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0 . Introd uct ion 

We denote the Fourier integral operators on R n wi th phase function </>i and symbol 

Pi E S;;'' by I ( </>i, Pi), j = 1, 2, ... , L + 1. If all the canonical maps wi associated with 

phase functions </>i are sufficiently close to the identity, the composite canonical map 

WL+IWL · · · w1 is also near the identity. Moreover , we have 

(0.1) 

L II 

L m, 
for some phase function </>and some symbol q E S 1 1 

• ( cf. L. Hiirmander [6] ) Here 

the correspondence of the symbols (PL+I ,]JL, .. . , p1 ) -+ q is multi-linear. In [9],[10],[12], 

H. Kumano-go-Taniguchi theorem gives the following estimate for the symbol q ; that 

is, for any non-negative integers l, l', there exist a posi t ive constant C't,t• and positive 

integers /1 , l\ such that 

L + l 
(L m 1 ) L+I 

lqlt.~' I ~ (C't,l' )L II IPili;'.'t;), (0.2) 
j = l 

where l · ll;) denotes the semi-norm of s;:-. 
This estimate is useful in the calculus of Fourier integral operators. In [9],[10],[12], 

this estimate was applied to construct a fundamental solution for hyperbolic systems. 

Slight modification of this estimate was applied to construct a fundamental solution for 

Schriidinger equations. ( cf. D. Fujiwara [1] ~ [4], H. Kitada and H. Kumano-go [8], N. 
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Kumano-go [11] ) However, in their proofs. they used the inverse of the Fourier integral 

operators whose symbols are equal to 1. Therefore, their condition on phase functions 

was complicated, and the canonical maps associated with t hose phase function s must be 

\·ery close to the identity. Recently, in [5], D. Fujiwara, :\. Kumano-go and K. Taniguchi 

have given a more direct proof of this estimate and simplified the condition on phase 

functions in the case for Schriidinger equations. However t hey are not successful in 

the original case for hyperbolic systems. T he aim of this paper is to give a more direct 

proof and to simplify the condition on phase fun ctions in the original case for hyperbolic 

systems. 

Ac/,-nowledgements. T he author expresses his sincere gratitude to Professor K. Kataoka 

and Professor H. Komatsu for helpful discussions and continuous encouragement. Spe

cial thanks go to Professor D. F\tjiwara and Professor K. Taniguchi for stimulating 

discussions. 

1. State m e nt of results 

In order to state our main theorems, we recall some definitions for Fourier integral 

operator in H. Kumano-go and K. Taniguchi [9],[10],[12]. 

D efinition 1.1 ( C lasses of symbols S;;' ). 

Let m E R and 1/ 2 :::; p :::; 1. We say that a C'00 -function p( :r, ~) on R~ x R~' belongs 

to the class of symbols S ;;', if, for any a, f], there exists a constant C'o. ,(3 such that 

(1.1) 

where(~)=~-

Remark. For pE S ;;', we define semi-norms ]pJl,';;) , l, l' = 0, 1, 2, .. . by 

(12) 

Then S;;' is a F'n§chet space with these semi-norms. 
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Definition 1.2 ( C lasses of phase functions Pp(t, {Kl}~0 ) ). 

Let {Kl}~0 be an increasing sequence of positive constants and t > 0. We say that 

a real-valued C 00 -function <P(:r,~) on R~ X R~ belongs to the class of phase functions 

Pp( l , {Kt}~0), if <P(x, E) satisfies the following: 

D efinit ion 1.3 ( Fourier integral operators ). 

Let pE S ;;' and </> E Pp(t , {Kl}1= 0). We define the Fourier integral operator 1(</>, p) 

with symbol p and phase function <P by 

I (</>,p)u(x) = L2n ci(x- y)(+i<P(x,O p(x, ~)a(y)dyit~ (a~= (211')-"dO' (1.5) 

for u E S , where S denotes the Schwartz class of rapidly decreasing C'00 -functions 

on R ". The integrals of the right-hand side do not necessarily converge absolutely. We 

understand integrals of this type as oscillatory integrals. For the details about oscillatory 

integrals, see Chapter 1 §6 in 1-J. Kumano-go [9] . 

