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1 Introduction 

'patio-temporal patlerns arising .in cb •micaJ reactions in diffusive media, population dy­

namic in ecology, act ion potentials of 11 rve fibers, cell-differentiatiou in developmenl.al 

biology, combustion , solidification and other patlern dynamics of nature have been math­

ematicall y investigated by using reacLion-cliffusion(RD) sy terns . Among tbese pattern , 

it has been well known that travelling pu lses on electrical a t ivity in nerve fib ers [13] or 

expa11ding rings of Belousov-Zhabotinsky(BZ) react ion [22] in experiments . One ty pical 

feature of the. e patterns is a.nnihilal.ion property as in Figu.re l.l. This bas been theoret­

ically investigated by using mono-stable excitable RD systems. A simple but suggest ive 

system is d , cribed by 

l 
au 1 o= ~u + -f(u,u), t c; 

(1.1 ) t > 0, X E R " , 
av 
at = d~v + g(u, v). 

where u(t,1·) and v( t, x) are tbe concenlraLions of chemical or t be densities of biological 

spe ies at Lime t and position,. in R " . These two speci · are respectively called an activator 

and its inhibi tor in biology or a propagator and its controller in chemistry. Th constant d 

is the ratio of the di ffusion rates of t1 and v and c; is t he t ime con slan t. bd ween t.he dynamics 

of t1 and v. ln almost a ll app li cat ions, f = 0 takes an S-shape nonlineari ty and g = 0 is 

monotone increasing, wbicb in tersect at one point in t he (u, v)-plane. The first example 

.is that f and g have FitzHugb-Nagumo(FH N) type nonlineari ties used in modeli ng aclion 

potentials in nerve fibers [t3] 

(1.2) f (u,u)=u(tt -a)(l-u)-u. g(u,v)=u--yu 

where 0 < a < l/2 and-y > 0 are both constant. Tbe co11Stant 7 is required to at isfy tbat 

.f = 0 etnd g = 0 hav only one intersection poiut at the origin P = (0, 0) (F'igure L.2). The 

se one! is that J and g bave Oregonator nonlineari t ies used in modeling the BZ reaction 



[2l] 

(1.3) f(u, u)=u( l-u)-mJ"-q, g(u,v)=U-1• 
u+q 

where o and q are positive constant, which arc requir d to satisfy that J = 0 and g = 0 

have only one tnter ectioo point at P (Figure 1.3). 

ln order to eA'])lain the property of excitability, we consider the diffusion less sy tem of 

(ll) with ( 1.2) 

(1.11) l 
au 1 at =e_.f(u,v), 

t > 0, 
fJv 
{)t = g(u.v). 

which pos esses uniquely the globally stable critical point P. Iu particular , since c: is small , 

lra.jecto rie of tbe syst m possesse fast and slow motion.s in the (u, v)-phase plane: when 

lhe initial point (u, v)(O) is near P , then the traje 'tory direcdy decays to P, while when 

it is suitably far (romP, it results in a long excursion and then comes back toP (Figure 

1.4). Because of t.his property, (1 A) is called an excitable system with only one cr it ical 

point and the corresponding R.D system ( i.l ) is called an e2·cita.ble RD system with one 

critical poillt. 

We fir t note that P i the ri via.l solut.ion of ex itable RD system (1.1) , (1.2) a.nd is 

local ly tab le for any d. However , when dis not large, a su itab ly large point perturbation 

given to the onstant state P evolves into ao expanding ring, wh ich has be following 

propc.rt.ies: 

(P-1) An <'Xpanding ring is stable under sm~.ll perLurba.t.ions [20] . 

(P-2) When t,wo expanding rings collide, they anni l1-ila.te ea.cb other (Figure 1.5). 

These properties are also clear ly observed in the BZ react ion . From experimental obser­

vat ions a.nd numerical simu lations of matb ·matica.l models of exci tab le R.D systems wit.h 
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only one crilica.J point, it has been beli ved for a long time that stable travelling pulsC>; 

arising in any :2-component system shou ld satisfy such annihila.tion propert.y, if lb. y exist. 

Recently, it has been shown in some other types of excitable RD systems tbat when 

two travelling pulses approach, tlwy do nol necessarily annih ila te but repel ea bother. For 

example, Petrov et al [18] have shown that two travelling pulses repel eacb other in th 

cubic autocatalytic RD model with three crit.ical points where one is stable, while Lh' other 

poi11t are unstal !e. Krisher and Mikha.ilov [~J] , Kawaguchi and Mimura [ ) have considered 

(.1.1 ) with global inhibitory coupling term and shown t hat two travelling pulses and spots 

exhibit ela tic-like collision. Pearson [17) has rcpOl't d that there occurs nonannih.ilation 

of propagating fronts 1\Jld moreover. lhcP appear a variety of complex spatio-temporal 

palLern in 2-dimensions in t.he Gray-Scott model [2]. 

From the above results, we find t.hat within the class of excitable RD systems, some 

systems xl1ibit annihilation while sorne do not. Hence, we would like to investigate which 

1ypes of 11onlinearities produce annihila~ion or nonannihilation. Thus, we co.ncenlralt> our 

atlcnt ioo lo the ·t udy of spatio-Lemporal pal terns arising in excitable RD , ystems which 

sat isfy 

(A-1) f(u,v) = 0 takt>s cubic like nonlineru·i y, g(u,v) = 0 is a monotone function and 

these intersect at on ly one point Stich that the system (I A) possesses excitabi lity for 

small c:. 

(A-2) (l.l) has a stable travelling pulse solu tion. 

We now address the following question: 

Do lT(wclling pulses of (1.1) exhibit nanannihilalion ph nomerwn under the assmnption 

(il -l} and (A-f!)? 

We already knew that Lhe FH N equations and the Oregonator model do not possess such 

phenomenon. 
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Here, we tak f and g in ( l. l) as t b following first order exothermic non unenritie . 

( 1.5) .f(tt, v) =-au+ k(t1)v, g(u,u) = h(v< -t>)- k(u)v 

with k(u) = exp (u/ (1 + ufc)) , where the vari ables u( t ,~:) and v(t,x) of (1.1) respectively 

correspond to the t empera I urc and t he concentration of chemica] reactant at ti me t a nd 

position .c, parameters (t. h, Vc and c are aJI positi ve constants [12] . T he explanat ion of 

(l.l ), (1.5) is ·ta ted in the next sect ion. 

Let us first demonstrate some nurneri aJ simulat ions wh re a, h, Vc and c are suitably 

fi xed to a t isfy (A-1), a.s in Figure 1.6. vVe fix c: take small bu t not. suffic ient ly sm all. lf 

d is smaller than unity, there is a sta ble t ravelling pulse which possesses t be a.nnih ilation 

prop ' rty. ln [act. two travelling pulses in 1-d imension and three expanding rings in 2-

dimensioll s ann ihilate. when they collide (Figm es 1.7 and 1.8) . On he o her han d, if d is 

la rger t han unity, t here i. sti ll a stable t ravelli ng pulse whk b moves very slowly. When two 

I ra.vcll ing pu lses app roacl:t, they don't annihila te bu t rep el each other( Figure 1.9) . Three 

expanding rings are broken up into a complex pattern , as in Figure 1.10, in which we can 

observe the fo llowing four features: 

(E-1 ) ann ihilat ion of t.wo expanding rings, if the size i smal1 ; 

(E-2) extinct ion before co llision of two expanding ring , if the size i intermediate; 

(E-3) .repul sion of t.wo expanding t·in gs, if the size is large; 

(E-4) desta bilization of planar t ravelling pulse. 

(E-2) and (E-3) suggest that the 2-compo.nent RD sys t.e rn with (1.5) exhibi ts nona nnihi­

lation prop rly of travelling pu.lscs and expanding riJtgs, even if t he syst m satisfi es (A-l ) 

a.nd (A-2). 

As a firs1 step in the uude£sLanding of such complex patte rns, th e following problem 

nat ura lly arises: 
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(P r-1 ) What is the mPchaJli ·m behind this nonannihilat.ion phenomenon ? 

For this problem, Oh ta , T<iyose and Mimura [16] have showrJ in a simi lar type of (l.l) with 

con ervation of ·he total value of tt and v wbicb was proposed by l(awaguchi-:Minmra model 

that if t.wo travelling pulses approach each other very slow ly then they repel like ela ·tic 

objects. Th y emphasized that tb conservation property is important to exh ibit repulsion 

of travelling pulses. llowever , we have numerically shown that excitable RD systems, whicu 

sal.is.fy (A-1) and (A-I), have t he nonannihilation property, even if they do not have the 

conservation property. 

11der the above sit uation , lue aim of this paper is to make cl ar problem (Pr-1) for 

the excitable RD system (1.1 ). The content of this paper is organized as follows: 

Section 2 : In §2.1. we int.I'Oduce the first ord<'r exothermic RD system in the frame­

work of excitable RD systems with one critical point. ln §2.2, in order to study llw property 

of travelling pulses, we numerically d raw the exist<"nce-region of stable travelling pulse so­

lu Lions wh n d and .:: are globally varied. 'We find out the very lowly travelling pul. es. In 

oJ·der to understand why th<' very slowly Lravelling pu lses exist, we numerically dra.w lhe 

global slruclure of stand ing p11lse solut ions and bifurcation from standing ones. We find 

lhat Lra ve lling pulses primary and super-cri t ically bifmca.ted from the standing ones. ln 

§2.3 , we consider the in leraction oi lwo travelljng pul es which approach each oth er. We 

numerically demonstrate th at tbey reflect each other when the velocity is ve ry slow. lo 

order to conjecture that very slow ly lravelling pulses pos e. s t he oonannihilation property, 

we also treat the Gray-Scott mo lei in the framework of excitab le RD ysLem and show 

that it a.lso exhibits .nonanoihilaliou property of very slowly travelling pu lses. 

This secLion is essent ia lly Lased on result obtacned in [10]. 

