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Abstract

The objective of this work is to design new control strategies to improve
safety, robustness, smoothness in human-robot interaction and performances
such as speed response, maximum and precision end effector force production
for power assist robots.

Power assist robots are rising in interest for three main reasons. Power
assist devices increase performances such as muscle strength and endurance
for workers, wild land firefighters, and soldiers. Power assist devices support
elderly and disabled people. Rehabilitation process and physical training
carried out with the use of power assist devices have been shown to be faster,
more intense, more motivational via audiovisual feedback and game mode,
and easier reproducible do to quantitative outcome measurements.

Although big progresses have been done in recent years, there are still
three main challenging aspects where more investigation and innovative so-
lutions are needed: safety for the user and the surrounding environment, a
more comfortable interaction in a human-friendly way, increase in perfor-
mances such as response, force production and energy efficiency.

Most of the ongoing researches focus on mechanical and control design
with a pure engineering approach, neglecting the inspiration from nature. Bi-
ologically inspired robotics is a process that goes beyond merely copying what
nature shows at first sight. It involves three phases: observation and under-
standing nature, design robots embedding the desired nature functionalities,
and finally implementation and development. Understanding humans and
animal functionalities and the consequent implementation on robot applica-
tions has shown to improve robot performances such as robustness, safety,
and flexibility in a variety of complex dynamic tasks. In order to improve
performances of power assist robots, in this work biological motion control
and actuation mechanism of humans and animals play the inspirational roles.

Regarding the biological inspiration for motion control, humans and an-
imals high vary impedance of their body to stabilize unstable dynamics. On
the basis of this a new approach to force control for power assist devices
Force Sensor-less Power Assist Control (FSPAC) with Variable Impedance
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is proposed. The proposed FSPAC with Variable Impedance is successfully
implementation on an experimental door actuated by either a linear motor
(low friction stem) or by a rotational motor and a balls-crew (high friction
system). Comparison with traditional FSPAC is carried out. The superiority
of the proposed FSPAC with Variable Impedance in respect to the traditional
FPAC with Constant Impedance, in terms of safety, robustness and smooth
assistance are experimentally shown.

As for the biological inspiration for actuation mechanism design, humans
and animals presents bi-articular muscles muscles that span joints
which play a fundamental role for mechanical energy transfer, impedance
modulation and stabilization of human and animal dynamics. In the design
of bi-articularly actuated robots, our focus is on the resolution of the redun-
dancy actuation. Two new approaches the Infinity Norm and the Non
Linear Phase Different Control (NLPDC) are proposed. A human-like
actuated robot named BiWi Bi-articularly actuated Wi-re driven robot
arm is developed and used as an experimental apparatus to compare
the two proposed redundancy resolution approach with the three traditional
approaches Phase Different Control (PDC), Pseudo inverse matrix, and
Linear Programming.

The proposed infinity norm approach allows the arm to produce greater
end effector force compared the traditional pseudo-inverse matrix approach.
The proposed infinity norm approach is suitable to increase the performances
of any system with three inputs and two outputs. The NLPDC approach
increases the output force precision compared to the PDC approach, and re-
quires less computation compared with the Linear Programming approach.
Moreover, the NLPDC allows the independent design of common and differ-
ent modes for robot arms actuated by three pairs of antagonistic actuators,
consisting of four mono- and two bi-articular actuators couple in antagonistic
pairs. In addition, the NLPDC approach is the only method capable of cal-
culating in a precise way at the maximum output force that can be produce
at the end effector of a bi-articularly actuated robot arm given the desired
output force direction, with a closed form equation.
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Chapter 1

Introduction

1.1 Background in Power Assist Robots
Power assist robots are devices which provide assistance to humans in order
to accomplish a certain task. There are three main reasons why power assist
robots are developed:

1. Increasing performances such as muscle strength and endurance for
workers in health-care centers and hospitals, wild land firefighters, dis-
aster relief workers, soldiers, heavy labour factories, and in any other
emergency situation

2. Supporting elderly and disabled people

3. Providing support in rehabilitation processes and physical training

Examples of power assist robots designed to increase human performances
are shown in Fig. 1.1.

On of the first power assist robots designed to help the user in carrying
heavy loads is the Berkeley Lower Extremity Exoskeleton (BLEEX), devel-
oped at U.C. Berkeley (Fig. 1.1(a)). BLEEX is designed to increase the
wearer strength and endurance. It is composed of two actuated robotic legs,
on which a backpack is attached. The power unit consist of a hybrid power
source that supply the hydraulics of the robotic legs and an electric power
that supply the exoskeleton computer [133].

The HULC (Fig. 1.1(b)), Human Universal Load Carrier, is a hydraulic-
powered anthropomorphic exoskeleton realized by Lockheed Martin Corpo-
ration. As its name suggest, it is used to assist the user in carrying heavy
loads (up to 90 Kg) for extended periods of time and over all terrains. It is
designed so to provide load-carrying ability, and works even when power is
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(a) BLEEX (b) HULC (c) XOS 2

(d) PLL (e) KAIT (f) Salford University

Figure 1.1: Power assist robots designed to increase humans performances
such as muscle strength and endurance

not available. By using HULC, the stress caused by heavy loads on on the
body leading to potential injuries is reduced.

The XOS 2 exoskeleton (Fig. 1.1(c)) is wearable suit powered by high
pressure hydraulics realized by Raytheon. It allows the user therein to lift
upwards of 98 Kg, several hundred times without growing tired pressure
hydraulics.

The Power Loader Light (Fig. 1.1(d)) is a power amplifying robotic suit
to augment human strength developed by Panasonic Activelink. Differently
from the BLEEX, HULC and XOS, it is powered by motors that respond to
the movements of the operator via six-axis force sensors.

The stand-alone wearable power assist suit developed at Kanagawa Insti-
tute of Technology (KAIT, Fig. 1.1(e)) is powered by pneumatic actuators,
and is meant to help workers in hospital and clinics to support and transfer
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patients [48].
The ten-degree-of-freedom active lower limb robot (Fig. 1.1(f)) developed

at Salford University is powered by pneumatic actuators. It is designed for
force augmentation and active assisting walking training [15].

Examples of power assist robots designed for elderly or disabled support
are shown in Fig. 1.2.

(a) Honda exoskeleton legs (b) MIT (c) Rex

Figure 1.2: Power assist robots designed for elderly/disable support

Honda s exoskeleton legs are designed to assist the users in supporting
the body and reducing the load on the legs. The device is actuated by motors
and powered by a lithium ion battery (Fig. 1.2(a)).

The MIT exoskeleton (Fig. 1.2(b)) is designed to be lighter and require
less power than similar walking assist devices. It weights 11.7 kilograms and
requires 2 watts of electrical power during loaded walking. The key aspect of
its design is the attempt to exploit human-like passive dynamics for energy
efficiency.

Rex, the Robotic Exoskeleton (Fig. 1.2(c)), is a pair of robotic legs de-
veloped by Rex Bionics. Rex is designed to allow the user to stand up and
walk with the arms free, move sideways, turn around, go up and down steps.

Power assist robots designed to help people affected by orthoses are shown
in Fig. 1.3. Devices to assist the knee joint are for example RoboKnee [89]
developed by Yobotics (Fig. 1.3(a)), the robot developed at At Ecole Poly-
technique Federale de Lausanne (EPFL)[105], or the smart portable reha-
bilitation device [20] (Fig. 1.3(b)). Other researches in which power assist
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(a) RoboKnee (b) Portable device

Figure 1.3: Power assist robots designed for orthosis

robots are developed to help people affected by orthoses are [7] [85] [94].
Power assist robots designed with rehabilitation and training purpose

for upper and lower limb are shown in Fig. 1.4 and Fig. 1.5, respectively.
Power assist robots to help in rehabilitation process of the whole forearm
are the 3 DOFs robot developed at Saga University ([53]) for the shoulder
and elbow, the Wilmington Robotic EXoskeleton, WREX (Fig. 1.4(a)) that
is a light weight exoskeleton with two links and 4 DOFs that approximates
normal human anatomy, Armin III [9] (Fig. 1.4(b)), MGA Exoskeleton [12]
(Fig. 1.4(c)), and SUEFUL-6 [33], all with 6 active DOFs to assist the pa-
tient with shoulder, elbow, and wrist movements, and the KIST [51] and the
upper limb multipurpose device developed at Salford University [119] both of
which have 7 DOFs and pneumatic actuators. Power assist robots designed
for only a part of the forearm are for example HEXORR, Hand EXOskeleton
Rehabilitation Robot, HandSOME: Hand Spring Operated Movement En-
hancer, and NEUROExos for the elbow [63], and the Smart portable elbow
device [65].

Examples of power assist robots for low limb rehabilitation are the Loko-
mat (Fig. 1.5(a)) produced by Hocoma, and the KineAssist (Fig. 1.5(b))
developed by Kinea Design which are two therapeutic robotic partial body
weight supporting treadmill based systems being used to improve patient
walking abilities.

The Actively driven Leg EXoskeleton (ALEX) is a exoskeleton designed
to help patients in walking rehabilitation [5].
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(a) WREX (b) Armin III

(c) MGA Exoskeleton

Figure 1.4: Power assist robots designed for rehabilitation for upper limb

(a) Lokomat (b) KineAssist (c) HAL

Figure 1.5: Power assist robots designed for rehabilitation for lower limb
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The Robot Suit HAL (Fig. 1.5(c)) developed by Cyberdyne on the basis
of The Hybrid Assistive Limb (HAL) is robot that can expand and improve
physical capability. It is one of the most versatile power assist robot device
as is expected to be applied in most of the field where power assistance
is needed, such as rehabilitation support and physical training support in
medical field, support for disabled people, heavy labour support at factories,
and rescue support at disaster sites, as well as in the entertainment field.

1.2 Motivation
There are three main challenges in power assist robots:

• Safety: guarantee safety for the user and for the surrounding envi-
ronment is probably the most challenging aspect in robot and human
interaction. Under no circumstances a robot should cause harm to
people in its surroundings, directly or indirectly, in regular operation
or in failures [6]. From a robot control design point of view, the con-
cept of safety is strongly related with robustness. In fact, if the robot
behaviour becomes instable, then dangerous situations can occur.

• Comfortable interaction: humans being interacting with robots do
not have to feel constrained. Power assist robots have to follow the
used input in the most smooth and comfortable way.

• Performances: researches are moving towards the realization of al-
ways more compact and powerful devices, with a faster response as well
energy efficiency.

The design of the power assist robots shown in Section 1.1 are based on
mechanical and control design approaches mainly from an engineering point
of view, and neglect the inspiration from nature.

Robots are fast and precise in known environment, but are not compliant
nor flexible. In unknown environment robots are not robust nor safe. On
the other hand, humans and animals are not as good as robots in position
control and slow in computational capability, but are compliant, flexible and
robust to external disturbances, even in complex dynamic tasks and unknown
environments, as summarized in Tab. 1.2.

Understanding and implementing humans and animal functionalities into
robot applications has shown to improve robot performances in terms of
robustness, safety, and task flexibility in complex dynamic tasks such as
walking [37] [75] running [77] walking over highly broken and irregular terrain
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Table 1.1: Humans and robots characteristics
Humans Robots

Actuation Complex (Redundancy) Simple (1 actuator=1 joint)
Control strategy Variable impedance Position (mainly)
Flexibility High Low
Robustness High Low

[104] pronking [10] stair climbing [70] [69] flipping [103] vertical climbing [54]
[102] and running on water [23] [24].

Our solutions to the challenges in control and hardware design for power
assist robots is strongly inspired by human motion control strategy and
musculo-skeletal structure:

1. Variable impedance control strategy: humans and animals highly
vary impedance of their body to stabilize unstable dynamics, as is ex-
plained in details in Section 2.1. On the basis of such concept a new
control design Force Sensor-Less Power Assist Control (FSPAC)
with Variable Impedance is proposed and its validity is experimen-
tally validated. FSPAC with Variable Impedance is designed in order
to increase safety, provide a smoother assistance, and increase perfor-
mances such as speed response of power assist robots, in particular the
ones with the same (or lower, i.e. under-actuated) number of actuators
and degree of freedom.

2. Bi-articular muscles: the role of bi-articular muscles muscles that
span two joints is fundamental for mechanical energy transfer, im-
pedance modulation and stabilization of human and animal dynamics,
as is explained in details in Section 2.2. Due to these properties, bi-
articular actuators increase safety and performances such as energy
efficiency and actuator compactness in power assist robots. The pres-
ence of bi-articular actuators generally results in actuator redundancy.
The resolution of the redundancy actuation is the first step in the con-
trol design of such devices, and therefore represent a crucial factor in
achieving high performances. In this work we focus on the resolution of
the actuator redundancy, proposing two new approaches the Infinity
Norm and the Non Linear Phase Different Control (NLPDC) and
compare them from a theoretical and experimental point of view with
the three traditional approaches Phase Different Control (PDC),
Pseudo inverse matrix, and Linear Programming.
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1.3 Flow Chart
The structure of this work is shown in Fig. 1.6. There are three main steps:

1. Introduction

7. Conclusions and Future Works

Actuation

Redundancy

Variable

Impedance

Implementation

Inspiration

2. Biological Principles for Power Assist Robot Design
Biological

Principles

5. Bi-Articular Actuation

Control Design

3. Variable Impedance

 Control Design

Robot Control

Design

Experimental

Implementation

4. Variable Impedance 

Control Implementation

6.  Bi-Articular Actuation 

Implementation

Figure 1.6: Thesis Flow Chart

1. Biological inspiration: the two biological principles inspiring the
control and hardware design of power assist robots in this work are
described in Chapter 2.
The first principle is the variable impedance control strategy that hu-
mans and animals use to stabilize unstable dynamics illustrated in Sec-
tion 2.1.
The second principle is the redundancy in actuation of humans and
animals, in particular the bi-articualr muscles muscles that span two
joints. The role of the bi-articular muscle is fundamental for mechanical
energy transfer, impedance modulation and stabilization of human and
animal dynamics, as explained in details in Section 2.2.
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2. Robot Control Design: the robot design resulting from the two
biological principles described in Chapter 2 represents the theoretical
step at the basis of this work.
On the basis of the variable impedance control strategy that humans
use, a new approach to force control for power assist robots is proposed
in Chapter 3. The proposed approach is referred as Force Sensor-less
Power Assist Control (FSPAC) with Variable Impedance.
The control design of bi-articular actuation for power assist robots is
analyzed in Chapter 5. Bi-articularly actuated robots generally present
more actuators that joints, resulting in actuator redundancy. The reso-
lution of the redundancy actuation is the first step in the control design
of such devices, and therefore represent a crucial factor in achieving
high performances. In this work we focus on the resolution of the actu-
ator redundancy, proposing two new approaches the Infinity Norm
and the Non Linear Phase Different Control (NLPDC).

3. Experimental Implementation: the implementation and validation
of the proposed control strategies is the third step of this work.
The proposed FSPAC with Variable Impedance is successfully imple-
mented on an experimental door actuated by either a linear motor (low
friction system) or by a rotational motor and a ballscrew (high friction
system) in Chapter 4. A comparison with traditional FSPAC with
constant impedance is carried out.
The developed human-like actuated robot named BiWi Bi-articularly
actuated and Wi-re driven robot arm is described in Chapter 6.
BiWi is used as an experimental apparatus to compare the two pro-
posed redundancy resolution approaches the Infinity Norm and the
Non Linear Phase Different Control (NLPDC) with the three tra-
ditional approaches Phase Different Control (PDC), Pseudo inverse
matrix, and Linear Programming.

Finally, the improvements in safety, smooth human-robot interaction and
performances such as compactness, speed response, and precision in output
force brought by the proposed control approaches FSPAC with Variable
Impedance, and actuator redundancy resolution methods based on Infinity
norm and NLPDC are discussed in Chapter 7.

