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Abstract

We apply supersymmetric localization to N/ = (2,2) gauge theories on a hemisphere,
with boundary conditions, ¢.e., D-branes, preserving B-type supersymmetries. We explain
how to compute the hemisphere partition function for each object in the derived category
of equivariant coherent sheaves, and argue that it depends only on its K theory class.
The hemisphere partition function computes exactly the central charge of the D-brane,
completing the well-known formula obtained by an anomaly inflow argument. We also
formulate supersymmetric domain walls as D-branes in the product of two theories. In
particular four-dimensional line operators bound to a surface operator, corresponding via
the AGT relation to certain defects in Toda CFT’s, are constructed as domain walls.

Moreover we exhibit domain walls that realize the sl(2) affine Hecke algebra.
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1. Introduction

Superstring theory is a strong candidate of the unified theory which can describe all
of the four fundamental interactions of nature; the electromagnetic interaction, the weak
interaction, the strong interaction, and the gravitational interaction. The fundamental
objects of the superstring theory are strings, whose dynamics draw two-dimensional sur-
faces in a space-time. More precisely, a string is described by a map from a world-sheet,
i.e., a Riemann surface to a space-time manifold. The space-time manifold is also called
the target space in the context of the sigma models and the string theory. The space-
time must be ten-dimensional to construct the superstring theory consistently [1]. The
oscillation modes of strings describe various particles such as gravitons, gauge bosons, and
so on. D-branes are also important ingredients of the superstring theory. D-branes are
branes in the ten-dimensional space-time on which the world-sheet with boundaries have
ends [2]. D-branes have Ramond-Ramond charges and are coupled with Ramond-Ramond
fields which appear in the massless spectrum of the type II superstring theory [3]. D-branes
have many interesting properties and enrich the superstring theory. (For reviews of the
superstring theory, see the textbooks [4,5] for example.)

Our space-time is usually considered as four-dimensional; one time-dimension and
three space-dimensions. Then, it seems that the ten-dimensional space-time is unnatural.
To reconcile the idea of the superstring theory with our nature, we consider the compact-
ification of the superstring theory. We assume that the space-time is a direct product
R x X, where R™ is the Minkowski space-time and X is a certain six-dimensional man-
ifold. We think that X is very small compared to R"® and we can not usually detect
the existence of the extra dimensions. The property of X determines the physics of the
four-dimensional theory we can detect. Although this might sound a good idea, we have
not been able to determine which X should be chosen to describe our nature yet. This
is an extremely difficult unsolved problem which is inevitable to complete the superstring
theory.

To understand this problem, we should treat the simple examples firstly. For example,
if we take a compact Calabi-Yau manifold as X,! the four-dimensional theory has N = 2
supersymmetry [6]. Although the sting theory on Calabi-Yau manifolds and the four-

dimensional N = 2 theory are too simple to describe the complex physics of nature, the

1A compact Calabi-Yau manifold is a compact Kéahler manifold which admits a Ricci-flat

metric.



simpleness clarifies the physical and mathematical structure of the theory and enables us
to analyze them by some exact methods. Therefore those theories have been thoroughly
investigated by many physicists and mathematicians for a long time.

The low energy behavior of the four-dimensional physics has topological features [7,4].
Then, we do not need all the information of the superstring theory. The four-dimensional
physics is captured by the topological string theories or the topological sigma models, which
are obtained by certain deformations of the superstring theory called the topological twists
[8,9]. They have some topological nature, i.e., they are independent of the world-sheet
metric nor the space-time metric. They depend on the Kahler structure or the complex
structure of the space-time Calabi-Yau manifold. Then, the four-dimensional physics is
determined from the geometric information of the Calabi-Yau manifold and the BPS D-
branes wrapped on its special cycles. For example, the numbers of the vector multiplets
and the hyper multiplets in four-dimensional A/ = 2 theories are determined by the hodge
numbers of the Calabi-Yau manifold. The Yukawa coupling is obtained by computing
the three-point functions of the topological sigma models. The Seiberg-Witten theory
[10,11], which solves the low energy behavior of the four-dimensional physics exactly, is
also understood in the language of the Calabi-Yau compactification and the BPS states
in the four-dimensional theory are described by D-branes [12] (see also the review [13]
and references therein). This line of research led to the modern description of the four-
dimensional N' = 2 theories in terms of M-theory [14,15,16].

An important phenomenon in topological sigma models is the mirror symmetry. This
is motivated by the T-duality between the type IIA and the type IIB superstring theories.
If we compactify the type ITA theory on a Calabi-Yau manifold X and obtain a four-
dimensional theory, the T-duality implies the existence of the mirror manifold XV on
which we compactify the type IIB theory and obtain the same four-dimensional theory.
The existence of the pairs of two manifold X and XV and two equivalent theories on
them is called the mirror symmetry. One side of the calculation involves non-perturbative
corrections coming from world-sheet instantons and is very difficult, but on the other side
the calculation is classical and exactly calculable. The power of the mirror symmetry
was shown by the calculation of the Yukawa coupling and the Gromov-Witten invariant,
which is roughly speaking the number of holomorphic curves, for nontrivial Calabi-Yau
manifolds [17]. This can be restated as the equivalence of two types of topological sigma

models (A-, B-model) on X and XV [18,9]. The mirror symmetry is generalized to the
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case of more general manifolds. Then, we will not restrict our attention to complex three-
dimensional Calabi-Yau manifold. (For reviews of the mirror symmetry, see the textbook
[19] for example.)

In the context of the mirror symmetry, the equivalence of two types of categories,
one is the Fukaya category and the other is the derived category of coherent sheaves was
conjectured [20]. This is called the homological mirror symmetry and understood as the
mirror symmetry of D-branes. The D-branes in the topological A-; B-model (or the D-
branes which preserves the A-, B-type supersymmetry) is called the A-, B-branes. The
A-branes are described by the Fukaya categories and the B-branes are described by the
derived categories of coherent sheaves. (For reviews of the homological mirror symmetry,
see the reviews and textbooks [19,21,22] for example.)

The mirror symmetry turns out to connect physics and various field of mathemat-
ics such as algebraic geometry, symplectic geometry, knot theory, representation theory,
number theory, and so on. In particular, it is fascinating that the geometric Langlands
program, which involves many field of mathematics such as number theory, algebraic ge-
ometry, representation theory and is so-called “the grand unified theory of mathematics”,
can be understood in the framework of the mirror symmetry. (For reviews of the physics
and the geometric Langlands program, see the review [23] and the references therein.)

In the analysis of the non-linear sigma models, the two-dimensional N' = (2,2) gauge
theories, which are also called the gauged linear sigma models (GLSM) play important
roles. At low energy, such gauge theories reduce to non-linear sigma models whose target
spaces are Kahler manifolds, in particular Calabi-Yau manifolds under certain conditions
[24]. When we put ' = (2,2) gauge theories on a surface with boundary, the boundary
conditions describe D-branes at low energy. A boundary condition in the product of two
theories can be regarded as a domain wall that connects two regions where the two theories
live. It is often useful to consider the corresponding gauge theories instead of the non-linear
sigma models. For example, the mirror symmetry in many cases can be understood by
the two dual description of the gauge theories [25,26]. The space-time topology changing
phenomena such as Ginzburg-Landau/Calabi-Yau correspondence and the flop transition
[27,28] are naturally understood by the change of the phase of gauge theories [24]. The
phase of gauge theories are described by the FI parameters which parametrize the geometric
information of the target space appeared at the low energy.

The virtue to consider the gauge theories is partly in the powerful methods of exact

analysis. In particular, we notice the supersymmetric localization method which enables
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us to compute the partition functions or the correlation functions of BPS observables ex-
actly. By using the localization method, the path integral reduces to the integral over
certain locus of field configurations. For good theories, the path integral reduce to a fi-
nite dimensional integral or a summation over discrete points. The localization method
were first introduced in the context of topological field theories which are obtained by the
twisting of the supersymmetric theories [29,8,9,30]. Since the twisting does not change
the Lagrangian in flat spaces, the partition functions of the four-dimensional N' = 2 su-
persymmetric gauge theories in the omega deformed background were computed by using
the localization method [31]. Furthermore, it is found that the localization method can be
applied to four-dimensional A/ = 2 supersymmetric gauge theories on S* without twisting
[32]. After that the localization method has been applied to various supersymmetric gauge
theories on various geometries and produced a lot of exact results. The supersymmetric
localization plays a pivotal role in the “Golden Age of Exact Results in SUSY QFT” [33].

Recently the supersymmetric localization was applied to N' = (2, 2) gauge theories on
a two-sphere and their partition functions, which is called the “sphere partition functions,”
are obtained [34,35]. From the sphere partition function, we can extract the information
of low energy non-linear sigma models, such as quantum Kahler potentials and Gromov-
Witten invariants [36,37,38,39]. This provides a new method to compute the Gromov-
Witten invariants without using the mirror symmetry. The justification of this method
was partially done by considering the theories on a deformed sphere [40]. In addition, there
are many usage of the sphere partition functions. We can use the sphere partition functions
to check the mirror symmetry quantitatively [40,41]. The sphere partition function is also
useful to investigate the phases of the gauge theories, i.e., the topology change of the target
space of non-linear sigma model at the low energy [42,43]. The sphere partition functions
contains the equivariant Gromov-Witten invariants and is related to the Nekrasov partition
functions and Donaldson-Thomas invariants [44,45]. Via the Calabi-Yau compactification,
the Seiberg-Witten Kéhler potential of four-dimensional N'= 2 SU(2) pure gauge theory
can be deduced from a certain sphere partition function [46]. The connection between the
mirror symmetry in three-dimensional theory and that in the two-dimensional theory is
discussed by reducing the S' x §? partition function to the sphere partition function [47].

The localization calculation of two-dimensional supersymmetric gauge theories on a
torus yields the (equivariant) indices or, in other words, the (flavored) elliptic genera
[48,49,50,51,52]. In particular, the connection between the two-dimensional N' = (0,2)

gauge theories and the four-dimensional geometry, which is suggested from the two ways
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of compactification of six-dimensional N' = (0,2) theory as the effective theory of M5-
branes, is a very interesting topic [53]. In this context, the dynamics of the two-dimensional

N = (0,2) gauge theories was studied by using the equivariant indices [54].

Now we arrive at the theme of this thesis. In the paper [55], the author of this thesis
studied boundaries and domain walls in N' = (2,2) gauge theories using supersymmetric
localization. Note that two other papers [56,57], which contain some overlapped material
with our paper, appeared almost at the same time. The supersymmetric localization of
N = (2,2) gauge theories on RP? and its relation to orientifold was also discussed in [58].

This thesis is based on the paper [55]. From now on, we give the more detailed
explanation of our results. We consider the supersymmetric localization of N' = (2,2)
gauge theories on the hemisphere geometry, which has a single boundary component. The
resulting partition function, which is called the “hemisphere partition function”, is roughly
a half of the sphere partition function [34,35].

There are two broad motivations for studying the hemisphere partition function. The
first is the study of D-branes in Calabi-Yau manifolds, with applications to mirror symme-
try, Gromov-Witten invariants, D-brane stability, string phenomenology, etc., as we have
discussed so far. In such contexts the two dimensional theory describes the worldsheet of
a superstring, and one is especially interested in theories that flows to a non-linear sigma
model with target space a compact Calabi-Yau. Generically such a theory possesses no
flavor symmetries. The hemisphere partition function depends analytically on the com-
plexified FI parameters, which we collectively denote as t and use to parametrize the Kahler
moduli space. The second motivation, the main one for us, is to study the dynamics of the
two-dimensional quantum field theory in its own right. It is known that A/ = (2, 2) theories
are closely related to integrable models [59,60]. Such a theory also arises as the defining
theory for a surface operator embedded in a four-dimensional theory [61]. It is natural
to turn on twisted masses m = (m,), or equivariant parameters for flavor symmetries, in
these contexts. Boundaries are interesting ingredients in the physics of the theory, while
domain walls (~ line operators in two dimensions) provide a natural example of non-local
disorder operators, and are akin to 't Hooft loops [62,63,64,65], vortex loops [66,67,68],
surface operators [69,70], and domain walls [71,72] in higher dimensions.

The type of boundary conditions B we study preserve B-type supersymmetries [9]. For

abelian gauge theories general B-type boundary conditions were formulated in [73]. We
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extend these boundary conditions, in a straightforward way, to theories with non-abelian
gauge groups and twisted masses.

We will argue that the hemisphere partition function Zyem (B;t; m) is the overlap (BJ|1)
of two states, where both the boundary state (B| and the state |1) created by a topological
twist [74] are zero-energy states in the Hilbert space for the Ramond-Ramond sector.

When the gauge theory flows to a non-linear sigma model with a smooth target space,

there are coarse and refined classifications of B-branes:

{B-branes} ~ derived category of coherent sheaves

{topological charges} ~ K theory

The latter amounts to classifying B-branes up to dynamical creation and annihilation
(tachyon condensation [75]) processes. For details and precise treatments on these math-
ematical concepts, see for example [21,22,76]. In type II string theory compactified on a
Calabi-Yau, such topological charges of branes determine the central charges [77] of the
extended supersymmetry algebra in non-compact dimensions. This central charge is given
precisely by the overlap (B|1) [78]. We will argue that the hemisphere partition function
Zhem(B) indeed depends only on the K theory class of the brane. The known formula
for the central charge, which is valid in the large volume limit and was obtained by an
anomaly inflow argument [79], provides a useful check of our result and is completed by
our exact formula.

More generally, our localization computation yields a pairing (5|f) between the bound-
ary state (B| and an arbitrary element f of the quantum cohomology ring. With twisted
masses for the flavor symmetry group Gy turned on, the sheaves, K theories, and quan-
tum/classical cohomologies are replaced by their Gg-equivariant versions. Related works
that emphasize Gg-equivariance include [48,45]. It was found by Nekrasov and Shatashvili
[59,60] that the relations in the equivariant quantum cohomology of certain models are
precisely the Bethe ansatz equations of spin chains. Our work is thus related to, and
in fact most directly motivated by, the study of integrable structures in supersymmetric
gauge theories. Integrability suggests the presence of infinite-dimensional quantum group
symmetries, whose generators are expected to be realized as domain walls. As mentioned

domain walls are D-branes in product theories, and the quantum group symmetries are
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known to be realized geometrically as so-called convolution algebras in equivariant K the-
ories and derived categories [76]. In this work we take a modest step in this direction by
realizing the sl(2) affine Hecke algebra as the domain wall algebra.?

Relatedly, the two-dimensional N = (2,2) theories can also be embedded in a four-
dimensional N' = 2 theory to define a surface operator [61]. Domain walls in the two-
dimensional theory can then be regarded as four-dimensional line operators bound to the
surface operator, and via the AGT correspondence [80] is related to certain defects in Toda
conformal field theories [81]. We use our results to identify the precise domain walls that
correspond to the defects.

We also study Seiberg-like dualities. In some dual pairs of theories, the hemisphere
partition functions are found to be identical, while in the others they turn out to differ by
a simple overall factor. Such dualities also serve as nice checks of our result.

This thesis is organized as follows. In section 2, we will review the basic facts of
N = (2,2) non-linear sigma models, topological sigma models and the supersymmetric
localization methods. In section 3, we will review the A-, B-branes in N' = (2,2) non-
linear sigma models, the categorical description of B-branes and the brane amplitudes. In
section 4, we will review how N = (2,2) gauge theories reduce to non-linear sigma models
at low energy. We will see the examples of N’ = (2,2) gauge theories which will appear
in this thesis. In section 5, we will explain the set-up of [55] by specifying the geometry
and the physical actions. We will analyze the symmetries of the set-up, and define the
boundary conditions that preserve B-type supersymmetries. In particular, we will review
two basic sets of boundary conditions for a chiral multiplet, which we call Neumann and
Dirichlet conditions (for the entire multiplet). These elementary boundary conditions are
combined with the boundary interactions to provide more general boundary conditions. In
section 6, we will perform localization and obtain the hemisphere partition function as an
integral over scalar zero-modes. We will also provide its alternative expression as a linear
combination of certain blocks given as infinite power series. The geometric interpretation
of the hemisphere partition function will be explained in section 7. In particular, we will
explain how to compute the hemisphere partition function for a given object in the derived
category. We will give examples of the hemisphere partition function in section 8. We will

match the hemisphere partition function in the large volume limit with the large-volume

2 The connection between the domain wall and convolution algebras was suggested to us by
N. Nekrasov and S. Shatashvili.



formula for the central charges of D-branes in the quintic Calabi-Yau (and for more general
complete intersection Calabi-Yau’s in Appendix E). Section 9 will be devoted to the study
of Seiberg-like dualities. In section 10, we will study domain walls realized as D-branes in a
product theory. Such domain walls can be regarded as operators that act on a hemisphere
partition function. The action of certain walls are identified with monodromies of the
partition function. We will also show that they realize certain defect operators of Toda
theories in one case, and the sl(2) affine Hecke algebra in another. Appendices collect

useful formulas and detailed computations.



2. N = (2,2) non-linear sigma models

In this section, we briefly review some basic facts about N' = (2,2) non-linear sigma
models. First, we define the N' = (2,2) non-linear sigma model whose target space is
a Kahler manifold. Then, we see some properties of this model. The anomaly and the
renormalization property which are closely related to each other. The ground states of the
models are described as the cohomology of some supercharges. We can also consider the
cohomology in the algebra of local operators. The state-operator correspondence between
them is clarified after defining the topological twist. We also review the basic facts about
the Witten type topological field theory, topological A-, B-model and the supersymmetric

localization technique. We write the review of this section in reference to [19,25,82,83].

2.1. N = (2,2) supersymmetry on flat spaces

First, we summarize the notation used in section 2, 3, 4. We consider theories on R?
with metric ds? = (dz')? + (dz?)?. By default, we think of a spinor ¥ = (04 )a=12 as a
column vector. We also use the fermion index o« = + instead of a = 1, 2 respectively. The

indices are raised and lowered by the charge conjugation matrix

C=(C°‘5):=(_01 (1)) €™ = (Cap) = (? _01)

as Y = C%g, 1y = Caphb?. When the upper index of 1 is contracted with the lower
index of A\, we write

YA =9 ha =T CTA,

where T indicates the transpose. In flat spaces, we define the gamma matrices as the usual

() () ()

The gamma matrices 7, (m = 1,2,3) have the index structure v,, = (Ymo”). A spinor

Pauli matrices.

bilinear is defined as

VYmy -+ Ym, A 1= I/JTC'T%m e Y A

N = (2,2) SUSY algebra is generated by the bosonic generators Py, Py, J, R, Ra, which
are the generators of the translations P; := V;, the rotation U(1)3, J := 22V +2'Vs, the
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R-symmetry U(1)r and the axial R-symmetry U(1)a respectively, and the supercharges
Q+,Q+. They satisfy the following algebraic relations.

QL =Q2=0,{Q+,Q+} = FP +iP,,

{Q+.Q-} =2 .{Q+,Q-} =72 {Q-,Q+} =2 {Q+.Q-} =
[J,Q+] = Q4+, [/, Q+] = +Q4,

[R, Qo) = +Qa, [R, Qo] = —Qu, [Ra, Q] = +Qx , [Ra, Q+] = FQx,

NN

where Z, Z are central charges. The supercharges satisfy the hermiticity condition
QL = Qa .
2.2. N = (2,2) non-linear sigma models on a flat space

We review the A = (2,2) non-linear sigma models with the world-sheet R? and the
target space X which is a K&hler manifold. Let ¢ be a map ¢ : R*> — X. Choosing
local holomorphic coordinates z := 2! + iz2 on R? and ¢' on X, the map ¢ is described
as ¢'(z,z) locally and these are the bosonic field of the non-linear sigma models. Let
&*TX be the pullback of the complexified tangent bundle T7X = TX®9 ¢ 7 X 1 where
T,X10 T, X1 at some point p € X are spanned by {9; := 9/0¢",0; := 0/0¢'}
respectively. K and K are the canonical and anti canonical line bundles of R?, i.e., their
fiber at a point are spanned by dz and dZz respectively. Then, the fermionic fields are

defined by sections,

¢ eT(@TXW o VE), ol eD(¢TXM0 0 VK),
P eT(¢TXOV @ VE), ¢ eD(¢TXOV g VE).

The chiral multiplet consists of (¢¢, 4!, F?), where F? are auxiliary fields. The R-charges of
the fields (¢?, 4", F*) are (¢*, ¢* +1, ¢* +2), where q is a real parameter. The axial R-charges
of (¢, ., ¥ F") are (¢4,q4 + 1,¢4 —1,¢4), where g is a real parameter.

We take the SUSY parameters ¢ and € to be bosonic constant spinors. The SUSY
variation is given by § = éQ + €Q. In this convention, field contents transform under SUSY

as

0¢' =e L —eyl, 06 = P eyl

SYl = —2ie_0,¢" + e, F", St = —2ie, 059" + E_F",
SYL = —2ie_0,¢" — e, F', St = —2i€,0:¢" — e_F*,
SF' =2ie, Vb, — 2ie_V, 9", OF" = —2ie V' +2ie_V " .
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These form a representation of the ' = (2,2) SUSY algebra with Z = Z = 0. The

covariant derivative on the spinors is defined as

Vol = 0.+ 0,0 T, Vot = 0.9 + 95T
Vo' = 0z + 3z<5lr%1;j7 Vap' = 00" + azélr%&j

where T}, := gk 9, 9t I‘% = gikal—g;,g are the Christoffel symbols.

The Lagrangian of the N = (2, 2) non-linear sigma model is described as follows. The
D-term of the Lagrangian which is determined from the Kahler potential and the B-field
iS . _ . . _ . — . — .

Lp = 2g;5(0:¢'0:¢" + 0:¢"0.¢7) +ig;i; (Vi — ¢4 Vo)

— g (Va0 gt — 00 V.0l ) — Ry’ 0" ) o

— g (F'+ Tyl ) (B9 + Dokl )
where g;; is the Kahler metric of X and R, := gkmaiF%. is the curvature tensor of X.
The Kéhler potential C(¢', ¢") is related to the metric as g;; = 0;0;K. In general, the
D-term preserves R-symmetries if we assign I neither the R-charges nor axial charges.
However, if K is a function of |¢’| = ¢?¢?, the D-term preserves R-symmetries under any
R-charge assignment.

The F-term of the Lagrangian is
oW — i 0.0 — (TN — & 00T
Lr=—3 (F W wm_alajw) . (F 8- W ¢+¢_@ajw> :

where the superpotential W is a holomorphic function on X. To make this action invariant
under R-symmetries, W should have R-charge —2 and axial R-charge 0. Therefore W

should be a quasi-homogeneous function
W(emqiqbi) = 2Ty (1) .

Adding the D-term and F-term and integrating out the auxiliary fields F?, we obtain

the action
L= 29;5(0.0'0:¢7 + 0:0'0.87) +igi3 (V=04 — &L Va9l
— g5 (Vo " — @1V ) — Ryzgbh bl
1 - A i .
- Zg”&W@;W + §¢1¢1V¢3jw + §¢3FW_V;85W.

11



We often call a non-linear sigma model with a superpotential a Landau-Ginzburg model.

The path integral measure from the Lagrangian is defined as
e, 8= / d’zL .
R2
We can add the B-field contribution to the action,
S:/ d*xL —2mi | ¢*B,
R2 R2

where B is a closed two-form.
If X has a isometry generated by commuting holomorphic vector fields {V,},, the

non-linear sigma model can be deformed by

> m,V, > m,V,

The supersymmetry is modified by the following terms

2 2
1 1 ) . _ . o o
=3 3 52 (00, Vi = 05077) (mates + ot )

AQ_ty =—iYy mVi AQup_ =—iy m,V,,

AQ Dy =i Y WV AQu - =i Y m, V.
This deformation turns on the central charge Z = iy.,mgeLy,, where Ly, acts on the
fields as Ly, ¢' = Vi, Ly, = 9; Vi,

2.8. Anomaly, renormalization and Calabi- Yau

In this subsection, we argue the anomaly and the renormalization of the N' = (2,2)
non-linear sigma model. The existence of the axial anomaly is closely related to the
renormalization property. Especially we focus on the properties which depend on whether

the target space X is Calabi-Yau or not.

Anomaly

In quantum theory, the R-symmetry U(1)r suffers from no anomaly but the axial
R-symmetry U(1)a may be anomalous. For a given map ¢, using the Fujikawa method,
we find that U(1)a is broken to Zsj where

k= / (@ TX00) = (0(TX), 6.[R7)
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#+[R?] is a homology class obtained by the push forward of R? by the map ¢. Under the
axial R rotation, the path integral measure transforms by the factor e?*** o € R. Since

the B-field contribution is described as

exp (27ri /R 2 ¢*B) :

the axial rotation is equivalent to the shift in the cohomology class
Q@
[B] — [B] + ;cl(TX) .

The class 27[B] takes values in H?(X,R)/H?*(X,Z). If k is divisible by p € N for any
map ¢, U(1)a is broken to Zsy,. This happens when ¢;(7°X) is p times some element of
H?(X,Z). To preserve the axial R-symmetry, c¢;(TX) should be zero, i.e., X should be a
Calabi-Yau manifold.

Renormalization

In general, the Kahler metric is renormalized in quantum theory. The beta function

for the metric is
1
Bij = %Rij

at 1-loop level. R;; is the Ricci tensor of X, which is related to ¢;(7TX) as
/(TX) = — Ryzdz* Ad7 .
2T

Let gg;; be the bare metric and g;; be the metric at the scale p. If R;; > 0, the bare metric

is
Jo0ij = 9ij + % log (%) ij 1

where Ayy is the UV cut-off scale. If we take the continuum limit Ayy — oo, the metric

becomes very large, and the perturbation theory becomes better in this region. Then, a

sigma model on a Ricci positive Kéhler manifold is asymptotic free. If R;; =0, 1 .e ., the

target space is a Calabi-Yau manifold, the sigma model is scale invariant at 1-loop level but

receives the higher loop corrections. It is known that the beta function is non vanishing

at 4-loop level [84]. If R;; < 0 the perturbation theory breaks down at high energy. Then,

the sigma model on a Ricci negative Kahler manifold is not a well-defined theory.
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Although the Kahler metric receives the higher loop correction, the renormalization

behavior of the Kéahler class [w] is exactly described as

wl(2) = (] +log (£ ) er(TX).

where [@] € H?(X,R)\(R - ¢1(TX)) and A is a scale parameter. Let k = dim H?(X,R),
there are k Kéhler parameters which parametrize the Kéhler class [w]. If ¢1(T'X) # 0, the
dimensional transmutation occurs, i.e., the scale parameter A replaces one of the Kéhler
parameters which form a coordinate system of H2(X,R). In this case, the shift of the class
[B] in the direction of ¢; (T X) can be cancelled by the axial rotation. The class [B] is also
parametrized by k B-class parameters. Then, one of the B-class parameters is unphysical
and replaced by the physical parameter A. If ¢;(TX) = 0, the Kahler class [w] does not
run and there is no axial anomaly. Therefore, all of the Kahler parameters and the B-class

parameters are marginal.

2.4. Supersymmetric ground states and (twisted) chiral ring

In this subsection, we argue the cohomology defined by some supercharges acting on
the states or the local operators. The former describes the supersymmetric ground states

and the latter describes the (twisted) chiral ring.

Supersymmetric ground states

First, we consider the case Z = Z = 0. Define Q4 := Qr+Q_,0Qp = Q4 +Q_.

From the SUSY algebra, we can deduce the following formulae.

{QA?QL} = {QB;QTB} :2H7 H := Z'I)27
Q4 =Q%=0.

If H has a discrete spectrum, there is a one to one correspondence between the cohomology
classes of Q4 or Qp and the supersymmetric ground states. The index of () is the Witten
index which is invariant under the small perturbation of the theory.

In the case that we turn on the central charge Z =i > o maLy,, the second line of the

above formulae is modified as

Qi=Z=-iY m.Ly,, Q4=2=0.

a
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We consider the equivariant cohomology, ¢.e., the cohomology of ) 4 restricted on the states
which are invariant under the action of > m,Ly,. A continuous symmetry never breaks
in two dimensions according to the Coleman’s theorem [85]. Therefore, there is a one to one
correspondence between the equivariant cohomology classes of () 4 and the supersymmetric
ground states. Since turning on the central charge is just a small perturbation, the Witten

index is the same as in the Z = 0 case.