Let 1 (<Pi, Pi) , j = 1, 2, . . . , L + 1 be Fourier integTal operators. Then, the composite 

of these Fourier integral operators is given by 

where 

and 

I (¢L+1, PL+J) i (<!JL,pL) · · · I (¢1,pl)u(xL+I) 

= r ei(xL+l-xo)~o K(1:L+ J,~o)u(xo)dxoit~o, 
jR2" 

L L + 1 

iP = l::::<Xj+J- Xi)(~i- ~o) + 2:::::: </Ji(xi,~j-1) · 
i =I i=I 

(1.6) 

(1.7) 

(1.8) 

For simplicity, we wi ll consider a slightly more general oscillatory integrals of the fol-

lowing form : 

L 

= r ei<l>p(XL+J,~L,XL,~L- 1 > " . ,.'!:1,~0) II dxiit~i' (1.9) 
} R2nl~ j = J 

where p = p(xL+l,~L,.'l:L,~L- 1 , ... ,x 1 , ~o) belongs to t he class of multiple symbols 

s;t'"+' defined as fo llows. 
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Definition 1.4 ( Classes of multip le symbols s;"+' ). 
Let ill.£+!= (mL+!,mL, ··· ,ml) E R L+l and 1/ 2:::; p:::; l. We say that a C 00

-

function p = p(xL+l , ~L, XL, ~L-J, ... , .T1 , ~0 ) on R 2n(L+I) belongs to the class of multi

ple symbols s;Lt I' if for any a= (ctL, C1L-l' .. . 'no) and 73 = Uh+ l ' fh, ... 'tJJ), there 

exists a constant Ci.i,/3 such that 

L+l 
I II u~,iJ~'-' p(1·L+I, ~L, · · · , x 1, ~o)l 

J "'J - 1 

j = l 
L+l 

< C' -II ('· )m,+( l -p)lt3,1-Pio.,_,j - i.i,tJ ~J-1 . 

j = l 

Remark. 

( ) D . E s m<.+t d fi . I l(•nqt) I l' 0 1 2 1 rOl p P , we e me sem1-norms p l,l' , , = , , , . 

IPI(~L+tl = max sup 
l,l la,_,JSl, 113, ISl' R 2nC<.+t> Lrr (~J-l)m,+(l-p)lt3,I-Pia,_, 1 

j = l 

Then s;L+' is a Frechet space with these semi-norms. 

(2) For Pi E S';''. j = 1, 2, ... , L + 1, if we set 

L+l 
p = II PJ(1:j, ~j-1)' 

j=l 

by 

then we have p E s;"+'. Furthermore we have 
L+l 

lpl (mHt) <II IP·I(m,) 
l,l' - J l ,l' . 

j=l 

Our first main theorem is the following: 

Theorem 1.5 ( Main theorem 1 ). 

Let {~~:t}1~0 be an increasing sequence of positive constants and M 2 0. 

Set T = min{l / (7fo~~:J), 1/ (4n~~:2 )}. Then there exists a constant C' such that 

L+l L+l -

(1.10) 

(1. 11) 

(1.12) 

(1.13) 

(1.14) 

for 2::: ti :'0: T, 2::: lmJ I :'0: M, p E S~n" + ' and rPJ E P p(tj, {~~:t}~0 ), wher·e lo = n + 1, 
j = l j = l 

lb = [2M] + 2n + 1 and the constant C' depends only on M and { ~~:t} ~0 , but not on L. 

In order to state our second main theorem, we st ate the following proposition. 
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P roposition 1.6. 

Let {K:t}~0 be an increasing sequence of positive constants. Let ¢j E P p(tj, {K:t}~0 ) 
Lll 

Jorj=1,2, ... ,L+ l. Assume that I: lj s; l j(4nK:2 ) . 
j I 

(1) For (x,~) E R 2n . the equation 

l 0: -(1'j -1'J+J) +uv/>J+ ~(XJ+l,~j), 
0 - -(~j- ~j-d + Dx,¢j(.l;j, ~j-d > 

j = 1, 2, . .. , L, ·~'L+ J = .);, ~0 = ~, 

has a unique solution {1'j ,~j}f= 1 = {.rj ,(j }J'=1 (x,O . 

