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Abstract

A linear-quadratic-Gaussian (LQG) game is an incomplete information game with
quadratic payoff functions and Gaussian information structures. It has many applications
such as a Cournot game, a Bertrand game, a beauty contest game, and a network game
among others. LQG information design is a problem to find an information structure from
a given collection of feasible Gaussian information structures that maximizes a quadratic
objective function when players follow a Bayes Nash equilibrium. This paper studies
LQG information design by formulating it as semidefinite programming, which is a natural
generalization of linear programing. Using the formulation, we provide sufficient conditions
for optimality and suboptimality of no and full information disclosure. In the case of
symmetric LQG games, we characterize the optimal symmetric information structure, and
in the case of asymmetric LQG games, we characterize the optimal public information
structure, each of which is in a closed-form expression.
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1 Introduction

An equilibrium outcome in an incomplete information game depends not only upon a payoff
structure, which consists of payoff functions together with a probability distribution of a payoff
state, but also upon an information structure, which maps a payoft state to possibly stochastic
signals of players. Information design analyzes the influence of an information structure on
equilibrium outcomes, and in particular, characterizes an optimal information structure that
induces an equilibrium outcome maximizing the expected value of an objective function of
an information designer, who is assumed to be able to choose and commit to the information
structure.! General approaches to information design are presented by Bergemann and Morris
(2013, 2016a,b, 2019), Taneva (2019), and Mathevet et al. (2020). A rapidly growing body
of literature have investigated the economic application of information design in areas such as
matching markets (Ostrovsky and Schwarz, 2010), voting games (Alonso and Camara, 2016),
congestion games (Das et al., 2017), auctions (Bergemann et al., 2017), contests (Zhang and
Zhou, 2016), and stress testing (Inostroza and Pavan, 2018), among others.?

It would be desirable if we could provide general insights on the connection between optimal
information structures and economic environments. Such insights, however, are difficult to
obtain by studying design problems that are either too specific or too general. Taneva (2019)
provides a complete characterization of the optimal information structures in symmetric 2 X 2
incomplete information games with symmetric binary states, thus revealing the connection
between optimal information structures and the binary symmetric environments. To obtain
more insights, we must also consider non-binary environments, but such environments may not
be tractable enough if they are too general.

The purpose of this paper is to introduce a tractable class of information design problems
which are not too specific. For this purpose, we focus on an incomplete information game such
that payoff functions are quadratic in actions and payoff states, and payoft states and players’
signals are jointly normally distributed, whose origin goes back to the seminal paper by Radner
(1962). Because payoff functions are arbitrary as long as it is quadratic, this class of games

encompasses a wide class of interesting economic environments such as Cournot and Bertrand

Kamenica and Gentzkow (2011) phrased the design of optimal information structures as a “Bayesian persua-
sion” problem between a sender and single receiver. Information design is also referred to as Bayesian persuasion

to multiple (interacting) receivers.
2See recent survey papers by Bergemann and Morris (2019) and Kamenica (2019).
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oligopoly (Vives, 1984, 1999), beauty contests (Morris and Shin, 2002), and network games
(Calvo-Armengol et al., 2015), among others. In addition, there exists a unique Bayes Nash
equilibrium (BNE) under mild conditions, and it can be calculated as a linear function of signals
(Radner, 1962; Ui, 2016a), which ensures high tractability. This class of games is referred to
as linear-quadratic Gaussian (LQG) games.

We study information design for LQG games, or LQG information design for short. Fix a
payoff structure composed of quadratic payoff functions and normally distributed payoft states,
which is called a basic game in the literature. An information designer has an objective function
that is quadratic in actions and payoft states and can choose and commit to an information
structure from a given collection of feasible Gaussian information structures, which determine
a joint normal distribution of signals and a payoff state with its marginal distribution being the
same as that given by the basic game. LQG information design is a problem to find an optimal
information structure that maximizes the expected value of the quadratic objective function over
the set of feasible Gaussian information structures.

To analyze the problem, we follow the two-step approach of Bergemann and Morris (2013,
2016b, 2019) and Taneva (2019): the first step identifies the set of inducible equilibrium out-
comes under feasible information structures, and the second step identifies the optimal outcomes
from the set of inducible outcomes. Especially, we expand on the analysis of Bergemann and
Morris (2013), who consider a symmetric basic LQG game with a continuum of players. They
identify the set of all symmetric Bayes correlated equilibria (BCE) with normally distributed
actions and show that it coincides with the set of all outcomes that can arise in BNE associ-
ated with all symmetric Gaussian information structures. Then, focusing on a Cournot game
as a special case, they obtain the BCE that maximizes the total expected profit, which is the
equilibrium outcome under the information structure that maximizes the total expected profit.

In our first step, we consider a general class of (possibly asymmetric) basic LQG games with
an arbitrary number of players, and identify the set of all BCE with normally distributed actions,
which coincides with the set of all inducible equilibrium outcomes under Gaussian information
structures (Bergemann and Morris, 2013, 2016a). It is well known that the expected values
of equilibrium actions do not depend upon the choice of Gaussian information structures in
LQG games (Radner, 1962; Ui, 2016a), and thus the expected values of actions are the same
for all BCE. Therefore, to represent each BCE, it is enough to determine the covariance matrix

of actions and payoff states under the BCE. We show that the set of the covariance matrices



representing BCE is the set of positive semidefinite matrices satisfying a linear constraint.

In our second step, we show that, for each BCE, the expected value of a quadratic objective
function is represented as a linear function of the covariance matrix representing the BCE,
which is a Frobenius inner product of the covariance matrix and the matrix associated with the
quadratic form in the objective function. Thus, a BCE maximizes the expected value of the
objective function if and only if the covariance matrix representing the BCE is a solution to the
problem fo maximize the linear function of a positive semidefinite matrix subject to the linear
constraint. Such an optimization problem is called semidefinite programming (SDP),*> which
is a natural generalization of linear programing.

