


Thesis 

Application of chiral anomaly to the 
effective theories of one-dimensional 

interacting electron systems 

Akihiro T a n a ka 



Acknowledgements 
I would lih~ to rlr nnk Pro fessor N. Nagi{o:;a for !lis continual guidilnN", cnrouragemPnr~. pati<>nc:.c, 
aud many hours or l•<'lpful discu:-;sions which werf" e~eutinl for Ll w completion of llli~ t.hr~;i:;, 
Part of the present wor·k w~\.<.: dorr 1> wh il<' I was r1 juniour r·psea rclt fellow ar rlr f' Tokai 1~. t (lh lil')lrrrr t•nt 
of l lw .J " I""' At mic· F:nel'gy lksearch lnst ilni e (,)Jilm l) in lbal'aki . I would like lo tlliln.k 1lw 
rnr rnbe- rs of Lhe Solid St.a1e Lab nn,ory at .J EH I, c::;pe("ittUy Dr . Y . 1\azumaw. Dr. J . ( 'hih r1n1 , 
and Dr . !\1. YokaLa for the support. and ho~pi t<~lity PXII"nd NJ to rTH' thc'r<'. Th<' support of Dr . 
Sasa, Dr . ~·1 . Mn r hid<~ , and Dr . 1-1. Kaburagi, C'ent t.•r for Pro111olion of Comput.a!ional Scit"nct' 
ami 1~chno logy .. 1 A l~R I is a leo acknowlcdgc•d. I aJn OS P<'tiaJiy iudebl "" 1 o Dr. J\1 achidR for on 
cujoy,1h lc and fruitlul collaboral io n durir1g these yerus. 
1 lha11k Prof. M. 0 hikawa , TIT for t'xlremely h~lpf11l disc11 ssions, Prof. A . Tsvelik. Oxford 
l111ivt-rs ity, for au t>llfourngiu g: COII1111cnt <tS we ll i-lS seve-rn! he- lpful <'Otnnwni ca tiori S. I tllll a lso 
gra lefull o Dr. M. S>til.o. DepL of Physics . l1niversi1 y of Tokyo, lor expiHIIHI.ion of lwr work on Lh 
disordered :3pin- Pc-icr ls systei'IJ 1 cut d Prof. I. TsuLui and Dr. H. t\liyazak i, lau(~hi br(luch , 1\Eh: , 
for disrussions aud co mJne- nts 0 11 the fie ld th.;:·orelical a:s pC'cl.s of Lhis work . 
Fimtlly I wo uld like t.o lltanl.: Pror. II. Fukuyarna , direcl or of lSSP. ror lh(' valllabi C' nilieiSI IIS 
whkh wt> rc essential fOr organiziug the fimd for111 o f lhis t lwsi:;. 



Contents 

Int r oduction 
1.1 Motivut. ions of this thf's is 
1.~ Organizat ion of Ill is Lltesis 
1.:3 Brief l't'\iew on cl1iral anomaly 

1.3. 1 'l he Adle r-13d i-.Jackiw anom<dy 
1.3.2 f:i'ujika.w:·t1

S rn('thod 
lA PaLh- inlf'gral hosonizaliou i11 I+ Jd 
1.5 Coudt"IIS<'d rwd l(' r applicat.io n.s. polyute r f hain:;. 

2 Coutinuuw fOrtn of fhc P cicrls-.Hu bb"'r d model 
2 . .1 ~tat ~n 1e ut of the prob ll" 111 
2.2 Deriva t ion of tlw fer111ionk moli f' l _ 

2.2. 1 Tlw uonabr lian GVV model 
2.1.1 Dt-. t.rlils of I. lie d t~ l'i vaLion . . 

2.:3 Physical II'H.:'aning of l.he fermionic model . 
2.4 SU(2n ) extens io n 

3 E ffnct ivP t h.col'y 

:~ . J (; f' ll (' rnl hclw m,.. aud suuuiHlr_\ of result s; 

J.1 Dt'tail• of F.J eva luatk)n -Sll(2n ) fonnulaLion­
:3.3 Oesnipt ion or Li~t ' c·hargp ~l"rLo r . 
:1.11 C'omparision wit.ll pcrturhcd \'\"Z \A' 1110dl' l 

4 N o utri v ic-'11 f('l:l'luiou nuUJb t~rs 
;I_J Pun-• sy sl.(' lfiS 

-1 .2 Disordf" l'f'd fiy A: lrtns 

5 Discussio ns and cuu clu sious 
5. 1 Di~cufis i on s 

!l .2 ( 'ondusious 

A EuclidP.au cou veut:ions fo l' l+ ld-Dirac fCrtuiou s 

D O.PE ltll' L,(- J )".'i, · ,<:;,.+ t 

C P roof of iu v<J ria n c(• of .J ac:o hia u under vcct.or-SU(2n ) trausfcn·w atiou 

5 
5 

10 
10 
I!J 

21 
11 
23 
2:l 
25 
17 
2R 

31 
:n 
:!5 
:)i 

:) 

41 
41 
'I~ 

45 
4~ 

w 

49 

51 

53 





Chapter 1 

Introduction 

1.1 Motivations of this thesis 

IL is well acce pt ed tl!f'lt i.h f' iuvesl igal.ion of low dinwnsionc1l intPra t ting elec tron sy:-:1t·'tfl!;: o ff.r n 
require~ tlw usc of nonp erturbatin· meLhod~ t lwt C<i ll arr:otmi lOr t" Orrelation cfl'ec t..s which arc 
generally unacress ibl c- fro n1 rottvf'ntion::t l mean fi eld Lheory (i'vlF"J') $thenws. In one ditnf' nt-ion 
( \"-ith whi<- 11 w e will main ly hr concf>rncd with) , this /l PCI"!i~it y lw.:., ll"ad to tlu" common 11 $<' of sur h 
poWP. rful tlword ic: al tools. .'t:' bosoni~ation and couforrnnl fi ·ld Lheory [l ]f2]. The basir id C'<t in­
volvrJ tlt l' rt' i:-; to st<ut front 1 IH• fret' (nonint erHding) fr· rrnion system . au d lO in I roduce pPrLurhiug 
OJWraLors rousisi Pnt. willt tlt P symmetry rrqu i re tn<~ nt s of t.ll f" proi1lern , wh k l1 a.rf' t- n~a t.ed h~'. e.g. 
1 he renorma li ~ at.io n group. 
It ::; ltould be not.cd 1lJOugl1 , that. tllis mt> thod is bMically a we:-1k ro11pli11 g aJ.HIIys i~ . 1t is alsb worth 
n~entioning ll~r1t ll Ofli=lbr l ir~u boso niz;1t.ion and ronforrnal fi e ld theory arc foun ' h"'d 011 bermliful hnl 
raLlwr sophisiticaLed IJli·lUH'' lllatics- whiclt are uniqm" to appliq ttion in OJH•-dimf" liSional sys t1~ 1n!i. 

and have no obvious gc1w rcdi?,a t.ion lo physics in !Ji ~hC'r dimr usions- whirl! may sornel imPs hlur 
tiH~ p!Jysica l <·onte.x t of t lw origin fl l COJid Pn srd maLll'f prohlt>TJlS. F'or tli t"'SI" r MOltS. di f l'f' a rr 
('asPs wh~n it i!) df's irahlf' to b{"gin raillf•r from au aut icipa t<- <.1 s Lro 11 g coupling fixNI poi11t . hy ru1 
appropriaLP J\,1 FT. and I hC' n add the e n't:-c t.s of flu r lu a t~ ion ~. wbid1 is d oser i11 spirit. t.o t.h~~ I raJ it ionnl 
uw l hods usPd in condr nst•d tna t.t.er p!J y::;i cs. Ah tneJI!,ionNI Hhovt"', though, 1 l1e strong fluctuftliou 
cliaract eris t,ic to one dimP, tt~i on g(> u <' r~Jiy tnFtkes this approxima Lion nolori<Jusly unrPiinblc-. 
In t bis tJ1 tsis, \\'(' will co ll t·~: nlrat.t • Oll a r l< ·s of J + I dimcnsionalmoJel whidt tuay h(" r<:>pn• ('Ht.cd 
by the fo llo\\"ing genr ral L.agt·angiau density: 

( I. I ) 

SiJt CP tltP rt• lati vis i ir uotatioH5.: in,·olvin g Dirar fermions will h(' fixed i11 Uut • counw, wt..• ;o; itttply 
llOL•' I hnl P± = H I ± ·/) are I he IHOj ed.ion op~ral t>rs l o Lh <• right (1" : I ) <IIIII l<' fL ( ·,' = - I ) 
C' hira lil.) S('C. Lors. - .. fh r c xtc~ rnrt.l ri el! f / is ge iH' rally ii nniL;try 111a lrix. 1 a nd 1n is a reaJ O(>ld (i rt 
lll~ l <"f1:Ws l.ttkl'' ll Lo hr a, rousliinl ) wiLh th e di111cnsion of a ntas~. In gc .. nt'ral LhP unitary t1Ht.tri x 
f l ESU ( n) nray l1e writ.>ert no U =e'''~. whe re {t ' ) (" = 1, ··· 11" - I ) arcg.•nr rat ors ofth e SII (n ) 
Li(' a lgr hra. Using 1 his (> Xpn•ssion, il is oft.c11 useful to rrw ril <' t•q.( \ .1) in 1 hfl fol\owlug wny· 

( I.:!) 

This is a Dirar f(' rrni tut with n cllira ll) r ta tr d tlla.';s t rm . T!tc chira l C'xponr Ttti rd f'at tor iu the 
mass tr nll , whir lt in grnen1l is notntbC' Iian , will h!' given it :, Jll"l'<:isc tna(\wmatical dcfittiti nu i11 
s(_).(' \ io11 '2 .'2 . A Lagrangirw den!)it .) b~~~~·iug Lhih g<>H••ral fo rm ih often r tH'<mlllt·r· ·d iu coudf' ttS(·tl 

JJJ'alt.l'T' ilpp\it:atiOilS Wilt'll ltlflkin_g :1 I'CIIllitil!\1111 fl pproxiwntioll Of a Jilt.( h_- t• II! Od t~ J. n r ppucJiug 0 11 

1 \ V<'" will l,ll <'l ' 1111 ht> u:o iug I ill' sauw llOI at ior·r { I r<>r l\w vnsit (; i111 c·ru(·Liv n or I ilf' Jlu,JiJarrl Mill J">t>ifr·l-..~1/uhiJill'd 
mu d (•!. \V!tk h o r lht" \ W t,) II UIAli t>m;. it is m~anl lu staurl s: fo r· ~houJd ht• llJlJJIII"'e LII fm111 I he f"l) OI <:X t or tl u• fii!wus!.inn, 
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the marhematiccll propNLy of the ma trix (1 • iL ran dPscrlhe va rio us physica l silualion:, , su r h a.-.: 
t..h Pxctu1ples lis t t~d iu Tablt" I .J . This tahtr may bC' virw('d as cow;: i ~ 1 . i11 g oft l1 rPt' l r~rgt• tatr~gor i (·s: 
U E ll( 1), U E Sll(2) , iliiU f/ E SV( 2u ). The procedures whir h " '·~ rcspousibh· for tire appo;troncc 
of I ht~ relativi.'51 ic model eq. ( L I) art" difrt? rent for the 1 hrl~t~ cat<.'go ries. 

Por the first group (abelian nlSc) of systems, it :-; irnp)y app('>an; hy La king a sLraighifon vard 
('ontinuum limit. of' tbe- original la.rti rt) Hamilt onian , which is a noniui crac ling model. 2 For t, la~ 
second class ( II ESLI( 2)) , iL arises'" a rcs\tlt of a suitahlo II uh bn ru-St.rilt ouovich <i<'conrl iug of Lite 
OIISitc int eraction term of t.hc llubbard modPL 3 In the las ~ ~roup. it a rise!; an,Pf rt"- plicat iug (mnl 
df' r:oupling the repli n ltioJJ-g<""nera.t.ed illt('raction of ) L)J (l' origina l nouinlcracli11g t·lPctron :;ys tc· tn. 

T'able .1 . 1. : I~XHmples or condcnsc<.l nta.UPr problctns wh(' f(' eq.( l.l) a rises 

Pmpcrt.v of II App!t t rtfunl S 
U"' I Lra nspolyacet hyleno[3] 

{I E Ll( I) di atomi c polynwr d win (4) 
llu bhard dlaiu [5] 

II E SL/( 2) , I '= iif · ii , lii l= I ld (multihand ) .PM 1\ondo lallicc[6] 

U E SU (2 ), generic 
Jd douhle ext ltange[l ] 

Peierls- llubbard rnodci[B] (discussed in pres~n l t h e~is) 
IQIIE[9j [JOJ[ II ] 

l' E St1(2n). " - t1 impnri ly d rPc t in 2-cl d-wa vc s uprrrondu ctors (12] 
ra uclom II ux loca li~aL io u iu :t-d [I :j] 

In l.his tll e~is, W(' will , st.artirlg from chapter '1. , br focusin g 011 the case with iut e.ttJal SU(:t ) 
synunP!ty. Th<' r!! ar·f• ::>t ·vera l good n .... asons f'or t.aking this parf.. icular choic<': 

I . Tlu• a.br lia r1 case , bl"'ing a ll olliHif'f~d itlg prohh:rn, h<i.s hrf'n i.lloi'Oughly studied in the liH•r­
n.turC'. 

2. ·rhe ~ .llird g roup of ~:.ys tC'ms IHtS add it iomd rolll pli calions and possi ble tllnhil{uit.y comin g l'ronr 
I aking I hr rt'> plica liuliL 1 which should bf" dif' Lin guit~ IH:·d fro111 t.he issue of properly handling 
" system with n 4 0. 

3. ~in ct-' t li P fi C' Jcl . t heoreti t al t rt·a lmC' nt of tii C' nom1.bcli;\n pro b!Pn'l lm~ nM !we n ext ensiw· ly 
work(•d ow. from I he stope we have dcsr rih<'d , it is natural t.o st.udy tiH_• simple t ca::..<- wlwr~ 
tl1f' sy iJJJ) lPLry i~ SU(2) . In regard !> Lo contlens~d-I.rtat.L(! r applira tioo. , iL is in1podl\lll th<d 
Lhi1o1 ca::;C' corr~spoud ft Lo t hf' ll uhba rd InOdt' l and iLs v~ rinnt .s, which a r(:' \In argua bly iUito ug 

th(' 1nost ftJII (ITI IIINJlalmodels for studying inr Pr'rt (' fing ck·ct rous in onr Ui11 ww;ion, 

When is a generic • "l' (2) litH I rix. !.Ire sys t.cm dcS<· ib,•d by eq.( I. I) or <' 'J .( l.l) lt ;r.' a l>roke11 
pariL.Y-!-.Y II1111<'i ry. AR W<' will s how in Ch ;:.tpt c-r 2, t.llis ras(• ron Psponds lo I lu.• rontinuun1 modpl for 
th(' P<' i<· rl s- llu hbMd luOdcl, which is a Jluhb~\rd model wilh ulif•rll aling l1 0pping amplitudC?s. TJu• 
uouin\'a ri a n c~ of t.lds 1110del wit h resper t to sp~:~ iial iuvt' rsion nbuut a givr n 1<-llli re s it e is r<' fi P(' t.cd 
iu lids P· Wrea kil tg. Since lhe t . rans l <~Lionall y~ invari a nt Hubbard model ran a lso br rProvr rt•cl hy 
si11qlly putti 11g tl1e alt.r n1aliot1 to ze ro, we will (J(• d ~><:liing witllti! C' gc;-neric (IH•ok<• n P ) cast'. I h . id t 
this rnerit of being ihe gt•nc·rir r ln s~ of IIIOd('ls l'o r tllf• SU(2) ca..<;t~. it. is also or r<)n~i d l"r a iJJ ,, phy:-;k•d 
int Prt>.st , !!i!l cf" at lia!J fillin g, its gronnd ::. iftl.t' is a ditnr ri z<>d spin cl1uin .1 

Our aim will bt:- t-o develop, nsiug path in lr.grnllll<.' tl mds, a l\'II,'T + Ilu ct ua l.ion lyp(:" prcscriptio!l 
whid1 will yie ld aLI ast. qnf\Ji! a t iv(·ly rf· li rth lt' re~ ull s. l·'or ins tanrc, lh l" preM' IIf' ~l» bs('n C<' of a l'l piu 
gnp , wliidJ is 1101 <·o rr("rtJy J1rr dicJN I witl1in U!:! l!al prrlurhathf' lllcthod~ o f' Jhis sort (we rc.f~r t,o 

1 t o ht' desn-ihNI in _,.N'Iiou l. l 
J ln h e t le-"'' r·il ... t·d in Jo; (•t' t,ion l.'l 
4Siu<'C' tlu• Pf'it• rls: in~ t .::1 hilil ,\' !o~L s in ev('u in ih(l a iM>t>na' of inlrru.dions. IY C will di t> tingui"h l h(' grfluuli ~1./&11"' (,f 

rltr p ,.jt•rlf<- lluhloa l'd IU(~det from a f>pin-Pt·ierls ,.La ll'. 



1. 2. 0/lGANJ?.ATION Of TillS TIIKS'IS 

sr(' lion 2.1 for details ) will be profl t•dy reprodl•crd. 'fh,. CPHlral ff';Uurr of t he• ruct hod wjJI h<' 
t.h(' intoJ·porrt l iou (on lop ur t I.e .sa tldk~ point solui.iOJI (M FT)) of ll O IIJ} t' rLIII' ha ti\rf~ infOflll i\.1 ions 
t hrongb tvpologH·ally nnn frw1 al Jl'uclualion of th r 01'flcr parllmtltt\ wl1 ich t:- nt, •r,.,. t hC' ('ffect ivt• I. It t-o ry 
hy ca n-fully accountiug for llH~ clriral anomali rs of tl1 f> Dirac (Prtnion~ ( tl w lntt t~r a ri!'lrs as i-l n 
inlcrrn<'dia te conliuuun1 modPI). The schmnc should he contrasted wilh the usu::t.l uoni-l hc· li nu 
hosonizalion method: thCTe, th f" t.op logical \\'cfis~ Zumino- \Vitt ~> n Lc> rm is pr<>se nt Rf rl! r lt·vpJ of 
I l1t' rrre lt-nnion. and its flu r tuat.ion on a rmmifold wi l h a latgP sy mnwt.ry is lat.e r rcguiHI £>tl hy 
addHio11 of hytntnPtry bn ·Hking pc-rt.urb:l.tions . l u dt f" pr<'scnt JJI<" t.!J od , iu cotllras t , Lh <' syJJIIt lelry 
is hrokc"' TJ al t he 0\lt~et , and low energy nu r lu t.n.ions (bot h topogica lly Lri\·ia l n..ud nontri via l) <H I' 

subsc..•qnenlly Lakcu int.o ronsidr ral ioJJ. It is re<lssnring, that when) tlw two mN hutls O\"CI' h'lp , tl a=-ir 
r0. ult~ arr sr-PH t. o a.g rPe. Ile:nre ow· 1net hod 111ay be viewed as a si mpl<' a lt<' mnt iv • Lo rom <' ltl ioua l 
ttOIHt.br lia.n bosonir.ation, rwd we t' Xpf'r l I hat a corubincd usr of t lw I \.\'0 rornplemr-ntary nwthods 
sl10uld provr t.o hP useful Lo htajn irL"ighl into tlwsc l")'RI.(•ms . 

lu n ldition Lo Lhi~. thesequem·pofmappin g:: laUice fer:llliOnluodel - Dirac fenniou - (' (J'rc ti\'(' 
nonliuear sigrna type 1nodel, t.b<tt. is establish d here Pnnblcs ItS to con vPni<"ntly identify vmious 
qml.lltum munbcn; assoc i<lt.Pd will! (."XcitnLio.Hs t.lti'!t an• indu ced by j he t.opoJogic.:a l fi!J r t.u at.icm 
of t lt e- ord~ r patarnelr r . This is a nntural cxt.Pnsiou of tilf' iudu crd ferrnion numbers which were­
cxt f' I!Sivcly sLudif?"d for lim.•arly ronjugot ed t'olyulcrs {SPC' sect io 11 1.5 ). and owing to l h nona beli t111 
tll:ll ur~ of UIJ[ sys ten1s, we wiJJ find that hrr(" I hey ro tne in il SOil!ewhat. ri r hrr variety. 

1.2 Organization of this thesis 

This !h('ls is is orgatli ~ed 8$ follows. In !ltP J' ('>11Jainiug par t or thi~ C'hapt.cr, we will PI'O \·id{' a shorL 
r(.\view on chjral a11 oumly, and will iln.rodu<·e in . O.IIW clc1.ai/s the pat II - integral approach to t !lis 
ph <" nom ruHt , whir h was clevt'lopcd hy Fujikawa. Th en, t.akiug tlu• massless SchwingPr model n.9 c111 
extttnpl £>, we will illustrate how the Fujikr1wa 111et.hod ca n bf'" used t..o bosnnizP (!. fi eld theory in !h f.l 
path ir1 tr!,rral Cr:-unr work . UnfOI'IIl!H.It,... Jy. it furns out th a i I his convr nic111 bosoui~ation approfl r l1 
(whi c: h is Pxtt•n$i\'e ly used iu th t• fi(: ld- t.lwon~t i r allitrralurr), r a1111 o f strrtig lttfo rwardly h t~ applil·d 
10 t..IIC' mode l~:. which wr arc iniNc·s l.cd in , a nd fJevf ral nomrivial f' xl ensions amllHOdi(k.alions 11lll"t f 
bt- 1jerfornwrl . This J•Oint is also explained llf•re . rtS we?! I as in 1/w la iPT' r l1 a pll~ rs . 

In C'hapt.cr 2, wr will introdu t;r thP Peierls- fl uhhard modd and obt a in ilw rPlativistic f'e rnlionic 
rnodt•l which a ris<'S b.r doiug H su itahlc ll nbbard-SlraLo!J ov ich deeoupli 11 g, cuH1 tJ s ing Llw co11t iuuuru 
approxinHttion. \V<" will emphasize l.lw silni larity of th e rl's uil ing model wi~ h !,hilt for the dia torni C' 
polymer chain pr:ohle111. 'Thls will he t.h<" s t.artiug poinL of o11r df' rivat.ion of Lil f' rfl'ccliv l" bosonir 
t hrory, ns i11 g rhiral <\ll OJ Ti fliy. 

CltHpl r r 3 cons tilul.e~ ihf' rnaiH 1!1 (.\lt'l'i al or ihis !!J t'sis. ll c' r<' W (• JlCI'fOnn [I ran~ful dl· ri va tion 
oft It(' low l' ttergy .... rrrr i iv<~ I he-ory by ;:e C(ll"lJhin C'cii!Sf' or LIH' s L:.tndrtrd de.rivati\'C xpansion ami l hf"' 
FujikawA approach t.o ci <~ ri v ing HIIOJn.alous contrihulions. \Yr find sou1e noLa hi (' t.lifrrrf'nces !'roll I rf'­
suh.s obt a ined by ot.h f"' r aut.lto rs wl1o £llt.CuipLf'd similar ra lrulat ions. \<\'P find thai lids dibcrr panry 
<· an be t rar rd Lo a itl ll ppropri~t r ('vc:duat ion of thr anornaly i11 previous WOI'kS. Purt..ilf?rmore, w ... will 
s l1ow t.ha.L out· l' f'!o; LJII can be t'<• produ rt·d i11 the fram~work of' ronn•nt.ibnitl I'IOIICihf'lian llosonizat.ion, 
n~ in g a rcl'enuioni~ at ion tec!Jniqlll.' df'vr· l pf d h.r Tsvrlik. Tlli:, agrN."' IltPJll cont1rtns lh c- v;didit y of 
our !IJ f' ! hodt:i. 

Afi em appli <· al iou and furl hN ron~is lt' llr y-c.hcc k , Wt' <'Xplort> iu C'lr apli' r ll LhP possildl ity of 
vnrions forms of iutlu c<)d f<' r'lflion tJUUJbors which ClUJ arisr in our I'Nmrouic 10odr l. Thf·sr r\rf""' 

s tudied by JISt! of r hiri'll tutouml y, and WI." obLa in tl1e tcspon$r of t.lt (' r liarg:<'" sec Lor al wavt·vPr lor 
A· = tr t. o ins! ant.on (.•xcitat ions i 11 1 he spiu scrtor. Hnd sLudy t.IH:- fornr at.ion of a l oca.li'h~d spi11 o11 i11 
tht~ vicinity of <1 nowuag1wtic impurit y, 

<.. 'haplr·r 5 is J cvotNI to disc ussions, nnd co nclndiug rc·rnarks ar" "'ft.c.l c.• in Chrt pil'r G. l'11NC 
are sonw Hppcud kc• \\ hi ch snppleuw nl the JllHju lC'xt . 
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1.3 Brief review on chiral anomaly 

( 'ltiral anomcdy refrn; to t hr imrossibilit.y, at tht• quant tun if"ve l, 1 o silllu ilan<•ou::, l) impose v~·rlor 
and t• hiral gaugf" invnr iRnces on 1.1 rC' IaLiv isL it (Dirar) ft'l'lnio u t.hf'ory. Siurc t.hrsC' arP g(>'nna lly::. 
symtn('Lry of t . h ~ tlwory aL lhe ltvt.• l ofLhr d assical Lagra ugia n, the anorml!,v is 11 purely qn<1ntunt 
effer t . In rh is SC'c Uon, w(· \\1ill rc:-v icw sorne <tSp(>d.s of t.his phrnm11euon wh id t will he r~ lcqmt (o 
our . uh t:qut·ut di::,cu s ious. 

