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Hermitian Tanno Connection and Bochner Type

Curvature Tensors of Contact Riemannian Manifolds

By Masayoshi Nagase and Daisuke Sasaki

Abstract. On a contact Riemannian manifold, considering the
curvature of hermitian Tanno connection, we introduce Bochner type
curvature tensors. Some of them are pseudo-conformally invariant
under gauge transformation and so are the others if and only if the
associated almost complex structure is integrable.

Introduction

Let (M, θ) be a (2n + 1)-dimensional contact manifold with a contact

form θ. We have, hence, a unique vector field ξ satisfying θ(ξ) = 1 and

Lξθ = 0, where Lξ is the Lie differentiation by ξ. Let us equip M with

a Riemannian metric g and a (1, 1)-tensor field J satisfying g(ξ,X) =

θ(X), g(X, JY ) = −dθ(X,Y ) and J2X = −X + θ(X)ξ for any vector

fields X, Y . (In this paper we adopt such a notation as dθ(X,Y ) =

X(θ(Y )) − Y (θ(X)) − θ([X,Y ]).) To study the geometry of contact Rie-

mannian manifold (M, θ, g, J), Tanno ([10]) introduced a linear connection
∗∇ = ∗∇(θ), called the Tanno connection in this paper (the TWT con-

nection, or, the Tanaka-Webster-Tanno connection, in [9], etc.), defined

by ∗∇XY = ∇g
XY − 1

2θ(X)JY − θ(Y )∇g
Xξ + (∇g

Xθ)(Y )ξ (∇g is the Levi-

Civita connection), which has really potential applications to the geometry

of contact Riemannian structure. In general its action does not commute

with that of the almost complex structure J , however. In fact, Tanno ([10,

Proposition 3.1]) indicated

(∗∇XJ)Y = Q(Y,X) := (∇g
XJ)Y + (∇g

Xθ)(JY ) ξ + θ(Y )J∇g
Xξ.
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In [6] (and [5]), the first author adopted a modified connection ∇ = ∇(θ),

called the hermitian Tanno connection, defined by

∇XY = ∗∇XY − 1

2
JQ(Y,X) =




∗∇X(fξ) : Y = fξ (f ∈ C∞(M)),

1

2
(∗∇XY − J ∗∇XJY ) : Y ∈ Γ(H)

(H := ker θ), so that we have ∇J = 0, which simplified the study of Kohn-

Rossi heat kernel on contact Riemannian manifolds. We expect the com-

mutativity will make it plainer to investigate into the case of general J . In

this paper, assuming n ≥ 2, we intend to construct Bochner type tensors

associated with the curvature F (∇) (Theorems A and B and Corollary C in

the introduction): Some of them are pseudo-conformally invariant under the

gauge transformation θ ⇒ e2fθ together with (2.1) (f ∈ C∞(M)) (consid-

ered in [8], [12], etc.) and so are the others if and only if J is integrable, i.e.,

[Γ(H+),Γ(H+)] ⊂ Γ(H+), where we set H± = {X ∈ H ⊗ C | JX = ±iX}.
In §4 (Theorems 4.2 and 4.4), as by-products, such tensors associated with

F (∗∇) canonically deduced from those will be also presented.

Study on conformal invariance of curvature tensors (in the Riemannian

case) will originate in the ones on the Weyl conformal curvature (e.g. [1,

Chap. 1.G]) and the Bochner curvature ([3]). In the contact Riemmanian

case, study on pseudo-conformal invariance has been developed as well.

Our study is motivated directly by such works related to the curvature of

canonical connection by Sakamoto-Takemura ([7]) and the curvature F (∗∇)

by Tanno ([11], [12], [13]).

Unlike F (∗∇)(X,Y ), the action of F (∇)(X,Y ) = [∇X ,∇Y ]−∇[X,Y ] on

Γ(H ⊗ C) is decomposed orthogonally into the direct sum of F (∇)(X,Y ) :

Γ(H±) → Γ(H±) (cf. Proposition 1.2(2)) and, compared with those by

Tanno, our Bochner type tensors are expressed rather clearly. Indeed we

define the tensors B(∇)0 ∈ Γ(H+ ⊗H∗
+ ⊗H∗

− ⊗H∗
+) and B(∇)+ ∈ Γ(H+ ⊗

H∗
+ ⊗H∗

+ ⊗H∗
+) by

B(∇)0(X,Y )Z = F (∇)(X,Y )Z − 1

n+ 2

{
Ric∇(Z, Y )X + Ric∇(X,Y )Z

− g(Z, Y ) ric∇(X) − g(X,Y ) ric∇(Z)
}

+
s∇

(n+ 1)(n+ 2)

{
g(Z, Y )X + g(X,Y )Z

}
,
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B(∇)+(X,Y )Z = F (∇)(X,Y )Z

− 1

n− 1

{
Ric(∇)(Z, Y )X − Ric(∇)(Z,X)Y

}

(X,Y, Z ∈ Γ(H+)), where Ric∇, etc., are the pseudohermitian Ricci curva-

ture, etc., defined by

Ric∇(X,Y ) = trH+

(
Z �→ F (∇)(X,Y )Z

)
,

ric∇(Y ) = ric∇+(Y ) ∈ H+ with g(X, ric∇(Y )) = Ric∇(X,Y ),

Ric(∇)(X,Y ) = trTM

(
Z �→ F (∇)(Z, Y )X

)

and s∇ is the pseudohermitian scalar curvature, i.e., s∇ =
∑

Ric∇(ξα, ξα)

({ξα}nα=1 is a unitary basis of H+). It will be noteworthy that the tensor

B(∇)0 coincides with the Bochner curvature of Kähler manifolds of complex

dimension n in appearance and vanishes in the ignored case n = 1 (cf.

Proposition 1.2(3)).

Theorem A. The tensor B(∇)0 is pseudo-conformally invariant and

so is the tensor B(∇)+ in the case n = 2. In the case n ≥ 3, B(∇)+ is

pseudo-conformally invariant if and only if J is integrable.

Remark. By referring to (2.6) and (2.7), it is obvious that the ten-

sor B(∇)0 with (Ric∇, ric∇, s∇) replaced by (Ric(∇),−ric(∇), s(∇)/2) is

also pseudo-conformally invariant, where ric(∇)(Y ) = ric(∇)+(Y ) is de-

fined similarly and s(∇) is the ordinary scalar curvature.

Following the idea in [13, §3] (and [12, §3]), let us choose arbitrarily a

nowhere vanishing (2n+1)-form ω and take a smooth function h defined by

dVθ = ±ehω, where dVθ is the volume element, i.e., dVθ = θ∧(dθ)n/n!. Then

we denote by Ξω
± = grad±h the H±-components of the gradient vector field

Ξω = gradh and consider the tensor U+(Ξω :) ∈ Γ(H+ ⊗H∗
+ ⊗H∗

+ ⊗H∗
+)

defined by

U+(Ξω : X,Y, Z) =
1

n− 1

{
g(Q(Z,X) − 2Q(X,Z), JΞω

+)Y

− g(Q(Z, Y ) − 2Q(Y,Z), JΞω
+)X

}

+ g(Q(X,Z), Y )JΞω
+ + g(Q(X,Y ) −Q(Y,X), JΞω

+)Z,
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which vanishes in the case n = 2 (cf. Proposition 3.1).

