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Examples of factors which have no Cartan
subalgebras

Yusuke Isono*

Abstract

We consider some conditions similar to Ozawa’s condition (AO),
and prove that if a non-injective factor satisfies such a condition and
has the W*CBAP, then it has no Cartan subalgebras. As a corollary,
we prove that II; factors of universal orthogonal and unitary discrete
quantum groups have no Cartan subalgebras. We also prove that con-
tinuous cores of type III; factors with such a condition are semisolid
as a Il factor.

1 Introduction

In the von Neumann algebra theory, the Cartan subalgebras give us
many important information and fascinating examples. In fact, Cartan sub-
algebras always come from some orbit equivalence classes in the following
sense: for a given separable factor M and its Cartan subalgebra A C M,
there exists the unique orbit equivalence class R (and the cocycle o) on a
standard space X such that (L>*(X) C L(R,0)) ~ (A C M) [11]. This
correspondence sometimes enables us to make use of the ergodic theory to
analyze such class of factors. This is one of the main reasons why Cartan
subalgebras have been studied for a long time.

For example, Sorin Popa gave first examples of II; factors whose fun-
damental groups are trivial [26]. In the proof, he identified fundamental
groups of these factors as that of obit equivalence classes, by some defor-
mation/intertwining arguments between two Cartan subalgebras. Hence he
essentially investigated their Cartan subalgebras. This is the first result of
the rigidity theory of II; factors.

From this pioneering work, there has been many remarkable works: real-
ization of many outer automorphism groups and fundamental groups; new
examples of prime factors; uniqueness and non-existence of Cartan subalge-
bras; W*-superrigidity and so on. In this paper, we concentrate our attention
on a negative type result, that is, non-existence of Cartan subalgebras.
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Here we recall the definition of Cartan subalgebras. Let M be a von
Neumann algebra and A an abelian subalgebra of M. We say A is a Cartan
subalgebra of M if it satisfies the following conditions:

e there exists a faithful normal conditional expectation from M onto A;
e A is maximal abelian in M, that is, AN M = A;

e the normalizer group N/ (A) generates M, that is, Ny (A)” = M.

Here the normalizer group is defined as Ny (A) := {u € U(M) | vAu* =
A}. We note that Cartan subalgebras of M are diffuse (i.e. which have no
minimal projections) if so is M.

Historically, examples of von Neumann algebras which have no Cartan
subalgebras were first discovered by Voiculescu [35]. He showed that the free
group factors L(IF,,) (n > 2) have no Cartan subalgebras and his method
relied on the free probability theory. Shlyakhtenko also proved that free
Araki-Woods factors of type 111, have no Cartan subalgebras [29].

In the rigidity theory, Ozawa and Popa gave first examples [23]. They
proved that the free group factors are such examples, and they actually
proved that these factors are strongly solid. Here we recall that a finite von
Neumann algebra M is strongly solid if for any diffuse injective subalgebra
A C M, the normalizer Nj;(A) generates an injective von Neumann algebra,
that is, Nas(A)” is injective. It is easy to see that if a finite von Neumann
algebra M is strongly solid, then any non-injective diffuse von Neumann
subalgebra of M has no Cartan subalgebras. Hence their result is stronger
than that of Voiculescu.

After the work of Ozawa and Popa, there has been many non-existence
results, and in the present paper we follow [27], in which Popa and Vaes
proved remarkable uniqueness and non-existence results of Cartan subalge-
bras. In the same paper they gave a new proof of the fact that factors of
weakly amenable and bi-exact groups are strongly solid (this was first proved
by Chifan, Sinclair, and Udrea [8, Corollary 0.2] with an equivalent notion
of bi-exactness called array, see [7] and [8, Proposition 2.1]). We refer to this
new proof. In fact, we will prove the same statement for more general von
Neumann algebras which are not necessarily group von Neumann algebras.

For this purpose, we need notions of general von Neumann algebras
which correspond weak amenability and bi-exactness. It is known that weak
amenability has such a notion called the W*CBAP (see Subsection 2.3), but
bi-exactness does not. Ozawa’s condition (AO) is a candidate but this is not
enough for us. We will investigate it in Section 3. See [28], [13], and [17] for
other notions similar to condition (AO).

After this consideration, we prove the following main theorems.

Theorem A (Theorem 4.2.1). Let M be a 11y factor with separable predual.
If M satisfies condition (AO)™ (see Definition 3.1.1) and has the W* CBAP,
then M s strongly solid.



Theorem B (Theorem 4.3.1). Let M be a non-injective type 111 factor with
separable predual and ¢ a faithful normal state on M. If (M,¢) satisfies
condition (AOC)™ (see Definition 3.2.1) and has the W*CBAP, then M
has no ¢-Cartan subalgebras.

Here ¢-Cartan subalgebra means a Cartan subalgebra which has a ¢-
preserving faithful normal conditional expectation F, that is, ¢ = ¢ o E.

To prove Theorem A, we need only slight modifications of the proof of
(a special case of) [27, Theorem 3.1]. Theorem B can be proved by seeing
its continuous core, and this idea comes from [15] and [16]. Since condition
(AOC)™ is similar to condition (AO) with respect to the continuous core,
we naturally deduce the following primeness result. In the theorem below,
Tr means the canonical semifinite trace on the continuous core.

Theorem C. Let M be a von Neumann algebra with separable predual and
¢ a faithful normal state on M. Let M be its continuous core with respect
to ¢ and p a projection in LR such that Tr(p) < oco. If (M, ) satisfies
condition (AOC)™, then pMp is semisolid. In particular, M is a semisolid
type Mo factor if M is a type 1111 factor.

Here we recall that a finite von Neumann algebra M is semisolid (re-
spectively, solid) if for any type II (respectively, diffuse) subalgebra N C M,
the relative commutant N’ N M is injective. For a semifinite von Neumann
algebra M, semisolidity (and solidity) is defined as that of pMp for all finite
projections p € M. We also recall that M is prime if for any tensor decom-
position M = M; ® Ms, one of M; (i = 1,2) is of type L. It is not difficult to
see that semisolidity implies primeness for non-injective semifinite factors.
Hence the conclusion of the theorem above implies primness.

The aim of our generalization is, of course, to find new examples. Fac-
tors of universal discrete quantum groups A,(F') and A, (F") (see Subsection
2.4) are our main targets. On the one hand, it is known that they satisfy
condition (AO) [33][32], and we will observe that they in fact satisfy a little
stronger conditions. See Section 3 for the details. On the other hand, weak
amenability of them were shown very recently [12] but only for the case that
they are monoidally equivalent to A,(1,) or A,(1,). Thus combined with
the main theorems, we have the following corollary.

Corollary. Let G be a universal discrete quantum group Ao(F) or Ayu(F)
for F € GL(n,C) (n > 3). Denote the Haar state by h.

(1) If F =1, then L*°(G) is strongly solid. In particular, L*°(G) has no
Cartan subalgebras.

(2) If L*=(G) is non-injective and has the W*CBAP, then it has no h-
Cartan subalgebras.



(3) If L*=(G) is a non-injective type 1111 factor, then the continuous core
L>(G) x,n R is a semisolid, in particular prime, Il factor.

We will observe in Subsection 5.2 that the continuous core of L>°(A,(F'))
is semisolid but never solid for some concrete matrix F'.

