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Abstract

In this thesis, we introduce extensions to the two-dimensional Toda lattice equation.
In these extensions, the resulted equations preserve the co-primeness property which
is an algebraic reinterpretation of singularity confinement used in the research of the
discrete Painlevé equations. We call these extensions quasi-integrable extensions. To
our best knowledge, this equation is the first example of quasi-integrable discrete
equation defined over three dimensional lattice.

First, we treat the quasi-integrable equations in polynomial form, which is an analog
of the bilinear form of integrable equations. We prove that general iterates of the
equation are irreducible Laurent polynomials of the initial data and that every pair
of two iterates is co-prime, which indicates confined singularities of the equation. By
reducing the equation to two- or one-dimensional lattices, we obtain quasi-integrable
extensions to the one-dimensional Toda lattice equation and the Somos-4 recurrence.

Then, we investigate extensions of the nonlinear form of two-dimensional Toda lat-
tice equation, which cannot be obtained by variable transformation from the above
polynomial forms. By extending to non-autonomous polynomial forms, we then prove
that their tau function analogues possess irreducibility and the Laurent property with
respect to their initial variables and some extra terms related to the non-autonomous
terms. Using irreducibility and this Laurent property, we prove that these equations
satisfy the co-primeness conditions in some extended Laurent polynomial rings.We
also introduce nonlinear forms of the extended Somos-4 recurrence obtained by re-
duction of the extended 2 dimensional discrete Toda lattice equations, and prove that
they also possess the extended Laurent property and satisfy co-primeness conditions.
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Chapter 1

Introduction

1.1 Toda lattice equation and co-primeness property

The Toda lattice equation was derived by Toda as a model of one-dimensional chain
of masses connected by springs with nonlinear interaction force [1]. The Toda lattice
is one of the completely integrable systems with multi-soliton solutions. The equation
of motion of the Toda lattice is

d2

—w

dx?
where w,, is the position of the n-th particle. The time-discretization of the Toda
lattice was obtained by Hirota [2], and was given as a bilinear form:

n = exp(W,—1 — wy,) — exp(wy, — Wpt1),

2
Ter1nTi—1n = Tim + Ttn—1Ttn41- (1.1)

Two-dimensional Toda lattice (2D-Toda) equation was introduced by Leznov and
Saveliev [3]:

0 0
9a7 T g7 ) n = OP(n 1 = wn) = exp(wn = wn1).

Its bilinear form (2D-dToda) was found by Hirota, Tsujimoto and Imai [4] as

Tetl,nm4+1Te—1,n4+1,m = Ttntl,mTenm+1l T TenmTtntl,mtl, (1.2)

where the dependent variable 7 is defined on the three-dimensional lattice (t,n,m) €
73.

There are several integrability criteria of discrete equations. Particularly impor-
tant two of them are ‘the singularity confinement test’ [5], and ‘the algebraic entropy
test’ [6]. A singularity of a discrete equation is said to be confined, if it is elimi-
nated after a finite number of iteration steps, and at that stage, the dependence on
the initial data is recovered. The discrete equation passes the singularity confine-
ment test (SC test), if all the singularities of the equation are confined. The SC
test was extremely effective in distinguishing ‘integrable’ discrete systems, and also
in constructing non-autonomous integrable equations. For example, discrete analogs
of the Painlevé equations were discovered by searching for non-autonomous exten-
sions to the QRT mappings that conserve their singularity patterns [7]. However, a
‘counter example’ to SC test has been proposed [8]. The equation they have proposed,
which is now called the Hietarinta-Viallet equation, passes the SC test, although it
is considered to be non-integrable in the sense that it has chaotic orbits of iterates
and has no conserved quantities. They have proposed to use the algebraic entropy
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to deal with this type of equations. Algebraic entropy is a quantity to measure the
degree growth of the iterates of the equations. The criterion is that the equation is
integrable if and only if its algebraic entropy is zero. This criterion is quite strong:
the Hietarinta-Viallet equation has positive (log((3 +v/5)/2) > 0) algebraic entropy.
Recently, with the aim of refining these integrability criteria, the ‘irreducibility’ and
the ‘co-primeness’ properties have been proposed to distinguish integrable mappings
[9]. Let us study a discrete mapping whose iterates are always Laurent polynomials
of the initial variables. If the equation has this property, it is said to have the Laurent
property [10]. The mapping has the irreducibility, if every iterate is an irreducible
Laurent polynomial of the initial variables. Here we assume that the equation is well-
defined under a suitable boundary condition. The equation satisfies the co-primeness
condition, if every pair of two iterates is co-prime as Laurent polynomials. We can
also define the co-primeness condition, even if the iterates are not necessarily Lau-
rent polynomials. Moreover, it is also possible to relax the co-primeness condition as
follows: the equation passes the co-primeness condition if every pair of two iterates
‘which is separeted by a fixed finite distance’ is always co-prime. The irreducibility
and co-primeness are found out to be useful in formulating the integrability of dis-
crete equations defined over the lattice of dimension more than one. For example,
It was proved that these two properties can be also formulated for the discrete Toda
equation (both the 7-function form and the nonlinear form) with various boundary
conditions: i.e., open, the Dirichlet, and the periodic boundaries [11].

A discrete equation is called ‘quasi-integrable’; if it passes the SC test, and at
the same time, has exponential growth of the degrees of the iterates. Note that,
in one-dimensional systems, the latter statement is equivalent to saying that the
algebraic entropy of the equation is positive, however, for higher-dimensional case we
cannot define the entropy in its usual sense. To construct quasi-integrable extensions
to known discrete equations, we introduce parameters on the powers of the terms.
Some of the equation we study are already introduced by Fomin and Zelevinsky as
examples of equations whose iterates are always Laurent polynomials [10]. In this
thesis, in addition to the Laurent property, we prove the irreducibility and the co-
primeness properties for these equations. Let us prepare a small lemma on Laurent
polynomials:

Lemma 1

Let R be a ring of Laurent polynomials. For two Laurent polynomials f,g € R, let
us suppose that f is irreducible in R and, at the same time, f contains a non-unit
variable that is not in g. Then f and g are co-prime in R.

Proof Since f is irreducible, the common factor of f and g should be either a unit
or f itself. However, from the assumption, there exists a variable that is in f but not
in g, thus f cannot be a factor of g. Thus f and g are co-prime. 1

Note 1
For example, in aring R = Z[z*], 1/x and 1/2? are units because they are invertible in
R, however, 2 € R is not a unit since 1/2 ¢ R. Another example is that (z?+1) /23 €

R is irreducible and is co-prime with (z* + 3)/z € R, but is not co-prime with
(z* —1) € R.
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1.2 The contents of the thesis

In chapter 2, we consider a polynomial form of the quasi-integrable two dimensional
discrete Toda lattice equation. Our quasi-integrable extension to the 2 dimensional
discrete Toda lattice equation (2D-dToda) is given in 7-function form as follows:
_ ks ko Iy lo

Tt+1,n,m+1Te—1n+1,m = Te it mTenm+1 T TenmTent1,m+1 (1.3)
where ki, ko,l1,lo are positive integers, with (ki,ko,l1,03) # (1,1,1,1). The set of
initial values of equation (1.3) is {70.n.m, T1.n,m|n.m € Z}: i.c., set of all the entries
in the ¢t = 0 and ¢t = 1 planes. The evolutions of (1.3) goes upward in the t-axis
to t > 2. The equation (1.3) is quasi-integrable in the sense that its degree growth
is exponential (as we shall explain in Proposition 1) and that it has co-primeness
property(Theorem 1).

Proposition 1
The degrees deg(T¢,n.m) of the iterates of (1.3) grow exponentially with respect to t.

Proof Let us suppose that the initial values are 79 y.m = 1, 71 n,m = a for every
n,m, and prove that deg(7; , m) = di grows exponentially. Since 74 = T¢ 1, (Vn, m)
becomes a polynomial in a, and 741 is a factor of 74, it is readily obtained that
diy1 = Mdy — dy—q, with dg = 0, dy = 1, where M := max(k1 + ko,l; + l2). Unless
k1=k2:l1:l2:1,wehaVe

]\4—1-\/]\42—4>1
— .

lim (dt)(l/t) =
t—+oo
We have proved an exponential growth for one particular degenerate case, which

constitutes the lower bound of the degrees of the iterates. I

Our goal in chapter 2 is to prove the Laurent property, the irreducibility and the
co-primeness property of (1.3), all the three of them are indication of integrable-like
nature of the equation in terms of the singularity analysis. For the simplicity of our
arguments, we will assume that the greatest common divisor of (kq, k2,11, [2) is equal
to 2™(m € Z>g), which is equivalent to the statement that the polynomial

azklyk2 + 2l (1.4)

is irreducible in Z[z,y, z,w]*!. Our main theorem in chapter 2 is Theorem 1, which
states that every iterate 74, ,, of (1.3) is an irreducible Laurent polynomial of the
initial variables in Z coefficients, and that two iterates are always co-prime. To make
our strategy for proof clear, we first prove the co-primeness property of extended
Somos-4 recurrence, which is obtained from equation (1.3) by reduction.

We note that the equation (1.2) of 2D-dToda is essentially the same as the Hirota-
Miwa equation [12]. Therefore, we can think of (1.3) as a quasi-integrable extension
to the Hirota-Miwa equation.

In chapter 3, we consider the following discrete lattice equation

Utnstm = V¥ (Uenmer = DF Ul OF2

l l
(UtJrl,n,erl - 1)(Ut717n+1,m - ]-) Ut,ln,mUt,Qn+l,m+l (1 5)
. .