Section 3 : In §3 .1 , in ord<'r lo anaJytica.lly show t.he conjectu re stated in §2.3. we 

introduce the bistab le FHN system. ln §3.2, to discuss tb repulsive interaction of two 



travPlling pulse , we define the position of travelling pulses RS the interface of the limit. as 

o l 0 and we derive the urniting system Jrom the bistable PUN system. Tn §3.3, in order 

to confirm that the limiting sy tcm of t.hf' bistable F'H ; has the noniillnihilation properly, 

we consider an interface-interface interaction problem. ln §3.4, in order to treat the re­

Aection of in terfaces analytically, we introduce a piecewi e linear system and we derive a 

ODE system, which is e sentially 4-dimensional first order ODE, to descibe the dynamics 

of interface from the limiting problem by a fo1·mal expansion. By s tudying the ODEs, we 

rnaJ,e clear that very slowly travelling pulses has the nonannihilation property. 

This section is essent,iaUy ba. ed on tbe •·estlits obtained in [11 ]. 

Section 4 : In §4.1, we consider the relation between stability of planar travelling pulse 

and velocit y of trave lling pulses for ( l.l), (1.5). As a result, when very slowly travelling 

pulses cxi t , we show that planar travelling pulses are destabilized. ln §4 .2, we ctiscuss 

Lhe u1cchani m generating complex patterns. At. first , we consiuer how expanding rings 

evolve whcu a tra e!ling pulse has Lhe nonannihilaLion proper ty and planar instability. 

Form numerical omputaLions, we find that the expanding riugs break up into complex 

patterns. due~ to nonann.ihilation and planar insta.bili ly of travelling pulse . As a result , we 

could expect that if very slowly travelLing pu l ·es exist, such complex patterns are generated 

by lhe nonannih:ilation properly and planar instability. ln order Lo cotrfirrn it , we again 

inve l igat. the Gray-Scott model and obtain Lh same result as (1.1), (1.5). Therefore. we 

conclude t.ha complex patterns are generated if very slowly tra,·elling pulse so lu tions ex ist. 

In §4.3, we give a summary. 
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(i) (ii) (iii) (iv) 

Pigure 1.1: Annihilation of two expanding rings in the Belousov-ZhabotirLo;ky reaction. 

f(u, v) = 0 
P · u 

0.12 L__.L_...:...._ ______ ____l.._j 

-0.2 1.3 

Figure 1.2: Nulclines of .f a.nd g with PitzHugh-Nagumo nonlinearities where -y = 5.0,a = 
0.2. 
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g(u, v) = 0 

v 

f(u,v) = 0 
p 

0.0 l_ ________ ____..l 

0.0 u 1.0 

Figure 1.3: 1 ulclines off and g wiLh Oregonator nonlinearities wh rea= 3.0, q = 0.02. 
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Figure 1.4: Trajectories of (1.1), (1 .2) where -y = 5.0, £ = 0.00:3, a= 0.2 . 



0 
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minu 

X 

(i) 

(ii) 

20 (iii) 

-

(iv) 

maxu 

Pigure 1.5: Aorlihilation of two ring patterns iu a rectangle domain with zero fllLX boundary 
conditions. Spatio-temporal profile of 11 of (1. L), (1.2) where 1 = 5.0, £ = 0.00625, a = 
0.25, d = 0.5. 
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g(u,v) = 0 0.6 u.._ ___ __;._ ____ ____J 

0.0 u 25 

Figure 1.6: ~uldines of f and g of tbe exothermic reaction nonlin a.rities (1.5) where 
Ct = 2.0 C = 5.0, h = 45.0, Uc = 1.0 

2.9 

Figur • J .7: Annihilation of two t.ravelling pulse of (l.J ), (1.5) wbere a= 2.0, c = 5.0, h = 
45.0,vc = l.O.t = O.OOJ ,d = 0.5. 

lO 



16 

• 
y 

• 
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0 X 16 
(i) (iii) 

(ii) (iv) 

F'igure 1. : Annihilation of three expa nding rings of (l.l), (1.5) in a rectangulaT domain 
with zero-fiu x bound ary condi t ion s where t he parameters are the same as the ones in 
Figure 1.7. 
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X 2.9 

Figure J .9: Reflect ion of two t ravelling pulses of (1. 1), (1.5) where the parameters <tre same 
as the ones in Figure I. 7 except d = 4.5. 
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(i) (v) 

0 ~ 0 c'.~•'") 
(ii) (vi) 

'·'~ J 0 ~ :J t:JA . 
() :J~·· ···-.!':..'-• . 

(iii) (vii) 

.. ··~···a 

)9 .. \ , ... . .. . '"/ -·I', •• .. . . ........ , .. 
'\~· .... ,. 
: ' ~Lt"~ S ·~~,,' J ......... ' . - \• •! .r;~ . . • ..... ' ............ 

(iv) (viii) 

F'igure 1.10: Breakdown of lbree ring pattern where the pa.rameters are lhe same as the 
on s in Figure 1.9. 
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2 Numerical understanding of nonannihilation dynam­
Ics 

2.1 Exothermic RD model 

We propose here an RD system described in [12], which has t.he first order exothermic 

reaction. Let u(t,x) and v(t,x) be t he dimension! ·ss temperatw-e and the dimension less 

concentration of cbcmi ·al readant , t'eRpectively. The system is 

! 
8u I 1 
-
0 

-611. =-(-au+ k(u)v) =- j(1t, v), 
t E c 

(2 .1 ) t> O, xE R n, 
ov 
fJt -d v=(h(vc -u)-k(u)v)=:g(u,v), 

wh rc dis the rat io of the heat conductivity and the diffusion rate of the rea ·ta.nt, c: is the 

time con tan! of two kinetics, a is tbe heat Tadiation rate, k(u) = exp(u/(1 + ufc)) is the 

reaction rate with orne constant c, which is called the Arrhenius rate, h is the supply-rate 

of t.lre reaclant and Vc is Ir e given concentration outside the system. AJI of the parameters 

are positive constants. 

If c i small (c < 4), the funct ion v = F(u) obla.ined by f(u, v) = 0 is monotone 

increasing with u .. if c is large (c > 4.), it take cu bi c like nonlinearity (Figure 2.1 ). ln t his 

section, we ftx c to satisfy tire latter case. On the other hand , the fun ction v = G(u) 

obtairJecl by g(1t. v) = 0 is always monotone decreasing witb u. For suitable values of a, h 

a nd v. , curves of u = F(u) and v = G'(u) are qualitatively classified into .J cases. F igures 

2.2a and 2.2b sbow t.hat v = F(tt) and v = G'(u) have on ly one intersect.ing point , wh ile 

Pigures 2.2c and 2.2d do Ll rree ones. From now on, we re trict the nonlinearit.ies .f and g 

to sa.lisfy the case of Figure 2.2a. 

For orn pntat ions itt t he following ections, we fix t he parameters in (2.1) as a.= 2.0. h = 

45 .0, lie= 1.0 and c = 5.0 such tbat the nulclines off and g are drawn in Fig.1.6 where there 

is uniquc.ly one cr.iti a.l poin t.. sa.y P = (ttp, vp)· We note that Lh so lu tion (u(t), v(i)) of 

the diffusion less system to (2. 1) possesses the property of excitabili ty whPO c is a.rbi tra rily 
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fixed in the range of c: = 0.0 ~ 0.002. as in Figure 2.3 . That is, our system satisfies (A-1) 

and (A-2). 

v = F(u) v = F(u) 

(a) (b) 

Figure 2.J: Nu lcLine of I in (2. 1): (a)a = 2.0, c = 2.0; (b)a = 2.0, c = 5.0. 
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~----_l--------~ U 

(a) (b) 

v .----------------. 

(c) (d) 

Figure 2.2: Nulclines of f and g iJ1 (2.! ): (a) a = 2.0, c = 5.0, h = 45.0, Vc = J.O: (b) 
a= l.5.c = 5.0. h = 20.0, Vc = 1.0; (c) a= 2.1 ,c = 5.0. h = 140.0, Vc = 1.0; (d) a= 2.0,c = 
5.0, h = 65.0 . Vc = .1.0. 

v 

ll_ __ _;,_ ______ u 
(a) (b) 

Figure 2.3: (a) Traj ctories of (1.4), (1.5) : (b) Detail of region near the critical point P 
where the parameters is the same as those iLl Figure 2.2a except. € = 0.001. 
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2.2 Travelling pulses and standing ones 

[u thi s su b~ection, by taking c: and d as free parameters, we draw the existence-regions 

of stable travelling pulse (STP) solution and stalle oscillating propagating pu.lse (SOPP ) 

solu tions of (2 .1 ) in lbe (d, c:)-plaoe. ft is shown in Figure 2.4. 

(T- i) When c: is sufficiently small (c- = 0.0003) , there is a. sl.able traveWng pulse for small d. 

IT d in cre~s<:'s, lhe [ravelling puls is destabilized in a sense that lhe fwnt propagates 

with constant velocity bul the t.ai l is osci ll ating (Figure 2.5) . lf d still increases, the 

travelling pulse is sp li tting so that "back firing" phenomenon occurs (Figure 2.6). 

Such phenomenon is also observed in an excila.ble and diffusive system with three 

cril.i ca.l points [1, 18]. 

(T-ii) When c: -lightly increas·s (c: = 0.001 ), the sil\1ation is similar to (T-i) for small 

d. lf d increases, lh velocity of the travelling puJse becomes slower and it tends to 

a standing pulse. This indicates t.bat. the travell ing pul ·e bifmcates super-criti cally 

from lh s tanding one when d decreases. 

(T-iii ) When c: still slightly increases (c: = 0.00125) , tht,' situation is similar to (T- i) for 

mall d. If d increases, there is an oscillating propagating pulse which is different 

from the one in (T-i) (Figure 2.7). lf d still increases, there coexist au osc illa.li.ng 

propagat ing pulse and a land ing pulse. II dis large, there is a stan ding pulse only. 

(T-iv) When c: , Jighlly increases further (c: "" 0.0014), t he s.it uation is similar to (T-i) 

for sma ll d hu t. il d inCJ·eases, t ravelling pulses disappear. [[ d is lru:ge, there ex:i st. 

standing pulses only. 

