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Appendix. 
 

Appendix A1: The validity of several methods used in downscaling simulations 

  As described in Chapter 5, there are several issues that should be considered in the experimental 

setup or methods used in Chapter 5. These issues are (1) the validity of the size distribution of 

regenerated aerosol particles, and (2) the method to determine the initial and lateral boundary 

condition for SDF of hydrometeors.  

  The size distribution of regenerated aerosol particles is determined by eq. (2-5), which is based on 

Feingold et al. (1996), but the validity of this equation should be tested because the equation was 

originally developed for idealized simulation with a periodic lateral boundary condition.  

  The nesting method used in Chapter 5 assumes that there are no clouds but a super saturated air 

mass, whose relative humidity is determined by the total water mixing ratio of domain II of Chapter 

5, at initial time and lateral boundary of domain III. This method can affect the simulated results.   

  In the following section we consider these issues. 

 

A1.1. Validity of the parameterization of Feingold et al. (1996) 

  First, we discuss the validity of SDF of regenerated aerosol. In this study, we implement the 

regeneration process of aerosol by complete evaporation of vapor, and two types of parameterization 

give the size distribution of regenerated aerosols.  

  The first type assumes that SDF of regenerated aerosol particles is same as initial SDF of aerosol 

particles (henceforth we refer to this parameterization as “I-SDF”), the other type gives SDF of 

regenerated aerosol particles by eq. (2-5), which is developed by Feingold et al. (1996). The eq. 

(2-5) is based on the concept that the radius of regenerated aerosol particles is larger than that of 

aerosols before they activate. 

  The parameterization of Feingold et al. (1996) is used only for experiments in Chapter 3 and 4 

(i.e., the idealized experiment with periodic boundary condition), and the I-SDF parameterization is 

used for experiments in Chapter 5 and 6 (i.e., the downscaling simulation), because the 

parameterization of Feingold et al. (1996: henceforth we refer to as F96 parameterization) is not 

valid for downscaling simulation. We show, in this section, the reason that F96 parameterization is 

not valid for downscaling simulation. 

  To show the reason, we conduct the downscaling simulations whose experimental setup is same as 

downscaling simulations in Chapter 5 except for the parameterization of SDF of regenerated aerosol. 

We use both type of the parameterizations.  
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  The radiance at 15 UTC on July 10, 1987 simulated by the model with each parameterization are 

shown in Fig. A1.1. It is found that radiance simulated by using F96 parameterization is smaller than 

that by using I-SDF parameterization.  

  For understanding the reason of this small radiance, we check the domain-averaged SDF of 

aerosol just above cloud top, shown in Fig. A1.2. It is seen from the figure that the large amount of 

coarse aerosol particles (i.e., ra > 1 µm) is simulated by F96 parameterization.  

  In addition, the rainfall simulated by F96 parameterization is lager than that by I-SDF 

parameterization (figure not shown). 

  From these results, it is seemed that the large aerosol particles generated by the regeneration 

process make large cloud droplets by activation. The large cloud droplets can easily grow to 

raindrop, which results in large amount of surface rainfall and optically thin clouds. From this result, 

we can conclude that F96 parameterization is not valid for downscaling simulation.  

  Although we show the invalidity of F96 parameterization, we must consider the reason of the 

invalidity. To investigate the reason, we reconsider the equation of F96 parameterization shown as: 

 

,   (A1-1)

 
 

Rk t( ) = N t( ) !k t( )
!k t( )

k=1

na

"
, !k t( ) = Nk 0( )# Nk t( )
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Figure A1.1. Simulated radiance [Wm-2Sr-1m-1] at λ=0.62 µm with (a) Na3 and F96 parameterization, (b) Na3 and 

I-SDF parameterization, and (c) Na5 and I-SDF parameterization, respectively, at 15 UTC on 10 of July 1987. 

 



 84 

where !(!) is the domain-averaged number concentration of aerosol particles at time t, N(t) is the 

total number concentration of regenerated aerosol particles at time t, na is the number of aerosol bins, 

and Rk(t) is the number concentration of regenerated aerosol at the k-th aerosol bin at time t.  

  It is appeared that the size distribution of regenerated aerosol is determined by domain-averaged 

number concentration of aerosol at initial time and that at time t. The smaller the number 

concentration of k-th bin at a time t is, the larger the amount of regenerated aerosol of k-th bin is. 

  In downscaling simulation, the number concentration of large aerosol particles near the upstream 

lateral boundary at a time t is always smaller than that at initial time, because coarse aerosol particles 

are activated in super saturated air mass. In addition, coarse particles, which are produced by 

regeneration process, flow out from calculation domain at downstream lateral boundary.  

  In this situation, the amount of coarse aerosol particles in calculation domain is small in 

downscaling simulation. Thus, unnaturally large aerosol particles are always produced by 

regeneration process calculated by F96 parameterization. 

  In idealized simulation with horizontally periodic lateral boundary condition (i.e., experimental 

setup of section 3 and 4), coarse aerosol particles produced by regeneration process can stay in 

calculation domain. Thus, unnaturally large amount of coarse aerosol particles are not generated by 

the regeneration process. 

  From these results, we can conclude that the F96 parameterization can be used only for idealized 

simulation with horizontally periodic boundary conditions, but it is not valid parameterization for 

Figure A1.2. Number density (SDF) of aerosol just below the cloud base simulated (solid line) without 

regeneration, (dashed line) with regeneration through the parameterization by which SDF of regenerated aerosols 

are given as the same SDF of initial time, (dotted line) with regeneration through the parameterization of 

Feingold et al. (1996), respectively, averaged over domain III at 15 UTC on July 10, 1987. 

 



 85 

downscaling simulation as shown in Chapter 5. 

 

A1.2. Comparison of size distribution of aerosol simulated by 1D-SBM, 2D-SBM and obtained by in 

situ measurement 

  In the previous chapter, we investigate the validity of size distribution of regenerated aerosol 

(SDRA). As well as the verification, it is useful to compare observed SDRA with model derived 

SDRA.  

  Although the comparison is useful, it is very difficult to determine whether observed aerosol has 

been regenerated or not, because of device limitation. To overcome this difficulty, multi-dimensional 

spectral bin models, which can trace aerosols explicitly in cloud droplets, was developed by some 

previous studies (e.g. Chen and Lamb, 1994; Xue et al., 2011; MD-SBM).  

  Following the previous studies, we extend the 1D SBM used in this study to 2D SBM, which 

explicitly traces aerosols in cloud droplets. In this section, we describe the comparison of 1D SBM 

with 2D SBM.  

  Since the computational cost of the 2D SBM is much larger than 1D SBM, we perform a 

downscaling simulation as shown in Chapter 5 but with a smaller size domain targeting the 

DYCOMS-II period when the aircraft observations were conducted.  

  The experimental setup is mostly same as that in Chapter 5 except for domain size and targeting 

day. The calculation domains and nesting information are shown in Fig. A1.3. The detail of the 

experimental set up is shown in Table A1.1.  