Theorem B works for the case that F' is not an identity matrix, but we
do not know whether L>°(G) has the W*CBAP or not for a general matrix
F. 1If one obtains this property, Theorem B is applicable for every non-
injective von Neumann algebras of A,(F) and A,(F), and hence one has
non-existence results for them. We leave this problem as follows.

Problem. When do von Neumann algebras of universal discrete quantum
groups Ay(F) and Ay(F) have the W*CBAP?

2 Preliminaries

2.1 Tomita—Takesaki theory

For Tomita—Takesaki theory, we refer the reader to [30].
Let M be a von Neumann algebra and ¢ a faithful normal state on M.
We first consider the following anti-linear map:

S: MQ — MQ C L*(M, ¢); aQ — a*Q,

where () is the canonical cyclic separating vector associated with ¢. This
map is closable on L?(M, ¢) and write as S = J A2 the polar decomposition
of S. We call A the modular operater and J the modular conjugation. The
following fundamental relations are important:

JMJ =M, A"MA™™=M (tcR).

In the paper, we frequently identify JM J as the opposite algebra M°P with
the obvious correspondence. The GNS-representation on the Hilbert space
L*(M, ¢) (with a faithful normal state ¢) is called a standard representation
(see [30, Definition IX.1.14] for the intrinsic definition).

From the relation above, Uf(a) = A%gA™" (¢ € M,t € R) defines
a one parameter automorphism group on M, which is called the modular
automorphism group on M associated with ¢. The continuous core of M is
defined as the crossed product von Neumann algebra M := M x_ 4 R and
it does not depend on the choice of ¢. We can then construct a semifinite
weight ¢ on the core called the dual weight of ¢ [30, Definition X.1.16],

which of course depends on ¢. The dual weights are always faithful and its

modular action becomes inner (more precisely o =1® A¢) so that M is

t/\_/

always semifinite. A canonical semifinite trace on M is given by Tr := ¢(h-),
where h is the self-adjoint map satisfying h®* = 1 ® \; (t € R). We say a



type III factor M is of type III; if the continuous core is a factor of type
II (see [30, Definition XII.1.3] for definitions of type IIIy).
The associated representations

m: M — B(L*(M) ® L*(R x»—>/ ) ® e -

u: R — UL

where (f, 0%, () @ e - dt€)(s) = 02 (2)€(s) and ((1® A)E)(s) = &(—t +5)
for any ¢ € L?(M) ® L*(R), give a standard representation of M x4 R
on L?(M) ® L?*(R) with respect to the dual weight ¢. Since the standard
representation is unique, this space is also standard with respect to Tr.
More precisely, we have the following canonical unitary U which preserves
standard representation structures:

U: L(M) ® L*(R) = L*(M) ® L*(R); Ag(x) = An(ah™'/?),

M) ® LA(R)); t — 1@ A,

where A are canonical images of GNS representations and x € M satisfies
d(z*z) < 0o and zh~/? is bounded with closure in M. We note that

U(K(L*(M)) ® B(L*(R)))U* = K(L*(M)) ® B(L*(R)).

A conditional expectation from M onto LR is defined by Err(zA) := d(x) M\
(r € M,t € R). Then Epg is ¢-preserving and Tr-preserving.
The modular conjugation J on M is given by

(JE)() = AT"IE(—t) (LR, E € L*(M) ® L*(R))
[30, Lemma X.1.13], and one can easily verify that
Jr(z)J =JzJ®1 (xeM), JAo )J=A"Qp (teR),

where p; is the right translation defined by (pin)(s) := n(s +1t) (n € L*(R)).
Hence we have

(M xR =J(Mx,6R)J = W{JzJ®1 (xe M), A"®p (t eR)}
WM @1, A"®p; (t € R)}.

Next, we investigate how Cartan subalgebras of M behave in the contin-
uous core of M. Let M be a general von Neumann algebra, A C M a Cartan
subalgebra of M, and let E4 be an associated conditional expectation. Take
a faithful normal state ¢ on A and extend it on M via Ey4 (still denote it
by ¢). Then by the proof of Takesaki’s conditional expectation theorem
[30, Theorem IX.4.2], the restriction of Jf) on A coincides with the modular
automorphism group on A associated with ¢. This implies Jf (A) = A so
that we have a natural inclusion A x4 R C M x4 R. Since A is abelian
(and so ¢ is tracial), af = id4 on A and hence we have A X, R = A® LR.
Then it is known that for any Tr-finite projection p € LR, the reduced sub-
algebra A ® pLRp is a Cartan subalgebra of a finite von Neumann algebra
p(M x4 R)p (e.g. [15, Propositions 2.6 and 2.7] and [10, Lemma 2.2]).



2.2 Popa’s intertwining techniques

As explained in Introduction, Sorin Popa introduced a useful tool which
gives a good sufficient condition for unitary conjugacy of Cartan subalge-
bras. Here we recall only the precise statement which we need later. See
[4, Theorem F.12] for another proof.

Theorem 2.2.1 ([26][25]). Let M be a finite von Neumann algebra with
separable predual, T a faithful normal trace on M, and let A, B C M be (pos-
sibly non-unital) von Neumann subalgebras. We denote by Ep the unique
T-preserving conditional expectation from 1pM1p onto B. Then the follow-
ing conditions are equivalent.

(1) There exists no sequences (wy)y of unitaries in A such that lim | Eg(b*wya)||2r =
n
0 for any a,b € 14M1p.

(2) There exists a non-zero A-B-submodule H of 14L*(M)1p such that
dim(B,q—) H < o0.

(3) There exist non-zero projections e € A and f € B, a unital normal
x-homomorphism 0: eAe — fBf, and a partial isometry v € M such
that

e vv* <e andvv < f,

e vl(x) = v for any x € eAe.

We write as A <pr B if one of these conditions holds.

2.3 Weak amenability and W*CBAP

Weak amenability is an approximation property for discrete groups (more
generally, locally compact groups) weaker than amenability, and the W*CBAP
is a corresponding notion for von Neumann algebras.

To introduce these notions, we first recall the definition of a Herz—Shur
multiplier. Let I' be a discrete group and ¢ a map from I' to C. Consider a
linear map

mg: C[I'l = C[I']; Zas S Z¢(s)as - 8.

sel sel’

Then regarding C[I'] ¢ C5(I'), we define the Herz-Shur norm of ¢ as
|élleh. = [[mellc.b. (possibly infinite). We say ¢ (or my) is a Herz-Shur
multiplier if ||@||c.p. is finite.

Then Recall that a discrete group I' is weakly amenable if there exists a
net (¢;); of finitely supported Herz—Shur multipliers satisfying lim sup; ||@il|c.b. <
oo and ¢;(g) — lasi — oo for any g € I'. We also recall that a von Neumann
algebra M has the weak™ completely approzimation property (or W*CBAP,



in short) if there exists a net (1);); of normal c.b. maps on M with finite
rank such that limsup; ||¢i]|c.p. < 0o and 1); converges to idys in the point
o-weak topology.