*1 Bven if the greatest common divisor is not a nonnegative power of two, we can prove that they
are co-prime as Laurent polynomials of the initial values.
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where t € Zsg, (n,m) € Z? and ky,ks,l1,ls are arbitrary positive integers. When
k1 =ke =11 =1z =1, (1.5) is called a two-dimensional Toda lattice equation[4, 13].
In fact, if we define

(1.5) with k; = ko =13 =l = 1 turns into

(1 406Ut mmst — 1)) (1 4 0e(T— 1t — 1)) .
(1 + 5€(ﬁt,n+17m - 1)) (1 + 56(Ut7n7m+1 - 1)) a ﬁt,n+1,nzﬁt,n,m+1‘

We denote Utm,m := Ui(nd, me). By fixing the values x := nd and y := me and taking
6 — 0 and ¢ — 0, we obtain

2

0xdy

10g Ut(ﬂf,y) = UtJrl(xa y) - 2Ut(.'17,y) + Utfl(xﬁy)a (16)

which is the canonical form of the two dimensional Toda lattice equation[14, 15].
For a given solution of (1.3), if we put

Tt+1,n,m~+1Tt—1,n+1,m
- x : (1.7)

Ut,n,m = -
Tt,n+1,m7_t,n,m+1

Ut,nm satisfies (1.5). Hence one might expect that (1.5) also has the co-primeness
property and this conjecture will be proved easily from the irreducibility of (1.3).
However, for a solution of (1.5), T4 m is in (1.7) does not necessarily satisfy (1.3).
The equation for 7, ,, depends on the initial values of Uy, ,,» and we cannot directly
use the irreducibility of 7 ., for the discussion of the initial value dependence of
Utnm in (1.5). In fact, (1.5) has a slightly different co-primeness property from those
previously discussed, which is what we wish to explain in this chapter. The main
theorem in chapter 3 is Theorem 5. Before proving the main theorem, we study a
simpler case: a nonlinear discrete mapping which is given by a reduction of (1.5)
and that can be regarded as a nonlinear form of an extended Somos-4 recurrence
relation[16].

Chapter 4 is devoted to concluding remarks. Some lemmas and propositon are
shown in appendix.



Chapter 2

Polynomial form of quasi-integrable
two dimensional discrete Toda lattice
equation

2.1 Quasi-integrable Somos-4 sequence

Before dealing with our main target (1.3), let us study the properties of a one-
dimensional recurrence relation (2.1), which is obtained by a reduction of the equation
(1.3) on a line: we identify all the iterates 7y, ., such that N =1+ 2t + n + m and
introduce a new variable 2 := 74 . The form of the reduced equation is

l k
Tndaln = xn—i—BxZL—l—l + Lp+2s (21)

where [, m, k are positive integers, which we shall call the quasi-integrable Somos-4
sequence. In fact, (2.1) is quasi-integrable for every set of positive integers I, m,k
except for (I,m,k) = (1,1,1),(1,1,2). The flow of the discussion here for the quasi-
integrable Somos-4 case helps us to construct the proof of our main theorem. It is
worth noting that equation (2.1) is given by Fomin and Zelevinsly as the ‘generalized
Somos-4 sequence’ in their paper (Refer to Example 3.3 in [10]. The original Somos-4
is the case of (I,m,k) = (1,1,2).), and that the Laurent property of the equation is
proved using the ideas in cluster algebras. Our Proposition 2 studies not only the
Laurent property but also the irreducibility and co-primeness.

Proposition 2

Let us assume that the greatest common divisor of (I,m,k) is 1 or a positive power
of 2. Then every iterate x,, of equation (2.1) is an irreducible Laurent polynomial of
the initial variables xq, x1,x2,x3. If n # m, ©, and z,, are co-prime.

We note that the condition on (I, m, k) is equivalent to the irreducibility of the poly-
nomial z!y™+ 2% € Z[x, y, z] (Proposition 8). The following Lemma 2 is used to prove
Proposition 2.

Lemma 2
For every n > 4 we have

e + + + _+
Ty € Ry = Z[zy, 27, 25, 235,

and that every pair from x,,Xn_1,%Tn—2,Tn_3 IS cO-prime.
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Note 2
The assumption that ‘z'y™ + 2% € Z[x,y, 2] is irreducible’ is not used in Lemma 2.
Thus the Laurent property holds for every positive integer I, m, k.

Proof Proof of Lemma 2 is done by induction. It is easy for n < 7. We just give
a proof for n = 7, assuming Lemma 2 for n < 6. Since x7 = (zha + x%)/x3, x7 is
trivially a Laurent polynomial of x;(i = 0,1,2,3). We also obtain the co-primeness
of z7 and zg as follows: if z7 has a common factor (which is not a unit) with zg,
that factor must also divide x5, which leads us to a contradiction with the induction
hypothesis that z¢ is co-prime with x5.

Next we prove the case of larger n. Let us suppose that Lemma 2 is satisfied for
every integer less than n + 1 and prove it for n + 1. By continued iterations we have

l,.m k
Tn41Tn—3 = TpTy_o + Tp_q

! m k Lol m k m l m k k
<xn—1xn—3 + xn—Q) (xn—3xn—5 + xn—4) + (xn—Zmn—4 + xn—3)
Tn—4a Tn—6 Tn—5

aftpakm (al, gt o +ah_5) + O(2zn_s)
]

n—4

k m
T Lp—5Tn—6

. le_gxﬁiuxnf?)xnf? + O(mnfS) 29
- l k m : ( : )
Lp—4Tpn—5Tn—¢

From induction hypotheses, the right hand side of (2.2) (z!2™ , + x* |) must be
a Laurent polynomial of x;(i = 0,1,2,3). In equation (2.2), the term x,_3 must
be co-prime with x,,_4,2,_5 and x,_¢. Thus, by dividing the both sides of (2.2)
by ,,_3, we obtain that the numerator of (2.2) must be divisible by z!, _,zk 2™ ..
Therefore we obtain that x,.; is also a polynomial in xli (i = 0,1,2,3). Since
Tnt1Tp—3 = :cfla:;”_Q + 93’3—17 ZTp41 I8 co-prime with x,, x, 1, p—_o. ]

Next we prove the irreducibility. We prepare the following Lemma 3 to assist the
proof for the n > 9 case. Let us define y, as a value of z,, when we substitute
To =T =Ty =x3 = 1:

Yn = xn’{$0:$1:$2:$‘3=1}‘

Lemma 3

The integer sequence {y,} is strictly increasing for n > 3. If | = m = k = 1, we have
Y10 > YsY4 > Yo > Y7Ya,

and if otherwise, we have
Yo > YsYa.

Proof If k=10=m =1, we have

Yg = 27 Ys = 3> Y = 5a Yyr = 137 Ys = 227 Yg = 417 Yo = ]-]-]-7

and the lemma is readily obtained. In other cases, we have

Lym 4 ok -1, m &
Ys¥Ys Y ys(¥s Yg' —2ys5) +y
Yo — Ysya = Yo — 2yg = 50~ IT _ 9y — (s Y6 ) 7

Ys Ys

If | > 2, the right hand side is positive. In the case of [ = 1, we have yJ* = (3+2F)™ >
2ys5, thus the right hand side is also positive. I
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Proof (Proposition 2)

It is sufficient to prove that x,, (n > 4) is irreducible. x4 = (242 + %) /z( is trivially
irreducible because of the assumption. We use Lemma 12 on the factorization of
Laurent polynomials under a variable transformation, which has been introduced in
[9]. Lemma 12 is reproduced in the appendix of this thesis. We take

M =4, {q1,92,93,q0} = {xo, 21,22, 23}, {p1,p2,p3,pa} = {z1, 22,23, 24},
f($1,f)§2,1337$4) = Tn (’I’l Z 5)

First z4 is trivially a Laurent polynomial of {q1,q2,qs,q4}, since z4 € Ry. Also,
since equation (2.1) is invertible, z( is a Laurent polynomial of {1, x2, 23,24} and is
irreducible. Thus we can factorize =, (n > 5) as

= $4 fzr'rv

where f; is some irreducible Laurent polynomial in Ry. Since we have already proved
that z,,, € Ry, the parameter a must be a non-negative integer. From Lemma 2, z4 is
co-prime with x5, xg, z7, thus we have « = 0. Therefore x5, xg, T7 are irreducible. For
x, (n > 8), Lemma 2 does not tell us if g is co-prime with x4, thus we take another
approach. We will prove that, if suitable initial values are taken for (zg,z1,22,23) €
C*, then we have at the same time 24 = 0 and g # 0. Then we can conclude that
xg does not contain a factor x4 when factorized, and thus o = 0. Let us investigate
the case of xrg. By a direct computation, we have

1 k(-1
T8 = —— {xlgmx'gl:vo—i-lxgx’gm%( )J:waf "+
zas Ty
k(m—1 k—1)m+l (k—1)I
+ mahtmy (m ) el ™ 4 ke ( ymt ( ) k=t O(u)}. (2.3)
. xhxm +x

Since gy = =3+ =2 , the value of x4 is zero, when we take zg = 21 = x3 = 1, 9 = ¢,

Zo

t = eV~17/k a5 initial values. In this case,

x5:$73:17 xﬁ:t_lv x7:$75:1a
xr1 €3
and from (2.3),
zs = (—1) {1+ 61 (=1)lt " + 81 (—1)mt™ + kép1 } (2.4)

where 6, 4 is the Kronecker delta. From (2.4), we have zg # 0 for every (k,l,m) € Z3,
with the exception of (k,l,m) = (1,1,2),(1,2,1),(3,1,1). We can study these three
cases separately and can find at least one set of (zg, 21, T2, z3) € C* such that 4 = 0
and zg # 0. (In the case of (k,l,m) = (3,1,1), for example, if we take the initial
values as ©1 = —1,z9 = 3 = 23 = 1, we have x4 = 0 and zg = 3 # 0.) Thus the
irreducibility of xg is proved.

