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A Singular Perturbation Problem for Heteroclinic
Solutions to the FitzHugh-Nagumo Type
Reaction-Diffusion System with Heterogeneity

By Takashi KAJIWARA and Kazuhiro KURATA

Abstract. In a previous paper, the first author considered the
variational problems for heteroclinic solutions to the FitzHugh-
Nagumo type reaction-diffusion system involving heterogeneity p(x)
and proved the existence of the minimizers. However, the precise lo-
cation of the transition layer of the minimizers was not clear in the
paper.

In this paper, we consider the same problems as the singular per-
turbation problems. Then we prove that the minimizer has exactly
one transition layer near the minimum point of p(z) by using the first
order energy expansion. Moreover, we derive the more precise energy
asymptotic expansion.

1. Introduction and Main Results

In this paper, motivated by Chen, Kung and Morita [4], we consider the
heteroclinic solution to the following problems involving heterogeneity ju(z):

(1.1) { —du"(z) = p(z)(f(u(z)) — u(z)/vy) —v(z) + u(z)/y, xR,

—v"(x) = u(z) — yv(x), z €R,
—du"(z) = p(z) f(u(z)) —v(z), z€R,
(1.2) { —v"(x) = u(z) — yv(x), rz eR,
with
(1.3) (u(z),v(z)) = (£ay, £ay/7), x — 00,

where d > 0, v > 1, f(s) = s — s>, ay, = /1 —1/v and p is a function
satisfying the following conditions:
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(u1) There exist g > 0 and zp € R such that po = p(xo) < p(z) < 1 holds
for all x € R. Moreover, u # 1.

(u2) 1—p e LYR)NC(R) and p(z) — 1 as |z| — oo.

We note that Chen, Kung and Morita [4] treated the case u = 1.

(1.1) and (1.2) arise in the FitzHugh-Nagumo type reaction-diffusion
system (FHN RD system, in short). The FHN RD system was introduced
in physiology, which essentially describes neural excitability. This system
has also been studied mathematically as a model which generates complex
patterns. A typical FHN RD system is given in the following form:

%(w,t) = dAu(z,t) + flu(z,t) —v(z,t), xe€Q, t>0,
(1.4)
T%(ﬂ?,t) = DAv(z,t) + u(x,t) — yv(z,t), x€Q, t>0,

where Q ¢ RY (V > 1) is a domain, d, D, 7,7 are positive constants and
f(s) = s —s3. In particular, we treat the steady state problem of (1.4) with
Q) = R in this paper.

There are many works to study on stationary solutions to (1.4). In the
case N =1 and 2 = R, Klaasen and Troy [12] constructed a pulse solution
and a periodic solution. Chen and Choi [3] constructed a pulse solution
in the different parameter ranges. Moreover, Chen, Kung and Morita [4]
constructed a heteroclinic solution by a variational approach. Reinecke and
Sweers [17] constructed a positive radially symmetric solution for the steady
state problem of (1.4) for the case N > 1 and Q = RY. Chen and Tanaka [5]
extended the results of [17] under weaker assumptions. In addition, Wei and
Winter [19] constructed a standing wave cluster solution which has multiple
peaks with a specific geometric pattern. In the case that €2 is bounded in
RN (N > 1), Oshita [16] or Dancer and Yan [6] focused on the variational
structure of (1.4) and showed that the minimizer of the variational problem
corresponding to the stationary problem of (1.4) oscillates rapidly when
d > 0 is small. We note that Oshita [16] treated the Neumann boundary
condition and Dancer and Yan [6] treated the Dirichlet boundary condition.
For other works, see e.g. [7, 15, 18].

Before we state our results, we shall recall the strategy in [4] which
treated the case p = 1. In the case p = 1, (1.1) and (1.2) become the
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following problem:
(1.5) { —du’(z) = {(U(x)) —v(x), zER,

—v"(x) = u(z) — yv(z), z € R.

Chen, Kung and Morita assumed v > 1 and hence (1.4) has three con-
stant stationary solutions (—a-, —a,/7v), (0,0) and (a,a~/v), where a, =

/1 — 1/~ is the positive root of

(1.6) flay) =22,

In this paper, we shall call a solution to (1.5) satisfying (1.3) a heteroclinic
solution. To obtain the heteroclinic solution, they introduced some nota-
tions. Let v € C*°(R) be an odd function satisfying

0

(z) = { ay/y, x>1,

_a’Y/f% x < -1,
and define & € C*°(R) as follows:
i(x) = —0"(x) + ~vo(z).

We note that 4 is an odd function and satisfies

N Qs x> 1,
i) = { —Wa r<-—1
v :

They proposed the following energy functional Jy(1)) corresponding to (1.5)
with (1.3) :

o= [ 2 s bz mazp e L (- 2) 2 (o= 2V
0 = e |2 U 4u a;, 5 v 5 5 v ~ z,

where 02 =d —1/7?, u =0+, v =0+ L and £ : L*(R) — H?(R) is the
inverse operator of (—d?/dxz? + «y). They showed that if 2 = d — 1/+% > 0,
then the minimizing problem

oo =inf {Jo(¢): ¥ € Hl(]R)}

has a minimizer 19 € H'(R) and then (u,v) = (@ + 0,0 + L) is a
heteroclinic solution to (1.5).
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Now we consider (1.1) and (1.2). We say that (u,v) is a heteroclinic
solution to (1.1) or (1.2) if (u,v) is a solution to (1.1) or (1.2) satisfying
(1.3). We note that (1.1) and (1.2) also have variational structures. The
energy functionals corresponding to these problems are defined as follows:

i) = [ [l 0 -
HEOECIR
B = [[[5 1l + 2002 - a2y

(1.8) _|_1 /_u_, 2_|_1 _u 2_|_1_7'u($)2d

Kajiwara [10] proved that under the assumptions (u1) and (u2) for p(z),
the following minimizing problems have minimizers vy and 1y, respectively:

(1.9) 5(0,7) =inf {Jp(¢)) : ¥ € H(R)},

(1.10) 5(0,~) = mf{ (1) : weHl(R)}

Moreover, one can see that (ug,vy) = (@ + 1P, ® + L)) and (g, Tp) =
(i4+1)g, D+ L)g) are the heteroclinic solutions to (1.1) and (1.2), respectively.
However, their precise profiles, for example, the number and the location of
the transition layers of wg or g, were not clear in [10]. The purpose of this
paper is to clarify the profile of ug in the singular perturbation problems as
0 — 0 with 1/v = o(6).

Our first main results are following;:

THEOREM 1. Assume thaty > 1, 0> =d—1/7*> >0, 1/y = 0o(#) and
w(x) satisfies (u1) and (u2). Let g € HY(R) be a minimizer of (1.9) or
(1.10), ug = G+ g and vg = v + Lapy. Then for sufficiently small § > 0,
there exists the unique point xg € R such that ug(xg) = 0.
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Moreover, we set

M={zeR: p(x)=po} #0.

Then we obtain the further information of xy.

THEOREM 2. Assume that v > 1, 62 = d —1/4*> > 0, 1/y = o(0)
and p(z) satisfies (u1) and (u2). Let g € HY(R) be a minimizer of (1.9)
or (1.10), ug = G + g and xy be the point defined in Theorem 1. Then
dist(zg, M) — 0 as § — 0.

With these theorems, we can reveal the asymptotic behavior of wug.
Namely, we can see that ug has exactly one transition layer with O(e) near
the minimum point of p(z) for small > 0. These results generalize the re-
sults for the Allen-Cahn equation. For the Allen-Cahn equation, Nakashima
[14] considered the following problem with heterogeneity h(z):

(1.11) { _du,/(x) = h(z)f(u(z)), =€ (0, 1)7

w'(0) =4/(1) = 0.

Here the author assumes that h(x) is a positive smooth function in (0, 1)
and there exists z, € (0,1) such that h(z,) = minh(z) and h"(xz,) > 0.
Then the author constructed the solution to (1.11) which has a transition
layer near z, for sufficiently small d > 0. We note that Matsuzawa [13]
studied (1.11) without a non-degenerate assumption on h(z). Ei and Mat-
suzawa [8] considered (1.11) on R. They assumed that d > 0 is small and
h(z) € C(R) has an interval I such that h(z) = minyer h(y) for all x € I.
Then they showed the transition layer tends to stay in the center of I from
the viewpoint of dynamics. Roughly speaking, these results show that the
solution to (1.11) tends to transit near the minimum point of h(x).

In the proof of Theorems 1 and 2, the following estimates on o = 5 (6,~)
and & = ¢(6,~) play important roles:

PROPOSITION 1. Assume thaty > 1, 0> =d—1/4% >0, 1/y = 0(0) as
0 — 0 and p(x) satisfies (u1) and (u2). Then the following estimate holds:

o(0,y) = ai,/,uoc*ﬁ +o0(0) as 6—0,
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where o represents & or & and ¢y s the positive constant defined as follows:
1 2)2
1_
(1.12) c*:/ \/( ) s =
1 2

In this paper, we also obtain more accurate estimates of ¢ and & under
the additional assumptions (x2’) and an additional relation between v and

0:

(u2") p € C%(R) and there exists a constant C' > 0 such that |u”(z)| < C
holds for all =z € R.

Our second main results are the following energy asymptotic expansion:

THEOREM 3. Assume thaty > 1, 0> =d —1/4?> >0, 1/y = 0(0), and
p(x) satisfies (u1), (u2) and (u2’).

