membrane. As an interaction between different parts of the lattice, we study two types of interaction: the first one is a potential which
is proportional to contact area of the membrane and the second one is proportional to

The membrane has of course two such sections. The membrane is constrained to a plane

the number of pairs of the elementary squares which occupy the same place in the plane.

and the section is represented by a line of zero thickness which folds in N = 1, 2, · · · , L

We discuss possible phases and phase diagrams in the (u ,w) plane for each interaction.
For the first type interaction, we have also performed numerical studies.

segments of successive lenght x 1 , x 2 , • • • XN [61]. Correspondingly, the other section , which

4.4.1

Model system : Square Lattice with interactions

folds in AI segments, is represented by y 1 , y2 , · · · YM· These segments' lenghts X; and Yi
are multiples of lattice constant a = l. For convenience, in the theoretical calcu lation, we
treat them as continuous quantities with U.V. cutoff (lattice constant a= 1). The total
length s are fixed:

We consider a model of foldings of a two-dimensional square lattice with L x L size. vVe

N

consider all possible foldings of the lattice and each folding maintains the correct distances

_Lx;

between the neighboring sites. Two configurations are identical if the positions of all

i:;;l
M

correspo nding sites (or vertex) coincide and this definition of the identical configuration

LYi

(4.4 .1)

= L.

j=l

does not distinguish between the different manners of folding which lead to the same final
state. Figure 5a) depicts such a lattice before the foldin g, while figure 5b) shows the
section of it in a folded state along its x-axis.

L

.-\ configurat ion of the system is thus determined by a set of natural numbers (N, AI)
and a set of positive numbers x 1, x 2, · · ·, xN; y 1, y2 ,

·· · ,

YM. Let th e potential energy for a

configuration of the square latt ice be denoted by UN ,M (x 1, x2, · · · , Xs; Yt, Y2, · · · , YM ).
The potential energy will be taken to consist of the sum of two terms. First, as a

a)

bending ene rgy, 11·e assign energy " per unit length of a fold. We denote an interaction
between the elelllentary squares of the lattice as U1 and the potential ene rgy for the system
is written as ,

. .
Lx
b)

.
(N- 1)"£ +(.\I- 1)"£ + Ut

(.J ..J.2)

(H3)
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As an interaction between different parts of the square lattice, we consider two types
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Here ry, is a solution of the following equation,

of interaction. The first one is a potential which is proportional to Contact Area of the

exp(ary,)ry, = exp( -uL)

lattice. The contact area is determined by the area difference between the initial stretched
form and the configuration considered. The potential is written as,

(4.4.10)

Then the free energy of the system is
( 4.4.4)

-lnZ 2 (u,w=O,L)

Fo-

-2ry,L.

Here, Lx and Ly are the widths in each direction of the lattice (Fig. 5b) and are represented
as,

(4.4.11)

The condition (4 .4.10) is rewritten as,

Ma.x(xt , Xt - x2
Max(yt, Yt- Y2

+ xa, · · ·)- Min(O, x 1 - x 2, · · ·)
+ Ya, · · ·)- Min(O, Yt- Y2, · · ·) .

In ry.

+ ary.

= -uL.

(4 .4.12)

(4.4.5)

We also consider a potential which is proportional to the number of pairs of elementary

In the t hermodynamic limit L-> oo, the solution ry, is estimated as (a= 1) ,

squares that share the same place in the plane (Contact Pair).

-{ exp(-uL) u>O
-uL
u < 0.

(4 .4.13)

T}.-

UI,CP(Xt, · · ·, xN; Yt. · · ·, YM)

= w(Number of pairs of contact elementary squares) .

(4.4.6)
In the usual discussion of polymer with attractive interaction , the second type is usually

employed [50] . However, the attractive interaction of a polymer in poor solvent comes
from the fact that solute-solute and solvent-solvent contacts are preferred to solute-solvent
contacts. From this point of view, we think the contact area potential U1,cA is more
natural than the contact pairs potential U1 ,cp and we will discuss the difference between
these potentials in t he square lattice model.

Free energy F 0 is

Fo
The total number of folds

-2Lexp(-uL) u > 0
u < 0.