The iterate z,(n > 9) has the following two factorizations from Lemma 12,

= Ty fz’rr Ty $ﬁ2lﬂ3x8 Girr (TL > 9>7 (25)

where fi;, girr are both irreducible Laurent polynomials of the initial variables. To
obtain (2.5), we have chosen {p1,p2, ps,psa} = {5, zs,x7, 25} for the second equality
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and have applied Lemma 12. Let us suppose that z,(n > 9) is reducible and derive
a contradiction. From (2.5), a factorization of x,, is limited to the following type:

Ty, = T4 X unit (n>9,j€{56,7,8}),

where ‘unit’ is a unit element in Ry. When we substitute xg = 1 = 9 = 3 =1 in
the above equation, the ‘unit’ goes to 1 and we have

Yn = YaY; (TL > 97 .7 € {576777 8}>7

which is impossible from Lemma 3. Thus z,,(n > 9) is irreducible. We have completed
the proof that x,, is irreducible for every n > 1. Since the sequence {y,} is strictly
increasing for n > 3, two iterates x,, and x,,» with n # n’ cannot be equal to each other.
Two irreducible distinct elements must be co-prime, and the proof of Proposition 2
is finished. 1

2.2 Co-primeness of quasi-integrable 2D-dToda

Next we move on to our main equation (1.3). For ease of notation, let us shift all
the variables 7y, m tO T¢ nit/2,m—t/2- These shifts produce half-integer lattice points,
however, the evolution of equation (1.3) is simplified since it is now described using
six vertices of an octahedron. For simplicity let us define the following symbols in
(n,m)-plane: n = (n,m) and

(11 (11 (11 (11
€1 = 272 , €2 = 272 , €3 = 27 2 , €4 = 2> 2

From here on, 7 denotes a up-shift in the t-axis, and 7 denotes a downshift in the
t-axis. Then equation (1.3) can be expressed as

A v ke ko Iy l2
TnTn = TntesTntes T Tntes Trter (2.6)

We have the following main theorem on the irreducibility and co-primeness of 2D-
dToda:

Theorem 1

Let us assume that the greatest common divisor of (ki,ks,l1,l2) is a non-negative
power of 2. Then each iterate 7 , of equation (2.6) is an irreducible Laurent polyno-
mial of the initial variables

2
1
{tho,n, Tt=1,m | T € 77, m € (Z + 2) } .

Every pair of the iterates is always co-prime.

Proof We will rewrite =, = Ty—0,n, Yn = Ti=1,n, and so on: i.e., we use
Zns Un, Un, We, P, @n for the values of 7,—;,, at @ = 2,3,4,5,6,7. We will prove
Theorem 1 step by step from z,, to p, and beyond.

1. The case of t = 2: If n # n/, then z,, and 2, are irreducible in

Ri=2 |ty |nez’n’ €@ +1/2)],
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and are co-prime.
") Since

1 k k 1 l

RAm = —— (yn1+e4yn2+eg + y?‘i+e3y7§+el> ’

Tn
if n # n/, two iterates z, and z,  have at most two variables in the (¢t = 1)-
plane (y.) in common. Thus from Lemma 1, two iterates must be co-prime.
|

2. The case of t = 3: if n # n/, two iterates u,, and u,  are irreducible in

R = Z[x*,y*] and are co-prime. Each u,, is co-prime with 2, for all n’ € Z2.
") From

L /% k ! !
— 1 2 1 2
Un = yf <Zn+e4zn+62 + ZTL+€3'ZTL+61>
n

and from Lemma 12, we obtain the factorization of u,, as

un = [ 23| fir  (nx € Z%, on € Z9),
kfinite

where f;. is irreducible in R. Since u, does not have the factor z, e, for
i=1,2,3,4, we have o, = 0if ny = n+e; (i =1,2,3,4). (Note that {z,}
is mutually co-prime, and thus, two distinct z,’s are not identical.) For other
ny, the iterate z,, contains at least one term y,, e, that does not appear in
Up,. Since zy, is binomial with respect to the variables {y,} in ¢t = 1, the term
Yn,+e; cannot be eliminated by multiplying some unit element in R. Thus
from Lemma 1, two iterates z,, and u, are co-prime, and we have oy = 0.
We have proved that u,, is irreducible. It is readily obtained that each u,, is
co-prime with z, for every n/. The final step is to prove that u,, and wu, are
co-prime if n # n’. Each iterate u,, when expanded as a Laurent polynomial
in R, contains nine terms y, in (¢ = 1)-plane, none of which is cancelled out by
multiplying unit elements in R. When n # n’, there must be at least one term
Y« that does not appear simultaneously in the iterates u,, and u, . Therefore,
using Lemma 1, we obtain the co-primeness of u,, and . 1
3. The case of t = 4 (Part I): v, € R:

) Let us denote 9 points a,b,c,...,i in the lattice plane Z? on which the
variables vy, , 2y, Ty, lie, and denote 8 points «, 3,7, 4d,a/, 3,7, in the lattice
plane (Z+1/2)? on which the variables uy,, yn lie, as in Figure 2.1. Let us take
the point ‘e’ at the center as n = e. By a direct computation, we have

ZeVe = ulgluff + uf}ullg

k I s\ *1 k2
e R ki ke g ol
Ys Yo
! I
ki _k 1 k1 k I s\ 2
N 2tz + zélz? zflzb2 + 2l 22
Yy Yp

(Zill/ﬁ ziczlﬁ Z(lilkzzé2k2)(y'lyl ygz + ygfl y§2) + O(Ze)

- ki, ko 11,1
Ys' Yo' Yy Y5

ZeTe Z;lelziczhz(lilkzzllsz + O(Ze) (2 7)
- ki k2 111 : ‘
y(slyaQy'vlyﬂz
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Fig. 2.1 Numbering of the lattice points

By eliminating z, from both sides, we conclude that v, is a Laurent polynomial.
The calculation of 74 n7it—2n can be done for ¢t > 5 in the same manner as
we have done for t = 4 in (2.7). Therefore the Laurent property (not the
irreducibility) in Theorem 1 can be partially proved first: i.e., if we suppose
that 7, € R and is irreducible in R for every 0 < t < ty, then we readily
conclude that 7, € R for t = to 4+ 1. However the irreducibility for ¢t = ¢y + 1
needs more careful treatment.

4. The case of t = 4 (Part II): Iterates v,, (n € Z?) are irreducible Laurent
polynomials and are mutually co-prime. They are also co-prime with every .,
(n' € (Z+1/2)?) and 2, (n' € Z?).

") Let us take n = e and use the numbering of the lattice points in Figure 2.1.
We will prove that v, is an irreducible Laurent polynomial. By using Lemma
12, we obtain the following factorization of v,:

Ve = (H Z;):;n/> firr (an’ € ZZO);
n/

where f;,, is irreducible in R. For n’ with n’ ¢ {a,b, ..., i}, there exists a term
1y of t = 2, that is contained in the iterate z,, and at the same time, is not
contained in v,. This term y, cannot be cancelled out by multiplying some unit
element, and thus from Lemma 1 we have a,, = 0.

The proof is completed if we prove that a, = 0 for n’ € {a,b,...,i}. Let us
define two ideals of R as I := 2, - R and I3 := 22 - R. From the symmetry of
the evolution equation and the configuration of the variables, it is sufficient to
prove that oy, = ap = a, = 0.

B (Proof of o, = 0) Since z. and z, are co-prime, we only have to prove that
zeVe ¢ Ih. Let us suppose that z.v. € I7 and lead us to a contradiction. Note
that z, does not have a term ys» when written with the initial variables. Thus it
is necessary that the term of the highest order of z.v. be divisible by z,, when
the terms of z.v. is re-arranged with respect to ys (as a Laurent polynomial
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of ys/). We have

ko I 12

z, 22tz 2

2oV = up ul? 4 ulluﬁ = (h / ) ukz ull 162 (2.8)
Ys

Among the eight terms z;, ze, 2n, 2f, Y5, Ua, Uy, ug that appear in (2.8),
only z; contains the term ys/ in its expansion. Therefore when we re-arrange

the terms of z.v. as a Laurent polynomial of the variable ys/, its degree is k7.
3

The coefficient of the term yf} is equal to

:L‘;k% y§%k2*k1 z§1k2 uloﬂéz,
and it should be divisible by z,. This leads us to a contradiction because
we have already proved that u, and z. are both co-prime with z,. We have
zeVe ¢ Ir and thus oy = 0.

Proof of a, = 0 can be done in a similar manner to the previous step and is
omitted in this thesis.

B (Proof of a. = 0) Let us suppose that z.v. € Io. The four variables
Yo/ sYs', Y45 Ys: are not used to comstruct z.. Thus, when an element of I,
is considered as a Laurent polynomial in ¥, the coefficient of its highest term
should be divisible by z2. By further expanding the iterates uq, ug, u, in the
right hand side of equat10n (2.8), we have

Iy = zeve + 1o

_ yglﬂy;kz (ki Zk1zk2zll(k1 1)2’,;2(’“1—1) _}_leklz;zlﬁ)

l1(ka—1) lo(ka—1
X(k’ zklz zd1(2 ) 2(2 )+ lik2 lzkz)

ki(l1—1) ko(l1—1
—f—y, (l Zl12l22h1(1 )Z 2(hi= )+ kily kzll)
ki(l 1) ka(la—1
(l le lQ 1(2 )Z 2(2 ) zk1l2 k}glg) [2
li(k1—1) la(k1—1
y kQ(k Z’kl ko 1( 1= )2 2( 1— )211k22é2k2

2522y, f i
k1 k2 l1(k2—1) l2(k2—1) ik 2k
+ kozit 222, 2 2 2 )

=Ys

_ ki1(l1—1) ko(l1—1
+y’y ll l2(l lezl2zh1(1 )Zd2(1 )21;11225212

ki(la—1 k lo—1
—|—l22l12l22’fl(2 ) 2(l2—1) klll Szl1>

+ (s Pyt +yT )2 i;’“ ki glike gioke Ly, (2.9)

Here the term with 22 is absorbed in the ideal Is. Among all the iterates on
t = 2 plane (i.e., z,), the only iterate that contain y, in its expansion is z,.
Let us re-arrange the right hand side of (2.9) as a Laurent polynomial of y,.
Then the coefficient of the highest order (k3-th order) is

kzx;@ya—klyglkrkz ZflZ(lll(krl)zll)z(krl)zﬁllklZ?kl’
which should be divisible by z2. Since every pair of two terms of z,, is co-prime,
we conclude that k1 > 2. The same arguments also show that Iy > 2, [, > 2

and ko > 2. (We consider (2.9) as a Laurent polynomial of ygr, y,/, and ys
each.) Therefore, in (2.9), the first two terms are divisible by 22 and belong
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to the ideal I5. Thus the last term (ygklyoj"“2 + y;llyﬂ ?) ;lel ﬁ?kl élk? éQkQ of

(2.9) is also in I. On the other hand, from the evolution equation, we have
(yé—kly;kz + y;llyﬁ )Z;llkl ?kl 21162 Il)2k2
=y5 ety gt g e e e, (2.10)

which indicates that (2.10) is divisible by z. only once. This leads us to a

contradiction. Thus z.v. ¢ I, and therefore a, = 0 is proved.