  The initial and boundary conditions of dynamical properties (i.e. wind velocity, potential 

temperature, vapor mixing ratio, and SST) of domain Ia are nested from JRA-25 for every 6 hours. 

Orographic data are obtained from GTOPO30. The initial and boundary conditions of domain IIa 

(domain IIIa) is nested from results of domain Ia (domain IIa) for every 2 hours (1 hour). 

  In domain IIIa, we perform simulation by using both 1D SBM and 2D SBM for the comparison. 

Initial and lateral boundary conditions for SDFs of hydrometeors are assumed to zero (i.e., no cloud) 

as mentioned in Chapter 5. Aerosols are only calculated for domain IIIa. A horizontally uniform 

aerosol field, whose chemical species is assumed to be sulfate, is used in domain IIIa.  

  The SDFs of aerosols are based on aircraft measurement represented in Fig. A1.4. Since the 

measurement data of aerosols obtained from aircraft are available only below and above cloud, the 

SDFs of aerosol in cloud layer are given by interpolating observed SDFs of aerosol above and below 

clouds. The regeneration process of 1D-SBM is calculated by F96 parameterization Details of the 

model setup are shown in Table A1.1.  
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Table A1.1. Catalog of the numerical experiment 

  domain Ia
*4 domain IIa

*4 domain IIIa
*4 

Dynamics NHM*5 NHM*5 NHM*5 

Microphysics BULK*1 BULK*1 BIN*2 

Aerosol X*6 X*6 OBS*3 

Horizontal grid spacing 5 km 2 km 500 m 

Domain size (horizontal) 1515x1515km2 404x404km2 75x37.5km2 

Vertical grid spacing 10~350m 5~220m 5~60m 

Vertical grid number 60 80 60 

Model top height 10165m 8885m 1915m 

Turbulence Scheme WF*7 WF*7 DD*7 

Initial and boundary condition JRA NHM10a
*8 NHM2a

 *8 

Calculation time (dt) 168 h (10s) 60 h (2s) 6h (0.5s) 

Sampling interval of nesting 6h 3h 2h 

Start time 2001/7/5/12UTC 7/9/18UTC 7/11/06UTC 

*1: BULK means bulk microphysical model (Yamada, 2003) 

*2: BIN means spectral bin microphysical model (Khain et al., 2000; HUCM) 

*3: OBS means aerosol field based on aircraft measurement 

*4: Domain Ia, IIa, and IIIa are shown in Fig. A1.3 

*5: NHM means the dynamical framework (Saito et al., 2006) 

*6: X means the experiment did not implement the process 

*7: WF means turbulence scheme used for weather forecasting, and DD is that of Deadroff (1980) 

*8: NHM10a and NHM2a indicate experiments with 10 km and 2 km grid spacing, respectively. 
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  Because cloud-top height (CTH; corresponding to PBL height) of NHM10a underestimates that 

obtained from observation, we raise the PBL height by changing profiles of the potential temperature 

and vapor mixing ratio when the boundary and initial condition of domain IIIa are nested. This 

treatment can make artificial gravity waves or an inertial wave, but the effects of the waves are 

negligible after a few hours from starting time of domain IIIa calculation (figure not shown). To 

avoid errors by these waves and spin-up, we analyze the results at 11UTC on 2001 July 11, when it 

is 5 hours after the start time of domain IIIa calculation. 

  The data used for the comparison is obtained from the observation conducted by C130 aircraft of 

Research Aviation Factory of National Center for Atmospheric Research (NCAR/RAF), whose 

flight path and time series of altitude are shown in Fig. A1.5.  

  The aircraft boarded several instruments to observe the size distribution of aerosols: A PMS 

Passive Cavity Aerosol Spectrometer Probe (PCASP), which measures aerosol particles with 

diameters of 100 nm to 3 µm, and Model 300 of Forward Scattering Spectrometer Probe (FSSP-300), 

which measures aerosol particle, whose diameters are from 300 nm to 20 µm, are used to obtain the 

SDFs of aerosols.  

  Since these two instruments cannot distinguish between cloud droplets and aerosol particles, the 

SDFs of aerosols are only obtained below cloud bottom or above the cloud top. Among these SDFs 

of aerosols, we use SDFs of aerosols above the cloud top for comparison because the entrainment, 

Figure A1.3. Experimental setup of downscaling simulation in chapter A1.2 and A1.3 
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evaporation and regeneration occur more frequently. 

  The COT and RE used for the comparison are retrieved from GOES-10 satellite by using the 

Comprehensive Analysis Program for Cloud Optical Measurement (CAPCOM; Nakajima and 

Nakajima, 1995; Kawamoto et al., 2001) algorithm. 

  Before we compare model results with observation results, we show the computational time (CPU 

time) of 1D and 2D SBM. Since the difference of these two models is the cloud microphysics 

scheme, the CPU times of the cloud microphysics scheme are measured. 

    

Figure A1.4. SDFs of aerosol (circle, triangle) observed by aircraft and (solid, dotted line) assumed initial and 

latreal boundaries under the condition of (circle, dotted line) below clouds z=100m, and (trianble, solid line) 

above clouds z=1100m. 

 

Figure A1.5. Flight path of C130 aircraft of RF02 during the DYCOMS-II field campaign. (a) Geophysical 

distribution of albedo (obtained from eq. (3-8) and CAPCOM retreival algorithm) with colored lines, which 

shows flight height (m), and (b) time series of flight altitude  
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Table A1.2. Computational (CPU) time of cloud microphysics 15 minutes from starting time of each 

calculation 

 CPU times [s] 

1D-SBM 1454.85 

2D-SBM 29214.49 

 

  Table A1.2 shows the CPU times of the models to calculate the 15 minutes from starting time of 

the simulations. It is seen from this table that the CPU time of 2D-SBM is 20 times larger than that 

of 1D-SBM, and calculation cost of 2D-SBM is too large for us to conduct several sensitivity 

experiments. 

  Figure A1.6 shows spatial distribution of COT retrieved from satellite and simulated by the 

1D-SBM. Although the model does not reproduce a detailed structure of clouds, it roughly 

reproduces the COT obtained from satellite. This result justifies the model results for the comparison 

with observed results. Figure A1.7 shows SDF of aerosols observed from C130 aircraft, simulated 

by 1D-SBM, and 2D-SBM.  

  The SDFs of aerosols simulated by 1D-SBM without the regeneration process underestimates the 

number concentration of aerosol particles larger than 0.2 µm. The reason for this underestimation is 

discussed in Chapter 5 and Fig. 5.8. 

  The SDF of aerosols simulated by 1D-SBM with the regeneration process overestimates number 

concentration of large aerosol particles, suggesting that the amounts of large size aerosols produced 

by the regeneration process are too large, although the regeneration process is needed to maintain 

reasonable number concentrations of cloud droplets in the model. The reason of this over estimation 

Figure A1.6. Cloud optical thickness at 11UTC on 11 July 2001 (a) retrieved from GOES-10 satellite with a 

square, which corresponds to calculation domain, and (b) simulated by the model. 
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is discussed in the previous section. 