Regarding the variable impedance control design, the superiority of the
proposed FSPAC with Variable Impedance in terms of safety, robustness,
faster response and smoothness in assistance in respect to the traditional
FSPAC with constant impedance is highlighted.
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As for the actuator redundancy resolution approaches for bi-articular ac-
tuation control design, the proposed infinity norm approach superiority in
terms of maximum force production in respect to the pseudo-inverse matrix
approach is discussed. The Non Linear Phase Different Control increases the
output force precision in respect to the Phase Different Control approach,
and needs less computation in respect to the Linear Programming approach.
Moreover, the NLPDC allows the independent design of common and differ-
ent modes for robot arms actuated by three pairs of antagonistic actuators,
that is four mono- and two bi-articular actuators couple in antagonistic pairs.



Chapter 2

Biological Principles for Power
Assist Robot Design

The biological pronciples that inspired this work are described in the follow-
ing. The fundamental roles playd by impedance control and by bi-articular
muscles in human motion are analyzed in Secrtion 2.1 and 2.2, respectively.

2.1 The Role of Impedance Control in Hu-
man Motion

Humans are capable of performing complex task in a stable way, despite the
fact that many of these, particularly those involving tool use, are inherently
unstable [91]. The mechanical impedance, which depends on inertia, viscosity
and stiffness, of the human musculo-skeletal system plays a fundamental role
in stabilizing unstable dynamics.

The stiffness characteristics of a human hand were analyzed for the first
time by Mussa-Ivaldi et al. in 1985 [72]. The human arm impedance de-
pends on posture and muscle activation level [32] [43] [61] [117] [121]. As a
consequence the co-contraction of antagonistic muscles allows the control of
joint stiffness and therefore of the end effector stiffness geometry [40] [74].

Humans and animals highly vary their impedance and stiffness to sta-
bilize unstable walking and running dynamics. For example, when humans
encounter changes in terrain height, the adjustment of leg stiffness plays and
important role to keep the body within the dynamically stable range [35].
For surfaces of lower stiffness, runners decrease leg spring compression by
increasing leg stiffness [21] [22]. Other researches point out that leg stiffness
increases with speed for an efficient running [2] [67], to accommodate higher
stride frequencies [19], and to modulate gait frequency and propulsion energy
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[55]. Moreover, adjustability of leg stiffness may be important in allowing the
body s spring system to operate on the variety of terrain encountered in the
natural world [55]. Researches on leg stiffness in hopping task conclude that
active muscle stiffness contributes to the biomechanical stability and may
contribute to the prevention of musculo-skeletal injury [34]. In addition, in-
crease in stiffness relative to the increase in motor noise can be sufficient to
reduce kinematic variability, allowing stiffness control to improve stability in
natural tasks [106]. Human increases their impedance also to maintain limb
stability in the presence of applied external forces [66] or in preparation of
specific tasks as ball-catching [118].

Another key aspect in human and animal motion control is the fact that
the central nervous system is not always involved in stabilizing unstable
dynamics. When humans encounter changes in terrain height, the rapid
adjustment of leg angle and stiffness keeps the body within the dynamically
stable range [35]. This means that, even without further intervention by the
brain, the runner would not fall [17]. Moreover, humans exhibit changes in
leg stiffness before changes in muscle activity when they are surprised by a
surface of different stiffness during hopping. Such a stiffness variation may
be critical for adjustments to variable terrain encountered during locomotion
in the natural world [71].

In summary, the following four points are highlighted as they represents
the biological inspiration at the basis of the design of the proposed Force
Sensor-less Power Assist Control with variable impedance (Section 3.2).

• Humans strongly vary their impedance and stiffness for stabilizing un-
stable dynamics

• Human increase their stiffness when tasks speed increase

• High impedance is used to stabilize posture

• Brain feedback is not always involved in motion control. As a conse-
quence fast response to unexpected disturbances or unknown environ-
mental conditions is crucial.

2.2 The Role of Bi-Articular Muscle in Hu-
man Motion

Animal and human limbs present a complex musculo-skeletal structure based
on mono- and multi- articular muscles:

1. Mono-articular muscles produce torque about one joint.
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2. Multi-articular muscles span more than one joint.

Examples of bi-articular muscles muscles which span two consecutive
joints in the human body are the Gastrocnemius in leg (Fig. 2.1(a)) and
the Biceps brachii in the arm (Fig. 2.1(b)).

(a) Gastrocnemius muscle (b) Biceps brachii muscle

Figure 2.1: Bi-articular muscles examples in human limbs

An important role of the bi-articular muscles is the mechanical power
transfer from proximal to distal joints.

The active muscles in four sequent positions during the push off in jump-
ing are shown in Fig. 2.2(a). The acceleration of the body center of gravity
in an upwards direction is initiated by the rotation of the trunk in the first
two position (-330 ms and -190 ms), then antagonistic co-activation of the
mono-articular hip extensor and the bi-articular Rectus femoris realize the
transfer of mechanical power towards the distal joints. The coupling action
of the bi-articular muscles as the Gastrocnemius can be demonstrated using
a mechanical device as Jumping Jack (Fig. 2.2(b)). Jumping Jack can only
move his body in the vertical direction. It has a spring as mono-articular
knee extensor, which can be loaded with potential energy by pushing the
trunk downwards. The Gastrocnemius is realized with wire. The length of
the wire determines the knee angle at which the further knee extension is
coupled to plantar flexion. Using the model it can be shown that timing of
the bi-articular link activation and stiffness of the bi-articular link [3] con-
siderably influence the height of the human jump. With an optimal length
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(a) Active muscles in jumping (b) Jumping Jack

Figure 2.2: Bi-articular muscles mechanical transfer from proximal to distal
joints [125]

of the bi-articular wire Jumping Jack can jump 26 cm, while only 14 cm
without the bi-articular wire. The important role of bi-articular muscles in
mechanical energy transfer between joints is also described in [50] [90] [127].

As second important role of the bi-articular muscles is the stiffness reg-
ulation without brain feedback. It has be shown that the pre-programmed
activity for controlling the stiffness regulation by the bi-articular muscles in-
creases the performance in drop jumps [41]. Moreover, bi-articular muscles
dramatically increase the capabilities to realize impedance control without
feedback at the end effector [40], which is critical for movement stability such
as running over rough terrain [18] or to increase accuracy of movements [113].

Another key aspect of bi-articular muscles is the output force direction
at the end effector. Mono-articular muscles produce a force directed in the
direction of one of the segments (lengthwise direction). On the other hand
bi-articular muscles can have a marked transverse component in the output
force. Such a transverse component is also the movement direction of the
endpoint which is the most favorable for the muscle to do work [38]. More-
over, bi-articular muscles appear primarily responsible for the control of the
direction of the external force on the ground for humans [8] [49], as well
for quadrupeds [126]. It has been also shown that the relative activation
levels of the bi-articular Rectus femoris and hamstring muscles during the
push-off phase of a jump play a key role in jump direction [30]. Another
important consequence of the transverse component in the output force of
bi-articular muscles is that the resulting maximum force at the end effector



2.2.2 The Role of Bi-Articular Muscle in Human Motion 31

is more homogeneously distributed in respect to the output force direction
[25].

In summary, bi-articular muscles play critical role in human motion con-
trol:

• Transferring mechanical energy from proximal to distal joints

• Varying joint impedance in a feedforward way for disturbance rejection
and movement stability

• Producing an end effector output force that is homogeneously dis-
tributed in respect to the direction and favorable for the muscle to
do work

• Controlling the direction of ground force reaction for walking, running
and jumping actions
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Chapter 3

Variable Impedance Control
Design

A key aspect in power assist robot control is the knowledge of the forces that
the user and the environment apply on the device. Force sensors are often
used to measure such forces despite their disadvantages such as cost, weight,
and measurement time delay. Moreover, the force is sensed only if applied on
the sensor itself, or on arigid body connected to it. These aspects can have
significant impact on power assist devices performances and safety.

To overcome the disadvantages of force sensors, there are researches [14]
[84] [98], in which the force to assist is estimated by using only encoders.
The force is estimated by using force observer design, which is based on
disturbances observer. Disturbance observer has been widely used as a robust
control methodology [59] [62] [124]. Using this control design the devices are
lighter, the force can be applied on any point of the device, there is no
measurement delay. However the main problem of force sensor-less control
is the robustness against plant uncertainties and inevitable modelling errors.
To increase force sensor-less robustness approaches as learning process [1] or
model independent force observer [68] have been proposed.

In this work, Force Sensor-less Power Assist Control (FSPAC) with a
Variable Impedance is proposed to increase robustness and safety of power
assist devices. The variable impedance is realized desiging the feedback gain
with a triangular shape in respect to the measured velocity. The feedback
gain is therefore referred in the following as Velocity-Dependant Triangu-
lar Gain (VD-TG). The design of the FSPAC with Variable Impedance is
inspired by the concept of variable impedance higly used by humans and
animals to accomplish task such as walking and running in a stable, smooth
and robust way as pointed out in Section 2.1.

In Section 3.1 the general structure of FSPAC is illustrated. After that,
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the proposed FSPAC with Variable Impedance is described in Section 3.2.
The proposed control design was successfully implemented on a door ex-

perimental apparatus actuated either by a high friction system such as a
ballscrew [101] or by a low friction systems such as a linear motor [99], as
described in Chapter 4.

3.1 General Structure of Force Sensor-Less
Power Assist Control

The general structure of FSPAC is shown in Fig. 3.1 ([80]).

Figure 3.1: General Structure of FSPAC [80]

The real plant dynamics are represented by 1

Js+B
where J is the inertia and

B the damping factor. The system output is the actual velocity (va). This
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aspect shows how FSPAC is different from typical force control. In force
control implementation, the force value is controlled. On the other hand, in
FSPAC states such as position or velocity are to be controlled. The controller
is made of four main parts highlighted in Fig. 3.1 the disturbance observer,
the force observer, the model impedance, and the feedback gain described
in the following:

• The disturbance observer includes the inverted plant dynamics model,
(

Jns+Bn

T0s+1

)

where Jn and Bn are respectively the nominal inertia and nom-

inal damping factor, a low pass filter
(

1

T0+1

)

, and a feedback gain
(DistG). It is used to reject all the disturbances so that the real plant
dynamics are as close as possible to the nominal model ones.

• The force observer includes the inverted plant dynamics model,
(

Jns+Bn

T1s+1

)

and a low pass filter
(

1

T1+1

)

. It is actually a disturbance observer, its
name derives from its function that is to estimate the force to assist.
It can also be integrated within the disturbance observer. That s the
case in which T0 is set to be the same as T1.

• The model impedance
(

1

JMs+BM

)

represents desired mechanical imped-
ance of the controlled system. It is used to determine the model velocity
(vm), that is the desired velocity response of the controlled system. In
order to assist (instead to reject) the disturbance estimated from the
force observer, the impedance model is designed so that BM < Bn and
JM < Jn.

• The feedback gain is designed so that the actual velocity va tracks the
model velocity vm. A PID controller is generally used.

There are three signal paths through the real plant:

1. The external forces, from the user or the environment, which act di-
rectly on the plant.

2. The positive feedback loop through the model impedance and the feed-
back gain which aims to assist the user.

3. The negative feedback loop through the disturbance observer and its
gain (DistG) used to reject disturbances.
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Figure 3.2: Proposed FSPAC with VD-TG

The force/toque reference (Re fF/T ) sent to the plant from the controller is
given by the last two paths:

Re fF/T = (vm − va)PID− (disturbance)DistG (3.1)

where the term disturbance includes the external forces and all the other
disturbances, as for example modeling errors.

3.2 Proposed FSPAC with Variable Imped-
ance

The structure of the proposed FSPAC with VD-TG is shown in Fig. 3.2.
In the proposed structure the same disturbance observer is used both

to reject the disturbances and to determine the force to assist. The main
difference in respect to FSPAC with constant impedance (Fig. 3.1) is the
design of the feedback gain. Instead of the traditional PID controller, the
feedback gain value in the proposed control varies in respect to the magnitude
of the actual velocity (|va|).
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Figure 3.3: Velocity-Dependant Triangular Gain Design

Table 3.1: Biological inspiration for the VD-TG

|va| |va|< |v1| |va| ≈ |v2| |va| → |v3|

VD-TG 0 high decrease
System

impedance very high low increases

Biological
motion control

high impedance
for stability in

unknown
environment

low impedance
in known

environment
and low velocity

stiffness
increases with

task speed

Before describing in detail the design of the VD-TG, it is opportune to
consider how the reference torque (Re fF/T ) is given to the motor by the
controller. From the block diagram in Fig. 3.2:

Re fF/T = (vm − va)V DT G− (disturbance)DistG (3.2)

Where VD-TG is the triangular gain value which depends on the magnitude
of the actual velocity (|va|) in the way illustrated in Fig. 3.3. The biological
principles inspiring the design of the VD-TG are summarized in Tab. 3.1 In
the x-axis there is the magnitude of the actual velocity while on the y-axis
there is the value of the VD-TG. A high value of the VD-TG means low
impedance of the assisting system, and viceversa.

The VD-TG model design is based on 4 parameters (V D−T Gmax, v1, v2,
and v3). These parameters are related to disturbance rejection, to how the
user feels the device, as well to factors as friction and inertia as described in
the following:
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• v1: disturbance rejection velocity. For 0 ≤ |vA| < v1 the value of the
VD-TG is set to 0. This creates a sort of dead zone in which the esti-
mated force/torque and disturbance are not assisted. The velocity at
witch the friction function in respect to the velocity becomes linear is
v1. As a consequence, all the friction non linearities do not need to be
modeled for the assisting control system. The low value of the VD-TG
imply high impedance of the assisting system. Such a design was in-
spired by the fact that humans and animals increase their impedance
to reject disturbances from undesired external forces [66], and in un-
modeled environment as rough terrain [17] or in uncertain situations
as the preparation of ball-catching [118].

• v2: velocity of maximum assistance. v2 is the velocity in witch the
robot assisting system has a low kinetic energy and is accelerating to
provide assistance or decelerating to stop. As a consequence, around v2

a high assistance is needed to assist the user in accelerating the robot,
or to avoid a too high deceleration of the system. On the basis of the
experimental analysis the value of v2 is about 8 to 10 times v1.

• V D−T Gmax: maximum assistance. This parameter is to be chosen as
large as possible in order to highly assist the user around the velocity v2

when system acceleration or smooth deceleration are needed, but not
to large to avoid system instability. On the basis of the experimental
analysis the value of V D−T Gmax is 1.4 to 2.4 times the value of the
feedback P gain in the case of FSPAC with constant gain. At velocity
close to v2 the system has a low kinetic energy and the model of the
plant is quite similar to the real plant. This resemble the fact that
humans and animals, in contraposition to the high impedance shown in
uncertain environment/situation, reduce their impedance in well known
situations.

• v3: maximum allowed velocity. The velocity after which the system
does not provide anymore assistance is v3. It is considered a dangerous
velocity, at which the device does not have to operate. As the robotic
assistance is less and less provided ad the system increases its velocity
towards v3, the safety for the user and for the environment is increased,
as well system stability and robustness. The low value of the VD-
TG, which correspond to an high impedance of the assisting system, is
inspired by the fact that humans and animals show an increase of leg
stiffness in running tasks to increase efficiency when speed increases [2]
[67], and to stabilize unstable dynamics [17].
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It is opportune to underline that, as the proposed FSPAC does not use
force sensors, the system speed response is increased. This resembles the
fundamental aspect of motion control in humans that is the absence of brain
feedback when fast response to unexpected disturbances or unknown envi-
ronmental conditions is needed [71].
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Chapter 4

Variable Impedance Control
Implementation

The proposed FSPAC with Variable Impedance control method is imple-
mented on an experimental door actuated by either a linear motor (low fric-
tion system) or by a rotational motor and a ballscrew (high friction system).

In Section 4.1, the low friction (Section 4.1.1) and the high friction (Sec-
tion 4.1.2) experimental apparatus systems are described together with the
experimental methods (Section 4.1.3).

In Section 4.2 the experimental results are shown, and in Section 4.3 the
improvements of the proposed FSPAC with Variable Impedance in terms
of robustness, smothness in assistance and input tracking performances are
discussed.

