


ON THE J>-ADIC ELLIPTIC POLYLOGARITHM FOR 
CM-ELLIPTIC CURVES 

KENIO ll BANNA I 

ABS'l'R.ACT. T he pw·pose f t.his paper is to calcuh:Lie. t.he p-a.dic real­
izat ion of t,h (> ~Uiptic po1ylogar iLlun for a CM-ellipLic curve E over IQ', 
following Lhe method of Beilinson aud Levill t' \BLl as explai ncxl by Hu­
ber and Kings [H. Kj, and Wildesha us [Wl J[W21. We will calculal.e Lhe 
sp<..-c.ia.Ji?.alion of th is object al lorsion points: and wi ll prove lhat it. is 
re lnt.ed lo spt.>cial values of e llip tic analogues of p-ttdic pol~r logaritl.unic 

function !'!. 

0. I NTRODUCTION 

0.1. Introduction. The ellipt ic polylogarithm sheai, first c nstructed by 
Bcilinson and Levine [BLJ, is a pro-variation of mixed Hodge structures on an 
ellipt ic curve minu the ident ity element. The strength of their construction 
is that it applies to <UIY reasonable theory of mixed sheaves. ln part icular, 
the ellipti · polylogaritlun sheaf is conjectured to be rnotivic. The case in 
which the elliptic curve has complex mulUplication. the specia Li zation of 
ellipt ic polyloga.ri thrns at torsion points is related to the special va lues of 
the complex £-function, as predicted by the Beilinson conjecturr [Bei2]. 

The purpose of t his paper is to ntlculate the 7}-adic realization of the 
elliptic polylogari thm sheaf for a CM elliptic curve E over <Qi. We will show 
t bat the specia Lization a.t torsion points of this sheai is reLated to the one­
vari able p-adic L-function associated to E . 

Let E be an ellipt ic curve over <Qi with complex multiplication by the 
integer ring OK of a imaginary quadmtic field K . We fix a prime p > 3 such 
that p = pp" splits in K . This implies that E has good m·dinary reduction 
over the primes above p. 

We let 1/J = 1/JE/ K be the Gri\Bend1<uakter of K assoc:iated to E / K. wi th 
conductor f prime to p. Let F = K (f) = K (E [f]) be the ray class field of K 
modulo f, and let F 00 = K (jp00

). 

We fix a pr ime '.)3 ofF above p, and we let F;p be the completion ofF at 
'.)3. We fix a11 abso lutely unramified extension J( o[ F'].1 with ring of integers 
0 1<. Fix a smooth model E over Of( of E f( = E ®Q ](. 

We de.fine .Yt' = H 1(E.J<( I)) to I e the geometrir syntomic cohomology 
of E with coeffi cients in J< (l ). See Definitionl.12 for the precise definition. 
It is a two-dimensional K -vector space with fil t ral:ion p • and Frobeni us <p, 
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and it splits iu to the direct sum of two omrdinwnsional filtered Probeuius 
modules Yt' = .Yt'(w) tB Yf(i)) with fixrd basis w m1d fj. 

Let S(E) be t lte category of syntormc coefficients onE, defined in Defini­
tion 1.5. 1t i' a rough p-adic analogue of the category of vru·iation of mixed 
Elodge structures. The ellipt1.c loga•·ithrnic sheaf Log is a pro-object in S(B) . 
One of the main features of this object is the splitting pl'inC'iple: 

Proposition (=Corollary 2.12) . For a torsion point :c E E(OK) of ordPI' 
)JrimP to p, we ha-ve 

.c* £og = II Sym" Yf. 
n~O 

Let U = E \ 0, where 0 is the identity element of E. Let Y? be the 
dual of Yf, and d •note by the same symbol the puU back of Ji' to U. Let 
H;yn(U. Ji'0 Log(I)) be t he absolute syntomic cohomology with coefficients 
in Log defined in D finition 1.21. The elliptic polylogm'ithm is an element in 

poJ E H~.,(U, £ 0 L og(1)), 

where H;y,(U. Ji' 0 Log(1)) is tbe absolute syntomic cohomology (Sec Defi­
nition 1..21 .for the definition of absolute syntomic cohomology). T he precise 
definition of pol is given in Defitrition 3.3. The significance of tlli' element 
is that it is conjectured to be moti,~c of origin. In other words, it is con­
je tur d to be the image by a ~uitable regulator map of the motivic elliptic 
polyloga:rithm. .in the corresponding motivic cohomology group. 

The pull back of pol by x E U(OK) as above gives an clern<'nt 

x* polE H1y 11 (0K,Y7 0 1:• £og(1)) = II H;y.,(OI>• .fl ® Sym" Yt'(1)). 
n~O 

The module .Yf(w)®j-l is a direct unlllltu1d of Yf.' 0 Symi .fl. 
Fix a proper ideal a = (a) of (')K ptime to fp, and Jet. Ua = E\ E[a]. We 

define the modified elliptic polylogarithm by 

pol
0 

= (Na) pol-[a]" pol. 

Here, [a] : Ua --+ U is t he multiplication by a. 
Let eE.n be the rational function on E with a zero of degree 12Na at 

0, and poles of degree 12 at each point in B[a] \ 0 (See Ddinition 4.1). 
In calcu l"ting the element po10 explicitly, we will prove that. there exists i.L 

unique system of over conv(' rgent functions Dn.j on Ual( for j 2: 1 satisf.viug 
the differential equations 

dDn,l = ('£ -1) dEJE,n 
p EJE,a 

dDa,1+t = -Da,jW· 
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Here. <p lli the Froheuius induced from the rnult-tpUcation by 1/'E/K(P) map on 
E . For ead1 j, w<c will a ll t he function Dn.j t he elti)Jtic polylogarithmic func­
tion (of weight j). This is the elliptic analogue of t he p-adic poly logarithmic 

function e)~l defined by Coleman [Co[. 

Definition . Let x be a non-zero torsion point of E(Og) of order prime to 
ap. Por j ~ 1, we define t he llJ ap hx,j to be the <:omposition of 

Htyn(Un, w•Y?® .Co.(/( 1)) ~ I1n;~o Hdyn (OK..7?0 Sym" .Jr-'(1)) 

wit.h the projection 

H:yn(O g , £ 0 Symi £ ;(1)) ___, H,iyn(Og,ft'(w)®i-1 (1 )) 

and the canonical isomorphism 

H:yn(Og, ..Mf(w) <&i - 1 (1) ) ____::__. ]( w®i - 1 (1). 

We prove t he following: 

Theorem (=Theorem 5) . Let x !Je a non-zero torsion poiTit of E(Og) of 
m·der 7Jrime to ap. FoT arty i.nteger .i ~ 11 we have 

hx.j( l2pola) = Da,j(x)w®i - 1(1) . 

Here, Da.;(x) is the V(tlue of the function Do.J at x. 

Tllis result is a generalization of the result> of Coleman-de Shali t ([CdS], 
the c;1se when j = 1). Since the object pol is conjectured to be motivic 
of origin, this result gives indication that the the analogue of the resul ts of 
Gras-Kurihara [G I<] and Gros [G] in the cyclotomic case holds in the elliptic 
situation. ln pa rticular, t he values Da .. i(:c) shotdd have arithmetic meaniug. 

Along this line of thought, we will prove in Proposition 5. 16 that there 
is some relation between the ellipt ic polylogarithmic fun ·tion and the one­
variable p-adic £-function of E . 
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0.2. Overview. The p-adic cohomology theory thnt we are going to usc is 
rigid syntomic cohomology defined by Am11on Besser, extended in our case 
to deal with coefficients. The first section of this paper is devoted to the 
construction of the formalism of rigid syntomic cohomology with coefficients. 

Let [( be a 6nit.e unnunifi.ed extension of i()>p with ring of integers 0 1<. 

Let X be a scheme smooth and of finite type over OJ<, with smooth com­
pa ·tification X, such that the complement D is a normal crossing divisor 
relative to 0 }(. 

We will first define the category Sild(X) of admissible syntom.ic coefficients 
on X (D ·fulition 1. ), wllich is a rough 7>-adic analogue of the category of 
variation of mixed Hodge strudures. 

Next, for an object .II E sad(X) , we will define the geometric syntomic 
cohomology, denoted as Jii(X, A't) (Definition 1.12), and a.b.soluf.e syntomic 
cohomology, denoted as H;yn(X, ./It) (Definition 1.21). The geometric syo­
tomic cohomology is the p-adic analogue of Bet i cohomology (with the 
mixed Hodge structure), and absolute syntomic cohomology is the p-adic 
ru1alogue of Beili nson-Deligne cohomology. 

The main theorem in the first pm·t of this paper is 'l' beorem 1, which gives 
a canonical i ·otnorphism 

Extkcxl(J<(O), .4"(.) --=----. If]yn(X, .d'l) 

for ./11 in S"'1(X). This is a p-adie analogue of the classi al fact that the 
first Deligne cohomology is isomorphic to the extension group of variation 
of mixed Bodge structures. 

Starting from the s ond s ction, we will deal with the elliptic cu rve 
mentioned in the introduction. Let E1< = E ®Q ](. <Ulrl Jet E be a smooth 
model of EJ< over 01(. 

ln tlte second section. we will first define the logarithmic sheaf Log over 
E. which i a pro-object iu the category S""(E) (Defini tion 2.6). Then we 



will t;tlculate its geometric syntomi ·cohomology (Proposition 2.8), and will 
prove the splitting principle (Corollary 2. 12). 

ln the third section, we will define the p-adi(' elliptic p >lylogarithw. The 
definition is parallel to that of the classical case, fo.llowing the papers [BL], 
[H1<] and [W2]. 

ln the fourth section, we will review the construction of the one-vari able 
p-adic: L-function Lp,o associated to t he elliptic curve E as above. TI:Us 
section is iucluded for the conven ienc , of the reader, aud does not cortt.ain 
flny new results. 

The last sectiou is devoted to the proof of Theorem 5. The main ingredient 
is lhe e..'<plicit calculation of the partial polylogarithmic element J);;']u in 

S(Ua)· Since the morphism hx.1 maps pol0 through p;)'1., this is enough to 
prove our main theorem. 

As in the classical case, there i~< thP l'igidity p7'inciple (Proposition 5.11). 

In other words. the extension class of r;;-1. is uniquely determined by its 
nnderl)~ng coherent modu le wi!J1 cow1ection. This principl allows much 
easier calculation of Pola. 
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1. THE FORMALISM OF RIGID SYNTOMlC COIIOMOLOGY 

1.1. T h e category o f syn tomic coefficients. 
ln this section, we will first define tbe category of syntomic data ~K 

(Definition 1.1). Thi is a set of data which is necessary to define syntomic 
cohomology. Then, for 3.: in ~", we will define the category of syntomic 
coefficients (Definition 1.5) , which is a rougl1 p-adk analogue of t he category 
of variation of mixed Hodge structures. In Definition 1. , we wiU define the 
notion of an admissible syntomic coefficient, which i~< neces ·ary t;o define 
absolute syntomic cohomology in Section 1.2. 

Then, in Definition 1.12, we will giv t he definition of geometl'ic synt.nm·ic 
cohomology, which is a 1>-adic analogue of singu lm cohomology. The geo­
metric syntomic cohomology has a structure of a filtered Fmbenius module, 
much in the same way that singular coho.mology has a m ixed Hodge struc­
t.un•. 

In Example 1.13 , we will giv ceJculations of geometric syntomic coho­
mology in some special cases. Finally. we will prove some basic properties 
of this cohomology. 



Definition 1.1. We deliue the category of syntomic data 'JJ[( as follows. 
The object in this category is a triple :I= (X, X, cf>x ), where 

(i) X is a smooth scheme over Ot< of finite type. 
(ii) X is a smooth projective compactification of X such that the comple­

ment D is a strict normal ("·ossing divisor rela ive to 0 I(. 
(iii) Let X be the formal rompktion of X with respect to the special fiber. 

Then cf> x : X _, X is a liiting of the absolute Frobenius of X~. 
The morphism f : X _, !D in this category is a morphism f X -+ V of 
schemes over OJ< such that j(X) C Y and the ma.p i11duced on the forma.! 
completion is compatible with the Frobenius. 

Throughout tl1is section, fix a syntomic datum X ·in §1/(. W• denote hy 
Xg = X 0 K the generi~ fiber of X, by Xk = X 0 k the special fiber 
of X , by X't(' the rigid analytic space associated to XI(, by X the forma l 
completion of X with re;;pect to the special fiber, and by Xg the rigid 
analytic space associated to X. vVe will use the same notations for X. By 
([Berl] Proposition 0.3.5) , there is an isomorpllisrn XI\'"'~~. 

Letj: Xg '--->X/( be the natural inclusion. Wcsaytbatasubset V CXI< 
is a strict neighborhood of XI( in X [(, if 

X/( = v u (XK \ Xg) 

is an admissible covering of Xg. 
For any abelian sheaf !vi 0 on V, we let 

j~M0 = ~ v•c <>vv•.avv·M
0

. 

where the limit is taken with respect to t.b(' strict neighborhoo Is V' of XI( in 
Xg with inclusion avv•: V' '--' V. If M 0 ha ·a stTucture of a Ov-module, 
then j/1.M0 has a structure of a :i~0 11-module, and the functor avv•. and 

avv• give an equivalenc · between t he category of j~Ov-modules and the 

category of j~,Ov•-modules. 

D efinit ion 1.2. Let V be a strict neighborhood of XK in XK , and let 
av : V '---> Xg be the inclusion. We define .it to be the functor 

j1MO = av,j~Mo 

with valu s in the category of sheaves on X g. 

If M 0 is a jleJx"-module with couJJection \7° , we denote by </>)<M0 the 

.it Ox" -module wil.h connection which is defined to be the inverse image of 

M 0 wilh respect to the Frobenius. 