On the basis of the above discussion, we formulate LQG information design as semidefinite
programming not only when every Gaussian information structure is feasible but also when
feasibility of information structures is defined in terms of additional linear constraints on the
covariance matrix representing BCE. As shown by Taneva (2019), information design with
finite sets of actions is reduced to linear programming. This implies that information design
with infinite sets of actions, such as LQG information design, can be interpreted as linear
programming with infinite number of variables, which is not necessarily tractable. On the
other hand, our semidefinite programming formulation of LQG information design enables
us not only to numerically obtain the optimal information structures but also to analytically
characterize them in some special cases.

As an immediate consequence of the formulation, we obtain simple sufficient conditions
for optimality and suboptimality of no information disclosure. If the matrix associated with
the quadratic form in a quadratic objective function is negative definite, then no information
disclosure is optimal because such an objective function is strictly concave and stochastic actions
decrease its expected value. In contrast, if the matrix is positive definite, then no information
disclosure is never optimal because such an objective function is strictly convex and stochastic
actions increase its expected value.

By focusing on a couple of special cases, we characterize optimal information structures.
First, we consider symmetric LQG games assuming that every symmetric Gaussian information
structure is feasible. In this class of LQG information design, we can represent a quadratic
objective function as a quadratic function of actions, which is independent of payoff states, by

means of the first order condition of BCE. This implies that an objective function is written as a

3See Vandenberghe and Boyd (1996) and Boyd and Vandenberghe (2004), for example.
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linear combination of the variance and the covariance of actions. If the objective function equals
the covariance of actions, then full information disclosure is optimal because we can increase
the covariance by providing more precise identical signals to players. If the objective function
equals the difference between the variance and the covariance of actions, then partial information
disclosure is optimal because the difference equals zero under full or no information disclosure.
This observation suggests that it is convenient to rewrite an objective function as a linear
combination of the covariance and the difference between the variance and the covariance. We
characterize the optimal information structure using the ratio of the coefficient of the covariance
and that of the difference between the variance and the covariance in the objective function.
Ui and Yoshizawa (2015) also consider the same class of symmetric LQG games assuming
that each feasible information structure consists of public and private signals and characterize
the optimal combination of public and private signals using the same ratio. This paper shows
that the insight obtained in Ui and Yoshizawa (2015) is also useful in obtaining the optimal
information structures.

We also consider asymmetric LQG games assuming that every public information structure
is feasible, where every player receives identical signals. We characterize the optimal public
information structure as a closed-form expression. This result also gives a sufficient condition
for the optimality of partial information disclosure when all information structures are feasible.

The rest of the paper is organized as follows. Section 2 introduces LQG games and charac-
terizes BNE and BCE. Section 3 formulates LQG information design as semidefinite program-
ming. Section 4 is devoted to symmetric LQG games with symmetric information structures,

and Section 5 is devoted to asymmetric LQG games with public information structures.

2 LQG games

2.1 Payoff and information structures

We consider an incomplete information game with quadratic payoft functions and normally
distributed payoff states and signals. We call such a game a linear-quadratic Gaussian game, or
an LQG game for short.

Let N = {1,...,n}denote the set of players. Playeri € N chooses areal numbera; € A; =R



as his action. The payoff function is

ui(a,0) = —qua; -2 Z gijaiaj+20;a; + hi(a_;, 6), (D
Jj#i

where a = (a;);ey € A =RV is an action profile, § = (;);ey € © =R is a payoff state, g;; is
a constant, and ;(a_;, ) is an arbitrary function of the opponents’ actions a_; = (a;);+ and a
payoff state 6. A payoff state 8 is a random vector following a multivariate normal distribution
denoted by . We call G = ((u;);en, ) a payoff structure or a basic game, which will be fixed
throughout the paper. If 6, = - - - = 6,, with probability one, G is called a common value payoff
structure. Let Q = [g;;].xn denote the matrix consisting of the coefficients in the quadratic
terms in (1). We regard vectors such as an action profile a and a payoff state 8 as column
vectors.

Player i € N receives a private signal ¢; € T; = R™, which is an m;-dimensional vector.
Let (¢|0) denote the conditional probability distribution of a signal profile r = (¢;);ey given 6,
which is referred to as an information structure. An information structure is said to be Gaussian
if ¢+ and 6 are jointly normally distributed, and every information structure in this paper is
assumed to be Gaussian. If #{ = --- = t,, with probability one, an information structure is said
to be public.

An LQG game consists of a payoff structure (i.e. a basic game) G and an information
structure 7. For example, consider an LQG game with a symmetric coefficient matrix Q, i.e.,
gij = qji for all i, j € N in (1), and another LQG game in which players have identical payoft
functions given by

—a'Qa+2a'é, (2)

where a' is the transpose of a. Note that (2) equals (1) if h;(a_;,0) = — Dy qjja§ -
2 20 ki, j#k 4jkajak + 2jzi 0ja;. An LQG game with identical payoff functions is called an
LQG team (Radner, 1962; Ho and Chu, 1972). Clearly, the above two LQG games have the
same best response correspondences because the term h;(a_;, #) does not have any influence
on the player’s decision. That is, the best response correspondences of an LQG game with a
symmetric coefficient matrix Q coincide with those of an LQG team. Such an LQG game is
referred to as a potential game (Monderer and Shapley, 1996) and the identical payoft function
(2) of the corresponding LQG team is referred to as a potential function.

We discuss four examples of LQG games, which are also LQG potential games.



Example 1. Firm i produces good i. An action g; € R is the amount of the output and 6; is the

marginal cost. The inverse demand function is p; = @ — 8q; — ¥ 2.4 q;- Then, the profit of

(CY—,BCIi—)’ZCIj) qi = 0iqi.

J#

firm i is

This LQG game is a Cournot game (Vives, 1984, 1999).

Example 2. Firm i produces good i. An action p; € R is the price of the output and 6; is the

marginal cost. The demand function is g; = a — bp; + ¢ 2. j4; p;. Then, the profit of firm i is

(a—bpi+chj)pi—6’,~(a—bp,~+chj).

J# J#

This LQG game is a Bertrand game (Vives, 1984, 1999).