(Twisted) Chiral ring

A chiral operator O is an operator which satisfies [Qp, O] = 0, and a twisted chiral
operator O is an operator which satisfies [ 4, O] = 0. For example, the chiral multiplet
scalar ¢ is a chiral operator.® The (twisted) chiral operators are invariant under the world-
sheet translation up to Qp(Qa)-exact terms. Then, the Qp(Q4)-cohomology classes are
invariant under the world-sheet translation. For two (twisted) chiral operators Oq, Os,
their product 0105 is also a (twisted) chiral operator. Therefore the cohomology classes
form a ring. The ring which consists of () g-cohomology classes is called the chiral ring, and
the ring which consists of Q) 4-cohomology classes is called the twisted chiral ring. When
we turn on the central charge, we consider the equivariant (twisted) chiral ring.

From the state-operator correspondence, we expect that there exists a one to one
correspondence between the set of supersymmetric ground states and the (twisted) chiral
ring. We will come back to this subject after defining the topological A-, B-twist in the

next subsection.

2.5. Topological A-, B-model

In this section, we first review the definition of the Witten type topological field theory.
Then, we introduce two types of topological twisting which make topological field theories

from N = (2,2) non-linear sigma models.

Witten type topological field theory

On a Riemannian manifold with metric g,,, we consider a quantum field theory with

a collection ® of fields which are Grassmannian graded. Assume that this theory has a

3 The scalar component in the twisted chiral multiplet, which we have not discussed so far, is

a twisted chiral operator.
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symmetry generated by a Grassmann-odd scalar generator () which acts as a derivation
and satisfies the following properties.

(1) @*=0.

(2) The action S is @Q-exact up to topological terms, i.e., S = {Q, V'} + (topological terms)
for some V.

(3) The energy momentum tensor T, is Q-exact, i.e., T),, = {Q, G}, where G, =
oV /ogh.

A theory which satisfies the properties noted above is called a Witten type topological
field theory. If @) is nilpotent up to the global symmetry of the theory, we can consider a
equivariant version.

The partition function of this theory
Z = / Dge™%,

where ¢ denotes the fields of this theory, does not depend on the metric g,* because

oz
Sghv

[ PHQ.Gule = Q.G = 0.

(O) is the unnormalized vacuum expectation value of O. Since @) is a symmetry of the
theory, the vacuum expectation values of ()-exact operators vanish. Furthermore, the
vacuum expectation values of )-closed operators do not depend on the metric g, because

0
ogrv

(0) = (0Tw) = ({Q,0G}) = 0.

Therefore, we consider the ()-cohomology classes as observables in topological field theory.
We also note that the semiclassical calculation of the partition function or the correla-
tion functions is exact in Witten type topological field theory. By introducing a parameter

t as
<O> — /D¢Oe—t{Q,V}+(topological terms) 7

we find that this does not depend on this parameter, because

0

-(0) = —({Q.0V}) = 0.

4 The strategy used in this proof needs the assumption that we can do the functional version of
the partial integration without yielding boundary terms. If boundary terms appear, @Q-symmetry
becomes anomalous. This is the origin of the holomorphic anomaly equations in topological string
theory [86,87].
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We assume that {Q,V} is a positive semidefinite functional with respect to the fields
¢. Taking the t — oo limit, the functional integral boils down to the 1-loop calculation
around the saddle points ¢* which satisfy {Q, V}[¢*] = 0. This strategy for the Witten

type topological field theory is the origin of the recent supersymmetric localization method.

Topological A-, B-twist

Now we introduce the topological twist. Suppose that the theory have either the
R-symmetry U(1)g or the axial R-symmetry U(1)a with all (axial) R-charges are integer-
valued. We replace U(1);y by U(1)} generated by J' := J — R or J' := J + Rax. The
former replacement is called the A-twist and the latter is called the B-twist. Since the
B-twist need the axial R-symmetry, the target space of a B-twistable theory is Calabi-Yau.
The twisted theory on a curved world-sheet is obtained by gauging U(1)} by the spin
connection, which cause the modification of the spins of the fields. The energy momentum

tensor is also modified as
/A 1 8)\ aA
T = Tow + 7(€0 0™y + €007y,

where J,, is the current of (axial) R-symmetry.
We consider the gg = ga = 0 case. The spins (J-charges), the R-charges, the axial
R-charges and the twisted J'-charges of the fields are listed as follows.

¢ vy Y- Yy Y- F F
J-charge o 1 -1 1 -1 0 O
R-charge 0 1 1 -1 -1 2 =2
axial R-charge o 1 -1 -1 1 0
A-twisted J'-charge 0 0 -2 2 0 =2
B-twisted J'-charge 0 2 -2 0 0 0

o NN O

After the A-twist, ¢,v¢,,7_ become the scalar fields, 1)_,F become the sections of
»*TX19 @ K and 9, F become the sections of ¢*TX (1) @ K. Furthermore, Q4 :=
Q.+ + Q_ becomes the Grassman-odd scalar operator and then can be globally defined on
any world-sheet. After the B-twist, ¢,1,1_,F,F become the scalar fields and ), 1)_ are
the sections of ¢*TX 1.0 @ K, ¢*T X (1) @ K respectively. Furthermore, Qp := Q4 + Q_
becomes the Grassman-odd scalar operator, and then, can be globally defined on any
world-sheet.

After the A(B)-twist, the action without superpotential becomes @ 4(Q p)-exact up to

topological terms. The energy momentum tensor also becomes @ 4 (Q p)-exact. Therefore,
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these twists make Witten type topological field theories from A = (2,2) non-linear sigma
models. We call these theories topological A-, B-models. It is well known that a topological
A-model depends on the Kéahler form of its target space but not depends on the Kéhler
metric and the complex structure. On the other hand, a topological B-model depends on
the complex structure but not depends on the the Kahler metric and Kahler form.

For B-twisted Landau-Ginzburg model, the action is neither () g-exact nor topological.
But the energy momentum tensor is shown to be () g-exact and the correlation functions are
still topological. We cannot use the supersymmetric localization but can use the analogous
technique [88]. On the other hand it is nontrivial to define the A-twist for Landau-Ginzburg
models. The A-twisted Landau-Ginzburg models defined in [89] has Q) 4-exact action and
become Witten type topological field theories.

We will give more detailed explanation about the topological A-, B-models in the next

subsection.

Supersymmetric ground states and (twisted) chiral ring revisited

Now we come back to the state-operator correspondence between the set of super-
symmetric ground states and the (twisted) chiral ring. The topological A-, B-models has
nilpotent charges @4, @p. Then, the (twisted) chiral ring elements are good observable in
the topological B(A)-models.

supersymmetric ground state (twisted) chiral operator

(@) |

half infinite cylinder

Figure 1 A supersymmetric ground state and a (twisted) chiral operator.

According to [74], we consider the topological A-, B-models on a half-infinite cylinder
capped-off at infinity (see Figure 1). We insert a twisted chiral operator or a chiral op-
erator at the tip of this cigar-like hemisphere. Note that this is a vertex operator in the
NS-NS sector. The state corresponding to this vertex operator propagates through the
half-infinite cylinder to the boundary. At the flat region the twisted theory is equivalent
to the untwisted theory but there is a (axial) R-symmetry flux, which makes the boundary
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conditions for fermions periodic. Then, the Ramond-Ramond state appears at the bound-
ary. After the infinite propagation through the cylinder, states become ground states of
the Hamiltonian. Therefore, this half-infinite cylinder causes a spectral flow from a NS-
NS vertex operator to a supersymmetric ground state in the Ramond-Ramond sector. In
summary, for a theory which can be A(B)-twisted, the space of Ramond-Ramond ground
states is isomorphic to the twisted chiral ring (chiral ring) as a vector space. For a theory
which can be both A-twisted and B-twisted, the space of Ramond-Ramond ground states,

the twisted chiral ring and the chiral ring are isomorphic to each other as a vector space.

Topological correlation functions and (twisted) chiral ring

We consider the three point function of the topological B-model. We take the world
sheet ¥ = S? and three chiral operators O;, Oj, O on X. Here the basis {O;}; generates
the chiral ring. We calculate the correlation function Cjj; := (O;0;0O). Since the theory
is topological, this correlation function does not depend on the metric of ¥, the insertion
points of the operators, the metric of the target space, Kéhler (twisted chiral) parameters.
This only depends on the complex structure (chiral) parameters holomorphically. Let the

identity operator has the index 0, Oy = id, then we define
nij = Cijo = (0;0;).

This is called the topological metric. We assume that this is an invertible matrix and
denote the inverse matrix as 1%, then n*n;; = 6;. From the topological property of the
correlation function, we can consider that O; is in the vicinity of Oy. From the chiral ring

structure, we can expand the product
0;0p = O,Cly. + (@B, Al.
Then, we obtain the relation,
Cijr = (0i0;0x) = (0;(O1C};, + [Qp, A))) = nuCly -

Therefore, the chiral ring is determined by the three-point functions of the topological B-
model. In the same way, the twisted chiral ring s determined by the three-point functions
of the topological A-model, and its structure constant only depends on the Kéahler (twisted
chiral) parameters holomorphically.

In the next subsection, we compute the three-point functions of the topological A-,
B-model.
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2.6. More on topological A-model

In this subsection, we give brief explanation of the A-twisted non-linear sigma models.
Remember that, after the A-twist, ¢,1,,1_ become the scalar fields, ¢, F become the
sections of ¢*TX (9 @ K and ¥, F become the sections of ¢*TX (1) @ K. We rename
the field 1,1 as

o X = =
The action is
Lp = 2g;5(0.¢'0:¢" + 0:¢'0.¢7) + ig;;(Vzplx' — pLV:x")
—igij (VX! pt = XV2ph) — Rijrix pEX’
— g3 (FL+ Tinol) (B + T x7L)
The supersymmetry transformation is generated by e = €. = —e, i.e.,
09" =ex', 69" =ex’,
5x*t =0, §p. = 2iedz " + €FL
6p. = — 2i€d,¢" + €F" 6x' =0
SFL = — 2ieVx", 6F! = 2ieV. X" .
To make local operators, we only use the scalar fields ¢, ¢, x, X. From the SUSY algebra,

we can find the correspondence between the fields y, ¥ and the differential forms on X,
X e, ¥ o ddt, Qp < 0,Q- <0, Qa=Qi+Q ©d=0+d.

Then, there is a one to one correspondence between the ) 4-cohomology classes and the
de Rahm cohomology classes. Associated to a homology class D, we can consider a local
operator Op(z), z € ¥ which is defined by the Poincaré dual, i.e., a differential form whose
support is D.

We consider the correlation function
(0,05---0,) = /D¢DxDpe_S(’)1(’)2 O
We classify the map ¢ by the cohomology class

6 = ¢*[E] € H2(X7Z)v
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and decompose the path integral
((91(92"'On> = Z <0102"‘On>[37
BGH2(X72)

(0105---0,) 5 := / D¢DxDpe 20104 ---0,, .
¢*[E]:/B

Now we consider the R-charges and the axial R-charges of the operators. Let O; cor-
responds to the element w; € HP#%(X), which has the R-charge p, — ¢; and the axial
R-charge —p; — ¢;. Since the R-symmetry is not anomalous, the correlation function is

non-vanishing only when >_1" |, p; = > | ¢;. The axial symmetry is anomalous and

(The number of x zero modes) — (The number of p zero modes) = 2k

k:=c1(TX)- 5+ dime X(1 —g)

The correlation function is non-vanishing only when Y | (p; +¢;) = 2k. In summary, the

correlation function is non-vanishing only when

S pi=> ag=k. (2.1)
=1 =1

Now we calculate the correlation function by the supersymmetric localization tech-

nique. First, we note that the action can be written as

S = Sexact + Stop ’

Sexact = / sz{QA, VY, Stop = / ¢*(w—2miB) = (w—2miB) - B,
» »
Vi=g;:3 7 | 10:0° — l(Fz + T8 P l) — (i0.¢7 + 1(13‘] +I‘5¥_k—l) :
L gzg P z 2 z kX Pz z 2 z le Pz Pz .

Therefore, the A-twisted non-linear sigma model is a Witten type topological field theory.
As mentioned before, this model only depends on the Kéhler form of X and other infor-
mation of X is included in the @) s-exact term. Since the bosonic part of the Q) 4-exact

term is

) . ) 2
Sexact‘bos = 4|a§¢z‘2 + ‘in + F?kxlp];‘ ’

the saddle points satisfy
0:¢' =0,  FL=-Tjx'pt.
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We consider the path integral
<0102 . On>,8 — e—(w—27riB)-6 / D¢DXDpe—tSexact_Stop0102 .. On .
¢« [Z]=8

Since this does not depend on t, we take t — oo limit. Then, the path integral reduces to

the integral over the saddle locus, 7.e., the moduli space of holomorphic maps
Ms (X, B) = {¢: £ — X|¢ is holomorphic, ¢,[X] =5} .

We assume that this moduli space is a smooth manifold. Furthermore, we assume that
(1) ke Zzo,
(2) there is no p zero mode.

Then, the tangent space T Mx (X, ) is identified with the space of x zero modes and
dime Mx(X,8) = k.

As usual in the topological field thories, the 1-loop determinant becomes 1 since the bosonic
determinant cancels the fermonic determinant. The operator O;(z;) can be identified with

the pullback [w;] € HP#% (X ) by the evaluation map at z;,
ev, : Mx(X,8)3 ¢ ¢(z;) € X.

Then,

(0102---0p)p = e~ (w—2miB)-B / eviwi A Aevywy, .
MZ(X7B)

The non-vanishing condition (2.1) coincides with the condition that eviw; A --- Aeviw,
becomes the top form of the integral on Mx (X, ). If [w;] is the Poincaré dual of the
cycles [D;], it is known that

nﬁaDlwnaDn = / eVTCL)l /\ e /\ ev;klwn
ME(Xvﬁ)

= #{¢: X — X|¢ is holomorphic, ¢.[S] =8, ¢(z) € D;Vi} .

The correlation function becomes

(0105---0,,) = Z e_(w_QmB).Bnﬁ,Dl ----- Dn
BGHZ(sz)
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Here we note that w- £ > 0 and this summation is well-defined. This is because the Kahler
form w restricted on ¢, [X] is positive definite. The inequality is satisfied only when g = 0,
i.e., ¢«[X] is a point in X.

In the large volume limit where w is very large, the correlation function is dominated
by the § = 0 contribution. For g = 0, Mx(X,0) ~ X. Since dim¢ X = k, the non-
vanishing condition (2.1) is satisfied only when the genus g = 0, i.e., ¥ is the Riemann

sphere. Since ev; = idx, the correlation function becomes the intersection number;
(0102 ---On)o =n0,D,,....D,, = / Wi A Awy, =#(D1NDyN---NDy).
X

It is known that the topological metric does not receive world-sheet-instanton corrections

and 8 = 0 result is exact.’

nij = (0:0;) = / w1 Aws = #(Dy N Dy).
X

Now we consider the more general case where the assumption (2) is not imposed, i.e.,

there are some p zero modes. A p zero mode is a solution of
020 =0, pzi = gi0L -

The space of the p zero mode is identified with the space of holomorphic sections H° (X, K®
¢*T*X19), Assume that the dimension of this space is a constant [ at any point of
Ms (X, B). Then, dime Mx (X, ) = k+ [ and the space H(X, K ® ¢*T*X (1 0)) defines
a rank [ vector bundle V over Myx(X, ). From the path integral with respect to p, we

obtain the Euler class e()V) and the correlation function can be written as

(010, ---0,) 5 = e~ (W 2miB)B / e(V)Neviwi A--- ANev,wy, .
ME(Xvﬁ)
Since, e(V) is an (I, [)-form, this integral is well-defined.
As an example we consider the case of the complex projective space X = P!. The

cohomology group of P! is

. 7, fori=0,2
7 1 _ )
H(P’Z)_{o for i = 1.

® See the argument in section 7 of [9].
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HO(P1) is generated by 1 and H?(P") is generated by x which is a (1, 1)-form and Poincaré

/3::1,
Pl

We denote the operators corresponding to 1,z as P, () respectively. P is an identity oper-

dual to a point;

ator. Since the topological metric does not receive the world-sheet instant on correction,

we can compute the following three-point functions.

(PO0;) = i = {1 (i,7) = (P,Q) or (Q, P),

0 otherwise .

The nontrivial three point function is

(QQQ) =D (QQQ)..
nez
Since the first Chern class ¢1(TP!) = 2z, for the map ¢ with 8 = n[P!] we have k =
¢1(TPY)- f+dimgp P'(1—0) = 2n+1. From the non-vanishing condition, only the mapping
with n = 1 contribute. Let the three () operators correspond to the Poincaré dual of the
three distinct point z1, x9, x5 € P! respectively. The number of maps which map the three
distinct point 21, 22,23 € ¥ = P! to the three distinct point x1, 2,23 € X = P! is only

one, then nq y, 4,4, = 1. Therefore

(QOQ) = (QQQ)1 = e, t = (w—2miB) - [P'] = / (w— 2miB).

HJ)I

From the above result, the twisted chiral ring relation is
PP=P, PQ=QP=Q, QQ=¢""'P.

If we take the large volume limit ¢ — oo, the twisted chiral ring reduces to the cohomology
ring of P!. Therefore the twisted chiral ring is called the quantum cohomology in the
literature of mathematics.

The twisted chiral ring of P" is described as
PP=P,PQ=QP=Q, Q"=¢"'P. (2.2)

Here @) corresponds to the (1, 1)-form which is Poincaré dual to a hyper surface. A hyper

surface is a locus where one of the homogenous coordinates becomes zero.
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2.7. More on topological B-model

In this subsection, we give brief explanation of the B-twisted non-linear sigma models.
As we have noted, to define the B-twisted theory, the target space X should be a Calabi-
Yau manifold. Remember that after the B-twist ¢, ,1_,F,F become the scalar fields,
Y4, 1h_ become the sections of ¢*TX 10 @ K and ¢*TX (O @ K respectively. We rename
the field 1,1 as

7=+ 0L 0= g5 97, =0l pli=l
The action is
Lp = 29;5(0:¢'0:¢ + 0:¢0.¢") +ig;; (V=(7 +07)p. — (W +0°)V=pl)
—igij (V=(1' = 07)p% — (7 = 0)V.p) — Riguplpzii’0' — gisFIF

where 67 := ¢"76,;.5 The supersymmetry transformation is generated by € = —e, = €_,

1.€.,

3¢’ =0,  d¢' =i,

Opl = —2ied.¢',  OpL = 2iedz¢,
on' =0,  06; = 2eg;;F7
OF! =2ie (Vepl + Vapl) — Ripif*plpt,  0F' = —Tj/Fr.

To make local operators, we only use the scalar fields ¢, ¢, 7, 6. From the SUSY algebra,

we can find the correspondence between the fields 7, # and the geometric objects on X,

—~1 Y 9 5
n Hd¢79’b<_>a¢i7QB<_)aa

j17j27~--7jq 7’i1 7’L’2 —17 . i . jlaj??"'ajq _7;1 _iQ 1
ws Bt 0 05, - 05 <> ws s 7 dode™ - - - do'

11,12,...9p 21,22,...

g 0 0
0PIt Oz a¢jq

Then, there is a one to one correspondence between the ()p-cohomology classes and the

Dolbeault cohomology classes in

EB HO,p(M, /\qTX(LO)) :

p,q=0

We consider the correlation function

(0105 ---0,) := /ngDxDpeSOlOg O,

6 Here we did the redefinition of the auxiliary fields F, F.
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Let O; corresponds to the element [w;] € HOPi (M, A%TX(10)). From the argument
of the R symmetry and the axial R symmetry, the correlation function is non-vanishing
only when

n n

> pi=> gi=dimc X(1-g).

i=1 i=1
For g =0, Y .pi = >,¢i = dimc X. For g = 1, all p;,q; should be zero. For g > 1,
the above condition is never satisfied. Now we calculate the correlation functions by the

supersymmetric localization technique. First, we note that the action can be written as

S = Sexactv Sexact = / dzz{QBa V};
M
. _. . _. 1 .
V= igg(pl0:6) — ph0.07) — SOF".

Therefore, the B-twisted non-linear sigma model is a Witten type topological field theory.

Since the bosonic part of the () g-exact term is
Sexact|bos = 2|8z¢2|2 + 2|82¢Z|2 + |FZ|2 )

the saddle points satisfy
¢" = constant , F! =0.

z

We consider the path integral
(0109 ---0y,) = /quDxDpe_tSOlOg O,

Since this does not depend on t, we take t — oo limit. Then, the path integral reduces to
the integral over X. From the non vanishing condition of the correlation function, we only
consider the case [wi A -+ Aw,] € HON(M,ANTX 1) " N := dimc X. If X is a Calabi-
Yau manifold, it is known that HON (M, ANTX(1:9) is nonzero and one-dimensional, and
ANT X (1.0) is isomorphic to the space of holomorphic N-forms. Let  be a non-vanishing
holomorphic N-form. The choice of 2 depends on the complex structure of X and is
unique up to overall constant. There is a natural map
HON (M ANTXE0) 5 0] = [(w, Q) AQ] e HEN (X)),
(w,Q) 1= w2 N Oy i dGT A A A NG
The integration over the fermion zero mode causes this mapping and the correlation func-

tion is described as follows.

<O1020n> 2:/<w1/\"~/\wn,ﬂ>/\Q.
X
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3. N =(2,2) non-linear sigma models with D-branes

In this section, we briefly review some basic facts about N' = (2,2) non-linear sigma
models with world-sheet boundaries. First, we find the supersymmetric boundary con-
ditions for fields which preserves both A and B-type supersymmetry. Then, we see the
properties of submanifolds to which the boundary of the world-sheet can be mapped.
If we preserve the A-type supersymmetry at the boundary, the submanifolds should be
coisotropic submanifolds. These boundary conditions are called the A-branes. If we pre-
serve the B-type supersymmetry at the boundary, the submanifolds should be complex
submanifolds. These boundary conditions are called the B-branes. We concentrate on the
analysis of the B-branes in this thesis. We add boundary interactions which correspond to
gauge fields on the B-branes. Then, we briefly comment that the B-branes are described
by the notion of the derived category of the coherent sheaves. Finally, we consider the
boundary states which correspond to the A-, B-branes and the overlap between the bound-
ary states and the supersymmetric ground states of the A-, B-model. We write the review
of this section in reference to [19,21,22,26,73].

3.1. Supersymmetric boundary condition

We consider a world-sheet with boundary I x R, where x! parametrizes I := [0, o0]
or [0, 7] and x? parametrizes R. In the presence of the boundary, we should take care of

boundary terms. The variation of the action becomes

4S = / d*z5® (bulk equation of motion) + / dz?5®(boundary equation of motion).
b o%

The bulk equation of motion is the same as that in the theory with boundary. In addition,

we impose the boundary equation of motion,

00" (91701¢” + 2miB1 102" )ox = 0, grs (Y1001 — ¥Lov7)|on =0,
where I,J is the index of the local real coordinates of the target space X and B =

%B r7dz’ A dx’. In the presence of the boundary, the action is invariant under the SUSY

transformation up to boundary term,

55:/ da? {e+( JW 019" + (gw 21B;;) P’ 020" + }lwiaiw)
ox

»J>I>—‘

-y I
t+e- (71/113@2 Ty (957 + 27 B;3) ¥).029" — ZW_@'W)
(-% 0t + ;5 (g + 2n85) 020701 -

wiazvv)

YLO;W

- o 1
be (Lodut + 5 (o — 2By Bbivt + |

27



To preserve some supersymmetry, this boundary term should vanish. From this formula,

we can extract the supercurrents to the z' direction.

o U R
Gl = %5’@%1 + % (£9i5 — 27 Bi3) 020"¢ + TPRoW,
5 9ij 7j i L i i L1

Gy = 018" + 5 (g3 + 2mBy) ¥4.0:0" — JYLOW .

We consider the two cases where the A-type supersymmetry Q4 := Q4 + Q_, QL =
Q.+ + Q_ or the B-type supersymmetry Qp := Q4 + Q_, QTB ‘= Q4+ + Q_ is preserved.
Here we argue the general properties which stand in both cases. Both condition includes
an N/ = 1 subalgebra generated by e, = —e_ =&, = —€_ =: € € R. Then, the boundary

term of the SUSY transformation becomes

0S = 6/32 de {—guc%(z)[(zbi + wi) - iguaqu](lﬁi - ¢£)
—21iBr,;02¢" (Y] + 7) +i(wi + D)o (W — VV)} :

We consider a D-brane wrapped on a submanifold v C X, i.e., the boundary of the world-
sheet is mapped to y. Then, i02¢”|sx and 6§ |ss; are tangent to . Imposing the boundary

equation of motion and 65 = 0, we find the boundary condition
Ty = 029" |ox, tangent to v,
N = (010" + 2mig"’ By 020" )]s, normal to 7,
TJ{ = (wi +91)|sx, tangent to 7,
NJ{ = {—(wi - @ﬁ) - 27rgUBJK(wf + 1/)5()”82, normal to -,
(W — W)|, = constant.

Next, we determine the properties of the submanifold « which preserves the A-, B-type
supersymmetry.
3.2. A-brane

We consider the boundary conditions which preserve the A-type supersymmetry, i.e.,

0=G. +G =— %(w + 472 Bw ' B)(Ty, Ty) + %w(Nb, Ny)
— imw ™Y (gNy, BT}) — imw™ ' (gNy, BT})

1
+ 7N OrRe(W) + g(gleTf)faIRe(W) .
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w(N, N) = 0 means that v is a coisotropic submanifold, i.e., (T)° C Ty is satisfied, where
(Ty)° € TX|, is orthogonal to Ty with respect to w. From w™*(gN, BT) = 0, B should
vanish on (T7)° x T7. Since (w + 47?Bw™'B)(T,T) = 0, B should be non-degenerate
and w + 472Bw™'B = 0 on T/(T)°. To make N 9;Re(W) = 0, the gradient of Re(W)
should be tangent to Ty. Furthermore, to make (¢g~'BTy)!9;Re(W) = 0, the gradient
of Re(W) should be tangent to (7y)°. The final two conditions are satisfied from the
boundary condition Im(W)|, = constant, since grad Re(W) = —Jgrad Im(W') where J is
the complex structure of X.
The properties of the submanifolds v which preserves the A-type supersymmetry is

summarized as,

(T)* T,

B=0on (T7v)° x Ty,

w+4n?Bw B =0 on Tv/(Tv)°,

Im(W)|y = constant .

The boundary conditions for non-linear sigma models which satisfy the above conditions
are called coisotropic A-branes.

Here we consider the two extreme case. If (Ty)° = Ty, « is a Lagrangian submanifold
and B vanishes on Tv. This is called a Lagrangian A-brane. If (T7)° = 0, v = X. This
is a space-filling A-brane. In this case, the third condition means that 2mw~!'B becomes a
complex structure of X. In general, the dimension of v should be real 2n + dimg X/2, n €

Z>o dimensional.

3.3. B-brane

We consider the boundary conditions which preserve the B-type supersymmetry, i.e.,

0=G. +G =— %W(Tb,Nf)Jr%
1
— ZT;aIRe(W).

W(Nb, Tf) + ZW(BJ + tJB)(Tb, Tf)

First, we should impose w(T,N) = 0. Since w = *Jg, w(T,N) = (JT,gN) = 0. Then,
gN € (Ty)* implies JT € Ty. This means that T is a complex submanifold of TX. The
condition BJ + ¢JB = 0 reduces to (B|r,)*% =0, then B|r, has only (1, 1)-component.
To make Tf[ OrRe(W) = 0, W should be constant along . The boundary conditions for
non-linear sigma models which satisfy the above conditions are called B-branes. Hereafter,

we concentrate on the B-branes.
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3.4. Boundary interactions

We consider the boundary interactions, i.e., the gauge fields on D-branes. In the
presence of multiple D-branes, the gauge fields become non-Abelian. If we consider the
brane-anti-brane bound system, we should also consider the tacyon fields between them.
Taking this into consideration, the gauge fields become superconnections.