  The SDF of aerosols obtained by 2D-SBM underestimates the number concentration of large 

particles. These results mean that the SDFs of aerosols cannot be reproduced by the regeneration 

process alone, and other sources are needed to reproduce observed aerosol size distributions. We 

will discuss other sources of aerosols in Appendix A2.  

 

A1.3. Initial and lateral boundary conditions for SDF of hydrometeors 

  Secondly, we investigate the effects of the initial and lateral boundary SDFs of hydrometeors and 

conducted additional sensitivity experiments, of which initial and lateral boundary condition for 

SDFs are given by a gamma distribution. Experimental setup is same as that of the previous section. 

The SDFs of initial boundary condition are given by an equation as shown in Pruppacher and Klett 

(1997): 

  f r( ) = Agr2 exp !Bgr( )    (A1-2) 

where f is the number density concentration of cloud (SDF) and r is radius of hydrometeors. Ag, and 

Bg are given by the equations shown as follows: 

  Ag !1.45"10
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) ,   (A1-3) 

Figure A1.7. Size distribution of aerosol above the cloud top simulated by (dash-dotted line with open square) 

2D-SBM, (solid line with open circle) 1D-SBM with the regeneration process, (dotted line with open triangle) 

1D-SBM without the regeneration process, and (closed square) obtained from C130 aircraft in situ measurement. 

 



 91 

   Bg =
3
r

,    (A1-4) 

where r  is average radius, which is assumed to be 1 µm in this study, ρw is density of water (unit 

is g cm-3). The r  value is determined through additional sensitivity experiments (figure not shown). 

LWC of initial and lateral boundary is nested from the model result of domain IIa.  

  We also conduct the several sensitivity experiments shown below. Firstly, sensitivity experiment 

of SDF for lateral boundary condition is conducted. We conduct same simulation without cloud but 

super saturated air mass at lateral boundary (referred to as CNTLA) and with cloud, of which SDFs 

are given by eq. (A1-2) (referred to as CNTLA-nest).  

  Secondly, the sensitivity experiments of aerosol amount are conducted. The aerosol amounts are 

changed from the value of CNTLA, to the value, of which the number concentration of aerosol is 

100 times smaller than CNTLA value (henceforth we refer to NA001-nest). For this sensitivity 

experiments, initial and boundary condition of SDF for clouds are given by eq. (A1-2).  

  To investigate the sensitivity to PBL height, thirdly, the experiments of 200 m lower PBL height 

(henceforth we refer to HA-200-nest experiment) is also conducted. We change PBL heignt by 

changing profile of potential temperature and vapor mixing ratio when we nest from domain IIa to 

domain IIIa. The initial and boundary condition for SDF of clouds are given by eq. (A1-2) 

  Figure A1.8 shows the spatial distribution of COT simulated by the sensitivity experiments, and 

the PDF of COT is represented in Fig. A1.9. It is found that COT simulated with the lateral and 

initial SDFs of hydrometeors (i.e. COT simulated by CNTLA-nest, NaA001-nest, and HA-200-nest 

experiments) is thinner than that simulated without the lateral and initial SDFs of hydrometeors (i.e. 

COT simulated by CNTLA experiments).  

  It is seemed that the reason of thin COT simulated with the lateral SDFs of hydrometeor is 

attributed to the low relative humidity of the lateral boundary. The vapor mixing ratio of CNTLA 

experiment is given by the total water mixing ratio of domain IIa, which corresponds to a super 

saturated air mass.  

  This super saturated air mass makes nucleation process active, which results in optically thick 

cloud. The vapor mixing ratio of the other experiments is given by the vapor mixing ratio of domain 

IIa and liquid water mixing ratio is used to give the lateral SDFs given by the eq. (A1-2), which 

corresponds to lower relative humidity than that of CNLA experiments. In this condition, nucleation 

of cloud droplets is not active, as a result, optically thin clouds are generated.  

  Figure A1.10 indicates the RE-COT pattern obtained from CNTLA-nest, NaA001-nest, and 

HA-200-nest experiments. Figures A1.10a and A1.10c indicate that the trend of the RE-COT pattern 
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obtained from the sensitivity experiment changing PBL height is the same as that obtained from the 

same kind of experiments as shown in Chapter 5.  

  A comparison of Fig. A1.10a and A1.10b indicates that the RE-COT pattern reproduced by 

“NaA001-nest” experiments located in the upper and more left area than that reproduced by 

“CNTLA-nest” experiment, although the difference of the two figures is small. We can concluded 

that the trend of the RE-COT pattern obtained from the sensitivity experiment changing aerosol 

amount is same as that obtained from the same kind of experiment as shown in Chapter 5. 

 The small difference between CNTLA-nest and NaA001-nest experiment results from aerosol 

particles generated by regeneration process. The cloud droplets originating from the lateral boundary 

Figure A1.8 Spatial distributions of Cloud optical thickness (COT τc) at 11 UTC on 11 July of 2001 obtained 

from (a) CNTLA, (b) CNTLA-nest, (c) NaA001-nest, and (d) HA-200-nest experiments. 
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gives additional aerosol into the calculation domain by the regeneration process, and make an air 

mass with a relatively large amount of aerosols. 

  From these results, we can conclude that the initial and lateral condition for SDFs of 

hydrometeors is one of the factors that can affect the microphysical properties of simulated cloud. In 

spite of the effect, the trend of RE-COT patterns, the target of this study, is same regardless of the 

method to give the initial and lateral boundary SDF of hydrometeors. This conclusion justifies the 

results obtained from the experiments conducted in Chapter 5.  

 

 

 

 

 

Figure A1.9. Normalized PDF of COT (τc) obtained from (solid line) CNTLA, (dashed line) CNTLA-nest, 

(dotted line) NaA001-nest, and (dot-dashed line) HA-200-nest experiments, respectively. 

 

Figure A1.10 Correlation patterns between reff and τc over the center of domain III obtained from (a) 

CNTLA-nest, (b) NaA001-nest, and (c) HA-200-nest experiments, respectively. The contour values are set to 

0.05, 0.1, 0.3, 0.5, with the maximum value of 1. The dotted and dashed curves are isolines of cloud number 

concentration Nc and liquid water path W, respectively, based on an adiabatic model. The isolines are for Nc = 

30, 50, 100, 300, 500, and W = 50, 100 g m-2 
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Appendix A2: Regeneration and other sources 

  In Chapter 5, we insist that the regeneration process of aerosol is needed to supply aerosol 

particles for the model atmospheres to reproduce the characteristics of RE-COT patterns.  

  However simulations by 2D-SBM indicate that the regeneration is not enough to reproduce 

aerosol distribution observed by in situ aircraft measurement. Recently, some studies (e.g. Kazil et 

al., 2011) reported that other sources could supply aerosols for real atmosphere. We introduce these 

sources of aerosol in this section.  

  Aerosol sources of the marine boundary layer (MBL) have been reported in a large amount of 

previous studies. Katoshevski et al. (1999) and Clarke et al. (2006) reported the emission of sea salt 

aerosol from the sea surface and aerosol inflow above the MBL by entrainment. Heintzenberg et al. 