1.3.1 The Adler-Bell-Jackiw anomaly 

A II hough loresern in <' a rl irr wor ks i>)' i"ukn du aJid ~ li ,\ ainol.o[J lj, Sl.eiii bergcr[l5] , and SchwingPr[I6J , 
cllirctl anomaly a~ i t is known loclay came iu ~o [uU u otirt.~ in rhc• works of Adh .. r(ll] , a nd r3dl and 
Jar kiw[ IBJ (A I:l.l ) in Lhr l aL~ IQG Os . in 1b~ conl.exl. o f lh r so-cal led P(' i\ (' (pal'lia l conscr valion ,,r 
(l.Xia l-vt"rlor <' Uf r('nt,) pro per! ie of (fou r-diuwnsiona l) spi nor , Jrrl rodyna1uins, and its rclrvanrr 1 o 
the I wo-p holon dec-ay of Lhe neutra l pion 1r

0 -{'). \Vii li <>ut going int o techni ca l deta ils (w llic h 
will be given later wl1 <? 11 wt~ disc uss the funrtiOlli:ll iutPgnd npproach developed hy f'ujik;~wnfl9J), 
we will bridly revi('w th(' ir l'f'S lll ls aud Lll<.'rrby introd uce- t.he rC' I('Vi:l.tH concept s which are involvt'd 
in t. lt C" physics of <: hind nnoma ly. 

rrltus consider the Lagra ngia n densit y for I h.c fOil [ dilllen!:,iOmt l QeD iu ~ l iukowski S])tlC('-1 il!l(', 

C = if'[i-y1'/)1, - w]</1 + A1'j• - ~F''" F1,. , ( 1.3) 

wht•re ¢' i::: a fo~n-ton• IJO I H'Ht sp inor (pank le and aut. ipttrtidus wit. l• 1 \\ O lw licit.i ('S for c-ar l! ), u• := 
~ht;{), j == i if•i,d• anrl F,~~.~ = tJiJ.AII- a, .. 1p . The ga nnr'\(l maLrices satis fy th(l ant.icorm nutrtlion 
relnliou {/1, ,;" } = '2g1w. wherr !.he tnet. ric is.Q1w = d iag( l ,~ l ,- 1 ,- l ). LPt us now inspN· t th 
sy mmetry propenie of Uds syst.e rn . In troducing the mat.rix ·r5 = i'"ro!ti2/J• whic h Sfl~is fi es lhe 
ant icotnrnul at.ion rchnlon { i's ,) 1, } = 0, tit <" projcclion uf lhr ft> rtnions on to sec t.ors wit b righ t, and 
left hdicily is ma.d!J ;t$ 

1'+ 1' I "J =2( l +1 ~·=R 

= ~(1 - 1 5 )V· = L. ( l.l) 

Chit·a Jj ly is defin ed HS tJw t•igeuva lu C>r.; ± i of ~1 5 . !l t~ ll c<· for d.= I, hdic-i ty and r ltirfllit y llta.' be 
ronsidPred as bring: id ('nt icHI co rt c:t> pls. 6 Th e 4-c.urreul j 11 r<ln br f'Xprer-;sed in u~rrns of 17 e~ nd / .. 
as 

j,, i i!•1(P+ + P-hoT1,(P+ + P_)d• 

i l;'•t ~'+iuiJJ'+ ~ ' + j,,, t P_so"t,, P_~ · 
_ iii) 1,R+ il.-,1,1.. (.l.!i) 

ll rrP we ltave rr set l the" n:- Ja tions f'± ...,,, = 'YI•PT- and P± 1\ = 0. LikC"wi!i(', wt· ob tain 

h,,a,,u· = ll;·.n,, n + r..-,,, a. '"· ( I.G) 

In th e rnassks$ lirni(, (m - 0) , il is r lr:n from the' above two N JHationfl t hal !h('- Lagran~tan 
posseses l.hc sy mmetry LJ( I )R x li( I J,, i.P. tho in v~triancP with I'Ospec l lo scpPrat~ lo<·al ll( l ) 
ga uge I ransfon md ions or i l~t • !'iglt t and lt).ft $(.'C.: I OI'5: 

R- p'~~~ n. R - J?t·'s'f 

f.- e'Hr. &, L- Lr.ifiL' ( 1.7) 
---,,-0-, -,. <-lis-c•-,<o-lu_n_w_BJ_IJ_e -gl-ve-n -ln_M_;,-,k-,),-•kl sJ>ne<->hne hnly ln I hl> sui"<'C! lo>u ; n mo<'< delc.llcd t;,l ur uw· '''"'"'H· 
t.iOJI" wjJ j b(' PI'C$t' lll f'd w ) IC,tl WC l'! l.<:trt- 0 111' ( J i'-t' l l"~iO II:< in ll ti~ f,,j)UII'j llg 5 11ilSl'(' l k ill in j fu• r~uc · Jidean rlll'nl<& l i.!:>lll. 1\ 111' 1'1' 

We' ncl uall y lwgin to p <:lf<w'' ' tlw mfl.uij )ttl.•llil •ns. 

f. t,'or cf='l. Lhc r r arc· no spins- i11 t-lt r- s ll' i(-tly n>· l util'isti~ S(· ll t.C- ('!(1 /.ha l f hi~ ide-nliflr-ntio u c·A. I!Jtn l ht uta.d•1 
JJ ttW("Vi"'l', ill Lhal l'asi' d.l l (' \ '(:Jl 111(11'(! Sl rAigJt tronv<u·d p h_y!.il'a J itlll' l'j)!'elitlion, ill t f'I'Tn!. or J'igh1 aud f• ·ft-ntU \ill~ 
rlil>JII'rsion brau~hcs. t'lUI lw <L'>i<ignNI to 1 ht• dghl b !l = I) 1111d krt {'y'' = - I ) <·ilirl, lit)' .S t ·~UH'li, 
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as 

,,,,- " •·- ~ c!,,( o/1 + Ot. l -, ( 1.8) 

I 

2(on + o,. ) o, -
I 
2(011 - Ot. ) ( I !>) 

wherr i hP s ubscripl s V <JJH.i A s iand rrs prdively for ··vcd or" ar1d ··axial" , t.lw I ransform ;:•t ion 11f 
'" 1-( I .7) is l'etast(·d ;ts 

~~ _ c •8v+•1 6B .. 1 l/..1 

.~r1 _ f/ '<?'_ ,o,. +n '9A. ( I. JO) 

ll creaf'T C' t in t his 1hcsis, th e part of t. l1e trar1sformatiorr involvir1ge18 1' E ( f (l ) v (f •'"Y' 6A E ( l (l)t~ ) 
will he· r<.• ft•rn"d t.o e:rs t h vPctor (axial) lransforrnation. According to Noc>l lwr 's theorem, t.h r 
ll( 1 )R x ll( I )L fiymmr l ry prcsf'nt in L1le massless li ml! irupli(•s thal in !Iris lirnit , tlw fPr l!liOII 
nurnbers fo r t lu;• right aud left dtiralily ser1ors [~f R anJ I) D arr' conservrd sepPrat el_v . l•'rom 
eq.( I.J O) , it follow~ t ltat Lli is symmetry may a lso he writ.Lell ns U(l)v >< U(\ )_.

1
. T l1e Noe ll tor 

curr<' ul as~oriated with U( l )v is thi." cur rent. j 1.1' whiiP t.ha! for Lhe li(l)A is t i H~ tlJ'tol C'l11Tf1tl 

i,~ = 1/JiJ•"'/~V' · jJ () ll CC? . U( J )v im·ariane(·' implies a,. j ll = (J ( COJJ$t" I'VBliO II of 1 he rharge n t l{ + £1 L) 
w!Jilc- ( l)A invari(J!l (: \· implies f)11jj~ = 0 (ronservaiion of lhP difrC' rC IJ C'!~ RtR - L f 1... ). A 1 th e- 1ew1l 
of llw dassical Euler- Lagrange l· ~..pwtions , both cunents iH f" c:ons(' rV<'d in !he- ~nass l css lim it (of 
t/1esc Lwo. LilP currPnt .i11 is1 of' course- ronservC'd r<.lgfl rdlcsfi of wiJCI her 1.he mass is zero or 1~ 0 1 ). 

Quail ltr1n co rrec tions lo lfll·sr const•rva t ion laws can be inspe<:tcd by derivin g the corrc~ponding 
Werd-'fa.ka l11"hi idenlil irs (WT I) . 11s ing lito I'Nmion propaga lo r. In I he diag ramml ic " ''"lys is. t.he 
porlion wh icb is pot t.•utially nou!dvial comes from diagnuns whi ch yic· ld ultnwiolet. clivr- rgrntf's, 

wl1ich mus t he prr>JWrly r('gul~lrized iu a gauge-in va t·iant 111\lflll f'r . Sin re we arP iu f'our dim <' n ious, 
it iB obvious f'J'0 111 pow{:'r-rouut illg liu11 I hcsC' divergi.: IJ CI.'':'I arisf' i11 loop dirl gnliiJS \\' id1 ~ ur or l1·ss 
vert ir:es. Carl'yiug o ut t.Jtese proc·edure-s, ; \ O.J found , tiH.tf whi'IP iJ

1
,j

11 
= 0 is f11 lly respPr H•d {as it 

slto tdd hP) UL th(" qu cull.ul tl lt>:vol, thn triangle diagram with Lwo VH io r aud Oll f' Hxial \'C' J'Iirc\s (sc1e 
F'ig. L 1.) modifi l'~ t l.l e conscrv:l iiot' law for 1 hP axial curr('JIL JJ; . Til .r obtained 

? 

(1- j.UJp).. /1' p 
J(jrr:!r Jw 'p>. 
., 

r- - -
211"2 F;. /). (1.11 ) 

Th<' .'wcond coni ri iHi tiou on Llw LI IS of ~:::q . ( l . ll) con,c~s from the muss Lfl rm , m ~' ''-'-'· Th <-~ 1 1 his 
pier{' sho ul d arist• is obvious ~~~ l.hr classic-a l lcvc•l, 1-lillce t.lu• mas::; l<>rm is uot invrtriaul untlc•r a 
dllri11 ~ra n :o; formation : '(.; ' - e ' '~ ,. ~fr , 1/l - ift(>l):.t, ==> mv·~''- Wlpc.•21'~ tl l}•. In t.l!t" lll<lSS I(~ !:1 limit 
m = 0. however, SE'<: I.o rs witl1 !t? ft .:ut (l r ig ht chiralit y d&toupll'. so uaivcly 1.!1 1"" l t lfS was e:q>f'C t Pd I<> 

\'3nish . The nonva tdslting tontrihtltion onlht~ fl ii S is tiH' chirn l anomaly. Thr Hi lS of' NJ.(I . Il ) is 

a t.otrd <lori vi'ltivc, i . . (l tlir form ()1' , 1,. wherC' the currl.' u! G 11 ::::= 1 ;~J '- JwtJ>. A '' I" 11 ;. is 1/u• ahvli;,n 
analogw" of what is known i11 topolngicfl l fi eld tlwory as a Cl!Nu-SinJons ('/a ··s. Tlt<" r<'f orc ·· it i~ 
~crnpting l·O r ·<leJin /\'1, = j 1, - U1, a.s c1 uew ('Oul)crving fi ,ira l c: urreut , widt h givC's tilt : inlprP!i­
::. iou lha t. i.l 1c cwonJctfy i.<;; rt·.solvC'd . l l owpvcr , !h i1; r rtuno! he 1aken aL fart•-valuc\, hrrMJ:-1? l\'

1
, i~ 

grntgc-noniu vuriAnt , and lwn cr i:- not a pl1ysic1\l ohserva.blc·. ' r'IJis lends 1 o t h<' roncl usio11 th a l llH· 
Vt'(" lOr and ax irJ s~1J1unr tr ics <.' tHJ n o l l>c ~imult.ancously prt'scrv(•d wheu qUHilli;dng tJu). tiH' u ry, ftud 
!li t- <ul0n1Hiy is gcnuinf'. Sinlilflr iypt· · of <'itiral ano tnoJies have· also bceu fo uu d foi no11rthr-lian 
th t'ori rs. ant.J arc g<.' uerH IIy known to nl'isP in <'VCH SJHH't•-linlc dilll('nsionf; (U= 2, d= tl , ( ~ t ('. ) 
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Ji'igure 1. 1: The l.rianglc diagram of Adler- Ocll-Jackiw j ex leru a lliues are vector a ud axia l gauge 
fi elds 

1.3.2 Fujikawa's method 

As Jncntioucd a hove, l11 e A BJ aualysis was performed us ing pcrturbal.ive methods . Fujikawa lias 
proposed au illlernati ve way of eva luating cl1ira/ (U\OJnalics using fun cl.ional int..eg r ~ l s{l9] . The 
Fujikawa 111clhod has s in ce been gruer<t lized to deal also wit h Lite nonr~belian cldrnl anomaly, 
aud has iu f<t cl ber.onte the standard tool for studying quantum a nomalies in gencml, i11cluding 
e .g . the conformal au~ pa rity a nonudics . fvl u rcove r ib has pro ved lo be a n esscul ial lec l111ique 
fo r cons lru ct. iug et pillh- iutcg:ra l l>osoniza tion schcuJc fo r a wide dass oft wo- ditnensional II Jodcls. 
Th e evaluation of the erfec ti ve theory in the maiu parL of Lhis thesis will a lso rely heavi ly on this 
powerful ma.cl•incry. ll ere we illuslraic how it works fo r lh e s imple case o r the nwssless abe li an 
Dirac fc n11ion , bol l• in d= JI il lld d= 2. 

Wm·d-Tnk;·dtnshi id entity vht pR.Lh intcg•·nJ 

f'ron1 no w on we will ahvays he using lhe Euclidea n fo rmalis m . We s l.arl with the follo wing 
Lagrangian dcnsiLy, 1 

C = ;j,( pl + ie;l)\.b = lfi fJ(A) I/1 ( 1.12) 
where s las hes de no te Ll1 e conLract.ion with t.l1 e ga 11'1111a matrices; ~ :=: 7

1
,(1

1
, . Tl• e auliconunu laLion 

rcl »t. ions fo r ihc gnnnnn ma trices are {r 1, ,-r,) = 261111 , rwd rs, wl•id1 is cuH\ IHhiguously deliucd In 
cvcn .spacc- tin~ c rli111cnsious , is -y5 :.=:: i··ra"Y1 for d=2, a nd ·l:::: i'Yo/1 r:rra wh en d=iJ. 8. 

Consider some coutinuous Sylllmetry of the system (for inslauce ga uge synnuclry) which is 
respected at the classica ll t>vel. Let us perform a lo c;i-t l iHflnitcsr nrt l lransformaliou corresponding 
to that SY itlJnctJ·y, paranH:I.ri~.ed IJy an inriJJiles tnaJ fi eld r{t ) (.t stauds for t.he d· dimensional 
Euclidf'au coordin<ll c), whic-h is n scalar run dion fo r th e ex ample of a ga uge lransfornml.ion, unci 
a pscuUosca l<tr (chirnl (I ngle) for the. case o r a cltiral Lrauiirornwtiou : 9 

1/• + 6t/Jo(z) = t/J' 
~ + 6 ~0 (< ) =if,', (1.13) 

wJ.ere 'if/ and 0' arc of Lin! S<lJflc ort.Jer as o . II. n1us1, be noted LIJal here Lhe ga uge fi e i<.J should be 
rega rdctl a.<; t\11 cx t.cn•al field , and I he I rnnsfonnnt.iou only a frccts the fcrm ionic fi elds. Accordiugly, 
the acl ion will lrausfonn in tile fo llow ing rnanner: 

(1.14) S--> S' = S + J c!"xAa(•J 

--;,,-,T-Ioc-. ,-, •• -,,-,,-o-r-. -on-..,.-,,,-., -, ,-,,,-.,.,-;,-.,-oc-o·ely roc s; uopHd ty ; n non.<s tcnn "PI;dto ly l"cuks doh·• l sy onuoctcy, Md 
will on!)· g ivt: tr·h ·ial <:C>ulriLutio ns (w hi ch ltrc a ln:ndy p rcsc•lt ci i\Ssicnlly) to t he IUIOIIIalo us; W'J I. 8

11 li.sl o f ll •c Eurlidean <'011 \'f.!lllimls u~cli iu t lu: I ex t is I'IHuumui Bc:d iu appenclix 1\ 9
U1d c..-.s I!Xpliait.ly sln tcd ro i.l•c cnnlf't~ry, the ter111 "p•• sc lrnns r()unMiou" wi U mean a vccl01 ~augc lrruu; r,,,._ 

mal ion , wl• el'cAS the l c l' lll ''chirnll• rm Hfonuuti on" will be Uicd in t he S'l.l.Hit: se nse as '"• a;~ial gauge t•·nuHfo,·nu\l i ( tll . 
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ThrtJ . s itt <·e 'he lrHn$forrnat ion correspo uds to a synlllJ(' I ry of t he ~yst.t•m , 11Je fu net ion A (.r) 111U sl 
be t lte divt' rge u t(~ of some Noel hf'r (' ttrrf'l'll . 

In ord~1· to prornolt' the dassicA I ro 11 s · rvat.ion \c,w ton \ V1fl and 1 hc> l'f'hy (•P k possihJI" qu:trd 11111 

cOJTf'rt. ions , wt· vi ~·w eq.( 1.13) as a clta ngc of' variables in thf' gr ur rat in g fnn<' i iou(\1 

Zp = J 'D I/iD~··-'[A,>!-,,•1. 

Ln Lt'rlll!-: of th e ll (-'W variRbl~. ?;!-' bc·rortles 

Zr = J[n(.r)] J 'D>j/'Dv>'c-.<IA ,.,.,'1-J "'''""' 

wherC' J[o( .l')] i~ ihl" .Jacobian of t.he fuu clional JllC'il ure. 

V<i>'Dtl• ~ .J[n(.r)]V v'V vi. 

( 1.16) 

( 1.1 i) 

It is sonwt.irii<"S usf' f'u l t.o expr~s J[n·(J·)J :1s t.he ratio hetwPc n the fr- rmi nit dl~te rn•inal•t ~ before 
and after t,hr \..ra nsformation, 

clot D(A ) = J[o (.>·)] dc< D(A)' (1. 18) 

wll er.-. D(A)' denotc8 !.he lransforrned fe- rrllionic de t.erminaut , i.P . .S'' = Jdd.nl";fJ(A)'q,'. To 
mak,. c.:·quatio11 (I . I ( ) S<"nsib le. tJJ r fr rmiotlir de-lcrmiuants on hot h sidf's of t hr eq tmt.. ion tnust. be 
l~ rt lu alPd using: a suitable regulariull.ion which rc:,pi"rls gatJ gt.• invariHncc: in fac:-1 WP 111ay say !lull. 
this is th <' key !)Oi nt around which Lh(' en! ire discus:; ion of fliis lh sis renters around . Now, siucP 
eq .( l.l:J) is <Uerely a change in var iables, Zv should no L depend 011 "(<·). so I hilL from <'q.( 1.16) 
Wf• obtain 

_ I JZp(o(.,')] = 0 = (-6- j rta..,• 
1 

,, ) _ 6ln J[o(/)] 
Zp 6<>( .1') - 6o(.t) •' 6o(.r) ' 

wlic r ~ < ... > dPnotcs c~xpP<'Lai ion wil.l1 rC'sperl to the weight e-~·. Eq.( 1. LO) is t.he \•\'T'l. 
'ow l<:>t us tous iJe r t.hr case of an r~hclian ga ug~~ transfonnaLion, for whirh 

and 

( 1.19) 

(1.20) 

( U I ) 

In Lilis case, D(A]IraiJ,_forms cova.rinnlly. so ~ppmcn t. ly eq .( l 1 ) implies Lhat J[n(x)] = l. P lug­
giHg I hest- in to rq .( 1.19), Wt' nr rivc.~ AI 

(a,, .i,.) = o, ( 1.12) 

lllf'a ning t.lu1t g<w gc iuvarianc<- is pr(;"sr-rvrd , as i1. must , at. tl •e quan111111 lt•w•L 

A uotna.lm ts Ward~Tnka ltas l:t.i idcu tit ir:s 
1
ov .. • wC' rurn t o t.lw ra!-ir- of <' hiral Lr·a n. formations. An iJlfillit csrnal ~ ran~fornmlion is giver• by 

i(l(;·) 

i"(>·h· ( l.2:l) 

( 1.2,1) 

In ord1•r to ntkulat(' LhC' .Ja cuhian . we C'Xpand t.I!P fcn•lion fi ~Jd s · (r) <~nd ~·(.z:) in term$; of sou1c 
orthononnaJisf"d C0 111pl<'t<' !'if'l. o f fiiTl Ci ions, 

(1~5) 
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wh rre .{d"J·.pt,(x).pm(>') = '""' L,'l'n(;r).p),(y) = o•(x-y). and l he {rt,}s lti iCil ift• {b,}s uro 
ei<' llk llLs of an in~11itf" Gra . .,smnn algebHt .. 

It is convl'niont lo lft kf' as i.fl11 I hr t'igenfunc1.ion. of' dtc Dirac opt' ra lor p = ( ~ + i, ;1), i.P. 

,.1'!1<' lr(I.HSfOI'I1lC'd fi r ld ~~~ (.t·)' i ~ nlso expa nded in tcr 1ns of this basis as 

wlwrr 

a:l f ddJ·..pt(J·)1.f,(J·r =a."+ L ·n"' (/"h 

' 1n~" 

where 

(),"' = i j dd.r'l'!,(.r)o( J·h5 cp,(.r). 

'J'ilis will aO'ct l. I he II WtiS UfC' a...:; Ill 

IT da 11 = dr·l (' II do;, . 

Hepealin g l lle same stt>ps l'or the b,s, \\i fin d our J a.cobia11 to bP 

.] (de. C'J' = c21
"

1
" c 

= c·xp [2i j d">·o(•·) ~ l'!,(.r)r5 .p,(,·)] . 

(L2il) 

( 1.;!7) 

(U) 

( 1.29) 

( i.:loJ 

(I.:! I ) 

\"'C' ar() t h11s if•(td lo co nsid <'r j il r quant.ity Ln r.,oh ( J'h 5£P11 (;,·) whic h as it st and F: is divergen t. li is 
Llwrefore nrcessary t.o iu1plpmen 1 som<" appropriat f' regul ari:~..aiion sc: h(' JIJ(', a simple f' x:ample beiug 
tltl' following: 

(1.:12) 

wlirre f (.L') is n smooih fun rt iott sa tisfying thr rouditions 

/(0) = I , /(<J:) -0 (!J'I- ). (133) 

It is imrw rlm1t to nol.P lhal. as t.ht' A,1s arP r igcnvaluc..~ of /), this rcguh·lrizaLiou is 1nauifcsd y 
gauge in variant . F'or cont rPt.euess J I we follow Fujikawa and choose l,hc following rorul : 

L l'!,( •·h'r•u(l') 

( l.:l<l ) 

wht"rt> cycli t it,y f the tratt~ was ust'd in the fin al cxpr<'f'Sion. F'rolll Lhis <'X (H'('ssion , we sC\c tl~rJI 
wh<tL Wt' are doing is H h('a,l- kPruei rl"·gnlnri zat.ion wiJirl1 r ut s off conlriiJu lions from bug•~ IA11 j. 
ll~ing fld(:r- y) = J ~(~tk(.i•-ul nnd P2 = D 11 D,, + f[1

1
,, j.,] ISw· we havf' 

( 1.31i) 

lnBer<liiM" of I I.e pmp<'rli(:S of (h·tL<:SIIIBil llHII IIJCJ'S. the f;l ~l.Q I" Of l til e nilS i ~ Tht'! iu w·r""e (If whai i!l v h1aim•d iu 
Llw t:Jl.l'i~' 11r s. Los:unir t ht·~?n•. 

11 
h i!t ad lllllly possi hle ( (I c;u-r.v out the c·akul<tlirms tha t f11 1Jow" hy sulc:ly assu ming the asynlj) t otic~ r,r ("<J·{ 1 :~:1). 
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when~ a shift of inl egralion variabl(' l·1• - J.~,.- irAJt l1 as been 1..ake11, a nd w(" IJavl) thlcrd('d t!Jc .. 
va riables (k1,- J.\11.·1.) in t he la$J. lint'. T!tc next st.ep in\'olves L~xpmu.J ing IIH" t"xpoJwulii-11 in iu­
v~ ~· ~f' powers of A(!.J t~ ud pit-king up Lhe teru1 whi rl1 s urvives iu thf' lilllit. .H 'l- ::xJ, 'l'ltP I'Niult 
is clep~' !Hi ent on the spat'e-lime din1f' nsionality. Siuc<' cl.i rct l nnoum ly ifi known to oC't· u1· in ~~wn 
spa.<:("- I im(' dinlf' IISions1 W(' evn lu atc t lte <:Lbove for lh C" cases d=2 and d=tl. 

(1) <1=2 <'a c 

Thr Ollly nonvanisl1i11g con!.ribut.iou <:ornes from the order 0( 1/ Af1) term of t he expansion : 

L 'l'!,(ch~'Pn(J') =- ..,~!..'.' AI
2
Tr1

5 •L~~' ["fp, ),,]/~," j (~:~,e-l·' 
" 

(U6) 

Ins<' rl ing t llis in lo rq.( 1.:31) , wP fiually obtai1~ 

J ex p [i; j d',·u(.r)Fo,(>·)] 

cxp [ii; j d 2.r"(l')c 1,., /·~,( .r )] . ( 1.:38) 

Subst.i t u~ing l! Cj~'> .( 1.21) a nd ( l .38) into Llw gE'Ill" l'(\ 1 [orntnla 1 eq.( L I9L Wt" ~rrivc M l he ~·n ornillous 
WTl, 12 

(2) d= ·l rase 

.. 
-~(/IVj;~l/1 

-~ F'ol-,- (l.:l!J) 

Ji'or this rasf". t il e- onlj• nonvu nishing C011lrihution CQ!lles from t.he order O(l/.H4) i urtn of Lh · 
e.xpansion: 

( 1.40) 

Accordingly, t he .Jacohinn and L11e rulontnlons \>\I'J'I he<.·onlf' 

./ = rxp [- j d'
1x ~ ~>l(J·)I~,., F1;v] ( 1.~ I) 

a nd 13 

• ·!"· r'l • :'1 r 

(cJ,tJJ,) = l fj1T2J·,,vl·,,v· (1.12) 

----:-::-,..-4<-IUI-,-dl-y. -,h-. &-, •• -•• • -.•• -1\-,1'-1 .-du-.d-. i.-,-,,.ri•· .. d hy nd<ling fro ·miouir ""'"'CC firld, ' " wo e action in oho S'"«Tuling 

funrliona l is o f 1.!.1• Fonn n1; J (J~(x) · ·-) = -T ( .;FoJ(.L·) · ··) , whe•"'1 dcuot-M timf ... Ortl£'1'iug, 11.11d (· · ·J i~ 51m'H­

pmdn('1 of Lhc ft>nni<Juk fi (· ldt< gf'U('ra t M:I by~~ ftmCfi (mal dnh-nt i\'e of 11.~~ g('ucr;tdng fuueHonaJ. l !..q .( I .J!I) h.~· 
~pedal l'a,_<; f· o f llli$ ffl l'llllll u. Geul'nt.l WTI u f S.ill~ilw- rnrm c-an :don"" rh·l"ivctl f, ~ r lit!' d;;::JI NL'3C. 

I.J ()u r dcflniti •m r~f lh f) dn:t.l ga n.gc fi, ,ld s l.t-~·nglh l f'.'.IISOr is f,~v =: <IJ
1
,:..,

1
,J•).,p. 
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8q.( l.'ll) toinr icle; \\'iLh the r hiral li111it (i .e. 111assless limi1 ) oft he A 13J ro•ult , eq.( 1. 11 ). 

Gmteral remarks 

\1\fc- mrtk~ lwo s l1 or t obst' rvations on th e- Pujikawa 11 Wthod . 

( 1) Tracing har k our st<•ps wlokh lead to <"qs.(1.39) and ( 1.'12), it is easy 10 idonlify what was 
the c-rn r itll fa t t.or in d1~riviug R chirc1l anomn.ly : iL is i.lppa renlly thC' fad thai wr haw~ os~d a 
gaugtJ> invari:n11 n)gularizat iou. Lr>t. us rornpare this willt wiJfll wou ld hav~ hc:qi ['lc?-n <"d if '1 g,r:t ug:e 
ua1·ianf n~guhnm was used. For iust.anrP, W(' could haw· t h tls<.~ n as the basis fun ctious { ~,l} tit(~ 
cigeufun t l ions of fJ {lnst.ead of UJo)')r of P) 1 and thf' li PaL-kNnel regulator C'-cen.,. Then w~ would 
i111ve had, inst ead of eq.( I.:J4) . 

lim Tq·5 J ddk e-k"~/M 'l 
.1/ '---c (2'll")d 

0, (l. t:J ) 

wloi t h would in11uodiately lead t.o the conr lllsion I hat J[o(.v)] = I, <UJ u heu,.t· to (tlpj~) = 0. !11 

addit ion1 it can he shown that. W f:' would c>bLain for 1 bis case an (ITI OII~ill ous \VTI for the t·r rlor 
currf'nl . Tllis ob:)Prnd,iou illustrat ~s Oll t(' agr1 in lhat thP chiral i-\Homaly origi n<:~f es frorn the in•­
possibili ty to qua111 i ~r a tlleo[r in a w;•_v t.hai ln!1intaius bot,h t lt r Vt'cior and fiXial sy1nrne tri<.·~ of 
Lhr d assica l art.iou. 