= { -2uL 2

Nrotal

(4.4.14)

is,
[)

Nrotal

< N + M- 2 >= Lau Fo
2Lexp(-uL)->0 (L->oo)
{ 2L

u>O
u < 0.

(4.4.15)

For convenience we will use the reduced bending rigidity and potential strength,
This beha,-ior completely coincides with the previous results [12, 59].

u

= K/koT

w

= w/koT.

(4.4. 7)

The partition fun ct ion is given as,

Z(u,w, L)

=

f. 1a dxl [''a dx2 .. . Jar."" dxN Jnr."" dyl Jnr.oo dy2 ... Jnr.oc dyM
S

to break the flat state like in the figure 6a.

AI

8(Lx;- L)8(LYJ- L)exp(-U,v,M/k 0 T) .

(4.4.8)

j=l

The e,·aluation of the configuration sum is very difficult , we would like to treat th e
interaction term

ul

at mean fieldlc\·el. At first we eYaluate thr partition function with the

potential lP,·..\1· By using Laplace transform [61], the partition function can be calculated
easil_,. <llid the expression is.

Z(u . .u

= 0. L ) = exp(217.L).

> 0) or completely folded

state (u < 0). \\'h en the lattice is in the flat state, the attractive interaction is considered

N,M==l

i=l

In the following we would like to study the effect of interactions on these results. From
the abm·e analysis, the lattice is in a completely flat phase (u

(4.-1.9)
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From the relation Nrotal = 2£ exp( -uL), we can express u in terms of Nrotal,

a)

uL = -1n(Nrotad2L).

(4.4.19)

In the above estimation of interactions (4 .4.17), we use the fold number N
L

= 1 + kNrotal

which is a function of u. In order to rewrite the free energy F 0 (u,w, L) in terms of

U2

(NrotaL,W, L) , we perform the Legendre transform with respect to u. Then the free energy
Q(Nrota/ ,w, L) is,

b)

Q(Nrota/ ,w,L) = uLNrotal- F(u ,w, L)
-Nrotalln Nrotad2L + Nrotal- w£ 2 (1- N- 2 ) CA case
{ -Nrotatln Nrotat/2 + Nrotal- ~w£2(N 2 - 1) . CP case.
This free energy

g has

the following relation ,

~=uL.

(4.4.21)

8Nrotal

Figure 6: a) Folding transition of a flat membrane. Attractive interaction is considered
to break the flat phase like in the figure.
b) Uniformly folded state of a square lattice. Each segment has equal length x

= L/N.

4 .4.2

(4.4.20)

Phase diagram of square lattice with interactions

In what follows, we discuss the effect of interactions on the completely flat phase and
on the completely folded state. At first, we discuss the effect of attractive interactions on
the completely flat phase. In this case, Nrotal is very small (~ 0) and the free energy

g is

roughly estimated as,
We assume the broken flat state is an uniformly folded state with N = 1 + kNrotal
segments in each direct ion (fig 6b), that is each segment has equal length
estimate the effect of attractive interactions as,

x

=L/N. We

Q(Nrota/,w,L) = uL < Nrotal > -F(u,w , L)
CA case
-Nrota/1n(Nrotad2L) + Nrotal- wL 2 Nrotal
{ -Nrota11n(Nrota!/2L) + Nrotal- ~wL 2 Nrotal· CP case.

(4.4.22)

Here we haYe discarded terms which are higher order in Nrotal or which do not depend

>

(4.4.16)

< Ucp >

(4.4.17)

<

Ucc~

on Nrotal· From the relation (4.4.21), Nrotal is given by
"f. .

_ {

l l otal-

2Lexp(-(uL+w£2)
2Lexp(-(uL+~w£2)

C.-\ case
CP case.

(4.4.23)

On the other hand, when the repulsive force breaks completely folded state, it is not clear
hmr the folded state becomes unstable . We assume the abm·e estimation holds even in
this case. And in what follows, we also take the latti ce constant a

= 0 for the convenience

This mea ns that the completely flat phase becomes unstable with respect to both attracti,·c interactions and the critical 1·alues Wcritical are

of calculation. Then 17, = exp(-1tL) and Nrotal = 2Lexp(-uL). However , when one

int~rprets the results physically, the U. V.cutoff has to be taken into account. The total
free energy is e1·aluatcd as

Wcritical

=

-u/ L
{ _ 2u/ L

C ..\, case
CP case.