(T-v) When £ i nol small , there a.re neil. her t ravelling pulses nor oscilla.ting propagating 

ones for any d. There exist standing pulse: for large d. 

In order to understa.nd why very slowly travelling pulses exist, we consider Lhe cases of (T­

ii) and (T- iii ) more precisely. By n.umerically so lving the 1-dimeosion;d tat.ionary problem 
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of (2.1), tbe global st ructu rt' of standing pulse solution can be drawn. When we fix 

o = 0.001 (lhe case (T-ii))and take d as a free parameter, the structure of standing pulse 

is demonstrated in Figure 2 . . which it is tated as fol.lows: 

(S-i) There ru·e two critical value fL, de such that t here exist four sta nding p tLi ses for 

sL < d <de (Figu res 2.9<1.- 2.9d). 

(S-ii) There are two bifurcation points on the large branch where one is t he translational 

bifurca t.ion (TB) at d = dr8 and tbe other is the osciU ato ry one (OB ) at d = d08 . 

The large solution is stable for dr 8 < d <de, willie it is unstab le for fL < d < drs ( 

see also Figtu·e 2., ) . 

(S- iii ) Other three branches are a.lways unstable. 

The ex istenc(' region of large standing puls<>.s in the (d, c:)-plane is demonstrated in Figure 

2.10. One important remark is lhat TB and OB bifurcation curves intersect at one poin t in 

the (d, c)-plan<'. Fix E to be relativ ly small . When d decreases, TB occurs primarily and 

then OB dose secood.<try, and travelling pulses bifurcate super-criti caJ.l y from the standing 

one (Figu re 2.1 I). This situation indi cates two important facts: (i) There appear Lravell ing 

pulses S\lch t hat its velocity can be arbitrarily slow, a we wan t. lf E slightly in creases, the 

locations of Lh TB a11d OB bifurcations is rever e. (ii) The e;x istence of th inter ect ing 

point of the TB an.d OB bifu.rcat ion cm ves suggests the occu rrence of secondary bi(mcation 

by which Lable oscillat.ing propagating pul.se appear , and there coexist stable oscillating 

propagat ing pulses and stand ing ones, a. was stated in (T-iii). We shoul.d note that t he 

TB ru1d OB bifurcat ion curves never intersect for t he FHN equ ations (1.1 ), (1.2) . 

I ~ 
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0.0 5.0 d 

Figu<e 2.4: Existence region of sta.ble travelling pulses(STP) and sta.bJe oscillating propa­
gating pulses(SOPP) in the (e,d)-plane. 

0 

10 

Figure 2.5: An osci llating propagating pu lse where e = 0.0003, d = 9.5. 
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X 5 

Figure 2.6: Back firing phenomenon where c: = 0.0003. d = 13.0. 

5 

Figme 2.7: An o cilla.ting -propa.ga.ting pulse where c: = O.OOJ2 d = 3.5. 
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I \, 
'\ 

i \,, ~·:·~~-:::~-::~·:::·::~-.:·~J-~-~:: .. ·· 
don drn lfc d 

Figure 2. : Global structure of standing pulses with the parameter d where£= 0.001. 

u 

X 

(a) 

X 
(c) 

vxS 

X 
(b) 

X 
(d) 

Figure 2.9: SpaLi<ll profiles of standing pulses wht>re £ = 0.001 ,d = 3.0. 
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0 .0 2.5 5 .0 7.5 d 
Figme 2.10: Existence region of standing pulses in the (c:, d) - plane where so.lid line is the 
curve of TB and dotted line is the curve of OB. Stable standing pulses are in the hatched 
region. 

c 

SSP 

dos d 

Figure 2.11: Bifurcation diagrams of travelling pulses with the parameter d:c: = 0.001 , 
where the vertical axis indjcates the velocity of the travelling pulse, SSP: stable standing 
pulse, USP: unstable standing pulse, STP: stable travelling pulse. 
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2.3 Nonannihilation dynamics of travelling pulses 

ln th is subse t:ion , we ma,ke dear the medJanjsm of uouannillilalion properly. As a fir l 

step, we consider the interaction of two lra,velling (or oscillating propagaliug) pulses which 

approach each other. 

Por t he case when e and d arc both su ffi cient,ly small, two travelling pulses annihilate 

upon collision. However, we shou ld note that annihi lation occurs in two different types, 

depending on values of d aocl f: . Fixe Lo bC' not. sufficien tly small. When dis sufficient ly 

small , annihilation of two travelling pulses is exact ly similar to the one arising in th 

PH!\ equ<t1ioos (J..l), (1.2) (Figu re l.7). when dis sEghtly larger, two pulses approach 

closely a nd fade out befor~> co ll ision (Fig11re 2.12). When dis increasing sughtly fw·ther, 

uch annihilation no longer occurs and two travelling pulses repel and move to the reversed 

direction (Figure 1.9). For the case when£ is slightly mall and dis oot so large, then th re 

ex is(.· table oscillating propagating pulse , which exllibit repu lsion phenomenon (Figure 

2.13). 

The reason why nonannihila,tion of t ravelling pulses occurs has yet been unclear. One 

necessity condition is lhat tb. velocity of traveLling pulses bas to be slow. This is possible 

for the sy t em (2. L), because the bifurcation from the standing pulse to the travelling one is 

sup r-criti al. We thus can choose 10 and d such that Lbe velocity is arbitrarily slow. When 

two slowly travell ing pulses a.pproach closely, the concentration of the Ieactant between 

lwo pu.lses becomes .lower than ones in the back part of the pulses so that they repel each 

other and move to the opposite direction, recovering their bapes(Figw·e 2.14). We should 

note here lbat for the FHN equations (1 .1 ),( 1.2) , the bifurcation is always sub-crili cal. 

even if tbe translational bifurcation primarily occur [9]. Therefore , the existence of slowly 

travell ing pu lses can not be expected and the resulting lwo travelling pu lses aoniru late, as 

is ob erved in the BZ reac~ion s and in the I<"HN equations. 

Thus, we cau1 expect t.hat it is essential fo.r the occurrence of uonanni!Jilat ion of travelling 

pu lses tbat the velocity is very slow. In order to confirm it , we onsider the following more 
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general 2-component system oJ (2.1): 

(2.2) 
{ 

au l I 
7fi- u. = e(-mt+ p(tt)v) = -;.f(u,v), 

., > o, 
av 
al. -d6.v=h(vc-v)-p(u)v=g(u,v). 

R ", 

where a, h, and Vc are positive constants. Take p(u) = u'" (m is positive in teger) . If 

m = 1, (2.2) never takes excitab ility, while if m. :::0: 2, it ta.kes mono-stable excitability for 

suita.b l · a, h ~nd Vc, though .f(tt v) = 0 dose not exhibit cubic nonlio.eaJ·ity. In (act when 

p(u) = u2
, for wh ich (2.2) is known as the Gray-Scott model, it is sho wn in Figure 2. 15. 

It is confirmed that there is the TB bifurcation curves so that travelling pulses bifurcate 

supcr-cril,ica.lly from the standing ones when d i suitably nxed and c decreases (Figure 

2.16). This is qualitatively similar to the one in Figure 2.10. Moreover, nonannil1ilation of 

slowly travelling pulses areal o shown in Figure 2.17. This phenomena are also observed 

in (2.2) with p(u) = c..xp( u). 

A~ travelling pulses, whi<"b exist for suitably large d, bifurcate primarily and super­

critically from stand ing ones, we can expect that tl1is travelling pulse have lateral inhibition 

property. J\ow. we explain lateral inhibition .for (2.1) as foLlows: if the diffusion of v is 

larger than lhat of u then 71, as il gets "con ·umed" in the reaction region , difl'u es in 

lhe consumption r gion. Then,(ore, before u expands latenlly, the va lue of v around the 

r·eacting region be('Qmes small . Thus, the expans ion of 1~ is inhibi t d in the sense that t he 

velocity of expansion becomes very small. This property is caLled lateral inhibit·ion. 

By the above dis ussion, we a.rrived at. the following: 

(C-1) lf very slowly travelling pulses with lateral inhibition exist for any 2-component 

ystem, they repel each other. 

Through this paper , we shal l assume that very slowly travelling pulse is under latera l 

inhibition unless otherwise st.at.ed. 
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2.9 

Figur 2.12: Exti nction before coll ision where e: = 0.001, d = 3.1. 

5 

Pigure 2.13: Reflection of two oscill ating propag<tling pulses or (2.1) where c = 0.0006, d = 

7.0. 
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Figure 2.14: Non-aon.ihila.Lio.n process of two travelling pulses when" c: = 0.001 , d = 4.5. 
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v v 
j \ f (u,v) =O 

(a) (b) 

Figure 2.15: (a) Trajectories of the Gray-Scott model (2.2); (b) Deta.il of region near the 
critical point where a = 0.07, h = 0.01 , Vc = 1.0, c: = 0.8. 

1.0 

0.0 1.0 2.0 d 

Figure 2.16: Existence region of standing pulse in the (d,c:)-plane where the sold line is 
the curve of TB and the dotted line is t he curve of OB. Stable standing pulses are in the 
hatched region. 
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200 

Figure 2. I 7: Reflect ion of t.wo LravclJi.ng pulse· of (2.2) where the parameters are th same 
as the one in Figure 2.14 except t: = 1.0, d = 3.5. 
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3 Analytical understanding of nonannihilation dynam­
ics 

3.1 A bistable RD system 

The aim of th is ect ion is to show analytically that (C-J) holds. If E: is su fficiently small in 

wstem (2.1 ), the velocily of t ravelling pulses are so fast. as shown in Figure 3.1 t hat two 

travelling pulses anujbi!ate (F.igure 3.2) . For this situation, we do not have any analytical 

tools to solve the system (2.1) yet. Thus, we give up treatiDg system (2.1 ) .. o we fou11d 

a bistable RD system as one having slowly t-ravelling pu.lse under the situation that e: 

is suffici ntly small. Thus, by using a singular perlw·bal ion method, w an define the 

positions of travelling pulse as the two interfaces, wh ic.b we call fTont and back. Accordingly, 

we can consider the problem of the refle ·tion for the intPrfaces. Therefore, we discuss the 

repu lsive ph nomeno11 about the following ]-d imensional bistable FHN system [19]: 

(3. 1) 

1 
&tt 2 8

2~, 
crT= E 1i'O + f(u)- v, 

ul ux· 
L > 0, x E R , 

Dv D2v 
-=d-+-u-')·V 
8/ 8a·2 

with f (u) = u( l - u)(u- a) , where c:, r,d,a and1 are posit.i\·e constants, c: is sufficiently 

small and 0 < a < 1/2. We ass ume that the curves f(u)- v = 0 and u- IV = 0 

have three int~rsect i on points , say P. Q a.nd R, as in Figure 3.3 where P and R are Lbe 

stable on tant equ ilibrium solutions of (3 .1 ), while Q is the unstable one. We impose the 

boundary conditions to (3.1) as 

(3 .2) (u, u)( t, ±oo) = P. 