4.1 Experimental Setup

4.1.1 Low Friction Experimental Apparatus
The low friction experimental apparatus is shown in Fig. 4.1.

It represents a door, composed of a wooden and metal structure on which
bricks are placed. The door is fixed to a join that rotates about an axis
perpendicular to the ground (z-axis). The system has therefore one degree of
freedom. The gravity is not considered due the fact that the door rotates on a
plane perpendicular to the ground. The system is actuated by a linear motor
through a link. The only sensor used is a linear encoder along the motor
axis. Further experimental apparatus characteristics are shown in Tab. 4.1.

The system is modeled as in Fig. 4.2. The dashed (brown) lines represent
the wooden bar of the door which can rotate about the z-axis. On the system
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Figure 4.1: Low friction experimental apparatus

Table 4.1: Characteristic of low friction experimental apparatus
Linear Slider SGT1F31 041AH20 0 (YASKAWA)
Linear Motor SGLFW 35A120AP (YASKAWA)
Peak Force 220 N

Continuous Force 80 N
Wooden bar 0.75x0.1x0.027 m
Door weight 15 Kg

there are two main input forces one is the external force applied by the
user, and the other is the force applied by the linear motor on the end of link
2, Flm in Fig 4.2. In order to estimate the external force, the value of the
nominal inertia (Jn) in the inverted plant dynamics model

(

Jns+Bn

T s+1

)

is con-
sidered constant in respect to the z-axis about which the door rotates. The
torque applied about the z-axis caused by the force F is T1 and is determined
from the Jacobian of the system as follows. The Jacobian of the system is:

J =

[

−l1sin(θ1)− l2sin(θ1 +θ2) −l2sin(θ1 +θ2)
l1cos(θ1)+ l2cos(θ1 +θ2) l2cos(θ1 +θ2)

]

(4.1)

As the linear motor force Flm has a component only along the x-axis, Fx = Flm
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Figure 4.2: Low friction system model

and Fy = 0. Therefore:
[

T1

T2

]

=JT

[

Fx

Fy

]

=

[

−l1S1 − l2S12 l1C1 + l2C12

−l2S12 l2C12

][

Flm

0

]

=

[

(−l1S1 − l2S12)Flm

(−l2S12)Flm

]

(4.2)

where S1 = sin(θ1), C1 = cos(θ1), S12 = sin(θ1 +θ2) and C12 = cos(θ1 +θ2).

4.1.2 High Friction Experimental Apparatus
The high friction experimental apparatus is shown in Fig. 4.3. The system is
composed by the same door as for the low friction experimental apparatus,
but it is actuated by an AC motor through a ballscrew system and a link.
The only sensor used is the rotary encoder along the motor axis. Further
experimental apparatus characteristics are shown in Tab. 4.2. The system is
modeled as in Fig. 4.4. The dashed (brown) lines represent the wooden bar of
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Figure 4.3: High friction experimental apparatus

Table 4.2: Characteristic of high friction experimental apparatus
AC Motor SGMJV-A5A3A21 (YASKAWA)
Ballscrew MCM06040H05K00 (NSK)

Ballscrew lead 5 mm
Ballscrew shaft diameter 16 mm
Ballscrew nominal stroke 400 mm

Wooden bar 0.75x0.1x0.027 m
Door weight 15 Kg

the door which can rotate about the z-axis. On the system there are two main
input forces one is the external force applied by the user, and the other is
the force applied by the ballscrew system on the end of link 2, Fbs in Fig 4.4.
In order to estimate the external force, the value of the nominal inertia (Jn) in
the inverted plant dynamics model

(

Jns+Bn

T s+1

)

is considered constant in respect
to the z-axis about which the door rotates. The torque applied about the
z-axis caused by the force F is T1 and is determined from the Jacobian of the
system. As the ballscrew force Fbs has a component only along the y-axis,
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Figure 4.4: High friction system model

Fx = 0 and Fy = Fbs. Therefore:
[

T1

T2

]

=JT

[

Fx

Fy

]

=

[

−l1S1 − l2S12 l1C1 + l2C12

−l2S12 l2C12

][

0

Fbs

]

=

[

(l1C1 + l2C12)Fbs

(l2C12)Fbs

]

(4.3)

where S1 = sin(θ1), C1 = cos(θ1), S12 = sin(θ1 +θ2) and C12 = cos(θ1 +θ2).

4.1.3 Methods
In order to show the validity of the proposed control method the response of
both the low and high friction systems using FSPAC with Constant Imped-
ance (Fig. 3.1) and the proposed FSPAC with Variable Impedance (Fig. 3.2)
are compared. In the experiments two types of inputs are used:

1. User input: the user pushes or pulls on a side of the door. The door
is considered to be opening when the user pushes and closing when
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pulls. This is to show what is the typical response of the system during
opening and closing cycles under a user input force.

2. Constant-magnitude-force input: a weight of 1.5 kg and 2.0 Kg,
respectively for the low and the high friction systems, is connected to
the tip of the door by a wire and a pulley system as shown in figure 4.5.
The door is hold in the initial position where θ1 = 67

◦, then it is left
free to move under the weight force. The weight reaches its home limit
when θ1 = 52

◦. Therefore the force applied by the weight on the door
can be considered constant in magnitude, but not in direction respect
to the door tip. The purpose of this experiment is to compare FSPAC
with Constant Impedance and FSPAC with Variable Impedance to the
same input. In this way any possible influence of the user is avoided.

(a) Low friction system (b) High friction system

Figure 4.5: Door-pulley-weight connection system for low and high friction
system

4.2 Results
4.2.1 Low Friction System
The values of the parameters used in the controller design for the low friction
experimental apparatus are shown in Tab. 4.3.

The value of the constant feedback gain for the FSPAC with Constant
Impedance is set to 0.6. For the FSPAC with Variable Impedance the values
of the parameters of the VD-TG are shown in Tab 4.4. Graphically both the
constant gain and the VD-TG are represented in Fig. 4.7.
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(a) Starting point (b) Ending point

Figure 4.6: Constant-magnitude-force input: starting point (left) and ending
point (right)

User input

In Fig. 4.8 the results for FSPAC with both constant impedance (Fig 4.8(a))
and Variable Impedance (Fig. 4.8(b)) are shown for a direct comparison.

In both cases the user pushes (opens) three times and pulls (close) two
times the door. The data shown in Fig. 4.8 are the angular velocity of the
door (va) about the z axis, the input torque about the z axis (T1) calculated
from the reference input to the linear motor as if the transmission system
efficiency is 100%, the estimated disturbance from the disturbance observer
about the z-axis, the model velocity (vm), and the value of the VD-TG is
shown in respect to the right y-axis in the figure.

Table 4.3: Values of controller parameter for the low friction experimental
apparatus

Parameter Value Unit
Jn 5.6 kgm2

Bn 4.4 Nms

JM 0.56 kgm2

BM 2.86 Nms

T 0.15 s
DistG 0.05
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Table 4.4: Values of VD-TG parameters for the low friction experimental
apparatus

Parameter Value Unit
V Gmax 0.85

v1 0.005 rad/s

v2 0.05 rad/s

v3 1.2 rad/s
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Figure 4.7: Constant gain and VD-TG for low friction system

For the FSPAC with Constant Impedance, and taking into account only
the first pushing and pulling phase, the experiment is carried on as in the
following:

1. Seconds 0.3 2.0: the user is pushing the door

2. Seconds 2.0 2.7: the user does not touch the door

3. Seconds 2.7 4.0: the user is pulling the door

There are two main problems in the case of FSPAC with Constant Im-
pedance:

1. When the door is accelerating, as for example around second 1 in
Fig. 4.8(a), the generated torque is too high therefore the door is open-
ing too fast and, consequently, the user loses contact with the door.
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(b) FSPAC with Variable Impedance

Figure 4.8: FSPAC with constant and FSPAC with Variable Impedance for
low friction system and user input

2. When on the door is coming to stop, as for example between seconds
2.1 and 2.7 in Fig. 4.8(a), friction non linearities cause an oscillatory
reference disturbance, followed by oscillatory torque which can lead to
oscillatory velocity.

A lower constant impedance could attenuate the two problems described
above, but the assistance would be too small, especially at low velocity.

As shown by the results in Fig. 4.8(b) the previous two problems are
overcome by the proposed FSPAC with Variable Impedance. When the user
start pushing (or pulling) the door the VD-TG rapidly increases so to help
the use to win the door inertia, then the assisting torque gradually decrease,
so that the user does not lose contact with the door. Therefore the assistance
is provided in a smooth way. When the door is coming to stop the VD-TG
goes rapidly to 0, avoiding oscillatory torque reference, and so oscillatory
velocities, which can cause system instabilities and dangerous situations.
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Constant-Magnitude-Force Input

The experimental results obtained applying a constant-magnitude-force input
for FSPAC with Constant Impedance and FSPAC with Variable Impedance
are shown in Fig. 4.9(a) and Fig. 4.9(b), respectively.
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Figure 4.9: Results for FSPAC with Constant Impedance and FSPAC with
Variable Impedance for constant-magnitude-force input for low friction ex-
perimental apparatus

These results confirm the one obtained with the user input (Section 4.2.1):
by using the VD-TG the torque reference rises faster and is not oscillatory
when the door is coming to stop (Fig. 4.9(b)). Moreover high torque refer-
ence, leading to possible dangerous velocity, is avoided.

4.2.2 High Friction System

The values of the parameters used in the controller design for the high friction
experimental apparatus are shown in Tab. 4.5.

The value of the constant feedback gain for the FSPAC with Constant
Impedance is set to 1.7. For the FSPAC with Variable Impedance the values
of the parameters of the VD-TG are shown in Tab. 4.6. Graphically, both
the constant gain and the VD-TG are represented in Fig. 4.10.

For the low friction system v1 = 0.005, while for the high friction system
v1 = 0.01. The bigger value of v1 for the high friction system is due to the
fact that the non linear region of the friction in respect to the velocity is
greater for the high friction system.
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Table 4.5: Values of controller parameters for the high friction experimental
apparatus

Parameter Value Unit
Jn 5.3 kgm2

Bn 29.15 Nms

JM 1.59 kgm2

BM 7.3 Nms

T 0.15 s
DistG 0.05

Table 4.6: Values of VD-TG parameters for the high friction experimental
apparatus

Parameter Value Unit
V Gmax 4.1

v1 0.01 rad/s

v2 0.08 rad/s

v3 0.7 rad/s

User Input

In Fig. 4.11 the results for both FSPAC with both constant impedance
(Fig. 4.11(a)) and Variable Impedance (Fig. 4.11(b)) under a user input are
shown for a direct comparison. In both cases the user at first pushes (opens)
and then pulls (close) the door for a total of two times. The data shown in
Fig. 4.11 are the angular velocity of the door (va) about the z axis, the input
torque about the z axis (T1) calculated from the reference input to the linear
motor as if the transmission system efficiency is 100%, the estimated dis-
turbance from the disturbance observer about the z-axis, the model velocity
(vm), and the value of the VD-TG is shown in respect to the right y-axis in
the figure.

Considering the case of FSPAC with Constant Impedance (Fig. 4.11(a)),
the distribution of the torque about z-axis (T1) shows the following two prob-
lems:

1. At low velocities: T1 is low, as a consequence the assistance is too small.
This means that the user feel the door quite stiff and heavy when starts
pushing or pulling due to the high friction of the ballscrew and door
inertia.

2. At high velocities: the assistance torque is to big. The data show that
the torque is generally big when the velocity is high. This can easily



52 Variable Impedance Control Implementation

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7

G
ai

n
 V

al
u

e

Door angular velocity magnitude (|va|) [rad/s]

VD-TG High friction system
CG High friction system

Figure 4.10: Constant gain and VD-TG for high friction system

lead to situations in which the user loses contacts with the door. This
phenomenon happens for example around second 5.5 in Fig. 4.11(a).

An higher value of the feedback gain increases the assistance at low veloc-
ity solving therefore the first problem, but at the same time rises the already
too high assistance at high velocities increasing therefore situations in which
the user loses contacts with the door. Moreover, a higher constant feedback
gain can lead the system to instability. When the door stops after the open-
ing (closing) phase there is always a small positive (negative) torque due to
unmodeled non-linear friction. This torque however does not cause signif-
icant oscillatory velocity, which is the other hand present for high friction
systems with lower inertia [98]. The oscillatory velocity when the door comes
to a stop is not present due to high system stiction and inertia, the generated
oscillatory torque is not big enough to move the door.

As shown by the results in Fig. 4.11(b) the two mentioned problems are
overcome by using FSPAC with Variable Impedance:

1. At low velocities: when the user start pushing (or pulling) the door the
VD-TG rapidly increases so to generate a high torque and help the use
to easily win the high ballscrew friction and door inertia.

2. At high velocities: as the velocity increases the assisting torque grad-
ually decreases so that the user does not lose contact with the door.
Therefore the assistance is provided in a smooth way.
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Figure 4.11: FSPAC with Constant Impedance and FSPAC with Variable
Impedance for high friction system and user input

It is opportune to underline that the positive torque that happen to be
when the user start pushing the door or the negative one when the user
start pulling is due to the negative feedback of the disturbance observer.

Constant-Magnitude-Force Input

The experimental results obtained applying a constant-magnitude-force input
for FSPAC with Constant Impedance and FSPAC with Variable Impedance
are shown in Fig. 4.12(a) and Fig. 4.12(b), respectively.

These results show what is the system response to the same input:

• The assistance torque rises faster in the case of FSPAC with Vari-
able Impedance. For example, at seconds 0.5 the value of the as-
sisting torque (T1) for FSPAC with Constant Impedance is about 0
(Fig. 4.12(a)), while for FSPAC with Variable Impedance it is about
0.7 Nm (Fig. 4.12(b)).
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Figure 4.12: Results for FSPAC with Constant Impedance and FSPAC with
Variable Impedance for constant-magnitude-force input for high friction ex-
perimental apparatus

• In Fig. 4.12(a) and in Fig. 4.12(b) the drop of disturbance that happens
respectively around seconds 1.5 and 1.3 is due to the fact that the
weight reaches its home limit, therefore the input force it applies on
the door become zero. The torque rises just after the disturbance drops
because the disturbance observer negative feedback decreases. This
phenomenon is desired, otherwise the door would stop suddenly due
to high friction of ballscrew. This shows that the system response is
smoother for FSPAC with Variable Impedance.

These results shows that FSPAC with Variable Impedance allows the system
to better track the input, so to be more reactive, and at the same time to be
smoother than FSPAC with Constant Impedance.

4.3 Discussion on FSPAC with Variable
Impedance

The knowledge of the force applied by the user and the environment on a
power assist robot is a key aspect in the design of the controller of these
devices. Generally force sensors are used to measure the force applied by
the user on the device. To overcome the disadvantages of force sensors such
as high cost, weight and measurement delay, Force Sensor-Less Power Assist
Control (FSPAC) have been proposed in many researches. The user force is
estimated using disturbance observer technology. Therefore encoders are the
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only needed sensors. However, the main problem of FSPAC is its robustness
against real plant uncertainties.

Inspired by the variable impedance humans use in their motion control,
FSPAC with Variable Impedance is proposed to increase robustness, provide
a smoother assistance to the user, and increase safety. The FSPAC with Vari-
able Impedance is realized using a feedback Velocity Dependant Triangular
Gain (VD-TG). To experimentally proof its validity, the proposed controller
was successfully implemented on an experimental apparatus representing a
door actuated either by a linear motor (low friction system) or by a rota-
tional motor and a ballscrew (high friction system), and compared to the
traditional FSPAC with Constant Impedance. The value of the VD-TG de-
pends on the magnitude of the angular velocity about the door vertical axis
of rotation (|va|). Its design is based on parameters related to system friction
and inertia, as well as to desired disturbance rejection.