(1) Assume 6> < 1/y < 0. Then the following inequalities hold:

0<a(0,y)— ai\//Toc*H < ;9\/2_14 +o <97 >
- 1
0<a5(0,v) — {7\/70*0—1——/1— dx}g ;9\//}/_14"_ <9—’Y2>7
where ¢, is defined in (1.12),
13 A= [T [ sl =y =) BB gz,
(1.14) B(y) = Us(y)(1 = Uo(y)?),
and
(1.15) Up(z) = tanh(z/v/2).

(2) Assume 6% < 1/v < 0%3. Then the following estimate holds:
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_ 3 v/Ho
(1.16) 5(0,7) = a3 /foc.6 + ;0 —A+o (9 2)

(3) Assume 6% < 1/~v < 03/2. Then the following estimate holds:

(1.17) 5(0,7) = a2 \/_C*9+—/ ) dx + ge\/zAJr (912>

REMARK 1. The formula §? < 1/v < 6 means that 6% = o(1/~) and
1/y =o0(#) hold as # — 0 and 1/y — 0.

REMARK 2. We conjecture that (1.16) and (1.17) hold under the
weaker assumption 6? < 1/y < 6. We need stronger technical
assumptions to control the behaviors of Uy(y) as in Lemma 18 (see Sec-
tion 5).

In the energy expansions (1.16) and (1.17), we can see that the leading
term corresponds to the Allen-Cahn energy (see Lemmas 1 and 2) and the
second term of (1.16) or third term of (1.17) represents the non-local effect
of the FHN RD system. The upper estimate is obtained by substituting an
appropriate test function into J(1)) or J (v0). For the lower estimate, it is
necessary to analyze the behavior of the minimizers in details.

We add some comments on the case y = 1. In this case, we can check
that the same statements of Theorem 1 or (1) and (2) of Theorem 3 hold.
Moreover, we may assume xg = 0 since (1.5) is invariant under translations
of u. On the other hand, Chen, Kung and Morita [4] showed that if we
take v > 1 large enough for a given d > 0, then one can construct the
odd solution u4 to (1.5) and (1.3) which is positive on (0,00) by the sub-
supersolution method. They also showed the uniqueness of such a solution
under the same assumption in [4]. In addition, Kajiwara [11] showed that
we can take v > 1 independent of d > 0 for the statement in [4] to be true.
From the uniqueness of the solution, we readily see that ug = ug under the
assumptions that u = 1, d — 1/4% > 0 and 62 = d — 1/4? is small, where
ug is the solution obtained by Theorem 1. This implies that ug can be
characterized from the variational viewpoint.
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This paper is organized as follows. In Section 2, we prepare some basic
lemmas. In Section 3, we prove the upper estimates of energies (Proposi-
tions 2 and 3). In particular, we give a proof of Proposition 1 (see Lemma 2
and Proposition 2). In Section 4, we first give a simple proof of the exis-
tence of the minimizers of (1.9) and (1.10) with Proposition 2. Then we
prove Theorems 1 and 2. We note that we use Proposition 2 also in the
proof of the theorems. In Section 5, we show the lower estimates of energies.
Section 5 consists of four parts. In Subsection 5.1, we introduce some no-
tations and prepare some useful lemmas. In Subsection 5.2, we show some
key lemmas on the behavior of Uy. The lemmas presented in the subsection
play important roles in obtaining the lower estimates. In Subsection 5.3,
we present some auxiliary lemmas to reduce the amount of calculation. In
Subsection 5.4, we prove Theorem 3.

2. Basic Lemma

In this section, we collect some lemmas to show our main theorems.
Since the next lemma is well-known, we omit the proof.

LemMA 1 ([2]). Let E(U) be as follows:
b@) = [ [3l0@)]+ W] de
where Wy(s) = (s> — 1)2/4. Then the following identity holds:
¢y = inf {E(U) . U e HL (R), lim U(x) = il} ,

where ¢, is the same constant defined in (1.12).  Moreover, Uy =
tanh(z/v/2) attains the minimum of E(U), that is,

E(U()) = Cx.

REMARK 3. It is well known that Uy = tanh(x/v/2) is the unique
solution to

(2.1) Uy ,
Uo(y) — +1, y — Foo.
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We also have the following characterization of c¢,:

1 ) 1 2 1 9
56*:1nf{/0 §’U'(x)‘ +Z(U(x)—1) dz;

U € Hiyo([0,00)), U(0) =0, Jim Ulx) =1}
0
— inf {/OO % U ()2 + i (U(z) - 1)? das

The next lemma immediately follows from Lemma 1.
LEMMA 2. The following inequality holds:
a(0,v) > ai\/u_oc*ﬁ for any (0,7) € (0,00) x (1,00),
where o represents ¢ or .

PrROOF. Note that

o(0,7) > inf{/R [%2 | (z)] + %(u? - ai)ﬂ d :

u € HE (R), lim wu(z)= :I:a,y}.

r—F00

By the scaling argument and Lemma 1, we have

2
inf / W@ + 22 = a2)2| do s ue HL®), lim u(x) = +a,
R |2 4 v r—=+o0
:a,?;w/,uoc*e.

Thus we conclude the desired estimate. [

The next lemma is well-known, but we present in the following form,
which will be used later.

LEMMA 3. Let ¢ and d be constants such that —a, < ¢ < d < a,.

Assume that a function u € Hlloc(R) has a transition from c to d on the
interval [x1, z2], namely u satisfies both
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(i) u(x1) = ¢ and u(z2) = d or u(zy) = d and u(x2) = ¢
and

(i1) u(z) € (c,d) for all x € (x1,22).
Then it follows that

T2 62
/x [E‘ulf—l—@(zﬁ—aif dx > 6K (c,d)(d — c) %,

1

where K (c,d) is defined as

K(c,d) :min{(ai—CQ),(ai—dQ)}.

PrROOF. From the fundamental theorem of calculus and Hoélder’s in-
equality, we have

2

1/2
d—c=u(xy) —u(z)| < </ ’u"z d:::) |wy — z1|Y2.
z1

Thus we can see

2 2
|u"2 do > 9_ (d—c)

92 T2
2 2 '\arg—x1|'

2 Ju
On the other hand, we have
€2
w(x) 2 Ho
/ o (u2 — ag{) dx > |x9 — x1] ZK(C, d)2.
1
From the above inequalities, we obtain

I {%2 2 (2 - )] a

1
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Thus we conclude the statement. O

The next lemma gives the representation of the Green function and its
estimate.

LEMMA 4. Assume that f € L*(R) N C(R) and f(—x) = —f(z) holds
for all x € R. Let w be a solution to

—w'(x) + w(z) = f(x), xR,
(2:2) { w € H2(R),

Then the following statements hold:

(1) w(—x) = —w(x) holds for all x € R and w is represented as follows:

(2.3) w(z) = %/000 (e_|$_z‘ — e_‘z'”') f(z)dz zeR.

(2) The following identity holds:

@4l = [ [ (=) r) ) dyd

Proor. (1) It suffices to show (2.3). By using the Green function
Go(z, z) = e 1721 /2, we can write w as follows:

w(:v):/RGo(x,z)f(z)dz:/R%e_a’_z|f(z)dz.

Then we calculate as follows:

w(x) = %/00 e 1" f(2) dz + % /0 e 177 f(2) dz
0 -0
2 [Tt ) [ e

- %/OO (e_|“”_z‘ — e"“”z‘) f(z)d=.
0

Hence we conclude (2.3).
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(2) Multiplying (2.2) by w and integrating over R, we obtain

ol gy = /R w(y) f(y) dy.

From (1), the right hand side is written as follows:

/Rw(y)f(y) W= /R/ooo % (ef‘wl - 67'“2‘) F(2)f(y) dzdy
:/D /0 L (et = e e pty) dedy
+ /Ooo /000% (e—|y—2| — e—|y+z|) F(2) fy) dzdy.

By changing variables and using the assumptions on f, the second term of
the above identity is written as

/io /OOO% (e—ly—z\ — e_\y-i-zl) F(2)f(y) dzdy
— /:/000% (e*\*U*ZI _ e*\*quz\) F) f(—u) dz(—du)
= /OOO /000% (e_lu—Z\ — e‘\u+z|> £(2) f(u) dzdu.

Thus we conclude (2.4). O
3. Upper Estimate of Energies

In this section, we give the upper estimates of Jy(1)) and Jy(1)) for small
0 > 0. Let Uy be the function defined in (1.15). Moreover, we set functions
Uy, Py and v, as follows:

(3.1) us(z) = a,Uy <a7\6)/ﬂ_0(x — :Uo)) ,
(3:2) Vi(2) = ui(2) — i(2),

(3.3) v(@) = i) + (L) (@).
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REMARK 4. (us,vs) is the unique solution to

_HQUZ(:E) = pous«(z) (a'zy - u*(l‘)2) , TEeR,

(3.4) u”(; (S) :+ OV’U*(SL’) = u. (), z €R,
(ux (), () = (Fay, £ay/7), r — to0.

Our goal in this section is to show the following propositions:

PROPOSITION 2. Assume thaty > 1, 0% =d—1/4%>>0, 1/y = 0(0) as
0 — 0 and p satisfies (u1) and (u2). Then the following inequality holds:

o(0,7y) < ai\/,u_oc*e + 0(0),

where o represents & or & and ¢ is defined in (1.12).