(2) c t.iri:ll .anonwJy is kuOW li LO ha V<.' dt.'P p topologka l Jlt('a ning::.. wiJi ch li te Fujikawa approarh 
f.)X poses io a direct ma111wr. \tVhilr r1 rigorous acrouul wjJI r('quirt• tonsidcni hly sop hisLica ~ed 
math t•mrtti cs, our survey will he vt• ry i.nc·ontpletf' with an omission oft his a..c;pec t. Il ene(' we s l1 <:1 ll 
give- a fl. in1plifi£'d Vf' t·sion of this a rg utJtr nl . ..-r o thi c.: end , IC't uf' go back lo eq.{ J.3 1) and consider 
the case o(;·) =coos !-.. Tlu~ firsl obsl)rvaLion to 111(-t.kc, is thHI s ince {1·0. fJl = 0. we hn w~ 

( 1.14) 

~l'l•al is. for eac l1 tA igl' ll fn11 t t iott !f'n (-t) witb r1 JtonvanisiJlng r igt~nvalu ,\ 11 , t l1 f' r' c• 1•x ist.s a ro rr,"SpmHI­
ing eigl'nfuuction 1 r;l"u(.t) with t be c> igl' ll\'tdu - ..\,1 • Lt'l ~~ ~ tonsider fl gJobnJ rllir:d lrrtnsforJufl tion, 
in whi <· h case th evaluaj,iott of l,ht' auorualy r ·duces to t , Ju:~ int egration of 2:

11 
i.p~(;r) rr'i.;'n(;·) 0\v('r 

~pacc ..... tiuw. Tht·n, ~i1r re P i g~'n f\ltl (' ti (m& with diiTercnl eigt'IIVHiucs are ortl rogonal to (l:ctrh oth<'T, 
rmJLrihufionf; from ("' igcufun t tions with nonvanishing A,. drop ouk In otlwr words. wr SCP that 
on ly the ;,.(' ro n10d es (eigenfunct ions with zero c ig"nvaluc ) arc- conLributing 10 Lhr! ano 1naly. ,'\•l ea n­

w!Ji ll", Lllf' Z<'rO 1nodes cau alwt1yH bC' chose n t.o br •· i g(·uv~lurs of 1·5 • Frn 111 tlw·st.· rons idrntt.io n ~. 
wP arf' l<"a d 1 o t li.c· s illlp lc- expn'SSion 

( I . I ~) 

whrr•~ d = 2 or '1, and nn aucl Ht. arP lit (' nundx·rs or 1.No 1nod f't~ will! right a11d !r ft r !Jil·a li Ly, 
n'..."~ f WC t ivr ly. Ott 1 he o llter lt ~otnd , W(' ktww lit r•t t lt E' g~tu g~" in\'a_ri<tHI reg t1lari za 1 io11 disc ltStil~J above 
irnpl it•s 1 hal 

(ti = l) 

(d= 'i ) 
( 1.46) 

Since ihe inl <"gra~rd on l,h r Hil S. for bntlt d=:l and d = tl , is a total Jc-rivativc..•, int egt·a tiug If ow·r lh~ 
l~ urlid et~ JI SfHICf' wi ll g ive i:'l l opologit-aJ qmu1Lit) 1 in tll r :r;r n ~C thnt. it will hf" COHiplf•tC' Iji dtlf'nninf'd 
Uy the global topology of l ltc ga ttW' field coJtfigurat io 11 . l•'w1 11 ll1f' above two r qu a l iott fi, W(' conri•JJf• 
that nn -11 " , wlrich is an wdcr14 w!Jicli r h rtr~c t erises 1he S(Wc t.rnl propel't.V of the Dirac ft·r1niou 
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( it. i nn invariant :-;in rC' uouzc:>ro-tnodP st(l.tes always a pf>l'(lr in chiralit y pai rs), is to Lc id1'nt i/1ed 
wilh a t.opologiclll iuvariu1.1l o f' t.he gauge fi eld .1!i This ir-:. au t.>X<.llliJJic of t l1e Aliya h-Si nger indr-x 
lh t·on"m . 

1.4 Path-integral bosonization in 1 + ld 

Lc1 us emph asize onre more i.ha.t th e- origiu aJ F'ujikawa dc: ri va lion of the chira l nnolllflly was hased 
on the ca lculaliou of I he :Jacobiau (we w·ill heuceforlb call it i. h ~ l"ujilmwa .l arobiau ( FJ) ) fr.r an 
m]it1ilrsmal cl.ind trans formatio n . .'oon a f'l er t he piipe r of Fujikawa appcarc·d , th C' rnt'Lh oJ Wa$ 
gcncralisc>d hy srvPrcd aulho rs 1.0 <i<'al wiLll Jacohi£ms associated with a j/tult lrnnsformct Lion. T IJis 
op<"ned up i'l new a11d powerful way to obta in t~fTcrtiv<" field theories (a nd iu ~OJnf' s rH~c ia l ra·t's 
f'..Xar rly MJ /t1c j h<.' tn ), bol 11 r1bcli m1 and uonahclian, fOr rela t,ivis lic f"N mion:- in t" \' l' ll S P "-C<'-1 ime 
dimensions, mos t notahly in l+ l d. 16 ln gPu<" r::d . topo l og:y. rrla.L(~d ~ rl!ld tlten"' rorf" IIOnpP t' l..ur ha­
' ivr info rrnalion 1' nters im o j he theory du e- 1.0 t.lJe chirMI auotwtly. Tlli: ma) lw tonsid •rNI n.o:; a 
pr\ilt integral approac h to I+ I d bosoniz~1tiol1. li Ne Wf' will di ·r us!S, mainly fo llowing thf' \\'Ork 
or Camhoa SHravi d . fll. [LOJ. how !ltis rormaJistn works, using Lh<' proto typica l f'X tunpl~,.-. of th e 
Sc!Jwingr-r rnodt• l. The tnaiu l.ltC!lJC of 1 his Lh.~s is is bns ica iJy an appl.i ca liou or LIIis mel hod to 
l+ ld inlerRtling elect.ron sys tems wilh i1 •l ·rnal S ll (2) (spin- rota tio JJ a l) symmt! lry, it will iu vo l vt~ 
. c veral V<" ry nontri.via.l e.:nensious and gC'nera liza l iou:;: (a part of this wi ll bt" m ut io nf'd hf' IO\\' in 
detail in li.Jis subsC'r tionL wh ich wil l lctl.er be explained. 

Fnnuiou·gangn field dccoupliug rtnd sOHlf' 1·e.l.ated colr.uuents 

The S ~.-·hwingt• r r-uodd is elec trodyna u1ics in 2cl with ruas.s k·s.-. fcrrnions. The Lagrangian clellsity is 

( l.47} 

In tit ~:.• so called r hjra l ln tsi :;, in which 75 is di agona l a.nd ~ ·, =' [ft. L.J, t lu? alge bras o f th E' ~d ganuna 
rna1rkt·~ ccm b<.: fullf-il! d hy choosin « !hP following repn·s('Jit.rttious: ·/' '::::: r

3
. ~10 = r 1, "fr = - r:l, 

where {r0 } ~re P iiUii mat ri rf:'S. ll e n c t~ tlw <·• xplici( reprrs('nl at ion of l..lie ft~ rrnio rd c pi'l rt 0f C i 11 t lriR 
has i~ i:; 

( I.-I ' ) 

ll r rC' we have set L.h r light. velority 1..0 unity, c: = J. \>Vc now pt> rforrn a r.oHriJinct l Vt"'do r rwd ax ial 
g:i'lrlgc' tra1rsfe> rrnatious tl tt tlu• fcnnion, 

( IA9) 

No l.i<:r Ll ltlt. l.hcrf' tHe 110 factors of '· j'' in rront, o r ;·l:l in t lt C' expont• Jd S, wlt it- h appears to h ra t her 
pf•c uJi a r. I t !.urns oul that tlris is ira rae ! 1,11 (• cbrrt •c l fOrrn of<\ r hira l li'H il ~ fonnatiou witltin (J IIf 

F;utlidNHl tonvr.ntiou:; 011 1J. r gn u g(~ f1 t.~ ld s. ' l'h al is. if W(> iul N Jd to 1rm11 (lJ f' w~c tor ami ax ial 
ga uge lh,!ds 0 11 an equal fOoli11g, <l rlrir<'ll traJJs fornJH(iou will uer~sarrily bea r 1 . hi~ l'orru. Tlauuglt 
in1pli r it in lhr litcra.lurt, t.his is not oftt•JJ clf'a rly s J.t~t f' <l . ll owevr r . as this poini will bo- ct• nL ntl to 
tl w invC'stig(ttions in tlt f' following ch;,plc•J·s , W (' willnf't1d 1.0 digress 0 11 till ~ lr.-: re. 17 

l!o \Vh t·n Li1 b Dirac QJ.) <'I'a t o r i:-; illi.C' rpl'(·tt•t l a.·· li1 C' I lan•ilt o nin a• dt • Jt~> il .l' o f a !Jir·a c fC' rmi• ttt iu o n1· d inu•m•h">ll higll<"r, 
JltC' indt>:t gi \•cs li1f.' liP~"' m l W:>J I!l!IIC' Il',\' '.lf thu t ll llnti lt oo n ian . aud I he n. no •t •al.v whicl1 tHTUI'r('d i11 C' \'(' n .span·- li rt tt• 
ditt1 t' 1111 ions rtow b<'<'~ •nt(~~ I'C'IilV·d to Litr' pn l'il \' a l.l OIIl;:t.l), 

lt' Jn ~J+ t d , i1 h ru. (>(•L(' II I in l hppl.i t·;~l>ili t~ In f>.g . .skyr•n iou phs~'>h-$ in ll adrn n Jlh l'n Uit lC' Il (•lngy. 

liin tht• J.m· vi n u~ toull~ecl ior. wJ• IJy pns ... w<l (Ids f-'hJbh~m l1y follo wing, the o ris.inaJ Fujikawil a rguuwul , and lwpJidd y 
t hun.ging nlm 't'lllin •t•> uu til t• d('fiuid on ~~ r th,. gudido::tm gitll gt· fi f" ld . 
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UndN I he l ransformolion <'CJ. ( l.4!l), ~·iN· tr ft nsforr n• as 

{/sing il> o rruci a l rc la l.ion (unique to 2d ) 

we• have 

6(v•f! if•l = ~d- i·rp<1,.o.<t>+ ;1,,a. ,1J 1{1, 

IJ c:- u cc.~ this adtli(,ional l cr rn will decoupl t:• tl1c fN mions and .11,augp fields. if 

i.e. if 

(U>O) 

(1.5 1) 

( 1.52) 

(1..5 :1) 

( U i4) 

whi ch is jus ! t iH" ll e iiJJ!Jo]t,z d~composition of a 2d vPdor i 11t.o dl ve rg~:~ n ct'·- fr('P a nd curl- fr<-'(' po r­
t ions. Tl1is dr-coup ling property oft he f<" rntion and ga ugc.•-H(' /d sec t o r$ will !Jitnplify llw suhst~qur nt 
deriva i im 1 of 1 hl' C' (frc ti vf" i heory cousirl rnbly. 

\iVe- not. c> U1i-ll if au "i" was prf'seut in 1 he t hin:d l ransforn wtion, then wlt(" /1 we denote 6( ~~· ifit/' ) .::::= 

itJ'"rn B1,11.', rh~ obLnined (.•xprcssion for JJ11 would hP a tnix iure of rtal ( ()
1
, 11 ) and purl"' Unagin ary 

( IX c 1~~,D~~¢) IC'rms, which b;; impossibl e' io absorb by a ga uge !ransfo.rma t.ion. This implies tbaL if 
n chi1·• l 1 rensfol'lnal iou is Lo beha ve as a subgroup U( I )A of t,!Je l ' ( l ) gauge syrnnw i r) (so llw t ¢ 

and 17 can bC' lreat C'cl on au C'qua l fooling ) it is 1wcessary . in t.he Eu clid f'P II ~ rmalism , for it to Lw 
of the forrn U5 = r"Y\1/1 _ Tlw same s t. ~l! P. tttC nL applies for Llw non abelian rases. 

AI. !hi point. Wt" would l ik~ to make soute important rPtnarks on the mNltod~ used in our latrr 
in ves tiga~ions, in reJn.t.ion to tlw obsPn ·a lion!'l" jusl madr. J.at.er 0 11, Wt' will bf' rr1ainly con c,~rnf'd 
wi t h rnod t~ ls (haviug their origins in c-ond <'nsed ruatt.er pl1y. ics) whi ch, wh c- rr fll ra ight forw;:trdly 
<:>:<pft:"'SSc~d i11 rf' lati vis t ic not.a tionfi U$iug Lh<' definiti ons for th e g nJI1111a rn rrtricc-s, hrwe th E" following 
ty pe- of Eudidenn Lograugia11 d t.~ usi t y: 

( 1.5!)) 

wlu·n.~ rp is f' ili1 er a rPal p~etal oscalar fl (" ld or is of th e forJn ¢ =:: (j}c. l <\. wh <' rt' Liw {(A, } f l f (' r<'n l fi nd 
{l•o } are gcncml ors of an SU(n) algehra (e.g. %'- for S (2) ). As wi ll he describe<! Iai or, Lli NI' we 
will be perfonning ""dliral fran~fornrrrt.ions11 suci1 rts 

(UiG) 

wh ich wi ll pro\'C' to lw tlw kf'y stt.>p Low~·ds ck·ri ving a low r-Hc.· rgy eiTrnivt' Lit (lory for (' c.j .{ J.il5). ' I lu;• 
COrtC'SJ'Ofldin g fi'.J WiJJ give ri!>(' IO ( lte im pOrt mil topofogicclf t t'fO!S which d t' t.<.'flll i ii P ti n" proprr l if'S 
of lil t' Lhr,o ry. 

As we:- I J a v,~ jus t 1ur ntiouccl, ltowc\'cr. eq .( J .fiO) i ~ 11 0 1 thf' cltirrtl transforlf!a lion in ll w usua l 
sense. So whul W (' an"' actu a lly doing li ('rt~. ilnp li r i! ly or l'X plir itly, is t.o s l ar L. insLPrld of t·•q.( 1.55 ), 
frout lhe- Lagra ngia u dr nsit.) 

.c = ~' ( #+ Ill('~'?) 1/•. 

t>limilt a l (> I itt"' chir;:J frt rlor~ i11 fil r IIHISS tr· rm vi ;~ llw (\vf' JI~ d •·nne tl ) chira l trausforrnai iou 

( 1.5 ') 
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t• va.lua t (~ Ute rorrc~pondiug FJ , and finn.lly, romplrnf.~ (v ia aui\ lytic tontiou ation) th"" cll irnl i'l ll g'l<': 

¢- itP. In Lllis wHy, wha l wa~ init.ia l/·y the anomaly assoc ia ted wit!J , for c-xampl l" . t ht' S l1(1} t· l1ira l 
LrausforJJmtioll , will clumge into on(l' invol v iug its cornpl l"xi fi cnliou, ~L(2 ,C ). ~,h is should nv l b<.> 
co11fustd witl1 a \•\'it k r tai.ioll , as Wf' arf' alwr~y :. working within tlw Rudid f"a n ~ rrna li ~; 111. 

Thr crucial qu~"s lion is. then, wh('thor :mch a proct•<lurf' is lrgilimaLt". ~J he va lidiL.r of ;-;uch 
mrt hods lms br<• n tonfi rmed. a l. lens I in tho rnnss i<·ss QCD2 rase by Gamboa Snravl rt al[2 1], who 
fouud a liatural COIIIICt tio n of tlJcir r sult.s t. o t.h(' VVes8-Zumiuo- \•ViLten IIIOdol. rrhi$ fPS UII iJJ v it f•S 

us 1.0 explore p ssihl f' exi <-' ll!i ion. t o th t" massive ca::.-e. \•\'t! will iJl cieNI 5i~t·, I hen, for o ur 111 as~ i w• 
model (wht· r~ un Hdditional compli cation -du{" to thr i111po:;sihilil y of t'Oniplr t f' ly cft'f"OHpliug- th 
fern1iouic and backgro und fi f' ld sec t.ors- 1na k cs Llw iss ut> l''vr·n 1nore nonLrivial ) Wf" Ollt ruakt·' <·on­
l l ecLiou~ of our obtained results to the Po lyakov- \•Vicgmann ic.k•ntity [22]. whi t' II plays a k0y role.• 
in conveulional nonahe lian hosonizution . 

E tlCcti vE" ~<· tiou for th e Schw inger tnodcl 

VVe cont inu c.> our deri vftt iou of thr cfl'r·c t ive aet ion for Llu.~ ScbwiugN 111odel. 'T'hough the transfor­
nmliou dt.• finr d by r qH. ( I AD) aocl (J .51 ) has dC'roupled tlw fr rruiom; from thf' gauge fi e- ld. i.e. 

( I .J!)) 

1 wilh l~w = -;o cP (whf:' rr 0 = tJp811 • t l1c Schwingt"' r lllP<" ha uis rn dof's nol show up a t this l<'vel. 
To frra t t. he problem l-H the qu a 11lntn l c vc~ J. Wtl' ronsidC' r tlw gt'nPratiug funct.iona t, 

2J = / 'D IJ>'f11} /::, F'I, 'D t/>1J ii., .fe-'- ( I. (iU) 

,/ is t!te 14',1 r.tC<'OIIIflCt ll)'ing I ransformat iou ( I A9L ~wd /:i p p is the l•'addt>v- Popov J a.co hian a..-;sor i­
ClLcd to transforrnatjon ( 1.5'1 ). II is c.:onveni rul Lo work in th ~ Coulomb gauge condition. wli i<' h is 
f'l.lllnii NI by ins rlion of 6(iJ,, ,,), whic!J cli111inat.rs I !J c 'I int<•gmtion. 

Tttr11ing our attt~ u t i o u to J. Wf"' firs! note t.huL sin rf"' t' q.(l .49) is a finil (" lr rmsforrmu.iou. tl w 
rnt.'l hods of tiJ P prc;- \'ious ~ee l ions mns t, br gf'n(' raliz(_'d to ck·al witli ~ud1 it <' a."c. Por 1 his purposC', 
\\'(' introdll t l' H 0 11<'- j)al'rllnf' IPr f~111i\_v of tranSfOrJJla!iOllS 

( I.GJ) 

wbcre l E (0 , Jl a nd perform a SUCCf"Ssive sc-quenn! o f' infinit l~ l nal I rans l'orrnations SO I hal. f grow:o; 
frout 0 lo l. 1 .. t us \niLe I he l'ennioni c part of thP Lagrangian dcnsit.y as 

where 

() I _ pl("'~¢-1111 fJet ('}~iP-Hil 

f' + ic ;\ + il')·1, ( -<1,,/'),.rp 01, '') 

f'+ ie( l - 1);\. 

( l. G~) 

( 1.6:1) 

{l'r m li L't C' Oil ,\\'(' will O lnil lh l' pa rt c)f l11l tha t iuvoJvrs ?J by means of th t' a bove ga ogf' fi xi11 g 
rouclil ion. ~tlw , s in rc 1 he' g<"nl'! rcliiug f'lliJ Ct.ioJwl Zp = ./(t ) dt.• t Dt cc:mnot dqw ud n I!J (' para lllc>l.cr 
I , W(' ~!<t V(' 

di::',.• ci.J d 
rlt = () = 'JT del. IJ, + J(t )dt (dN D1), (UH) 

whi <" h is fo rmally int.('grnlf'd t givr 

J :=J (I J =exp [-1' dl ru' (i )l , (J.fj ,'j) 
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I! is easily sct·n that 

Substi tuting t!Jis into 

w'(l) 

dill d 
w'(l) = d/ = dlln dd 0 1 • 

w'(l) 

lim ~[in dol. JJ,+A• - In de~. 0,] 
Al-0 /:;.l 

lim ~ jtrln(D1+61)0,- 1J, 
Ar-o D.! 

Ji'.'}o Lrln( I+ ~1 5 d,..'.l) 

21q•\p. 

(1.6G) 

( l.tl7) 

( 1.5R) 

( 1.09) 

To rP.gulariu• !'his fo rmal <"Xpressi n, '"'e will U!'t' H rcguJ;uizaliou fii 111ilar to tiH1t of Fujikawa; 

( 1.70) 

which is rnoti vcn.ed by the antici!HttioJt tlmt, thP iu . .,f' rLion of a Il eal k(•rrwl which II Sf'S the .. in.stan­
t.fl twous Dirac operat or '' Dr fo t· each ::;l~p of the suc<'cssiv<.' lransfonnaUons should b<" Lite ht?St w:.~y 
Lo reSJW<: t Lite full synllllt"'~ l ry of lhc syst.<' l11 at all s-r.ages. Procct:ding as in lite previous st?Ction , 

ui(l) = ))~' . t.q >( 2~ )" ld2J'f12 k t/>exp(-( Dt+ f//M ~] 

,)1~' Lq
5 ( 2~) 2 .! d'Nl2k0o-<'IM' (1- D?fM2 + O(l/A/4)) 

- :-1
1 

!r15) 1,1, j d2J·(/J1 ) 1,( D,),d> 
-" 

(1.71) 

wh ere l.l' l'm~ surviving Lhc Dirar Lrctrl" wC'rt• rolh~ cted iu ~li r rinal expres.c..io n. lm~~~ rl.ing t.lli:; iut o 
eq.( l.f:i5L we arrive a!. 

( 1.7<) 

The gc-ner.1ting rurt d iomtltit r n reads. int'ludiHg: SOilf("(' tc>rnrs, 

( 1.71) 

\\'c SN' t lr cll tire plloio rr has a<·cprirPd a nr;.\Ss, wlridr is !lu~ .'cln•dngrr IIIN:.lPurism. Froru this 
dt:rivrttiuu it is d ear 1 h::tl 1,l11• <·hind at!Oillfliy wa...:; r·pspons ihJ(~ for !Iris to orc ur . SinrP t.ht' pffr<' l i\'P 

ad ion is (Olll[l lf'Lely tlf.'fO UJil'<J i1d o [r.:"· ferrnions <llld grttr gC' rJ, •Jds1 t:ach witJr sirnpJf• propagc\lor~. 
i! is a ::ilrrtigilt.forward L<:L'lk to uh1rrin via fun('l.ional deriva.t ivl'$, fill. corn~ l al.ors for ihf• o riginal 
ff'nn ions, s iun• I hey will fa <' t ori ;:f' i11t o !Ill-' frr111ion and ga ug<' pari s. 



1.5. ( '()NIJJ·:N.'i i·:IJ M!l ' /"1'1•:/1 II 1'1'1.1( 'i\ I 'ION.'i 1'() 1,\"J\11·:11 ( '1111/ N.'i 
I [I 

! "-.I~ ' li e:! II/' 
t'llf'r'g y '-.. - - - - .!' 

diiTornru·i'\=/\{1 

Figure 1.2: Tl1e Rite-Melt:. lllOdcl fur a c.Jial o t11ic polyllrf'r clutin 

1.5 Cond e nsed matte 1· app lications - polymer chains 

' Ph r l•'t• rmi surftH'P is a rc riiJ ;d IC:IIut'(' of clt•cl w uic sy$ll•fw;; wlrirlr mis1• i11 fC> ndPnsc·d lll itll f" r 

phys irs. Siu rc ir is nnl.., LOI'(' Ill ¥. in vmi ;llll nhjccr I liH' IC •Iativisl ir fi t• ld 1. /u~o ry ;Jrg UII H' ll iS or I hr. 
previo us St"r l io ns 111111101 ht• iHunrdinl.l"" ly appliPd '' ' J lu ·R(' syst.c· Jt!S ll owe\•r-r , in Oil (> diuH'ns inn, 
low C' lll' l'gy C'frt·di vc• lh('ori t•s arc oflcn •ons lu clc·d hy liti ('<Jr i;.; ing ll! f' SJhWintnt with rr pcd Lo the 
l wo Fc•l'lni -poinl s k == ± ~· /' · In ~udt r< tSt"'S, lltPJ'f' is a possibility lind. (' hir<ll il tJ O II~tdy uf IJI d 
Dirne fl'rllli ons wi ll j l i<•Y (Ill ittlpo r t.i\111 I'll! ~> i 11 I he t• fl f.<' l i v1• llt1•ory . 'l'lt i.'i is ail ually known lo lw I ht· 
r nsc iu sew· r aJ si t nat.ioHs. T il t- mo~ t ob vious and W!'ll kJto \\'11 i1ppli<· .- ,Uc)IIS rn volws r hargP th•usil y 

WH Vr llnd R() /ifo ll i(· t•xri l ;d.ions i11 ~ JII fH:i litll'ftl' o q;nni r l'ontpu unds f lJ / :l~IJ[:MJ 'l'lum g l• l/1 ry IIH W' 
lwt• n lhor<mgldy in w•s t.igakd n!': iHg <th•.: /i;in I HJSCJIIi ~rtl . i o n l(·r ludqn P..o;fl ][JJ, r hirul .:\lt (J III<t ly, wiH' Il 
npp /ir cl Citi'C'fldJ y, prov idi'S i\11 a lt t'rll illivl' <tJJ d r';IIIWI di11'd IV<Iy or Ulldt ' f '-' f illldiug I.Jtr.•;co !iUhj1•ds. 
A less I ri viil l t!pp lica r i<' ll is jill' dy u<llllirs ur Sllp t.:dluitl :1 11 P f ~&L w lt l" f~ Lit e hi g:h c r~ d i nlf" l\s ioual n.' fl lli 
snrface is itpproxi •nal cd as a coll('c /iun of If- I d Dirar f't ' l ' 111i o u ~. 

As 1111 introdu (' l.iCI Il l o l·IH• nexl. d•e~pl.f'r , we• t i i' S('J'ih t~ iu t l, js Sl'Ciio n ll1 sulil o n-ind ncc<l fermion 
lltHHiu•rl:i in dia lm nk po /y nJ<'r dtni n!o; . lt• cln c('d fc·n11icm lllllldJ(' t'll arc gl' lh'Tidly assoc i;H,•d wil.h 
I he polari ll.u liot• of l it e f••nniotl Vil<"lll llll rau!;11<i hy an in ~t-rndiou wit. lt hrH:kgro und f il'ld~ wll k h 
l1i1Vt.' noulti vi;d l o po logy In fo nj ng ;Ji cd poly u•r r dJHins, Llti ~ orr urs w lu•t• bond solit ons incln tt• 
l oc<-t li .~<:(.'d t•/(•r l.ro u ir s tal.~s wiLh frr•<" Lioual r ll ; •r~c. 1\ s i111p lr i ll us! ral iou of r.J,j.q pllf:notiiC' IIIIOII ;,, 
it ' I'IIIS or fi 1•Jd l lu•o1y \\'(IS g i Vt ' ll by ( :oJdsl 0111 ~ 11 11d \•Vi lc:t.(' /c (( : \\' )! lJ wJ.ose WO/ k Wt• WJI / ll' il!)(' in n 

ll liiJJHer whirlt will t' 111plwsiz.c tile !'ole piny("( / by (a iH" IiiHI) d1ind .'III CIII Hdy l, ;,t\' 1" em , we wil l St:f' 

lhal our lrrHIJIII ' Jd of lhc· l'l'i, •l'is- li llhhilnllltr>d t· llurnsoul.l.o hec\ rlu r rllltlllftf,t l llltl t x l f 11 .'WJI1 of 
th r ( ,'11' l hcflly ' l ' l~e• • · ,-rv•·r, l. hc• pri'!WJd atiull o f this Sl\(•tiuu wJ/1 he usc·d lo tlra w illtH i c1gir~s illh l lo 
C 'S I . ; !I )fi~ h S( l/ll t" 11 0 i iii. W JIS rcll' ~J J! tSft<jHc~ n! (" ha pf,N S. 