Then optimal constants

Acp (T') := inf{ limsup [[¢ilcb. | (¢:) satisfies the above condition}

Acy (M) = inf{ limsup [|[¢)i[|cp. | (¢;) satisfies the above condition}

are invariants of I' and M respectively, both of which are called the Cowling—
Haagerup constant. It is known that Acp (I') = Acp. (L) (see for example
[4, Section 12.3]). Freslon recently proved that A.y (L*°(G)) = 1, where G
is monoidally equivalent to A,(1,) or A,(1,) [12]. However the general case
is still open.

We will use these properties in two ways: one is Theorem 4.1.1 to have
weakly compact actions; the other is as follows with local reflexivity. Recall
a C*-algebra A is locally reflexive if for any finite dimensional subspace
E C A**, there exists a net (1;); of c.c. maps from F to A such that (p;);
converges to idg in the point o-weak topology.

Lemma 2.3.1. Let M be a von Neumann algebra and A C M a o-weakly
dense C*-subalgebra. Let (¢;); be a net of normal c.b. maps on M with
finite rank such that lim sup; ||@il|c.b. =: k < 0o and ¢; converges idys in the
point o-weak topology. Assume A is locally reflexive. Then we can find a
net (v;); of normal c.b. maps from M into A with finite rank satisfying the
same conditions as (p;);.

Proof. Let z € A™ be the central projection satisfying M ~ zA**. Put
E; := ¢;(M) and regard as a subset of A** via E; C M =~ zA*. Then,
by local reflexivity of A, we can find a net (/‘3) ;j of c.c. maps from Ej; into
A such that ,ué converges idg, in the point o-weak topology. Now, putting
[Lz- (a) := zué (a), we have a net ([L; o ¢;);,j of c.b. maps from M into zA and
this makes our desired net by using the identification (A C M) ~ (zA C
2z A*). O

2.4 Universal discrete quantum groups

In the paper, we use the quantum group theory only for Propositions
3.1.2 and 3.2.4. We accept all the the basics of compact and discrete quan-
tum groups and we refer the reader to [36] and [18] for the details. Our
notations are very similar to those of [33].

Let C(G) be a compact quantum group. We denote by ® the comulti-
plication, by h the Haar state, and by L?(G) the GNS-representation of h.
Then the Hilbert space L?(G) can be decomposed as follows:

LG)= Y ©(H:® Hs),
z€lrred(G)

7



where Irred(G) is the set of equivalent classes of all irreducible unitary rep-
resentations of G and T is the contragredient of z. Let t, be the unique unit
vector (up to multiplication by T) in H, ® Hz such that (U*XU7)-invariant,
where U? is the unitary element corresponding to x. Identify ¢, as an anti-
linear map from Hz to H, with the Hilbert—Schmidt correspondence. Then
we have two representations

p: C(G) = B(L*(G)); plwne @ u(UT)Q =€ @™y € Hy @ Hy,
A O(G) = B(L*(G)); Mwye @ ((U)Q=t"n® ¢ € Hy ® Hy,

for all z € Irred(G) and &, € H,. Here Q is the canonical cyclic vector.
We note that these representations are unitarily equivalent to the GNS-
representation for the Haar state h. Define the dual discrete quantum group
as

oG = P B(H.),

z€lrred(G)

>G) =[] B(H)

z€lrred(G)

and define two representations of them on the same Hilbert space L?(G) by

A 0(G)—»  J] B(H.) ®CcCB(LAG)),
z€lrred(G)

p:t®G)— [] CeoB(H.) CBLG)).
z€lrred(G)

All dual objects are written with hat (e.g. o, ﬁ) We have a natural unitary

V= @ U=,

z€lrredG

From now on, we assume that the Haar state h is faithful on C(G) and
recall modular objects of them. We use similar notations to [31] which has
a good survey of the modular theory on compact quantum groups. Let
A(G) be the dense Hopf *-algebra of C(G), k the antipode, and let € be the
counit of C(G). Let {f.}. (z € C) be the Woronowicz characters on C(G),
that is, a family of homomorphisms from A(G) to C satisfying conditions in
[36, Theorem 1.4]. Put F, := (¢ ® f1)(U”) for x € Irred(G). Then we have
the following useful relations to the modular group associated with the Haar
state h:

e L@aM(U*) = (Fl®1)U*(F!®1) (tcR,zclired(G)),

e A= 3" @F'eF;") oI*G)= Y  ®(H,® Hz).
z€lrred(G) z€lrred(G)



We denote the scaling automorphism group by 7; and the unitary antipode
by R. Define a conjugate unitary J on L?*(G) by Jal = R(z*)1 for z €
C(G) and put U := JJ = JJ. Then we can identify all compact quantum
group C*-algebras as these opposite algebras, for example p(C(G))P ~
Jp(C(G))J =Up(C(G))U ~ p(C(G)).

Next we recall universal discrete quantum groups introduced in [34]
which are our main objects. Let F' be an element in GL(n,C) (n > 2).
Then the C*-algebra C'(A,(F)) is defined as the universal unital C*-algebra
generated by all the entries of a unitary n by n matrix v = (u; ;); ; satisfying

e FuF~!is unitary,

where @ = (u];); ;. Next assume that FF = £1. Then the C*-algebra
C(A,(F)) is defined as the universal unital C*-algebra generated by all the
entries of a unitary n by n matrix u = (u; ;);; satisfying

e FuF 1 =u.

Following [33] and [32], we treat only the case n > 3.

Put G := A,(F) or Ay (F'). Then C(G)yeq is defined as an image of C(G)
in B(L?(G)) via the GNS-representation and it is still a compact quantum
group. Write L>(G) := C(G)} 4. Since previous two representations A and
p are unitary equivalent, we naturally have

C(Ghrea = MC(G)) = p(C(G)), L™(G) = MC(G))" ~ p(C(G))".

We regard p(C(G)) C p(C(G))" C B(L?*(G)) as our main objects and, in
the next section, we will prove that they satisfy some conditions similar to
condition (AO). We note that factoriality and these types were studied in
[2] and [33] (but not solved completely).

All the irreducible representations of A,(F) and A, (F') were completely
classified in the following sense [3][2]: Irred(A,(F')) is identified with N in
such a way that

r@y~lz—ylo(z—yl+2)o---@(z+y) (v,y€N);

Irred(A,(F)) is identified with N % N in such a way that

TRy~ P Toyo (@,y € NxN).

zeNxN,x=x02,y=2y0

From now on, for simplicity, we treat only A,(F) and all the cases of
Ay (F) in this paper can be treated in the same way as that of A,(F).
See [32, Section 5].

Let z be any irreducible representation contained in x ® y as a sub-
representation (write as z € x ® y). Let p§®y be the unique projection in
B(H, ® H,) satisfying (U* R UY)(p*®¥ © 1) ~ U?. Then take an intertwiner



V(z ® y,z) between (U* X UY)(p2*¥ @ 1) and U? and it is unique up to
multiplication by T. Define a u.c.p. map ¢z4y ,: B(Hy) = B(Hy4y) by

Votya(A) =V(eey,z+y) (A )V (z®y,x+1y),

and notice that this map does not depend on the choice of V(z ® y, z + y).
This independence sometimes allows us to use special properties of some
special V(z®vy, z+y). For example, they have the following useful inequality
(33, (8.6)]:

dr((V (a®b, a+b)*@1)(10V (b®c, 2)), V((a+b)®c, a+2)V (a®z, at2)*) < CqEH=9/2,

where dp(V, W) := inf{||[V — AW|| | A € T} and 0 < ¢ < 1 with Tr(F*F) =
qg+q "

Finally we recall a nuclear C*-subalgebra B of £°(G) which plays a
significant role for us. We first put

By := {a € £°°(G) | there exists = such that ap, = 1, .(ap,) for all y > x}.

