Representation theoretical approach to
Schramm-Loewner evolution
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Background

Growth processes have been proven to give frameworks that describe various equilibrium
and non-equilibrium phenomena exhibited in nature. Examples of such growth processes
we consider in this thesis are variants of Schramm-Loewner evolution (SLE), which was
introduced by Schramm in [Sch00] as subsequent scaling limit of loop erased random walks
and uniform spanning trees. It is a stochastic differential equation on a uniformization
map g; : H\K; — H for evolving hulls K; c H in the upper half plane H, defined by

e p—

dt = gt(z)_Xt’ gU(Z):Z' (1)

Here X; is a Brownian motion on the real axis, which is the boundary of the upper
half plane H. It has been shown to describe an interface of clusters in several critical
systems in two dimensions including critical percolation [Smi01] and Ising models at
criticality [CDCH™"14].

We have another framework to investigate two dimensional critical systems. It is two
dimensional conformal field theory (CFT) [BPZ84], which has been one of the most pow-
erful tools in wide variety of fields from condensed matter physics to string theory, and in
mathematics as well. The notion of CFT has also been extended to the case that a system
has nonempty boundaries and boundary conditions are imposed as boundary conformal
field theory (BCFT) [Car86]. A milestone of (B)CFT prediction on a critical system is
Cardy’s formula [Car92], which gives the crossing probability for a critical percolation in
two dimensions from computation of correlation functions in BCFT. Cardy’s formula has



been proven by Smirnov [Smi01] to be a theorem, while the derivation by Cardy has not
been verified.

Since SLE and CFT are different frameworks that describe the same phenomena, they
are expected to be bridged to each other in some sense. Connection between SLE and
CFT has been studied under the name of SLE/CFT correspondence from various points
of view. A significant development is the group theoretical formulation of SLE by Bauer
and Bernard [BB02, BB03], which proposes an elegant way of constructing SLE local
martingales from a representation of the Virasoro algebra. Their strategy was to encode
the coordinate transformations described by SLE on an irreducible representation space
of the Virasoro algebra of a certain highest weight by an operator valued random process
¥, acting on the representation space. Discovery by Bauer and Bernard was that if the
Verma module of the same highest weight of the Virasoro algebra has a null vector in the
space of conformal weight higher than the highest weight by 2, then the random process
%, produces a representation-space-valued local martingale when applied to the highest
weight vector. In other words, such a random process consists of infinitely many local
martingales that is associated with the solution of SLE. A local martingale is by definition
a random process of which increment does not have a drift term. A significant property
of a local martingale is that its expectation value is independent of time, which is why to
find local martingale is a crucial task in study of a random process. We can summarize
at least a part of SLE/CFT correspondence in the sense of Bauer and Bernard by stating
that a computation on a state space of CFT leads to local martingales associated with
SLE.

The importance of SLE/CFT correspondence is bidirectional. In one direction, one can
compute an SLE local martingale from computation in CF'T, while in the other direction,
SLE gives data of CFT such as partition functions and correlation functions, which in
some sense may be interpreted as construction of a nontrivial quantum field theory as a
result of path integral. Thus precise understanding SLE/CFT correspondence helps us
develop theories of both SLE and CFT.

Issue

The group theoretical formulation of SLE has established the connection between SLE
and CFT and enabled to obtain local martingales from a state space of CFT. Although
some CFT has internal degrees of freedom as well as space-time ones, the analogous group
theoretical formulation of SLE that corresponds to such a CFT is absent. This thesis is
aimed at generalizing the group theoretical formulation of SLE to representation theories
of other algebras than the Virasoro algebra that describe internal symmetry of CFT as
well as space-time symmetry, and correspondingly generalizing the notion of SLE. Such
a direction of generalization will deepen our understanding of connection between SLE
and CFT, and will help us settle the SLE/CFT correspondence in the sense of Bauer and
Bernard in a more fundamental and general theory.

Idea

The notion of vertex operator algebra (VOA) is a mathematical counterpart of CFT. For
a given VOA, we can associate with it a Lie algebra that is generated by coefficients
of field operators, which is called the current Lie algebra of the VOA. Since any VOA
has by definition a Virasoro field (stress-energy tensor), a current Lie algebra contains
the Virasoro algebra of some fixed central charge as a Lie subalgebra. Thus we can say



that the Virasoro algebra acts on a current Lie algebra. We call any Lie subalgebra
of a current Lie algebra that is normalized by the action of the Virasoro algebra a Lie
algebra of internal symmetry following the terminology of [FBZ04]. For a Lie algebra of
internal symmetry, we can take a semi-direct product of it with the Virasoro algebra. and
correspondingly we obtain a semi-direct product of Lie groups of space-time symmetry
and internal symmetry. We expect that a random process on this Lie group yields a
generalization of SLE that involves internal symmetry as the ordinary SLE is generated
by a random process on the group of space-time symmetry.

Summary of Chapters

Chapter 3

In Chapter 3 of this thesis, we take the positive loop group of a torus as an internal
symmetry group, on which the group of space-time symmetry acts as transformation of
the loop variable. The corresponding representation theory is one of a Heisenberg algebra.
We construct SLE associated with a Fock representation of a Heisenberg algebra of any
rank from a random process on the semi-direct product group of space-time and internal
symmetries, and compute some local martingales that originate from an annihilator of
the highest weight vector. Cardy [Car06] once pointed out that the notion of SLE(k, p)
is related to representation theory of a Heisenberg algebra, but our construction is very
different from that of SLE(k, p) in that ours is a generalization of the group theoretical
formulation while a group theoretical formulation of SLE(k, p) is not known, and indeed,
SLE we construct is different from SLE(k, p).

Chapter 4

In Chapter 4, we construct SLE associated with representation theory of an affine Lie
algebra of a finite dimensional simple Lie algebra. The corresponding group of internal
symmetry is the positive loop group of the corresponding finite dimensional simple Lie
group, on which the group of space-time symmetry again acts as transformation of the
loop variable. We consider a random process on the semi-direct product group of space-
time and internal symmetries and derive the corresponding SLE.

CF'T that is associated with representation theory of an affine Lie algebra is known as
Wess-Zumino-Witten (WZW) theory. The notion of SLE that corresponds to WZW the-
ory has been considered in [BGLWO05,ABI11], and the equations appearing in [BGLWO05,
ABI11] is reconstructed in our formulation. However, construction in [BGLW05, ABI11]
is not sufficient in the following points: (1) their stochastic differential equations on inter-
nal degrees of freedom seem to be ad hoc, (2) the random process along internal degrees
of freedom is not concretely constructed and (3) local martingales associated with the
solution are difficult to write down.

We construct a random process in the internal symmetry group in the most con-
crete form in the case of sls, and compute local martingales that are obtained from the
representation-space-valued local martingale. We also find out a module structure over
the affine Lie algebra sly on a space of local martingales. In comparison to the work
in [BGLWO05, ABI11], in our formulation, (1) the stochastic differential equations on in-
ternal degrees of freedom naturally arise, (2) the random process along internal degrees
of freedom is concretely constructed in the case of sly and (3) local martingales associated
with the solution are written down explicitly in the case of sl.



We also propose a way of generalization of SLE associated with representation the-
ory of affine Lie algebras. As examples, we construct stochastic differential equations
associated with operators of degree 4 that annihilate the vacuum vectors in the basic
representations of sly and sls.
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