(1.15) 

(2) There exists an increasing sequence of positive constants { K:;}~0 such that 

L+l 

1>* E PP( L tj , {K:;}~0 ), (1.16) 
j=l 

where 1>*(x, 0 is the function defined by 

L L+ J 

1>*(x, ~) = L (xj+ 1 - 1·j)(~j - ~o) + L ¢j(xj, ~J-J), (1.17) 
j=l 

with x£+1 = x and ~0 = ~· 

Our second main theorem is the following: 

Theore m 1.7 ( M a in theorem 2 ). 

j=l 

Let {K:t}~0 be an increasing sequence of positive constants and M ~ 0. 

Set T = min{ l /(7jii:K:1), l /( 4nK:2 )}. 

L+ l -
(1) For I: tj :<::; T, p E S ;'"•' and ¢j E P p(lj, {K:t}~0 ), set 

j = l 

q(xL+I• ~o) = e-i<l>'(xe+> .<olrr(1>, p)(xL+ I, ~o). 

Then q E S[;'"+'. 
(2) Furthermore, for any l,l', there exists a constant C'l,l' such that 

Ul U l -

(1.18) 

(1.19) 

for I: lj :<::: T, I: lmjl s:; M, p E S ;''-+' and ¢j E P p(tj, {K:t}~0 ). where 
j=l j=l 

11 = n + 1 + l + 11
, 1; = [2M+ 2pl + 2(1 + p)l'] + 2n + 1 + l' and the constant 

C'l,l' depends only on M and {K:t}~0 , but not on L. 

Then H. Kumano-go-Taniguchi theorem follows from the theorem above. 
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Theorem 1.8 ( H. Kumano-go-Taniguchi theorem ). 

Let {1q}z:;0 be an increasing sequence of positive constants and M 2': 0. 

Set T = min{ 1/( 7 fo~<:J), 1/( 4n~<2 )}. 
L+ l 

(1) Por 2:: t1 S T , PiES;'' and <P1 E P p(tj, {~~:t} z:;0 ) , 
j=l 

t~ + I 
L: m .J 

there exists a symbol q E s~ I such that 

where <J?• is the function defined in Proposition 1.6. 

(2) Furthermore, for any l, I', there exists a constant Ct,l' such that 

L t I 
(L:; m,) L+ l 

lqll,~' I s (Cl,l') L II IPill;','t-,)' 
j=l 

{1.20) 

(1.21) 

L+l L + l 
for 2:: tj S T , 2:: lm1l S M , Pi E S ;'' and ¢1 E Pp(tj,{~~:t}z:;0 ) . where 

j=l j=l 

11 = n + 1 + I + 1'- 1; = [2M+ 2pl + 2{1 + p)l'] + 2n + 1 + l' and the constant 

Ct,l' depends only on M and {Kl}z:;0 , but not on L. 

L +l 
Remark. :\ote the condition 2:: t1 S Ton phase functions. In our proof, the right-hand 

j=l 
side T of this inequality depends only on K 1 , K 2 and n. However, in the original proof, T 

depends on ~<: 1 , ... , ~<: 1 and n , wi th some large integer l > 2 dependi ng on n. Therefore, 

in the original proof, T must be chosen very small. 

2. Some Lemmas 

In this section , we state two important lemmas needed later. First lemma is found in 

H. Kumano-go and K. Taniguchi [9],[10]. 

Lemma 2.1. 

Let A = (a1k) be an L x L real matrix. If ther·e exists a constant 0 S c < 1 such that 

L 

L laikl S c, (2. 1) 
k=l 
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for any j = 1, 2, .. . , L. then we have 

(1 -c)L ::::; det(l - A)::::; (1 +c)L, (2 .2) 

where 1 denotes the unit matrix. 

Proof. By induction . See Proposition 5.3 in Chapter 10 §5 of H. Kumano-go [9]. 0 

Second lemma is slight modification of Proposition 3.3 in D. Fuji wara, :\. Kumano-go 

and K. Taniguchi [5] . 

Let N and L be positive integers, and ~· E R N. For j = 1, 2, 0 •• , L, let 

(2 03 ) 

where 'Yi E {0, l}N c N(;' and a1,13,(1o) E c=(R N) . F\trthermore we assume the 

following properties: 

1 o There exists a positive integer r independent of N and of L such that 

(204) 

fo r j = 1, 2, ... , L. 