Let m: B(L*(G)) — B(L?*(G))/K(L*(G)) be the quotient map. In [33], Vaes
and Vergnioux proved that

e the norm closure B of By is a C*-algebra containing co(G) so that the
C*-algebra By, := B/co(G) is defined;

B and B, are nuclear;

e & induces a left action of G on B and Bso;

this left action on Bs is amenable so that Bs, X, G is nuclear and
Boo Xy G = Boo X ull G;

e & induces the trivial right action of ((A}A on B so that ;\(Boo) commutes
with 7o A(C(G)), where we identify A as a map from ¢>°(G)/co(G) to
B(L*(G))/K(L*(G)).

Since A: Bog — B(L2(G))/K(L2(G)) and (1 @ 7 0 p)(V) € M(co(G) @ B/K)

are a covariant representation for the left action ®, we have the following
x-homomorphism

(= A X 70 p): Boo ¥yr G = Boo ¥ G — B(L%(G))/K(L*(G))

by universality. Putting w, := AdU o m;, where U = J J , we have the
following algebraic *-homomorphism

T X 7 (Bog ¥y G) ® (Bog ¥, G)—B(L3(G))/K(L?(G))
a®b o m(a)mr (D),
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since A(Bso) commutes with o A(C(G)). Here ® means the algebraic ten-
sor product. By nuclearity of By, G, this map is min-bounded and the
restriction of the map on (C x, G) @ (C x, G) ~ C(G)req @ C(G)req gives
the min-boundedness of the multiplication map on C(G),cq after taking the
quotient with K(L?(G)). This is the proof of the fact that L°>°(G) satisfies
condition (AO) given in [33].

We should mention that the multiplication map from C(G);eq @ C(G)req
o B(L2(G))/K(L%(G)) is nuclear, since 50 is (Boo Xy G) ® (Boo %, G) (and
hence is m; x m,). We will use this observation in the next section.

3 Conditions Similar to Ozawa’s Condition (AO)

In this section, we introduce some similar conditions to condition (AO).
We will prove that von Neumann algebras of A,(F") and A, (F') satisfy these
conditions.

3.1 Condition (AO)"

Let us first recall Ozawa’s condition (AO). We say a von Neumann alge-
bra M C B(H) satisfies condition (AO) if there exist o-weakly dense unital
C*-subalgebras A C M and B C M’ such that

(i) A is locally reflexive;

(ii) the multiplication map v: A® B — B(H)/K(H); a® b — ab+ K(H)
is min-bounded.

In [21], Ozawa proved his celebrated theorem: if a finite von Neumann
algebra satisfies condition (AO), then it is solid. As we mentioned, solidity
(or semisolidity) implies primeness for non-injective II; factors.

The most important examples of von Neumann algebras with condi-
tion (AO) comes from bi-exact groups [4, Definition 15.1.2]. In fact, Ozawa
proved that they have the following characterization [4, Lemma 15.1.4]: a
countable discrete group I' is bi-exact if and only if I" is exact and satisfies
the following condition

e there exists a u.c.p. map 6: C5(I') ® C5(I') — B(¢*(I')) such that
0(a ®b) —ab € K(¢3(T)) for any a € C5(I') and b € C(T).

It is now obvious that the group von Neumann algebras of bi-exact groups
satisfy condition (AO). Thus he proved that factors of bi-exact non-amenable
i.c.c. groups are solid, in particular, prime.

Here is another significant view point. To see solidity, we do not need
the existence of a u.c.p. map 6 above. We need only the property that
the multiplication map v is min-bounded after taking the quotient with
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K(¢%(T")). This is why condition (AO) is weaker than bi-exactness for group
von Neumann algebras.

On the other hand, in [27], Popa and Vaes proved that the group von
Neumann algebras of bi-exact and weakly amenable groups are strongly
solid. In the proof, they used such a u.c.p. map 6 as an essential tool.

Motivated these observation, we define the first condition similar to con-

dition (AO) as follows.

Definition 3.1.1. Let M C B(H) be a von Neumann algebra with standard
representation and denote by J the modular conjugation. We say M C
B(H) satisfies condition (AO)" if there exists a unital o-weakly dense C*-
subalgebra A such that

(i) A is locally reflexive;

(ii) there exists a u.c.p. map 0: A® JAJ — B(H) such that (a ® JbJ) —
aJbJ € K(H) for any a,b € A.

The difference of conditions (AO) and (AO)™ is of course the existence
of a u.c.p. map #. So it may be useful to consider how we get such a 6
for von Neumann algebras satisfying condition (AO). For this purpose, we
translate the second condition as follows.

(ii") The multiplication map v is min-bounded and it has a u.c.p. lift, that
is, there exists a u.c.p. map 6: A® JAJ — B(H) such that v = w06,
where m: B(H) — B(H)/K(H) is the quotient map.

With this trivial translation, we can apply lifting theorems in some concrete
cases. For example, if A is separable C*-algebra and the multiplication map
v is nuclear, then v has a u.c.p. lift by the lifting theorem due to Choi
and Effros [5]. This method has been used by Ozawa (see the proof of
[4, Proposition 15.2.3]).

Now combined with the observation in Subsection 2.4, we can easily
deduce that our main targets satisfy condition (AO)™.

Proposition 3.1.2. Von Neumann algebras L>(A,(F)) and L>*(A,(F))
for F € GL(n,C) (n > 3) satisfy Condition (AO)™.

3.2 A similar condition for continuous cores

To see strong solidity in the rigidity theory, finiteness assumption is
essential since all the known proofs require the theory of amenable trace,
which works only for finite von Neumann algebras. However our main targets
L>*(Ay(F)) and L>*°(A,(F)) are hardly finite. So it is natural for us to see
the continuous cores of such factors which are always semifinite.

In this subsection, we investigate some conditions for continuous cores
of general von Neumann algebras. The following condition is a natural
analogue of condition (AO)™ for continuous cores.
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Definition 3.2.1. Let M be a von Neumann algebra, ¢ a faithful nor-
mal state on M, and let J be the modular conjugation for M x oo R C
B(L?(M, ¢)® L*(R)). We say the pair (M, ¢) satisfies condition (AO)™ with
respect to its continuous core (say condition (AOC)™, in short) if there exists
a o-weakly dense unital C*-subalgebra A C M such that

(i) o defines a norm continuous action on A (so that we can define A x,
R);

(ii) A %, R is locally reflexive;
(iii) there exists a u.c.p. map
0: (Ax, R)® J(Ax,R)J — B(L*(M, ¢) @ L*(R))

such that 6(a ® JbJ) — aJbJ € K(L*(M, ¢)) @ B(L*(R)) for any a,b €
A x, R.

Remark 3.2.2. In the definition, we regard L*(M, ¢) ® L*(R) = L*(M x4
R, ¢). Since K(L?(M, ¢))@B(L*(R)) is preserved by the canonical unitary U
(see Subsection 2.1), we indeed have the same condition on L?(M xR, Tr).