D efinition 1.3 . A Fmbenius stmctnn on !11° is a horizontal isomorphism 
<P.tt: </>x Mo oe Mo 

Rema1·k 1.4.. The category of j l O;v"-ruodu les with overconvergcnt integral 
connection and Proben ius structure is a real'ization, in the sense of [Berl] 
p.68, of Lh(• category F-Isoct(Xk/ E') of overc.onvcrgent F-isocrystals ou Xk. 
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Suppose M is a coher nt Ox,-module of finite rank with integrable log­
ari hn1ic com1ection 

'11 : M __. M ® f!y)logD). 

We define P rig(M, '11) = (Mri~· '11 rig) to be the pair such that: Airig is the 
coherent j1C);v"-module jl(Mix")"'', and 'lll'ig Mrig ~ M,;, ® f!j," is 

the connection on 1\lfrig induced from '11. Then P rig is an exact functor 
from the category of coherent Ox" -modules of fini te ran k with integrable 
logarithmic connection along D to the category of coh rent jlC);vx -modules 
with integrable connection. 

Definition 1.5. We defin the category of synt01nic coefficients on x to be 
the category S(x) defined a follows: 

The objects of S(X) consist of the 4-uple ./It= (AI , '11 , F " , <1?.11 ) where 

(i) M is a coherent Ox-K-module of finite rank. 
(ii) '11 is an integrable connection on M wit:h logarithmic poles along D. 

(iii) p • is a descending exhaustive separated ii.ltration by ub Ox K -modules 
on !11 , eal led the Hodge filtmtion, satisfying Griffith's tra.nsversa.lity 

'll(F"'M) C F"'-1M ® I1:k-K(logD). 

(iv) <1? .11 : cf>}:M,;8 ""Mrig is a Frobenius structure on Mrlg· 

The morphi ms in this category are homomorphisms of underlying Ox K­

modules which are compatible with the above structures. 

Remark 1.6. 
a) For any object ./It = (M, '11 , F ", <1>.;1 ) in S(X), we say that the pair 

( M , '11) is the underlying coher·ent modt•le with connection of J((. 

b) By ([Berl] Theorem 2.5.7), condit ion (iv) above ensures that the con­
nection 'llrig on M rig is overconve1gent (loc. cit. Definition 2.2.5). 

Definition 1.7. For each integer j, we define the Tate obj~ct I< (j) to be 
the object K (j) = (M, '11 , F" , <1?.11) in S(X) defined as fo.llows: 

(i) lYf = OxKe; is a free 0x"-module of rank one with generator e3. 
(ii) The connection '11 i~ defined by '11(~<1 ) = 0. 
(ili) T he Hodge filtration F" is defined by p -i M = M and p -i+ ! M = 0. 
(iv) We have </J'_,;M,;g = M rig· The Frobenius morphiHm is rlefined to be 

<I.>Jt(ej) = p-iei. 

Suppose ../( = (M, '11 , F" . <l.>.tt) i an object i:n S(X). We denote by 
DR.dR.(.A') the de Rham complex 

· · · __. M 2, M ® !!!,. (log D ) 2, M ® ~ (lo" D ) .:'!.., · · XK X,.. o 

where !11 is at degree 0. T his compk·x is a filt:ered complex wi th filtrat:ion 
given on each tenn by 

.fi'"' DR;\R.(../t) = pm-"M ® Hy)logD). 



Similarly. we denote by DR~1g(.d'f) the complex 

'<l I <:; 2 <:; 
---> l\1.-ig ~ 111rig 0 fl;vK ----> Mrig ® %K ----> 

We define the de R ham cohomology H:m (X, ./t) of X with coefficients in 
..41. by 

HjR(:£ ,..41.) = IR;r(XK ,DR;m(,.,/t)) . 

The de Rham cohomology has H filtration. called the Hodge filtmtion, in­
duc(!d from the spe<:tra.l scquenec ([Dell[ 1.4.5) 

(1.1) E\·1 = !Ri+1 f(XK, GrHDR~IR(./f))) '* H~tJ(:£,./t). 

We defin the rigid cohomology H;;g( X . ./If) or X with coefficients in .Aft by 

H;;g(X, .ft) = IR'f(X" , DR.rig(.d't)). 

Thie ](-vector space has a a-linear endomorphism ¢, called the Frobenit1.s, 
defined to be the composition 

q, : JR'r(:t'g, DRrig(.AI't)) __, JRir(x I<· o~,g(</J:X .A!i'J) 
(1.2) 

~ JR'r(Xg. DR; ;g(J/t)). 

vVe define a natural homomorphism 

(1.3) 

as follows: LE>t i XK <-> X K be the inclusion . The natural injection 
DR~lR. (./ff) '-' i,(M[xK ® fl :XK) induces the map 

(1.4) IR'r(:XK, DRdR(./&')) __, lR'f(Xg. MJxK ® n:xKJ, 
and the morphism p: Xrt'---> XJ< induces 

(1.5) JR'f(Xg.MJxK ®fl :Xxl ___, lR;r(Xf(' ,(MixK)"" ® n:~)(·l · 

There exists a cano.nica.l epimorphism (M[xK)"" -+ jt(MJxK)"'' M,;g 
whicl1 induces the morphism 

(1.6) IR 'f(Xj('. (MJxK)"' ® n:x~~) -> lR' f(Xr(. DR;;g(.//t)) 

Finally, since Xf( is a strict neighbor hood of A'g in Xr< ([Bcrlj Ex ' mpl's 
(l.2.4)(ii)). there is a natural isomorphism 

(1.7) IR'r{X g, D R;;g(A')) "'IR'[(X)?' , DR~1g (..'!t)). 

We define 0 or (1.3) to be the composition o)f hhe lll>lps {1.4), (1.5), {1.6) 
and (1.7). 

D efinition 1.8. We define the category S'od( X) of admissible syn/,omic co­
efficient.s on X to b the full subeategory of S(X) consisting of ob.i<·'cts .ft 
satisfy ing the following: 

(i) The spectral sequence (1.1) degenerates at E 1• 

(ii) The ho!Jlomorphisrn 0 of (1.3) is an isomorphism. 
s 



(iii) The f< -ve<-tor .. pace H;,l'£, .46). with the action of Frobenius ¢defined 
in (1.2) and the filtration i.nduc;cd through the iHomorphism 0 from 
the Hodge filtration 011 HciR (.'<., ,,ff) , is a weakly admissible filtered 
Frobenius module in the sense of Fontaine ([Foul] 4.1.4). 

Remark 1.9. 
a) The category S(x) is not n.belian, becallSe tile morpbis1.11s are not neces­

sarily strict with respect to the filtration. We will regard the c:atcgory 
as an e:ract ca.tego!1J by taking for exac;t sequences any sequence 

0 ---> ,,((' --; ./It --; ,;/(" --; 0 

of objects in S(x) sucb that the sequ ·nee of nnderlying O;x" -modules 
is exact, and the morphisms are strictly compatible with the Hodge 
filtration. 

b) The categories S(x) and sact(.x) are independent of the choice of ¢x 
up to canonical equivalence of categori ' . This is a direct consequence 
of [Berl] Proposition 2.2.17. 

c) For x = (SpecOg,SpecOI<,a), the category S(01d = S(x) is quiv­
alent to the category of filtered F'robeni1ts modnles of finite rank over 
K. The category s•d(Og) is eqnivalen to the category of 111e<1kly ad­
missible filtered F'robenins module over /(. The latter category is an 
nbelian category. 

Definition 1.10. We say that. a morphism between filtered I<-vcctor spaces 
f : lvf --> N is st.r·ict. if it satisfies f(F; M) = I m f n piN. 

Remark 1.11. Let r be any filtered flasque resolution of DRdH(.4't). andld, 
c • = r(XJ<. J•). By [Dell] Proposition (1.3.2), the condition of Definibon 
1.8 (i) i~ satisfied if and only if the differentials of c• are strict. 

Definit ion 1.12. For .4l i11 S(.X) such that 0 is an isomorphism, we define 
the geometric syntornic cohomology, denoted by Hi(x, A't) , to be the filtered 
Frobenius module defined in Definit.ion 1.8 (iii). 

The geometric sy:ntomi · cohomology Hi (x, .. t'f) ddin~'<l above is indepen­
dent up to canouicaJ isomorphism of the boice of the Frobenius ¢x on X 
th rough the canonical equivalence of cat go.rics i.n Remark 1.9 b). 

Example 1.13. In the foUowing ca.es, t;he Tate objects K(j) o.re all ad­
missible. 

1. IftJ1< = (SpecOK,SpccOI(,a), then we h>cve 

{
H 0(0g, K(j)) = I<(j) 

H '(O/(. K(j)) = 0 i ~ l. 

2. If 111 1 =(Alb"' IP'b>< ' ¢), wher · ¢is any lift.ing of the F'robcnius. we have 

{
Ho(A 1, K(j)) = K(j) 

H'(A1 , K(j)) = 0 i ~ 1. 



3. !fiG,.,= (IGw.oK, lP'hK,</>), we have 

{

H 0(1Gm , K(j)) = K(j) 

11: (IGm, I<(J)) = J((j- 1) 
H (IGm , K(J)) = 0 i:::: 2. 

Lemma 1.14. Po·r any exact sequ.ence 

0 ~ .4'1' -t J!t -t .-«" -t 0 

in S00 (X). the1·e i an associated long exact sequence 

··· _, H'(X.Jf') -t H ' (X.Jt) ...... H'(X,.!I'/11 )-> 

m. S'd(OK) obl.ai.ned by pasting togethe1· the sequences fm· de Rham a.nrl rigid 
cohomology. 

Proof. The long exact sequence cxisLs [or both de Rham and rigid cohomol­
ogy. Since th is sequence is compatible with the comparison isomorphism 8, 
we can. glue the sequences to obtain" sequence of llltered Frobenius modules 
such that th sequence of underlying K-vector spaces is exact. The fact that 
the maps are strictly compatible with the Hodge filtration comes from the 
assumption that the cohomologies are weakly admissible filtered modules 
([Fon.l ] Proposition 4.2.1). 0 

RemaTI;; 1.15. Occ~J<ionally in tllis paper, we will claim that a morphism of 
filtered Frobenius mod ule is strict with respect to the filtral"ion without the 
weakly admissible hypothesi . In the special cases considered in this paper, 
tllis follows from the fact that the morpllism underlies a morphism of mLxed 
Hodge structures, hence is strict with n :spect to the filtration. It can also 
be proved by direct computation. 

D efinit ion 1.16. Suppose f : !D -> X is a morphism between syntomic 
data, and Jet ./It = (111, '17 , F", <I>) be an object in S(:t). Then j'J!( is 
defined to be the object 

j'.Jt= (j"M,j*V,.f'F· , r<I>) 

in S(!l)). 

From lbe definif,ion , we have: 

Lemma 1.17. Let rr: X_, Og be the structm·e m01phism, and let . .Yf' be 
em object in S ( 0 K). Then there exists a canonical ·isom.orp/usm 

Hi(X, ro• .Yt') ~ F(X, I< (O)) ® .f!iO 

1.2. Absolute syntomic cohomology. 
Let :t =(X, X, <J>x) he a syntomic datum in qlg, and I t J!( be an object 

in Sad(X) . The purpose of thig section is to defiJJe the n.bsolute syntomic 
cohomology of :t with coefficients in J/( (Definition 1.21). This is a p-adic 
U11alogue of Beilinson-Delignc cohomology. VIe will Or~t pr••pare some nota­
tions. 
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Let I be a finite set, and let o// = fl];} iE I be a covering of X by Zariski 
open sets. We pul U;0 ... f., K = n osiSrt U,

1
J( . Let DRdR(.//1) and DR;;g(.,lt) 

be the complex~-;; associated to ./11 defined in Section 1.1. 
Denote by ];

0 
... ,., the inclusion 

Jin-··i,, : vio···iul< C-.....+ XK-
We define CdR('?/, ./It) lo be the simple complex associated to t he double 
com plex 

TI, ),. DH.~R (.41) f1,
0

;
1 
J;0; 1• DR~R(.//1) 

91 vl 
Il,],. DR:m(./11) f1,0;, Jiolt• DR:IR(./It) 

vl vl 
where the horizontal c:omplext'S are t he Cech comple.xes. This compl x lw.> 
a fil t ration induced from the filtrat ion on DR.dR.(./11), and we have a filtered 
quasi- isomorph ism 

(1. ) 

Next, let U, = V, n X , and let U1 be the formal com pletion of U1 wit h 
re pect to the specia l fib ·r. Let U;0 ... ;., 1< = n o::;-1511 U;1K . We denote by 
1to···i11 tile inclusion 

We d<•fine C;;g(o//, ./11) to be the simple complex associated to the double 
complex 

IT, j ,t DR~;g(.4l) ----+ fl 'ioi
1 
i[0 ; 1 Dll~ig(~,/1 ) 

vl vl 
rr ,.i; oR.;;g(.dl) f1 101 , j~11 1 DR~1g(./l/) 

vl vl 
By [Berl J Proposition 2.1.8. we have a quMi-isomorphism 

(1.9) 

We let 

ot,c that 

R~m(o// , .4't) = r(XK. C;in (6k' . J/l )) flncl 

n ;;g(<?.t , ./It) = r(V1<, c ;,g(o/1 . .42')). 

f(X,<,},
0 

... ;,, DRcin (J/f )) = r(V;0 .;,. /{, DR:in(./1/)). 

II 



The complc> .. '< RdR('o// , .1/i:') has<< filtration defined on each term by 

Fmf(U,
0 

... ;.I<, DRctn(.f()) = r(U,0 ... ;,.!<, F"'DR;j1,(.1ff)). 

Lemma 1.18. S1£ppose "'/ = {U;} is a covering by rL./fi.ne open els. We 
lwve canonical and functorial isomo-rphisms 

H ;(F'"Rdn("lt . ./ft)) ::= FmH~n(~l/,.4'() nnd 
(1.10) 

H '(R;;g("lt .J!f)) ::= H:;g("lt , ./1?). 