Example 3. Let a coefficient matrix Q be given by

1 ifi =j,
qij = 4ji =
OQora ifi+#],
where @ # 0 is a constant. The matrix Q represents interaction of players located on a graph
with the set of vertices N and the set of edges E = {(i,j) € N*> : i # J, gij = a}. When 6 is
constant, this is a network game studied by Ballester et al. (2006) and Bramoull€ et al. (2014).

Calvé-Armengol et al. (2015) use an LQG network game to analyze endogenous communication

in organizations.

Example 4. Consider an LQG game with a common value payoff structure and a coeflicient
matrix Q with
1/(1—r) ifi =,
qij =
r/(1-ryx1/(n-1) ifi#],
where r € (0, 1). Then, the best response equals the conditional expected value of the weighted

average of the arithmetic mean of the opponents’ actions and the common payoff state,* i.e.,

ai(t) =r Y Exloylt]/(n = 1) + (1 = r)Ex[6ols].

J#

This LQG game is a beauty contest game studied by Morris and Shin (2002).

4See (5) in the next section



2.2 Bayes Nash equilibria and Bayes correlated equilibria

Player i’s strategy o; : T; — A; assigns an action 0;(#;) € A; to each realization of a private
signal #; € T;. A strategy profile o = (07;);en is a Bayes Nash equilibrium (BNE) under an

information structure r if, for all a; € A;, #; € T;, and i € N, it holds that

Er[ui((oi(ti), 0-), 0)|t;] = Ex[ui((a;, o), 0)|t:], (3)

where o—; = 0_;(t_;) = (07(t;));j+ and Ex[-|t;] is the conditional expectation operator given

t; € T; with respect to m and . The first-order condition for a BNE is

0
E; a—mui(g(t)ae)‘ti] = —2q,i05(t;) - Z;q,j Lot + 2E,[6:]t;] = 4)

forall t; € T; and i € N, which is reduced to
ai(t) = ) qijExlolti]/qi + Ex[0:1t]/qir. (5)
Jj#i
Thus, the best response is the conditional expected value of the weighted sum of the opponents’
actions and the payoff state.
Now assume that an information structure r is public with ty = t; = - - - = ¢t,,, which we call
a public signal under 7. Then, (4) is reduced to
Z qijoj(to) = Ex[8ilto].
jeN
Thus, if Q is nonsingular, then the equilibrium action profile is (07(t9))ieny = Q™ Ex[6]t0]
when 1y is realized. For example, when 6 is common knowledge, the equilibrium action profile
is 07'0; when players do not receive any information (i.e., do not update their prior), the
equilibrium action profile is @ = Q~'6, where 6 = E[6].
Even if an information structure is not public, we can obtain a unique BNE as linear functions

of private signals (Radner, 1962; Ui, 2016a).3

Proposition 1. Suppose that Q + Q7 and var(t;) are positive definite for eachi € N. Then, an

LQG game has a unique BNE given by

oi(t;) = a; + b} (t; — Ez[t;]) fori € N, (6)

SRadner (1962) was the first to introduce an LQG team and establishes Proposition 1. As pointed out by Ui
(2009), we can directly use Radner’s result to obtain a unique BNE in an LQG potential game, which corresponds
to Proposition 1 with a symmetric coefficient matrix Q. Ui (2016a) shows that the symmetry assumption is not

necessary.



where (a;)iey = Q" '0and b, . . ., b, are determined by the following system of linear equations:

Z C]ijCOV(ti, lj)b] = COV([i, 01) fori c N (7)
JEN

In the rest of this paper, we assume that Q + QT and var(¢;) are positive definite for each
i € N to ensure the existence and uniqueness of a BNE. Positive definiteness of var(¢;) implies
that any component of #; is not informationally redundant. Let IT* denote the set of all Gaussian
information structures such that var(z;) are positive definite for eachi € N.

Imagine that players follow a strategy profile o under an information structure 7. The
outcome of this situation is described by the conditional probability distribution of a given
6 because the marginal probability distribution of 6 is fixed. We denote this conditional
distribution by p(a|f) and call it an action distribution of ¢ under n, which is given by
p(ald) = Xt.o(=q 7(216). In particular, when o is a BNE under 7, we call p an equilibrium
action distribution under n. Every equilibrium action distribution p satisfies the following

condition:
Eylui((ai,a),0)|a;] > E,[ui((a},a-;),0)|a;] for all a;,a; € A;andi € N, (8)

where E,[-|a;] is the conditional expectation operator given a; with respect to p and . This is

because, by (3), it holds that

E,[ui((a;,a—;),0)|a;] = Ex[u;((a;, 0-;), 0)|oi(t;) = a;]
> Equi((a}, 0-),0)|oi(t:) = a;] = Eplui((aj,a-),0)|ai].
We say that an action distribution p is a Bayes correlated equilibrium (BCE) if it satisfies (8).

Thus, an equilibrium action distribution is a BCE because it satisfies (8). Moreover, (8) implies

that a BCE is an equilibrium action distribution under n satisfying the following conditions:

1. T; = A; for all i € N; that is, the set of player i’s signals coincides with the set of player

i’s actions.

2. For a BNE o under 7, 0y(a;) = a; forall a; € T; = A; and i € N; that is, an equilibrium

action distribution is given by 7 (a|6).

The above discussion is summarized in the following proposition due to Bergemann and Morris

(2013).



Proposition 2. Under any information structure, an equilibrium action distribution is a BCE.
For any BCE, there exists an information structure under which the equilibrium action distri-

bution coincides with the BCE.

Using Propositions 1 and 2, we can obtain a necessary and sufficient condition for an action

distribution to be a BCE where an action profile and a payoff state are jointly normally distributed

Proposition 3. An action distribution p is a BCE under which (a, 0) is normally distributed if

and only if the following condition is satisfied.