Let 1 = /. be given sucb thai the cmves J( u) - t> = 0 and u- 1.v = 0 take odd symmetry 

with •·espcct lo the point Q in the (u, v)-pJane. 'vVe assume l.ha.t 1 is chosen to be neal" but 

less lhan I· such Lbat. Lhe curves f(u )- v = 0 and -u- IV= 0 Lake nearly odd symmetry 

with respe L Lo Q. ader Lbis situation, it was shown Lhat. (3 .1 ),(3.2) ba.s travelLing puis 
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solutions for suitably srnall T [6]. The f ature of these soht~ions .is that there are one 

front aud oue back layers in lL a.nd Lhe distance between ~hem is ralhE"r long, a in Figure 

3.4. We consider th intera tion of these two travelling puis s which are symmetric with 

l' = 0. When Tis very smal l, the travelling pulses ano ib.iJate on collision (Figure 3.-5). If T 

increases, the velocity becomes slower and two pulses fade out befOl'e collision (Figure 3.6) 

and if T still increases s li ghtly, they repel each other in such a way that two travelling front. 

layer repel each other twice, while the b11ck layers do once (Figure 3.7). The repulsive 

process is different from t.he one in the exothen n ic RD system (2.1 ), as wa.s shown in 

FigttrE' 1.9. Nevert heless, it i thus numericaLly confirmed that l'ery slowly travelling puis 

solutions o.f (3.1) ,(3.2) possess uonanuihilat.ion property when E is sufficiently small. 

-:::.-------j e 

0.0002 

Figure 3.1: R latioo between the velocity co[ tra veiling pulses of (2.1) and the parameter 
E: where the parameters is the sam!' i1S tho e in Figw·e 1.9 and Ea = 0.001027. 
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2.9 

Figure 3.2: Annihilation of two travel ling puls!:'s of (2.l) where the parameters are the 
sante as those in Figure J .9 except E: = 0.0003. 

u- yv = 0 

R 

Pigurc 3.3: J "ulclines of I and g with Fitzi:Tugh-Nagumo oonlioearities where a= 0.25,/ = 
I 0.2857. 
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1.0,-------------, 
('..._ u 

v 
'--- X v 

0 10 

Figure 3.4: A tra.vc.lling pulse of (3.1 ) where d = 1.0, a = 0.25 , 7 = J 0.2857 , r = 0.046, c = 
0.025. 

10 

Figure 3.5: Annibi.lation or Lwo lravelling pulses or (3.1 ) where t he parameters are the 
same as those in FiguTe 3.'1 t'Xccpt r = 0.035. 
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Figure 3.6: Annihilation of Lwo travelling pulses of (3 .1) wbere the parameters are the 
ame as tho e in Figure 3.4 except r = 0.0431 1. 

10 

Figure 3. 7: Repulsion oft wo travelling pulses of (3 . .1) where t he parameters aTe lbe same 
as those in Figure 3.-1 except r = 0.04 ". 
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3.2 Limiting system (3.1),(3.2) as E. l 0 

ln order l.o define the posi~ion of travelling pulses in (3. 1) with (3.2), we deriv • the- limiting 

system as c l 0 from (3. 1). T<tkiog the limit as c l 0, we consider the dynamics of 

one pulse- like sol ution with one front and one ba k layers moving to tb left d irection, 

of the 1-dimensioual bistable FHN system (3.1 ), (3 .2) in R (Figure 3.8). Let l)p{t) and 

'f/B(i) (0 < 1/F(l) < "'a(t)) be the interfaces corresponding the front and back layers of 

the so.lut ion (Figu re 3.9)- By u. ing si ng ulru· perturbation rueihods ([ 14], for io s~ance), the 

equat ions for rfF(l) , 7)s(t) and v(t,x) ru·e given by 

(3.3) TTjp(t) = -A(u(t, 1Jp(l))), t > 0, 

(3.4) r1J8(t) = -\(v(l, "'a(t))), t > o, 

where clot means ~he first deriv~.t i ve witb n ·spect to timet. Here ,\(() is tbe velocity of a 

travel ling [ront solution u(z) (z = .1·- AI) of 

(3 .-) 11t =u,,+ f(v) -e, z E R 

with the boundary concLitions 

(3 .6) Jim u(t,x) = h'~'(e) , 
x-±oo 

where e is sui tab ly fixed such that J(u)-' = 0 has t hree zeros u = h±(t) and ho((), as in 

Figure 3.10. ,\(() has the xp licit expression ,\(() = (h.+(() + h_(t) - 2h0 (0)/ -/2. From 

(3 .1), the equalion fol' v(t,x) is given by 

(3.7) 
ov = dfPv + { h_(v)- -yv, t > 0, a· E R \ ('IF(I), 'la(t)), 

fJl ox2 
h+(v)- -yv, l > 0, !r E (TJv(t) .1)a(t)) 

wi ~b 

(3 .8) 
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and 

(3 .9) lim v(t,x)= O. 1> 0. 
lxl-oo 

The deri vation of (3.3)-(3.9) is sta.ted in Appendix A. 

For a special solution of (3 .3)-(:3.9), there a re travelling pulse solu tions u(t, x) = \f( z) ( z: = 

.t - ct) with coosiant velocity c, coupled with ibe inler[aces 'IF('t) = zp = ~·F - c/ and 

1/s(t) = ZB = XB- ct (Figme 3.11 ) . The problem for (V(z), c) res ul t ing from (3.3)-(3.9) is 

(3.1 0) 

(3.JJ) 

(3.12) 

and 

(3.13) 

-rc = -,\(1/(zF)) = >.(\l(zs)), 

1. lV { IL( If)--y\f, zE R \(zr-,zB), 
-c t, = c ., + 1!+(\f) --v \f, E ( ) , z zp, zs, 

V E G' 1 (R ), 

lim V(z) = 0. 
1•1-
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1.0.----------------., 
('.... u 

v 
f---..._, 

,----------

0 10 

Pigure 3.8: A [ravelling pulse of (3.1) where the parameters are the same as those in Figure 
3.4 except r = 0.04455 

1.0 
!'.. u / 

-
v 

1/ X 

0 rz ,..(t) 10 

Figure 3.9: A t ravelling pulse of (3 .1) for c; l 0 where tbe paramders a re the same as those 
in Pigw-e 3 .. 
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v 

--"- ~ -------

0 a u 

Figu1:e 3.10: Graph of lhe equation .f(u)-v = 0, where v. = h_(v) . u = h.+( v) and u = h0 (v) 
dcnol three branches of .f(u)- 11 = 0. 

0 . .2 ,--------------., 

0 ·--~ ·· ZF 

0 

V(z) 

• '----~ z 
Zn 

10 

Figure :3.11: A travelling pulse so lution V(z) of (3 .10 )-(3.13) wbere d = l.O ,a = 0.25 ,"Y = 
10.2 571. 'T = 0.04 4. 
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3.3 Pulse-interaction in the limiting system 

fn Lhis subsection, we study lb repu lsive interact ion of lwo ~ ravelling pulses of (3.10)­

(3.13) wbjch are symmetri c with .r = 0 in R. In order to do this , we assume lhal there is 

the refle ting wall al x = 0 so t hat one pulse move to the left direction in R+ = (0, + ). 
Let x = 1Jt(1) , .1: = ·q2(t) be interfa es satisfying 0 < 172(!) < q1(t) < +oo, where 2ry2(t) is 

the disla.ncc belweeu two pulses. By (3 .3)-(3.9), the problem can be slated as [o\1ows: 

(3. 14) rrh = >.(v(l,111(l))). t > 0, 

(3.1 5) nj2 = - ,\(u(t,ry2(t))), t > 0, 

fJv _ 82v { h_ (v) -1v, t > 0, x E R + \ (172(t), 111 (t)) , 
(3.16) at - d 8x2 + 

h+(v)- /V, t > 0. x E (q2(t), q, (!)) . 

(3.Ji) v(I,·)EC1 (R +) 

witb the boundary and initial conditions 

(.3.1 ) 

(3.l9) 

and 

(3 .20) 

av ox = 0, ·t > 0, ,!; = 0, 

lim v = 0, t > 0, 
x~+oo 

'llt(O) 
'172(0) 
v( O,l·) 

'ItO, 
1/20, 

vo(x), x E R+ , 

where v0 (.r), 1/ to and 1120 are approximately chosen a.s t he travelling pulse so lu tion \1(.1:) 

with velocity -c(T) and the interfaces ~-8 and xp of (3.10)-(3.13), by taking x8 and xp 

very large. This indicates that t..be solution ( v(t, :c) ., 1/'t (l), 172 (t)) initially takes a travelling 

pulse with velori ty -c(T). 
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The convergence of soluLim1s of the RD sys tem (3.1) t.o the ones of (3.14)-(3.20) a.s 

e: l 0 is discussed in [23]. Also the existence and uniqueness of so lutions to (3.14)-(3.20) 

are proved in [.5]. Our problem can be stated as follows: do the interfaces .,,(t) (i = J, 2) 

of (3.14)-(3.20) exhibit repulsive processes when r is ta.ken such thal c(r) i very small? 

