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Abstract

The existence of dark matter in the Universe has been established by numerous cosmological and
astrophysical observations on a wide range of scales. Its nature, however, has remained unknown
for almost eighty years since its first postulation, and hence, the identification of dark matter is
arguably the most important challenge in cosmology, astrophysics, and particle physics.

We investigate imprints of dark matter properties on small-scale density perturbations. Al-
though cold dark matter (CDM) model is currently popular, particle physics candidates of dark
matter are not completely cold and dark. In the structure formation with realistic candidates,
the large-scale density perturbations are almost the same with CDM, but small-scale ones are not.
Therefore, the deviation in the matter power spectra from CDM contains information of properties
of dark matter.

Not only does the imprint on the matter power spectrum give us valuable information about
the nature of dark matter, but also it may resolve the problems in the formation of small-scale
structure (SSS) in ⇤CDM model (“small scale crisis”). The hierarchical structure formation in
⇤CDM model predicts an order of hundred gravitationally-bounded objects in Milky Way-sized
halos, while only a few tens of satellite galaxies are observed in Milky Way. This mismatch is
called “missing satellite problem” and is an example of “small scale crisis”. One possible solution
to “small scale crisis” is warm dark matter (WDM). The thermal velocity of WDM behaves like
e↵ective “pressure” of dark matter fluid and suppresses the gravitational growth of small-scale
matter density fluctuations. Several WDM candidates are suggested in the well-motivated particle
physics models (e.g. light gravitino, sterile neutrino). In these models, the WDM particles are
produced in di↵erent ways. On the other hand, the astrophysical/cosmological constraints (e.g.
by the Ly↵ absorption lines in emission spectra from high-redshift quasars) on WDM is usually
reported in terms of the light gravitino mass. It should be clarified how the WDM matter power
spectra in di↵erent WDM models can be related. To this end, we introduced two quantities, the
fraction of warm dark matter rwarm and the Jeans scale at the matter-radiation equality kJ. We
follow the time evolution of density perturbations in WDM models. From the simulation results,
we confirm that the halo and the subhalo abundances and the radial distributions of subhalos are
indeed similar between the di↵erent WDM models. The radial distribution of subhalos in Milky
Way-size halos is consistent with the observed distribution for kJ ⇠ 20� 260hMpc�1; such models
resolve the so-called “missing satellite problem”.

We also study how “warm” the wino dark matter is when it is non-thermally produced by the
decays of the gravitino in the early Universe. The wino, which is the supersymmetric partner of the
weak boson, is well-motivated candidate of dark matter after the discovery of the Higgs boson with
a mass around 126GeV. The “warmness” of the wino dark matter leaves imprints on the matter
power spectra and may provide further insights on the origin of dark matter via the future 21 cm
line survey. In addition, we perform similar analysis to the bino-wino co-annihilation scenario in
high-scale supersymmetry breaking models. Although the collider experiment can not search the
bino dark matter directly, the imprints on the matter power spectra can be a direct probe.
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Finally, we explore the discovery potential of light gravitino mass m3/2 by combining future
cosmology surveys and collider experiments. The gravitino mass is one of the fundamental pa-
rameters in SUSY theory that is directly related to the SUSY breaking energy scale. We focus on
the gauge-mediated supersymmetry breaking model that generically predicts the existence of light
gravitinos with m3/2 ⇠ eV-keV. We show that the light gravitino mass can be determined with
an accuracy of m3/2 = 4 ± 1 eV by a combination of the Hyper Suprime Cam survey and cosmic
microwave background anisotropy data obtained by Planck satellite. Data from experiments at
Large Hadron Collider at 14TeV will provide constraint at m3/2 ' 5 eV in the minimal frame-
work of gauge-mediated supersymmetry breaking (GMSB) model. We conclude that a large class
of the GMSB model can be tested by combining the cosmological observations and the collider
experiments.
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Chapter 1

Introduction

The existence of dark matter in the Universe has been established by numerous cosmological and
astrophysical observations on a wide range of scales. Its nature, however, has remained unknown
for almost eighty years since its first postulation, and hence, the identification of dark matter is
arguably the most important challenge in cosmology, astrophysics, and particle physics [4, 5]. In
particular, recent observations of the cosmic microwave background anisotropy [6, 7] determine the
relic density of dark matter almost at the several percent level,

⌦dmh
2 ' 0.12 . (1.1)

Although we know little of the origin of dark matter, we are (almost) certain that dark matter is
not a part of the standard model. One of noteworthy properties of DM particle is the long lifetime.
A lifetime of DM should be comparable or beyond the age of the Universe (t0 ' 13.7⇥109 yr), while
the typical lifetime ⌧DM of a particle with a mass mDM (⇠ 100GeV) via an exchange of a heavy
particle with a mass mex (⇠ 1TeV), and a coupling with a coupling constant � is much shorter,

⌧DM ⇠ 2⇥ 10�34 yr⇥
✓
0.1

�

◆4✓100GeV

mDM

◆5 ⇣ mex

1TeV

⌘4
. (1.2)

Another important property of DM particle is the present energy density (abundance), which
is severely constrained by recent astronomical measurements such as precise measurements of the
cosmic microwave background anisotropy. The production mechanisms are di↵erent between the
two classes; 1

class. 1 Interactions between WIMP DM and SM particles are e�cient when the reheating of the
Universe ends . Then, as the Universe cools down, DM particles become non-relativistic and the
inverse annihilation process of DM particles become suppressed by the Boltzmann factor. The
annihilation process reduces the number density, but stops at some temperature at which DM par-
ticles cannot find each other to annihilate. The relic abundance of WIMP DM is proportional to
the annihilation cross section h�annvi,

⌦WIMPh
2 ' 0.1⇥

✓
3⇥ 10�26 cm3 s�1

h�annvi
◆

. (1.3)

The canonical value of annihilation cross section h�ann, canvi = 3⇥10�26 cm3 s�1(' 3⇥10�9GeV�2)
is almost the same as the annihilation cross section of DM particles with a mass of the electroweak

1This classification is very rough. In general, production mechanism di↵ers for each model.
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10 CHAPTER 1. INTRODUCTION

scale through the weak interaction. The so-called “WIMP-miracle” makes WIMP a well-motivated
DM candidate.

class. 2a DM particles are produced in the thermal background and thermairized in the early
Universe. The super-weak interaction decouples DM from the thermal background when DM
is relativistic like SM neutrino.

class. 2b DM particles do not enter into the equilibrium with SM particles since only super-weak
interactions are available. Therefore, DM particles are produced via non-thermal processes (decay,
inelastic scattering, . . . ). In the case of a non-thermal inelastic scattering, the resultant density is
proportional to the inelastic scattering cross section, the DM mass and the reheating temperature
of the Universe,

⌦NTh
2 ' 0.06⇥

✓ h�inevi
10�47 cm3 s�1

◆⇣mDM

keV

⌘✓ TR

1012GeV

◆
. (1.4)

class. 2c Scalar particles, such as modulus and QCD axions, can form a homogeneous conden-
sate (or, field) �(t). If the scalar filed takes a value displaced from the minimum of the potential
at H ' m�, where m� is the mass of the scalar particle and H is the Hubble parameter, the scalar
begins to oscillate coherently and the energy density of the scalar field can scales as ⇢� / a�3 for
the scale factor a like a matter energy density. The present energy density is proportional to the
mass of the scalar field and the initial amplitude of the scalar filed at H ' m�,

⌦�h
2 ' 0.6⇥

⇣ m�

keV

⌘1/2✓ �0
1011GeV

◆2 ⇣ g⇤
100

⌘�1/4
. (1.5)

As the relic abundance of DM, the search strategy of DM depends on the strength of interactions
between DM and SM particles. Therefore, the method of DM search di↵ers between the two classes;

class. 1 Weak interaction with SM particles makes WIMP subject to the underground direct di-
rection experiments. The annihilation of WIPMs in the galactic center and the dwarf spheroidal
yield high-energy cosmic rays. The indirect signals may exceed the astrophysical backgrounds. The
electroweak scale mass of WIMP allow even terrestrial colliders to produce DM particles, which
can be detected as missing energies.

class. 2 Super-weak interaction with SM particles make it very challenging to detect DM signals in
the direct detection experiments. In the same way, terrestrial collider experiments are not promis-
ing. The almost only way is to detect the signals of rare DM reactions in the astrophysical objects.
The rich abundance of DM can compensate the small reaction rate to leave distinguishable indirect
signals.

In Table 1.1, we summarize this section. WIMP (class. 1) is a well-motivated candidate and a
main target of the on-going DM searches. On the other hand, for super-weakly interacting DM
candidates, we have a chance to hunt DM signals only in the indirect searches in the astronomical
observations.

Therefore, it is highly motivated to relate the identity of dark matter with physics beyond
the standard model [8]. In particular, the supersymmetric standard model [9, 10, 11] is one of the
most viable candidates of new physics which contains a good candidate for dark matter, i.e. LSP.
Supersymmetry (SUSY) is attractive since it allows the vast separation of low energy scales from
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class example interaction production direct indirect collider

1 (LSP, LKP) WIMP weak thermal � � �
2a gravitino super-weak thermal ⇥ � ⇥
2b sterile neutrino super-weak non-thermal ⇥ � ⇥
2c moduli, QCD axion super-weak coherent oscillation ⇥ � ⇥

Table 1.1: Rough classification of DM candidates and prospect of DM searches

high energy scales such as the Planck scale or the scale of GUT. The supersymmetric standard
model is also supported by the precise unification of three gauge coupling constants of the standard
model at the GUT scale.

Cold dark matter model with cosmological constant (⇤CDM model) is in excellent agreement
with observations of large scale structure (LSS) of the Universe. (e.g. cosmic microwave background
(CMB) anisotropy measurement, cluster/galaxy survey [12, 13, 14]). The recent CMB anisotropy
measurement by the Planck satellite determines the ⇤CDM model parameters at the level of several
percent. CDM is a hypothetical particle that does not have any thermal velocity or interaction
except for the gravitational interaction. On the other hand, particle physics candidates of dark
matter may have finite thermal velocity and interactions. The deviation from CDM leaves its
imprints on density perturbations at small-scales. In the followings, we investigated the small-scale
imprints considering some relaistc particle physics models.

The rest of the thesis is organised as follows. In Chapter 2, we summarize the evolution equations
of the structure of the Universe. In Chapter 3, we studied the structure formation in warm dark
matter models and in models with long-lived charged massive particles. We follow the evolution of
the density perturbations both in the linear regime and in the nonlinear regime. We compare the
radial distributions of subhalos in simulated Milky Way-size halos with the observed distribution.
This part is based on our published paper [15]. In Chapter 4, we study how “warm” the wino dark
matter is when it is non-thermally produced by the decays of the gravitino in the early Universe. We
clarify the energy distribution of the wino at the decay of the gravitino and the energy loss process
after their production. This part is based on our published paper [16]. In Chapter 5, we describe
phenomenological aspects of the bino-wino co-annihilation scenario in high-scale supersymmetry
breaking models. We study imprints on the small-scale matter power spectrum when the bino dark
matter is produced by the decay of the gravitino. This part is based on our published paper [17].
In Chapter 6, we explore the discovery potential of light gravitino mass m3/2 by combining future
cosmology surveys and collider experiments. This part is based on our published paper [18]. Finally,
Chapter 7 is devoted to the concluding remarks.
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Chapter 2

Evolution of the structure of the
Universe

In this chapter we summarize the basic formulas of modern cosmology. We start with the Einstein
equations and the Boltzmann equations. Finally we derive the evolution equations of background
and perturbed distribution functions of collision less particle. The derived formulas are applied to
realistic dark matter models and solved numerically in subsequent chapters.

2.1 Mutual evolution of the spacetime and the matter and energy
of the Universe

2.1.1 Basics of the general relativity

The coordinate distance dxµ (xµ = (t, xi), µ = 0, 1, 2, 3, i = 1, 2, 3) and the line element ds are
related by the metric gµ⌫(x) such that

ds2 = gµ⌫(x)dx
µdx⌫ . (2.1)

The metric also characterizes the local geometry of spacetime. The curvature of the spacetime
is equivalent to the gravity. In a curved spacetime, the equation of motion for a free falling test
particle is modified from the Newton’s law d2xi/dt2 = 0. It follows the so-called geodesic equation,

d2xµ

d�2
+ �µ⌫�

dx⌫

d�

dx�

d�
= 0 , (2.2)

with the a�ne parameter � and the a�ne connection

�µ⌫� =
1

2
gµ


@g⌫
@x�

+
@g�
@x⌫

� @g⌫�
@x

�
. (2.3)

It should be noted that the Newton’s law is recovered in the Minkowsky spacetime,

gµ⌫(x) = ⌘µ⌫ ⌘ diag[�1, 1, 1, 1] . (2.4)

Moreover, the Mach’s principle ensures that we can take a frame where the test particle motion can
be described by the Newton’s law in the vicinity of some spacetime point P, i.e. gµ⌫(P) = ⌘µ⌫ and
�µ⌫�(P) = 0. Such a frame is called the local inertia frame. This is why the curvature of spacetime
does not a↵ect the terrestrial experiments.

13
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The Einstein’s equation describes the time evolution of the metric with the matter and energy,

Gµ⌫ = 8⇡GTµ⌫ (2.5)

with the Newton’s gravitational constant G. The Einstein tensor Gµ⌫ is a divergenceless linear
combination of the Ricci tensor Rµ⌫ and the Ricci scholar R(= gµ⌫Rµ⌫), Gµ⌫ = Rµ⌫ �1/2gµ⌫R and
r⌫Gµ⌫ = 0 where rµ denotes the covariant derivative with respect to xµ. The Ricci tensor Rµ⌫ is
defined by Rµ⌫ = R�

µ�⌫ with the Riemann curvature tensor Rµ
⌫�. The Riemann curvature tensor

involves (up to second order) time derivatives of the metric gµ⌫ ,

Rµ
⌫� =

@�µ⌫
@x�

� @�µ⌫�
@x

+ �µ⇢��
⇢
⌫ � �µ⇢�⇢⌫� . (2.6)

The matter and energy couples with the gravity only through the energy-momentum tensor Tµ⌫ .
The energy-momentum tensor is defined by the variation of the matter and energy action Sm with
respect to the metric,

�Sm =
1

2

Z
d4x (�g)1/2 �gµ⌫T

µ⌫ , (2.7)

where g is the determinant of the metric. The conservation of the energy momentum tensor
r⌫Tµ⌫ = 0 does not generically describe the evolution of all the (10) components of the energy-
momentum tensor. In order to obtain a closed form of evolution equation, we should specify the
matter and energy contents of the Universe.

2.1.2 General relativistic Boltzmann equation

In the general relativity, the one particle action is called the world-line action. It takes a form of

S = �m

Z
d�

d⌧

d�
, (2.8)

where ⌧ is the proper time, d⌧ =
p�gµ⌫dxµdx⌫ . The variation of the world-line action with respect

to xµ(�) leads to the geodesic equation (Eq. (2.2)). The geodesic equation conserves the proper
time d⌧/d� = const. This allows us to set the a�ne parameter such that Pµ = dxµ/d� where Pµ is
the canonical momentum, P 2 = PµPµ = �m2. The energy-momentum tensor can be evaluated as,

Tµ⌫ =
1

(�g)1/2

Z
d� �4(xµ � xµ(�))PµP ⌫ (2.9)

=
1

(�g)1/2
�3(xi � xi(t))

PµP ⌫

P 0
(2.10)

=

Z
d3Pk

(2⇡)3P 0
(�g)�1/2 PµP ⌫

⇥
�3(xi � xi(t)) (2⇡)3�3(Pj � Pj(t))

⇤
. (2.11)

This can be easily generalised to the ensemble average (denoted by the angle brackets hien) of a
many body system with N particles (labeled by r = 1, . . . , N),

Tµ⌫ =
NX

r=1

Z
d3Pk

(2⇡)3P 0
(�g)�1/2 PµP ⌫h�3(xi � xir(t)) (2⇡)

3�3(Pj � Pr j(t))ien (2.12)

=

Z
d3Pk

(2⇡)3P 0
(�g)�1/2f(xi, Pj , t)P

µP ⌫ . (2.13)
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In the second line, we introduce the phase-space distribution f(xi, Pj , t) =
PN

r=1h�3(xi�xir(t)) (2⇡)
3�3(Pj�

Pr j(t))ien. The phase-space distribution is a scalar under a coordinate transformation. This can
be seen manifestly in the following way,

�(P 2 +m2)f(xi, Pj , t) (2.14)

= �(P 2 +m2)

Z
d�

NX

r=1

h�4(xµ � xµ(�))P 0(2⇡)3�3(Pj � Pr j)ien (2.15)

=
(2⇡)3

2

Z
d�

NX

r=1

h�4(xµ � xµ(�)) �4(Pµ � Pr µ)ien , (2.16)

where � is the a�ne parameter. From the above discussions, we can find that the evolution of the
phase-space distribution of a free falling particle is governed by the Boltzmann equation,

D

D�
f =

dxµ

d�

@

@xµ
f +

dPµ

d�

@

@Pµ
f = 0 , (2.17)

dxµ

d�
= Pµ , (2.18)

dPµ

d�
= ��µ⌫�P ⌫P � . (2.19)

In the third line, we have used the geodesic equation (Eq. (2.2)).

2.1.3 Expansion of the Universe

The modern cosmology is based on the assumption that there is no special point or direction in the
global structure of the Universe, i.e. the Universe is homogeneous and isotropic after smoothing
out individual stars, galaxies, and clusters. The unique choice of the metric (up to a coordinate
transformation) is called the Robertson-Walker metric,

ds2 = �dt2 + a2(t)


dxidxi +K

(xidxi)2

1�Kxixi

�
(2.20)

where a(t) is called the scale factor and K = 0,±1 is the spatial curvature. Hereafter, we consider
only the case of zero spacial curvature K = 0 (the spatially flat Universe), which is favored by the
recent data from the cosmic microwave background anisotropies [6, 7]. We also take the conformal
time ⌧ that is defined by d⌧ = dt/a(t). The Robertson-Walker metric is now written by

ds2 = a2(⌧)
⇥�d⌧2 + dxidxi

⇤
. (2.21)

In the homogeneous and isotropic Universe, the energy-momentum tensor is restricted to the
one of the perfect fluid,

Tµ⌫ = Pgµ⌫ + (⇢+ P )uµu⌫ , (2.22)

where ⇢ and P denote the energy density and the pressure of the perfect fluid, respectively. We
define the fluid velocity uµ in the same way as in Ref. [19],

u2 = uµuµ = �1 , (2.23)

u⌫T
µ⌫ = �⇢uµ . (2.24)
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In the homogeneous and isotropic Universe, uµ = (1/a, 0, 0, 0). From the energy-momentum con-
servation, we obtain a evolution equation of the energy density,

⇢̇ = 3
ȧ

a
(⇢+ P ) , (2.25)

where the dots denote derivative with respect to ⌧ . By substituting Eq. (2.21) and Eq. (2.22) to
the Einstein’s equation (Eq. (2.5)), we obtain two independent equations,

✓
ȧ

a

◆2

=
8⇡G

3
a2⇢ , (2.26)

d

d⌧

✓
ȧ

a

◆
= �4⇡G

3
a2 (⇢+ 3P ) . (2.27)

The first equation governs the expansion of the Universe and the second determines accelera-
tion/deceleration of the Universe. The above evolution equations do not from a closed set. To this
end, we should specify an equation of state of the matter and energy P = w⇢. For a given w, the
scale factor dependence of the energy density is ⇢ / a�3(1+w).

The homogeneity and isotropy implies that the phase-space distribution depends only on
p
PiPi

and ⌧ , f(xi, Pj , ⌧) = f(
p
PiPi, ⌧) The geodesic equation (Eq. (2.2)) leads to the evolution equation

of d(
p
PiPi)/d⌧ = 0. The canonical momentum is constant and thus it is often refereed to the

comoving momentum q,

d

d⌧
q = 0 (2.28)

The proper momentum p =
p
gijPiPj scales inverse-proportionally to the scale factor, p = q/a.

The Boltzmann equation (Eq. (2.17)) takes a form of

@

@⌧
f(q, ⌧) = 0 . (2.29)

Therefore, the comoving momentum distribution is conserved. 1 The energy-momentum tensor
(Eq. (2.13)) can be evaluated,

⇢ = �T 0
0 = a�4

Z
4⇡q2dq

(2⇡)3
✏ f(q, ⌧) , (2.33)

P = 3T i
i = a�4

Z
4⇡q2dq

(2⇡)3
q2

✏
f(q, ⌧) , (2.34)

1 For example, if free falling particles with gs internal degrees of freedom follow the thermal distribution at the
beginning ⌧ = ⌧i,

f(q, ⌧i) = gs

h

exp
n

(
p

p

2(⌧i) +m

2 � µ)/T
o

⌥ 1
i�1

(2.30)

= gs

h

exp
n

(
p

q

2 + a

2(⌧i)m2 � a(⌧i)µ)/a(⌧i)T
o

⌥ 1
i�1

, (2.31)

then at any time ⌧ the distribution function is given by

f(q, ⌧) = gs

"

exp

 

p

p

2(⌧) + (a(⌧i)/a(⌧))2m2 � (a(⌧i)/a(⌧))µ

(a(⌧i)/a(⌧))T

!

⌥ 1

#�1

. (2.32)

Here, signs � and + correspond to the Bose-Einstein distribution and the Fermi-Dirac distribution, respectively. We
can see that the mass m, chemical potential µ, and temperature T e↵ectively scale inverse-proportionally to the scale
factor, m,µ, T / 1/a.
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with the comoving energy ✏ =
p
q2 + a2m2. The evolution equation of the energy density (Eq. (2.25))

follows from

d

d⌧

⇣ ✏
a4

⌘
= �

✓
ȧ

a

◆✓
3
✏

a4
+

q2

a4

◆
. (2.35)

If the particles are relativistic (non-relativistic), the equation of state is given by w = 1/3 (w = 0).
From the evolution equation of the energy density, the energy density decreases as ⇢ / a�4 (a�3).

2.1.4 Evolution of cosmological perturbations (general formulation)

Even if the global structure of the Universe is homogeneous and isotropic, local structures of the
Universe are not homogeneous or isotropic. There are many small/large-scale structures such as
stars, galaxies, and clusters. In the current understanding, these structures are formed through
the evolution of small primordial perturbations e.g. produced during inflation. In order to take
into account cosmological perturbations, we expand physical quantities Qs such that Q = Q̄+ �Q
where Q̄ is a homogeneous and isotropic background and �Q is a small perturbation. Since the
background does not break the spatial isometry invariance, perturbations can be decomposed into
Fourier and spin components [20].

We expand the metric such that

gµ⌫ = a2(⌧)
⇥
⌘µ⌫ + hµ⌫(x

i, ⌧)
⇤
. (2.36)

The small perturbation hµ⌫(xi, ⌧) consists of 4 scalar, 4 vector, and 2 tensor degrees of freedom.
On the other hand, a coordinate transformation has 2 scalar and 2 vector degrees of freedom.
Therefore, 2 scalar, 2 vector and 2 tensor degrees of freedom are physical. It should be noted that
only gauge invariant quantities (e.g. Bardeen potential [21] and Mukhanov-Sasaki variable [22, 23])
are observable. Hereafter we focus on scalar degrees of freedom and adopt two popular gauge
fixings, the synchronous gauge [24] and the conformal Newtonian gauge [25]. The metric now takes
a form of 2

— Synchronous gauge —

ds2 = a2(⌧)
⇥�d⌧2 + (�ij + hij)dx

idxj
⇤
. (2.37)

— Conformal Newtonian gauge —

ds2 = a2(⌧)
⇥�(1 + 2 )d⌧2 + (1� 2�)dxidxj

⇤
. (2.38)

Here, hij is defined by

hij(kl, ⌧) =
1

3
�ijh(kl, ⌧) +

✓
k̂ik̂j � 1

3
�ij

◆
(h(kl, ⌧) + 6⌘(kl, ⌧)) (2.39)

in the Fourier space (ki = kk̂i, k̂ik̂i = 1). The metrics are related such that [26]

 (ki, ⌧) =
1

2k2

⇢
ḧ(ki, ⌧) + 6⌘̈(ki, ⌧) +

ȧ

a

h
ḣ(ki, ⌧) + 6⌘̇(ki, ⌧)

i�
, (2.40)

�(ki, ⌧) = ⌘(ki, ⌧)� 1

2k2
ȧ

a

h
ḣ(ki, ⌧) + 6⌘̇(ki, ⌧)

i
. (2.41)

2Here, we define the Kronecker delta �ij such that �ijdx
i
dx

j = dx

i
dx

i



18 CHAPTER 2. EVOLUTION OF THE STRUCTURE OF THE UNIVERSE

through the coordinate transformation of

xµ(Con) = xµ(Syn)� ⇠µ(x) , (2.42)

⇠0(ki, ⌧) =
1

2k2

h
ḣ(ki, ⌧) + 6⌘̇(ki, ⌧)

i
, (2.43)

⇠i(ki, ⌧) = ik̂i
1

2k
[h(ki, ⌧) + 6⌘(ki, ⌧)] . (2.44)

Here “Con” and “Syn” represent the conformal newtonian gauge and the synchronous gauge, re-
spectively.