2° There exists a positive integer J( independent of N and of L such that 

(205) 

for /31 ::::; -y1, 1!311 ::::; 1, j = 1, 2, 0. 0, Land 0 # fJL+ 1 ::::; 'YL+ t · 

Then we get the following lemma: 

Lemma 2.20 

(1) The product of the operators P1-PL- l · · · P1 is of the form 

u L 

= L L C({,6j }J=l > {aj}J=ol( II a~'aj,f3,(x)) o~0 (2 .6) 
{!3,)]'~ 1 {a,)]' 0 j=l 



I 

Here I: is the summation with respect to {,61 }1=1 such that /3j :0: 'Yj and 
{13,}_:- I 

II 

1,61 I :0: 1 for j = 1, 2, ... , L. I: is the summation with respect to { O'j }f=o 
{o:J }5' 0 

L L 
such that I: O'j = I: ,13j and 0'£ = 0. 

j = O j = 1 

(2) Furthemwre, the1·e exists a constant C independent of N and of L such that 

II 

L L C'({OJ}f=l' {CYj}f=o) :0: cL · (2.7) 

{133 1;- , {a, J;- 0 

We can choose C :0: (1 + r(K + 1)) . 

Proof. By induction. See P roposition 3.3 in D. Fujiwara, :\1 . Kumano-go and K. Taniguchi 

15]. 0 

3. Proof of The orem 1.5 

Proof of Theorem 1.5. 

1° . From (1.8), for j = 1. 2, ... , L, \\·e have 

(3 .1 ) 

Let 

1 - i(~j)l /2(fJr,, <P )(~j)l /2fJf., 

M1 = 1 + l(~j)l /2(fJr,, <1?)12 ' 

1- i(~j-J)-l /2(fJx, <P)(~j-l)-l /2fJx, 
Nj = 1 + l(~j-J)-l /2(fJx, <1?)12 . 

(3.2) 

We denote the adjoint operators of M1 and of N1 respectively by Mj and by Nj . T hen 

we can wri te 

Mj = a](xJ+1 , ~1 , x1)or,, + a~(x1 +1, ~1 , x1), 

Nj = bJ(~j, Xj, ~j-J)Ox, + b~(~j, Xj, ~j-1), 

8 
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where 

(3 .4) 

and 

(3.5) 

2°. We note the formula(~+ 7J) :::; lr1 l + (~) . Then. when 1~1 - ~j-d :::; ~ (~1 - 1 ), we have 

And when 1~1 -~j- 1 1 > ~(~j-1), we have 

18x,'P I2': ~~j- ~j-11- Jnr;,ltj(~j-1) 

:::: (1 - 2vn"1 t1) 1~1 - ~j-1 I 

2': (1 - 2,fi!r;,l T)T 1 (~j) . 

Using (3 .6) and (3 .7), we get the following estimates for deriva tives of b] and b1 : 

(3 .6) 

(3.7) 

For any a 1, {31, aj_ 1 , there exists a constant Ca,,f3,,a,_ , independent of j such that 

(3 .8) 
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Furthermore, we get the fo llowing estimates fo r derivatives of a) and a~ : 
For any crj, there exists a constant Ca., independent of j such that 

I
ff ' 1( · . c. : ·)1 < C 1 ('· )1/2-la,l /2 e, a j XJ+ l >'>J>:t) - o., (1 + I(~J)l /2( iJe, <P )I 2 ) 1 /2 '>J ' 

10a, o(. c. ··)I < c 1 (' ·)-la,l / 2 (3 9) e, aj XJ + l><,J,XJ - a, (1 + l(~j ) l /2(iJe, iP JI2)1 /2 ',J . . 