First, we consider the flat target space X = R?". We start from the vertex operators

for tachyon and the massless vector boson
Vpi=k-pe™? (B2 =1), Vi:=(e-02p— (e-¥)(k-1))e*® (K> =0,k-e=0),
The off-shell finite versions of them are written as

LWOT(6). 926 Ar(0) — L Frs (@)t

T(x) is a tachyon field on R?™. A; is a gauge field and Fry := 914y — d;A; + ilAr, Aj]
is the field strength. We can construct the boundary interaction, ¢.e., the boundary La-
grangian from them. Before doing that, we need further explanation about the tachyon
field. Naively, the tachyon operator is fermionic and cannot be added to the boundary
Lagrangian, but if we consider the brane-anti-brane system we can add it. The brane-anti-

brane system can be described by the Z?-graded Chan-Paton space
V=V"aV°,

where V¢ is the even subspace and V° is the odd subspace. We define the action of fermionic
fields 9! to be anti-commute with the odd linear operators on V, and define the tachyon
field T(¢) to be an odd operator on V. Then, the total tachyon operator becomes bosonic
and cannot be added to the boundary Lagrangian. To preserve the gauge symmetry and
N = 1 subalgebra generated by e, = —e_ =€, = —€_ =: ¢ € R, we modify the above

operators and obtain the boundary Lagrangian

Posp (i [ Aa) . u =020 41(0) - {Frr(0)6"0 + L0 DIT@) 4 3T,

where D;T = 0;T + i[A;, T]. The first term 9s¢! Afis the pullback of the connection of
the vector bundle F = E° & E° on R*" with fiber V = V¢ @& V°. The other three terms are

known as the curvature of the Quillen’s superconnection.
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Now we consider the boundary interaction which preserves B-type supersymmetry.
The field strength must satisfy Fj; = Fy; = 0, then F' has only (1,1)-component. This
means that the vector bundle E is a holomorphic bundle. The tachyon field should be

decomposed as
T =iQ(¢) —iQ(¢)

where Q and Q are holomorphic and anti-holomorphic respectively, i.e.,
D;Q = D;Q = 0.
Furthermore, they satisfy the following relation;
Q*=W(¢)-id, Q% =W(e)-id.

This is so called the matrix factorization property. If there is no superpotential, Q% =
Q2 = 0. A pair of the odd operators Q@ and Q is called the tachyon profile. Finally, the

boundary interaction can be written as

: 1 . R | -
Az = 06" Ay = SF1y ()"’ = S0 DiQ + S DiQ + 5{Q. O}

From this expression, we can see that Q and Q should have R-charge +1 respectively. To
be more precise, we introduce a homomorphism p : U(1)g — End(V), and require that the

tachyon profile satisfies the conditions
P Qe R )p(e i) = ¢ Q(9),
PO M) ple ) = 7O ().

The generalization of the final result to any Kahler manifold X is straightforward.

3.5. Comments on B-brane categories

Hereafter, we consider the non-linear sigma model on a Kéahler manifold X without
superpotential. We decompose the Chan-Paton bundle E into the subbundles E7 with
R-charge j, p(e!®®)EJ = ¢’ EJ. We assume the R-charges j are all integers and the

Chan-Paton bundle is decomposed as

E=PrE, ee=FE.

J:even j:odd
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Since ) has the R-charge 1, the Chan-Paton bundle can be described as a complex of

holomorphic vector bundles.

LN B LN BN B WL N ,
where () becomes a differential of the complex. Then, the set of B-branes is described by
the set of complexes of holomorphic vector bundles over X.

To use the language of the derived category, we should generalize the holomorphic
vector bundles to the coherent sheaves. Then, the B-branes are described by the derived
category of coherent sheaves, which is denoted by D(X). The objects of this category
are coherent sheaves, i.e., B-branes. The morphisms are described by the open strings
stretching between two B-branes. The objects of the derived category are defined up to
the equivalence relation which is called the quasi-isomorphism. If a B-brane is obtained
from another B-brane by the D-term deformation or the Brane-anti-brane annihilation,
these two B-branes are quasi-isomorphic. Since the D-term deformation and the Brane-
anti-brane annihilation do not change the IR behavior, the quasi-isomorphism means the
IR equivalence [73]. For detailed explanation of B-brane categories, see [19,21,22,73].

However, as emphasized in [73], this is the technical generalization to use the language
of the derived category. We still think that the B-branes are the complexes of holomorphic
vector bundles. Actually, it is well known that any coherent sheaf on a reasonable space
is quasi-isomorphic to a complex of holomorphic vector bundles. This is the renowned

Hilbert’s syzygy theorem (see the chapter 5 section 4 of [90] for example).

3.6. Brane amplitudes and central charges

In this subsection, we consider the overlap (B|O) between the Ramond-Ramond
ground states discussed in subsection 2.5 and the boundary states which correspond to
the A-, B-branes (see Figure 2). From the view point of closed strings, this overlap is also
called the brane amplitude. There are four types of the overlap, that is, combinations of
the A-, B-branes and the A-, B-twisted capped region. In this thesis, the combination of
the B-branes and the A-twisted capped region is important. We also consider the mirror
of this, that is, the combination of the A-branes and the B-twisted capped region. We
focus on the case of the Calabi-Yau three-fold. In the context of the Calabi-Yau compact-
ification, the brane amplitudes turn out to play the role of the central charges of the BPS

states in four dimensional N' = 2 gauge theories.
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(twisted) chiral operator

half infinite cylinder

Figure 2 The overlap between a boundary state and a Ramond-Ramond ground state.

A-branes with B-twist

Firstly, we consider the overlap between the A-brane and the Ramond-Ramond ground
state which corresponds to the chiral operator. If we take a Calabi-Yau three-fold as X,
there may exist three-dimensional Lagrangian A-branes and five-dimensional coisotropic A-
branes. However, as long as the holonomy is not a proper subgroup of SU(3), H5(X,Z) =0
and there exists no five-dimensional brane. Therefore we focus only on the Lagrangian A-
branes.

Before computing the brane amplitude, we briefly review the relation between the
D-branes and the central charges in the Calabi-Yau compactification (see section 5 of [22]
for example). In the context of type IIA Calabi-Yau compactification, the BPS D-branes
correspond to the BPS states in four-dimensional N' = 2 gauge theories. The BPS D-branes
form a subset in the set of A-branes, that is, the BPS condition is stronger than the A-brane
condition. The BPS D-branes are wrapped on the special Lagrangian submanifold [91].
Now we define the special Lagrangian submanifold. Let {2 the non-vanishing holomorphic
three-form on X. For a Lagrangian submanifold L, the volume form on L can be written

as
dVy = Re™™P)Q|, . pelL,

where R is a positive real constant and the £(p) is a position dependent phase. If the phase

is constant along L, L is called the special Lagrangian submanifold. On the special La-

grangian submanifold the phase can be written as

1
L):=— Q.
€)= zug [
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Using this quantity we can discuss the stability of the D-branes, in terms of four-

dimensional theory, the wall-crossing phenomena of BPS states. And the quantity

Z(L) = /L Q

plays the role of the central charge. We can see that this result is reasonable from the
intuitive discussion. The above quantity measure the volume of L and this describes the
mass of the brane on L. For BPS branes, the mass coincides with the central charge.

In the context of type IIB Calabi-Yau compactification, any A-brane corresponds to
a BPS state. Let L be a Lagrangian submanifold and consider the A-brane wrapped on
it. In general, the central charge of four-dimensional A" = 2 supergravity (gauge theory)
can be written as

where Q; is the electro-magnetic charge vector and II* is the coefficient vector. The charge
Q; is determined by the Ramond-Ramond charge (K-theory class) of the A-brane. The
A-brane has the charge

L] =) Q%' € H¥(X,Z),

where {3'}; form a basis of H3(X,Z) 1% is determined by

I ::/ Q.
Ei

Now we come back to the discussion of the brane amplitude. We consider the A-
brane wrapped on a Lagrangian submanifold L. As we have discussed in subsection 2.7,
the Ramond-Ramond state corresponds to the Dolbeaut cohomology class. From the
anomaly argument of the R-symmetry, the Ramond-Ramond state which corresponds to
w € HP3-P)(X,7) gives the nontrivial result. It is known that the overlap (L|w) does
not depend on the Kéahler deformation. Then the calculation in the large volume limit
becomes exact. In this limit, only the constant maps contribute to the path integral. In

particular, if we consider the state which correspond to €2, the overlap becomes

<L|Q):/LQ.

This is nothing but the central charge discussed above.

34



B-branes with A-twist

Next, we consider the overlap between the B-brane and the Ramond-Ramond ground
state which corresponds to the twisted chiral operator. From the mirror symmetry, we
expect that this overlap also describes the central charge of the B-brane. However, this
overlap depend on the Kéhler deformation, and then, the calculation in the large volume
limit is not exact. In general, this overlap receives the o’ correction and the world-sheet
instanton correction, and then, the direct calculation is extremely difficult. If we know the
mirror pair, we can calculate the overlap exactly by using the mirror symmetry. Even if
we do not know the mirror pair, we find that the hemisphere partition function provides
the exact formula for this overlap, as we will discuss in subsection 8.2 and Appendix E.

Here we only consider the calculation with insertion of the identity operator in the large
volume limit, that is, we ignore the o’ correction and the world-sheet instanton correction.
We take the B-brane which is described by a holomorphic vector bundle £ — X. Then

the Ramond-Ramond charge is obtained from the anomaly inflow argument [79] as
ch(E)y/Td(TX).

Since ch(E) = Trexp(F/2r), and F always appears in the form of 2rB + F', the Chern
character always appears in the form of e®ch(E). From the holomorphy of the supersym-
metric theory, B appears always in the form of B + iw. Then the overlap, i.e., the large

volume formula of the central charge should be written as

Z(E):= (E]1) = /X ch(E)ePTw\/A(TX),

where we used the formula Td(TX) = e1(TX)/2 (T X). Since X is Calabi-Yau, ¢;(TX) =

0. If we consider the complex of holomorphic vector bundles F; — X;
E:oo — BTV S B BTN
the Chern character becomes

ch(€) =) (~1)'ch(E"),

i

and then the central charge is described as

Z(E€):=(E|1) =D (-1)'Z(E").

%
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4. N = (2,2) gauge theories and non-linear sigma models at low energy

In this section, we briefly review some basic facts about N' = (2,2) gauge theories.
First, we define N' = (2,2) gauge theories on flat spaces. Then, we argue how N = (2,2)
gauge theories reduce to N' = (2,2) non-linear sigma models. The anomaly and the
renormalization property of N = (2,2) gauge theories turn out to be analogous to those
of N' = (2,2) non-linear sigma models. Finally, we see some examples of N = (2,2) gauge
theories which will appear in this thesis. We write the review of this section in reference
to [19,25].

4.1. N =(2,2) gauge theories on a flat space

An N = (2,2) gauge theory in two dimensions can be thought of as a dimensional
reduction of an N’ = 1 gauge theory in four dimensions, and in particular contains gauge
and chiral multiplets. The gauge multiplet for the gauge group G which is a compact Lie
group consists of the gauge field A,,, real scalars o1 2, gauginos A, A, and the real auxiliary
field D. The R-charges of the gauge multiplet fields (A,, 01,02, A, A, D) are (0,0,0,1,—1,0).
To see the axial R-charge assignment, we have to take the linear combination of the real
scalars as 0 = 0y — i09, 0 = 01 +i02. The axial R-charges of (0,5, Ay, A\_, Ay, \_) are
(—=2,2,1,—1,—1,1) and the R-charges of other fields in the gauge multiplet are 0.

The chiral multiplet in some irreducible representation of G consists of the complex
scalar fields ¢, fermions ¢ and complex auxiliary field F. The R-charges of the chiral
multiplet fields (¢,v,F) are (¢,q + 1,q + 2), where ¢ is a real parameter. The axial R-
charges of (¢,v,9¥_, F) are (ga,qa + 1,94 — 1,qa), where ga is a real parameter.

We take the SUSY parameters € and € to be bosonic constant spinors. The SUSY
variation is given by 6 = €Q + €Q. In this convention fields in a vector multiplet transform
under SUSY as

O = (iVuy™ — D)e, S\ = (V™ + D),
. ) 1 ) . )
0A, = —% (Evu)\ + )\yue) , 0o = 3 (E/\ + /\e) , 009 = —% (E’y3)\ + )\’)/36) ,

[ T S NN S S B
oD = zeﬁ)\ 2[01,6)\] 2[0'2,6’)/ )\]+26D)\+2[01,)\e]+2[02,)\7 €],

where
Vm = (D101 + Dyoa, Doy — Dyog, Fig +i[01702]) )

Vim = (=D101 + Dyoy, —Dyoy — Dyoy, Fys —ilo1,09]) .
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For a chiral multiplet, the SUSY transformation laws are given by
0o =e,  dp=ep,
01 = + iyt eDyd + ico1d + yeaad + €F
5 = —iey* D, ¢ + iepoy + ey pog + €F
SF =E<WDM¢ — o1 + Pt — iw) :
OF ZE(i'y“DHQE — oy — oy + Zgz_ﬁ)\> .
These form a representation of the N = (2,2) SUSY algebra with Z = Z = 0.

Now we describe the action of an N/ = (2,2) gauge theory. The Lagrangian for the

gauge multiplet can be written as

1
ﬁgéﬂk = 2_92TI' |:F122 -+ DMO'lDMOj + DMUQDMO'Q — [0’1,0’2]2 + D2

i< . 5 S
— §(DHM“)\ — MPDuA) +iX[or, Al + AP o2, )\]] :

In general we can introduce a coupling g for each simple or abelian factor in GG. The

Lagrangian for a chiral multiplet is
Lo = [DMD% + (07 +03)¢ + FF +igD¢
1 — - <. - TN
+ 5 (D" — " D) + b(ior — o27° ) +ithAg — Zd»\lﬁ] ;

If a theory has some flavor symmetry, we can introduce twisted mass for a chiral multiplet.
Without superpotential, the twisted mass m can be introduced by the replacement oy o —
01,2 +mi 2. In general the action involves an arbitrary number of chiral fields ¢, with
R~charge g, and twisted mass m,. Inclusion of the twisted mass turns on the central charge
7 =im,F® = i(my, — img, ) F'*, where F' is the generator of the flavor symmetry acting
on the chiral multiplet fields as F'* - ¢, = d;'¢p. We consider how to include the twisted
masses in the presence of superpotential in section 5.5.

If the gauge group G contains an abelian factor we should also include the topological
term. For G = U(N) this is

0
Sy = —i—/TrF.
27

This is further supplemented by the Fayet-Iliopoulos (FI) term
SFI = —ZL /dQCL'\/ETI“D
27

37



Finally, if the superpotential W (¢) is non-zero we also have

1

Ly = 5

GO %Wjaiajw) - %(Fiaiw - %wiwjaiajv‘v) .

Here ¢ collective denote the components of ¢ = (¢,). Noting that W is gauge invariant
with R-charge —2 and axial R-charge 0.

4.2. Vacuum manifolds and non-linear sigma model

Integrating out the auxiliary fields, we obtain the potential energy

2 2
U= Y %(&TI¢—T—I)2+ > Lertey

. 27 .
I:abelian I:non—abelian
1 _ 1 |oW]?
__292 Tr[o1, 02]? + ¢(0F + 02)d + 1 ga '8%

Here T! are the generators of G acting on Vin.e which is the space carrying the matter

representation Ry, .¢; for each irreducible representation R, in the decomposition
Rmat = @Ra )

we have a chiral multiplet whose scalar component we call ¢,. We consider the vacuum
manifold, i.e., the zero locus of the potential U modulo gauge transformations.

The vacuum manifold depends on the value of the FI parameters r;. The FI pa-
rameters have the phase structure. Within some phase the vacuum manifold has the same
topology. However, if we go to other phases, the topology of the vacuum manifold changes.

We only consider the region where there exist solutions of the D-term equations

T p =0 for I non-abelian,
oT p — ;—I =0 for I abelian,
T

and the F-term equations
ow

e

If ¢ # 0 for all solutions, o; » must be zero and the vacuum manifold consists only of

0.

the Higgs branch. If r; = 0, ¢ may be zero for some solutions and o2 take values in
Cartan subalgebra and the Coulomb branch appears. When the Coulomb branch appears,
we can not obtain the non-linear sigma model at low energy. The points where Coulomb

branch appears is called singularities. In quantum theory, we have to take the effect of the
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theta angles 67 into account. We can derive the singular locus by considering the effective
twisted superpotential W, which is obtained by integrating out the chiral multiplet fields.

8Vh[i/eff

do =0

determines the singular locus in the (r;,0;) space. We will also find these singularities in
the UV partition function.

Now we show that the NV = (2,2) gauge theory reduces to the non-linear sigma model
whose target space is the vacuum manifold. For the sake of simplicity, we consider the
case without superpotential. The modes of ¢ transverse to the vacuum manifolds obtain

the following mass term from the potential,

2
rr -
- Z 92_¢trTI¢tr .
/ 7
I:abelian
By the Higgs mechanism, the gauge field acquire the same mass by eating the Nambu-

Goldstone bosons. The modes of the fermions in chiral multiplets which satisfy
&tanTlgb = &Tldjtan =0

are massless because the non-derivative fermion bilinear terms are vanishes. These modes
are tangent to the manifold determined by the D-term equations. Other fermonic modes
including the vector multiplet fermions have masses of the same order. Then, in the
effective theory at a scale much smaller than any of g,/r7, the massive modes decouple
and the effective theory becomes the non-linear sigma model whose target space is the
vacuum manifold. Therefore, if we take the IR limit g> — oo, the N = (2,2) gauge theory
reduces to the non-linear sigma model.

If we have a superpotential, some modes have masses depend on the parameter of the
superpotential. To obtain the non-linear sigma model we have to take the limit of g and
these parameters with appropriate scaling.

The vector multiplet action vanishes in the IR limit g> — oo. Then, the vector
multiplet fields become auxiliary fields and can be described in terms of the chiral multiplet

fields. The equations of motion imply that in the present limit,
R Tl J
Ay = M} (1675 = 8)ud + 0T 7 ) T7
o1 = —iMF(WTO)T! oy = My} (ysT )T
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where the derivatives 5 and 5 act on ¢ and ¢ respectively, and M I Jl is the inverse of the
matrix M1/ = ¢{TT,T?}¢. Under ¢(x) — g(x)p(x), we get the correct transformation
d—iA — g(z)(d —iA)g~(x), etc.

We consider the geometric phases in which the theory reduces to a non-linear sigma
model with a smooth target space. We can see that how the theta angle # and the FI-
parameter r are related to the B-field and the Kéhler form of the target space, respectively.
Since the theta term involves only the abelian part I = 0, the discussion is essentially the
same as in the abelian case. (See for example [26].) First, note that the matrix MT/
is block-diagonal; the entries with (I = 0,J # 0) or (I # 0,J = 0) vanish because of
the D-term equations. Thus, the U(1) part of the gauge field is given, in the current
approximation, by

271

TrA==—(dp -6 — ¢ dp).

S
The 6-term (5.10) gives a factor exp(—% [d$ A dg) in the path integral. This should be
identified with the B-field coupling exp(27i [ B). Thus,

B=Yasnds
mwr

where ¢ and ¢ are constrained by the D-term equations. On the other hand the Kéhler

form of the target space is given, in the large volume limit, by
i _
w=—dpANdop.
2w

In order to understand the natural combinations of parameters, let us temporarily consider
the A-model where ¢ is holomorphic on the world-sheet and the kinetic term in the chiral
multiplet action gives a factor exp(—2m [w) for a world-sheet instanton. By combining it

with the B-field and the boundary interaction for bundle, we get
TYJDeXp(QWif%2L*(B-+iw)) (4.1)

where * is the pullback by the embedding ¢ from the world-sheet R? to the target space,

i.e., the vacuum manifold of the UV gauge theory.
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4.8. Anomaly, renormalization and Calabi- Yau

In this subsection, we argue the anomaly and the renormalization of the N' = (2,2)

gauge theories, which are closely related to those of N' = (2,2) non-linear sigma models.

Anomaly

In quantum theory, the R-symmetry U(1)g suffers from no anomaly but the axial

R-symmetry U(1)a may be anomalous. Under the axial R rotation e'®, the path integral

weight transforms as ¢~ 2iaK
1
K - o TrRmatF *
21 JR2
The contribution of the theta term is e "%, where
1
k=—-— [ TrF.
21 JR2

Then, the axial rotation is equivalent to the shift in the theta angle
K

The abelian factor contribute to the trace and the K/k captures the U(1) charge of Rpat-
Therefore K/k is a integer and U(1)a is broken to Zjsx k. In the IR non-linear sigma
models, the axial rotation is equivalent to the shift in the B-field. This is consistent with
the fact that the theta angle in the UV gauge theory corresponds to the B-field in the IR
theory as we have seen in the last subsection. To preserve the axial R-symmetry, K should

be zero.

Renormalization

In general, the FI parameter r is renormalized in quantum theory. Its renormalization

behavior is exactly described as
K
T(/"’) = log (%) ? 9

where A is a scale parameter. In the IR non-linear sigma models, the Kahler class is
renormalized. This is consistent with the fact that the FI parameter in the UV gauge

theory corresponds to the the Kahler class in the IR theory as we have seem in the last
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subsection. If K # 0, the dimensional transmutation occurs, i.e., the scale parameter A
replaces some of the dimensionless parameters. In this case, the FI parameter runs and
the shift of the theta angle 8 can be cancelled by the axial rotation. Therefore the FI
parameter and the theta angle are unphysical and replaced by the physical parameter A.
If K =0, the FI parameter and the theta angle become marginal.

Calabi-Yau condition

As we have seen, the discussion of the anomaly and the renormalization of the N =
(2,2) gauge theories parallels to those of N’ = (2,2) non-linear sigma models. When the
target space is Calabi-Yau, there is no axial anomaly and the Kahler class does not run.
In summary, these three conditions are equivalent.

(1) The vacuum manifold is Calabi-Yau.
(2) The axial anomaly does not appear.

(3) The FI parameters are marginal.

4.4. Examples of N = (2,2) gauge theories

In this subsection we show some examples of N' = (2,2) gauge theories and corre-
sponding non-linear sigma models. In this thesis we are concerned with the geometric
phases in which the theory reduces to a non-linear sigma model with a smooth target
space. Then, we mainly focus on the geometric phases of theories here. We consider two

cases.

Case 1: W =0, target space X
This is the setup where the gauge theory has no superpotential, and flows in the IR to

a non-linear sigma model with target space X, which takes the form of a Kahler quotient

X =p10)/G.

The moment map g = (p!)HME V. — g* is given by

I

n=

»T! for I non-abelian,
{ i (4.2)

oT p — ;—I for I abelian.
7r

This moment map generates the action of G. The complex structure of X can also be

specified by viewing it as a holomorphic quotient:
X = (Vinat \deleted set) /G . (4.3)
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Here G is the complexification of G, and the deleted set consists of those points whose
Gc-orbits do not intersect with p=1(0). If the gauge group G is abelian, X is a toric

variety. Now we show four examples which will appear in this thesis.

Example 1: Complex space
Let us consider the theory of n free chiral multiplets. This theory is a sigma model

with target space X = C".

Example 2: Projective space
Let us consider the theory with gauge group U(1) and Nr fundamental chiral multi-

plets ¢;,7 =1,...,n. The vacuum manifold is

{Zy%ﬁzg}/wn.

We assume that » > 0. The complexification of U(1) is C* := C\{0}, and the deleted set
is {0} € C". Then, the another description of the vacuum manifold is (C"\{0})/C*. This
is nothing but the projective space P".

In this model, the Calabi-Yau condition is not satisfied and the dimensional trans-
mutation occurs. But if we take an appropriate energy scale p larger than A, this model

reduces to the non-linear sigma models with target space X = P" in the IR limit.

Example 3: Resolved conifold
Let us consider the theory with gauge group U(1), 2 fundamental chiral multiplets

o1, P2 and 2 anti-fundamental chiral multiplets &1, g?)g. The vacuum manifold is

{loaf + lonP = 0 = 160 = -} o),

In this model, the Calabi-Yau condition is satisfied and the FI parameter r becomes

marginal. For r» > 0, the vacuum manifold can be written as

¢1,¢27§0}/C*-

This manifold is the resolved conifold O(—1)%? — P! (¢q,¢2) parametrize the base

{((blv ¢27 él?él)

coordinate and (¢~51, Qgg) parametrize the fiber coordinate. For r» < 0, the vacuum manifold

&17?527&0}/(@*
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This manifold is also the resolved conifold, but (qgl, qz~52) parametrize the base coordinate
and (¢1,¢2) parametrize the fiber coordinate. When moving r from the region r > 0
to 7 = 0, the base P! shrinks to a point and total manifold becomes singular. Further,
moving r = 0 to the region r < 0, the singularity is resolved and obtain the manifold with
the roles of base coordinates and fiber coordinates are exchanged. This type of topology

change is known as the flop transition.

Example 4: Grassmannian
Let us consider the theory with gauge group U(N) and Ny fundamental chiral multi-
plets Q%,i=1,...,N,f =1,..., Np. The vacuum manifold is

N
i2_ o
> 1QFP = oo Vi=1,...,Ng /U(N).
f=1
If we assume that r > 0, this manifold can be written as
{QIk @ = N} /GL(N,C)

This is nothing but the Grassmannian Gr(N, Ng) which parametrize all N-dimensional

linear subspaces of a Np-dimensional vector space.

Case 2: W = P - G(x), target space M

In the second situation we consider, the theory has a superpotential of the form
W =P G(x) = P,G%x),
where we split the chiral fields ¢ into two groups as ¢ = (x, P,). Assuming that the space
M= 0)nG0)/G
is smooth, the F-term equations 8%iVV(gb) = 0 reduce to
P,=0, GY(z)=0.

Thus, M is the target space of the low-energy theory, and is a submanifold of X =

=1 (0)|p=o/G. If we focus on the complex structure, M is given as

M = (Vipat\deleted set) N G71(0) /G . (4.4)
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Now we show three examples which will appear in this thesis.

Example 5: Quintic Calabi-Yau

Let us consider a G = U(1) theory with chiral fields (P, ¢,...,¢s) with charges
(—=5,1,1,1,1,1). We assign R-charges (¢p,q1,...,95) = (—2,0,...,0) respectively. We
include the superpotential W = PG(¢), where G is a degree-five polynomial. In this
theory, the Calabi-Yau condition is satisfied and the FI parameter r becomes marginal.

We consider the case r > 0. The vacuum manifold is

{;W =5 G(®) zo} /U<1>.

This is known as a quintic Calabi-Yau manifold, which is the hypersurface in P* given by
G(9) = 0.

If we consider the case r < 0, which is not a geometric phase, only P have the vacuum
expectation values |P| = \/W classically. If we choose a vacuum expectation values
(P), the U(1) gauge symmetry breaks to Zs since P has the gauge charge —5. Then, the
vector multiplet and P-multiplet acquire masses by the Higgs mechanism and they become
infinitely massive in the IR limit ¢ — oco. The theory reduces to the Landau-Ginzburg
model with superpotential W = (P)G(¢). The residual gauge group Zs acts nontrivially
on the chiral multiplet fields ¢;. This theory is called a Landau-Ginzburg orbifold. We

will not consider Landau-Ginzburg orbifolds in this thesis.

Example 6: Complete intersection Calabi-Yau in a product of projective spaces
Let us consider a gauge theory with gauge group G = U(1)™ =[], U(1), and the

following matter contents: the chiral multiplet fields
Gr1se s Or.N,,

charged only under U(1), with charge 1, and
P,a=1,...,k

that have U(1)™ charges (I}, ..., —I™) and R-charge —2. We also include a superpotential
W = 22:1 P,G,(¢), where G,(¢) is a degree-I], polynomial with respect to ¢y 1, ..., ¢r N, -
The Calabi-Yau condition is

d I =N,.
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For r > 0 the gauge theory flows to the nonlinear sigma model whose target space
M is known as a complete intersection Calabi-Yau in a product of projective spaces. M is
described as follows. Let us consider a direct product of projective spaces X = [, PN-—1,
We take sections s, of the line bundles O(I},...,I™) for a = 1, ..., k which are defined by
the polynomials G,(¢). Then, M is defined as the intersection of their zero-loci s, 1(0).

We assume M is a smooth manifold.

Example 7: Cotangent bundle of Grassmannian
Let us consider the theory with gauge group G = U(N), Ny fundamentals Q’; and
anti-fundamentals Q7; and one adjoint ' (i,j=1,...,Nand f =1,..., Ng). We include

the superpotential

W =TrQoQ.
The vacuum manifold is
N 3 . .
Z(’QW_'Q{'Q):g’ Q;Q;.”:o,vz'zl,...,NF /U(N),
f=1 f=1

with ® playing the role of P. In this model, the Calabi-Yau condition is satisfied and the

FI parameter r becomes marginal. For r > 0, the vacuum manifold can be written as

{(Q, Q)QQ =01k Q = N} /GL(N,C).