Proof. By assumption. U;0 ... ;,. J( are afline open snbsch~nws of X r<. H<'nCe 
th<• complex C,iR (o//, .1'() is a resolution of DRd 11 (J/1) by objects which are 
acyclic with respect to the functor r (X1<.-). We therefore have a canonical 
and functorial isomorphism 

Hi(RclR ("'t , .1/f )) co-. H:m(o// ..4'1). 

Since J/t is admissible, the difl'erent.ials of R~IR ("'/ . . 47) are strict. with resped 
to the filtration (See Remark l.ll). This implies that 

T-r (F"' R~m("lt , .dt)) = Fm Hi(R~m("lt, .4t) ); 

hence we have the first isomorphism of (1.10). 
Next, since the inclusion X ..._, X is an <tffine morphism, U, = V, n X is 

an affine scheme. From [Berl] Proposition 2.5.2, the complex C~;g('ilt . ...I{) 
is a resolu tion of the complex DR;ig(.//t) by object.s which are acyclic with 
r ·spect to the functor r('i'g , -); hence t he second isomorphism of (1.10). 

There me canonical homomorphism:; of complexes of K-vect or spaces 

q)w : K ® cr,K R;;g("l/ , .4'!) --t R;;g(•?t . .4'1), 

induced from ¢ x and \li . 11 , and 

Ow : Rcln(o/1 ,./t ) ~ R;;g("ll , .dt'), 

induced from the morph ism 

f(U,0 ... ;.K, DR:Jn (AZ')) ~ r(U~n·i,. K·.i;0 ... ,. DR;;g(.d't)) 

= r (fK, .iJ...;. DR ;;g(Jif)). 

Definition 1.19. We define the complex R;.vn ("lt,.4't) by 

R;yn("l/ , Jif) = Cone(F0 RdR(•lt,.4') --t R;;g('ilt,.;/i:') )[-1]. 

where the map is defined by y t-> (1 - </Jw )(1 ® (lp; (y)) . 

0 

\ 'e say thul a covering 1/ = {V;}jEJ is f\ refinement of 0lt = {U; }iEl if 
tb.en~ exists a map r : J ~ I such that V; C 7J r(J) . By fixing such a T, we 
have natural morphism$ of c:omplexes 

TuR : F 0RdH ("lt .Jft) --t ron~mC'f/ .. 4'1) 

Tng : R ;;g(o//, .;/( ) --t R;;g(11, ,/() 
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defined <k~ the restriction wit h respect to the iodnsion Vj c V,(;)· This 
induces" map on tbe cone 

T,,.,: R~yn('Pt,Af') ___, n;y,('i",J/1 ). 

\Ve have the followiDg: 

Lemma 1.20. Let 'f/ be a. n'finem.enl of 'PI as above. The utap Tsyu ·is 
independent. np to homotopy on the choice ofT. 

Pmof Suppose T 1 : J ___, I is another map satisfying V; C V r'{J). We define 
tho map 

by associating to s the element 

" hc~n (s);0 .. 1 , _ 1 = Z:<- llresk(Sr(j0 ) .. ·r(J>}r'(jd .. r(Jn- 1)), 

k~o 

where resk is t he restriction map with respect to the inclusion 

V; ... .;,_, c V,(iol· .. rU,)r'U•J ... -r(J,_,J· 

This gives rise LO a map 

hcrR: F 0Rd.R('2r,.4't) _____, t-.o Rdr/ (r . .4't) , 

which by [M.i] ill Lemma 2.1 satisfies dhdR + hc~Rd = T~R -TdR · By the same 
method, we can const.ruct a homotopy 

h,;g : R;;g('2r, AZ) ________, R;,; r (1/ . .4'1) 

satisfying rlhrig + h,;gd = T;;g- Trig· By cou:;tructiou , tbe cl.iagram 

O · 1 (1-1>)( 1®0) · J 
F R;jii. ( r , ./11) R~i;; ('1/ , J!l) 

is commutativ ; hence hc~R and hrig give rise to a homotopy 

h,yn : n;y,(<l't' .4'{) -------> R;J,,1 
( 1' , ~rt) 

.sa tisfy ing clhsyn + hsynd = 7~yn - -r:~yn· 0 

As in loc. cit. Ill Remark 2.2 (a). we define h. to be tlJ<" set of fin ·ite cov­
eriug:; of X modulo th~ equivalence relation: '1'/ ~ ·r if each is a refinement 
of the other. Tl1is set is filter·ed with res pert to refinement.~. By L 'mma 
1.20, the correspondenGe '2r ,._, 1-I'(R:yn("lt . ./II)) i'R.ctors tbrougb Jx. 
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Definition 1.21. We define t he a.b olv.te .~yntmnic cohomology ff~yu(:r, .JI) 
of 1' with co~fficient,; in j( by 

H~yu(:X, .//) = !i..!!l WEJ:r H' (R;yn("l/, ./(.)). 

where the limit is taken with respect to refi n(•mcuts . 

Remmk 1.22 . 
a) If t lw Tate object K (j) iR a.dmis ible, the absolute syntomic coho­

mology H;yn(:r, K (.i)) is isomorphic to the rigid synt.omie cohomology 

H~yn(X,j) defined by Anmon Besser ([Bes] Definition G.l). 
b) Let Ir be the subset of Jx consisting of a.j]l:ne overings. This is also a 

filtered set. Since 1:r. is a final subset of Jx. the definition of absolute 
syntomic cohomology does not change if we take the limit over lx 
inste<ld of Jx. 

Lemm a 1.23. We hnve n lon,q exact sequence 

.. _, pOff i+ l (.t /II) (1-~)0 H i+ l (l' /1/) 
dR ,. "' ng ~· 

_, H~yn (X' ./11) _, 

for any ,4{ in s•d(.t). 

Proof. Let 011. be an affine covering in lx. By definition of a. cone, we bave 
the loug exa.ct. sequence 

... ___, J:f'+ 1(F0 R~R (o/1. .. //'t))--> JT'+1(R;;g('W .. 4'!)) 

_, H i(R;yu(o/1. , ./It))......,··· . 

Since t he category l_r is filtered , the direct limit of the above sequence over 
lx is >tlso exac . The lemma now follows from Remark 1.22 b). Lemma 1.18, 
and the definition of absolute synt.omic cohomology. 0 

Le m ma 1.24. Sw>pose ./It is an object in Sad(J:). We have the following 
exact sequence: 

0 --> H ;Y" ( 0 1<. H\ :£ , Jft)) _, H~i~1 ( :t, .fl) 
~ H~y .. (OK , H'+1 (:r . .Af't))---+ 0. 

Pmof. By definition , we llave Jii(:t, Jd') = H;;g(:r, J!t) with the fil t ra t ion 
induc··d through tbe isomorphism 

fl : H~R (.t, J!t) ---=---., H~;g(:t , J!t) 

fiom the Hodge fil t ration on de Rham cohomology. Let o// = {Spe<' 01(} be 
t he uniqu clement in .T0 K. By the cl<" finition of absolute syntmnic cohomol­
ogy, for any JV = (N. F". if>) E S (Og) , we have 

(1.11 ) 

By taking Hi(:t, .Af't) a nd H i+l (:t, J!t) for JV . t lt e assNt ion of the lemma 
follows from Lemma 1.23. 0 

l·l 



Example 1.25. 

1. Let Og = (SpecO[(.Spec0 1<,a) . B~· (1.11). we have 

{
HJyn(Og, K(j )) = 0 j # 0 
H~yn(Og. K{j )) = QpeJ .i = 0. 

and H;yn(Og , K (j)) = 0 for i;:: 2. 

:i > 0 
j=O 
j < 0. 

2. Let A 1 = (Ah",IPhKA>x) be M before. The above 1 mma and the 
calcnlation in Example 1.13 give the isomorphisms 

and 

H~yn(A 1 , K (j)) "=' H:yn(OK, T<(j)). 

Lemma 1. 26. Let <p a.nd x be objects in 'ilK, and let f : 'P _, 3.' be a. 
morphism of syntomic da.trL. Let ./II be fln object in S"d(x) , and suppose 
that f' ./ft 'lS in 5 11d (<p) . 1.'hen there is a functorial morphism 

( l.l2) 

Proof. Let, o/1 = {U;}iei beacoveringin.Jx. Then f - 1("71) = (J- '(U;) );e i 
is a covering in .J'lJ. Since the diagram 

pO RdR("ll,./11) ll;lg("hr ' . ..It) 

rl rl 

is commutative, r induces a morphism on the cone 

The sam e .u·gument as in the proof of Lemma 1.20 shows that /' is com­
patible with r~'Striction by refinement ; hence we can j)<lSS t.o the limit. The 
map r of (1.12) is defined to be the composition 

H;yn(l', .d't) = ~ weJx H i(R;yo(o/1, .41.)) 

~ lli!t tl eJxH;(R;y11 (f- 1 (o//). f'.,/1)) 

- !i!!l i'e J~,H;(R;y .. ( 1'. j'J!!)) = H~y 11 (<p. j'.-11). 

0 
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1.3. Local calculation of the category of syntomic coefficients. 
The purpose of this section ;, to give a local characteTization of the cat­

('gory of syntomic coefficients. We will show that the tatcgory ·an be coo­
otruct.ed local ly (L~mma 1.2 ). 

Let .J.: = (X,X,</>x) be a syntomic datum , and let U = SpccB be an 
afline open subs<·beme of X. T hen Uj(' is a strict neighborhood of Ug in 
Xg. By [Berl] Lemma (2 .5.4). there exists strict neighborhoods V' and \1 
of U1< in U't( such that tpx(V') c V. Denote by ¢1" t he Testrict ion of rf>x 
to V'. Tills map induces a morphism of ringed spaces ¢v• : (V' , j~,Q11,)-> 
(V, j~Ov ). Through t he identification of [Berl] (2.5.1.1 ), t his gives rise to 
a homomorphism of rings ¢(; : Bt ® K ~ Bl ® [(. T!Jis homomorphism is 
independent of lhe choice of V and V'-

L t o/6 = {lJ; };EI E 1x be an affin ·• open covering of X. Si nee the inclusion 
X .._, X is affine, t he s t { Ui};E) , where U; = Ui n X , is an affine covering of 
X . Let B, = r (U;, Ou,), and take V; and Vj as in the previous paragraph. 
Then V; n V; and V,' n Vj are strict neighborhoods of U; nui in Xg , and the 
commutative diagram 

V' 
t 

v;nV; 

1 
v. 

gives rise Lo a commutative diagram of morphism of rings 

B:i ® I< ~ B& ® l( 

r r 
Bf ® f ( ~ B i ® K , 

where q;; = ¢(1, , <Pi;= cf;i.J,nu, and B;; = r (U; n U;, Ou,nu, )-
Let A;= r (U; , Og.) and A;;= r (IJ; n U;, Ov,nu) Th inclusion U,...., 

U; induces a morphism of rings A ; -> .8;. Let ll ~1 , 0 1_.( 1og D ) bt> th sub 
A; ® J( -module of ll 1,®!< generated over ll ~.®1< by el ·ments of the form 
rllogf for f E (B; ® I< )x. 

D efinit io n 1 .27. Let t he ootaLious as above. We define S('Pt . X ) to be tbc 
cat •gory consisting of the 4-uple (Nf; , V'; , F; , f;;, <!> ,)such that 

(i) M, is a projective (A, ® K)-module of fin ite type with an intcgr11ble 
COnllCCtion 

V';: M;-> 111, ® A;® I( ll ~r ll91<(1og D). 
16 



(ii) F," i a d~s<:emliug exhaustive separated fil tn1tion on M, by sub (A; ® 
K)-modules satisfying 

'il,( P,"' .tvr,) c F,m- 1 M; 0 l1;l,®J<(Iog D). 

(iii) <;1 is an (A,1 0 K )-linear isomorphism 

Eij ; (A;; ® X ) ®( A,M<) M, "' (A,j 0 11 ) ®( A,<&J<) Mj 

com patible with 'il,, preserving F;' , and satisfying the cocycle condi­
tion. 

(iv) Let AI,0 =(B) ® K ) ® (A,®!{) M, . <ll; is a ( B) ® K)-linear isomorphism 

<D;; (BJ 0 K ) ®.p ; ,(B!®J<) MP __, M~ 
compatible with 'il ; and £;1 . 

A morphism in this category f ; (M,. 'il ;, Fi ,E,j, <!> ,) --. (N;, 'il., F; , f;1 , <D;) 
is a collection {!;} of (A; ® I< )- linea r morphisms J; : M ; --; N, which are 
compatible with 'il " F," , £;1 and <D, . 

We defu1e the functor P w : 8(01::) __, S(o//., ::t) from the category of syn­
torn ic coefficients on ::t to S(o//., 3:) by associating to any syntomic toef­
ficient ./It = (M. 'il , F •. <D~v~) the object (M; , 'il ,F; , £;; . <!>.;) . where M; = 
f (U,g. !VI), the connection 'il ; is induced from the connection on M , the 
Hodge fi ltrntion is given by Ff" Ill; = r (iJa<· F'" M), the isomorphisms £;1 
is the natural identification, and <11, i induced from the Frobenius <D . 

Lemma 1.28. 1''he functor Pw defined a.bove gives an equivalence of catP­

gori.es. 

Proof. The statement of the lemma withouL the Frobcnius is clas ical. The 
lemma follows from [BerlJ Proposit ions (2. 1.12) and (2 .5.2). 0 

1.4. Absolute syntomic cohomology a nd extensions in S'(::t). 
The purpo~e of t his section is to prove t he following theorem: 

Theorem 1. Suppose X is a yntomic datum in ~I< , and let.;/{ be an object 
in sad(X) . Then there is a ca.nonical and functodo.l isommphi.~m 

'IJ: E;,-t1(x)(K (O),.d't') '"' : H ]y,(!l:,.,lt). 