PROPOSITION 3. Assume that v > 1, 0> =d —1/4* > 0, 1/y = o(0)
as 0 — 0, 02 < 1/y < 0 and p satisfies (u1), (n2) and (u2’). Then the
following inequalities hold:

5(0,7) < ad/moc.6 + ;H\/Q_A +0(y 3%,

(8, fy)<a7\/_c*9+—/ 1 — p(z)) de + ”5/2_14+0( —3/2),

where A is defined in (1.13).

REMARK 5. The assumption 62 < 1/v leads to v~%/2 < 1/(6+?).

We treat only Jp(v) since it suffices to show the estimate of &(6,~) for
the proof of Propositions 2 and 3. For simplicity, we write a, Jy(1)) and
o(6,v) instead of a, jg(w) and (0, ), respectively. Propositions 2 and 3
are proved by calculating Jy(1),). For reader’s convenience, we recall Jy(1)y):

ot = [ 15 el + 4202 - a2

W \? 5 u\? 11— p(x)
<'ufk — —*) + = <v* — —*> + ——?| da.
gl 2 gl 2y

L1
2
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We now calculate each term of Jp(¢)) in Lemmas 5-9. For simplicity, we
define Jéz) () (1 =1,2,3,4,5) as follows:

(3.5) 0 w) = /R %QW dz,

(3.6) 5w = [ M - a2
(3.7) I w) = /R - (v’— “;)2 dr,
(3.5) 5w =[5 (o- 3) d,
(3.9) IO () = /R 1_2’;<x)u2dx,

where u, v are defined by u = a4+, v = 0+ L. We begin with an estimate
£ 7L
oL Jy ().

LEMMA 5. Let u* and s be functions defined in (3.1) and (3.2), re-
spectively. Then J (w*) defined in (3.5) is calculated as follows:

30
5w = 4 [ oyl

where Uy is defined in (1.15).

PROOF. Since we can see that

(@) = a2\9/H_0U6 (a\/M_O(ﬂU —960)) 7

U, 7

2
dx

we calculate as follows:
o (a\/uo(x - ﬂfo))
Up\ ————

=8 (24 [ (%
:%92/“ <a—dy>

360 /1io
= [ o a0
R
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We next give some estimates of JQ(Q) (14).
LEMMA 6. Let uy and v, be functions defined in (3.1) and (3.2), re-
spectively. Then the following statements hold:

(1) Let p be a function satisfying (u1) and (u2). Then J(§2) (i) defined
in (3.6) is calculated as follows:

3 /10
Jo(Q)(w*) ~2 \ZTO /R(Uo(y)2 - 1)2 dy+o0(0) as 60— 0,
where Uy is defined in (1.15).

(2) Let p be a function satisfying (ul), (u2) and (u2’). Then JO(Q)(I/)*) is
calculated as follows:

3
5w = I [ (U2 1) ay+ 0) as 60,

PRrROOF. From the definition of Jé2)(1/}*), we have

5w = [uta) {a2U0 CE= —a?} dr

5 o )] ()
0

Ay Jz" ("”0 " 3‘%) (Uo(y)* ~ 1) dy.
Since
\/%M <x° " af/%) - \/L—O {M(l'o) — o) + p (300 + a\%_g)}

o (o ) o)}
= 1—— o+ —— | —p(z ,
\/’”TO{ m)(”(() ayi) ~ M)
we obtain the following:

a3
82 = | [ (0t = 12y

(3.10) bt [ 22 ) = e } 00 = 2]

Mo JR ay/ o
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Now we assume that p satisfies (ul1) and (2). Then from the dominated
convergence theorem, the second term of the above equation tends to 0 as
# — 0. Thus we have

(13
520 = [ (Ga(u)? - 12y + 000)

Hence we conclude the statement of (1).
Next, we assume that u satisfies (1), (#2) and (u2’). Since p/(z9) = 0,
from Taylor’s theorem, we have

(20 2eim) =t = 3 (s ) (270)

xo+ —— ) — p(xg) = = xo+ K

ploot o= | —mlwo) = g (2ot m Ty ) | oy

for any fixed y € R, where k € (0, 1) is a constant which depends on y € R.
Since |p’| < C on R, we deduce that

Oy C 6%y?
A < = )
‘M (360 + a\/u_0> M(wo)‘ =9 @

Thus the second term of (3.10) is estimated as follows:

L (o

C 92 2 2 2
= 1
2 /R y* (Uo(y)® —1)" dy

(3.11) = 0(6%).

) = ) f Wl =17 dy

Combining (3.10) and (3.11), we obtain the statement of (2). O
We treat Jg(g) (y) + J9(4) (1x) in Lemmas 7 and 8.

LEMMA 7. Let us,0s and v, be functions defined in (3.1), (3.2) and
(3.3), respectively. Then the following identity holds:

atpoy/7 -
I+ 950 ) = “EeYL 76,9,

where

(3.12)  J(0,7) = /O h /0 b Ke‘ff%'s‘t' —e‘fﬁo”t) B(s)B(t)} dsdt
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and B(s) is defined in (1.14).
PROOF. Set w, as follows:

Wy = Vs — —.
9

It is easy to check that (u.,v,) satisfies the following equations:

_u*,gw) = H'UQJ—?}/U*(J') (0% = us(2)?)
—v(z) + v (U*(x) - U*’(yx) =0

Thus w, satisfies

—w(z) + ywi(z) = —M—(;u*(a:) (a® — u.(z)?).
Now we set W, as follows:

i (y) = w, (m + %) |

Then we can see that

/ 1/, . 2+'y Us d
r|2\" 7 2\ !
1 2

=5 [ [[ob@F +91w.@P] da

_ V2 11 (a2 ]

=3 [ mF +1o.wF |
(3.13) = YT |2
Moreover, w, satisfies

. . Lo - .

— (y) + W (y) = 22 i (y) (a* — T (y)?)

where . (y) = u«(xo + y//7). Since i4(—y) = —.(y) holds for all y € R,
we obtain

Bl = [ [ (e ) )y
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from (2) of Lemma 4, where

H(y) =~ g55a(y) (o = 8.(0)°)

Now we rewrite H(y) by using Up(y):

H(y) = — g5 () (4 — 0.(0)?)

(S5 (#- (5))

where B(s) is defined in (1.14). Hence by changing variables, we calculate
(3.14) as follows:

- abp
s, = 0/‘/ (

G4M0 7
(315) = 9273 J(077)7

where J(0,~) is defined in (3.12). Combining (3.13) and (3.15), we conclude
the statement of the lemma. [J

LEMMA 8. Assume that p satisfies (u1) and (u2). Let u, and v, be
functions defined in (3.1) and (3.3). Then the following statements hold
true:

(1) If 1/ = 0(6%/%) as 6 — 0, then

(3.16) I (@) + I5Y (1) = o(0).

(2) If > < 1/y < 0 as § — 0, then
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(3.17) I ) + I () < 3W A40(2),

where A is defined in (1.13).
(3) Moreover, by combining (1) and (2), it follows that if 1/~v = o(0), then
(3.16) holds.

PrOOF. (1) First, we assume that 1/y = 0(#%®). From Lemma 7, we
recall that

o
3) Hov7 5
(318) I @)+ I ) = I 6,9).
It is easy to check that there exists a constant Cy > 0 such that J(,v) < Co.
Moreover, we can see

gzﬂg = % - 0(07/%97%) = o(6).
Y

Thus we obtain the conclusion of the lemma in the case (1).
x

(2) Next, we consider the case (2). From the Taylor expansion of e,
we can see that
2
et<1l—a+ r

2
and
_ z?
—e TP < ~14ax+ —.
2
Thus we obtain that
e wm'w Tl —e evio
0 0
I T 1 - [ (PR
a-/Jio a./
24l 0%y 5
< — = .
_a\/_(|y+Z! ly —z]) + — O(y + 2%)
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Thus we have the following inequality:

ﬂawsfﬁz/m/m0y+a—W—zumwB@me
GQMO/ / (y* + 2°)B(y)B(z) dydz

Combining the above inequality with (3.18), we arrive at

KW + 90w < a5 [T [T 2 BwBE de

As a consequence, we have proved (2).
(3) Any 1/v = o(f) case is contained in either case (1) or case (2).
With attention to 1/(#v%) = o(6) and 1/4%/% = o(f), we can see J (1/1*)

J9(4) (1) = 0(0) even if in case (2). Hence we conclude that (3.16) holds for
any 1/v =0(0). O

Finally we calculate J (1/)*)

LEMMA 9. Assume that p satisfies (ul), (u2) and (u2’). Let u, and
Vs be functions defined in (3.1) and (3.2). Then J£5) (1) defined in (3.9)
is calculated as follows:

+ 27 /i {/R(l — po) (Uo(z)* — 1) da + 0(1)} .

PROOF. From the definition of Jg (Q,Z}*) we can see that

(319) P (%.)

1 1
-5 uﬂmmmﬁ—ﬁw+%AwWwww

- % (1— p(2)) {a2U0 <w) - a2} da
+£ (1 - pw)) da
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zg R{1 — (xo+ aeio)}(Uo(y)Q— 1)@\2_0@

CL2
+ & [0 ) de

2y Jr
_ab il s Oy 2
~ g [ {1 n (o 22 ) o - )y
o2
+% IR(l—,u(:z:))d:r.

From the continuity of u and p(zg) = po, we easily see that

/]R{l K <x° + a\%—o) } (Uo(y)* — 1) dy
- /R(l — 110)(Uo(y)? — 1) dy + o(1).

Thus we conclude the statement. UJ

With these lemmas, we prove Propositions 2 and 3.