Now we have finished the proof of the irreducibility of v..

Next let us prove that each v, is co-prime with every iterates below ¢ = 4.

Let us substitute x, — 1, ¥, — 1. Then 7, is a constant independent of

a choice of n for a fixed t: we define 7 := 7|y, 14,1 and use symbols

such as Z for 7(t = 2) and so on. Then we have Z = 2, 4 = 2k +k2 4 2litl

o = (akrth2 + ghtl2) /2 which indicates that © > @, Z. Therefore v,, cannot

have a common factor with {u, } or {z,/}. Finally we note that v, and v,

are co-prime if n # m/. This is readily proved using Lemma 1, since v,, and

vn are Laurent polynomials of the same degree, and they have distinct terms

Ys in the ¢ = 1 plane. I
5. Proof of the case t = 5: Let us prove that w,, is an irreducible Laurent polyno-

mial in R and every pair is co-prime. Also we prove that w,, is co-prime with

Un'y Un'y Zn/-

") Let us use Lemma 12 to consider the possible factorizations of w,, as we

have done for the quasi-Somos-4 sequence (n > 9) in Proposition 2. Let us

suppose that w,, is reducible. Then we have only two types of factorizations as

follows:

Wy = UNIt X 2y Upr OF Wy, = UNIL X 2y Upyrr .

However, since w > Zv > Zu, we have a contradiction. Thus w,, is irreducible.

By a discussion similar to that in the previous part, we conclude that w,, and

Wy are co-prime if n # n'. I
6. The proof of the case t = 6: All the iterates p,, are irreducible Laurent poly-

nomials in R and are pairwise co-prime. Moreover they are co-prime with

Wy Unty Un/y Znt-

*.") The discussion proceeds in the same way as in the previous part. 1
7. The proof of the case t > 7: For t > 7, each term 7; 5, is an irreducible Laurent

polynomial in R and is co-prime with every iterate 75, (s < t).

") From the discussion in the case of ¢t = 4 (Part I), the iterate ¢, € R for

every t > 7. By using Lemma 12 for ¢,,, we have three types of factorizations:

dn = (H Z,(::T‘/> firr
Y
= (H uf{f’) <H vi%") Jirr
n’ n’
= (H w:;?l> (Hpn;}1> Pirrs
n’ n’

where firr, Girr, i are irreducible in R. These factorizations cannot be
compatible unless ¢y, is irreducible in R (in that case, aps = --- =, =0 and
fire = Girr = hirr). By the same argument to the previous step, each pair of
Gn and @ is co-prime if n # n'.
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8. The proof for ¢t > 8 is done inductively. I

2.3 Quasi-integrable 1D discrete Toda equation

The following equation (2.11) is obtained from a reduction of equation (1.3) to a two-
dimensional lattice. Let us make a transformation n +m — N and identify all 7¢ ,,
with N =n+m. Then 7, N := T4 n,m satisfy

TANT-LN = TEn + Ty T (Rl € Zy). (2.11)
For an arbitrary (k,l1,l3) € Z,, equation (2.11) passes the singularity confinement
test and has irreducibility and co-primeness properties. If (k,l1,12) # (1,1,1),(2,1,1),
the equation (2.11) has exponential growth of the degrees of its iterates. The equation
(2.11) is the discrete Toda equation (1.1) if & = 2, [; = 1, lo = 1. In the case of
(k,11,l3) = (1,1,1), we can prove that the degree of its iterates grows according to
a polynomial of degree one, by applying a discussion in [17]. We note that equation
(2.11) is already mentioned in [10] as ‘Number walls’ and its Laurent property is
proved. We shall call (2.11) a ‘quasi-integrable 1D discrete Toda equation’ and include
it in the category of quasi-integrable systems.

Proposition 3

Let us define the evolution of the equation (2.11) from the initial variables T, T1 p
(n € Z), upward on the t-axis. Then every iterate 7, for t > 3 is an irreducible
Laurent polynomial in

7 [Ta:n,le’:n |n € Z] ,

and every pair of the iterates is co-prime.

Note that the proof of Proposition 3 is not directly transferred from that of Theorem
1, since the irreducibility and the co-primeness are not necessarily conserved under
the reduction. Proof of this proposition is omitted in this paper, since it can be done
inductively with respect to ¢, with the help of Lemma 12.



Chapter 3

Nonlinear forms of the
quasi-integrable two-dimensional
Toda lattice equation

3.1 Nonlinear recurrence related to Somos-4

Let us consider the following nonlinear mapping;:

Upaa — 1) (up — 1 U™, aul
( Z‘L +2)_(1)k ) _ “Z;j "L (k,1,m € Zso). (3.1)
n n—+2

Equation (3.1) is obtained from (1.5) by the reduction:

U2t+n+m = Ut,n,m7
with k1 + ko — k, [ — [ and I3 — m. Putting
Tn+4Tn

Upt2 = —F—, (3.2)
Trt2

and substituting (3.2) in (3.1), we have

(82 —k+ 87 2) log(tunio — 1) = (mS — k +1S7 1) log tp 42
= (mS —k+1871)(5? — k4 S72)1og Zp 1o,

where S is an up-shift operator with respect to n. Thus we obatin

(8% — k+87?) <log(un+2 —1) = (mS—k+1571) logacn+2>

ok
= ($2 —k+572)log (x“jf” : x”“) —0. (3.3)
X X
n+3“n+1

Let us introduce a new variable F;, by

_ Lk
P 114 3.4
xn+3$n+1
Then we can rewrite (3.3) as
FryaFp
Htn g, (3.5)

k
Fn+2

16
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Equation (3.5) is a nine-term recurrence relation for {z, }, whose initial variables are
g, 1, ..., L7. An iterate x, is a rational function of these initial variables.
The recurrence (3.5) is, in fact, explicitly solvable. Let us introduce

k k
TgXyg — X Ty — X
fO::FOZ ml2’ f1::F2: ml4’
L3y L5 T3 (3.6)
— F _.T51131—1I§ — F _377LU3—ZE§
go ‘= I'1 = $le12 , g1 = I3 = l’glfﬂi ’
and the sequence {a, } defined by
ai+1 —ka; +a;—1 =0 (Z =0,1,2, ), a_1=—1,a9 =0, (37)
(a1 =1,a3 =k, a3 =k®> -1, ag = k> — 2k,...).
Then it is easy to prove by induction that
a; gai
Foi= g, Founi =~ (i20) (3.8)
0 90

Therefore the following pair of recurrences is equivalent to (3.5):

(¢27
_ .k fl m l
T2i4+4%2; = To;4o + (ai_l ) T2i4+3%2i41 (3.9a)
0
g1
_ _k 1 m l
T2i4+5T2i+1 = Tojy3 T+ (gai_l ) L2j+4L2i42- (3.9b)
0

Note that (3.9 ) (3 9b) are trivially satisfied for i = 0,1. In case "n, F,, = 1,
k=2andl=m , we have

2
Tn4+4Tn = Tp4+3Tn+1 + U

which is the Somos-4 recurrence[16]. Hence, we may regard (3.1) as a nonlinear form
of an extended Somos-4 recurrence.

3.1.1 Extended Laurent property

Our main results are the “extended Laurent property” and “irreducibility” of (3.9a)
and (3.9b), and the “co-primeness” of (3.1). Let us first introduce the former result:
Proposition 4 which states the Laurent property of (3.9a) and (3.9b).

Proposition 4
T, is an extended Laurent polynomial of the initial data: i.e.,

o + + £ .+ + + +
anR'_Z[x47x57$6)x7)0) 1)90791]

Unlike the Laurent property in the usual sense, x, is a Laurent polynomial of
fo, f1, 90, 91, which are not initial variables themselves. Let us prepare a lemma to
facilitate the proof:

Lemma 4
Let n be an integer greater than 7. If x; € R for all j with 7 < j < n, then the four
iterates x,, Tp_1, Tn_2, Tn_3 are mutually co-prime.
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Proof (Lemma 4)
It is trivial that x7, xg, x5, 4 are mutually co-prime in R. When n = 8, we have

az
Ty = Th + (tl) ek

0
If we suppose that xg has a common non-monomial factor with xg, then this
factor should also divide a7z, which contradicts the induction hypothesis that
x7, g, T5, T4 are mutually co-prime in R. The same argument proves that zg is
co-prime with x7 and x5. Thus zg is co-prime with z7, xg, 5. We can then prove
the statement of the lemma 4 by induction. I

Proof (Proposition 4)
Let us prove by an induction. The statement is trivial if n < 9.

Let us suppose that z, € R for all n with n < 2¢ 4+ 1, and prove the case of
n = 2i 4+ 2. From equation (3.9a) we have

A —1
_ .k 1 m l
T2i42T2i—2 = To; + (ai2> Loi41Toi—1-
0

Let us focus on the factor zg;_o in (3.9a) with ¢ — ¢ — 2 and write

1 a;_2\ k

k 1 km .kl

in - & < ai—_3 ) x2i71x2i73 + T25—2 X p2i 9 (310)
2i—4 0

where p; is a polynomial in z; (i < j — 1). Precisely, we have

aj—2\ k-1
p2i =k <1as) oy Dkl O(ah ) (3.11a)
0

a;—2 a;—3

91 m, k(m—=1)_ki -1 91 km |, k(1-1)_1 m—1

P2i+1 _m<gai—3 ToiTo; 1 Toi_glo o +1 gl Toj—1To;—3 L2j—aLo; 2
0 0

+O0(2325) + O(x5"5"). (3.11b)
From equation (3.9b) with i =i —2 and i — i — 3,

1

m l _ km kl
Lojt1T2i—1 = 2ol [9521‘719521‘73 + Z2i-2 X p2i+1] ) (3.12)
2i—3%2i—5

Since ka;_o = a;_1 + a;_3, we have
1 a;—2 k 1 Aq—1
1 km kl 1 km kl
% ( llz‘—'s) Toi_1T9i_3 + ——7 < ai—z) Toi—1T9; 3
Loy 0 Lo;—3T2;—5 0
km kl aj—1 a;—3
_ Tgi—1T3i-3 1 k 1 m 1
i — ] @iz T at | Jaig | T2i-3T2i—5
Lo;—3Lo;—4Loi 5 0 0

km .kl a;—1
o Loi—1%2i—3 1
= povs T i ai—z | T2i—6 ( T2i—2-
21—3%21—4"27—5 0

XL2;—2

m k l
Lo;—3T2;—4T2; 5

Thus,

X2i42X2i—2 = P2i+27
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where
Ai;—1 fai—l
_ 1 km kl m l 1 k
P00 = (ai2> L 1%9;_3%2i—6 T To;_3To;_5P2i + <ai2> Ty; 4P2it1,  (3.13)
0 0

which is a polynomial of z;(0 < j < 2i). The right hand side is in R, and at the
same time, the four iterates wo;_ o, To;_3, To;_4, T2;—5 must be mutually co-prime
from lemma 4. Therefore we have x5t _,a%. x| Py;yo. Thus 29,49 € R is proved.
By using exactly the same argument we obtain x9;13 € R. Thus x,, € R for n > 4. g

3.1.2 Irreducibility and Co-primeness

Let us now introduce the latter half of our main result on the nonlinear recurrence
(3.1). We first prove the irreducibility and co-primeness of z,, in R in Theorem 2,
and then state our main theorem on the variable w, of (3.1) in Theorem 3.