A-5 in t he previous section, let o/t be an affi nf' covering in Jx. Defi ne the 
group If~yn (o/t , ./1{) by 

fi~yn(<!t,./lt) = H;(R;y11 ('rt, J!f)) . 

The proof of Lemma 1.1 show that t here is a canonical and functorial 
isomorphism 

lf~.,( 'W, J/t) ____::::___, H~yn(:'£, .;It). 

Theorem l follows from the following proposition. 
17 



Proposition 1.29. The cnrwnical and functorial map 

(1.13) Ext11x)(K(O) .. .f/) ___, H,}Y" (o//,.!1{) 

ts an isomorph·ism. 

Proof. Let .A~ be an object in S(X) such that 

0 ---. .Jf---> ~ _, K (O) _, 0 

is exact. Let (tV., \1, . F;". <,1 . <!>,) be the image of ~ with respect. to the 
fuuctor P w defined in the previous section. From the fact that tlw Ullder­
lying morphisms arc strid with rei<pect to the filtration, there is an exa.''l 
.equeucc of Auc-modules 

0 _, p0 Jltf ; ---> pO N, ~ A.J,eo -t 0. 

Since A;x is free, t he above equation is split . Let 4 he such t.hat 7l",o,, = id. 
For e,= t.,(e0 ), we ha.v(' 

N; = M, E9 A;g e; 

as a filtered A;g-module. 
Let. a;= 'V;(e;) E M,. b,; = ei-<;; (C;) E A ;;J< ® M;, and c; = il> ;(1®e;)­

C; E B JK ® M ;. Through the id ntifkation M ; = r (U;}(, 111), A;i f( ® M; = 
r(U;;K -M), and Bt, ® M, = r(xK ,j!M,;g) , the t riple (a.;, b;1 , c,) defines 
an element in Z 1 (R;y,(o// . A't)). 

This correspondence giv~'S the map (1.13). Thai. t,his map is an isomor­
phism follows from Lemma 1.2 , which asserts that giving an object in S(X) 
is •Jq trivalent to giving local descent data. 0 

Next, ~uppose X = (X , X, if>) is a syntomic datum as above. We define the 
category M(X) to be the category consisting of the pair (!Yf, \1), where J\,J is 
a coherent Ox-K-module of finite rank on Xg , and \1 is an integrable con­
nection with logarit,bmic singularities along D. There is a natural forgetful 
functor For : S(X) _, lil (X) defined by associating to .4't = (l\I, \1. F". if! ) 
the underlying coherent module with connection (M. \1 ) (S -e Remark 1.6). 

A proof similar to Theorem l gives the following proposition: 

Proposition 1.30. Suppose X is a syntornic datum in 'iiK. and let Jft be an 
object inS(X) S'uch tho.t the 11W171hisrnO in Definition 1. 3 ·is anisornm71hism.. 
1'hen the ctmonical o.nd fttncto7'ial map 

17: ExtL (xP< (O),.!Il) ___, H 1(X,.Ail) 

is an isomorphism. 

Suppose X is a syntomic datum in 'iit< , and let J( be em object. in S"d(:r). 
From the defini t ion. we have the following Lemma: 

Le mma 1.31. Let 

R"iy,( X . .If) ___, H~,(OJ<, H 1(X, ./11 )) '--> H 1(X, ./If ) 
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bP the rlW1phism indrLred from th second m01plnsm of t.he exact equence 
defirwd in Lemma 1.24. Theu the follov.ring diagmm rs com.mul.ative: 

Ext 1 (.r) (K (0) . . A!"f) ~ Extl1(x)(J<(O) . . 41) 

"l" ·l~ 
H 1(X , .,./f) . 

1.5. T he Gysin exact seque nce. 
The puJ·pose of this section is to prove the Gysin exact sequence for syo­

tomic cohomology iu the very special case needed in our paper. 
Let X= (X,X,</>x) be a syntomic datum in :Dsyn.K, ·uch that X is a 

curve over 01(. Assume in addition lhitt forD =X\ X , the Frobenius 
<Px induces a morphism t/Jn on D such that for the syntomic datum :D = 
(D. D . ¢o). the inclusion induces a morphism of syntomic data •i ::D....., X. 
Let X = (X. X. rf>x) and let .i : X ....., X be ·Lhe inclusion. We have lhe 
fo llowing: 

T heorem 2 (Gysin Exact Sequence). Let .;/1 be a admisstble syntomic co­
efficient on X, such that the pull-backs of .4? to X and :D o.r·e also admissible. 
Then ther·e exists rLn isom01phisrn. 

(1.14) 

and an exact sequence 

0 __, H 1(X,.4t) ~ H 1 (XJ.d) __, H 0(:D , i*A'f.)(-1) __, H 2 (X . • /f)__, 0 

in 5'(01<). 

Before proving this theorem, we prepare some notations. 
L t 4'1 = (V;} rE I he it finite covering of X as in Section 1.2. We take t.he 

covering U1 small nougb so that the U; are affine, ll.tlcl there e:x ists local 
parameters t; on V, such that for DnV1 #0, t he schemes DnV; are defined 
by the equation t, = 0. We use the notat.ion of Section 1.3. 

We define the complexes R~m(4'1., A'() ru1d R;ig("l!. . .Ai'f.) as i11 Sect.ion 1.2. 
T l1e ·i-th cohomology of the two complcx<.'S me respectively isomorphi to 
BAR(X, A'f.) and H,\g(X . . /f.). 

We define the complex Rj R("l!. , .//f.(logD)) by 

( 1.15) 

By clefinit.ion, the cohomology of this complex is isomorphic to J-1 ;,R (::E, j•./tf). 
Lc•t M;0 ••• ;. = r(U,0 ••. ,, J{ , /II) and 

(l.lG) J\ fito···in := /v/,o···fn ® Alo· ·· •,,K AL--·in]'(' 
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Wo define the complex Rrig(~l.l', J#(logD)) to be t.hc single c.omp l~x associ­
a Led to lhe double complex 

(1.17) 

There is a natural morphism of complexe" 

(118) 

Proposition 1.32. The morphism (1.18) is tL qwMi-isomo1phism. 

Pmof. Thi' is Theorem 4.2.2 of [T]. 

There is a commutative diagram of complexes 

RjR ("k',. If) 
jtjR RdR ( o//, J!t (logD)) 

(1.19) 1 l 
R;;g(~?.t' .£.) 

J;ig 
R;;g(o/.1' , Jlt(logD)) . ----+ 

We defin<> a morphisms 

(1.20) 
H.eS:!J t:r: RdR("1< , .4't(logD)) ~ R~ 11 ( '1/,i'.4')(-1)[-1] 

H.esntx: n;;g(%' .. J((IogD)) ~ R;;g(o/t , i'.//t)(-1)[- 1] 

of complexes of !<-vector spaces by 

(1.21) 
ill 

f(t;)i t-t /(0), ,, 

in degree 1, and 0 othcrwis . 

0 

Proposition 1.33. With the notation as above, the morphisms ReS:!J/X tn­
duccs q·uasi-isom01phisms 

(1.22) 
H.eswx[-1] : Cone(:i,;11 )[-1] ~ R:iR(I. i•./tf)( - 1)[-2] 

Resntx[-1] :Con (J;;g)[-1] ~ R;;g(I, i"./ft)( -1)[-2]. 

Proof. The rase of de Rham cohomology is standard. The ca.5e f r rigid 
cohomology follows (rom [T] ProposHion 4.3.1. 0 

Pmof of Theou:rn 2. Th<' condition on Lhe finite coveriug %' tbn.L we imposed 
is co final in l x. Hence the proof of the theorem follows from lemma 1.18. 0 
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2. T H E: m"LIPT IC LOCARITII MI ., SH8AF' 

Let E = E Q be an ~lliptk curve over IQ, with com plex mu liiplic<ttion by 
thE· iJlteg<'r ring OK of an imaginary qua<'lratic fle ld K. In this case K is of 
class number 1. We fix an isomorphism 

[-J: 0 1< o:< End(EK) 

such thfl.t [n.J•w = aw for a E OK . Lei lK be the group of idNcs of K , and 
let 

VI= V'E/K : lK ___. K x 

be t.he GriiBencharakt~r of EK = E 0Q K . We denote by J the conductor of 
~~ - We will often view 'lj; as it character on the group of fradional ideals of 
K prime to f. 

We assume in addi tion t hat p spli ts in OK, in the form p = pp*. This 
implies that E has good ordinanJ reduction >lt p. We will view K as a 
subfielcl of J( through the inclusion 

K <-+ K p ----=--., Qp '--' K. 

Let Eg be the base extension of E by J<. 'ince E has good reduction 
over p, tb ·re exists" smooth modelE of E}( over Og. As in Section 1.1 , 
we l ~t Ek be the specia l fiber of E , E be the formal complPtion of E with 
respect to the special fiber, and£" tlte associated rigid analytic space ov· r 
]( 

Let.,..= <,o(p), which is a generator of p. The endomorphism [r.] : E-> E 
over Og is a Lifting of the relatwe .Fmbenius of E~o ([Si2] Corollary 5.4) . We 
denote by cf;g t be lifting of the absolnte Probemus of E!- induced from [1r] on 
the formal coUJpletion £. The triple <!0 = (E, E, </;e) is a syntomic datum in 

!j;~yn,/(. 

2.1. The definition of .CogC1 l . 
In t his section, we will first formally define the syntomic coefficient CogllJ 

in S( <!O ). Then we wiU calcul<tte .Co_r}ll explicitly. 
Since (!; is a syntomic datum which is associated to a vm-iety over a global 

field. and sin e it is prop ·, the Tate object K (j) in S(<!O) is admissible. 
The geometric syntomic cohomology H 1 (<!0. K (O)) is a K-vector space of 
dimension 2, with fil tration 

H 1(<!0, J< (O)) = p0 H 1(C!: , K (O)) :J F 1 H 1 (C!: , K (O)) :J .F'2H 1 (C!: , 1\(0)) = 0. 

We take a. basis w and11 of H 1(f!'., K (O)) such thai wE .F1H 1(<!0. r<(O)) , and 
the action of <J;i, is givPn by 

¢£w = r.w 

cf;i;;1J=1i''1). 
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We let .77 = H 1(1!:, K (O)) and ..Y~ = H 1(1!: , J( (J)), rPg>u·ded as objects i11 
S"d(Ch· ). They are duals to each other in this category. We denote by w 
and 1j the basis of ./t' dual tow and '1 · 

Definition 2.1. Let w E--+ Spe · Og be the structUJe morphism. Tlw 
object rz' J/t' = (H, 'il , F ' , q,) in S(<E) defin ed in Definition l.lG is ~;ivcn as 
follows: 

(i) His the free Oe!(-modt!le fi = Oe"w EB OeK'i of rank two with basis 
wand ij. 

(ii) The corwection is given by 'il(w) = 'il(ij) = 0. 
(iii) The fil t ration is given by 

H = F - 1H :J f"'JH = OeK 1j :J F 1H = 0. 

(iv) We have cfl£H =H. The Frobenius is given by 

<li(w) = ~w 
" 

<J? (ij)= ~ij. ,. 
Lemma 2.2. The geometric syntomic cohomology of r:;;* Yt' is g·i'Uen as fol­
lows: 

H 0 (<E , w' Yt') = Yf 

f/ 1 (<!: ,w".Y~) =Yf ® Ye 

H 2(<E . r:;;* Yt') = Yf(l). 

Proof. This follows from Lemma 1.17. 

To ease the notation , we will omit the symbol w' in what foll.ows. 

D 

The short exact. equcnc · in Lemma 1.24 and the calculation above giv~'S 
t he exact sequence 

0--+ H;yn(OK , Yt') _, H;1 ,(l!:., Yt')--+ H~vn(Og, .Y(' ® Ji7)--+ 0. 

Th.rough the canonical and functorial isomorphism of Theorem 1, the abov > 
exact sequence reads 

0 __, Ext~'(O" p<(O) , Yf) ~ Ext1te:) (K(O), £') 

~ Homs(o, )(Og,./t' ® JiO) __, 0. 

Let e : Sp cOg--+ E be the identity clc•rnent of E . The sequence above is 
split by e• : S(<!:) _, S(OIJ· 

We can now formally define the object .Cog\1 ) in S(t£) . 

D efinition 2.3. Let .Cog(ll be the unique <'.Xtcmion 

0 --+ ./~ _, .Cogl11 _, K(O) ~ 0 
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(i) The image of .Cog(J) with re<;pPct to '' is the standard morphisrn 

K (O)- .Yt' 0 .fi = End(.7t'). 

(ii) The pull-back of .CogPl bye' is split . 

Next, we will explicit ly give the shape of the objPd .Cog(l ) in S((f), using 
the equivalence of categories in Lemma !.28. Let o/£ = (U,},Ei be a finite 
affine open covering of E . and let A, = r (u,, Ov,l and A,!( = A; 0 I<. We 
choose the covering so that there exist. an unique ~overing Uo such t;bat the 
unit element 0 of E i ·in U0 . We assume that there exists a local panJmeter 
lo 011 Uo such that 0 is defined by to= 0. 

vVe let w;, 1)1 and Ct;j such that 

(2 .1 ) (ffi;w., O),(E!l;T); , $ ijCtij) E Ef) r (U;J(.nbK) X Ef) r (Uij i<, OBK) 
i.j 

represents the element wand 'I in H 1 ((!:, K (O) ). 
Let t/Jf : A;x ~ A)!( ami </>ii : AL K --> Ajjf( be the morphism of rings 

induced from the Frobenius ¢• . There are also morphisms of modules ¢j : 
n1 l 0 ]( _. n' i 0 ]{ and <P;j : n1, ' 0 ]( --> n1 

t 0 J( induced from the 
..1.

1 
A

1 
.r·\ 1J Al_, 

Frobenius. 
Since the above maps induc:e t he Frobenius on .fi, there e>..ist.s some a; 

and b; in A!1< such that 

<b;(w; ) = 1rw; + da, 

<P7( TJ;) = 7r*1J; +db, 

0 = ai - a; 

<Pi)(Ctij) = 7[·0.;j + bj- b;. 