Epla] =a, 9)

Z gijcov(ai, aj) = cov(a;, ;). 1o
JEN

Proof. A necessary and sufficient condition for a BCE is (6) and (7) with b; = 1 and @; = E[t;]

by Proposition 1, which establishes this proposition. O

Bergemann and Morris (2013) obtain Proposition 3 in the case of symmetric LQG games

with common value payoff structures.

3 LQG information design

3.1 A general formulation

Fix a payoff structure (i.e. a basic game) G = ((u;);en, ¥) such that Q + QT is positive definite.
We consider an information designer who chooses an information structure m from a set of
feasible information structures I C IT* to maximize the expected value of a quadratic objective
function v(a, 6). The designer can make a commitment to provide information according to the

following timeline, which is a standard assumption in the literature.
1. The designer chooses 7 € I1 and informs all players of 7.
2. When 6 is realized, 11, . . . , t, are drawn according to 7 (¢|6).
3. Players follow the unique BNE under 7.

Note that we have focused on a payoff structure such that any information structure induces a

unique equilibrium.®

6See Mathevet et al. (2020) for detailed discussions on information design with multiple equilibria.
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Without loss of generality, we omit linear terms in a quadratic objective function v(a, 6)
because the expected value of (a, 0) is a constant vector (&, §) in a BNE under any information
structure. Thus, we use a quadratic form to represent v(a, 6). Let S¥ and S* denote the set of
all k X k symmetric matrices and the set of all k X k positive semidefinite symmetric matrices,

respectively. Then, a quadratic objective function is given by

a aa'af’
v(a, 9) = [aT, QT]V =tr |V =1tr (VnaaT) + 2tr (V]QQCIT) +tr (V2299T) R
0 a0
(11)
where
Vi Vin+j V11 V12
V — [v[]]znxzn — [ l]]}’le’l [ ln+j]n><n — e S2n.
[Vn+i,j]n><n [Vn+i,n+j]n><n Vor Vo

We can assume that Voo = O, i.e., vy4ine; = O for all i, j € N, because the expected value of
tr (V2200 7") is a constant determined by the payoff structure G.

An LQG information design problem is the problem to find an information structure that
maximizes the expected value of the objective function over the set of feasible information
structures:

meeg(E,r[v(O', 0)], (12)

where E, is the expectation operator with respect to 7 and o is the unique BNE under .
Using the equilibrium action distribution p under 7, we can replace E;[v(c, )] in (12) with

E,[v(a,0)], where E, is the expectation operator with respect to p. Thus, (12) is equivalent to

E 70 9 13
pg%) olv(a,6)] (13)

where

C(IT) = {p : p is the equilibrium action distribution under € IT}.

Using the representation (11), we can rewrite the objective function in (13) as

var(a) cov(a,®) aa'ad’
E,[v(a,w)] =tr |V +tr |V =V eX+const, (14)
cov(f,a) var(6) 0a’ g0’
where
var(a) cov(a, ) 2, 2n
X = [Xij]2n><2n: ESEH andVOX:ZZv,‘jX,‘j.
cov(f8,a) var(0) i=1 j=1

11



Thus, (13) is equivalent to

max VelX, (15)
XeX(IT)

where
X)) ={X € Sf" : X is the covariance matrix of (a, ) under p € C(II)}.

Note that there is a one-to-one correspondence between the solution to (13) and that to (15)
because X (IT) is the collection of the covariance matrices of (a, 6) under the equilibrium action
distributions.

For example, when players receive no signals, they follow Q=!8 in the equilibrium, and thus

0] 0]
X = andV e X = 0.

O var(6)

This case is referred to as no information disclosure. When 6 is common knowledge, players

follow Q‘le in the equilibrium, and thus

-1 -INT -1
X = Q var(6)(Q) " O var(6) and V e X =V, e var(0),

var(9)(Q~HT var(0)

where
Vo= (@ HT (Vi1 +ViQ+Q"Va)Q 7.

This case is referred to as full information disclosure. The other cases are referred to as partial
information disclosure.
As an immediate consequence of (15), we can obtain the following simple sufficient condi-

tions for optimality and suboptimality of no information disclosure.

Proposition 4. IV is negative semidefinite, then no information disclosure is optimal in I1*. If

V is positive definite, then no information disclosure is not optimal in IT".

Proof. Tt is well known that if V is negative semidefinite, then V e X < 0 for any X € S?*,

which implies that no information disclosure is optimal. If V is positive definite, then

- a—a
VeX=E,|([a"-a",6"-0"]V >0

0-6

under partial or full information disclosure, so no information disclosure is not optimal. O

12



3.2 Semidefinite programming formulation

We consider a special case of (15) in which all information structures are feasible:
max VeX. (16)
XeX (IT*)

The constraint X € X (IT*) consists of the following three conditions by Proposition 3.

(i) var(0) = [cov(0;,0;)]uxn = [Xn+in+jlnxn is the covariance matrix of 6 given by a payoff

structure G. This condition is rewritten as
Sci® X =cov(0y,60;) forall k,l € {1,...,n} withk <, (17)
where S = [Sk1j]2nxon € S s given by, for i, j € {1,...,2n} withi < j,
1/2 ifk<l,i=n+k, j=n+l,
Skij =1 ifk=1,i=n+k, j=n+l,

0 otherwise.

(ii) ZjeN gijcov(a;,a;) = cov(a;, 6;); thatis, ZjeN qijXij = Xin+ foralli € N. This condition
is rewritten as
RyeX =0forallk € {1,...,n}, (18)
where Ry = [ ijlonxon € S s given by
g ifi=j=k,
qrj/2 ifi=k, 1<j<n,j+k,
-1/2 ifi=k, j=n+k,
Thkij =
qri/2 ifj=k, 1<i<n, i#k,
-1/2 ifj=k,i=n+k,

0 otherwise.

(iii) X is a positive semidefinite matrix, i.e., X € Sf”.
Thus, (16) is reduced to a problem to maximize a linear function of a positive semidefinite
matrix X subject to linear constraints (i) and (ii):
maxV e X st R,eX =0forallk € {1,...,n},
Sci® X =cov(0y,60;) forall k,l € {1,...,n} withk <, (19)

X e 87

13



Such a problem is called a semidefinite programming (SDP) problem.”
We have shown that (15) is reduced to a SDP problem when IT = IT*. Nonetheless, even

when IT ¢ IT%, if X(IT) ¢ X(IT*) is given by some linear constraints on X € X (IT*), i.e., there

.,mg € R such that

exist My, ..., Mg € S and m, ..