This is the cotangent bundle of the Grassmannian T*Gr(N, Np). Q’J} parametrize the base
coordinate and ) parametrize the fiber coordinate. For r < 0, the vacuum manifold can

be written as

{(Q, 0)|QQ = 0,1k § = N} JGL(N,C).

This is also T*Gr(N, Ng), but the roles of base coordinates and fiber coordinates are

exchanged. This is also a example of the flop transition.
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5. N =(2,2) gauge theories on a hemisphere

In this section, we consider N' = (2,2) gauge theories on a hemisphere. First, we
explain the construction of N' = (2,2) supersymmetry on the curved two-dimensional
geometries to consider according to [34,35]. We review the definition of N' = (2, 2) theories
on a two-sphere by specifying the the physical Lagrangians and modify the set-up by adding
a boundary along the equator. We also describe the boundary conditions, both for vector
and chiral multiplets, with which we will perform localization. We then review another
ingredient, the boundary interactions that involve the Chan-Paton degrees of freedom [73].

Finally, we find that the boundary condition preserves the B-type supersymmetry.

5.1. Bulk data for N = (2,2) theories

An N = (2,2) gauge theory in two dimensions can be thought of as a dimensional
reduction of an /' = 1 gauge theory in four dimensions, and in particular contains gauge
and chiral multiplets. Such a theory on the curved geometries we study is specified by the
data

(G, Vinat, t, W, m) .

The gauge group G is a compact Lie group, and Vi, is the space carrying the matter

representation Ry, .¢; for each irreducible representation R, in the decomposition
Rmaut = EBRa s

we have a chiral multiplet whose scalar component we call ¢,. The symbol ¢ denotes
a collection of complexified FI parameters. If the gauge group is U(N), it is given as
t = r —i6, where r is the FI parameter and 0 is the theta angle. The superpotential W (¢)
is a gauge invariant holomorphic function of ¢ = (¢,). The complexified twisted masses

m = (mg) are complex combinations of the real twisted masses m, and the R-charges q,:
1 .
Mg = —iqa —ifm,, .

Here £ is a length parameter of the geometry. The vector R-symmetry group’ U(1)g, more
precisely its Lie algebra u(1)g, acts on the fields ¢, according to the R-charges ¢,. If the

superpotential is zero, m, are arbitrary complex parameters. We can regard m as taking

7 The axial R-symmetry, which may or may not be anomalous, is broken explicitly by couplings

in the action defined on the curved geometries.
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values in the complexified Cartan subalgebra of the flavor symmetry group. When W is
non-zero, they are constrained by the condition that for each term in the expansion of
W (), m, for all the fields ¢, in the term sum to 1. Correspondingly, the flavor symmetry
group Gy is smaller than in the W = 0 case. A relation between (m,) and the reduced

flavor symmetries will be given in (5.25).

5.2. Conformal Killing spinors in two-dimensional geometries with boundary

Our aim is to compute the partition function of an N' = (2,2) theory on a hemi-
sphere. We will argue in section 6.4 that the hemisphere partition function computes the
overlap of the D-brane boundary state in the Ramond-Ramond sector and a closed string
state corresponding to the identity operator. For this purpose, it is useful to introduce a
deformation parameter (¢/ 1 below) that interpolates between a hemisphere with a round
metric and a flat semi-infinite cylinder. Let us study the conformal Killing spinors in these

geometries.

Round hemisphere

We first consider the hemisphere with the round metric
ds® = £%(d¥? + sin®9 dp?) (5.1)

in the region 0 < ¥ < 71/2, 0 < ¢ < 27. The corresponding vielbein are given by el = £dv,
e = (sin Ydp. We denote by

i 1 5 —1 5 1
i_ 2 _ 3 _ A3 _
the usual Pauli matrices. The conformal Killing spinor equations
V€ =",€

have four independent solutions

i 3¢ i
e — e 5307 <€(2) ) , e 5397 (6_0%_@) : (5.2)

8 The non-zero component of the spin connection is wjs = — cos ¥dyp, and the covariant deriva-

tives acting on a spinor are given by Vy = 9y, V, = 8, — % cos¥y”. Note that é = (1/2)7*V se.

48



with s = £1. The SUSY transformations on a round sphere were constructed in [34,35].
In our convention, these are obtained by taking / = ¢ in (A.1) and (A.2). The SUSY
parameters € and € that appear there are conformal Killing spinors, each having four
independent solutions. They parametrize the superconformal algebra on round S?, which
contains eight fermionic charges. The N' = 2 SUSY algebra SU(2|1) on S?, which does not
contain dilatation and is compatible with masses, is generated by the spinors € with s =1
and € with s = —1. Thus, SU(2|1) contains four fermionic generators. The boundary
at ¥ = /2, however, breaks the isometry from SU(2) to U(1). Thus, we restrict to the
subalgebra SU(1|1) generated by two fermionic charges J. and d¢ given by

i 1%
6:6_51972 <€S > , €E=¢e Cal) (6_0%‘@) . (53)

The isometry that appears in {d., 0z} shifts ¢ by a constant and preserves the boundary.

ol

Note that the spinors in (5.3) are anti-periodic in ¢. Since bosons are periodic,
fermions are all anti-periodic. We will see in section 5.5 that there is a natural field

redefinition that makes all the fields periodic in ¢ along the boundary.

Deformed hemisphere
We will also consider the deformed metric [40]
ds® = h,,dztdz” = f2(9)dv? + ¢2 sin® ¥dp? (5.4)

where f2(19) = £2 cos? 9 + 2 sin® 9. If we introduce the non-dynamical gauge field

1 14
VR:—(l——)d 5.5
5 7wy ) % (5:5)
for U(1)g, the spinors (5.3) satisfy
1 _ 1 _
Due = ﬁ')’u'YSey Due = _ﬁ’)ﬂu'}%ey (5'6)

where the covariant derivatives act as Dye = (V,—iV,})e, D€ = (V,+iV})e. We assigned
R-charges +1 and —1 to € and € respectively. These spinors generate the superalgebra
SU(1|1), which contains the isometry U(1) that is compatible both with the deformed
metric and the boundary 9 = 7/2. The corresponding fermionic transformations are listed
in (A.1) and (A.2).°

9 These formulas are essentially taken from [40] except that we flip the sign of q.
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Half-infinite cylinder

In the limit / — oo, the region near ¢ = 7/2 becomes a half-infinite cylinder; by

replacing ¢ with = = —{ cos 1, the deformed metric becomes
ds® = da* + (?dyp?
in the limit. This geometry is flat, and the SUSY algebra gets enhanced.

5.3. N = (2,2) theories on a deformed hemisphere

We now give the precise construction of an AN/ = (2,2) theory on the deformed hemi-
sphere for the data (G, Viyat, t, W, m) defined in section 5.1.
The gauge multiplet for gauge group G consists of the gauge field A,,, real scalars o; 2,

gauginos A, A, and the real auxiliary field D. Let us define
00 = dc + 0e

where the SUSY transformations é. and d¢ are given in (A.1) and (A.2). On a full deformed
sphere the physical Lagrangian for a vector multiplet is [40]

1 1< 1
exact — 3 . 2
Evec = 9_25Q5€Tr (5)\’}/ A — QZDO'Q + _f(ﬁ) 0'2) . (57)

See Appendix A for our spinor conventions. In general we can introduce a coupling g for
each simple or abelian factor in G. Noting that (% is a bosonic symmetry one can show
that (5.7) is invariant under dg. This Lagrangian can be written, up to total derivative

terms, as

1

bulk _— 01
‘Cvec = 2_92’]:‘1‘|: (Fié + =

2
7 ) —{—DunguGl +DMUQDMO'2 — [0'1,0'2]2 +D2

i< - - -
— E(DuM“)\ — MPDLA) +iX[or, Al + Ay o2, Al

Since we are interested in manifolds with boundary it is important to keep the total

derivative terms. After some calculations, we obtain
[@avheze = [@ovhoiior § docti,
V=3
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where!?
1 ¥4 1 ¥4
EESJY g2 Tr{— %0219102 + il (F12 + 601) o2 + Z4 ()\1)\2 - )\2)\1)} .

A chiral multiplet consists of a complex scalar ¢, a fermion 1, a complex auxiliary
field F, and their conjugate. If the R-charge of ¢ is ¢, those of ¢ and F are ¢+ 1 and ¢+ 2

respectively. The Lagrangian

LG = §¢0e (—er% +2¢ (02 -~ z’q;fl) ¢> , (5.8)

has the structure

/ PavVh LG = / d’xVh LY + 7{ dp L
=%

with
Lol = {DMD%W <”? poro it T gR) 6 + FF + i¢Do
;A 59
+ (DU = G D) + s — (02 = 51) 2¥)0 + A6 — 13w

and

£hary — g [¢01¢+ up(1 n 721)14 ,

where R is the scalar curvature. The twisted mass m can be introduced by the replacement
o2 — 09 + m. In general the action involves an arbitrary number of chiral fields ¢, with
R-charge ¢, and twisted mass m,.

If the gauge group G contains an abelian factor we should also include the topological
term. For G = U(N) this is —i(f/2x) [ Tr F', which on the hemisphere is a Wilson loop.

It should be supersymmetrized into

Sp=—— Tr (1A, — loa) do . (5.10)

This is further supplemented by the Fayet-Iliopoulos (FI) term

T 02
Spr=—i— [ PzVhTr (D—- =2 . 5.11
n=is (>-%) -1
10 For general values of 9, £ = £bulk 1 (1/g2)DHTr[ — Yy e Vmo2 + (i/2) (M e)eyi A +
e"o1Dyo2 + eyteDoy — (i/4)5\fy“)\] and £t — phulk D, [i&:“”éengyqb + e’y edorgp +
&Y' epoap—ev"e(q/2f) b + i(e)ey" v — (i/2)py" ] .
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Both Sy and Spr are invariant under dg by themselves.
Finally, if the superpotential W (¢) is non-zero we also have

7

Lyw = 5

. 1 . . 1
(FZ&-W _ iwwaiajw) _ %(FZ@ZW _ ézpﬂ/}jalaﬂw) . (5.12)
Here ¢’ collective denote the components of ¢ = (¢,). Noting that W is gauge invariant

with R-charge —2, one can show that its variation is a total derivative
1 . o
SoLw = 5 D, (ey*'O;W + ey ;0'W) , (5.13)

known as the Warner term [92]. This needs to be cancelled by the SUSY variation of the
boundary interaction that we will discuss in section 5.5.

We define our supersymmetric theory by the functional integral of
exp(—Sphys) % (boundary interaction)

with the total physical action

vec

Sphys = / d*a/h (L2% 4 L2 4 L) + Sp + Spr - (5.14)

For the theory to be supersymmetric, the total integrand has to be invariant under super-
symmetry transformations. We focus on the supercharge ) of our choice. For the vector
multiplet we need to impose such boundary conditions that annihilate d¢g [ Vh Lok —

vec

—dg $dy L£Pdry - Similarly, dg $dp Eziry must vanish under the boundary conditions for

vec

chiral multiplets. In section 5.4 we will see that the boundary conditions introduced in
[73] do the job. We will also see there, following [73], that the Warner term (5.13) can be

cancelled by a suitable boundary interaction.

5.4. Basic boundary conditions for vector and chiral multiplets

Let us introduce several basic boundary conditions that are compatible with the su-
percharge ). These are straightforward generalizations of the boundary conditions found
in [73] for abelian gauge groups.

Vector multiplets
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The boundary condition for a vector multiplet we consider in this paper!'! consists of
the following set of boundary conditions on the component fields at ¢ = 7 /2:
0'120, D10'2:0, A1:0, F12:0,
EAN=ed=0, Di(éy3\) = Dy(ey3\) =0, (5.15)
Di(D - Z'Didl) =0.

bdry _

The term £23%Y vanishes with this condition imposed. In particular we have §¢g § dp L23

vec

0, as needed for preserving Q).

Chiral multiplets

For a chiral multiplet, we study two sets of boundary conditions for the component

fields at ¥ = 7/2. The Neumann boundary condition for a chiral multiplet is given by

qub = qu_s = 07
E’Y3w = 6’)’3& = 0, Dl(Ew) = D1 (61;) = O, (516)
F=0.

Chiral multiplets with this boundary condition describe the target space directions tangent
to a submanifold wrapped by the D-brane. In particular, for space-filling D-branes all the
chiral multiplets obey the Neumann boundary condition. The Dirichlet boundary condition

for a chiral multiplet is given by'?

p=¢=0,
e =ep =0, Di(ey)) = Di(eysy)) =0, (5.17)
Dy(e7"F +iD;¢) = 0.
The complex scalar field ¢ parametrizes a direction normal to a submanifold. In either
case the boundary condition implies that EEﬁry = 0, ensuring that d¢ § dp Egiry = 0.
We will see in section 7.2, generalizing an argument in the abelian case studied by
[73], that any lower-dimensional D-brane can be described as a bound state of space-filling

D-branes carrying Chan-Paton fluxes.

1 The boundary condition (5.15) preserves the full gauge symmetry G along the boundary. It

should also be possible to formulate a boundary condition that preserves a subgroup H, as in [71].

12 After the field redefinition (5.26), the last line simply reads D;(F™®" +iDj¢™") = 0.
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5.5. Boundary interactions

Following [73], we now introduce supersymmetric boundary interactions that will play

an important role. First, we introduce the Chan-Paton vector space
V=V"aV°.

This is Zs-graded, and accordingly End()) can be given the structure of a superalgebra.
The space of fields is also a superalgebra, and (by implicitly taking the tensor product of
superalgebras), we can make fermions anti-commute with odd linear operators acting on
V. The boundary interaction will be constructed using a conjugate pair of odd operators
Q(¢) and Q(¢), called a tachyon profile. These are respectively polynomials of ¢ and ¢,
and must satisfy the conditions we describe below.

Gauge group G, flavor group G, and the vector R-symmetry group U(1)gr act on the

space V. In other words, there is a representation, or equivalently a homomorphism?!3

p:GxGp xU(l)g — End(V).
We demand that the tachyon profile is invariant under G and G¥:

p(@)Qg ™" - d)p(g) ' =Q(9),  p(9)Q(d-9)p(9)~" = Q(9) (5.18)

for g € G x Gr. For the R-symmetry, let us denote the generator by R. It acts on a chiral

multiplet ¢,, in the notation of section 5.1, as

R- ¢a = QaCba ) (519)
where ¢, is the R-charge. We require that the tachyon profile satisfies the conditions

p(e ) Qe - g)p(e™ ) = €7 Q(¢),

iaRYA (4 . gloR —iaR —io (7 (5.20)
P ) Q6 R )p(e ™) = e Q(¢).

We can now define the boundary interaction [93,73], an End(V)-valued 1-form along

the boundary circle at ¢ = 7/2:

«(R .
Ap = ool o) + P i) ()

S | . (5.21)
+ 5{97 o} + 5(% —12)"0; Q + 5(1/11 —12):0"Q.

13 More precisely, we allow p to be a projective representation. See sections 5.1 and 7.3. We

denote the induced representation of the Lie algebra by p.x.
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Here the representation p, of the Lie algebra of G x Gy x U(1)g is induced from p. In the

sl i fasa)] o

As in [94,73], one can show with some calculations that the @) variation of the boundary

path integral we include

interaction Ay cancels the Warner term 6oLy in (5.13),
5QStrv[Pei§d‘PA“"e_fdzm/mw}

— StrV{Peif dp Ay o= [ d*oVRLw (Z 7{ dp oA, — / d*zVh 5Q£W>]

=0,

if Q and Q satisfy
Q> =W -1y, Q*=W - 1y. (5.23)

When the conditions (5.23) are satisfied, we say that the tachyon profile Q is a matriz fac-
torization of the superpotential W. The boundary interaction (5.21) allows us to construct
interesting supersymmetric theories on a hemisphere.

In order to compare (5.21) with [73], it is useful to introduce a version of vector R~
symmetry group (in general distinct from the original) and perform a field redefinition.
This will also be important to understand the target space interpretation in section 6.4.

Consider first the case W = 0. Because an R-symmetry mixed with flavor symme-

tries'® is also an R-symmetry, we can define a new R-symmetry by
Ryeg = R — q ',
where F'® are the flavor generators (for W = 0) such that
F -y = 55

The R-charges for the new R-symmetry for all ¢, vanish, and those of the superpartners
Y, and F, are 1 and 2, respectively. The first condition in (5.20) applied to Rgcg implies
that the tachyon profile Q increases the eigenvalue of Rgeg by one: [p.(Rdeg), Q) = Q. We

require that the eigenvalues of Rge, in V are all integers. Then, we can decompose V into

14 Mixing with gauge symmetries plays no role, so we exclude the possibility from discussion.
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the eigenspaces V' of Rgeg with eigenvalue i. Since W = 0, Q defines a differential of the
cochain complex

o VP il

Whether W is zero or not, we will require that there is an R-symmetry generator
Rgeg that has only even (odd) integer eigenvalues in V¢ (respectively V°), and even integer
eigenvalues d, on ¢,. Any such generator is related to the previous R-symmetry generator
R as

Ryeg = R — qo F'™, (5.24)

where F'* are the Cartan generators of the flavor group Gy preserved by W, and ¢, take
real values. As we will see in section 7.1, there is a natural choice of R4, when the gauge
theory flows to a non-linear sigma model. Using d,, we can parametrize the complexified
twisted masses by the Cartan of Gy as m, = —(1/2)d, + mq(F%),, where!®

1
Ma = ~50a — fm,, . (5.25)

When the superpotential W breaks all flavor symmetries, m,, are simply R-charges rescaled,
me = —dg /2.

Let us consider the simultaneous redefinition
B0, ) — OV (W, @) = e F1s? . D1, ) (5.26)

of all the bosonic and fermionic fields ® in the theory. Since we demanded that R4es has
even integers as eigenvalues on the scalars ¢,, bosonic fields remain periodic while fermions
become periodic from anti-periodic.

In the new description, which is valid in the neighborhood of the boundary, the back-
ground gauge field (5.5) for (the original) U(1)g is shifted as

1 l
VR s yRnew — R —dp = ———dop. 2
— 174 54 270 © (5.27)
In addition, the field redefinition induces an extra background gauge field for the flavor
symmetry:
1
vE = §an°‘dgp. (5.28)

15 The symbols (qas F“,mq), labeled by the directions « in the Cartan of G, should be dis-
tinguished from (gq, F'“, m,) labeled by a parametrizing irreducible matter representations. The

term —(1/2)d, in m, is analogous to a shift in the four-dimensional mass on S* noticed in [95].
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The full covariant derivative
D,=V,—-1iA,-iV,R

becomes
new __ s __ sv/Rnewpnp . y/F
DM =V, —i4, zVu R ZV# )

If we apply the redefinition to SUSY parameters, they become at 9 = 7/2

eﬁatz%G), eﬂatz%(i). (5.29)

Each spinor gives rise to a linear combination of left- and right-moving, barred or unbarred,
supercharges. Thus, they correspond to the B-type supersymmetries [9].

The field redefinition (5.26) removes from Ay the R-symmetry background and induces
a flavor background (5.28):

ALY = p(Ag +i02) + po(VE +im) + %{Qnew, Qnev Y 4. (5.30)

This expression agrees with the interaction found in [73] when the flavor part is taken into
account.

Let us summarize sections 5.4 and 5.5. Given a theory specified by the bulk data
(G, Vinat, t, W, m), we can define a boundary condition B, or a D-brane, by the data

B = (Neu,Dir,V, Q).

The vector multiplet obey the boundary condition (5.15). The symbols Neu and Dir
denote that set of chiral multiplets that obey the Neumann and the Dirichlet boundary
conditions (5.16) and (5.17), respectively. We will often assume that Dir = () and simply
write B = (V, Q). The Chan-Paton space V = V¢ @ V° is Zs-graded and carries a rep-
resentation of G X Gy x U(1l)gr. It must admit a new R-symmetry generator Rqes that
is a mixture of the original R-symmetry (encoded in m) and flavor symmetries, and has
integer eigenvalues on V that descend to the Zs-grading. The tachyon profile Q is a matrix

factorization of W, i.e., an odd linear operator on V that squares to W - 1y,.
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6. Localization on a hemisphere

In this section we perform the localization calculation of N = (2,2) gauge theories on
a hemisphere. The supersymmetric localization we reviewed in subsection 2.5 can be used
to analyze supersymmetric gauge theories which are not twisted. We derive the partition
function of NV = (2,2) gauge theories on a hemisphere, which we call the “hemisphere
partition function.” We find the Hilbert space interpretation of the hemisphere partition
function, i.e., they can be considered as the overlaps of the states in the BPS Hilbert space.
From this argument, we can derive the sphere partition function, i.e., the partition function
of the NV = (2,2) gauge theories on a sphere computed in [34,35]. Our derivation of the
sphere partition function does not have any ambiguities which exist in the localization

calculation in [34,35].

6.1. Localization action and locus

In a supersymmetric quantum field theory, we know a priori that the path integral
receives contributions from the field configurations that are annihilated by the super-
charges.'® Moreover, if the locus of such invariant configurations is finite-dimensional,
the path integral can be exactly performed by evaluating the one-loop determinant in the
normal directions. This statement holds for any action that preserves supersymmetry as
long as its behavior for large values of fields is reasonable.

Though the one-loop determinant depends on the choice of the action, there is still
redundancy; if the action is modified by adding an exact term, the one-loop determinant
does not change by the standard argument. In the following, we will use (5.7) and (5.8)

to define the localization action

vec

Stoe = / P/ R(LER 4 poxact) (6.1)
Namely, we will consider the path integral
Zhem = /[DAM ...D¢...]Stry {P exp (2 }{ dgpA@)} exp (—Sphys — tSloc)

where the boundary interaction A, and the physical action Spnys are defined in (5.21)

and (5.14), respectively. Since Sj,. is Q-exact, the path integral is independent of t. We

16 One of the early references that discusses this explicitly is [30].
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evaluate the path integral in the limit t — 4o00; the one-loop determinant can be obtained
from the quadratic part of Sic.

For a generic assignment of R-charges, the localization locus for the theory on a (de-
formed) two-sphere was determined in [34,35,40]. On the hemisphere with the symmetry-
preserving boundary condition (5.15), we have a further simplification that the flux B

vanishes. Then, the only non-vanishing field in the locus is

09 = const. (6.2)
In this locus, the physical action Sphys contributes to the path integral

e~ iltTroz (6.3)

which comes from Sp in (5.10) and Sgy in (5.11). Here we have set t = r — i6. As part of
the classical contribution, we also need to evaluate the supertrace (5.22). It is most cleanly
evaluated using the expression (5.30) after the field redefinition (5.26). In the localization

locus (6.2), the supertrace becomes

Stry |20 ()20 (S0 T = Sty [ (Ema P (6.4)

where we defined 0 = —iloy. In most of the paper we will simply write (6.4) as
Strv |:e—27ri(a—|—m):| )

6.2. One-loop determinants

In this section we compute the one-loop determinant for the saddle point configuration
(6.2). Because the computations are easier for chiral multiplets than for vector multiplets,
we first treat the former. For simplicity we work with the round metric (5.1) and suppress
¢ during computations.

Let us consider a chiral multiplet in a representation R of the gauge group. Around
the localization locus (6.2), the chiral multiplet part of the localization action (6.1) reads,

to the quadratic order,

Sew = /de\/ﬁ[¢3<M2 i+ Doz - & Z 2q)¢ + FF = ° (i9°7 Dy + 02 - %)ﬂ :

where
M? = -D'D, + 5.
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The Gaussian integral over F and F does not depend on any parameter and will be ignored.
As we show in Appendix C, the Dirac operator in the particular combination y*v*D,, is
self-adjoint on the hemisphere—the naive one iy*D,, is not—when the relevant boundary
conditions are imposed on the spinors.

Let us denote the weights of R by w. To avoid clutter we assume that each weight w
has multiplicity 1; it is trivial to drop the assumption. Each field can be expanded in an
orthonormal basis consisting of weight vectors e,, such that o - e,, = w(o2)e,,. We write
€% = (ey)'. Using the scalar spherical harmonics Y}, and the spinor harmonics inm(ﬁ, ®)

reviewed in Appendix B, we expand

M
lmb

I
=
i

(@) Yim (9, )€

*j

J
Z ' wi)ijjm (797 @)éw

m=—j

o= ZZZ ngm JmﬁQO)ewa ¢ Z

w j=0m=—j

T 5D 3D 3D DATTICHIRSIE N 5

w s= :I:]—1 m=—j

J

(6.5)

5:

J.L M 8

The symbol ¥/ indicates that the sum is restricted to such m that

even for ¢ and ¢, B
Jj—m=¢ odd for s=+in¢ and ),
even for s= —in and ¢.

for the Neumann-type boundary conditions (5.16), and

odd for ¢ and ¢, B
Jj—m={ even for s=+in and ),
odd for s= —in ¢ and .

for the Dirichlet-type boundary conditions (5.17). Using the mode expansions, the eigen-

w
jm

values, and the orthogonality relations reviewed in Appendix B, we obtain
0 _ Iy v
/ *
S8 = 1SS S e

2 2
1 1
. | (j+§> —|—<w-02—iq—; >
w j=0m=—j

AT S S s [oi (i) v i o

w j=1/2m=—j

(6.6)
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From this we can calculate the one-loop determinant.
L 1\? n ( .q)
—_— . —_— /L_
J B w02 5
2 2
1 1
(-3t

oo

2] j+1/2

(4+1 or j)

(6.7)

The twisted mass m can be introduced by replacing w - 09 — w - 03 + m. The infinite
products can be regularized by the gamma function T'(1+2) = e™7* [0, e*/* (1 +2/k) L,
where v is the Euler constant. Even if we use the gamma function so that we get the
required zeros and poles, there are ambiguities in the overall z-dependent normalizations.

For reasons we explain in sections 6.3 and 8.1, we choose

Zﬁllic;é\:)eu = H I'(w-o+m) (Neumann) ,
chi weR
Zl—loop(a; m) = i D — 9 eﬂ'i(w-a+m) (68)
2 eop = _.Ta ) (Dirichlet) ,
wWER —w-o—m

where the product is over all the weights in the representation R, and
o= —iloy, E—g—iém.

We have recovered ¢ for the definition of .

The infinite products require UV regularization and result in the running of the ef-
fective FI parameters. As in [35], we take into account the effect of renormalization by
replacing the FI parameter with its renormalized value. For each abelian factor in the

gauge group G, this gives
t—ten =1 — Y QaIn(Myy), (6.9)

where @, are the charges of the chiral multiplets, and Myy is the UV cut-off.!” In the
Calabi-Yau case ), Qq = 0, we have t;en = t.

I7 By the same mechanism, effective FI parameters are generated for flavor symmetries [34].

The partition function is then multiplied by the factor e™™™*Muv) for each twisted mass m.
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We turn to the vector multiplet for the gauge group G. In the R, gauge, the localiza-
tion action Sj,. augmented by the ghost action [35], around the locus (6.2), reads

52 — / d?xv/hTr [A“ (M? +1) A, + 261"V, A, + 61 (M? + 1) 6,

vec

(6.10)
+ 55M?G5 + D? + Ay? (iv°4" D, + 02) A+ cM?c

up to the quadratic order, where &, are the fluctuations of the fields o,., and
M? := —D"D,, + o3.

The Gaussian integral over D is trivial and will be neglected.

