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By Kazuya KATO and Takashi SUZUKI

Abstract. This paper is Part IIT of the series of work by the
first named author on duality theories for p-primary étale cohomology,
whose Parts I and II were published in 1986 and 1987, respectively.
In this Part III, we study a duality for p-primary étale nearby cycles
on smooth schemes over henselian discrete valuation rings of mixed
characteristic (0, p) whose residue field is not necessarily perfect.

1. Introduction

This is Part III of the series of work [Kat86] (Part I), [Kat87] (Part
IT) by the first named author. Part I gives a duality theory for p-primary
étale sheaves on smooth varieties in characteristic p > 0 with a relative
theory for proper morphisms between them, which is a relative version of
Milne’s duality theories [Mil76], [Mil86]. In that part, sheaves on a scheme
Y of characteristic p are not considered over the usual small étale site Y,
but over a much bigger site Ygp, which is the category of relatively perfect
Y-schemes endowed with the étale topology. Recall from [Kat86], [Kat87]
that a Y-scheme Y’ is said to be relatively perfect if its relative Frobenius
morphism Y’ — Y’®) over Y is an isomorphism. If the base field k satisfies
[k : kP] = p" for some finite 7o > 0 and Y is a smooth k-scheme purely of
dimension d, then one of the results [Kat86, Theorem 4.3] in this case says
that the dlog part v, (r) = WpQy,,, of the de Rham-Witt sheaf viewed as
a sheaf on Yrp plays the role of a dualizing sheaf, where r = rq + d. This
theory is generalized, in Part II [Kat86], to singular varieties Y. It instead
uses the site Yprp of flat relatively perfect Y-schemes endowed with the
étale topology and constructs a certain dualizing complex K,y over Yggrp.

In this paper, as Part III, we study a mixed characteristic version of
the duality theory of Part I. More precisely, let K be a henselian discrete
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valuation field of mixed characteristic (0,p) with ring of integers Ox and
residue field k. Assume that [k : kP] = p"® for some finite ro > 0. Let X be
a smooth Og-scheme of relative dimension d and

vl x by

the inclusions of the generic fiber U and the special fiber Y. Set r = rg +d.
We say that a Y-scheme is relatively perfectly smooth! if it is Zariski locally
isomorphic to the relative perfection ([Kat86, Definition 1.8]) of a smooth Y-
scheme. Let Yrpg be the category of relatively perfectly smooth Y -schemes.
Let Xrps be the category of X-schemes flat over O whose special fibers
are relatively perfectly smooth over Y. Endow these categories with the
étale topology. Let Ug; be the big étale site of U. The base change functors
define morphisms of sites

j i
Ugt = XRrps < YRrps.

Our duality is about the nearby cycle functor RV = i*Rj, in this setting.
For an integer s, denote the s-th Tate twist of the étale sheaf A,, = Z/p"Z
on U by A,(s). In the derived category of sheaves of A,,-modules on Ygrpsg,
the derived tensor product is denoted by ®% and the derived sheaf-Hom
functor by R #omys,.s. The main theorem of this paper, which is Theorem
3.4, is the following statement.

THEOREM 1.1. For any pair of integers s,t with s+t = r + 1, there
exists a canonical morphism

RUA,(s)[s] @ RUA,(t)[t] — vpn(r)
that is a perfect duality:

RUA,(s)[s] = RHomyyps (RYAR()[t], vn(r)).

!The terminology “perfectly smooth” without “relatively” for morphisms between
perfect schemes is introduced in [Zhul7, Definition A.25]. In [Zhul7, Footnote 20 to
Definition A.13], Zhu attributes this type of usage of “perfectly” to Brian Conrad.
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For example, if X = Spec O and k is algebraically closed, then this
theorem, on k-valued points, gives an exact sequence

0 — Exty . (Gn, Z/p"Z) — H' (K, Z/p"Z) — Hom(py (K), Z/p"Z) — 0,

where G, = R'WA,,(1) is the group K*/(K*)P" equipped with a structure
of the perfection of a unipotent algebraic group over k and Ext,lcRPS takes
this structure into account (and g (K) is the finite abstract group of p™-th
roots of unity in K). This recovers the p-primary part of the mixed char-
acteristic case of Serre’s local class field theory [Ser61] for K. Hazewinkel’s
generalization [DG70, Appendice| of Serre’s theory with arbitrary perfect
residue field k is also contained in this theorem. This sheaf-theoretic for-
mulation of Serre-Hazewinkel’s theory is closely related to the formulation
using the “rational étale site” introduced in [Suzl3].

For X = Spec Ok and not necessarily perfect k, the theorem is a sheaf-
theoretic version of class field theory for local fields whose residue field is
of arithmetic nature, such as [Kat80], [Par84] (for k a higher local field)
and [Kat82] (for k a global function field). For general X and k, it is a p-
primary version of a special case of the duality for prime-to-p nearby cycles
by Gabber-Illusie [I1194, Théoreme 4.2].

In the proof of the theorem, we will use the computations of graded
pieces of p-primary nearby cycles by the first named author with Bloch
[BK86]. Since the calculations in [BK86] are for smooth schemes over Ok,
we limit ourselves with X smooth over Ok and work with the site Yrpg of
relatively perfectly smooth Y-schemes for simplicity. Of course our duality
theory should be extended to non-smooth (or at least semistable) X and
more general constructible coefficients than A, (s), so that it fully gives a
mixed characteristic version of Part II [Kat87] of the present series of work.
We will not pursue such an extension in this paper.

The first author is partially supported by NSF grant DMS 1601861. The
second author is supported by JSPS KAKENHI Grant Number JP18J00415.