(2004) reported that aerosol nucleation (i.e. gas to particle conversion) is one of the potential sources 

of aerosol in the marine boundary layer. Several studies also reported strong correlation between 

aerosol concentration of MBL and dimethyl sulfide (DMS) emitted from the sea surface (Ayers and 

Gras, 1991; Andrea et al., 1995; Clarke et al., 1998). 

  In addition, aerosol inflow from the South American continent in the VAMOS 

Ocean-Cloud-Atmosphere-Land Study Regional Experiment (VOCALS-REx) observation campaign 

and its importance are reported (Carmichael, 2011, personal communication).  

  These sources are summarized in Fig. A2.1. Since the model used in this study considers only 

Figure A2.1. Schematic illustration of aerosol sources in marine boundary layer 
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“regeneration of aerosol”, and “aerosol inflow”, as mentioned, this issue must be improved upon by 

implementing aerosol emission from the sea surface, and by using a chemical transport model in 

future. 

 

Appendix A3: Basic equations of the dynamical core of JMA-NHM 

  In this section, we show the basic equations of the dynamical core of JMA-NHM as general 

information of the model used in this study. In JMA-NHM, fully compressible equations considering 

a map factor are adopted as the basic equations (Saito, 1997). The momentum equations are given as 

flux form: 
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where u, v, and w are zonal, meridional, and vertical wind velocity, respectively, p is pressure, g is  

gravitational acceleration, ρ is density including hydrometeors; mf  is defined as the map factor, ϕ1 

and ϕ2 are the standard latitudes, and ϕ is the latitude. Adv., Crv., Cor., and Dif. show the advection, 

curvature, Coriolis, and diffusion process, respectively. The thermodynamic equation is given as 

follows: 
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where θ is the potential temperature, Q is the diabatic heating rate, Cp is the specific heat of dry air at 

constant pressure, Π is defined as exner function, p0 is standard pressure and Rv is gas constant for 

dry air. The continuity equation is given as,  
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where Prc. is the term corresponding to the gravitational settling of the hydrometeors.  

  The basic conservation equation of hydrometeors is given as  
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where fi,k is SDF of hydrometeors in size bin category whose subscripts i and k denote the type of 

hydrometeors and bin number. The term []microphysics is the change of SDF by cloud microphysical 

process. The detailed equations of cloud microphysics are shown in Chapter 2 of this paper, Iguchi 

et al. (2008), and Sato et al. (2009). 

 

Appendix A4: Estimation of CPU time of the model 

  In Chapter 4, we discussed the effects of horizontal grid resolution for the microphysical structure 

simulated by the model. The purpose of the discussion is to estimate the effects and to justify the 

downscaling simulation assuming real atmosphere by coarse grid resolution (i.e. dx=500m).  

  Although it is easy to infer that CPU time of the simulation with fine grid resolution is huge, we 

should show the CPU times to calculate the simulations; therefore, we estimate the CPU time in this 

chapter. 

  To estimate the CPU times, we conduct the experiments during 3.5 minutes, whose experimental 

setups are same as Chapter 4. The experiments are conducted with changing grid resolution (i.e. 

amount of grids) without changing the amount of processors (i.e. 15 processors), which is used for 

the parallel computation. The experiments are also conducted with changing amount of processors 

with constant grid resolution (i.e. 22500 grids for horizontal grid; 150x150x75 grids). The Hitachi 

SR16000 of the Research Institute of Information Technology, Kyushu University is used for the 

calculation. 

  Figure A4.1 shows CPU times to calculate during 3.5 minutes integration. Figure A4.1a shows 

that CPU times increase in proportion to amounts of grids, and Fig. A4.1b shows that CPU times 

reduced exponentially with decreasing number of processors. Although we conduct calculations in a 

short time with large amount of processors, 128 processors are the most efficient for calculation, 

considering waiting times, which is the time from the times when we submit jobs to the times when 

the jobs are started.  

  If the waiting time is not considered, a rough estimation based on the results shown above 

indicates that it takes about 160 days to calculate the simulations conducted in Chapters 5 and 6 with 

fine grid resolution (i.e. dx=50m; 2500 x 6000 x 60 grids, and 6 hour time integration). Since the 
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real time including the waiting time for calculation is much longer than the estimated time, the 

calculation with fine grid is not possible in the present study. However, we must conduct the same 

simulation with finer grid resolution in future.  

 

Appendix A5: Factors determining general characteristics of CFODD 

  Since the characteristics of CFODD are not investigated in Chapter 6, we investigate factors to 

determine the characteristic of CFODD through results of the sensitivity experiment. Although 

previous studies (N10, S10, and Sato et al., 2012b) characterized CFODD through the three modes 

(i.e. condensation mode, collision mode, and evaporation mode), the bimodality of hydrometeor’s 

SDF in each area on CFODD is useful to define the characteristic of CFODD, because it roughly 

represents how many cloud droplets are in collision growth process. We, therefore, investigate the 

sensitivity of the bimodality to aerosol amounts and PBL height. 

  Figure A5.1 represents scatter plots between the rate of clouds, of which the SDFs have the 

bimodal distribution, and the PBL height, column CN number concentration. It appears that both 

PBL height and aerosol amount correlate to rate of bimodality. Clouds, whose SDF have bimodal 

distribution, increase with increasing (decreasing) PBL height (aerosol amount). These results 

indicate that cloud droplets can easily grow to a large size in unstable or pristine conditions. 

Although both PBL height and aerosol amount affects the rate of bimodality, PBL height correlates 

more with bimodality. The correlation coefficient of PBL height and aerosol amount with bimodality 

is 0.812 and -0.508, respectively. From the results, we can conclude that the higher (smaller) the 

PBL height (aerosol amount) is, the more clouds have bimodal distribution of SDF, and that PBL 

height mainly determines the rate of bimodality and the aerosol amount also affect the rate but it is a 

Figure A4.1. CPU time to calculate 3.5 minutes time integration assuming the experimental setup same as that of 

chapter 4 (a) by using 15 processors, and (b) with 22500 grids (150x150 grids for horizontal domain).  
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secondary factor. As we describe in Chapter 3, clouds, whose SDF take bimodal distribution, locate 

in areas whose radar reflectivity is larger than 10 dBZe regardless of RE and COD. The results in 

Chapter 3 and the result in Fig. A5.1 indicate that higher PBL and smaller aerosol amount can make 

CFODD locate to the right and bottom area of each category.  

  Although the results indicate one of the possible factors determining the CFODD, we must 

investigate in future the effects of other factors, which can change the pattern. 

  

Figure A5.1 Scatter plots (a) between bimodality and PBL height, (b) between bimodality and column CN 

number concentration. Square, circle, and triangle plots are the results obtained from CNTL, SST-3, and SST+3 

experiments, respectively. 
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Appendix A6: Notations of symbols used in this paper 

  We summarize notations of symbols used in this paper in Table A6.1. 