X(II) ={X e X(IT") : My e X =my forall k € {1,...,K}},

then (15) is reduced to a SDP problem to maximize a linear function of a positive semidefinite

matrix X subject to linear constraints (i), (ii), and M; ¢ X = my, forall k € {1,...,K}

The KKT condition for a SDP problem is well known. The next proposition gives that for

(19).
Proposition 5. If X € 82" is a solution to (19), then there exist 1 € R", i € R""D/2 5 ¢ 82

satisfying the following condition.

k=1 k=1 I=l
RreX =0forallk € {1,...,n},
Sii e X =cov(6y,6) forall k,l € {1,...,n}ywithk <1,
Xe=Z=0.
Conversely, if there exist 1 € R, g e R""*D/2 5 X € S?" satisfying the above condition, then
X is a solution to (19).
On the basis of the SDP formulation of LQG information design, we can numerically obtain

optimal information structures using SDP solvers, and in some cases, we can analytically obtain

them, as will be discussed in the subsequent sections.
Before closing this subsection, we focus on the case of common value payoff structures with

0o = 61 = --- = 0,, which will be discussed in Section 4. To represent an objective function, it
is enough to consider the covariance matrix of (a, 6y) denoted by

var(a)  cov(a,6yp) e S

X' = [Xij](n+l)><(n+1) =
cov(8p,a)  var(6p)

7See Vandenberghe and Boyd (1996) and Boyd and Vandenberghe (2004), for example
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Thus, by appropriately choosing V' € S™*!, we can rewrite (19) as
maxV’ e X's.t. Ry e X' =0forall k € {1,...,n},
S e X' = var(6y), (20)
X e S,
where Ry = [riijl(ns1)x(ne1) € S and S = [si/](ns1)x(ns1) € S™ are given by
qkk ifi =j =k,
qrj/2 ifi=k, 1<j<n,j+k,

~1/2 ifi=k, j=n+l,

Tkij =
qri/2 ifj=k, 1<i<n, i#k,
12 ifj=k i=n+l,
0 otherwise,
1 ifi=n+1, j=n+1,
Sij:

0 otherwise.

3.3 Public information structures

LetIT? C IT* denote the collection of all public information structures. We discuss a special case
of (15) when I1 = II”. As an immediate consequence of the formulation, we provide sufficient
conditions for optimality of no or full information disclosure in the set of public information
structures and sufficient conditions for suboptimality of no or full information disclosure in the
set of all information structures.

Recall that, under a public information structure 7 € I1”, the equilibrium action profile is
Q~'E,[0|to], where tg is a public signal. When players follow Q~'E;[6]t], the covariance

matrix of (a, 6) is given by

¥ - O~ 'var(Eq[0]10])(Q™)T O~ 'var(E«[6]10]) ’
var(Eq[6]r0]) (@) T var(6)
and thus we have
VeX =Vyevar(E,[0|t]).
This implies that we can obtain the optimal public information structure by solving

VoeZ, 21
rzneazx 0 (21)
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where Z = {Z : Z = var(E;[0]|to]), = € [1”}}. Note that Z is the set of all covariance matrices

of the conditional expected value of 6 under r € I17, which is characterized as follows.

Lemma 1. Let D be an n X k matrix of rank k such that var(6) = DD and k is the rank of

var(6), which is known to exist. Then, it holds that Z = {Z : Z = DSDT', S € Sf, I-S e Sf}

Proof. There exist k random variables &1, ...,& € R that are independently and identically

distributed according to the standard normal distribution such that § = D& + . Thus,
var(Ex[6lto]) = var(DEx[£]to]) = Dvar(E,[£lto]) D7

Because S = E;[£]tg] € SF can be arbitrary as long as S € S¥ and 7 — S € S¥, this lemma

holds. O
By this lemma, for each Z € Z, there exists S € Sf with Z = DSDT, and it holds that
VoeZ=VopeDSD" =tr (VoDSD") =tr (D"VuDS) =D"VyD e S.

Thus, (21) is reduced to
max D'VoDeSst SeS¥andl-S e Sk (22)

If D"VyD = O, then every information structure is optimal, so we assume that D"VyD # O.
We will solve (22) in Section 5, but we discuss a couple of immediate consequences of (22)
here. The following proposition provides a sufficient condition for optimality of no information

disclosure in IT”.

Proposition 6. Suppose that D"VypD # O is negative semidefinite. Then, no information

disclosure is optimal in 117, and full information disclosure is not optimal in 117 .

Proof. The matrix D"V D is factored as D"VpD = UAUT, where U is orthogonal and A is

diagonal. Thus,
k
D"VyD e S = tr[D"VyDS] = tr[UAUTS] = tr[ AU SU] = Z v, (23)
=1

where A; and y; are the [-th diagonal elements of A and UTSU, respectively. Note that
0 <y, < 1forall ! because UTSU and UT(I — S)U = I — UTSU are positive semidefinite.
Because DTVQD # O is negative semidefinite, 4; < 0 for all / and 4; < O for at least one /.
Thus, y; = 0 for all / is optimal, and y; = 1 for all / is not optimal. The former case corresponds

to no information disclosure S = 0 and the latter case corresponds to full information disclosure

S=1 O
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Similarly, the following proposition provides a sufficient condition for optimality of full

information disclosure in I17.

Proposition 7. Suppose that D"VoD # O is positive semidefinite. Then, full information

disclosure is optimal in 117, and no information disclosure is not optimal in 117.