Theorem 2
The x,, € R are irreducible and pairwise co-prime.

Proof Let us define f,, := Fay,, g := Font+1. Note that f, is expressed as a monic
monomial of fy, f1, and g, as a monic monomial of gy, g1. We also define the ring
R, by

L + + + + + ot + + _
Rn =7 [Q?2n+4, $2n+5, m2n+67 '1:2n+77 fn 7fn+1? In ’gn—‘,—l} (n - 0? 1’ 27 )a
(Ro L= R)
The proof is done by induction.
e The case of n = 8: Note that

T4

k 1

is a first order polynomial in f; ', whose constant term xfz; ' is co-prime with
the coefficient of f; ! Thus g is irreducible, and not a unit element.

e The case of n = 9:
gf
ok + <> ik
390

Tg = )
Ts

is a first order polynomial of g, ! Exactly the same argument as in the case of
n = 8 shows that xg is irreducible and is not a unit.

e In the case of n = 10: Let us take q = (x4, x5, %6, 27, f0, f1,90,91) and p =
(x6,x7, T8, T9, f1, f2,91,92), and let us use lemma 12. Since p and g satisfy the
conditions in the lemma and since the iterate x1¢ is irreducible in R, we have
a factorization

T10 = wémxéwx/lo(@ (410, J10 € Z20)-

(f2, g2 are units in R[g¥], and fo, fi are units in R[pT]. Since g, x9 are
irreducible polynomials and not units, then 419, j10 > 0.)

as
k 1 m,.l
378"‘( a2>w9x7
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If 219 has xg as a factor, x§' must have zg as a factor. However, zg and xg are
co-prime with each other, which leads to a contradiction. In the same manner,
we conclude that zg must not be a factor of x1q, since if it were, :clg must have
a factor xg, which is again a contradiction. Therefore x1¢ is irreducible. (z1
is trivially not a unit.) Using lemma 4, we have that xo is co-prime with zg
and xg.

In the case of n = 11: An argument similar to that in the case of n = 10 shows

that we have a factorization

r11 = o el (q) (11, J11 € Z>0).
An investigation parallel to that for n = 10 shows that z; is irreducible and
that it is co-prime with z; (j < 10).
In the case of n = 12: We have a factorization of x5 as

T19 = T2 a2, (q) (t12, J12 € Z>0).

Let us take f; =t and take all the other initial variables as 1. Then we have

zs =1+t =1+1tF
xg =1+ ag",

2

k m
.56102568'1‘ Zg

T, = ac’g + x%xé.
If we substitute ¢t = eV ~1"/* then
Ty = 0, Tg = 1, T10 — th_l, Tr11 = 1.

Since we have

27
P10 = Ok,1, pi1 = mt™ VG 416, 1,

we can obtain Py as
Py =t% + 5k,1 4 paa <mtm(k2—1)6l,1 + l5m71>
= G+ (1 {08 15,0}

Here we have used the fact that t*+ = (—l)k2 = (=1)* since ay = k(k? - 2).
Therefore we have Pjo # 0 if k £ 1. We conclude that Pj5 = 0 if and only if
k=1and m > 2,1 > 2. Thus, except for the cases of k = 1,1 > 2, m > 2,
the iterate x12 cannot have xg as a factor. Let us study the case of kK =1,1 >
2, m > 2. We have

T T 1

o=, zn=—=—, po=1, pu=0,

Is xT7 Is
where A = B is considered as modulo the factor zg. We also have a3 = 0, a4 =
—1. Thus

a4

— 1 m .0 m .l

P12 = ((13> .%‘9 .737.%'4 + x'? 1’5
0

ey

+ a2l £0
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Therefore P;5 cannot have xg as a factor, and thus 710 = 0. We can prove that
J12 = 0 in a similar manner.
In the case of n = 13, we can prove the irreducibility of 213 in the same manner
as in the case of n = 12.
We shall prove that z,, (n < 13) are mutually co-prime. Let us define ¢,, as the
value of x,, when we substitute 1 to all the initial data: i.e.,
Cn = Tn Ta=xr5—=xe—=x7=1"

fo=fi=go=g1=1
As we have already proved the irreducibility of x,, for n < 13, it is sufficient to
prove that ¢, # ¢, for every n # m (n,m < 13). We have

Cg :2, Cg — 1—|—2m, C10 :2k+(1+2m)m’ C11 —CQ—FClOQl

k m .l k m .l

_ Cip T C11Cg _ €11 T C13Cyg

Cl2 = 5 C13 = S
9

It is trivial that 2 = cg < cg < ¢19 < ¢11. We show inductively that ¢, < ¢p41:

k m .l 1
c +c,c c
—1 —2 —2
Cni1 = n n “n > n CZL > M > Cn,
Cn—3 Cpn—3

for n > 8. Therefore x,, are mutually co-prime.
In the case of n = 14: Using the lemma 12, we have the following two factor-
izations

r1a = agt gt rhy = Tpaieiaiiely,
where z,, 27/, are irreducible in R. Let us suppose that x14 is not irreducible.
Then the only possible factorization is

T14 = QT;T; (7, S {8,9}, j € {10, 11,12, 13}),

where « is a unit in R. Therefore c14 = c;c; < cgci3. On the other hand, since

we have . l
m
_ Cip T Ci3C
Cl4 = ———
C10

C14 > C13C11 > C13C9,

in the case of m > 2 or [ > 2, which contradicts c14 < cgci3. In the case of
m =1 =1, we have

cg =2, cg=3, cip= ok +3, c1= ok+1 + 3k + 6,
and thus, when k > 3,

cizenn 2P 43k 46
C10 - s 2k + 3
which also leads to a contradiction. The remaining cases are (k,l,m) =
(2,1,1)and(1,1,1). If (k,I,m) = (2,1,1) we can directly confirm that
c1a = 1529 > 3c13 = 942. If (k,l,m) = (1,1,1), we have ¢4 = 111 = 3 x 37,
which cannot be expressed as c;c;, (8 <i<9,10 < j < 13). We have proved
that z14 is irreducible.

In the case of n > 15: If we suppose that x5 is not irreducible, we must have
¢n < c13¢9 = 3c13, which is impossible when (k,l,m) # (1,1,1) since we have
already shown that c¢14 > 3c13. The case of (k,l,m) = (1,1, 1) is also shown to
derive a contradiction, since ¢, > c¢15 = 191 > 3c13 = 123 for n > 15. We have
proved that z,, € R is irreducible, and is mutually co-prime with each other. g

C1q > > 3c13 = €13C9,
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3.1.3 Extended co-primeness property

Let us introduce one of the main theorems in this chapter, which states that the
recurrence (3.1) has an “extended” type of co-primeness property, which uses extra
data apart from the initial variables.

Definition 1

Let A be an integral domain and Quat(A) be its quotient field. Two elements f, g €
Quat(A) are said to be co-prime with each other, if and only if we have the decom-
position f = f1/f2, g = g1/92 where any common factor of arbitrary two elements in
{f1,f2,gl,92} C A is a unit in A.

Theorem 3

The solution wu,, of equation (3.1) satisfies the following “co-primeness” property: if
we suppose that n Zn’ (mod 2) or |n —n’| > 4 is satisfied, then two iterates u,, and
Uy are co-prime in the following ring R, :

Ru = Z [{uy, (u; = )F}5,] - (3.14)
Let us prepare several lemmas. We use the following notations: x :=

{24, 5,26, 275 fo, f1, 90, 1}, w = {T0, 1, T2, T3; U2, U3, Ua, Us }, En(U) = zp(x(w)).

Lemma 5
We have a birational mapping between the two sets of variables x and u.

Proof We construct the rational mapping and show that it is invertible. From the
definition of u; (3.2),

2_ 2_
_ 7} _ _ _95’5 o _af _xl?f L
T4 = — U3, Ty = —Uus, Tg — —Uqg = TUQUZ;, Tr7 = —Us = TU3U5.
o Iy i) Z I3 xy
(3.15)

From (3.6) we have

razo — 5 2k(ug — 1)

Jo= = (3.16a)
ag'wy 5wy
k k k2,.m, k
= rery — i  xi(ug—1) x5 xus(ug —1) (3.16h)
- m .l - m .l - km-+l Lk :
Ty Ty Ty Ty ugnq;?) Ty
k k,.m
_ wswy — a3 i) (ug — 1) (3.160)
9= ""m = k4l m -
42 ) U
k k..m k%, .m , mk+l, k
. T7T3 — T5  TETh (us — 1) T3 xRt usg (us — 1) (3.16d)
- mol mk+1 - k(mk+1 : .
Tg Ty Xy gt a:’fo(m + )u;”kHuT
The inverse mapping is
l,..m k m .l k l,..m k m .l k
TyTg g1 + T zy'wy f1 + xy ToTy go + T3 x5'xy fo + o5
Tz3= ———"2 S pg= —""——— =2 3= =
X7 Te T5 T4
and

Tj42Tj—2 .
uj = % (j=2,3,4,5).
j
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Note that in both directions, the variables are expressed as irreducible Laurent poly-
nomials of the other variables. ]

Lemma 6
Let us define

:L,ai+1 ~ :L,U«i+1 _
§2iqo(u) =: #fzwz(u), E2its(u) = %52#3(")-
0 1

Then we have ~
én(u) € Z [{u;t, (uj — 1)i ?:2] .