 

Table A6.1 Notations of symbols used in this paper 

Symbols Meaning 

A, B Used in eq. (2-1) 

Ag, Bg Used in eq. (A1-2)~(A1-3) 

Alb Cloud Albedo  

A1, A2, A3 Mode fraction used in eq. (2-4) 

Acg Used in eq. (A9-8)~(A9-9) 

a Used in eq. (3-1) 

Cp Specific heat of dry air at constant pressure 

Cbk Backscattering cross section 

cw,k Used in eq. (A8-5) 

ca,p Used in eq. (A8-15), (A8-16) 

Ddrizzle Drizzling rate 

Dv Diffusivity of water vapor 

DLS Large scale divergence (=3.75 x 10-6 s-1) 

Ecoll Collision efficiency 

Ecoal Coalescence efficiency 

Ecollection Collection efficiency 

ew Saturation vapor pressure over water 

F Used in eq. (2-2) 

Fr, F0, F1 Used in eq. (3-1) 

f Number concentration (SDF) of cloud droplets 

f’ Used in eq. (A8-5) 

fa Number concentration (SDF) of aerosol particles 

g Gravitational accelaration 

gc 
Mass distribution function (SDF) of cloud 

droplets 

g’c, ! Used in eq. (A8-5) 

Hc Geometrical depth of the cloud 
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Hv Heaviside step function 

h Height 

K Collection kernel given as eq. (2-3) 

Kr |Kr| = |(mr
2 - 1)/(mr

2 + 2)| 

Kα Thermal conductivity of air 

ka 
Coefficients relating the volume-mean radius to 

the effective radius (ka
-1/3=1.1) 

Lw Specific latent heat of vaporization 

LMCI 
Number of random number used by Monte Carlo 

integration to select type of hydrometeors 

la Adiabaticity factor 

MCCN Molecular weight of the aerosol 

Mspc Number of aerosol chemical species  

MMCI 
Number of random number used by Monte Carlo 

integration to select bin 

m Mass of cloud droplets 

ma Mass of aerosol particles 

mc Used in (A8-3) 

mf Map factor 

mr Complex refractive index 

Naero Number of aerosol bin (i.e., 13 or 17) 

Nbin Number of cloud bin (i.e., 33) 

Nc Cloud number concentration 

Nm Number of modes in eq. (2-4) 

Nk t( )  
Domain averaged number concentration of 

aerosol at time t 

Nt A threshold value of Nc 

Nc, max Maximum value of Nc on RE-COT patterns 

Nspr 
Aerosol number concentration nested from 

SPRINTARS 

Nspc Number of hydrometeors type 

na Number of aerosol bins 



 101 

p Pressure 

p0 Standard pressure 

Q Diabatic heating rate 

Qr Used in eq. (3-1) 

Qext Extinction coefficient 

ql Used in eq. (3-1) 

Rk(t) 
Regenerated aerosol number concentration of 

k-th aerosol bin 

Rv Gas constant of vapor 

Rcomp 
Reduction rate of calculation amount by Monte 

Carlo integration 

r Radius of cloud droplets 

ra Radius of aerosol particles 

rcrit Critical radius of aerosol in nucleation process 

rmax Maximum radii of cloud droplets in the model 

rmin Minimum radii of cloud droplets in the model 

reff Cloud-droplet effective radius (RE) 

rv Volume radius 

r1,r2,r3 Mode radius of aerosol particles 

r2.1, r3.7 
2.1, 3.7 µm channel-retrieved cloud-droplet 

effective radius 

! Average radius 

Sw Supersaturation over water 

T Temperature 

t Time 

u, v, w Wind valocity 

u* Friction velocity (=0.25 m s-1) 

V Terminal velocity of cloud droplets 

W Liquid water path 

Wmax Maximum value of liquid water path 

wLS Large scale subsidence  

wλ Weight function given in Platnick (2000) 
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wMCI, w’MCI Weight function used in Monte Carlo integration 

xc, yc Used in eq. (A8-5) 

Ze Radar reflectivity 

Ze,true True radar reflectivity 

z, Δz Altitude, Grid interval of altitude 

ztop, zbottom, zmodel_top Cloud top, Cloud bottom, Model top 

α Used in eq. (3-12)~(3-17) 

β Used in eq. (A8-5) 

φ Used in eq. (2-5) 

η Prognostic variable 

ϕ, ϕ1, ϕ2 Latitude, Standard latitude 

κ Used in eq. (3-1) 

λ Wavelength 

ν Van’t Hoff factor 

Π Exner function 

θ Potential temperature 

ρ Air density 

ρi Used in eq. (3-1) 

ρw Water density 

ρccn Density of aerosol 

σext,ra Extinction coefficient 

σ1, σ2, σ3  Geometrical standard deviatioin 

τc Cloud optical thickness (COT) 

τd Cloud optical depth (COD) 

τt Used in eq. (3-6) 

ζ ln(m) 

ζc, ζ1 Used in eq. (A8-3) 

σ MCI , µ MCI , ν MCI , λMCI Represent the type of hydrometeor 
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Appendix A7: Discussion on a threshold value of RE (RE=14µm) suggested by the previous 

study 

  One of the targets of this thesis is to study the characteristics of RE-COT pattern, and some 

interesting suggestion about the RE used in RE-COT pattern reported in previous studies (e.g., 

Rosenfeld and Gutman, 1994). Their suggestion was that RE=14 µm retrieved from AVHRR 

satellite is the threshold value for precipitating/non-precipitation cloud.   

  In the study of evolution of cloud, the particle size associated with precipitation is important, 

therefore it is interesting to investigate the relationship between the threshold value and RE-COT 

pattern. We discuss the relationship in this section. 

  As we have discussed in Chapter 5, the transition from condensation process to collision process 

is represented as the change from positive correlation to negative correlation of RE-COT pattern. 

The transition point corresponds to right vertex of each anticlockwise triangle in Figure 5.12a. 

  Figure A7.1 shows trajectories of clouds as shown in Fig. 5.12a but with the other two trajectories 

and the line of the threshold value (i.e., RE=14µm). It is found that the value of RE at transferring 

points (i.e., right vertex of each triangle) of most of the experiments are larger than the threshold 

value or nearly equal to it. These trajectories are obtained from the simulation at 500 m grid 

resolution. 

  While, there are two trajectories whose value of RE do not exceed the threshold value. The shape 

of these trajectories is not a triangle (i.e., there are no transfer point from condensation to collision), 

and only the positive correlation is shown. The trajectories are obtained from the clouds simulated 

by the 50 m grid resolution. 

  Based on the analysis of Chapter 5, the results show that precipitation (or drizzling) occurs in 

most of the clouds except for the two clouds. The drizzle rate of each experiment, in which the 

trajectory of clouds in the RE-COT plain shows triangle shape, is same order as that of heavy 

drizzling cloud observed by aircraft in situ measurement (e.g., van Zanten et al., 2005) as shown in 

Table 4.1.  

  While, drizzle rate of the experiments, in which the trajectory of clouds does not show triangle, is 

0.00965 mm day-1 as shown in Table 4.1, which is same order as that of non drizzling clouds 

measured by the aircraft observation. 