The perturbed energy-momentum tensor can be written by Tµ⌫ = T̄µ⌫ + �Tµ⌫ , where T̄µ⌫ =
P̄ ḡµ⌫ + (⇢̄ + P̄ )ūµū⌫ is the same as in Eq. (2.22). Here the fluid velocity is also perturbed, uµ =
ūµ + �uµ. The normalization condition uµuµ = �1 requires hµ⌫ ūµū⌫ + 2ḡµ⌫ ūµ�u⌫ = 0, i.e. �u0 =
�h00/2a. We decompose �Tµ⌫ into perturbations to the perfect fluid and the other,

�Tµ⌫ = �P ḡµ⌫ + P̄ a2hµ⌫ + (�⇢+ �P )ūµū⌫ + (⇢̄+ P̄ )(�uµū⌫ + ūµ�u⌫) + ⌃µ⌫ (2.45)

where the imperfect fluid perturbation ⌃µ⌫ is traceless ḡµ⌫⌃µ⌫ = 0. The energy flow condition
u⌫Tµ⌫ = �⇢uµ requires ū⌫⌃µ⌫ = 0. This implies that only the spatial component is non-zero
⌃ij 6= 0, but it is traceless �ij⌃ij = 0. By introducing the density perturbation �, the divergence of
the fluid velocity ✓, and the anisotropic stress perturbation �, we summarize the above discussion
about the perturbed energy-momentum tensor in the Fourier space,

⇢̄ � = �⇢ = ��T 0
0 , (2.46)

(⇢̄+ P̄ )✓ = (⇢̄+ P̄ )ikia�u
i = iki�T

0
i , (2.47)

�P =
1

3
�T i

i , (2.48)

(⇢̄+ P̄ )� = �(⇢̄+ P̄ )k̂ik̂j⌃
i
j = �

✓
k̂ik̂j � 1

3
�ij

◆
�T i

j . (2.49)

The above variables are gauge dependent. Through the gauge transformation of Eq. (2.42), they
are related as

�(Syn) = �(Con)� ↵ ⇢̇/⇢̄ , (2.50)

✓(Syn) = ✓(Con)� ↵k2 , (2.51)

P (Syn) = P (Con)� ↵ Ṗ , (2.52)

�(Syn) = �(Con) , (2.53)

with ↵ = (ḣ+ 6⌘̇)/2k2.
The energy-momentum conservation leads to

— Synchronous gauge —

�̇ = �(1 + w)

✓
✓ +

1

2
ḣ

◆
� 3

ȧ

a

✓
�P

�⇢
� w

◆
� , (2.54)

✓̇ = � ȧ

a
(1� 3w)✓ � ẇ

1 + w
✓ +

�P/�⇢

1 + w
k2� � k2� . (2.55)

— Conformal Newtonian gauge —

�̇ = �(1 + w)
⇣
✓ � 3�̇

⌘
� 3

ȧ

a

✓
�P

�⇢
� w

◆
� , (2.56)

✓̇ = � ȧ

a
(1� 3w)✓ � ẇ

1 + w
✓ +

�P/�⇢

1 + w
k2� � k2� + k2 . (2.57)
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The first equation represents the “continuous equation” in fluid dynamics, while the second corre-
sponds to the “Euler equation”. It should be noted that the evolution equations of �P and � as
well as w = P̄ /⇢̄ and �P/�⇢ are obtained only from the Boltzmann equation. By perturbing the
Einstein’s equation (Eq. (2.5)), we obtain the following equations:
— Synchronous gauge —

k2⌘ � 1

2

ȧ

a
ḣ = 4⇡Ga2�T 0

0 = �4⇡Ga2�⇢ , (2.58)

k2⌘̇ = 4⇡Ga2iki�T
0
i = 4⇡Ga2(⇢̄+ P̄ )✓ , (2.59)

⌘̈ + 2
ȧ

a
ḣ� 2k2⌘ = �8⇡Ga2�T i

i = �24⇡Ga2�P , (2.60)

ḧ+ 6⌘̈ + 2
ȧ

a
(ḣ+ 6⌘̇)� 2k2⌘ = 24⇡Ga2

✓
k̂ik̂j � 1

3
�ij

◆
�T i

j

= �24⇡Ga2(⇢̄+ P̄ )� . (2.61)

— Conformal Newtonian gauge —

k2�+ 3
ȧ

a

✓
�̇+

ȧ

a
 

◆
= 4⇡Ga2�T 0

0 = �4⇡Ga2�⇢ , (2.62)

k2
✓
�̇+

ȧ

a
 

◆
= 4⇡Ga2iki�T

0
i

= 4⇡Ga2(⇢̄+ P̄ )✓ , (2.63)

�̈+
ȧ

a
( ̇ + 2�̇) +

(
2
ä

a
�
✓
ȧ

a

◆2
)
 +

k2

3
(��  ) =

4⇡G

3
a2�T i

i = 4⇡Ga2�P , (2.64)

k2(��  ) = �12⇡Ga2
✓
k̂ik̂j � 1

3
�ij

◆
�T i

j

= 12⇡Ga2(⇢̄+ P̄ )� . (2.65)

The final task in this subection is to derive the Boltzmann equation of the perturbed phase-
space density �f(xi, Pj , ⌧) and clarify its relation to the fluid dynamical variables �⇢, ✓, �P , and �.
First, we change the momentum variables from Pi to (q, q̂i) defined such that
— Synchronous gauge —

Pµ = (�✏, (�ij + hij/2)qj) , (2.66)

— Conformal Newtonian gauge —

Pµ = (�(1 +  )✏, (1� �)qi) , (2.67)

where qi is the comoving momentum, qi = qq̂i, q̂iq̂i = 1, and ✏ is the comoving energy ✏ =p
q2 + a2m2. By substituting

— Synchronous gauge —

(�g)�1/2 = a�4(1� h/2) , d3Pi = (1 + h/2) q2dqd2q̂ , (2.68)

— Conformal Newtonian gauge —

(�g)�1/2 = a�4(1�  + 3�) , d3Pi = (1� 3�) q2dqd2q̂ , (2.69)
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to Eq. (2.13) and noting that f̄ is homogenous and isotropic, we obtain
— Synchronous gauge —

�⇢ = ��T 0
0 = a�4

Z
q2dqd2q̂

(2⇡)3
✏ �f , (2.70)

(⇢̄+ P̄ )✓ = iki�T
0
i = a�4

Z
q2dqd2q̂

(2⇡)3
qk ik̂iq̂j


1

2
hij f̄ + �ij �f

�

= a�4

Z
q2dqd2q̂

(2⇡)3
qk iP1(k̂iq̂i) �f , (2.71)

�P =
1

3
�T i

i = a�4

Z
q2dqd2q̂

(2⇡)3
q2

3✏
�f , (2.72)

(⇢̄+ P̄ )� = �
✓
k̂ik̂j � 1

3
�ij

◆
�T i

j = a�4

Z
q2dqd2q̂

(2⇡)3
q2

3✏
2i2P2(k̂iq̂i) �f , (2.73)

— Conformal Newtonian gauge —

�⇢ = ��T 0
0 = a�4

Z
q2dqd2q̂

(2⇡)3
✏P0(k̂iq̂i) �f , (2.74)

(⇢̄+ P̄ )✓ = iki�T
0
i = a�4

Z
q2dqd2q̂

(2⇡)3
qk ik̂iq̂i

⇥�(�+  ) f̄ + �f
⇤

= a�4

Z
q2dqd2q̂

(2⇡)3
qk iP1(k̂iq̂i) �f , (2.75)

�P =
1

3
�T i

i = a�4

Z
q2dqd2q̂

(2⇡)3
q2

3✏
P0(k̂iq̂i) �f , (2.76)

(⇢̄+ P̄ )� = �
✓
k̂ik̂j � 1

3
�ij

◆
�T i

j = a�4

Z
q2dqd2q̂

(2⇡)3
q2

3✏
2i2P2(k̂iq̂i) �f , (2.77)

where we have introduced the Legendre polynomial Pl(x), e.g. P0(x) = 1, P1(x) = x, and P2(x) =
(3x2�1)/2. It should be noted that the fluid dynamical variables are composed of the up to second
momenta of the phase-space distribution (Pl(x), l  2). Since only the fluid dynamical variables
couple to the gravity directly, higher momenta (l � 3) of the phase-space distribution a↵ects only
the evolution of the fluid dynamical variables. The relations between the perturbed phase-space
density and the fluid dynamical variables result in the same form in both gauges. The geodesic
equation (Eq. (2.2)) leads to
— Synchronous gauge —

dq

d⌧
= �1

2
qḣij q̂iq̂j = �1

6
q
h
P0(k̂iq̂i) ḣ+ 2P2(k̂iq̂i) (ḣ+ 6⌘̇)

i
. (2.78)

— Conformal Newtonian gauge —

dq

d⌧
= q�̇� ✏ q̂i iki  = q


P0(k̂iq̂i) �̇� ✏

q
iP1(k̂iq̂i) 

�
. (2.79)

Consequently, we obtain the Boltzmann equation of �f(ki, Pj , ⌧) (see Eq. (2.17)),
— Synchronous gauge —

@

@⌧
�f +

q

✏
ik̂iq̂i �f � 1

6

df̄

d ln q

h
P0(k̂iq̂i) ḣ+ 2P2(k̂iq̂i) (ḣ+ 6⌘̇)

i
= 0 . (2.80)
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— Conformal Newtonian gauge —

@

@⌧
�f +

q

✏
ik̂iq̂i �f +

df̄

d ln q


P0(k̂iq̂i) �̇� ✏

q
iP1(k̂iq̂i) 

�
= 0 . (2.81)

We can easily check Eq. (2.70)-(2.77) satisfy the energy-momentum conservation (Eq. (2.54)-(2.57))
with the help of Eq. (2.80)-(2.81).

2.1.5 Cosmological perturbations of free-streaming dark matter

We can apply the general formulation derived in subsection 2.1.4 to free-streaming dark matter.
Dark matter is often assumed to be cold. In the hypothesis of cold dark matter (CDM), dark matter
particles compose the pressure-less perfect fluids, while they are collisionless (freely streaming).
This implies that only ⇢c (= ⇢̄c + �⇢c) and ✓c are non-zero while the other quantities (e.g. Pc, �c)
are set to be zero. 3 The unperturbed energy (number) density of CDM is diluted by the cosmic
expansion, ⇢̄c / a�3. The resultant evolution equations of perturbations are
— Synchronous gauge —

�̇c = �✓c � 1

2
ḣ , ✓̇c = � ȧ

a
✓c . (2.83)

— Conformal Newtonian gauge —

�̇c = �✓c + 3�̇ , ✓̇c = � ȧ

a
✓c + k2 . (2.84)

It should be noted that the above evolution equations form a closed set. As we can see from the
second equation in the synchronous gauge, if ✓c(Syn) is zero at some time, it is zero at any time.
We can set ✓c(Syn) = 0 by using the residual gauge degrees of freedom. Conversely, we often fix
the residual gauge degrees of freedom in the synchronous gauge by setting ✓c(Syn) = 0.

The realistic candidates of dark matter have finite thermal velocity (finite q) and its fluid dynam-
ical description breaks down. As the Universe expands, the comoving energy ✏ =

p
q2 + a2m2 shifts

from the relativistic one ✏ ' q to the non-relativistic one ✏ ' am and thus, the unperturbed fluid
of dark matter (see Eq. (2.33)-(2.34)) shifts from the relativistic one (radiation), ⇢̄c ' 3P̄c (/ a�4)
to the non-relativistic one (CDM), ⇢̄c (/ a�3), P̄c ' 0. Since the evolution equations of the fluid
dynamical variables do not form a closed set, we should solve the Boltzmann equation (Eq. (2.80)-
(2.81)). However, it is very challenging to solve the Boltzmann equation numerically even with
state-of-art computing clusters [27]. Therefore, we should develop an approximation method. Here,
it is a key observation that the gravity couples only to the up to second momenta (l  2) of the
phase-space distribution. We decompose the perturbed phase-space distribution �f(ki, qj , ⌧) into
the angular momentum eigenstates,

�f = f̄
X

l

(�i)l(2l + 1)Pl(k̂iq̂i) l . (2.85)

3 We can realize CDM by considering a massive particle with a zero-temperature thermal distribution,

fc = gs exp

✓

Pµu
µ
c + µc

Tc

◆

�

�

�

�

Tc!0

. (2.82)

Here, the chemical potential is set to reproduce a given CDM mass density. From this observation, we often say that
CDM particles do not have any thermal velocity.
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In terms of  l, the fluid dynamical variables are rewritten as

�⇢ = a�4

Z
4⇡q2dq

(2⇡)3
✏ f̄  0 , (2.86)

(⇢̄+ P̄ )✓ = a�4

Z
q2dq

(2⇡)3
qk f̄  1 , (2.87)

�P = a�4

Z
q2dq

(2⇡)3
q2

3✏
f̄  0 , (2.88)

(⇢̄+ P̄ )� = a�4

Z
q2dq

(2⇡)3
2q2

3✏
f̄  2 , (2.89)

in both two gauges. The Boltzmann equation leads to
— Synchronous gauge —

 ̇0 = �qk

✏
 1 +

1

6
ḣ
d ln f̄

d ln q
, (2.90)

 ̇1 =
qk

3✏
( 0 � 2 2) , (2.91)

 ̇2 =
qk

5✏
(2 1 � 3 3)� 1

15
(ḣ+ 6⌘̇)

d ln f̄

d ln q
, (2.92)

 ̇l =
qk

(2l + 1)✏
[l l�1 � (l + 1) l+1] (l � 3). (2.93)

— Conformal Newtonian gauge —

 ̇0 = �qk

✏
 1 � �̇

d ln f̄

d ln q
, (2.94)

 ̇1 =
qk

3✏
( 0 � 2 2)� ✏k

3q
 
d ln f̄

d ln q
, (2.95)

 ̇l =
qk

(2l + 1)✏
[l l�1 � (l + 1) l+1] (l � 2). (2.96)

We have derived the above formulas, assuming only that the particles are free-streaming. There-
fore, the above formulas can be applied to not only dark matter, but also more general particles,
e.g. massive neutrinos. Furthermore, massless particles follow the same equations with ✏ = q un-
less they are collisionless. In this case, q-dependence appears only as d ln f̄/d ln q in the Boltzmann
hierarchy (Eq. (2.90)-(2.96)). Even this residual q-dependence can be eliminated when we define
the new perturbed variables Fl such that

✓Z
q2dq q f̄

◆
Fl =

Z
q2dq q f̄  l . (2.97)

In terms of Fl, the fluid dynamical variables are written by

� = F0 , ✓ =
3

4
kF1 , �P =

1

3
⇢̄F0 , � =

1

2
F2, (2.98)

and the Boltzmann hierarchy takes a form of
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— Synchronous gauge —

�̇ = �4

3
✓ � 2

3
ḣ , (2.99)

✓̇ = k2
✓
1

4
� � �

◆
, (2.100)

Ḟ2 = 2�̇ =
8

15
✓ � 3

5
kF3 +

4

15
(ḣ+ 6⌘̇) , (2.101)

Ḟl =
k

(2l + 1)
[lFl�1 � (l + 1)Fl+1] (l � 3). (2.102)

— Conformal Newtonian gauge —

�̇ = �4

3
✓ + 4�̇ , (2.103)

✓̇ = k2
✓
1

4
� � �

◆
+ k2 , (2.104)

 ̇l =
k

(2l + 1)
[lFl�1 � (l + 1)Fl+1] (l � 2). (2.105)

This reformulation drastically reduces the computational cost in the case of massless particles, e.g.
massless neutrinos. Let us compare the Boltzmann hierarchies for massive particles (Eq. (2.90)-
(2.96)) and massless particles (Eq. (2.99)-(2.105)). The evolution of perturbed phase-space distri-
bution depends on the shape of unperturbed phase-space distribution for massive particles. On the
other hand, that is not the case for massless particles.
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Chapter 3

Structure of Dark Matter Halos in
Warm Dark Matter models and in
models with Long-Lived Charged
Massive Particles

The precise measurement of the CMB anisotropies established the standard ⇤CDM cosmology [28].
Observations of the large-scale structure of the Universe, such as the galaxy power spectra from the
Sloan Digital Sky Survey (SDSS) also confirmed its success in predicting the large scale structures
of the Universe (e.g. [12, 13, 14]).

The validity of the ⇤CDM model on the galactic and the subgalactic scales has long been caught
up in debate. Moore et al. [29] argue that the number of dark matter subhalos is 10�100 times larger
than the number of satellites observed around the Milky Way [30]. The so-called “missing satellite
problem” has been revisited in a somewhat quantitative context [31, 32, 33]. For example, Boylan-
Kolchin et al. [31] argue that, in the ⇤CDM model, ⇠ 10 most massive subhalos in a galactic halo
are too concentrated to be consistent with the kinematic data for the bright Milky Way satellites.
Also, observations of the rotation velocities of galaxies using the 21 cm line by Papastergis et al. [34]
show that the abundance of galaxies with observed velocity width w = 50 km s�1 is ⇠ 8 times lower
than predicted in the ⇤CDM model.

It is often suggested that WDM models resolve the apparent problems on subgalactic scales [35].
WDM particles have non-negligible velocity dispersions, which act as an e↵ective “pressure” of the
WDM fluid. Essentially, the subgalactic-scale density fluctuations are suppressed. The resultant
matter power spectrum is quickly reduced around the cut-o↵ scale that is determined by the velocity
dispersion. Motivated by the recent interest in this problem, several authors study the structure
formation in WDM models [36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46].

Constraints on WDM models can be obtained from astronomical observations. Observations
of Lyman-↵ forests are often used for the purpose [47, 48]. Absorption features in quasar spectra
reflect the number density of neutral hydrogen, from which we can estimate the matter power
spectrum along the line of sight, even at large wavenumbers k ⇠ 10hMpc�1. WDM models have
also interesting implications for the cosmic reionization [49, 50, 51]. The formation of the first
objects, and hence the production of ionizing photons, are delayed in WDM models. On the other
hand, WDM models could help the completion of the cosmic reionization. Yue & Chen [52] suggest
that the reduced number of subhalos in WDMmodels makes the recombination of ionized hydrogens
ine�cient and results in earlier completion of the cosmic reionization. It is clearly important to
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study the clustering properties in WDM models in both linear and non-linear evolution regimes.

There are also renewed interest in particle physics. Several candidates for WDM are suggested in
particle physics models beyond the Standard Model, such as light gravitinos [53], sterile neutrinos
(see Ref. [54] for a review and references) and superWIMPs [55]. It is important to notice that
WDM particles can be produced via di↵erent mechanisms. Nevertheless, the above constraints
from astronomical observations are focused on a single quantity, e.g., the mass of WDM particle
in a specific model. It is unclear if such constraints can be applied to WDM models with di↵erent
production mechanisms. Detailed comparisons of a wide class of models are clearly needed.

In this chapter, we also consider a Long-Lived CHAMP model. Throughout this chapter, we
assume that CHAMPs have an elementary charge, either positive or negative. CHAMPs are gen-
erally realized in models beyond the Standard Model of particle physics. One such example is
a slepton, a superpartner of leptons in supersymmetric models. Sleptons as the lightest super-
symmetry particles (LSPs) are stable when R-parity is conserved. The abundance of such stable
CHAMPs, however, is severely constrained by the searches in deep sea water (see Ref. [56] for a
review and references). CHAMPs can also be unstable; a CHAMP decay into neutral dark matter
and other decay products including at least one charged particle. For example, the stau can be the
next lightest supersymmetric particle (NLSP) when the gravitino is the LSP [57]. It is well-known
that CHAMPs could a↵ect the big bang nucleosynthesis (BBN) reaction rates and thus change the
abundance of light elements [58, 59, 60, 61, 62, 63, 64, 65, 66, 67]. Several authors [68, 69] suggest
the possibility that CHAMPs with a lifetime about 1 yr can act e↵ectively as WDM through acous-
tic oscillations in the thermal background. We study the e↵ect of the oscillations on the matter
power spectrum.

We calculate the linear evolution of the matter density fluctuations for the three WDM models
and the Long-Lived CHAMPmodel. We show that the comoving Jeans scale at the matter-radiation
equality characterises the linear matter power spectra in the three WDM models well. We use the
obtained linear matter power spectra as initial conditions of N -body simulations to follow the
non-linear evolution of the matter distribution. We compare the halo mass functions, the subhalo
mass functions, and the radial distributions of subhalos in Milky Way-size halos to discuss the
clustering properties in the WDM models and in the Long-Lived CHAMP model. We show that
these statistics are similar when the cut-o↵ scale is kept the same. We find that the WDM models
and the Long-Lived CHAMP model with the characteristic cut-o↵ scale kcut ⇠ 20 � 260hMpc�1

resolve the so-called “missing satellite problem”.

The rest of this chapter is organised as follows. In Sec. 3.1, we summarize three WDM models
and a Long-Lived CHAMP model we consider. Then, we introduce the common cut-o↵ scale kcut
which characterises the linear matter power spectra in these models. In Sec. 3.2, after describ-
ing the details of N -body simulations, we show simulation results and discuss their implications.
Specifically, we mention the similarity of these models with the same cut-o↵ and the possibility
that CHAMPs behave like WDMs and resolve the “missing satellite problem”. Finally, in Sec. 5.4,
concluding remarks are given.

Throughout this chapter, we take the cosmological parameters that are given in Ref. [28] as the
WMAP+BAO+H0 Mean; 100⌦bh2 = 2.255, ⌦CDMh2 = 0.1126, ⌦⇤ = 0.725, ns = 0.968, ⌧ = 0.088
and �2

R(k0) = 2.430 ⇥ 10�9, while we replace the energy density of CDM ⌦CDMh2 by the energy
density of WDM ⌦WDMh2 for the WDM models and by the energy density of neutral dark matter
produced by the CHAMP decay for the Long-Lived CHAMP model.
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3.1 WDM models and Long-Lived CHAMP model

In this section, we summarize three WDM models and a Long-Lived CHAMP model we consider
in this chapter. We describe production mechanisms of WDM particles in each model and show
the exact shapes of the velocity distribution. In the following subsections, we focus on three WDM
models to specify our discussion, although our results can be applied to any WDM models with the
same shape of the velocity distribution. Then, we introduce the Jeans scale at the matter-radiation
equality. The matter power spectra in the three WDM models with the same Jeans scale at the
matter-radiation equality are very similar. Their initial velocity distributions a↵ect the damping
tail of the matter power spectra. We also describe the evolution of the linear matter density
fluctuations in a Long-Lived CHAMP model. The matter power spectrum is truncated around
the horizon scale at the time when CHAMPs decay. Interestingly, the resulting power spectrum
appears similar to those in WDM models.

3.1.1 Thermal WDM

In this type of models, fermionic WDM particles are produced in the thermal background. They
are decoupled from the thermal background as the Universe expands and cools. At the time of the
decoupling, their momentum obeys the thermal distribution, that is, the Fermi-Dirac distribution.
We consider the generalized Fermi-Dirac distribution,

f(p) =
�

ep/TWDM + 1
. (3.1)

Here and in the following, p denotes the comoving momentum of WDM particles, and TWDM is
the e↵ective temperature that characterises the comoving momentum of WDM particles. In the
case of the light gravitino [70] and the thermally produced sterile neutrino [71], TWDM relates to
the temperature of the left-handed neutrino T⌫ through the conservation of the entropy, TWDM =⇣
43/4
g
dec

⌘1/3
T⌫ where gdec is the e↵ective number of the massless degrees of freedom at the decoupling

from the thermal background. Note that � determines the overall normalization of the momentum
distribution and � = 1 in the case of the gravitino and the thermally produced sterile neutrino.
Dodelson and Widrow [72] propose the sterile neutrino dark matter produced via active-sterile
neutrino oscillations. In this case, the active neutrinos in the thermal background turn into the
sterile neutrino via the coherent forward scattering [73]. The resultant momentum distribution
of the sterile neutrino is given by the generalized Fermi-Dirac distribution (see Eq. (3.1)) with
TWDM ' T⌫ and � / ✓2mM where ✓m is the active-sterile mixing angle and M is the mass of the
sterile neutrino.