Proof Since z,, € R,
én(u) =z, €Z [{uji, (uj — H* ?:2, {xli ?:0] .

Therefore we need to show that &, (u) is independent of xg,x1, z2, 3.
We inductively obtain that

zk,
1
L2i+2 = Tt 2u2¢
i
Ai4+1
e Y O B (3.17)
= Ta; g Ugi2 2 :
Lo
aj4+1
Coits = By w82y (3.18)
2i+3 — % 2i+4+1%2i—1 3 :

1

where a; has been defined in (3.7). The u; (i > 6) can be expressed as rational
functions of wug, ..., us from (3.1). Thus &,(u) can be expressed using only us, ..., us
and this expression is unique. I

Proposition 5 ~ B
&, Is irreducible in Z [{uji, (u; —1)* ?:Q]. If n # r, the two terms &, and &, are
co-prime.

Proof Recall that &,(u) € R' :=7Z [{ujc, (u; — 1)i}?:2, {aF ? o] Let us suppose
a factorization &,(u) = hi(u)ha(u), (h1, he € R’). From equations (3.16a) through
(3.16d), we have

h; €7~2::Z[m(jf,xfc,...,x?,foi,ffc,gg[,gﬂ (i=1,2).

Since x,,(x) is irreducible in R, it is also irreducible in R. Therefore either hy or ho
is a unit in R. We can assume that hy is a unit and can factorize it as

7 1
hi(€ R) =Hw?’Hfng (s, Biy i € Z).
i=0 =0

By taking the inverse transformation from = to w, we have that hy € R’ is
a unit.  Therefore ,(uw) is irreducible in R/, and thus &, is irreducible in
Z [{uf, (u; —1)* ?:2]. Next we prove the co-primeness of two arbitrary iterates.
Let us suppose that &,(u) and & (u) (n # r) have a common factor G other than
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monomial ones. G is a common factor of the iterates in R, and is not a unit.
Therefore z,, and z,. are not co-prime in R. However, from Theorem 2, they must be
co-prime in R and thus co-prime in R, which is a contradiction. I

Proof (Theorem 3)
Theorem 3 is readily obtained from

Tn42Ln—2 o jn—‘,—2i‘71,—2
k - Tk
Ly, Ly

Up = )

and from Proposition 5. I

3.2 Nonlinear extended two-dimensional discrete Toda

equation

Based on the results on the nonlinear recurrence equation (3.1) in the previous section,
we shall study the irreducibility and co-primeness properties of the nonlinear form
of the extended two-dimensional discrete Toda equation (1.5). Let us redefine the

independent variables as n' := n + 2 m = m — 2 and use the notations n :=
(n',m'), neZ? (te2Z),ne (Z+1/2)? (t€2Z+1),

11 11
eé1 = _. - Eo — _—, = .
1 272 ) 2 272

To ease notation, let us abbreviate the prime  in (n/,m’) from here on. Then equations
(1.7) and (1.5) are equivalent to the following equations:

Tt+1,nTt—1,n
Ut;n == ﬁ, (319)
Tt,n—eth,n—i-ez
1y la
(Ut+1,n - 1)(Ut—1,n - 1) Ut,n—el Ut,n+61

= . 3.20
(Uin-es = P Urnres — V>~ Uf,_,, UL (3:20)

t,n—ezx >~ t,n+tes

Let us define the shift operators St, 5*1, SQ, which defines an up-shift in the directions
of t,e;, and ey respectively. Then the equation (3.20) can be written as:

/N

S+ 87t — k1 Syt - k2g2) log (U,n — 1)
= <l1;§1_1 + lggl — kISQ_I — k25’2> log Ut,n
= <l1;§1_1 + lggl — kISQ_I — k2;§’2> (St + St_l — k1;§2_1 — kQSQ) log Tt

which is equivalent to

k1 ko
~ ~ ~ N Tt+1,nTt—1n — T, .. T
—1 -1 ) ) tn—es't,n+e
(St +S5; — k1S — kgSg) log [ - P 2] = 0.

t,n—eth,n—i-el

Thus we have obtained a recurrence relation of 7, ¢ as

Ft+1,nFt—l,n
Fk Rk

t,n—es— t,ntez

=1, (3.21)
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where we have defined

k’1 k2
P Tt4+2nTtn — Titlin—esTt+1,ntes
tn -— 11 lo '
Titl,n—e, Tt+1l,n+e;

(3.22)

Equation (3.21) is nonlinear and is a five-term relation with respect to ¢. Evolution of
(3.21) can be defined by assigning the values of 7 ,, at t = 0,1, 2,3, and by computing
the iterations for ¢ > 4. Let us define the sequences a¢ n, b¢n € Z by the following
linear recurrence relation

Yirlin — K1Ytn—es — B2Vt ntes T Yi—1n =0, (3.23)

and the initial data
ap,0 =1, aonzo =0, ain=0, (3.24)
bl,—eg =1, bO,n =0, bl,'n.;é—eg = 0. (325)

Then we can explicitly solve {F; ,} as

Fin =[] Fourmorm (3.26)

0,79 1,71 —ey’
To,T1

where the products are taken over all integers rg and 7. Therefore the variable 7 5,
satisfies the following equation:

_ k1 ko Iy lo
Tt+1nTt—1mn = Tt n—esTt,n+es + Ft—l,'nTt,n—eth,n—i-el . (327)

From (3.26) it follows that F;_ , is a monomial of Fy , Fi . Note that (3.27) is
trivial for ¢ = 1,2 for which it coincides with (3.22). Let us define a ring of Laurent
polynomials corresponding to R as

S =Z {5 Tinh {Fon Finll- (3.28)
Lemma 7

Let us suppose that ¢, € S for every t > ty. Then two iterates 7, n and Ty, , are
co-prime if n # r.

Proof From the spatial symmetry of the equation, if we shift the subscripts in 7,
in the direction of n — r, we obtain 7, ,,. Thus if 73, , is a unit, then we have that
Tto,n 18 also a unit and is co-prime with 74, . Otherwise, there exists a non-unit factor
Tt Such that 74, » = unit x 7/ ,.. Since 7/ ,. has only a finite number of variables,
T, m Das at least one variable that is not in 7; ,.. This variable is not a unit element,
and thus 7, , and 74, », are co-prime.

Lemma 8

Let us suppose that 7y, Tt—1,n € S for all n,n’, and suppose that 7 ,, is co-prime
with four iterates Ty_1 pte,,Tt—1,n+e,- Lhen if 7y1q,. € S, the iterate 141, is also
co-prime With T r4e,, Tt rte,-

Proof Proof is immediate from equation (3.27) and lemma 7.
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Proposition 6
Tt,'n. € S

Proof The proposition is trivial when ¢ < 5. Let us suppose that the Proposition
6 is true for ¢t (> 5 ). Then

_ ks ko Iy ls
Tt+1nTt—1n = Tt n—esTt,ntes =+ Ft—l,nTt,nfeth,n+el €S.

By a direct calculation we have

1

Tt+1nTt—1,n = —f k2 Ih B
Tt*Q,"l*EQTt72+82 7_1572,1'1,7421 Tt72,n+el

l Fk1 l1k1

Iy 2
X [Tt—Z,n—el Tt—2,n+e1 t—2,n—es Tt—l,n—el—eg

lgktl kg l1k2 l2k2
"Tt—1mnte; —€2F —2,n+es 7—t—l,n—el +es Tt—l,n+el+62

k1 ko k1la kalq kila kalo
+ 7—15—2,11,—62 Tt—2,n+ez Ft_17n7—t_1,n_62_61 Tt—l,n-l—eg—elTt—l,n—e2+eth—1,n+ez+el

+ Ti—1,n X (polynomials of 7,_1 p—2e,) |-

We further compute the first term in the square brackets above and obtain

liky l2k1 l1k2 loka
7-t—l,n—el —es Tt—l,n—l—el —es Tt—l,n—el—l—eg Tt—l,n—l—el +eo

I Iy k1 ko k1 ko
X (Tt—2,n—el7—t—2,n+el Ft—2,n—e2 Ft—2,'n.+eg + Tt—2n—eTt—2n+tes thlv'"f

_ ik lak1 l1ka laks

=Tt 1mn—e—et—1,nte;—ex t—1,n—ei1+ex t—1,n+ei+es thlv'"f
k1 ko I lo

X (Tt—2,n—eg7—t—2,n+eg + Ft*3yn7_t—2,n—e17-t—2,n+eg

_ ik laky l1k2 lak2
= Ti—lm—ei—esTt—1,n+e1—esTt—1,n—ei1+ey Tt—1,n+ei+es Ft*Lnthl,nth?;,n-

Therefore there exists a polynomial P11 5 € S in 7¢ 5,—e, and other iterates such that

. Tt—l,nPt+1,n
Tt+1,nTt—1,n = L k i 1
T T2 s T2
t—2,n—es't—24e2't—2n—e; 't—2,n+e;

From lemma 8, we have that 7,1 , is co-prime with 742 n—e,, Tt—2+4es, Tt—2n—e15 Tt—2,n+e15
: k1 k2 I l2 st
and satisfies 7¢11 nTi—1,n € S. Therefore T o m—esTiootesTto2m—e, Ti2ntes divides

Pit1n. Thus 7441, € S. We have thus proved by induction that 7, € S for all ¢.