  These results demonstrate that drizzle particles generate in the clouds whose trajectories on 

RE-COT plane is anticlockwise triangle form, and the value of RE at the transferring points of each 

clouds exceed the threshold value as shown by previous study (i.e., RE=14 µm).  
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  The results also demonstrate that drizzling does not occur in the clouds whose trajectories is not a 

triangle shape but only positive correlation pattern are shown, in addition, the RE of these clouds 

does not exceed the threshold value. 

  These result support the suggestion of the previous study that the value of RE=14 µm is the 

threshold value of drizzling.  

 

Appendix A8: Description of Monte Carlo integration applied for stochastic collection 

equation (SCE) and two-dimensional spectral bin model (2D-SBM) 

  In this paper, we applied Monte Carlo integration method developed by Sato et al. (2009) to 

stochastic collection equation (SCE) shown as eq. (2-3), and extend the one-dimensional spectral bin 

model (1D-SBM) to 2D-SBM to calculate size distribution of aerosol particles in cloud droplets. We 

describe the detail of the Monte Carlo integration and 2D-SBM in this section. 

 

A8.1. Monte Carlo integration of stochastic collection equation 

  The Monte Carlo integration method for SCE is developed by Sato et al. (2009) to conduct SCE 

calculation with small computational cost. The SCE is given as eq. (2-3) and as:  

 

Figure A7.1 Same as Figure 6.11a but with trajectories of clouds in polluted experiment simulated by the model 

of 50 m grid resolution. The solid lines show the trajectories of each cloud, the dotted-dashed line shows 

threshold line of RE=14µm 
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where m is mass of cloud droplets, f is number density (SDF) of hydrometeors, V is terminal velocity, 

Ecoll and Ecoal represent collision efficiency, and coalescence efficiency, respectively. In order to 

solve eq. (A8-1), logarithmically equidistant mass grid system following Bott (1998) is adopted. 

Following Berry (1967), a mass density function, gc(ζ), is introduced by 

 

  gc(ζ) = m2 f(m), (ζ=ln m).    (A8-2) 

 

Substituting gc(ζ) into eq.(A8-1), the SCE of the mass density function is written as: 

 

!gc !( )
!!

= 2 m2

mc
2 "m0

!1

# g "!( )gc ! c( )K "! ,! c( )d "! $ gc !( )K ! , ""!( )
""m

gc ""!( )
0

%

# d ""! , (A8-3) 

 

where ζc=ln(mc); mc=m-m’; ζ1=exp(ζ)/2. 

  Collision of a particle at a grid point i (i-th bin), whose mass is mi, with a particle at a grid point j 

(j-th bin), whose mass is mj, yields a change in the mass density functions at the i-th and j-th bins, gc,i 

and gc,j. It also products a new particle with mass m’=mi+mj. This process is calculated as follows: 

 

gc,i i, j( ) = gc,i ! gc,i
K i, j( )
mj

gc, j"!"t = gc,i ! "gc,i ,   (A8-4a) 

gc, j i, j( ) = gc, j ! gc, j
K i, j( )
mi

gc,i"#"t = gc, j ! "gc, j ,   (A8-4b) 

 g’c(i,j) = Δgc,i+Δgc,j, (i,j=1,2,….Nbin),   (A8-4c) 

 

where Δgc,i, Δgc,i are the masses lost from i-th and j-th bins by collision, respectively, and gc,i(i,j) and 

gc,j(i,j) are values of the mass density function after the collision at the i-th and j-th bin. Nbin is 

number of hydrometeor bins (i.e., 33 bins). g’c(i,j) represents the total mass increase of the particle 
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system identified as the new particle m’ after the collision. Δζ is the grid spacing of the 

logarithmically equidistant mass grid system. Δt is the time interval for numerical integration.  

  Supposing that the new particle mass is in a k-th bin, (i.e., mk <m’<mk+1), g’c(i,j) is decomposed 

into two contributions for k-th and k+1-st bins as in the scheme proposed by Bott (2000), which is 

shown as: 

 

 

!gc,k i, j( ) = gc,k + !gc i, j( )
gc,k i, j( ) = !gc,k i, j( )" !fc,k+1 2 i, j( )
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!fc,k+1 2 i, j( ) = !gc i, j( )
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!gc,k xc( )dxc
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cw,k =
ln !m " lnmk

lnmk+1 " lnmk

!gc,k xc( ) = !gc,k i, j( )exp !xc( )
! =

lngc,k+1
lng 'c,k i, j( ) , xc =

yc " yc,k
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, yc = ln r

,  (A8-5) 

 

where r is radius of hydrometeors.  

  Traditional bin method evaluates all the collision combination NbinC2, to solve (A8-3) as follows: 

 

 gc,l{ }l=1,2,!Nbin
= !gc,i + !gc, j( )

j

Nbin

"
i

Nbin#1

" .    (A8-6) 

 

  On the other hand, the Monte Carlo integration (MCI) algorithm does not calculate all 

combination of bins, instead only some combinations are selected by using uniform random 

numbers: 

 

 
 
gc,l{ }l=1,2,!Nbin = !gc,k1 + !gc,k2( )

k1,k2=1

MMCI

" #wMCI , wMCI =
Nbin
C2

MMCI

,  (A8-7) 
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where MMCI is number of selected bin combinations and wMCI is weighting factor to compensate for 

the lack of mass changed caused by the reduced number combinations. Computational efficiency is 

improved by introducing the factor wMCI compared to the traditional bin method. 

  Eqs. (A8-1), (A8-3), (A8-6), and (A8-7) assume collision and coagulation among particles of the 

same type of hydrometeor. We can extend these expressions to those for poly dispersions for 

different types of hydrometeors, such as the seven hydrometeor types identified in the UT-ACBM as 

follow: 

 

!f !MCI( ) m( )
!t
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MMCI
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2
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, (A8-9) 

 

where µMCI, νMCI, σMCI, and λMCI represent the type of hydrometeor, Nspc is the number of 

hydrometeor types and LMCI is the number of hydrometeor types selected in the MCI.  

  The quadruples integration in eq. (A8-8) is reduced to a double summation in (A8-9), so that the 

MCI introduces a significant benefit in the calculation time for the collision-coagulation process for 

poly dispersions including different types of hydrometeors. 

  In summary, the computational efficiency is improved by random bin selection with ratio of wMCI 

(= NbinC2/MMCI) and also by hydrometeor type selection with ratio of w’MCI (=N2
spc/LMCI). The total 

computation time is therefore reduced by the factor Rcomp=1/wMCI w’MCI. 