4.3.1 FSPAC with Variable Impedance: Stability Issue
In Fig. 4.13 the constant gain and VD-TG are shown for both the low and
high friction systems.
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Figure 4.13: Constant gain and VD-TG for both low and high friction sys-
tems

The values of the constant gains for low and high friction systems are
0.6 and 1.7, respectively. These values were experimentally determined. For
each system there is a zone in which the value of the VD-TG is above the
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constant gain. Therefore the FSPAC with Variable Impedance has a velocity
range where the stability can not be proof using the gain margin approach.
However, FSPAC with Variable Impedance is a non linear system, and has
shown to be globally stable from an experimental point of view. The theoret-
ical proof of the system stability goes beyond the scope of this work, however
on the basis of the experimental results the following issue can be addressed.
The velocity ranges in which the value of the VD-TG is above the constant
gain are defined by the values ls and lb for the low friction system, while hs

and hb for the high friction system. For the high friction system vhs = 0.039

and vhb = 0.39, while for the low friction system vls = 0.037 and vlb = 0.44.
Therefore, these velocity ranges are almost identical as vhs ≈ vls and vhb ≈ vlb,
and have relatively low values. This represent situations in which also the
kinetic energy of the whole system is low. Therefore, the greater assistance
provided by the FSPAC with Variable Impedance, which can be thought as
greater energy input to the system of kinetic energy, is realized only when
the system has a low kinetic energy.

4.3.2 FSPAC with Variable Gain: Improvements
The main improvement obtained by using FSPAC with Variable Impedance
are:

• Higher robustness: experiments using the same plant model and con-
troller parameters were carried over under slightly different humidity
and room temperature conditions. The FSPAC with Variable Imped-
ance has shown to be always stable, while the FSPAC with Constant
Impedance required a modification of the nominal plant model param-
eters to better match the plant model in order to avoid system insta-
bility. This is an evident factor of the higher robustness to inevitable
modeling error of the proposed FSPAC with Variable Impedance.

• Smoother assistance: provides higher power assistance to the user at
low velocities, especially for high friction systems. Moreover, the user
does never lose contact with the robot door. As direct consequence
the robot better tracks the user inputs, and therefore the user feels the
assisting device less stiff, and more comfortable.

• Higher safety: avoids oscillatory torque references and velocities that
can cause system instability and dangerous situations when the door is
coming to a stop.



Chapter 5

Bi-Articular Actuation Control
Design

Robots presenting animal musculo-skeletal characteristics such as bi-articular
actuators actuators that span two consecutive joints have been pro-
posed for more than two decades [39]. In recent years there has been raising
interest in such biologically inspired robos, both in control and hardware
design aspects.

The characteristics and modeling of bi-articular actuators in robot arms
are illustrated in Section 5.1. The advantages related to the use of bi-articular
actuators are described in Section 5.2.

From a control point of view, bi-articularly actuated robots generally
present more actuators than joints, resulting in actuator redundancy. The
resolution of actuator redundancy is the firts step in in the control design
for such robots, therefore represent a key factor for the overall performances.
The actuator redundandy problem resulting from the use of bi-articular actu-
ators is illustrated in Section 5.3. The three traditional actuator redundancy
resolution approaches Phase Different Control (PDC), Pseudo inverse
matrix (2−norm), and Linear Programming as well as the two proposed
approaches Infinity norm (∞ − norm) and Non Linear Phase Different
Control (NLPDC) are described in Section 5.4.

The state-of-the-art in bi-articular actuation hardware design, the pro-
posed biologically inspired robot BiWi, Bi-articularly actuated and Wire
driven robot arm , the experimental setup and analysis methods, and the
theoretical and experimental comparison of the five redudnancy resolution
approaches are provided in Chapter 6.
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5.1 Modeling of Bi-Articularly Actuated
Robot Arms

In conventional manipulators each joint is driven by one actuator. On the
other hand, animal and human limbs present a complex musculo-skeletal
structure based on mono- and multi- articular muscles:

1. Mono-articular muscles produce a torque on one joint.

2. Multi-articular muscles span more than one joint. Gastrocnemius is an
example of bi-articular muscle in the human leg.

A widely used simplified model of the complex animal musculo-skeletal
system [31] [60] [79] [83] [96] [120] is shown in Fig. 5.1(a).

(a) Model (b) Resulting forces at end effector

Figure 5.1: Two-link arm with four mono- and two bi-articular actuators:
model and resulting forces at end effector

The muscles name, type and relative symbol are illustrated in Tab. 5.1
This model is based on six contractile actuators three extensors (e1,

e2, and e3) and three flexors (f1, f2, and f3) coupled in three antagonistic
pairs:

• e1 f1 and e2 f2: couples of mono-articular actuators that produce
torques at joint 1 and 2, respectively.

• e3 f3: couple of bi-articular actuators that produce torque at joint 1
and 2 contemporaneously.
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Table 5.1: Muscles name, type and symbol
Name Type Symbol

Deltoid, posterior part mono e1
Deltoid, anterior part mono f1
Triceps, lateral head mono e2

Brachialis mono f2
Triceps, long head bi e3

Biceps brachii bi f3

The resulting forces at the end effector are shown in Fig. 5.1(b). If only
mono-articular muscles are considered, there are four resulting forces at the
end effector and the maximum output force space is a quadrilateral. On the
other hand, if bi-articular actuators are added, there are six forces at the end
effector, hence the maximum output force space becomes an hexagon.

5.2 Advantages of Bi-Articular Actuation
Bi-articular actuators bring numerous advantages in robot applications.

1. Homogeneously distributed output force
Another advantage of bi-articularly actuated manipulators is the ability
to produce a maximum output force at the end effector in a more
homogeneously distributed way [25]. The maximum output force at
the end effector for a two-link conventional manipulator and for a bi-
articularly actuated robot arm is shown in Fig. 5.2 for comparison.
The conventional manipulator has two actuators with maximum joint
torques T1 = T2 = 10 Nm, and the bi-articularly actuated robot arm has
three actuators with maximum joint torques τ1 = τ2 = τ3 = 6.66 Nm.
All the gear ratios of all the actuators are the same. Therefore, the
sum of maximum actuator torques are the same (i.e. 20 Nm) in the
two cases. The conventional quadrilateral shape becomes an hexagon
for bi-articularly driven arms, which therefore produces a maximum
force at the end effector more homogeneously distributed in respect
to output force direction. The maximum output force that can be
physically produced by applications which interact with humans is a
key aspect in safety. There are researches in which rehabilitation robots
are pneumatically actuated to increase safety for the users [16] [73] [78]
[92]. Peak output forces such as the one in point M in Fig. 5.2 can
not be produced by the human arm, therefore are unnecessary and
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�

Figure 5.2: Maximum output force at the end effector for conventional and
bi-articularly driven arm

dangerous in case of failure of the controller. As a consequence, the
use of bi-articular actuators further increases safety for rehabilitation
applications [29] [93] [109] [110] [122].

2. Mechanical energy transfer
A second aspect is the mechanical energy transfer from proximal to
distal joints realized by bi-articular actuators [125]. This aspect is a
key aspect in legged robots for hopping [4] [42] [44] [58] [64], for jumping
[76] [87], and for running [77]. This important property of bi-articular
actuators is also used to design in power assist robots for lower limbs
[47] [94] [108], upper limbs [52], and hands [116].

3. Feedforward impedance control
An important advantage is the dramatical increase in range of end
effector impedance which can be achieved without feedback [39]. Con-
sequences are, for example, the capability of path tracking and distur-
bance rejection using just feedforward control [41] [130], the improve-
ment of balance control for legged robots without force sensors [82],
and the increasing walking capability for bipedal robot [46].

In addition to these advantages, multi-articular actuators, such as tri-
articular actuators, increase the efficiency in output force generation, as for
example in lancelet-like swimming robots [120].
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Figure 5.3: Statics of a two-link arm with four mono- and two bi-articular
actuators

5.3 Actuator Redundancy Problem
A robot arm modeled as in Fig. 5.1 is redundant in actuation: has six actu-
ators and two DOF. The resulting statics are shown in Fig. 5.3 where F is a
general force at the end effector, and T1 and T2 are total torques at joint 1 and
2, respectively. The difference mode is the difference between the activation
levels of the antagonistic muscles in a pair. The difference mode generates
the joint actuator torques,

τ1 = ( f1 − e1)r (5.1)
τ2 = ( f2 − e2)r (5.2)
τ3 = ( f3 − e3)r (5.3)

where τ1 and τ2 are torques produced by mono-articular actuators about
joints 1 and 2, respectively; τ3 is the bi-articular torque produced about both
joints simultaneously; r is distance between the joint and the point where the
muscle force is applied, considered to be the same for all the muscles.

The sum mode is the sum of the activation levels of the antagonistic
muscles in a pair. The sum mode is related to the joint stiffness as:

s1 = K( f1 + e1)r (5.4)
s2 = K( f2 + e2)r (5.5)
s3 = K( f3 + e3)r (5.6)

where K represent the elasticity of the muscles. In this work, the stiffness
produced about the joints by the sum mode is considered to be independent
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from joint angles (θθθ ). The statics of this system are therefore expressed by:

T1 =( f1 − e1)r+( f3 − e3)r (5.7)
T2 =( f2 − e2)r+( f3 − e3)r (5.8)

Substituting (5.1), (5.2), and (5.3) in (5.7) and (5.8) follows:

T1 =τ1 + τ3 (5.9)
T2 =τ2 + τ3 (5.10)

The problem represented by (5.9) and (5.10) is referred in the following
as the redundancy actuator problem. Given τττ = [τ1,τ2,τ3]

T , it is possible to
determine T = [T1,T2]

T by using (5.9) and (5.10), and F = [Fx,Fy]
T by:

[

Fx

Fy

]

=
(

JT
)−1

[

T1

T2

]

(5.11)

where

J =

[

−l1sin(θ1)− l2sin(θ1 +θ2) −l2sin(θ1 +θ2)
l1cos(θ1)+ l2cos(θ1 +θ2) l2cos(θ1 +θ2)

]

=

[

a b

c d

]

(5.12)

and Fx and Fy are the orthogonal projection of F on the x-axis and y-axis,
respectively. On the other hand, given F , and therefore T , it is generally
not possible to determine uniquely τττ due to the presence of the bi-articular
actuator (see (5.9) and (5.10)).

The three traditional actuator redundancy resolution approaches Phase
Different Control (PDC), Pseudo inverse matrix (2-norm), and Linear Pro-
gramming as well as the two proposed approaches Infinity norm and
Non Linear Phase Different Control (NLPDC) are described in the fol-
lowing.

5.4 Actuator Redundancy Resolution
Approaches

5.4.1 Traditional 1: Phase Different Control
The Phase Different Control (PDC) is a biologically inspired approach pro-
posed in [60] and [86]. The muscle activation level patterns on which the
PDC is based are shown in 5.4(b). These patterns are the linearization of
the patterns resulting from electromyography activity observation of human
arm muscles while applying forces at the end effector under isometric and
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Figure 5.4: The PDC approach, muscle activation level patterns and resulting
end effector maximum force [86]

maximal effort conditions [86]. The six muscle activation level patterns are
expressed in respect to the force direction (θ f ). According to the PDC ap-
proach [86], the end effector maximum force Fm with angle θ ∗

f in Fig. 5.4(b)
can be obtained using the muscle activation level patterns in Fig. 5.4(a) as
inputs. The maximum end effector force Fm in direction θ ∗

f is the sum of
the six forces produced by the six muscles:

F
m = Fe1 +F f 1 +Fe2 +F f 2 +Fe3 +F f 3 (5.13)

For the particular case in Fig. 5.4(b), where l1 = l2 = 1 m, θ1 =−45
◦, θ2 = 90

◦,
em

i r = f m
i r = 1 Nm for i = (1,2,3), and θ ∗

f = 33.75
◦ results:

F
m = F

m
f 1 +F

m
e2 +0.25F

m
e3 +0.75F

m
f 3 (5.14)

Given a desired force angle θ ∗
f , the six muscle activation levels to obtain

the maximum end effector force (Fm) are calculated as follows.

1. On the basis of the manipulator Jacobian (5.12), the actual configura-
tion (θ1 and θ2) and the maximum muscle forces, calculate the angles
α , β , γ , δ , ε , and ζ , defined as the angles between the x-axis and the
line passing through the center O and points A, B, Γ, ∆, E, and Z in
Fig. 5.4(b), respectively.

2. Calculate the muscle activation level e1, e2, e3, f1, f2, f3 using
the graph in Fig. 5.4(a). The graphical illustration of the muscle ac-
tivation levels for the PDC approach (Fig. 5.4(a)), is mathematically
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Table 5.2: Muscle Activation Levels for PDC
ζ ≤ θ ∗

f < α α ≤ θ ∗
f < β β ≤ θ ∗

f < γ γ ≤ θ ∗
f < δ δ ≤ θ ∗

f < ε ε ≤ θ ∗
f < ζ

e1 em
1
−

θ∗
f −ζ

α−ζ
em

1
0 0

θ∗
f −γ

δ−γ em
1

em
1

em
1

f1

θ∗
f −ζ

α−ζ
f m
1

f m
1

f m
1

f m
1
−

θ∗
f −γ

δ−γ f m
1

0 0

e2 em
2

em
2

em
2
−

θ∗
f −β

γ−β em
2

0 0
θ∗

f −ε

ζ−ε
em

2

f2 0 0
θ∗

f −β

γ−β f m
2

f m
2

f m
2

f m
2
−

θ∗
f −ε

ζ−ε
f m
2

e3 em
3

em
3
−

θ∗
f −α

β−α em
3

0 0
θ∗

f −δ

ε−δ em
3

em
3

f3 0
θ∗

f −α

β−α f m
3

f m
3

f m
3

f m
3
−

θ∗
f −δ

ε−δ f m
3

0

represented by a set of six piecewise linear functions, one for every
muscle. Every piece wise function is defined on six intervals, as shown
in Tab. 5.2.

The actuator joint input torques τ1, τ2, and τ3 which produce the maximum
end effector force Fm, can be calculated using the difference modes of the six
muscle activation levels as in (5.1), (5.2), and (5.3). In the case illustrated
in Fig. 5.4(b):

τ1 =( f1 − e1)r = f m
1 r (5.15)

τ2 =( f2 − e2)r =−em
2 r (5.16)

τ3 =( f3 − e3)r = (0.75 f m
3 −0.25em

3 )r (5.17)

By using the PDC approach the sum modes of the three antagonistic muscle
pairs can not be designed independently from the difference modes. In the
case illustrated in Fig. 5.4(b) the sum modes are:

s1 =K( f1 + e1 +σ1)r = K f m
1 r (5.18)

s2 =K( f2 + e2 +σ2)r = Kem
2 r (5.19)

s3 =K( f3 + e3 +σ3)r = K (0.75 f m
3 +0.25em

3 )r (5.20)

5.4.2 Traditional 2: Pseudo Inverse Matrix
Approaches based on pseudo-inverse matrices are widely used in the con-
trol design for kinematically redundant manipulator [13] [88] [128]. Pseudo-
inverse matrices are also used for actuator redundancy resolution [129] [111].
Moore-Penrose is the simplest pseudo-inverse matrix, and correspond to the
minimization of the euclidean norm [57].
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Given the arm with the statics as in Fig. 5.3 and a force at the end
effector F , the joint torques T are calculated using (5.12), and the three
joint actuator torques τ

1
, τ

2
and τ

3
that produces T are calculated using the

2−norm by resolving the following problem:

min
√

(τ
1
)2

(τm
1
)2 +

(τ
2
)2

(τm
2
)2 +

(τ
3
)2

(τm
3
)2

s.t. T
1
= τ

1
+ τ

3

T
2
= τ

2
+ τ

3

(5.21)

where τm
i , i ∈ {1,2,3} is the maximum joint torque that the actuator i can

produce.
The solution of the problem (5.21) is:

τ1 =
(T

1
−T

2
)(τm

1
)2(τm

3
)2 +T

1
(τm

1
)2(τm

2
)2

(τm
1
)2(τm

2
)2 +(τm

1
)2(τm

3
)2 +(τm

2
)2(τm

3
)2

(5.22)

τ2 =
T2(τ

m
1
)2(τm

2
)2 +(T

2
−T

1
)(τm

2
)2(τm

3
)2

(τm
1
)2(τm

2
)2 +(τm

1
)2(τm

3
)2 +(τm

2
)2(τm

3
)2

(5.23)

τ3 =
T

1
(τm

2
)2(τm

3
)2 +T

2
(τm

1
)2(τm

3
)2

(τm
1
)2(τm

2
)2 +(τm

1
)2(τm

3
)2 +(τm

2
)2(τm

3
)2

(5.24)

Proof of (5.22), (5.23), and (5.24) is reported in Appendix A.
If τm

1
= τm

2
= τm

3
the solution becomes:

τ1 =
2

3
T1 −

1

3
T2 (5.25)

τ2 =−
1

3
T1 +

2

3
T2 (5.26)

τ3 =
1

3
T1 +

1

3
T2 (5.27)

5.4.3 Traditional 3: Linear Programming
Linear Programming approach to resolve actuation redundancy for robot
arm is proposed in [114]. This approach is based on a recursive algorithm,
and can be used to determine the actuators inputs that allow to obtain the
maximum output force at the end effector of an arm with any number of
actuators and joints. For the arm with the statics as in Fig. 5.3 the Linear
Programming approach is shown in the following.