PrROOF OF PROPOSITION 2. With Lemmas 5, 6, 8 9 and (3.19), we
can estimate Jy(1),) as follows:

" 2
o) §a36’\/u_0/R w + 5 W@~ 1) | do
a2
oy J 1 m@)de
af )
N 27/ R(l — o) (Up(2)* = 1)” dz + o(0).

From Lemma 1 and the assumption on 7 and 6, we can see

Jo (1) < a®\/pocs0 + o(0).

Thus we have shown the statement. [J

ProOOF OoF PrROPOSITION 3. With Lemmas 5, 6, 8 and 9, we can esti-
mate Jy(1).) as follows:

/ 2
@+ (Uo(z)? = 1) | da

1
4

Jo(thy) <a®0/iis /R
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+0(6%) + 25/2_A+O( —3/2)

1
+5;éu—u@»w

— xr $2— 2 XL o .
# g { [ 0= @) Ol = )2 d 4o}

Since 6 = o(y~3/2) and 0/~ = o(y~%/2), we can see

Jo(¥i) < a fc*0+—/ (1 = p(x)) de + 2£A+O( =3/2y,

Thus we complete the proof. [

PROOF OF PROPOSITION 1. We can readily prove the statement from
Lemma 2 and Proposition 2. [J

4. Behavior of the Minimizer

In this section, we will investigate the behavior of the minimizer. As in
the previous section, we treat only Jy(1)). For simplicity, we write a, Jy(1))
and o(6,7) as a, Jp(1) and (0, ), respectively.

4.1. Existence of the minimizer

We show the existence of a minimizer of (1.10). Although the existence
of the minimizer has been already shown in [10], we can show it easier by
using the estimate of o(6,~). First, we give a lemma to show the existence
of a minimizer.

LEMMA 10. Fiz 0 > 0 small enough. Let {1;}; be a minimizing se-
quence of the minimizing problem (1.10) and u; = 4 + ;. Moreover, let
{z;}; be a sequence in R such that u;j(x;) = 0. Then there exists a constant
C1 > 0 such that |zj| < Cy for all j € N.

PrROOF. We prove by contradiction. Namely, we assume that there
exists a subsequence {xj, }; such that |z | — oo as k — oco. By taking a
subsequence of {z;, }1 if necessary, we may assume that z;, — oo as k — oo.
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For simplicity, we write x;, = x;. Let 6 > 0 be a small constant and take j
large enough such that the following inequalities hold:

wlx)>1—-06 forall z> xj,
Jo(4;) < a’eu(V/ho + 6)0.

The existence of ¢ is guaranteed by (©2) and Proposition 2. Now we define
Ei(])(d}) (1 =1,2) as follows:

; zj 2 x 2
Efj)(w) = /_ % !u’(m)‘Q + % (v? —a?)” d,
B9 () = /°° @) + 1 (2 - a2)? a

where u = 4 4 ¢. Then we can see that

(4.1) EY (1)) + EY (4;) < Jo(uy) < ae.(Viin + 6)9.

Moreover, if necessary, by taking ¢ > 0 small enough, we can obtain

r; 02
Zinf{/ ’ %\u/\2+%(u2—a2)2dx :

u € Hpo((—00, 25]),u(z;) = 0,u(r) — —a (z — —oc0)}

1
= ia‘g’\/uoc*&

and

0o N2 _
Zinf{/ 0—\u'|2+ ! 6(u2—a2)2dx:
3 4

J

we HYy([,00)), ule;) = 0,u(e) — a (@ — o0)}

1
= —a>V1 = bc,0.
2

Here we used the Remark 2.1 and the same scaling argument as in the proof
of Lemma 2. Hence we obtain

%a?’c*@ (Vo + VI=06) < BY (v)) + B ().
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However, this contradicts (4.1) for small 6 > 0. O
We prove the existence of the minimizer.

PROPOSITION 4. Assume that vy > 1, 0> =d —1/4% > 0, 1/y = o(f)
as 0 — 0 and p satisfies (u1) and (u2). Then minimizing problem (1.10)
has a minimizer.

PROOF. Let {9;}; be a minimizing sequence of (1.10) and u; = 4 +1);.
From Lemma 10, we may assume that

uj >0 on (Cy,00) forall jeR,

where (1 is defined in Lemma 10. We may assume that C'y > 1. Thus from
Proposition 2, we can see

o0
2
193120y ey = [ (0 = s
Ch
1 [oe)
=~ ﬁ Cl

4
pJe(wj)
< 8ay/poc«b.

Thus there exists a constant C > 0 such that

(u; + a)? (u; — a)? dz,

IN

195l L2000y < C2-

Similarly we can see

195l £2(—c0,—cyy < Co

On the other hand, for any x € (—C1,C}), we obtain

C1

@) = oy (o) =) < [ ]
2/ C1Jo(Y;

< VI ]y < D)

0
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by Schwarz’s inequality. It follows that
”ujHLoo(—Cl,Cl) < 02

for some Cy > 0. Thus we conclude that there exists a constant Cs such
that

195l 2y < .

Moreover, since it follows that {[[¢%|lz2r)}; is uniformly bounded from
Proposition 2, there exists 1) € H'(R) such that

Yj — o weakly in H'(R) and 1); — o in Cjoe(R).
We define ug = @ + 9o and vg = © 4+ L1pg. Then (ug, vo) satisfies

lim (ug(x),vo(z)) = (£a,+a/y)

r—F00

since 19, Lo € H'(R). Now we prove 1 is a minimizer of (1.10). First,
from the lower semicontinuity in L?(R), we see that

/ ’u6‘2 dx < liminf/ |u'~{2 dzx.
R j—oo Jr

Then, from Fatou’s lemma, we have
/ M (u% — a2)2 dr < liminf/ M (u? — a2)2 dx
R 4 j—oo JR 4

and
= [ e do <timint o= [ (1= (el d
— — p(x))us dr < liminf — — p(x))u? dx.
2y Jgo SRS oy g T
We set v; = 0 + L1); and then we can see
Uj—%—w;o—% weakly in  H'(R).

Hence it follows that

u "y 2
< liminf/ <v; — —J> + (vj — —j> dx.
J— JR 0 Y
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As a consequence, we obtain that
Jo(1o) < 1ijlr_l>;1)EIf Jo(v5) = o(0,7).

This means 1)y is a minimizer of (1.10) and (ug, vo) is a heteroclinic solution
to (1.2). O

We next show Theorem 1

4.2. Proof of Theorem 1
We now prove Theorem 1. Here we shall show the generalized statement
as follows:

THEOREM 4. Assume thaty > 1, 0> =d —1/4* >0, 1/y = 0o(#) and
u(x) satisfies (u1) and (u2). Let 1y € HY(R) be a minimizer of (1.9) or
(1.10), ug = 4+ 1pg and vy = 0 + Lypg. Then for any b € (—a,a), there
exists the unique point x¢(b) € R such that ug(xg(b)) = b by taking 6 > 0
small enough if necessary.

Proor. We use the notation a instead of a,, for simplicity. From
the boundary condition ug(z) — +a as x — +oo, it is clear that for any
b € (—a,a), there exists at least one point zy = x¢(b) € R such that
ug(zg) = b. Moreover, we can see that for any mg > 0, we may assume that
(4.2) ug >b—mgy on (rg,00) and wy<b+my on (—oo,xy)

by taking 6 small enough if necessary. Indeed, if there exist m; > 0, {6;};
and y; > xg; such that 6; — 0 (j — oo) and uyg, (y;) < b —my, then there
exists x/ej > y; such that u(x/ej) = b. On the other hand, we readily see

Joy (o,) > B (65) + B () + BY (),
where El-(j)(lﬂ) (1 =3,4,5, j € N) is defined as follows:

; To; 92 2 u(x 2
Eéj)(¢9j) = / ’ ? “é?j + % (’U,gj - 1) dIa
. oo 92 2 ne; 2
Ezi]) (¢9j) = // ? Uéj + % (Ug] - 1) dl'v

:rgj
. x/e 02 2 u(x 2
EY (4s,) =/ " (b, + —(4) <u§j —~ 1) dx

xg .
9]
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Then we can see

(4.3) EY (4;) + EY (1) > a®/ioesb;
Indeed, set
0; ug, (x + J:fgj —2p;), T > Ty,

and then we have

. ) 62
B9+ B ) = [ 4 o

2
Mo ,
+ Z(Ug] — 1)2 dx.

/
0;

In addition, ug, € {u € H} (R),limy;— g u(z) = +a} since ug, (zg,) =
ug, (q;’ej). Thus we obtain (4.3) from Lemma 2.
Moreover, from Lemma 3, we deduce that

EY (1)) = Cs0;,
where C3 = K (b —mq,b)mi+/po/2. Thus we obtain

J94(¢94) > (a®/oes + C3)b;,
but this contradicts the upper estimate Jy, (1,) < a*/foc<0;+o0(6;). Thus

(4.2) should be true.
1 Oy
Ug(y) = P ( )

Now we set
Wo(y) = Us(y) — —u(y),

Voly) = i) + (L) (y).