(4.~.24)

Thes<; ,.,,lues goes to zero in the thermodynamic limi t L -+ oo. which is very natural.

F(u.u.~ , L)={ -2t],L+ w(£2-x )
C.-\case
-2t],L + ~wN 2 (N 2 - I )x2 CP case.

Because the free energy difference between the completely flat state and the one fold

2

(4.4.18)

state with a crease at its center is 6F

= ~wL + uL2

In 2 and it becomes negati1·e for

79

4.4. ATTRACTIVE POLYMERIZED MEMBRANE II

80CHAPTER 4. POLYMERIZED MEMBRANES WITH ATTRACTIVE INTERACTION

w < -2u/ L [52]. However, after some sequential foldings , the behaviors of the membrane

irrelevant and the completely flat phase is stable with respect to the weak repulsive

are different for each interaction. In this case NTotal is not small and eq.(4.4.21) becomes

interaction. However, the sit uation is not so simple. In the completely fold ed state, the

CA case
CP case.

(4.4.25)

free energy per elementary square is !told = 2u + w and in the flat phase ftlat = 0. From
the discussion given in [59] , the free energy of the system is given by

In the CP case, the effect of interaction becomes more and more important as N becomes

(4.4.30)

large. And in the thermodynamic limit (L ~ oo), the bending ridity becomes irrelevant

Consequently, there occurs a first order phase transition between a completely flat phase

and the membrane is in the completely folded state.

(2u

+ w > 0) and a completely folded state (2u
(0 < NTotal < 2(L- l)) does not appear. 1

We also note that the equation (4.4.21) has the following form
1

2

(4.4.26)

uL = -ln(NTotat/2L)- 4wL NTotal·

+w

< 0). Intermediate fo lded state

In the CP case, the repu lsive in teraction becomes very large and the completely folded
phase becomes unstable. Even if N and w are small , the repulsive interaction wins over
~

When w is negative, the right hand side has a minimum. If u is small enough, the equation

negative bending energy in the thermodynamic limit (L

has no solut ion. The reason is that the free energy has no minimum and the model predi cts

membrane is fl at . However in th is case, the above estimation of the interact ion (4.4.17)

oo) and we think that the

a complete collapse of the membrane (N ~ oo). In order to avoid this catastrophe [50],

is not good. Because, when the membrane is almost flat, negative bending energy causes

we need to introduce three-body repulsive interactions like

a crease at the edge of the membrane not at its center. Even if the system size is large a
fold can occur at its edge and the membrane is not in the completely flat phase.

U1,CT(x1, · · · , xN; y 1, · · · , YM) = w' (Number of trios of contact elementary squares).
(4.4.27)
Th en the free energy has the following add itional term ,

~w'L 2 (N2 - 1)(N 2 -

< U 1,CT >=

2).

(4.4.28)

4u

system with CP interaction. In the domain (u > O,w > 0), the membrane is in the

= 0) and in the domain (u < 0, w < 0), the membrane is
= 2L) for both interactions. The completely fl at phase (u > 0)

completely flat phase (NTotal
completely fold ed (NTotal

becomes unstable by both attractive interac tions (w < 0) , however the resulting phases

Then the equ ation (4.4.21) is roughly,
4

-w = y - L + ~ ln(NTotatf2L) +
1 Total

Phase diagrams for both in teractions are summarized in Figures 7. Fig. 7a and 7b
co rrespond to the phase diagrams of the system with CA interaction and t hat of the

· Total

are different. In the CA case the membrane is partially fold ed and Nrotal ~ £'1 3 and

1 ,

2
6W NTotal·

(4.4.29)

This equatio n has solutions Nro<al for any value of w when w' > 0. Espec ially, depending
on the ,·aluc of w', there is t he possibility that the equat ion has two solution s for some
,·alue of w. Follow in g th e discusion about the coi l-globule transit ion of a polymer, it
corresponds to a discontinuous transition (change in N becomes disco ntinuous) [50].
On the ot her hand , in the C...\ case, the interactio n becomes small as N becomes large

the mean area behaves < Lx · Ly >~ L"fa In the CP case, the membrane is completely
folded. \\'h en the system size is finite (L < oo), both system show the sequential folding
transition. In the domain (u < 0, w > 0) , the folded state also beco mes unstable in both
system. In the C...\ case, there occurs a first order phase transition from the completely
fold ed phase to the completely flat phase at the line (2u

+ w = 0).