The relationship between the force F at the end effector of a manipulator
and the joint torque is:

T = J(θθθ)T
F (5.28)
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where J(θθθ) is the manipulator Jacobian.
The joint torques T depends on the joint actuator torques τττ :

T =Aτττ (5.29)

where A represents the relationship between the muscle forces and the joint
actuator torques.

A=

[

1 0 1

0 1 1

]

(5.30)

and τττ is:

τττ = [τ1,τ2,τ3]
T (5.31)

The joint actuator torque are subjected to:

−τττm ≤ τττ ≤ τττm (5.32)

which corresponds to:




−τm
1

−τm
2

−τm
3



≤





τ1

τ2

τ3



≤





τm
1

τm
2

τm
3



 (5.33)

where τm
i for i ∈ {1,2,3} is the magnitude of the maximum joint actuator

torque the actuator i can produce.
From (5.28) and (5.29) follows:

T = J(θ)T
F =Aτττ (5.34)

The force F at the end effector can be expressed as:

F =

[

Fx

Fy

]

= F

[

cos θ f

sin θ f

]

(5.35)

where θ f is the output force direction at the end effector.
Substituting (5.35) into (5.34):

FJ(θθθ)T

[

cos θ f

sin θ f

]

= Fb(θ f ,θθθ) =Aτττ (5.36)

where b(θ f ,θθθ) = J(θθθ)T [cos θ f ,sin θ f ]
T .

From (5.36) it follows:

F = b
+(θ f ,θθθ)Aτττ (5.37)
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(I−b(θ f ,θθθ)b
+(θ f ,θ))Aτττ = 0 (5.38)

where b(θ f ,θθθ)
+ is the pseudo inverse matrix of b(θ f ,θθθ), and I is the identity

matrix.
If (5.38) is satisfied, then exist τττ such that F in the direction of θ f exists.
If the objective is to determine the joint actuator torques τττ that maximize

the output force at the end effector in direction θ ∗
f , then the linear problem

formulation is expressed as:

max
τττ

F = b+(θ ∗
f ,θθθ)Aτττ

s.t. (I−b(θ ∗
f ,θθθ)b

+(θ ∗
f ,θ))Aτττ = 0

−τττm ≤ τττ ≤ τττm

(5.39)

The solution of this problem requires an iterative algorithm. Software
tools as MATLAB can resolve such problems.

5.4.4 Proposed 1: Infinity Norm
Given the arm with the statics as in Fig. 5.3 and a force at the end effector F ,
the joint torques T are calculated using (5.12), and the three joint actuator
torques τ

1
, τ

2
and τ

3
that produces T are calculated using the ∞−norm by

resolving the following problem:

min max
{

|τ
1
|

τm
1

,
|τ

2
|

τm
2

,
|τ

3
|

τm
3

}

s.t. T
1
= τ

1
+ τ

3

T
2
= τ

2
+ τ

3

(5.40)

where τm
i is the maximum joint torque that the actuator i can produce. The

fact that three torque values are scaled by the respective maximum torque
guarantees that the solution, when exists, does not violate any of the three
constraints (5.33).

Let us define:

c1 =
τm

3
− τm

1

τm
3
+ τm

2

(5.41)

c2 =
τm

3
+ τm

2

τm
3
+ τm

1

(5.42)

c3 =
τm

3
− τm

2

τm
3
+ τm

1

(5.43)

The three parameters c1, c2 and c3 are defined for any maximum joint actu-
ator torque, and are constant. A closed form solution of the problem (5.40)
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is determined on the basis of the values of T
1

and T
2

as follows:

τ1 =















(T
1
−T

2
)

τm
1

τm
1
+τm

2

if case1

T
1
−T

2

τm
3

τm
2
+τm

3

if case2

T
1

τm
1

τm
1
+τm

3

if case3

(5.44)

τ2 =















(T
2
−T

1
)

τm
2

τm
1
+τm

2

if case1

T
2

τm
2

τm
2
+τm

3

if case2

T
2
−T

1

τm
3

τm
1
+τm

3

if case3

(5.45)

τ3 =















T
1
τm

2
+T

2
τm

1

τm
1
+τm

2

if case1

T
2

τm
3

τm
2
+τm

3

if case2

T
1

τm
3

τm
1
+τm

3

if case3

(5.46)

where

case1 = (T1 ≤ c1T2 and T2 ≥ c3T1) or (T1 > c1T2 and T2 < c3T1) (5.47)
case2 = (T1 ≥ c1T2 and T2 ≥ c2T1) or (T1 < c1T2 and T2 < c2T1) (5.48)
case3 = (T2 ≤ c2T1 and T2 ≥ c3T1) or (T2 > c2T1 and T2 < c3T1) (5.49)

Proof of (5.44), (5.45), and (5.46) is reported in Appendix B.
It is trivial to verify that the three linear piecewise functions (5.44), (5.45),

and (5.46) are continuous in all the domain D = (T
1
,T

2
).

In summary, the values of τ
1
, τ

2
and τ

3
that produce a given F at the

end effector, are determined as follows:

1. Calculate the joint torques T = JTF .

2. According to calculated T
1

and T
2
, the three joint actuator torques are

directly determined using the three piecewise linear function (5.44),
(5.45), and (5.46)

When all the actuators produce the same maximum joint torque, that is
τm

1
= τm

2
= τm

3
, c1 = c3 = 0 and c2 = 1. Therefore, the solution becomes as in
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Figure 5.5: Graphical comparison between ∞−norm and 2−norm: solution
comparison (left), no solution for 2−norm (right)

the following [97]:

τ1 =











T
1
−T

2

2
if T

1
T

2
≤ 0

T
1
−

T
2

2
if T

1
T

2
> 0 and |T

1
| ≤ |T

2
|

T
1

2
if T

1
T

2
> 0 and |T

1
|> |T

2
|

(5.50)

τ2 =











T
2
−T

1

2
if T

1
T

2
≤ 0

T
2

2
if T

1
T

2
> 0 and |T

1
| ≤ |T

2
|

T
2
−

T
1

2
if T

1
T

2
> 0 and |T

1
|> |T

2
|

(5.51)

τ3 =











T
1
+T

2

2
if T

1
T

2
≤ 0

T
2

2
if T

1
T

2
> 0 and |T

1
| ≤ |T

2
|

T
1

2
if T

1
T

2
> 0 and |T

1
|> |T

2
|

(5.52)

Infinity Norm Approach: the Reason Why

Fig. 5.5 shows the graphical comparison between ∞−norm and 2 − norm

optimization criteria in selecting the optimal solution for a problem in R
2.

The dashed line represents the infinite set of solutions (x,y) that satisfy,

k = αx+ y (5.53)

where α represent the relationship between the desired output k and the nec-
essary inputs x and y. The positive constants mx and my define the allowable
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Table 5.3: Muscle Activation Levels for NLPDC. (x)+ = m(0,x) and
(x)− = m(−x,0)

ζ ≤ θ ∗
f < α α ≤ θ ∗

f < β β ≤ θ ∗
f < γ γ ≤ θ ∗

f < δ δ ≤ θ ∗
f < ε ε ≤ θ ∗

f < ζ

e1

(

m
ζ α
1

)−
+σ1 0 0

(

m
γδ
1

)−
+σ1 em

1
em

1

f1

(

m
ζ α
1

)+
+σ1 f m

1
f m
1

(

m
γδ
1

)+
+σ1 0 0

e2 em
2

em
2

(

m
βγ
2

)−
+σ2 0 0

(

m
εζ
2

)i

−+σ2

f2 0 0

(

m
βγ
2

)+
+σ2 f m

2
f m
2

(

m
εζ
2

)+
+σ2

e3 em
3

(

m
αβ
3

)−
+σ3 0 0

(

mδε
3

)−
+σ3 em

3

f3 0

(

m
αβ
3

)+
+σ3 f m

3
f m
3

(

mδε
3

)+
+σ3 0

ranges for x and y:

−mx ≤ x ≤ mx (5.54)
−my ≤ y ≤ my (5.55)

The two sets (x2,y2) and (x∞,y∞) in Fig. 5.5 are the two solutions of
(5.53) calculated using the 2− norm (the circle) and ∞− norm (the square)
optimization criteria, respectively. By definition, the infinity norm minimize
the maximum input, therefore it holds:

m{|x∞|, |y∞|} ≤ m{|x2|, |y2|} (5.56)

Therefore, if x and y are bounded, that is −mx ≤ x ≤ mx and −my ≤ y ≤ my,
the ∞−norm model admits solution for higher values of k than the 2−norm,
as shown in Fig. 5.5.

The greater solution space of the ∞−norm model holds also for R3, which
represents the mathematical space of the redundancy resolution problem in
this work.

5.4.5 Proposed 2: Non-Linear Phase Different Control
Given a desired output force direction θ ∗

f , the muscle activation levels that
produce the maximum end effector force Fm using the proposed NLPDC
approach are calculated using the same method as in the PDC approach,
with the exception of the use of the activation levels in Tab. 5.3 instead than
Tab. 5.2 The muscle activation levels mkl

j in Tab. 5.3 are calculated as follows:

m
ζ α
1

=
(−em

2
− em

3
)(a+ ctan(θ ∗

f ))

dtan(θ ∗
f )+b

+ em
3 (5.57)



5.5.4.5 Proposed 2: Non-Linear Phase Different Control 71

m
αβ
3

=
(− f m

1
− em

2
)(a+ ctan(θ ∗

f ))

(d − c)tan(θ ∗
f )+b−a

− f m
1 (5.58)

m
βγ
2

=
( f m

1
+ f m

3
)(b+dtan(θ ∗

f ))

ctan(θ ∗
f )+a

− f m
3 (5.59)

m
γδ
1

=
( f m

2
+ f m

3
)(a+ ctan(θ ∗

f ))

dtan(θ ∗
f )+b

− f m
3 (5.60)

mδε
3 =

(em
1
+ f m

2
)(a+ ctan(θ ∗

f ))

(d − c)tan(θ ∗
f )+b−a

+ em
1 (5.61)

m
εζ
2

=
(−em

1
− em

3
)(b+dtan(θ ∗

f ))

ctan(θ ∗
f )+a

+ em
3 (5.62)

where a, b, c, and d are the Jacobian matrix components as in (5.12), mkl
j

is the activation level of muscle m, where m is either e or f , which produce
torque τ j with j = (1,2,3) such that the end effector force is maximum in
direction θ ∗

f . The calculated output force direction (θ f ) is equal to the desired
output force direction (θ ∗

f ), if the two muscles that produce force in direction
k and l have maximum activation level. Equations (5.57), (5.58), (5.59),
(5.60), (5.61), and (5.62) are derived considering the geometry of the robot
arm as reported in the proof in Appendix D.

The values σ1, σ2, and σ3 represent the minimum activation level between
two muscles of the every antagonistic pair, which influences the sum mode
for the mono-articular muscles at joint 1, the mono-articular ones at joint 2,
and the bi-articular ones, respectively. The range values of σ1, σ2, and σ3

depend on the maximum muscle forces as in the following:

σi ∈

[

0,min
(

em
i −

(

mkl
i

)−
, f m

i −
(

mkl
i

)+
)]

(5.63)

where i = (1,2,3) and (k, l) = {(α,β ),(β ,γ),(γ,δ ),(δ ,ε),(ε,ζ ),(ζ ,α)}.
A graphical example of the use of NLPDC approach is illustrated in

Fig. 5.6(b) for l1 = l2 = 1 m, θ1 = −45
◦, θ2 = 90

◦, em
i r = f m

i r = 1 Nm for
i = (1,2,3), and σ1 = σ2 = σ3 = 0. The end effector maximum force Fm for
θ ∗

f = 33.75
◦ is:

F
m = F

m
f 1 +F

m
e2 +0.6Fm

f 3 (5.64)
Using Tab. 5.3 results:

τ1 = ( f1 − e1)r = ( f m
1 −0)r = f m

1 r (5.65)
τ2 = ( f2 − e2)r = (0− em

2 )r =−em
2 r (5.66)

τ3 = ( f3 − e3)r =

((

(

m
αβ
3

)+
+σ3

)

−

(

(

m
αβ
3

)−
+σ3

))

r = 0.6 f m
3 (5.67)
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(a) Muscle activation level patterns (b) End effector maximum force

Figure 5.6: The NLPDC approach: muscle activation level patterns and end
effector maximum force

By using the NPDCL approach, the sum modes of the three antagonistic
pairs can be designed independently from the difference modes. In the case
illustrated in Fig. 5.6(b):

s1 =K( f1 + e1 +σ1)r = K f m
1 r (5.68)

s2 =K( f2 + e2 +σ2)r = Kem
2 r (5.69)

s3 =K( f3 + e3 +σ3)r = K (0.6 f m
3 +[0,min(em

3 ,0.4 f m
3 )])r (5.70)

where σ1 = σ2 = 0 because m
αβ
1

= f m
1

and m
αβ
2

=−em
2

. If an end effector force
lower than the maximum one is required, then also σ1 ≥ 0 and σ2 ≥ 0.

The six piecewise non linear functions represented in Tab. 5.3 are defined
and continuous on the domain θ f ∈ [0,360

◦]

5.4.6 Simplified NLPDC Approach

If the antagonistic muscles of every pair produce the same maximum joint
actuator torque, that is em

i r = f m
i r = τm

i for i = (1,2,3), and the is no interest
in controlling the sum mode, that is σ1 = σ2 = σ3 = 0, then the actuator
torque inputs calculation for the NLPDC approach are simply calculated by
using Tab. 5.4, where:
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Table 5.4: Joint actuator torque for NLPDC
ζ ≤ θ ∗

f < α α ≤ θ ∗
f < β β ≤ θ ∗

f < γ γ ≤ θ ∗
f < δ δ ≤ θ ∗

f < ε ε ≤ θ ∗
f < ζ

τ1 τ
inp
1

τm
1

τm
1

−τ
inp
1

−τm
1

−τm
1

τ2 −τm
2

−τm
2

τ
inp
2

τm
2

τm
2

−τ
inp
2

τ3 −τm
3

τ
inp
3

τm
3

τm
3

−τ
inp
3

−τm
3

τ
inp
1

=
(−τm

2
− τm

3
)(a+ ctan(θ ∗

f ))

dtan(θ ∗
f )+b

+ τm
3 (5.71)

τ
inp
2

=
(τm

1
+ τm

3
)(b+dtan(θ ∗

f ))

ctan(θ ∗
f )+a

− τm
3 (5.72)

τ
inp
3

=
(−τm

1
− τm

2
)(a+ ctan(θ ∗

f ))

(d − c)tan(θ ∗
f )+b−a

− τm
1 (5.73)

The simplified NLPDC approach is suitable for the following two cases:

1. The antagonistic muscles of every pair produce the same maximum
joint actuator torque and the sum mode is desired to be minimum or
not to be controlled.