  In case of large wMCI, the size distribution in the next time step can become negative when gc,i < 

Δgc,i or gc,j<Δgc,j. In this case, we assume positive definiteness by the following procedure as 

proposed by Bott (1998): 
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gc,i i, j( ) =max gc,i ! "gc,i, 0( )

gc, j i, j( ) =
max gc, j ! "gc, j, 0( ) i # j( )

gc, j ! "gc, j i = j( )

$
%
&

'&

.  (A8-10) 

 

Our method is also different from traditional bin method in terms of calculation order regarding 

hydrometeor types and sizes of hydrometeor. Traditional bin methods calculate interaction of 

different hydrometeor types and different sizes by collision with specific order (e.g., first, collision 

of liquid drop and ice particle, second liquid drop and snow particle, next liquid drop and graupel 

etc.). This can be invalid for collision process in nature if the natural collision processes occurs 

randomly in terms of paring of colliding particles and types. In our MCI, however, collision process 

is calculated by random order about hydrometeor type and size of hydrometeor because the order is 

selected by using uniform random number. This may be more suitable to represent the stochastic 

nature of collision process in real clouds. 

 

A8.2. Extension of one-dimensional SBM to two-dimensional SBM 

  Extension of 1D-SBM to 2D-SBM is one of the important contributions of this study. The 

2D-SBM calculates SDF of aerosol in cloud droplets (henceforth we refer the aerosol in cloud 

droplets to in-cloud aerosol) explicitly. Since the 2D-SBM can calculate size distribution of 

regenerated aerosols, which is calculated by the parameterization of Feingold et al. (1996) in almost 

all experiments of this study, it is very useful model to validate the parameterization. 

  The 2D-SBM calculate size distribution function of in-cloud aerosols based on assumptions that 

total mass of in-cloud aerosols is not changed during condensation/evaporation and 

collision/coagulation process, and in-cloud aerosols do not affect the growth process, advection, 

sedimentation, and diffusion process of clouds. 

  The assumptions admit us using same calculation scheme of cloud growth process except for 

collision/coagulation process. When the collision/coagulation process is calculated, number 

concentration of in-cloud aerosols are conserved. The calculation scheme of Bott (2000) is applied 

for the calculation of collision/coagulation process in 2D-SBM.  

  The schematic illustration of the scheme is shown in Fig. A8-1 cited from Bott (2000). The 

scheme is firstly integrate two-dimensional particle spectrum over the aerosol grid, which yielding a 

one-dimensional spectrum: 
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  fi = fi,l, l =1,2,!Naer( )
l=1

Naer

! ,    (A8-11) 

 

where Naer is number of aerosol bin (i.e. 13 or 17 in this study), and fi, fi,l is total number 

concentration of hydrometeors in i-th bin, and number concentration in i-th bin of hydrometeor and 

l-th bin of aerosols before collision process. 

  Secondly, the change of hydrometeor’s mass are calculated as one-dimensional SBM. The change 

of mass of i-th bin, j-th bin, k-th bin, and k+1-st bin shown as Δgc,i, Δgc,j, Δgc,k,(=gc,k-gc,k(i,j)) and 

Δgc,k+1 (=gc,k+1+gc,k+1(i,j)) are calculated by eqs. (A8-4).  

  Thirdly one-dimensional spectrum is redistributed to two-dimensional spectrum by the procedure 

shown follow. 

  The change of total number concentration of two dimensional aerosol-water grid in i-th, j-th, k-th, 

and k+1-st bin are calculated as: 

 

Δfc,i =Δgc,i/mi,    (A8-12a) 

Δfc,j =Δgc,j/mj,    (A8-12b) 

Δfc,k =Δgc,k/mk,    (A8-12c) 

Δfc,k+1 =Δgc,k+1/mk+1.    (A8-12d) 

 

  Since in the method the probability for the collision of two drops is assumed to be independent of 

their aerosol mass, in the two-dimensional aerosol-water grid the total loss of drops Δfc,i and Δfc,j will 

be split up in fractions Δfc,i,l(i,j) and Δfc,j,l(i,j) according to the fraction γi,l, and γj.l of particles in grid 

box (i,l) and (j,l), l=1,2, …., Naer, before the collision process: 

 

  

!fc,i,l i, j( ) = ! i,l!fc,i i, j( )
!fc, j,l i, j( ) = ! j,l!fc, j i, j( )

! i,l =
fc,i,l
fc,i
, ! j,l =

fc, j,l
fc, j

.    (A8-13) 

 

Note that !!,! = 1,        ! = 1,2,…!!"#
!!"#$
!!! . The new drops Δfc,k and Δfc,k+1 is redistributed into grid 

boxes (k,l) and (k+1,l), l=1,2,….Naer. The collision process of particles with masses (mi, ma,m) with 

particles (mj,ma,n) yields new particles with masses [mk,m’a(i,j)] and [mk+1,m’a(i,j)] where 

m’a(i,j)=ma,m+ma,n. The fraction of these particles is given by 
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  Δf’k(m,n)=γi,m γj,nΔfk 

  Δf’k+1(m,n)=γi,m γj,n Δfk+1.    (A8.14) 

 

Analogously to the hydrometeors, aerosol number of p-th bin ma,p < m’a(i,j) < ma,p+1 are separated to 

p-th bin and p+1-st bin as: 

 

  Δfk,p(m,n) = (1-ca,p)Δf’k(m,n),    (A8-15a) 

  Δfk+1,p(m,n) = (1-ca,p)Δf’k+1(m,n),    (A8-15b) 

  Δfk,p+1(m,n) =ca,pΔf’k(m,n),    (A8-15c) 

  Δfk+1,p+1(m,n) = ca,pΔf’k+1(m,n),    (A8-15d) 

 

with 

 

  ca,p =
ln !ma i, j( )" lnma,p

lnma,p+1 " lnma,p

.    (A8-16) 

 

  The scheme of collision/coagulation shown below is based on Bott (2000) and the code of this 

scheme is downloadable from http://www2.meteo.uni-bonn.de/forschung/gruppen/tgwww/people/ 

index_german.php?memid=2.  
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Appendix A9: Derivation of equations (3-7) and (6-1) 

  In this section, we describe derivations of eq. (3-7) and (6-1). 

 

A9.1. Derivation of the equation (3-7) 

 The eq. (3-7) is shown as  

 

! h( ) = ! c 1!
h
Hc

"
#$

%
&'

5 3(

)
*
*

+

,
-
-

,    (A9-1) 

 

where τ(h) is COD, τc is COT, Hc is geometrical depth of cloud, h is height from cloud top, 

respectively. This equation is derived from adiabatic-condensation growth model of cloud particles. 

According to this model, the cloud water content (qc: g m-3) increase with height h from the cloud 

bottom in a linear manner as 

 

  !! = !!ℎ ∝ ℎ,     (A9-2) 

 

Figure A8-1. Schematic illustration of the method to calculate collision/coagulation by 2D-SBM (Bott et al. 2000) 
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FIG. 1. Schematic illustration of the TFM.

lets depends only on the water mass of each and not on
the mass of the aerosol nuclei. Based on this assumption
the collision–coalescence process is calculated in the
following way. First, the two-dimensional particle spec-
trum is integrated over the aerosol mass, yielding a one-
dimensional droplet spectrum as function of the water
mass. In the next step the SCE is solved for this dis-
tribution by means of the flux method. In the last step
the new two-dimensional particle spectrum is recon-
structed from the one-dimensional intermediate distri-
bution. Figure 1 illustrates schematically the three steps
of the whole procedure. Since the extended version of
the flux method solves the SCE for a two-component
particle spectrum containing aerosol and water mass, it
will henceforth be called the two-component flux meth-
od (TFM). A detailed description of TFM will be given
in the following section. Section 3 deals with the pre-
sentation and discussion of numerical results as obtained
with the new algorithm while section 4 summarizes the
findings of the present paper.