3.1.2 WDM produced by the thermal boson decay

There are models in which the Majorana mass of the sterile neutrino arises from the Yukawa
coupling Y with a singlet boson [74, 75]. In these models, the singlet boson couples to the Standard
Model Higgs boson through an extension of the Standard Models Higgs sector. The singlet Higgs
boson has a vacuum expectation value (VEV) of the order of the electroweak scale when the
electroweak symmetry breaks down. When the sterile neutrino is assumed to be WDM with a
mass of an order of keV, the Yukawa coupling should be very small Y ⇠ O(10�8). This small
Yukawa coupling makes the singlet boson decay to the two sterile neutrinos when the singlet boson
is relativistic and is in equilibrium with the thermal background. Here, it should be noted that the
sterile neutrino model is one specific example. In WDM models, where relativistic bosonic particles
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in equilibrium with the thermal background decay into fermionic WDM particles through the
Yukawa interaction, WDM particles have the same resultant momentum distribution (see Eq. (3.2)
below). The resultant momentum distribution is obtained by solving the Boltzmann equation [76],

f(p) =
�

(p/TWDM)1/2
g5/2(p/TWDM) (3.2)

where

g⌫(x) =
1X

n=1

e�nx

n⌫
. (3.3)

Here, we have ignored the low momentum cut-o↵ that ensures the Pauli blocking, while it does not

change our results. The e↵ective temperature is given by TWDM =
⇣
43/4
g
pro

⌘1/3
T⌫ with the e↵ective

number of massless degrees of freedom at the production of the sterile neutrino gpro ⇠ 100. The
normalization factor � is determined by the Yukawa coupling Y and the mass of the singlet Higgs
boson M , � / Y 2M�1. The velocity distribution have an enhancement fB / p�1/2 at the low
momentum p/TWDM ⌧ 1, since the sterile neutrinos with lower momenta are produced by the less
boosted singlet boson, the decay rate of which is larger due to the absence of the time dilation.
This enhancement indicates the “colder” (than the thermal WDM) property of the sterile neutrino
dark matter produced by the decay of the singlet heavy boson.

3.1.3 WDM produced by the non-relativistic particle decay

In this type of models, a non-relativistic heavy particle decays into two particles, one or both of
which become WDM. Supersymmetric theories realize this type of scenarios e.g. when the LSP
is the gravitino and the NLSP is a neutralino. The relic abundance of the NLSP neutralino is
determined at the time of chemical decoupling by the standard argument [77, 78]. Eventually, the
non-relativistic neutralinos decay into LSP gravitinos that become WDM. The particles produced
by the decay of the moduli fields and of the inflaton fields are another candidates of this type of
WDM [79, 80, 81, 82, 83]. When we assume the heavy particle decays in the radiation dominated
era, the momentum distribution of the decay products is given by [84, 85, 86],

f(p) =
�

(p/TWDM)
exp(�p2/T 2

WDM) , (3.4)

where TWDM is given by TWDM = Pcma(td)/a(t0) with the physical canter-of-mass momentum
Pcm, the scale factor a(t) at the decay time td and at the present time t0. We have defined td as
H(t = td) = 1/2⌧ where H(t) is the Hubble parameter and ⌧ is the lifetime of the heavy particle.

3.1.4 Jeans scale at the matter-radiation equality

Now, we introduce two quantities to characterise the property of WDM. One is the present energy
density of WDM, ⌦WDM ⌘ ⇢

WDM

⇢
crit

��
t=t

0

. Throughout this chapter, we assumeWDM particles account

for all of the dark matter, letting ⌦WDMh2 = 0.1126. Another important physical scale is the
comoving Jeans scale at the matter radiation equality teq,

kJ = a

r
4⇡G⇢M
�2

����
t=t

eq

(3.5)



3.1. WDM MODELS AND LONG-LIVED CHAMP MODEL 29

with the gravitational constant G. Here, ⇢M is the matter density and �2 is the mean square
of the velocity of the dark matter particles (see Eq. (3.8) below). Dark matter particles with
kJ ⇠ 100 � 1000Mpc�1 are usually called WDM and expected to resolve the “missing satellite
problem”.

We note that, in the present chapter, we do not consider whether or not a particular set
of ⌦WDM and kJ is in a viable region of the respective model. One such example is the gravitino
WDM, a representative of the Thermal WDMmodel (see subsection 3.1.1). This model has only two
parameters, the e↵ective number of the massless degrees of freedom at the decoupling gdec and the
gravitino mass m3/2, to set ⌦WDM and kJ. When we assume kJ ' 30Mpc�1, these two parameters
are determined as gdec ' 1000 and m3/2 ' 1 keV. The e↵ective number of the massless degrees of
freedom at the decoupling of the gravitino is at most gdec ⇠ 200 in the Minimal Supersymmetric
Standard Model (MSSM), and hence, another mechanism such as entropy production is needed to
explain the gravitino WDM [87, 88].

3.1.5 Linear matter power spectra and Normalized velocity distribution

We follow the evolution of the primordial adiabatic fluctuations for the three WDM models by
modifying suitably the public software, CAMB [89]. We adopt the covariant multipole perturbation
approach for the massive neutrino [26, 90]. We replace the Fermi-Dirac distribution of the massive
neutrino by the momentum distributions of the WDM models discussed above. Our approach is
valid when the WDM particles are kinematically decoupled at the cosmic time of interest. The
Jeans scale of interest is around kJ ⇠ O(100)Mpc�1. The primordial fluctuation of this wavenumber
enters the horizon at T ⇠ O(10) keV. In a large class of WDM models, WDM particles are kine-
matically decoupled before the QCD phase transition, TQCD ⇠ 100MeV, and thus our calculation
is valid. 1

For comparison, we calculate the normalized velocity distributions for the WDM models and
the linear matter power spectra extrapolated to the present time z = 0. The results are shown in
Fig. 3.1 for kJ = 16Mpc�1, which correspond to m3/2 ' 1 keV for the thermally-produced gravitino
WDM. Here, we have defined the dimensionless matter power spectra as,

�(k) ⌘ 1

2⇡2
k3P (k) (3.6)

with the matter power spectra P (k).
The velocity distribution g(v) is normalized as follows:

Z 1

0
dv g(v) = 1 , (3.7)

Z 1

0
dv v2g(v) = �2 (3.8)

with the variance (second moment) of the velocity �2. Note that the first equation is normalized
with respect to the present energy density of WDM, ⌦WDM, whereas the second equation relates
the velocity variance to the comoving Jeans scale at the matter radiation equality kJ given by

1There are variants of WDM models in which WDM particles are produced by the non-relativistic particle decay at
late epochs. The matter power spectrum could be a↵ected if the parent particles decay around the matter-radiation
equality. In this case, the matter density during the radiation-dominated era is mostly contributed by the parent
(cold) particles, rather than by the decay products, and then the density fluctuations of the cold, neutral parent
particles can grow logarithmically. Note that the e↵ect is more pronounced if the parent particles are charged (see
subsection 3.1.6).
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Figure 3.1: The normalized velocity distributions (left panel) and the dimensionless linear matter power
spectra (right panel) for the standard CDM model and the three WDM models with kJ = 16Mpc�1.

Eq. (3.5). One can then expect that the power spectra for the WDM models with the same ⌦WDM

and kJ are very similar, as seen in Fig. 3.1. There, we see di↵erences between the WDM models
only in the damping tail of the power spectra at k > 10hMpc�1.

3.1.6 Long-Lived CHAMP and Cut-o↵ scale

Sigurdson & Kamionkowski [68] formulate the linearized evolution equations for fluctuations in a
Long-Lived CHAMP model. They show that the subgalactic-scale matter density fluctuations are
damped via a mechanism called “acoustic damping”. The comoving horizon scale at which CHAMP
decays determines the cut-o↵ scale of the matter power spectrum, which is defined by [91, 69]

kCh = aH|t=⌧
Ch

, (3.9)

where H is the Hubble parameter and ⌧Ch is the lifetime of CHAMP. Smaller-scale density fluc-
tuations with k > kCh enter the horizon before CHAMP decays and can not grow due to the
acoustic oscillations of CHAMP in the thermal background. On the other hand, larger-scale den-
sity fluctuations with k < kCh grow logarithmically even after entering the horizon due to the
gravitational instability as the density fluctuations of CDM. We assume CHAMPs decay in the
radiation dominated era. Then the comoving horizon scale at t = ⌧Ch is evaluated as,

kCh = 2.2Mpc�1 ⇥
✓
⌧Ch

yr

◆�1/2 ⇣ gCh

3.363

⌘1/4
(3.10)

where gCh is the e↵ective number of massless degrees of freedom when CHAMP decays.
We need to consider three physical processes for the CHAMP model. First, we describe the

neutralization of CHAMP. A positively charged particle may become neutral by forming a bound
state with an electron e. Its binding energy is, however, almost the same as the hydrogen, Eb e '
13.6 eV. Hence, the positively charged particle keeps charged until its decay, since we assume
CHAMP decays in the radiation dominated era. A negatively charged particle may become neutral
by forming a bound state with a proton p. Its binding energy Eb p ' 25 keV is almost m4He/mp ⇠
2000 times larger than Eb e and hence is expected to make the negatively charged particle neutral
at T ⇠ 1 keV. However, Helium 4He is produced through BBN, with which a negatively charged
particle may form a binding state. Its binding energy Eb 4He ' 337 keV is almost (Z4He/Zp)2 ⇥
m4He/mp ' 16 times larger than Eb p. It should be noted that even a negatively charged particle
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bound with a proton is wrested by 4He through a charge-exchange reaction [92]. Therefore, when
the yield of CHAMP YCh (Y ⌘ n/s with the number density n and the entropy density s) is smaller
than the yield of the Helium Y4He, almost every negatively charged particle forms a binding state
with a helium nuclei, which has one positive elementary charge [69].

Second, the decay products of CHAMP may lead to energy injection to the thermal background.
The resulting injection energy density is constrained from the photodissociation of BBN [93] and
CMB y- and µ� parameters [94]. However, models with CHAMP with almost the same mass
with neutral dark matter are not severely constrained by BBN nor by CMB. We focus on such an
“unconstrained” model. Note that the small mass splitting ensures the relatively long lifetime of
CHAMP and the “coldness” of neutral dark matter.

Finally, CHAMPs are tightly coupled with baryons before its decay. Sigurdson & Kamionkowski [68]
assume ✓baryon = ✓Ch where ✓ is the divergence of the fluid velocity. This approximation is valid
when the Coulomb scattering between baryons and CHAMPs is e�cient, i.e., CHAMPs and baryons
are tightly coupled. However, the constraints from the Catalyzed BBN essentially allow only
heavy CHAMP with mCh & 106GeV for ⌧Ch & 103sec. It is unclear if the Coulomb scattering
between baryons and such heavy CHAMPs is e�cient. We have calculated the scattering e�-
ciency and found that the tightly coupled approximation is indeed valid through the epoch of
interest for mCh . 108GeV. In the following, we adopt the formulation given by Sigurdson &
Kamionkowski [68] using the tightly coupled approximation between baryons and CHAMPs. The
evolution of energy density of CHAMP is given by,

˙̄⇢Ch = �3
ȧ

a
⇢̄Ch � a

⌧Ch
⇢̄Ch , (3.11)

where dot denotes the derivative in When CHAMP decays, the most of energy density of CHAMP
turns into the energy of the neutral dark matter, since we assume that the mass di↵erence between
CHAMP and neutral dark matter is tiny. This allows us to write the evolution equation of energy
density of dark matter such that,

˙̄⇢dm = �3
ȧ

a
⇢̄dm +

a

⌧Ch
⇢̄Ch . (3.12)

Next, we see the e↵ect of CHAMP decay on the evolution of cosmological perturbations (see
Chapter 2). We adopt the Synchronous gauge here. The evolution equations of perturbations of
CHAMP-baryon fluid is similar to those of baryon fluid in standard ⇤CDM cosmology,

�̇� = �✓� � 1

2
ḣ , (3.13)

✓̇� = � ȧ

a
✓� + c2s,�k

2�� +
4⇢̄�
3⇢̄�

ane�T (✓� � ✓�), (3.14)

where subscripts �s denote photon. The square of sound speed of CHAMP-baryon fluid c2s,� is
given by

c2s,� =
n�T�

⇢�

✓
1� 1

3

d lnT�

d ln a

◆
. (3.15)

The CHAMP decay introduce additional terms in the evolution equations of perturbations of neutral
dark matter,

�̇dm = �✓dm � 1

2
ḣ+

⇢Ch

⇢dm

a

⌧Ch
(�� � �dm) , (3.16)

✓̇dm = � ȧ

a
✓dm +

⇢Ch

⇢dm

a

⌧Ch
(✓� � ✓dm) . (3.17)
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Figure 3.2: We plot the dimensionless linear matter power spectrum in Long-Lived CHAMP model (⌧ '
2.5yr). We compare it with the same dimensionless linear matter power spectra in the WDM models as in
Fig. 3.1. The oscillation around k ⇠ 9hMpc�1 is the imprint of the “acoustic damping”.

Before CHAMP decays (⇢Ch/⇢dm · a/⌧Ch � ȧ/a), decay terms are dominant and force perturbations
of dark matter follow those of CHAMP-baryon fluid, �� = �dm and ✓� = ✓dm. After the decay of
CHAMP, decay terms can be ignored and perturbations of dark matter evolve similarly to those in
standard ⇤CDM cosmology.

We modify CAMB [89] to follow the evolution of density fluctuations in the Long-Lived CHAMP
model. The basic equations are given in Sigurdson & Kamionkowski [68]. We obtain the power
spectra for several ⌧Chs (see Eq. (3.10)). We find that the CHAMP matter power spectrum is very
similar to the WDM models, as seen in Fig. 3.2, when kCh is set such that

kcut ⌘ kJ ' 11 kCh . (3.18)

Hereafter, we use kcut defined in the above as a characteristic parameter of the models we consider.
The corresponding lifetime of CHAMP is ⌧Ch ' 2.5 yr in the figure. The imprint of the CHAMP
“acoustic damping” on the linear matter power spectra is clearly seen. One can naively guess that
structures in the Long-Lived CHAMP model would be similar to those in the WDM models. It is
important to study the non-linear growth of the matter distributions in the Long-Lived CHAMP
model. We use large cosmological N -body simulations to this end.

3.2 Numerical simulations

Our simulation code is the parallel Tree-Particle Mesh code, GADGET-2 [95]. We use N = 5123

particles in a comoving volume of L = 10h�1Mpc on a side. The mass of a simulation particle is
5.67⇥ 105 h�1Msun and the gravitational softening length is 1h�1 kpc. We run a friends-of-friends
(FoF) group finder [96] to locate groups of galaxies. We also identify substructures (subhalos) in
each FoF group using SUB-FIND algorithm developed by Springel et al. [97]. We do not assign any
thermal velocity to simulation particles because it can lead to formation of spurious objects [98].
We start our simulation from relatively low redshift z = 19, at which the thermal motion of WDM
is redshifted and negligible. It should be noted that the heavy, neutral dark matter produced by
the CHAMP decay is assumed to have negligible thermal velocities.

In Fig. 3.3, we plot the projected matter distribution in the CDM model (left panel), in the
Thermal WDM model (see subsection 3.1.1) (middle panel) and in the Long-Lived CHAMP model
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Figure 3.3: The projected matter distribution in the CDM model (left panel), in the Thermal WDM model
(middle panel) and in the Long-Lived CHAMP model (right panel). For the Thermal WDM model and for
the Long-Lived CHAMP model, we take the same cut-o↵ scale kcut = 16Mpc�1 as in Fig. 3.2. One side of
the plotted region is L = 10h�1 Mpc. Brighter regions denote higher matter densities.

(right panel). For the Thermal WDM model and for the Long-Lived CHAMP model, we set the
same cut-o↵ scale kcut = 16Mpc�1 as in Fig. 3.2. One side of the plotted region is 10h�1Mpc.
Regions with high matter densities appear bright in the plot. We see that many small objects, i.e.,
halos and subhalos, have formed in the CDM model. Contrastingly, in the Thermal WDM model
and in the Long-Lived CHAMP model, the matter distribution is much smoother and appears more
filamentary. The abundance of small objects is much reduced. Overall, the matter distributions in
the Thermal WDM model and in the Long-Lived CHAMP model look similar. Note that numerous
small objects along the filaments in the Thermal WDMmodel and in the Long-Lived CHAMPmodel
could be numerical artifacts; this is a long-standing problem of hot/warm dark matter simulations
due to discreteness e↵ects [99, 100]. Earlier studies propose a simple formula for the critical halo
mass,

Mc = 10.1⇥ ⇢M dmean k
�2
peak . (3.19)

below which the abundance of halos is unreliable. Here, dmean = L/N1/3 is the mean comoving
distance between simulation particles and kpeak is the wavenumber at the maximum of the �(k).
We will discuss this point further in the following section.

We compare the halo mass functions in the models we consider in Fig. 3.4. The fiducial cut-o↵
scale is kcut = 16Mpc�1 (left panel) as in Fig. 3.2, but we also show the results for kcut = 130Mpc�1

(right panel). The latter corresponds to m3/2 ' 4 keV for the thermally-produced gravitino WDM
(see subsection 3.1.1) and ⌧Ch ' 0.04 yr for the Long-Lived CHAMP model. The halo mass M
corresponding to kcut is given by

M =
4⇡⇢M
3

✓
2⇡

kcut

◆3

' 7⇥ 1010 h�1Msun ⇥
✓
16Mpc�1

kcut

◆3

. (3.20)

It is important to examine if the halo abundance is compromised by the above-mentioned
numerical artifacts. For kcut = 16Mpc�1, we see upturns in the mass functions at M ⇠ 2 ⇥
109 h�1Msun. This is owing to peculiar discreteness e↵ects in hot/warm dark matter simulations
[99, 100]. The critical halo mass (see Eq. (3.19)) is Mc ' 2 ⇥ 109 h�1Msun for our simulation
parameters L = 10h�1Mpc, N = 5123 and kpeak ' 3Mpc�1 (see Fig. 3.2). The estimated mass
limit is indeed consistent with the upturn seen in the left panel of Fig. 3.4.
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Figure 3.4: The halo mass functions in the CDM model, in the three WDM models and in the Long-Lived
CHAMP model with kcut = 16Mpc�1 (left panel) and with kcut = 130Mpc�1 (right panel). The upturn at
the halo mass M ⇠ 2 ⇥ 109 h�1 Msun (vertical line) in the left panel may be owing to the artificial objects
due to the discreteness e↵ects.

distance from the center 0� 50 50� 100 100� 150 150� 200
number of satellites 19.7 15.62 8.08 14.16

Table 3.1: The number of observed satellites in each 50 kpc from the center of our Milky Way. According
to Polisensky and Ricotti [100], we count observed satellites known before the SDSS as one and those found
by the SDSS as 3.54 due to the limited sky coverage of SDSS.

Therefore, we conservatively restrict our discussion to halos with masses M > Mc = 2 ⇥
109 h�1Msun for kcut = 16Mpc�1. The number of halos at M ⇠ Mc in the three WDM models
and in the Long-Lived CHAMP model is ⇠ 10 times smaller than that in the CDM model. Note
the similarity of the halo abundances in the three WDM models and in the Long-Lived CHAMP
model, as naively expected from the similarity in the linear matter power spectra.

In order to see if the WDM models and the Long-Lived CHAMP model resolve the “missing
satellite problem”, we select Milky Way-size halos with masses of 0.5 ⇥ 1012 h�1Msun < Mhalo <
1.5 ⇥ 1012 h�1Msun in our simulations. Although the halo mass of Milky Way itself is in debate
(e.g. Ref. [101] and references therein), we take a relatively lower mass among suggested values.
For a (slightly) small value of Mhalo, the relative mass ratio Msatellite/Mhalo becomes larger. Then
the apparent discrepancy between the number of observed satellites and the simulated subhalo
abundance at a given mass scale becomes smaller. We thus choose the small Milky Way mass as a
“conservative” one.

We compare the cumulative subhalo mass functions averaged over the Milky Way-size halos
in our five models in Fig. 3.5. Note that we see again an upturn for kcut = 16Mpc�1 around
Msub/Mhost ' 2⇥ 10�3. Above the mass scale, where we can measure the mass function robustly,
the subhalo abundance is suppressed by a factor of ⇠ 10 in the models with kcut = 16Mpc�1 (left
panel) compared with the CDM model. For the models with kcut = 130Mpc�1 (right panel), the
subhalo abundance is suppressed at most by a factor of ⇠ 2.

Let us now examine the radial distribution of the subhalos in our simulated Milky Way-size
halos. We adopt the abundance of observed satellites in our Milky Way listed in Table 3.1. We
account for the sky coverage of SDSS as follows. We count the number of the observed satellites
in each 50 kpc bin such that each satellite known before the Sloan Digital Sky Survey (SDSS) is
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Figure 3.5: The cumulative subhalo mass functions averaged over Milky Way-size halos in the CDM model,
in the three WDM models and in the Long-Lived CHAMP model with kcut = 16Mpc�1 (left panel) and
with kcut = 130Mpc�1 (right panel). The shaded region corresponds to the mass of nonlinear objects at
which the upturn (numerical artifacts) occurs in halo mass function (see the vertical line in the left panel of
Fig. 3.4).

weighted as one whereas each satellite discovered by the SDSS is weighted as 3.54 [100].

In Fig. 3.6, we compare the averaged radial distributions of the subhalos in the Milky Way-size
halos. The left panel shows the radial distribution in the CDM model and the right panel shows
the radial distribution in the Thermal WDM model with kcut ' 260Mpc�1, which corresponds
to m3/2 ' 7 keV for the thermally-produced gravitino WDM. We include all the subhalos with
M > 2 ⇥ 107 h�1Msun. We also show variation of the radial distribution by thin solid lines. It
should be noted that we set the gravitational softening length to be 1h�1 kpc. The subhalo count
in the innermost bin could have been a↵ected by the spatial resolution. We can see the CDM model
predicts a larger number of subhalos by a factor of 2 � 10 in each radial bin than observed. Note
also that the number of satellites roughly scales with the host halo mass. Among the five Milky
Way-size halos we selected, which have masses of 0.5⇥1012 h�1Msun < Mhalo < 1.5⇥1012 h�1Msun,
the total number of subhalos di↵ers by a factor of ⇠ 3. By comparing the two panels in Fig. 3.6, we
find that the radial distribution of subhalos in the Thermal WDM model with kcut ' 260Mpc�1

is similar to the one in CDM model and hence, the Thermal WDM model with kcut ' 260Mpc�1

does not seem to resolve the “missing satellite problem”.

We plot the subhalo radial distribution in the Thermal WDM model with kcut ' 16Mpc�1 in
Fig. 3.7. For this model, where the suppression of the subgalactic-scale structure is most significant,
a sizeable fraction of subhalos have masses smaller thanMc (see Eq. (3.19)). Thus the number count
in the radial distribution is likely unreliable. Note however that, even without discarding the small
mass subhalos (Msub < Mc), the subhalo abundance is slightly smaller than the observed satellites.

We plot the radial distributions of subhalos with masses M > Mc ' 108 h�1Msun in the
Thermal WDM model with kcut ' 130Mpc�1 in Fig. 3.8. For this model, discarding small subhalos
(Msub < Mc ' 108 h�1Msun) reduces the subhalo abundance by a factor of ⇠ 2. Overall, the radial
distribution of subhalos (after discarding) appears to reproduce the observed distribution.

Let us now examine closely the similarity of the three WDM models and the Long-Lived
CHAMP model when the characteristic cut-o↵ scale kcut is kept the same. We compare the averaged
radial distributions of the subhalos in these models for kcut ' 130Mpc�1 (again after discarding
small subhalos) and for kcut ' 260Mpc�1 in Fig. 3.9. From Fig. 3.4, Fig. 3.5 and Fig. 3.9, we con-
clude that the similar cut-o↵ scale in the linear matter power spectra yields also similar halo and
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Figure 3.6: The radial distributions of subhalos in Milky Way-size halos in the CDM model (left panel) and
in the Thermal WDM models (right panel) with kcut ' 260Mpc�1. We divide the distance from the center
of host halo in 50 kpc bins. Each thin line corresponds to the radial distribution in each Milky Way-size
halo. Thick lines represent the average over the Milky Way-size halos. For comparison, we also plot the
radial distribution of the observed satellites listed in Table 3.1.
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Figure 3.7: The radial distribution of subhalos in Milky Way-size halo in the Thermal WDM model with
kcut = 16Mpc�1. This subhalos may include the artificial small objects due to the discreteness e↵ects.

subhalo abundances and radial distributions.

3.3 Summary

In this chapter, we study the formation of non-linear objects in three WDM models and in a Long-
Lived CHAMP model. We calculate the time evolution of the matter density fluctuations in the
linear evolution regime by suitably modifying the public software CAMB. By using the obtained linear
matter power spectra as initial conditions, we also perform large cosmological N -body simulations.
The results are summarized as follows.