Proof. Because DTVyD # O is positive semidefinite, 4; > 0 for all / and ; > 0 for at least

one [ in (23). Thus, y; = 1 for all [ is optimal, and y; = 0 for all / is not optimal. O
For example, consider a common value payoff structure. Because 6y = 0 = --- = 6,, we
have D = var(6y)'/?1, where 1 = (1,...,1)T € R” is the n-dimensional column vector with

all entries one. Thus, by Propositions 6 and 7, full information disclosure is optimal in 17 if
1"Vp1 > 0, and no information disclosure is optimal in IT” if 1"V1 < 0.
Propositions 6 and 7 have the following implication for suboptimality of no or full informa-

tion disclosure in IT*.

Corollary 8. If D"VyD +# O is negative semidefinite, then full information disclosure is not
optimal in IT*. If D"V D # O is positive semidefinite, then no information disclosure is not

optimal in IT*.

In Section 5, we characterize optimal public information structures when D "V D is neither
positive semidefinite nor negative semidefinite and show that partial information disclosure is

optimal in IT”, which also implies that partial information disclosure is optimal in IT* as well.

3.4 Some characterization when v, ,,,; = 0fori # j

We consider a special case in which the correlation between player i’s action a; and player j’s
payoff state 6; has no influence on the objective function; that is, v; ,,; = O for all i, j € N with

i # j. The following two cases are typical.
* Player i’s payoff function u;(a, 6) is independent of 6, and an objective function v(a, )
is the sum of all players’ payoff functions, i.e., v(a, 0) = >};cy ui(a, 0).
* A payoft structure is of common value (i.e., 61 = --- = 6,), where we can replace a;0;

with a;0;, thus making the coeflicient of a;6; zero.

In this case, we can obtain a simple representation of V e X in (15). Although V e X is a linear
function of the covariance matrix of an action profile a and a payoff state 6, we can replace it

with a linear function of the covariance matrix of an action profile alone.

17



Lemma 2. Let V = [vij]onxon € Son and W = [Wijlpxn € Sy be such that vp,.; = 0 for all

i,j € Nwithi # jand wij = v;j +Vin1iqij +Vjnsjqji foralli,j € N. If

X X var(a cov(a, @
v [Xn X (a) (a,0) e X(ID).
Xo1 X2 cov(0,a) var(0)

then

VeX=WeX.

Proof. Because v;,4; =0foralli,j € N withi # j and v, ,4; =0 foralli, j € N, we have

n n n
VelX= Z Z vijcov(ai, aj) +2 Z vi7n+,'COV(a,', 0;).
i=1 j=1 i=1
By plugging (10) into the above,
n n
VeX= Z Z(Vij +2Vinsiqij)eov(a;,a;) = W e Xy,
i=1 j=1

which establishes the lemma. |

By Lemma 2, we can reformulate (15) as

max WeXj. (24)
XHZXGX(H)

Using (24), we provide simple sufficient conditions for optimality and suboptimality of no

information disclosure, which is analogous to Proposition 4.

Proposition 9. Suppose that no information disclosure is feasible. If W is negative semidefinite,

then it is optimal. If W is positive definite, then it is not optimal.
Proof. The proof is essentially the same as that of Proposition 4, so it is omitted. O

On the other hand, if Q is symmetric and W equals a constant times Q, then full information

disclosure is optimal.

Proposition 10. Suppose that full information disclosure is feasible. If Q is symmetric and

there exists ¢ > 0 such that W = cQ, then it is optimal.

Proof. Consider an LQG team with a payoff function (2) and let v(a, 0) = X;cy ui(a, 0)/n.

Because every player’s payoff function coincides with the objective function, full information
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disclosure is optimal. In this case, V = [v;;]onx2, is given by

qij ifl1<i,j<n,

vij =171 ifl<j<ni=n+jorl<i<n, j=n+li,

0 otherwise,

which satisfies the condition in Lemma 2. Thus, by Lemma 2, it holds that V ¢ X = W e X{,
where W = 3Q. This implies that full information disclosure is optimal if W = cQ for any

c > 0. O

As applications of Propositions 9 and 10, we compare two types of public goods games with

different payoff structures.

Example 5. Player i’s contribution is a;, the marginal cost is 6;, and the production of a public
good is —a"Ma + 2y"a, where M € S” is a positive definite matrix and y € R” is a constant
vector. Then, the payoff function is (—a"Ma +2y"a) — 0;a;,. Let v(a,0) = Ycyui(a,d);
that is, the objective function is the total payoff. Then, the condition in Lemma 2 is satisfied,
and W is shown to be negative definite. Therefore, no information disclosure is optimal by
Proposition 9. This is because the production is independent of 8 and concave in a, so we can
increase the expected total payoff by making a constant. Teoh (1997) shows similar optimality

of no information disclosure in a public goods game, which is not an LQG game.

Example 6. Player i’s contribution is a;, the marginal cost is a constant v;, and the production
of a public good is —a"Ma + 20" a, where M € S” is a positive definite matrix. Then, the
payoff function is (—a"Ma + 20" a) — y;a;. Let v(a,0) = Y,y ui(a, 0); that is, the objective
function is the total payoft. Then, the condition in Lemma 2 is satisfied, and W is shown to be
a constant times Q. Therefore, full information disclosure is optimal by Proposition 10. This is
because the production level depends upon 6, so we can increase the expected total payoff by

allowing a to adjust to 6.

4 Symmetric common value payoff structures

In this section, we solve an LQG information design problem by focusing on symmetric common

value payoft structures and symmetric information structures. A payoft structure is said to be
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symmetric if g; and g;; are constant across i, j € N with i # j. By normalizing g;; = 1 for all

i € N, we obtain the following payoff function:
TS
ui(a,0) = —a[2 + 2aa,~L1] +260pag + hi(a_;, 6p).
n f—

This game exhibits strategic complementarities if @ > 0 and strategic substitutabilities if @ < 0.