Our goal in the subsection is to show that A,(F') and A, (F) with the
Haar states satisfy this condition. For this, we investigate a sufficient con-
dition for condition (AOC)™".

Let M be a von Neumann algebra and ¢ a faithful normal state on M.
Write H := L?(M, ¢) and K := K(H) ® B(L?*(R)) and let J be the modular
conjugation on H. Consider the multiplier algebra £ := M (K) of K and
denote C := L/K.

Assume first that there exists a o-weakly dense unital C*-subalgebra
A C M such that

(a) 0? defines a norm continuous action on A (so that we can define A x,
R).

Let 7 be a *-homomorphism from B(H) into B(H ® L*(R)) given by
(m(z)&)(t) = A;”xAgf(t) for x € B(H) and t € R. Consider the C*-
algebra D generated by following elements

o m(a), JbJ®1 (a,b e A);

o 1® N, A @p; (L €R);

o [ F(S)1@N)-ds, [y F(s)(AE ® p,) - ds (f € LI(R)).
Then we assume that

(b) D is contained in L.

13



In particular, we have natural maps from A and A°P(= JAJ) to C. We
denote these maps by m; and m, respectively.
Next we assume that

(c) there exist separable nuclear C*-algebras C; and C, containing A and
A°P respectively (so that A is exact);

(d) there exist *-homomorphisms from C; and C, to C such that they are
extensions of m; and ., respectively. We still denote them by 7; and
Ty

Then we want to define the following *-homomorphism
v:CroCr — C; a®b— m(a)m,(b).

However we do not know whether ranges of C; and C, commute, and hence
we further assume that

(e) v is a well-defined *-homomorphism, that is, [m;(a), 7 (b)] = 0 (a € C,
beCy).

We can extend v on C; ® C, by the nuclearity. Restricting this map, we
have a natural multiplication *-homomorphism

vViARA® —C;a®1l > [m(a)],
1 ®a’® — [a? ® 1].
Next consider norm continuous (R x R)-actions on A ® A°P and v(A ® A°P)
given by
RXxR— Aut(A® A°®?) ;s®@t —> 0?@5?,
RXxR— Aut(r(A® AP)); s®@t — Ad([l ® )\S][Aéf ® pt])-

Here 5f(a°p) = &f(Ja*J) = Jaf(a*)!] = Jf)(a)"p. It is easily verified that
v is (R x R)-equivariant and hence we have the following *-homomorphism:

7: Ax,RQJ(Ax,R)J ~ (A®AP) %, (RXR) = (V(AQAP))x, (RXR) — C.

Here the continuity of the final map comes from the amenability of R x R.
The resulting map says that the multiplication map on A x, R® (A x, R)°P
to £ C B(H ® L?(R)) is min-bounded after taking the quotient with C. Now
the C*-algebra A x, R is exact (and hence locally reflexive) since so is A,
and it is o-weakly dense in M x_ s R. At this point, M x_¢ R satisfies a
similar condition to condition (AO).

Finally we assume that

(f) Ad([1 ® Ag] [Ag ® p))v(Cr @ Cy) = v(C; ® Cy) for any (s,t) € R x R
and this defines a norm continuous action on v(C; ® C,).
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In this case there exists a *-homomorphism from v(C; ® C;.) x, (R x R) into
C and hence the image of the map is nuclear. Since ranv is contained in
this image, 7 is a nuclear map into C. Thus the lifting theorem of Choi and
Effros is again applicable so that 7 has a u.c.p. lift. Summary we have the
following lemma.

Lemma 3.2.3. Let M be a von Neumann algebra, ¢ a faithful normal state
on M, and let A C M be a o-weakly dense unital C*-subalgebra. If they
satisfy all the conditions from (a) to (f), then (M, ) satisfies condition
(AOC)™*.

Now we turn to show our main objects satisfy these conditions.

Proposition 3.2.4. Von Neumann algebras L>(A,(F)) and L*>*(A,(F))
for F € GL(n,C) (n > 3) with the Haar state h satisfy condition (AOC)™.

Proof. We keep the notations in Subsection 2.4. Put A := C} (G) =
p(C(G)) C B(L*(G)) and C; = C, = Boo % G. We will verify all the
conditions from (a) to (f) above. Note that the condition (a) is a well-know

property.
For this, recall the following formula: for any irreducible decomposition
TRY D cpmy Dz, we have

F,@F,~ Y ©F, onH,@H,~ Y &H,.
ZETRY ZETRY

Indeed this follows from a direct calculation of (1 ® ¢ ® f1)(Ui3Uss). By the
formula, we have the following relation:

Ait}‘(¢z+y,w(3))A_it = 5\(¢z+y,w(FaZ;tBFx_it)) (B € B(Hx))

In this sense, the modular group A® commutes with all Vatyy-
To see the condition (b), observe first that for any ¢ € B(H ® L%*(R)), ¢
is contained in K if and only if

z

1) (e @1)e> (pr@1)—c| =0 (y,2 = o0).
x=0

=0
Let a be an element in K and b a generator of D. We will show ba € K.
The cases b =1® M, Aéf ®pt, and d®@ 1 (d € UAU*) are trivial. The cases

b= [ f(s)(1® ) ds and [p f(s)(Afi;g ® ps)-ds (f € LY(R)) are easy since
they commute with all p,. For the final case b = 7(d) (d € A), we may
assume d = (we, ® p)(V) for &,n € H, and z € Irred(G). Let (§f)}2, be a
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fixed orthonormal basis of H,. Then we have

peoi(d) = proi((wey @ p)(V))
(wen @) (Q@pe)%) (M= (®orop)(V))
= (wen @)K (L@ p2) W)

Nz

= ) (weer @ )(H)(wez @ 0)((1 @ AT (p,) (1@ A™))
k=1

for all x € Irred(G), where oy is the modular group for the Haar state

and ¥(p,) == (t® p)(V)*(1 @ po)(t ® p)(V). Since >y o ps converges to 1
in the strong topology as y — oo and W is normal, each (wezp @ )(1®

AMYT(SY_ pe)(1 @ A1) converges to wez 5(1)1 in the strong topology.
Hence for any compact operator T' € K(H), the equation

Yy ng
D peot(@)T =) (wees @ 0)(H)(wezy @ 0)((1@ AT sz (1@ AT)T
=0 k=1

implies that Y Y_,pyo(d)T converges to o¢(d)T in the norm topology as
y — 0o. We choose T as an element of the set of all linear combinations of
the form &} ®§Zb for a,b € IrredG and k,l. Then it is easy to verify that this
convergence is uniform with respect to ¢ € R, that is,

sup ||( 1—pr o(d)T)| -0  (y— o).
teR =
Now, for any S € B(L?(R)), we have
Hsz d)(T'®S) == (d)(T @S

— /R <z2_0px— Do_i(d) ® er - dH(T ® )|

Y
sup 1O e = Do @T[ISI =0 (y — o0).
€ =0

IN

Hence, for any a € K = K(H) ® B(L?(R)), we have

Y
I @ Dn(d)a—w(d)a] =0 (y = o0).

z=0

Since m(d)a Y ¥ _(pz ® 1) converges to m(d)a in the norm topology, m(d)a is
contained in I, and we get the condition (b).
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Next we define two maps m; and 7.. We begin with following maps

~

B— L;a— m(Aa)),
B—L;a+— UNa)U*®1.