In the CP case, the

completely folded state becomes unstable by any amount of repul si,·e in teraction and the
membran e becomes flat.

and balancing t he effect of bend ing rigidity and that of attracti,·c in teract ion (eq .(4.4.25)) ,

.Y bchaYcs as £' f3 .The belun-ior of mean area is est imated to be < L, x Ly >~

x2

~ £ '113 .

T ha t is, the number of fold s is sma ll and the membran e is not in the completely folded
state. \\'e call t his phase partially folded state and analyze its beha\"ior by a num eri cal
1ncth~)(l !atcr.
Secondly. we study the stability of the comp letely fold ed state with respect to repulsive
interactions. In this case . .\'Total is large (~ 2L ). In the C.\ case. the interaction is

1
T! IC frrc energy difference wi th system size L x L between the completely Aat phase and the one
fnldPd state \\·ith a crease at its edge is 6F::::: (u + w)L and it is positi\·e in the region 2u + w > 0 and
~· > 0. l3efore the one folded state appears , the completely folded state appears at the line 2u + w = 0
and the intermediate fold ed state does not occur.
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In this section, we will study the square lattice with CA interaction numerically. In the
previous section, we have treated the segment lengths as continuous quantities. Heara ft er,
we return to the original discrete system.

a)

The potential we consider is,
(4.4 .31)

Completely
fl at phase

and we perform the configuration sum directly. From the definition of Ur,cA (eq.(4.4 .4}),
the above potential only depends on the folding number (N- 1, M- 1) and the width
of each section (Lx. Ly)· We can interpret each section as one-dimensional random walk
with L- 1 steps and it has

u

Completely
folded phase

2L-l

states. Main part of numerical calculation is the number

counting of states which is specified by t he final length l (= Lx , Ly in the previous section}
and the bending number b (= N -1, M - 1). Table 1 shows such numbers which represent

Partially
folded phase

the degeneracies of correspond ing (I, b) states for the L = 12 case. Hearafter , we denote
such numbe r as D(/, b) .

b)

II\ b I
w

1

2

Completely
fl at phase

Flat phase

3

4
5
6
7
8
9
10

u

Completely
folded phase

11

I

12

0
0
0
0
0
0
0
0
0
0
0
0
1

I

2
0
0
0
0
0
1
2
2
2

2
2
0

0
0
0
1
6
13
8
12
4
11
0
0

0
0
1
16
38
38
34
20
18
0
0
0

0
0
10
74
84
86
32

44
0
0
0
0

0
1
56
139
140
70
56
0
0
0
0
0

6
0
7
102

192
84
77
0
0
0
0
0
0

7
0
20
140
100
70
0
0
0
0
0
0
0

8
0
30
80

55
0
0
0
0
0
0
0
0

9
0
25
30
0
0
0
0
0
0
0
0
0

10
0
11
0
0
0
0
0
0
0
0
0
0

1

n
1
0
0
0
0
0
0
0
0
0
0
0

Table 1: The number D(l , b) of the states wh ich have the length I a nd the b times fold s
Figure 7: a) Phase diagram in t he (u, w) plane for the square lattice with CA type
interaction.

Three first order transition lines w

=

-2u(u < 0} , u

=

O(w < 0} a nd

for a 11 step random \\'alk , obta ined by exact enumeration on the computer.

w = 0( u > 0} separate the three phases, completely Aat phase , comp letely folded phase
and partially fo lded state.
b) Phase diagram for t he square lattice wit h CP type interaction. One first order line
"'' = 0 separates the complrtely folded state from t he flat phase.