Ju order t.o confirm it, we num rically solve t he limiting problem (3.14)-(3.20) for different 

values of r. Figw·es 3.12 and 3.13 show the annil1ilation of two travelling interfaces after 

and before coll ision, respect ively. On t he other hand, when the Yelocity c(r) is very slow . 

Figure 3.H d~monslrate the repu lsion of travelling pul e . One thus finds that the pulse­

pulse interactions in the limiting problem (3.14)-(3.20) a.re qua.litatively similar lo the ones 

in the bislableFHN system (3.1),(3.2) with sufficient ly small f: > 0, as was shown in Figure 

3.5-3.7. 

Figure 3.12: Annihilation of travelling pulse of (3 .14)-(3.20) where d = 1.0, a= 0.25 , -y = 
l0.28.571 ,r = 0.034. 
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2.0r-------------, 

t 

OL_----------------~ 
0 X 10 

Figure 3.1 3: Anni hilation of t ravelling pulses of (3. ! 4)-(3 .20) where the parameters a r:e the 
same as t hose in Pigure 3.1 2 except T = 0.03 75. 

X 10 

Pigure 3.H: Repulsion of travelli ng pu lses of (3. 14}(3 .20) where the parameters are the 
same as those .iu. F igure 3.1 2 except T = 0.0'14. 
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3.4 Equations of interface-interface interaction 

ln th is subsect ion , we reduce the limjting problem (3.14)-(3.20) to a -ystcm of ODEs for 

tbe interfaces 111 (-t) and >72 (l) only, in order to understand the mechanism how repulsive 

intera tjon of t ravelling pulses occurs when ·the velocity is very slow. 

We speci fy f(u) in (3.1) as f(u) = -u + H (u- u) wjtb 0 < cL < 1/2 where H( s) = 1 

for s > 0 and 7-I (s) = 0 for s < 0 (see Figu re 3.15). Then the velocity ->-(0 of (3 .5) is given 

by 

(3.21) ,\(() = 1- 2a- 2( 

J(a+()(l-a-() 

[19] or quivalently 

(3.22) 

We first obtain Lra.ve)]jng pulse solutions (V(z). c) with z = x- ct. The resulting problem 

(3.10)-(:3.1:!) is 

(3.23) 

(3.24) 

an d with f3 = I. +/, 

(3 .25) 

(3 26) 

and 

(3.27) 

rc = l - 2a- 2\/(zF), 
J(rc)2 + 4 

rc =- I + 2a + 2V(zs) 
J(rc) 2 + 4 

1 [\I { -{3\1, :z: E R \ (zp,za), 
-c\ , =c ,,+ -f3V+ l , ( ) .1: E z p,zs , 

VEC'(R ), 

lim V(z) = 0. 
1=1-oo 

4] 



Solving (3.25 )-(3.27) ~o obtain t be tlllkoown V fo r fixed c and z8 - zp = .~, and substituting 

it into (3.2:~).(3.24), we ha ve the following cqual ioJJS for c and s: 

(3 .28) r,:==;rc~=; = 1 - 2a - <P- ( l - exp(- tP+ s )) , 
y'(rc)2 + 4 ,8¢> 2d 

(3.29) rc = - J + 2a + ¢+ (1 -exp(- 1>- s )) . 
y'( rc)2 + 4 (3¢> 2d ' 

when;> ¢(c)= J c2 + 'ld/3 and ¢±(c)= ¢>(c)± c. His convenient. to rewrite (3 .28),(3.29) as 

(3.30) F(c,) = :i<t> ex p(-~;s)+ 2~+</> exp(-~d )-2a- ~ +J = 0, 

(3 .3 1) G(c,.:r)= rc _ _:__i::_e>q)(-</>+s)+_t±_exp(-qi_ )= 0. 
J(rc)2 + 4 /34> 2{3<{> 2d 2/31> 2d 

When 2a + 1/{3- l = 0 (or -y = 7- = 2a/(J.- 2a.)) ., we note that .f(u)- v = 0 and 

u-,.v = 0 lake odd symmetry. When 2a+ 1//3- l :S: 0 (or 7 ~ -y.). F(c,s) > 0 holds o 

tha~ (3.30), (3.11) ha ve no solution [or any c and s. We tb ·refore assume 2a + l f {3- J > 0 

(o1· 0 <-y < ').). lt is obvious that (c,.s) = (O,s0 ) with s0 = -.,fd7731og(2a/3+ l -{3) is a. 

solution of (3. :30 ).(3 .31 ) for any r > 0. Till s rnea.ns that Llwre is "st<Lnding pulse for an y 

7 > 0. To obt<Liu travelling pulse solu t ions of (3 .30) , (3.31), we have ~o rely on numerical 

computation. By taking r as a free pa rameter and keeping a. -y ( < -y.) and d to be suitab ly 

fixed , we find that the re is the criti cal value r eT such that travelling pulses exist [m r < TcT> 

which a re bifur atc:-d from the standing one at r = 'Tc'f' (Figure 3.16). T be relation between 

r and the wid th s are a.lso shown in Figme 3.1 7. 

lf r is cho e n to be near rc7 , t he velocity c is very small so t hat its expli cit form can 

I><;- hown. Using F(O, s 0 ) = 0 and ~~ (0. s0 ) =/= 0, the impucit ftul ction theorem says tba.t 

F(c,s) = 0 ba ·a solutions = h(c) in a neighborhood of c = 0 satisfying s0 = h(O). We 

note that s = h(c) is expanded in terms of c up to O(c2 ) 

(3 .32) 



where 

l s0 . 6 
81 = T6(d/3 + rl..j([fJ). 

Substituting (3.32) into G(c, s; T) = 0 and expanding it with respect Lo sma.ll c, we obtain 

the fol.lowing relation up to O(c3 ): 

(3.33) 

wher 

(3.14) 

wh ich is near ra and 

. . _ ( ) I [ l ( sg So ) oS 1 ) ( 17.i1J/ 3] 
(3.3.:>) g T = J6 d(J2.j([JJ + 3rJ3(3- d2(33- d ZJrf/3- d..j([fJ exp -y Pt dso)- T . 

When 1 i · near 1- and T i. a lso near r • . one find s g(r) > 0. Therefore the velocity c is 

expressed as c = ±J(T.- r)(2g(r) for small c. 

The sp clr;;l ana.lys is [6] shows that when T decreases, the standing pulse solu tion of 

(3.3)-(3.9) is de tabilized primarily through Hopf bifurcat ion at r = r,0 and then second.ly 

through translational one at T = ra (reT < T,0 ). This impues that travelling pulse 

solutions are unstable when r is near T,r , though they exist for T < T, r. However, we 

hould remark lhal t here i the cr.i tical value r,or ( TcOT < r,T) so thaL the unstabk 

travelling pulse solution recovers it stability for r < TooT (Figure 3.18) (7]. lt i. also noted 

that if 1 i - les than but near 1~ (i.e. the kinetics f(u)- v = 0 and v.- IV= 0 take nearly 

odd symmetry), three criti ca l values T,or , TcT and Too ar<> very close with each other (if 

lhey are completely odd symmetric:, Tc01' = TcT =Tao hold). We thus find that tbf're exist 

very slowly travelling pulse solutions which ate stable. if 1 i near I · and r is a.lso near 

TcOT· 

We now st udy the repul ~i ve interaction of two very slowly travelling pulse solution s 

obta.ined above. Consider the situation wl1ere these two t.ravell.ing pul es are synunetri · 
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with re peco Lo .t = 0 in R. The problem result ing from (3.14)-(3.20) with (3.21) is written 

as 

(3.36) 

(3.37) 

(3.3 ) 

(3 .39) 

(3.<1 0) 

(3.4 1) 

(3.42) 

ni, (I) J. =!-2a-2u(t,?J1(t)), t>O, 
(ni t (t ))2 + 4 

1"~2(t) 
..j . = -I + 2a + 2v(t . 17z(l)), /, > 0, 

(71)2(1))2 + 4. 

011 

oo· = 0, l" = 0, I > 0, 

lim v = 0, t > 0, 
r~ 

,,, (o) = 1)1o · 
1)2(0) = 112o (< 'Ito ). 
u(0,.1') = vo(.r) , .r E R +. 

By using the advantage of piecew ise- linear nouline.o<ri ty of (3.23) , v( t , 1);(1)) (i = J, 2) can 

b determined by solv ing (3.3") for given 1);( t) (i = 1, 2) . We thus formall ' obtain the 

clos("d system for 1)1 (t) and 1)2(1), wl1 icb is desnibed by integral equations with r espect to 

tim e a.s well '' space. Its l realmenl is therefore generally d.ilfi cul t. In order Lo avoid hi s 

difTi culty, we employ the following approximation: 

(3.43) ( ) ( ) ( ) . () (s- t)
2 

.. ( ) 
'1f; = 7]; t + - "/ 1/i t + --2-1); t + ... ' 

whi ch is valid for sufEk.ien t ly weak variation of 17; (i = 1, 2) . The vaJidil,y of (3.43) .is sta ted 

in Appendix C. After straightforwa.rd calculation, we obtain the foUowi11g 4-dimensional 

ODEs for 171(t) and q2(t) from (3.36)-(3.42) up to 0(1ii) (i = l. 2): 

(3.44) ( ·).. ( ·).. ·1 2 ( · ·) n!J 0 m•71.rt1 7]1 -nl'I'·'I2·T/2'/"2=- a.-v1 7]1 ,1]2 ,1)1,r72 - • , I >, 
J(nJ1)

2 +4 



where [o,· </>; = <P(iJ,) = ·h/ + 4dfJ and tPi± = ¢( 7i;) ± iJ; (i = l. 2). 

(3.46) 

m('l);, n,) = - 1 + cxJJ(-271·----'=-) 12cl' ( ¢> - ) 
'I ¢7 . ' 2cf 

(
4'71 12d'l); ) q,,_ ( + </>J + T exp(-2rJ; 2d) i = l. 2) , 

(3.4 7) 

(
('/1 - '1)2 )

2 
6d(111 -112) 12<f2) , ( ( , )¢,_) 

.JCJ + ' 4 + 7 exp - '1!. - '12 2d 
"' ' <i't .I (3.4 ) 

(
(71!+'7zf 6d(77J+!J2 ) 12rl') ( ( )¢,_) + -"3 + .JC4 +---::;:s ex-p- '71 +'1, ?t ' 

'+'1 ~l 'f'l ~t. 