First, the comoving Jeans scale at the matter-radiation equality characterizes the linear matter
power spectra of WDM models well. In the three WDM models motivated by particle physics,
WDM particles are produced in di↵erent ways, but the linear matter power spectra with the same
Jeans scale are very similar except for some di↵erence at the damping tail at large k. We also
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Figure 3.8: The same plot as Fig. 3.7 in the Thermal WDM model with kcut = 130Mpc�1. After discarding
small subhalos (Msub < Mc ' 108 h�1 Msun), the subhalo abundance is reduced by a factor of ⇠ 2 (right
panel).
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Figure 3.9: Comparison of the averaged radial distributions in the CDM model, in the three WDM models
and in the Long-Lived CHAMP model for kcut ' 130Mpc�1 (left panel) and for kcut ' 260Mpc�1 (right
panel). For kcut ' 130Mpc�1 (left panel), we have discarded small subhalos (Msub < Mc ' 108 h�1 Msun)
as in Fig. 3.8.

consider a Long-Lived CHAMP model which has been suggested to yield a cut-o↵ of the matter
power spectrum through the “acoustic damping”. The cut-o↵ scale of the matter power spectrum
in the Long-Lived CHAMP model is determined by the comoving horizon scale when CHAMP
decays. We empirically find the correspondence of the cut-o↵ scales kcut (see Eq. (3.18)) between
the three WDM models and the Long-Lived CHAMP model.

By performing large cosmological N -body simulations, we compare the abundances of nonlinear
halos and subhalos and the radial distributions of the subhalos in Milky Way-size halos. The
three WDM models and the Long-Lived CHAMP model produce very similar halo and subhalo
mass functions and radial distributions if kcut is kept the same. Therefore, we conclude that kcut
determines the clustering property of WDM and Long-Lived CHAMP well in both linear and
non-linear growth of the matter density.

One might naively guess that our simulation results for small non-linear objects may be com-
promised by numerical e↵ects. However, our conclusions are drawn after discarding small objects
that are likely numerical artifacts. We also compare the subhalo radial distributions in Milky Way-
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size halos with that of the observed satellites. We find that the WDM models and the Long-Lived
CHAMP model are broadly consistent with the observation when they have kcut ⇠ 20�260Mpc�1.
This cut-o↵ scale corresponds to m3/2 ⇠ 1 � 7 keV for the thermally-produced gravitino WDM
and ⌧Ch ⇠ 0.01 � 2.5 yr for the Long-Lived CHAMP. Because there is significant variation of the
subhalo abundance among host halos with di↵erent masses, as reported by Ishiyama et al. [102], it
would be important to use a large sample of halos in order to address the validity of the models in
a statistically complete manner.

Our results have a further implication for particles physics. We clarified how to put constraints
on a few parameters of particles physics models which provide a WDM candidate. By calculating
and comparing two quantities, the relic density of dark matter and the comoving Jeans scale at
the matter-radiation equality, one can apply the reported constraints in a specific particle physics
model (e.g. the mass of thermally-produced gravitino WDM or sterile neutrino WDM produced
through the Dedelson & Widrow mechanism [72]) to virtually any model parameters of interest.

Finally, we note that the so-called astrophysical feedback processes are also thought to a↵ect the
abundance of luminous satellite galaxies [103]. Unfortunately, whether or not and how the baryonic
processes changes our simple understanding based on the cut-o↵ scale kcut ⇠ 20 � 260Mpc�1 is
unclear due to the complexity of the baryonic processes. Regarding “missing satellite problem”,
both WDM and Long-Lived CHAMP models and the baryon feedback may explain the small
number of the observed luminous satellites. The degeneracy can be resolved, in principle, by the
direct probes of non-luminous small objects, by, for instance, future submillilensing surveys [91].



Chapter 4

Imprints of Non-thermal Wino Dark
Matter on Small-Scale Structure

In this chapter, we consider the wino LSP dark matter scenario where the relic density of the wino
is provided by the late time decays of the heavy gravitino [104, 105, 106, 107]. Due to the large
mass hierarchy between the gravitino and the wino, the produced wino is more energetic than the
thermal background. Thus, the wino LSP can be “warmer” than the conventional cold dark matter
and leaves imprints on the small-scale structure if it does not lose its energy via the scattering
processes with the thermal background. As we will show, a sizable fraction of the wino dark matter
can be “warm” for the wino mass mw̃ ' 100� 500GeV. The imprints on the matter power spectra
may provide further insights on the origin of dark matter via the future 21cm line survey [108, 109].

Here, we mention that the wino LSP scenario is now highly motivated after the discovery of a
Higgs-like particle with a mass around 125GeV at the LHC experiments [110, 111]. As is well known,
the lightest Higgs boson mass is strongly interrelated to the sfermion masses [112, 113, 114, 115, 116]
in the minimal supersymmetric standard model (MSSM). The observed Higgs boson mass around
125GeV, then, suggests that the sfermion masses are in the tens to hundreds TeV range [112]. In
the simplest supersymmetry breaking mediation mechanism, i.e. gravity mediation [117, 118, 119,
120, 121], such heavy sfermions are realized when the gravitino mass is in the tens to hundreds TeV
range. The gaugino masses are, on the other hand, in a TeV range even for such a heavy gravitino
when they are generated radiatively, which is expected when there is no singlet supersymmetry
breaking field, i.e. the Polonyi field. The Polonyi field is disfavored from cosmology, since it causes
the so-called Polonyi problem [122, 123]. Finally, the higgsino can be as heavy as the gravitino
in “pure gravity mediation model” [124, 125, 126], where the so-called µ-term of the order of the
gravitino mass is generated without use of the Polonyi field. Therefore, by assuming the simplest
model based on the supergravity without the Polonyi field, the Higgs boson mass around 125GeV
naturally leads to the wino LSP scenario in the hundreds GeV range (see Refs. [125, 126] for details).

The organization of the chapter is as follows. In section 4.1, we summarize the wino LSP
scenario mainly assuming the pure gravity mediation model, although our discussion can be applied
for generic wino LSP scenarios. In section 4.2, we discuss the imprints on the small-scale structure
of the wino dark matter produced non-thermally by the decays of the gravitino. The final section
is devoted to conclusions.
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4.1 The Wino LSP Scenario

4.1.1 Summary of the model

First, let us summarize the wino LSP scenario. To be specific, we base our arguments on the
pure gravity mediation model [124, 125, 126], although the most of the following discussions can be
applied to generic wino LSP scenarios with the heavy sfermions and higgsinos. 1

In our setup, scalar fields in the MSSM obtain soft supersymmetry breaking masses via tree-
level interactions in supergravity. With a generic Kähler potential, all the supersymmetry breaking
masses of the scalar bosons are expected to be of the order of the gravitino mass, m3/2. For
simplicity, we assume that all the sfermions have the gravitino mass,

m2
sfermion ' m2

3/2 , (4.1)

in the following discussions, although the details of the sfermion mass spectra do not change the
discussions significantly. To account for a recently observed Higgs boson mass around 125GeV, we
take m3/2 in tens to hundreds TeV range (see Refs. [125, 126] for example).

The higgsino mass, it is also generated through tree-level interactions in the pure gravity me-
diation model using the mechanism in Ref. [135]. As a result, the higgsino masses as well as the
heavy Higgs boson masses are again of the order of the gravitino mass. It should be noted that a
linear combination of the Higgs doublet bosons,

h ' sin�Hu � cos�H⇤
d , (4.2)

should be light so that it can play a role of the standard model Higgs boson, which requires fine-
tuning between the Higgs mass parameters to some extent.

The gaugino masses are, on the other hand, dominated by loop suppressed contributions; the
anomaly mediated contributions [136, 137, 138], and the contributions from the heavy higgsino
threshold e↵ect [104, 124, 136]. For m3/2 = O(10�100)TeV, the resultant physical gaugino masses
are given by,

mg̃ ' 2.5⇥ (1� 0.13 �32 � 0.04 �SUSY)⇥ 10�2m3/2, (4.3)

mw̃ ' 3.0⇥ (1� 0.04 �32 + 0.02 �SUSY)⇥ 10�3 (m3/2 + L), (4.4)

mb̃ ' 9.6⇥ (1 + 0.01 �SUSY)⇥ 10�3 (m3/2 + L/11), (4.5)

where the subscripts g̃, w̃ and b̃ denote the gluino, the wino and the bino, respectively. Here,
�SUSY = log[msfermion/100TeV], �32 = log[m3/2/100TeV] for the gluino mass, and �32 = log[(m3/2+
L)/100TeV] for the wino mass. The terms proportional to m3/2 in above formulae represent
the anomaly mediated contributions, while those proportional to L are the higgsino threshold
contributions. As discussed in Ref. [125, 126], the parameter L is of the order of the gravitino mass
in the pure gravity mediation model, while L is expected to be small in the conventional anomaly
mediation models. The above formulae show that the wino is the LSP for |L| . 3m3/2.

1 The pure gravity mediation model summarized below has many common features with the PeV-scale Super-
symmetry [127], the G

2

–MSSM [128], the Spread Supersymmetry [129], and the model with strong moduli stabiliza-
tion [130]. The model also has a certain resemblance to the Split Supersymmetry [131, 132, 133], where the higgsino
is assumed to be in the TeV scale. (See also [134] for discussions on the origin of the µ-term.) It should be noted that
these models with heavy scalars require fine-tuning to some extent so that the weak scale is generated from the heavy
scalar mass scales. In spite of this drawback, these models are now considered to be serious candidates of the MSSM,
since they can explain the observed mass of the Higgs boson around 125GeV and they provide a good candidate of
dark matter, while they greatly ameliorate the flavor-changing neutral current problems and the CP-problems in the
conventional MSSM at the TeV scale.
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Before closing this section, we here summarize the important properties of the wino LSP which
are relevant for the later discussion. First, the mass of the neutral component (the neutral wino
LSP w̃0) is degenerated with the one of its charged component (the charged wino w̃±) due to
the approximate custodial symmetry. The dominant mass splitting between the charged and the
neutral winos comes from one-loop gauge boson contributions [139], which is given by

�mw̃ = mw̃± �mw̃0 =
g22

16⇡2
mw̃

⇥
f(rW )� cos2 ✓W f(rZ)� sin2 ✓W f(0)

⇤
, (4.6)

where f(r) =
R 1
0 dx(2 + 2x2) ln[x2 + (1 � x)r2] and rW,Z = mW,Z/mw̃. For the wino mass in the

hundreds GeV range, the splitting is �mw̃ ' 160 � 170 MeV. Due to the mass degeneracy, the
dominant decay mode of the charged wino is the one into a neutral wino and a charged pion,
w̃± ! w̃0 + ⇡±. Therefore, the charged wino has a rather long lifetime,

⌧w± ' 1.2⇥ 10�10sec

✓
160MeV

�mw̃

◆3✓
1� m2

⇡

�m2
w̃

◆�1/2

. (4.7)

As we will see in the following section, the charged wino produced by the gravitino decays loses
most of its energy before it decays due to this long lifetime.

4.1.2 Relic density of the wino LSP

Both the self-annihilation and the co-annihilation with the charged winos are e�cient at the freeze-
out of the wino LSP. Due to its large annihilation cross section, the thermal relic number density
of the wino LSP is suppressed, and hence, the wino mass consistent with the observed dark matter
density is rather high. In fact, the thermal relic density, ⌦(TH)h2, in Ref. [140] shows that the
observed dark matter density ⌦(TH)h2 ' 0.11 [28] is obtained for mw̃ ' 2.7TeV, while it is quickly
decreasing for the lighter wino.

In the present scenario, we have another source of the wino LSP, the late time decays of the
gravitino. After inflation, the gravitino is copiously produced from the thermal background and
the resultant yield before its decay is roughly given by [141],

Y3/2 ' 1.9⇥ 10�12

✓
TR

1010GeV

◆
, (4.8)

where TR is the reheating temperature of the Universe after inflation. The produced gravitino
eventually decays into gauginos at a late time with a decay rate,

�3/2 ' 1

32⇡
(8 + 3 + 1)

m3
3/2

M2
Pl

,

' 1.8⇥ 10�23GeV ⇥
⇣ m3/2

100TeV

⌘3
, (4.9)

which corresponds to the cosmic temperature around

Td ' 3.8MeV ⇥
⇣ m3/2

100TeV

⌘3/2
. (4.10)

Here, MPl ' 2.44⇥1018GeV is the reduced Planck scale and we have defined the decay temperature
by,

Td =

✓
10

⇡2g⇤
M2

Pl�
2
3/2

◆1/4

. (4.11)
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Here, g⇤ ' 10.75 is the e↵ective number of the massless degrees of freedom at around the decay time.
In the above decay width in Eq. (4.9), we have assumed that the gravitino decays into gauginos and
all the other modes are closed. If there are additional decay modes into the squarks, the gravitino
decay width becomes slightly larger, although it is in the same order of magnitude. It should be
noted that the decay temperature of the gravitino is high enough not to spoil the success of the
Big-Bang Nucleosynthesis for m3/2 & 30TeV [142, 143, 144].

As the result of the late time decays of the gravitino, the wino LSP is non-thermally produced
at around Td which is lower than the freeze-out temperature of the wino LSP, and the resultant
relic density is given by,

⌦(NT )h2 ' 0.16⇥
⇣ mw̃

300GeV

⌘✓ TR

1010GeV

◆
. (4.12)

Altogether, the total relic density of the wino LSP is given by,

⌦h2 = ⌦(TH)h2 + ⌦(NT )h2 . (4.13)

Thus, for mw̃ ⌧ 2.7TeV, the observed dark matter density can be explained by the non-thermally
produced wino for

TR ' 7⇥ 109GeV ⇥
✓
300GeV

mw̃

◆✓
⌦h2

0.11

◆
. (4.14)

Interestingly, the required reheating temperature is consistent with the successful leptogenesis [145,
146, 147], TR & 2⇥ 109GeV, for mw̃ . 1TeV. In the following analysis, we focus on the wino mass
below a TeV where the non-thermally produced wino is the dominant component of dark matter.

Several comments are in order. First, it should be noted that the entropy produced by the
decay of the gravitino is negligible since the energy density of the gravitino at the decay time is
subdominant.2 Second, it should be also noted that the annihilation of the wino after the non-
thermal production is negligible, since the yield of the non-thermally produced wino is small enough,
i.e.

Y (NT )
w̃ = Y3/2 ⌧

r
45

8⇡2g⇤

1

h�viMPlTd
' 2.9⇥ 10�10 ⇥

✓
10�24cm3/s

h�vi
◆✓

4MeV

Td

◆
. (4.15)

4.1.3 Collider/Indirect dark matter search constraints

The gluino and the wino masses in the pure gravity mediation model are constrained by the collider
experiments and indirect dark matter searches. Currently, the most severe limit on the gluino mass
is obtained from an inclusive SUSY search at the LHC experiment with use of multi-jets plus
missing transverse energy events. According to the search, the gluino mass is constrained to be
mg̃ > 1.2 (1.0)TeV for the wino mass of 100 (500)GeV [148], as shown in Fig. 4.1. In near future,
the limit will be increased up to about 2TeV when the LHC experiment succeeds to accumulate
300 fb�1 data at the 14TeV running. Furthermore, with utilizing disappearing charged tracks
caused by the long-lived charged winos, the limit will be increased up to about 2.3TeV if standard
model backgrounds against the signal are e�ciently reduced [149]. The search of the displaced
vertex made by the gluino decay can also provide significant hints on the models with heavy scalars

2In the non-thermal wino production scenario via the decay of moduli fields, a large amount of entropy is produced,
and hence, the baryon asymmetry is highly diluted. Therefore, those scenarios require baryogenesis below the decay
temperature of the moduli fields.
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Figure 4.1: Constraints on the gluino and the wino masses in the pure gravity mediation model. Limits on
the gluino mass obtained from the LHC experiment (8 TeV & 6 fb�1 data) and on the wino mass from the
Fermi-LAT experiment (observation of �-rays from dwarf spheroidal galaxies) are shown as hatched regions.
The shaded region is not favored because the LSP is the bino which leads to the over-closure of the Universe.

where the gluino decay rate is strongly suppressed by the mass of the heavy scalars [150, 151, 152].
In the simplest models such as the pure gravity mediation models, for example, the ratio between
the gluino mass and the squark masses are fixed by the anomaly mediation relation, with which the
scalar masses are not heavy enough to suppress the gluino decay rate down to the one which allows
the displaced vertex search. In more relaxed models such as the ones in Refs. [129, 131, 132, 133],
on the other hand, the scalar masses can be much heavier than the gravitino mass with which the
gluino decay is highly suppressed. Therefore, we might be able to distinguish heavy scalar scenarios
through the search of the displaced vertex of the gluino decay.

The most severe limit on the wino mass is obtained from the indirect detection measurement of
dark matter using gamma-rays from dwarf spheroidal galaxies (Milky-way satellites) at the Fermi-
LAT experiment [153]. At present, the limit is mw̃ > 300GeV, which is also shown in Fig. 4.1. Very
recently, it has also been suggested that the observation of gamma-rays from our galactic center
gives a more stringent limit on the annihilation cross section of dark matter with use of the Fermi-
LAT data [154]. According to this analysis, the wino mass will be constrained as mw̃ > 500GeV,
while this results depend on the assumed background model. In future, the indirect detection
measurement of dark matter using cosmic-ray anti-protons at the AMS-02 experiment will give a
stringent limit on the wino mass. With a few years of data taking, the limit will be increased,
at least, up to 1 TeV [155]. The LHC experiment will also provide an opportunity to directly
search for the wino dark matter in near future. Using the pair production of the wino associated
with a jet through electroweak interactions and utilizing the disappearing track of the charged
wino [124, 139, 156], the limit on the wino mass is expected to be increased up to 500GeV, though
the limit is currently very mild as mw̃ > 100GeV, as reported in reference [157].

4.2 Imprints on the Small-Scale Structure

Now, let us discuss possible imprints on the small-scale structure of the non-thermally produced
wino dark matter. For that purpose, we discuss the energy distribution of the neutral wino in
detail. As we will see, a sizable fraction of the neutral wino keeps its energy from the scattering
process with the thermal background, which leads to a rather small free-streaming scale of the wino
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Figure 4.2: The energy distribution of the wino produced by the cascade decays of the gravitino for given
mw̃ and L. We have taken mw̃ = 500GeV, L = 0 (left panel) and L = 3m3/2 (right panel), arg[mw̃/mg̃] = ⇡
and arg[mb̃/mg̃] = ⇡.

dark matter which can be observed in the future 21cm line survey.

4.2.1 The wino energy distribution at the gravitino decay

First, let us calculate the energy distribution of the wino produced by the decays of the gravitino.
The gravitino decays into the wino through two-body decay modes. In addition, the gravitino
decays into the wino through the modes into heavier gauginos, i.e. the gluino and the bino.3 The
wino has a line spectrum at the energy Ew̃ ' m3/2/2 from the two-body decay and continuous
spectra from the cascade decays which lead to the energy distribution,

1

�3/2

d�3/2
dEw̃

=
8

12

(
Brg̃!w̃

�g̃!w̃

d�g̃!w̃

dEw̃
+

Z
dEb̃

Brg̃!b̃

�g̃!b̃

d�g̃!b̃

dEb̃

1

�b̃!w̃

d�b̃!w̃

dEw̃

)

+
1

12

⇢
1

�b̃!w̃

d�b̃!w̃

dEw̃

�
+

3

12
�(Ew̃ �m3/2/2) . (4.16)

Here, �’s and Br’s denote the decay rates and the branching ratios of the gauginos which are
given in appendixB. The first and the third terms are the spectra from the cascade decays of
G̃ ! g̃ ! w̃ and G̃ ! b̃ ! w̃ respectively, and the second term is the spectrum from a cascade
decay of G̃ ! g̃ ! b̃ ! w̃.

In Fig. 4.2, we show the energy distribution of the wino produced by the cascade decays of the
gravitino for given mw̃ and L. In the figure, we have taken mw̃ = 500GeV and L = 0 (left panel)
and L = 3m3/2 (right panel). Here, we have taken arg[mw̃/mg̃] = ⇡ and arg[mb̃/mg̃] = ⇡, although
the e↵ects of the relative phases to our estimation of possible imprints on the small-scale structure
of the non-thermally produced wino dark matter are negligible (see the following discussions). The
figure shows that the peak of the wino energy distribution can be much smaller than the m3/2/2
and has a low energy tail.

Notice that the peak position is higher for L = 3m3/2 for a given gravitino mass. This is because
the wino mass is closer to the gluino mass for L = 3m3/2 than in the case of L = 0, and hence, the
wino carries away most of the gluino energy. For a given wino mass, on the contrary, the energy of
the wino is softer for L = 3m3/2 than the one for L = 0, since the gravitino mass is smaller for a
larger L.

3 As we have mentioned above, we assume that all the decay modes of the gravitino into the sfermions and the
higgsinos are closed.
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4.2.2 Scattering processes with the thermal background

The energetic winos produced by the decays of the gravitinos lose their energy through interactions
with the thermal background, which consists of the electrons and positrons (e) and the neutrinos
(⌫l, l = e, µ, ⌧) at the cosmic temperature of interest, T ⇠ 0.5 � 100MeV. In Refs. [80, 158], they
study the interaction rates of the winos with the thermal background in detail. In this subsection,
we summarize the relevant interactions for our purpose.

The charged winos mainly lose their energy via the Coulomb scattering with electrons and
positrons in the thermal background. The energy loss rate at the cosmic temperature T takes the
form [159],

�dEw̃±

dt
=
⇡↵2T 2

3
⇤

✓
1� m2

w̃

2E2
w̃±

ln

✓
Ew̃± + pw̃±

Ew̃± � pw̃±

◆◆
(4.17)

with the fine-structure constant ↵ and the Coulomb logarithm ⇤ ⇠ O(1). Here, Ew̃± and pw̃± are the
physical energy and the physical momentum of the charged wino. The charged winos also turn into
neutral winos by the decay of w̃± ! w̃0+⇡± and the inelastic scattering of w̃±+e (⌫e) ! w̃0+⌫e (e).
The decay is dominant [158] at the cosmic temperature of interest, and we neglect the inelastic
scattering in the following. The average ratio of energy lost within one lifetime is given by,

�Ew̃±

Ew̃±

���
1�lifetime

' 97⇤

✓
1� m2

⇡

�m2
w̃

◆�1/2✓
T

1MeV

◆2✓160MeV

�mw̃

◆3✓100GeV

mw̃

◆

⇥
✓
1� m2

w̃

2E2
w̃±

ln

✓
Ew̃± + pw̃±

Ew̃± � pw̃±

◆◆
. (4.18)

The charged winos lose most of their energy within one lifetime due to their long lifetime. Thus,
the neutral winos produced via the decay of the charged winos are “cold”. Since the gravitino
decays into the neutral and charged wino equally, at least two-thirds of dark matter particles are
“cold”.

The neutral wino does not have any elastic energy loss process at the tree level since we assume
the µ�parameter, the B�parameter and the sfermion masses are as large as the gravitino mass.
Thus, the neutral winos can lose their energy via the elastic scattering at loop level and the inelastic
scattering of w̃0+ e (⌫e) ! w̃±+ ⌫e (e). We consider the elastic scattering at the one-loop level and
study it in detail in appendixB.3. The rates of these processes are given by,

�w̃0, elastic =
135

⇡3
⇣(5)g2loop

✓
m2

W

m2
w̃

◆
G4

FT
5m4

W

E2
w̃0

m2
w̃

✓
1 +

p2w̃0

E2
w̃0

◆
, (4.19)

�w̃0, inelastic =
8

⇡3
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FT
5 (Ew̃0 + pw̃0)4
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Ew̃0 + pw̃0

�mw̃

T

◆

⇥ exp

✓
� mw̃
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T

◆
(4.20)

with the Riemann zeta function ⇣(x), the Fermi constant GF and the mass of the weak boson mW .
Here, Ew̃0 and pw̃0 are the physical energy and the physical momentum of the neutral wino. The
function gloop(x) is given in appendixB.3. Notice that the last factor of the inelastic scattering rate
in the above expression represents the Boltzmann suppression. In Fig. 4.3, we plot the reaction
rates normalized by the Hubble parameter. The figure shows that the inelastic scattering become
ine�cient quickly at low temperature by the Boltzmann suppression, but in the relevant region of
the cosmic temperature in which �/H � 1, the inelastic scattering dominates the elastic scattering.
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Figure 4.3: The reaction rates of the neutral wino normalized by Hubble parameter as functions of the
cosmic temperature. Here, we plot the reaction rates of the inelastic scattering (solid lines) and the elastic
scattering (dashed lines), taking mw̃ = 500GeV and �mw̃ = 170MeV for both Ew̃0 = 9TeV (left panel)
and Ew̃0 = 2TeV (right panel).