3°. We take x E C0 (R") such that 

{ 
1 ( lxl ::; 1/ 3 ) 

0 ::; x ::; 1 and x(.1·) = 0 ( lxl 
2 112

) 

For R = 0, 1, 2, . . . , L and 0 = .io < j 1 < · · · < ) n < )n+ 1 = L + 1, let 

R+ I Jr - 1 

X]o,JJ, .. ,j"= II II x ( (~j- ~Jr- J ) / (~Jr - 1)) 
r = l j = j 1·- l + 1 

Then we have 

L 

rr( <P,p) = z:::: 
R= OO= j o<j, < ··<iR < )H.+ I = L + l 

(3.10) 

(3.11) 

(3.12) 

4° . Weconsider [( iP ,X]o ,j,, ... ,j 11 p) . SetJ = [2M)+ 2n+ l. Integrating by parts,we 

have 

(3.13) 

where 

p'Jo ,],, .. ,jn = (M [T+I(M i,_ l )n+l ... (M nn+l 

· (Nj.Y (Ni-1) 1 
· · · (Nn 1 

X]o,], ,]nP · (3.14) 

Therefore, by Lemma 2.2, there exists a constant G\ such that 

LO 



5° . For T= 1, 2, .. . , R + 1 and j = .ir-1 + l ,Jr-l + 2, .. . ,jr - 1, we note tha t 

(3.16) 

on the support of p'j
0

,j,, .. ,jn · Using the formula(~+ 17)::; I1JI +(~),we get 

(3.17) 

forT= 1, 2, ... , R + 1 and j = Jr-1 + 1, j,._ 1 + 2, ... , j,. - 1 on the support of p'j0,j,, .. ,jn . 

Therefore, t here exists a constant C'2 such tha t 

6°. We note that 

(3.19) 

for 1' = 1, 2, . .. , R on the support of PJo,j,,. ,jn · Using the formula (~+ 11) ::; l'tl l + (~), 

we have 

(3.20) 
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fo r 7· = 1, 2, ... , Ron the support ofpj
0
,J,, .. ,Jn · Furthermore, noting (3 .17) and (3.19), 

we have 

Jr 

II (1 +(EJ,_,)- l lc\, <I> I2) 1/2 
j = Jr- 1 + 1 

j,. 

> 2-(jr-Jr-d/2 II (l + (EJr-1 )- l /210x, <J? I) 
j =Jr -! II 

j,. 

~ 2-(jr-Jr-d/2(Ej,_,)- l /2 L (IEJ -EJ-11- VnK!lj (EJ- 1)) 
j = Jr- 1 + 1 

j1. 

~ T(Jr-Jr-d/2 (EJr-!)- l / 2 L (IEJ -Ej- JI - 2VnKJfj (EJr-1)) 
j = Jr- 1 + 1 

for T = 1, 2, ... , R on the support of pj 0 ,j, , ... ,Jn . 

Therefore, there exists a constant G'3 such that 

7° . ForT = 1, 2, ... , R + 1 and j = Jr-l + l ,Jr-1 + 2, ... , Jr- 1, let 

Zj = Or_, <I> = -(Xj- Xj+J) + Or.,rPJ+I(XJ+! ,Ej) , 

(j =Ox, <I> = -(~j- Ej-1) + Bx,rPj(:rj , ~j-l) · 

For simplicity, we se t k = Jr- l + 1, k' = Jr- 1 and 

Xk ,k' = (xk, ·"k+ ' • ... ,.'Gk•), [k ,k' = (~k.~k+l• ...• ~k·), 

(3.21) 

(3 .23) 

Zk,k' = (zk,Zk+ l • ... ,Zk•) , (k,k' = ((k,(k+l• ... ,(k•) . (3.24) 
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Then we have 

o(zk,k', (k,k') 

o(xk,k', {k,k') 

-- (t::,k'-k+ J 0 ) (Ak_k' A~ ,k' ) - 0 t A + A3 A4 , 
L>k' -k H k,k' k,k' 

(3.25) 

where !'::.k'-k+J, Ak,k', Atk', Atk' and Ak,k' are (n(k'- k + 1)) x (n(k' - k + 1)) matrices 