{3A9) 

cP2- ( ( ( ) <1>2+ ¢2+ ( ( ) <P2- l) -- exp - '11 - 172 -) - - exp - 171 + '72 -. - . 
/3</>2 2d ¢2_ 2d 

<f>2+ (1 + ex-p( -2172 c/>
2

- l) 
fJ<Pz • 2d 

(3.50) 

- ;~~ (exp(-(7/1 -1)2)~1d) +e>.l)(-('IJJ +172);;;,)) . 

The deri.valion of (3.4A), (3 .4-5) is stated in Appendix B. If iJ;( t) is constant , say c and 

•h (l) -112 (1) is constant witb very la rge 17;( t) (i = l, 2). says . t hen (3 .44) a.nd (3.45) reduce 

to (:3.28) and (3.29), respectively. This implies that (3.44)-(3 .50) pos ·esses travelling pulse 

solu tions of (3.28),(3 .29). 

45 



ln particular, if '7I(L) is very la.rge, (3 .4t.l) ,(il.45) is reduced ~o a sl ightly simple form 

(3.51) ( · ) ·· • ( · ) ·· 1 2 • ( · · ) nil l 0 m1)J ')1 -n·'l 1 -tJ2 ,,)2 t}2=- a-v1 ?) 1, 7"f2 , 7J 1,7"f2 - . , >, 
J(T!JJ)2 +4 

(3.52) 

111(7)2 , ~2)'h - n(!!J - 1]2, - th )iii =-I + 2a + ii2('1 J, 1/2 , 1iJ, ~2)- ~r;2 , t > 0. 
J(T7)2)2 +4 

where 

(3.53) 

(3 .5-1) 

( . l 12(/2 
!ni)J =7, 

. I 

_ ( s 2 6ds 12~) ¢>+(k) 
n( . k) = fl(k) + <fJ4(Jr) + q,s(k) ex p( -s2d) 

wit.h d>(k) = Jk2 + 4d{J and 1/>±(k) = ¢>(k) ± k . 

(3.55) 

(3.56) 

. ( . . ) ¢1- ¢2- ( ( ) ¢>2+) 
v1 '/J. !]2, '/1, '12 = p¢

1 
- j3d!

2 
exp - '11 - '1 2J · 

We fix T suitably such that c(T) is very small and ta.ke the initial conditions as 

(3.57) 
'1 1(0) =a+ s(r) , 
'12(0) =a, 
?j;(O) = -c( r) ( < 0) (i = l , 2) , 

where a is a.rbitrarily fixed large. Numerical computation of (3.51), (3.52) clearly shows 

that the so lu t ions 1)-;(l) (i = 1, 2) exhibit J'epu ls.ive process as in FigtU"e 3.19, wh.ich is 

qualitatively :; imil.ar to the one in FigtU"e 3.14. 

ln order to unders tand the dynamics of ('1 1 (t), 1)2(1)) of (3.51 ),(3.52) , we la.osify it into 

the following 3-sta.ges: 
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(i) 111(1) ~ 1, rJdl)- 172(l) ~ I and 1j1(t) < 0; 

(i i) 1/t (I)~ I, 7]z(l) ~ 1 and 1/J(l) - 7]2(1) = 0(1); 

(iii) 7)t(l) ~ l, lit (i)- 'la(l) ~ 1 and rit (I) > 0. 

Depending on the stages (i)-(iii), (3.51),(3.52) can be simplified as follows: 

Stage (i): Sinceqt(l)-•lz(t) is very larg , Lb interfaces 1/J(l) and '7z(t) are iiJdependent, 

so tha.i (3.51),(3.52) is simply d~·coupled as 

(3.5 ) 

(3.59) 

where 

(::1.60) 

(3.61) 

( . ) .. 1 ,, • ( . ) njJ m 'h 7] 1 = - La - v1 111 - . , 
-J(n)t )2 + 4 

( ')" I 2 '( ) ---;;=7~q~z= m 1]z,1/z'f/z =- + a+ t12 7]z,'f/z - . 
j(n72 )

2 + 4 

• ( . ) q, ,_ 
lit 'f/1 = -/3. ) 

1/'1 

• ( . ) ~~2+ ( ( 2 fz- )) 
''2 1]·2, 112 = f3fz I + exp - 1]2 2d · 

Putting 1it = ~ 1 into (3 .. - 8) le~tcls l.be equation for (t as follows: 

· , 1 ( 1 76 
m(f:t)~ 1 = l - 2a- -

13 
+ ~- = S((1; 7), t > 0. 

(Jy ~f + 4.dj3 -J( 7(1)2 + 4 
(3.62) 

There is the critical value 7 c such that (3.62) has one critic~! po.iul. ~1 = ..\ 1 < 0 for 7 c < 7 

and three critical points ( 1 = ..\; (i = I, 2, 3) sat isfy ing ..\ 1 < 0 < ..\2 < ..\3 for 0 < 7 < 7 c 

where 6 = ..\1 , ,\ 3 are asymptotically s table, wh.ile 6 = ..\2 is uJJSta.ble (Figures 3.20a a.nd 

3.20b). ln particular, if 7 = "). (or I. - 2a- 1//3 = 0). then -..\ 1 = ..\3 a.nd ..\2 = 0. We fix 

7 suitably to atisfy 0 < 7 < 7 c . One tbus finds that the velocity of the interface 11 1 (t ) is 

approxima.tely ..\ 1• We next consider (3.59). [f q2 is very large, lhen 6 = 1j2 satisfies 

(3.63) 
. J 6 ~ 

m(6)'2 = - 1 + 2a + p + f3Jt:i + l[d/3- J(
7
(2)2 + 4 = -S( -6; 7) , l > 0. 

47 



Th refore, the velocity of the inl(>rface q2(t) is approximately - .X3 • If q2(1) approache~ Lite 

wall 3; = 0, Lhat is , 1)2 (L) = 0(1), the dynamics of 172(1) is no longer de cribed by (:1.63) but 

by (3.59). U ing phase plaJJe analysis , one finds that. if 7 is sma.11, the interface :c = q2(t) 

wh ich moves wit.h approximat.e velocity -.X3 h its the waJ I T = 0 (Figme 3.21), while if T is 

close to ' •• it. moves very slowly and repels w.itb the wall ~- = 0, and then moves to the left 

direction where the velocity is asymptotically -.\ 1 (Figu re 3.22). Thus. if 1)1 (I) -1)2 (1) > I 

is sa.t isn.ed, 111 (t) and 112(t) asymptotically move with velocities >'I and -)'1, re p -ctively. 

'tage (ii): Aft.er St.age (i), one finds Lhat. '71(1) and '1AI) approach and satisfy 17t(l)-

172 (t) = 0(1). As they a.re r1o longer decoupled, we have to consider (3.51) ,(3.52) imulta­

ueously. Since Stage (i) indicates that. q1(1) and 172 (1) moves with opposite velocities .X 1 and 

-.\1 after repulsion, we may as. urnc 1i1 (t) = -1h(t). Therefore, putling 21)(t) = T/J (t)-172(1) 

reduces fTom (3.51), (3.-52) lo Lhe 2-dimeosional ODEs for q only: 

(36-1) 

(3.65) 

(3.6(i) 

Using t.be phase plane analysis iu (3.64) again. it. is found that ''l!(l) and r72 (t) repel eaclt 

o her with lhe cenf.er (r71 + 172 )/2 (Figure 3.23). 

Stage (iii): Since Lbis stage is treated iu a similar way to Stage (i), we omit the discus-

sion. 

Consequent ly, we can Wlderstand that lbe repu lsive interaction of very slowly trav­

(']!ing interface essent ia lly consists of t luee stages described by lbe 2-d imensional 008s 

(3.58),(3 .59) and (3.64); oue is the [rant- front interact ion (Stage (i) and (iii )), tbe other 

is the back-back one (Stage (ii )). We should note Lhal the y -tern (3.64) t.o describe the 

back-back in teraction was already proposed in [15] and if !1.J-'172 is constant., the pulse-pulse 

intera lion. was also ~t.udied in [16]. 



v 

u- yv =O 
R 

.. u 
p 

f (u) - v = 0 

Figure 3.15: Nulclines of f ;wd g of the piecewise-linear nonlinea1ities in (3.1) where 
a = 0.25, 1 = 0.9999999. 

c .-------------------~ 

0 ----------------------- ~ 
~cT 

Figure 3.J 6: Relation bet. ween the velocity c and the parameter r where d = l.O , a = 
0.25, / = 0.9999999, 'fct = 0.35:3554. 
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s.----------------. 

So ---------------------------1 

Figure 3.17: H el~tion between the widths and Lhe parameter T where the parameters axe 
tbc sam<' as those in Figure :3.16. 

C.-------------, 

0 

F.igure 3.1 : Schematic bifurcation d iagram of ravelung pulses with the parameter T, whe.re 
Lb vertical axis .indicates the v locity of the travelling pul. e. (SSP: st;able slanding pulse, 

P: w1stabl stan ding pulse, STP: stable t ravel ling pnlse.) 
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Figure 3.19: Repulsion of ~he interfaces 1/ 1(1) and q2(1.) where d = l.O ,a = 0.25 ,")' = 
0.9999999,r = 0.~535,c = 0.05669,s = 12.1537. 

s s 

lt 

(a) (b) 

Pigure 3.20: Profue of S(~; r) where d = 1.0, a= 0.25, ")' = 0.9999999: (a) r = 0.35355; (b) 
r = 0.3535. 
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-10 L__--------------------''lz 0 L.._ __________________ _, 

0 100 0 
(a) 

X 
(b) 

100 

Figure :_!.2l: Annihilation of the .front interface wher the parameters are the same as those 
in Figure 3.19 except T = 0.15: (a) Trajectory of (3.59) in the (!J2 .lj2 )-p lane; (b) Time 
evolutiorJ of '12(/) of (3.59). 