Note that a coefficient matrix Q is given by

1 g q
q 1 RS q n

o= . €S (25)
_q q P 1_

with ¢ = —a/(n — 1). Because the k-th leading principal minor is (1 + (k — 1)¢)(1 — ¢)*~1, Q
is positive definite if and only if —(n — 1) < @ < 1, which is assumed throughout this section.
Because the payoft structure is of common value, we solve the problem (20) restricting
attention to symmetric information structures. An information structure 7 € IT* is said to be
symmetric if 7;, var(¢;), and cov(#;, ¢ ;) are constant across i, j € N withi # j. Inthe equilibrium,
we can write o2 = var(a;), pao> = cov(a, a;), Pag0a0p = cov(a;, bp), and 092 = var(6) for
alli, j € N withi # j by the symmetry of both payoff and information structures. Thus, without

loss of generality, the objective function is written as

VeX = nv10'§ +n(n-— l)vzpao;f + 2nV30400 400,

where
] [ 2 2 ]
VI Va oces V2 V3 e Pa0y  ct Pals  PatTalb
2 2 2
Vo Vi 0 V2 V3 Pa0 g, Pa0y, Pab0a0p
4 4
V = , X =
2 2 2
V2 V2 -+ VI V3 Pa0y Pa0y, e 0y, Pab0a00
2
v3 vz -+ vz 0 Pag0a08 PabTa08 **° PadTa08 oy

Because a payoff structure is of common value, we can use Lemma 2 to rewrite V' @ X’ as a

linear combination of the variance and the covariance of actions:

VeX =WeX = ncoﬁ +n(n - 1)dpa0'5,
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where

c d

d ¢ - d
W =

d d - ¢

with ¢ = vi +2v3 and d = v, + 2v3q. The constraints X’ € S™! S e X’ = var(6), and

R;C e X’ = (0 are reduced to

n-1 1
Pry < —pa+ =, (26)
n n
oy = L2070 27)
1 -ap,

where (26) is derived from the Schur complement of X’.

By Proposition 9, if ¢ < d < —¢/(n — 1), then no information disclosure is optimal because
W is negative semidefinite.® By Proposition 10, if ¢ > 0 and d = —ac/(n — 1), then full
information disclosure is optimal because W = ¢Q and ¢ > 0.

We can also characterize the optimal information structure in the other cases by direct

calculation. Let = nc and n = n(c + (n — 1)d), whereby the objective function is

F(0apa) = (L + (= 0)pa)oz = L(1 = pa)o +1pacs. (28)

If  =0and 5 = 1, then F(0,, pa) = pac2, so full information disclosure is optimal because
the covariance of actions p,07> is maximized when all players know 6. In contrast, if / = 1 and
n =0, then F (0, pa) = (1 — pa)o2, so full information disclosure cannot be optimal because
the subtraction of the covariance from the variance of actions (1 — pa)oﬁ is minimized when
all players know 6. This observation suggests that the optimal information structure can be
understood in terms of the ratio of n and { as well as their signs, which is confirmed by the

following proposition.
Proposition 11. The optimal information structure is given below.

(i) Full information disclosure is optimal ifn > 0andn > n(1 —a){/(2n -1+ a).

8Principle minors of W are (¢ + (k — 1)d)(c — d)*~! for k € {1,...,n}, so we can verify that W is negative

semidefinite if and only if ¢ < d < —c/(n - 1).
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(ii) Partial information disclosure is optimal if { > n/nand { > 2n -1+ a)n/(n(1 — a)),

where the optimal covariance matrix of (a, 0y) is given by
pa=—(Qa+n-2){+n)/(((n-2)a-2(n-1)){+ (a+2(n-1))n), (29)

Pao = V(= Dpa/n+1/n, (30)

05 = Pag0 /(1 = a@pa)®. 31)

(iii) No information disclosure is optimal ifn < 0 and { < n/n.

Proof. We maximize (28) subject to (26) and (27). Plugging (27) into (28), we have

2
Pab00 )

F(O-aapa) = (§+(U—§)Pa) (1 —ap

By (26), -1/(n—1) < p, < 1 and

2 2
PasTo \" _ Ty n_lpa+l '
1 —apq (1-ap,)? h

Thus, by setting

f(x)502§+(n_§)x(n_1x 1),

(1 -ax)? n n
we obtain

Fow pa) s max{0, flpa)} < max = f(x).

Moreover, by (26) and (27), if p, € arg maxye[—1/(n-1),1] f(x), then F(oy, ps) = f(pa) with
(30) and (31), where p, = 1 implies full information disclosure because p,9 = 1 by (30), and
pa = —1/(n — 1) implies no information disclosure because O'a2 = 0 and paoﬁ = 0 by (31).

Therefore, to maximize F (o, p,) subject to (26) and (27), it is enough to solve

. 32
Y A 2

The first derivative of f(s) is

¢ (x)

n(1-ax)? ’

f(x) =
where the numerator
px)=(((n=-2)a-2n-1))+(@+2(n-1)nx+Ra+n-2){+n

is a linear function of x, and the denominator is positive since —(n—1) < @ < land-1/(n-1) <

x < 1.
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Suppose that f’(—=1/(n—1)) > 0 and f’(1) < 0, which is true if and only if £ > n/n and
> 2n-1+a)n/(n(1 —a)) because

(n—1+a)(nd —n)

n-1

¢(=1/(n-1)) =

and ¢(1) = —n(l —a)l+ 2n—1+a)n.

In this case, (32) has an interior solution p, with f’(p,) = 0 (i.e. ¢(p,) = 0), and p, in (29) is
the unique solution.
Suppose otherwise. Then, (32) has a corner solution and

2
LM F) = max{£(=1/(n = 1), £ (1)) = max {o, —(f_ez)z} -

If n > 0, then p, = pse = 1 at the corner solution, which implies the optimality of full
information disclosure. Because n > 0 implies (2n — 1 + a)n/(n(1 — @)) > n/n, we must have
{ < (2n—1+a)n/(n(1-a)). Ifn < 0,then p,g = —1/(n—1) atthe corner solution, which implies
the optimality of no information disclosure. Because < 0 implies (2n—1+a)n/(n(1 —a)) <

n/n, we must have ¢ < n/n. O

Figure 1 illustrates the optimal information structures, where the horizontal axis is the {-axis
and the vertical axis is the n-axis. If n is sufficiently large compared to £, then full information
disclosure is optimal by (i). If £ is sufficiently large compared to 7, then partial information
disclosure is optimal by (ii). Otherwise, no information disclosure is optimal by (iii). It is
straightforward to show that the condition in (iii) holds if and only if ¢ < d < —c/(n—1). That
is, no information structure is optimal if and only if W is negative semidefinite.