4.4.3 ·Numer ica l St udies

ThPn \\'e execute the foll o\\'in g ''standard'' calcu lation to entluate the partition fun ct ion
and other thermodynamic quantiti es for each set of parameters (u . ..;}. The partition
function . is entluated as
L

Z(u . ..:, L}=

L

/.-1

L

Lr.L 11 =1 S ..\1=0

D(LI ..\')D(Ly. .\/) ex p [-U,v.M (.\' . .\1: L" Ly)]

(4. 4.32)
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where
(4.4 .33)
Note that we have moved the energy origin by a constant -wL 2 from the definition of the

a)

>of some physical quantity O(N, M, L., Ly)

previous section. The thermal average <
is defined as
L

L-1

Lz,L~~=l

N,M=O

L

L

D(Lz, N)D(Ly, NI)O(N, M, Lz, Ly)

exp [-UN,M(N, M; Lz, Ly)] /Z[u,w, L] .

(4.4.34)

The specific heat, mean area, mean folding number are calcu lated as,
b)

Specific Heat
Mean Area _
Mean Bending Number

< Lz x Ly >
< Nrotal >=< N

+M

- 2> .

In what follows , we presents the results of numerical stud ies. Figures 8 depict the mean
bending number , the mean area and the specific heat for membranes of size L

= 30

x 30

for parameters u and w in the range -0.3 < u, w < 0.3 . These seem to imply that there
are (at least) three different phases.

c)

Figure 8: \lean bending number (a), mean area (b) and specific heat (c) for square
lattice of size L = 30 for parameters u and w in the range -0.3 < u, w < 0.3. The first
tii"O arc normalized by their maximum values.

In the. region w > 0 and w > -2u , the membrane is in the completely flat phase. The
lllf'an bending number is zero and the mean area is maximum £ 2 In the region u < 0 and
.: < -2tt. the membrane is in the completely folded state. Th e mean bending number is
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a)

2(L- 1) and the mean are is 1. In the remaining region (u > 0, w < 0), the membrane

folded phase at a line 2u+w

= 0, we will dis-

is in the partially folded state. Both the mean bending number and the mean area are

cuss other two cases. At first, we study the

small but nonzero. We also find a first order transition from the completely flat to the

transition from the completely flat phase to

completely folded state at the line 2u + w

= 0. Among of all, the emergence of" partially

the partially folded phase. In the previous

folded state" on the forth quadrant of the (u,w) plane is interesting. In this region, in

section, we have discussed that the mem-

order to minimize the potential of the system, both bending number and lengths Lx, Ly

brane with finite L shows a sequential fold-

have to be small. From the table 1, we can see that such configuration does not exist and

ing transition. Figures 10 show the behavior
b)

equilibrium configuration has to manage it. In the previous section, by balancing these

of the membrane. We have fixed the bending rigidity at u = 0.5. Figure lOa shows

energies, the mean bending number and the mean area are estimated as Nrotol ~ V/3
and< Lx x Ly >~ L 13 • We have estimated the exponent
4

< Nrotat >~ L~ as

11- :::=

of the mean bending number

the behavior of the mean bending number

0.39 ± 0.05. We also evaluated the exponent v of the mean area

as we change the strength of attractive in-

11-

teraction w, which is scaled with

< Lx x Ly >~ L" as v :::= 1.30 ± 0.07 (figures 9). The prediction of the mean field theory
is good . When there is no interaction (u

= 0, w = 0),

of two random walks in one dimension [12]. In this free case, the mean bending number
is of course ~Land the exponent

11-

u/ L,

for

system size L = 8, 16, 24. In each system

the membrane is a direct product

size, the curve runs up in a rather discrete

c)

= 1.0. From the figure 9c, the exponent for the mean

manner like a staircase and its value at each

area is v = 1.55. This means that the swell of the partially folded state is smaller than
that of the free case.

plateau is almost integers. The length of
each plateau becomes longer as w becomes
large. More detailed graph around the origin for the membrane of size L

= 30

x 30

is shown in other figures (Fig lOb), with
Figure 9: System size dependence of mean
bending number a) and of mean area b).
Bending rigidity u is fixed at u = 0.5. The
lines indicate a fit of the data yielding exponents I' and v (i\lean bending
and :\lean area

tt

~

number~

U'