From the above equation, (c•;) defines an elellleut in r(t:K. O£K) = I<. With­
ou loss of generality. we can take a, = 0. 

We let vi = (l /7r') b;, and ~'i = v; - v0(0). 

D efinition 2.4 . Let (£ ~ 1 ), \1,, F,", E;j, \1'> 1) be an object in S('i'£. (f) given as 
follows: 

(i) £l1l is the free A;g-modu lc L~l) = A;ge, EJ1 A ;I(W EJ1 A,l\·1). 
(ii) The connection is given by V;(w) = V,(·Jj) = 0, and V (e;) = w 0 w; + 

ij 0 '7;· 
(iii ) The filtration is given by 

L~t ) = p - t L;l) :J p l1 £ Pl = A;ge, EB A ,g1) :J P' £ (11 = 0. 

(iv) The isomorphism 

·A · L(') ~A · , ""' L (tl 
ft.J · >.J/( 0 A,K 1 - >J I' '<>' A,~e j 

is given by E;j(w) = w, Eij (,-,) = r, . and E;3(e,) = e1 - et;j'i). 
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(v) The Frobeniu · W; on Ll11 is giv~n hy 

<1>,(1 ® w) = .!:_,;; 
1C 

\li,(l ® t)) = __!:_,j . .,.. 
and ii>,(l ® e,) = e, + v,1j . 

Proposition 2 .5. Let P11 : S(Q') __, S(o/1. <!: )be !.he functor in Lemma 1.2 . 

Then we ha•tte PI/(.Cog(1)) ce (Li11, '\l; , F,• , (;j , <l? ,). 

Proof. By definition, the object Rw(.Coy l1l) is an extension of J<(O) by J/t'. 
It is sufficient; t.o check the characterizations (i) and (ii) of .Coglll. D 

2.2 . The definition of the elliptic logarithmic sheaf. 
In this section, we will define the elliptic logarithmic sheaf .Cog(n) in S(Q' ). 

Then, we will calculate its geometric syntomic cohomology. 

D efin ition 2.6. We defiue .Cogln) to be the n-th symmetric: power 

.Cog(n) = Sym" .Cog\ 1) . 

The image of t his object "~th respect to Pw is given by the G-uple 

(Ll"1, '\7 ,, F;", f;J, <!! ;), 

where 

(i) Ll"1 is the free A;K-module 

L~"1 = II A;.1<(ei · w·' · 1]'). 
r+ . .,. t= -n 
r.s , t.~O 

(ii) The connection ifi given by 

'\l, (ei . W8 . ij') = relr-l) . w8 . ij'(w ® w ; + 1) ® .,.,) . 

(iii) The filtration is gi veu by 

F'' "L'"1 = II A ( ,. -· ' 1
' ) ,, il< e, ·w ·'YJ 

t+-'>+t= n 
-m>s 
,·,t~O 

(i v) The isomorphism Eij is given by 

,,J(el' · w• · ;,'l = ee,- cx.,jiir · w• · 1/. 

(v) The Frobcu.ius <!>;on Ll"1 is given by 

,.. ( r • s •I) 1 ( ' )r " t W1 Pi w · '7 = rc*snL ei + t'1 '/ · w' · 1] . 
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There is a morphism of sheaves £ogln+J) __, L.ugl"). which is defi11Pd locally 
by 

{ 
( 

(r- J) -s -<) 
( 

r ~ s -t) ·r et · W · TJ e, ·w · ·11 t---1' 

0 

r>O 

,. = 0. 

Through Ulis morpl1ism. we will regard the system (£ogC")),EN as a J.>rO­

objcct in the category S(C!'). 

Remark 2.7. ]. The slwaf £o_qCnJ fits into the sequence 

0 ~ Symn+l .Yt'....., £ogCn+l) __, £og(n) ~ 0. 

2. We define £ogC0l to h<' K(O). 
3. From the splitting property of £og(ll, we have 

n 
,.• £og(n) = IJ Syrn' .Y(' 

·•=0 

for 11. ~ 0. We fix this isomorphism so that 

(2 .2) ei . w' . fi' >--> 7'! (w". fi'). 

Th.is en0ures t.hat the diagram 

e" £ogCn+ll ----=--. n;,!J Sym' .Yt' 

1 1 
e• £og<n) ----=--. TI~=O Sym' .71', 

where the right vertical arrow is the natural projection on the direct 
summ.and 1 is commutative. 

Proposition 2.8. We have 

JJ0 (rc , L.ogC"l) = Sym" .JYt' 

H 1 (C!', Log<"l) = Sym"+1 .Yt'( -1) 

H 2(cc,£og<"l) = K(- 1). 

Proof. The proof is by induction on n . If n = 0. tl1en £.ogC0l = K(O) , 
hence th•! proposition is immediate from t.he definition. 1ext, consider I he 
commutative d.iagram 

0 .Yt' ® Sym" .Yt' 
l 

0 --t Symn+l .Yt' 

£og<n ® Sym" .Yt' 
l 

£o,q<n+ i) 

Sym" .JYt' 
l 

L.og(n) 

0 

0 

where the first lwo verLical arrows are induced [rom the multipl ication map. 
and the last on;> is the canonical inclusion. The horizontal sequences are 
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exact in S(Q:). The first boundmy morphism of the long exact sequence for 
geometric syntomic cohomology gh·es a cornmucacive diagram 

Syrn" Yt' if® ,;/i' ® Syrn" ./t' 

1 <>o l;d ®muil 

H 0 (r.E , Log(")) __:>:.___, Yf ® Sym"+ 1 .Yt'. 

This shows that. 'Y is induced by the multiplication nutp. hence is injective. 
H follows t·hat 

Symn+ tyt' = Ho(Q: , Sym"+t Yt')"" Ho( <!'. , Log(n-J l)). 

Til<? second boundary morphism of Uw long e.xact sequence for geom t ric 
syntomic coilornology gives a commutative d iagram 

.Yt'( -1) ® Sym" .Yt' Yt'(-1) ® Sym" .Yt' 

1 lmult 
____i__, (Sym(n+l) Yt')( -1). 

Flenr Sis surjective, hence an isomorphism by reason: of dimension. D 

2.3. The pullback of the logarithmic sheaf. 
Let t he notations be as above. Let rt be an cl<i'ment in. OK prime to p, 

and let [a] : E __, E the ndomorp.b.ism induced from n.. Since End(E) is 
commutative, this induces a morphism [a] : <!'. _, Q' of syntomi · datum. 

T he purpose of this secbon is to prove the following: 

Proposition 2.9. Ther-e e.1:tsts a:n ·isornmphism 

Log(n) ----'=-...., [a]*Log("). 

Since Cog tn) = Symn Log(l), in order to prove the proposition. it is suffi­
cient to prove that there exists an isomorphism 

f!o: Log(!> ----'=-...., [n]*Log(l) 

We will prove this explicitly (Lemma 2.11). vVe first prepare some notation . 
Let {V;},e / be an affine covering of E. Let V; = [a] - 1(U;) . Since [a] is 

an affine morphism, {Vi},eJ is also an affine covering of E. We let w, 1), 
be elements in r(fJ;J(, l1bK), !Ulcl ii;J be elements in r(U,I(. OeK) such that 

(E!l;w;, 0) and (E!J;7);, E!l;iiiii) repr~sents tiLe clement w ».nd 'I in H 1(tt. K (O)). 
The morphism 

[a]*: H 1(tt.K(O)) ___, Hl (Q:,I<(O)) 

is au isomorphism of fi ltered Probeniu modules. given o.n t.hc bnsis by 

[a];(w;) = a.w, 
[a]i(ry ,) = a'ry; + dT; 
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for sonw 'J; in O, I(, such th<tt 

(2.3) 

Lemma 2.10. Let 

b; = ~ (laJ~(b,) + 1r'T;- ~j(T;) ). 
The action of the Probenius on w, and 1), is given by 

¢;(w,J =,z;:, , 
¢i(Ti,) = 7r '7i; +db, 

¢;p>,j) = 1r'(a,J) + 61 - 6;. 

Pr·oof. The com patibil.i ty of Lhe Frobenius with [a) gives the equalities J;; o 
[a)i = [a]i o <Pi •tnd ;;1 o [a);j = [a];i o .PiJ' W h"ve 

¢;(w,) = (lfa)¢; o [a)~(w;) 
= (1/a) [aJ: o ,Pj(w, ) 

= (1rja.)[a.):w, 

¢i('i) ,) = (1/a"J¢i([a]i('7;)- dT;) 

= (1/a') (lt•] i(¢;(-IJ;))- ¢7(d7~l) 

= (1/ a· ) (raJ :("'7J, +db;)- J;j(dT,) ) 

= r."1J; + (1/a')([a)i(db,) + 1r'dT,- J;;(dT;)) . 

b1 - b, = ~ (fa];j(bj - b;) + w'(Tj -7;)- "j,;pj- T;J) 

= ~ (ia]ii( <l>ip ;J- 1r'a;1 ) + r.*(1j - 7l)- ¢;j([a.];p;i- a•a,i)) 
= cj>Ji(Ciij) + 7r'(1j - 1i)- 1r'(ci;j + (Tj - T;)) 

= <l>ij( ii,j )- ,'ci;j 

HS desired. D 

Vie I L TJ, =Spec A; and V, = SpecO,. Then [a) induces homomorph.isms 
[a)~: A,___, 0;. The cocf£cien~ [a]'LoyCI ) = ([a.]'Lil), V' ;, F,•,,,j, <D,) is given 
!<)Cally oo V, as follow. : 

(i) [a]• Ll1
) is tlw free 0,[(-module £~ 1 ) = O;ge; EB 011,·w EB O;K'l­

(ii ) The couuection is giveu by V' ;(.:;) = V'; (ij) = 0, and 

V'(e,) = w ® [o)7(w;) + 1) ® [n);(7J,). 
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(iii) The fil tnttion is gh·en by 

[a]'L~') = r1 ([a]"L~ 1 )) :::> F0 ([n]'L(Jl) 

= C;ge, ffi C,g1j :::> F 1([a)*L< 11) = 0. 

(iv) The isomorphism 

Eij: C;jK 0 o,K [a]'L~ 11 "' C,JT< ®c,K [aJ*L)' 1 

is given by fij(w) = w, ••;(ii) = ·f!, and <;;(e;) = e;- [aiiJ'(a,j)ij. 

(v) The Frobenius il'; on [a]*L~ 11 is given by 

il';(l ® w) = .!:.w ,. 
\P;( l ® •i) = _l:_ij, ,.. 

and 

<l>i(l ® e;) = e; + _.!:._ [a];'(v,)!j. 
7r' 

L emma 2.11. We rlefir•e the morphism {!a: .Loy(J.)-> [a]'£oy(l) locally on 
(V 1) by 

{!0 (e;) =e.;- T,lj 

{!,.(w) =aw 
.!!n(•i) = a'•i· 

Then 12a is an isomorphism in sad (IE). 

Proof. We can check directly t,hat {! 0 is iudeed a morphism of syntomic 
datum. That (}a is an isomorphism ean be checked locally, and the lemma 
follows from the definition. 

0 

Corollary 2 .12 (S plitting principle). Let :c : SpecOK 
point of E, whose orrler is J)r·irne top. T'l>.en we have 

E be a torsion 

n 

x' £o_q(n) <:o: II Sym 5 .:Yf'. 
s=O 

Pr·ooj. Take a E OK such thal the morphism [a] : E ~ E is '"" isogeny 
which maps x to 0. Since x• o [a]'= e•, we have 

as desired. 

n 

.c' £og(n) ~ .t'[ar £oy(n) = e' £o_q<") = II Sym• .Yt' 
s=O 
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3. T HE BLL IPTI POLYLOGAIUTI I ~ IlC SII EAF 

Let the no ations be as in the previous sPct ion. 'lUke an ideal a = (a) of 
OK prime to fp such that that K (a) C r< . Let U = E \0 anrl U a = E \ E [a]. 
Let U = E \0, and Ua = E \ E[aj be the corresponding schemes over OK. 
Then the triples U = (U, E, t/>E) and Ua = (U0 , E. 1/JE) are syntomic data 
over I<. In particular. U = .Hid· \Ve l<"t Ja : U. <-> (!:be the natural inclusion. 
Let :Da be llw syntomic datum (Da, 0 0 • <Po.) such that Da = <!:[n]. 

The purpose of this ~ection is to give the definit ion of the poly logarithmic 
sheaf po]ln ) in S(U), and the modified polylogarithruic sheaf pol),"1 in S(U.) 
(Definit,ions 3.3 and 3.5). The two are related by the eq uat ion given in 
Proposition 3. 7 

pol);'l = (dcg a ) pol (n) -[a] pol(n). 

The Gysin exact sequence in Theorem 2 gives an isomorphism 

H 0 (ll.,.R0i;LogCnl(l)) = H0 (Q: , ff® .CogC"l(1)) 
(3.1) 

and the exact sequence 

0 ---; I:l 1(<E.,Ji'0 .CogCnl( l ))-> H 1 (U,.,Jl® j~ .Cog<"l(l)) 

__, H0 (:Da , X ® i;.CogC"l)-.':. H2(<E., £ 0 .CogC")( l) ) __, 0. 
(3.2) 

The calculations of the prev:ious section gives 

J:f 1(<!:,#® .Cog1"l( J)) = f1® Sym"+J .Yt> 
H 2( Q'. ,X® .Cog(n)( l )) = £ 

and from Corollary 2.12 and (2 .2). we have 

H0('.D a . . f1 ·i~ .CogC")) = Ef)H0(0K,Jf® x' .Cog<"l) 
EJaJ 

"' EB (.7'7 ® (fi Sym• ./1.')) . 
EJaJ s=O 

By considering the cas n = 0, wo r.an ·ee that the map u in (:3.2) maps 
.f1 ® (IJ;=I Sym• .YI.') to 0. Hence t.he sequence (3.2) is 

0 -+ .n-0 Symn+T .Yt' ___, H 1 (il0 ,ff® j,:L:oglnl(l)) 

(3 .3) ( (EB .Y?) /6- (.Je)) $ EB (./? 0 (fr S:~m1' .:re)) 
EJa] EJa] s= I 

~ o. 