On the vector multiplet we impose the boundary condition (5.15). Let us denote the
basis of gc by H; (i =1,...,rkG) and E,, where H; span the Cartan subalgebra, and «
are the roots of G: [H;, E,] = a(H;)E,, E}, = E_,. We choose a decomposition of the

root system into the positive and the negative roots. For » = 1,2, we expand

S J
= Z Z Z' OrimYjm (U, ) Eo + hoc. + ...
a>0 j=0 m=—j
The ellipses indicate terms in the Cartan subalgebra, whose contributions are independent
of physical parameters and will be dropped. Ghosts (¢, ¢) are expanded in a way similar
to (¢, @) with coefficients (¢§im» Cajm), respectively. The expansions of the gauginos (A, A)
are similar to those of (1,), and have respectively the coefficients (A )\fmm) For the

gauge field,

u‘ZZZZ AN OV uEa + e+,

a>0A=1j=1m=—j

where (C’;‘m) .. are the vector spherical harmonics reviewed in Appendix B. The sums Y/
are restricted to those m which satisfy
even(odd) for A=1(2)in 4,
odd for 01,¢,C,
even for 09, B
even(odd) for s=+4(—)in A and \.
The eigenvalues of the kinetic operators as well as the pairings of the eigenmodes can

be found by using the properties of the spherical harmonics reviewed in Appendix B. Let
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us split the quadratic action (6.10) into the bosonic and the fermionic parts. The bosonic

part Sg%b reads

= 3 (3030 301G D+ 0+ -]

- Z Z" [(5?jm)* 30+ DAG + w} (6.11)

The gaugino part is similar to the fermionic part in the chiral multiplet action (6.6). The

ghost part is

o J
SN s [+ D) + (@ 02)]
a j=0m=—j

vec

1eop for the vector multiplet. The

Let us now calculate the one-loop determinant Z

combined contribution from A;"ﬁl and o1 to Zi’_elf)op is

TG4+ + (o 02)? iG+1) J
}:[0]1:[1 Vii+1) JG+1D) + (a-09)? +1

=TT TI 2 + (@ 022 [G+ 1% + (- 02)?)

a>07=1

The contributions from the other modes can be computed straightforwardly. Combining

everything together, we obtain
o0
f—cﬁ)op ~ H H [32 + (a ’ 0-2)2} .
a>035=0

Recall the notation o = —ifoy. After regularization, we obtain'®

1loop = H a-osin(ra - o). (6.12)
a>0

6.3. Results for the hemisphere partition function

We now write down the partition function of the N' = (2,2) theory (G, Vipat, t, W, m)
on a hemisphere with boundary condition B = (Neu, Dir,V, Q). Putting together the

18 An analogous factor appears in an integral representation of a vortex partition function [96].
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calculations in sections 6.1 and 6.2, we obtain the partition function!?

1 drk(G)U

Z em L Nl
e (Bi65m) = [ | i@

Stry [e_QWi(G“Lm)]etre“"’Zl_]oop (B;o;m), (6.13)

where the one-loop determinant is

Z1-1oop(B;0;m):(H0‘ Usm — 0) II II Tt o+ma)

a>0 aeENeuweER,

(6.14)

_27.”671'1(111 o+mg)

x H H I'l—w-0—mg)

a€eDir weR,

Here W (G) is the Weyl group, t = t(G) is the Cartan subalgebra, and rk denotes the rank.
Recall also that t,e, -0 with t,e, = r1en — 26 denotes the renormalized FI and the topological
couplings (6.9) for the abelian factors in the gauge group G.2° The complexified twisted
masses m = (m,) are defined as the combinations m, = —%qa — i/m, of the R-charges ¢,
and the real twisted masses m,. In the rest of the paper, we will refer to m, simply as
twisted masses.

In the special case G = U(1), the partition function becomes

d
Zhem:/ 7 elren?Stry,[e” Qm(‘”m) H N(Quo +my) H

211 .
a€Neu a€Dir

_271-2 eﬂi(QaU‘i’ma)
Il —Quo—myg)’

(6.15)

where @, is the U(1) charge for the a-th chiral multiplet.

Depending on the representations in which the chiral fields transform, it may be
necessary to deform the contour in the asymptotic region so that the integral is convergent.
For r deep inside the Kéhler cone of a geometric phase, the integral (6.13) can be evaluated
explicitly by the residue theorem.

In particular for theories whose axial R-symmetry is non-anomalous in flat space,?!
we can write down a general formula for Zy,, using multi-dimensional residues, as in the
case of the S? partition function [42]. Let H;, i = 1,...rk(G), be the simple coroots, which

we treat as a basis of t¢. Let us expand

0:ZajHj, w‘J:ijaj, t-azthaj (6.16)
J J J

19 We divided each sine by —m, so that the hemisphere partition functions behave better under
dualities discusses in section 9.

20 1fG = U(N), tren + 0 = trenTro.

21 This is equivalent to the condition dou
of the integrand to be determined by e’

wer, W= 0, which makes the asymptotic behavior
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and write &@ = (07), @ = (w;), t = 7 —i0 = (t; = r; — if;). When G is non-abelian,
in (6.16) are not all independent. Let I be a subset of {(a,w)|a € Neu,w € R,} with
|I| = rk(G) such that the weights w that appear are linearly independent. Denote by J
the set of such subsets I. Each I is associated with gamma function factors I'(w - o +m,),

(a,w) € I. We denote by P; the set of the points p with o(p) € t¢ satisfying
(w0 (p) + Ma) (@ wyer € B2y (6.17)

Following [42], define

C(I) = {F: > rawl

(a,w)erl

Taw > 0 for all (a,w) € I} . (6.18)

The hemisphere partition function (6.14) is then given as

1 .
Zhem(B) = ——— Res (Stry[e 2miotm)ighensa 7, | (B;o;m)) .
‘W(GM I%j:: p;[ o=oc(p) ( [ ] P ) (619)
FeC(I)

The definition of Res, the multi-dimensional residue [90], will be apparent from the next
paragraph.
An elementary way to understand the formula (6.19) goes as follows. For given FI

1, 02, etc.

parameters 7, (6.13) can be evaluated in principle by successive integrations over o
There are many gamma function factors of which we pick poles, and the combinatorics in
such a calculation becomes quite complicated. The combinatorics for the total contribution
from the set of factors specified by I, however, is not affected by the presence of other
factors, and is in fact captured by a simple change of integration variables. Namely we
take {w - 0 + my|(a,w) € I} as new variables to be integrated over along the imaginary
axis and compute the residues of the chosen factors. Unless 74, > 0 for all (a,w) € I, the
contribution vanishes.

Although we do not do this explicitly, it should be possible to obtain the infinite
sum expression (6.19) by localization with a different Q-exact action [34,35]. In such
a computation, the saddle point configurations correspond to the discrete Higgs vacua,
namely the solutions to the D-term and F-term equations satisfying (w - o + mg)¢p, = 0
for all a. The label I specifies the chiral fields that take non-zero vevs. Indeed, the

2

decomposition 7 = Z(mw) c1 TawW implies that the D-term equations?? can be solved by

22 The D-term equations read D! o« ! = 0, where p! are given in (4.2).
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setting ¢ = (rqw/2m)"/? for (a,w) € I with other ¢* = 0. The value of ¢ is fixed by the
condition w - ¢ + m, = 0 for (a,w) € I, corresponding to the tip of the cone determined
by (6.17). Each infinite sum specified by I is a power series in the exponentiated FI-
parameters, and defines an analog of the 3d holomorphic block [97].

The results above were obtained by explicit localization calculations on a hemisphere
with the round metric (5.1). We now argue that they should also be valid for the de-
formed metric (5.4) by interpreting the one-loop determinants (6.8) and (6.12) using the
equivariant index theorem as in [32,64,34]. With an appropriate choice of localization ac-
tion Sioc = 0V, the one-loop determinant should be given from the equivariant index by

converting a sum into a product according to

indD =Y ;e = Ziioop = [[ A, 777,
j j

where D is a differential operator in V, j parametrize the eigenmodes of the bosonic
symmetry generator (%, c; = £1, and \; are the eigenvalues of (%. When the geometry
has no boundary, the index ind D is given as a sum of contributions from the fixed points
of (%. In the presence of boundary, at least with suitable boundary conditions such as
those in [98], the equivariant index is a sum of fixed point contributions and the boundary
contributions. Thus, the one-loop determinant Z;_j,0p should also factorize into such local
contributions.

For a chiral multiplet, it was shown in [34] that the combined contribution from the

north and the south poles (¢ = 0 and 7 respectively) of the round two-sphere is

I'(w-o+m) chi,§? chi, Neu ,,chi, Dir
~ Zl—loo ~ “1-1oo 1-loop
'l—w-0—m) P P P

where by ~ we mean the match of zeros and poles. It was also shown in [40] that the full

sphere one-loop determinant is independent of the metric deformation (5.4). As in the four-

chi,§*\1/2 chi, Neu ,chi, Diry1/2
l-loop) ~ (Zl-loop Zl-loop )

as the local contribution from each of the north and the south poles.?? Then, (6.8) implies,

dimensional case [32,64], we interpret the square-root (Z

in the case of the round sphere, that the single-boundary contribution to the one-loop
determinant is

(sin[r(w - o 4+ m)])~1/2 (6.20)

23 Tn [34], follic;olieu and follic;oli)ir were assigned to distinct poles.
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for the Neumann boundary condition, and
(sin[r(w - o +m)])'/? (6.21)

for the Dirichlet boundary condition (up to ambiguities in the overall factors). On the other
hand, the local approximate form of ID and the action of 522 near the boundary is essentially
independent of deformation. Thus, we expect that the single-boundary contribution to
the one-loop determinant is given by the same formulas (6.20) and (6.21), even after
deformation.?* Then, the formula (6.8) for the one-loop determinant on a hemisphere
should also be valid for the deformed metric (5.4). We can apply the same logic to the
vector multiplet, recalling that the full sphere one-loop determinant is [, o (a-0)? [34,35].

It follows that the single-boundary contribution to one-loop determinant is

H sin(rac - o) .
a>0
The local contributions to the one-loop determinant from the poles and the boundary
are determined by 62, and cannot be affected by the deformation parameter {. The classical
contributions computed in 6.1 are also independent of ¢. These arguments suggest that the
expression of the hemisphere partition function (6.13) should also be valid for the deformed

metric (5.4).

6.4. Hilbert space interpretation

We argued above that the partition function on the deformed sphere is independent
of the parameter £. In the limit that £ — oo, the geometry near the boundary ¥ = /2
becomes flat, and the non-dynamical gauge field V®1eW in (5.27) for U(1)r vanishes in
the frame where all the fields are periodic.

The boundary condition B on a hemisphere 0 < ¢ < 7/2 defines the boundary state
(B| in the Hilbert space of the theory on a spatial circle. Since all the fields are periodic in
the frame with VR (f — 00) = 0, (B| is in the Ramond-Ramond sector. The hemisphere
partition function (6.13) is the overlap (B|1) between (B| and a state |1) created by the

path integral on the hemisphere with no operator insertion. Let f(o) be a gauge invariant

24 Asa check, one can compute the one-loop determinant on S* x (interval) by mode expansion
and confirm that it is the product of two boundary contributions, for any pair of boundary

conditions on the two boundaries.

67



polynomial of o. The result (6.13) can be generalized to include a twisted chiral operator

f(op — io9):

(B|f) = / DA... eSPhYSStrv{PeXp (i]{dcpAw)} f(oy —io2)
B

drk GO‘

1 —2mi(c+m o
= ’W(G)‘ it (27TZ>FkGStrV[€ 2 ( + )]etren Zl—loop(B,U,?’n)f(O’)?

(6.22)

where |, 5 indicates functional integration with the boundary condition B. The Ramond-
Ramond state |£) is created by the path integral, defined using the physical action (5.14),
with the insertion of £(o; —i02) at ¥ = 0. By an argument in [40], it should be identified
with the state defined by the path integral of the A-twisted theory [74].2° We will identify
the boundary state (B| with its projection to the BPS subspace. The overlap (B|f) is
nothing but the brane amplitude discussed in subsection 3.6.

The partition function on the full sphere 0 < ¥ < 7, as computed in [34,35], is
the overlap Zg: = (1|1). By generalizing to include O; = f(0; —io2) at ¥ = 0, and

Oy = g(—0y — i0y) at ¥ = 7, we obtain

(glf) = (@2(9 = 1O, / DA... e Soweg(—gy —ion)(0y — o)
drk(G ¢ _ B
ren (0—B/2) tren-(c+B/2) -1 wo-B =2
‘W G BeA /O'Ezt 27TZ rk(G)e © ( ) g(a+ 2)
cochar
(a- B)? (0 — B/2) + ma)
( )H[ 4 ‘”}HHM— (0 +B/2) —my,)

a>0 a weER

(6.23)

We have included a normalization constant ¢ and used a weight wg to parametrize the ambi-

guity in the normalization of the flux sectors labeled by GNO charges [99] B € Acochar(G).2°
The path integral on the other half of the sphere (7/2 < ¥ < 7) gives

(g|B) = / DA... e_SPhYSStrV{Pexp <i7{dg0/~l¢>} g(—o1 —ioa)
B

drk G

! g 2mi(o+m)
= —_— - TFZ oTm ren O—Z oo 7
W) Loes (2m‘)rkGStr vle et Ltoop (By o m)g (o)

(6.24)

25 The argument was used to justify the proposal that the S? partition function is related to
the Kahler potential on the Kahler moduli space [36].
26 The lattice Acochar(G) consists of the elements of the Cartan subalgebra which have integer

pairings with the weights that appear in all the representations of the group G (rather than g).
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where

Ay = pu(Agp +iog) + %5) + ipa(m) — %{Q, o} + % (1 = 12)'0;Q + (1 — 92),0°Q)

It is also natural to consider the partition function on a cylinder with boundary conditions

Bi,2 along the two boundaries
(B1|B3) = BIZZA. . e_SphySStrvl[P exp (z % dgoA$>] StrVZ[P exp <Z 7{ de;)] , (6.25)

with
AE = pulAgtion)+p(VE +im)# 110, Q)+ 5% 07 (4 — 42)0,Q + ($r — 32)id' D)

This is a supersymmetric index of the theory on a spatial interval. Since it is independent
of the width, this quantity can be computed by a supersymmetric quantum mechanics or
classical formulas involving characteristic classes, as we will see in section 7.2. In particular

there is no ambiguity in this quantity.

(B| £) (gl |£) (B1|

(a) (b) (c)

Figure 3 (a) Hemisphere with an operator insertion.

| B2)

(b) Twisted chiral/twisted anti-chiral 2-point function. (c¢) Cylinder partition function.

The Hilbert space interpretation implies that the S? partition function (or its gener-
alization (6.23)) is determined by the hemisphere partition functions (or their generaliza-
tions) and the cylinder partition function (6.25). Namely, by choosing boundary states
|B,) that form a basis of the BPS Hilbert space, we set

Xab = (Ba|Bp)
and denote the inverse matrix by x%°. Then,

(g|f) = (g|Ba)X""(Bsl£) .
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In some examples with twisted masses, we will introduce another basis {|v)} that is or-
thonormal. In that case we can write (g|f) = > (g|v)(v|f). In section 8.4 we will
demonstrate such factorizations, and see how they allow us to fix the parameters ¢ and wg
that parametrize the ambiguities in the S? partition function of the T*Gr(N, Ng) model
studied there.

Let us now show that the twisted chiral operators f(o; — i03) inserted at ¥ = 0
satisfy certain relations. Recall that in (6.16), we introduced fictitious FI parameters ¢;,
j=1,...,tk(G). It is useful to consider an auxiliary theory T obtained from the original
theory T as follows.?” Theory T has gauge group U(1)™8(©) complexified FI parameters
5]-, and several chiral multiplets. Some of them are ¢, with gauge charges w;, with the
same twisted masses as in 7. The other chiral multiplets, ®,, are massless and labeled
by all roots . They have gauge charges a; = a(H;), and R-charge 0 for @ > 0 and —2
for a < 0. corresponding complexified FI parameters fj. Let us consider the boundary
condition B for T, consisting of the boundary conditions on ¢, determined by B, the
Dirichlet boundary condition on ®,, as well as the boundary interactions from B. Then

we have the relation

0 - -
Zhem (T B; t;m) o j— | Zhem (T B; t;m)
' (ogo jat) '

=t
Let p = (1/2) )~ be the Weyl vector. We can derive the differential equations

1 I (15 + -4 )

a weR, n=0
w; >0

(6.26)
lw;|—1 o
V2o [T TL TT (wngh o+ 0+ 1) | v (T Bifion) =0
a weR, n=0
w; <0
for j =1,...,rk(G), either by contour deformation or by using the power series represen-

tation (6.19). Since each derivative 9/t brings down o, the differential equations imply
certain relations that hold when inserted in the integral (6.13). By specializing to ¢ = ¢,

we find that the expressions

m) = H H H (w-o+mg+n)—(—1)?ie b H H H (w-o4+mg+n), (6.27)
a weR, n=0 a weR, n=0
w; >0 w; <0

2T This is the associated Cartan theory in [42] with a slightly different R-charge assignment.
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or more precisely their Weyl-invariant combinations, vanish when inserted into the hemi-
sphere partition function, (B|F;) = 0, for any B. Thus we have twisted chiral ring relations

(not necessarily fundamental, see subsection 8.2)
Fj(o;m) =0. (6.28)

In section 8, we will see some examples of the twisted chiral ring relations. However, the
hemisphere partition function does not seem to preserve the ring structure. For example,
we can easily see that the hemisphere partition function with the insertion of the operator

oF;(0;m) does not vanish in general. This is the problem to be understood precisely.
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7. Hemisphere partition functions and geometry

In this section, we see the relation between the hemisphere partition functions and
the low energy geometry. As we have seen in section 5, the boundary of N = (2,2) gauge
theories preserves the B-type supersymmetry. At low energy, the boundary conditions of
N = (2,2) gauge theories become the B-branes of the non-linear sigma models. A set of
the boundary data determines which B-brane is realized at low energy. Conversely, we can
construct the boundary data corresponding to the B-brane at low energy. The hemisphere
partition function gives a map from the derived categories of the coherent sheaves which
describe B-branes to the functions of the parameters in N = (2,2) gauge theories. More
precisely we find that the hemisphere partition function depends only on the K-theory

class.

7.1. Target space interpretation of the gauge theory

In this paper we are concerned with the geometric phases in which the theory reduces

to a non-linear sigma model with a smooth target space. We consider two cases.

Case 1: W =0, target space X
This is the setup where the gauge theory has no superpotential, and flows in the IR to

a non-linear sigma model with target space X, which takes the form of a Kahler quotient

X =p10)/G.

d

The moment map g = (p!)HmE V. — g* is given by

T ¢ for I non-abelian,
= { (7.1)

T h — ;—I for I abelian,
T

where T7 are the generators of G which we split into abelian and non-abelian simple
factors. The complex structure of X can also be specified by viewing it as a holomorphic
quotient:

X = (Vinat \deleted set)/Gc . (7.2)

Here G¢ is the complexification of GG, and the deleted set consists of those points whose
Gc-orbits do not intersect with p=1(0). If the gauge group G is abelian, X is a toric

variety.
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Case 2: W = P - G(x), target space M

In the second situation we consider, the theory has a superpotential of the form
W =P G(z) = P,G%x),
where we split the chiral fields ¢ into two groups as ¢ = (z, P,). Assuming that the space
M = H0)nGTH0)/G
is smooth, the F-term equations %W(gb) = 0 reduce to
P,=0, GY(z) =0.

Thus, M is the target space of the low-energy theory, and is a submanifold of X =

= 1(0)| p=o/G. If we focus on the complex structure, M is given as

M = (Vias\deleted set) N G~1(0) N {P, = 0}/Gc . (7.3)

Let us now consider the target space interpretation of the boundary interaction A.

For simplicity we turn off the twisted masses, work in the flat limit (Z — oo with finite

z = —lcos 9¥), and assume that the gauge group is G = U(N), for which the D-term
equations take the form

ST — %510 —0 (7.4)

with T7=0 = (1/N)1 corresponding to the abelian part. We take the FI parameter to be
large and positive r > 0. In the IR limit g — oo, the gauge theory flows to the non-linear
sigma model with the target space X in Case 1 and M in Case 2. We assume that the
target space is smooth. The equations of motion that follow from (5.9) imply that in the

present limit [73],
_ — o _
Ay = My} (6T (0 = 0)ud+ 9T ) T

01 = —UWI_J1 @TIQ?)TJ ) 02 = Ml_Jl (i%(ETIqS + 75737111/)) T’ g

where the derivatives 5 and 5 act on ¢ and ¢ respectively, and M 1. Jl is the inverse of the
matrix M1/ = ¢{T*,T'}¢. Under ¢(x) — g(z)p(x), we get the correct transformation
d—iA — g(x)(d—iA)g—1(x), etc. Let R be a representation of G. As noted in the context
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_ — =
of an abelian gauge theory in [73], the expression M, Jl <i¢TI (0—0) Nd)), contracted with
the generators 77 acting on a vector space V, is the pull-back of a connection on the

natural holomorphic vector bundle constructed from V. This bundle is defined as
((solutions of the D-term and F-term equations) x V)/G . (7.5)

Thus, the Chan-Paton space V descends to a collection of holomorphic vector bundles.

We can also see that how the theta angle 6§ and the Fl-parameter r are related to the
B-field and the Kahler form of the target space, respectively. Since the theta term involves
only the abelian part I = 0, the discussion is essentially the same as in the abelian case.
(See for example [26].) First, note that the matrix M!7 is block-diagonal; the entries with
(I =0,J #0) or (I #0,J =0) vanish because of the D-term equations (7.4). Thus, the
U(1) part of the gauge field is given, in the current approximation, by

Tr A — 271

T(dqg‘¢—<5‘d¢)-
The 6-term (5.10) gives a factor exp(—22 [ d¢ A dé) in the path integral. This should be
identified with the B-field coupling exp(27i [ B). Thus,

” )
B="d¢ndp,
™r

where ¢ and ¢ are constrained by the D-term equations (7.4). On the other hand the

Kahler form of the target space is given, in the large volume limit, by
1 _
w=—dpANdo.
27

In order to understand the natural combinations of parameters, let us temporarily consider
the A-model where ¢ is holomorphic on the world-sheet and the kinetic term in (5.9) gives
a factor exp(—27 [w) for a world-sheet instanton. By combining it with the B-field and

the boundary interaction for bundle, we get

Tr P exp (@]{

L*Atarget) exp (2m'/ (B + uu)) (7.6)
ox

P

where Agarger is @ connection on the bundle and ¢* is the pullback by the embedding
t:2—> X or M.
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7.2. Hemusphere partition function, derived category of coherent sheaves, and K theory

In (6.13) we derived an expression of the hemisphere partition function for arbitrary
boundary data B = (Neu, Dir, V, Q). We assumed that the whole gauge multiplet satisfies
the symmetry preserving boundary condition (5.15). The collections of chiral multiplets
satisfying the Neumann condition (5.16) and the Dirichlet boundary condition (5.17) are
denoted by Neu and Dir, respectively. The Chan-Paton vector space V is a representation
of G x Gp x U(1)g, and its Zs-grading is given by the U(1)g charge (weight) modulo 2.
The tachyon profile Q is an odd linear transformation on V.

Suppose that an N/ = (2, 2) non-linear sigma model has as target space a non-singular
algebraic variety. In this paper we are interested in an ' = (2,2) gauge theory that flows
at low energy to such a non-linear sigma model. As in section 7.1, we denote the target
space as X if it is the quotient of a linear space minus a deleted set, and as M if it is
the zero-locus of some section on such X. Two high-energy boundary conditions that give
rise to the same boundary condition (D-brane) at low energy should be considered as the
same. It is believed that the low-energy branes that preserve B-type supersymmetry form
a category equivalent to what is known as the (bounded) derived category of coherent
sheaves, which we denote by D(X) or D(M). We argue that the hemisphere partition

function gives a well-defined map
Zhem : D(X or M) — {functions of (t,m)}. (7.7)

Let us discuss what this means and how to show it.

Physically, a coherent sheaf is a D-brane whose world-volume does not necessarily
wrap the whole target space. An object of the derived category is a complex of coherent
sheaves, up to an equivalence relation called quasi-isomorphism. An important point is that
any object in the derived category of (non-equivariant) coherent sheaves on a reasonable
space X or M is quasi-isomorphic to a complex of holomorphic vector bundles.?® Thus, an
arbitrary D-brane, even one with lower dimensions, can be represented as a bound state

of space-filling branes.

28 Any equivariant coherent sheaf has a locally free resolution, i.e., a representative of the quasi-
isomorphism class by a complex of equivariant holomorphic vector bundles. (Proposition 5.1.28
of [76]). Though we personally do not know that every object in the derived category has the

property, this seems likely and will be assumed.
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Indeed, there is an operation to bind D-branes. Given two complexes &£, F defined

respectively as

i—1 i+1

.t . d . .
o A S dittdy =0,

Ji-1 g ) Jit1 1
L PSP I dEdE =0,

and a collection f of homomorphisms f* : £ — F* such that f'f!.d. = d% - %, the
mapping cone of f, denoted as C(f), is the complex whose i-th term is C(f)! = £ @ F°
with differential dic(f)(x,y) = (=d&(z), fi*1(z) + d=(y)). The brane C(f) is the bound
state of £ and the anti-brane of F. It is known that f : £ — F is a quasi-isomorphism if

and only if C(f) is exact.

Thus, in order to show that (7.7) is well-defined, we need to i) define a map3°
complex of holomorphic vector bundles — boundary condition B (7.8)

and then ii) show that an exact complex of vector bundles has a vanishing hemisphere
partition function. Part i) will be done in section 7.3. Part ii) will be discussed in section
7.3 and Appendix D. Since vector bundles are carried by space-filling branes, we can assume
that all chiral multiplets obey the Neumann boundary condition in (6.13).

The Grothendieck group of the derived category, which is isomorphic to the K theory
of the target space, is an additive group generated by [€] for any complex & of holomorphic

vector bundles, with the relation

[C(N] = [€] = [F]

for any f : &€ — F. The relation is clearly respected by Zpem. Thus, Zpem depends only
on the K theory class.

29 Such a collection of homomorphisms is called a cochain map.
30 In Case 2, i.e., for target space M C X, our construction, given in section 7.3, of Zpem for
an object of D(M) involves resolving the pushforward of the object to X by a complex of vector

bundles. Thus the relevant bundles in (7.8) are those on X, not M.
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7.3. From complexes of vector bundles to boundary conditions

The aim here is to define the map (7.8) that yields a boundary condition for a given

complex of holomorphic vector bundles. We will treat separately Cases 1 and 2.

Case 1

When the target space is a quotient space X of the form (7.2), we have a natural G-
equivariant holomorphic vector bundle for each representation of (G x Gg)c as in (7.5); if
V' is the representation space, focusing on the holomorphic structure, the bundle is given
as3l

((Vinat \deleted set) x V) /G . (7.9)

We will assume that any object in D(X) can be represented as a complex of holomorphic
vector bundles constructed in this way.

Given a complex & of vector bundles of the form (7.9), one can construct the cor-
responding boundary condition B using a straightforward generalization of a procedure
in [73]. Suppose that the i-th term &% in the complex arises from the representation
Vi of (G x Gp)c. Then, we simply take as the Chan-Paton space V = V¢ @ V° with
Ve = @iieven V', VO = @j.0aa V', Since the chiral fields serve as target space coordinates, it
is natural to choose an R-symmetry Rqeg, introduced in section 5.5, so that Rgeg - 0% = 0.
We let R4eq have eigenvalue ¢ € Z on V. The differential®? dg = (dlg) naturally pulls back
to the tachyon profile Q that squares to zero. Thus, we obtain the map

E—B=(V,0). (7.10)

In the case that G is abelian and Gp is trivial, many examples of this construction were
studied in [73]. Non-abelian and equivariant examples will be given in section 8.

In order to show that the map (7.7) is well-defined, we need to show that the hemi-
sphere partition function for an exact complex vanishes. The proof that (7.7) is well-defined
amounts to showing that the supertrace in the integrand cancels all the poles that could
potentially contribute in (6.19). This is explained in Appendix D, by using the resolved

conifold as an example.

LI G = U(N), Vinar = {(Q%7)} = N®NF  deleted set = {Q : rk(Q) < N}, the anti-fundamental
representation N gives the tautological bundle over the Grassmannian Gr(N, Np).

32 1t is a differential in the sense of homological algebra, and is an algebraic operation.
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Case 2

The construction of the map (7.8) for target space M in (7.3) is also a generalization
of the procedure in the abelian, non-equivariant setting introduced in [73].33 This is a
little more involved than in Case 1.

Recall that the chiral fields = parametrize the ambient space X. The superpotential
is

W =P -G=P,G%x),

where G = (G®) represents a section s of a vector bundle F and the field P takes values
in the dual E* by the construction in (7.9). Given an object £ of the derived category
D(M), we first push it forward by the inclusion i : M — X. The resulting object of D(X)

is quasi-isomorphic to a complex & of vector bundles over X

L gt 4y (7.11)

In the present case, we define the new R-symmetry Rqeg in section 5.5 so that
Ryeg -2 =0, Ryeg - Po = —2F, .