2. A two-link robot arm is actuated by two mono- and one bi-articular
actuators, as for example [28], [81].
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Chapter 6

Bi-Articular Actuation
Implementation

The state of the art in bi-articularly actuated robots is illustarted in Sec-
tion 6.1, with an highligth on power assist robots equipped with bi-articular
actuators (Section 6.1.1). Then, the proposed experimental apparatus, BiWi

Bi-articularly actuated and Wi-re driven robot arm is described in
Section 6.2. The experimental setup, together with the analisys methods
are illustrated in Section 6.3. The calculation and experimental results are
shown in Section 6.4 and discussed in Section 6.5

6.1 Bi-Articularly Actuated Robots
Regarding the hardware design, bi-articularly actuated robots have been re-
alized by means of pneumatic actuators and motors. As for the transmission
systems, timing belts, wires, planetary gears, and passive springs have been
used. In the following the state of the art in hardware design of bi-articularly
actuated robots is illustrated.

Robots with bi-articular actuators realized using pneumatic actuators
are shown in Fig.6.1. The use of pneumatic actuation allows the placement
of a high number of actuators on robot links without affecting the link s
weight significantly. Moreover, the actuator intrinsic compliance guarantees
a certain level of safety. However, pneumatic actuators are non linear and
present a limited bandwidth.

Robot legs with bi-articular actuators realized using springs are shown in
Fig.6.2. The presence of spring is used in these robots to resemble human
muscles characteristics such as compliance, energy storage and proximal to
distal joint mechanical energy transfer. In fact, the presence of bi-articular
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(a) Airic by Festo (b) Athlete robot
[77]

(c) Mowgly [76] (d) Anthropomorphic monopod [42]

Figure 6.1: Bi-articular actuation realized using pneumatic actuators

springs allows mechanical energy storage [44], as well as increase in walking
efficiency [107], in stability [36], and in jump height [4] [64].

In Fig.6.3 robots with bi-articular actuators realized using planetary gears
are shown. These robots are designed using the fact that planetary gears are
three inputs and two outputs systems. Such systems allows a high freedom
in the design of the mono and bi- articular torque gear ratio in a compact
form. However, mono- and bi- articular torques are mechanically coupled,
therefore a decoupling control strategy is necessary [56]. As a consequence
the torque transmission efficiency decreases.

Robots with bi-articular actuators realized using pulleys and timing belts
are shown in Fig.6.4. The presence of timing belt without the use of an-
tagonistic actuators causes mono- and bi-articular torque coupling [95]. The
Lancelet robot [120] is actuated by tri-articular actuators to mimic the ac-
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(a) Jena Walker 2
[107]

(b) Mabel [36] (c) Kenken[45]

Figure 6.2: Bi-articular actuation realized using motors and springs

(a) Planetary gear based transmission arm [56] (b) Planetary gear based transmis-
sion arm [123]

Figure 6.3: Bi-articular actuation realized by planetary gears

tuation of the Lancelet fish. The presence of tri-articular actuators increases
the torque transmission efficiency at joint level and allows the Lancelet robot
to swim by using a simple sinusoidal time sequence control strategy.

In Fig.6.5 robots with bi-articular actuators realized using pulleys and
wires are shown. The use of wires allows the realization of antagonistic bi-
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(a) Timing belt based transmission arm
[129]

(b) Lancelet robot [120]

Figure 6.4: Bi-articular actuation realized using pulleys and timing belts

(a) Achille [64] (b) BiWi [95]

Figure 6.5: Bi-articular actuation realized using pulleys and wires

articular actuators without the necessity of placement of the actuators on
the robot link, decreasing link inertia, and increasing energy efficiency and
safety [95]. The presence of motors allows a high bandwidth and precise po-
sitioning. More details about the proposed experimental apparatus BiWi
Bi-articularly actuated and Wi-re driven robot arm shown in Fig. 6.5(b)
are provided in Section 6.2

A walking robots equipped with bi-articular actuator realized using by
spiral motors is shown in Fig. 6.6. Spiral motors have the advantage of
producing a great output force in respect to their size, being at the same
time backdriveable [27]. These properties make the spiral motor an attractive
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(a) Spiral motors (b) Biped robot

Figure 6.6: Biped robot with bi-articular actuation realized using spiral mo-
tors [27] [112]

actuation solution for bipedal robots.

6.1.1 Bi-Articularly Actuated Power Assist Robots
Bi-articular actuation provides important advantages in power assist robots.

Robots with a human-like actuation structure based on mono- and bi-
articular actuators produce a maximum output force at the end effector sim-
ilar to one of the human limbs. In case of controller failure, a rehabilitation
robot with a human-like actuation can not produce excessive forces. On the
other hand, excessive forces can be produced if only mono-articular actuators
are used, as described in detail in Section 5.2.

The upper limb rehabilitation robot developed at Saitama University
(Fig. 6.7(a)) is actuated by four mono- and two bi-articular pneumatic ac-
tuators to ensure the maximum safety for the user. Other rehabilitation
robots equipped with bi-articular actuators are the arm developed at Tokyo
Denki University [122] (Fig. 6.7(b)) that is actuated by hydraulic bi-articular
actuators, and the lower limb robot realized at Shibaura Institute of Technol-
ogy [109] (Fig. 6.7(c)) that is actuated by pneumatic bi-articular actuators.
Other researches on design and control of bi-articualarly actuated rehabili-
tation robots for lower limbs can be found in [93] [110].

Power assist devices equipped with bi-articular actuators for lower limb
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(a) Saitama Univer-
sity

(b) Tokyo Denki University [122] (c) Shibaura Institute of
Technology [109]

Figure 6.7: Rehabilitation robots equipped with bi-articular actuators

assistance are the device developed Tokyo Denki University [94] illustrated in
Fig. 6.8(a), which is actuated by two bi-articular hydraulic actuators for every
leg, and the robot realized at Okayama University [47] shown in Fig. 6.8(b).

(a) Tokyo Denki University [94] (b) Okayama University [47]

Figure 6.8: Power assist robots equipped with bi-articular actuators

Power assist devices equipped with bi-articular actuators for the upper
limb assistance are the robot arm and the glove developped at Tokyo Denki
University illustrated in Fig. 6.9(b) and in Fig. 6.9(c), respectively. These
devices are actuated by pneumatic artificial rubber bi-articular muscles.
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(a) Actuator [116] (b) Upper limb [116] (c) Glove [52]

Figure 6.9: Power assist robots equipped with bi-articular actuators devel-
oped at the Tokyo Institute of Technology

6.2 BiWi: Bi-Articularly Actuated and Wire
Driven Robot Arm

In order to experimentally validate the proposed redundancy resolution ap-
proaches (∞− norm and NLPDC), and compare them with the three tradi-
tional redundancy approaches (PDC, 2−norm, Linear Programming), BiWi

Bi-articularly actuated and Wi-re driven robot arm shown in Fig. 6.10
is proposed [95].

BiWi is a two-link planar manipulator actuated by six motors, each rep-
resenting one of the six muscles in Fig. 5.1(a). The power is transmitted to
the joints through pulleys and polyethylene wires as shown in Fig. 6.11:

• A pair of antagonistic mono-articular motors (e1 f1) is connected by
mean of polyethylene wires to two pulleys fixed on joint 1. This motor
pair produces the torque τ1 about joint 1 as in Fig. 5.1(a).

• A pair of antagonistic mono-articular motors (e2 f2) is connected by
thrust wires to two pulleys fixed on joint 2. This motor pair produces
the torque τ2 about joint 2 as in Fig. 5.1(a).

• A pair of antagonistic bi-articular motors (e3 f3) is connected by mean
of polyethylene wires to two pulleys fixed on joint 2, and to free pulleys
about joint 1. This motor pair produces the torque τ3 about joints 1
and 2 as in Fig. 5.1(a).

Further characteristics of BiWi and of the actuator and sensor systems are
shown in Tab. 6.1 and Tab. 6.2, respectively.

In the following the main characteristics of the proposed robot arm are
described:
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Figure 6.10: BiWi: Bi-articulated and Wire driven robot arm: top view
(top), side view (bottom).
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Figure 6.11: Torque transmission system of BiWi

Table 6.1: Biwi characteristics
Parameter value

Link 1 112 [mm]
Link 2 112 [mm]

Pulleys diameter (all) 44 [mm]
Thrust wire length 30 [mm]

• Decoupling between mono- and bi-articular actuators joint
torques: in many bi-articularly actuated manipulators, coupling be-
tween mono- and bi-articular torques at joint level represents a problem
[56] [130]. In fact, if such a torque coupling is present, the maximum
output force at the end effector results in a less homogeneous distribu-
tion in respect to force direction. Moreover, as input torque in neces-
sary to decouple the actuators, efficiency decreases. On the other hand,
thanks to the presence of antagonistic actuators and wire transmission,
BiWi presents no coupling between mono- and bi-articular torques at
joint level.

• Low link inertia: the use of thrust wires to transmit the torque of
mono-articular actuators on joint 2 e2 and f2 allows the placement

Table 6.2: Actuation and sensing systems
Motors Sanyo T404-012E59

Gear head G6-12 (ratio 12.5)
Servo system TS1A02AA
Force sensor Nitta IFS-67M25A25-I40
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of the motors away from the links reducing their inertia.

• Safety: low links inertia increases important factors such as safety in
case of impact with human beings [132].

6.3 Experimental Setup
6.3.1 Analysis Methods
Objective

The objective of this work is to investigate new approaches for resolution of
actuator redundancy, and comparing them to the traditional methods.

Methods

The two proposed approaches to resolve actuator redundancy for robot arms
driven by bi-articular actuators ∞−norm and NLPDC are compared
with three traditional approaches PDC, 2− norm, and Linear Program-
ming by theoretical and experimental analysis. BiWi Bi-articularly
actuated and Wi-re driven robot arm is used as an apparatus for the
experimental analysis.

Taking into account the arm model in Fig. 5.1(a), the PDC, Linear Pro-
gramming, and NLPDC approaches determine the six input muscle forces
that allow the production of the maximum end effector output force given
a desired force direction (θ ∗

f ). As this work focuses on the resolution of
the actuator redundancy problem, the muscle common modes are not taken
into account. Therefore, the six input muscle forces determined using these
approaches are used together with (5.1), (5.2), and (5.3) to calculate the
three actuator joint input torques τ

1
, τ

2
, and τ

3
. This calculation process is

illustrated in Fig. 6.12.
On the other hand the 2−norm and ∞−norm approaches determine the

three actuator joint torque that produce an end effector output force F .
The iterative algorithm illustrated Fig. 6.13 is used to determine the three
actuator joint input torques τ

1
, τ

2
, and τ

3
that produce the maximum end

effector output force given a force direction (θ f ). The algorithm is described
in details in Appendix C.

Analyzed Aspects

Given a desired force direction (θ ∗
f ), the Linear Programming, NLPDC, and

∞−norm approaches determine the same joint actuator torques, τ
1
, τ

2
, and
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Figure 6.12: Calculation of actuator joint input torques for the PDC, Linear
Programming, and NLPDC approaches

τ
3

that produce the maximum output force Fm. As a consequence these
three three methods are not compared among each other from a maximum
output force Fm to joint actuator torques τ

1
, τ

2
, and τ

3
.

The proposed ∞−norm is compared with the 2−norm in in Section 6.4.1,
while the NLPDC is compared to PDC in 6.4.2. The comparison in both cases
is realized showing what are the calculated joint actuator input torques, and
the calculated and experimentally measured end effector maximum output
force at BiWi.

Other criteria of comparisons among the five actuator redundancy meth-
ods, as for example the possibility to be extended to manipulator with more
than two joints, are discussed in Section 6.5.

6.3.2 Feedforward Control Strategy

The feedforward control strategy used to collect the experimental data is
shown in Fig. 6.14.

Given the desired end effector output force direction (θ ∗
f ), one of the

five approaches to resolve actuator redundancy is used to calculate the joint
actuator torques, τ

1
, τ

2
, and τ

3
as shown in Sections 6.3.1.

The six motor reference torques that correspond to the six muscles of
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Fig. 5.1(a) e
1
, f

1
, e

2
, f

2
, e

3
, f

3
are calculated as:

mote1 =

{

τ
1

if τ
1
< 0

0 otherwise
(6.1)

mot f 1 =

{

τ
1

if τ
1
> 0

0 otherwise
(6.2)

mote2 =

{

Ktlτ2
if τ

2
< 0

0 otherwise
(6.3)

mot f 2 =

{

Ktlτ2
if τ

2
> 0

0 otherwise
(6.4)

mote3 =

{

τ
3

if τ
3
< 0

0 otherwise
(6.5)

mot f 3 =

{

τ
3

if τ
3
> 0

0 otherwise
(6.6)

(6.7)

In order to compensate for the inevitable transmission loss in the thrust
wires the reference motor torques for joint 2 mote2

and mot f 2
are multiplied

by a constant Ktl = 1.33. Such value is relatively high, due to the low cost
of the thrust wires. However, by using more sophisticated thrust wires the
transmission loss can be reduced to smaller value, for example to 5% of the
input torque as in [115].
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The calculated reference motor torques (motei and mot f i for i = {1,2,3})
are sent to the robot arm as step inputs. The manipulator end effector output
force (F = [Fx,Fy]

T ) is measured by a force sensor, and its steady state value
is taken into account. The end effector output force direction (θ f ) is varied
from 0 to 360

◦ every 5
◦.

6.4 Results
The proposed ∞−norm is compared with the 2− norm in in Section 6.4.1,
while the NLPDC is compared to PDC in 6.4.2. The comparison in both cases
is realized showing what are the calculated joint actuator input torques, and
the calculated and experimentally measured end effector maximum output
force at BiWi.

Four configuration of BiWi are considered:

• Configuration I: θ1 =−60
◦ and θ2 = 120

◦

• Configuration II: θ1 =−45
◦ and θ2 = 90

◦

• Configuration III: θ1 =−30
◦ and θ2 = 60

◦

• Configuration IV: θ1 =−25
◦ and θ2 = 50

◦

6.4.1 2−norm vs. ∞−norm

The maximum output force at the end effector of BiWi is calculated and
experimentally measured using the 2−norm and the ∞−norm approaches.

The results are shown in Fig. 6.15 for configurations I and II, and in
Fig. 6.16 for configurations III and IV. The desired force direction at the end
effector (θ ∗

f ) varies from 0 to 360
◦ every 5

◦.
The experimental results agree with the calculated values, and show that

the maximum output force at the end effector is greater, when using the
∞−norm approach.

The joint actuator input patterns calculated using the ∞−norm approach
are continuous in respect to θ f as shown in Fig. 6.15 for configurations I
and II, and in Fig. 6.16 for configurations III and IV. Therefore, the three
switching conditions used for the redundancy resolution in the ∞ − norm

approach do not result in torque reference discontinuities, which could cause
instability to the system.
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Figure 6.15: ∞−norm vs. 2−norm: measured maximum output force (top),
joint actuator torque inputs (middle), and difference in maximum output
force (bottom), for configurations I (left) and II (right).

The relative difference in maximum output force magnitude is expressed
by:

Fdi f f =
|Fm

∞−n|− |Fm
2−n|

|Fm
2−n|

(6.8)

The value of Fdi f f is always positive, indicating that the maximum end effec-
tor output force obtained using the ∞−norm approach is always greater (or
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Figure 6.16: ∞−norm vs. 2−norm: measured maximum output force (top),
joint actuator torque inputs (middle), and difference in maximum output
force (bottom), for configurations III (left) and IV (right).

equal) to the one obtained using the 2−norm approach. The maximum Fdi f f

is about 0.35 for all the four configuration. The greater maximum output
force represents the main advantage of the proposed ∞− norm approach in
respect to the 2−norm approach.
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6.4.2 PDC vs. NLPDC
The joint actuator torque input patterns calculated using PDC and NLPDC
are shown in Fig. 6.17 for the four configurations. In both the approaches the
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Figure 6.17: Joint actuator torque input patterns calculated using PDC and
NLPDC

joint actuator input torque patterns are continuous in respect to the output
force angle (θ f ). Therefore, the six switching conditions in both approaches
do not cause torque reference discontinuities, which could cause instability
to the system.