Theorem B. In the case n ≥ 3, the tensor B(∇)+− U+(Ξω :)
2(n+1) is pseudo-

conformally invariant.

Remark. Referring to [12, §3] (and [13, §3]), instead of ω one may

take a linear connection on TM to define similarly an associated pseudo-

conformally invariant tensor.

By considering the identity g(F (∇)(X,Y )Z,W ) =

−g(Z,F (∇)(X,Y )W ), the above tensors obviously provide the other types

of tensors, B(∇)−, U−(Ξω :) ∈ Γ(H+ ⊗H∗
− ⊗H∗

− ⊗H∗
+) defined by

B(∇)−(X,Y )Z = F (∇)(X,Y )Z

+
1

n− 1

{
g(Z,X) ric(∇)(Y ) − g(Z, Y ) ric(∇)(X)

}
,

U−(Ξω : X,Y , Z) = − 1

n− 1

{
g(Z, Y )

(
Q(JΞω

−, X) − 2Q(X, JΞω
−)

)

− g(Z,X)
(
Q(JΞω

−, Y ) − 2Q(Y , JΞω
−)

)}

− g(Q(X, JΞω
−), Y )Z

− g(Z, JΞω
−)

(
Q(X,Y ) −Q(Y ,X)

)
,

the latter of which vanishes in the case n = 2.

Corollary C. (1) In the case n = 2, the tensor B(∇)− is pseudo-

conformally invariant. In the case n ≥ 3, B(∇)− is pseudo-conformally

invariant if and only if J is integrable. (2) In the case n ≥ 3, the tensor

B(∇)− − U−(Ξω :)
2(n+1) is pseudo-conformally invariant.

After preliminaries in §1 and §2, we will prove Theorems A and B in

§3. Here we will assemble some properties of the connections for quick

reference. Refer to [10], [6], [5] for more detailed explanation. We have
∗∇θ = ∇θ = 0, ∗∇g = ∇g = 0, but the torsion tensors do not van-

ish: in fact, T (∗∇)(Z,W ) = 0, T (∗∇)(Z,W ) = ig(Z,W )ξ, T (∇)(Z,W ) =

[J, J ](Z,W )/4 := (−[Z,W ] + [JZ, JW ] − J [JZ,W ] − J [Z, JW ])/4,

T (∇)(Z,W ) = ig(Z,W )ξ (Z,W ∈ Γ(H+)). If we set ∗τX = T (∗∇)(ξ,X),

etc., then ∗τ = τ and τ ◦J+J ◦τ = 0. We take and fix a local unitary frame
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ξ• = (ξ0 = ξ, ξ1, . . . , ξn, ξ1̄, . . . , ξn̄) of the bundle TM ⊗ C = Cξ ⊕H+ ⊕H−
(ξᾱ := ξα ∈ H−, g(ξα, ξβ) = 0, g(ξα, ξβ̄) = δαβ , 1 ≤ α, β ≤ n) and denote

its dual frame by θ• = (θ0 = θ, θ1, . . . , θn, θ1̄, . . . , θn̄). As usual, the Greek

indices α, β, . . . vary from 1 to n, the block Latin indices A, B, . . . vary

in {0, 1, . . . , n, 1̄, . . . , n̄} and the symbol
∑

may be omitted (in an unusual

manner). Then we have

τ = ξα ⊗ θγ̄ · ταγ̄ + ξᾱ ⊗ θγ · τ ᾱγ (τ ᾱγ = τ γ̄α),

Q = ξα ⊗ θβ̄ ⊗ θγ̄ · Qα
β̄γ̄

+ ξᾱ ⊗ θβ ⊗ θγ · Qᾱ
βγ (Qᾱ

βγ = −Qβ̄
αγ = −Qβ̄

γα −Qγ̄
αβ).

If we set ∗∇ξB = ξA · ω(∗∇)AB, ∇ξB = ξA · ω(∇)AB, then

ω(∗∇)αβ = ω(∇)αβ , ω(∗∇)ᾱβ̄ = ω(∇)ᾱβ̄ ,

ω(∗∇)ᾱβ(ξγ) = − i
2
Qᾱ

βγ , ω(∗∇)αβ̄(ξγ̄) =
i

2
Qα

β̄γ̄

and the others vanish. Recall that J is integrable if and only if the Tanno

tensor Q vanishes ([10, Proposition 2.1]), and if Q = 0, then obviously

the connections ∗∇ and ∇ coincide and, further, they coincide with the

Tanaka-Webster connection (cf. [10, Proposition 3.1], [6, Lemma 1.1], [4,

§1.2]).

It is a pleasure to thank K. Sakamoto for suggestions which led to im-

provement of this paper.

1. The Curvature Tensor of the Hermitian Tanno Connection

Since, by definition,

g(∗∇XY,Z) = g(∇g
XY,Z) − g(θ(Y ) τX,Z) + g(g(τX, Y )ξ, Z)

+
1

2

{
− g(θ(X)JY, Z) − g(θ(Y )JX,Z) − g(g(X, JY )ξ, Z)

}

for any X,Y, Z ∈ Γ(TM), we have

∇g
XY = ∗∇XY − g((τ +

1

2
J)X,Y )ξ

+ θ(Y )(τ +
1

2
J)X + θ(X)(τ +

1

2
J)Y − θ(X) τY.



154 Masayoshi Nagase and Daisuke Sasaki

In addition, obviously

[X,Y ] = ∗∇XY − ∗∇YX − T (∗∇)(X,Y )

= ∗∇XY − ∗∇YX + g(X, JY )ξ − θ(X) τY + θ(Y ) τX.

Therefore we obtain:

Proposition 1.1 (cf. Tanno [10, §6 and §8]).

(1) (cf. Blair-Dragomir [2, (36)]) For any X,Y, Z ∈ Γ(TM), we have

F (∇g)(X,Y )Z = F (∗∇)(X,Y )Z + (LX ∧ LY )Z

− 1

2
g(X, JY )JZ + θ(Z)Sτ (X,Y )

− g(Sτ (X,Y ), Z)ξ + θ(Z)(θ ∧ O)(X,Y ) − g((θ ∧ O)(X,Y ), Z)ξ

+
1

2

{
θ(Z)SJ(X,Y ) − g(SJ(X,Y ), Z)ξ

− θ(X)(∗∇Y J)Z + θ(Y )(∗∇XJ)Z
}
,

where we set

L = τ +
1

2
J, O = τ2 + Jτ − 1

4
, (X ∧ Y )Z = g(X,Z)Y − g(Y,Z)X,

(θ ∧ O)(X,Y ) = θ(X)O(Y ) − θ(Y )O(X),

Sτ (X,Y ) = (∗∇Xτ)Y − (∗∇Y τ)X, SJ(X,Y ) = (∗∇XJ)Y − (∗∇Y J)X.