We note that since Up(0) = b/a for any 6 > 0, it follows that

(4.4) Up > 2 —g on (0,00) and Uy< — b —i-g on (—o0,0)

for small 6 > 0 from (4.2). We shall investigate the asymptotic behavior of
Up as 0 — 0. We write Jy(vp) with Uy and Vj:

92 1 , I\ 2
J9(¢0) :/R [5 ’ule‘Q + @(ug _ Cl2)2 + 5 <’U9 . %)



168 Takashi KAJIWARA and Kazuhiro KURATA

el up)® 1= plo) o
~|vg— — ———u
2\ o 2y 7

at6? a* a T
/R[ 26?92,%'[](;‘27L  ((0y/( ZI/M_O))JF 9)(U92—1)2

at UN? a2y Up\?
= (v Z Z Iy, =22
+292<9 7) T ( 7)

dx

I—p ((Gy/(av f0)) + $9) 2779 0
+ 27 a Ug —a uody
Oy/(a T
_ TOH/R %’Ué‘eru(( y/( 4\/M/;Lo))+ 0) (V2 —1)*

1 U\ ? N Up\ 2
N I V< VvV, — 22
+29M0<0 ’Y) +2a2uo<0 'y)

Llom ((0y/(a\/mo)) + o)

2a%pioy

Ui | dy

Thus from Proposition 2, we obtain

() = |

(4.5) < ¢y +o(1).

9 Oy/(a x 2
%’Ué‘ +N(( y/(ﬁ))"" 0) (Ug—l)]dy

Moreover, since E*(Up) > E(Up) > ¢, holds, we can see

(4.6) /R #(W—%)Z%(V—%)ZI dy < o(1)

Combining (4.4) and (4.5), we can show that there exists a constant Cy > 0
such that

(4.7) 1ol 1 () < Ca

as in the proof of the boundedness of {¢;}; in Proposition 4. We now prove
that there exists a positive constant Cy such that
< 6'4.

(4.8) 15| 12wy
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From the definition of Uy and Vj, the following equation is obtained:

CL3
S0 = (D 0 ) Halofy) = ot

With f(a) = a/7, the right hand side is written as follows:

(ths) = s (% ; 969) (f(aUp(y)) - f(a) —a <v9<y> -

() )

Here we remark that we can prove that Uy is uniformly bounded in L*°(R)
with (4.5) by almost the same argument in the proof of Lemma 2.6 in [10].
Hence there exists a constant C5 > 0 such that

UeéQ))

(G + 0 (1(at) = F(0)| < CoalUp 1.

Moreover, we have

o] a2 < 9y >
— |u +x9) —1
/0 7> 1" \ay/ho

S 11— pll72w, -

Note that, by the assumption (12), we have 1 — p € L?(R), since 1 — p €
L'(R) and 1 — p € L®(R). Thus we obtain

U,
1/6__9

L o
Y

- (05 n ) 1Us = 1l 20y +

o3 i 1/2
H(2F0) sl

From (4.6), (4.7) and d/0? = 1 + o(1), we can see

L2(0,00)

1T 20,06 < C5

holds for some constant Cs > 0. Similarly we can deduce

H HL2 —0,0) < Cs.
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As a consequence, we have shown (4.8). Combining (4.7) and (4.8), we can
see that there exists U, € HQ(R) such that

Ty — U, weakly in H*(R) and Uy — ¥, in CL(R).

Let U, = @/a+ V,. Then we show the equation which U, satisfies. For any
¢ € C(R), we have

e
= [ (G 0 ) rtatioty) — ) = o (ot — 222
I T

We note that there exist g1 € [po, 1] and {6;}; such that pu(0;y/(a\/mo) +
Tg,) — p1. By taking 6 = 0; — 0, we can deduce that

M1
Jvis ay= [ 2 rws
R R K0
Hence U, is the unique solution to
~Ul(z) =11, zeR,
Ho

Us(z) — £1 T — Fo00.
This implies that there exist positive constants m, and 0, such that
Ui(x) >my forall x € [—6, 6.
Since Uy — U} in Cjoe(R), we have
Uj(z) > % for all o € [~6,,6,].

This is equivalent to

» Lo

for all z € |:£L‘9 — 60, + 95*} .

This leads to
06, amy0Ox 06, amM 04
ug | Tg + >b+ 5 and wup | Tg — . <b-

a 2

for any small # > 0. Thus we can prove the uniqueness of zy from (4.2)
with mg = am.6./2. O
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4.3. Proof of Theorem 2
We next give the proof of Theorem 2.

PrROOF OF THEOREM 2. We prove by contradiction. Namely, we sup-
pose that there exist 69 > 0 and {6;}; such that 6; — 0 and dist(xg,, M) >
b0 holds for all j € N. Set up as follows:

1 = inf {,u(x) . dist(x, M) > %}

Then, we have p1 > pg. Let p > 0 be a small constant. We suppose that
ug, has a transition from —a + p to a — p on the interval Iy, (p) C R. We
remark xg € Iy, (p). We set

Ee(;j) (Ve;) = /

05, 2
5 u@j +M($)W(U97) dz,
To, (p)

2

where W (s) = (s? — a?)?/4. From Proposition 2, it is easy to see that
(4.10) B¢ (b,) < Jo,(0,) < a*/lige.0; + o(6).

Now we deduce the lower estimate of Eéj ) (1p;). First, we estimate p on
Iy, (p). From (4.10), we have

a /i + o(6;) > Jo(ilg,) > /1 W ) K951 |1y ()] -
9.

J
Thus we see that

4
pop*

|1, (p)| < (a®v/roc.8; + o(6;)) -

Since g, € Ip;(p) and dist(zg,, M) > b9, this means that there exists jo € N
such that dist(lg,(p), M) > 60/2 holds for all j > jo. Hence we may assume

p(r) >y forall x € Iy, (p).
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Next, we estimate the integrand of E (1/19 ). For any x € Iy, (p), we
can see the following;:

9j2 2 ‘9j2 ;|2
||+ )W g, (@) > " [y | W, ()
0, 2
> 2\/% ‘ug W (ug, ()
=0; u'gj 201 W (g, ())
d
= 03/l { (o (1))}
x
where h(s) o V2W(t)dt. As a consequence, we obtain

Eéj)(%j) > ;i {hla — p) — h(—a+ )} =0, [ V/E()ds.

With attention to W(ar) = a*(7? — 1)?/4 and ¢, = f_ll V(1 —72)2/2dr,
we deduce
1— p/a 1 — 72)2
(wg ) >0, \/_/ —) (adT)
1+p/a

1_ 2
_a9\/7<c*—21 /\/ T )
p/a

Hence by taking p — 0, we obtain
Eéj)(ng) > a’0;\/p1cs.
However, it clearly contradicts (4.10). Thus we conclude the statement. [J

5. Lower Estimate for Energies

In this section, we give a proof for the lower estimates of 7(6,~) and
7(6,7). For simplicity, we write a as a,. Let 19 be a minimizer of (1.10),
(ug,vg) = (4 + g, 0+ Lapg) and (Up, V) be the function defined as follows:

(5.1) Ug(y) = %Ue < a%) ;




Heteroclinic Solution to FHN RD System with Heterogeneity 173

1 Oy
2 = -
(5.2 Vi) = oo (0 + o).
where xy is defined in Theorem 2. From Theorem 4,
>0, >0,
(5.3) Ug(x){ <0, z<0

holds for small § > 0. In this section, we always assume that 6 > 0 is small
enough so that (5.3) holds.
Our goal in this section is to prove the following statement:

THEOREM 5. Assume thaty > 1, 0> =d —1/4?> >0, 1/y = 0(0), and
w(x) satisfies (ul), (n2) and (u2’).
(1) Assume that %> < 1/v < 0. Then the following estimate holds:
(0, )>a3\/_c*9+—/1— da:+o<912>
where ¢, is defined in (1.12).
(2) Assume that 0> < 1/v < 043, Then the following estimate holds:

. 3 o’/
a(0,7) > a’\/uoc.b + 202 A+o (97 )
where A is defined in (1.13).

(3) Assume that 6> < 1/v < 6%/2. Then the following estimate holds:

(b, )>a3\/_c*9+—/1_ ) da + ;’5/2_144r <012>

Combining Proposition 3 and Theorem 5, we readily see that Theorem 3
follows. We can prove Theorem 5 by calculating the each term of Jy(1p),
where Jy represents Jg or Jp. However, the calculation is rather complicated
and needs some lemmas on the behaviors of Uy. Therefore we divide this
section into four parts. In Subsection 5.1, we introduce some notations
and prove useful lemmas. In Subsection 5.2, we show key lemmas on the
behavior of Uy. The lemmas presented in the subsection play important
roles in the proof of the lower estimates. In Subsection 5.3, we present some
auxiliary lemmas to reduce the amount of calculation. In Subsection 5.4,
we prove Theorem 5.
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5.1. Notations and useful lemmas
We introduce following notations:

(5.4) By(z) = Up(x) — Up(x)?,

(5.5) Ga(z,y) = Wi _11/(d72) exp {— 1- ﬁ |z — y!} )

(5.6) F(w,y)=Gd< \/f— \/C> Ca <a0\/f— jﬁ)

Here we remark that Gy4(z,y) is the Green function corresponding to

1
—w"(z) + (1 - d—’YZ) w(z) = f(x), zeR,
w(z) — 0, x — +oo.
The Green function Gd(x y) appears in the calculation of J (wg)—h] (1/19)
where Jg( g (i=1,2,---,5) are defined in (3.5) — (3.9). We may assume that

L <1
21— 1/(d?)

holds under the assumption 1/y = o(f) since d = 6 + 1/~2.
Now we show some useful lemmas. First, we prove a lemma on Uy(y).

(5.7)

This lemma has been already shown essentially in the proof of Theorem 1.