The inelastic scattering rate is higher for more energetic neutral winos since the inelastic scattering
originates from the higher dimensional operator, and moreover, more energetic neutral wino can
overcome the mass splitting between the charged and the neutral wino more easily.

Once the neutral winos turn into charged winos by the inelastic scattering, the charged winos
lose most of their energy by the Coulomb scattering with the thermal background and turn back
into neutral winos as discussed above. Therefore, the energetic neutral winos produced by the
decays of the gravitinos become “warm” only if they are directly produced by the decays of the
gravitinos and they do not undergo the inelastic scattering since then. We call such neutral wino
the “warm” neutral wino and other neutral wino the “cold” neutral wino in the following.

4.2.3 The present momentum distribution of the “warm” neutral wino

Now we describe the Boltzmann equation which determines the time evolution of the momentum
distribution of the “warm” neutral wino fw(pw, t) where pw and t denote the physical momentum
of the “warm” neutral wino and the cosmic time. Throughout this chapter, we normalize the
momentum distribution of the “warm” neutral wino by the present number density of the whole
wino dark matter. Following the discussion of the previous subsections, the Boltzmann equation
of the “warm” neutral wino does not depend on the charged wino or the “cold” neutral wino and
takes the form,

@

@t
fw(pw, t)�Hpw

@

@pw
fw(pw, t)

=
1

3

d�3/2
d3pw

a(t0)3

a(t)3
e��

3/2t � �w̃0, inelastic fw(pw, t) (4.21)

where a(t) is the scale factor and t0 is the present time. Here, d�3/2/d
3pw relates to d�3/2/dEw as

4⇡p2w
(2⇡)3

Ew

pw

d�3/2
d3pw

=
d�3/2
dEw

(4.22)

where Ew denote the physical energy of the “warm” neutral wino. In the Boltzmann equation of
the “warm” neutral wino, we have ignored the thermal motion of the gravitinos since the gravitinos
are su�ciently nonrelativistic at the decay time.
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By solving the Boltzmann equation numerically, we obtain the present momentum distribution
of the “warm” neutral wino fw(pw, t0). It should be noted that at the present time, pw equals
the comoving momentum of the “warm” neutral wino. In the lower panels of Fig. 4.4, we plot the
present momentum distribution of the “warm” neutral wino for the same parameters as in Fig. 4.2.
For comparison, in the upper panels we also plot the present momentum distribution of the “warm”
neutral wino obtained by solving the Boltzmann equation without the inelastic scattering term,
i.e. letting �w̃0, inelastic = 0. When we ignore the inelastic scattering of the neutral wino, we can
estimate the typical comoving momentum of the ”warm” neutral wino as,

pw, typical(t0) = pcm a(td)/a(t0) (4.23)

where pcm is the center-of-mass momentum and td is the time of the gravitino decay, at which
T = Td. In the present scenario, noting pcm ' m3/2/2 and a(td)/a(t0) ' (4/11)1/3 T0/Td where T0

is the present temperature of the cosmic microwave background, the typical present momentum of
the “warm” neutral wino is given by,

pw, typical(t0) ' 2.1⇥ 10�6GeV ⇥
⇣ m3/2

100TeV

⌘�1/2

. (4.24)

The typical present momentum of the “warm” neutral wino is larger for smaller gravitino mass due
to later decays of lighter gravitino and we can see this relation in the upper panels of Fig. 4.4. When
we consider the inelastic scattering of the neutral wino, the inelastic scattering turns a part of the
neutral winos produced by the decays of the gravitinos into the “cold” neutral winos. In particular,
almost all of the neutral winos that are produced by the cascade decay of G̃ ! b̃ ! w̃ and the
direct decay of G̃ ! w̃ turn into the “cold” neutral winos, because the winos produced by these
decay modes are more energetic than the winos produced by the cascade decays of G̃ ! g̃ ! w̃
and G̃ ! g̃ ! b̃ ! w̃ as we can see in Fig. 4.2. The present abundance of softer “warm” neutral
winos as well as harder “warm” neutral winos is reduced when we consider the inelastic scattering.
This is because softer “warm” neutral winos are produced at the higher redshift, when the inelastic
scattering rate is higher.

4.2.4 The ratio of the “warm” neutral wino and the free-streaming scale of the
wino dark matter

According to the current understanding of the cosmology, the structure formation of the Universe
occurs as a result of the mutual evolution of the primordial fluctuations of the gravitational potential
and of the dark matter energy density. Since the “warm” neutral winos have high-velocity and can
clime over the gravitational potential, they do not contribute to the structure formation of the
Universe and reduce the power spectrum of the matter density fluctuations in comparison with the
⇤CDM model.

When we discuss the imprints on the structure formation of the wino dark matter, we consider
two indices. One is the ratio of the “warm” neutral wino to the whole wino dark matter, rwarm.
Smaller value of rwarm indicates smaller imprints on the matter power spectrum. Another is the
free-streaming scale which is defined as the comoving Jeans scale at the matter-radiation equality
time and it takes the form,

kfs = a

s
4⇡G⇢mat

hv2i
����
a=a

eq

(4.25)

where G = (8⇡M2
Pl)

�1, ⇢mat and hv2i are the gravitational constant, the matter energy density
of the Universe and the mean square of the velocity of dark matter, respectively. The primordial
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Figure 4.4: The present momentum distribution of the “warm” neutral wino (lower panels). We also
plot the present momentum distribution obtained by solving the Boltzmann equation without the inelastic
scattering term for comparison (upper panels). Here, we have taken mw̃ = 500GeV, L = 0 (left panels) and
L = 3m3/2 (right panels) as in Fig. 4.2.

fluctuations with the wavenumber above the free-streaming scale hold the imprints of the “warm”
natural wino. In the conventional warm dark matter scenario, which is suggested as a solution
of the so-called “small-scale crisis” [35, 34, 33], the ratio of the warm dark matter to the whole
dark matter of the Universe is assumed to be one and the free-streaming scale is assumed to be
around 100Mpc�1 [79]. In the present wino dark matter scenario, however, rwarm does not exceed
one-third, and hence, the wino dark matter is not the conventional warm dark matter.

We calculate these two indices using the momentum distributions obtained in the previous
subsection (see Fig. 4.4) and summarize the results in Table. 4.1. In this table, we also show the
results obtained by ignoring the inelastic scattering of the neutral wino, �w̃0, inelastic = 0, in the
parentheses. We can confirm that the ratio of the “warm” neutral winos to the whole wino dark
matter is one-third when we ignore the inelastic scattering as mentioned above. For L = 3m3/2 the
value of rwarm is smaller and the value of kfs is larger, which indicates that the wino dark matter is
“colder” than in the case of L = 0. This is because for heavier gravitino the value of pw, typical(t0)
is smaller and the value of �w̃0, inelastic is larger.

In order to discuss the imprints on the matter power spectrum in the present scenario, we
plot the values of rwarm (left panel) and kfs (right panel) as functions of the wino mass mw̃ for
L = 0,m3/2, 2m3/2, 3m3/2 in Fig. 4.5. Since larger value of L means smaller gravitino mass for a
given wino mass, the wino dark matter for larger value of L is “warmer” as we can see in the figure.

In the above discussion of this section, we have taken the relative phases between the gaugino
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Table 4.1: The ratio of the “warm” neutral wino to the whole wino dark matter rwarm and the free-streaming
scale of the wino dark matter kfs, for mw̃ = 500GeV and L = 0 and L = 3m3/2 as in Fig. 4.2. We also show
the results for �w̃0, inelastic = 0 in the parentheses.

parameters rwarm kfs [Mpc�1]

mw̃ = 500GeV, m3/2 = 170TeV, L = 0 1.5⇥ 10�7 (0.33) 4.5⇥ 107 (2.7⇥ 103)
mw̃ = 500GeV, m3/2 = 44TeV, L = 3m3/2 0.016 (0.33) 7.5⇥ 103 (1.2⇥ 103)
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Figure 4.5: The ratio of the “warm” neutral wino to the whole wino dark matter rwarm (left panel)
and the free-streaming scale of the wino dark matter kfs (right panel) as functions of the wino mass mw̃

for L = 0, m3/2, 2m3/2, 3m3/2. The regions shown by the dashed lines are not favored by the collider
experiments and by the indirect detection searches.

mass parameters, arg[mw̃/mg̃] = ⇡ and arg[mb̃/mg̃] = ⇡. We have also fixed the relation between
the gaugino masses and the graviton mass, which are determined by given mw̃ and L in the present
scenario. Now, we vary the values of arg[mw̃/mg̃], arg[mb̃/mg̃], mb̃ and mg̃ to see their e↵ects on
the values of rwarm and kfs. In Fig. 4.6, we plot the values of rwarm (left panel) and kfs (right panel)
for various values of arg[mw̃/mg̃], arg[mb̃/mg̃] (dotted lines), mb̃ (dashed lines) and mg̃ (dot dashed
lines). In the figure, we have taken L = 3m3/2. The figure shows the e↵ects of the relative phases
between the gaugino mass parameters, arg[mw̃/mg̃] and arg[mb̃/mg̃] are at most 10% and thus
negligible. We can also see the e↵ects of the bino mass mb̃ are small. On the other hand, larger
gluino mass mg̃ significantly enhances the value of rwarm and reduces the value of kfs and thus
makes the wino dark matter “warmer”. This is because the wino carries away smaller fraction of
the gluino energy for larger mass di↵erence between the gluino and the wino. Therefore, in other
models where the gluino mass for a given wino mass is lager than in the present model, the imprints
on the matter power spectra are enhanced.

As we have seen above, the wino dark matter is the so-called mixed dark matter [160] such as
massive neutrinos [161] rather than the warm dark matter. The present constraints on the mixed
and the warm dark matter come from the observations of the large-scale structure, especially
Lyman-alpha cloud [48], while they can put the constraint on the mixed and warm dark matter
with rather smaller free-streaming scale kfs ⌧ 100Mpc�1 than the typical free-streaming scale
kfs > 100Mpc�1 in the present scenario. We suggest that the future observations of the redshifted
21 cm line should be most promising. In fact, the detectability of the neutrino mass in the future
21 cm line survey has been discussed [162, 163]. The spatial fluctuations of the 21 cm line from
between 30 . z . 200 can directly probe the linear matter density fluctuation with a comoving
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Figure 4.6: The changes in the values of rwarm (left panel) and kfs (right panel) for various values of
arg[mw̃/mg̃], arg[mb̃/mg̃] (dotted lines), mb̃ (dashed lines) and mg̃ (dot dashed lines). Here, we have taken
L = 3m3/2.

wavenumber larger than 100Mpc�1 (wavelength smaller than 100 kpc) [164]. The detectability of
the imprints of the non-thermal wino dark matter in the future 21 cm line survey should be studied,
while it’s beyond the scope of this chapter.

4.3 Conclusions

The wino dark matter is highly motivated in scenarios with heavy scalars such as the pure gravity
mediation model after the discovery of a Higgs-like particle with a mass around 125GeV at the
LHC. In this chapter, we have studied how “warm” the wino dark matter is when it is non-thermally
produced by the late time decays of the gravitinos.

The winos produced by the cascade decays of the gravitinos have the energy of Ew̃ ⇠ 0.1m3/2.
The charged winos lose almost all of their energy within one lifetime through the electromagnetic
interaction with the thermal background. As a result, at least two-thirds of the wino dark matter
are “cold”. The neutral winos produced by the decays of the gravitino can turn into charged
winos by the inelastic scattering. The neutral winos which do not undergo the inelastic scattering
become “warm”. As we have shown, a sizable fraction of the wino dark matter can be “warm”
for the wino mass mw̃ ' 100 � 500GeV. The imprints on the matter power spectra may provide
further insight on the origin of dark matter via the future 21 cm line survey in combination with
the LHC experiments and the indirect dark matter searches. The detectability of the imprints of
the non-thermal wino dark matter in the future 21 cm line survey is worthy of the future study.

Our calculation can be applied to other non-thermal wino production scenarios such as the wino
dark matter produced by the decay of the moduli fields [128, 105, 165]. In such scenarios, the winos
are over-produced after the chemical decoupling of the thermal winos, and then annihilate e�ciently
toexplain the observed dark matter density. Our calculation of the “warmness” of the wino dark
matter is not altered by the annihilation process. However, the annihilation rate, which determines
the relic density of the winos, can be altered by the existence of the “warm” component, while the
thermally averaged annihilation rate is used in the literature. It should be noted that for the small
fraction of the “warm” neural wino, the calculation with the thermally averaged annihilation rate
is valid up to small corrections. We also should note that for heavier gluino scenarios, the imprints
on the matter power spectra are enhanced, while searches in the LHC experiments become di�cult.



4.3. CONCLUSIONS 51

Finally, we comment on a further application of this work. The higgsino dark matter scenarios
are suggested in the supersymmetric models [166, 167]. The neutral and the charged higgsinos
produced by the decay of the gravitino can leave the imprints on the matter power spectra as well
as in the case of the non-thermal wino dark matter. In the higgsino dark matter scenarios, the
mass splittings between the charged and the neutral higgsinos are in a GeV range, and hence, the
lifetime of the charged higgsino is much shorter than the lifetime of the charged wino, which makes
the higgsino dark matter “warmer”. On the other hand, the higgsino-gaugino mixing provides the
elastic scattering of the neutral higgsino at the tree level, which makes the higgsino dark matter
“colder”.
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Chapter 5

Mixed (Cold+Warm) Dark Matter in
the Bino-Wino co-annihilation
scenario

In the previous chapter, we considered the wino LSP scenario in the high-scale SUSY breaking
models. On the other hand, in the high-scale SUSY breaking models, bino LSP is realized with
threshold e↵ects by the higgsinos (see Fig. 4.1). In this chapter, we consider the bino LSP with
the at most around 30GeV heavier wino as the next-to-LSP (NLSP) in high-scale SUSY breaking
scenarios. Due to the heavy sfermions, the self-annihilation of the bino LSP is insu�cient and its
thermal relic over-closes the Universe if the slightly heavier wino is not accompanied. On the other
hand, the wino dark matter self-annihilates e↵ectively, since the approximate custodial symmetry
prohibits the large mass splitting between the neutral and the charged winos. The mass splitting
between the neutral and the charged winos can be around 150 � 170MeV [139, 104, 168]. The
large annihilation cross section of the wino dark matter, however, is in tension with gamma-ray
observations of the Galactic center in the Fermi-LAT and the H.E.S.S. telescope [169, 170], while
there is still large ambiguity in the dark matter profile at the Galactic center. These issues are
solved if the mass splitting between the bino LSP and the wino NLSP is su�ciently small. The
small mass splitting keeps the wino and the bino abundance almost the same (except for the small
Boltzmann factor) at the freeze-out. In this case, the e�cient wino annihilation can reduce the
resultant bino abundance to the observed dark matter density or below. This mechanism is referred
to the co-annihilation [78].

We also consider the late-time decay of the gravitino, which provides the non-thermal bino dark
matter when the small mass splitting between the bino and the wino does not leave the su�cient
amount of the thermal bino dark matter. The non-thermal binos are highly energetic at the time
of the gravitino decay. After that, they can loose their energy via interactions with the thermal
background. Since the bino does not interact with the standard model particles elastically, the
energy-loss proceeds via a cycle of interactions with the winos. The bino turns into the charged
winos via the inelastic scattering by the thermal background. This inelastic process triggers the
energy-loss cycle of the bino. The inelastic scattering rate is sensitive to the mass splitting between
the bino and the wino, which also determines the thermal relic abundance of the bino. By direct
integration of the Boltzmann equation with the energy-loss cycle, we show that a sizable fraction
of the non-thermal bino remains relativistic after the energy-loss cycle becomes ine�cient. There-
fore, the bino dark matter, which consists of thermal and non-thermal components, can be mixed
(cold+warm) dark matter. The imprints on the small-scale matter power spectrum may provide
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further insights on the origin of dark matter via the future 21cm line survey [108, 109].
The organization of the chapter is as follows. In section 5.1, we summarize the bino-wino co-

annihiliation scenario mainly assuming the pure gravity mediation [124, 125, 126]/minimal split
SUSY model [171], although our discussion can be applied to generic bino-wino co-annihiliation
scenarios. In section 5.2, we determines the mass splitting between the bino LSP and the wino
NLSP for a given thermal relic abundance. The mass splitting determines the inelastic scattering
rate of the non-thermal bino. In section 5.3, we discuss the imprints of the non-thermal bino on the
small-scale matter power spectrum, assuming that the non-thermal bino is produced by the decay
of the gravitino. Here, we clarify the energy-loss cycle of the non-thermal bino. The final section
is devoted to summary.

5.1 The bino-wino co-annihilation Scenario

First, we summarize the bino-wino co-annihilation scenario in high-scale SUSY breaking models. 1

To be specific, we concentrate on the pure gravity mediation/minimal split SUSY model, although
we do not need to change our discussion for generic bino-wino co-annihilation scenarios with the
heavy sfermions and the heavy higgsinos. Then, we discuss phenomenological implications of the
model.

5.1.1 Mass spectrum of the model

In the pure gravity mediation/minimal split SUSY model, the sfermion mass mf̃ and the higgsino
mass µ originate from the generic tree-level interactions in the supergravity, and thus they are
expected to be of the order of the gravitino mass. The gravitino mass is set m3/2 ' 10�1000TeV in
order to explain the large quantum corrections to the Higgs mass. On the other hand, the charge of
the SUSY breaking field under some symmetry allows only one-loop suppressed contributions to the
gaugino masses, i.e. the anomaly mediated contributions [136, 137]. The heavy higgsinos also lead to
large threshold e↵ects to the gaugino masses, which are parametrized by L [124, 125, 126, 104, 136].
The gaugino masses are given by Eq. (4.3)-(4.5). The formulas of the gaugino masses imply that
bino is LSP for L/m3/2 > 3. We focus on the parameter region of L/m3/2 ' 3.5 � 4.0, where the
mass splitting between the bino and the wino, �mb̃ ⌘ mw̃ � mb̃, is about 10% of the bino mass
and the bino-wino co-annihilation is e�cient. In the next section, we identify the suitable mass
splitting for a given thermal relic density. In the following discussion, we set the sfermion mass and
the higgsino mass equal to the gravitino mass mf̃ = µ = m3/2.

5.1.2 Phenomenological aspects of the model

Here, we describe phenomenological implications of the heavy sfermions and the heavy higgsinos.
First, the large µ-term suppresses the bino-wino mixing to O(m2

Z/(µ|mw̃ �mb̃|)). Even with the
small mass splitting between the bino and the wino, the bino compose at least 0.99 of LSP in the
parameter region of interest. The tiny mixing and the heavy sfermions result in the extremely
weakly interacting bino. Therefore, in the present model, the bino dark matter does not leave
detectable signals in current and near-future direct and indirect detections of dark matter.

The only constraint is put by null-detection of the gluino signals at the LHC. By using multi-jets
plus missing transverse momentum events, the ATLAS experiment reports that the gluino mass

1 The bino-wino co-annihilation scenario, especially the thermal relic abundance of the bino, is studied in other
contexts such as of the minimal supergravity model with non-universal gauging mass [172, 173] and the gaugino
condensation in hidden sector [174].
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should be mg̃ & 1.2TeV for the LSP mass below 500GeV [175]. In the near future, the 14TeV
LHC with 300 fb�1 has a potential to discover the gluino below mg̃ ' 2.3TeV [149]. Furthermore,
a 33TeV future proton collider with 3000 fb�1 can reach the gluino mass of mg̃ ' 3.6TeV [176].
Here, we should note that in these collider experiments, we can probe only the gluino production
and its subsequent cascade decay, but not the bino LSP itself. This motivates us to study the
cosmological imprints of the bino dark matter as the direct probe for the present scenario in this
chapter.

The large µ-term also ensures the small mass splitting between the neutral wino w̃0 and the
charged winos w̃±, �mw̃ ⌘ mw̃± �mw̃0 . This is because the large µ-term suppresses the e↵ect of
the approximate custodial symmetry on the mass splitting �mw̃. The tree-level contribution to
the mass splitting is �mtree

w̃ . 20MeV in the parameter region of interest. On the other hand, the
one-loop contribution [139, 104] is given by

�mloop
w̃ = mw̃± �mw̃0 =

g22
16⇡2

mw̃

⇥
f(rW )� cos2 ✓W f(rZ)� sin2 ✓W f(0)

⇤
, (5.1)

where ✓W is the Weinberg angle, f(r) =
R 1
0 dx(2 + 2x2) ln[x2 + (1 � x)r2], and rW,Z = mW,Z/mw̃

with the W,Z-boson mass mW,Z . The one loop contribution is �mloop
w̃ ' 150 � 170MeV, and

thus dominates the mass splitting �mw̃. In the other scenarios with |mb̃ � mw̃| ⇠ mb̃ (mw̃), the
tree-level contribution is negligible compared with the one-loop contribution, �mtree

w̃ < O(100) keV.
However, in the present bino-wino co-annihilation scenario�mb̃/mb̃ ⌧ 1, the tree-level contribution

is subdominant but can not be ignored, �mtree
w̃ /�mloop

w̃ . 0.1.

5.2 Mass splitting between bino and wino

The interactions of the bino LSP is extremely weak due to the heavy sfermions and the heavy
higgisnos. The ine�cient annihilation of the bino LSP generically leads to the over-closure of
the Universe. However, when the bino is accompanied by the slightly heavier wino, the presence
of the wino at the freeze-out of bino reduces the relic abundance of the bino. For the heavier
bino with mb̃ & 1TeV, the bino-wino co-annihilation is also boosted up by the non-perturbative
e↵ects. The countless exchanges of gauge bosons (�,W,Z) between the winos distort the initial
state wave function from the direct product of the plane waves. This is known as the Sommerfeld
enhancement [177]. In this section, we calculate the bino relic abundance taking into account the
co-annihilation and the Sommerfeld enhancement.

5.2.1 Thermally averaged e↵ective cross section

The thermal relic of the non-relativistic stable particle can be evaluated by solving the following
Boltzmann equation [77],

dY

dx
= �h�vi

Hx

✓
1� x

3g⇤s

dg⇤s
dx

◆
s (Y 2 � Y 2

eq) , (5.2)

with the time coordinate x, which is the inverse of the cosmic temperature T normalized by the
particle mass m, x ⌘ m/T . The yield of the particle Y is defined by the ratio of the particle
number density n to the entropy density s, Y = n/s. The equilibrium yield Yeq is given by,

Yeq =
g

(2⇡)3/2
m3

s x3/2
e�x , (5.3)
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with the degrees of freedom of the particle g. The entropy density and the cosmic expansion rate
H is given by,

s = g⇤s
2⇡2

45

m3

x3
, H =

⇣ g⇤
10

⌘1/2 ⇡

3Mpl

m2

x2
, (5.4)

with the reduced Planck mass Mpl ' 2.43 ⇥ 1018GeV. The e↵ective degrees of freedom for the
energy density g⇤ and for the entropy density g⇤s is calculated as the function of x according to
Ref. [178]. The thermally averaged annihilation cross section h�vi is related to the annihilation
cross section (�v) by,

h�vi =
⇣ m

4⇡T

⌘3/2 Z
4⇡v2dv (�v) exp

✓
�mv2

4T

◆
, (5.5)

with the relative velocity of the initial particles, v.

The co-annihilation introduces two changes in the above formulas [140],

g ! ge↵ =
X

i

gi(1 +�i)
3/2e�x�i , (5.6)

h�vi ! h�e↵vi =
X

i,j

h�ijvi g
2

g2e↵
(1 +�i)

3/2(1 +�j)
3/2e�x(�i+�j) . (5.7)

The index i, j runs over the all particles that contribute to the co-annihilation including the stable
particle itself. The dimensionless mass splitting between the stable particle and the particle i is
defined by �i = mi/m � 1. Since the thermal relic of the stable particle freeze-out at x ' 20
and the thermally averaged e↵ective annihilation cross section h�e↵vi depends exponentially on the
dimensionless mass splitting (Eq. (5.7)) , the co-annihilation is significant only with at most ⇠ 10%
heavier particles than the stable particle.