defined by 

and 

6,,_ .. , { 

- 1 

0 

ox"+, a€. ¢k+J 0 

0 

- 1 

1 

0 0 

1 ) , 
- 1 
1 

0 Oxk 1 2 i)~k ; 1 ¢k+2 

0 

af.<Pk+J 

0 

i\~,k' = 0 

0 

a;. <Pk 

0 

Atk' = 0 

0 

0 

0 

0 

0 

Dfk+ I ¢k+2 

0 

0 

a;,;, <Pk+J 

0 

0 

0 

0 

0 

13 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

ol., <Pk' +I 

0 

a;k+,<Pk+2 

0 

0 

0 

0 

0 

0 

0 

0 a~., -I ax., ¢k' 0 

(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 



Furthermore we can write 

where 

AJ._I+l,jr- 1 = (~Jr-1) . (l:,.jr-}r - 1-1)-
1 

AJr-1+1,j,.-11 

AJr - 1+1,jr - 1 = (~Jo·-1)- 1 
• (tl:,.j,.-j,._ l-1)-lAt_l+1,jr-1 I 

AJr- 1+1,j,.- 1 = (tll.j,.-}r- I-J)-
1

A1r - 1+1,jr-1 " 

Hence, by Lemma 2.1 and (3. 17), we have 

(1 - 3nK2T)2n(jr-Jr-l-1) 

< det a(:zj,._l + 1,}r- 1, 0r- l + 1,jr- 1) 

- a(xir-1+ 1 ,j,.- 1,~ir -l +l,jr-d 
:'0 (1 + 3nK2T )2n(ir-ir-l-1) 

1 

for 1· = 1, 2, ... , R + 1 on the support of P'}
0
,j1 , ..• ,]n . 

Therefore, there exists a constant C'4 such that 

R . II (~jJ -n/2-( J -2M) / 4. 

r = l 

14 
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8°. We change the variables : 

(xJr-1+1,jr-1,f]r- l t-l,jr-d ==l> (zjr l+l,jr-l,(,r- l + l ,j,.-d , 

for r = 1, 2, ... , li. + 1. Here we note that ~;ir+ 1 is a function depending only on xir+l , 

Zj,.+ l ,jr+l- 1 1 (jr+I,jr+ i - 1 and Ej,., for,. = 1, 2, ... , Fl. 

Hence we integrate in the following order. First we integrate by ~:j 1 , :t·12 , ... , Xjw 

Secondly we integrate by zir- 1 +1,),.- I, (,, 1 + J,j,.- 1 , 7" = 1, 2, ... , 1i. + 1. Thirdly we 

integrate by Ein• Ein- 1 , ••• ,Ej 1 • Then there exists a constant Cs such that 

Therefore we have 

D 

L 

lll( i!>,p) I:C: L 
R= OO= jo < JJ < ·· < Jn < Jnt-l = L+ l 

L I I 

(- ) L m, 
:'0 (2Cs)LIPI,:';:~~; (Eo)' 1 . 

(3.35) 

(3 .36) 

Furthermore, looking over the proof above again , we can easily get the following 

corollary. 

Corollary 3.1. 

Let {t;;z}~0 be an increasing sequence of positive constants and M ~ 0. 

Set T = min{1/(7fo~~:J), 1 / (4n~~:2)}. 

( 1) There exists a constant C such that 
L+l 

Ill( <'!> , XoP)I :'0 CL IP i l:.'~~ tl) (Eo)'L:1 m,, (3.37) 

U1 U1 -
for I: tj :'0 T, I: lmil :'0 M , p E S;;'"+1 and <Pi E P p(tj, {~~:t} 1 ;0 ), whe1·e 

j ; J j ; J 

10 = n + 1 and the constant C depends only on M and { 11:1} 00 • but not on L . 

(2) There exists a constant C such that 

(3.38) 

£+1 £ + 1 -
for L lj :s; T, L lmjl :s; M, p E s;;ql' </lj E P p(tj, {~~:t}~o), n = 1, 21 ... I L 

j ; 1 j ; 1 

andO = j0 < j 1 < · · < .in < )n+ I = L+1 , where 10 = n+1 , 10 = [2M ] + 2n+1 

and the constant C depends only on M and {~~:t}~0 , but not on L. 
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4o P roof of Proposition 1.6 

Proof of Proposition 1.6. 

1°. First we assume t hat the solution { ~oj,~j}J-= 1 of (1. 15) exists. T hen we have 

I~; -~;-11 :"0 .fi/,~~: 11 j(~j-1) 
[., 

:"0 vn~~:1lj{ L 1~;;- ~k-11 + (~o)}, (4o l ) 
k = 1 

fo r j = 1, 2, 0 0 • , L. Hence we get 

(4.2) 

Therefore, the solution {xj,~j}f= 1 of (1.15) satisfies 

l~j- ~ol :"0 ~(~o ) , (4.3) 

for j = 1, 2, .. . , L. 