(2)(cf. Blair-Dragomir [2,Theorem 3], Seshadri [9,Proposition 3.2]) As

for the curvature form F (∗∇) = dω(∗∇) + ω(∗∇)∧ ω(∗∇) : It is reduced to

F (∗∇) =
∑

A�=0,B �=0 ξA ⊗ θB · F (∗∇)AB, F (∗∇)AB = −F (∗∇)B̄
Ā
, and, setting

F (∗∇)α
βγλ̄

= g(F (∗∇)(ξγ , ξλ̄)ξβ, ξᾱ), etc., we have

F (∗∇)αβ = F (∗∇)αβγλ̄ θ
γ ∧ θλ̄ + iταλ̄ θ

β̄ ∧ θλ̄ − iτ β̄γ θγ ∧ θα(1.1)

+
{

(∗∇ξᾱτ)
γ̄
β +

i

2
τνᾱQγ̄

νβ

}
θγ ∧ θ

−
{

(∗∇ξβτ)
γ
ᾱ − i

2
τ ν̄βQγ

ν̄ᾱ

}
θγ̄ ∧ θ

+
i

4
(∗∇ξᾱQ)λ̄γβ θ

γ ∧ θλ +
i

4
(∗∇ξβQ)λγ̄ᾱ θ

γ̄ ∧ θλ̄,



F (∗∇)αβγλ̄ = F (∗∇)λγβᾱ,

F (∗∇)αβγλ̄ θ
γ ∧ θλ̄ = F (∇g)αβγλ̄ θ

γ ∧ θλ̄

− τ β̄γ ταλ̄ θ
γ ∧ θλ̄ +

1

4
θα ∧ θβ̄ +

1

2
δβα θ

γ ∧ θγ̄
(1.2)
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and

F (∗∇)ᾱβ =
{

(∗∇ξατ)
γ̄
β − (∗∇ξβτ)

γ̄
α

}
θγ ∧ θ +

i

2
τγν̄

{
Qν̄

βα −Qν̄
αβ

}
θγ̄ ∧ θ

+
i

2
(∗∇ξλ̄

Q)ᾱβγ θ
γ ∧ θλ̄ +

i

2
(∗∇ξλQ)ᾱβγ θ

γ ∧ θλ

+
i

2
(∗∇ξλ̄

Q)ᾱβγ̄ θ
γ̄ ∧ θλ̄.

(3) We have

Ric
∗∇(ξα, ξβ) =

i

2
(∗∇ξλ̄

Q)β̄αλ,

Ric(∗∇)(ξα, ξβ) =
i

2

{
(∗∇ξλ̄

Q)β̄λα + (∗∇ξλ̄
Q)ᾱλβ

}
+ i(n− 1)τ β̄α ,

Ric
∗∇(ξα, ξβ̄) = F (∗∇)λλαβ̄, Ric(∗∇)(ξα, ξβ̄) = Ric

∗∇(ξα, ξβ̄) − 1

2
Qᾱ

λµQβ

λ̄µ̄
.

Proof. As for (1) and (2): By lengthy calculation following [4, §1.4]

and [2, §4] we obtain the formulas. (The terms in the last line of the above

expression of F (∇g)(X,Y )Z are omitted from [2, (36)] and the last term in

the above one of F (∗∇)ᾱβ is omitted from the corresponding expression in

[9, Proposition 3.2].) As for (3): By (2),

Ric
∗∇(ξα, ξβ) = g(F (∗∇)(ξα, ξβ)ξλ, ξλ̄) = F (∗∇)λλαβ

=
i

4
(∗∇ξλ̄

Q)β̄αλ − i

4
(∗∇ξλ̄

Q)ᾱβλ − iτ λ̄αδλβ + iτ λ̄β δλα =
i

2
(∗∇ξλ̄

Q)β̄αλ,

Ric(∗∇)(ξα, ξβ) = g(F (∗∇)(ξλ, ξβ)ξα, ξλ̄) + g(F (∗∇)(ξλ̄, ξβ)ξα, ξλ)

=
i

2
(∗∇ξλ̄

Q)β̄λα + i(n− 1)τ β̄α +
i

2
(∗∇ξλ̄

Q)ᾱλβ

and

Ric(∗∇)(ξα, ξβ̄) = g(F (∗∇)(ξλ, ξβ̄)ξα, ξλ̄) + g(F (∗∇)(ξλ̄, ξβ̄)ξα, ξλ)(1.3)

= g(F (∗∇)(ξα, ξβ̄)ξλ, ξλ̄) + 2g(F (∗∇)(ξλ̄, ξβ̄)ξα, ξλ)

= Ric
∗∇(ξα, ξβ̄) − 1

2
Qᾱ

λµQβ

λ̄µ̄
.

Note that g(F (∗∇)(ξλ̄, ξβ̄)ξα, ξλ) is equal to

i

2
(∗∇ξβ̄

Q)λ̄αλ̄ − i

2
(∗∇ξλ̄

Q)λ̄αβ̄ =
1

4
Qλ̄

αµ{Qµ

λ̄β̄
−Qµ

β̄λ̄
} =

1

4
Qλ̄

αµQβ

λ̄µ̄
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= −1

4
Qᾱ

λµQβ

λ̄µ̄
. �

Proposition 1.2.

(1) For any X,Y, Z ∈ Γ(TM), we have

F (∇g)(X,Y )Z = F (∇)(X,Y )Z + (LX ∧ LY )Z − 1

2
g(X, JY )JZ

+ θ(Z)S∇,τ (X,Y ) − g(S∇,τ (X,Y ), Z)ξ

+ θ(Z)(θ ∧ O)(X,Y ) − g((θ ∧ O)(X,Y ), Z)ξ

+
1

2
J
{

(∇XQ)(Z, Y ) − (∇Y Q)(Z,X) + Q(Z, T (∇)(X,Y ))
}

+
1

4

{
Q(Q(Z, Y ), X) −Q(Q(Z,X), Y )

}
− 1

2
θ(X)Q(Z, Y )

+
1

2
θ(Y )Q(Z,X)

+
1

2
θ(Z)

{
Q(Y,X) + JQ(τY,X) + JτQ(Y,X)

−Q(X,Y ) − JQ(τX, Y ) − JτQ(X,Y )
}

− 1

2

{
g(Q(Y,X), Z) + g(JQ(τY,X), Z) + g(JτQ(Y,X), Z)

− g(Q(X,Y ), Z) − g(JQ(τX, Y ), Z) − g(JτQ(X,Y ), Z)
}
ξ,

where we set S∇,τ (X,Y ) = (∇Xτ)Y − (∇Y τ)X.