'1' /w Uirc· J\ 11'/r lltOdt· lj:\ lj , wl•idt df'.-.r nl ws il dinf c,uli c· l•o lyJJJ(' J' dlili11 wif/1 : tlt tT II IdiJJ~ l mppiu~ 
iiiiiJI Ii f ud!1S i.llll l vrd t ' llc' c' l' lln~y l<" vds, fl us tl1 e f(J/I tJwiu g. lf<·llllilt unii.lll : 

-1 L'.:[:( - 1);" •• · 
iu 

(1.7fi) 

TJ. r l o w ~ r· IIN~y p iJy!-liCN of I hi :-; cnod(' / cn u hr· dl·sn ;ii H•d , fu llow iug .lt~ r kiw r•nd ~~ ' III C' II ( •rln ; Jj , iu 
l lu• ("OIJtinu•Jill 1lf \ JH OX intalio n hy it !lil ac f(' l' lnicw wil lt <• rhufllly 1't•la l rd 1/l lf'>.S f r u t1, 

( I i!i) 
w lwn• a :;n 11rrr fi r ltl .'>,, lt ;u; l l£'1' 11 i11 'H ' tlc •d l A '!'his III Oth·l, w/,irlt i ~ i'l 'l ·d llll iJ/ ,lgnr· of tlu• IIJJNII' 
.'- IP, IIl i\ lnntf,•l , H" i/ll w l" i!ll r•d tl u· (:\V 11 Hlcld ,,, lllf• d r~:; .... ifi rn lio u orTrt hh· I I , 1111:) I"Ofi" I'R ji () J u l ~ l o 

I ll A cl ,•l oi l! •tl d (' l l\'ll li n n u r t h l• I UIIlimuun i••tJIIi otl!il· I11 Mid , feu 1\ S" II CJll li•u d \' f•i!> i•• n c·f l"fj (I 7!i) willl ,c gi\'1'11 i u 
!liP IW,\1 l'('t l i!> i! 
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tdt r aholiau casr•. wl~<• re rite ba<kground neld U E ll( I) . Notations fo r eqs.( 1.75) attd (1.7<\) arr·· 'L' 
follows: 6l is !.Ia' Aiteruatiol• of Lh r hopping rn npli! 11d . 2...1 is j l1 c siLP VH ir nr'' eurrgy difl'rrP n c..~t· 
bC' t wee n a.dja<:en! f' if C's, 111 ~ (~ 1 +b(!)l/:t. and tb =: lat, - 1 (61 /~ ). F'or ~ in,pli cit.y wr haw• negler led 
the t' IC'<:t ron s.piu which do<.:.S 11 0 1. play i:l role in eq.( l .75). so th t~ OinH' spinor \}1 c-ousists o f two 
CQillpOllC' ut:;, wh k h a 1·e iu li.JP t hiral ha':i i ':l Lhe r ight an d k~ ft rnovrrs, \Ji = '[H, L.] . lu lntr r SC'r tiom• 
wr; will iut rodurc 1, 1! ~,.• ~pi n degi'£'C" of frecdo1 u, \·V hich will douhle tlu> nuJnher of rom JWlll' l1b. lt1 
l.erms o f R. aud /J, eq.( 1.76) r t><tdB 

( 1.77) 

W IJ f>r P fJ± =. {)7 ± ivpU:x and 'I' I·'= 2ato. 
;\ uli cipaiing a s low VCI. riation in th e· hond-a ll (' rn atiou ::. Trr-ngth , tlw g('nPral siat.egy now is to 

derive an effcc tiv<' low cnPrgy th rory in th~ form of a grndieut f'xpansioH of til ~"' pseudo-scr.da1· fi l' ld 
tf;(;· , r) . 11 Pil(" (1 tt l t.. his point we pNforrn a cl•irlillrallsformrl.t ion I!• 

\11 - l--1~)· \11 

W - \ii e- 1 ~"'Jj-

rr'his ha.<'j two consequences. One is flw transforma tio n o f NJ.( I.76) to 

i 
L = '~ [~+ il +2i)d> + m]\11 . 

( 1.7 ) 

( 1.70) 

Si nCf• thf' ma1;s l f' J'IlJ is now real. and the gracliPJH of ¢ has explicitly appeared in thE' Dirac operator 
(wPwil l hcncP.forth ra il th r'openltor in tl1c ac lion which is bilinear in tl1P fi elds \ll and \II tJH:. Dirac 
opPrator) t. lti:-:. is a sui t..ahk· s tarl in g poiut for doiug a g!'ndie11 t. expnnsio11 . Th,., SP<'Ond C'-o 11 seq u~u re 
is t.ha t , as is well known, th C' r hm1gt" of variahlrs in eq .( 1.76) giv(lo:s rise to a nontriv ial J a<'<>hian 
fa ctor, the Ft~jika \\'i:l ,J flrohian, du"' t.o cltiral tl llOI'I't td y. This fact or will contrihul r• i.lw tenu 

( I. 0) 

io rl u> t:> ffet tivc tl wory. II tllfl t-"' out th at only this term rontribut t's 1<, t)J (-' ff' rllliou ntHUIH'r , nnd 
so 1/w inducC'd curr«' lll <Ill (' to a vruiatiou in @(x.r ) is oh~aiu ed as 

( 1.8 1) 

\+\ 'hen I Lw re is tl kink i11 1 he i-lllt' rJt a t i0 11 pat t.(l- rll of ('q.( I .75) , Lhis imp! if'S tliat, " l ontliz~d r hargP 
of Q == ~ will be iuducctl in it s virinit.y, 

19 
A:. f' nlttlt.:L.; izt•rl in M"<' li u ,, I A , il is impcH't.cuJllo n n ti te t h n l Jlif' lrMlSf(lriJlal inn.l' Arl•l it s t:on-t'Sfl(•ttcling ii +I OittiJJj,.s 

tutd JCJ nlUSI l.;c ltllcl t•r,.f vc•d US hit\•itt& b t•Pn oUtllil t('(( Vi.et 1\ c•n tnpJcxi fil'atiron o ( th t" c·h.iml ;\n~lt" in till' UHldt•l 
C== v•(;3+mt-.,to<Ji)1/•. 



Chapter 2 

Continuum form of the 
Peierls-Hubbard model 

2.1 Statement of the problem 

~h i:" path iu t.egrrtl -htlsed derivation of c:.- O'c>cL ivf> field theori t's for inter ad ing e lectron~- esprcially 
of I II ~;• ~emicias~ lca l type, where on!' starts from an <:lppropriat e saddk· point solutiou - b<~coJu fl 

highly non t ri via lt.nsk in 1+ 1 diu1enf;i ion. Lt~ t us rest.r ic t o ur di cussio ns LO the rc·pulsive Hubbard 
mode l at lt a l f-~llin g. \>Ve know tha( r.his is cquival<> ul, t o considering ~lw S= l / 2 <tnliffi' I'Oill(lgt iC" t.ic 

(A F) Heisenberg model, wh ich , witlwul, pc r turhaLions is crilially ordered . On I he o ther hand , 
l,he ll ~tluraJ placf' to !i la rl I he semic/assit-al em a lysis would I1C' in t.liis ('a.')!"' a spin-clens it y-wavt" 
(SO W ) mean- fi eld t.l> rory (M FT) . A ton veni~nl 111 lhod o f proceed ing from the M FT, is a deriva­
ti ve c_-.;pausion , in powers of sparc/l.i lll f' dc-ri valives of tlw orif'nlat ion of 1,h,. S IJ \V vec torial order 
panu ncter . (Titis is A rl'gime where atnpliiuch~ flu rL uH!ions an~ s trong ly nHI:.si vtJ. and are th(.·n .. • ... 
forr• s up pressed .) The s lanJard lrea tmont[U]will yidd ill.l 0(3) llo nlincar sigme (N Lrr) mod<•l. 
ll owcver. iris knmnt th aL t.hf' NLu model is a.Jways disordt•red iH l+ l dimt> nsio11 , a nd the rorrrc t 
hehavionr t Hnno L lw obl ttinr·d. It i.s now k11own , front ll a ld ruiP's work[2 L lhHt this dis-nPp~Uit) 
stems fro nt Lhe fFti ltlre tu in corpor;HP irll o t lu:• NLu nwJ<'I its so-ccdlcd topologintl tf' l'l tl, which 
h<:~s its origin in t he B~ny phasC's of 1 he ch~c to~·o n s pin~- Sine!' this irnporlant t.c·rtn is rc i<H c:'d Lo 
lht." globn l topology of loiw spill systen1 iu l:! uclidc·a n sp;-•re ... t,in w, il <;C'<~ rw; a hope less la.;, k to tr) to 
al v~tg:P it. frorn a pcrl,urba ti\'C Px.pausion iu terntl'i vf loc(l l A F nu cl ual ions. 

It is here that lb e notion of dtiraJ mwma ly mfly p l et II in lly lurn out to he of g r~at ltSf' iu 
intf'>racting eiP~t.ron sy.s t et n~- \·\'(' hi:Wf' sceu t..ln·tl tit(' r hinll tlllonwly is iulimit <' ly rda.led to tlw 
gloh;:d topok1gy of ~~ hac kgronud gauge fi l' ld. tr the direr tionul flu <'ltw iion of tll r SD \\' ordrr 
par;un<' lN n tll !;Ornrl10w bf' \iewed as ;:1 snrt o f gH ugc· fi r ld whkh a("l.s back 0 11 tit t lec lrnn systt·m , 

-whir l! Lurns out Lo i>P possib le- w<· lt av(' n Riluntiou whicli is s lrikiu gly si ntilar to thost• of tltt' 
pt'l"'C"CC'cling chaplcr. 'l'hC' o nly diffcrPntc wo uld n w bf' tltr:tt we arP \Oil C"NUNJ with non rel at i vi~Ur 
f'r rmions. This, ltowe-\'Pr is not a proh l ~ tn iu l+ lcl . siH <'f' it is 11 tontmou pradicf" l.o a pprox it mtLf\ 
wh 11 cot ts ic!Ning low I'JicrgiP.:S, tlt r• disprrsion of a t,ight---hinding hand by lincariz(•d ones JW(tr 1 liP 
t.wo l•'t•ntti poi ui s_ The opt·ning of I II<' m~ss gar> at ! Itt' lf•rmi surftH'(•, duP to I IH~ finite amp/itttdl • 
of Lltf" ' D\ V order prH<Hnnh•r wo11ld r-xp li c-i tly ' ' joJalt.• cltir;tl S,\'ll tlllf' l ry. bnt wr ca11 t' x-fH~cl 1ha t 
ndJitiorHII viola t.ion1 of' pur£·1y qnantun1 nwc!.anicrd orig-in. wonld otc.- llt' du C" to t.lu" hrtck ground 
(s piu-)g:aug(' neld:;. In l.his way, we mny hOj)(' that. a .\11·vl" i;lpproa·h . wJu:r. n supp1Pti1Cill!'d wiih th(• 
uot• perlurb;divr tontrihut.ion of li te chirnl <'IIIOIIlitly , 1118,v giv<" reliablr n>Nnlls, adding" n \\1 t•ulry 
io I liP li.s t o f Lh eo•·olice l 11Wil1od• awti iHhlo iu 1+ 1 cl. 

Th(' HbOVf' id <"a was o ri t ili Hiiy d esnib~d by Nagao~{l (l ud OshikaW(l (t 0} [5]. rhey d t~ lll0/1 -
l'ilr;. lr d , usiu; a r<' lnLi vis ti r cont.i11uum lirnit JJtodr l for litf• ll uhhartltnOdf'l ilWay front bttlf-fillitt£u 
lhat H pair o f' appropriately r ltoSf' ll l' hirnll ralt: formal.ious , each coup ling to t lw Maxwellian and 
s pill gH ugc fi t> lds WOtt!d yiPJd litC' ttcrr· Jerratiott of Ll •c· C' l1 a.rge (>hason !Jy th<• IJJrC"tri(' f1eld

1 
aud fl1(.• 
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(,' 1/A/ ' '1'/.;tl 2. ('()NT/ NUl/A/ V(}I!A/ ()/<' /'1//1' / ' lm:/11,8 - 1/I IJI /)A/!1) A/0/J/", 

1,\ /It 
~'~--w-

(A) (II) 

lopulug.in d lf'I' Lil (wirJ, ll u• p i'Opcr nH~ fl kit· ur , i.C' . \lilf\111111 Cllt~ l •'t rouvt· nlln iJHIIy d.~ ,L n l f'd as 0) for 

llu' N/,(T III C..Idd rt•spurivc~ J _y. Ti l(• t'f' llt<dHin p, p:1r l s cJf lli r Hf l iou Wt'fl• IJ'NJlf'd !Jy 1/J i' d••rivariv~· 
C':O: pilll s io o , /,1) }!.iVt' r 'If' ldnt• l ir pen·! () r II II' N l.a UIOd t: l , nud r lu· ' I '< IIIIOIIttga ~ Lu L t iug(>r II HHIC" I fell I lu• 
cl,arw· ftltHS(· fi (• /,J. ' J'I,us r l1 ry ll<~ vt• hw.;i c-n lly snrrt·•·• lt•{ l itt pr<widitLg '' n•linJ,Ic· i\1 F'I' IIP JII'uar !J , <lLtd 

1no~ l intpnLI ~•ntl y, IL<~ vc shown t.hnt lil t! fOLLILillllt.icm!; fro nt rlurnl tl ll OI Il fl lws an'l indispensildc• 
Snhsi'qllt' nl.ly, Wt' IHL\'(' rf'i us pf•l· !l'tl the NO IIJ('I hod , ar i d ii <JV(' discu.c;srd 11 natmal t •Xt~~ u!';ion 

to Ill(' ra.<if• wii.Jr IHJIHI il lt r• r ttitl ion of 1/u• !t oppin g <nnpli f udr·.s, i.4' . t-hC' Pt·ierls- II ubl ,;rn l ( PI I) 
rnnde/{8, IIJ . Th roug h !Ir is ill\rsfigalio rr , W(' lt11 vc l'ut!lld lhitl st'\•f'ra l ~~s .. c;cnti ;r/ corn·rt ions fu fl u .. · 
ol'igin al NO sri r rnP ltllt ~:! be hrougltL ahw11, irr ord~·r f(.1r if lo jH OJwr ly ,:.rccoun~ fo r lit (' cff'N· ts of 
t ltc r hirc,d cttt OIIIcdy, c-:;per iully rrgu rding tlu• :1 pin fl ill' f .. 'l'lt ry cu·e: 

I. fo'irs l or all , t.ltc '
1

cl1in tl auonwly" ('o ttsid crcd hen• in J•;udidt•a rr l'onnnli:ii rrr , turus ouf t.n !Jr. 
the rornpiP.x ifil·d rast• , which we lrilvc rnf'ulirmf"d 111 fsC'r- l io tl lA. II ·nrc /h i• F.J ca lcnl illion 
tl sc•d lr ere i~ iu far!. 11 01 lire s tandard one, ;uul Ott P IIIIlS! ~ ~~~ fully ttwnr·c nf lire uo ttlnvinlif y 
of I!J e. imp/ir it/y CISS IIIIICd fl ll tllyt ir l:OIIIiuuatiou . 

2. T ire r hi nrllrn usfol'lttillion (wi t./r th e ohove poiul und C' rs tood) wlri r h is re.lcvaul, f() r lir e s pin 
pilrt., is not fill <tht· li rtu one, i.ISsociaLcd lu ll1 r ( 11' 1 g;w ge li e" lei (wltid1 arise.<; a!i: <1 t'C"ptC"si~Hln li ou 
for 11 l l( l) sul )grottp of I he S U(~) spitt iH! . ._~r ual synunelry). l11rt is adlwlly <1 II OII Hhelwu oue 
(Sl/(2) ,,. ils SL( 2, C) COlllplex ilieillinn ). In on l••r lu rcsp~rt I he Sy llune tr y of the sys l ~ 111 , 
it is (' /t~;n· ll1 111 \\'0 llllts l t.rcn l. Ll1c full norwb1·/ian vc· r!;ion of Uu• ano11 w ly. lu addil.iou, s ill<'e 
\\'(' 1H C dca lillg wit.lr a fiuil e drir;.d rnla tiCJn , LIH· ('Ot !'esponding gen(' ralizat. iou rcw Llw FJ 
t·alrr dat ion, fl.'> illusl l'id et l iu su ticm I -1 i11 rrqr dn.~d l n cb~,l . W 1! ll i!W! fouud th etL wlu' n the 
gPII l' I'HJiza tio Jt t o flt r JIIJ I!!Otfi•Jts lll itd (•, (.Jrc• f? - v(l /t H• fr1 r ilt f' topo/ogica/i,PI JII wliidt rnitll' id r'$ 

wit!J IIOI! a lw li<ltt ho.~o tti zrrtion it'luhl.niucd (m ]y wh<'ll ll n'St· fH u t. i o u.~ ill'(' IHkc•n . 

:1. Tl w Jo'.l ~:o rii,Hi ii S 1 iu ttddilio ll to the \•Vcsr; Z11nri11o type! lopQ /ogit:fl l 11' 1111 , il c'<Httr i! Ju (.io n lo 
!lw kill (' ! if p;u•1 <1 1" ll w NLn- tnodt ·l 1 

Hallu:r SH t'prisi ngly
1 

1\'(' h <~Vt' found 1/t ;tl. itt f;tr l lltHI 

lit (· t c r111s ron! rihul iug I o t h ~,• k ir wt ic pari i.<> l'x lt ot us l t•d J,y Lh it L ft <J llt 1/1(• J<'J \Vt~ will :)Pt• !I uti. 
t.ltis agrcPs wir.J. fl rcft• t' tlliOIIiZ.'d ion tcr ltuiq11 e dcvt•loJwd by T svt: lik . 

Tlu~ pttl' jl(J8(' or tlw follmving l.wr) r hnpl cn-; is to g ivt• .1 dt'i Hih·d H('I'0111 1L of t.lt r• P/1 lltOd(' / 
invc·~l igativ 11 tiiPttl.inrwd <tiHtVf' , 

'f'lwugh sirnil ar 111 spil'if. fo tlw NO wor·li , W(l/wlit•vt: Llwn· ilff', as W(! /r;tw• lts l- t•d :l hovl", iltlpur­
f.atll· d ulll grs 1 wl ridt we lulJII' wi ll rn ~tldhtti f' !() Wmds; <'~ l it/ J / ishittg tlwnrf'! irr tl fr: tntt·Wor ks whidt 
ill'( ' /m !.]t 1'(•/i;t/)ll• i llld t'(O II O IIII I'i .J . 

J\ lo t iv; tl ri l la rg.-ly J, y I lit ' di">t'()\'(' 1')' •>f I lu· IIJO/'~JIIti r· spllt ~ l 'r 1 il'r!S (S P) ('01 11p111111d ( !u( ;({}:\, rlw 
S l ' S)!if.t· nrlt :ls itt l"' 'f(' lll j'(';t t .'i ~t • v i vt•d a:. :t 11 intpo tl ii llll (tpk:d s u! Jj l'l' l , illld tl ll'n' ;dn ·atly t'xr.-; 1 ~ ;r 

ltlJ J!,f' IHtdy 11l ll wun IH'a l ~lu rl w~-> tt tl \ ·:u iort~ llli f lt'fl~ nl tlw:-w sysf,• IJIS ' l'luu rp,lr lit <• pli)~lrn l <1 11-WIJ 
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tn::ty h P <'<.ms iclert:'d ;15 distinc! frotn !lw sp iu PC"ierls sys tem, th Pll mndf·l <~.I ht:Lif-fi lliug <.d.sn ha.<.; 
i\ d irncr i?: f'd spin C" haiJl as ils ground s tat ' . . 0 its st.ud y may li nvf' son"' bearings 0 11 3$pf't'l~ or 
l l1 c spin Pt~ i C' rls stt:J t P. lu t his t't~S fH'<'l, it tniglu ht" wor th whi le lu ~tudy l li r dopc .. cJ version () f thC' 
prohlr rn , i11 view of t, h, ... current. iniNt>s l, in Uw di tio rdrrr-d 1'1 pin-P~ i er ls system. 

ll r nn• our fOn ts wi ll be, bns:itie.•:;; the prin1iUJ1 goa l of t•sla.blishing a g1' t H~r-t1 l fonnulat ion t lwl 
yields rrliahlr-• f.' fi'e<· Live t.hPories1 th e- np pl itation of dtc forn ralisnt to md11C{d f£rmlon number·.;;, 
whit h tu·e topology- relat.eJ ph C" nOi nun a, t hai ar~:• grncrHlly diflk ult lo inw~s tigaLe by rn<"a.ns of 
t.aJ1dard rw rt urbativc lfl('t,hods (;:md so pcrhnps ill us ! rnl ~ hest t lw lll (?rit~ of our forrnul i\1 ion) . 

Bl'fore going in1 o lh e details, it is perlt aps appropriatC' lo connnent on why we tllink tlw PI! 
modf'l if' in tt.~rcs ling fron1 Ill(' vi<)w-poinL of iudn cf'd- fenuiou nurnbcrs. (From the viewpoint of 
cons t.ru cli ng I lie fonnalism itself. choosing this particular modr l as Llu::- subject of swdy is ahtlO t 
sr lf-oxrlanat ory, as we wil l la.ter see- d. table J.L) In 1.hr prot.olypica l ra•r of polyacd hykuo 
physics. r.hr- "cou !JI ing rule" for in cht l"Pd frrruion lllllllbPr: in volve-s a inglc p~t·udo-Ha l ar fi r ld (str 
•q .( L81) helow) . 'rlw only ·uoulriviall opological object t.ha t Lhis background fi eld ca n rra lizr is 

11 kink. On IIH' other hand,"' noticed in early works by llo[29]rwd by ll orowit.z[JO] . wiJ,•n one 
<"Onsidcrs sirnilar rul<>s for spin-density-w<tl.·e (SD \V) IS.}'s t e o1S

1 
the pseudtrn~dor charactf'r of t l1e 

hackgrouud fi eld givt'A rise ~o a riclte1· \'a ri l' l)r of hackgrouud topologies. a.ud h<'nce to nontrivial 
co tutling rul f>s. In l.he Plf n1odel casfl, w~ will rind that in addition Lo the 'D\>\" field , tltPrP will 
ats arise a ps udn sc~·li c'll' fi l.:! ld whirh l' ~" l li"CSCnt.s I h£> dil'll (··d ~t-llio n pallf' J'Jl o r the -!';~'SI. I~Jlt. F'ur­
t.lte riJJOI'f', wi1 Pn (nonmagn(' tic) i1npurit~ i l"s a.re doped , wp will n,.,ecl t.o considN Y'' l ii llot iJN scfi lar 
fi eld , whi ch will 1-t.cconnt for tlu:- chargr degree of freedom. In this tase til l" rPlc.wan i hn (' kgroun<.l 
ci (' fcct is a compo::; i!C" objc·t· t of t ltl"' climrriza lio n-fi t:> ld kjuk aiiCI chargr densit y fi (• IU kink . It is 1 hf• 
interplay hC'IW("c:' JJ a.Jlth<'SC fi l' lcls which ntak('& the Pfl JJJodel au uuusui't lly interPs(ing sys t L~m for 
invC'Si igta ling lhi~; type of plt C' llOl llenn a. It is Ollr hope lltai !,his approcu: JJ wiiJ pro\· id t"' SOIJ1(• freBh 
views ou rPI<'Vtl nt. 111a1 ((-' rs sur It a.s t Ia• inLrrrela.t iou bPt Wf'f'll spi n rly11amks n.nd rharg(• dynrtntic!>l 
ill Lhe (purP) Pll systf'm , and lhc cocx ist.enct;"" of diruer anti antire rromagnrt ic ordN in tl1 c doped 
casc'[:H] . 

2.2 D erivation of the fermion ic m ode l 

2.2.1 T he nonabelian GW model 

\'Vf' now JHOfCNI lo distm;s the d ri\'al. ion of t.hf" efl(·ft ive- theory for lite :1 pi11- Pci(' rl~ sy~ t em . Our 
startin g JJ. an1illoniat• is the J>cit-ds- ll ubbard 111od~:, l r.~t hrtlf filling , givrn by 

11 = Llo( l +o("i+l- ll, ))(c). t·,+l• +h.c.) 

•• 
I'Ll) 

whC> r ~> U > 0, and u, r~prcscnt s 1 he dcvif-.t,lon of lite i-t h lnlt.i tt' ~ it <' front it& f'q ulihrinm posit iou. 
Tit(' coupling of t.ltc elcdron syst e 111 to t he I ::tid icc is in cludrd iu t hr hop ping Lcrtn. and t lw :Ire! 
if'rJJl i~ 1 hf' disJ,ort.ion c>nr rgy of t.lte I at 1 i c~. 

Though it is t· rc-c uLiy beco1niug cletu I !t a l for thP spin- Pci(' rls t"ontpouud CuGC'O~i , lhf1 J JOuadi~ 
abatic nature of th~ h1tti c<' plttys Hn itttportanl, roll"', Wt' shalllwrc lw conten t iu a~sut11ing rf.1.s~ i ru l 
hl"' lt aviour for UtP la tlice, i.e. , tltal quc:utturn fludmdi ous. rtn d rPt a rdaLiou "' ITC'ci.~ ra n b<.• 11 g )Pf'trd 

fo r our pttrpost', owi ng (u it~ ~S - d tJ Hiun• . Ill Out' S fHH i ~ll din,l"'nSiou, nc~i iug bnomes p~"'r f'rr r , autl 
at low t<:• tl))' f' I:illlll"('S, jj, i$ W(' /1 kn OW It j,JJnt phonOJ\.S undergo a q ::= '/..~·/· ' COHCk lt SH I i0 11 ill ri:I\'Or 
of thl"' r nt"rgy-ga in of i..hP e-lec (rou SyHi e111 ( PI'i(~ rll'l in !'l tability) . \·Vh1•n t.l1al h~•pp1· n s, WP. Jttay pu t 
1( , = (- 1)'11·0 so 111'11 

II L t, (r).c;+io+ h.c.) 
tEurld,a 
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jE~1 t-n,o 

+ (~.2) 

wlterP I,= In+ {JI , t, = /o-at , and M = 2/o'"'O· 
In tile fo llowiu g w (' <.lssurm) strong ('Oup l-iHg, i. r. U >> t0 . Tll c~n i l i.s tk·n r that rq.(2.2) 

r rrccLivPiy desc ribes a din'l(' ri z~:.·d spin t hain, sin rc seCOtld order rw riurhHtion in -w givf•S thf• AF 
lleise nlw rg lnodel wit h a lt.f'r llaf iug excha ll_g(' in tera.cliou, :ll] d He: shows bond a!lf"rna rioo to ih' fl 

r·t• l<'vam. peri urhation at t.Jw S= 1/2 uniform Heise nberg rn dt·l fixed poiul (32]. Sine(· t.hi!, desrrip­
tion will hC' StJrfjci CIII f"or 0 111' la ter d iSC IIS!->iOn S Oil i1rdu red fN111io n I1L1 !11brrs. \\'<' Cl llploy <'tJ.(2 .2) as 
1 b l~ rlliniJmd model of a s piu- Peit' rls syst.,..rn, and neg/ret ot llf•r pNI urhHtions \"' lli eh may pos~ibly h<' 
n~ l ('v;mt. l'X p(.' ri n1Put a lly, sucl1 <Is Jl t·'XL JH"a rp,:. t nf'ig hbor inLerar1 ious. Tlte pas.qa.ge fron, t~q .( ~.~) l.o 
Uw cont inuulllJnodel (l'q.(2.4) below) i ~ giv -• n in details iu lh!' fo.llmvi ng Sll hsec!ion. P r lhl:' sRk£> 
of darity. IWtC' Wf" sha ll oullin t' ~h.e r11ain steps lh a i arf' ranied out . F'irs l , in ord1•r to dt"al wi f,IJ th~ 
inf eracl.ion Le-rm, wf' follow NO ~111d rrw rii €' ir u ·ing Ll1 t• id cutity lfnq lliJ = !fl n,1+nd)- !f(c; iit,)~ 
a.nd deco uple iL by in (rod u<" ing a VE'CI.or auxi licuy fi eld f, via t.lil' U ubbarcl-. 'tratonovich I r ;lnsfor­

tnaJ ion ~xp( f(r! O't; )
2

) = J d,,; exp[-\f?r + i;,-9, · c} Be;]. TIJcn. wrii.iug $, = ( - J )' 111 ii, (!iii= I ) 
Lll £> d~coup led ll a JnilloniaJI hetonPs 

II L /,(r)r,+J+ Ir .c.)+ L Hr]r;+l+h.c.) 
1Efldd jEn.otn 

+ m L U1:t.11 • ('~ 11 Ur:tu- ii2n-1 · d,1 _rBc~rJ-d· 

AL !.h i poiut. it is wort.. !t noting that. t] I h PI'(' WP I" f" A I? orrlcr , we lllHY :;imply put. i1 = z autl 
<'q.(2.3) would mdu<·<' to a s um of Lwo ll amilloniau., o nP for cac iJ ~ pin C01nponrnl. wi ih exart. ly 
I he- &ame form as t·q.( l .7!)) o f tlH• previous sec tion. (Tiw only ll t"W" l'raturc> would be> thP oppo~ it.t• 
sign ~ of Llw ·':.:; it c? <' IINg,V dilrf'rc ncr" j fo1· tlw up and dnwu spins.) Th is suggrst.s th a t wt• ar~· 
d(•aJing wi th a syst f' lll lh~1 1 . i~ t losely rch.t.rc-d to lhc dird ondc polyrnrr chai n. This exprclaLion wi ll 
lw part ia lly conf"inni'd in section 4.1 whL•rt• counting rul f't- that are rw alogou~ to ~~q .( 1 .8 1 } wi ll be 
dt•ri vc>d. At Lil t' sall ie t.ime, si nce :;trong A Ji' flu r ! u.a! ion is presPHI in I his c·a!-.t:', w~~ t•Xp('rt. Lha t fl f'W 

compli ca tiom.; should ~nt f' r when ta.kiug inf o acC'ount t ht• spa.Ct.'- lin1e variation of th vreior fit~ l d 
1i below. 