Note 3
Let us calculate Piiq p:

kl kg ll l2
P . Ttn—esTt,ntes + Ft—l,nTt,n—eth,n—f—el
trln = — )
—-1,n
9
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Tkl _ 1 Fkl Tklh kil
tnm—es t—2,n—esx’'t—1n—e;—es't—1,nt+e;—es
t—2,n—es
k1—1 (k1—=1)l1 (k1—1)l2 k1 ko 2ko
+k1Ft—2,n—eth—1,n—el—EQTt—l,n—f—el—EQTt—l,n—Zeth—l,n + O(Tt—l,n) )
ko — 1 k2 koly kalo
Temtes = ko (Ft—z,n+e2Tt—l,n—e1+e27't—1,n+e1+e2
Tt—2,n+ez
ka—1 (k2—1)l1 (k2—1)l2 k1 ko 2k
+'I€2Ft—2,'n+egTt—l,n—el+e27—t—1,n+e1+egTt—l,nTt—l,n+2e2 + O(Tt—l,n) )
I _ 1 L1k liko
Tt,n—el - L thl,nfelfethfl,nfelJreg
Tt—2,n—el
ki(l1—-1) ka(l1—1) I 123 212
+l17—t—1,n—el—eth—l,n—l-eg—el Ft*ln*elTt—l,n—2eth—1,n + O(Tt—l,n) )
. Lok ok
t,nter = [, t—1l,n+ei—ex't—1,n+e;+es
Tt—2,n+e1

ke (I2—1) ko (Iz—1) L s 20,
+l27—t71,n+el7eth71,n+eg+elFt—27n+€1 Ti—1,mnTt=1,n+2e; =+ O(thl,n) .

Therefore we have

_ l1k1 laky l1k2 loko
Pt+17”7« - Ft_17n7—t—1,’n,—€1—€2Tt—17n+61—€2Tt—17n—81+€2Tt—l,n+€1+627—t_37n

U1 l2 k1 ko—1
+ Tt—2,n—el7—t—2,n+el (k2Ft—2,n—egFt—2,n+ez

kila kil (k2—1)l1 (k2—1)l2 ki—1 _ko
X Tt—l,n—el—eth—l,n—i-el—ezTt—l,n—el—i-eth—l,n—i-el-l—eQ t—l,nTt—l,n+2ez
kg k?l—l k:2l1 k:glg (klfl)ll (klf]-)l2 ]{31 kz—l
+k1Ft72,n+e2Ft72,n762thl,nfelJregthl,n+el+eg7_t71,nfel7eth71,n+el7eth71,n72eQTt71,n

+ 7_1&]212,11,762TtkEQ,n+e2Ft—1,n <Z2Ft—27n+€17—tllfkil,nfelfez
X Tiflfklz,nfel+e2Ttkflg{%n_je)lfe2TtkE§l72n_+16)2+elTtllfz,l'rLTgil7n+2el
+11Ft*27n*€1Ttlikll,n+el7627-;27]?12,n+61+egTtkigl,ln_flglfeQTtkfgl,}n;leLfelTtl1717n72el7-tl271,1n> + O(thlvn)
(3.29)
Theorem 4

Every iterate 1, (t > 2) is irreducible and any two iterates are co-prime.

Proof It is sufficient to prove the irreducibility for only 70 (¢t € 2Z), T¢,—e, (t €
27 + 1), because of the translational symmetries of the equation.

e In the case of t = 2,3, the statement is trivial since 7; 5, is a unit.
e In the case of t = 4:

k1 ko Iy la
T _ T3’_e27—3»52 + F2707-3,—617-3,61
4,0 = .
72,0
Since Fy o = File, Fie, is a fi d 1 ial of F, &, wh f
ince o = o T4,0 is a first order polynomial of Iy, whose coef-
ficient is co-prime with its constant term. Thus 74 ¢ is irreducible and not a
unit.

e In the case of t = 5, from lemma 12, we have

A, /
Tseeo = | [ 747 | X7 e, (0m € Zxo),
n
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where 75 _ . is irreducible. We also have
bl

k1 ko l l2
7-4 2627-470 + F37_627-4 ,—€1—e 4 ,e1—€g

T8—e2 T3,—es
Since 74,5 and 74, are mutually co-prime when n # r from lemma 7, we have
an =0 (n =0, —2es, +e; —ez). The term 74 ,, is independent of Fy ,. (7 # n),
and is a first order polynomial of Fj 1 whose constant term is non-zero. We
also have that F3 _, is a monomial of Fy o and Fy _g.,. Therefore 75 _¢, is
independent of all the iterates Fp ,, (n # 0, —2e2, e —e3). Thus a,, = 0 for
all n # 0, —2ez, e; — e2. We have proved that 75 _, is irreducible.
e In the case of t = 6, from lemma 12 we have the following factorization:

Op /
T6,0 = (H T4,n> X Tg 0 (Oén S Zzo),

n

where 7g ¢ is irreducible. Let us take the initial data as Yn, Fon = t,', and
take all the other initial data as 1. Then we have

FQnZtna

5

Fsn —tkl the

n—es‘'n+tegy)

Fip =t f2haka—1ghs

n—2es n+2es’

and

Tan =1+,

Tsm = (1 + tn—ez) (1 + tn+ez)k2 + tn es n+eg(1 +tn— 61) 1(1 + tn-‘rel)lZ’

k1

21 ko —14K I Iy
Tsn—es 7—5 n+es + tn 2€2t t

n+22es T5 n— elT5 n+eq

Te,n — 1+ tn

Therefore the iterate 76 ¢ depends only on ¢, (n € Zg) where

Zs == {n = jie1 + joes | 1| + |j2| =0, 2, (j1,j2) € Z°}.

Thus n € Zg — a, = 0. Let us prove that a,, = 0 for n € Zg, one by one.
(i) In the case of tye, = —1, with ¢, = 1 for all n # 2ey:

— okithka 4 olitle _. cs, — 2k1+k27

T5,4+es T5,e1 T5,—e; = C5-

Therefore we have 76 ¢ > 0, and thus age, = 0. From the symmetry of the
equation we also have a_z¢, = 0.
(i) In the case of toe, = —1, with t,, = 1 for all n # 2e,:

T5,e0 — (—1)k2htlz, T5,—es — C5y  T5,4e, — C5.
Let us note that k2 = ko (mod 2) and we obtain

l1+l2 k1 Li+l12
220t + e
2

76,0 = (—1)k2 # 0.

Therefore aze, = 0. We also have a_ge, = 0 in the same way.
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(iii) In the case of te,1e, = —1, with ¢, = 0 for all n # e; + ea:
T5,e0 = 17 T5,—ey — 17 T5,e; = 07 T5,—e; — 1.

Therefore
76,0 — 1.

Thus ae, e, = 0. We also have a_¢, —e, =0, dte;—e, =0, and, a_e, 1e, =
0.
(v) In the case of 1o = —1, with ¢, = 1 for all n # 0.

Fie, = (-1 F3 ¢, = (—1)*, Fy,, =1 (n # *es),F10 = (-1).
From equation (3.29),
Pso — (_1)(k1+k2)(ll+lz) +k25k171(_1)/€1k2(_1)k1(k2*1)2(k1+k2*1)(51+l2)+k2
+ Ky gy 1 (—1)F2kz (—1)kalki—D) g(k1tke—1) (11 Ha)+h

+ (_l2)5l1712(k1+k2)(51+52—1)+l2 + (_ll)5l2,12(k1+k2)(ll+l2_1)+ll

:(_1)(k1+k2)(l1+l2)+(_k2)5k1’12k2(l1+l2+1)+(_k1)5k2712k1(l1+12+1)
+ (_12)5l1712l2(/€1+k2+1) + (_l1)5l2,12l1(k1+k2+1) £ 0.

Therefore we have ag = 0.
From these observations we conclude that 76 o is irreducible.
e Preparation for t > 7: Let us define ¢; as the value of 7 5, when we take all the
initial data as 1. Note that ¢; does not depend on mn. If we substitute 1 for all
the initial data in F} ,, we have F; ,, — 1, and

C .
3=1, =2 cyp=-"—""—(j24).

Cj—1

k1+ko 1412
; +¢;

It is easy to see that the c; are strictly increasing. Therefore we have shown

the following fact: if 74 ,, and 7, (s # t) are irreducible, then 7 ,, and 75 ,. are

co-prime. Also, from lemma 12, 7; ,, and 7;, (n # 7) are co-prime if they are

both irreducible. Thus the irreducibility immediately implies the co-primeness.
e In the case of t = 7: From lemma 12,

_ | | Q! _ | | Brn Y I
T7,—ex = TanT7,—ey — TsnT6,rT7,—es>
n n,r

(Oén, Bna Yr S 220)7
where 77 ., 77 _, are irreducible. If we suppose that 77 e, is not irreducible,
then there exist n, r, j such that
T7,—e, = UNIt X Ty T (7 € {5,6}).
Therefore
c7 < cyce = 2¢6.

On the other hand,

k1+ko l1+12
Cg + Cg

o= SOl 0,
5

which is a contradiction.
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e In the case of t > 8, the discussion goes in exactly the same manner.

The proof is complete. Our final aim is to prove the following theorem:

Theorem 5
Two iterates U(t,n) and U(s,r) of the equation (3.20) satisfy the following property:
if |t —s| > 2 orr#mn, n+t2ey, they are co-prime in

(3.30)

t,n

Su =2 [{Uy Win = 1F}_ |-

Let us use the following notations:
Tt = {Tt,n}a F; := {Ft,n}a U, = {Ut,n}u
T:= {F07F17T27T3}7 W = {TO)TlaUlaUQ}
Then we have § = Z [Foi, li, TQi, T?ﬂ = Z[T)]. Note that from our previous results,

all the iterates 7y, € S are irreducible and mutually co-prime. As before, we have
the following lemma.

Lemma 9
We have a birational mapping between T' and W'.