(2) As for the curvature form F (∇) = dω(∇) + ω(∇) ∧ ω(∇) : It is

reduced to F (∇) = ξα ⊗ θβ · F (∇)αβ + ξᾱ ⊗ θβ̄ · F (∇)ᾱ
β̄
, F (∇)αβ = −F (∇)β̄ᾱ,

and we have

F (∇)αβ = F (∇)αβγλ̄ θ
γ ∧ θλ̄ + iταλ̄ θ

β̄ ∧ θλ̄ − iτ β̄γ θγ ∧ θα(1.4)

+
{

(∇ξᾱτ)
γ̄
β +

i

2
τνᾱQγ̄

νβ

}
θγ ∧ θ

−
{

(∇ξβτ)
γ
ᾱ − i

2
τ ν̄βQγ

ν̄ᾱ

}
θγ̄ ∧ θ

+
i

4
(∇ξᾱQ)λ̄γβ θ

γ ∧ θλ +
i

4
(∇ξβQ)λγ̄ᾱ θ

γ̄ ∧ θλ̄,
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


F (∇)αβγλ̄ = F (∇)λγβᾱ +
1

4

{
Qα

µ̄λ̄Q
µ̄
βγ −Qλ

µ̄ᾱQµ̄
γβ

}
,

F (∇)αβγλ̄ θ
γ ∧ θλ̄ = F (∇g)αβγλ̄ θ

γ ∧ θλ̄

−
{1

4
Qβ̄

µγQα
µ̄λ̄ + τ β̄γ τ

α
λ̄

}
θγ ∧ θλ̄ +

1

4
θα ∧ θβ̄ +

1

2
δβα θ

γ ∧ θγ̄ .

(1.5)

(3) We have

Ric∇(ξα, ξβ) =
i

2
(∇ξλ̄

Q)β̄αλ, Ric(∇)(ξα, ξβ) =
i

2
(∇ξλ̄

Q)β̄λα + i(n− 1)τ ᾱβ ,

Ric∇(ξα, ξβ̄) = F (∇)λλαβ̄, Ric(∇)(ξα, ξβ̄) = Ric∇(ξα, ξβ̄) − 1

4
Qᾱ

λµQβ

µ̄λ̄
.

Proof. (1) follows from Proposition 1.1(1) and the formulas

F (∗∇)(X,Y )Z = F (∇)(X,Y )Z +
1

2
J(∇XQ)(Z, Y )(1.6)

− 1

2
J(∇Y Q)(Z,X) +

1

2
JQ(Z, T (∇)(X,Y ))

+
1

4
Q(Q(Z, Y ), X) − 1

4
Q(Q(Z,X), Y ),

(∗∇XQ)(Z, Y ) = (∇XQ)(Z, Y )

+
1

2
JQ(Z,Q(Y,X)) +

1

2
JQ(Q(Z, Y ), X)

+
1

2
JQ(Q(Z,X), Y ),

(∗∇Xτ)Y = (∇Xτ)Y +
1

2
JQ(τY,X) +

1

2
JτQ(Y,X).

As for (2): Obviously we have

F (∇)αβ = F (∗∇)αβ − ω(∗∇)αµ̄ ∧ ω(∗∇)µ̄β = F (∗∇)αβ +
1

4
Qα

µ̄λ̄Q
µ̄
βγ θ

γ ∧ θλ̄.

Hence, (1.4) follows from (1.1) and the identities

F (∗∇)αβγλ̄ = F (∇)αβγλ̄ − 1

4
Qα

µ̄λ̄Q
µ̄
βγ ,

(∗∇ξᾱτ)
γ̄
β = (∇ξᾱτ)

γ̄
β, (∗∇ξᾱQ)λ̄γβ = (∇ξᾱQ)λ̄γβ

(1.7)
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which the above formulas imply. (1.5) can be also easily deduced from (1.2).

As for (3): We have

Ric∇(ξα, ξβ) = g(F (∇)(ξα, ξβ)ξλ, ξλ̄) =
i

2
(∇ξλ̄

Q)β̄λα,

Ric(∇)(ξα, ξβ) = g(F (∇)(ξλ, ξβ)ξα, ξλ̄) + g(F (∇)(ξλ̄, ξβ)ξα, ξλ)

= g(F (∇)(ξλ, ξβ)ξα, ξλ̄) =
i

2
(∇ξλ̄

Q)β̄λα + i(n− 1)τ ᾱβ ,

and, by (1.7) and the argument at (1.3), we obtain

Ric(∇)(ξα, ξβ̄) = g(F (∇)(ξλ, ξβ̄)ξα, ξλ̄) = F (∇)λαλβ̄

= F (∗∇)λαλβ̄ +
1

4
Qλ

µ̄β̄Q
µ̄
αλ = F (∗∇)λλαβ̄ − 1

4
Qᾱ

λµQβ

λ̄µ̄
+

1

4
Qλ

µ̄β̄Q
µ̄
αλ

= F (∇)λλαβ̄ − 1

4
Qλ

µ̄β̄Q
µ̄
λα − 1

4
Qᾱ

λµQβ

λ̄µ̄
+

1

4
Qλ

µ̄β̄Q
µ̄
αλ

= Ric∇(ξα, ξβ̄) − 1

4
Qᾱ

λµQβ

µ̄λ̄
. �

2. The Curvature Tensor of the Gauge Transform ∇̃ = ∇(e2fθ)

According to [12] (or [8]), we consider the gauge transformation ξ• ⇒ ξ̃•,
θ• ⇒ θ̃• given by

ξ̃0 = e−2fξ0 − e−2f2iξµ̄(f)ξµ + e−2f2iξµ(f)ξµ̄,

ξ̃α = e−fξα, ξ̃ᾱ = e−fξᾱ,

θ̃0 = e2fθ0, θ̃β = efθβ + ef2iξβ̄(f)θ0, θ̃β̄ = efθβ̄ − ef2iξβ(f)θ0.

(2.1)

We set ω̃A
B = ω(∇̃)AB = g̃(∇̃ξ̃B, ξ̃Ā) and (∗∇̃ξ̃γ

J)ξ̃β = ξ̃ᾱ · Q̃ᾱ
βγ , etc.

Lemma 2.1. We have

ef ω̃α
β (ξ̃γ) = ωα

β (ξγ) + δαβξγ(f) + δαγ2ξβ(f),

ef ω̃α
β (ξ̃γ̄) = ωα

β (ξγ̄) − δαβξγ̄(f) − δβγ2ξᾱ(f),

e2f τ̃ ᾱβ = τ ᾱβ + 2i
(
ξβξα −∇ξβξα

)
(f) − 4iξα(f)ξβ(f) + ξµ̄(f)Qµ̄

βα,

ef Q̃ᾱ
βγ = Qᾱ

βγ .
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Proof. The lemma is shown in a way similar to [2, Lemma 10]. As

for e2f τ̃ ᾱβ : As in [2] we know

e2f τ̃ ᾱβ = τ ᾱβ + iξβξα(f) + iξαξβ(f) − 4iξβ(f)ξα(f)

− iωµ
β(ξα) ξµ(f) − iωµ

α(ξβ) ξµ(f) + iωµ̄
β(ξα) ξµ̄(f) + iωµ̄

α(ξβ) ξµ̄(f)

= τ ᾱβ + i
(
ξαξβ −∇ξαξβ

)
(f) + i

(
ξβξα −∇ξβξα

)
(f)

− 4iξα(f)ξβ(f) +
1

2
(Qµ̄

αβ + Qµ̄
βα)ξµ̄(f).