\
1\"c now Juak C' a cont~inuuJJJ approxin.1 ~1Lion fo r lhis Ham il tonian by lineari~Aug tl.! t> SJLC rt·um 

:n ound thr two fC' rmi poi ul,:; k = ±k p and grouping 1 he f!-n11ions int o s pinors. whcr~ i he t.wo {or 
four. inc ludi ug- spiu imlif"f•s) e!ILriC'!' c:o rmspoud in l lw cldra l hasr to right a nd IC'ft. lllOVt>r."-. \1\re 
rt•fc-r io t hf' ~ !lowing subset! io11 for d(·tn i.ls. T hr rcstdlin.g Lag rangia n d ~.:.: nsiLy is , in n·l<tl ivisl ic 
n ol. t~ti ons. 

(VI ) 

whrrc· aud r hP SJ' IIIbol '~ n'prt>..-; .. ~nt :" lit(' dirrct pmduct l>et Wl'en tlw spiu-spttte and rh ira lity spac~' 
(i.e. ti.J Slf(2) ::.pat(, ~ !Jfl llll ed l1y th f' Di n1r ga nlll1rl tnall'irf's); 1 is flu~ idt·ntity OJWrnlor in tJi t' 
S (l) spHt, Q :::::: ii ii. Ji'innlly . .Q.o and 4> are inlroduced through t hf> n~lnlions .6.

11
f'0!:.1 

m, .Q o s in ~ = '2./ll. The IWII fJ. b, ho1~ rhtral fa cloP" is defiu<•d r-ts 

(i.ii) 

\Vrit.tfll l'Xp1id lJy in I li e r!Jirfd httsis, iu whirh Lhc- rcprP:-;:ent.aliou o f lJI is iJJ = 1 (1{1, /(1· !,
1

, /,J1, 
oq .(:l. l) n•ad• 

(:l.O) 
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where!?=. 
1
[17 1, f!J] nrrd L = ' [1,1. LJl. The an ion is r·otalion• ly irlV"nr iarr i in spin $parr' , <~rHitlre 

fi eld Q(x, r), whi ch nra.v be wrilt.en in t.li c fomr Q(x. r) = U(x, r)1T3l'l(x. r), wlroro 1' E Sl' (2) , 
:wcount..s for ihf' dtrectw11al jlu cfu alum (witlt a fi xrd ;nnplit tH.Ie) of t.!te SD \V ord,..r para.ttt~1Pr , 
wl.i rh is t'XJW<: I r d l.o I><' re[P.va nt BL low "nergif'.<; , Not ~> Lhiii wh~n q, = 0 (no dirnrri1-a1ion). w,• 
t'I'Covc t· lh<' fermionir rnod1 .. l studk•<.l by N0[5]. In (.he following wf' (i.x Llw v~tlue" of ....l. ,, at t hr tll f'<Hl 
fi eld vaJue- $in n .. t ltc antplitud P mode is massivt>, a ttd only consider ~I t t' direnion<il nu r t uar ion of ii 
(or equiva lcnt,ly Q). ( \Vt .. rlre for now ~l.<;suming au undisturbed dimcriz£nio n palteru, i.f'. . ~=cons l. 1 
in whic h case- a Spf'ctrHI gnp 26.u open up. Lat er w e> wi ll a lso ronsidN 1 he <·ase w hrrt~ ilw ho!hl 
a lt.erualiou s~rN1 glh f/J ar qn in-~s H sp;.u.irll depr ndl'IIC<'.) 

On<' can 11ot.icf' a strong rcsemiJJ ance hclwreu our modf'l and Lhc G \V rnod(•l. r-(). (2.4). ror a 
t.liH tomic poly nlf' l' chain . In deed , ~quatiou (2.'1) rau be rrga rd t>d H.s tb e dircc1 nonab(• lian Px l cnsion 
of or the G VV !HOdel , and many siwil f\r phys ica l propN1 irs ca n be ro nn el. 

2.2.2 Details of the de1·ivation 

The deri vat ion given bert• i.e; a s lighi t'XI,C!nsion of .J aokiw rmd 'cmr1wff's mapping f ~· diaio1nir 
polynw r chain i11lo a continuum rclat. ivir:di c 111odcl [3:3]. 1;-i rs t we writ r 1hr- P E•if' rl. UuhbarJ ll t~ nlii­
Lonian as 

11 L>J+r.;(aJbi+r +bJ+r'';) 
j 

+ L 't+r ,t(lt/ ll t+ r + a)+ 1bt) 
I 

+1
1(L 11il"il + L '' IJ "It) + 11,,1/ ono•" {2.7) 

I 

wlu,. rc j E odd sit es aJHI I E rv<·n sites . ancl l n+L,n = 10 -r(y,J+I- y,). fi'or lhf" rnomem we 
concrJJtra l(' on Llw hopping pa ri . lu1roJudug tit <' v:~.riabl N; 

(vCf)iJ'isi '(j•) 

( RF hsV(j.<) 

/ ' (111 + s)- U(m- s) =. 2sU'(rrr) 

l'(m + s)- V(w- s) =. 2., \:'(m) 

fl(2n>- s) + / l (211.s + •J =. 21"(2no) 

I ' (2us) + \.'(2rt.< + 2.s) = 21' {111s + s) , 

it, is sLraighl fo rwtud l o rcwrit (' Llt l' hoppiug pari as 

li, .P = -4i l 0s~ L,(U 1 (2rts + .<) 1"(2u + s) 

+ 1'1( 2us)11'(2u.,)J 

+1i'1' L u{u .s ) (£il( ns)\o'(ns)- 1' 1(n.•){/(ns)). 

V. iug !lw rdn1 ion~ 

(2.9) 

(2. 10) 
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x ( l/ 1(2ns) + \1 1(2''" + 2.<)) 
J 

4" ~U1(211s) 

x (11'(211s - 2.,) + 2\"(2ns) + 1"(2ns + 2s)) 

L u' (~ns)V'(2ns) + O(s2) 

(whc·re boundary tcn 11s were discardt'd in t. lw last line ) aud. 

L 1"(2ns)U'(2n.;) = L V'(2n.• + .<)U('Lns + -•). 

+4 iwy L o(ns) (1 11(ns)l"'(ns)- l ' '(us)/i (ns)). 

(~.II) 

(2 .12) 

(2.1:)) 

fi'inally l.<l king t lrr com.inuuur lir11it I'IS- x and s Ln- J dx. we· ob taiu I-I hop = J dx1fli u
11

. wlr~re 

11 =[L'' l''l[ O,-i2stu;/(;+4 i-, n(x) ][ I' ] 1
'"I• • - i2st 0 fx- - 4t,o(x),O 1· · (2. 11 ) 

Next. we 1 urn to I he onsit.<?- rt•puh;ioH tN rr l. Usiug 1 IJ t ll ubbard-SI ral onovir iJ Lr<wsformHtion 

r.his t rm bcromns 

ll,,. ,=f;I:: ;;'r,.J -¥2::-hn]crai+L hb)rrb,). (2 Hi) 
n j I 

P1J1.ting ~(ns) = (- J)" mii(ns) (JnJ = J) , a nd Mstn ning ii(ns) to be t-he s low ly- varying variable, 
WC" tAll li St' th,_. Silnre prorf'dllrl"f-. 'lS ill f>Q .(2. 11 ) and (2.12} Pl trd gf' t, 

II ;,., = ~ L I+!!__,, L -•U'(It.<) (n(ns)- cr) {l(,s) 
6 1l a " 

- !.:_m I:: s ~- f(lls){;;(,.•) -B) l'(n>) 
3 u 

_ ( dx [Jtl, vt] [ lfn;~J(x),O ] [I ~ ] 
. 0,- 3wQ(x) \ 

+ ("011$ 1, (2. 17) 

wlt <"r(> Q(x) =: ii(x) · fi. \•Vt• llowswitc lt to the clliral ha.s is hy Lilt' II'Mls fonmdiou 

[ R] I [ -1 
/, = /2 I I ] [ II ] J l ' - (~ . 1 ) 

Su11u11h •g up eq;,.(1. 1•1) anJ (2. 17) , tl w l.r;lal ll atni lt.ouiau df"nsii.v h<'cotnCs
1 

Hsidt." from a tons\ ant 

(2W) 
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u "' 3m:::; ~ocos 2 

:ti 

4)o = W.o sin ~ (2.20) 

w t< tlrrivc at the final fo nn , 

(2.:! 1) 

2.3 Physical meaning of the fermionic model 

Oefort• prort>(:"ding to r.lu:- derivnti ou of a low· r ucrgy eflt-<." TivC:' actiou, it is pr·rhap worlll\\rhile a t 
this J>oi nt t.o ('On ·ider Lhe phys italmeaning of our fC" I.'II1 ioni c: Tll<)(k\1. 

l
1

' irst we po int nut t hat I he s prcial C'HSe ¢ = 0 rorn'$pouds to llir:- ront inu111n approxi rnal ion for 
t.hc II ubbard modd "" ha lf-fi ll ing, inv sLi!\at od e.g. by NO T hi lirn.il shou ltl give :1 US<'ful r hcck 
to the suhsequPul ralrulat.ions. 

The <>sscn ce of eq.(2.4) 

\·Ve not e Lha.l, in Ill<' Hhove d~.•rivation , wr had (irst. dN·oupled thr- iuteract ion by a SD \ V lVI FT. 
a nd lh rn addf?d tl1 t" hond 1lltt'rnation. This is bt'fausf' W(' an·· considrring l11 t> case wi th a finite~ 
ousitP repulsion, iu which ca.w t.lw ground st.H I.C at, half- filing if' c.xpec ~ c(l to be iu lhe ••uiversalit y 
d as& o f a Heisenberg ruod('l \Vith stagge-red exc lvmg~-' in(.('r.:tcLiou. l u app(>ndix B, we sl1ow tlwt tl w 
l (~adi_ng oprra1o1· from a poitd &pULLing of th(' !:ll.aggcn~d int c·ra ction for Lhc \•VZ \t\f t••odel has t hr 
Mill•"' rorm (1:-i I hf' tOll\ inlllllll lin1il of t ile bmHI altema l iug hop()ing tenn ill I he- PII lllodcl. WilJ(:h 
supports this r>: pet tatkw. 

It rnay also ht> ('OttveniPn( to <"X plain th f' pl•ysic<il rnecnling of cq.(2.4) iu terms of the fli ·r tiv(' 
poteut.ial that. it. yield:-<. Co11$id ri11g for a. 1110Htt~ nr. th e' t'xtrr-me case in which ri = z . the nw~..: 
l·f' l'lll Of this lltOd e J h f'fO IIIeS 

\f1 ~uuae11 )ul~ \l1 

J)~ O O':J c.:'1 .,.,~ R + N1 ~oU:-j <"-J..,.3 % L. (2.22) 

Pu Lt ing bHrk on iiH' ft~dQrs p±~~·,..x wherC' appropriatl', t his gi v('s lit e-> fo llowing pote-nlial '' llt'rgy 
t e rn~: 

who~<' uJinill'la arr.lor;.ted al Xmm =in ((t : lalt icl' coust.a1rt ), wh<-rc 

i= { 
(2"- 1) - !;,. n E Z (<7 =I). 

1n +!,;-, n E Z (tr = l). 

(U:J) 

' !"his s ug~t:>sts tlr c- following pid.urt'. \\'I J(J-11 dJ == 0, odd :-<ilt'ii (f'vf·n Hil.cs ) a.rc O<'.c upirtl by up~ 
spins (tlowtHopi t•:;) . 'Phis is ju:'ll- t.lw comllter1SltrrrtP SD \V 111N.w- ri c ld ! hc•OJ·y. 'J'uruing 0 11 Llw 
'' ier tr·oii- IHtt.i c<-' coup l ing shifts t.IIC posilioJr of 1lwsc "l>"S:pius (do\\·n-spins) to tit £> lf' fl (iltf' riglt i) 
'!'his wi ll res ~ilt in a rf'gn lar array of strong bonds (t·vru-odd bonds) 0 11 ''thi C" h a pair of opposing 
spin. willurovf"' d os<.• to ca<· lr olhP. r , forming a iuglrl, aud W("rrk bonr16 (odd-l'Vc-t• bondR) . 'l'llih 1s 
in roufOrmil,y Wll !J t.IIP intuiLivt• d(•f.r ripl iou of a spin- I'Pir rls st al (', a lid aJ::;-o hi'ls rc rl ilill si rnilrtrtt ic~s 
with thp ahdian hosol1ization (p!J;rs(· H Hruill. uian) #-lpproa<' h. 
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• whml (1 ; 0 , 

- f-c'_' ___ 'H-''--~+'~"" 
<1 ~ (<·ummrn~u ralf' .C: DW) 

• when ¢-:t.O , 

l·' igurc 2.2: illf<' ITN/ physic;tl pit·t.mC" for t he fcnuionk tllOti<: l 

If IIH! dirl"diun;tl fi11 C'Iu;dlon o f 711<~kt'~ pli1 rl' 0 11 a ltmgt•r r:w;dl ' llt illt 11, 1/d~ pt t l.llt'f! is still ('X­

pcr ll' d lo be vn lid , wil h lit e• up s pin !> (d o wt H:pius ) r ('p l<"ln·d J, y ~pin s ali}!,nf'd with ( Htt~ialigurtl 
l u ) lhP lund di n ·diott of ii . Tf·d,ni c;d/y, I his is do tt t• hy Jwrr(>tllllllg il utdl.<lry lmn~fo rr11a lmn i u 
spi11~~ l' i' n' ~o tl, ;d tlu~ lnr;!l spit, qu;~nti ;:;~ lton axis 1d\\';1ys fO in r idt ·!i with llr t• 1. Hx i::, (rf. Nagaostl 

O.<hii(;Cwa/5)); 1)1 ~ /1 Y• , >J> ~ •I• (I I, II E St l(:i) s. l . l lrr"{J I = ,; . ii. 1-:q [:1 . 1) "" "' lc ~""""'s 

(4.25) 

If ti l<' direr ! ioun l llu l'l.ual.ion is su fli t'i l' lllly s low !It t' S('('QIIcl tt' r'lll 0 11 t!. f~ rig id hill HI s idt• o f •'• I (2 . 2~) 
C'il ll Il l" jr,~al ('d IISi <I pPrf urhH I.ion, arrd lhl-. pl•y~kal s i!uatio 11 i:; as .o; tn!.rd ;•how. '!'his probl<.•n• <:<.111 
<'l lso h{' hitudl r d S)'Sil' lllllli cil lly by tlw nonnhr·lian hosouiza !io11 l cc hniquP. 

Sy rn rt iCLI'ins 

llast-.d 011 these pl1ysicii l pkl.i ii' <'S, I he followi11g sy nnru)try is e xJH•c t ~..•d lo be n~spec t c~d in tire 
cfi'N tivc t lumry: 

l nvit rimH'c 1111d,•r ~ inruiUuwous opr ralions o f q, - · - r/,, i"i- - ii and ~,6 _. 1/J ·I ~11' . (' lllf• htsl. 
op ~· raliU II rOr i'I 'S fHJll l l!-i {o 11 lrntiSf<L iiC)II hy ( lilt ! fallil't' t'(IIIS(ill li . ) 

2.4 SU(2n) extensiou 

Be~id c:e; it.:; appli r ati o11 ! Q wagnr t ir sy~ Lr 1 11 s, t.hr Nl.a si g m ;1 llt(Jdt· l nl:->u f r!·qw'rdly ;JflpNtr!-i i11 tlw 
hl t• f'il l flr t> ill tf w t'OJ !Ir 'X f. o f di'lW'IIf·r·!·d •· ]!''d nm sy~ if'IIIS 1 t'Sj'l •t ir1JJ .l' i11 Ct'IIIIJC't !10 11 wi t It lorrdi;.;\1 in 11 

prnpr1tir•:-> iu two spati al diu te> HsloLt -" !:Jr, J. lu <· losiug ilti ~ st·c li l 'u , W(' l!ll •tdi<llt n dil t'<' l gi' H t'r ; d h~;a. 
tin 11 , lf (J tll ro tdinH!IIlt tnnd r•l ' 'q {'l 1). whid. !t it~ 1u t iuq,orl~tlll rtpplrrilliot~ to thi :-. lnlt ~" r r b ss 1Jf 
prol ,lnus ' I IH• !;~· n •·r;dt i',t'd tii \H h•l ftlrt ;tl :,o ht • inl'cH ii t!.ll i l'( l "-" llu• l ~ost lllll. alr(Jil sdwtut• w lt if l1 i ~ 
dt• \ t· l<tJH't l i11 I l1i • ..: I h i'~ J ."i, ~ u ggt•s t iug iiiiOI III't rvlr ·V;J u l i\II 'Jt 111 w l11rl t onr lllll ltotl q w IH• us,• l'td 

I ll l!;<' IIPI'i! l , tlt r• "c ll'f•divt• ri( •ld tlt t·o ty" in tlti~ ('11 ~·· !l{(•rs lo lit <· r-x potH'IIl o f rh r· A• ·nc·r;ll.ing 
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funrt,ional for t.he disorder-aw·raged i.Hl van('cd aud rrt.ardt"d Cre<\JI fund iou!". 

(To distinguish from usual cfi'Pctir~ r~ctlon~. Lh~se are ;:dso call t'>d transport rtt lions.) lu thf' nhove 
equaLio1t , wear(' consider ing t•oniulerar fing l"' lf'clrot •s in 2 <limcnsions under i:l trt:-tgnC'l i<' flciU, whkl1 
Hrr- Sllbjed Loa loca l random potcntiHI \l(.:r, y) with ~gaussian probabiliiy distrihut ion P[\ "]. and 
S± <:U'<" source IN IllS fort he aUvancPd a11d rrta.rd(·d sectors. 'J'o rnakl~ the dil'iordPr averaging f1·fls.ihl e, 
one oft en inLroduces rrplicas of lhr electJ'OIIS, of n-roJor:. each for both lhr r\chra.uc:~d and n•Lard1)d 
se-cto rs~ whrrt" the lim it 11 - 0 is lo be lake L1 at tht" (' nd . This replica! ion wiU gt"'IICri:ll!' a four­
fcnniou l<' rlll. whi<'h in I urn is decoup l~d hy au Sll(:lii)/~L'(n) x SU(u)-valued anxi li•try fi<·ld Q. 
('ri1P unitary cla$S appears bt"tau. e of the· prcscJt Cf' of l ht" Jnagnel,ic fi e ld .) l 1tt~rpr('t ing one of t iJl'l 
spat iul roo t·dinaLes as I hl' iJuaginHry Limt', one forma lly ob tai ns a l+ Jd ft>rn1ionic syst.r>m. Lre[fJJ 
and \•Vang( 10] 1 si.<:Jr tin g from a t'ha lker-C'oddingt.on uetwork model for tllf• IQ II E with (lh,f~rnat•ng 
tunneli ng ampl itudes b('~WC't'll llhf' Pdgf' st.al,("S (st'e ng.1.:3) . tiS:f'd a conl iiii!IIITI approxirnr.llion Lo 
obt a i11 I hr foll owing fC'r111ionk rnodrl: 

whrrc 111 is t,hc mas~ grnPntt.NI by tlle saddle poi nt. approximation, a 11d Llw fi <"ltl Q dt>scribt,.s tiJl' 
direttionctJ iluriualiou wiLhi 11 t.bf" S "(Ln)/S tl(n) x ~tl(n) \.rassamlllian rmtnifold , whirl! rtl!l)' he 
writlon as Q = (I JI (If, i11 wl, ich A= ding(+ l , + l , -· , - 1,-J) (wilh 11-enlries for bo1h +I and -1) 
and U E ll(2n). 10<1-(2.27) is prcri•ely t he generaliza1ion af our rq.(2.4) 1.0 1.11e Cli<P witl1 an 'U(2u ) 
int.Nnal sym u1cl 1·~ ·. and corrt-spond;;: to thf' third ca t(·gory of problerns l i~tt.'d in tahlt· 1.1. Cl lt•rr 
l.oo. I lie phase </> in I U<' chiral <"Xponell l ia l factor pa ra111etrizes t he strong! h of the ;dtrrnar ion 
hetwreu Lh tu nnding amplitude-s.) lni~g raiing: Ollt Llw fCrtnions. one exprcts t.o rind a NLu 
mocf .o l-typ(' (~ rrectiv(' llteory. 'For tunalPiy, it. is ulmost a lriviH i la!)k to xteud I IH" clPI'ivat.ion o r tlw 

cfl<-cl ivr theory fa r lho S\1(2) 1'1\Sc described in Uw n<•xl rhapt<•r lo the ge11 r ral S L' (2n) model. 
ftl n•f.[lO], \·\'a ug ;:ll tempi C'd to eva lu c1t c lht' d fccli"'· acfiou for this sys1e111 by a ~ in1rle- i'ldopLion 
or t hf' proc('d llrP of rrf.[5]. II OW('VN , Wf' li avt~ poiJJt Pcl 0 111 in rt•f.[l IJ I hat this i& iJJ~ulllcit.'lll l nnd 
Uu~ correcl J'Psult (<"'special ly I ll <" J,opological <.'ont ri l,utiOtl ) nUl only hP r•xLracl ··d hy takiu J?; f1 dl 
fH'lOllll{ or Lil t' nonabe li cllt naiurC' aud l,hf' finitei JNiS of L.lw t llirHI I'Ola li II ill\'OIV('d . Nei"d/t'sJ; 1,() 

say. applica.t ions an• not limit.cti Lo Lhis sp<"r i.fk nJOJcl , and stlitahle tnodifi calions enables us r.o 
iuv~tiga l e a VRri f;' ty f)r di ff'ereut phyl'tica J Silufl(ious, S1tcl1 CIS Jayt' re<J ~lru c tures[IQ], randniJJ (lux 
l.ot.~aliz<~t i on [ 1 3L and (!.o list a topic wit.ll a ruorc rc tnot.e appearauc) maguci ic unpurit..y effec ts in 
2tl d-wave Stlpcrcouductors (12]. whic h i relevant to l,hc issue of <JUI:ls iparlid lotalizatioo in Lllc· 
cuprr-d1':'i. 

Tho ug h I he JWrsistante- of' Llw obt;-1iued rP:-i llll down to tlu' rrp l ic-~t lin1it n--.0 is t1 dt·lirak 
proh!Prn (whicl, nwl.:<':, il impor tnnl tu r0111parc, wiJt•n possih lf' , with alt~>rnaiivt' nwtltod:s. surh a:-; 
lhf' SIJi)PrsyJillllet ri t· sign 1a lllOdC'I arpronrh) Uds suggt.·sts an int.Pr<'Siin g din·ction to seak further 
f.l ppli ta.t Ions. 
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Chapter 3 

Effective theory 

This r hapter ex plains how our ra n s~m1 from eq.(2.4) to oht.a.in a low f" l1 f'rgy eflf-r tive tlu .. •ory in 

l t"nns of t he dircrt ional fltldu ation ii and J;, whir l1- as we /ia\·e rf'>rnar kt~U Si'Veral ti nw:;, ra n h~ 
vi<" wed fl!'i a new <'l nJ convt• nient ntnmhr liMJ bosonizat ion schf'me. Following srr. t ion 3.1 wh('I'l' '''£' 
outline I hi" t>qtwncc· of protcdu res employed and list lite rt''su lts obtaiuecl a t t~~• c il step. we prf•Sl'nt 
in sec lion a.2 t hC' calc ulational details involved in t.h e cc n1 ra l Sl p , ll <t iiiC' iy t htl' caku iCJt ion of Uu.~­
F'.J for IIW- chind transforma1.i011 US d !tNt''. rrJt c. rl1arg(' !il?ciOt, whi<-h /l{IS SO far been lt·rf 0\JI 

of lh f' analys il" (si utf' we a rr considt•J'iug i.he h<df-fiJ Ji,,g t''ISQ'), i · briefl y di <' ussNI in sPd i(Jn ;j.3. 
This comnlc:~ t fl. Ll u" dNivation of' Ollr bO!'Qnic cn·,.ct,ivc i.lleory. i.l OWC'"Vt• r . HS we havt' t:.rnph ~l<ti ZI"d 
in sf'ct..ions 1.3 And 2. I , n vC>ry nontri via l i. ' li t" rcg<:t rding 1 . 11 ~ aualy t ir cont iun rq ion cJ f t lw r llit·al 
angle is i111p llcit within our ~r h 1nc. In ord t"r Lo validate our r('sults a11d our lllt> lho ds. we 111ake n 
<.l et>a iled comparison witl1 a pe!·turbed WZ \V approach iu th<' J11Jal s~.·ct io n . 'J'!Jis will enab le 11 ~ to 
ga iu fl dt"(' p(·r liJidcrs tanding of t.he rolf" played by chiJ·al anomaly in th f:' pres(•nt a r>p.ro;lc h. 

3.1 G e n eral schem e a nd s ummar y of r esult s 

Geur.,r al sc1Jflmc 

\·VIH' II dCI'ivi ng t.lu" cfr'enive bosouir t,/wory of 1 nass l e~s Dirac fermions, t..hc ro l') playc·d hy chira.l 
tran~ fonna !low> cwd th('ir rorrc pouding an oum lies i& rotupi C"fely clf"ar: lh t"Y arl" usrd lo <.Jecouplt· 
the f~:> nnion sc<· tor f'ront their ba.t kg rouud field ~ . This was d~u1onstra l.ed iu detaiJs in C liapl er I fo r 
ul(~ Schwiuger IIIOdt•l, a.nd a siinila r procNlure wi ll y ield the cfr(~c ti w.~ lh t>ory fm· lllaRSI~ss QrD:,.. 

ll owN·cr, we iln~ uow t ryi ug to dPvf' lOp a ~imHor procf•dui·!' for a massive JIJodel. Tlu"' presf'nn· of 
Utt• 1na.ss le- nni' rf'mler.s it imp s.sib]P to pcrl'orm acontpl l f' deco upling, wl1ich rnak<'s it If':, obvious 
t.o dC'rid(' how to IIF>c- tli r ,· hint.! iHrorna ly to t•xtrac t a ll Houpertnrbcll i\'r iufon mn ions inclndrd wi t hir1 
Lh C' fcrmiouic Octr n ni uttnl. So f<H 1 110 ~yf'frm(&ti c sr lu· nJrs analogous to I h(• masslf'SS rast !Jave hf'e n 
f'S t.a.blislwd in 1 IJ r fi c. td r hf>O ry lit ,·ral ur·,·. 