It is not difficult to see that ranges of these maps are really contained in L.
Since images of CO(G) by these maps are contained in K, we have induced
maps from By to C. Simple calculations show that these maps make two
covariant representations of By, and the natural left action of G. Since this

action is amenable we have following desired maps:

7 O = Boo ¥, G— C,

71 Cp = Boo ¥, G— C.

Finally we prove the condition (e) (and then the condition (f) is easily
verified). For this, it suffices to see that m o A(B) (respectively, p(B) @ 1)
commutes with \(C(G)) ® 1 (respectively, m o p(C(G))) after taking the
quotient with K. Here we treat only the case of 7 o A(B) and A(C(G)) ® 1,
and the other case follows from the same manner.

Let 2 be an element of Irred(G) and write as U* = 3, ; u7 ; ®e; ;, where
(€ij)ij is a fixed matrix unit in B(H). Our goal is to show

[0 A(b), Mui ;") © 1] € K(L*(G)) ® B(L*(R))
for any z,7,7 and any b € B, where [+, ] is the commutator. Since this term
coincides with
[ATENB) AT, Nuf ;)] @ e - dt,
R

running over all ¢ and j, our goal is equivalent to

/ Z[A‘”j\(b)A”, Aui ;) ®ei;@e-dt € K(L*(G)) @ B(H.) ® B(L*(R)),
R ij

and using (A® A)(V3,)(1®p.) = U7 ®e; ®idy, (write W= (A @

A)(Va1)), we further translate it as
/ [AT*ND) A @p,, W (10p, )] ®e-dt € K(L*(G))@B(H,®H:)QB(L*(R)).
R

For simplicity, we denote it by [, T; ® e, - dt. If b € B is finitely supported,
that is, contained in a finite direct sum of B(H;) (x € Irred(G)), then this
final condition holds since this term is contained in (®g,B(H, ® Hz)) ®
B(H, ® H;) ® B(L?(R)). Hence we may assume that b = ¢ (A4) € B for
some A € B(H,), where ¥ »(A) is defined by oo z(A)py = ¥y (A) if
y > = and 0 otherwise.
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Now by the proof of [33, Proposition 3.8], for any y € Irred(G) with
Yy > z we have

ITe(Paty @ p2)|
= A" Ao (A))A" & 1, W (pary © p.)|
1A (Yooa (Fy “AFIN) @ 1, W) (pry ®pz)H
= [{W AW (Fy TAFN) @ YW = Mtpooa(Fy TAFI) @ 1} (paty @ )|

= (@M (Woow (Fy "AFY) © 1) = Yoo (Fy AFY) @ 1H(paty © p) |
< CR)|E ARl = C(2)| All¢”,

where C(z) and 0 < ¢ < 1 are constants (C(z) depends on z). Since this
estimate does not depend on ¢t € R, we have the following norm convergent
sequence

/ZTt Patk @ pz)) ® e - dt—>/ZTt (Patk ®pz)) e -dt (y — 00).
R k=0 R k=0

Now each element in this sequence is contained in K(L?(G)) ® B(H, ® Hz) ®
B(L?*(R)) and the limit element coincides with [, T; ®e; - dt. Hence we can
end the proof. 0

4 Absence of Cartan subalgebras

In this section, we prove Theorem A and B in the almost same way as
[27, Theorem 3.1]. Since many proofs are same, we often omit them.

4.1 Preparation with the W*CBAP and condition (AO)*

Since we have similar arguments for proofs of both theorems, we first
assume that M is arbitrary tracial von Neumann algebra with separable
predual, and we will give other assumptions in each lemma.

Let M be a finite von Neumann algebra with separable predeal, T a
faithful normal tracial state, and let A C M be a von Neumann subalgebra.
Write P := Np(A)” and set N := M ® JpPJp C B(L?*(M)® L*(P)), where
Jp is the modular conjugation for P and 7 |p. Here we naturally have
L*(N,7®7) ~ L*(M) ® L*(P) with Jy = Jy ® Jp. As usual, we identify
JMJ and JPJ as opposite algebras M°P and P°P via natural identifications
and write a := (a°?)* = JaJ fora € Por M. Put D := M@ M°°*©P*© P
and define two *-homomorphisms

U: D —B(L*(M)® L*(M) @ L*(P)); a ® b @ 2°P ® y — a @ b°P @ 2Py,
0: D —B(L*(M) ® L*(P)) 1 a @b @ 1P @y ab® @ x°Py.

The following theorem is due to Popa and Ozawa.
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Theorem 4.1.1 ([23][20]). If M has the W*CBAP and A is injective, then
the conjugate action of Nar(A) on A is weakly compact, that is, there exists
a net (&); of unit vectors in L?(A)® L*(A) C L?*(M) ® L*(P) satisfying the
following conditions;

(i) ((z®1)&,&) — 7(x) for any x € M;
(i) (e ®a)& — &l — O for any a € U(A);
(iii) ||& — (v @ a)In(u® a)Jn)&| — 0 for any u € Nas(A).

By the proof, this net (&;); is contained in the positive cone of L?(A) ®
L?(A) and hence satisfies (Jy ® Jyr)& = & and {(z°P ® 1)&;, &) — 7(z) for
any x € M. We fix the above net (&;); and put Q4 (z) := Lim;(x¢;, &;) for
r € B(L*(M)® L*(P)), where Lim is taken by a fixed free ultra filter. Then
conditions (i) and (iii) in Theorem 4.1.1 is translated as follows:

o Q(z®1)=7(z) for any x € M,
e N1 (O(u®u®u®u)) =1 for any u € Ny (A).

The condition (ii) is used only in the following lemma.

In the original paper of Popa and Vaes, the proof following lemma is very
technical (whose origin is [8, Lemma 6.2]). In the present paper, we give a
very simple proof which works only in a special situation. We are indebted
to Eric Ricard for kindly demonstrating to the author this simple proof.

Lemma 4.1.2. Let (£;); be a net of unit vectors in L*(A)® L?(A) satisfying
conditions (i) and (ii) in Theorem 4.1.1. Assume A has a decomposition
A = B®C with B diffuse injective (possibly C' is trivial). Then, there erists
an increasing net (pj); of range finite projections in B(L?(B)) such that

e p; — 1p o-weakly;
o limsup; ||[(p; ® 1o ® 14)&|| = 0 for any p;.

Proof. Since B is diffuse injective and has separable predual, we can find
a sequence (u,) of unitaries in B satisfying

e (un)n converges to 0 in the o-weak topology;

° (% > k1 UgPuj)n converges to 0 in the norm topology for any p €
K(L*(B)).

Since the condition (ii) implies i ((uy, ® 1¢) ® 14) = 1, we have, for any
p € K(L*(B))

NpRle®la) = Q(ugpup®1lc®@14)

1 n
= O(= *®1 14) — 0.
1(n;UkpUk® c®1y)
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Hence we can find an increasing net p; of projections in K(L?(B)) s.t. 1 (p;®
le ® 14) = 0. Now it is easy to find our desired net. ]

Next, we assume that M satisfies condition (AO)*. Put Dy := My ®
My® ® P°? ® P C D, where M is a o-weakly dense C*-subalgebra of M
as in Definition 3.1.1. We use the u.c.p. lift 8 only in the following simple
lemma.