2. The Relatively Perfectly Smooth Site

Let k be a field of characteristic p > 0 such that [k: kP] = p™ for some
finite ro > 0. Let Y be a k-scheme. Recall from [Kat86, Definition 1.1] that
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a Y-scheme Y’ is said to be relatively perfect if the diagram

Y —— Y’

L

Y — Y

is cartesian, where the horizontal morphisms are the absolute Frobenius
morphisms and the vertical morphisms are the structure morphisms. This
means that the relative Frobenius morphism Y’ — Y'®) over Y is an iso-
morphism. Let Yrp be the relatively perfect site of ¥ defined in [Kat86,
§2]. Tt is the category of relatively perfect Y-schemes endowed with the
étale topology. Let (Sch/Y") be the category of all Y-schemes. Assume that
Y is smooth over k. Then the inclusion functor Ygp < (Sch/Y") admits a
right adjoint (Sch/Y) — Ygp denoted by Y’ ~ Y'RF ([Kat86, Definition
1.8]), and YR is called the relative perfection of Y’. Let n > 1 be an
integer. Denote A,, = Z/p"Z and set A = Ay = Z/pZ. For a site S, we
denote the category of sheaves of A,-modules on S by M(S,A,) and its
derived category by D(S,A,). The ring A,, viewed as a sheaf of rings on S
is denoted by (Ay)g or simply just A,. As in [Kat86, Definition 4.2.3], we
denote by Do(Yrp,Ay) the triangulated subcategory of D(Ygrp,A,) gener-
ated by relative perfections of coherent sheaves on Y locally free of finite
rank regarded as complexes of A,-modules concentrated in degree zero. As
explained in [Kat86, §4], if Y is finite-dimensional, the dlog part of the de
Rham-Witt complex v,(s) = anli,’log for any s can be regarded as an
object of Do(Yrp, Ay) such that its section I'(Y' v, (s)) for any relatively

perfect Y-scheme Y is given by the group W, 3, We set v(s) = v1(s) =

;log”
S
QY, log*

THEOREM 2.1 ([Kat86, Theorem 4.3]). Assume that Y is smooth and
purely of dimension d. Set r = 1o+ d. Then the object vy, (r) is a dualizing
object for Do(Yrp, Ay), namely the derived sheaf-Hom functor

Dygp = R¥Homp,,)y. (- vn(r))

for D(Yrp, Ay) gives an auto-equivalence on Do(Yrp, Ay) with inverse itself.

Let Y be a smooth k-scheme. We say that a Y-scheme is relatively per-
fectly smooth if it is Zariski locally isomorphic to the relative perfection of a
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smooth Y-scheme. Let Yrpg be the category of relatively perfectly smooth
Y -schemes with Y-scheme morphisms. Endow it with the étale topology.
The inclusion functor Yrps <— Ygrp defines a morphism of topologies in the
sense of [Art62, Definition 2.4.2]. It induces an (exact) pushforward functor
ay from M (Yrp,An) to M(Yrps, Ayn), which has a left adjoint a*. (Note
that o is not necessarily exact since the category of smooth Y-schemes is
not closed under finite inverse limits.) Note that «, sends flask sheaves to
flask sheaves and induces Leray spectral sequences ([Art62, §2.4]).

PROPOSITION 2.2. LetY be a smooth k-scheme and F' € Do(Yrp, Ay).
Then the natural morphism

axRHomn,)y. (F,G) — R¥om S(a*F, a,G)

An)ygp

in D(Yrps, An) for any G € D(Yrp, Ay,) is an isomorphism.

PrOOF. It is enough to show the statement for the case where F' is the
relative perfection of a coherent sheaf on Y locally free of finite rank. Such
a sheaf F' is representable by a relatively perfectly smooth Y-scheme.

For a relatively perfectly smooth Y-scheme Y, let Yrps/Y’ be the lo-
calization of Ygpg at Y’ ([Art62, Definition 2.4.3]), i.e., the category of Y-
schemes relatively perfectly smooth over Y endowed with the étale topology.
Taking RT'(Yfpg, - ) for any relatively perfectly smooth Y-scheme Y’ and
using the Leray spectral sequence, we see that it is enough to show the
invertibility of the morphism
(2.1) RHOIH(A”) P(Fy/,Gy/) — RHom(An)

Yk Yrps/Y' (aFyr, auGy)

in the derived category of A,-modules, where Fy: and Gy are the restric-
tions to Y’. Let M(Fy/) be Mac Lane’s resolution of Fys ([ML57]). Its
homogeneous part at any degree is a direct summand of a direct sum of
sheaves of the form A, [Fy] for various m > 0, where A,[F{] is the sheafi-
fication of the presheaf that assigns to each relatively perfect Y’-scheme
Y"” the free A,-module generated by the set Fy/(Y") = F™(Y"). By as-
sumption on F', we know that both FY and «,Fy, are representable by the
relatively perfectly smooth Y’-scheme F™ xy Y’. Hence the both sides of
(2.1) can be written in terms of cohomology complexes of Fy/; for various
m. The morphism

RU((Fy))rp, Gy') — RL((Fy7)rps, axGy)
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is an isomorphism by the Leray spectral sequence. This implies the
result. [J

Let Do(Yrps, An) be the image of Dy(Yrp, A,) under a,. We denote the
image of each object F' € Dy(Yrps, An) by the same letter F'.

COROLLARY 2.3. Assume that Y is smooth and purely of dimension
d and set r = ro + d. The functor a, gives an equivalence of categories

Do(Yrp, An) = Do(Yrps, An). The derived sheaf-Hom functor

Dyips = R%Om(An) (-, vn(r))

YRPS
for D(Yrps, Ayn) gives an auto-equivalence on Do(Yrps, Ayn) with inverse
itself.