Asin Case 1, £ and d naturally lifts to a Chan-Paton space V and an odd operator Q) on
V), which squares to zero: Q%o) = 0. Since we have a superpotential W, we need a matrix
factorization as the boundary interaction in order to cancel the Warner term (5.13) and

preserve supersymmetry. This can be constructed by the ansatz

1
— «a af
Q=0Qu + Y P+ o 2; PoPsQ + ... (7.12)
The equation Q% = W -1 can be used recursively to find ?‘Ij)"'ak. The existence of a

solution to the equation was shown in [73]. Thus, the boundary interaction is purely
determined by the geometric consideration, except a subtlety that we now discuss.

In Case 2 we need to shift the assignment, to V, of overall charges for the abelian
part of G x Gg. The shift is from the charges specified by the representations V*. We
now argue for the necessity of the shift by generalizing an argument in [73]. First, note

that if we know the overall charge assignment for one D-brane on M, then the relative

33 Though this construction was referred to as the “compact” case in [73], we adapt it to any

manifold M, such as T*Gr(N, Nr), obtained as the zero-locus s~ '(0) of a section s.
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charge assignment for other D-branes is automatically determined. Thus, we focus on the
simplest D-brane, the space-filling brane carrying no gauge flux. This corresponds to the
trivial line bundle over M, or in other words to the structure sheaf O,;. Its pushforward
1O to the ambient space X is known to be quasi-isomorphic to the so-called Koszul
complex
NE* — ... — N’E* — E* — Oy,

where r = rk E and the last term has degree zero. The differential is the contraction by the
section s that defines M. The natural way to implement the Koszul complex in the gauge
theory is to quantize free fermions living along the boundary [100,101]. After quantization
we obtain fermionic oscillators 7, 7% satisfying the anti-commutation relations {n,,7°} =
682. Let |0) be the Clifford vacuum: 7,|0) = 0. Then, the Koszul complex is realized by

Cp'... 70y — ... — EHCq*0) — Clo)

with the differentials given by Q) = 7o G“(x). The recursive procedure above terminates

in one step, and simply gives
Q =n,G%x) +n*P,. (7.13)

This is manifestly a matrix factorization: Q2 = W - 1.

The question is which amount of abelian charges we should assign to |0). Suppose
that the bundle E arises from representation pgp of G x Gg. The trivial line bundle Ox,
and hence the space C|0), corresponds to the trivial representation in the construction
(7.9). Physically, however, the canonical choice is to assign one-dimensional projective®?

representations to |0) and 7' ...#77|0) symmetrically:
C|0) > (det pg)/?, Cit...7°|0) < (det pg)~Y/2. (7.14)

This suggests the map
EeDM)—B=(V,Q) (7.15)

defined as follows. For the complex (7.11) quasi-isomorphic to i,.&, suppose that the vector

bundle £ arises via (7.9) from a representation p; of G x Gp. Then, we take

V=V, (7.16)

34 As in the world-sheet theory of a superstring, these are representations of a covering of

GXGF.

79



as the Chan-Paton space, where V? is the representation space of
pi @ (det pg)t/2. (7.17)

The tachyon profile Q is determined by the procedure explained around in (7.12).

The validity of (7.15) will be checked by comparing the hemisphere partition function
with the large volume formula of the D-brane central charge in section 8.2, as well as by
showing that the resulting hemisphere partition functions for the structure sheaf in certain

target spaces are invariant under various dualities.
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8. Examples

In this section, we see the examples of the hemisphere partition function. We consider
the N/ = (2,2) theories considered in subsection 4.4. From these examples, we can find
many important properties of the hemisphere partition function.

(1) The DO-brane on C™ is a good example to see that a brane wrapped on a submanifold
can be constructed as a bound state of space-filling branes. In terms of the gauge theory,
the Dirichlet condition can be realized as the Neumann condition with appropriate bound-
ary interaction.

(2) The hemisphere partition function provides the exact formula of B-brane central charges
discussed in subsection 3.6. We compare the hemisphere partition function in the large
volume limit with the large volume formula for central charge obtained from the anomaly
inflow argument [79]. We check the coincidence of these two objects in the case of D-branes
in quintic Calabi-Yau. In the Appendix E, we further check this in the case of complete
intersections in products of projective spaces.

(3) We obtain the Higgs branch representation of the hemisphere partition function as
discussed for the sphere partition function. We use the examples of the projective spaces
and the grassmannians.

(4) By using the Higgs branch representation of the hemisphere partition function, we con-
struct the sphere partition function in the case of the cotangent bundle of Grassmannians
T*Gr(N, Nr). As we mentioned before, we can fix the ambiguities of the sphere partition

function.

8.1. DO-brane on C"

Let us consider the theory of n free chiral multiplets ¢°, i = 1,..., n, with target space

X = C". The flavor symmetry Gy = U(n) allows us to consider equivariant sheaves. In

particular, the skyscraper sheaf at the origin, i.e., the DO-brane can be resolved by the
Koszul complex

A0 AP0 A0 = (8.1)

where AP is the vector bundle of (p, q)-forms, and the differential is the contraction by
¢'9;. The map (7.10) can be described by fermionic oscillators obeying {n;, 77} = 67 with
i,7 = 1,...,n, and the Clifford vacuum |0) such that 7;|0) = 0 for any i. The tachyon
profile

Q(¢) = ', Q(¢) = ¢y’
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gives a realization of the differential. The boundary contribution (6.4) is [];(1 — e*™™3).
The one-loop determinant should be computed for the Neumann conditions for all ¢* since
the DO-brane is constructed as a bound state of space-filling branes. It is simply [[; I'(m;).

The hemisphere partition function of the model is therefore

) —2mi Tim
Zhem(DO-brane) = [ T(my)(1 — €27im) = me (8.2)
J

n ; F(l—mj) ‘

This reproduces the hemisphere partition function for the full Dirichlet condition.??

8.2. Quintic Calabi-Yau

Let us consider a G = U(1) theory with chiral fields (P, ¢1,...,¢5) with charges
(—=5,1,1,1,1,1). We assign R-charges (¢p,q1,...,95) = (—2,0,...,0) respectively. If we
include the superpotential W = PG(¢), where G is a degree-five polynomial, the theory
with 7 > 0 flows to the non-linear sigma model with target space the quintic M, which is
the hypersurface in P* given by G(¢) = 0. Let us consider the line bundle Oy;(n) obtained
by pulling Ops(n) back to M. We can apply the map (7.15) to construct the boundary
condition B = (V, Q). The Chan-Paton space V is the fermionic Fock space spanned by
|0) and 77|0) with {n,7} = 1, and the tachyon profile is given by

Q=G(¢)n+ Pq.

Following (7.17) we assign gauge charge n + 5/2 to |0). Thus,

Zhem[OM(n)] :/ d_U

" 271_2_6_27””0(6_57”0 — 5™ T(5)PT (1 — 50) . (8.3)
As mentioned after (6.15), convergence requires a deformation of the contour for large |o|.
Specifically, we choose the contour to approach straight lines tilted to the left by angle
0 > 0 from the imaginary axis, and demand that rd > 6 + 27n. Deep in the geometric
phase where r > 0, we can choose ¢ to be small. We also demand that the contour crosses
the real axis with positive Re ¢.3¢ This integral can be evaluated by the Cauchy theorem,
and is expressed as a power series in e~ !, together with cubic polynomial terms in t:

Znem[Onr (n)] = —?w‘l (% ~n) (2(% _ n>2 +5)—-4007i((3) + O(c ™). (8.4)

35 More precisely, the zeros due to the gamma functions in the denominator of (8.2) coincide
with the zeros in (6.7) for the full Dirichlet condition. The relative normalization in (6.8) between
the Neumann and the Dirichlet conditions was chosen to agree with (8.2).

36 One can also realize such a contour as a Lagrangian brane by a boundary condition [57].
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We can compare this with the large volume formula for the central charge, which we derived

/M ch(Oyr(n))eP+H @/ A(TM). (8.5)

Our conventions for B and w can be found in section 7.1. Let e be the generator of

H?*(M,Z) such that [,,e* = 5. If we make the identification

in subsection 3.6, 37

it
B+iw=—e+ O’
+ iw 27Te+ (e™)

in the large volume limit ¢ — 400, (8.5) becomes

) 5 1/2 5 t t 2
(1112 B )+
/Me e —|—68 o\ 5 " +5],

which agrees with the hemisphere partition function (8.4) up to an overall numerical factor,
as well as constant and exponentially suppressed terms. This is the most direct demonstra-
tion that our hemisphere partition function computes the central charge of the D-brane, or
more precisely the overlap of the D-brane boundary state in the Ramond-Ramond sector
and the identity closed string state. We see that the hemisphere partition function also
captures the constant term proportional to ((3); it is expected to arise at the four-loop
order in the non-linear sigma model [84,17].

In Appendix E, we generalize the results here and exhibit the agreement between the
hemisphere partition function and the large volume formula (8.5) for branes in an arbitrary
complete intersection Calabi-Yau in a product of projective spaces.

One can also show that Zy.,, satisfies a differential equation

4

0f = 5% T[]0 = 5/5) | Znem[Ons(n)] =0.

Jj=1

This is the well-known Picard-Fuchs equation obeyed by the periods of the mirror quintic.

37 In our convention, ch E = Trexp (F/2n), B + iw = —(t/2mi)e, and F + 27 B is the gauge

invariant combination. See (7.6).
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8.3. Projective spaces and Grassmannians

Let us consider the theory with gauge group G = U(1), Nr fundamental chiral mul-
tiplets Qf (f = 1,...,Np), and without a superpotential. We denote the complexified
twisted masses by —my. For r > 0 and ms = 0, the classical space of vacua is the com-
plex projective space X = PNF~1  This is the simplest example of Case 1 discussed in
section 7.2; the space Vinae = CVF of matter fields carries charge +1 under G = U (1) and
the anti-fundamental representation Ny of the flavor group Gy = U(NF).

The D-brane carrying n units of the gauge flux is the line bundle O(n). The derived
category of coherent sheaves D(X), as well as the K theory K(X) and their Gg-equivariant
versions, is known to be generated by the Beilinson basis, O(n) with 0 <n < Np — 1. The

hemisphere partition function of O(n) is given by

; N;
e dO' —2mino o 1
Zhem(O(n)) = / e 2mIng ptren H ['(oc—my). (8.6)
—100 le

If » > 0, for convergence we tilt the contour in the asymptotic region toward the negative
real direction as Im o — £o0. If Rem < 0 we simply close the contour along the imaginary
axis to the left and compute the integral by picking up the poles at o = m; — k, k € Z>o.
For other values of m; we define the integral by analytic continuation, or equivalently by

choosing the contour in the intermediate region so that we pick the same poles.

NF o0 k
m —2min — (_1

B (©(0)) = 320 3w U ] Dy ),
v=1 k=0 ’

where my,; = m, —my.

If Remy < 0, the hemisphere partition function (8.6) satisfies a differential equation

Ny a
[1 (@tren N mf> —e " | Znem(O(n)) = 0.

f=1
In the my — 0 limit, this differential equation implies the relation

Ng

—t -
o'F —erer =0,

which is nothing but the twisted chiral ring relation of PV 1 (2.2).
Next, we consider the theory with gauge group G = U(N), Np fundamental chiral
multiplets Q} (¢=1,...,Nand f =1,...,Np), and with no superpotential. Again the
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complexified twisted masses will be denoted by —my. For » > 0 and N < Ny the target
space of the low-energy theory is the Grassmannian X = Gr(/N, Ng) of N-dimensional
subspaces in CVF. The flavor group Gy = U(Np) acts on X naturally. Let V be a vector
space in some representation of G x Gg. For the corresponding holomorphic vector bundle

E given by (7.9), the hemisphere partition function is given by

1 dNo sin o, Ne N
Znem (O(E)) = 1 /ZRN @riy™ Y [em2mitormI et [T oy =2 [T [ D0 —my) .

2
i<j f=1j=1

We take the traces by viewing o as a diagonal matrix, and abbreviate symbols as o;; =
0; — 04, Mgy = my —mgy. Let us assume that r > 0. The integral can be computed by

the residue theorem. We will frequently use the notation

V:{fl<f2<...<fN}g{1,...,NF} (87)

to label the sequences of poles. These should correspond to the classical Higgs vacua
that are the saddle points in a different localization scheme [34,35]. We also denote the

complement sets as

vV ={1,...,Np}\v.

Let us define m¥ = (m}) by

my =my, . (8.8)
Picking up the poles at
aj:m;cizm}’—kj, kjEZZO, (89)

and using the vortex partition function defined in (F.1), we obtain

Znom(O(B)) = Y Try (727 m)etees™m™ (TTTT D)) Zoextronim)
v fevgevy

(8.10)

8.4. Cotangent bundles of Grassmannians T*Gr(N, Ng)

Let us consider the theory with gauge group G = U(N), Ny fundamentals Q’; and
anti-fundamentals Q/; and one adjoint @ij (i,j=1,...,Nand f =1,..., Np). Weinclude
the superpotential

W =TrQoQ.
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For r > 0, the theory flows to the non-linear sigma model with target space the cotangent
bundle of the Grassmannian M = T*Gr(N, Ny), with ® playing the role of P in section 7.1.
We denote the twisted masses of (Qy, Q/, Q) by (—my, 1+ mys — mag, Maq) respectively.

We illustrate the Hilbert space interpretation in section 6.4 using this model. We
choose wy in the formula (6.23) for the two-point function (g|f) so that wg - B = (N —
1) > B;. The integral (6.23) can be evaluated as in [34]. It becomes

(1— _
(g|f) = CZ aoren TT 1] ;ﬂig (mfg - mad%
fev gGvV mfg Mtg Mad (8.11)

(t;m; )2,

vortex

X LY

vortex

(t;m; £),

where v and mY were defined in section 8.3, and Z

vortex(t;m; £) is a generalization of the

vortex partition function (F.1)

Z\‘zlortex(t; m; f)
=Y e [T 11 mflfj +Mad — kik, 1 (my.g + Maa = ki)r,
N ‘ (Mg, = ki), (mypip = kik, ‘
EEZ%’O ? 7 vJJ J fevv i i
By defining
L otTrmY L(mysg)L(1 —myg — Maq) v
(v[£) = cze™ [ ] Z3ortox (t; i £) (8.12)
flgvggv L(mysg + mad)r(l — myg) ’

and

L
fTrmY (mfg)l'(1 = mypg — Maq) v 7ms:
S e Ll;["ggv L(mysg + mad)r(l - mfg)} Hrontexllimi )
we can write (g|f) =) (g|v)(v|f).

In order to justify our choice of wy and relate ¢ to the normalization of hemisphere par-
tition functions, let us compute the hemisphere partition function Zyem(Onr) = (B[Oa]|1)
and more generally (B[Oj/]|f) for the structure sheaf Op;. We can use the matrix fac-
torization (7.13). In the present notation we introduce oscillators (n’;,7";) satisfying
{nt;, 0%} = 5;5?, and let |0) be the Clifford vacuum: n’;|0) = 0. Then,

Q= QQn + o7

with the indices contracted. Assigning the abelian charges symmetrically between |0)

and [, ;7 “;]0) as in (7.14), we find the contribution H 1 2isinm(0;; + Maq) from the
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boundary interaction. We will see in section 9.2 that for a geometrically expected duality
to hold, we need to multiply the hemisphere partition function (6.13) by an extra N-
dependent overall factor, e.g., (27mi) =N °. We thus go ahead and include it. Then3®

e dNo sinwo;; oy sinm(oy; +m
Zhem(OM):/. (—etT“’Haij It H (i) ad)
—100

27i)N N! oy T Lo T
N N N (8.13)
X H F(O'ij —}—mad) H H F(O’j — mf)F(l —0;+my — mad) .
i,j=1 j=1f=1
By applying (6.19) we find
Zhn(©@30) = 3| TT TT Flonga)l 0 =gy )| R (510
fEV gEVY

Note that the same argument ¢ as in (8.11) appears in the vortex partition function here;
this is only possible for our choice of wy. We can compute (B[Oy]|f) similarly. Comparing
with (8.12), we find that (B[Oum]|f) = >, (B[Oum]|v)(V|f), where

(BlOwM]|v) = ¢ 1/2[1_[ I1 T ]1/2. (8.15)

oy gevy sinTm g sinw(meg + Maq)

A parallel consideration shows that (B[O/]|v) = (v|B[Ou]), giving an expression for the
cylinder partition function. It is expected to coincide with the equivariant index of the
Dirac operator on M. Indeed, (B[O]|B[On]) determined by (8.15) agrees with™?

nd(p)= > _11 ey (8.16)

det
p: fixed points M, (g

if we take ¢ = (2r)2N(WVr=N),
It is trivial to generalize these results to a holomorphic vector bundle E, or equivalently
the sheaf O/ (E) of holomorphic sections of E. We assume that E arises via (7.9) from a

vector space V' carrying a representation of (G x Gg)c. We find

(BIOA(B)]v) = Teye2miw+m [ TT T

fEV geVY

1 ]1/2.

2sinmmy, 2sinm(myg + mMaq)

38 Compared with (6.14), we see that the boundary interaction has an effect of changing the
boundary condition for @ from Neumann to Dirichlet.
39 1t is possible to show by localization that the equivariant Dirac index given by (8.16), or

more generally by (G.2), is indeed the corresponding partition function on the cylinder.

87



Another class of natural D-branes are sheaves supported on the zero-section of
T*Gr(N, Nr). Let us consider a vector bundle over Gr(NN, Nr) and call it E, abusing
notation slightly. We assume that E is constructed from a representation V of (G x Gp)c.
We wish to compute the hemisphere partition function for the sheaf 1,Og,(F), where ¢ is
the inclusion. Following the procedure for Case 2 in section 7.3, we further pushforward

t+Ogyr(F) by the inclusion i : M — X, where

X ={(Q.Q)’kQ = N}/GL(N). (8.17)

Since Gr is given in X simply by the equations Q7 = 0, we have a locally-free resolution

of 141, Ogqr,

NF* — ... — N°F* — F* — Oy, (8.18)

where r = N is the rank of the equivariant vector bundle F, of which (Q/) defines a section.
A resolution of i.t.Ogr(F) is obtained by tensoring each term in (8.18) with the bundle
E over X that arises from V via (7.9). The complex (8.18) can be translated into the
boundary interaction by introducing oscillators satisfying {n’s,79;} = 6;6?. The Chan-
Paton space V is obtained by tensoring with V' the Fock space built on the vacuum |0)
annihilated by 7/ ;, and the tachyon profile is given by Q = Q71 ;+®%;Q7 ;7 ;. According
to (7.17), we must assign the same abelian charges to |0) as in the Oy; case. Then, |0)

contributes the factor eV Tmad, We find the integral representation

TiMad 1 N2 N '
Zhem(L*OGI‘(E)) = [e d} / (d—aetTrU H (1 — ei2ﬂz(aj7mf+mad))

27i 27i)N N i
sin o ;; —omilotm
X Haij - 2 Try (e 27 F )>HF(Uij + Maq) (8.19)
i<j i

x [[T(o; = mp)T(1 = 0j +my — maq)
3. f

As we see by comparing with (6.14) an effect of the boundary interaction is to modify the
boundary condition for Q' from the Neumann to the Dirichlet condition, as we expect for

a brane supported on the zero-section. Only the sequences of poles (8.9) contribute, with
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other combinations of apparent poles canceled.*® We then find

Zhem(1:Ocr(E)) = ™™ 2oy Z Try (e 278 (m7+m)) (t=Nemi)Trm®

2mie” ™M (my,) .
X ( H H F( )Zvortex(ty m) .

feV gev\/ mfg + mad>

(8.20)

By identifying this with ) (B[t.Oc:(F)]|v)(v|1) and using (8.12), we obtain

(B[, O (B)]|v) = NEmi(Y S my=Trm”) N (N~ N)mimaq;N(Ne—N)

: 1/2 (8.21)
—2mi(mY+m Sll’lﬂ'('fﬂf +mad)
< Try (=274 T T1 { s |
fevgevy fg

The matrix element (v|B[1.Og:(E)]) is obtained by replacing 7 with —i in (8.21).
The T*Gr(N, Nr) models are known to possess integrable structures corresponding
to the SU(2) spin 1/2 XXX spin chain. Indeed the quantum cohomology relations (6.28)

in this case read

Np

O'Z'—mf ai—aj—mad

= (-1
JFi

(8.22)

o —myp — 1+ maq 03 — 05 + Maq

f=1

In the limit |mg|, |maq| > 1,4 the “1” in a denominator of (8.22) can be neglected. In

this limit (8.22) become the Bethe ansatz equations [59,60].

40 Here 7 in (6.18) is given by # = (r,...,r). It is not possible to satisfy the conditions rqw > 0
in (6.18) if I involves an anti-fundamental. If I involves the adjoint and fundamentals, the zeros
from the product in the first line of (8.19) cancel the poles.

41 One way to take this limit is to make the 2d curvature small. See (5.25).
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9. Seiberg-like dualities

In this section, we discuss the Seiberg-like dualities of the N' = (2,2) gauge theories.
Basically, the hemisphere partition functions for the two theories which are dual of each
other coincide. However, we find that the nontrivial duality relation of the hemisphere

partition functions for 7*Gr(N, Ng) model is nontrivial.

9.1. Grassmannian model and the (N, Ng) <> (Np — N, Ny) duality

Recall from section 8.3 that the U(NN) theory with Np > N fundamental chiral mul-
tiplets Q¢ with » > 0 is in the geometric phase with target space the Grassmannian
Gr(N, Np). To simplify equations we can take the flavor symmetry group to be SU(Np)
since the overall U(1) is part of the gauge group. Correspondingly, we require that the

twisted masses —my of Q5 sum to zero:

Np
> my=0. (9.1)
f=1

The hemisphere partition function was computed in (8.10). Let us focus on the struc-

ture sheaf O and consider the map of parameters
(N7NFatren7m) — (NF _NvNF;trena_m)' (92)

The exponential factor in (8.10) is invariant because of (9.1). The one-loop determinant
is also manifestly invariant under (9.2) and v — v¥. As shown in [34] the vortex partition

1 v
function ZY, .«

Zhem |[Gr(N, Ng); O; tren; m] = Znem|[Gr(Ng — N, Np); O; tren; —m)|

is also invariant. Thus, we have the equality

for the structure sheaf. This equality extends to D-branes carrying vector bundles
Zhem[Gr(Na NF)7 E; tren; m] - Zhem[Gr<NF - N; NF)7 EV; tren; —TTL]
if we define the map E — EV, in a way compatible with tensor product, by the assignments
tautological bundle — (ONF /tautological bundle)*

ONF /tautological bundle — (tautological bundle)* .

We denoted by * the dual bundle (in the usual sense), whose fiber is the dual of the fiber
for the original bundle. (Somewhat confusingly, the quotient, ONF /tautological bundle, is
sometimes called the dual tautological bundle.) We also recall that the tautological bundle

is constructed from the anti-fundamental representation of GL(N) via (7.9).42

42 The assignment V — Try[diag(z; ..., z5") x diag(z]?, ... ,:v;,ll:)] defines a map D(X) —
KOEW®) (X)) ~ Clzi?, ... 2th 331%114-17 o ,x%é]sNXSNF—N for X = Gr(N, Nr) [102].
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9.2. T*Gr(N, Nr) model

The hemisphere partition function for Op-« g (n,n;) Was computed in (8.14). We again

impose the condition (9.1) on the fundamental masses. Under the map
N = Np—N,t—t, mf——ms, Maa —> Mad, V>V,

the exponential factor and the one-loop determinant are invariant. The vortex partition

functions ZU(N)’V(t;mf,mad) =zv

vortex vortex (L3 M, Maq) are not invariant, but we found the

relations

(14 (—1)NretyNe=2N)(maa=1) ZUN)Y 1y ) = 28908V (1 s ma) (9.3)

by comparing the power series expansions in e~*.*3 Since the prefactor on the left hand side
is independent of v, we find a similar relation for the hemisphere partition functions.** In
particular, in the limit Ret > 0 the hemisphere partition function is invariant. The same
relation holds for the hemisphere partition functions of ¢.Ogy. It can also be extended to

include vector bundles as we did for Grassmannians in section 9.1.

9.3. U(N) gauge group with fundamental and determinant matter fields

Let us consider the Grassmannian model with an extra chiral multiplet in the (—Np)-
th power of the determinant representation with twisted mass mge;. For simplicity we
impose the Dirichlet condition for the determinant matter and the Neumann condition for
the fundamentals. Then, the hemisphere partition function is

Zhem(N; NF7 t? mf7 mdet) — Z 6tTI' mY Ziloop(mf’ mdet)Z\‘/,ortex(t; mf? mdet)

v
with the one-loop determinant given by

_27rz'e7ri(—NFTr mY +Mdet)

zZ7 ot) = r
1-100p(mf7md t) T (1 + NgTrmY — mdet) H H (mfg)

fevgevVy

and the vortex partition function defined in (F.1). It was found in [48] that the supercon-

formal index of this model is invariant under
N = Np—N, t—=1t, my— —mys, Mdet — Mdet, v—ovY.

One can show that the vortex partition functions in this case are duality invariant, by not-
ing that they are simply related to those of the Grassmannian model. Thus, the hemisphere

partition function is also invariant under the duality map.

43 Similar relations hold between instanton partition functions computed in different schemes
for ALE spaces [103].

44 A similar relation also holds for the sphere partition functions.
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9.4. SU(N) gauge theories

To study Seiberg-like dualities for SU (V) theories, we use a trick introduced in [34];
the hemisphere partition function of the SU(N) gauge theory is related to that of the
U(N) gauge theory by

> d
A0 = [ e Ao =0,
oo 2T
Then, the duality of the U(N) hemisphere partition function implies a duality of the
SU(N) hemisphere partition function.

The U(1) baryonic symmetry is defined by its action on the fundamentals Q; (i =
1,...N, f=1,...,Np) and the anti-fundamentals in (t=1,...N, f=1,...,Na)

Qif_>627rib/NQif7 inﬁeonib/N@fi'

It is the U(1) part of the U(N) gauge group that we ungauge. The baryonic and the

anti-baryonic operators
Bfl ----- fn :€i1~.-iNQilf1 ‘”QMJ\ZN’ Blvdw :81.1'”1.1\]@];11 Qflj\jv

in the SU(NN) theory are charged under this U(1). The pure-imaginary parameter b, which
is dual to the FI parameter r, becomes the twisted mass for the baryonic symmetry. Indeed,
starting with the Coulomb branch representation (6.13) of ZhUe(IiV), the delta function given

by the r integral

/ @e_rberﬁ(’ = §(ib — iTro)
2m

— 00

produces the hemisphere partition function for the SU(N) theory.
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10. Monodromies and domain walls

In this section, we consider the domain walls in ' = (2, 2) gauge theories. The gauge
theory on one side of a domain wall is different from the gauge theory on the other side
in general. Considering the folding of the full sphere, domain walls can be considered as
boundaries in the product of these two theories on the hemisphere. Such domain walls can
be regarded as operators which act on the hemisphere partition function. In particular,
we consider the monodromy domain walls which are defined by the monodromies with
respect to the complexified FI parameter. The hemisphere partition function is in the
form of Mellin-Barnes integral, and becomes the generalized hypergeometric function if
the gauge group is U(1). It is a well-defined problem to consider the monodromy of the
generalized hypergeometric function (see Appendix G). However, to analytically continue
the integral form of the hemisphere partition function, we should transform the integrand
appropriately. In Appendix H, we discuss that this transformation corresponds to the
grade restriction rule, which was proposed in [73].

We consider the two examples of the monodromy domain walls.

The first example is discussed in the context of the AGT relation. We consider certain
N = (2,2) gauge theories which describes the surface operators in the four-dimensional
N = 2 gauge theories. In this case, the hemisphere partition function coincide with the
Liouville/Toda conformal block with degenerate insertion, i.e., the instanton partition
function in the context of the AGT relation. The domain walls define defect operators in
Liouville/Toda theory and are considered as the line operators bound to a surface operator
[81].