Her(', 6. : £-+ EflEJn] .ifl is the diagonal morphism. 
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From the definition . we have 

H~vn(OK , £i ® Symn+l Yt') = 0 (n ;:=:: 1) 
71 

li~yu ( 0 K. Jf ® (fi Sym·' .Y()) = H~~" ( 0 1<, ff ® .)'('). 
s=l 

Henc~ by taking fl£, .. (01< .-) of (3.3), \\'C have au exacts quencc 

(3.4) 
0 --. H~.,(OJ\. H 1 (ll0 . ff® .i~.Cogt"l(J))) 

EB 0 .~ J ~ + 1 __, lfsyu(O I(,.Yt' ® .Yt') -t Hsyn(OK . .Yf ® Sym0 .Yt") __, ··· 
E(a( 

By (3.1), we have 

HJy 11 (0J< · H 0(U,, .if! 0 j;.Cugl"l(l))) = H1yn(OK , .ff® Sym" .Yt'(l)) , 

Hence the short e.xact sequence in Lemma 1.24 giw.'S 

(3.5) 
0 __, Hiyn(Or<, .Y? ® Sym" .Yt'( l ))-+ H~y0 (llu, ..Y? 0 j~.Cog(nl(l)) 

__, li~yn(O,< , H 1 (.U.,.Ye® j~.Cog 1 "\1))) __, o. 
Combining the sequences (3.4) and (3.5) with the canonical i"omorphism 

H~yn(O,<,.Y? 0 .Yt') = I:!oms(OK)(I<(O), Jf® .Yt') 

= Homs(O"J(A",.n') , 
(3.6) 

we IH~ve a morphi m 

--- tn) 

H;y0 (U0 • Yt' ® j~.Cogt"l(l)) 2....., ffiHoms(OKl(,Yt', .Yt"). 
E(aJ 

Lemma 3.1. The maps .,.Jnl given a.bove am surjective. 

Pmof. Since both the map in (3 .5) and the isomorphi:illl (3.6) are surjective, 
it i" enough to check that the map 

H;~ .. (O!<, H 1(lln, .if® j,;.cog<"l(l))) __, EB H';}y11 (0K , .Je ® ..Yf') 
E (nJ 

ill (:J.4) is "urjectivc. The last two terms in t.he sequell(:c (3.4) gives a system 

E9E(a) fl~yu ( 0 I<, ff® .Yt') -----> H ;y, ( 0 I( , .Je ® Sym n+2 .Yt>} 

~1 l 
wlwJe the right vertical nrrow is t:hc zeJo map. This proves tl1at the hori­
zontal arrows are zero maps, hence that r~") is surj c:tivc. 0 
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Proposition 3.2. There ex.sts i< ·unique ·ystem of elements 

pol~n ) E H.'yn(ila . .f?® j*Cog(n)(l )) (n 2: 1) 

com.pa.tiblo u•ith the maps 

H.'yn(il" .. J?' ® j;Cog(n+ ll (l )) ~ Hs~n (U0 , ff ® j~Cog(n) ( l )), 
such that 

r~" l (pol~' l ) = EJj (N( P ) id) 
P EE Jn] 

in ffiE(a] I-Ioms(oK )(.7f' . .Yt') . where N(P) = (Na - 1) if P = 0 and N(P) = 
- 1 ol.herwise. 

Proof. We define the element polt•l as follows. By the previous lemma. the 

map ,Jn+ l) is surjective. \~le define 

p~•+l ) E H,'y
11

(11a,.f?0 j•£og(n+J)(l)) 

to be the clement sucb that 

,.Jn+l)(p~n+J) ) = EJj (N(P ) id) . 
P EE [ a] 

The element p~•+l ) is determined uniquely up to the kernel of ,.Jn+l), whkb 
is H~11 (0g . .f? ® Sym"+l Yt'( l )) by construction. The first Lwo terms in 
t h sequence (3 .5) gives a commutative diagram 

Hiyn(<'h ,.fl 0 Sym"+ ' /t'( l )) Hdy., (il0 , .Yfl ® _j• Cog(n +l)(l )) 

1 1 
H.~"(o,, , .ii0 Sym" /t'(l)) n ,;,,(ila , .f? 0 r Cvg<"l (1 )) . 

\Ne define pol~,n) t:o be the image of pi"+ 1) wit,h respect to t he right vertical 

arrow. Since the left vertical arrow is the zew map. poit'1 is ddermined 
independently of the choice of pr+l) This construction gives t h desired 
result. D 

Let ' In be the isomorplrism 

Ext}(li., )( I< (O), ff0 j;£og(n)( l )) "' H~yn (ila, .fl ® j,~Cog(")(l)) 

proved in Theorf'm 1. 

Definition 3.3. We define t he ellip tic polylogarithrn sheaf in S (il) to b <Ul 

obje ·t represent ing the class 

'1;-;/(pol~~)) E Ext}(u) (K (0). ff ® j* Cog(n)(l)). 

By abuse of notation. we will denote tb.is elenwnt also by pol!;•). The object 
pol(••) is determuwd up to unique isomorphism. 
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Remark 3.4. In (HI<] (Definition A.3.3). th io elemeul i• referrt'CI lo as a 
cohomologwll yJolylogarithm. 

Definition 3.5. We define the modified ellipti.c polylogarithm sheaf pol~" ) 
in S'(ila) to be any object representing the class 

1);;- 1 (pol~")) E Extb"(U.)( !<(0), £'<:9 j~.Cog<n)( l )). 

L e mma 3 .6. The Jollo111ing diagram is commv.l.a.twe. 

H 1(1.l, X ® .i' .Cog<"l (l )) H 0 (01(, .:Yfl ® c* .Cog<")) 

[n]" 1 £>1 
H 1(1.l0 , ./?® j~.Cog<"l(l)) EBE[oj H 0 (0g , ff® e'..Cog<"l) , 

'U!he1 -e l.hc right vertical morph·isrn ~ is the diagonal. 

From the above lemma and from t he definition of the polylogaritluns, w 

have the following: 

Proposition 3.7. We have 

pol~")= (dega) pol(n) - (a]* pol <") 

in Hiyn(1.l0 ,Y?® j,:.Cog<nl). 

4. T HE REVIEW OF ]J-ADIC L-I'UNCTIONS 

ln th is section, we will review lhe construction of t;he one variable p-ad ic £­
function associated to the elliptic cu rve E of the previous sections. Our maul 
reference for the properties of elliptic curves 1\~th complex multiplicntion wiU 
be [R]. We assume that 1J # 2,3. 

4.1. The basic defi ni t ion and p ro p e r t ies. 
We fix a \.YeicrstraB model of E over OK 

y2 = 4x3 
- 9 2X + 9:!, 

and we let 
dx 

w=-
y 

b. ~h~ associated invariant differential. Since K has class number 1 and E 
has good reduction over chc primes above p # 2. 3. we can choose a model 
such that ilie discriminant ~ (E) of E correspondi ng to th is model is prime 
to 11· Lcl a be a non-zero idPal a of OK prime to 6, mtd I ·t u be a g<>nerator 
of n. 

Definit ion 4.1. Define a rational fun ction on E l.Jy 

E>E.o = a - 1 2~ (E)No- l II (:r- :c(P)) - 6. 
PE/i:[oJ\ 0 
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Thi · function has th0 following prop<·rties. 

Lemma 4.2. 
a) 8E,n is tndependent of the ch.o·ice of the Wei.er8tmft model. 
b) The rational functwn 8E.n is defined ove1· K . 
c) The tlivi.sor of 8E.n is given by 

12No[OJ- 12 L [P]. 
PEE(oJ 

Next. denote by L = L(E. w) the lat tice of periods. and by 

~(z) = ~(z; L) : C/L ~ E(C) 

the Rtnndard am1lytic uniformizat:ion given by ~(z) = (p(z; L) , p'(z; L)) for 
the Weicrstridl p-function p(z; L) associated to L. We choose rur clement. r! 
in ex such that. L = rlf. Then ~(r!) is a OK gencrato1· of E[f]. 

We wiJI write 0/,,n = 8E,o o ~-

Definition 4.3. For k 2': 1, we define the Eisenstein series 

. (z + "1)'.2' 
Ek{z;L)=hm :L -

1

--
1 

, 

•-k-,EL Z +"' 
where the limit means eva luation of the analytic continmttion at .s = k. 

Theorem 3. Fo1· etJeMJ k 2': 1, 

(:z r 8E,o(z) = 12( -l)k- 1(k- l)!(NaEk(z; L)- r/;(n)kEk(ljJ(a)z, L) ). 

Pmof. This is Theorem 7.13 of [H.], combined with the equality 

Ek(z, a - J L) = '1/l( a)kEk('ifJ(a)z, L) 

given in the proof of (loc. cit.) Theorem 7.17. 0 

Definition 4-.4. We de[ine t.he Heeke L-function · associated to powers of 
1[, to be th • mmlytic continuation of the Dirichlet series 

L(lf" ) = "' lf,(b) 1 
'

5 L....J Nb·'1' 

summing over ideals G of OK prime to the conductor of lf,k. If c is an ideal 

of OK prime to f. we dc6ne the pa.rtial £-function L(lf,k, s. c) by the ~ame 
formula, but with the sum restricted o the ideals of OK prime to f such 
that [b, K (f)/K] = lc, K (f)/K ]. 

Proposition 4 .5 (= [R] Proposition 7.15). Supvos 11 E KL/ L has exact 
order f. 1'l•.en for eve71J k 2': 1, 

E!-(v; L) = v-k'I/J(c) 1'L(lf,k, A:, c). 



4.2. The constn1c t ion o f t he p-ad.ic £- function. 
Let F = K (f) be tlw ray class field of K modulo j, and F 00 = F (p00

) . Let 

tPp • 9 = Gal(F co/K ) _____, C~ 

be the p-acli · cbara ter defined on g by 

1/'p(u, ) = ·<J!( c). (c. fp) = 1, <T, =(c. K (fp00)/K ) 

Th~ purpose of this section il; to define• a measure I-'• on 9 such that for any 
int.eger k 2::. 1\ we have 

n;k r "';(g)dt-t.(g) = n - k12(-ll- 1(k- 1)! (1 - ifJ( p)) 
) g p 

x (Nn - t/J(a)k) L1(·.p-!·, o). 

Using thi. measure. we will define the p-ndic £-function of p-aclic continuous 
d1aracters on g. 

We fi.." a set B of ideals of OK such that u, = [c, F /K ] for c E B is a 
representative of Gal(F / K ). Let Coo= Gal(F00/F) C 9. ft is enough to 
define the measure ou each coset a,C00 . 

Let E be the formal group associated to E over OK, = 1-1, with respect 
to the parameter t = -2x/y. This group is a Lubin-Tate group with respect 
to the prime element r. in Zp· 

Let W(iii'p) be the ring of integers of t he compl ·•tion of the maximal un­
rarncfied extension of IQp. We denote by <T the Frobenius endomorphism of 
W(iFp). Let Gm be the formal multiplicative group over Zp with parameter 
T. 

As a specia l case of [La] Theorem 3.1, we have the followillg• 

Theorem 4. Let flp be a unit of W(iii'p) , such that 0~/fl p = r./JJ (Such 
units exist.) 1~w1·e exists n. umque isom,orphism 

p:Grn.~E 

of formal gmups over l>V(iFp) which cornmntes with t,he operation of Zp, o.nd 
such that 

(djdT)p(T)ir=o =D.p. 

Th's TJOwer se,-ies p(T) satisfies p" = p o [r. /p]. 

LetT, be the translMion of of E with respect to t he element ~('1/•( c )O) E 
E ff] c E (F). Then 8E,a o T, is a rational function on E defined ov r F. 

Le mma 4.6, Let Q0 ,<(t) E F[[t]] be the Taylors ri s e3;prmsion of 8E.a oT,. 

Then the polynomiid Q.,,(t.) is (tn element of OF, [[t]]>. 

We define the Frobeuius morphism cp on W(iFp)[[T]] by 

cp(f(T)) = J" (( 1+ T)P- 1) 

for J(T) in W(iFvJl[T]]. 
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D efinit io n 4. 7 . We define the polynomial II.,(T) by 

h0 _,(T) = (1- -p) logQ._,o p(T). 

D efinition 4.8. We define fln.,c(x) to be the mcasme ou z; which satisfy 

{ (1 + TJ"df.'n.c(x) = ha.c(T). 
lz; 

This does not d0pend on th • choice of the representative c. 

The action of G on E[p J gives an isomorphism 

" : 9co ----=--, 01~, = z;. 
We denote again by f.ln,c(g) the measure on G which is the pull back of 
ll·u.c(x) with respect to 1<. 

D efin it ion 4.9. We extend the measure fl·n.( l ) to a measure l'n on 9 with 
v11lues in W(iFp) by seWng 

(4.1) f1 0 (a,a) = Pu,c(a) (a E Goo) · 

Let, ,\E(t) be the logarithmic map 

:E ----=--. IG" 
of E such that ,\~(0) = 1. We rlefi ne th operator Don Zp[[t.]] by 

D = _1_!:_. 
,\~(t) dt 

Proposit ion 4 .10 (=[R] P roposit ion 7.20) . Identifying(>·, y) both with 
(s::>(z; L), p'(z; £)) and with (x(t) . y(t)) leads to the commutatwe diag·ram 

K (p(z).p'(z)) 

df dz l 
K (10(z). p'(z)) 

K (E ) __, K (x(t) . y(t)) 

l ol 
K (E ) ----=--, K (x(t), y(t)) ------> Zp[[t)J. 