3800 .---------------------, 

0 

-0.08 

, .... -.... .... _ . ..__ ................... ""'""''"""" ................................ -..... ~------- ......... --
1 
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! 
I 
I 
I 

-.Az 

~1------~----~~13 

L__--------------------''l z 
0 100 

(a) 

t 

X 
(b) 

Figw·e 3.22: Repu lsion of the front interface where the parameters are the same as those 
in Figure 3.19 except T = 0.3535: (a) Trajedo1·y of (3.59) in t he (1)2 , lj2 )-p lane; (b) Time 
evolution of 112(t) of (3.59) . 
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700.-------------------~ 

OL-------------------~ 

30 X 70 

Figme 3.23: Repulsion of the ba.ck inter races. T ime evolut ion of (171(t), ry2(t)) of (3 .64) 
where the pa.rameters are the same as t bose in l"igure 3.19. 
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4 Concluding remarks 

4. 1 Stability of planar travelling pulses 

In the Introduction, we stated in (E-4) ~hat destabilization of planar travelling pulse is one 

of the feature to generate complex patterns in 2 dimensins. Thus, we consider tbe following 

problem for (2.1) which satisfies (A-1) and (A-2): 

(Q) When 1-dimensional travelling pulses are stable, how is thei1· planar stability ? 

Numerical simulations show that the stability of planar travelling pulses depends on values 

of£ and d. Figure 4.1 shows the stable region in the (d,t:)-plane. Fix c: to be small. If d 

is small, the planar travell ing pulse is stable so that the corresponding ring patterns are 

also stable. However, when d increases, by lateral inhibition instability, travelling pulses 

are planarly destabilized (Figure 4.2). Planar oscillating propagating pulses are always 

unstable so that 2-dimensinal back-firing phenomenon is observed (Figure 4.3). 

0.0 5.0 d 

Figure 4.1: Stability of planar travelling pulses in the (c:, d)-plane where the bald curve 
separates the stable and unstable regions. 
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4 ,------------------------------, 
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0 X 

(i) 

(i i) 

(iii) 

(iv) 

(v) 

, 
't 

' 

16 

Figure 4.2: Planar instabili y of a t ravelling pulse wh re e = 0.0006, d = 1L5. 
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4 ,-------------------------------, 

y 

0 L-------~----------------~ 
0 

( 

X 
(i) 

(ii) 

(i ii) 

(iv) 

(v) 

16 

FigLtre 4.3: Planar instability of an oscillating propagat i11g pulse wher c; = 0.0012, d = 2.6. 
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4 .2 Generation of complex patterns 

Jn the previous subsection, we have found tbat travelling p11lses have two fcat.ur : One is 

DOD<lnnihila.t ioo and the other is planar inst<tbiliLy. Therefore, taking the parameters c: and 

d suitably, we fi.ndlba.tthe characteristics of tnwelli.ng pulses is ba.s.ically classified into the 

following 4 cases: (i) a planar travelling pulse is stable and two travel ling pulses annihilate 

upon collision; (ii) a planar travelling pulse is unstable and t.wo travelling pulses annihilate 

upon collision; (i ii) a planar travelling pulse is unstable and two travelling pulses fade out 

before collision; (iv) a planar travelling pulse is unstable and two travelling pulse r · flect 

before collision. 

'onsider the dynamics of Ting pattern: corresponding to the cases (i)-(iv) in a 2-

clirrteusional square domain with tbe zero-Dux bound<cry condition. For Lhe inilial condition, 

we take a droplet disturbance of u to the equilibrium tale P. F'or the ca.~e (i), one could 

easi ly expect thaL an expanding ring collides and simply anni hilates, as shown in Figure 

L. . For ~he case (ii). a ring pattern always expands with circular shape (Figure 4..4), which 

ecms to be similar Lo Lhe case (i), buL, when the radius i sufficiently la.rge. the ring might 

be destabilized. although it could not be demonstrated by om compu~a.lion. However, if 

spiral waves are gPnera:Led in a standard way, they are destabilized and break down inl,o 

complex pattern, as in Fi.,.ure 4.5 . For the case (i ii ), a ri ng pattern is clearly deformed <tnd 

finally comes to small pieces, beca.use of the reflection boundary (Figure 4.6). For the ·ase 

(iv), the dest a.b iuzed rings a.ut,onomousJy I reaks down into many irregular spot (Figure 

4.7). We ca.n observe three types of the interaction of two expanding rings, depending on 

t.h size of radiu . \IVhen the size is large, two rings approach, reAect and ~hen break up 

into everal pieces (Figme 4.8a.), while when the size is middle. two rings approach closely 

and the nearest pa.rts of them gradl.)ally .fa.de out (Figure 4.8b), and when lh size is small, 

two rings approach and a.nnihilate each other (Figure 4. c). These properties help us to 

understand why expanding rings are broken into many smal l spots . In t hi s i~uation , if the 

initial distribution is exactly t.be same as the one in Fignre '1.5, it no longer genera.te spiJ·al 
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waves but produces ma,ll spots from the ti p (Pigure 4.9). Breakup of spiral patt rns is 

also discussed in bistable RD systems [3, 4]. 

Tn order to confirm that complex patterns occur due to two effects of nomumihilation 

properLy and pla.n.i1r instability a.nd these are generated if there ex ist ver ··slowly travelling 

pulses, w consider agai n th<" Gray·Scott model (2.2) with p(u) = ·u2
. When travelling 

pulses have very slow velocity, planar travelling pulses is unstable as shown in Figure 4.10. 

This phenomena are also ob erved in (2.2) with p(u) = exp(u) . Therefore, we arrived at 

the following conjecture; 

(C-2) If very slowly travelling pulse exist, then planar travelling pulses are unst,abl . 

Moreover, an expanding ring was broken down into complex spot pattern by no11anoihila­

tion property and planar in tability. This is shown in Figure 4.11, which is simi lar to the 

one in Figure 4.7. Therefore, we obtain the following conjectu.re; 

The me ·hanism ge•wrat iog complex pattern in RD systems (l.l) witb excitability is the 

ex i t. nee of very lowly lrav !ling pul es. 
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16 

y • 

00 
X 16 (iii) 
(i) 

0 
(ii) (iv) 

Figure 4.4: Attn ihilaLion of expand ing ri ngs where e: = 0.00045, d = 11.5 . 
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16 .---------, 
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X 
(i) 

(ii) 

(iii) 

16 
(iv) 

(v) 

(vi) 

Figure 4.5: Breakdown of spiral pa.ttero where t he parameters ere Lbe same as t.be ones in 
Figure 4.4. 
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16 .------~ 

y • 

00 X 16 
(i) 

(iv) 

0 
(ii) (v) 

(iii) (vi) 

Figure 4.6: Deformed expanding ring where c: = 0.00065 ,d = 4.5. 
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0 
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• 
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(i) 

0 
(ii) 

0 
(iii) 

16 (iv) 

(v) 

(vi) 

Figure 4.7 : Breakdown of one expanding ring where t: = 0.001 , d = 4.5. 

62 



10 r-------., ,------,.------------, ~------, 

y 0oOoC'~E'2 
o ~--~~--~~--~~--~ 

0 X 10 
(a) 

(b) 

•• 
(c) 

Figure 4. : CoLli ion of l.wo expanding rings where the parameters are t he same a.s the ones 
in Figure 4. 7: (a.) Large size rings ; (b) Middle size 1·ings; (C) Sma ll size rings . 
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(iii) 

16 
(iv) 

(v) 

(vi) 

Figure 4.!l: Breakdown into spo\ patterns where the parameters a re the same a.s t he ones 
in Figu.re 4.7. 
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(ii) 

(iii) 

(iv) 

(v) 

800 

F igure 4.l0: Pla nar insLa.biJi y or t ra vel ling pu lse of (2.2) wh rea= 0.07,h = 0.018,-vr. = 
l.O ,c = l.O , d = 3.5. 
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(iii) 

500 
(iv) 
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(vi) 

Figure 4.11 : Breakdown of one expand.iug ri.ng where tJJe param<' t.ers are t.h.e same as the 
ones in Figme 4.10. 
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4 .3 Sum mary 

By the dis us ·ions in the previous sections. we have given two conjectures by u. ing ana­

lyti ·a] and complementarily numerical discussion: (J) Nonaunjbilalion and planar destabi­

lization of travell ing pulses possib ly occur, if t.be ,·e\ocity is very slow; (2) Spatio-tempora,\ 

complex patterns are generated clue to the effects of nonannibi\ation and planar destabi­

lization. We therefore arrive at the fi11<tl conjecture th«t 2-cljmensional complex patlems in 

excitable RD yslems occur, if there is a \-dimensional very slowly lTavclling pu lses. Mo.rc 

precisely speaking, the result h<ts obtain ··d here are slated in ordc>r: 

(1) In order to understand lhe nonannibjlation property of ~ravelling pulses arising in 

excitable RD system. we have investigated an exothermjc RD system (2.1) . By 

numerical omputation. we have found that the essence of nonannihi lation property of 

travelling pulse is the existence of very slowly t.raVP!ling pulses with lateral inh ibition. 

ln order to confirm it , we have numerically shown that its holds for the Gray-Scott 

model. As a r suit, this strongly sugge.>t that it.s ho lds fo r any 2-component RD 

syst ms. 

(2) in order to analytically unclersl<tnd that ve1·y s\ow.ly travelliug pulses with Ia.teral in­

hibit ion a.pproach each other, repe l and move in the opposite direction, we have 

iJJvest igated the bistab le RD . ystem with .FHN oonJioearities. Using the interfacial 

approach, we have derived the 4-dimensional ODEs to describe the very slow motion 

of interfaces from the RD syst.em. Although the derivation is form«! and bas not 

yet beeu justified. it has confirmed that the reduced ODEs is a good approlcirnated 

system to understand the repulsive interaction of very slowly ravelli ng pu lses with 

lateral in hibition. 