Hent(" wr- wi ll pl·oct~<'d by usin g tli r ah£'!ian an a logue, Ll1 e polyn1e.r prohl i:'m ofSf'ction '1. . 1 a.s :, 
uide. As iu tltat ccasf'. wP wi ll pcrforJH a suilt1hle ~Ntll f:' li Ct' of chirft l lrausfo n na tion. which wi ll 

r Umina{(• the cl1irrd fHdors frorn I he n1a.-;s INm, and tnNkt.• th f' mas:-; rea l. Tlwsc lr nn!-ifo rtn t~.liou~ 
will g<'m·ral.f' rtdd il ioual l l' l'lll$ ill I hi' ac t ion. whid1 a rC' ck·riw~tives of' Q and QJ. 'l'ht:• /al t.._,r \\' ill lw 
treated as a p~rt urhHtion . u~os ing I he prop;,gaLor of 1.11 (' Dirac l'r nlJiO tJ wiLb a realm ass. Mf'a nwhi/(•, 
t.hr I•' .J or the t hiT·a ltt·ans fonnal.iou~ (II'(' expc(' l l·d j,Q gjw· t.lte topologic~d t,C!'Il lli o f i!Je cfl'l"<'l.iw· 
adion. Cou1bining I'Onl rihu tious from t lu" fi'~J and Lhc c!Privativ<• I:'Xpansiou wifl ("() JIJ)liCI<' thf" 
dl?'riva t ion of l il l' desir d l'ffec l ivP 1 !t t'·o t·y. 'A'r: &hould note at t hi:;;; poi111 1,liat Wf" have no gu;uruJI<"I) 

t haL lhc lllt.'l liod will urn-~ss-fully .vit•ld the <'Ot't'N't act ion, e.'fpcdally I /i f' topologirit l lt1rn1 ; 1 il f" J'r 
alw;-ly~ 1'(' 1111i in .« lh P posRihilit,y I hat port. ions or th(• torologi<'al l l"'flll an? hl ill left llll ('X I ntctcd froJIJ 
t,/JC' fe r111ioni c dr t r nni11 an1 , clue I o fill inappropriulf• r hokf• of chiral t.ran~l'orrnr~tions . 1/ owt' \'f'f , we· 
will (i ud rrsuh s l hat. st. rougly sugg(':st f h ~" v:1 1idil y of our sr/ t(' IJJf', whirl1 :tL~o ugrt::P L>Xad ly wit II a 
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perturb ~d \\"Z \ \' moUe I a.pproafh whicl1 rf" lies on the tOJlVNtlional nou ab~,.~Jirul hoooui~al iou t l1eOrL 
!11 addjiiou ! Llu> nontrivial fNnlion 1ln1nhers c.orn~c tly obtnilll"d in the ll t'X! SPct ion hj our m('tho.d 
givr>~ f1n·th <'r L'videneC' thfll w<'haVf" found the correct g(•ncr;t l framf'work . \<\ ·{~ willtlll~ refon· h,• nh!P 
to safely courludl." , that :-l na.tur;.d e-x l,('nsion of tht) pnth inl.<"grcd bosoniz ~nio11 nwLiwd <'Oili lltou ly 

u:-c:'d for 1nassless ft• rn,ions flo, .. s f·xis l , for Uw GlSC' with t'l nonabP!itlll cltiraJJ.v rot H~f'd 1rmss LNtll. 

T he cLiraJ traus f.fn·m.at ions 

lu orde r to perform fl derivat-ive expansion , we first rolatt"' away 1 he rhiral factor from 1 hf' nmss 
l.('rm of C'q.(2.4) . This is achit'ved in iwo steJ>s; 

I . F'irs t we app ly a rJ OJlfl beliall t h.i.ral t.ransformation ''' - (t5 W, \)1 - \11 {1;), wlt~rl" l';, = 
c'1''\Q.(f--tJ yielding 

(3. 1) 

2. This is fo llowed by n S('COild lraflsfor!l'tAtiou. (JJ - t\ '1', Ill - IJID5 • l\ = t:o1 1'~f, nft r ·which 

C - C = ljJ [1 ® ,0 + l '• j)U5 + ~u] ljJ -

Fujikawa Jacobian 

The .J a('obian as.ociated with th <' firsl, of t h('se ir<l rr sformat.ions, f /5 , is cct lr uJ aic:oU in lhf' m•xl, 
sf'rlion. This givE'S ri.s<\ he:;i dl" otlrers, Lo rile so-callf•d topological h~ rm for Lh f' non lin<"a r signw. 
rnotk• l: 

Cwz 

wlu:-re 1 hl" ''WH' Utltll auglt.~· · () i::- givC'u as 

~Tr[c1, .. Qf!1,Qil.,Qj 
I hr. 

i_!_ii · iJr i'i X fix ,-; 
•l;r 

0 = ,-- l!>(x)- sin C1>(x). 

(:l .:l) 

In clistinrtion wi th fOuve.ntiorraJ spin-cltain nrappiugs , Llw acuutrr Hnglc Ita.<.; ntqu·irf"d a spa r,ial 
(rtnd possibly, tcrnporo l) tl f)pe nd C' nC:f'. whi ch will bN'OllW re lrvtm t for disonlc' r<·d syslf?nls. J( is 
worth lllt.' llt.ioning that.. th is spatial dcp<'ndcncr, togNht-r wit.l! the· grndiPn( j rrn1s for the lf)- ri elds 
deri ved below, also has roHsid("ra.b le similmitics wilh lhc C'lfed. ive actiou for l.hc rauclorrr · flux 
/orH iizalion prohl e-1u pwpo~l'd hy hh::.ng ~1nd J\rova.t> 113]. .~ I C"ilnwllih'. lht' tran~forrnation 1\, 
heing au alJt"li;nJ g lohrd chiral I n111sfortrrat iou. doef: 1101 <'ouph" wil11 I he U;J)h

1 
l t' rrrr , and givt'S no 

fopological coni rihut ions. Thf" .J arohian coni nins itr mJdition kinc t.ic ro11t ribrr1 ions al~o. TIJ ('Se nrr 
(wlren writtr u in til(· fot' lll or the Eu<'lidc·c:•u itCiion) , 

(:1.5) 

RclHtion with intuitive J)iel,ure 

A qun liLat ivr arguuwnt (whitl1 unfo rtunately clors no{ rc~produte t hi" pr<'tis(' valu e~ or i he abov< 0) , 
ba,ed on t·qs.(1.2:!) and (2.21), which il lusl ralt's why the varu nn1 •nglc 0 should shift from 0 = ;r 

fi:u.l h(' g i\"l? ll as fol\mvs. \>\!Ju' ll ¢ :: (J , i1 is well know-n (~~) thai tJr r \Vb l.ernr is a SUIJ I!Ilrt t.ion 

or BN I'J' phase'.-) l"rOIII I li f' individtlal spin ~s re!-! idiug Oil e(lrh :o:.il (', PHC'h proport..ioual to lire solid 
a11gJc ..tJ i-itJbt('Hdf'd by I.Jr (\ Spill duriH,I!; its ('VOJutibn ilr i rnaginary !,..i111e: 

Swz ii:;(- I )'~"'(ii1 ) 
J 
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(:I.G) 

Tl lis rorrc ponds t.o (} = il. F'or tlomwro 4>. thf> semic l a.s~ i cn l picturr> .:ts ::;ugg<'strd hy ~q-(2.2 1 ) is 
th at eaclt of th e w(ii;) ~ g~l. modified in Lhe following way: 

w(ii;) -w(ii(x1 +6x1 )) 

""w( ii(x1 )) + (-I)' {';a(),..;(ii(x1 )) (:1 7) 

IJHi.." to ~ l lis modifkat,io.n. using 8w = ii ·6 ii x Nr11. Wf·lravc in th<" cont.inuu tn approxi1natioJJ 

De t·i vative t~pnus ion 

\
1
\'t" now prorr{-'d wi t h t.he derivative e-x pansion of I hr ft'Hnion d<>tP.rrnirJ <mt. of cq.(3.2). Thi!=i is 

an expansion in powers of U5/Jlls 7 which f'P j')l'esr-nl,E; ( I) the dirrct ional flutlunt.ion of 11, and (2) 
poss ible slow variat ions of @: 

Trln [/1 + / 1~/IUs + -'o] = Trln [;? + :'>o] + Trln [1 + /); -'o UofJI.!, ] 

' l'rln [/) + :'>o] + Tr [/); -'o Us/)fl;] - ~1'r [ (/); -'u / 10/)Us) ' ] 

+ .. (J.9) 

In t,hp morn~nltnu repr.,.onl•tlion, /1 - i/>, wl,.•ro 1' = (w . .,,.· 1:). S iutc (ifi + -'oH - i/, + u,.) = 
Jl-+ -l5. t.h(• first urdcr LNm in th C"X pansio n is 

' 'I' [ - i/J + -'o /! /) II ] 0 S1=- r - . . , , ., 5 s =. 
p· + ""'" 

(:l. IO) 

(Thf' tcnu .x - i/J va uishes lwca.usc it is a.n odd fun ct,ion of p. Thr terrn ~o va nislu•s beeausv 
t hP 11, mF~tri ces arP llllConLntr t t•d and yif' ld!s r.ero when Laki11g tlt r Dirac lral'<".) ll <"nc~ t!te le-ading 
ron lr'ibut.ion !) l ;u l$ r~t. rt ltig llf" l' orJr-r. 

In t>rinr iplf', \V(' \iHJ t•val u alP f'ai l t i f' l'lll o r th(' ~r rics eq.(3.!)). hy shif!i.ng. p- df'Jli~ JH! t- nl !NI"I IS 

LO t lw /(' 1'!,, a nti x-dqH\Ild.rut t.r•rms t thr righl, in tht• COT II' St.~ of whi("h till' J\O il ... OJTI HIIJLHl iv ity 

b(ILween p aud llr,~lls IIIUSI be propPrly (H;(.'Ql.llll,('d for. A grtt('J'a l rt:r ir (' ror car rying this lrtsk 0111 

for arbitrary orders of tiJ£• {'X panRio!l was give n hy Fra:,l"' r a nd _,\ itclliSOII [3()J. 

II ow ver, 1 II C' Lnd order 1 cnns ;trc pol t"HI ially da 11 gt:'row;, si ucr f h c..~rf' nri:o;t' di"'gra 1ns th a t conl.nin 
both veoctor and axi;d vrrtic(•s, wlJicl1. if uouva nis lti ng, tnny givC' risf' t.o auouw lous {"OIIt dln n ious. 
'TitMr iOre, in or<ier to avoid nht.cliuing possihiC' ~puriou~ ~I"I'Ju~ , wllid1 CCIII P;.'tsi ly occ ur ft"OI/1 1nis.· 
Jwndling rt~gul ar i? B tion <Hnl •iguiLi<•s. wt.• T'Csorl I1N(' to a ruorr ll f>fll ( II IOU,I:!,il. of course: f'quind('JJI) 
sdll' llt<" which Will giv(' us a ddini t ivc aJJsw~r. 

ll t• Hrf> ld us g(J b:1rk nnt·<• 11 10r e to eq.('2.4L and pc rfonn lhP globa l ddral traw~Jor111 tlr. in tlw 
fermions. which givt~ ns 1 lw followiHg: 

(3. 11 ) 

w ltf'IT o s 1- ~· A s lwforc, wt• n~xt jWr foriiJ I he I raHsformat.iou If.~=- t•'"--r ~ Q, hu t t IJis t il 11e, \\"(· 
tHP gniug lo lakr rtdw,ntngc of II H~ frtrl thtil ( l)t.hr IC. rntiOi t dPtenninaut is inv;,ri(lnt wi th respt·rt t.o 
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a vec~or Ullit,my 1 n.m~foruwtion of thr fcrrnions, a.ud that. (1)the co1nbin ~d opr rfllion of l'
6 

wi ll s till 
t•lirnin a.tr t he chind fact or of the IIWSS t.erm in t'q.(:J. ll ). Il ene<"\\'(' will r hoosr tl1 t> trans forma tion 

(:U2) 

\\rlu' rr the 1 wn.s iuseri.NI to r mpha<; iZt:' dt ~tl. if is a Vt.·dor trau~ forma.tiou . By this I ran8 fOrmat ion. 
our nf'w L t:tg rnngiau bctonw-s 

(:1.13) 

w !t (' f' (' {)+ ::::= clr + iOr, and L' =<·-'2uQ. IL is USf' ful to rewrite tlw lflst T,c .. rm on the HilS usi ug 

(3. 11 ) 

whi"h c~ n I><' checked eas ily. (Tiw P_ i" t lw projr·ciiou 10 le i'( c!Jira lit y, !'_ = &r I -•').) This 
tcrrn will now he- t.lte p erturi..Hll ion port. It is easy to Sf"<' t hat i.ht• first ord ~"r t I' ll I va nis f,<'s ngaiu. 
Tundog lo tltc sPtond order expi.iHSion. which is 

' l'r [ -if,+ ~0 I' (f ll ') (1) /' - ij> + !lo I' (Il l. l i )P l ~)~~ - Cp -~)u - dll - , 
p- + '""o r + '-'o (3. 15) 

\\'{' fin:; j, considf' r Uic diagr·arrt wllNe f hf" n III'IWra i or of bot It or Lll ~ f(•rmio rl ic propagatc,)I'S ('01\ i.(tiUs 
au 111 . The .Dirar 1 race of t his piect> rca(ls 

I rjl' p_ p_ f"P_!'_ tr j'
1
,P_..,11 p_ 

l-f { 1t)u P+P­

t rO. (3. J(j) 

ll f'Of(:' thcrr are no f'ont.rib ut iom; fronr ht're, which is a r('JII<trkah l<· result.. Th is hi-ls t wo cons<'­
qu<'nces~ 

I. Since t.lti~ is thC' only pi;H'e whrre au iu r omalou~ t ~rm proportional to Tr{c1lu Q01,QtJl,QJ 
ro uld h avP a ri st•d in I lw pnt urb(1lion, Wt' now know tha t the re aJ·(' 11 0 rorn·t l ions from th l· 

cx pH rHt ion to th r topologi<:a l LCI'fll in t.hr VJ . This lf•ads UR to C"Xper t I hrtl tl w t pnlt)gi­
ca/ con t rihutio11 ~ ('Oilt.flinecl in Llw fern1ion dPh'rmiH aul was fO IIr pl f' l t~ ly I' XI rae \ ed from th,~ 
dt'trrrniuunl inLo I hf" F.J p;~r l 

4. In addition, Lhi ~ imp ii"S th at »iso 110 kiuC' ti c l crrns ofLhc N Lu 1nod I arises from lht' pcrlur­
baLion 1!- it i H~ r . 

'fhe lri'1d i11g contribution of' the dcr i vnli v~" PX IHlns ion, <'Omiug from th•~ P1f pari of Pq .(:J.l.fi), is 
Tr~fo_(U(i\ 1 1 1))]', '""' i., tl higlwr d r rivH!i vr lorrll. Tl1r •bovr rr•uli rrlieJ o ul.v 0 11 th r pro p­

crtif's o f proj £'<"1 io 11 opera.Lors aJ1d an~ fr l"'c: of a111higHil ies. In t llis way wt" Ar t' lead (O f'O il c lu if' 1 /1<' 
followil1g: 

Thr •·if a line 1/Jf ory for r q.(2 .-J) . I' I' lo srro 11tl ord< ,. 111 rltrwalrve. of Q , r<> »lt .< 011 /y f><•m l/11 
FJ rt cton)pauyi~t .Q thP r:/ural11'111t.';jor'I) I(I.IJOu Ur,. 

\ \'(" ('011('/udp /)y wr it ing down LIH• lin ed form of our c;- (l'r\livc t hc·ory, 

1 
I'll·· Lim t' fkl·iw,t ive part 1,( Uw kir1 et it- ;wt i•m for !Jl mll)' 1101 b<> valid in tlu• 1'1- i••rh.- llublmrd c'l) l ll•~x t ~ju,.,• we 

IU"C' using ll11· utli;lhtt.t.il· a pprm:-im<JI iiJn 
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3.2 Details of F.J evaluation -SU(2n) formulation-

ll !,urns Out, 1./i at. the C{l.lr uJ ~t.. i on of liu:- JIJ ran ht) done in a unifi c·U IWWJI P. f' for ~t' IW·ra l .' l1(211). 
Th l'l spin chain r~sult. i:;; oht.u ined by Lh(' suh. fitution n= l f1 1 tlw Pnd of' thP ('a/c ult~! ion, whil r , 
as we ha ve nH' nLiolwd in sen ion :!..1 , th e- rPplir ij, li111i L (n-0) of ill e ,' (I(Ln) ra..s(·, <>q.(2.27). is 
known to bP n·l<•van t. to 2d tlisordf' rcd •"lt'c lrons i11 a magne tic fi r-Jd. e.g. tlw iul egrr qiPIIllUnl 

II a ll r ffr>f t .. As wt~ hav~ said, for t hf' !at i.cr <.·nsc. 1 hf rc have lwe 11 roufu~ion regurdiug t/·11 · \' i:1 lu ~ of' 
t. hr vacuum angle of tlw topologic(:ll 1-f' rnt in the litf" ra1 urefiO] whir l1 h;t,r;; it::- origiu iu a n itworn·ct 
Ll'cat.II]('Jll o f lil t ilHOl llaly. rhis suggrsts how 11 0 111 r·ivial ~l w ii"Sll f" is . It is i lrcr(' fOr£' worth whiJc 
to prCS(·'nl tlr (! dr tnils of t.hr cva lui-t l io n of the topologiral cont,rihut.ious ro Llu• P.J in 1lrP g~ ·umaJ 
,' lJ('ln) fo rrnnla tio u. rrhis will h£> lhP sHhj ~?c t of Llli ::; s uhsrc tio n . 

\V{' a lso noj,p i11 JHrss irrg rlu rr flw NO paper f5J proposed to obt.ain 1.bC' J tH:ubian in 1 hC' rotating 
fr·a me, whic h wP TU£'11tioll(•d in t.ht• previo uf; &r lion. lu f.'a.cL, it trul be shown Lhrtl til t? r'".l , for 
C'lirninatiog l!Je chira l facto r of the r1rass t.f"nu in any fra~ r1 r rPat hed hy a VPfl.or lrausforlllation is 
Lhe same. That w'ill b(· prow~d in A ppeudix 

Consid ~-' r I hf' Lagrangirt ll 

wlwre U E S'l/('ln ). II is g iven hy 

11 - ( I,. ) - 0 - I,. -

\
1ote l hc properl y (llllli l)~ = f T:\ t fiU II £11 = I ,,.. Sin ce l'J\f lt 

lransforuraLion tJmt rn<1k1'S Llw mn.~ tNur look like-.... m \11\(1 is: 

~~ _(+it Alf1tf--;-h \:v 
lJI - t.Jr c+W.\ l 1 tf-7h~. 

(:!.18) 

(:J. I9) 

(A s cxplai rwd in 1 ~~ ~ pr<1tCeding senion, a\ j ually o•w r nds up with a pur(' /y iu1agini'lry lll i:l::is, a ud 
111a ki11g !Iris rea l r{'ijllirt·•r:, pNfOnrring au addi1 ion~ I abdictrr g lobal chiral tr'trtF:.formal ion. Sin <"(' I ill' 
lau r r· will rr oi affC"t t. til (~ ta lculati ous bdow1 jj wi ll 11 t lw dOll (') C'.X plicitly.) Tbe lrausforuwt1ou ill 
('q.( :J.20) is an exHrnplc· of t l 11(mabr lum (' hira lt ransfornunion

1 
nnd i:.: rldiu r>d mou· rr<•c isf' /y as 

(+ifi.U i l(f-~h~ 

=cos(!':. _<f:.) l ® l +iU II Ut c~ '"si n (~- !) 
' ' 2 . I 4 2 ) (:12 J) 

wlr 1'1:' th(' ~ .. -sy mbol::; (whir lr wjJI u;.; unll be· olllilt,ed /, t• l w) ftrc ins(' l' ft-•U 10 dislinguis/1 f'X pf iciLiy 
bt•twpr u operators in t ft p Sll(2u)~ inl rrual spin spm·e :urd the S l l( :.-:!) is tH>pin (cl lira lit y ) spa<'r. 
F II wing rnc- tl1 ods d~\' t· l op£• d origi rr a lly by 1.11e La Pluw grOIIJ) {37],wl."' itdi"Odurt> 

(:).22) 

in tt rm ... of whir h I li t"' 11\•j ikaw":: ,I arobian J for I"'' trnusforrnal ion qf eq.(a.20) <'H n b t'Xprcsst•d a.~ 

In J =-i-f.' dl'l 'r [il ' M i l (!':.- ~)1' o;'] , 
~ 1f' II ( 2 (:U:l) 

w h1'fl..' 

(3.21) 

Tho second cqn"lil y in eq.(3 .:!1) was o blnjned by II1P "" • of •he rr /Hi il111 l ',,( th'' = 1'' 1';(-1). 
ow Wl' pi'O('f'('d l o obt a.i n the !OJ ological cont ributions (i .e. lenllS proporl ioual lo I b(' lopologira l 

dr nrgr· dr us ll y) t hrrl are in c luded in cq.(:J.1;q , F'in;t W(' no1r t !t al assu1rring ¢ = const , (a::;: far as tlu.• 

------------------------
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topological terlll is rono•rnod 1 derivrtti vcs of ¢ do not !'lay r1 role;-) &1rl F5 ( I ) = it)JJ Q/ 5 :,i n I ( 1 - *) 
wher.' Q "' II AU I. t l .·nre 

l', (t)fil/lr. (l) = r'' /lo{- t) iJ1,U,(I ) 

= r'' (cos I(:: -!,- iQ;"sint (:: - t,) 
11 4 4 4 

· i01,Q/' siu I(~ -~ ) 

= iO Q·r";" ~ siul(:: - ! ) 
" 2 2 2 

+ ~ '' (.Ji) Q.!.(l -cos t( :: -'!_ )). 
' I ' 2 2 2 

WiLh the use of cq.(:l.25) , W<' find I haL ihe follo1dng 1wo LNilJ' from ((1& (1){1(15(1))' sun•iv.• ihe 
1race in eq.(3.2•1): 

(A) i r''l 'ir"·,•o,, QO,Q~sin 2 t( ~- ~ ) 
- - it 1111 ""{

5 t s iu 2 /( ~- ~)&1, QO,,Q 

(B) r''r"(QCI,,QJ(Q{),q JHt -c s l( ~- ~))'. 
- +ic1,. ·/t (l - ros l(~- ~))1o,, Qil, Q. 

Likr wiM, thr ter111 from •11'01,(ll0(/)fill '5(l)) that rontrih111 os is 

(C) r"i"o,,Qa, Qtlt - cos t( ~-~ )) 
- - i< .v; 5 ~( l - ros t(~ - ~ ))C)1, Qi!, Q . 

Adding 1 h{'sc t.hrcc- t c•I'JJlS , w find 

Tr [Qi 5 ((A) + (t3) + (('))) 
I 

= 4 · 2 · ( I - cos t( ;r - Ql) )Ti·[{-i r1,. )Qt)1,QO, Q], (:~. 2!i ) 

where 1 be LPtt P over tht•·y-rnn! rices . i.f'. Tr(16 f.! = 'l. was tn'k,·n i11 the final f'XfHPSsio n. Subs I i1 uting 
this int o r q .( 3.23) , we finally o btain 

l I J.' I ln./ =- :;-(- i);-(i ) dt- (1r-t,\) (l -<os i (N-¢) ) 
-'ff ~ fJ 4 

X Tr!<pvQ01,Q(I,. Qj 

= - -1(
1 

(1r - </I- sin q\ )' l'r[<pu QD1,Q{)v Q]. 
"' 

\·V~~ now C" Juun i Jl(~ cq.(;L27) for tii C' ~ f')<'f i : tl cnsl' of n= l , i.e. SU (2). l 11 !his r HsC' A = a:i · nud so 
tile 111nirix Q (.' <:\11 h(l' writl f' ll itt Lt'flll~ of tiH· unit w•r tor i7 a~ q = U · ff . Th c.· tt tt ~ iJJ g 1lu;• idt,nTily 
'l'r [(n · ir)(h·ii)( t· O')J = ~iri- b x t, we imuwdial.r· ly o h(aiu 

~ i . ( ., 
ln./ = - J ()n ( 7r-(J)-~ ill ¢ ) . rt~.crJH., '/i .{)1l ii x()1~ ii 

= - i(;r - ¢-•iu <f>) Qn . 

wlwre Q.r-r := -k J r/2 .n""i · fiT fi x {)r ii is 1 he- hkynuion UIIIIIIH'r. 
T llif-i l'Ot-npl c- i <"S l hr f" \'rtluatiun ot 1 hC" lopologicHI lC'rJtl . 'l' lw kiJwti <· pi:lrt rn u he oht aiued in t·xaci.l)' 
i ht' r-- r~ntc· way, whir!t yi(•ld s t'q. (::L5 ). 

---------------------

... 
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3.3 D escription of the charge sector 

lip to now, we !Javc n otnteufiou~cl Uw· chargv sC'cLo r . This i& bcta ttse we are c:onrc· rrw<.J w1li J t ile 
ba lf ... fillin g t ase, for wlli c.h the ll ubhartl ga p frf'c~cs ll u" char 'f." cx.c il,a lions. It iR howt>vrr. irnpnrl ant 
for i IH~ CO IJsisl clt ty or tbe formulation . to he nbl f' to dc-sr t·ih(' lite SC'p(•rat ion of t.ll f' r ltarge and spilt 
SC' r! Ors. Of C'01irSe , Lids wi ll also h PtOill(' ll <"Ct'Ssa ry when \\'(' \Vil li I to ('X I.P n d 0 1!1' fOrlllUJ a.t i0 11 tO 
ca::,cs a way fr0111 half- filling. II err w <.' shall briefl y di~;c· u ::;s how litis llHty bt• dour . 

FoliO\\' ing rt·f.[5], we can iutmducf> rtn additional li(J ) cliirnJ phas !'ac tor rn"ll• Lo the nt ~tss 
INIU or IIIOdcl (2.4 ): 

( ;l .2~ ) 

Th C' psC' ttUosralar fi t ld <I> represt' til s I he clt<Hge S('d or. whose- o r·ig i11 cau be unrlr-rst.ood as follow~. 
\'\1(· begin by uoLiug that t!t f• iJlt.rodn(_'tion of a hole:- at. some sit(' 'Nill ( I) flip !he· ~pin , wl lic h is 
dcsrihr d by im·prting sign of I he spin-fi Pitl Q to i ts right , and (2) invert 1 hr sign of 1 hr clirn t.• ri~a· 
I io11 fi eld </J. TIH'"'' eflh l.s cen he in corpora ted by making (at thr lt' vt•l of t l11• decoupled la l. l icc 
Hamiltoninn} tlr C' [QIIowing aclju stm~ nt : 

whert.'" u(.tJ ) is tl~t'" IJUtnhN of hoi <'.<; rrs iding i11 tlw int.erwd (- •x, y ). t\ tco rclingiJ', t la• coutiuuu111 
form oft his piN"() will brco uu: 

(:I.:! I) 

wh l"re (f)( ,r) -= - "lr r::r.-o dy11(!f) , and l·,.. = JT( I - n/1 )/ "l , wit!J II" t.h t,) nuntb<'t of holt>;,. Expr('~Sill g 
tlr (' fenniou fi eld op<." r at.or i11 terms of l(' fL c:and right go·ers. \\YC' arriv~ nt eq.(3.29). 

The cfl'rr t,ive ac t io11 lOr (~ can lw ohtain rd in au a logy wilh wb at we have d nc- for t.Jr (' spiu 
fi r ld Q: we pt:'rfOrrtl a ll ( l) (i.e. fi pin-ind c pc ude.~rl ) tlrirrrl trausfor111atiou Ra- ~-r¥ }(D· I~..,­
,~+~~ L0 , which (' linJinaL~'>S Lids chirnl fc1Ctor (and pro du ('€'S a IWW t.f' f'/11 I/' &9J<tl1\', ro he: trNli f'd H~ a 

p rturhat ion), oht ain 1 he rorresponding F.l t~ rrd I hi" pr rlnrbaf.ive conr rihuLious from liw dPri va l in.• 
c.>x pansiou. Til re~ ull is~ fn~c ~calor fil'ld attiou, 

(3.:J:t ) 

(No cross- t rrm~ bC' IWf>C il Q (.and ll> nriSf's. ) It is wonh noting tliat prrt i st~ l y as iu Lh t' ~ pi_n Sf'rtnr. 
til is l r· rrn cotn(.~~ sn!Piy frorn l IJ chira.l ~ln omaly. 