3. Formulation of the Duality

Let k£ and rg be as above. From now on, for a smooth k-scheme Y, we will
use Yrps and not Ygp, so we write D(Y, A,), Dy = R¥Homn,,), (-, vn(r))
etc. omitting the subscripts RPS.

Let K be a henselian discrete valuation field of characteristic 0 whose
residue field is k. We denote the ring of integers of K by Ok and its maximal
ideal by px.

Let A be a flat Og-algebra of finite type and A its Ap g-adic completion.
Write Ax = A®op, K. Let R = A®o, k. For a flat relatively perfect R-
algebra R, we denote its canonical lifting over A by R/A [Kat82, Definition

1]. Tt is characterized as a unique complete fl—algebra flat over Ok such that
R;& ®oy k is isomorphic to R’ over R. For any n > 0, the A/Ap’.-algebra
R /R vl is flat and formally étale ([Kat82, Lemma 1]). For another flat
relatively perfect R-algebra R”, we have

HomA(R’A, Rg) = Hompg (R, R").

Write R/A = Rk@o}( K. We have a commutative diagram with cocartesian
K
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squares
K —— Ag Ag R;iK
| | [ I
O —— A A RIA
| | | |
kh —— R —— R R.

COROLLARY 3.1. Under the above setting, let A" be an A-algebra flat
over Ok such that A" ®o, k is flat relatively perfect over R. Then the
A'pg-adic completion A of A" gives the canonical lifting of A’ @0, k over
A. The maps

Hom 4 (A’ R'A) — HomA(/Al', R;i) — Homp (A ®0, k, R')

are both bijective. In particular, a right adjoint of A" — A’ @, k is given
by R — R/A'

Proor. This follows from the above characterization of canonical lift-
ings. U

Let X be a smooth Og-scheme. Let U and Y be its generic and special
fibers, respectively. Denote the natural inclusion morphisms by

vl x Ly

If X = Spec A is affine and Y = Spec R, then for an affine relatively perfectly
smooth Y-scheme Y’ = Spec R, we denote Y)’A( = Spec R;i and Yé = Y)/Z X0
K = Spec R/AK‘ For a general smooth X, let Xgps be the category of
X-schemes X' flat over Ok whose special fibers X’ xx Y are relatively
perfectly smooth over Y. Morphisms are X-scheme morphisms. Endow
Xgpps with the étale topology. Let Xgpps be the category of sheaves of
sets on Xgps and Yirps similarly. The reduction functor Xgrps — Yrps,
X' — X' xx Y, defines a morphism of topologies. It induces a pushforward
functor i: Yrps — Xrps, which has a left adjoint i*: Xrps — Yaps.
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PROPOSITION 3.2. The functor i* is exact. If X is affine, then i*F for
a sheaf I on Xgpps is given by the sheafification of the presheaf
Y — I’(Y)’A(,F), where Y' runs over affine relatively perfectly smooth Y -
schemes.

ProOF. The second statement follows from Corollary 3.1. This de-
scription of ¢* shows that i* is exact when X is affine. The general case
follows. [

The above proposition shows that the morphism i: ¥ — X induces a
morphism of sites Yrps — Xgrps. Let Ugy be the category of U-schemes
endowed with the étale topology. Denote D(X,A,,) = D(Xgrps,An) and
D(U, Ay,) = D(Ugt, Ay,). Then we have morphisms of sites

(3.1) Uny - Xgps < Yaps.
We consider the functor
RY =i*Rj.: D(U,A,) — D(Y, Ay).
We denote R™W¥ = i*R™j, for m > 0.
COROLLARY 3.3. The functor RV is the right derived functor of ROW.
If X is affine, then R™WF for F € M(Ug, A) and m > 0 is given by the

sheafification of the presheaf Y' — Hm(Y(fJ,F), where Y' runs over affine
relatively perfectly smooth Y -schemes.

Proor. This follows from the previous proposition. [

We have canonical morphisms Rj,F ®F Rj.G — Rj.(F @ G) in
D(X,A,) and hence

RUF ®" RUG — RU(F @ G)

in D(Y,A,,) functorial in F,G € D(U, A,,). Hence if we have a morphism
F &G — H in D(U,A,), then we have a canonical morphism

RUF @ RUG — RVH.
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For any integer s, we denote the s-th Tate twist of A,, over U by A, (s). The
following is the main theorem of this paper.

THEOREM 3.4. Let X be a smooth Ok-scheme of relative dimension
d. Let U and Y be its generic and special fibers, respectively. Setr = ro+d.
Let s,t be integers with s+t =1r+ 1.

(1) There exists a canonical trace morphism
Tr: R™INA,(r + 1) — vy (r)
of sheaves on YRrps.

(2) The object R¥A,,(s) is in Do(Y, Ay) and concentrated in degrees [0, 7+
1].

(3) The composite morphism
RUA,(s) @ RUA,(t) — RUAL(r +1) 5 v (r)[—r — 1]

induces a perfect duality between RYA,(s) and RYA,(t) in Do(Y, Ay)
via the dualizing functor Dy [—r — 1].

Theorem 1.1 is a consequence of this theorem. We prove this theorem
in the rest of the paper.

4. Ind-Smooth Approximations of Canonical Liftings

We continue working with the situation (3.1). By Corollary 3.3, to de-
scribe the functor RW¥, we need to know the étale cohomology of
the canonical liftings Y[f]. For this, we use the following approximation
method.

PRrROPOSITION 4.1. Assume that X = Spec A is affine and Y = Spec R
has a p-base. Let ¢ C R be a prime ideal and p C A its inverse image. Let
R’ be the local (resp. henselian local, resp. strict henselian local) ring of a
relatively perfectly smooth R-algebra at some prime ideal containing q.