(3 ) ln order to understand the mechanism generating complex pa.tt.ern as F ig.l.lO . we 

have investigated an exotbermi RD system (2.1) by D\Uncrical computation . As a 

result., we have found that complex. patterns are generated by nonannihilation and 
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planar instabi lity of travelling pulses and if very slowly travelling pul~<'S with lateral 

inhib.ition ex ist. , plana.r t ravelling pulses are un st~b le. In order to coufirm it. we 

h;we in vestigated for tbe Gray-Scott. model. Then we have obt.;tin d the same resu lt 

as an exot.hermic RD sys tem. Therefore, we i111ve obtained the conject m c that the 

mechanism generating complex patt.ern is t be existence of very slowly t rave lling pulses 

wilh latera.! inhibi t ion. 

5 Appendix 

5.1 Appendix A 

Taking the limi t. E l 0 in (3.:1 ), we deri ve the volu tional equation [or two interfacial poin ts 

17 F(t) <tnd 'IB(l) satisf-ying 0 < 'IF(l) < •la(i) , in R. We formally put c = 0 in (3 .1 ) and 

t hen obtain 

. 1) 

(A.2) 

v= J(u.) . 

8u _ 
1
fYt• { L(v) -~v . --G-+ at 8.t:2 h+(v) -,v, 

t > 0, X E R \ (1/p(l),1/B(l)), 
t > 0 . .t E ('IF(l),'le(t)), 

To determin <? the n.olion of the in lerfac x = 'le(l) , for insuance, let us introduce t he new 

variable f. instead of .1· 

(A.3) 
X- TJe(t) 

f.= , J:r-rys(t)J<S, 
c 

where S = 0 (1). The resulting equations fTDm (3.1) are given by 

(A.4) 

t > 0, -8/c. < f. < 8/c., 

( .5) 
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where 1t(t,0 = lt(t , q8 (t.) + c:(), v(t.,O = v( t ,,la(t) + .::(). ln the limit c.! o. (A.4) ,(A .. 5) 

formally become 

(A.6) 

I > 0, - < ~ < + , 

(A .7) 

where the boundary condition ~ are 

(A.S) ti(t.±oo) = hT(v(l , 'l]a(t))), 

(A.9) v(t, ± ) = v(t, 1Ja(t)) . 

From (A.7) and (A.9) w obtain 

(A.lO) v(i,() = v(i,1)a(t)) for any~ E R. 

Therefore. (A.!5) reduce to Lhe following scalar equation (or ti with the parameter 1: 

( . . 11 ) 

(A.12) ft(i ,± ) = hT(u(l,71a(t))). 

Solving Lbe following nonlinear eigenvalue problem with A 

{ 

->.u. = u,, + J(u)- ~ ' z E R , 

u(+oo) = h_({) , u(- ) = h+(~) , 
(A.13) 

we obtain the interface equation for 'la(t) as 

(A.l4) r'ls(t) = .X(v(t , 'Ja(t))). 

By using t.h similar argument. t.o the above. tbe interface equ;ttiml for 'IF(t) is also given 

by 

(A.l5) n7ir(t) = -.X(v(t, '7F(t) )) . 
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5.2 Appendix B 

We derive the interface equations (3.<14),(3.'15). We ext.end R.r to the whole domain R. 

by using t he minor symmet.ry at x = 0 . Apply ing the Pomier transform given by 

lo (3.3 ), we have 

(B .l ) 
•) 

tiq(l) = -(dq1 + f3)v.(t) + .::.(sin(q17J {I))- sin(qry2 (t)), 
q 

where th term vq(O) exp( -(dq2 + /3) 1) was ignorC'd , since we con ider the dynamics after 

large Lime. The inverse Fourier transform of (B.l) yields 

1 1 21' u(t, .t) = ? - exp(-(dq2 + f3)(l- s)- iq;t) sin(qq1(s))ds dq 
.. 'ff -oo q 0 

(8 .2) 

Hence we obtain 

u, (I) 

(B.3) 

and 

(BA) 

--
2
1 1"" ~ t exp( -(dq2 + /3)(1- s)- iqx) sin (qry2 ( ))cL dq. 
r. - q Jo 

u(L.l],(t)) 

I 1""? 1' -
2 

:. exp( -(dl + {J)(t- s)- iqry 1 (/)) sin (qry1 (, ))ds dq 
1r - q 0 

l £"" •) 1' -
1 

:. exp( -(dq2 + f3)(t- .s)- ·iq171 (l)) sin(q172 (s))ds dq 
_7f.- q 0 

v(l, 172(1)) 

I £"" 211 

- - exp( -(dq2 + f3)(t- s)- iq172(t)) sin (g1/L(s ))ds dq 
2r. . -oo q 0 

L 1"' 21' --
2 

- exp(-(dq2 + fi)(t- s)- iqry2 (1.)) sin (q172 (s))ds dq. 
'if -lXI q Q 

(B.3) and (B.4) indicate t.ha.t lbore is a. time-deJa ed in teraction between t.wo pu ls•s me­

diated by v. Therefo re, to so lve (B.3) and (BA), we take account of the effeds of the 
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Lime-delayed inLeracUoo perturbatively and employ the following approximat ion: 

(B.5) 17;(.s) = 11,(1) + lj;(t)(s- t) + •/;(l) (.s ~ t)
2 

+ ... (i = l. 2). 

More precise explanation of (8.5) is stated in Appendix C. Arter ~traig h tJorwa.rd calcula­

tion, we approx:ima.te (B.3) np to O(r;,) as 

(B.6 ) 

where the t. rm of O( e-·81 ) was ignored , sin ce we con icier tbe dynamics after large Lime 

a nd 

exp( -iq('lt- '12)) exp(-iq(!], + '72))) 1 
l 2 /.1 • • + l 2 (3 . . l!J 

( !J + JJ + ~!JT/2 ' !J + - UJI/2 

(13. 7) 

J ( ' ( )</>2+) - 2/3</>
2 

'P2- exp(- '7' - 172 2i 

By (B.3). tbe first order corr<'ct ion d2
) is given as 

v\2)(t) = J j "" .. ( I exp( -2iq171) ) 
2rr -= 'I• (dq2 + f3 + iq1i1)3 + (dq2 + (3- iqlj1)3 

(B. ) 
_ ··. ( e>.-p( -iq(1]1 - 1)2)) exp( -iq(171 + 172))) d 

'1' (dq2 + (3 + iqrj2)3 + (dq2 + f3- iq1f2)3 q. 

7J 



We may derive t.be eq uation for v2 in the irnilar way to (8.7) so that v.\11 is giv ·n a 

exp( -2iql)2) 

(B.9) 

dq2 + ll + iq1j2 + rlq2 + 13 - iq1iz 

exp(i q(17 1 -1}2)) exp( -iq(11 1 + 7Jz)) ) rl 
+ dq2 + {3 + i q1j1 - rlq2 + fJ- icf1it q 

2~,h ( q\2+ + ¢2+ exp( -2112 ~cl)) 

__ .1 __ (<PH exp( -('/1 - IJz)~) 
2/3¢1 2d 

+t/>1+ ex p( -(111 + 7Jz) ~d1 
)) . 

By (B.4), the correction 11~21 is obtained as 

-v~2)(t) = 1 100 

.. ( J + exp( -2iq7J2) ) 
271" _ l}z ( dq1 + f3 + icf1iz )3 ( dcP + /3 - iqljz )3 

(B.IO) 
_ .. ( exp(iq(111 -1]2)) eXl)(-iq(IJJ +172))) d 

I}I (dq2 + j3 + iq1j1)3 + (dq2 + fJ- iq1j, j3 q. 

Thus one may write 1>!
2

) and u~2 ) as 

(13 . .11 ) 

and 

(B.l2) 

(i = I , 2) ar:e defin ed by 

1 100 
( 1 cxp( -2iq!].;) ) d 

m(7), . 1j,) = - ( ) + ( 2 (.} )3 q 27r _00 dcP + /3 + iq1i; 3 dq + p - iq1j; 

(B . .13) 

( 
21]? 6d1); ) ( ? A. ) + ¢T~'' +if,? exp - -'l• 'l'i- (i = 1,2). 
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ln the s.imilar way to (8.12), n 1 and n2 ar defined by 

(B.B) 

(B.J5) 

(
(1) , + 1)2)

2 
3d( ''/' + 172) 6c{t) ( ( )"' ) + ? "'3 + -r.• + --;:s exp - 1}1 + 'f/2 'Yl- • 

-\Vt If''! o/J 

"rherefore (3.44) and (3. 15) can be obtained. 

5.3 Appendix C 

In this secLion we examine the condition tl1at. the approximat ion (3.4:3) ho lds. On the 

phy, ica.l ground, the short time expansion for 11 1 (I) and '1·1 (l) is justified. IT the characteristic 

t ime of a puis,;> is suffic ient ly large compared with l hat of v1 ~tnd v2. Her after we omit 

the subscript l. and 2 for 'I a.nd v. s.ince this distinct.ion is ool important in the following 

argt1ment. (8.3) and (8.4) indicate that 1//3 is the relaxation time of v and that. the 

characteristic length associated w.ith vis e = Jd{lJ. This is the width of the domajn tail 

around a pulse where vis finite. The time necessary [or a pulse ~o propagate aL this distance 

is giYE'O by Cfc. Therefore the sm.a llness parameter is expected to be c/(/3€) = cfVFJd. 
The above fact is directly verified i.f we in troduce t he din.1ensionl s va.riab leR [or 11 and 

timet such thnl ~ = '1/f and i = ct/f. Note that (B.3 ) aDd (B.4) contain only d <wei i3 

a parameters a.Dd that. u h< a dimension of Lime. Ther fore ·v must, have the follo wing 
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scaling form in the short tim expans·ion: 

( '.1) 

wuere m and n are po itive i11Lcgers and g(x) i s~. dimensionless funct ion . ln Lcrms of fJ 

and i. we have 

(C .2) 

This clearly indicates that. c/((3C) is th smallness parameter. This fact has a simple phys ical 

in terpretation. That is, the short t ime expansion is just ified if t he propagat.ing velocity c of 

a. pulse i much smaller than the diff11sion " velocity" v1J(l of v. Finally it should be noted 

that the argument presented here can be applied to both pulse and interface dynami cs. 
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