Let D p be the operator on l\1 (iF'p )[[TJ] defi ned by 

D1, = (1 + T) :~.· 
T his co rresponds to the operator f'l pD through the isomorphism p. 

Lemma 4. 11. For· k :::>. 1, the measu1·r Jl·n ,c(g) sat·isfies 

n-k { 
p ./c; l<k(g)cl!.ta ,(g)= n -kl2(-l )k-l(k- J)! (1 - '1/!( p)k) 

' p 

x ( Na L,(,p-k, 0. c) -1/J(a)kL,(4,-k, 0, a c)). 
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Proof. By definition, we have 

l:~ ,/' (g)d! ~aA9) = D~h •. ,(T)Ir=u· 

Through the isomorphism p. we bavc 

D~h.,,(T)IT=O = D~ (1 -~) (logQn.c o p(T))IT=O 

= D~ (logQ., o p(T)- ~;J(logQ •. ,op(7'))") IT=O 

= D~ (log Qn,c o p('I') - ~log Q., o p o [r.](T) ) lr=O 

= D~ ( 1 - ~) Dk logQ. ,, (t)lt=O 

= D~ ( 1- '!/; ~)) Uz) \g0E.dz + 1/J(c)D)Iz=O 

T hen from Theorem 3 and Proposition 4.5, we have 

( )
k (d)'' :z log0E.J)Z + (c)l!)lz=O = dz log0E.dz)lz=t•(c)!l 

= Wk12( - 1)''- 1 (k- 1) ! 

x (Nu£(1//, k. c)- 1j/(a)£ (ii/. k, a c)). 
The lemma follows from tbe equal ity 

L(1/l, k, m) = L('lj;-k, 0. m) 

for any ideal m of OK prime to f. 0 

Proposition 4.12. Fo1· any intege1· k 2': 1, the meaS'UT'e l"a drfiner} in Defi­
nition 4 .. 9 sat>Sjies 

n;k j' 'lj;~(g)dfto(9) = n - kl2(-1)k- J(k - 1)! (1 - lj!( p)k ) 
G p 

X (Na - ,P(al ) LJ (I/1-k, 0). 

Proof. By definition, we have 

r 4,~cald1 ,. c9 J =I:: r "'~·caJd1 •• cal 
./r;; cE/3 j rhCoc. 

= L:1 K.k(a)d!ta,c(a ). 
<EB G 

R nee t ile proposition follows from Lemma 4.11. 
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Definition 4.13. We define th p-adic L-funct ion of modulns f to be 
the function whose domain of definition is the et of all p-adic continuous 
characters on g. and wbkh assigus io every< the val ue 

Lp,n(£) = / .- I (g)dJ,Lo(!J) . ./g 
Proposition 4.12 gives t he interpolation propert.y 

rl~ Lp.n( l/1~) = Q3 12( - 1)1'+1
)( -(j + 1)) ! (1 - ·r~( p ) ) 

x (No - ·1/J(a)- i) Lr("I/Ji, 0) 

for j :-:; -1. 

5 . T l1 13 SPE:C I L J'ZAT JON AT TOHSJON POINTS 

v\Te keep the notation oi the previous sections . In particular, we fix 
an ideal o of OK prime to fp '"~ in t be previous sect ion. Recall that 
U0 = E \ E[a], and t hat Ual< is the rigid analytic space associated to the 
formal completion of U0 with rE-spect to the special fiber. In th is section, we 
will prove the cx.istence oft he elliptic polylogari t hmie functions Da.J (j ::0: 1). 
which are over convergent functions on Ual< satisfying the differential equa­
tion. 

(5.1) 
dD. , = (<t: - 1) de~ .• 

, 1' e.,,. 
dDo,j+l = - D0 .jW (j ::0: 1). 

Here, <pis •he Proben ius induced on IAoJ( from the Frobenius <l>s on£. 
Assume tha t [( :J F = K (E[fl), and Jet :r: : Spec Ch· <-; E be a tor-

5iOn point in E(Og) of order prime tc ]JO. By Coroll ary 2.12, there is an 
isomorphism 

n 

x • L og(n) oe EB Sym5 .!/t'. 

LeL .Yt'(w) be t he Frobenius filtered module in S(OJ() defi ned t.o be t he 
triple (H (w), F", <!>)such t hat 

(i) H (w) = Kw i.s a one-d imensional K-vector spnce. 
(ii ) The fi ltration is given by 

H(w) = r 1 H (w) :> plH (w) = o. 
(iii ) The Frobenius is given by <!> (w) = (l /7r)w. 

We define J't"(ij) to be the Frobenius filtered module (H (f)) , p • , <I>) in S(Og) 
such t hat 

(i) H (ii) = J\.il is a oue-dinwnsionRI [(-vector space . 
(ii) Tbc filtration is given by 

H (f!) = F'1H(ii) :> F 1 H (',-,) = 0. 
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(i ii ) The Frob<·o.ins iR "iveo by <l?(!i) = (l/7r*)/l. 
13y abuse of notation, we wi ll denote by the same symbol the pull backs or 
.Yf'(w) ann .Yt(1j) by the SLrudure morphism w* . 

D efinition 5.1. We define the map 

hr,J: l'I,iy 11 (1lu . .Yf' ® Cog<")(l)) ____, H~,(OI< . .f1® .YC'(w)0 "(1)) 

for 0 :S j :S n to b~ the composition of 

" 
Hiyn(l.la, .Yt' ® Cog<"\1 )) ~ H~,,(OT<,.fii ®fiT Sym• .Yf')( l )) 

wilh the projection 

, 
Hiy,(OK . .if® CIT Sym• .Yt')(1)) ___, H ;,yn(Og , .?"t'(w) ® .Yf'(w)"~(il(l)). 

s:::::O 

This docs not depend on the choice o r the n ;::: j. 

For j;::: 0, tbcr<' is a nat ural isomorphism 

f-!~,(0/( ..Yt'(w) ® .Yt'(w)®i( l )) ----=----. K w ® w®'( l ). 

\Ve will prove our Main Theorem: 

T h eore m 5. Let :t l1e a non-ze1·o t'o1·sion point of E(OI<) prime to ap. FoT 
j;::: 0, we hav 

L h;,T(<) (12pol~"l) = D •. 1 w ® w0l( l ). 
<ED 

5. 1. The p a rtia l logari thmic s heaf. 
In this section , we wi ll define th pa.rUal logarithmic sh.e(tf This is a 

quotient of the elliptic logarithmic sheaf, such that the Ullderlying cohE-rent 
Ot.:K-module is free. This makes calculations of polylogarithms much sim­
pler. Since the map hxJ factors through this quotient , this is very useful for 
the proof of the tn<1in theorem. 

De finition 5. 2 . We define Cog(n) to be an object in S(Q:) giwn by the 

4-upl - (Lt"l, \l ,F " , <l? ), where 

(i) 'L<" l is the free OsK-module 

£<nl = IT OsK(c"''' ® w®•) 
r+.':l=n 
,·,s?:O 

(ii) The cOJ1 nection is giv<' ll by 

\l(e®r ® w®·') = ,.,®(r - 1) ® w ®(s+ l ) ® w, 

where wE H 0(Ef<. 0),;) c .if' 
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{iii) The fiH.ration is given by 

F"'[)nl = IT O eK(e®r ® w0 8) 
1'+ ... =11 

- m>s>O 
r2:o-

(iv) The Probclliu~ <1> on L(" ) is given by 

<P,(e®•· ® w®•) = ~e®r ® w0 • . 
1f'S 

-(n+l) -(r~ ) 
There is a morphism of sheaves .Cog _.. .Cog , which is defined by 

{

r-e®(r - 1) ® w®-' r > 0 
e0 '' ® w®·· ...... 

0 1' = 0. 

-(n) 
Through this morphism, we wi.ll regard the system (Log )nEN as a pro-
object in the category S(cE). We will call this the pa1·tia.l logarithm shea.f. 
There is a commutative diagram 

Log(nt l) ____, .Cog(n) 

1 
-( .. +l) 
Log 

\Vhere the vertical maps are induced from the natura.! proje Lion . 

Lemma 5.3. The partiallogari.thmic sheaf satisfies the following pr-ope1·ties: 

a) F01· any isogeny [a] : E _.. E of degree p1·ime to ]J, the1·e is an ·isomm·­
phism 

.Co/') ----=---. [a]' Log("). 

b) For any torsion point x : Spec 0 K _.. E of E of orde1· p1'ime to p , we 
have the splitt·ing principle 

- (n) -
x* .Cog ---=......, rr;=O Jtt'(w)®s 

The isomorphi.mt is normalized by 

e®r ® L:./r!).'l ~ ,,., ~,®$. 

By functoriality, for any torsion point x : Spc<'OK _.. E of B[fl , tile· 
following diagram is commutative: 

HJyn(Ua, .#0 .Coy<"l) ~ H~yn(OK ;·~® (II';=o ynY.,J't')) 

"1 1 
Here, the second ver tical arrow is the projection onto the direct summaud. 
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Hence from this fa t , in order t.o calculate the image of pol}:•) wi th respect 
to the morphism hx.J• we uec I on ly to know th<? image ofpoli,"'J wi th respe<'t 
to the map u. T he rest of this section is devoted to explicitly representing 

the object p.;-1 ~,") := 1L(poli,">). 

5.2. T he cohomology of t he pa r t ial logari t hmic s heaf. 

D e fi n it ion 5.4. We define .4l(l))(n) to be the object in S( \E) such that the 
image with respect to P(u,) io given by be 5-uple 

(M (ii)l") I •;h F,· , €,j, <!? ,), 

where 
(i) .M(~)~n) is t be free A;g- IJl Odnle 

Al (iJ)~")= II A,g (ei ·w' · rl') 
r+11+f=11 

1',S~0 
t ~ l 

(ii ) T he connection is gi ven by 

'il, (ej -w• · 17') = T ®eir- i ) ·w' · rj1(w ® w, +ii ® 'IJ;) 

(ii i) The filtration is given by 

F '" M(r)Jl") = II A;g( i . W8
• 't/' ) 

,·+s+t.='f'l 
-r11.>s>O 

r·>o­
t~J 

(iv) The isomorph ism €ij is given by 

f;J(ei · ws ·r/') = ( J- o;1r,r · w' · fj'. 
(v) T he Frobenius <l> ; on M(r1Jl"1 is given by 

There is an exact sequence 

(5.2) 0 -> v-/t'(r,)(") -> J:.og(n)-> L.o_/') _, 0 

Let 

.Yt'(i))(n) =II /l'(w)"'(n-j) ® .Yf'(i/)®1. 
j~ l 

Le mma 5.5 . We have 
J-!0( \E , .4(i)(••·l)) = ./t'(?))(nl 

H 1(\E .. 4'f (r)<"l)) = .Yt'(l))("+1l( - 1) 

H 2 (\E, .4f(i)l>'))) = ./t'(ii)(-1) 



Proof. The proof follows that of Proposition 2.8. We prove the lemma by 
induction on n. lf 11 = l , then the lemma is trivial. Suppose the lemma 
holds for n > l. Consider the diagram 

0 --; 

0 

-'r' 18> fl'(;i )(n) 

l 
.n"(7])l"+l) 

Loylll 18> /C'(1))(") 
l 

.4'((7j)(n+ l) 

/t"(iJ)(") 

.l 
__, J/((1j)ln) 

0 

0. 

where the fu·st two vcrtic.al arrows arc indurecl from the multiplication map, 
and the last one is th canonical inclusion. The horizontal sequences are 
"'"act in S(<O). The first boundary morphism of the long exact sequence for 
geometric syntomic cohomology gives a commutative diagram 

lid ®mult 

H 0(<0..4'1(ii) ("l ) ~ JI?® Yt"(7])("J . 

This shows t;hat r is imluced by the multiplication map, hence is injective. 
It follows that 

/t"(7]) (n+l) = H O(<!'. . .Yt"(f)J'"+I)) "'flo(<!'. . . /&'(?i)(" + IJ). 

The second boundm-y morphism of the long exact sequence [or geometric 
syntornic cohomology gives a commutative diagram 

.Yt'(-1) ®Yt'(1j) (n) ~ .7'1'( -1) ® .Y1'(1]) (1l) 

1 l mult 

H 1 ( <0 . .4!( ii)("l) • .Yt"(?))(n+ll(-1). ------+ 

Hence 0 is surjective) hence an isomQrphi.Rm by reason of dimension. 0 

Lemma 5.6. We hnve 

JJ2(<0,£oy<•>)) ---=---. f1 2( <0 , £oi''J. 

Pmof. The surjection follows from the long exact sequence associated to the 
short exact sequence (5.2). The injection will be prov d by induction on n. 
lin = 0, then 

Log(O) ::.: Co/
0
) ::.: K(O) , 

heuce there is ooU1ing to prove. Suppose t;he . talement. is true for n. We 
have a cJjagram 

II~(<£, Cog(n+ I )) ---=---. H 2(r£,£oy(")) ---+ 0 

1 "1 
H2(<0, Cog(n+l)) _______, H2(<£.i:o/' )) _____, 0. 
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where the top horizontal arrow is an isomorphism from I. he proof of Propo­
sition 2.8 , and the right vertica l anow is an isomorphism from the induction 
hypothesis. Tllis prows that the left vertkal arrow is injective, hence the 
Jernma. 0 

Lemma 5.7. W~ hove 
0 -(>~) 

dimK H (fl'. ,£og ) = l. 

In pn.,·t.i~:ulo:r, the seqnence 

0 __, Ho(fl'., A't(·i)) (" )) __, Ho(fl'.. £og(n))...., Ho(Q'. , £of/'' ))...., 0 

is exact, and we have 

fiO(fl'.. £og(n)) ___2.___, Yt"(w) ®". 