LEMMA 11. Let 1y be a minimizer of (1.9) or (1.10), ug = G+ 1pg and
Uy be defined in (5.1). Then Uy — Uy in CL(R) as 6 — 0.

PrROOF. We recall that, for any ¢ € C°(R), Uy satisfies the following
identity.

/R da;uo Ugd' dy
AL ( ) (i) - @) - a (Vo) - P22
d

8
() ()

Y.
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We note it follows that u(6y/(a\/mo) +x9) — po as @ — 0 from Theorem 2.
Moreover, we remark that Uy is the unique solution to (2.1). Thus we

can conclude the statement as in the proof of Theorem 1 (see the proof of
Theorem 4). O

Next, we show some lemmas on By(y) and I'(x,5). We choose ¢ small
such that (1 —26)? > 2/3. Then there exists a positive constant R such
that

(5.8) 1-6<Uy(z)<1 forall z>R.

LEMMA 12. Let B(y) and By(y) be functions defined in (1.14) and
(5.4). Then the following holds for sufficiently small 6 > 0:

>0, if Uo(y) <Us(y) and |y| = R,

(5:9)  Bly) _B"(y){ <0, if Usly) > Usly) and |y| > R.

Moreover, there exists a positive constant C' such that

(5.10) |B(y) — Bo(y)| < C|Us(y) — Up(y)].

PROOF. From the definition of B(y) and By(y), it is easy to check that
B(y) — By(y) = Uo(y) = Uo(y)* = (Us(y) — Us(y)*)
= (Uo(y) — Us()) {1 — (Uo(y)* + Uo(y)Us(y) + Us(y)) }

From the equation, we can derive (5.10) since Uy and Uy are uniformly
bounded.

Recall that 6 is the constant such that (1 —26)? > 2/3 and R is the
constant defined in (5.8). Then we may assume that 1 — & < Ug(R) for
sufficiently small # > 0. Moreover, we can prove that

Up(z) >1—-25 forall 2 >R
similarly as (4.2). Hence we obtain

1— (Uo(y)? + Uo(y)Uy(y) + Up(y)?) < =1 for all y > R.
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Thus we conclude

>0, Up(y) <Uy(y) and y > R,

B(y) — Ba(y) { <0, Us(y) > Uy(y) and y > R.

For y < —R, we can prove similarly. [

LEMMA 13. Let I'(z,y) be a function defined in (5.6). Then the fol-
lowing inequalities hold for small 6 > 0:

>0, >0, y>0
A1 T ’ ’ ’
(5-11) (x’y){<0, x>0, y<o,
(5.12) /|Facy |d:£<a\/_/||B for ally € R,

where B(x) is defined in (1.14).

PROOF. It is obvious that (5.11) holds.
We note that for any ¢,d > 0,

1
‘e_c—e_d’ <|d—¢| +§|d—c\2

holds. Noting (5.7), we have

o <o (B2 ) g ( “asiet)

< s =yl = o+ y)?
< 2 ol + BT o

llﬂ?—yl

Thus we see that

/!Fwy

2\/_/]903 )| dz +—/|ZB )| dx
49\/_/||B

for sufficiently small 8. Thus we conclude the statement. [




Heteroclinic Solution to FHN RD System with Heterogeneity 177

5.2. Key lemmas on the behavior of Uy

In this subsection, we prove some lemmas, which reveal the dependency
of Ug on 0 and ~.

The next lemma gives the uniform estimate of Vyp — Up/y. Moreover,
this lemma is used in the proof of Lemma 15.

LEMMA 14. Assume 02 < 1/ < 0. Let 1y be a minimizer of (1.9) or
(1.10), ug = 4+ g and (Up, Vy) be defined in (5.1) and (5.2). Then there
exists a positive constant C' such that

PROOF. Let Je(i) () (i =1,2,...,5) be functionals defined in (3.5) —
(3.9). Then we can see that

D (4hg) + J$ (1hg) > a®\/Figes.

Hence we obtain

. a 3
B < 5 [a-uanas+ Gravo() =3

from Proposition 3 and the positivity of Je(z) () (i =3,4,5).
Now we shall rewrite J (g) (i = 3,4) with Uy and Vjp:

78 () = / (v’(w)—m)zdx,
o o) o=
7 [ (- B2)
4 -2
o (8570 )

_ 079 U\
59 [ (ot - 2)
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As a consequence, we obtain the following inequalities:

A(Vé(y)—@)%ys afj_-%Mlst%,
/ug(my)_UaT(y)f dy < 200y o M

ayh 2y 0y’
where M; (i =1,2,3) are positive constants. Therefore, we have
U; U ||'?
Jo-
Tl AL
ot o1 1 _ ¢
F1/4 ' ~1/2 Cpr/4 = A3/4

1/2

‘/'0__
vy

<[

L=(R)

< MYt

Here we used the interpolation inequality

1/2 1/2

l[ull oo (m) < Hu H |uHL2 ® for any u € H'(R).

Thus we conclude the statement. O

The next lemma shows the behavior of Uy(y) as y — foo. This lemma
is used in the proof of Lemma 17.

LEMMA 15. Assume 62 < 1/ < 0. Let 1 be a minimizer of (1.9)
or (1.10), ug = 4 + vy and Uy be defined in (5.1). There exists positive
constants C' and 61 such that

5.13 Ug(y) — 1] < < +Ce ™Y for ally >0,
3/4
~
(5.14) Up(y) + 1| < % +Ce®Y  for all y < 0.

Proor. It suffices to show (5.13). Fix y > 0. We then derive the
equation Uy should satisfy.

62 Oy
o :——u”<x + >
O(y) CLSHO 0 0 a/Tio
7 i) (o (o 25)
= o+ —— ug | g +
a3M0d|:/’l'(0 i J{ug | o avlio

)
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e e %) FaUolu) - vty
:a;j;d {N (xe . 3%) (ali(y) — (alp(y))?)

—a <V9(y) - Uev(y>>

- %Uo(y)} :

We rewrite the right hand side with the relation a — a® = a/7v:
62 Oy Uy

hs) = —— 3Uy—a3UN) —a | V) —
(hs) = [M (me i a\/uo> (@0 =~ a0g) —a (Vo=

q—

Hence we obtain the following equation:

0 1 U
)i - (%)

a/po
1 Oy
_ (1= .
2 < . (x" * a%)) Ve

We set &g(y) = 1 — Up(y). From (4.2), for 0 < d2 < 1, there exists Ry > 0
independent of # > 0 such that

d
—%Ué’ =pu (969 +

Up(y) > 62 for all y > Ry.

We define ¢y(y) and gg(y) as follows:

coy) = p (359 + j—y\/ﬁ> Ug(y)(1 + Us(y)),
1 LI AN S SR Oy
90(y) =~ 5 <Ve(y) S ) a2 (1 u( ot~ uo>> Us(y).
Then we can see
(5.15) co(y) > pode  for all y > Ry.

Moreover we can see

C
196l oo (m) < 37
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from Lemma 14 and the boundedness of Uy. The function &y satisfies

PO ) = coly)eoly) + 900,

We recall that from Kato’s inequality [1], for all u € H. (R),
(Ju)” = u” sgn(u)
holds in H'! sense. Hence we have

d,UO(’g |) > dg/éogu( ) (50( ))
= co|€o(y)] + 90(y) sen(éo(y))
C

> col&o(y)| — e

Noting (5.15) and d/6? = 1 + o(1), we obtain

2C
— ([ ()])” —|§o( )| < vze y > R,
|£9(R0)| < 17

On the other hand, we note that for any constant C’ > 0,

4C

' 6
52’73/4+C e

u(y) =

satisfies

6o 20
" o
—u’(y) + gu(y) = m-

Take C’ > 0 large enough so that C’e™V?®/280 > 1. Then we have u(Rg) >
1. Put v(y) = |€(y)| — u(y). Then v(y) satisfies
02
v (y )+5 v(y) <0, forally> Ry
in H' sense and v(Ry) < 0, v(y) — —4C/(627%/*) < 0 (y — o0). Hence, by
using the weak maximum principle, we have

4C _
10(y)| < uly) = S84 +C'eTUV/2 for all y > Ry.
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Moreover, since &y(y) = 1 — Up(y) is uniformly bounded in [0, Ry], there

exists a constant C” > 0 such that
1!

€0 (y)| < % +C"eYVR/2 forall y > 0.

Thus we conclude the statement. (I

Since Uy — Uy in CL_(R) as § — 0, we can see qualitatively that the
measures of {Up(y) > 1} and {Up(y) < —1} tend to zero as § — 0. The
next lemma gives a quantitative estimate for the measures of {Up(y) > 1}

and {Uy(y) < —1}. Moreover, this lemma is used in the proof of Lemma 18.

LEMMA 16.

(1) Assume 6% < 1/v < 0. Let 1y be a minimizer of (1.9), ug = 1 + g
and Uy be defined in (5.1). Then there ezists a positive constant C

such that
(5.16) |-t X do < g5,
0 C
(517) |0+ o dy < g,

where X°(y) = X{v, (=13 W) and x6(y) = X{u,)<-1}Y)-

(2) Assume 0? < 1/y < 0. Let g be a minimizer of (1.10), ug = 1 + g
and Uy be defined in (5.1). Then there exists a positive constant C

such that
(5.18) Aﬂwwmﬁﬁ@@s%,
0
(5.19) LQHWMWMMWS%.