Then there exists a local (resp. henselian local, resp. strict henselian
local) Ap-algebra A’ that can be written as a filtered direct limit of smooth
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A-algebras such that A’ @0, k = R’ as R-algebras and the pair (A', A'pk)
is henselian. The A'px-adic completion of A’ is isomorphic to R;i as an
A-algebra.

ProOOF. All the relative perfections below are taken over R. By as-
sumption, there exists a smooth R-algebra R; and a prime ideal q; C R{{P
such that R’ is the local (resp. henselian local, resp. strict henselian local)
ring of REY at q;. Taking Spec R; smaller if necessary, we may assume that
R, is étale over a polynomial ring Ry = R[z1,...,Tn]. Then R{{P is étale
over RRP.

We show that there is a filtered direct limit of smooth A-algebras whose
reduction ( - ) ®4 R is RYF. The relative perfection Spec RYY is given
by the inverse limit of G™(Spec Rz) for n > 0, where G is the Weil re-
striction functor for the absolute Frobenius morphism Spec R — Spec R
([Kat86, 1.6-1.8]). In particular, we only need to treat the case m = 1, so
Ry = R[z]. Let t1,...,t, be a p-base of R. Then G(Spec R3) is the affine
p’-space over R with coordinates z;(1...ir), 0 < i(1),...,i(r) < p—1, and
the R-morphism G(Spec Ry) = Ag — Spec Ry = AL maps (Ti(1)mi(r))
to Za: ( ). tfn(r) In terms of rings, this is the R-algebra ho-
momorphlsm R[ | = Rlzi1).i |0 < i(1),...,i(r) < p— 1] sending =

to Zx?(l l(r)tzl(l) 2 We take a lifting of this morphism to A by

Apr — A, mapping (Ti(1)...i(r)) tO Zx (1) e ti(r). Iterating, we can

take a lifting of G™(Spec Ry) — G”(Spec Rz) to A by AL AR
defined similarly. The inverse limit of these liftings for n > 0 gives a desired
lifting of Spec RRF.

Let Ay be such a lifting of RRY. Since R} is étale over RYY, we can take
an étale As-algebra A; whose reduction is lep. Let p1 C A; be the inverse
image of q1 C RRP. Consider the local (resp. henselian local, resp. strict
henselian local) ring A} of A; at py. The henselization of the pair (A}, A}pk)
gives a desired local Ap-algebra A’. We have Al = R;i by Corollary 3.1. O

We call the A-algebra A’ appearing in this proposition an ind-smooth
lifting of R’ over A. It is neither unique nor noetherian.

PROPOSITION 4.2. In the situation of Proposition 4.1, for any torsion
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étale sheaf F' on Ue (pulled back to Ugy), we have
RT(Af, F) % RT(R); , F),

In the case of strictly henselian R, the isomorphic groups H1(A%, F) =
Hq(R’ o F) for any q give the stalk of RIVF at the residue field of R’ (if

Fisa shea,f of Ap-modules).

PrROOF. The first assertion follows from Fujiwara-Gabber’s formal base
change theorem ([ILO14, Exposé XX, §4.4], [BM18, Corollary 1.18 (2)]).
The second follows from Corollary 3.3. [J

Since A’ is ind-smooth over A and hence over O, the study of
RT(A%, F) basically reduces to Bloch-Kato’s study of p-primary nearby
cycles [BK86].

5. Symbol Maps and Trace Morphisms

Let the notation be as in Theorem 3.4. We fix a prime element 7 of K.
In this section, we will prove Theorem 3.4 (1). Slightly more generally, we
will construct a certain morphism

(5.1) RIWAL(q) — vn(q) ©vn(g—1)

of sheaves on Ygrpg such that its composite with the projection onto the
factor v,,(¢ — 1) does not depend on 7.

We need symbol maps adapted to our setting. The connecting morphism
for the Kummer exact sequence 0 — A, (1) — G,, — G,, — 0 of sheaves
on Ug; gives a morphism i*§,G,, — R'WA,, (1) of sheaves on Ygps. By cup
product, we define a morphism

(5.2) (i*jeGm)®? — RIVA,(q), T1®...Qz4— {71,...,74},

where ®¢ means the g-th tensor power and the z; are local sections of
i*7. G, (i.e. invertible elements of R for some relatively perfectly smooth
R-algebra R/, where Spec A is an afﬁne open of X and R = A®o, k), which
we call the symbol map. By composing it with the inclusion G, — j. G,
we have a morphism from (i*G,,)®? to R1UA,(q). The construction of the
morphism (5.1) is given by the following, which proves Theorem 3.4 (1).
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ProroSITION 5.1. The morphism
(" Gm) 1 @ (" Gn)®1™ — RIWA,(q),
(21 ®...02q, N @ ... 0Yg—1) — {z1,...,2q} +{y1,. .., yg—1,7}

is surjective. (Note that the last component of the second symbol is w €
D(Y,i*j.Gp), which is not in I'(Y,i*Gy,).) The composite of the reduction
map and the dlog map

(1*Gm)® @ (i*Gp)® ! = G2 GBI = 1 (q) D rvp(g—1)
factors through the quotient RYVA, (q). The obtained morphism
RIWA,(q) = vi(q) ®vnlg —1)

followed by the projection onto the factor v,(q — 1) does not depend on .

In this proposition, when X = Spec Ok, k is separably closed and ¢ =
1, the global section of the above morphism i*G,, ® Z — R'WA, (1) is
Ox ®Z — K*/(K*)P" given by (x,n) — zr". This is indeed surjective.