The second example is related the integrability of two-dimensional gauge theories
proposed by Nekrasov and Shatashvili [59,60]. The integrability of two-dimensional gauge
theories means that the twisted chiral rings coincides with the Bethe ansatz equations of
spin chains. This suggests the presence of quantum group symmetry, whose generators are
expected to be realized as the domain walls acting on the hemisphere partition function
with scalar fields inserted. As a first step, we realized the si(2) affine Hecke algebra as the
domain wall algebra. Such quantum group symmetries are known to be realized geomet-
rically as so-called convolution algebras in equivariant K theories and derived categories.
We will describe the domain walls as D-branes in product theories and discuss the relation

to the geometric representation of the sl(2) affine Hecke algebra.
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10.1. Localization with domain walls

In this section we consider supersymmetric localization for theories with domain walls
preserving B-type supersymmetries. Let us assume that a domain wall is located along
the circle ¥ = 7/2 of the sphere S2. The domain wall connects theory 77 on the first
hemisphere 0 < 9 < 7/2 and another theory 72 on the second hemisphere 7/2 < ¢ < 7.
As we explain below, the theory 73 can be mapped to another theory Z[73] on the first
hemisphere. A domain wall is then defined as a D-brane in the folded theory T; x Z[T3]
on the first hemisphere 0 < 9 < 7/2. When both 77 and 73 are in geometric phases, the
BPS domain walls, or line operators, are in a one-to-one correspondence with objects in
the derived category of equivariant coherent sheaves in the product of the target spaces.

Let us consider an involution?® Zy that acts on a chiral multiplet (¢, ), F) as

Iy - (b(ﬁa 90) = ¢(7T -, 90) , To- w(ﬁa 90) = _'Yiw(ﬂ- — 1, 90) )

-,Z'.O,Jj(ﬁ790):_71¢(7r_19790)7 IOF(19790):_F(7T_197()0>
On a vector multiplet (4,012, A, D), we define

Iy - Aﬂ(ﬁﬂo) - _Aﬂ(ﬂ- -, 90)7 Iy - A«p(19790) - A<P<7T -, 90)7
To-o1(0,¢) = —o1(mr = 0,0), Zo-02(0,9) = o2(m =V, 9),

Zo - AW, 0) = i1 —0,90), To- AV, 0) = yA(m — 9, 0),
Iy - D(’l97g0) = D(ﬂ- - 197Q0) :

One can define a more general involution Z = Z; o Zy by composing Z, with a discrete
flavor symmetry transformation Z; that acts on each chiral multiplet as multiplication
by +1 or —1. If the theory has superpotential W, the signs need to be chosen so that
W(Z-¢) =—-W(¢) and Ly in (5.12) is invariant under Z. The theory Z[T] is obtained
from the original theory 7 by mapping the fields using Z, and by flipping the sign of the
theta angle 6.

The trivial domain wall, which we will call the identity domain wall W[1], corresponds

to a single theory T with gauge group G on the full sphere 0 < 9 < 7. If we apply Z to

45 If we regard two-dimensional N = (2,2) supermultiplets as four-dimensional ' = 1 multi-
plets independent of two coordinates (z*, z*), the involution Zy acts as a reflection (9, ¢, z°, z*) —
(m — 0, p, 23, —2*) followed by a U(1)r transformation. The SUSY parameters transform as
Zo-€(V, ) = vie(m—1,¢), Zo-€(V, ) = vieé(m — 9, ¢). Invariant parameters give the supercharges

that commute with Zg.

94



the part of the theory on 7/2 < 9 < m, then we get the product theory T x Z[T] with
gauge group G X G on the hemisphere 0 < ¢ < /2. If T has gauge group G, the product
theory has gauge group G x GG. Thus, the identity domain wall provides an example of
a supersymmetric boundary condition that reduces gauge symmetry; along the boundary

the unbroken gauge group is the diagonal subgroup (G x G)giag >~ G.

W: domain wall . x i

(a) (b)

Figure 4 (a) A sphere with a domain wall. (b) Folding a hemisphere.

If 7 is in a geometric phase with low-energy target space X and if we take Z = Z;, the
identity domain wall is realized by the boundary condition corresponding to the diagonal
AX of X x X:

BIW(1)] = B[Oax].-

The general pairing (6.23) between the (twisted) chiral and anti-chiral operators can be

written as
(glf) = (glW(1)|f) = (B[Oax]| - |[£)1 ® |g)2-

In the rest of the section, we will be studying the expectation values of more general

domain walls W on S?
(Wise = (1{W[1) = (BW]| - |1)1 @ [1)2 (10.1)
or more generally the matrix elements (see Figure 4)
{gW[t) = (BW]| - [£)1 @g)2 -

10.2. Monodromy domain walls, four-dimensional line operators, and Toda theories

We now apply the machinery we have developed to find a two-dimensional gauge
theory realization of certain four-dimensional line operators bound to a surface operator

[69,81,104]. To avoid clutter, details of calculations are relegated to Appendix G.
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The relevant four-dimensional theory is the A/ = 2 theory with gauge group U(NF)
with 2Ny fundamental hypermultiplets. Some of its physical observables are captured by
two-dimensional An,_; Toda conformal field theories on a sphere with four punctures of
specific types [80,105], via the AGT relation. In particular the basic surface operator of
the four-dimensional theory corresponds to a fully degenerate field of the Toda theory
[81,106]. It was argued in [81] that four-dimensional line operators bound to a surface op-
erator correspond to monodromies of the conformal blocks, with the insertion point of the
degenerate field varied along closed paths. In the limit where the four-dimensional gauge
coupling becomes weak, the correlation function of the Toda theory with the degenerate
insertion coincides with the S? partition function of an A" = (2,2) gauge theory described
below [35]. In this limit, the four-dimensional line operator becomes a two-dimensional
line operator, or equivalently a domain wall. Our aim is to find its intrinsic description
within the two-dimensional gauge theory.

The the two-dimensional theory in question has gauge group G = U(1), Ng chirals
¢y of charge +1, and N chirals ) ¢ of charge —1, with no superpotential. We denote the
twisted masses of the chirals by m = (my, m f)jcvjl. Correspondingly the flavor symmetry
group is Gg = U(Ny); x U(Ng)s, under which (¢¢) and (¢f) are in (Ng, 1) and (1, Ny),
respectively. For r» > 0, the IR theory has as the target space a toric Calabi-Yau that we
denote by X. There are Ny classical vacua 0 = —m,, labeled by v =1,..., Np.

As we show in Appendix G the S? partition function takes the form (1]1) =
>, (1jv)(v|1), where

1/2

i L(mygy) '(m, —I-mf) .
(v|1) = (2mi) N1/ 2e “l || Zgortex
e ['(1—myy) 7 ['(1—m, —my) ¢

(t,m),

and (1|v) = (v|1)|;z. The vortex partition functions as defined in (F.1) are given in (G.1).

Their explicit expressions imply that the matrix elements (v|1) as functions of e~* obey
the differential equation
e 11@ =mp) + ()N [0 + my) | (v]1) =0, (10.2)
! f
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which has regular singularities at e=* = 0, (—1)*, 00.46 The monodromy along a path
on Mg =P\{0,(-1)"", oo} is given in the form

(W]1) = > M@)pw(w|1). (10.3)

When z moves along v and then along 4/, the corresponding modnoromy matrix is
M ()M ().

7D G

Ng: even Ng: odd

e—t

Figure 5 Paths for monodromies.

Let us consider the three paths (79,741, 7e0) depicted in Figure 5, where we have v

for Ng even and vy_; for Ng odd. In Appendix G we derive the monodromy matrices
M(Y0)vw = Guue™™,
M(Yi1)ow = Bp—e " 22sMIFT) G (10.4)
Mo = By 1m0 4 D i

where

[1; 2isinm(m, + my)2isinm(my, + my)

S .=
v [15z, 2isinmmyg, [144, 2isinmmg,

2
o (=1) for Ng even,
eTmwe  for Np  odd.

Because of the relation M (yo)M (y+1)M (Vo) = 1, only M (7o) and M (1) are indepen-
dent. In view of (10.1) and (g|v) = (v|g)|¢—7, the monodromy for each path 7 should be

realized as a domain wall W(~y) such that

(BWI)I| - [w)1r @ [v)2 = (w[W(y)|w) = M(7)vw -

46 These are the singularities in the quantum Ké&hler moduli space Mg of the non-compact
Calabi-Yau X, and the equation (G.5) with m — 0 can be identified with the Picard-Fuchs
equation for the periods of the mirror Calabi-Yau manifold, and can be easily obtained from the

period integrals of the mirror Langdau-Ginzburg model [25].
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It is clear from (10.4) that the domain wall W(yp) is simply the gauge Wilson loop
with charge +1. Geometrically it corresponds to a sheaf supported on the diagonal AX.

Denote by L and L the topologically trivial equivariant line bundles constructed from
the representations (det,1) and (1,det) of Gp = U(INg)1 X U(Ng)2, respectively. By
comparing (10.4) with (G.3) and (G.4), we find for v4147

(LW (ra)[1) = D (2]0) M (va1)ww (w]1)

v,w

= (1) + (=DM HB(L™? @ L'? © Oy (|- Ne/2)))|1){B(Oy (— [ Ne/2])[1) 17,
where || denotes the largest integer not more than z. Thus,

(BIW (v+1)]|

o 10.5)
= (B[OA]| + (=) (B[Oy ([Np/2]) @ (L' © L)Z K Oy (—[Nr/2]) ]| (

Here X denotes the external tensor product [76].4%

We expect that a monodromy in the Kahler moduli space acts on the derived category
as a Fourier-Mukai transform. It would be interesting to compare (10.5) with the kernel
of the corresponding Fourier-Mukai transform.

We computed the monodromies by first decomposing the hemisphere partition func-
tion into the vortex partition functions, and then by computing their monodromies. It is
also possible to compute monodromies, or more generally perform analytic continuation
from one region to another, using the integral representation (6.13). We given an example

of such analytic continuation in Appendix H.

10.3. Monodromy domain walls and the affine Hecke algebra

Next, let us consider the theory realizing M = T*P! = T*Gr(1,2), a special case
of the model studied in section 8.4. This is almost identical to the model with Ngp = 2
considered in section 10.2, but it includes a neutral chiral multiplet ® with twisted mass
Maq, interacting via the superpotential W = Qf ®(Q . Since the superpotential affects the

hemisphere partition function only by constraining the twisted masses, we can recycle the

47 By the tensor product (®) of two sheaves, we mean the tensor product of the complexes
corresponding to the sheaves.
48 If p; : X1 x X9 — X, are the projections and & are complexes of holomorphic vector bundles

(i=1,2), & X &, is the complex pi&1 @ p3E2 over X1 X Xo, where p; are the pullbacks by p;.
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computations there. The difference in the conventions in sections 8.4 (and here) and 10.2

(there) requires a replacement m}here = —mi}ere, ﬁz}here =1+ m?ere — mhere. We also
demand that m; + my = 0.

We are interested in the monodromy of the matrix element (v|1) in the T*P! model,
computed in (8.12). Thus, the monodromy matrices are identical to (10.4) with the re-

placement above:
M('YO)vw = 5vw6_2ﬂimv 5
M("Yl)fuw = &uw_ezmmad Sow (106)

M(’Yoo)vw — 5vw627rzmw + e—27rzm.dd 627mmw va ,

with
2t8in (Mg s + Maq)2tSIn (Mg r + My 1/2
S = — [ Lt ey + Mad)20500 7 (g F 1) (10.7)
[Tz 2isinmmog [T, 2isinmme,
Let us set
q=eme X = M(yo) ™t T=—1+1-5.
—q
The relation M (o) M (1) M () = 1 implies that
(T+1)(T—q)=0. (10.8)
The explicit expression (10.7) can be used to show another relation
TX ' - XT=(1-¢X. (10.9)

The two relations (10.8) and (10.9) define the so-called sl(2) affine Hecke algebra, and
we have followed the notation in [76]. We used the monodromies to motivate and derive the
relations, but we can study the domain wall realization of the algebra on its own right. The
generator X is simply the gauge charge —1 Wilson loop, and corresponds geometrically to
the sheaf 74 O(—1), where 7 is the projection from the diagonal of T*P!* x T*P! to the
diagonal of the base P! x P!:

Xow = (B(maO(=1))| - [w)1 @ [v)2.
For T', or a related operator ¢ = =T —1 = — 25, we find from (8.21) and (10.7)

Cow = —¢""* (V| B(t4 Op1 (=1)) (B(1+ Op1 (—1)|w)

(10.10)
= ¢ 2 (B(1.0p1 (-1) R 1, 0p1 (=1))| - [w)1 @ [v)2.
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The sl(2) affine Hecke algebra is a basic example of an algebra that can be constructed
geometrically as a convolution algebra [76]. The sheaf we found for X is precisely what
appears in the construction. On the other hand, our sheaf for ¢ = —1 — T is slightly
different from the one in the convolution algebra, though their supports coincide. It is
desirable to understand in more generality the relation between the algebras realized by

domain walls and convolution.

100



11. Conclusion and discussion

In this thesis, we have studied boundaries and domain walls in N' = (2,2) gauge
theories using supersymmetric localization. In particular, we have applied supersymmetric
localization to N' = (2, 2) theories on a hemisphere, with boundary conditions preserving B-
type supersymmetries, which become B-branes at low energy, and obtained the hemisphere
partition function. We have found various properties of the hemisphere partition function.
We also have studied the domain walls in a two-sphere.

In section 5, we have defined the supersymmetric gauge theory on a hemisphere with
boundary conditions that preserve B-type supersymmetries. For a chiral multiplet, we
have considered two basic sets of boundary conditions, which we have called Neumann and
Dirichlet conditions. For a vector multiplet, we have considered the set of boundary which
preserves the full gauge symmetry. These elementary boundary conditions are combined
with the boundary interactions, which are determined by the Z,-graded Chan-Paton space
Y and the tachyon profile Q, to provide more general boundary conditions.

In section 6, we have performed localization and obtain the hemisphere partition
function as an integral over scalar zero-modes. We have provided its alternative expression
as a linear combination of certain blocks given as infinite power series. We have argued that
the hemisphere partition function is invariant under the deformation of the hemisphere
as in the case of the sphere partition function [40]. We have found the Hilbert space
interpretation of the hemisphere partition function, 7.e., it can be considered as the overlap
of the boundary state and the Ramond-Ramond state in the BPS Hilbert space. From
this argument, we have derived the sphere partition function without any ambiguity which
exists in the localization calculation in [34,35].

In section 7, we have explained the geometric interpretation of the hemisphere parti-
tion function. We have related the boundary data of the N' = (2,2) gauge theories and the
B-brane, i.e., the objects in the derived category of coherent sheaves. We have explained
how to compute the hemisphere partition function for a given object in the derived cate-
gory. We have found that the hemisphere partition function depends only on the K theory
class.

In section 8, we have given the examples of the hemisphere partition functions. From

these examples, we have found many important properties of the hemisphere partition
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function. In particular, the hemisphere partition function provides the exact formula of B-
brane central charges. We have matched the hemisphere partition function with the large-
volume formula for the central charges in the quintic Calabi-Yau (and for more general
complete intersection Calabi-Yau’s in Appendix E).

In section 9 we have studied the Seiberg-like dualities. In some example, we have
shown that the hemisphere partition functions for the two theories which are dual of each
other coincide. However, we have found that the hemisphere partition functions for some
duality pairs does not coincide. This is due to the nontrivial duality relation between the
vortex partition functions (see also the Appendix F).

In section 10, we have studied domain walls realized as D-branes in a product the-
ory. Such domain walls can be regarded as operators that act on a hemisphere partition
function. The action of certain walls, the monodromy domain walls, are identified with
monodromies of the partition function with respect to the complexified FI parameteres.
We have shown that they realize certain defect operators of Liouville/Toda theories in one
case, and the sl(2) affine Hecke algebra in another. The former case has been discussed in
the context of the AGT relation. Certain N' = (2,2) gauge theories describe the surface
operators in the four-dimensional N/ = 2 gauge theories and their hemisphere partition
functions coincide with the Liouville/Toda conformal blocks with degenerate insertion,
i.e., the instanton partition function in the context of the AGT relation. In this case the
domain walls which define defect operators in Liouville/Toda theory are considered as the
line operators bound to a surface operator [81]. In the second example, we have described
the domain walls as D-branes in product theories and discussed the relation to the geo-
metric representation of the sl(2) affine Hecke algebra. Such quantum group symmetries
are known to be realized geometrically as so-called convolution algebras in equivariant K
theories and derived categories. However, our result is slightly different from the one in

the convolution algebra.

Now we comment on some future directions of our study. Firstly, one of the most
remarkable properties of the hemisphere partition function is that they provide the exact
formula of B-brane central charges in Calabi-Yau compactification. Since D-brane central
charge is one of the most important objects in Calabi-Yau compactification, mirror sym-
metry and D-brane stability, hemisphere partition function will play an important role for
future study. For this purpose, we would like to derive hemisphere partition function for

mirror systems, i.e., N' = (2,2) gauge theories with boundaries which describes A-branes
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at low energy. The mirror system on a sphere is considered in [41]. Then, we should
consider the generalization of this result to the deformed hemisphere geometry. We are
also interested in the relation to four-dimensional N = 2 gauge theories obtained by the
compactificaition on Calabi-Yau three-folds and their mathematical structure. The D-
brane stability is related to the wall-crossing phenomena in four-dimensional N' = 2 gauge
theories [16] and the mathematical theory of the stability conditions [107]. The study of
the equivariant Gromov-Witten invariant is also interesting. While the relation between
the sphere partition function and the Givental’s formalism [108] in [44,45], we think the
hemisphere partition function is more appropriate object to relate with the Givental’s for-
malism. As we have discussed in subsection 6.4, it is also important to understand how
the twisted chiral ring relations are realized in the hemisphere partition function more
precisely, to consider the various applications of the hemisphere partition function. The
discussion in [109] might give a hint to solve this problem. It would be marvelous if the
hemisphere partition function could be used for the application of the mirror symmetry
such as the knot theory and the geometric Langlands program.

Secondly, we would like to understand the relation between domain walls, the inte-
grability and the geometric representation more precisely. In particular we are interested
in how the domain wall algebras act on integrable systems. To clarify the relation to spin
chains, we are trying to realize the sl(n) affine Hecke algebra as the domain wall algebra.
To understand the relation to the geometric representation, we are also trying to interpret
domain walls in terms of the Fourier-Mukai transform. Considering the gauge theoreis
which realize Nakajima quiver varieties as target spaces is also interesting in the context
of AGT relation [110,111].
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Appendix A. Spinor conventions and supersymmetry transformations

By default we think of a spinor ¢ = (¥4 )a=1,2 as a column vector. The indices are

raised and lowered by the charge conjugation matrix

c:(Caﬁ):<_01 (1)) C_lz(ca):(? _01)

as Y = C’aﬁwﬂ, Vo = aﬁzﬁﬁ. When the upper index of v is contracted with the lower
index of A\, we write

YA =Y Ay =T CTA,
where T' indicates the transpose. The gamma matrices 7, (m = 1,2,3) have the index

structure v, = (’Vmaﬁ ). A spinor bilinear is defined as

VYmy -« Ym, A = wTC'T%m e Ym A

We always take the SUSY parameters € and € to be bosonic. We assume that they are
conformal Killing spinors satisfying (5.6). In this convention fields in a vector multiplet

transform under SUSY as
A = (VY™ — D)e, SA = (V™ + D),
. ) 1 ) . B
§A, = —% (&YX + Ayue) . oy = 3 (EX+Xe) , bog = —% (EV°A + M%) (A1)

[ 7 T T RN S S I
oD = 26@)\ 2[01,6)\] 2[0'2,6’7 )\]+2€p/\+2[01,>\€]+2[02,)\7 €],

where

¥ fsin v 1
V,, = (D101—|- f< ) DQUQ, Dyoq — —D10'2, Fié—*—i[O'l,O'Q] +—01> ,

£ sin 9 F(09) F0)
Vin = (_Dlal i 525;9)191)202’ —Dso1 - %leha Fis —ilo1, 00] + ﬁm) )

For a chiral multiplet of R-charge ¢, the SUSY transformation laws are given by
0o =&, ¢ =ep,

_ cu . 3 o q _
0 =+ 1y'eD ¢ + ieo1 ¢ + Y eoa¢ Z—wa)’yge(b—keF

5t = —iey" D, ¢ + iegoy + ey3poy — i%w)efygqg + €F (A.2)
OF =e <i’y“Du1/J —io1) + o0 — Mgb) — igiﬁv“Due
OF =&(i" Dyt — by — 7oz + i) — i3 Dy

The twisted mass m can be introduced by replacing oo — 09 + m.
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Appendix B. Spherical harmonics

We will first review the Jacobi polynomials that appear in the scalar monopole har-
monics. Although we only deal with the situations with vanishing fluxes, a special case
of monopole harmonics will appear in the construction of spinor spherical harmonics. We
will also review the vector spherical harmonics. In this appendix, we take the metric to be

that of the round unit sphere
ds® = d¥? + sin® 9dp? . (B.1)

The symbol g € (1/2)Z denotes the monopole charge and should not be confused with the
R~charge of a chiral multiplet.
B.1. Jacobi polynomials and scalar monopole harmonics

Jacobi polynomials are defined as [112]

(a+1),

PP (z) := o

1_
2F1(—n,1+a+/3+n;a+1; 21»)7

where 9 F is the hypergeometric function and (x),, is the Pochhammer symbol

I'(a+n)

(@)n =ala+1)(a+2) - (a+n—1)= L(a)

The variable x takes values in [—1,1]. An alternative definition is known as Rodrigues’

formula:

CD =)o (1 )1 a4y,

PP (z) =
() e

where n,n+a,n+B,n+a+ 5 € Z>9. Whenn,n+ao,n+p,n+a+p € Z>o and x € R,

we can also write

min{n.n-+a} (n+ a)l(n+ 8)! <x—1>n_s <£L‘—|—1>s

af _
P () _s—mg,—ﬁ} sln+a—s)l(B+ s)l(n—s)! 2 2

For a, B > —1, they satisfy the orthogonality relations

1 —2)*(1 + 2)° P28 (2) PSP (2)dx =
_1( z)*(1 4 2)" Py7 (z) Pyl (z)dx m+a+p+1 nlTn+a+pB+1)

nm -

/1 208+ T(n4+a+1)I'(n+F+1)
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The polynomials {P%#(z)}%2, form a complete orthogonal system in LZ, 5([-1,1]), i.e.,
the space of functions which are square integrable with weight (1 — z)®(1 + z)%.

Let us review the basic properties of the monopole scalar harmonics [113]. When
the monopole charge ¢ is non-zero, the scalar harmonics consist of sections of a topolog-
ically non-trivial line bundle O(2q). Since we are most interested in the boundary of a
hemisphere, we work in the patch 0 < ¢ < 7.

We define

Ygim(9,9) i= Myjm(1 = 2)/2(1 + 2)¥/2PS (a)cm?,

25 +1(j —m)\(j !
Myjm = 2™ j+ (J‘ m)(q+m)’
dr - (- + )

r:=cost, a:=—q—m, B:=q—m, n:=j+m.

For ¢ = 0, Y}, := Yojm give the usual spherical harmonics. For given ¢ € Z/2, j and m
take values

{Y,jm}jm form a complete orthonormal system in the space of square integrable sections
of the line bundle O(2q).

The covariant derivative for the sections of O(2q) is given by D, = 0,, — iqw,,, where
wy = (0, —cos?) is the spin connection. The monopole scalar harmonics are the eigen-
functions of the Laplacian:

2
=10 +1) = ¢Ygjm.

The monopole harmonics provide an orthonormal basis with respect to the natural

—D"D,Yqjm = [_

inner product:

/Sz Yqjm(ﬁ’ ©)” Yojrm (0, ) = 0jj'Omm/ (B.2)
where the measure is didy sin ¥ and the complex conjugate is related to the original har-
monics as

Yiim = (D)™™ (B.3)

Under ¥ — m — 4, Y}, is even for j +m even, and is odd for j +m odd. In particular
09Yjm|g=r/2 =0 if j+mis even,
Yimlgmrja =0 if j+misodd.

The orthogonality relations on the hemisphere can be obtained from (B.2) by doubling the

integration region to the full sphere.
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B.2. Spinor and vector spherical harmonics

We write ) = v#D,,. Let us consider the spectral problem with respect to the modified

Dirac operator

g - , . , . sin —.
— ﬁ—w @—icotﬂ

1 1
819——8¢+§cot19 ( DT)

on S?. One can check that the eigenspinors are given by

1 ( (1F )Y 1/2,jm (9, 0) ) , (B.4)

+
=~ (0, = = . - ;
01 := 5 (54 1/2)1(—i £ 1)DY 1 gy (9, )

which satisfy
VDX = £ +1/2)X5,, -

The range of the quantum numbers is given by
.13 i1 .
=, =,..., m=—j,— yeees ]
J 979 7 —J J
The eigenspinors form an orthonormal basis on S?:
/2 (ij)TXj/m/ = 633’5jj/5mm/ .
S

Next, let us review the vector spherical harmonics described e.g., in [114]. We define

the one-forms

| _ ; 819}/jm(197¢)
(Cim)u(F,0) : GG+ D) <z‘mifjm(19,so)> ’ (B.5)
i 1 —(im/sin)Yj (9, ¢) |

With the quantum numbers taking values
j:172737"'7 m:_.j;_j+17"'7j7

the whole sequence {C’j‘m} A.j.m forms an orthonormal basis of one-forms on S?. Moreover

they are eigenvectors of the vector Laplacian:
" 12) g 1(2)
-D"D,C;, = [1(7+1)—1] Cim’ -
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They also have the properties

Dyu(Cl)" = =\i( + 1)Yjm , Du(C3,)" =0,
e Du(Cl)y =0, e Du(CF)y = —=Vi(i +1)Yjm .

Appendix C. Eigenvalue problems on a round hemisphere

In this Appendix we study the eigenvalue problems and their solutions, which we use
in section 6.2 to compute the one-loop determinants.

We are interested in the Neumann and the Dirichlet boundary conditions at ¥ = 7/2:
Oy ®P|y—r/2 =0 (Neumann) and @[y_./o =0 (Dirichlet).

One can check that the Laplacian —D*D,, is self-adjoint on the hemisphere 0 < ¢ < /2
with these boundary conditions. For the harmonics Y},,, the conditions respectively reduce
to

P T™0)=0, and 9,P;." " (x)|z=0 = 0.

Jj+m Jj+m
The property P%#(—x) = (—1)"P?<(z) implies that the eigenmodes that survive the
boundary conditions are given by
Yim, j —m = even, eigenvalue = j(j +1) (Neumann),
Yim, j —m =odd, eigenvalue = j(j+1) (Dirichlet).
We have indicated the eigenvalues of the Laplacian —D*D,,. Since —D"D,, is self-adjoint
on the hemisphere when either boundary condition is imposed, the surviving modes form

an orthogonal system. The precise normalizations can be inferred from the relations among

such modes
. 1
/ )/]m(ﬁv 90) ij’m’ (797 (P) = §5jj’5mm’ ) (Cl)
0<y¥<r/2

which can be obtained from (B.2) by doubling the integration region to 0 < ¢ < 7.

Let us consider two types of boundary conditions for a spinor ) = (11, 12)7:

(V1 +Y2)|g=r/2 =0 (A) and (Y1 —P2)|o=r/2 =0 (B).

Suppose that another spinor A\ obeys the same boundary condition as 1. Then,

wAtpn = |

9<m/2

BB PA= (PP, A) / Aoy P Mg o
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For both (A) and (B),

DT Ag=r 2 o< (1) Ao = (012 Ni] [y=r /2 = 0.

Thus, the Dirac operator 3, together with the boundary condition either (A) or (B), is
self-adjoint on the hemisphere.

For X;.—Lm the condition (A) reduces to

(27 +1) F (1 —2m)| P2 ™27 (0) £ ( — m 4+ P2 027 (0) = 0.

The modes that survive the condition are

xjm, j—m =odd, eigenvalue =j +1/2,

Xjm» J —m =even, eigenvalue = —(j+1/2).

Similarly, (B) reduces to

(27 +1) = (1 —2m)| P27 27™M0) 5 ( — m+ 1) P22 0) = 0,

and the surviving modes are

X;rm, j —m = even, eigenvalue = j + 1/2,

Xjm s J —m =odd, eigenvalue = —(j +1/2).

Among the surviving modes we have

’ 1
/ ij(ﬁ7(;0)TXj’m’(l97§0) = 5588’5jj/5mm’ 5 (02)
9<m/2
S/(_1)m—1/2

/ X (9, @) 13X S (0, 0) = Os,—5'05j" Om,—m - (C.3)
9<m/2

Finally, we consider the boundary condition

Aﬁ’v“:wm = aﬂALp’ﬁ:ﬂ-/Q =0.
for vector harmonics (B.5). The modes that survive are

C’}m, j —m = even, spectrum j(j + 1), degeneracy j + 1,
C? . j—m = odd, spectrum j(j + 1), degeneracy j.
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Appendix D. Hemisphere partition functions for exact complexes

The aim of this appendix is to argue that the map (7.7) is well-defined. Namely
we argue that the hemisphere partition function for each object of the derived category
D(X or M) does not depend on the choice of a complex of vector bundles used in the
construction.