2°. For (x1,L,E1,L) E R 2nL, we introduce the norms W(x1,L,f1,L)II~, WUr1 ,L,[1,diii0 

given by 

W(xJ,L,[J,L)II~ = . max lxJI + (~o)- 1 . max I~JI, 
; = l,2, ... ,L ; = 1,2, ... ,L 

[., 

W(Xl,L,[l,L)III0 = L {lxJI + ((o)- 1 1(JI} · (4.4) 
j=l 

Let n~ be the norm space ( R 2nL' II 0 II~)' and nfo the norm space ( R 2nL' II . III0
) . Let 

e~ be the closed set of n~ given by 

e~ = { (xl,L, (; ,L) En~; I(J- ~ol :"0 ~(~o), .i = 1, 2, ... , L} . (4.5) 

For (x1,L,[I,L) E 8~, we consider t he mapping F: (x1,L,[1,L) >------> Cu1,L, ii1 ,L) defined 

by 

(4.6) 
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where 

and 

\lt (xL+ l , XJ,L, {I,L, ~o) 
0 ~,¢2~2.~) 

0 

+ 

0 

i:J~z¢3(1·3, ~2) 

i:)~L rPL+ I (XL-J J, ~L) 
Ox 1 ¢ I (:t l , ~o) 
Ux2 rP2(x2, ~) 

For j = 1, 2, ... , L, we note that 

Hence, from (4 .6), we have 

L L 

l11i- ~ol :S L l ox,r/J)( .cj,~j-dl :S L vn~<.Jtj(~j-1) 
j = l 

L 1 
:S 2vnK1 :L tj (~o) :S 2 (~o), 

j = l 

j = l 

for j = 1, 2, ... , L. Therefore, the mapping F : 8~--> 8~ is well-defined. 

1(fh ,LJ/J ,L) = 6- 1 \lt( XL+l,Xi ,L ,{l , L,~O), 

1(Y; ,L,Th ,d = 6- 1 \lt (xL+l>x~ ,L ,{; , L,~O) · 

17 

(4.7) 

(4.8) 

(4.9) 

(4 .10) 

(4.11) 

(4.12) 



Then we have 

WW;,L, 7/;,Ll- t(Y1,L, 7/l,L)II;g 

~ 11 6 - 1 11o<o~o'o 
I ~ 

·II [ A(.r£+1, 1\L + IJ(x;,L- I\L)Xl,L + IJ({;,L- {l,L), Eo)diJIIo~~o;o 
· W(x;,LX;,Ll- <(:rl,L,f1,L)II~. (4.13) 

Clearly we have 

(4.14) 

:\'oting that 

(Ej + IJ(Ej- E1)) ~ (1-IJ)I(j- Eol + IJIEj- Eol +(Eo), 

(Eo)~ (1 -1J)IE1- Eo I+ IJIEj- Eo I+ (Ej + IJ(Ej- E1)), (4.15) 

we have 

for j = 1, 2, ... , L. Hence we get 

II t A(xL+1,i'l,L + IJ(x;,L- xi,L),fl,L + IJ({;,L- {1,£l,Eo)d1JII 'o ,
0 Jo noo-n 1 

£+1 
~ 3n~~:2 L t1 < 1. 

j=l 

(4. 16) 

(4.17) 

By (4 .13), (4. 14) and (4.17), F is a contraction. Hence there exists a unique solution 

{xj,Ej}f= 1 E 8~ such that 

Therefore, there exists a unique solution {xj,Ej }f=1 E 8~ such that 

1 
0 = -(xj- ~;j+ 1 ) + O<,!Pi+1(xj+1,Ej), 
0 = -(Ej - EJ-1) +Ox, </J](xj, Ej-1), 
j=1,2, ... ,L, x£+1=xL+1, Eti=Eo. 
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(4.18) 

(4.19) 



4°. Clearly, from (4. 19), we have 

(4.20) 

for j = 1, 2, .. , L. Furthermore, for any no , ih +1 (lao + .BL+JI 2 1), there exists a 

constant C'aoJh t ' such that 

lo{;z:: a~OO(xj - J'j+l )I :<::: C'ao ,/h I I ti+J(~o)-( 1-p)+( I -p)llht ,j-plaol, 

lo{;z:: a~o0 (~j - ~1- 1 )I :<::: Cuo, /h ,,t j (~o )P+(I-p) llhtd-PI <>ol , 

for j = 1, 2, . . . , L. Therefore we get ( 1.16) . D 

5. P roof of Theorem 1. 7 

Proof of Theorem 1. 7. 