Proof W — T
1 k

_ 1 k2
2,n = To Ul:nTl,n—ele,n—l—ez? (331&)
n
k1 ko k3 2k1ko—1_K3
o 1 U k1 ko o U27’nUl,n—eQ Ul,n+eng,n—2e2T1,n T1,n+2es
T3,n = 7_7 27n7—2,n—eg7—2,n+ez - k1 ko ’
1,n TO,n—ezTO,n+e2 ( )
3.31b
Using these results,
kl kz kl k2
2,nT0m — Tin—e>71,ntes Tim—esT1,n+es
Fon = P = e e (1, - 1), (3.31c)
Tl,n—elTl,n+el Tl,n—elTl,n—l—el
k1 k‘z kl k2
F . T3nTin — T2 n—e,; "2 ntes . Ton—esT2,n+es (U . 1)
1,n — i1 15 - 1o 2,n
TZ,n—elTQ,n+el T2,n—el7—2,n+el
I Iy k3 2k1ko—1_K3 k1 ko
o TO7nfelTO,n+el 7-1771,72(927-1,1’1, Tl,n+2eg U].,TL*GQ Ul,n+62 (U 1) (3 31d)
2n — 1) .

k1 k2 12 2yla—1_13 1 l2
To,n—es70,n+e; T1n—2e1"1,n TIm+2e; 1,n—e1U1,n+e1

The inverse mapping (T' — W) is constructed as

Tl:n = 7_31’"‘ (Fl,nTé?n—elTé?n—}—el + Té?n—eg T§,3’L+62> ) (3328‘)
and
To,n = a (FovnT{,ln—elT{?n—l-el + le,%n—engk,%n—&-eg) ’ (332b)
U2,n = %, — U1,n = TQ’nT(,::’ (3.32C)
TQ,n—egTZ,n—l—eg Tl,n—eng,n+eg

It is immediately shown that these transformations are made up irreducible Laurent
polynomials.
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Lemma 10
Let us define the new variable 0y, as 04 n (W) := Ty n(T'). Then we have the following
factorization: 0y = U0t n, Where u; n, is a monic Laurent monomial of 1o ., T1 r,
and we have

Ut n eZ [{ s,1 (Us,r - 1)i}51071] :

Proof By a direct computation, we have

k1 ko
- Ul;n, (Tkl T]gz ) Tl,nfeQTl,nJreg U
2.n — = "Ulin
Tom l,n—ez’'1l,ntes Tom )
T _ U27n Tkl TkQ
3,n — 2,n—es ' 2,ntes
Tin
k1 ko
o U2,'n Ul,n—eg Ul,n+62 k2 2k ko
- 7_1 ,mn—2es Tl n 7-1 ’I’L+2€2
Tin To,n—eo T0,n+es
k3 21 ko—1_k3
T n—2es T n T n+2es U U U
- k1 ko 2,nV1 n—ez -~ 1,n+ez’

7-O ,n—ez 7-0 n—+es

T¢,n = (Monic Laurent monomial of 7 ., 71 )

X (Monic monomial of Uy, ..., Up_1.n).

From equation (3.20), U », (s = 3,4, ...) can be expressed using U ,, Us . Therefore
Ut is a monic Laurent monomial of 7 ,., 71 ., and has a factor &, , € Q(Uy, Uy).
On the other hand, from 7; ,, € S and the transformations (3.31a) — (3.31d) we have

Otm EZ[TO y T1 a{ s, ( *1)i}s:0,1} .
Therefore, from the uniqueness of the factorization, we conclude that
Ut n € Z [{ s,7) (Us,r - 1)i}s:O,1] .

Proposition 7

Gt Is irreducibile in Z [{ e (Usr — 1)i}5:071]. For (t,n) # (s,7), 6¢.n and G5,
are co-prime.

Proof We use an argument similar to that in the proof of Proposition 5. We have
O'tynGSZZZ[Tét,Tl ,{ P ( —1)i}s:071].

Let us suppose that we can factor o, ., as 0y = hi(W)hy(W) (h1, hy € S). From
equations (3.31a)-(3.31d) we can reformulate (U, — 1), to obtain

hihy € 8" = Z [{T}i . F{F].

On the other hand, 7;, € S is irreducible in §" and we can assume that h; is a unit
in §&’. Therefore hy can be expresssed as

1
=111 Fr H [I7  (qinBir ),

=0 M =0 7
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which implies that h; is a unit also in S.  Thus O¢n is irreducible in S.
From the uniqueness of the factorization, the iterate &;, is irreducible in
Z[{Usﬁ,, (Usvr—l)i}szoyl]. Finally we prove co-primeness. Let us suppose
that o4, and o4, are not co-prime. Then they must have a (non-unit) common
factor H in S. Then H is not a unit in S’ and 74, and 75, are not co-prime in
S’. This conclusion contradicts the outcome of Theorem 4 that 7, and 74, are
co-prime in S.

Proof of Theorem 5 From equation (3.20), we have that U; ,, € Q(U). Thus

U o Ot+1,n0t—1,n o Ot+1,n0t—1,n
tm = g k ~ =k ~k
1 2 1 2

Ut,n—egat,n—i-eg Ut,n—eQUt,n—i-eg

Therefore we obtain Theorem 5 from Proposition 7.
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Conclusion

In this thesis we have constructed a quasi-integrable extension to the two-dimensional
discrete Toda equation (quasi 2D-dToda), and proved that it has Laurent property,
the irreducibility and the co-primeness property. The quasi 2D-dToda is considered
to be the first example of quasi-integrable equations defined on a three-dimensional
lattice Z3. We have also presented a quasi-integrable Somos-4 recurrence, a quasi-
integrable 1D discrete Toda equation (quasi 1D-dToda), through a reduction from
quasi 2D-dToda, and have proved that they also have the Laurent, the irreducibility
and the co-primeness properties (although some parts of the proofs have been omit-
ted). Quasi-integrable Somos-4 and quasi 1D-dToda are already known to have the
Laurent property [10], and in this thesis, we have added the proof for the irreducibility
and the co-primeness.

Properties of the irreducibility and co-primeness are considered as strong indica-
tions of the discrete integrability (including quasi-integrability), and also are algebraic
reinterpretations of singularity confinement. It is expected that further exploration
into the topics related to the co-primeness, will lead us to constructing refined in-
tegrability criteria for discrete dynamical systems. For example, in some discrete
equations, even when the general iterates are not irreducible, we can still prove that
every pair of two iterates are co-prime. This phenomenon might lie in the bound-
ary of integrable systems and non-integrable ones. For example, the quasi-integrable
Somos-4 equation satisfies co-primeness property when we remove the condition that
‘the polynomial z!y™ + z* is irreducible in Z’.

Another interesting topic to study is the nonlinear forms of the equations that we
have investigated here. The original 2-dimensional discrete Toda equation has the 7-
function bilinear form (1.2) as we have presented in this thesis, and also has a nonlinear
expression related to it. We proved that the nonlinear extended discrete 2D Toda lat-
tice equations (1.5) all have the co-primeness property in Z [{UZ,, (Us» — 1)%},20.1]
for general ki,ks,ly and l;. The nonlinear recurrence corresponding to the ex-
tended Somos-4 (3.1), which is obtained as a reduction of (1.5), also shows the
co-primeness property in the ring Z [{uji, (uj — 1* ?:2]. Since the co-primeness
property is an algebraic analogue of singularity confinement[5], the reason why the
ring 7Z [{ujc, (uj — l)i}?:2] appears in the property is that the “singularities”of (3.1)
are not only at u; =0 but also at u; =1 (j = 2,3,4,5).

So far we have constructed several higher dimensional non-linear equations which
have the co-primeness property[18]. A natural question is whether there is any sys-
tematic way of constructing such equations. For discrete Painlevé equations, which
were first introduced as second order rational mappings with the singularity confine-
ment property, Sakai has given a geometric construction of the so called space of initial
conditions and completed the classification of the discrete Painlevé equations[7] [19].
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We expect some geometric interpretation of the co-primeness property with which a
systematic construction and classification of co-primeness preserving nonlinear equa-
tions becomes possible. This is one of the problems we wish to address in future
works. An investigation of the continuous limits of these discrete equations is also a
future problem.
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Appendix

A Conditions on the indices of the equation (1.3)

We prove the following proposition:

Proposition 8
Let r be a positive integer, and let ai,as,as,as be non-negative integers with
GCD(aq,a2,as,as) = 1. Then the polynomial

Xilerg2T + Xg,gTXZ4T
is irreducible in Z[X1, X2, X3, X4] if and only if r = 2! (1 > 0).

Sketch of Proof If r has a odd prime factor, it is trivial that X" X5?" + X 5" X"
is reducible. We prove that, if 7 is a power of 2, X{'" X52" + X$3" X (4" is irreducible.
It is sufficient to prove the irreducibility of

Fi=(X"X3PXyX ") +1

as a Laurent polynomial. From Lemma 11, there exists a matrix B = (b;;) € GLz(4)
such that

bir = a1, ba =az, b3y =—az, by =—as.
Then the following ring homomorphism
1/): Z[Yli’YQi’Y3i7}/4i] %Z[X#’X;7X§E7Xf]7

defined by
Y; Xihl X§i2X§i3Xi7i47

is in fact an isomorphism, since we can define its inverse by
o TN XS XL X - ZYE Y5 YR YE]L X e YR YRy ey
where C' = (¢;;) = B~!. From the definition of the map 1, we have
(Y] +1)=F.

Since r is a non-negative power of 2, Y| + 1 is the 2r-th cyclotomic polynomial and
is irreducible. The irreducibility is preserved under the isomorphism ), thus F' is
irreducible.

Lemma 11
Suppose that ay,...,ay € Z are co-prime integers. Then there exists a matrix B =
(bij) € GLz(N) such that

bi1 = a;,

for every i.

Proof can be done using a knowledge of elementary algebra.
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B Lemma on the factorization of Laurent polynomials in [9]

Let us reproduce a lemma on how the Laurent polynomial is factorized when we make
a transformation to the variables, where the two sets of variables (before and after
the transformation) satisfy some good conditions. In usual settings, the conditions
are satisfied thanks to the Laurent property and the invertibility of the equation.

Lemma 12 ([9])
Let M be a positive integer and let {p1,p2,--- ,pnm} and {q1,q2, -+ ,qm} be two sets
of independent variables with the following properties:

q; is irreducible as an element of 7 [pf,pgt, ‘e ,pf/[} ,

for j =1,2,--- , M. Let us take an irreducible Laurent polynomial

f(pla”' 7pM) GZ [pit7p§:7 7p§\t/[j|7

and another (not necessarily irreducible) Laurent polynomial

9(q. - am) €Z[af a5, L air]

which satisfies f(p1, -+ ,pm) = g(q1--- ,qum). In these settings, the function g is
decomposed as

glqr, -+ sqm) = pi'py’ - pap - Glar, -+ qu),
where 11,79, ,ry € Z and g(q1,- -+ ,qur) is irreducible in Z [qfc,qéc, e ,q]ﬁ].

The underlying idea is the fact in algebra that the localization of a unique factorization
domain preserves the irreducibility of its elements. Proof is found in reference [9].
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