L"). The exponents are

= 0.39 ± 0.05 and v = 1.30 ± 0.07.
c) System size dependence of mean area

for free system (u , w)

= (0, O) .(v =

1.55).

the behavior of the mean area (Fig lOc).
One notices that the first "jump" of the
bending number from zero to one occurs at
w = -2u/ L while the area becomes half of

L2 , which implys that the membrane folds
on itself and a crease neatly divides it in
half. This can be easily understood from
the view point of the energetic competition
between flat and singly folded state in the
previous section. .-\s the bending number
becomes large, the energy gain by a fold becomes small and the length of plateau be-

comes longer. We conclude that these be\extly, we will discuss the phase transi- ha,·ior of the membrane is a sequential foldtion bet,reen these phases. Pre\"iously we ing transition of the membrane.
hm·e discussed the phase transition between
the completely flat phase and the completely
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transition.

membrane in half.

actions also destroy the completely folded
state. In the CA case, there occurs a first

: l\ r~.~~

a)
The phase transition between the partially

I
~-----

- - --

folded state and the completely folded state
to

is discontinuous. Because the mean bending number

<

Nrotol

·.

(L -t oo) , it becomes a-function like peak
and it correspond to a first order transition.

membrane flat. These results are summarized in Figures 7.
We have also performed numerical studies

we can use the square lattice model with at-

4.4.4

Discussions

the sequential foldin g transition of tethered

membrane. Thermodynamical behavior of
In this section, we have studied the square the partially folded state is also studied and

These two peaks clearly remains tn the do-

lattice with bending rigidity u and interac- its total foldin g number and its area behave
tion w. As an interaction between differ- as Nrotal ~ £ 0.39 , < Lz. Ly >~ £1.30 This

main w < 0 and we think that the transition

ent elementary squares of t he lattice, we phase is more "compact" than the phase of

from the partially folded (u > 0) to a com-

have discussed two types. Th e first one is the free membrane (u, w) = (0.0, 0.0). On
a potential which is proportional to contact the other hand , the behavior of the mem-

pletely fold ed state (u < 0) is a first order

"'
ZlJ --

0. In the CP case, any

tractive interact ions as a simple model for

proaches each other as the sys tem size L be-

11<.... ~ ... -

',

+w =

= 0 2 (see Fig.ll ). These peaks ap-

In addition, we can easily describe

comes large and in the thermodynamic limit

Mc>.......... -

\

the line 2u

amount of repulsive interaction makes the

the double peak in the specific heat for the
case w

c)

!

·.~f.:

folded state to a com pletely flat state at

CA case and confirmed several theaFigure 11: Specific heat for L = 30 with for the
retical results. Especially, there occurs a sew = 0. The sol id line is exact results and
quential folding transition. This means that
the dots are from numerical data .

ous.

b)

.\

0.0.3
~--------~
' ·----------~
.0.2
.O.L
O.l
O.J

> changes its behav-

ior from < Nrotal >~ L 113 to < Ntotol >=
2(L - 1) and this change is not continu-

/

__./

order phase transition between a completely

area (CA), and the second one is a potential brane with CP interact ion in the region (u >
that is proportional to the number of con- 0, w < 0) is not clear when the three-body
2

In the free case w = 0 1 we can calcu late the partition fun ction and othe r thermodynamic quantities
for the discrete system as ,

> 1·ersus st rengt h of attracti1·e in-

teraction w , which is scaled with
L

=

8. 16,2-1 at

It

= 0.5.

u/ L

for

Z[u,w

+ exp(-uL)}'{L-l)
+ exp(uL)} (4.4 .3j)

spect to att ractive interact ions (w < 0) and in poor solvent showed t hat t he membrane

0

respect to repulsive in teract ions (w > 0).

[62, 63, 64].