Jnl f' rat'i ions should renonmtli't.t:l l-lr f' drargt· vc· loci t.s f'ntl s tifuf'lss. I t ih r 11s tomary in ron vt~ nt ion a! 
hosonization to incorpor·nt.c thi:-: elff'rt hy 1'\dcliug lh ~ fon\'al'tJ sr ;atl f' ring lt~ rlll , 

wh en• ,, .• = (I + l ;/ 27f li f') - 111 :111d ' '• = vr(l + ( l j 2u p) - 11>. To liiHior• l and I" "" I lie· forward 
sratt,rring P lltl'!rS intc> our fornmlalicm, WP nc<'d to go bac k lo ciProupling of tlJf' d,·, :; it y-dt·n'l ity 
produ ct of I he ll uhiH:ll'ti illl~'' r<H~ Ii01a l t•nn , 

p'!. -: 
"I'' I= 4- (I> . ii f . 
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lip l o now. I hC' first Lert n in th ~ right hand sidr had bern ignored. A corrPc t dc~rrip l jon of 1 hf' 
r hmge Sl'r lor require-~ us to t.ak r il int o acfount. l~m· t.hi"' purpos(•, a n add it ioual auxiliary field ~ .. 
In\!, to hl' intrnd\l ccd, 

f ( n rl J ..l 2 m 2 -o- 1 '= rt.::,. , duulii ~x.p[-(/f + iJcfl+ U- 2mn · S)J. 

\Vhcu t hr (lbc liau tldra l t. rr~.ns forJJi atio iJ nll'utioucd abo,rt> is done. thC" S(•cond Ler111 in t. lu-' ex:pouc:· ut. 
of Llw right lt fl nd side of Nf. (3.:~6) cart hf' grouped i og() ther with th c- indn('<'d tPrlll routai 11ing tJ;r <l> . 
(Bot h D.rW a nd i~ c n•prc. c-nt t h(• r hargp densit,y.) Tht ts I hP modifl t•d act ion con<·Nning <I> a nd 8~" 
is 

ltt legrati ng out 1lw ntassivc fi eld A, y i ~ld s eq.(;J_;J,J). 

In l lt r n isP of IJ ;.t lf- fi!Jiu g, t.hi::.: 111ust furl her· be s upplrnJt>u( ed by Lit e umklapp ic-rm ( whirh we 
wrilf" lwrr in l hc? lrdtirc forrn ) 

~ in cf' llr <' -1/ip osri llaring ractor· arC' uui ty in !.his case. Th is t.enn was orig-inally droppf'd in the' 
pa'3Sagc:- to the ('ontinuuntlilode.l. 

' •Vh cn lhf" ;.Jfor(>J'nclltion d cJr ir rd lrau:;format.ion is perfornv·d, the IWO INiliS on Lhe Hil S or 
eq.(;J .a8) acq uir~" the pliase f'act.ors ~±~t i;l•, 50 th at auord ingly tiJ<.' ftrlio u lOr <I' bee011 ws 

.C4. = --
1
-.-[(&7 <1>)2 + vJ,(&A>)1] +A cos 2~>, 

tl7r n,. l~p (~.39) 

wlwrP . l is f' constant. In tl1 ~" prP.sc nt fortualil'm, 1 his C"Os inc po!Pntial (' ll c rgy rcrur cnn a l>'o I'H' 
pirkrd up fro111 >he >q llare of cos(2i-,-R1 + <1>1 ). in whklt l-1-' = ~-

\\'c I hus see that, a t hll lf-filliu g, the' •mddapp procC'Ss fixc·s t i! P. c h r~rgt~ phH:Sf' fi ~? l d <1~ . as il ~hou l d. 

3.4 Comparision with pe1·turbed WZW model 

\VIJ i" ll t ire gloha l chir fl l tra 11 :o;l'o rmalio n 1.J1 - l\ W, llt - W(!5 , er; = t•1; \ f whiC'h wa~ introd ur<>d 
in S('rl ion J.l i~ app li t-•d lo cc1.(:Z. t).th(' r!"sult.in,g fer 11rion ~..ktcr 111inaut /) ca nl.u: C"X prCSf,Pd i n two 
d ifl't~ reut wnys, \' iz 

(:lAO) 

wlwrr n = f - ~. and 

wlwrf" tlt t:> SU(L) matrix (I i ~ dPrined ll..'t 

[3 .. 12) 

Th e firs t r xpr't'Ssi 11 Wr:t.S nscd in r h(• prt•v-iou$~e('l ions. w/Jilt• I Ir e- · rond rw i !=i ofU1,~ l'cm11 of <.'(,I.( 1.1 ). 
int.rod urcd iu s~·<·tion 1.1. Tsv1-' lik h<t!: wwU r.onvcmiotr;t.l nonabcl iHJt ho~ou i;,rtl ion HwLhods, l o c/f'"n l 
wil h I h.P la.1.LPr I Ylk of ntnd,-. J [:·~ 9J. Sin r<' this will prov id <' r1n with an inq1ort.nnl rlw(."k, whkh will 
rt.?to rd anJ apply hi-:; uK thod lwre. Fi rr; l . using L-lrP nonahl' linu bosonizcttion rule: fh·e f,.r.Jniou --.. 
lovd k=l SL' (2) WZW lll<lli<• i+ frN' •nd"r li cld , ""d /1),/..,J- , ; ., ;,ff.'1'g ,n whm·,. g ES II(1) " '" ' 
<1> is a s<·a lar fi t•ld. on~ n ut wril<' 

cl)[l']= j Dtfl1 <l>exp [- fd'J' ( ll ' (g)+ ~ (111, q> )' + ~~,'J'r(ll(l1,,- •,/'i<•l· + gfl' c;ff>•'J) ] . 

(:1.4:]) 
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where i'l" (.q) i< I b•• W/,W U>odel, 

with L,, = y-
1

8,J[I t and th<- ~<'Cond lfrtn is df' fiu ed by PT1lbl•dding th e compar l.ifiNI ~pac~Li iJJ (' s :! 
into <~ t hrt"t-'- bnll. ('T'Itc [i (~ ltl fl 1 akes iLs p!Jysirfl l va lut: ut I ht" surf;;1ce of' t hf' solid hall , and ht'con Jr$ 
!I =. I at lhe cc nLer .) ~'>laking Llw shift I' vari11bles: 

_q - ur. 

(;J.4fi) 

o
0

[1') = / D( mw c•x p[-.5'[L:, ljl)- Sml [U, G1- I !'[I ' )] (:l.l7) 

S[G, ljlj = I rP.·[ _-"o Tr(e'ff>•·c + c;->,,-•.Jr.•J + !\"[G] + ~ f rt £(tJ,, Ijl)2 
. ha 2 . (:).4 ) 

S;, , = :i; / d 2a·"''r(U - 1aCGiiC:- 1 ). (:l.-! 9) 

lis ing fli t' bosoni~~1Lion mJ~ · L.!,tgJ) LJ- --i;;Tr(r"[J (J.q - 1) t.o n::o fc-rmioui;,i c.~ S'r.n1, thP lotal (lction 
besides the fre<" sra lttr f-i eld pan hPcome~ 

S= II'[UJ+ fd'.•·[IP(i! + -"u) IJI +I)II- 1iiUL]. (:l .. 'j()) 

It is {'as l o sec thr.tL t,JJ c-• ft•r1nion ic part i::;;, (up t rt roustauL f:.trtor of tlw :JI'd w rm) cqoivfl lr·ut to 
f•Cj.(:lJJ) . l l f'n<·c fJ'OIIllhP r ~:-s ults of st~l't i on 3. 1, we know that IIH• 3rd Lt·nn do,•s uot conlribut (• 
to LhP d l'rc tivc <tf' lion to qundrati~; ordN. ll r ll ft> wr are l<'fl wilit 

S[l!J = ll '[l ' ] + O(..'. j; 2 ) 

Su bst it.uting cq .(3.42) il1to t•q.(:1 .5 J ) . wr obt.ain , art.cr ~ol1le stra ig!J tforwtud algebra , a u expression 
wl!i r b agrees ro~npiNely wil h OIJI' <'<J.(:l .J7 ). 

This fonsistPJJ CY as.c;nr\'S us t . l1~11 ilt P lnl'Lilod Wf" hfl\'r mwd i~ vH iid . II is wort l1 notittg that 
T!'vfdik \ ftlrategr wa.;;; a lso to sit11plif) JllilH,, r:-. by is,::tlating Lhr- t·eal 1nass n1 fro ttl addilional farl.ors. 
\•Ve also IIWntioJJ i11 pa:;.sing , I haL it i.-4 possibl(' to n1ake au id{'ntHk.a tion b<.·L w<'t' Jl lhe pttrnmrt.r r J 

we had iJtt rodUC'(!d in ord(l r f,o JWrfo nuiug infiuit esn1al <· hiral tn1n~~ n11aLiou:; sucrrssivcly, <UJd til e 
I l1ird roordit1a1 ~ ir11 rodu1·i.>d to d!?"fi1w t.lu• ! !1ree- fonn ! f'rttl in j hP \'\fZ \•V 1nod(·l . 

------------------------
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Chapter 4 

Nontrivial fermion numbers 

Indu ced fermion uurnb(' I"S orc ur wltPn the var uum of I hi" Dirac f(•rmion is polarized hy Lhf· topo­

logica l exc it(l.l ion of SOIIW hr.~ c kg rouncf field . Sintt? this is a topology- rel ated qu rmlum pht'llOIWnm~ 
with conneclions to d1iral anorna ly1 we sh~ ll , as a simp!~' applicat,io r• , consider in jhis chrtplf'r ihis 
asp,•cl of our modr l. 

4.1 P ure systems 

As H fir :') j xample o f iHdtt c<?d l"ennion nurniJf'rs in lb,.. prt•srut ntodcl, we discul'.>s exci tation:-> in tl u~ 
nondoped sys tem. regarding tlw topologirfl l clmrg.,~ dt"' r1si t y fJn a~ Lhe nwnt ri via l backgrouud which 
polarizes t.J H~ fe.rrnioujc vaclJU IIL VVc will derive a relrtf,ion ronucct. ing t·xrit.atious in l,he drarg<' r~nd 
s rin set l.ors, whi<'h may appf'ar couniNint.uit.ivc in view of Lh~.-· w•· ll~acccplC'd not.ion of spiu-c hargf• 
sepe ration. 

LcL ns b('g iu by adding the follo wing sottn·p L•"nu to t h ad ion : 

(I. I) 

Tlw so r11w fi<·ld s(x. r) C011ples to iwr 5 1Jl = i(l) II - {11 L) wlri r ir isj 11 sL lloe barksr, tt r ri"g rurr~nl. 
i.e., t IJC A· = 1f rontpon f~ t t l of lll•' l' (I) ' 'Pc t.o r rurr<'nt. Tl~t• IOL~l l nr t ion i:-o now 

Wli <'r ,\/ (s) COS 8 (s) = Ill (" S ~ <oJJtJ ,\/ (s) Sill 8(.-) = Ill $ill !+ S, lfo•I! CI' lit e t• fft•c l OJ' adding lire 
~ourcf' t.Pnll can :s iutply he vit~wl!d as (l $ltifl in I hr> \1H iu c> o f hotlt tit £" IIJOdulus and t lw cliirttl p l!i·tsr 
o flil e origim~l tn ;.lS!", LNJJJ. \V C(Ht th t"'rf' l'orc lrf'fl l .C.1.,1 iu t lt t" saJJt(' way as in lh C' prPduus ('C tion, 
by rolaLing ""'"Y lire r hirol angle (:)( .<). AJlaiH the l'ujik""'" .Jacobia11 giv,.· risr lo lire topologiral 
t.erHt 

(I.:)) 

\V(• Sf'C that lh e sotJrrr fi r ld h(ls fouud Its wny inlo tlt r vrH'Uu tn ang1(3. Tl11:-, leadt, us to <'XJl fld that 
llif• htl(' kgro tlnd ins la nl o 11 ronOg11r·at ion, d lnra('lt"'ri...r;:ed hy tlw l opo lolo~ind r hargc df'us ity 'In· will 
conlrihulP io t II<' !'"X JH'rt.at ion vclf ut"' of r.. I H~ qu;wtily j\f,-/ \ft . J I is easy to con fi r·m Lhat 1 hiF- is iudePd 
lit e r: a ·p, viz. 

(4.4) 

4 1 
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Pigurc 4 . 1: l ll us tra ~io11 o f a spinou iudu ced hy a 21r-shifL of the phase¢. 

'l'he. signifi canrc o f Ll1 c rnlaLion ( ~1 .11) l h~s iJ1 I he ((ICL that while Lil t"' Jeff lwnd, as aJr,)ady II W HI ioaJCtl, 
dcsc rih t•s llu~ h t~t· k sr at lcri ng dJilJlllt•l of Uu.., (' hflrgC' scclln , r he rig, li! lwn d s id is rcl.:•t•-.d (Litroug l1 
tf.~:r } to I be llu t LIIatiou in Lhc spi n scd.or . Si n ·c lilt~ two s~dors are scpcraf.ed hy the. c.hcsrg g<~p 1 til e iul cr rclcttion between thc1n w;ts ratl1rr uuexpcdcd . 

Th e t$::: 0 ca;'3C of C'J.(•IA) was previously deri vr.·d by Ts-vdik iu till..! roulex t. o f Lhe ld 1\ondo 
insula tor HI. hair lilliug, as n Wnrd-ideuli ly or l hc lc n11iou sys t''"' ( [:18) ( lu t his pro hlc111 !.he 
drec ti w· th eory fo r the s pin sc.dor is<~ 0(3) NL- (T Jnodt•l wl.osc varu u111 angle is e it her 0 = 0 or 
0 = JT , depcudiug on tHi t roscopic del cti ls .) Tl 1 en~ the Po ly;d~~:ov- W'icglll a .ult idenLity(22j, Sitl.is f il~d 
hy Lit e VV ZN\ V tuoUcl w<-~s lhc kry to t ile dnh•ation. ll l..!n' we have provided an al!.ernati vt"' route, 
whi r l! is n si1npl<~ app licat iou o f Ute l;'uji kawa-Jacol1iau t.c dtJti t jliC used in Lhe previous s ·c.Liou. 
(ll e Ci cc!. iug I he sy nnnclry of our Jlf<) h l ~ nt , our rq ( tiA) is A gcul' ra li·ta tioll of tlte l(o11do-lall ke 
ra.'ie t.o ar bitra ry 0.) T~vclik fur l Iter () bsf' rvcd Llt al siu cc ~he two-poit •t rorrciHt.ion fun ction of 
tltc harkscat.l.erin g cnn('ul is related t.o lite A~ ::::: 1r CQ tnpo tt cnl o f the o pt.i c~ l n mdu c.l.ivity a(w), 
lhc litl.tc r will r e fl ~cL iuforHtalions 0 11 tlu~ two-poin t corrclal,io lt o f l.hc lopologica l cl•arge deusily 
q~.,. . Then us iu.g Lll e i"l!iy tnpto lics of IJ.or 's 2-poiul, corrc lal or fiJ r I he 0(3) N LlT tnodcl wilh vactnllu 
angles 0 = 0 a!H.l 0 = 1r, I.e was a.blc to prc-d icL qu otli~aLi vely difrcrcnl. b haviour of a(w

1 

k = IT) [ (.II' 
Lhcse Lwo cases. 

Tl10uglt we ca n in prin rip le follow t IJCRC idc;t.<; ht•re, Lhcrc nrc son tc dif!'icultics. Firs t I! IC 
asy mptol,ic belwv iour of Lhe Q:r:, -ttr r corrc l al.~)rs cu·c not avrtilalt lr for a rhrilmy Vttl ues uf t.hc 0 ftllgle, 
so it is hell'( I to nta l,: e rcli ahlc prcdi r lions on the curn.: lrd.ors of I he bac.kscnll.t-ring currcnl. A 110th cr 
point l.lt nl. s ltould he <'onsid c.red is Uw f;tr lor of l/ 111 appr.cu•ing ir1 tir e right hcwd side of cq (•I rJ) 
Si nce 111 ....., U, our rc/a(,iou is :1 fillit c· IJ cffoc L wlrich \'<lllishrs in t ir e lirHil of irdinil c-U. T herefore 
wr Px pcc-1 Lit a I fo r our n1sc t ltc right liimd s ide wi ll hr of 1-1 very Sllt•dl order, tnaki ug cx perinu:.nlal 
df! tcd. ious difTi r ull. . F()r t li('Sf' l'('i"lSOli !>, WC' Rlta ll no l. furti•Pr purs. ue I his probknt in dct.;,j J l 11 spil <' 
of t. his, howe ver, we Uo !J clievc t l• ~ • l. it is lltcorcl ir nlly inLNe:sling Llw t t C'I' I.a in r lt nrgc exc ita t ious 
reli ed, tlnongl. l opo logka l em~c ts, iufonnalinus ( JI I t.lu~ spi n Sl'(.' !.o r xcil.;il,ious . Ftlrthcnnorc, f lOill 

"syJtlll!elry h<~sc.>d vic wpoitlt , tlu·' !> pi n-Peictl .':i sySt l' lll , wi11lt it s folding sy nt rnclry, is p c rlt it JIS Lite 
rig It!, sys f., •ru l.o tll <l!.: c opli cHJ lii C'" il .S IIr(• tJtm il s o f t.l1i~ sm t s iu n .' I h e ~· = ;r con•po t u~ ILt S will I!Hlu rrtlly 
mix int o t he observed optica l condudivil y 

4.2 Disordered systems 

One way of undcrl-i landiug the (hul k) t-:~p iu- l' c ~ ic rl s s l.;tl r i!; as a pllitSe i 11 wllich S!'l11 0 ns - don1nin 
wa lls or l.!t c Hil ('" rll nl.i ng (lfr<ty of sf I"OIIg 1llld W(' il k bonds . <II'(' (l11l'lllrlllf'lllly C'Oil0 ncd iuf o IHlil's Lei 
us bf"g in hy cou!)idr ri ng !tow In desnihr ll w~e •!xdt;•lions witl.iuiiJ<' prcsf'ul fnuurwcJ r"-

l•'rOin I. lie s iJrqd <: pir t.ure provitl r:d hy I hr cf l'f'cl iv(' pnt i'H i.i;tl f' tiC' rg:y of NJ.(2 ~:1), iL ts n;d unt l lo 
P.X f>('d tlt ;tl. a d Otll it ill wt~ ll i11 1/u""l odl.crualio u JHtll.<' rtl tH IJ lw f' .xprcsst·d <tH a sl.ifl, o f l lu; ;Hglln ll ' lll 

of 1/t(• cosiu('s hy unc-Ial tire tou:;tanl , whidt C'fl rr in lll t'll he tl iJSor llr.d IIII o ,, J.:nd· uf lh r if{x) -jirl1l, 
with l1 lu~ ig ld, o f 211' Sill (e a Fi pin tm g i\•(:s riHe !o 0 111' sil l' wi tl t wltit!. lhNI.' is 11 0 pa ir lo ron tl i l 

s pill s iugld bond , i l .~ spiu rp! <t lllllltJ nnrtdwr slr nuld IH' .9 ::. ~ This s it u;d ion is d1 ·pid.cd ill Vigllrt• 
•1.1 . -

' l 'o r hN io: if 1/ tr' :l;r lduk ()f lil t' ,p. ri eld a tl.Ha lly \ii JTi!'s such tJ qn ;u dttrn lltllnhc r , w f' usr. t/11• 
I'O(" I ing rr nttlf' o l' r q (2.'l5) Sin e(· Llll~ l ri-tlls l(lfllliltio u '-11 - {/ l jlr i.l h \[1 - o tl', otfll i~ a V('r/ u r gn ugt~ 

. ----------------
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Figure 11 ~ - i1 s pin c n ~ onfin c·d to a dorw nf. s it e 

lr<IIISfollllilli t ,n , it. will no! g ive tist• to i!IIO!IIillnus t r~r rtt~, <tlld !SU we hnv(' d11• SH nh• \,V'lr lt•/'Ju a~ ilr 
tl~t• lohmill.ory l'r;nur· (s<'n HppPlldix B . ~ for j he proc)r of iHv<uiHrr rc• of u, ,. Vujil-:nwa-Jarol,iall uudr r 
it \'l'rl.or (,l'<lll:->forllrlllion .J lnlrndrJriug th e• SIJ(1) 1'011/J(• f lirHIH (I~ (o = l, 1, ~l) Yiaf8J ut #I I;::: ifl~;u(, , 
wr first IIOfc !IJHI 

bScJJ . 1 "" 
{J,~ = I < \fl rbt2\j'rvt >, 

' l'lwn us ing I he t'iu;; il y-tleriVI'd ideuUt.irs 

itnd 

il is itpparcut thai. tltc m!ly <:oulriUuliou Lo e1 J.(4 .fi) cout<'s from !Ire \•VZ tenn S'wz , so t.hat 

= - ~fi,(,P -1- siu ¢> ) 
2~ 

( 1.5) 

(-1.7) 

This is tlw nuudinp; •ulr for t,Jrc spin tp•:•nllll ll 1111111l n• r indurPtl hy il. .,6- li f' ld kink lul <.'graliug 
c•q ( ' l.f<} 0\ll'r I IL f' t • xtc~ llt o f th r kink l~u· wltidt r dx iJ,.th = J.:Lr, WI' llhf ;Lill S::::: !::~ Snwl' ~(x) clot•S' 
LL CJ I L'Otlpl f' In a II( IJ JV III W' (i c·h l (.<l t' t' lw low). il is ;d~o;o clt •;lr thai fl u_• r h;u gl· 'lli itUIUILI 11111nh11 CJ IS 
(J :::: U. Fro 11e tlw~(' ,-o rr :; itl e rn lious1 \\'t' cw •clud\' lltalll•is ki11k C"O rL (.'~ fl OIHI :-; l o ;1 spincm . 

W(• I lOW II)OVc• OHio IIH · cnst· iu whirh H II O ILIItil g Lit~ l ic itupnrily i::; dop c>d i ui <L ot1r of lh L~ s d t•s of 
11 ch;•in . 'l'ltis wil!H r<·rss ;H·ily ca ust• a d1·p lt' lion of c lli-tJ gl>, hy o n(• 1111il , ~~ l lw d op<IIIL sitC' ' ll11•n 

: 111 uup:lir<'d s piu tm exr il.;tlioll, o f I ll{' ki11d wr lti\Vt· rcut."iid t·n·d <dt (J\'(' wnuld he rdc.n~cd du<· to llw 

1111p<~it · c·d ~i 11gl \· l b o nd lt1 au i:mlniJ ·d dtaiu , lids s pino n wou ld , 111 ;11 1-'-t(' Hr(· o f fnl!slr;Lti u u 1J tHic'IL iiR 

II ('X I - tl t '<II'I'S I nc•ig lthor iut c·rurl iwiR1 l w Ht<•ltilr 1111d CH IJ prolif't ·r;d (• UJrC• Hf11L IlL,~ t ' IJ ;,iu . ll m\'('\'('r, iu 
itt lual sys lc• ttiS1 lltt.' n· Hn• ittl<' l'r ltHttt ittl.<·rn c (io ns, wlti r l1 ( f i .s f~l \'O l'S ;_, lllis ;tligiL(.' I I ~r·g n1r 1JI. (r.att.'il ·t l 
hy H 11\ohifl! spi 1H111) OIL illl adjn n· HI dn1i11 . 'I'JJili ~;ivr~R ;111 c· jr,-1'1 ivc• !'OII fi ll<'IILI'IJI IIU'( IJ illlii) IIL 1 ht• 
~p i11 n11 s iii P conlitl('d t.o tlw viriui l j' n/' !It•· dn pa ul ti il t•, sn lh ttl ll11• uti~aliw · ud -~''!-!; 111 ( '111 I'll !! lw 
;1:; s lt111l :ts pos:--ih lt •. \'\f, . ll wt,. f,,n. n.pt•d Lila/ H ~'IIIHII IL wdl t l'!-i i,lr• ;, tdji1n•ut ' '' t !11 · dop;ntl !>i t It• 
As dPplll t•d iu fil-!,111( ' 1. ~. IItts will r< llt '-1' n tdy a tHillint ltl l11nd dl~ l o t· ll'lll , ;nul ilu· p_f,)f,:d dut~t ' l 
pat,,., II is l'1

1
$ ( () 1'f •d ; 1\\'i)j' rro nt Ill\' dnp<utl '>JliiiL LII I"OIIIJ tllS tlt • o l. jr-d ll t•W dll \\'(' C':< JH't'SS , Ills <lt>p tng 

L' !l t•r l l1)" 0 111 11L l'1hotls'( A:> f'tJ t liLt HJ•I II OII /)111'1 , w e· llil \'c ;d iC ·ildy M't' ll llwt IIH · thttH•r lltot iiii ;LiuHI , 

i\('('Otntl c·d feu· l1y flu~ :liT ki11k () f fiH · f/1 fi r- hi p,ivP;-; t•i:·w lo ;~ ~ piltOH . l11 ort h·• to Hrcuuul l'o1 tl tc· 

---------------- -
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r hargr dPpll' ! ion t~ls0. w p ue('d w intmdu <:e an ;1hl"' liau r hir ;_l] p l li:\~P whkh \\'('shell ! dNlolr lu"r<' a~ 
..p .. . ll r nn." upon doping Lhe 111ass lNm undt•rgoe~ lh C" followiug cha ngr·. 

(4 .!)) 

wiiNP litP 64>(>') is the kink pa1·t or Lilc Sl'(2) cltiral aug lt• giving rise to I lie spi11o11 , 

8 = - tlx8,(6c,>) = :-· I J I 
1.- 2 (4 .10) 

i\l eanwbilc , the count.ing rule for til t' d1arge indu rf"d hy Lh(' spatial 111odu lal ion of the ahelhJH 
chir~d a 11gle was a l n~ady o btained wh~n we re\' iewed l11 C" diaL0111ir polyrner prob lt'm , so wt~ kuow 
I hat. a unii-r hargt1 <k•pl€'1.ion corrf•:::.ponds loa 1r-kink of tht .Pc(.r) firld , 

Not.icC' t hcd tlu.~ combined cf!Pc t of dl(J•) - ±2 rr and op,. (J·) - Yc(.t)±rr lf'avr·s \]1~Q~'-r'Q~cl1 ~ ..o"'"( .r ) tJi 

invtuirtnl .. ll cntP w~ ('Oncludf' tiJ t~ l t he liberatiou of a spinon hy uomna.g ne- tic impur iLy doping is 
cous iswnt.ly desc ribed by a C0111posite object o[ S l '(2) and ll ( l ) kink•. wher~ Llw no uabdi.au and 
aheli a.n itnomaly ear h in dul'c t hl' spi n on e;1nd 1 lie cl1arg(' df'p let iou , resulting in a res r.ora.l io11 c,r I he 
globa l dim(' r paLLcru . Of cours(' this is how it. mnst. i.JHII out , and prob<1b ly doe.'> not i11~- r any ll<'W 
physics. (A thorough classifi cation o r solit on-lik e f'~Xri~Htions and t hei r ((IHll ll llm rtUJlJbf'rf'. rJ111y be 
[o uud in r<'r.(:l].) ll owcv r . t his l'esul t. gi\·es a n imporLant. tonArmation 0 11 th r consistl? nty of our 
framework , and asr;urPs u~ IIHtl it ca n bf' fHIL to furl h f>l' app liraL ions in mort=" rea listic situ at ions. 