The maximum output force at the end effector of BiWi, calculated using
the joint actuator input torque patterns of Fig. 6.17, is shown in Fig. 6.18.
The desired force direction at the end effector (θ ∗

f ) varies from 0 to 360
◦

every 5
◦. The joint actuator torque input patterns determined using the

NLPDC produces no error in calculation of end effector output force. On
the other hand, for the PDC approach the error in output force is small in
configuration I, but it increases significantly when the arm moves towards
configuration IV.
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Figure 6.18: Calculated maximum output force at the end effector of BiWi
using PDC and NLPDC

The measured maximum output force at the end effector of BiWi, using
the joint actuator torque input of Fig. 6.17, is shown in Fig. 6.19 for the
four configurations. The experimental results show a greater error in output
force for the PDC approach, as illustrated in Fig. 6.20, where it is shown the
relative error of output force magnitude for the calculation and experimental
measurement, respectively defined as

f err
cal =

|F calculated|− |Fm|

|Fm|
(6.9)

and
f err
mea =

|Fmeasured|− |Fm|

|Fm|
(6.10)

where:
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Figure 6.19: Measured maximum output force at the end effector of BiWi
using PDC and NLPDC

• F calculated is derived from (5.9), (5.10), (5.12), (5.1), (5.2), and (5.3),
together with Tab. 5.2 for the PDC, and Tab. 5.3 for the NLPDC,
respectively

• Fm is the maximum output force that can be obtained on direction θ ∗
f .

The measured relative error of output force magnitude do not show sig-
nificant difference between PDC and NLPDC approaches in configuration I,
where f err

mea ≈ 0.04. Such error is is due to sensor noise and inevitable mod-
eling errors, and in the case of the PDC approach increases when the arm
moves towards singular configurations. In configuration IV, f err

mea for the PDC
approach has peaks of about 0.25, which is a significant error, and must be
taken into account in the control of bi-articualrly actuated robot arms.
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Figure 6.20: Relative error of output force magnitude f err
cal and f err

mea using
PDC and NLPDC

6.5 Discussion on Bi-Articular Actuation
Biologically inspired robot arms such as the ones driven by bi-articular ac-
tuators present usually more actuators than joints, resulting in actuator re-
dundancy.

The two proposed approaches to resolve actuator redundancy for robot
arms driven by bi-articular actuators ∞−norm and NLPDC are com-
pared with three traditional approaches PDC, 2−norm, and Linear Pro-
gramming by theoretical and experimental analysis.

A biologically inspired robot arm named BiWi Bi-articularly actuated
and Wi-re driven robot arm is proposed as an experimental apparatus.
BiWi is actuated by six motors arranged so to reproduce the human musculo-
skeletal system characteristics in term of force production. The wire based
transmission system allows the reduction of link inertia thanks to the place-
ment of motors away from the links, and the increase of energy efficiency
and safety. The combination of antagonistic actuators and wire transmis-
sion allow a perfect decoupling between mono- and bi-articular actuators
joint torques, resulting in a homogeneous distribution of force the end ef-
fector in respect to force direction. The experimental measurements were
conducted on the basis of a feedforward control strategy.
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6.5.1 Type of solution
Both the traditional 2−norm and the proposed ∞−norm approaches deter-
mine the three joint actuator torques τ1, τ2, τ3 that produce an end effector
output force (F ). The maximum end effector output force Fm that can be
produced on a desired direction θ ∗

f can not be directly calculated, an iter-
ative algorithm is used. For both the approaches a closed form solution to
calculate the three joint actuator torques τ1, τ2, τ3 given an end effector out-
put force F is derived. The closed form solution of the 2− norm approach
is based on three linear functions, one for every joint actuator torque input
τ1, τ2, τ3. The closed form solution of the ∞− norm approach is based on
three piecewise functions, one for every joint actuator torque input τ1, τ2, τ3.
Every piecewise function is made of three linear functions that depend on
the value of the joint torque T1 and T2. The three piecewise linear functions
are defined and continuous in all the domain D = (T1,T2).

The PDC, Linear Programming, and NLPDC approaches determine the
six muscle force inputs that produce the maximum end effector output force
Fm on a desired direction θ ∗

f . The six muscle force inputs calculated with
these three approaches can be combined to calculate the three joint actuator
torques τ1, τ2, τ3 If an end effector output force (F ) lower than the maximum
one (Fm) is required, the six muscle force inputs have to be linearly scaled
by the relationship between F and Fm.

The PDC approach has a closed form solution based on three piecewise
functions, one for every joint actuator torque input τ1, τ2, τ3. Every piecewise
function is made of six linear functions that depend on the value of the output
force direction θ f . These six piecewise functions are defined and continuous
in all the domain θ f ∈ [0,360

◦]. There is no closed form solution for the
Linear Programming approach, therefore an iterative algorithm should be
used to determine the joint actuator torque input τ1, τ2, τ3 that produce the
maximum end effector output force Fm given a desired force direction θ ∗

f .
The NLPDC approach has a closed form solution based on three piecewise

functions, one for every joint actuator torque input τ1, τ2, τ3. Every piecewise
function is made of six non linear functions that depend on the value of the
output force direction θ f . These six piecewise functions are defined and
continuous in all the domain θ f ∈ [0,360

◦].

6.5.2 Relationship between Desired Output Force and
Desired Actuators Joint Torque Inputs

Given a desired force direction θ ∗
f , both the proposed approaches ∞−norm

and NLPDC and the Linear Programming approach determine the same
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joint actuator torque input τ = [τ
1
,τ

2
,τ

3
]T that produce the maximum end

effector output force Fm.
From the comparison between the ∞− norm approach to the 2− norm

approach emerges that:

• Under the same maximum joint actuator torques, the proposed ap-
proach allows to obtain a greater output force at the end effector (up
to 35%), especially in force output direction peculiar for application
which interact with humans such as rehabilitation robots, as well as
for jumping/waking robots.

• The calculation are confirmed by experimental results

From the comparison between the NLPDC approach and the PDC ap-
proach emerges that:

• Given a desired output force at the end effector, the NLPDC approach
produces no error in calculation of joint actuator torque inputs that
produce the desired output force. On the other hand the PDC approach
produces non-zero error in such calculation.

• The relative error of output force magnitude (Ferr) has no significant
difference when the angle between links 1 and 2 (θ2) is about 120◦.
However, Ferr increases when the arm moves towards singular con-
figurations. For θ2 = 25

◦, Ferr has peaks of about 0.25 for the PDC
approach.

• The output error in the PDC depends on three factors the desired
force direction (θ ∗

f ), the angle between the links (θ2), and on the link
length ratio and can increase exponentially when the manipulator
moves towards singular configurations [100].

• The calculation are confirmed by experimental results.

6.5.3 Generalization to more links and muscles
The PDC the NLPDC approaches are specific for two-link manipulators with
six actuators, every one with arbitrary maximum joint torque.

The ∞− norm approach is suitable for for two-link manipulators with
three joint actuators, two mono-articular and one bi-articular, every one
with arbitrary maximum joint torque. This include the case of six actuators
paired in three antagonistic pairs, if the two antagonistic actuators of every
pair have the same maximum joint torque.
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On the other hand, the 2− norm and Linear Programming approaches
can be used for any number of links and actuators. The Linear Program-
ming allows anyway to obtain the maximum output force, but requires an
iterative algorithm to find a solution. As the joints and muscles increases
the computation needed by the iterative algorithm increases as well. The
2− norm approach can generate a direct solution, however the maximum
output force is limited to a lower value than the one achievable with the
Linear Programming method.

6.5.4 Summary table
The comparison between the five approaches for actuator redundancy res-
olution of robot arms driven by bi-articular actuators is summarized in
Tab. 6.5.4. The symbol © stands for good, the △ for not so good,
the X for not possible. Where there is a (?) it means that a further
investigation can determine a possible solution.

Table 6.3: Redundancy resolution approaches comparison
PDC 2−n LP ∞−n NLPDC

Fm △ △ © © ©
F to τττ closed form so-
lution △ © X © ©

Computation © © △ © ©
Linear © © © © X

Fm to τττ closed form
solution △ X X X ©

Design stiffness &
torque independently X △ (?) △ ©

2 joints and 6 muscles △ © © △ ©
3 or more joints (?) © © (?) (?)
7 or more actuators (?) © © (?) (?)

As results from Tab. 6.5.4:

• For a two-link manipulator the combination of ∞−norm and NLPDC
is the best.

• For more than two links and six muscles LP is the best.
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Chapter 7

Conclusions and Future Works

7.1 Conclusions
Power assist devices are used for three main reasons: increasing performances
such as muscle strength and endurance for workers in health-care centers
and hospitals, wild land firefighters, disaster relief workers, soldiers, heavy
labour factories, and in any other emergency situations; supporting elderly
and disabled people; providing support in rehabilitation processes and phys-
ical training.

Although big progress have been done, there are still three main chal-
lenging aspects which need more investigation and innovative solutions to
improve: safety for the user and the surrounding environment, a comfort-
able and user-friendly human-robot interaction, and performances such as
response speed, end effector force production and energy efficiency.

Most of the ongoing researches focus on power assist robot hardware and
control design with a pure engineering approach, neglecting the inspiration
from nature. Biologically inspired robotics is a process that goes beyond
merely copying what nature shows at first sight. It involves three phases:

1. Observation and understanding nature

2. Design robots not copying from nature, but embedding and resembling
the desired nature functionalities

3. Implementation and development

Understanding humans and animal functionalities and the following im-
plementation on robot applications has shown to improve robot performances
in terms of robustness, safety, and flexibility in a variety of complex dynamic
tasks.
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In order to increase safety, robustness, time response, and precision in
output force for power assist robots, in this work we are inspired by bio-
logical motion control and actuation mechanisms. These two inspira-
tional mechanisms are:

1. Variable impedance control strategy: humans and animals highly
vary impedance of their body to stabilize unstable dynamics.

2. Bi-articular muscles: bi-articular muscles muscles that span two
joints play a fundamental role for mechanical energy transfer, im-
pedance modulation and stabilization of human and animal dynamics.

Based on human Variable Impedance control strategy, a new approach
to force control for power assist devices Force Sensor-less Power Assist
Control (FSPAC) with Variable Impedance is proposed.

The proposed FSPAC with Variable impedance is successfully imple-
mented on an experimental door actuated by either a linear motor (low
friction system) or by a rotational motor and a ballscrew (high friction sys-
tem). A comparison with traditional FSPAC is carried out. The superiority
of the proposed FSPAC with Variable Impedance in respect to the tradi-
tional FSPAC with Constant Impedance, in terms of safety, robustness and
smoothness in assistance is experimentally shown.

Regarding the design of bi-articularly actuated robots, our focus is on the
resolution of the redundancy actuation resulting from the presence of more
actuators than joints; two new approaches the Infinity Norm and the Non
Linear Phase Different Control (NLPDC) are proposed.

A human-like actuated robot named BiWi Bi-articularly actuated
and Wi-re driven robot arm is developed and used as an experimental
apparatus to compare the two proposed redundancy resolution approaches
with the three traditional approaches Phase Different Control (PDC),
Pseudo inverse matrix, and Linear Programming.

The proposed infinity norm approach allows the arm to produce greater
end effector force compared the traditional pseudo-inverse matrix approach.
The proposed infinity norm approach is suitable for system with three inputs
and two outputs, as for example parallel manipulators with a redundant
DOF [131] or Pen-based force display for precision manipulation in virtual
environments [11]. The NLPDC approach increases the output force precision
compared to the PDC approach, and requires less computation compared
with the Linear Programming approach. Moreover, the NLPDC allows the
independent design of common and different modes for robot arms actuated
by three pairs of antagonistic actuators, consisting of four mono- and two
bi-articular actuators couple in antagonistic pairs.
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In summary, the proposed control approaches FSPAC with Vari-
able Impedance, and actuator redundancy resolution methods based on
Infinity norm and NLPDC dramatically contribute to improve safety,
robustness, smoothness in human-robot interaction and performances such
as speed response, maximum and precision end effector force production for
power assist robots.

7.2 Future Works
The proposed FSPAC with Variable Impedance control has shown great im-
provements in safety, robustness and smoothness in power assistance. In
the future, a more systematic approach to design the Velocity Dependant
Triangular Gain (VD-TG), as well as further simplification of the velocity
dependant gain design, are investigated to generalize and simplify even more
the design of the Variable Impedance controller for power assist design.

The proposed infinity norm approach for resolution of systems with three
inputs and two outputs has shown great advantage in terms of greater achiev-
able output values. The extension of the closed form solution of the infinity
norm approach to systems with four inputs and three outputs will be investi-
gated. Systems with 4 inputs and three output are the more and more rising
interest electric vehicle actuated by 4 in-wheel motors, such as Kanon [26].
Determining a closed form solution based on infinity norm for such systems
will lead to the possibility to design electric vehicles with smaller actuators
and better performances. Furthermore, a unified approach for defining the
desired inputs of redundant systems, including the infinity norm for maxi-
mization of output, 2−norm and 1−norm for input minimization, will lead
to the design of high performance and high efficient systems.
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Appendix A

Proof of Closed Form Solution
for the 2-Norm Approach

The problem expressed by (5.21) is written for a simpler notation as:

min
√

(x)2

(mx)2 +
(y)2

(my)2 +
(z)2

(mz)2

s.t. T
1
= x+ z

T
2
= y+ z

(A.1)

where T
1

and T
2

are the desired joint torques (known), and x, y, z are the
desired actuator joint torques τ

1
, τ

2
, τ

3
(unknown), respectively. mx = τm

1
,

my = τm
2

, and mz = τm
3

.
Taking into account the 3 dimensional space R

3, the solution (x, y, z)
which satisfy

√

(x)2

(mx)2 +
(y)2

(my)2 +
(z)2

(mz)2 has to meet the following three require-
ments:

1. To be on the line defined by

T1 = x+ z (A.2)
T2 = y+ z (A.3)

2. To be on the ellipsoid surface defined by:

x2

mx2
+

y2

my2
+

z2

mz2
= k (A.4)

where k is a constant.
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3. The plane passing through the line defined by (A.2) and (A.3) has to
be tangent to the ellipsoid defined by (A.4). Hence:

1

mx2

∂x2

∂x
+

1

my2

∂y2

∂y
+

1

mz2

∂ z2

∂ z
= 0 (A.5)

Therefore, the solution of the problem (A.1) is:


















x =
(T

1
−T

2
)mx2mz2+T

1
mx2my2

mx2my2+mx2mz2+my2mz2

y =
T

2
mx2my2+(T

2
−T

1
)my2mz2

mx2my2+mx2mz2+my2mz2

z =
T

1
my2mz2+T

2
mx2mz2

mx2my2+mx2mz2+my2mz2

(A.6)



Appendix B

Proof of Closed Form Solution
for the Infinity-Norm Approach

The problem expressed by (5.40) is written for a simpler notation as:

min max
{

|x|
mx
, |y|

my
, |z|

mz

}

s.t. T
1
= x+ z

T
2
= y+ z

(B.1)

where T
1

and T
2

are the desired joint torques (known), and x, y, z are the
desired actuator joint torques τ

1
, τ

2
, τ

3
(unknown), respectively. mx = τmax

1
,

my = τmax
2

, and mz = τmax
3

.
A closed form solution of (B.1) is determined in the following.
The searched solution has to satisfy at least one of the three equations

|x|
mx

= |y|
my

, |y|
my

= |z|
mz

, |x|
mx

= |z|
mz

. In fact, when one of three variable s absolute value
decreases at least one of the other two increases. Therefore for any solution
of the system with |x|

mx
6= |y|

my
6= |z|

mz
it is possible to decrease the higher value

among the three so to be equal to at least one of the other two. Therefore
the searched solution is one among the following six:

1. x
mx

=− y
my







x+ z = T1

y+ z = T2
x

mx
=− y

my

⇒











x = (T1 −T2)
mx

my+mx

y = (T2 −T1)
my

my+mx

z = T2 − (T2 −T1)
my

my+mx

(B.2)

2. y
my

= z
mz







x+ z = T1

y+ z = T2
y

my
= z

mz

⇒











x = T1 −T2
mz

my+mz

y = T2
my

my+mz

z = T2
mz

my+mz

(B.3)
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3. x
mx

= z
mz







x+ z = T1

y+ z = T2
x

mx
= z

mz

⇒







x = T1
mx

mz+mx

y = T2 −T1
mz

mz+mx

z = T1
mz

mz+mx

(B.4)

4. x
mx

= y
my







x+ z = T1

y+ z = T2
x

mx
= y

my

⇒











x = (T2 −T1)
mx

my−mx

y = (T2 −T1)
my

my−mx

z = T2 − (T2 −T1)
my

my−mx

(B.5)

5. y
my

=− z
mz







x+ z = T1

y+ z = T2
y

my
=− z

mz

⇒











x = T1 −T2
mz

mz−my

y =−T2
my

mz−my

z = T2
mz

mz−my

(B.6)

6. x
mx

=− z
mz







x+ z = T1

y+ z = T2
x

mx
=− z

mz

⇒







x =−T1
mx

mz−mx

y = T2 −T1
mz

mz−mx

z = T1
mz

mz−mx

(B.7)

Let us define:

c1 =
mz−mx

mz+my
(B.8)

c2 =
mz+my

mz+mx
(B.9)

c3 =
mz−my

mz+mx
(B.10)

These values depend only on the hardware characteristics of the arm, there-
fore are constant.