Both attract i1·e interact ions destroy the flat

which in teract ion is better than the ot her in-

= O,LJ

{1

NT ola f

2(L- I) / {1

\lean bendi ng

->

nutnbcr arc qua nti zed and plateaus eme rge.
b.c) \lore deta il ed graphs for mea n bend-

pec ially, we have analyzed the stabili ty of ior of the membrane with these interactions.
the compl etely flat phase ( u > 0) with re- Experiments on the polymerized membrane

Figure 10: a) \lean bending numb er <
.VTotal

tact pairs of elementary squares (CP) . Es- force exists. We cannot compare the behav-

C (specific heat)

ing nutnbcr and mean area around the ori-

L- I

{ 2(L- I )

oo
0
-oo

az

2

(u~ f2)'
cosh· uL / 2

However, we cannot decide

fol di ng transition wh en th e system siz e is view, the square lattice model with bending
(4.4 .36)

sition occurs. the mean area becomes half.
These results su it \·ery well with numerical studies

This 111eans that a crease neatly divides the on the u-axis (Fig. II ).

that of completely fold ed state (u < 0) with is in a compact phase after several foldings

phase and these systems show a sequenti al teraction in our analysis. From this point of

u Du" In Z(u ,w = 0, L)
2(L- 1)

gin f9r [, = 30. \\'h en a first folding tran-

asu->
u ->
u ->

finite. Hm1·e1·er the res ultin g states a re dif- rigidi ty and CP interaction a nd three-body
frrcnt. lp theCA case the membrane is par- in teract ion deserves for future study.
tially folded and in the CP case the membrane is complete ly folded . Repulsi1·e inter-
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phantom polymerized membrane and we need to assume that the result can be applied to
the real sel f- avoiding polymerized membrane. However, up to now, we have no complete

In this chapter, we have discussed the phase transition of polymerized membrane with
attractive interactions. Extensive numerical studies showed that depending on the fl exibility of the membrane it shows two types of phase transitions. When the membrane is

theory to describe the crumpling transition like crossover of the self-avoiding tethered
membrane and we cannot treat the stability of the "true" self-avoiding polymerized membrane

3.

very flexible, it seems to show a continuous phase transition from the high temperature
flat phase to the low temperature compact phase passing through an intermediate crumpled phase. When the membrane is less flexible, it shows a discontinuous transi t ion. In
particu lar, if the membrane has open boundary it shows the sequential folding transition.
In order to understand the difference between these phase transitions physically, we
have studied several models of polymerized membrane with attractive interactions. Esp ecially, we have investigated the instabilities of the flat polymerized membrane by attractive
interactions. Then we identify the flat phase of a rigid (phantom) polymerized membrane
with the flat phase of a self-avoiding polymerized membrane and conclude that the cancell ation between the "entropic" bending rigidity from self-avoidance and the negative
bending rigidity from attract ive interactions plays the essential role in understanding the
difference between the phase transitions. That is, if the cancellation is complete, the
phase transition becomes cont inuous like the crumpling transition and it passes through
a critical crumpled state. On the other hand , if the flat phase becomes unstable before
the cancellat ion becomes complete, the membrane shows discontinuous transition .
However, we will note that the above identification of the two flat phase is not right
in some cases. Here we present one counter example [26]. We consider a fl at phantom
polymerized membrane. If \\"e decrease the bending rigidity, that is, if we subtract

K.

from the initial value, the membrane of course shows th e crumpling transition to the
crumpl ed state. If the identification is right, a flat self-avoiding polymerized membrane
sho\\"S the same crumpling transition by subtracting bending rigidity. This point hase
been discussed and studied by :\Iori and Komura [26] and their numerical study showed
that t he membrane shO\\"S a phase transi t ion from the fl at ph ase to another ri gid flat
phase. And there docs not appear any isotropic state. T his is true even if the membrane
is flexible and they conclude that the cancellation between the ent ropic bending rigidi ty
and negat ive bending rigidity does not occur. And t he ident ificat ion is not true in this
case and it is true on ly if the membrane is very fl exibl e and the negati\·e bending ri gidi ty
is induced by attract ive interaction.
Th.is i~ a subt le and difficult point in understanding the properties of polymerized membranes. Especially, if one st udy the stabi li ty of the flat phase t heoret ically, such difficulty
ahrays occu rs. At the present time it is possible only to ana lyze the stabili ty of the

:I

cunc situation also arises in the instability of the flat phase by the random stress.
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