Lemma 4.1.3. Let p; be range finite projections in B(L?(M)) with p; — 1
o-weakly and assume M satisfies condition (AO)*. Then we have lim sup; H@(S)(p}@
D < [[(S)]| for any S € Dy, where pjl =1-p;.

Proof. Let 6 be a u.c.p. lift of the multiplication map on My ® M;". Then
for S :=a®bP ® 2°P @ y € Dy, we have

(0 ®id) o U(S) —O(S) = (A(a®b°) — ab®®) ® 2Py € K(L2(M)) @ B(L2(P)).

Since ij converges to 0 in the strong topology and 6(a ® b°P) — ab’®? €
K(L?(M)), the net (6(a®b°P) —ab(’p)pjl converges to 0 in the norm topology.
Thus we have

hijUP lo(s)(p; ® | < limjsup 1((6 ®id) 0 ¥ (S) = O()(p; @ V)| +[|T(S)]

= [[ES)]

This holds for any S € Dy by the completely same manner. O

4.2 Proof of Theorem A

We prove the following theorem which is a slight generalization of The-
orem A.

Theorem 4.2.1. Let M be a semifinite von Neumann algebra with separable
predual and p a finite projection in M. If M satisfies condition (AO)™ and
has the W*CBAP, then pMp is strongly solid.

Proof. We first assume p = 1. Let (&);, 1, D, Do, ¥, and © be as in
previous subsections and take (p;); be an increasing net of finite projections
in B(L2(A)) as in Lemma 4.1.2 in the case where C is trivial.

By the definition of ; and Lemma 4.1.2, we have Q;(p; ® 1) = 0 and
this implies €y (S(]DjL ®1)) = Q(S) for any S € B(L?>(M) ® L?(P)). Hence
for any S € Dy, we have

2.(0(5))] = 1imjsup 1(8(S) (5 @1))| < limjsup l0(S)(pr @)l < ¥(S)I,

where we used Lemma 4.1.3. We can extend this inequality on D. Indeed,
since M has the W*CBAP and by Lemma 2.3.1, we can find a net (¢;); of
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normal ¢.b. map from M into My with finite rank satisfying lim sup; [@5llen. =
k < oo and ¢; converges ids in the point o-weak topology. Then by the
basic inequality |1 (S(z ® 1)) < ||S||||z]]2 (x € M), we have

lim €1 (0(¢;(2) ® ¢;(y)* @ a®* @ b)) = 1 (O(z © Y™ ® a™ @ b))
for x,y € M and a,b € P. Then for any S € D we have
21(0(5))] = limsup [Q1(O o (¢; ® ¢;* ®id ®id)(S))|
< limzlsup [T o (¢ ® ¢ ®id @id)(S)|

= limsup [|(¢; ® ¢;° @id) o U(S)]|

IN

eS| (S € D).

Thus we can extend the inequality. We note that this extension result holds
directly by local reflexivity of Mp, but here we follow the manner of Popa
and Vaes.

Now we can define a state Qo on C*(¥(D)) by Q(V(S)) = 21(O(S)).
Conditions of €1y are easily translated as follows:

e W(zx®l)=r7(x)forx e M,

e BL(VT(uueu®u))=1forue Ny(A).

Extend Qg on B(L?(M)® L*(M)®L?(P)) by the Hahn—Banach Theorem
and still denote it by €25. Now the restriction of 2y on B(L?(M))®1®1 gives
an amenable trace of P, that is, Qg is (P ® 1)-central on B(L*(M))® 1® 1.
To see this, observe that ¥(u® @ ® @ ® u) (u € Np(A)) is contained in the
multiplitative domain of s (e.g. [4, Proposition 1.5.7]), that is, Q2(SV¥(u ®
aRuRu)) = (VY (u@ueuxu)s) for any S € B(L*(M) ® L?*(M) @ L?(P)).
Then it is easily checked that Q9 is (P®1)-central and this implies injectivity
of P.

Now we prove the general case but it is routine. The pair pMp C
B(L?(pMp)) satisfies the same conditions as the pair for p = 1 except for
Lemma 4.1.3. This lemma follows from the same manner if one notice that
L?(pMp) is isomorphic as a standard representation to pJpJL?(M). O

4.3 Proof of Theorem B

We next prove Theorem B with a very similar argument. We actually
prove the following generalized theorem.

Theorem 4.3.1. Let M be a von Neumann algebra with separable predual
and ¢ a faithful normal state on M. Let N C M be a diffuse non-injective
von Neumann subalgebra with a faithful normal expectation En which pre-
serves ¢. If (M, ¢) satisfies condition (AOC)t and has the W* CBAP, then
N has no ¢-Cartan subalgebras.
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Proof. Let B be a ¢-Cartan subalgebra of N and Ep a ¢-preserving faithful
normal conditional expectation from N onto B. Taking crossed products by
R with the modular action of ¢, we have BRLR C N xR:=N C M xR :=
M and denote by Tr the canonical trace. Then we can find a non zero
projection p in LR C M with Tr(p) < oo such that pA'p is still non-injective.
We will apply the same argument to the inclusion B ® pLRp C pMp.

Let (&)i be a net as in Theorem 4.1.1 (M has the W*CBAP in this set-
ting, see [1,4.10] for example). We apply Lemma 4.1.2 with C = pLRp so
that we have an increasing net (p;); of range finite projections in B(L?(B))
with some conditions. Then by the existence of a u.c.p. lift in condition
(AOC)*, we have the conclusion of Lemma 4.1.3, that is, lim sup; [|©(S) (ij®
PR Lomp)|| < JU(S)] for any S € Dy, where we regard A x, R as My. Then
the same manner as in the previous subsection says that Ny, (B @ pLRp)”
is injective. Recall B ® pLRp C pNp is a Cartan subalgebra (Subsection
2.1) and hence pNp = Npap(B @ pLRp)” C Npamp(B @ pLRp)”.  Since
Npmp(B @ pLRp)” is finite, there exists a conditional expectation from
Npmp(B @ pLRp)” onto pN'p, and this implies pNp is injective. Thus con-
tradiction. O

5 Semisolidity of continuous cores

In the section, we prove Theorem C. Our proof is a variant of the proof
of [19, Theorem 4.6] and is very similar to that of [17, Theorem 5.3.3].

5.1 Proof of Theorem C

For simplicity, we write the core of M as M := M X, R and identify
L*(M) = L>(M) ® L?>(R). Let N be a type II; subalgebra of pMp. Since
N contains a copy of the AFD II; factor, we may assume that N itself is
the AFD II; factor. Then N has finite dimensional unital C*-subalgebras
Ny, (n € N) with N,, C Ny41 such that N = (|J,, N5)”. Define a conditional
expectation from B(L?(M)) onto N’ N pB(L?(M))p = N'p by

Upn(z) = %133} o )uxu*du,

where du is the normalized Haar measure on U(N,,), w is a fixed free ultra
filter, and the limit is taken by the o-weak topology. Then Wy satisfies a
properness condition

Uy (x) € co{uzu® |u € U(N)}

for any « € B(H), where the closure is taken by the o-weak topology. We
first prove that K(L?(M)) ® B(L?(R)) C ker ¥ .