In addition,

(
ξαξβ −∇ξαξβ

)
−

(
ξβξα −∇ξβξα

)
= T (∇)(ξβ, ξα)

= T (∗∇)(ξβ, ξα) − ω(∗∇)µ̄α(ξβ)ξµ̄ + ω(∗∇)µ̄β(ξα)ξµ̄ =
i

2
(Qµ̄

αβ −Qµ̄
βα)ξµ̄.

Thus we obtain the formula for e2f τ̃ ᾱβ . �

Proposition 2.2. We have

F (∇̃)(ξγ , ξλ)ξβ − F (∇)(ξγ , ξλ)ξβ(2.2)

= 2
(
ξγξβ −∇ξγξβ

)
(f)ξλ − 4ξβ(f)ξγ(f)ξλ − 2

(
ξλξβ −∇ξλξβ

)
(f)ξγ

+ 4ξβ(f)ξλ(f)ξγ + ξµ̄(f) i(Qµ̄
γλ −Qµ̄

λγ)ξβ + ξµ̄(f) iQλ̄
γβξµ,

F (∇̃)(ξγ , ξλ̄)ξβ − F (∇)(ξγ , ξλ̄)ξβ(2.3)

= −2
(
ξλ̄ξβ −∇ξλ̄

ξβ

)
(f)ξγ − δβλ4ξν(f)ξν̄(f)ξγ

− 2
(
ξλ̄ξγ −∇ξλ̄

ξγ

)
(f)ξβ − δγλ4ξν(f)ξν̄(f)ξβ

− δβλ2
(
ξγξµ̄ −∇ξγξµ̄

)
(f)ξµ − δγλ2

(
ξβξµ̄ −∇ξβξµ̄

)
(f)ξµ.

Proof. As for (2.2): Referring to Lemma 2.1, etc., we know

∇̃ξγξβ −∇ξγξβ = 2ξγ(f)ξβ + 2ξβ(f)ξγ ,

∇̃ξγ̄ξβ −∇ξγ̄ξβ = −δβγ2ξµ̄(f)ξµ,

[ξγ , ξλ] = ∗∇ξγξλ − ∗∇ξλξγ = ∇ξγξλ −∇ξλξγ +
i

2
(Qµ̄

γλ −Qµ̄
λγ)ξµ̄.

(2.4)
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Hence

∇̃ξγ ∇̃ξλξβ = ∇ξγ∇ξλξβ + 2ξγ(f)∇ξλξβ + 2(∇ξλξβ)(f)ξγ

+ 2ξλ(f)∇ξγξβ + 2ξβ(f)∇ξγξλ + 2ξγξλ(f)ξβ + 2ξγξβ(f)ξλ

+ 4ξλ(f)ξγ(f)ξβ + 4ξβ(f)ξγ(f)ξλ + 8ξβ(f)ξλ(f)ξγ ,

∇̃[ξγ ,ξλ]ξβ = ∇[ξγ ,ξλ]ξβ + 2(∇ξγξλ)(f)ξβ + 2ξβ(f)∇ξγξλ

− 2(∇ξλξγ)(f)ξβ − 2ξβ(f)∇ξλξγ − ξµ̄(f) i(Qβ̄
γλ −Qβ̄

λγ)ξµ,

which imply (2.2). As for (2.3): In addition to (2.4), we have

[ξγ , ξλ̄] = ∇ξγξλ̄ −∇ξλ̄
ξγ − iδγλξ.

Hence

∇̃ξγ ∇̃ξλ̄
ξβ = ∇ξγ∇ξλ̄

ξβ + 2ξγ(f)∇ξλ̄
ξβ + 2(∇ξλ̄

ξβ)(f)ξγ

+ δβλ2(∇ξγξµ̄)(f)ξµ − δβλ4ξγ(f)ξµ̄(f)ξµ

− δβλ4ξµ(f)ξµ̄(f)ξγ − δβλ2ξγξµ̄(f)ξµ,

∇̃[ξγ ,ξλ̄]ξβ = ∇[ξγ ,ξλ̄]ξβ − g(ξβ,∇ξγξλ̄)2ξµ̄(f)ξµ

− 2(∇ξλ̄
ξγ)(f)ξβ − 2ξβ(f)∇ξλ̄

ξγ − iδγλ
(
∇̃ξξβ −∇ξξβ

)
,

which imply (2.3). �

Proposition 2.3. We have

Ric∇̃(ξα, ξβ) − Ric∇(ξα, ξβ) = (n+ 2)ξµ̄(f) iQβ̄
αµ,

Ric(∇̃)(ξα, ξβ) − Ric(∇)(ξα, ξβ) = ξµ̄(f) i(Qµ̄
αβ − 2Qµ̄

βα)(2.5)

− 2(n− 1)(ξβξα −∇ξβξα)(f) + 4(n− 1)ξα(f)ξβ(f),

Ric∇̃(ξα, ξβ̄) − Ric∇(ξα, ξβ̄) = Ric(∇̃)(ξα, ξβ̄) − Ric(∇)(ξα, ξβ̄)(2.6)

= −2(n+ 2)(ξβ̄ξα −∇ξβ̄
ξα)(f)

+ δαβ

{
− 2(ξν̄ξν −∇ξν̄ξν)(f)

− 4(n+ 1)ξν(f)ξν̄(f) + 2(n+ 1) iξ(f)
}

and

e2fs∇̃ − s∇ =
1

2
{e2fs(∇̃) − s(∇)}(2.7)

= −4(n+ 1)(ξν̄ξν −∇ξν̄ξν)(f) − 4n(n+ 1)ξν(f)ξν̄(f)

+ 2n(n+ 1) iξ(f).
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Proof. Referring to Proposition 1.2(3) and Lemma 2.1, we have

Ric∇̃(ξα, ξβ) = e2fRic∇̃(ξ̃α, ξ̃β) =
i

2
e2f (∇̃ξ̃λ̄

Q̃)β̄αλ

=
i

2
(∇ξλ̄

Q)β̄αλ + iξµ̄(f)Qµ̄
αβ + iξµ̄(f)Qβ̄

µα + iξµ̄(f)Qβ̄
αµ + δλλ iξµ̄(f)Qβ̄

αµ

= Ric∇(ξα, ξβ) + (n+ 2)ξµ̄(f) iQβ̄
αµ.

Similarly we know

Ric(∇̃)(ξα, ξβ) =
i

2
e2f (∇̃ξ̃λ̄

Q̃)β̄λα + i(n− 1)e2f τ̃ ᾱβ

=
i

2
(∇ξλ̄

Q)β̄λα + iξλ̄(f)Q
β̄
λα + δβλξµ̄(f) iQµ̄

λα + δλλξµ̄(f) iQβ̄
µα

+ δαλ ξγ̄(f) iQβ̄
λγ + i(n− 1)τ ᾱβ − 2(n− 1)

(
ξβξα −∇ξβξα

)
(f)

+ 4(n− 1)ξα(f)ξβ(f) + (n− 1)ξµ̄(f) iQµ̄
βα

= Ric(∇)(ξα, ξβ) + ξµ̄(f) i(Qµ̄
αβ − 2Qµ̄

βα)

− 2(n− 1)
(
ξβξα −∇ξβξα

)
(f) + 4(n− 1)ξα(f)ξβ(f).