Proor. It is enough to check the statements for stalks. Hence we may
assume that X = Spec A is affine and Y = Spec R has a p-base. Let R’
be the strict henselian local ring of a relatively perfectly smooth R-algebra
at some prime ideal. Let A’ be an ind-smooth lifting of R’ over A as in
the previous section. By Proposition 4.2, we are reduced to proving the
following: the homomorphism

(A%)%0 @ (A™)®71 — HY(Al, Au(q))
(1® .02, N ®...0Yg—1) — {z1,...,2q} +{y1,. .., Yg—1,7}

is surjective; the composite of the reduction map and the dlog map

(A/X)®q D (A/X)®q—1 _ (R/X)®q D (R/X)®q—1
— (R, vn(q)) ®T(R ,vp(q — 1))

factors through the quotient H9(A’%, A, (¢)); and the obtained homomor-
phism

Hq( ,Kv AH(Q)) - F(R/’ Vn(Q)) ©® F(Rlv Vn(q - 1))
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followed by the projection onto the factor I'(R', v, (¢ — 1)) does not depend
on 7. Since A’ is ind-smooth over A and hence over O, these claims are
reduced to [BK86, Theorem (1.4) (i)]. O

For m < n, the endomorphisms of A,, and v, (¢) given by multiplication
K n—mm»

by p"~™ factor as “p : Ay — Ay and “p" v (q) < vn(q), so that
we have an exact sequence 0 — v,(q) — vn(q) — Vn-m(q) — 0 ([Kat86,
(4.1.8)]). Later we will use the following.

ProprosIiTION 5.2.  We have a commutative diagram

RIUA,L(q) —— vm(q) ® vm(g—1)

l upnfmn upnfm 77\[

RIUA,(q) —— vnlq) @ vn(qg—1),

where the horizontal morphisms are given by (5.1) for m and n.

ProOF. Consider the following diagram (commutativity to be dis-
cussed soon):

((*Gm)® @ (I*Gp) ™! —— RIWAL(q) —— va(q) @ valg — 1)

H [ can can |

(’i*Gm)@q S (i*Gm)®q_1 — Rq‘IJAm(Q) — Vm(‘]) S Vm<q - 1)'

J/pnfm J/upnfmw up'n,fme/

(’i*Gm)®q &) (Z'*Gm)®q71 E— Rq\IjAn(Q) —_— Vn(Q) S Vn(q - 1)'

The left three horizontal morphisms (the symbol maps) are all surjective by
Proposition 5.1. The left two squares are commutative by the construction
of the symbol map. The total (or outer) square omitting the central term
RIUA,,(q) is commutative since “p"~™” o can = p"~ ™. From these, the

commutativity of the right lower square follows by a diagram chase. [J
6. Mod p Case I: Filtrations and Duality for gr’

Let the notation be as in Theorem 3.4. Within this and the next sections,
we will prove Theorem 3.4 for the case n = 1. We fix a prime element 7 of
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K. Let ¢ > 0. Recall our notation A = Z/pZ. As in [BK86, (1.2)], we define
a filtration on the sheaf RIWA(q) using the symbol map (5.2) as follows. For
m > 1, define U™ RIUA(q) to be the subsheaf of RIWA(q) generated by local
sections of the form {x1,...,z,} such that x; — 1 € 7*G,. Let

RYWA(q)/U'RIWA(q) if m=0,

" RIVA(q) =
& @ {Uqu\IIA(q)/Um+1Rq\IIA(q) if m > 1.

For m > 1, define a morphism p,, from the direct sum of i*G, ® i*GRI1
and *G, ® i*G%q72 to UTRIVA(q) by
TRQU®...QYq—1— {14+ y1,...,Yg-1}
and
TN ®...QyYq—2+—{1+am™ y1,...,yq—2, 7}
The reduction map and the dlog map define surjections
"G @GR > G, ® GHIT —» 0f !

and similar surjections with ¢ — 1 replaced by ¢ — 2. Let e be the absolute
ramification index of K and set ¢/ = pe/(p — 1).

ProproOSITION 6.1.
(0) For m > 1, the morphism py, factor through

Q4 e Q877 — g™ RIVA(g).

(1) The morphism (5.1) for n = 1 is surjective and induces an isomor-
phism

gr? RIWA(q) = v(q) & v(q — 1).

(2) If 1 < m < ¢ and p t m, then the morphism in (0) induces an
isomorphism

m ~ -1
g™ RIWA(q) = Q% .
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(3) If1 <m < € and p | m, then the morphism in (0) and the differential
d induce an isomorphism

g™ RIVA(q) = dQ% @ dQd .
(4) If m > €, then
U™RIWA(q) = 0.

ProOOF. This reduces to [BK86, Corollary (1.4.1)] by the same method
as the proof of Proposition 5.1. [

PROPOSITION 6.2. The statement of Theorem 3.4 (2) is true forn = 1.

PrROOF. We may assume that K contains a primitive p-th root of unity
(p since [K((p) : K] is prime to p. Then the result follows from Proposition
6.1. 0

Thus we have the morphism
RUA(s) ®@F RUA(t) — RUA(r + 1) 2 v(r)[—r — 1]

stated in Theorem 3.4 (3) in the case n = 1, where s,t are integers with
s+t =r+1. We want to prove that it induces a perfect duality. In the
rest of this section, we work with A = Z/pZ-coefficients. As above, we may
assume that ¢, € K. With the choice of (,, we may identify all the Tate
twists A(¢q) with A in a compatible way. Let £ = RVA (= RUA(q) for any
q). The above morphism may be written as

(6.1) gl & —vir)-r—1],

which is independent of the integers s,t. We have the above filtrations
Um™HYE and graded pieces gr” H1E for any ¢g. For any s, define 7"2 <& to be
the canonical mapping cone of the natural morphism U'H*E[—s] — 755&
and TIS <€ to be the canonical mapping fiber of the natural morphism 7<,€ —
grV H3€[—s]. We have distinguished triangles
U'HSE[—s] — T>s€ — T'ZSS,
T’Ssé’ — T< € — gr®H3E[ ],
grVHE[—s] — 7'/255 — T>5+1E,
T<s 1€ = 7L E — U'HSE[—s],
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where the latter two are truncation triangles.