Chapter 5 

Discussions and conclusions 

5.1 Discussions 

\J\1€' discuss somf' poi111s w~:· haw·· lf'ft otrt in th preYious dtaplrrs. 
Firs! wr co rrutr(•t!l, oJJ t,hc physical reason hchiiH.I ilw appear('lllC:C' of ihe c: hiral anornaly in the 

Rpiu lieclor. \VhPn wv r<' rall thP abf" liau cast~. it was thr' conserv<Hiou o f tot.al rhaTgC' whicl1 lc?ad 
to llic noHronsrn~mion of chira.l tharg{" in t.lte- presf'nSC' of au elettri (' fi eld . 'J'his is nn obvious fact 
when Otl • thinks in lf: rnts of the origiual nonre lat.ivisLic band dispf'rsion, ~nal is reprodu ced in liv• 
relat.ivistic i:l i}P rox intation as l it e: ('IJiral a non1aly. Ill tl!(• l ' fl nioch'l1 tht .... r<' is, hf".sides th e- glo ht~l 

(I) sym_mctry, M glohal Sl l (~) syuunrt ry which brroJnf'S rnanil'esi whcu n·wri l1ing I lu.• r pu lsion 
Lcrm using 

'1. -·) 
"l"l =-;)8-+consi . (~.l) 

·wldrh , or course iutplirs th(lt I he l o~. rd spin is couservrd. -II «"Hr~, wlt f'n 1 hr rf' is a nonzPro cun'al urr 
of tlu"' spill g~wge fi(•ld (tile <:t nalo~u f" of lhe IPc t ri(' fif'ld) which in I his nu;r i~ 1 he iustantOtl 11111nhN 
deusily1 couservatiun of' chil'1tl spin d~ttsity is hrokPn quanturn tnrchanica lly (in acldilion to tiH' 

trivial hrra king by I hf' tnass), wltid1 i~ the origilt of' tlte chiral rHlOulaly. Frorn Litis discussion wc­
lhink it is clear 1 ll:;~ t, 1 hr anoturd.y disc ussed Iter<" ntust be deri ved Laking inf o :H·rotJt tl tlu" full 
nouflheliau tJat.ure of i he prob lem , a.c: W(' hrtvC' f' lltpb nsizt~d jn chapt() rs 2 ~md ;) , 

NC'xl wP tni'lkP some rernarks on lhe di!Tert>nre- or onr ~chc·me and illf" onC' c arrit~d out iu rPijfi}. 
sim·P we do not wish fo gin• thf' impression that the two ·c lu.·tttes Hre difl(· rcttt. wnys of(•x pr~'s::.ittg 
an ('qually arc<"rtab le trNtltn('ttt. For impli cily wf' considc•r tile noudimeriz<.'d (f/J :=. 0) t a:':IC , 

c = [n' . iJ] [ iL , 
mQl 

(!;.2) 

J;ollowing t'f'f(j] . W<" Lrausrcr ~o lite roti\tiug frarne , via Llw SU(2) n~tLo r transronnBtion \f! - {f \f• , 
W - tV [ft, by wlticlt tit (' above eq u;Hio H ht•cotru•s 

+ (!j .:J) 

\.\'l tl'rc ut {)1,{: = ia~ rTf"l_. (A s\\'(' lw vc 111('111 ionrtl before . f.ltl' rJ r.a l<.: ulalion i~ LIH· same for t,Jiis and 
the o t:igina l rc:-fert> tt rP fnun \~'e i-ll"(' uf;ittg t,h(" rota.l-t•d rranw hrrr to makP a dirr<·t <'Olttpnnsiott 
will! l'e f.[5] .) 

Tit(' He ld "~~ is I ht~ CP 1 gaugt> fi c· lJ wllirh is ofL t·n usr d in formally l"t'"r ast.i lt ~ t lH~ N Lo- nmdf' l 
i.llt-0 rl ga.uge liPid I ht•ory. Brac u:.:f' () f' tlw tT=l in 1111.., mnss lMrH, np-Rpiu fcrtnions and dowJH:opin 
f<· rllliOnS !ti-L\' €' 111<\SM'S witl t opposite sign . To gel rid oft hi~ sigH difft• f('l\t'r>, Lhf' I·IUt!tors or rcff:>J 

. . ----------------- -
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"""~he lransfOJ'JIIalion '[R1. 1. 1]- '[1!1, 1J1], '[Hr, l-Jl- '[e'~llr.~-·tJ, J) .. 'i 11ce tid• is a chiral 
rotation by an angl(" o r 1r(2, it will givt· ri'*' 10 a tlu Jnnlous Lf'rm:c;. lu eva luating LIH" lat iN, Jh.~ 
1nnst s iJJJuii<"'Tteous ly pPrformlhe samr t.ransformatio11 for tile ~CCOJ!Cil e rtn on t..IJC rig ht lt and s idr 
as well, and tout,l'iiJmions fro111 t.ltis trrm should also hf' (·onsidf•n·d wlwtl eva lua ting th C" PJ . In 
referen<·e (5], t itP l•'J was calculaled usi n t only the fir sL t <.•rm . ' f'his i~ equiva l~ut t o LrPnliug I h(' 
up and do wn-:,pit! secwrs r'l:-l being iodept' lldf' ttt o f l'ath o tltf)r , whi t h of coursr ts not truf'. ~i n<'l~ 
t.he IIIH i ri re" a 1 aud I..T :t iu LIH:' SC'cond t<• rm mix the two. In other wol,'ds, Uw gang€' fk·ld :-;trr ugth 
in this prohlr n1 it; (Jw(Du o~ + ia:loZ), l hP St'fOJtd hal f of whi rh comes from IIH" Sr'("Q IHl term or 
cq.(5.3), whm.w· cont.ribulion Wrt.':i not consid l'red in ref.[5]. IH lh('spN· iHI ca.sr o f dJ = 0. it turns out 
t.hal rontrihu1ions fro111 this t.e- nn rauc<>ls, (whicl1 ra.nnol lw forrsN" Il widJoUI rxp liciL eva luation) 
which is why i hPSc aut. ilors obtajurd LIIC' correct result. . 0 = 1r. ll owcvcr, wh('n ¢ '# 0 1 he adtfiti tma l 
ctJI.lt.rihut.ion does 11 0 1 vanish. and. as w< .. lln vf" I' C' JH:'t:~Lc.d ly emphasize-d , ouly wi1C' ll llwSI' arp inclu ch~d 

is tl1 t"' r f"~ ult cousisLt ni wit I! nonabt- linn ho~onizal ion . 
A sero11d diff(' r<"llre is I hal I lw finit t"' n . !j of t !J C' clJira l angle IIIU ~:~L be properly arrouu tnd 

for. which ''' i1S also 1101 done in ref. (5). Tl1is pro<"'cdure CO IT<' ... "'lpouds, in cO IIVf'lH.ioua l nuna lwliaH 
ho::;o11i zation. t.o ex t.{'ndiug ~ pil rr- lilu<" to ;-t soli d ball with an f'x tra diJuensio J1 alit.v t.o cnns1 rue! 
t il t~ \'VZVV :l-fonu , and uefl'!cr t of this poillt will :-tgi'li n yield f'l ll incorr<'cl resu!L for ¢~ 0. H enn.~ 

we be lieve th ;l l th e twglrc l of 1h l's<" Lwo pror<'dures in ref.[r>] is not j ustifinblc. whid1 lP(Id to lh~"' 
rnodific.alion we have discusSt•cl. \·Vc Pnd lit e" tompari. ion by noling that Lh e ahseuCC' of pert urba­
tivc coni rihutions to t11C' r fl'eri ive act.i011 js also tL rt'sull o f Lhe proper lrea.LmPnt oft IH• finit e d1iral 
rotat ion, and differs froml lw result of rof.[5], and •everal papers whi ch follow their tneLhods[IIJ]. 

Last ly we com.uwn1 on 5omc drawbacks of our sc hcrn(·. Our treat mc nt n• liNI or1 a linea rized 
clispCJ·sion, whir h is necessary !Or tlw nn omaJy to Rrl!=!«' . IL L'5 lht" rt:• fore p~s ihh- that sOIIIC' ~nhtJ,. 

hutic l"' e f'r('r l ~ ;.1ssoriaLed with a fini tr• «: ut.o ff of Lhr dispers ion ln(ly drop out from our ralc ttl (ttious. 
This wa poin Lcd out in tiH• f' I} \•V applica t.ion of chin d rtno111aly in r f. ['10] . Jn prev iou~ sccl.iou::o, 
pmt of I h<> l;d t ice dli?cf.~~ such as rl'HOnnnlizat ion oft bt" c h <~ rg~" vrlorily and sl ifl'u SR wt .. r, shown 
l o b<" ;.tcre~Rihl e wit.hin our dtem<". \\ 'e would lik (l' t.o poi ul ont, tltat the problems ;,tssotiatl"d 
\\"ith Utr lin f'a rii'. <\t ion approximati on arr implicit. in thr conv(;" nlional hosoniza.tiou meLhods as 
well. and t.herf' 1(;0. are remedk·d hy ndd ing terms whi ch h3d dropped oul hut i'lrf' peruti::.~ihk hy 
I!Je synunt•t ry of t ile origi11 al proble111. i\ lftSs rC? nbrtltaliY:at ion c n·i"ds whirh ~ln' in tp rtant wlwn 
<' I ~L't ron~ pl1 onott int ~rrtc ti on :,. arr prc~<' llL (!), wi iJJn:tVP LO lw l t·r~HLt.•d hy a I !lOr<.' doficalt' \rt~atnwn t of 
th«~ I all irt>--elf>c Lron iuLt:•radion 1 which w (' hnvl' noi row,;irl f' r('d I INC. Finall.~. t he frrwi on !lundJt• rs of 
I hp prc- \•ions sr-c t ion \\'f"r f' no ~ oblai u ~d i 11 fl sdf-co11:-isteut nuwncr. hut wrn~ cvnlua1 f•d instt'iH.I usi ttg 
an C' XLe rn a ll y impqsNI hflrkgro und (icld . ll is di ff ifu lt to gi ve fully f:i<• lf-cousi!i1 eul ana lylic<tl result · 
hcra ttsr we lmve in<·o rporft led thr dirrc t.io r1 al flu r iuation of the SD \V fi pJcJ . 'r hi. 1 w e? co tiS id~,.•r is 
1 IJe pr·ice 1 Jmt IIIIlS! he paid ror res p ·<·li ng I he ,Y II1 111f' Lry of Liw spiu SeC LOr. 011 t. ll P other ltnnd . Wt" 

could of roursr fi.x tdt e'" dir<'dion of t. ltc SD\V OP. nnd readily oht.ain :1 s<• lf-ronHistcnl soliton- like 
solution , whir !t i.-; t'!-.S('"Hii <"dy cquivall'nl to wlwL i~ do 111~ iu tlw a lw)i;u1 bozoni1aLion mdhod[2J . \Vc~ 

l"i:l n t/HJJ add l lw om·cts of dircc tinual flu ctu ation !il.arlin g from thi:; ~olutiOll Tlli :, was dum' fo r 
fh t~ 11o11dilnNiu·d ra:,f' i_u rrfE-rt' II Ct?[•ll]. 1 hough flga in wil h cu1 in etdt~qua.t.P I /'!"at II Will of 1 h t~ nnomnl_v. 

5.2 Conclusions 

\V<' !i (ld s,.. t ow· grw l at th(' roHS!f·nctiou of a mea.n- fi t~ l d l ltc •ory approadt which gi\'t'~ q t~ nlitta­

tt w• ly rf'li.ahl f' r~s ull s f1jr our diJJlcns.i otml i11Lr ract ing syst(" ll lS. ConretH r~ t ing on I It t• ll uhbard ra nd 
Pder ls-ll uhiJ<Hd tnodclf.:::, W f' l1aw• surci•rd(.'d i11 o i, IHiniHg f' f!'l•ct i\1(' thcori t•s Lh~L agrt' (• pn•r is«• ly 
wi1h no1mhl'li :.1n hozoni ~r1ti on . In chflptcr :J w<:- had C'xpr~.ssNI our r<' lal ivistic l'ontiuuutn 111r•d('!l 
a~ Dinu.: fen11i IJ)) (• hi rally f"Oup led to an ~"X I erna l g~ncri r Sl1(2) fi C"Id ( ' (:·l' , r). wl lid1 is a s itu .. tioH 
lhnt wa.~:~; prr-v iously IHJl co 11~ id c r('d , du(' liJ it. parit ,y lm . ..,a king nature. This cn rthlr d us f,o fiN· 1h<~l 

Vi:ll'ious t~ xotir fpnnio n nutnlwt·s r(ln be iudured by topolot;,ricn lly HOntrivial hackgrouu ds provid1·d 
ily i It<' roufig 11 i\rio11 oft lw l r_ (i r ld . It is csprcia lly JJ otrwort,lty that t iH' t.opolog it~:tl t.Nul of th,. Ln­
lllod£"1, whose· physic.CJ I rolt· is nsually rat It er niJst. rar t., dii'C'c tly play~ a rol r i11 tll f'~l' l'c rnJioi'HitJIItbc• r 
iudu ction c~.g. ~ pi no ll forllJa tion disr uS!-l{'( l in dtrtpl.l·r .-1) . Thi.s is Ollt' of till ' lllajo r IIH' ri ts or nsing 

J ~ ------ --

-



.5.2. ('QN('LUSIONS 17 

lllP rdat.h•i!-i li r fe r111ion mode .. ] a:) nn inff'rmedinle s l<'p 1)f df• riviJt g t bt" ,.fff.c(ivr> ntodd. 
Lit conc: lusiott , our rn(•ihod, lhough p~e!'.S ing SOl tt l' tlrawbr~rks n.<> di:;russrd in ilu• prt•vious 

chaph' r, hns t.he rnct·it of bei11g r lrttivf' ly si mpl(~, whiiP lakiug full ac('OIHlt of the synnnf t.ry a nd 
lopologin d flnduHI.ions of t.hr interadiug proh len1 . aud so ra n lw ronsidett'"d a.s a compiPttt t'nlary 
appro<.H'II ~o COII\'t'utio Jtal hosonizat ion. 

;' .... -------- -
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Appendix A 

Euclidean conventions for 
l+ld-Dirac fermions 

")'-mab·ices 

( !. )Unless staLed oth c~ rwi st" 1 we use Iii <' l ~ urlid ('<'tJt fOrmo li&nL Tilis implies tltcLl t!JP l (IJHiric"~ 
sat, isfy thP auLicornmuLaTiou relation {1 1u') 1, } = 261111 • 

(:l)'l'!te Urook su flix run• from 1' = 0 (m<>a,ing I'= r) lo I'= I (I• = ~). 

(:))The definitiqn nf ;·6 is j 5 = ilo/t- .Ac:cord iugly the itnponallt duality rr la t.i6n 1 51Jl =-it~, 
whirh is unique to lhe d=::2 tf'IS(' is satisfied. 

(4)\t\'hen the exp licit. twu.rix form of LhP: ')- n1<1Lr ix ill> lll'<'d(•d 1 WI! employ t.hP "'c hiral basi~", in 
which 1{• =t [R, LJ. cUid j 5 is diagon<tl 1 aud make tlw fOllowi ng as~ig.lltt t <.' ttl (r<• an• Lhc .. Pauli 
IIHil riC<'S): '} 5 = T;h ~!0 = TJ, )') = -T~. 

LngraJtg icul 

(;))Though we will hf' usi ng se-veral vHriants of Dirac f('rtnioHs, hoi h with aud wil hout iut~ ·rnul 
syn nn l,ries, Lile basic f'orm of the Lagrangian density is thf" same. \•Vc use for our Euclid~.·an 

th ory lhc rot lowin g: 1:. = Wi"(il" + ir , \ ,,)~' = ~·( ¢ + ic 1\) if•. 

C •uTcnts 

(6) Our rhoirc of I hP df'fin ilionf; for t.ilr vrdor nnd axial (r ll iral) euneu ls an• 111ade acrordmg 
t.o llw f, !low ing prrsni ptiou: we <' lnploy Lhr 11;udidra n rxp1·es:-; ion. wlti<"lt givrs, when ttHl linued 
LO rra J iilllt' (r = it) 1 lhC' foll_owing standard Pxpr~s ion i11 lNIIIS of 11"11.) t·ighl And Jc.f'l 1110\'Nt,: 

j 0 -i11real lime: f?lfl+LIJ, 

j1- in roa l 1 in w: }(111 - 1,1/. 

~o tit at. thr run-C'nl <·o n:o;ervat io11 in real titnr he<:onws 

l/1,j1, = 0- ;, rea il,imo: 81(111 H + Ll l,) + O,(R1R- /) /,). \1 is easy lo clwck lhat this is 
fi'H ii ?:C'd J,~ using i!tC' dC'finition:, j 1,:: i ~·;,,·~' and j~:: ~·1-1 1 5 tJ•. TJw currf'uls (f!- fin ed ill thi~ way 
s;t~is lit'~ 1)u' dun lily rehtl ion, J;~ = C 11"}1,, whi('!J is aut>i lwr iJnpOrl<lllt ft'HI ure or !Jw t Wtrdilrtr-'ll~iouaJ 

19 
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Appendix B 

ht t,his a ppcndi.x we consickr the s= l/2 ll eise nberg tnodel (or IIIOrc acc ura tely, tlte k= l Sli(~) 
\\rz \V rrrodl· l). aud idr nlify the moot re l.;>vant opt•ra ror in tlw OPE which ari sC'fi whf' n addi n~ a 
staggc-rt·•d ('Xr lr ange int.er;.r.c tiOII ") L, (- l )''·~rl . sll+l· \·V~ wril c· tlw· sp in opr-raLOr in tht t('rJI JS or 
lhs S (2) currents and mass opera tors iu th t:: following wa,y, 

s.~"' J" + i" + (- l l"G", ( B. I ) 

( B .~) 

and 
( 13 .:l) 

Tht~ staggered exr lt ange (- I )".'in · .'Jn+l cont e~i n s tlr C" 1 wo l,crms C~(Ja('li + I)+ P 1 { H + J )) ;md 
-(f"( n) + J" (n))G"( n + 1). T nking the coutinuutn limit , we 11ecd Lo poinl~spliL lite OP<' r>Jlor 
J)rudu cts, and cvaln a(!:. fh (· Hnil e confrihut ion!" . iuce it i ~ C"usy to S('C' fronr F't r~ni statistics tlra t 
lh two te-rn-.s. giv(• tlrC'sa nrc ronlribut ion, w t.• will ord y co1rs idrr LIH• pir~ct' (.Ja+J 11 )(;1l. Be-s iJ ,~ tiH' 
t:OII)pletf' ly IIOI'III al ordt· red 4-fernti l <:> l'lllf', t h i" r<' an~ L ltt~ follow ing ("Qnll'ihut ions: 

( /.f"' l.)( /)u' R ) J. ,l,(>·- c)L~(J'- c)L~(,· + <)H;(.r <)"~ ''"~• 

: L ~( .1·- c) f! , (.c +c):< Ol(- I )L~( .r +c)!,,,(;·- <)10 > "~ r' "~' 

+ 4 ~, : L!, (.t·- <lfl;(.e +c): "~I•"~' (H.1) 

L),(,.- < )! .rl(J'- r)/lt(r + 1 ) /,,(,t' + c)<r~u"~' 
( - I ) : It'\ (:r + <)L,,(,·- c) :< Oi( - I )L~( ;·- t)L;(•· + <)10 > "~""~' 

( fl.~) 

II~ (.t-- <) lt'.,(.r - c)L\ (.r + r) l !,(.t• + 1 )u~ .1a~, 

(- 1): 1.\(;; + c)R11(;· - c):< 01(- I )R,\( J'- c)r!.,(;· + <)10 > .. ~, u~, 

( lUi) 

fl),(.c- <)R,,(.r- <) R~ ( .-+ c) I.;( J' + < )u~ri "~• 
(- I) : fl~("- r)f.;(J' +c) :< Ol f~ (J· + <) f!p(.c- <)Ill> "~.1rr~~ 

( 13.7) 

f) l 
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li en:- ~ he Hsr of' t,h<· w~:· ll -known formulas 

< Oll)(.t- r)L('· + <JIO > 

< 01 1! 1 (,·-e)R(.~:+c)IO > 

i 
+­

~~ ii" ( 

'''ir( 
( 13 .8) 

WC'f<' rnade, Th<' fin iltc dt·uomiui'ltor ca ncr· lls wil11 (IH' mullipli catiw.:• factor of o (l.lw laiticr> 
ronst.nnt) whic h apprars when roHvt.·rting tl1e summation to a.n inl rgral . and we fiud LIHH ihe 
re!P.\'anl ('0/l(l'ihul.ion frorn t..h f' st.agg<> rrd ('Xc hetng(' iut.~radion ha. LIH' fonll of i')(Lt R - at L). 
whic:h is of thC" sa 111e foun as i lte coni iuuum limit of t.he alternating hoppin g a rn plit mi l' for thl" Pll 
rnodr l whi ch we cousid l:' r iu t.lw main text. . ll encC', for a finite- 0 11sit.P rc::-p ulsion, the 1 11 lllodol at 
half- filling is cxpec 1.ed t.o h<' in th<' sa111e universal ity ns a II Pi.scnlwr IIIOdPI wilh bolld altf'rnating 
cxr ha ngr. 'Th ~.; aUove !('rm hru:; scaliug dimf·usiou '1 /2. which implies ~h r umss gap to opr u as 
m 'X~~. 

~ L ----------- --



Appendix C 

Proof of in variance of Jacobian 
under vector-SU(2n) 
transformation 

In orde r to dl t.Ulgui&h t.h t vHriou~ transfonrwiious and tt"f~"n:.• ll n"' frarncs whkh will Clppe<lr br Uuw. 
we begi11 by establi~ hin .g sou1e noh1li ons and t "rrninology. t\ !'1 belb rc tlw ··Jahoral ory fnnnr'' (to 
be <:lbbrc-viar e<.l as lab-frc11ne) will nwr111 the origiual frarne of referent<' in wltic:: h the continuurn 
rrrod1\l wa.s cit-rived. The 0 11 !"-- p a r (unt r r· faulily of axiai- ~U (2u ) t nms!Onrmt.ions (i.e. SU(2n) chira l 
lra 11sfonurnion). u ~t· cl to r-c·m ovf" tile chiral fa.ct.or from 1,hc lab-franrc ar Lion, i1-1 deno t l'd irr Llris 
su h::;:edion as 

(C. I) 

As in the prPvious ~ ubscct i on we only <.:o nsidcr t hr port ion of th <" Fujikawa j c.~co bii.ln whir h in volv<-'s 
!Ire topnlogic;d term. In tiu" lal>-fnune, thf' pMt of thC' D.ira.c OJh.'nll o r wh ic- h givC's ris<' to tlt c· 
ropologir nl tc-ru1 i~ simply # . and transforms hy fi~1111 ( 1 ) iul..o 

(C' .2) 

i-ntd t.h e corresponding Fujkr1wa jacobinn is 

I - I i' // '1' [(rr rii )Q 5(D'"' l"J • l«b - - - l r - - - "'f 1 . z,. . 0 II •I 

Tlu! t.Nm "rota ting fnunr" (rot- l'rHnlf' ) will hP usr·d in i.li f' Sf;l' II ~C' of ~etgcws ::~ -Os iJikaw~l 1 i.<· . as lin ' 
rC' ICrf'ncc frauw i11 whi t li rl w~ l.rtgg:~"' red rnagnNiZ<'liou alw<ly5 poinLs intl1 r 1.-tlirN· tiou. 'fht~ unit ary 
(Lo lw prf'cisc. tltC' \Tdor-SU (Lu) ) lnmsforrna.t.ion from Ll w lr1h- fram~~ to lia' rol - framf' is '"'·rill cu 

as * - ll * , I)J - ~•/ ' 1 , where I; E .'i / 1(2n) is defin ed l.y q = l'M rl. Since tl w '"""" tnm in tl1c 
rol- fratnc is '111\fll\ li A"" ~~ W , th e seri f'F: of chiralt ran~ fo r t nat. iou wlti r h n' llJov<.·~ thc chiral 1'1-1 ctur hnf' 
is 

wlwrr ijlr
0 1

(1) :: ( 1~M( f)i;il '~ '1 1 ( 1) . ifl = l l 1#fl . IIPrr wP Rre again coo .... jd(· ring. tl1 t" r;,sf' wlu·n 
¢ = cous t ., and t lt c·r <~ l'orf" li rwr lt•fl.. out t h<• !.(' rill flt01 (I) #Uf. 0 1 (I) . 'J'i.J c· l~ujik;nv <t .I arobinn for 1 hiN 
('asr is 

(t '.G) 



5·1A PI'I·:N /JIX ('. I'IIOOP OF l N \ A llli\NCE 01" ,/A ( 'OJJIA N !'!\Dfo/1 1' /C('TOH- IT(2X) 'fi1ANSI"OI/.\1A /'10: 

In Lhr following wr wi ll s t.a rt. from lh tJ lab-fraJ••• ·. f-'W i!r!J to a 1ww n~frrcntf' fra11 1 <~ by an arbitrary 
VC'ttor-SU(2n) transformation \II - \ ' \)t , \(1 - tii\'1 , and f' limi11 ait·• I he rhiral factor f lhP IIIHSs 

tc• nn in IIH•.L framf' . l•'or thr spt»r iftl c;;&ses V 3 I and\" = ( T, our tww fram<'!i rH e Lite lab- fram~" 
a.nJ th~.· rot - frame, ref.i p<~r ti v(•ly. Olhr rwisr lh<:' rl f"W fretntf' is iu ht'l.\\'!'0 11 t.h f•so lwo spC"r ia l frc:nu<•s , 
and 1 h ~.· rc for will be ra iled th e itJi ennN iii.lt e fr~nue ( inl -fr;tnw) . In anulog_\ wit b t hr la.b-framr and 
rol- franw <'asf's, it is obviou. ihnt. the axinl transforr nation used in thr int-fran-u" is 

(C'. 7) 

rmd tlw corre-sponding Vujikawa .iatobian is givf'u by 

J I=-~ r' tltTr[i1'1Qv, •(.":- ~)( /Y" 1 ) 2]. 
"' 'br ) 0 · 1 l '2 1 • 

(1' .8) 

whrrr 

u:"' = ii' +; ;1 "''( t) . (C.9) 

a 1t cl 

; A;.,, (t) = t'£"'(tJii' l '!,"'( t) + c;"'( t )l ·t f)l'l'f."'(t). (('.! 0) 

VVc will now show thai Jud = .!tab· \\I !.len Lhis is cstnhlis h~~d for arbitrary 1/ , putti11g V := { ' will 
giv(' Jrot = .ftab· 

\ .Ve cousider j he Lra ce Tr[VI Q \1 -y5 (J~ + ijl mf (l) )~] cmd ll'j' 1.0 ('XJJrf'S8 it in I.Prllls or quaut ilirs 
in f.he lab- fnun<' . Using t hi" rC"Iaiion 

Ql ' -;"1'6"'{1)( ¢U5"1[l))V1 

= (J/5 ( 1 T 0"1(t)VI)I'(jii(I!," 1(1))Vt 

= Q·/"ll~"'(f)¢Ui"' (f) - Q/'ll~"t. (I)(IJV )U£" 1 (1)1'1 
-Q-;'(Vjil \ '1), 

a loug wilh Pq.(C . lCJ) , we .uoti rc 1 he fo llow ing identity 

ll encr. doing a <')'(.' li t pcrntulation wiLhiH fhe lrarc-. we hPI VC" 

Tr[l'l Q\ ' 1 '( iJ + i ;1.,,(1)) 2] 

= Tt·[QI'(YJ + U!," 0(t)flL'i"'(t))2] . 

Appl yiug this Ia eq .(('.8). W<' ronr lud.- II"'' 

(C .J I ) 

(C. !l) 

( (' . ! ~) 

( ( '. 1~) 
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