Proof. The second statement follows from the first, since by Lemma 5.5 and 
Proposition 2.8. wf' have 

dim}( H 0 (Q'. , J!t(iJ)C"l) = n 

dim 1( JT 0 (1!:, £og("l) = n + l. 
For the first stat ment, let 

" f = L f,.e®r ® .;,'i!m - >· 

r ::::O 

be an clement in H0 (Q'. . .Cog(n)) . By definition, \1(/) = 0, hence 

" vul = z= dfre®·· ® w®"-" + z= ,-J,e®(··- 1) ® .;,®(n-r+l) ® w. 

r = O r=O 

This holds if and only if 

{

fr E ]( r = n 

f,. = 0 ,. < n. 

Hence we have the proof of the lemma. 

From the above 1 mma, the natural map 

ff 1(fi'. .Jit(>i)(")) ______, H 1(fi'.,.Coy(n)) 

0 

is injective. We denote by ,77(·n) the cokt'rnel of th is map. By Proposition 
2.8 and Lemma 5.5, 

H 1(fl'.,.,/t(i)) (" l) = Yt"(>i)(n)(-l) 

H 1 (Q'. , .Cugf"l) = Syrn(n+J ) Yt"( -1), 

and tb · nat\Iral map is th natural iuclusion. Hence we bav • 

.7'?"l = J"f'(w)0 "(-l). 



Combining this fad "·i th Lemma 5.6 and Lemma 5.5, the long <'"'<act se­
quence associated to the short exact sequence (5.2) yi Ids the following: 

Lemma 5.8. 'The sequence 

'is exact. 

Proposition 5.9. We halle 

0 . t • • -(n ) H,y11 (0f{. If (11:. /t"(w) ® .Cog (1))) = 0 

l-l~yn(OI< , H 1 (11: , Yt"(w) ® .Coi/''1 (1))) = Hiyn(Of<,.Yt'(w) ® Yf.' (w)t':"') 

forn ~ 2. 

5.3. The partial polylogarithmic sheaf. 
We define the mnp 

:r;i"l: H;y
11
(H.,.7t"(w) ® .Cog(n)(l ))-> ffi Homsco"1(JYt"(w),£'(w)) 

ElaJ 

in a manner similar to that of .,-~" 1 . Namely. it is t he composition of the 
map 

(53) 
I -(n) u I -(n) 

H,y,(Ha,Yt"(w) ® .Cog (1))-> B ,y.,(OI< , H (il,.,/t'(w) ® .Cog (1))), 

which i. the edge morphism of Leray's spectral sequence in Lemma 1.24. 
with t he map 

(5.4) 
0 I -(" ) ffi 0 , Iisyn(OI< , H (l.la ,Yt"(w) ® .Cog (1 ))) _, wH•-yn(OK,/I'(w) ® Yt"(w)) 

induced from the Gysin exa.ct sequence. 

ElnJ 

= ffi Homsco")(Yt"(w) . . /t"(w)) 
ElnJ 

By functoriality, we have tllP fol lowing commutative diagram: 

H,iy.,{5.l0 • .fi' ® .Cog<"l(l)) 
(nj 

~ EBEinJJ:Joms(CJ" )(£. Yt") 

1 1 
I -(n) 

Hsy., (l.l,,Yt"(w) ® Cog (1)) 



-(rl ) -(rt) 
I-lene~· pol

0 
is an element in I-I;y,(Ua, .Yt'(w) ® £og (I )) which satisfy 

( ~.'-) - (n)(p-ol(n)) ,.,., (1" (P) 'tel) 
v v T" " = <I> PEE !n) " 

for N(P) = (deg[a.]- 1) if P = 0 and N(P) = - 1 ol.hE'rwise. 

Proposition 5.10. The system of elements 

- (n) 1 , - (n ) 
pola E H,y,(U,, .YI'(w) ® £og (I )) 

~~uniquely determined by (5.5). 

Proof. Since by Proposition 5.9, we have 

0 - (n) 
fisyn(Og. H 1(CE. • .Yt>(w) ® Log (! ))) = 0. 

Hence (5 .4) is injective, and the kernel of rJ"l is the kernel of (5 .3), which 
is 

I-f;y, (Og, H 0 (CE. , .Yt' (w) ® £ og1"1 (1))) . 

By Lemma 5.7, we have 

(5 .6) 

\Ve h;we a commutative cliagram 

I-Iiy,(Og , .Yt'(w)®(n +tl) 

1 
H~yn(Og, .Yt>(w)®") 

induced from the projection , and the com patibility with the Frobenius im­

plies t hat the left vertic:al arrow is the zero map. This shows tb ~lt 1;;1 ~' 1 is 
uniquely determined by (5.5). 0 

Tbt> system of elements 

-(n) J (< .Yo() - (n)( )) pol0 E H syn lla , .Yo w 0 Log 1 

cocresponds to a system of objects in S'(U0 ) Ll1rough the isomorphism 

l - (n) 'I 1 - (n) 
Exts(l.l. )(J<(O), .Yt'(w) ® £og (1)) ---> H,y,(U,, .Yt'(w) 0 £ og (1)) 

defined in Theorem I. By abuse of notation, we denote this ~ysL('m of objects 

by the same symbol 1-;;:;J~,") 
Let M"(U0 ) b the ca tegory of coherent O E,. -modules wit h log;ui thmic 

poles along D0 . A imilar argmnent as in Theorem 1 shows that there exists 
tm isomorphism 

(57) '7: Bxt~I (U. )(K(O} . M) ____, HJn(U0 ,M) 
•14 



for any object Min l'vi" (U.). For any object J/f =(A/. \1. F". if!) in s•d(JJ0 ), 

by definition. we liaYe H ,\R(Ua. M )"' H 1(ila. ,;/(). Th re is a commutative 
diagram 

Ext1(u.P< (0), J!t) Ext~·I(U.) (K(O), M) 

"1 "1 
F/ 1 (ila, J!f), 

where tli top horizontal arrow is the funct r forge ting F " and <1> , and 
the bott.orn horizontal ar row is tlw on~· induced from tbe edge morphism of 
Lera:(s $pectral sequence 

H;y,(ii0 ,J/t) ----+ H!~,(01<.H 1 (ii,.,J!t)) <--> H 1(ila ,./lt). 

P r oposi tion 5.11 (Rigidity) . The objects Pol~n) in S(Ua) m-e 1tniqnely de­
IPrm-inPd by •ts mlde1'lying Or::x·rnodule with loganthmic con:nectwn. 

Proof. ln order to prove t.he proposition, it i. necessary to prove that the bot­

tom horizontal arrow is injective for the system of objects .n"(w) ® .Cog(n) (1) 
in S"'1(ila). This is already proved in the proof of Proposition 5.10, hence 
we have the desired result. D 

D e finition 5.12. We define the obj~ct (P~") \1) in Jv("(U0 ) as follows: 

(i) ?J"1 is the free Or:;"-rnoclule 

?J"l = Or::"e' ffi or::"w ® L<"l (l). 

(ii) The connection is given by 

\l(e') = w ® e®(rH) ® w(l ) ® deE.•. 
eE,n 

Propos it ion 5.13. The image of the extension cla.ss of l.he object (.PJ"l , \1) 
thm~tgh the i omorJ>hisrn 

J -(n) 'I 1 -(rt) 
ExtM"(u.)(K(O)Jt'(w) ® .Cog (1))-> H (Ua.ft'(w) ® .Cog (1)) 

-(n) 
is the ·underlying 0 t:K -mod1tle with connection of the element 12 pola . 

Pr·oof. The divisor of the function e E,n is 

l2Na[OJ- 12 L [P] 
PEE[nJ 

(See Lemmn 4.2). H•mce the re,;idue of l he di.l'J'er "ntial is 

deE n ( ) ResPEE[nJ -e · = l2N P 
E,rc 
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for N (P) = (Na - l ) if P = 0 and N(P) = - 1 ot.herwise. Hence the image 

by 'I of (Pdnl , V') an' elements iJ1 H 1(U., . . Yt'(w) ® L:o/")(1)) wh ich maps 
with respect to the residue map 

- (») 
H 1(l.l0 . ./t'(w) ® L:og )) _____, Ef)EiaJ /t'(w) ® ft'(w) 

o tbe el~?mcnt 

EB ( 12N(P ) w ® e®( n.-1) Qs:t w) . 
PEE[nj 

This i:; the characterization of tlle clement, 12 Poi;,") hence we hav<' the 
desired assertion. 0 

We define a filtration on f5~") by 

{
prnf5J"l = OsKe'E£)(0e/(w ® F"'lC"l( l )) m::; 0 

F'"PJ"l = (Os,<w ® F'"D'' ' (l )) rn > 0. 

B h . . . d f I f I - 1(") . l . y t e prev1ous propo 1 t1on lUI rom t 1e act t 1at po " fnusts , t Jere ex.1sts 

a unique Froben.ius structure <I> 011 f5J"l which makes (PJ"l, \7, F • , 'P) an 
object of S(i1). 

Let A= r(U., Ou.). The Frobenius <I> on f5J" l be given by 

n 1 . . 
<J> (e') = e' + :L---D ·w Qs) e®(n - J) ® w®'( l ) 
. i =O (n- .i) ! n .J . 

for some functions Da,j E Ak for j ~ 0. The compatibili ty of the Frobeuius 
with the connect,ion gives 

and 

iJi o V'(e1) = \1? ( w ® e®(n- l) ® w( l) ® deE,•) 
8E,n 

= w ® e® (n - 1) Qs:l w(l) ® 'f. (d8E,a) 
1' ElE,o 



Comparing tlw t.wo eqnA.tions, we get tb differential equations 

dDa,o = 0 

dD 1 + D ow = ('!: - l) dBE,o 
a, a, P 8E,o 

dDa.j+l + Da,j W = 0 (1 $ j $ 11 - 1), 

Since the dDa,o = 0, the f·unction Da,o is a constant function in A~,. There 
function 

('!: _ l) cl8E,o. 
]J 8E,o 

Sh1ce a noB-zero constant multiple of w is not integrable in AJ,. this implies 
t·bat Da,O = 0. 

Definition 5.14. We cail the functions Da,1 (.i ~ l) the p-a,dic elliptic 
polylogar·ithm-ic Junctions of weight j with respect to the ideal a. 

Since the f\IJlctions Da.j are elements of A}<, tlwy are over convergent 
functions 011 U aK. They are the nnig'll.e system of over convergent functions 
satisfying the differential equalions 

dDa I. = (f -1) d8E.o 
' )l 8E,o 

dDa,j+l = -Da,jw (.i ~ 1). 

5.4. The proof of the main theorem. 
In this section, we will give the proof of Theorem 5. VIe t.ake a non-zero 

element,. E E[f]. As mentioned at tiP end of Section 5.1. it is sufficient to 
calculate the image of the object 

-(") I - (n) 
12pola E H,y,(U0 . Yt'(w) ® £ og (1)) 

with resp<'ct t.o the specialization map 

JJ;,.,(U0 , 3f'(w) ® £og(n) (1))-. H;y,(Og, £(w) ® IT Yt'(w)®i). 
o::.;J:s;n 

The map induced on the corresponding ex<;ension classes the pull pack map 
r• , hence the extension <:las~ of 

x·(12PQ'1~"l) E l-l;y,.(Ot< , .7t'(w) ® IT .7t'(w)0 i) 
O$j~n 

corresponds l.o th(' filtered Frobenius module (x• ?J"l. p• , <I>) in S(Og) given 
as fqllows: 
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(i) 'vVP have 

?,)<•) = I\"e' E9 II Kw ® w09i( l ). 
J=O 

(ii) The filtration is given by 

{ 
F"'(x* ~n)) = I<e' EB ITJs-m - II<(w 
F'"(J·· PJ"l) = 0 

(ii i) T he Frobenius <!>on x•.PJ"l is given by 

w®i( I )) m. ~ o 

111 > 0 

<P(e') = e' + LDo,1 (.r)w ® w~i(l ) . 
i=O 

Here, D 0 ,1 (:r.) is the value of t he function Do,j at the torsion point x. 

Since the isomorphism 

Hiyu(OK.Yf'(w) ® fi0515, ..Ye(w)®i(l)) = IIosJs" I< w ® w®i(l) 

is given by the Frobeuius structure, one can s<Je from the explicit sha1 e of 
(x*P~n), F' , <l? ) that 

x*(l2poll:'l) = II Do ,;(x)w®w®i(l) . 
l.~J$n 

Hence Theorem 5 foUows. 

5.5. The relation to the p-adic £-function. 
In the last section, we will give the relation of the polylogaritbmi func­

tions Do,j with the p-adic £-function of E . 

D efinition 5.15. 'We e.xtend the system of functions Do.j (j 2: 1) to integers 
j ~ 0 by placing 

(i E Z) . 

Th n Do,j are rigid mw.lytic functions on UaK (See [CdS] proof of Lemma 
(75)) . Fix { , 0, and Op as in Section 4. Then x = ~(0) is a OK-moclule 
generato r of E [f]. We fix a set of idea ls B of OK ptimc to fp such that 
a,= (c. F / K ) forc E B is a set of representative for the group Gai(F / K ). 
Let x, = a,(x) E E [f] . 

We .have the following Proposit ion: 

Proposition 5.16. For a.ch integer j ~ - 1, we ho.ve 

LDo.1+J(x,) = (- 1 )1+ 1 0{Lp.o (I/J~ ). 
cE/3 
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Proof. Since w is <t translation invariant differential, the value of th(• function 
Do,J+I for J :<::: -1 at x, is pr·ecisely the value of th(' fun ·tion 

( 
l ) -] 

(-l)j+l (l+T),;~ llo,r(T) 

at T = 0. By definition, thi" is equal to 

(-l)j+l fa ~<(g)-j!l!Lo,c(!J). 

Hence the proposition follow" from the construction of the p-adic £-[unction , 
given iu Defi11ition 4. 13. D 

We conjecture tbc following: 

Conjectur e . For· each int ger· j 2: 0. we have 

L Do,j+I(x,) = (-l)H1 f!~Lp,o('l/•tJ. 
rEB 
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