PROPOSITION 6.3.  Let us abbreviate R¥omy as [ -, - |. There exists
a unique set of morphisms

T>e11E @F 7€ — v(r)[—r —1],
T>88® T<t€ — v(r)[—r —1],
U'HSE @ UTH'™E — v(r)[1],
gr?H*E o gt H'E — v(r)

for integers s,t with s +t = r + 1 that reduce to (6.1) for s < 0 and give
morphisms of distinguished triangles from

(6.2) U'H®E[—s] — T4€ — 1L,

to the shift [-r — 1] of

(6.3) [U'H™E[—t — 1], v(r)] = 1L 1 E, v ()] = [r<€,v(r)]
and from

(6.4) grVH%E[—s] — L€ = Toe1&

to the shift [-r — 1] of

(6.5) [grOHtE[—t], 1/(7")] — [T<t&,v(r)] — [T'Sté’, v(r)].

PRrRoOOF. First we show that

Hom (U' HE[—s], [r<&, v(r)][-r — 1])

(6.6) = Hom (U H*E[~s], [ri€, v(r)][-r — 2]) = 0.

Since [T<:&,v(r)] is concentrated in degrees > —t = s — r — 1, the second
term is zero simply by a degree reason. By the same reasoning, the first
term is equal to

Hom (U'H®E, Hom(H'E,v(r))) = Hom (H'E, Hom(U'H*E, v(r))).
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The sheaf U H*€ is a finite successive extension of locally free Oy-modules
of finite rank by Proposition 6.1. Hence #om (U'H*E,v(r)) = 0 by [Kat86,
Theorem 3.2 (ii)]. This proves (6.6).

Next we show that

Hom(grOHsg[—S], [T/Stg’ v(r)][-r - 1])

(6.7) = Hom(groHsg[—S]’ [r&&,v(n)][=r = 2]) = 0.

The same reasoning as above shows that the second term is zero and the
first term is equal to

Hom (gr’H*E, Hom(U'H'E, v(r)))

since HY(7L,E) = U'H'E. We have Hom(U'H'E,v(r)) = 0 by [Kat86,
Theorem 3.2 (ii)] since U'H'E is a finite successive extension of locally free
Oy-modules of finite rank by Proposition 6.1. This proves (6.7).

Now we prove the proposition by induction on s. There is nothing to do
for s < 0. Fix integers sq, to with sg+1ty = r+ 1. Assume that there exists a
unique set of morphisms as stated for s,t with s+t =7+1 and s < s9. We
want to prove the same for s = sp+1 and t = tg—1. By assumption, we have
a morphism from 7>5,+1& to the shift [—r — 1] of [7Z, &,v(r)]. This gives
a morphism from the middle term of (6.2) to the middle term of the shift
[—r — 1] of (6.3) for s = s9 + 1. By (6.6), this morphism uniquely extends
to a morphism of distinguished triangles from (6.2) to the shift [—r — 1] of
(6.3) for s = sp + 1. In particular, we have a morphism from T/ZSO 1€ to
the shift [—r — 1] of [<¢,—1&,v(r)]. This gives a morphism from the middle
term of (6.4) to the middle term of the shift [—r — 1] of (6.5) for s = so+ 1.
By (6.7), this morphism uniquely extends to a morphism of distinguished
triangles from (6.4) to the shift [—r — 1] of (6.5) for s = so + 1. This proves
the induction step, and hence the proposition itself. [J

PROPOSITION 6.4. The morphism gr’ H* €@ gr® H'E — v(r) in Propo-
sition 6.3 gives a perfect duality.

PRrROOF. The stated morphism factors through gr’ H°€ @ gr? H!E. We
have gr H5€ = v(s) @ v(s — 1) and gr® H'E = v(t) ® v(t — 1) by Proposition
6.1. Hence the stated morphism gives rise to a pairing

v(is)®dv(s—1)xv(t)®v(t—1)— v(r).
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By [Kat86, Theorem 3.2 (i)], it is enough to show that this pairing is given
by

(6.8) (w, o), (1, 7)) = 2w AT £ AT

We may assume that X = Spec A is affine and Y = Spec R has a p-base.
The composite of the natural surjection H*€® H'E —» gt HE grV H!E and
the morphism gr’ H*€ @ gr® H!E — v(r) is the morphism HE€ @ H'E — v(r)
induced by (6.1). Let R’ be the strict henselian local ring of a relatively
perfectly smooth R-algebra at a prime ideal. We want to describe our
pairing on R’-points. The map on R’-points of the morphism H*€ @ H'E —
v(r) is of the form
HS(R;iK,A(S)) ® Ht(R;iK’ At)) — HTH(R;iK,A(r +1)) = T(R,v(r)).

Let A’ be an ind-smooth lifting of R’ over A. By Proposition 4.2, the above
map can be written as

H? (Al A(s)) @ H' (A, A(t) — H™ (A, Alr + 1)) — T(R, v(r)).

The groups in the first term are generated by symbols by [BK86, Theorem
(1.4)]. The first map is given by concatenation of symbols and the second
described by the paragraph after [BK86, Corollary (1.4.1)]. By an easy
computation of symbols and dlog forms, we see that our pairing is indeed
given the formula (6.8). This proves the proposition. [J

7. Mod p Case II: Duality for U!

We keep the notation from the last section. In particular, we fix a prime
element 7 of K and a primitive p-th root of unity ¢, € K, and we work
with A-coefficients. To treat the part U'H*E @ U'HE — v(r)[1] of
Proposition 6.3, it is convenient to use the Zariski topology in addition to
the étale topology.