The above formulas of the co-annihialation are valid only if the chemical equilibrium between
the stable particle and the accompanying particles is kept around the freeze-out. In order to
check this point, we should specify the inelastic interactions in charge of keeping the chemical
equilibrium. In the case of our present bino-wino co-annihilation scenario, the dominant processes
are b̃ + e (⌫e) $ w̃± + ⌫e (e), w̃0 + e (⌫e) $ w̃± + ⌫e (e), w̃± ! b̃ + f1 + f̄2, w̃± ! w̃0 + ⇡ and
w̃0 ! b̃ + f + f̄ . The 2-body decays of w̃± ! b̃ + ⇡ and w̃0 ! b̃ + ⇡ are sub-dominant compared
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with the 3-body decays for �m > 1GeV [179]. The interaction rates are given by,

�b̃+e (⌫e)!w̃±+⌫e (e)
= 4N2

12h�fi(pb̃, T ;mb̃,�mb̃ +�mw̃)ib̃ , (5.8)

�w̃0+e (⌫e)!w̃±+⌫e (e) = 4h�fi(pw̃, T ;mw̃,�mw̃)iw̃0 , (5.9)

�w̃±+⌫e (e)!b̃+e (⌫e)
= 4N2

12h�bi(T ;mw̃)iw̃± , (5.10)

�w̃±+⌫e (e)!w̃0+e (⌫e) = 4h�bi(T ;mw̃)iw̃± , (5.11)

�w̃±!b̃+f
1

+f̄
2
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12
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��V CKM
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�
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with the Fermi constant GF , the pion mass m⇡, and the pion decay constant f⇡. The mixing
matrix of the neutralinos Nij is defined in the same way as in Ref. [180]. The indices (i, j) on
Nij correspond to (mass, gauge) eigenstates. The subscripts qs and ls represent the quarks and
the leptons, respectively. The Cabbibo-Kobayashi-Maskawa matrix is denoted by V CKM

UD . The
indices (U,D) on V CKM

UD correspond to (up, down)-type quarks, while the indices (u, d) on V CKM
ud

in Eq. (5.13) denote the (up, down) quarks concretely. The ratio of the vacuum expectation values
of the (up, down)-type Higgs, (vu, vd) is written as tan� = vu/vd. It should be noted that pb̃,w̃ is
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the physical momentum of the bino (wino) at the cosmic temperature T . Here, we define
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q2 = M2
1 +M2

2 � 2M1E2 , (5.24)

with the mass of the standard model Higgs boson mh. We normalize g1 and g2 such that g1 =p
5/3 g0 and g2 = g with the conventional electro-weak gauge couplings g and g0 (e = g sin ✓W =

g0 sin ✓W with the positron charge e). The quantity in angle brackets hQib̃, (w̃) denotes the average

of quantity Q over the bino (wino) thermal distribution. The relative phase between the bino and
the wino mass parameter cb̃w̃ is unity in the present model, cb̃w̃ = 1.

In Fig. 5.1, we show the reaction rates for mb̃ = 600GeV and �mb̃ = 31.5GeV. The inelastic

scatterings are e�cient to keep the chemical equilibrium between b̃, w̃0, and w̃± until the freeze-out
of the bino LSP. It should also be noted that the 3-body decay of w̃± ! b̃+f1+f2, not the 2-body
decay of w̃± ! w̃0 + ⇡, dominates the decay of the charged winos.
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Figure 5.1: The reaction rates of the inelastic processes in charge of keeping the chemical equilibrium
between the bino b̃ and the winos w̃s. In the explanation of each line, we omit the standard model particles
and explicitly specify the decay processes. Here, we set mb̃ = 600GeV and �mb̃ = 31.5GeV.

The Sommerfeld enhancement is incorporated for the annihilations of the winos by calculating
the annihilation cross section as

�ijv = cij
X

(k,l),(m,n)

dij,kld
⇤
mn,ij�kl,mn , (5.25)

where cii = 2 and cij = 1 (i 6= j), and �ij,kl is the absorptive term between two body states �ij

and �kl [177]. The enhancement factor dij,kl is given by the distortion of the wave function with
respect to the relative position r of the annihilation particles at the infinity,

g>ij,kl(r)
r!1! dij,kl exp(i

p
mEr) , (5.26)

where g>ij,kl(r) is the solution of the Schrödinger equation of

� 1

m

d2

dr2
g>ij,kl(r) +

X

(m,n)

Vij,mn g
>
mn,kl(r) = Eg>ij,kl(r) , (5.27)

with the potential Vij,kl(r) and the boundary condition of

g>ij,kl(0) = 0 , g>ij,kl(r)
r!1/ exp(i

p
mEr) . (5.28)

The absorptive term and the potential for each annihilation channel of the winos are summarized
in Table 5.1.

5.2.2 The mass splitting between the bino and the wino �mb̃

We numerically solve the Boltzmann equation (Eq. (5.2)) with the co-annihilation and the Som-
merfeld enhancement. We identify the suitable mass splitting between the bino and the wino �mb̃
for a given bino thermal relic, rT ⌘ ⌦T

b̃
/⌦dm = 1.0, 0.9, 0.5, 0.1, up to 5%. The results are shown

in Fig. 5.2.
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Table 5.1: The summary of absorptive term �ij,kl and the potential Vij,kl(r) for each annihilation channel
of the winos. Here, we take an abbreviated notation of cW = cos ✓W , ↵ = e2/4⇡, and ↵2 = g22/4⇡.
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Here, we comment on the resonance in the Sommerfeld enhancement that is induced by the
existence of the zero-energy binding states. As shown in Ref. [140], the wino relic abundance is
resonantly reduced around some critical mass of mw̃ > 2TeV. The resonance may change the
monotonic decrease of �mb̃ in large mw̃ (see Fig. 5.2). The first resonance appears around mb̃ '
2.4TeV in our numerical calculation in the case of �mb̃ = 0. However, we find that with a tiny
mass splitting of at most �mb̃ ' 10MeV, the bino thermal relic can explain the observed dark
matter density even around mb̃ ' 2.4TeV. This is because the resonance is highly sensitive to the
freeze-out temperature, which depends on the mass splitting between the bino and the wino �mb̃
(see Eq. (5.7)). The tiny mass splitting leads to an order of one mixing between the bino and the
wino, i.e. the bino-wino dark matter rather than the bino dark matter. Since the phenomenology
of the bino-wino dark matter is not the subject of this chapter, in the following we restrict ourselves
within mb̃ . 2.4TeV.

The mass splitting �mb̃ for rT = 1.0, plotted in Fig. 5.2, is the upper limit. If the mass
splitting is larger, the bino thermal relic over-closes the Universe. On the other hand, for rT < 1,
the thermal relic can not explain the observed mass density of dark matter. In that case, we
need another production mechanism of the bino after the thermal freeze-out. We assume that the
late-time decay of the gravitino is in charge. In the present scenario, the gravitino decays into the
gauginos before the Big Bang Nucleosynthesis (BBN),

Td =

✓
10

⇡2g⇤
M2

pl�
2
3/2

◆1/4

' 0.12MeV
⇣ m3/2

10TeV

⌘3/2
. (5.29)

Here, the decay rate of the gravitino is given by,

�3/2 '
8 + 3 + 1

32⇡

m3
3/2

M2
pl

. (5.30)

The yield of the gravitino depends on the cosmic reheating temperature TR. The resultant non-
thermal bino relic is given by [181, 182],

⌦NT
b̃

h2 ' 2.7⇥ 10�2
⇣ mb̃

100GeV

⌘✓ TR

1010GeV

◆
. (5.31)
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Figure 5.2: The mass splitting �mb̃ as a function of the bino mass. Each line represents the thermal
abundance of rT = 1.0, 0.9, 0.5, 0.1. The vertical lines show the constraints on the bino mass from the
gluino search in the current LHC (dashed), the near-future LHC (dotted), and the future high-energy proton
collider (dot-dashed).

The non-thermal bino produced by the late time decay of the gravitino is relativistic. The
dark matter with sizable peculiar velocity is called hot or warm dark matter, depending on the
comoving velocity (roughly speaking, warm dark matter has comoving velocity of v/c ⇠ 10�(7�8)).
The peculiar velocity of warm dark matter suppresses the growth of primordial perturbations and
leaves the cut-o↵ in the matter power spectrum around the galactic or the sub-galactic scales [35].
The cut-o↵ in the matter power spectrum is not only characteristic feature of the nature of dark
matter, but also possible solution to the so-called “small-scale crisis” [183, 29, 30, 31]. As we will see
in the next section, in the present scenario, the bino dark matter is mixed (warm+cold) dark matter
rather than pure warm dark matter in the favored parameter range. However, tomography of the
matter density fluctuations in the future 21 cm line observations is expected to give us a chance to
find even weaker imprints on the matter power spectrum [164]. As mentioned in subsection 5.1.2, it
is highly challenging to find the bino dark matter in direct and indirect detections. Therefore, the
imprints on the matter power spectrum can give valuable evidence of the bino-wino co-annihilation
scenario in high-scale SUSY models.

5.3 Imprints on the small-scale matter power spectrum

In this section, we study the imprints of the non-thermal bino on the small-scale matter power
spectrum. The comoving velocity of the non-thermal bino at the gravitino decay can be estimated
as,

vb̃/c ' 6.8⇥ 10�8
⇣ mb̃

100GeV

⌘�1 ⇣ m3/2

10TeV

⌘�1/2

. (5.32)

The non-thermal bino is su�ciently energetic to be warm dark matter when they are produced.
However, after that, they may lose their energy through the interactions with the thermal back-
ground. Our goal is to obtain the momentum spectrum of the bino dark matter after the energy-loss
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processes become ine�cient. To this end, first, we clarify the dominant energy-loss process for non-
thermal bino. Then, we derive and solve the Boltzmann equation of the momentum spectrum
of the “warm” bino dark matter. Finally, we introduce two quantities that characterize the im-
prints of mixed dark matter on the matter power spectrum, and calculate them from the obtained
momentum spectrum.

5.3.1 Energy-loss process

As mentioned above repeatedly, the bino LSP in the present scenario does not elastically interact
with the standard model particles, i.e. thermal background. On the other hand, the winos can be a
messenger between the bino and the standard model particles due to the small mass splitting �mb̃.
The energy-loss of the non-thermally produced wino is investigated for the wino LSP in previous
works [158] (see Chapter 4). Here we summarize their results, and discuss points of modification
when we apply the previous results to the present scenario.

The charged winos lose their energy e�ciently via Coulomb scattering,

�dEw̃±

dt
=
⇡↵2T 2

3
⇤

✓
1� m2

w̃

2E2
w̃±

ln

✓
Ew̃± + pw̃±

Ew̃± � pw̃±

◆◆
, (5.33)

with the Coulomb logarithm ⇤, which is estimated as

⇤ = ln


4hp2ei
k2D

�
, hp2ei ⇠

✓
Ew̃±

mw̃±
T

◆2

, k2D ' 4⇡↵

3
T 2 , (5.34)

taking into account the contributions to the Debye screening scale kD from the relativistic electrons
and the relativistic positrons. At the temperature of interest, Td ' 0.1�10MeV, the charged wino
turns into the neutral wino mainly via the 2-body decay process (see Fig. 5.3) in the case of the
wino LSP. In this case, the relatively long lifetime of the charged winos allow the non-thermal
charged winos lose most of their energy before they decay (see Chapter 4),

⌧w̃± ⌘ 1

mw̃±�w̃±!b̃+f
1

+f̄
2

✓
�dEw̃±

dt

◆
� 1. (5.35)

However, in the present scenario, the charged winos mainly decay into the bino LSP with a shorter
lifetime. For the mass splitting of �mb̃ & 5GeV, the energy-loss of the charged winos becomes
ine�cient, �dEw̃±/ (Ew̃±�w̃±dt) . 1 , at T & 1MeV.

The neural wino itself does not have elastic energy-loss processes at the tree-level. The neutral
wino lose its energy through the inelastic scattering of w̃0 + e (⌫e) ! w̃± + ⌫e (e). The inelastic
scattering rate is given by,

�w̃0, inelastic =
8

⇡3
G2

FT
5 (Ew̃0 + pw̃0)4

m2
w̃Ew̃0pw̃0

✓
6 + 2

mw̃

Ew̃0 + pw̃0

�mw̃

T

◆

⇥ exp

✓
� mw̃

Ew̃0 + pw̃0

�mw̃

T

◆
. (5.36)

It should noted that this formula is applicable to only the relativistic wino and it is di↵erent
from Eq. (5.9) that is for the non-relativistic wino. This formula can be easily translated into the
inelastic scattering rate for the relativistic bino by multiplying the mixing and substituting physical
quantities (e.g. mass splitting) related to the bino instead of the wino,

�b̃, inelastic = N2
12�w̃0, inelastic(w̃

0 ! b̃) . (5.37)
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Figure 5.3: The normalized reaction rates of interactions relevant to the energy-loss of the non-thermal bino
(wino). Here, we take mb̃ = 600GeV and �mw̃ = 29.7GeV ($ rT = 0.5) for Eb̃(w̃) = 2TeV (left panel) and

Eb̃(w̃) = 10TeV (right panel). The vertical line shows the decay temperature of the gravitino (Eq. (5.29)).

Table 5.2: The energy-loss cycle of the bino and the winos around and after the gravitino decay.

particle dominant process

w̃± w̃± Coulomb! w̃± ! b̃+ f1 + f̄2
w̃0 w̃0 + e (⌫e) ! w̃± + ⌫e (e) (high T)

w̃0 ! b̃+ f + f̄ (low T)

b̃ b̃+ e (⌫e) ! w̃± + ⌫e (e)

In Fig. 5.3, we show the reaction rates for mb̃ = 600GeV and �mw̃ = 29.7GeV, which corresponds
to the case of rT = 0.5. The energy of the bino (wino) is di↵erent in each panel, Eb̃ (w̃) = 2TeV
for the left panel and Eb̃ (w̃) = 10TeV for the right panel. The inelastic scattering rate both for the
bino and for the neutral wino sharply drops around

Tc =
mb̃ (w̃)�mb̃ (w̃)

2Eb̃ (w̃)

' 900MeV

✓ mb̃ (w̃)

600GeV

◆ �mb̃ (w̃)

30GeV

! 
Eb̃ (w̃)

10TeV

!�1

, (5.38)

due to the Boltzmann factor in Eq. (5.36).
From Fig. 5.3, we can identify the energy-loss cycle of the bino and the winos around and after

the gravitino decay and summarize it in Table 5.2. The non-thermal charged winos w̃± lose their
energy thorough the Coulomb interaction and then decay into the bino b̃. The energetic bino b̃ is
scattered inelastically and turns into the charged wino w̃±. The relativistic neutral wino goes in
two ways depending on the cosmic temperature. If the temperature is high enough, the inelastic
scattering rapidly turns the neutral wino w̃0 into the charged wino w̃±. Otherwise, it decays into
the bino b̃ before it is scattered inelastically.

5.3.2 Boltzmann equation and characteristic quantities

The discussion in the previous subsection clarifies the evolution equation of the bino momentum
spectrum that should be solved. However, the calculation cost is still high and thus, we further
simplify the evolution equation as follows without missing the essence. First, we take into account
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the incomplete energy-loss of the charged winos until their decay by changing the bino inelastic
scattering rate as,

�b̃, inelastic !
�
1� e�⌧w̃±

�
�b̃, inelastic . (5.39)

The prefactor (1� e�⌧w̃± ) represents the probability of complete energy-loss at each inelastic scat-
tering. The second simplification is for the neutral wino process. As we mentioned, the dominant
process for the neutral wino shifts from the inelastic scattering to the decay as the temperature of
the Universe decreases. We assume that this takes place instantaneously at the time

⌧w̃0 ⌘ �w̃0, inelastic

(mw̃0/Ew̃0)�w̃0!b̃+f+f̄

= 1 . (5.40)

With these simplifications, the Boltzmann equation of the momentum spectrum of the “warm”
bino dark matter, fwarm(p, t), can be written as,

@

@t
fwarm(p, t)�Hp

@

@p
fwarm(p, t)

=


e�⌧w̃±

d�3/2, w̃±

d3p
+ e�⇥(⌧w̃0

�1)⌧w̃±
d�3/2, w̃0

d3p
+

d�3/2, b̃
d3p

�
a(t0)3

a(t)3
e��

3/2t

� �1� e�⌧w̃±
�
�b̃, inelastic fwarm(p, t) , (5.41)

with the Heaviside step function ⇥(x). The di↵erential decay rate of the gravitino into the bino
b̃ (wino w̃), d�3/2, b̃ (w̃)/d

3p, are given in Chapter 4. The prefactor e�⇥(⌧
˜b�1)⌧w̃± and e�⌧w̃± rep-

resent the energy-loss of the neutral and the charged winos immediately after their production,
respectively. The momentum spectrum of the “warm” bino dark matter is normalized such that,

Z
d3p

(2⇡)3
fwarm(p, t)

���
⌧w̃±=0

t=t
0

= 1 , (5.42)

at present t = t0 when we turn o↵ the energy-loss process by hand, ⌧w̃± = 0.
After obtaining the momentum spectrum of the “warm” bino dark matter, we calculate two

quantities, which characterize the “warmness” of dark matter (see Chapter 4 for the case of the
wino LSP). One is the resultant “warm” fraction of dark matter,

rwarm = (1� rT)

Z
d3p

(2⇡)3
fwarm(p, t)

���
t=t

0

. (5.43)

The larger “warm” fraction leads to the more suppression of the matter power spectrum. The other
is the free-streaming scale, which is defined by the Jeans scale at the matter radiation equality aeq,

kfs = a

s
4⇡G⇢mat

hv2i
����
t=t

eq

,

hv2i(teq) = (1� rT)
a(t0)2

a(teq)2

Z
d3p

(2⇡)3
p2

m2
b̃

fwarm(p, t)
���
t=t

0

. (5.44)

The free-streaming scale determines the critical scale below which the suppression on the matter
power spectrum becomes significant (see Chapter 3).
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Figure 5.4: The “warm” fraction rwarm (left panel) and the free-streaming scale kfs (right panel). We set
the mass splitting such that rT = 0.5 (see Fig. 5.2). The di↵erent choice of c (= 1, 2) corresponds to the
di↵erent value of the sfermion mass and the higgisino mass, mf̃ = µ = cm3/2. For comparison, we plot the
“warmest” case ($ ⌧w̃± = 0) in the dot-dashed line. Here, we also show the constraint on the bino mass
from the current (8TeV) and the future (14TeV) gluino search at the LHC.
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Figure 5.5: The same plot as Fig. 5.4, but for rT = 0.9.

5.3.3 Results

For each bino mass mb, we solve the Boltzmann equation (Eq. (5.41)) numerically to calculate rwarm
and kfs. The results are shown in Fig. 5.4 ($ rT = 0.5) and Fig. 5.5 ($ rT = 0.9). The suppression
of rwarm for the heavier bino mass mb̃ is owing to the larger gravitino mass. The larger gravitino
mass has two e↵ects. First, the heavier gravitino decays in the earlier and hotter Universe, where
the energy-loss processes are more e�cient. Second, the bino and the winos are more energetic at
the decay of the heavier gravitino, for which the inelastic scatterings are less suppressed.

While we set mf̃ = µ = m3/2 in the above discussion, this relation can be di↵erent by an order
of one factor. In order to take into account this ambiguity, we introduce the parameter c, which is
defined by

mf̃ = µ = cm3/2 . (5.45)

The e↵ects of c parameter can be interpreted as follows. For the heavier sfermions and the heavier
higgsinos (c = 2), the inelastic scattering rate �b̃, inelastic is more suppressed. However, as can be seen
from Fig. 5.3, the inelastic scattering rate has dropped around the critical temperature (Eq. 5.38)
well above the decay temperature of the gravitino Td (Eq. 5.29). Therefore the additional order of
one factor c does not have significant e↵ects through the inelastic scattering rate. On the other
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hand, the energy-loss via Coulomb scattering remains e�cient until just before the gravitino decay.
The large c prolongs the lifetime of the charged winos and thus, enhances their energy-loss during
one lifetime ⌧w̃± . Moreover, the large c increases the fraction of the non-thermal neutral wino that
turns into the charged wino (i.e. large ⌧w̃0). Therefore, the large c results in the “colder” bino dark
matter with the smaller rwarm and the larger kfs.

Before closing this subsection, we remark the implication of our results. As we can see in
Fig. 5.4 and Fig. 5.5, in the favorable (not constrained) parameter region, the “warm” component
accounts for sizable fraction (at least 1%) of the whole bino dark matter. This is why we refer the
bino dark matter to mixed (cold+warm) dark matter in the present model. The bino dark matter
can not resolve the so-called “small-scale crisis”, since the free-streaming scale should be much
smaller for that purpose, e.g. kfs ' 20� 200Mpc�1 (see Chapter 3). Its imprints on the small-scale
matter power spectrum, however, are significant before the formation of non-linear objects (e.g.
dark matter halos) in the Universe. The future 21 cm survey will probe matter density fluctuations
at high-redshifts, e.g. z ' 30 � 200, and thus provide us an important hint on the non-thermal
production of the bino dark matter.

5.4 Summary

In this chapter, we studied the bino-wino co-annihilation scenario in high-scale SUSY breaking
models with the heavy sfermions and the heavy higgsinos. As one specific realization, we consider
the pure gravity mediation/minimal split SUSY model, which is highly motivated after the discovery
of the Higgs boson. The wino LSP is now in tension with indirect dark matter searches by the
Fermi-LAT and the H.E.S.S. telescope, while there is still large ambiguity in the dark matter profile
at the Galactic center. On the other hand, the bino LSP is almost free from any direct and indirect
detections.

The suppressed interaction of the bino dark matter generically results in the over-closure of
the Universe. In order to account for the observed dark matter density, the bino LSP should be
accompanied by the slightly heavier wino NLSP. The small mass splitting between the bino and
the wino allows the sizable amount of the winos to exist at the freeze-out of the bino and it boosts
the annihilation e↵ectively. Therefore, for the first step, we identify the mass splitting needed for
a correct bino thermal relic. In the calculation of the thermal relic, we take into account both the
co-annihilation and the Sommerfeld enhancement. For that purpose, we also clarify the relevant
processes in charge of keeping chemical equilibrium between the bino and the winos.

For smaller mass splittings, the bino thermal relic can not account for the whole dark matter
density. We assume the late time decay of the gravitino produces the non-thermal bino after the
freeze-out. The non-thermal bino is produced with su�ciently high energy to be “warm” dark
matter. However, the “warmness” of the bino dark matter depends on the energy-loss processes
after the production. To this end, we clarified the energy-loss cycle of the non-thermal bino and the
non-thermal winos. With several reasonable simplifications, we derive the Boltzmann equation of
the momentum spectrum of the “warm” bino dark matter. We solve it numerically and show that
the “warm” component accounts for 1�50% (1�10%) of the bino dark matter in the case of rT =
0.5 (0.1). The matter power spectrum is suppressed below 1� 10 kpc ($ kfs = 103 � 104 [Mpc�1]).
As a result, we find that the imprints of non-thermal component on the small-scale matter power
spectrum provides an invaluable hint on the present scenario, e.g. in the future 21 cm surveys.

In this chapter, we concentrated on the pure gravity mediation/minimal split SUSY model and
its gaugino mass spectrum (Eq. (??)-(??)). However, the existence of the extra vector-like matter
fields can change the gaugino mass spectrum [184]. In this case, the gluino mass as well as the
wino mass can be close to the bino mass. The mass degeneracy hides the gluino from the collider
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experiments, since the decay products of the gluino do not have su�cient energy to be distinguished
from the background events. On the other hand, the cosmological imprints, which are discussed
in this chapter, can be enhanced. This is because the gravitino mass can be smaller for the fixed
bino mass. The lighter gravitino leaves the non-thermal bino with large comoving velocity at the
gravitino decay (Eq. (5.32)). Moreover, the lighter gravitino decays at very late time (still before
BBN), at which the energy-loss processes are insu�cient (see Fig. 5.3).
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Chapter 6

Weighing the Light Gravitino Mass
with Weak Lensing Surveys

The null-detection of the SUSY particles so far suggests that SUSY is broken at some energy scale
and mediated to MSSM via some messenger. Several mechanisms are proposed as the messenger
such as gravity-mediated, anomaly-mediated, and gauge-mediated SUSY breaking (GMSB) models.
GMSB models generally evade the flavor changing neutral current problem and the CP-problem,
and thus they are thought to be the most interesting models.

Supergravity (SUGRA) as an extension of the global SUSY to the local one involves the super-
partner of the graviton, which is referred to gravitino. The gravitino has helicity 3/2 and obtains
the mass via the super-Higgs mechanism:

m3/2 =
|hF i|p
3Mpl

, (6.1)

with the vacuum expectation value of F -term hF i and the reduced Planck mass Mpl ' 2.43 ⇥
1018GeV. The gravitino is produced in the thermal bath immediately after the reheating of the
Universe through the F -term suppressed interaction of goldstino component with spin ±1/2.