1°. For R = 0. 1, 2, . ... Land 0 = .io < j 1 < · · · < j n < .iR+I = L + 1, let 

Then we have 
L 

q=~ Qjo,]J, .. ,ja · 

2° . 'vVe consider the case where R = 0. We can write 

0~0 qo(xL+J ,~o) = e-i<P' rr( <I>,o~0 (XoP)) 

+ e-i<t>' H( <I> ,i( o~0 <l'> - o~o <l>*)xoP) · 

For .i = 1, 2, ... , L , let 

Zj = a~, <I>, 
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(4.21) 

(5 .1 ) 

(5 .2) 

(5 .3) 

(5.4) 



Then we have 

\z],[,, (l,d = - t>t(:rl ,LXl ,L) + 'T' (1'L+l, :rl,L, {l ,L, Eo), 

t(o, o) = -t>t(x~ , L, {~,L) + ([! (.rL+l, x~,L' {r ,L, Eo). 

Hence we can write 

\zJ,L,Cl,L) 

= (- 6 + [ A(xL+ l ,X~,L + B(?i'l ,L - r~ ,d..f~, L + B(6 ,L - {~, L), (o)dB) 

. t(?fl,L - X~ ,L' {l,L - {;,L) · 

Furthermore we have 

8~0 <I> - 8~0 <I>* 

(5 .5) 

(5 .6) 

= ( 1 + [ 8x,8~o<P l (1·; + !1 (x1 - 1·rJ, (o)dB) (x1 - x;) . (5 .7) 

Hence, by (5.6) and (5. 7), there exist functions Vj and Wj, j = 1, 2, ... , L such that 

[, [, 

8~0 <1> - 8~0 <1> * = L VjZj + L Wj(j 

j=l j=l 

L L 

= L vJ(8~, <I> ) + L wJ(8x, <I> ) (5 .8) 
j = l j = l 

:\'oting that 

2-1 
(( 0 ) :'0 ((j + B((j - (j)) :'0 2((o), (5.9) 

for j = 1, 2, . . . , L on the support of xo, we get 

(5. 10) 

L+ l j 1 
where ej = ( 0 , ... , 0, 1, 0, ... , 0). Integrating by parts, we can write 

a€oqo(XLt- l' (o) = e-i<P'rr( <I> , 8~o(XoP)) 
L L 

- e-w L IT( <I> , 8~,(vJXoP))- e-w L IT( <I> , C!x,(wJXoP)). (5.11) 
j = l j = l 
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Hence, in general, it is enough to take 11 2 n + 1 +I+ l' and 1; 2 n + 1 + l +I'. 

3°. :\ext we consider the case where ll i- 0. 'We can write 

Ui;oCJio,j, , . . in (.l'£+1, ~o) 

= -i(Dr;0 iP *)e-i'~- ll(<li, Xj0 ,j,, .. ,j,P) 

+ c-i<l>"IT(iP, i(D~;0 iP)Xj0 ,j 1 , .. ,jn7! + Ui;o(Xio,j,,. ,inP)) · 

Integrating by parts, we can write 

Ui;oqio.i, , ... ,j n (.r L+ 1, l;o) 

= -i(D~;0 iP*)c-i<l>'ll(<f>, Xj0 ,j,, .inP) 

L 

+ e-W L ll(iP, i(UE;,(PJ+I)Xj0 ,j 1, .,iHP)) 
j~O 

L 

+ e-w L ll( iP ,D.;,(Xio,j,, .,inP)) . 
j = O 

(5.12) 

(5. 13) 

Hence, in general, it is enough to take 11 2 n + 1 + l and 1; 2 [2M + 2pl + 2( 1 + p)l') + 

2n+ 1+1'- D 
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