PrROOF. (1) It suffices to show (5.16). Since Jy(1p) = &(6,7), we see
that

o o £ 1] )

<a(0,7)
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holds. Combing the above inequality with Proposition 2, we obtain

(5.20) /R é

We set Uy(y) as follows:

}Ug ! + = (Ug() —1)2 dy < ¢, +

92,72 '

B U@(?/)» Ue(x) € (_171)7
Upy) =49 1, Up(z) > 1,
—1,  Uplz) < —1.
Then we have
(5.21) LGP av< [ vl ay
and
[ Watw) - 1 dy
R
_ 7 1) _1)\2
~ [ @) =1)? dy+ /{wzl} (Unly) — 1)* dy
(5.22) +/ (Up(y) —1)* dy.
{Us(y)<—1}

Moreover, it is easy to check that

(5.23) /RB\UG )W+ (U@() —1)2] dy > e,

from Lemma 1. Thus combining (5.20) — (5.23), we can see

1/ ) 1 ) C
- Up(y) — 1) dy+—/ (Us(y) —1)" dy < —5—
4 {U9<y>zl}( ®) 4 Jwywy<—1y w)=1) 02?

Remarking (5.3), we find

/ )y [ W) - 0P ),
{Us(y) >1} 0

2 2 0 2
/ W) — 1) dy > / (Us(y) + 1)% xo(y) dy.
{Us(y)<— 1} —00

| =

=
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Hence we conclude the statement.
(2) We note that

J

follows from Proposition 2. By repeating the same argument, we can prove
the statement. [J

1 o 1 2 C
§]Ué(y)] +Z(U9(y)2—1) dySc*—i—%

5.3. Auxiliary lemmas

In this subsection, we give some lemmas to reduce the amount of calcu-
lation for the proof of Theorem 5. The next lemma is used in the proof of
in Lemma 22.

LEMMA 17. Assume 02 < 1/ < 0. Let 1y be a minimizer of (1.9) or

(1.10), ug = G+ g and Uy be defined in (5.1). Then the following estimate
holds:

2;5“_0 R{1 — (900 + a\%}) } (Us(y)? — 1) dy = 0 <9L72> .

ProOOF. From (5.13), we see

Am{l—ﬂ(£6+%>}Ue(y)_1| dy
<f Qe e

+ 1-— To + Ce Y d
/0 { M( ’ A/ o Y

< C
- 73/49

Q

5

Similarly we can check that

0 Oy C c
_ I <_- 4+ =2
/_00{1 M<$9+a\/%>}|U9(y)+l|dy_73/49+61
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Thus we estimate the left hand side as follows:
ab Oy ) } 9
—p |z + Ug(y)” —1)dy
27y { ( o) J Vo)’ =1

< (T )

— 2vy/Io 73/49 b1
c Co

“A sy

We can easily to check 8/v = o(1/(87?)) and 1/77/* = o(1/(64?)). O

The next lemma is used in the proof of in Lemma 20.

LEMMA 18.

(1) Assume 0% < 1/v < 03, Let g be a minimizer of (1.9), ug = G+
and Uy be defined in (5.1). Then the following estimates hold:

(5.24) / / (2,9)B(x) |1 - Up()] X" () dady = o(6+/7),
(5.25) / / (2.9)B(@) |1 + Up(w)| xo(y) dady = o(6y/7),

where xX? and xg are defined in Lemma 16 and R is the constant defined
in (5.8).

(2) Assume 62 < 1/y < 032, Let by be a minimizer of (1.10), ug =
U+ v and Uy be defined in (5.1). Then (5.24) and (5.25) hold:

PRrROOF. We prove only (5.24) since we can prove (5.25) by the almost
same argument.
We note that for 0 < s < ¢, the following inequality holds:

O<e®—e ' <e5(t—s).
Thus for x > 0 and y > 0, we can calculate as follows:

0 <I(z,y)

SeXp{— 1—i 9\\?! —yl}

—exp{— 1—i j\/f_l +y!}
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Sj—\/\/%\lﬂyl—lx—yl!exp{—\/l L j\/\f_| —yl}

gceﬁ|x|e><p{— 1—L 9\/\F_| yl}-

We note that we have used (5.7) for the above calculation. Now we set

K(a) = esp {1 25 2o =41} Yoo () ),

Then by (5.7) we can easily check that

/ny _9\/\; m/ e 4z < \%

We can also check that

C
/RK($7y)dy§ m

From the Schur lemma [9], we can see
A/K@MMBWH—%wwwwmy

1l B oy |1 - Ut )]

L2([0,00))

< Q\f
From (5.16), we have

c 1 C
K B(z) |1 - ‘) dedy < -~ — = 7.
/R/R (@ y)lal B(x)[1 = Vo)X (v) dedy < 572 - 5= = G

Note that 1/(#%y%/2) = o(1) by the assumption 1/v = o(#*?3). Thus we
obtain

| [ T B - vl (o) dedy
gmﬁA@KmmMBmu—m@u%MMy
<CO\/7 - 927#3/2 Ny



186 Takashi KAJIWARA and Kazuhiro KURATA

Thus we have proved (5.24).
(2) We note that

H(UG_ X‘L2[Ooo)) ﬁ

follows from (5.18). Then we can check that

//K(w’y)‘x‘B(l')\l—Ue(y)|X0(y)dxdy§
RJR

C 1 _C
Hﬂ 91/271/2 - 93/27
by repeating the same argument. Thus we obtain (5.24). O

Lemmas 19 and 20 are used in Lemma 24

LEMMA 19. Assume 02 < 1/ < 0. Let 1g be a minimizer of (1.9) or
(1.10), ug =t + 1y and Uy be defined in (5.1). Moreover, let Py be

p=-1 féﬂ/ / (z,y)B(x)p (xe+ a%) (B(y) — Ba(y)) dxdy,

where R > 0 is the constant defined in (5.8). Then Py = o(1/(6+?)) holds.

PrROOF. From (5.12), we can see

a 2 R
Pl 00 s [ 00)- 5t do

We easily see

R
/ (B(y) — Bow)) dy = o(1)

“R
from C} . convergence and (5.10). Thus we conclude |Pi| = o(1/(6~?)). O

LEMMA 20. Define Py and Ps as follows:

a 62 0
P = — \/_ / / (z,y)B ,u<9+a‘720>

_a ~6? 0
AN R
0

where R > 0 is the constant defined in (5.8).
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(1) Assume 0> < 1/v < 0*3. Let g be a minimizer of (1.9), ug = G+
and Uy be defined in (5.1). Then Py = o(1/(0v?)) and P = o(1/(6~?))
hold.

(2) Assume 62 < 1/y < 032, Let by be a minimizer of (1.10), ug =
@+ g and Uy be defined in (5.1). Then Py = o(1/(6~?)) and Py =
0(1/(6~?)) hold.

PROOF. (1) We shall prove only P, = o(1/(6~?%)).
We note that from the definition of B(x), (5.9) and (5.11),
B(z) >0, x>0,
>0, Uy(y) < Uy(y) and |y| > R,
B(y)—Ba(y):{ o(y) < Us(y) |yl
<0, Uo(y) > Us(y) and |y| > R,
and
I(z,y) >0, >0, y>0.
hold. This implies that we may assume
(5.26) Us(y) > Uo(y)

for the lower estimate of P,. Now we set Py and Ps as follows:

SNy S (m )

x (B(y) — X{0<Ug(y)<l}( ) dzdy,

o [ i )
x (B(y) — Bo(y)) x ()dmdy
)

We shall estimates Py and P;. From (5.10
follows:

and (5.12), we estimate Pj as

a 2
P SOE 0 [ o

- /R C Vo) — Us ()] Xgo<tntor<ns () do.
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Moreover, we can see that if 0 < Up(y) < 1, then
[Uo(y) = Up(y)| = 1 = Vo(y) = (1 = Up(y)) < 2(1 = Up(y))

holds from (5.26). Hence we have

/: [Uo(y) — Us(y)| X{o<u,(n)<13(y) dy = o(1)

by the dominated convergence theorem. It follows that

1
i=o ()

We next calculate P5 as follows:

_a \FQQ / / (z,y)B(x) (B(y) — Bo(y)) X’ (v) dady
< *”2/ [ 1B W) - U 3w dady
< [ [ B 1 - v ey

[ [T B 1 - U)oy,

We note we used the relations (5.10) and |Up(y) — Up(y)| < |1 — Up(y)| +
|1 — Uy(y)| for the above calculation. For the first term, we can see

a 2 a4 2
T 8@ 1 - v dedy = YT o0

e

from (1) of Lemma 18. For the second term, we can readily see that

/ / (z,9)B(2) [1 = Us(y)| X’ (y) dwdy

cj% "ol By da- [ C (- Ua)X’ () dy

= 0(0y7) - o(1) = 0(8y/7)
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from (5.12) and the dominated convergence theorem. Thus we obtain Ps =

0(1/(6~?)). Since P, = —Py— Ps holds from (5.3), we conclude the statement

of (1). By repeating the same argument with (2) of Lemma 18, we can prove
O

2).

5.4. Proof of Theorem 5
In this section, we derive the lower estimate. To show this, we calcu-
late each term of Jy(v)p), where 1)y is a minimizer of (1.10). For reader’s

convenience, we recall Jéi) () (1=1,2,...,5):
(3.5) ng)(w):/R%Q\u’\z da,
(3. ) = [0 a2 an,
R
gy [ Ly Y
(3.7) 8w =[5 (r-1) @
W — [y g
(3.8) %(m_ége—ﬂ .,
(3.9) tém(w):t/‘lié%QQUQdm
R

—~

We begin with Je(l)(¢9) + J? (1g). This lemma can be proved as in

Lemma 2.