In the GMSB models, the gravitino mass is predicted to be in the range ofm3/2 ' eV�keV. The
small F -term allows the gravitino to be in the thermal equilibrium until the decoupling of others
SUSY particles. When the gravitino is decoupled from the thermal bath, it begins to stream freely
and contributes as a “di↵use” matter component of the Universe. The gravitino free-streaming
imprints characteristic features on the matter power spectrum, which are expected to be probed
by observations of large-scale structure. For example, the current constraint of m3/2 < 16 eV
is obtained by measuring the Ly-↵ flux power spectra that essentially probe the distribution of
the inter-galactic medium at high redshifts [47]. We note that the constraint is based on the
crucial assumption that the distribution of the inter-galactic neutral gas traces the distribution of
underlying dark matter even at nonlinear length scales. Gravitational lensing provides a direct
physical mean of probing the distribution of total matter. For example, it has been suggested that
cosmic microwave background lensing has a potential to probe the gravitino mass of m3/2 ' 1 eV
in future experiments [185].

While the cosmological observations place an upper bound on the gravitino mass, the terrestrial
collider experiments such as on-going Large Hadron Collider (LHC) give a lower bound through
signatures of other SUSY particles (see Section 6.1). In the present chapter, we show that essentially
all the interesting range of the gravitino mass can be probed by combining the up-coming LHC run
at 14TeV and the near future weak lensing surveys by the Subaru Hyper Suprime-Cam (HSC) and
the Large Synoptic Survey Telescope (LSST).

69
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Gravitational lensing is one of the powerful tools to probe directly the matter distribution in
the Universe. The coherent pattern of image distortion by weak lensing is called cosmic shear.
Cosmic shear in principle can be induced by any foreground mass distribution along the line of
sight regardless of its dynamical state or luminosity. Cosmic shear signals have been detected with
high significance levels, and constraints on some basic cosmological parameters have been derived
[186, 187, 188, 189]. Upcoming weak lensing surveys such as HSC will cover a wide area extending
more than a thousand square degrees. The surveys will also probe the matter distribution at ⇠
Mpc scale most accurately, where the imprints of the gravitino can be detected. It is therefore
important and timely to study the e↵ect of the light gravitino on cosmic shear. To this end, we run
a set of cosmological N -body simulations to follow the nonlinear evolution of the matter density
fluctuations with the imprints of the gravitino free-streaming. We then perform accurate ray-
tracing simulations of gravitational lensing. We show that the cosmic shear is indeed a promising
probe of the existence and the mass of the light gravitino.

The rest of the chapter is organized as follows. In Section 6.1, we introduce the basics of the
GMSB model. In particular, we clarify the relation between the gravitino mass and the masses
of other SUSY particles. In Section 6.2, we discuss the linear evolution of the primordial density
perturbation under the e↵ect of the light gravitino. We present the resulting linear matter power
spectra, which provides the initial conditions for our cosmological N -body simulations. In Sec-
tion 6.3, we describe our simulation set-ups. In Section 6.4, we measure the cosmic shear power
spectra from the simulations and forecast the discovery potential of the light gravitino in the future
weak lensing surveys. The final section is devoted to the concluding remarks.

6.1 SUSY particle masses in the GMSB model

In the GMSB models [190, 191, 192, 193, 194, 70], the SUSY breaking is mediated from the hidden
sector to the MSSM sector via some messenger fields that are charged under the standard model
gauge group. The gaugino and the sfermion masses are induced by the one-loop and the two-loop
diagrams, respectively, at the leading order. Note that the gaugino and sfermion mass spectrum
generically depends on the charge assignment to the messenger fields and that inadequate charge
assignment might ruin the success of MSSM in the grand unification of the gauge couplings. A
popular choice is to set messenger fields in complete multiplets of the SU(5) global/gauge symmetry.
In the rest of this section, we consider specifically one of such models, the so-called minimal GMSB
model.

The minimal GMSB model has the superpotential of

W = (�S +M)
N

5X

n=1

�n�̄n , (6.2)

where S is the goldstino superfields and M is the messenger mass. The F -term of the goldstino
superfields develops the vacuum expectation values hF i, and the N5 pairs of messenger superfields
�n and �̄n (n = 1, ..., N5) form the multiplets of 5 and 5̄ of SU(5). In the minimal GMSB model,
the gaugino mass is given by,

Ma =
g2a

16⇡2
⇤N5g(x), (6.3)

where the index a (= 1, 2, 3) corresponds to the standard model gauge group U(1)Y ⇥ SU(2)L ⇥
SU(3)C , and ga denotes the standard model gauge coupling. We normalize g1 and g2 such that
g1 =

p
5/3 g0 and g2 = g with the conventional electro-weak gauge couplings g and g0 (e =
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g sin ✓W = g0 sin ✓W , e: positron charge, ✓W : Weinberg angle). The messenger scale ⇤ is defined
by,

⇤ =

����
�hF i
M

���� . (6.4)

The function g(x) is given by,

g(x) =
1

x2
(1 + x) ln(1 + x) + (x ! �x) , (6.5)

and its argument is the dimensionless parameter x = |⇤/M |. The sfermion mass squared is given
by

m2
�i

= 2⇤2N5

3X

a=1

Ca(i)

✓
g2a

16⇡2

◆2

f(x) , (6.6)

where the index i denotes fermion flavour and Ca(i) is the Casimir invariant. The function f(x) is
given by,

f(x) =
1 + x

x2


ln(1 + x)� 2Li2

✓
x

1 + x

◆
+

1

2
Li2

✓
2x

1 + x

◆�
+ (x ! �x) , (6.7)

with the dilogarithm function Li2(x). In practice, we use the public code softsusy [195] to cal-
culate the mass spectrum of SUSY particles numerically. The calculations take into account the
renormalization group running of SUSY particle masses. The gravitino mass (Eq. (6.1)) can be
written in terms of the GMSB variables,

m3/2 =
⇤Mp
3Mpl|�|

=
⇤2

p
3Mpl|�|x

. (6.8)

From eqs. (6.3), (6.6) and (6.8), we can see that the SUSY particle masses are proportional to
the square root of the gravitino mass, Ma, m�i / ⇤ / pm3/2. Therefore, collider experiments with
higher energies can be used generally to search for signatures of heavier SUSY particles, which in
turn give information on gravitinos with relatively larger masses. Note that, in high-energy collision
of the standard model particles, the direct product is not gravitino with gravitational interaction,
but other SUSY particles with gauge interaction. For example, in proton-proton collision experi-
ments at the LHC, the colored SUSY particles (i.e. gluino and squarks) are important and directly
related to the discovery potential for SUSY particles. Lighter gravitinos are associated with lighter
colored SUSY particles that can be searched even with the current generation experiments.

In order to derive conservative constraints on the gravitino mass from the collider experiments,
we consider models with maximal N5 and |�|x. For the successful grand unification of the gauge
couplings, the number of messenger N5 needs to be at most five, N5  5. We set N5 = 5 as a
conservative choice. The LHC current and future reach for the GMSB models is studied in detail
in [196, 197, 198, 199, 200, 201, 202, 203, 204]. Let us consider two focus points specifically, as
summarized in Table 6.1. The ATLAS collaboration sets the lower bound on ⇤ > 51TeV with
M = 250TeV and N5 = 3 (10 + 1̄0 of SU(5)) fixed from the events with at least one tau lepton
and no light lepton in 21 fb�1 of LHC 8TeV run [204]. This can be interpreted as a lower bound on
the gravitino mass m3/2 > 3 eV through Eq. (6.8), for the assumed perturbative coupling |�| < 1.

It is expected that the ⇤ = 80TeV is accessible even for N5 = 5 with the use of the multi-lepton
modes in about 15 fb�1 of LHC 14TeV run [200]. The stability of the SUSY breaking vacuum
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focus point fixed GMSB parameters LHC ⇤ m3/2

current M = 250TeV,N5 = 3, |�| = 1 21 fb�1 at
p
s = 8TeV ⇤ = 51TeV m3/2 = 3 eV

future |�|x = 1.4,N5 = 5 15 fb�1 at
p
s = 14TeV ⇤ = 80TeV m3/2 = 5 eV

Table 6.1: Summary of the focus points for the GMSB model described in the text. The current
focus point corresponds to the current lower bound on ⇤ reported in [204]. In the future focus
point, the GMSB parameters are set such that they minimize the gravitino mass for fixed ⇤ while
stabilizing the SUSY breaking vacuum. The future LHC reach is taken from [200].

requires |�|x > 1.4 [205]. 1 An exciting implication of this is that virtually all of the GMSB models
with m3/2 < 5 eV can be probed in 15 fb�1 of LHC 14TeV run. Later in section 4, we show that the
future weak lensing survey can determine the gravitino mass with an accuracy of m3/2 = 4± 1 eV,
combined with the CMB anisotropy measurement by Planck satellite. We suggest that there is a
good chance to test fundamentally the GMSB models in the near future.

6.2 Linear evolution of density perturbations with light gravitino

The light gravitino is in thermal equilibrium immediately after the reheating of the Universe unless
the reheating temperature is extremely low [207]. When the cosmic temperature drops below the
other SUSY particle masses, the decay and inverse-decay processes that have been keeping the
thermal equilibrium between the light gravitino and the thermal bath, become ine�cient. Then
the light gravitino particles begins to stream freely with the momenta following the Fermi-Dirac
distribution.

The gravitino contribution to the cosmic energy density is given by,

⌦3/2h
2 = 0.13

⇣g3/2
2

⌘⇣ m3/2

100 eV

⌘⇣g⇤s3/2
90

⌘�1

(6.9)

where g⇤s3/2 is the e↵ective massless degrees of freedom for the cosmic entropy at the time of
gravitino decoupling. The exact value of g⇤s3/2 depends on the mass spectrum of the SUSY particles
(e.g. ⇤) [208, 185]. However, its weak dependence allows us to fix g⇤s3/2 = 90 without changing
our results by more than 5%. It should be noted that the e↵ective internal degrees of freedom of
gravitino is not g3/2 = 4, but g3/2 = 2. This is because only goldstino component (spin ±1/2) can
interact with the thermal bath through the 1/hF i suppressed interactions.

From the above formula, we find that the light gravitino with m3/2 . 100 eV (of our interest
here) cannot account for the cosmological dark matter mass density. We assume that some cold
and stable particle makes up the rest of dark matter, i.e.,

⌦dm = ⌦cs + ⌦3/2 . (6.10)

Such a cold and stable particle can be the QCD axion [209, 210, 211] or the composite baryons
in the SUSY breaking, or can also be generated in the messenger sector in models with strongly
coupled low scale gauge mediation [212, 213, 214, 215].

The free-streaming of light gravitino a↵ects the evolution of primordial density perturbations
in a similar manner as the standard model neutrinos do. We discuss the similarity and indeed the
degeneracy of the e↵ects of the light gravitino and the standard model neutrinos later in Section 6.4.

1Considering the thermal transition of the SUSY breaking vacuum leads to more stringent constraint on |�|x [206].
Here, we consider only quantum (zero-temperature) transition to be conservative.
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The suppression owing to free-streaming occurs below a cut-o↵ scale that is characterized by the
Jeans scale at the matter-radiation equality aeq (see Chapter 3):

kJ = a

s
4⇡G⇢M
hv2i

����
a=a

eq

' 0.86Mpc�1
⇣g3/2

2

⌘�1/2 ⇣ m3/2

100 eV

⌘1/2 ⇣g⇤s3/2
90

⌘5/6
, (6.11)

where G is the Newton’s constant and ⇢M is the total matter density of the Universe. The mean
square velocity hv2i is evaluated over the whole dark matter mass distribution function fdm(v)
(
R
d3vfdm(v) = ⇢dm). It means hv2i = f3/2 hv2i3/2 e↵ectively, where f3/2 is the gravitino density

fraction (f3/2 ⌘ ⌦3/2/⌦c) and hv2i3/2 is the mean square velocity of the gravitino particles. The
resultant linear matter power spectrum is shown and compared with that of the standard ⇤CDM
model in Figure 6.1.

Before discussing the details of the matter power spectrum, let us briefly consider the e↵ect
of some non-standard thermal history of the Universe. The overall influence of the light grav-
itino on the cosmic expansion can be basically characterized by one parameter, the gravitino mass
m3/2. This is because the gravitino temperature of the Fermi-Dirac distribution can be related
to the observed CMB temperature through entropy conservation, i.e. g⇤s3/2 ' 90. However,
non-standard thermal history with, e.g., entropy production [87], can change g⇤s3/2 drastically to
g⇤s3/2 ' O(1000). Then cosmological constraint on m3/2 can be significantly altered, or the con-
straint needs to be re-interpreted within a suitable class of models. In the following discussion,
we consider the standard thermal history with g⇤s3/2 = 90, and hence m3/2 is the single model
parameter.

We calculate the evolution of the linear density perturbations � by modifying CAMB [89] suitably.
In Figure 6.1, we plot the dimensionless matter power spectra �(k) defined by

h�(x)�(y)i =
Z

d ln k�(k) eik·(x�y) , (6.12)

for mixed dark matter models with m3/2 = 0 (cdm), 4, and 16 eV. We adopt the cosmological pa-
rameters of the Planck mission first year results [1]. The free-streaming e↵ect appears clearly at
small length scales (Eq. 6.11) but the suppression below the cut-o↵ scale is more significant for
models with heavier gravitino (compare m3/2 = 4 eV and 16 eV in Figure 6.1). This is because
larger m3/2 gives a larger fractional contribution to the total matter density as f3/2 / m3/2. We
thus expect that models with heavy gravitino can be constrained by observations of large-scale
structure of the universe.

6.3 Weak gravitational lensing

6.3.1 Lensing power spectrum

We summarize basics of gravitational lensing by large-scale structure. When one denotes the
observed position of a source object as ✓ and the true position as �, one can characterize the
distortion of image of a source object by the following 2D matrix:

Aij =
@�i

@✓j
⌘
✓

1� � �1 ��2
��2 1� + �1

◆
, (6.13)
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Figure 6.1: Linear dimensionless matter power spectra for m3/2 = 0 (cdm), 4, and 16 eV. We adopt
basic cosmological parameters given by the Planck mission first year results [1]. The vertical lines
represents the cut-o↵ scales of Eq. (6.11).

where  is convergence and � is shear. In weak lensing regime (i.e. , � ⌧ 1), each component of
Aij can be related to the second derivative of the gravitational potential � [216, 217] as

Aij = �ij � �ij , (6.14)

�ij =
2

c2

Z �

0
d�0g(�,�0)

@2

@xi@xj
�[r(�0)✓,�0], (6.15)

g(�,�0) =
r(�� �0)r(�0)

r(�)
(6.16)

where � is comoving distance, r(�) is angular diameter distance, and xi = r✓i represents physi-
cal distance. By using the Poisson equation, one can relate the convergence field to the matter
overdensity field � [216, 217]. Weak lensing convergence field is then given by

(✓,�) =
3

2

✓
H0

c

◆2

⌦m0

Z �

0
d�0g(�,�0)

�[r(�0)✓,�0]

a(�0)
. (6.17)

In this chapter, we use the convergence power spectrum to constrain the gravitino mass. With
the flat sky approximation, which is su�cient for angular scales of our interest, the Fourier transform
of convergence field is defined by

(✓) =

Z
d2`

(2⇡)2
ei`·✓̃(`). (6.18)

The power spectrum of the convergence field P is defined by

h̃(`1)̃(`2)i = (2⇡)2�D(`1 � `2)P(`1), (6.19)

where �D(`) is the Dirac delta function. By using Limber approximation [218, 219] and Eq. (6.17),
we obtain the convergence power spectrum as

P(`) =

Z �s

0
d�

W (�)2

r(�)2
P�

✓
k =

`

r(�)
, z(�)

◆
, (6.20)
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where P�(k) is the three dimensional matter power spectrum, �s is comoving distance of source
galaxies and W (�) is the lensing weight function defined as

W (�) =
3

2

✓
H0

c

◆2

⌦m0
r(�s � �)r(�)

r(�s)
(1 + z(�)). (6.21)

The non-linear gravitational growth of P�(k) significantly a↵ects the amplitude of convergence
power spectrum for the angular scales less than 1 degree [220, 221, 222]. Typical weak lensing
surveys are aimed at measuring the cosmic shear at angular scales larger than a few arcmin,
corresponding to a few mega-parsec. Therefore, accurate theoretical prediction of non-linear matter
power spectrum is essential to derive cosmological constraints from weak lensing power spectrum.
Several analytic models are available that accurately predict the non-linear evolution of P�(k)
for the standard ⇤CDM universe [223, 224, 225, 2]. Unfortunately, there are no calibrated fitting
formulae of P�(k) for the mixed dark matter models we consider here. We thus use direct numerical
simulations to obtain the convergence power spectra.

6.3.2 Cosmological simulations

N-body simulations

It is necessary to use ray-tracing simulations in order to study the e↵ect of light gravitino on the
weak lensing power spectrum in nonlinear regimes. We first run cosmological N -body simulations
for models with light gravitinos. We use the parallel Tree-Particle Mesh code Gadget2 [95]. Each
simulation is run with 5123 dark matter particles in a volume of comoving 240 Mpc/h on a side.
We generate the initial conditions following the standard Zel’dovich approximation. We use the ac-
curate linear matter power spectrum calculated by the modified CAMB (Section 6.2). It is important
to generate the initial conditions at a su�ciently low redshift so that the total matter, including
the contribution from the light gravitino, can be treated as e↵ectively a cold component. We set
the initial redshift zinit = 9 because the typical thermal velocity of the gravitino is then su�ciently
small compared to the virial velocity of the smallest halos resolved in our simulation. We also run
a N -body simulation from zinit = 49 for the mixed dark matter model to examine the overall e↵ect
caused by the choice of zinit.

For our fiducial cosmology, we adopt the following parameters: matter density ⌦m = 0.3175,
dark energy density ⌦⇤ = 0.6825 with the equation of state parameter w0 = �1, Hubble parameter
h = 0.6711 and the primordial spectrum with the scalar spectral index ns = 0.9624 and the
normalized amplitude As = 2.215 ⇥ 10�9 at the pivot scale k = 0.05 Mpc�1. These parameters
are consistent with the Planck mission first year results [1]. Two cases with the gravitino mass
m3/2 = 4 and 16 eV are chosen as representative models. We summarize the simulation parameters
in Table 6.2.

Ray-Tracing simulation

We generate light-cone outputs from our N -body simulations for ray-tracing simulations of gravita-
tional lensing. The simulation boxes are placed to cover a past light-cone of a hypothetical observer
with angular extent 5� ⇥ 5�, from redshift z = 0 to z ⇠ 1, similarly to the methods in [226, 227].
We use the standard multiple lens plane algorithm in order to simulate gravitational lensing signals
[220]. The configuration of our simulations is similar to that in [222].

We set the initial ray directions on 40962 grids. The corresponding angular grid size is 5�/4096 ⇠
0.075 arcmin. To avoid multiple appearance of the same structure aligned along a line-of-sight,
we shift randomly the N -body simulation boxes. In addition, we use simulation outputs from
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m3/2 [eV] zinit # of N -body sims
CDM 0 49 5

MDM4–lowz 4 9 5
MDM16–lowz 16 9 5
MDM4–highz 4 49 5
MDM16–highz 16 49 5

Table 6.2: Parameters for our N -body simulations. For each model, we run 5 N -body realizations
and generate 20 weak lensing convergence maps.

independent realizations when generating the light-cone outputs. Finally we obtain 20 independent
convergence maps from 5 N -body simulations for each cosmological model. We fix the redshift of
the source galaxies to zsource = 1.0.

We measure the binned power spectrum of convergence field by averaging the product of Fourier
modes |̃(`)|2 for each multiple bin with � log10 ` = 0.1 from ` = 100 to 105.

6.4 Results

6.4.1 Convergence power spectrum

Let us first discuss how the light gravitino a↵ects the lensing power spectrum. Figure 6.2 compares
the measured convergence power spectra with the analytic model prediction (Eq. (6.20)) calculated
by the fitting model in [2]. The results for m3/2 = 0, 4 and 16 eV are shown in the left, medium
and right panel, respectively. The red points show the average power spectrum over 20 realizations
with the error bars indicating the standard deviation of the realizations. The solid line is the model
prediction of Eq. (6.20) for zsource = 1. Note that the fitting function for P�(k) is calibrated for the
standard ⇤CDM cosmologies with a wide range of cosmological parameters. We thus assume that
the non-linear evolution of P�(k) for our mixed dark matter model is also described in the same
manner as in the standard ⇤CDM. In practice, we simply input the linear power spectrum for the
mixed dark matter model (Section 3), but do not change the coe�cients in the formula.

We see in Figure 6.2 that the analytic model and the simulation result agree well to `  4000.
This is consistent with the results of previous studies [222, 2]; the fitting model becomes less accurate
at (sub-)arcminute scales even in the case of standard ⇤CDM cosmology. The convergence power
spectra for the mixed dark matter model di↵er significantly from that for the ⇤CDM model even
at around ` = 1000 corresponding to physical mega-parsec scale. Clearly, free-streaming of the
gravitino a↵ects the matter power spectrum at the nonlinear scales, and thus the above simple
analytic approach does not work well even at ` = 1000 for the mixed dark matter model.

We have examined the e↵ect of choice of the initial redshift. In general, N -body simulations for
the kind of mixed dark matter model should be initialized at a su�ciently low redshift in order to
avoid numerical e↵ects owing to gravitino thermal motions. Because assigning thermal velocities
to N -body simulation particles is a non-trivial issue (see, e.g., [228]), we do not attempt to add
random velocities to the particles. Instead, we examine how the choice of initial redshift a↵ects the
result at low redshifts by comparing two simulations that are started from zinit = 9 and 49. Figure
6.3 compares the lensing power spectra obtained from our simulations with di↵erent zinit.

The red points are for the gravitino with m3/2 = 4 eV and the blue points for m3/2 = 16 eV.
Note that, unlike in ordinary warm dark matter models, the free-streaming scale, the gravitino
mass, and the cosmic abundance are all related to each other in our light gravitino model. We plot
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Figure 6.2: The convergence power spectra from our ray-tracing simulations for models with
m3/2 = 0, 4 and 16 eV are shown in the left. In each panel, the red points represent the average
measured power spectrum and the error bars show the standard deviation over 20 realizations. We
use the simulations that start from zinit = 9 for this figure. The solid line is calculated by Eq. (6.20)
and fitting formula of P�(k) in [2] with zsource = 1.0.

Figure 6.3: We plot the ratio of the lensing power spectra of the ray-tracing simulations with
zinit = 9 and 49. The error bars indicating standard deviation estimated from 20 realizations.

the standard deviation of mean value over 20 maps as error bars for each model. We find that the
initial redshift a↵ects the convergence power spectra at a level of ⇠ 10 %. It is important to note
that the simulation from zinit = 49 is not set up consistently, because our simulation particles can
represent only non-relativistic components, while the light gravitino is relativistic at such a high
redshift. Overall, Figure 6.3 indicates that the simulated lensing power spectrum for the mixed
dark matter model likely has inaccuracies with a level of ⇠ 10%.
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m3/2 [eV] 109As ns ⌦ch2 w0

fiducial 4 2.215 0.924 0.12029 -1
dp – 0.1 0.01 0.03 0.1

Table 6.3: Parameters in our Fisher analysis. For each parameter, we calculate the power spectra
P with dp varied around the fiducial value in order to calculate the derivative of Equation (6.23).

6.4.2 Fisher analysis

We perform a Fisher analysis to forecast the cosmological parameter constraints, including m3/2.
For a multivariate Gaussian likelihood, the Fisher matrix Fij is written as

Fij =
1

2
Tr
⇥
AiAj + C�1Mij

⇤
, (6.22)

where Ai = C�1@C/@pi, Mij = 2 (@P/@pi) (@P/@pj), C is the data covariance matrix and p is a
set of parameters of interest. 2 In the present study, we choose p = (m3/2, 10

9As, ns,⌦ch2, w0) as
cosmological parameters to constrain. For the Fisher analysis, we need to calculate the derivative of
P with respect to p. For m3/2, we first fit the measured power spectrum P(`) using a quadratic
form of m3/2, i.e. a0(`) + a1(`)m3/2 + a2(`)m2

3/2. We then calculate the derivative by a1(`) +

2a2(`)m3/2. For the other parameters, we evaluate the derivatives as follows:

@P(`)

@pi
=

P(`, p
(0)
i + dpi)� P(`, p

(0)
i � dpi)

2dpi
, (6.23)

where p(0)i is the fiducial value and dpi is the variation of i-th parameter. Here, we simply calculate
P(`,p) using Eq. (6.20) and the fitting formula of P�(k) in [2]. We summarize the fiducial values
of p and dp in Table 6.3.

The covariance matrix of the convergence power spectrum can be expressed as a sum of the
Gaussian and non-Gaussian contributions [230, 222]. Previous studies show that the non-Gaussian
error degrades the constraints on cosmological parameters with a level ofO(10%) [231]. We calculate
the non-Gaussian contribution by using 1000 lensing maps in [222] in the following direct manner:

Cov[P(`), P(`
0)] =

1

NR � 1

NRX

r=1

(P̂ r
(`)� P̄(`))(P̂

r
(`

0)� P̄(`
0)), (6.24)

where P̂ r
(`) is the measured power spectrum in r-th realization and P̄(`) is the average power

spectrum over NR = 1000 realizations. The configuration of the simulation in [222] is similar to
ours, which covers 25 deg2 on the sky. When necessary, we simply scale the covariance matrix
Eq. (6.24) by the designated survey area.