Among the six possible solutions the searched one is directly selected
on the basis of T1 and T2 as follows (the variable subscript represents the
respective equation number):
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• if (T1 ≤ c1T1 and T2 ≥ c3T1) or (T1 > c1T2 and T2 < c3T1):







































































|z(B.2)| ≤ |x(B.2)|= |y(B.2)|

|x(B.2)| ≤ |x(B.3)|

|y(B.2)| ≤ |y(B.4)|

|x(B.2)| ≤ |x(B.5)|

|y(B.2)| ≤ |y(B.5)|

|x(B.2)| ≤ |x(B.6)|, if mz ≥ my

|y(B.2)| ≤ |y(B.6)|, if mz < my

|x(B.2)| ≤ |x(B.7)|, if mx ≥ mz

|y(B.2)| ≤ |y(B.7)|, if mx < mz

(B.11)

Therefore solution is (B.2). In this case, τ
1

in (5.44), τ
2

in (5.45), and τ
3

in (5.46), are equal to x in (B.2), y in (B.2), and z in (B.2), respectively.

• if (T1 ≥ c1T2 and T2 ≥ c2T1) or (T1 < c1T2 and T2 < c2T1):







































































|x(B.3)| ≤ |y(B.3)|= |z(B.3)|

|z(B.3)| ≤ |z(B.2)|

|y(B.3)| ≤ |y(B.4)|

|y(B.3)| ≤ |y(B.5)|, if my ≥ mx

|z(B.3)| ≤ |z(B.5)|, if my < mx

|y(B.3)| ≤ |y(B.6)|

|z(B.3)| ≤ |z(B.6)|

|y(B.3)| ≤ |y(B.7)|, if mx ≥ mz

|z(B.3)| ≤ |z(B.7)|, if mx < mz

(B.12)

Therefore solution is (B.3). In this case, τ
1

in (5.44), τ
2

in (5.45), and τ
3

in (5.46), are equal to x in (B.3), y in (B.3), and z in (B.3), respectively.
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• if (T2 ≤ c2T1 and T2 ≥ c3T1) or (T2 > c2T1 and T2 < c3T1):






































































|y(B.4)| ≤ |x(B.4)|= |z(B.4)|

|z(B.4)| ≤ |z(B.2)|

|x(B.4)| ≤ |x(B.3)|

|x(B.4)| ≤ |x(B.5)|, if mx ≥ my

|z(B.4)| ≤ |z(B.5)|, if mx < my

|x(B.4)| ≤ |x(B.6)|, if my ≥ mz

|z(B.4)| ≤ |z(B.6)|, if my < mz

|x(B.4)| ≤ |x(B.7)|

|x(B.4)| ≤ |x(B.7)|

(B.13)

Therefore solution is (B.4). In this case, τ
1

in (5.44), τ
2

in (5.45), and τ
3

in (5.46), are equal to x in (B.4), y in (B.4), and z in (B.4), respectively.



Appendix C

Calculation of Joint Actuator
Input Torques for 2-Norm and
Infinity Norm Approaches

Given a desired force angle θ f and a redundancy resolution approach (2−
norm or ∞− norm), the desired joint actuator torques (τ

1
, τ

2
, and τ

3
) pro-

ducing the maximum force in direction θ f , while respecting the torque limits
(τm

1
, τm

2
, and τm

3
) are calculated using the following algorithm. For θ f = k:

1. Set i = 0, and |F|i = 0.001

2. Calculate Ti using the Jacobian (5.12)

3. Given Ti, calculate the necessary (τ
1
)i, (τ2

)i and (τ
3
)i using either the

2−norm approach ((5.22), (5.23), and (5.24)) or the ∞−norm approach
((5.44), (5.45), (5.46))

4. If
(

|(τ
1
)i|> τm

1

)

or
(

|(τ
2
)i|> τm

2

)

or
(

|(τ
3
)i|> τm

3

)

then (τ
1
)i = (τ

1
)i−1, (τ

2
)i = (τ

2
)i−1, (τ

3
)i = (τ

3
)i−1

else |F|= |F|+0.001, i = i+1, and repeat from step 2

5. The calculated (τ
1
)i, (τ2

)i, and (τ
1
)i are used as input reference torques.
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Appendix D

Proof of Non Linear Phase
Different Control Approach

Coordinates of point A and B in Fig. D.1 are:
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Figure D.1: Force vectors producing Fm (left). Fm
x and Fm

y (right)

[

AX

Ay

]

=
1

|J|

[
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−b+a

][

( f m
1
+ f m

3
)r

( f m
2
+ f m

3
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]

(D.1)
[

BX

By

]

=
1

|J|

[

d − c

−b+a

][

( f m
1
+ f m

3
)r

(em
2
+ f m

3
)r

]

(D.2)

Given a desired output force angle θ ∗
f , the value of the force Fm = [Fm

x ,Fm
y ]T

is on the line represented by:

Fm
y = Fm

x tan(θ ∗
f ) (D.3)

By using the equation of a line though points A and B together with (D.3):

(Bx −Ax)(F
m
x tan(θ ∗

f )−Ay)+(Ay −By)(F
m
x −Ax) = 0 (D.4)
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Resolving (D.4) in respect to Fm
x , using (D.1), (D.2), with the opportune

simplifications follows:

Fm
x =

(− f m
1
− em

2
)r

(d − c)tan(θ ∗
f )+b−a

(D.5)

The torque required at joints 1 and 2 to produce the output force F is
calculated using (5.12), (D.3), and (D.5):

[

T1

T2

]

= JT

[

Fm
x

Fm
x tan(θ ∗

f )

]

=





(− f m
1
−em

2
)r(a+ctan(θ∗

f ))

(d−c)tan(θ∗
f )+b−a

(− f m
1
−em

2
)r(b+dtan(θ∗

f ))

(d−c)tan(θ∗
f )+b−a



 (D.6)

The muscle activation level m
αβ
3

is found subtracting the torque produce by
the muscle activation level f m

1
r to T1:

m
αβ
3

=
(− f m

1
− em

2
)(a+ ctan(θ ∗

f ))

(d − c)tan(θ ∗
f )+b−a

− f m
1 (D.7)

Using the same method the values of m
βγ
2

, m
γδ
1

, mδε
3

, m
εζ
2

, m
ζ α
1

are deter-
mined.



Appendix E

Non-Redundant Bi-Articularly
Actuated Robot Arms

Bi-articular actuation in a redundant configuration has numerous advantages,
as the dramatical increase in range of end effector impedance which can be
achieved without feedback [39], and the ability to produce a homogeneous
maximum output force at the end effector [25]. However, such important
advantages are due to the use of bi-articular actuators in addition to the
traditional mono-articular one. Therefore, drawbacks as design complexity
and cost are present.

In the following we investigate the role of bi-articular actuators for robot
arms equipped with as many actuators as joints. Hence, even if the bi-
articular actuator is present, there is no actuator redundancy. A planar
robot arm with two links and two actuators is taken into account, in two
different actuator configurations:

1. Configuration mono-mono: two mono-articular actuators, each actua-
tor produces a torque about each joint.

2. Configuration mono-bi: a mono-articular actuator produces torque about
the shoulder joint, and a bi-articular one produces the same torque
about both shoulder and elbow joints.

The robot arm in mono-mono and mono-bi configurations is shown in
Fig. E.1(a) and in Fig. E.1(b), respectively. T1 and T2 are the joint torques.
τ1 and τ2 are the torques produced on joints 1 and 2 by actuators 1 and 2
respectively, while τ3 is the torque produced at the same time about joint 1
and 2 by the bi-articular actuator.
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(b) Robot arm in mono-bi configuration

Figure E.1: Robot arm in two actuation configurations

Statics Analysis
The statics of mono-mono configuration are expressed by:

T1 = τ1 (E.1)
T2 = τ2 (E.2)

The statics of mono-bi configuration are expressed by:

T1 =τ1 + τ3 (E.3)
T2 =τ3 (E.4)

For both the configurations of Fig. E.1(a) and Fig E.1(b) the relationship
between force at the end effector and joint torques is expressed by:

[

T1

T2

]

= JT

[

Fx

Fy

]

(E.5)

where
J =

[

−l1sin(θ1)− l2sin(θ1 +θ2) −l2sin(θ1 +θ2)
l1cos(θ1)+ l2cos(θ1 +θ2) l2cos(θ1 +θ2)

]

(E.6)

The main difference for the two configuration are the maximum joint torques
T m

1
and T m

2
. In mono-mono configuration the maximum joint torques are:

−τm
1 ≤ T m

1 ≤ τm
1 (E.7)

−τm
2 ≤ T m

2 ≤ τm
2 (E.8)
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In mono-bi configuration the maximum joint torques are:

−τm
1 − τm

3 ≤ T m
1 ≤τm

1 + τm
3 (E.9)

−τm
3 ≤ T m

2 ≤ τm
3 (E.10)

From (E.10) results that, if the required actuator torques τ1 and τ3 have
opposite sign T1 is smaller in mono-bi configuration. On the contrary T1 in
mono-bi configuration is greater than in mono-mono configuration when τ1

and τ3 have same sign.
The sign relationship between τ1 and τ3 depends on the robot arm posture

(θ1 and θ2 and on the desired force direction at the end effector (θ f ). As
a consequence the maximum output force at the end effector has a different
shape in the two actuators configurations.

Experimental Setup
Joint actuator torques inputs are calculated using the two algorithms in
Fig. E.2(a) and Fig. E.2(b) for the mono-mono and mono-bi configurations,
respectively. As for the torque saturation conditions, in the mono-mono
configuration the following algorithm is used:

τ∗i = T ∗
i

if τ∗i > τm
i , τ∗i = τm

i

if τ∗i <−τm
i , τ∗i =−τm

i

(E.11)

where i ∈ {1,2}.
While in the mono-bi configuration the following algorithm is used:

τ∗
3
= T ∗

2

if τ∗
3
> τm

3
, τ∗

3
= τm

3

if τ∗
3
<−τm

3
, τ∗

3
=−τm

3

τ∗
1
= T ∗

1
− τ∗

3

if τ∗
1
> τm

1
, τ∗

1
= τm

1

if τ∗
1
<−τm

1
, τ∗

1
=−τm

1

(E.12)

From the actuator joint torques input, the motor reference torques are
calculated using (6.1) (6.2) (6.3) (6.4) (6.5) (6.6).

The maximum output force in the two actuation configurations is calcu-
lated and measured for BiWi robot arm (6.2). In the experiment the arm
posture is varied. Three different joint angle configurations are taken into
account:

1. θ1 =−135
◦ and θ2 = 90

◦
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Figure E.2: Feedforward control block diagram for mono-mono and mono-bi
configurations

2. θ1 =−120
◦ and θ2 = 60

◦

3. θ1 =−104.5◦ and θ2 = 29
◦

The output force is measured for the output force direction (θ f ) varying
from 0 to 360

◦ every 10
◦. The maximum actuator joint torques are set to

τ1 = τ2 = τ3 = 1.5 Nm. The motor torque references are sent as step inputs,
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the manipulator end effector output force F = [Fx,Fy]
T is measured by a force

sensor, and its steady state value is taken into account.

Results
Maximum output force experimentally measured using BiWi are shown in
Fig. E.3. The maximum force at the end effector in the direction perpendicu-
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Figure E.3: Experimentally measured maximum output force at the end
effector

lar to ground is the same in the two cases. On the other hand, the maximum
force in the horizontal direction is bigger in the mono-bi configuration.

In order to investigate the role of bi-articular actuators for non-redundant
manipulators in dynamic conditions the following simulation is performed.
A two-link planar with l1 = l2 = 1 m is considered (Fig. E.4).

The arm initial position is x(t0) = 1 m, y(t0) = 0. The desired final position
is x(t f ) = 1.8 m, y(t f ) = 0. The arm in the initial and desired final position
is shown in Fig. E.4.

A straight trajectory in the Cartesian space is designed using a cubic
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Figure E.4: Arm in initial and desired final position

spline:
{

x(t) = x0 +
3

t2

f

(x f − x0)t
2 − 2

t3

f

(x f − x0)t
3

y(t) = 0
(E.13)

where t is the time, t0 = 0, t f = 5 seconds.
A disturbance force with magnitude Fdist

x = 0, and Fdist
y = 3.5 N is applied

at t = 3 s for a length of 0.5 seconds at the end effector. Further parameters
used in the simulation are shown in Tab. E.

Table E.1: Simulation parameters
Parameter value

Length link 1 1 [m]
Lenght link 2 1 [m]

Mass 1 5 [Kg]
Mass 2 5 [Kg]
COM 1 0.5 [m]
COM 2 0.5 [m]

Momentum of Inertia 1 2.25 [Kg/m2]
Momentum of Inertia 2 2.25 [Kg/m2]

Damping Coefficient Joint 1 0.01 [Ns/m]
Damping Coefficient Joint 2 0.01 [Ns/m]

τm
1
= τm

2
= τm

3
1 Nm

Fig. E.5 shows the control block diagram used in the simulation. P in-
cludes all the robot arm dynamics. Joint position control is realized by a PID
controller. The tracking performances of the arm in Fig. E.4 are evaluated
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in the two actuator configurations mono-mono and mono-bi. The actuator
torque saturation algorithms are (E.11) for the mono-mono configuration and
(E.12) for the mono-bi configuration.
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Figure E.5: Control block diagram used in the dynamics simulation

The tracking performances of the arm are shown in Fig. E.6. In particular,
desired joint angular positions (θ ∗

1
and θ ∗

2
), actual joint angular positions (θ1

and θ2), angular position errors (θ err
1

and θ err
2

), desired joint torques (T ∗
1

and
T ∗

2
) and actual joint torques (T1 and T2) are shown.
These results show that in the mono-mono configuration the system is

unstable, as the angular position error θ err
1

in Fig. E.6(b) does not converge
to 0. On the other hand, in the mono-bi configuration the position errors
θ err

1
and θ err

2
converge to 0 (Fig. E.6(f)). Therefore the arm can reach the

final desired position.
In dynamic conditions, the greater maximum force in the horizontal direc-

tion results in a greater capability of disturbance rejection to forces directed
horizontally respect to the ground for jumping/walking robots. As a conse-
quence the presence of bi-articular actuators improve the balance capability
of jumping/walking robots.
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mono-mono configuration
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