Let Yrpsz be the category of relatively perfectly smooth Y-schemes en-
dowed with the Zariski topology. Let £: Yrps — Yrpsz be the morphism
defined by the identity functor. Recall from [Kat86, (3.1.4), (3.1.5)] that
there are exact sequences

0—v(r)— Qy 40 o1 Qy — 0,

r O =1 r—1
0—v(r)—Qy — Q3/dOy " —0
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in Yrps, where C' is the Cartier operator. Since r = ry + d is the number of
elements in local p-bases of Y, we have ngl =0, so Q”K d—o = 2y and C'is
an endomorphism of Qf.. We can view v(r) as a sheaf on Yrpgz, which is
the kernel of the endomorphism C'—1 on Qf,. Define a sheaf {(r) on Yrpsz
to be the cokernel of the endomorphism C' —1 on €2y over Yrpsz. The exact
sequence 0 — v(r) — QF, =t ) — 0 over Ygpg shows that R"e,v(r) =0
for n > 2 and Rle,v(r) = £(r), and defines a morphism

Re.v(r) — &(r)[-1]

in D(Yrpsz, A). For any M € Dy(Yrps, A), the isomorphism e*Re, M = M,
the sheafified derived adjunction and the above morphism define a morphism

Re R Homyy,s (M, v(r)) = R Homyy,pg, (Re M, Re,v(r))
— R¥omyypg, (Re M, §(r))[-1]

n D(YRpsz, A)
ProprosiTiON 7.1.  The above morphism is an isomorphism.

PROOF. We need to show that R #omy,,.q, (Re.M,v(r)) = 0. We may
assume that Y is affine with a p-base and M = G, and it is enough to show
that RHomyy ., /v/(Ga,v(r)) is zero for any relatively perfectly smooth
affine Y-scheme Y’. By [Blo86, Theorem (2.1)] and [GL00, Theorem 8.3|, we
know that Zariski cohomology with coefficients in v(r) is homotopy invari-
ant. Hence the natural morphism from RI'(Y},.,v(r)) to RT((AV,)zar, v(7))
is invertible for any m > 1. This implies that the natural morphism from
RU(Y),.,v(r)) to RT((AY)RE (7)) (the Zariski cohomology of the relative
perfection of AT,) is invertible for any m > 1 since (A%,)RF is an inverse
limit of affine spaces over Y’. Hence, by using Mac Lane’s resolution of
G, as in the proof of Proposition 2.2, we know that the morphism from
RHomy, ., /y/(0,v(r)) (which is zero) to R Homy, o, /y+(Ga, v(r)) induced
by G, — 0 is invertible. The result then follows. [J

PROPOSITION 7.2. Let M € M(Yrps,A) be a sheaf admitting a finite
filtration whose graded pieces are isomorphic to relative perfections of co-
herent sheaves on Y locally free of finite rank. Note that Re,M = e, M.
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View M also as a sheaf on Yrpsz. Then

R Homyyps (M, v(1)), ReoR Homyyps (M, v(r)),
RHomyppg, (M, &(r))[—1]

are all concentrated in degree 1.

Proor. This follows from [Kat86, Theorem 3.2 (ii)] and Proposition
7.1.0

Let & = Re.&; cf. the paragraph before [BK86, Theorem (6.7)].

PROPOSITION 7.3. Assume that X = Spec A is affine and Y = Spec R
has a p-base. Let R’ be the local ring of a relatively perfectly smooth R-
algebra at a prime ideal. Then for any q, the stalk of the Zariski sheaf HIE'

at the closed point of Spec R’ is given by Hq(R’AK,A(q)) (cohomology in the

étale topology).

PRrROOF. The stalk is given by H?(R.,i*Rj.A(q)). Since the pair
(R;i’ R;ipK) is henselian, this group is isomorphic to Hq(R;i, Rj.A(q)) by
Gabber’s affine analog of proper base change [Gab94, Theorem 1]. This

final group is isomorphic to HY(R'; ,A(q)). O
K

Define a filtration on HY€’ in the same way as in the case of H1E. As
in Proposition 6.1, we have the following.

PROPOSITION 7.4.

(1) We have
g’ HIE' = v(q) ®v(q - 1).
(2) If1 <m<e¢€ and ptm, then
gr'H1E =~ ngl.
(3) If1<m<e¢€ and p|m, then

m ~J -1 —2
g™ HIE = A0 @ d0L?,
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(4) We have

U“HIE = QL /(1+aC)08 Ly & Q52 /(1+aC)QE L,
where a € k is the residue class of pm~¢.

(5) If m > €, then

UMHIE = 0.

PRrROOF. Apply Re, to Proposition 6.1, use Proposition 7.3 instead of
4.2 and argue as in [BK86, Theorem (6.7)]. O

For the proof of Theorem 3.4, we may assume that the element a above
has a (p — 1)-st root in k. Then 1+ aC in the statement may be replaced
by C' — 1.

Applying Re, to (6.1), we have morphisms

ol e — & — Rew(r)[—r—1] — £(r)[-r —2].

The morphism £ — £(r)[—r — 2| from the second term to the fourth term
is also given by

' — HP2E[—r =2 = " H™ 2 [—r — 2] — &(r)[-r - 2]

using Proposition 7.4. For integers s,t with s +¢ = r 4+ 2, we thus have a
pairing

(7.1) H3E x H'E — H™2E" — £(r).