22



For this, it suffice to show that ¥y (¢ ® 1) = 0 for any q € K(L?*(M)).
Since the image of JMJ > JaJ — Ja € L?(M) is dense, we may assume
q = Ja ® Jb (with the Hilbert-Schmidt correspondence). Then since we
have

Un((Ja® Jb)®1) = Uy((JaJl® JbJi)®1)
= Un(JaJ(1®1)Jb*T®1)
= (JaJD¥Uy((1®1)e1)(Jb*To1),

we may further assume a =b=1. Write e := 1 ® 1.

Let g be a projection in LR with $(q) < oo and p < ¢. Put §:= JqJ €
M' CN', N :=Ngand ¥ 3 (z) := q¥n(z)G for z € B(L*(M)). We actually
prove Us(e ® 1) = 0, and this means Uy(e ® 1) = 0 since g runs over
sufficiently large projections.

Since e commutes with Afg’ and since W is proper, ¥y (e ® 1) commutes
with Afg ® pt and so it is contained in pN' N p(LR)’, where p(\¢) := Af]f ® pt.
Hence V¥ (e ® 1) is contained in G(pN' N p(LR)")G C (NG)' N p(qLRq)".

Let r be any spectral projection of ¥ 5 (e®1). Then rL*(M)q(= rqL*(M)q ~
rL%(qMq) has a natural N-¢LRg-submodule structure of L?(qMgq) since r
is also contained in (N§)'Np(¢LRq)’. By the comment below Theorem 2.2.1,
we have N Z,amq ¢LRg, and hence dim,zgr, 7L?(M)q is zero or infinite.

Let W be the unitary on L?(M) = L?(M) ® L*(R) given by (W¢)(t) :=
Afgf (t). Then easy calculations show that

WA@MW*=A"® )N, WAL p)W* =1® p
and hence we have

p(gLRg) NB(L*(M)q) = gp(LR)'q
= W' (1®RR)W}q
= W1 ®g¢RRYW  (1®q§:=W§iWw*)
= WH*B(L*(M)) @ GLR)W
c W*B(L*(M) ® gL*(R))W,

where RR is the von Neumann algebra generated by p; (t € R). We
note that ¢§ = JrrqJrr, GL?(R) = L?(R)q, and the natural right action
of ¢LRq induced from the above isomorphism is of the form 1® gp; (t € R).
Hence dimgrr,rL*(M)g coincides with that of WrW*(L*(M) @ L*(R)q)
with respect to the trace Trr2y @ Trorrg, where Tryrrq is defined by
Tryr(-)/Trrr(g). Now the value of this is smaller than Tryz2 3y ®@TrgLrg(WrW?)
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and this is finite since

(TI“LQ(M) &® TquRq) (WTW*)

IN A

= C(TI‘Lz(M ® Trgrr

)
)
= C TrLQ(M) ®TquRq
) q
= CTrLz(M)(e)TquRq(q)

where C' is a positive constant and we used properness of Wy. Hence we
have r = 0 and ¥ (e ® 1) = 0. Thus we proved the claim.

Composing with a u.c.p. map 6 as in the definition of condition (AOC)™,
we have a well define map

P:=Unoh: Ax, R® (A x, R)® — B(L2(M)) — N' NB(L*(M)),

and observe that ®(xy°?) = Uy (z)y°P. Since A x, R is locally reflexive,
® can be extended on (A x, R)*™ ® (A x, R)°P. Since Uy is proper, it
is a trace preserving map on pMp and hence is normal on M. Then the
restriction of ® on z(A x, R)* ® (A x, R)°P coincides with the extension of
® on M ® (A x, R)°P, by using the identification M ~ z(A x, R)**. Thus
® is min-bounded on M ® (A4 %, R)°P.

By Arveson’s extension theorem, we can extend ® on B(L?(M))® (A x,
R)°P. Then the restriction of this map on B(L%(M)) ® C, say ¥y, gives an
extension of ¥y and the image of this map is contained in ((Ax,R)°P) = M
(e.g. [4,Proposition 3.6.5]). Finally ¥y o Uy is a conditional expectation
from B(L?(M)) onto N’ N pMp.

Remark 5.1.1. By the same manner, we can prove that for any (possibly
non-unital) subalgebra N C pMp, the relative commutant N' N1y M1y is
injective. Then we can deduce primeness of pMp for any non-injective von
Neumann algebra M (possibly not type III;) with condition (AOC)* and
any large projection p (e.g. the proof of [13, Proposition 2.7]). For example,
p(L>®(G) x,» R)p is prime (or injective) for any projection p € LR with
Tr(p) < oo, where G = A,(F) or A,(F).

5.2 A remark on solidity and centralizer algebras

In the previous subsection, we proved semisolidity of continuous cores of
some type III; factors. This property itself has nothing to say about original
type III; factors at a first glance, but it has an interesting application once
we get a stronger property, namely, solidity of the continuous cores. Indeed
Houdayer gave the following observation [14, Subsection 3.3].

Let M be a type III; factor and assume that the continuous core M x
R is solid as a Il factor. Let ¢ be a faithful normal state on M and
M, be the centralizer of ¢ (see for example [30, Definition VIII.2.1]). Then
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by Takesaki’s conditional expectation theorem [30, Theorem I1X.4.2], there
exists the unique ¢-preserving conditional expectation E from M onto M.
Hence by the observation in Subsection 2.1, we have My ® LR = My xR C
M x,4 R. Then since LR is diffuse, it is easy to see that solidity of the
continuous core forces all the centralizers (with respect to states) to be
injective.

To apply this observation to our main objects, we next recall Connes’ dis-
crete decomposition of full type III factors [6, Section 4] (See also [9, Section 2]).

Theorem 5.2.1. Let M be a full type 111 factor with separable predual and
¢ a faithful normal state on M. Assume that ¢ is almost periodic. Then
there exists a decomposition M ~ (My @ B(H)) x I' with a separable Hilbert
space H and an abelian discrete group I'. In particular My is a non-injective
subalgebra of M.

We turn to see our main objects. Let G be a universal quantum group
Ay(F) for F € GL(n,C) (n > 3) with FF = 41. Assume that |F|]? <
Tr(FF*)/v/5 and recall from [33, Theorem 7.1] that L>°(G) then satisfies
following conditions:

e [>°(G) is a full factor and the Haar state h is almost periodic;

e for the subgroup I' of R* generated by eigenvalues of Q ® Q! where
Q! :=FF* L>®(G) is of type I1; if FF* = 1; of type IIIy (0 < A < 1)
if I' = A%; of type III; in the other cases.

In the case where FF* # 1, we have non-injectivity of L*(G); by the
theorem above. Hence Houdayer’s observation says that the continuous
core of L*°(G) is not solid. We summary this result as follows.

Corollary 5.2.2. Let G be a universal discrete group Ao(F) for F' € GL(n,C)
(n > 3) with FF' = +1. Assume that |F||?> < Tr(FF*)/V/5 and FF* = 1.
Denote the continuous core of L>°(G) by M and the canonical trace on M
by Tr. Then for any Tr-finite projection p in LR with pMp non-injective,
pMp is semisolid but never solid.
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