Last, referring also to (2.3),

Ric∇̃(ξα, ξβ̄) = g(F (∇̃)(ξα, ξβ̄)ξλ, ξλ̄)

= Ric∇(ξα, ξβ̄) − 2(n+ 2)
(
ξβ̄ξα −∇ξβ̄

ξα

)
(f)

+ δαβ

{
− 2

(
ξν̄ξν −∇ξν̄ξν

)
(f) + i2(n+ 1)ξ(f) − 4(n+ 1)ξν(f)ξν̄(f)

}
,

etc. �

3. The Proofs of Theorems A and B

As for the tensor B(∇)0: (2.3) implies

g(F (∇̃)(ξγ , ξλ̄)ξβ, ξᾱ) − g(F (∇)(ξγ , ξλ̄)ξβ, ξᾱ)

= −δγα2
(
ξλ̄ξβ −∇ξλ̄

ξβ

)
(f) − δβα2

(
ξλ̄ξγ −∇ξλ̄

ξγ

)
(f)

− δβλ2
(
ξᾱξγ −∇ξᾱξγ

)
(f) − δγλ2

(
ξᾱξβ −∇ξᾱξβ

)
(f)

+ 2(δαγδβλ + δαβδγλ)
(
iξ(f) − 2ξν(f)ξν̄(f)

)
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and, by (2.6) and (2.7), we have

iξ(f) − 2ξν(f)ξν̄(f) =
e2fs∇̃ − s∇
2n(n+ 1)

+
2

n

(
ξν̄ξν −∇ξν̄ξν

)
(f),

(
ξβ̄ξα −∇ξβ̄

ξα

)
(f) = − 1

2(n+ 2)

{
Ric∇̃(ξα, ξβ̄) − Ric∇(ξα, ξβ̄)

}

+ δαβ

{e2fs∇̃ − s∇
2n(n+ 2)

+
1

n

(
ξν̄ξν −∇ξν̄ξν

)
(f)

}
.

Thus we obtain the equality

g(F (∇̃)(ξγ , ξλ̄)ξβ, ξᾱ) − δγα
n+ 2

Ric∇̃(ξβ, ξλ̄) −
δβα
n+ 2

Ric∇̃(ξγ , ξλ̄)

− δβλ
n+ 2

Ric∇̃(ξγ , ξᾱ) − δγλ
n+ 2

Ric∇̃(ξβ, ξᾱ) +
δβλδγα + δγλδβα
(n+ 1)(n+ 2)

e2fs∇̃

= g(F (∇)(ξγ , ξλ̄)ξβ, ξᾱ) − δγα
n+ 2

Ric∇(ξβ, ξλ̄) −
δβα
n+ 2

Ric∇(ξγ , ξλ̄)

− δβλ
n+ 2

Ric∇(ξγ , ξᾱ) − δγλ
n+ 2

Ric∇(ξβ, ξᾱ) +
δβλδγα + δγλδβα
(n+ 1)(n+ 2)

s∇,

which means that B(∇)0 is a pseudo-conformal invariant.

As for the tensor B(∇)+: Since (2.2) and (2.5) imply

g(F (∇̃)(ξγ , ξλ)ξβ, ξᾱ) − g(F (∇)(ξγ , ξλ)ξβ, ξᾱ)

= δαλ2
(
ξγξβ −∇ξγξβ

)
(f) − δαλ4ξβ(f)ξγ(f) − δαγ2

(
ξλξβ −∇ξλξβ

)
(f)

+ δαγ4ξβ(f)ξλ(f) + ξᾱ(f) iQλ̄
γβ + δαβξµ̄(f) i(Qµ̄

γλ −Qµ̄
λγ)

=
1

n− 1

{
δαγRic(∇̃)(ξβ, ξλ) − δαλRic(∇̃)(ξβ, ξγ)

}

− 1

n− 1

{
δαγRic(∇)(ξβ, ξλ) − δαλRic(∇)(ξβ, ξγ)

}

+ g(U+(grad f : ξγ , ξλ, ξβ), ξᾱ),

we have

B(∇̃)+(ξγ , ξλ)ξβ −B(∇)+(ξγ , ξλ)ξβ = U+(grad f : ξγ , ξλ, ξβ).(3.1)

In addition, we know

U+(grad f :) =
Ũ+(Ξ̃ω :)

2(n+ 1)
− U+(Ξω :)

2(n+ 1)
,(3.2)
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where the first term on the right hand side is the one associated with

θ̃. (Note that the form ω has been fixed.) Indeed we have Ũ+(Ξ̃ω :) =

U+(e2f Ξ̃ω :) and e2f Ξ̃ω
+ − Ξω

+ = e2f ξ̃µ̄(2(n + 1)f + h) ξ̃µ − ξµ̄(h) ξµ =

2(n + 1) grad+f . Consequently Theorem B holds. Next, let us consider

the tensor U− ∈ Γ(H− ⊗ H∗
+ ⊗ H∗

+ ⊗ H∗
+ ⊗ H∗

−) defined by g(U+(grad f :

X,Y, Z),W ) = g(U−(X,Y, Z,W ), Jgrad+f). For justifying the remaining

assertions for B(∇)+, then it will suffice to prove:

Proposition 3.1. The tensor U+(grad f :) vanishes for any f ∈
C∞(M) if and only if the tensor U− vanishes. In addition, we have:

(1) In the case n = 2, U− vanishes.

(2) In the case n ≥ 3, U− vanishes if and only if the Tanno tensor Q
vanishes.

Proof. The first assertion is valid because, for a given point P and

a given ξµ̄, there exists a smooth function f such that ξµ̄(f)(P ) �= 0 and

ξν̄(f)(P ) = 0 (ν �= µ). Let us show (1) and (2). We have

U−(ξγ , ξλ, ξβ, ξᾱ)

=
1

n− 1

{
δαλ(Qµ̄

βγ − 2Qµ̄
γβ)ξµ̄ − δαγ(Qµ̄

βλ − 2Qµ̄
λβ)ξµ̄

}

+ Qλ̄
γβξᾱ + δαβQλ̄

γµξµ̄.

As for (2): It is obvious that, if Q = 0, then U− = 0. The converse is also

true because, if α �∈ {γ, λ}, then U−(ξγ , ξλ, ξα, ξᾱ) = 2Qλ̄
γα ξᾱ+

∑
µ �=αQλ̄

γµ ξµ̄.

As for (1): Obviously we have U−(ξγ , ξλ, ξβ, ξᾱ) = −U−(ξλ, ξγ , ξβ, ξᾱ).