PROPOSITION 7.5. The pairing (7.1) restricted to U'H3E' x U™H'E'
is zero if | +m > ¢’ and hence induces a pairing gt H3E' x gt H'E' — £(r)
forl+m =¢€'. The induced morphism

grl H*E" — R Homysp, (g™ HE' (1))

18 an isomorphism if [,m > 0.
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PROOF. The morphism H*E' x H'E' — H™2&' takes U HE' xU™H'E'
to UH™H™2¢" by Proposition 4.2 and [BK86, Lemma (4.1)]. The first
assertion follows. For the second, consider the pairing between QSY_l and
Qg,_l with values in Q0 / dQ;,_l given by the wedge product if pf m and the
pairing between dQ5 ©dQ5 2 and dQ% ! @ dQ%L? with values in QF /dQ5
given by (dw,dw’) x (dr,d7") — w Adr" + &' Adr if p | m. Consider the
composite of them with the natural surjection Q" /dQ* — &(r). With the
isomorphisms in Proposition 7.4, we have a pairing gr' H3E' x gr™ H'E! —
&(r) for I +m = €’. This pairing agrees with the stated pairing up to an
F-multiple if /,m > 0 by the same argument as [BK86, Lemma (5.2)].
With this description and [Kat86, Theorem 3.2 (ii)], we see that the stated
induced morphism is an isomorphism. [J

COROLLARY 7.6. Let s+t =r+2. The pairing (7.1) induces a pairing
between U'HSE' /U H°E' and U H'E' /U H'E' with values in &(r). The
induced morphism

UYHSE JUY HE' — R Homysps, (UL H'E /U HIE  £(1))
is an isomorphism.

ProprosITION 7.7. Let s+t =1+ 2. The morphism

vtmee @ UtHE — v(r)[1]
in D(Yrps, A) defined in Proposition 6.3 gives a perfect duality.

PROOF. Let M = U'HE' /U HE' and N = U'H'E' /U H'E'. We
have e*U¢ H5E' = 0 and e*UTH3E = UT™HSE for any m. Hence e*M =
UmHSE and e*N = U™H'E. Since M and N are finite successive extensions
of locally free sheaves on Y of finite rank by Proposition 7.4, we have M =
Re.e*M and N = Re,e*N. The morphism e*M @F e*N — v(r)[1] in

question induces a morphism M ® N — Re,v(r)[1] — £(r) by adjunction,
which agrees with the pairing in Corollary 7.6. Hence the diagram

Ree*M —— Re R Homyyps (N, v(r))[1]

M N R %omym)sz (Na 6(7“))
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is commutative, where the right vertical isomorphism is from Proposition
7.1. The lower horizontal morphism is an isomorphism by Corollary 7.6.
Hence the upper horizontal morphism is also an isomorphism. Its pullback
e*M — R ¥Homyy,s(e*N,v(r))[1] is thus an isomorphism. This gives the
result. [J

PROPOSITION 7.8.  The statement of Theorem 3.4 (3) is true forn = 1.

Proor. This follows from Propositions 6.3, 6.4 and 7.7. J
8. General Case
Let n > 1 and s,t with s+t =1r + 1.
PROPOSITION 8.1.  The statement of Theorem 3.4 (2) is true.

ProoF. The distinguished triangle RVA,_1(s) — RVYA,(s) —
RUA;(s) and induction reduce the statement to the case n = 1 already
proven in Proposition 6.2. [J

Hence we have a canonical morphism RVUA,(s) ®* RUA,(t) —
vp(r)[—r—1] as explained in Theorem 3.4. We want to prove that it induces
a perfect duality as stated.

Denote Roms,,),, . by [ -, - Jn. For m < n, the exact inclu-
sion M(Y,Ap,) — M(Y,A,,) induces a triangulated functor D(Y,A,,) —
D(Y,A,). We denote it by 6, but it is frequently omitted from the nota-
tion, and the image of an object M by @ is simply denoted by just M. Set
ES = RVA,(s)[s]. Denote the morphism Tr: &+ — v, (r) by Tr,. Hence
we have canonical morphisms

gl el — et ey (),

PROPOSITION 8.2. For m < n, consider the composite of the mor-
phisms

€5, — (€, & m B g, €0, TS (6L, €01, T L v (1)
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and the composite of the morphisms

G M —1m 2
Tryp,

&y — [5;1,5;:’1]”1 - [gfm’/m(r)]m L [8;1,1/7,1(7')]” - [Sﬁwyn(r)]n-

They are equal. If the statement of Theorem 3.4 (3) is true for m, then
they are isomorphisms.

Proor. That they are equal follows from Proposition 5.2. The com-
posite

G — 1M

s v () 2 [Es v (P T (€ va(P)]n

is an isomorphism by [Kat86, (4.2.4)]. Hence the second statement fol-
lows. [

ProrosIiTION 8.3. The diagram

g & e
won—1»

p

| I |

[ELvn(r)]ln —— [gfw’/n(r)]n S [gfz—la’/n(r)]n

18 a morphism of distinguished triangles, where the vertical morphisms are
the morphisms of Proposition 8.2 for m = 1,n,n — 1 from the left to the
right.

PrROOF. Applying R¥[s] to the morphism of distinguished triangles

Aq(s) - An(s) - An—1(s)

P

I | |

[A1(8), An(r + Dl —— [t A+ Dl —2— A1 (8), a7 + D,
we have a morphism of distinguished triangles

& EE— & — &1

! l l

€L, ErtY),, —— (€L, &Y, —2 [€h_ 1, &Y,
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The morphism Tr, gives a morphism of distinguished triangles from the
lower triangle of this diagram to the lower triangle of the stated diagram. [J

PROPOSITION 8.4. The statement of Theorem 3.4 (3) is true.

PRrROOF. This follows from Propositions 7.8, 8.2 and 8.3 by induction. [J
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