2. Description of the two-component flux method
For a drop number distribution n(x, t) at time t the

stochastic collection equation is given by (Pruppacher
and Klett 1997)

mw,1�n(m , t)w � n(m , t)K(m , m� )n(m� , t) dm�� w,c w,c w w w�t mw,0

�

� n(m , t)K(m ,m� )n(m� , t) dm� . (1)� w w w w w
mw,0

Here, K(mw,c, ) is the collection kernel describing them�w
rate at which a drop of mass mw,c � mw � is collectedm�w
by a drop of mass to form a drop of mass mw. Them�w
first integral on the right-hand side of (1) denotes the
gain rate for n(mw, t) by collision–coalescence of two
smaller drops and the second integral is the loss rate for
drops of mass mw due to collection by other drops. The
integral limits are the mass mw,0 of the smallest drop
being involved in the collection process and mw,1 �
mw/2. Equation (1) will now be rewritten for the mass
distribution function,

g(y, t) dy � mwn(mw, t) dmw, (2)

where y � lnrw and rw is the radius of drops with mass
mw. Substituting (2) into (1) yields

y1 2�g(y, t) mw� g(y , t)K(y , y�)g(y�, t) dy�� c c2�t m m�w,c wy0

� K(y, y�)
� g(y, t) g(y�, t) dy�. (3)� m�wy0

For the numerical solution of (3) a logarithmically
equidistant mass grid is used. The collision of drops at
grid point i with drops at j yields a change in the mass
distributions gi and gj and produces new drops with mass
(i, j) � mw,i � mw,j:m�w

K(i, j)
g (i, j) � g � g g �y�ti i i jmw,j

K(i, j)
g (i, j) � g � g g �y�tj j j imw,i

m� (i, j)wg�(i, j) � g K(i, j)g �y�t. (4)i jm mw,i w,j

Here, gi and gj are the mass distribution functions at
grid points i and j before the collision process while
gi(i, j), gj(i, j), and g�(i, j) represent the new mass dis-
tributions after the collision. The numerical integration
time step is �t, the equidistant grid distance is denoted
by �y � ln�/3, and K(i, j) is an average value of the
collection kernel obtained by two-dimensional linear in-
terpolation as in B98.
Since usually mw,k � (i, j) � mw,k�1, the mass den-m�w

sity g�(i, j) will be split up in grid boxes k and k � 1.
First, g�(i, j) is entirely added to grid box k, yielding
the intermediate value (i, j) � gk � g�(i, j). Then ag�k
certain fraction f k�1/2(i, j) of (i, j) is transported intog�k
grid box k � 1 and one obtains the final mass distri-
butions:

g (i, j) � g�(i, j) � f (i, j)k k k�1/2

g (i, j) � g � f (i, j). (5)k�1 k�1 k�1/2

In B98 the mass flux f k�1/2(i, j) through the boundary
k � ½ is determined by replacing in grid box k the
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where la is adiabaticy factor. In the adiabatic-condensation growth model, the number concentration 

of cloud droplets (Nc) is assumed to be constant through the entire cloud layer since the condensation 

process conserves Nc. The RE (reff) at each height h is then given as  

 

  reff !
qc
Nc

"
#$

%
&'

1 3

! h1 3 .    (A9-3) 

 

Thus eq. (A9-2) and (A9-3) lead to the cross section σc at each height given as  

 

  !! ∝
!!
!!""

∝ ℎ! !.     (A9-4) 

 

The COD τ(h) from the cloud bottom to the height h then follows from the vertical integral of eq. 

(A9-4) as 

  ! h( ) = ! c !h( )d !h
0

h

" # h5 3 .    (A9-5) 

Supposing that the total optical thickness of the cloud with geometrical thickness (Hc) is denoted by 

τc, the COD at each height h from the cloud top is therefore given as  

 

  ! h( ) = ! c 1!
h
Hc

"
#$

%
&'

5 3(

)
*
*

+

,
-
-

.    (A9-6) 

 

The eq. (A9-6) is equation (A9-1) and eq. (3-7). 

 

A9.1. Derivation of the equation (6-1) 

  The derivation of eq. (6-1) is also started from eq. (A9-2). As well as eq. (A9-2), we introduce 

volume-averaged particle radius rv given by  

 

  rv h( ) = 3
4!"w

qc
N c

!
"#

$
%&

1 3

= Acg
1 3h1 3Nc

'1 3 ,   (A9-7) 
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where ρw is density of water. Acg=3la/(4πρw). The RE is related with rv as re=ka
-1/3rv through the 

parameter ka what varies from about 0.67 in continental air masses to about 0.80 in marine air 

masses (Pontikis and Hicks 1992, Martin et al., 1994). The RE is thus given from rv as 

 

  re(h) = Acg
1/3h1/3(kaNc)-1/3.    (A9-8) 

 

This gives the effective radius at cloud top h=H as  

 

  re(H) = Acg
1/3H1/3(kaNc)-1/3.    (A9-9) 

 

  In the adiabatic condensation growth model, cloud droplets are considered to grow through 

condensation process where the number concentration Nc is assumed to be constant. Vertical 

integration of eq. (A9-2) and eq. (A9-8) over cloud layer of thickness H then leads to the expression 

for liquid water path W and τc as  

 

  W = qc dh0

H

! = 1
2
laH

2 ,     (A9-10) 

and 

  ! c =
Qext

"w4 3
qc
reff

dh
0

H

# = 3
5
Qext$Acg

2 3 kaNc( )1 3H 5 3 ,  (A9-11) 

 

where Qext is extinction coefficient. Eqs. (A9-9) and (A-9-11) demonstrate that reff(H) and τc are 

related through the parameters Nc and H as discussed by previous studies (e.g., Brenguier et al., 

2000). The parameter H can be replaced with W since these two quantities are uniquely related 

through eq. (A9-10); thus eq. (A9-9) and eq. (A9-11) can be rewritten in terms of Nc and W as 

 

  

reff H( ) = Acg1 3
2W
la

!
"#

$
%&

1 6

kaNc( )'1 3

! c =
3
5
Qext"Acg

2 3 kaNc( )1 3 2W
la

!
"#

$
%&

5 6
.   (A9-12) 

 

These formulas provide theoretical relationships between reff(H) and τc under constant values of Nc 

and W as 
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! c =

8
5

" ka( )2 #w

la
Nc
2reff
5 H( )! Nc = const.( )

9
5
1
#w

W
reff
!!! W = const.( )

$

%

&
&

'

&
&

.  (A9-13) 

The equations (A9-13) is same as eq. (6-1). 
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