By straightforward computation we know U−(ξ1, ξ2, ξβ, ξ1̄) =

U−(ξ1, ξ2, ξβ, ξ2̄) = 0. Thus (1) is certainly true. �

4. The Tanno Connection and Bochner Type Curvature Tensors

In this section, we will present Bochner type tensors associated with

F (∗∇) deduced immediately from those associated with F (∇). As stated

in the introduction, Tanno ([11], [12], [13]) also proposed some tensors of

those kinds, which are too involved to be reviewed quickly. We notice that,

whatever they may be, the differences from ours merely consist of pseudo-

conformally invariant terms and gap terms such as U+(Ξω :)
2(n+1) at (3.2).
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From now on, we assume X,Y, Z ∈ Γ(H) and decompose them into

X = X+ +X− ∈ Γ(H ⊗ C) = Γ(H+) ⊕ Γ(H−), etc. We set

b(∇)R(X,Y )Z = 2 Re
(
b(∇)C(X,Y )Z

)

= 2 Re
{

(B(∇)0 − F (∇))(X+, Y−)Z+ + (B(∇)0 − F (∇))(X−, Y+)Z+

+ (B(∇)+ − F (∇))(X+, Y+)Z+ + (B(∇)− − F (∇))(X−, Y−)Z+

}
,

where we put B(∇)0(X−, Y+)Z+ = −B(∇)0(Y+, X−)Z+.

Proposition 4.1. We have

{F (∗∇̃)(X,Y )Z + b(∇̃)R(X,Y )Z}(4.1)

− {F (∗∇)(X,Y )Z + b(∇)R(X,Y )Z}
= 2 Re

{
U+(grad f : X+, Y+, Z+) + U−(grad f : X−, Y−, Z+)

}

+
1

2
J
{

(∇̃XQ̃)(Z, Y ) − (∇XQ)(Z, Y )
}

− 1

2
J
{

(∇̃Y Q̃)(Z,X) − (∇Y Q)(Z,X)
}

= 2 Im
{
iU+(grad f : X+, Y+, Z+) + iU−(grad f : X−, Y−, Z+)

+ g(X, grad+f)Q(Z, Y ) − g(Y, grad+f)Q(Z,X)

+ g(Z, grad+f)
(
Q(X,Y−) −Q(Y−, X)

)

+ g(Q(Z, Y ), grad+f)X− − g(Q(Z,X), grad+f)Y−

− g(Z, Y−)Q(grad+f,X) + g(Z,X−)Q(grad+f, Y )

+
(
g(X−, Y ) − g(Y−, X)

)
Q(Z, grad+f)

−
(
g(Q(Z,X), Y−) − g(Q(Z, Y ), X−)

)
grad+f

}

=: 2 Im
(
UC(grad f : X,Y, Z)

)
=: UR(grad f : X,Y, Z).

Proof. Referring to (1.6), (3.1), etc.,

F (∗∇̃)(X,Y )Z − F (∗∇)(X,Y )Z = {F (∇̃)(X,Y )Z − F (∇)(X,Y )Z}
+ {F (∗∇̃)(X,Y )Z − F (∇̃)(X,Y )Z}
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− {F (∗∇)(X,Y )Z − F (∇)(X,Y )Z}
= −b(∇̃)R(X,Y )Z + b(∇)R(X,Y )Z

+ 2 Re
{
U+(grad f : X+, Y+, Z+) + U−(grad f : X−, Y−, Z+)

}

+
1

2
J{(∇̃XQ̃)(Z, Y ) − (∇XQ)(Z, Y )}

− 1

2
J{(∇̃Y Q̃)(Z,X) − (∇Y Q)(Z,X)}

+
1

2
JQ̃(Z, T (∇̃)(X,Y )) +

1

4
Q̃(Q̃(Z, Y ), X) − 1

4
Q̃(Q̃(Z,X), Y )

− 1

2
JQ(Z, T (∇)(X,Y )) − 1

4
Q(Q(Z, Y ), X) +

1

4
Q(Q(Z,X), Y ).

The last two lines vanish because Q(Z, T (∇)(X,Y )), Q(Q(Z, Y ), X), etc.,

are pseudo-conformally invariant. Hence we obtain the first equality at

(4.1). The second one follows from Lemma 2.1. Indeed, we have

(∇̃ξγ Q̃)(ξβ, ξλ) − (∇ξγQ)(ξβ, ξλ) = e3f (∇̃ξ̃γ
Q̃)(ξ̃β, ξ̃λ) − (∇ξγQ)(ξβ, ξλ)

=
{
− 4ξγ(f)Qν̄

βλ − 2ξν(f)Qγ̄
βλ − 2ξβ(f)Qν̄

γλ − 2ξλ(f)Qν̄
βγ

}
ξν̄ ,

(∇̃ξγ̄ Q̃)(ξβ, ξλ) − (∇ξγ̄Q)(ξβ, ξλ) = e3f (∇̃ξ̃γ̄
Q̃)(ξ̃β, ξ̃λ) − (∇ξγ̄Q)(ξβ, ξλ)

=
{

2ξγ̄(f)Qν̄
βλ + δνγ 2ξᾱ(f)Qᾱ

βλ + δβγ 2ξᾱ(f)Qν̄
αλ + δλγ 2ξᾱ(f)Qν̄

βα

}
ξν̄ ,

(∇̃ξγ Q̃)(ξβ, ξλ̄) − (∇ξγQ)(ξβ, ξλ̄) = (∇̃ξγ̄ Q̃)(ξβ, ξλ̄) − (∇ξγ̄Q)(ξβ, ξλ̄) = 0. �

Theorem 4.2. The tensor F (∗∇) + b(∇)R ∈ Γ(H ⊗ H∗ ⊗ H∗ ⊗ H∗)
is pseudo-conformally invariant if and only if J is integrable. The tensor

F (∗∇) + b(∇)R− 1
2(n+1)U

R(Ξω :) is pseudo-conformally invariant.

Proof. The second half is obvious. Indeed,

{F (∗∇̃) + b(∇̃)R} − {F (∗∇) + b(∇)R} = UR(grad f :)(4.2)

=
ŨR(Ξ̃ω :)

2(n+ 1)
− UR(Ξω :)

2(n+ 1)
.

As for the first half: If Q = 0, then obviously we have UR(grad f :) = 0. We

want to prove the converse. Let us complexify the domain of UR(grad f :)
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naturally. Then we have

UR(grad f : X+, Y+, Z+) = U+(grad f : X+, Y+, Z+)

− g(X+, Jgrad−f)Q(Z+, Y+) + g(Y+, Jgrad−f)Q(Z+, X+)

− g(Z+, Jgrad−f)
(
Q(X+, Y+) −Q(Y+, X+)

)

+
(
g(Q(Z+, X+), Y+) − g(Q(Z+, Y+), X+)

)
Jgrad−f.