As an example in Case 1, let us consider the resolved conifold. The gauge group
is G = U(1), and there are four chiral fields ¢ = (¢!, ¢?, ¢3, ¢*) with gauge charges
w, = (+1,41,—1,—1). The flavor group is Gp = U(1)* = [[._, U(1)a, where ¢ has
charge +1 for U(1), and charge zero for U(1)pq.

Let m = (m,) be the complexified twisted masses for ¢*. For r > 0, the model is in
the geometric phase and flows to the non-linear sigma model with target space the resolved
conifold X. We want to show that for an exact equivariant complex (€, d) of vector bundles
given by

0— & — ... —E"—0,

the partition function Zyem(€) vanishes. Following the the definition of (7.10), we let V*
be the representation of G x G from which the vector bundle £ arises via (7.9). We

assume that the values of m, are generic. Under this assumption, the integral
e do —2mip(o,m)]  to
Zhem(E) = —Stry[e =™ T (0 + mp)T (0 + mo)T(—o + m3)T(—0 + my),

where we wrote explicitly the representation p,(o,m) of Lie(G x G), is evaluated by

residues to give

2 [e’s)
. 1)k
Zhem(E) = E Strv[e_2mP*(_m“’m)]e_tm’“ E ( k') H D(we(—my — k) +my) .
v=1 k=0 " a#v

This involves two sequences of poles at 0 = —m,,,—m, — 1,... (v = 1,2). As noted in

[34,35], the beginning of each sequence corresponds to a solution of the condition
(weo + mg)p®* =0
with ¢ satisfying the D-term equation
al2 __ L
; wa|¢ | - 27T N
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Such values of (o, ¢) describe a fixed point in X under the action of the flavor group Gg.*°
We now recall that the tachyon profile Q has to satisfy the condition that p(g)Q(g~" -
®)p(g)~t = Q(¢) for any g € G x Gp. For g = (™2™ ¢72™m) ¢ G x G and ¢ under

consideration then,

This relation together with Hodge decomposition shows that there are complete cancel-
lations between Imd’ and Kerdt! so that Stry[e=27%+«(®™)] vanishes at all poles, and
hence Zyom = 0 for an exact complex £.

For more general X, if a given exact complex can be made equivariant with twisted
masses generic enough so that the poles become simple, the same argument can be applied
to show that Ze, vanishes.

Next, let us consider the Fermat quintic M as an example of Case 2. The chiral
fields are (P,z,). The fields %, a = 1,...,5, parametrize X. The superpotential W =
P(x} + ...+ 22) does not allow us to introduce real twisted masses. Given an object in
D(M), we push it forward to D(X), where X = P* and resolve it there.

In order to argue that the map D(M) — C is well-defined, suppose that we have
two resolutions in X of the same object of D(M). For the resolutions, which are quasi-
isomorphic in X, we construct the boundary interactions according to (7.15). The differ-
ence of their hemisphere partition functions is clearly the hemisphere partition function of
their mapping cone, which is exact. Thus, if Zyen vanishes for any exact complex in X,
then the map Zyem : D(M) — C is well-defined.

We have not found such a proof yet. As an alternative, we offer an example of exact
complex for which Zj., indeed vanishes. Consider the following complex £ of vector
bundles over X = P4:

0=0Mn)—=0n+1)5=>0n+2)P° = 0n+3)1°—=0n+4)>—=0n+5)—0.

In terms of fermionic oscillators {n,, 7y} = dap, this complex is realized as the Fock space
V built on the vacuum |0) satisfying 7,]|0) = 0. The differential is Qy = x47,, and the
tachyon profile is @ = Qp + Y, Px27j,. This is exact since {Q, Q} is everywhere positive.
The boundary interaction (V, Q) then contributes

Stry (e~ ™) o sin® 7o,

49 For a more general X for which Gr is non-abelian, we should consider a fixed point with

respect to the maximal torus of Gp.

112



which has order 5 zeros at o € Z. It then follows that the hemisphere partition function

vanishes,

Zhem(€E) = / Stry (e ™)' T (0)°T(1 — 50) = 0,

—ioo
when the integral is evaluated by closing the contour to the left.

Finally, let us consider another example of Case 2, M = T*Gr(N, Ng) considered in
section 8.4. As in the previous example, we want to show that Zy.,, vanishes for an exact
complex on the ambient space X given as in (8.17). The general result (6.19) with the
definition (6.18) of C(I) implies that we need to find decompositions of the vector ¥ =
(r,...,r) by the weights of fundamental, anti-fundamental, and adjoint representations,
with positive coefficients. One can show that anti-fundamental weights can never appear
in such decompositions. The poles are associated with fixed points on T*Gr(N, Ng) with
respect to the U(1)V¥ (C Gp) action. Indeed, the decomposition 7 = > (a,w)er TawW implies
that the D-term equations can be solved by setting ¢¥ = (rq./27)/? for (a,w) € I (with
other ¢ = 0), and the poles o satisfy e~ 2mi(wotma) — 1 for (a,w) € I. Thus, at the poles
p(g) and Qy(4) commute with each other, and Stry [e~27% (™) vanishes, as in the case
of the resolved conifold. Since the poles are simple for generic twisted mass parameters,

the hemisphere partition function vanishes.

Appendix E. Complete intersection CYs in a product of projective spaces

In this appendix we generalize the result for the quintic obtained in section 8.2. Let
us consider a direct product of projective spaces X =[], PN-—1 We take sections s, of
the line bundles O(I},... 1) for a = 1,...,k and assume that the intersection M of their

zero-loci s, 1(0) is a smooth manifold. For M to be Calabi-Yau, I" must satisfy
d =N,

This geometry is realized by a gauge theory with gauge group G = U(1)™ = [/, U(1),

and the following matter content: the chiral multiplet fields
Gras--esOrN,,

charged only under U(1), with charge 1, and
P,oa=1,...,k
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that have U(1)™ charges (I}, ..., —I™) and R-charge —2. We also include a superpotential
W = 2221 P,G4(¢), where G,(¢) are the polynomials that define the sections s,. For
r > 0 the gauge theory flows to the nonlinear sigma model whose target space M.

Let us take as the Chan-Paton space V the fermionic Fock space generated by the Clif-
ford algebra {n,, M} = dap, a,b =1,...,k and the Clifford vacuum |0) satisfying n,|0) = 0.
The tachyon profile is given by Q = G.n, + P,7, and is a matrix factorization, Q% = W.

Via (7.15) this corresponds to the Koszul resolution
AE Loy B 2B B O (ng, )

of the sheaf Opr(nq,...,ny), where
B = @ Ox(ur L. — 1)

and i, is the contraction by the section s = (s,) of the vector bundle @221 Ox(1L,....1m).

Following the rule (7.17) we assign gauge charges

(R4 Y 12/2,nm + > 107/2) = (n1 + N1/2,. .. 1y + Ni /2)

to |0). Thus,
Zhem[OM('nl, e 7nm)]
do™ k 2 m k
—2min,o . r to N )

= - rOr — l o e I'(o,)"" r(1-1"o,

/"Rm @iy [1:[1 jsin(rlon) e “:[1 () H:[l 1=lo) (@)
= (—2m’)k/ ﬂe(tT—zmnr)gTM

R (2T [1.T(z0,)

This integral can be evaluated by residues, and is given by the coefficient of [, ;" in the
Laurent expansion of the integrand, up to exponentially suppressed terms for Ret > 0.

We wish to compare this with the large volume formula obtained in subsection 3.6,
/ ch(£)eBTw\/ A(TM) (E.2)
M

for the central charge of £ € D(M). The complexified Kéahler form B+ iw depends linearly

on the complexified FI parameters t = (¢,) in the large volume limit. Note the relation
z; _ i\ _ o
H\/e%‘/?_e—%ﬂ HF<1+ 27T> = 0(),
J j
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which is valid when ;25 =0. This implies that the polynomial terms in ¢, appearing in

(E.2) with the first three highest orders, also appear in the integral
/ ch(€)ePHET(TM) . (E.3)
M

Here I is the multiplicative characteristic class®® defined via the splitting principle as

Hr <1 + mﬂ) , (E.4)

where z; are the Chern roots of a vector bundle E. Using the exact sequence

k
0—TM — TX[y — @POU,.... 1) —0
a=1

and the Euler sequence
0— 0 — 0N 5 TPN~1 50

for each r, we can write

0= e T E) /(-5

where e, = i*h,, and the hyperplane classes h, € H?(PV*~1) satisfy Jx I1. RN-—1 = 1.

Thus, we can rewrite the large volume formula for the central charge as

/ ch(Onr(na, ... ,nm))eBT\/ A(TM)
M

N,
5= O (e2mingye, 1l F(H 2:%) (E.5)
[I.T(1+ 2>, lre,) '

M
' m .hr r i B . H F(LhT)Nr
— (-9 k/ (Z_> 5 Zr(t” 2min,. ) hy r~ \orx ‘
e UG .7 (% 5, lahe)

In the last line we used the fact that the Poincaré dual of the homology class [s;1(0)]
is ¢1 (O(1, ..., ™) = > I"h,. Comparing (E.5) with (E.1), we see that the hemisphere

partition function agrees with the central charge in the large volume limit, up to an overall

numerical factor, for the polynomial terms in ¢ with the first three highest orders.

50 We learned of the relevance of the Gamma class I' to the hemisphere partition function in

talks by D. Morrison and K. Hori. Our use of the Gamma class was motivated by their talks.
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Appendix F. Vortex partition functions

Basic building blocks of the hemisphere partition function for theories with gauge
group G = U(N) and Np > N fundamental chiral multiplets are the vortex partition
functions [115]. Here we give certain expressions that arise in the sphere and the hemi-
sphere partition functions. We take them as definitions of the vortex partition functions
in the presence of other matter fields in various representations. Conceptually the vortex
partition functions are equivariant integrals on the moduli space of vortex solitons with
appropriate integrands, but the first principle derivations have been given only for some
of the representations. One may regard the definitions here as predictions.

Let —my be the twisted masses of the fundamentals. We define the vortex partition
function specified by v={f1 <... < fn} C{1,...,Np} as

Z\‘/,ortex( ren,m) = Z H ( ) H ZR k ma,ﬁ) ~|kltren . (Fl)

m
Lkn=0 <l fifi agv

In the product, a runs over all chiral multiplets in irreducible representations R, of U(N),
except the fundamentals corresponding to f € v. Let (z)y = 2(z+1)...(z + k — 1) be

the Pochhammer symbol. For the fundamental representation Zy 4 appears in the form

(-2

~ )
II=: (X +my —my, )i,

Zima (k; =my) =

For anti-fundamental, adjoint, and det™ representations, the Z}, is given by

v T N v _’ N (mfzfj _k1,+m)k]
Zantifund<k;m) = H(m - mfj)kj ) Zadj(k;m) = H 0

j=1 1,j=1

Zt‘i,et” (k7 m) =

More generally, each infinite sum specified by I in (6.19), normalized so that the series
starts with 1, defines an analog of the vortex partition function.

We study several Seiberg-like dualities in section 9. The vortex partition functions for
the T*Gr models are not duality invariant; rather, they satisfy a non-trivial relation (9.3).

We found numerically that similar relations®! hold for U (V) theories with Ny fundamental

51 For Nao < Ng — 2, the vortex partition functions are invariant under the duality map N —

Np — N, tren = tren — Nami, mg — —myg — 1/2, Mg — —1a +1/2, v v".
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and Nj anti-fundamental matter fields with Ny = Ng, Np — 1. By denoting the vortex
7 (N.Np,Na),v

partition function as Z;_}.«

(tren;mfama), for NA = NF we have

_ Np Np
(1+ (_1) ~N+1, ren) (Np N)+Zf=1mf+za m@z‘g(]xtg; NA)’v(tren;mf,ma)

= ZWNe=NNe NV Nais —my — 1/2, —1ha + 1/2),

vortex

and for No = Ng — 1,

exp((—1)Ne=NHlg=tieny ZUNI v o ig) = ZUNE=NIVT (4 Nawiy —myp—1/2, —ina+1/2) ]

vortex vortex

Appendix G. Detailed calculations for a U(1) theory

Let us consider the two-dimensional gauge theory in section 10.2. The S? partition

function is

_ —(t+E)m, L(myo) I'(m, +’mf) v ) _
Zs2 (X cZe HF T mp) ZY ot m)Z2 o (Em)

F 1— My — ) vortex vortex

where we chose wy = 0 for the ambiguity wg in (6.23), and ¢ is a normalization constant

to be determined. The vortex partition function is as defined in (F.1):

e’} Np , ~
_ My + M)k
Zv (t — E kt(_1\kNr | | (f— G.1
vortex 7m) k:()e ( ) e (1 - ”Lfv)k: ( )

We can write Zg2 = Y (1]v)(v|1) if we set

<U|1> _ Cl/2€_tm” H mfv H F mv +T~be) 1/QZU (t m)
i (1 —my,) ; (1 —m, —my) vortex i

and

L(myy) I'(m +mf) V2
1 = Y A .
< ’U> |: H F 1 — mfv 1;[ 1"(1 mf):| Vortex(tvm)

We can compute the cylinder partition function (B(Ox(n2))|B(Ox(n1))) by a gener-
alization of (8.16),

indpos- (D)= Y S TR T ). (€2)

et
p: fixed points TXp (g
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We find
—1
<B(OX (nQ))’B(OX(Th Z e2Tin21my |: H 21 sin T fr H 21 8in W(mv + mf)} ,
f#v
where ngp 1= ngq — np. This can be written as ) (B(Ox(n2))|v)(v|B(Ox(n1))) by setting
_ ~1/2
<B(OX (n))]v) — e27r7,nmv |i H 217 sinwmfv H2’l sinw(mv + fhf)}
J#v f

and

~1/2
(v|B(Ox(n))) = e 2minme [ H 2isinTm g, H 2isinw(m, + fnf)} :
f#v !

The hemisphere partition function for B(Ox(n)) is

Ng
d ‘ ~
Zren(B(Ox(m) = [ 3% [[ Do+ my)P(-o + ity
f=1

_ Z 2minm,, t m)Zl loop (m) Zgortex (t, m) .

where
é)l(t7 m) = e—tmv ’ Zf—loop(m> = H F(mfv) Hr(ﬁf + mv) .
f#v f
We can write
Ng
Zhem(B(Ox (n))) =Y (B(Ox (n))|v)(v|1) = (B(Ox(n))|1).

if we set ¢ = (27i)2VF—1,

We will also be interested in the brane for the structure sheaf of Y, the submanifold
defined by setting to zero the chiral fields ¢ #. This corresponds to Case 1 of section 7.3.
Let us introduce fermionic oscillators satisfying {ns,7,} = ¢4, 77|0) = 0. A locally free

resolution of Oy is given by a complex of equivariant vector bundles which corresponds to

Chy ... g [0) = ... = @D Ty l0) — @@mo — C|0)
f<g
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with the differential Q = qz; fnf . The underline indicates the degree-zero location. Including
the twist by Ox(n), we find

(B(Oy (n)|v) = [J(1 = e¥2mmtma)) s (B(Ox (n))v)

f
; ~ ) Q1 ~ 1/2 (G3)
(1) Nr g2minmy  Nemimy i >, {Hf 2i sm7'r(?nv + mf)}
Hf;év 2isinTmy,
and
i " 2 sin 7 (my + m ) 71Y/?
<U|B(Oy(n))> e~ 2minmy ,—Npmima, =~ Z f {Hf ( f)} | (G4)
Hf;é 21 8InTm g,

We wish to derive the monodromies of (v|1) along paths on the (e~*)-plane. To simplify

the computations let us set z = (—1)"Fe~t. The differential equation (10.2) becomes

T () T () ot - 5

f=1 f=1

which has Nr basic solutions

Y {mp+my} i E
Gy(z) =2 NFFNF—1< ) il
{ _mf+mv}f¢v

z> (G.6)

analytic on the complex z-plane minus the branch cuts (—oo,0] U [1,00). In terms of the

functions GG, and the coeflicients

1/2
Np—1/2 (M) I'(m, + mw) 1 for Np even,
Ao (271'2) {];l;[ 1 - mfv 1;[ F(l mw) x e" ™My for Ngp odd,

we can write

(W]1) = AyGo(2). (G.7)

On G,, the monodromy along a path ¥ acts as
2) = Y MF)ouwGulz)

for some matrix M(7),,,. If a path 5 on the z-plane corresponds to the path v on the (e™*)-
plane, the matrix M () is related to M (~y) in (10.3) by a diagonal similarity transformation

M(Y)ow = AMF) Ay (G.8)

w
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For the small loop 7y going around z = 0 counterclockwise, the monodromy acts as
Gy(2) = e2™™me G, (2). Thus, M(F0)pw = €27 54y,

In order to obtain monodromies along other paths, let us consider independent solu-
tions of (G.5) around z = oo [116]

~ i, {mp+my} ) F
Gy(z) :=2"" NFFNF—l( Y
{1+mvf}f¢v

1
—), UZl,...,NF.

z

They are analytic on C\(—co,1]. We can relate G, (z) defined near z = 0 and G,(2)
defined near z = oo by analytic continuation upon choosing a path that connects the two
regions. The relation, the connection formula, depends on whether the path goes above

(e = +1) or below (e = —1) the singularity at z = 1:

N N N -
F o T+ myy) 1 Tlnpe) A
_ TTe(My+1My) | | f | | f
Gy (2) w§:1: € i I'(1 —my —my) Fw L(my + mu)Gw(Z) '

By exchanging z <+ z~! and m <> /m we obtain the inverse formula

Nr Nr

~ 1 —+ mq,f mfw
Gu(z) = Z e | H Gw(z)a
w=1 fv (1 —my — Ftw L(my +m,)
where the two regions are connected along a path below (e = +1) or above (¢ = —1) z = 1.

Let us define a path 7, ,, as follows. It first goes from z = 0 to +o0o0 above or below
z =1 for e, = +1 or ¢; = —1, respectively. Then, for e; = +1(—1), it moves along a very
large circle clockwise(counterclockwise), and does not move for ea = 0. Finally, e3 = 1 or
€3 = —1 if the path goes from z = 400 back to 0 below or above z = 1. The monodromy

~ . 52
along Ve, eyes 18

mier (Mmy+mg) 1 + mvf) F(mfg)
%Zze 1 J];J;} 1—mg mf)J;l;[gF(ﬁlf-‘rmv)

(I+m m
2mieamy mies (M g+my,) Qf fw
X e Je 9 G
1 o Hrmf+m w(?)
f#g 2

— Z emilermytezmy) Hf?fv E(l + m”f) Hf;éw (miw)
[T T(mys +my)L(1 —my —my)

< T Z eiﬂ(+€1+2€2—|—€3)'fhg Hf;év,w Slnﬂ-(mf + ’I’)’Lg) e (Z) ‘

52 The expressions of the form [ 0. Cr mean ([T, Cr)/CyuCy in this appendix.
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If n = ea+(e1 + €3)/2 satisfies |n| < 1,°3 we can rewrite the monodromy in the form
Go(2) = Y M3s22Gy(2),
w

where

Ti(€1My+E3Myy) Hf?év F<1 + m“f) nyéw F(mfw)

MeEr€z€s — o _ a
o [Ty Ty +my)L(1 = may —1ing)

—2minm., HHf;év ?lil WTfU ) + (—1)NF_12ni6n7ri(Zf mf+2f¢v,w mf)
fSHl’]T mf my

X | dpwe

mln Y () e —n)my(es—n)ma] g

_ ; i
= Qe 22T 4 Inrie vw -

The matrix
Np—1 Hf;év F(l + mvf) Hf;é'w F(mfw)

S'U'LU ~ ~ .
[T, (g +my)I(1 — my — mhy)

(=1)

satisfies the equations®

s _ (—1)Ne—1 [T sinm(my +my)
oY T [z, sinmmyg,
Ng
ZS S 1 emzf(mermf) _ efmzf(mﬁmf) S
e vg gw % vw -

In particular the monodromy matrices for the basic paths in Figure 5 are
M(’S/O)vw = 5vwe2ﬂimv7
M(F1 ) = Mok & = 8= 2mie” ™ 22 TS,

~ _ _ - . y +~ o .
M(’Yoo)vw :M}}i, 1 = Sy € 2TiM, +27m€7mzf(mf mf)6 27rzmwsvw.

53 For such n we have the identity [116]

Z eQﬂinﬁzg Hf;év,

. Hf;ég sinmMmyg

L SinT(mys +1myg)

= G 2T HH#U ?m mj:fv ;+ (= 1)V 2™ (0 M ]
psinm(my + my

54 The second equation can be proved by using the identity

Hf sin(my + myg) _ (—1)NF_1 (eiﬂzf(mﬂrﬁlf) _eiﬂzf(mf+mf))

- Hf;ég sin(my — myg) 24
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One can check that M(50)M(71 )M (Js) = 1 as expected.®® After the similarity transfor-

mation (G.8), we obtain the monodromy matrices (10.4).

Appendix H. Grade restriction rule and analytic continuation

In this appendix we explain how to use the integral representation (6.13) to analytically
continue a hemisphere partition function from one region to another in the Kahler moduli
space. This involves choosing a complex of bundles representing a given object in the
derived category so that each bundle satisfies the so-called grade restriction rule [73]. We
will use a D2-brane on the resolved conifold as an example.

We first review a derivation of the grade restriction rule from the integral representa-
tion of Zpem, as explained in a talk by K. Hori. Let us consider a general U (1) gauge theory
with Np chiral multiplets with gauge charges ) and twisted masses my, f =1,..., Np,
satisfying ) 7 Qs = 0. We impose the Neumann boundary condition on all chiral fields

and include a Wilson loop with gauge charge n. The hemisphere partition function is then

100 do_ Np
/ _‘eta€—2ﬂ'ino H F(Qfo, + mf)7

o 21 e

where t = r — 6. In the limit 0 — +ioco, the absolute value of the integrand behaves as

exp (( — 78+ (2mn + 9)) ]a\), where § = ZQf>0 Q. When the grade restriction rule®®

2| G
|

<n-+ % < (H.1)
is obeyed, the o-integral along the imaginary axis is absolutely convergent, and the hemi-
sphere partition function can be analytically continued from r > 0 to r < 0.

Let us consider a U(1) gauge theory with chiral multiplet fields (¢1, ¢2) with charge
+1, and (¢y, o) with charge —1. We denote their twisted masses as (m1, ms) and (1, ms)
respectively. The theory flows to the nonlinear sigma model whose target space X is defined
by the equation |¢;|2 + |¢|? — |¢1]? — |d2|? = r/27 and the U(1) quotient. In the phase
r > 0, this is the resolved conifold, the total space of Op1(—1)®? — P!, where (¢1, ¢2)
parametrize the base P! and ((51, (52) are the fiber coordinates. In the flopped phase r < 0

55 We defined M(#7) for all 4 using a base point on a common Riemann sheet. For a discussion
on the choice of base point and relations satisfied by monodromy matrices, see [117].

56 The energy for large |01 — ios| is bounded from below only if (H.1) is satisfied [73].
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the roles of (¢1, ¢2) and (gzgl,q;g) are exchanged. Let i* : P! — X be the embeddings in
the £r > 0 phases respectively.

We are interested in transporting the sheaf i Op1 from r > 0 to r < 0, through the
window —27 < 6 < 0, for which the grade restriction rule is obeyed only by n = 0,1. In
particular, we will perform an analytic continuation of its hemisphere partition function.

To study this problem, let us introduce fermionic oscillators satisfying {n¢,7,} =
{f1y.1,} = 0s¢ (f,g = 1,2), with the corresponding Clifford vacua such that 7[0) =
7iy|0) = 0. We assume that |0) is neutral under gauge and flavor symmetries, and identify

|0) = 772771|0). Consider the following two complexes of vector spaces

0 — Cmy72|0) — Ci1|0) @ Crj2|0) — C|0) — 0, (H.2)

0 — Cjy775]0) — C7j1|0) @ Cijy|0) — C[0) — 0, (H.3)

with the underline indicating degree zero. The differentials are Q = > F=12 oy, Q=
> f=12 ¢ ¢15 respectively. These represent complexes of equivariant vector bundles. In the
phase r > 0, {Q, Q} is positive definite, implying that (H.2) is exact and represents the
zero object in the derived category. On the other hand, in the same phase, (H.3) is the
Koszul resolution [76] of i Op1 supported on {¢; = ¢ = 0}, which is the D-brane we are
interested in. Again the roles of (H.2) and (H.3) are swapped for r < 0.

The gauge charges of |0), 7 f|f)), 71,75|0) are 0, 1,2 respectively. The last one is outside

the range (H.1). As a consequence, the hemisphere partition function for (H.3)

o i do I'(oc +mq)'(o + mo)
—97i)2 m(m1+m2)/ (t—2mi)o H.4
(=2mi)e i T(1+0 —m)D(1+ 0 — 1im) (H.4)

—100

does not converge absolutely along the imaginary axis. For r > 0, convergence requires

us to choose the o contour so that asymptotically o — +i(1 & €)oo, and this gives

2 2
o ) I'(m;—m,
Zhem (iT Op1) = (—2mi)?e™ (Mtm2) = g mme(t=2m0) ij#v (my N)
o Mo DA —my —mig) gy

- 2
% 2F1 ( {mf+mﬂ}f=1 6t> )

{1_mf+mv}?¢v
For r < 0 we need 0 — +i(1 F €)oo, and (H.4) vanishes, as it should for the zero object.

The two functions are not related by analytic continuation.
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In order to analytically continue Zyem (i+Op1) from r > 0 to r < 0, we may evaluate
(H.4) by residues and apply the connection formula, as we did in Appendix G. Here we
explain an alternative method found in [73].

The problematic term C7j;75|0) can be eliminated from the complex (H.3)by binding
the D-brane (H.3) with the other D-brane (H.2), which is empty for » > 0. Let f be
the unique cochain map from (H.3) to (H.2), with degrees shifted for the latter, such that
C1j17,|0) in (H.3) is mapped to C|0) in (H.2) by the identity map. The bound state of the
two D-branes is the mapping cone C(f):

Ci172|0) ——— C|0) ® C|0) — C|0)
® \ ®
Cin12|0) —— Cin[0) & Ci2[0) ——— C|0)
The pair, which carries the gauge charge 2 and is connected by the identity map, can be

neglected in computing Zyem for C(f).>” The other terms carry gauge charges 0 or 1. The

hemisphere partition function can be written as
Znem(C(f)) = / d_aeta {1 _ p—2mic (62771'7711 + €2mm2) F (e2mim | 2mima ) 2mi(in+ie—0)
2
— 627ri(m1+m2+7h1+ﬁ12)} H I'(oc+mg)l(—o +my).
f=1

This integral along the imaginary axis is now absolutely convergent for —27 < 6 < 0, and
interpolates the hemisphere partition functions in the two phases.

In the phase 7 > 0, the contribution from (H.2) is trivial, and Znem(C(f)) coincides
with Zhem (i Op1) in (H.5). In the phase r < 0, the contribution from (H.3) becomes
trivial and Zypem (C(f)) coincides with the hemisphere partition function for (H.2)

Zhem(i;o[pl (2)[1]) = —(—27Ti)2e7ri(ml+m2+2fn1+2fn2)
% /d_ae(t—Qﬂi)a F(_U + ml)r(—g —+ fan)
27 'l—o—m)l'(1 — o —my)

_ _(_27T7:)2€7ri(m1+m2+27h1+2ﬁ12)

2 2 ~ ~
y Zeﬁzv(t—%ri) [Tz Ty —1020) I ( {mys+m,}3_,
2 ~ 22N o4 12
v=1 Hf:l I'(1 —my, —my) { Frte S pa

‘)
T As in [73] one can change the basis to show that C(f) decomposes into a complex V™2 —

V=2 5 Vvt 5 V0 and a trivial pair V™2 — V7!, where (v=32v2 vty )}72,)}*1) carry the
same quantum numbers as (C7172|0), C71]0) @ Cq2|0), C7, |0) @ Cr,|0), C|0); Ci,7,|0), C|0O)).
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One can check that the relation between Zpem (i Op1) and Znem (i Op1(2)[1]) is consistent

with the connection formulas in Appendix G.
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