Angeletos and Pavan (2007), Bergemann and Morris (2012, 2013), and Ui and Yoshizawa
(2015) study this class of LQG games. Angeletos and Pavan (2007) and Ui and Yoshizawa
(2015) focus on information structures in which player’s signal consists of an idiosyncratic
private signal and a public signal. In particular, Ui and Yoshizawa (2015) obtain the optimal
combination of them.® On the other hand, Bergemann and Morris (2012, 2013) characterize
the set of all symmetric BCE. Moreover, they obtain the optimal information structure in the
special case of { = n = 1, which corresponds the total expected profit in the Cournot game.
In contrast, we have characterized the optimal information structures for arbitrary quadratic
objective functions in terms of the property of the matrix W and, in particular, the coeflicients

of the objective functions, { and 7.

2Ui (2016b) considers a symmetric LQG game with endogenous private information acquisition and character-

izes the optimal public information disclosure.
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O full information disclosure
O partial information disclosure
B no informatino disclosure

Figure 1: The optimal information structures on the {7 plane

5 Public information structures

In this section, we study an LQG information design problem when the set of feasible information
structures is that of public information structures, i.e., I = I1”. As discussed in Section 3.3, it
is enough to solve (22).

Recall that D in (22) is an n X k matrix of rank k such that var(6) = DD and k is the rank of

var(6). The matrix D "V D is factored as UAU ", where U = [uy, ..., ux] is a k X k orthogonal

matrix and A = diag (4, ..., 4x) is a k X k diagonal matrix with A; > --- > 2, > 0 > A4 >
- > Ay. Note that uy,...,u; are eigenvectors of DTVQD and Ay,..., A, are eigenvalues
associated with them. We write U,, = [uy,...,uy], which is a k X m matrix consisting of

the eigenvectors with strictly positive eigenvalues. The following proposition characterizes the

optimal public information structures in terms of U,,.

Proposition 12. A public signal under the optimal public information structure is given by
to = U (DTD)~' D76, and the maximum of the objective function equals the sum of the positive
eigenvalues Ay + - - - + . In particular, if k = n, then we can choose D = var(0)'/?, i.e., the

principle square root of var(8), so the optimal public signal is to = U] var(8)~'/26.

Recall Propositions 6 and 7: if DTVQD is negative semidefinite, i.e., all the eigenvalues are
nonpositive, then no information disclosure is optimal, and if DTVQD is positive semidefinite,
i.e., all the eigenvalues are nonnegative, then full information disclosure is optimal. Proposi-

tion 12 generalizes Propositions 6 and 7 by identifying the optimal public signal when DV, D
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is neither positive nor negative semidefinite. In particular, it is shown that the maximum of the
objective function equals the sum of the positive eigenvalues of D"V, D and the optimal public
signal is constructed from the corresponding eigenvectors uy, . . ., .

To prove Proposition 12, we can directly use the result of Tamura (2017). Tamura (2017)
studies a Bayesian persuasion problem (Kamenica and Gentzkow, 2011), or an information
design problem with a single player, with a quadratic objective function. In his model, an
individual receives a signal ¢ about a state vector § € R", and the individual’s best response
is assumed to be E[6|t] € R". The objective function is given by W e S, where W € S§" is a
constant matrix and S = var(E[6|t]) € S} is the covariance matrix of the individual’s action.

Tamura (2017) shows that the maximization of the objective function is reduced to
m;th e Ss.t. SeS}andvar(6) - S e St (33)

He obtains a closed form solution by assuming that var(#) has rank n but without assuming a
normal distribution of 6 and ¢. Tamura (2017) also demonstrates that (33) is useful in studying
an LQG network game with n players and obtains an optimal public information structure in a
special case of an LQG network game when var(6) has full rank n. Thus, Proposition 12 is a
generalization of the results of Tamura (2017) where var(6) does not necessarily have rank n
(such as a common value payoff structure).

When var(6) has rank n in our LQG information design problem with n players, we can solve
(22) and obtain ty = U;nrvar(H)_l/ 20 in Proposition 12 by using the solution of (33) obtained
by Tamura (2017). When the rank of var(6) is strictly less than k, however, we must modify
the solution of Tamura (2017). Thus, we provide a proof for completeness. The proof is more
direct and simpler because we use the properties of normal distributions, which Tamura (2017)

does not assume in solving (33).

Proof of Proposition 12. Recall (23) in the proof of Proposition 6. Note that

k m
DVoDeS=> Ay < ) A (34)
=1 =1

because A; > Oifandonlyif/ < mand 0 < y; < 1forall /. We show thatto = U] (DTD)"'D7¢
achieves the upper bound )", 1; in (34).
We use the following properties of multivariate normal distributions. When two random

vectors X; € R™ and X, € R™ are jointly normally distributed with cov(X;, X;) = %;; fori, j €
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{1,2}, the covariance matrix of the conditional expectation of X, given X is var(E[X>|X]) =
351(Z11)"'Z12. Using this, we can verify that var(E[6|to]) = DU, (U} U,)~'U,DT and
Vo e var(E[0)to]) = tr (VoDU,, (U Uy) "' Uy, D7)
=tr (D"VoDU,U,")

= tr (UAUTU,,U,,")

m
= tr (AU U, U, U) = Zal.
=1

The last equality holds because U U, = [6; i likxm, where 6;; is the Kronecker delta. O

Proposition 12 has the following implication for optimality of partial information disclo-
sure in IT* when DTVpD is neither negative semidefinite nor positive semidefinite, which

complements Corollary 8.

Corollary 13. If D"V D is neither negative semidefinite nor positive semidefinite, then partial

information disclosure is optimal in IT*.
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