>

LEMMA 21. Assume 02 < 1/ < 0. Let 1y be a minimizer of (1.9) or
(1.10). Then the following inequality holds:

T5) (wg) + T5? () = a*/Hoe..

Next, we estimate J®) (1y).

LEMMA 22. Assume 0% < 1/ < 0. Let ¢y be a minimizer of (1.10).
Then the following estimate holds:

B = [t doso (7).
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PrOOF. We transform Ja (1/)9) as follows:

) =2 [ 0w e - [ (1) (vl

By changing variables, we have

1
3 0= ) (0~ wo(w)?) da

0 Oy >> 9
=|—" 1-— Ty + 1-U, dx|.
27@%1@( u<ea\m_0 (1-Us()?)

Then from Lemma 17, we obtain
1
= 0 W

Finally, we estimate J (wg) + J (1/19) in the Lemmas 23 — 25.

1
3 0= o) (@~ (o)) da

Thus we complete the proof. [J

LEMMA 23. Assume 62 < 1/ < 0. Let 1 be a minimizer of (1.9)
or (1.10), ug = 0 + g and Uy be defined in (5.1). Moreover, define H(y),
H(y) as follows:

a3 a
(5.27)  H(y) = — d7“203< WTOy),

NG
b e (52) (o 2) (2
(5.28) +di73U9<a0\\/%y> <1_”<x9+ﬁ>>’

where B(x) and By(x) are defined in (1.14) and (5.4). Then the following

estimate holds:
4
+J57 (1)

2 (o)
> ] Gute i@ @ dsdy+ 5[] Guw) @) ) dody.
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PROOF. Let wy(x) be function defined as follows:

we(r) = vg (379 + %) - M.

Then we can show that wy satisfies
3 4 Yo~
(5.29) 72 we) + 5 (o) = X ol

similarly as in Lemma 7.
Now we shall derive the equation for wy. For simplicity, we write g, Ug

as follows:
le) = o (a0 + =) ute) = (st )
g(x) =ug |9+ — ), Og(x)=v9 |20+ —].
V4l VY

Since (ug, vg) satisfies

- 202 ) (un(o) — wa(a)’) - 3
o) + 7 (o) - 22 ) —o

R dy? %) = dy?
i)+ (i) - ) <o
~
Hence wy satisfies
- LY wlzo +x/\7) N g ()
iy () + (1 - W) iy (x) = —d—72f (o) = o )") + =75
With the relation 1 — a? = 1/, we rewrite the right hand side as
(@ +x/\/7) [ o ~ N3 2z ag(x)
(r.hs.) = g (a®tg(x) — ag(x)’ + (1 — a®)tp) + 3
ulxe +x/+/7Y - ~
= _% (a2u9(x) — ue(x)B)

4 (e 2))
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We note that we can see

a*iig(z) — g(2)® = a (U (ag/\/__x> Uy <a$/\;/t_%x>3>
_ i3B, (ag/\/_,%x>

from the relation ag(z) = aUy (ay/foz/(01/7)) . Thus we conclude that wy
should satisfy

(5.30) —y (x) + (1 — %) wg(z) = H(z) + H(x).

It is easy to check H, H € L? (R) and hence g is represented as

nfa) = [ Gales) (1) + Aw) do,

where G4(z,y) is the Green function defined in (5.5). Moreover, multiplying
(5.30) by wy, we obtain

ol (- %> o
(5.31) // Ga(z,y) (H(y) + ﬁ(y)) (I:I(x) + ﬁ(x)) dydz.
Since we can check
/ Galz,y)H(z)H(y) dzdy > 0

similarly as in (2) of Lemma 4, we obtain

(r.h.s) > //]R2 Gy(x,y)H (x)H (y) dydz
(5.32) +2//R2 Gl y) H () F (y) dydz.
Combining (5.29) — (5.32), we find that

Ty (o) + 75" (o)
= Y gl e

> ?/R [(mg)Q + (1 - d%) wg} dx
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> ] Gue i@ Ew dyts + 7 [ Guw) @) ) dyde.

Thus we conclude the statement. [J

LEMMA 24. Let 1y is a minimizer of (1.9) or (1.10). Assume either

(1) or (2):
(1) If 1y is a minimizer of (1.9), then 6> < 1/y < 0%3 holds.
(2) If 1y is a minimizer of (1.10), then 8% < 1/~ < 63/2 holds.

Then the following estimate holds:

ﬁ//RQ Gd(l‘,y)H(ﬂ?)]:[(y) dxdy > 0(1/(072))'

PROOF. Since H(—x) = —H(z) holds for any x € R and G4(—x,y) =
G4(x, —y) holds for any x,y € R, we can check that

Vi [[ Gate.n @) ) dady
53 =i [ ][ (Gato) - Gato ) B | )

similarly as in (1) of Lemma 4.
We now simplify (5.33). We transform H(y) as follows:

115 (0 o+ 2)) 235
o 2) o (32) - (322
B () (o 2)

We remark the following relations:

H(gc):—“;2 {U (‘;\\7 > Us (‘;\\7 > }<0 for all z > 0,
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Yy
o — [ l‘g-i-ﬁ <0 forally>D0,

Gd(x7y> - Gd(l’, ) { Z0 oral (m7y) © (07 OO) x (07 OO),

<0 forall (z,y) € (0,00) x (—00,0),

n(5) = (35w (R {20 i

Thus we have

/R/ooo [{GdW) ~ Galw,~y)} H(x)

X (uo — <x9+ \%)) B (‘;L\/‘?y”dxdy > 0.

As a consequence, we estimate (5.33) as follows:

Yl / / Gale, y>ﬁ<x>ﬁ<y> dudy

> d,y [(Ga(z,y) = Ga(w, —y)) H(x) (Q1(y) + Qa2(y))] dady,

where Q1(y) and Q2(y) are defined as follows:

sl D)) (59)

Qus) = 50 <a9\/\/j><1—u<x9+%)>.

Thus we find that it sufﬁces to show the following estimate:
o= dv? Jr
1
1
(5.35) =0 <6’—'y2> .

[(Ga(z,y) — Ga(z, —y)) H(x)Q1(y)] dxdy

(Gl y) — Gala, —)) H () Qaly)| drdy
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First, we show (5.35). By changing variables, we obtain

p VT @uo 1 Qﬁ ’
T a2 a/[

dy?  a%y
L (o 22 o222
x (Uo(x) = Un(2)*) - Us(y) < . (‘”9 i a%))

—292f [ e m@ui) (1= (z0+ 22 ) ) asan

where I'(x, y) is defined in (5.6). Thus we can see

Ca?6? 46 o0
Pr < a2f- vl |x|B(1:)dx-/<1—u< Oy )) dy
d*y ay/to Jo R ay/fio

C'a?0%\ /7 460/ ay/fo
< SO [ (2R )

=0() = ()

from (5.12). As a consequence, we have shown (5.35) since Py > 0. Next,
we shall show (5.34). By changing variables, we can see that

3 ,y CL3,U,0 <9\/—>2
Ps=— pas
Y a\/_

NG (o agie?) ~ 6 (o o))

< B (fbe ; G—ﬂT) (B) - B} decy

- [ v B (s + ) (5 - Bato)dedy

Then Pgs can be represented P = P; + P, + P3, where P; (i = 1,2,3)
are defined in Lemmas 19 and 20. Thus it follows Ps > o(1/(6+?)) from
Lemmas 19 and 20. O

dxdy
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LEMMA 25. Assume 0? < 1/ < 0. Let 1y be a minimizer of (1.9) or
(1.10). Then the following inequality holds:

3
G Gatep i@ i) dnay = 5L 4+ o).

20~?

ProoF. For simplicity, we write
"Y — —
r=Y [[ Guwa i@ dody.

From H(—z) = —H (z) holds for all z € R, we see that

Py = \r//moo (Gal,y) — Galw, —y)) H(x)H(y) dudy.

From the definition of H(z), we can write Py as follows:

=0 ] (Gute) - Gato )
xB(CLH\/\/j >B<ae\/\; > dzdy.

By changing variables and (5.6), we obtain

p=CRT (DY [ resnt) do

=2 \FQQMO //OOO (z,y)B(x)B(y) dxdy.

We note that
2

t
e_s—e_tz(t—s)—5 forall 0<s<t.

Then we have

1[0/ 2}
I'(z,y) > = T+ T —
(z,9) 2{@\/”_0(! yl—lz —yl) - \/ dv o |z + yl

0./y
> NV oty e —yl) - 22
2a/1o a®po
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As a consequence, we find that

a*\ 0% | 0.4 0*
Pz SIS VT a2 [ (1 o) B)B() dyds
d*y (0,00)2

2a./110 a? o

3p3 4
S GOV, NV
2d272 d2fy3

Noting d = 6% + 0(6?) and 1/+%/? = 0(1/6+?), we have

a®\ /1o 1
Py > A — ).
S 2042 +O<9v2>

As a consequence, we conclude the statement. [J
With these lemmas, we prove Theorem 5.

PROOF OF THEOREM 5. We can prove each statement from Lem-
mas 21 — 25. For the proof of (2) or (3), we only note that J®) (¢g)+.J® (1)g)
is estimated

3
3) @) () > L VHO 1
J (¢9) +J (¢9) = 2972 A+o 972

from Lemmas 23 — 25. O

Proor oF THEOREM 3. It is obvious from Proposition 3 and Theo-
rem 5. [J
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