We define the tensors UR
∓ ∈ Γ(H∓⊗H∗

+ ⊗H∗
+ ⊗H∗

+ ⊗H∗
∓) by g(UR(grad f :

X+, Y+, Z+),W∓) = g(UR
∓(X+, Y+, Z+,W∓), Jgrad±f), which are expressed

as

UR
−(X+, Y+, Z+,W−) = U−(X+, Y+, Z+,W−),

UR
+(X+, Y+, Z+,W+) = g(Q(W+, Y+), Z+)X+ + g(Q(Z+, X+),W+)Y+

+ g(Q(Y+,W+), X+)Z+ + g(Q(X+, Z+), Y+)W+.

Now, in the case n ≥ 3, if UR(grad f :) = 0 for any f , then we have

U− = UR
− = 0, which yields Q = 0 (cf. Proposition 3.1). In the case n = 2,

UR(grad f :) = 0 for any f implies that UR
+(ξ1, ξ2, ξ1, ξ2) = 2Q1̄

22ξ1 + 2Q2̄
11ξ2

vanishes. Namely we have Q = 0. �

Last, let us introduce another pair of such tensors, which are expressed

only in components explicitly related to ∗∇.

Proposition 4.3. We have

Ric∇̃(ξα, ξβ) − Ric∇(ξα, ξβ) = Ric
∗∇̃(ξα, ξβ) − Ric

∗∇(ξα, ξβ),

Ric∇̃(ξα, ξβ̄) − Ric∇(ξα, ξβ̄) = Ric
∗∇̃(ξα, ξβ̄) − Ric

∗∇(ξα, ξβ̄),

Ric(∇̃)(ξα, ξβ) − Ric(∇)(ξα, ξβ) =
1

2
{Ric(∗∇̃)(ξα, ξβ) + i(n− 1) ∗τ̃ β̄α}(4.3)

− 1

2
{Ric(∗∇)(ξα, ξβ) + i(n− 1) ∗τ β̄α}

+
n+ 2

2
i(Qαβ −Qβα)(f),

Ric(∇̃)(ξα, ξβ̄) − Ric(∇)(ξα, ξβ̄) = Ric(∗∇̃)(ξα, ξβ̄) − Ric(∗∇)(ξα, ξβ̄).
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Proof. By Propositions 1.1(3) and 1.2(3), etc.,

Ric
∗∇(ξα, ξβ) = Ric∇(ξα, ξβ),

Ric(∗∇)(ξα, ξβ) + i(n− 1) ∗τ β̄α = Ric(∇)(ξα, ξβ) + Ric(∇)(ξβ, ξα),

Ric
∗∇(ξα, ξβ̄) = Ric∇(ξα, ξβ̄) − 1

4
Qλ̄

µαQµ

λ̄β̄
,

Ric(∗∇)(ξα, ξβ̄) = Ric(∇)(ξα, ξβ̄) +
1

4
Qλ̄

αµQβ

µ̄λ̄
,

which imply the proposition except (4.3). As for (4.3): The second formula

says

Ric(∇)(ξα, ξβ) =
1

2
{Ric(∗∇)(ξα, ξβ) + i(n− 1) ∗τ β̄α}

+
1

2
{Ric(∇)(ξα, ξβ) − Ric(∇)(ξβ, ξα)}

and, referring to (2.5), we have

{Ric(∇̃)(ξα, ξβ) − Ric(∇̃)(ξβ, ξα)} − {Ric(∇)(ξα, ξβ) − Ric(∇)(ξβ, ξα)}
= 3i(Qαβ −Qβα)(f) − 2(n− 1)T (∇)(ξα, ξβ)(f)

= (n+ 2)i(Qαβ −Qβα)(f).

Hence we obtain (4.3). �

Accordingly, let us define b(∗∇)C(X,Y )Z to be b(∇)C(X,Y )Z with

(Ric∇, ric∇, s∇) replaced by (Ric
∗∇, ric

∗∇, s
∗∇) and with Ric(∇)(W1,W2),

ric(∇)(W ) replaced by

1

2
{Ric(∗∇)(W1,W2) + i(n− 1) g(∗τW1,W2)},

1

2
{ric(∗∇)(W ) − i(n− 1) ∗τW},

and set b(∗∇)R(X,Y )Z = 2 Re
(
b(∗∇)C(X,Y )Z

)
. Further, recalling n ≥ 2,

let us set

∗UC(grad f : X,Y, Z) = UC(grad f : X,Y, Z)

+
n+ 2

2(n− 1)

{
g(Q(Z,X) −Q(X,Z), grad+f)Y+

− g(Q(Z, Y ) −Q(Y,Z), grad+f)X+

+ g(Z−, Y )Q(X, grad+f) − g(Z−, X)Q(Y, grad+f)
}
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and ∗UR(grad f : X,Y, Z) = 2 Im
(
∗UC(grad f : X,Y, Z)

)
. Then we have:

Theorem 4.4. The tensor F (∗∇) + b(∗∇)R ∈ Γ(H ⊗H∗ ⊗H∗ ⊗H∗)
is pseudo-conformally invariant. if and only if J is integrable. The tensor

F (∗∇) + b(∗∇)R− 1
2(n+1)

∗UR(Ξω :) is pseudo-conformally invariant.

Proof. (4.2) and Proposition 4.3 imply

{F (∗∇̃) + b(∗∇̃)R} − {F (∗∇) + b(∗∇)R} = ∗UR(grad f :)

=
∗ŨR(Ξ̃ω :)

2(n+ 1)
−

∗UR(Ξω :)

2(n+ 1)
.

Hence the second half holds. As for the first half: The H+-component of
∗UR(grad f : X+, Y+, Z+) is equal to

∗UR
+(grad f : X+, Y+, Z+) = U+(grad f : X+, Y+, Z+)

+
n+ 2

2(n− 1)

{
g(Q(Z+, Y+) −Q(Y+, Z+), Jgrad+f)X+

− g(Q(Z+, X+) −Q(X+, Z+), Jgrad+f)Y+

}
.

Let us define the tensor ∗UR
− ∈ Γ(H− ⊗ H∗

+ ⊗ H∗
+ ⊗ H∗

+ ⊗ H∗
−) by

g(∗UR
+(grad f : X+, Y+, Z+),W−) = g(∗UR

−(X+, Y+, Z+,W−), Jgrad+f).

Then

∗UR
−(X+, Y+, Z+,W−) = U−(X+, Y+, Z+,W−)

+
n+ 2

2(n− 1)

{
g(X+,W−)

(
Q(Z+, Y+) −Q(Y+, Z+)

)

− g(Y+,W−)
(
Q(Z+, X+) −Q(X+, Z+)

)}
.

We assume ∗UR(grad f :) = 0 for any f , so that ∗UR
− = 0. In the case n ≥ 3,

if α �∈ {γ, λ}, then U−(ξγ , ξλ, ξα, ξᾱ) = ∗UR
−(ξγ , ξλ, ξα, ξᾱ) = 0. Consequently

we know Q = 0 (cf. the proof of Proposition 3.1(2)). In the case n = 2,

since ∗UR
−(ξ1, ξ2, ξβ, ξ1̄) = 2Q2̄

βµξµ̄, ∗UR
− = 0 certainly implies Q = 0. �
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