We also take various systematic e↵ects into account in the following manner. It is well-known
that the intrinsic ellipticities of source galaxies induce noises to lensing power spectrum. Assuming
intrinsic ellipticities are uncorrelated, we compute the noise contribution to the covariance matrix
of convergence power spectrum as [232]

Cov[P(`), P(`
0)]|noise =

2

fsky(2`+ 1)�`
Pnoise (Pnoise + 2P(`)) �``0 , (6.25)

Pnoise =
1

ngal

⇣�int
R
⌘2

, (6.26)

2We only consider the second term in Eq. (6.22). Because C scales approximately inverse-proportionally to survey
area, the second term is expected to be dominant for a very wide area survey [229].
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Figure 6.4: The derived statistical error of the lensing power spectrum. The boxes show the
statistical error of lensing power spectrum given by a sum of Eq. (6.24) and (6.25). The black
boxes are for a 25 deg2 area survey, which is same as the size of our simulation. The purple
hatched regions show the expected error for upcoming lensing survey with an area of 1500 deg2.
For comparison, we also plot the di↵erence of the lensing power spectra between the pure CDM
model and mixed dark matter models. The red line is for m3/2 = 4 eV and the blue one for
m3/2 = 16 eV. For this plot, the number density of sources is set to be 10 arcmin�2.

where �` is the width of the multipole bin, fsky is the fraction of sky covered, ngal is the number
density of source galaxies, R is the shear response, and �int is the root-mean-square of the shear
noise. Throughout the present chapter, we adopt R = 1.7 and �int = 0.4. The values are typical
in ground based weak lensing surveys [233, 234]. We finally obtain the covariance matrix for our
Fisher analysis as a sum of Eq. (6.24) and (6.25). In Figure 6.4, we compare the derived statistical
error (the square root of the diagonal part of the covariance matrix) and the estimated di↵erence
of the lensing power spectra between the mixed dark matter models considered here. Clearly,
future wide field lensing surveys with 1500 square degrees can discriminate (or constrain) the light
gravitino models. There are some certain degeneracies among the cosmological parameters, which
we shall discuss in section 5.4.

We explore more realistic constraints by using priors expected from the cosmological parameter
estimates from the Planck satellite mission. When we compute the Fisher matrix for the CMB,
we use the Markov-Chain Monte-Carlo (MCMC) engine COSMOMC [235] for exploring cosmological
parameter space. We consider the parameter constraints from the angular power spectra of tem-
perature anisotropies, E-mode polarization, and their cross-correlation. For MCMC, in addition to
109As, ns,⌦ch2 and w0, we adopt the baryon density ⌦bh2, Hubble parameter h, and reionization
optical depth ⌧ as independent parameters. To examine the potential of lensing power spectrum to
constrain m3/2, we do not assume any prior on m3/2 from the CMB. Assuming that the constraints
from the CMB and the lensing power spectrum are independent of each other, we express the total
Fisher matrix as

F = F lensing + FCMB. (6.27)

When we include the CMB priors in this way, we marginalize over the other cosmological parameters



80 CHAPTER 6. WEIGHING THE LIGHT GRAVITINO MASS WITH WEAK LENSING SURVEYS

Figure 6.5: We show the cosmological constraints from lensing power spectrum alone. We consider
the upcoming Subaru Hyper Suprime-Cam survey with an area of 1500 deg2.

except p = (m3/2, 10
9As, ns,⌦ch2, w0).

6.4.3 Forecast for future surveys

We provide the forecast for upcoming weak lensing surveys with an area coverage of more than a
thousand square degrees. We use logarithmically spaced bins with � log10 ` = 0.1 from ` = 100 to
2000. We thus need a 14⇥ 14 covariance matrix of lensing power spectrum in the Fisher analysis.
Our 1000 mock observations are su�ciently large to estimate the covariance matrix accurately.

Figure 6.5 shows the two-dimensional confidence contours for the Subaru Hyper Suprime-Cam
(HSC) lensing survey 3. We assume ngal = 10 arcmin�2. The red circles show the constraints with
68 % confidence level (1�) whereas the blue ones correspond to 95 % confidence level (2�). The
marginalized 1� error for m3/2 over other parameters is found to be ⇠ 18 eV. Note that this is a
constraint from the lensing survey alone. We also show the forecast with the CMB priors in Figure
6.6. The constraint on the gravitino mass is significantly improved in this case, because using the
CMB data breaks some degeneracies among cosmological parameters, e.g. 109As and ⌦ch2 [189]. It
is impressive that we can derive constraint on the gravitino mass with a level of 1 eV by combining
data from the HSC lensing survey and the Planck mission.

6.4.4 Degeneracy between massive neutrino

It is well known that massive neutrinos a↵ect the lensing power spectrum in a similar way to the
light gravitino; free-streaming of massive neutrinos suppress the growth of structure. At large
length scales, the e↵ect on P�(k) has been quantified by linear theory and extensions to first-order
perturbation theory, e.g. [236, 237]. Probing the e↵ect of massive neutrinos on P�(k) in the fully
non-linear regime is still challenging, because it is di�cult to include the relativistic species in
N -body simulations [238, 239, 240, 3]. In order to study the degeneracy between the light gravitino

3http://www.naoj.org/Projects/HSC/j index.html
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Figure 6.6: As for Figure 6.5, but with the CMB priors described in Section 5.2.

mass and the total mass of massive neutrinos in the cosmological parameter estimate, we utilize a
fitting model of P�(k) that include the e↵ect of neutrinos [3].

Figure 6.7 shows the e↵ect of massive neutrinos on the lensing power spectrum. There, we
assume the mass of neutrino m⌫,tot = 0.7 eV, which is comparable to the current upper limits with
95 percent confidence [13, 241, 242]. We compare the lensing power spectrum with those of the
light gravitino with m3/2 = 4 and 16 eV. As expected, massive neutrinos with m⌫,tot = 0.7 eV
causes a similar e↵ect on the lensing power spectrum to that of the light gravitino. It would thus
be di�cult to break the degeneracy between the contribution of the light gravitino and that of
massive neutrinos by a weak lensing survey alone. We need other probes of the matter distribution
at large scales and at di↵erent epochs, such as galaxy clustering. For example, future galaxy
redshift surveys are aimed at measuring the galaxy clustering at k ⇠ 0.01 � 0.1 h/Mpc. At the
quasi-nonlinear scales, the e↵ect of massive neutrinos on P�(k) can be distinguishable from that of
the light gravitino, as shown in the right panel of Figure 6.7.

6.5 Summary and Discussion

The gravitino mass is one of the fundamental parameters in SUSY theory that is directly related to
the SUSY breaking energy scale. We focus on the gauge-mediated supersymmetry breaking model
that generically predicts the existence of light gravitinos with m3/2 ⇠ eV-keV. Free-streaming of
such light gravitino a↵ects the matter distribution significantly, leaving characteristic suppression
in the matter power spectrum at around k & 0.1 h/Mpc. The nonlinear scale is beyond the reach
of the CMB anisotropy measurements. We show that observations of weak gravitational lensing
can be used to probe the matter distribution at the relevant length scales and thus can be used to
detect the imprints of the light gravitino.

We have explored cosmological constraints on the light gravitino mass from cosmic shear statis-
tics. Our ray-tracing simulations have revealed that the conventional model for nonlinear correction
to the matter power spectrum [2] does not work well for models with the light gravitino. The dif-
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Figure 6.7: The e↵ect of the light gravitino and massive neutrinos on the lensing power spectrum
(left) and on the three dimensional matter power spectrum at z = 0 (right). In each panel,
the dashed line shows the resulting lensing power spectrum calculated by the fitting model in [3]
including the e↵ect of massive neutrinos. We assumem⌫,tot = 0.7 eV. The points show the measured
power spectra from our simulations in the case of m3/2 = 4 eV (red) and m3/2 = 16 eV (blue). We
show these power spectra normalized by that for the pure CDM model.

ference between the simulation results and the fitting formula is significant at ` ⇠ 1000, where
upcoming lensing surveys are aimed at measuring the power spectrum accurately. Using a large set
of ray-tracing simulations, we have shown that the HSC like survey has a potential to determine
the gravitino mass with an accuracy of 4± 1 eV with the help of Planck CMB priors on the basic
cosmological parameters.

Let us further discuss prospects for future lensing surveys. For the upcoming survey with 20000
deg2 by the Large Synoptic Survey Telescope (LSST) 4, we will be able to use fainter galaxies
for lensing analysis. E↵ectively the number of source galaxies will be larger. In this case, we
can constrain on m3/2 with a level of 4 ± 0.6 eV assuming ngal = 15 arcmin�2. Note that the
constraint is tighter than the current one from the Lyman-↵ forest by a factor of ⇠ 10 [47], and
also comparable to the forecast that utilizes CMB lensing [185]. Although there is some certain
degeneracy between the e↵ect of massive neutrinos and that of the light gravitino in cosmic shear
power spectrum, we argue that combining cosmic shear and galaxy clustering and/or CMB lensing
can break the degeneracy. We summarize the forecast of m3/2 from upcoming weak lensing survey
in figure 6.8. There, we estimate the future constraint on the gravitino mass from the LHC 14TeV
run for the minimal GMSB model.

Ultimately, the International Linear Collider (ILC) experiment has a potential to determine the
gravitino mass. When the next lightest supersymmetric particle is stau, its lifetime is proportional
to the gravitino mass squared. By measuring the distribution of the impact parameter, one can
evaluate the stau lifetime and hence the gravitino mass [243]. 5 Overall, under reasonable assump-
tions, almost all of the interesting GMSB models with m3/2 < 5 eV can be probed in 15 fb�1 of LHC
14TeV run. Combining cosmological and collider searches together, we will reach the conclusion
about the GMSB model.

4http://www.lsst.org/lsst/
5 To this end, the center of mass energy should exceed two time the stau mass and the background events should

be e↵ectively eliminated. However, this may be challenging for the present design of the ILC in the case of the heavy
stau for a given gravitino mass, i.e. large N

5

and �x.
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Figure 6.8: The likelihood distribution of m3/2 expected by future weak lensing surveys. We
have used the binned lensing power spectrum with the CMB prior for this figure. The solid line
corresponds to the Hyper Suprime-Cam survey and the dashed one is for Large Synoptic Survey
Telescope. The vertical lines show the current/future focus points of the GMSB model at the LHC
(Table 6.1). In the near-future LHC, all GMSB models with m3/2 < 5 eV (shaded region) can be
probed if they involve the stable SUSY breaking (SB) vacuum and the successful grand unification.
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Chapter 7

Summary and Conclusions

In this thesis, we investigated imprints of dark matter properties on small-scale density perturba-
tions. Although cold dark matter model is currently popular, particle physics candidates of dark
matter is not completely cold and dark. In the structure formation with the realistic candidates,
the large-scale density perturbations are almost the same with CDM, but small-scale ones are not.
Therefore, the deviation in the matter power spectra from CDM contains information of particle
physical properties of dark matter.

In Chapter 2, we briefly reviewed the basic equations that describes evolution of the Universe.
Since the matter and energy couples with the gravity only through the energy-momentum tensor,
fluid dynamical approximation gives a closed form of evolution equation. For free-streaming parti-
cles, the fluid dynamical approximation is not valid and hence we should solve the full Boltzmann
hierarchy.

In Chapter 3, we studied the structure formation in WDM models and in models with long-lived
CHAMPs. Not only does the imprint on the matter power spectrum give us valuable information
about the nature of dark matter, but also it may resolve the problems in the formation of small-scale
structure (SSS) in ⇤CDM model (“small-scale crisis”). One possible solution to “small-scale crisis”
is warm dark matter (WDM). The thermal velocity of WDM behaves like e↵ective “pressure” of
dark matter fluid and suppress the gravitational growth of small-scale matter density fluctuations.
Several WDM candidates are suggested in the well-motivated particle physics models (e.g. light
gravitino, sterile neutrino). In these models, the WDM particles are produced in di↵erent ways.
On the other hand, the astrophysical/cosmological constraints (e.g. by the Ly↵ absorption lines
in emission spectra from high-redshift quasars) on WDM is usually reported in terms of the light
gravitino mass. It should be clarified how the WDM matter power spectra in di↵erent WDM
models can be related. To this end, we introduced two quantities, the fraction of warm dark matter
rwarm and the Jeans scale at the matter-radiation equality kJ. We also considered the long-lived
Charged Massive Particle model. CHAMP naturally appears in the physics beyond the standard
model such as GUT. CHAMP decays into a neutral particle, which becomes dark matter. The
acoustic oscillation between CHAMPs, baryons and CMB lasts until CHAMP decays. In the long-
lived CHAMP model, the cut-o↵ scale is determined by the horizon scale at the decay of CHAMP
kCh. From the simulated matter distribution, we found that the cut-o↵ scale kcut characterizes the
matter distribution in WDM models and long-lived CHAMP model even after non-linear growth
of structure of the Universe. We compared the radial distribution of subhalos in simulated Milky
Way-like halos with the one of observed satellites. From this comparison, We concluded that WDM
models and long-lived CHAMP model can resolve the “missing satellite problem” when the cut-o↵
scale takes a value in kcut ⇠ 20� 200Mpc�1.

In Chapter 4, we studied imprints of non-thermal wino dark matter on small-scale structure. The
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wino, which is the supersymmetric partner of the weak boson, is now well-motivated candidate of
dark matter. Due to the observed relatively large Higgs mass and null-detection of SUSY particles,
high-scale SUSY-breaking models are considered to be promising. In high-scale SUSY breaking
models with the gravitino mass of m3/2 ⇠ O(10 � 1000)TeV, the gravitino decays before the Big
Bang Nucleosynthesis (BBN) and thus does not cause any cosmological problem. The so-called
Polony (moduli) problem is also ameliorated if models do not involve any singlet scalar field. As a
result of the absence of singlet SUSY-breaking field, the gaugino masses are induced only at loop
level, i.e. the anomaly mediated contribution and the higgsino threshold correction. Therefore, the
wino is generically LSP in high-scale SUSY breaking models. The thermal relic of the wino LSP
can account for the observed dark matter density for the relatively large wino mass mw̃ ' 2.7TeV.
The wino dark matter with mw̃ . 2.7TeV should be produced non-thermally. This is owing to
the e�cient self- and co-annihilation of the wino with the charged winos. The large annihilation
cross section of the wino dark matter also makes it promising to search high-energy cosmic rays
produced by the annihilation of the wino dark matter (indirect detection). Furthermore, we have
a chance to determine the wino mass in the indirect detection since the annihilation cross section
depends only on the wino mass. On the other hand, indirect detection generically su↵ers from an
ambiguity in dark matter distribution in target objects. The dark matter distribution has been
estimated from N -body simulations in ⇤CDM model. Therefore, it should be clarified to what
extent the wino dark matter satisfies the hypothesis of CDM, because the wino dark matter with
mw̃ . 2.7TeV is produced non-thermally. To this end, we studied the “warmness” of the wino
dark matter produced in the late time decay of the gravitino. Taking into account the energy loss
processes, we solved the time evolution of the wino momentum spectrum. Then, we calculated
the two quantities rwarm and kcut. The results showed that large fraction (> 0.99) of the wino
dark matter is cold component in the parameter region allowed by the gluino search in the LHC.
Therefore, distribution of the wino dark matter in dark mater halos can be estimated by N -body
simulations in ⇤CDM model. We also showed that the warm component (⇠ 0.01) of the wino dark
matter leaves imprints on the small-scale matter power spectra which may be probed by future
observations of redshifted 21 cm e.g. in the FFT Telescope.

In Chapter 5, we studied imprints of non-thermal wino dark matter on small-scale structure.
Wee studied the bino-wino co-annihilation scenario in high-scale SUSY breaking models. While
there is still large ambiguity in the dark matter distribution at and background emission from the
Galactic center, large annihilation cross section of the wino dark mater is now in tension with �-ray
observations in the Fermi-LAT and the H.E.S.S. telescope. On the other hand, the interaction of
the bino LSP is highly suppressed in high-scale SUSY breaking models. The bino dark matter evade
the �-ray constraints, but its thermal relic abundance may over-close the Universe. We considered
the bino LSP accompanied by the slightly heavier wino NLSP. The existence of the winos at the
freeze-out of the bino reduces the thermal relic abundance of the bino dark matter (co-annihialtion).
Taking into account the co-annihilation and the Sommerfeld enhancement, I identify the required
mass splitting between the bino and the wino for a given thermal relic abundance of the bino dark
matter. In the case of rT (⌘ ⌦T

b̃
/⌦dm) < 1, the bino dark matter should be produced non-thermally.

Assuming the late time decay of the gravitino is in charge, We performed the similar analysis to
in Chapter 4. We found that 1� 50% (1� 10%) of the non-thermal bino dark matter behaves as
warm component for rT = 0.5 (0.1).

The gravitino mass is one of the fundamental parameters in SUSY theory that is directly
related to the SUSY breaking energy scale. We focused on the gauge-mediated supersymmetry
breaking model that generically predicts the existence of light gravitinos with m3/2 ⇠ eV-keV. In
Chapter 6, we have explored cosmological constraints on the light gravitino mass from cosmic shear
statistics. Using a large set of ray-tracing simulations, we have shown that the HSC like survey
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has a potential to determine the gravitino mass with an accuracy of 4 ± 1 eV with the help of
Planck CMB priors on the basic cosmological parameters. Under reasonable assumptions, almost
all of the interesting GMSB models with m3/2 < 5 eV can be probed in 15 fb�1 of LHC 14TeV
run. Combining cosmological and collider searches together, we will reach the conclusion about the
GMSB model.
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Appendix A

Formulas of special functions

In this appendix, we summarize the formulas of the special functions that are used in chapter 2.

A.1 Legendre polynomial

— Rodrigues’ formula —

Pl(x) =
1

2ll!

dl

dxl

h
(x2 � 1)l

i
, (A.1)

where l! = �(l + 1) = l · (l � 1) · · · 2 · 1.
— Orthogonal relation —

Z 1

�1
dxPl(x)Pl0(x) = �l l0

2

2l + 1
(A.2)

— Recurrance relation —

xPl(x) =
1

2l + 1
[(l + 1)Pl+1(x) + lPl�1(x)] (A.3)
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Appendix B

Partial Decay Widths of the Gauginos

In this appendix, we calculate the partial decay widths of the gluino and the bino produced by the
decay of the gravitino used in section 4.2.

B.1 Partial decay widths of the gluino

The gluino decays into the winos and the bino through the three-body decays, g̃ ! q+ q̄+ w̃. The
spin averaged and color summed partial decay width of the neutral wino mode is given by,

d�g̃!w̃

dEw̃
=

2

3 · (8⇡)3
g23g

2
2

m4
squark

m6
g̃

pg̃Eg̃

⇣
2rw̃(3cw̃ � 2rw̃ + 3cw̃r

2
w̃)(✏w̃,CM,upper � ✏w̃,CM,lower)

+3(1� 2cw̃rw̃ + r2w̃)(✏
2
w̃,CM,upper � ✏2w̃,CM,lower)

�8

3
(✏3w̃,CM,upper � ✏3w̃,CM,lower)

⌘
, (B.1)

where g’s are the gauge coupling constants, pg̃ is the size of the three-dimensional momentum of
the gluino, rw̃ is the mass ratio rw̃ = mw̃/mg̃, and cw̃ is the relative phase cw̃ = cos(arg[mw̃/mg̃]).
In our analysis, we neglect the masses of the standard model fermion for simplicity.

In the above expression, we have introduced ✏’s which are defined by

✏w̃,CM, lower =
Eg̃Ew̃ � pg̃pw̃

m2
g̃

, (B.2)

✏w̃,CM, upper =
m2

g̃ +m2
w̃

2m2
g̃

, (B.3)

for a highly boosted gluino, i.e. mg̃ > (m2
g̃ +m2

w̃)/2Eg̃. For mg̃ > (m2
g̃ +m2

w̃)/2Eg̃, the wino energy
in the boosted gluino frame is in between

E�
w̃ =

Eg̃(m2
g̃ +m2

w̃)� pg̃(m2
g̃ �m2

w̃)

2m2
g̃

, (B.4)

E+
w̃ =

Eg̃(m2
g̃ +m2

w̃) + pg̃(m2
g̃ �m2

w̃)

2m2
g̃

. (B.5)
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For a less boosted gluino, i.e. mw̃ < (m2
g̃ +m2

w̃)/2Eg̃, on the other hand, ✏’s are defined by,

✏w̃,CM, lower =
Eg̃Ew̃ � pg̃pw̃

m2
g̃

, (B.6)

✏w̃,CM, upper =

8
>>><

>>>:

Eg̃Ew̃ + pg̃pw̃
m2

g̃

(Ew̃ < E�
w̃ ) ,

m2
g̃ +m2

w̃

2m2
g̃

(Ew̃ > E�
w̃ ) ,

(B.7)

and the wino energy is in between mw̃ and E+
w̃ in the boosted gluino frame. In our application,

the gluino produced by the gravitino decay is highly boosted, and hence, we use ✏’s in Eqs. (B.2)
and (B.3). By integrating the above partial width in between E±

w̃ , we obtain the total decay width
into the neutral wino,

�g̃!w̃ =
4g22g

2
3

3(16⇡)3
m6

g̃

Eg̃m4
squark

⇣
(1� r2w̃)

�
1� 7r2w̃ � 7r4w̃ + r6w̃ + 2cw̃(rw̃ + 10r3w̃ + r5w̃)

�

+24r3w̃(cw̃ � rw̃cw̃ � rw̃ + cw̃r
2
w̃) ln rw̃

⌘
. (B.8)

Similarly, we obtain the decay width of the gluino into the bino via the three body decays,

�g̃!b̃ =
44g21g

2
3

45(16⇡)3
m6

g̃

Eg̃m4
squark

⇣⇣
1� r2

b̃
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1� 7r2

b̃
� 7r4

b̃
+ r6

b̃
+ 2cb̃(rb̃ + 10r3

b̃
+ r5

b̃
)
⌘

+24r3
b̃

⇣
cb̃ � rb̃cb̃ � rb̃ + cb̃r

2
b̃

⌘
ln rb̃

⌘
, (B.9)

where rb̃ = mb̃/mg̃. The partial width is also obtained,

d�g̃!b̃

dEb̃

=
22

45(8⇡)3
g23g

2
1

m4
squark

m6
g̃
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2rb̃(3cb̃ � 2rb̃ + 3cb̃r

2
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+3(1� 2cb̃rb̃ + r2
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)(✏2
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� ✏2

b̃,CM,lower
)

�8

3
(✏3

b̃,CM,upper
� ✏3
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)
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. (B.10)

Here, ✏’s are obtained by replacing w̃ with b̃ in Eqs. (B.2) and (B.3), and cb̃ = cos(arg[mb̃/mg̃]). By
remembering that the wino is a triplet, the branching ratio of the bino mode is given by,

Brg̃!b̃ =
�g̃!b̃

3�g̃!w̃ + �g̃!b̃

, (B.11)

which is less than about 10% in the parameter space we are interested in.

B.2 Partial decay widths of the bino

The main decay modes of the bino are the two-body decay into the neutral wino, b̃ ! h + w̃ and
the ones into the charged wino, b̃ ! W± + w̃⌥. To calculate the decay widths, let us define the
mass eigenstates of the neutralino mass matrix,

Mneut =

0

BB@

M1 0 �c�sWmZ s�sWmZ

0 M2 c�cWmZ �s�cWmZ

�c�sWmZ c�cWmZ 0 �µ
s�sWmZ �s�cWmZ �µ 0

1

CCA , (B.12)
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and the chargino mass matrix,

Mch =

✓
M2

p
2c�cWmZp

2s�cWmZ µ

◆
. (B.13)

where M1,2 denotes the gaugino masses, µ is the µ-term, s� = sin�, c� = cos�, and the subscript
W denotes the Weinberg angle.

The mass eigenstates up to O(m2
Z/µ

2) are given by,

b̃ = � s2�s2Wm2
Z

2(M1 �M2)µ
�0
1 + �0

2 +O(m2
Z/µ

2) , (B.14)

w̃0 = �0
1 +

s2�s2Wm2
Z

2(M1 �M2)µ
�0
2 +O(m2

Z/µ
2) , (B.15)

H̃0
d = �s�cWmZ

µ
�0
1 +

s�sWmZ

µ
�0
2 + �0

3 +O(m2
Z/µ

2) , (B.16)

H̃0
u =

c�cWmZ

µ
�0
1 �

c�sWmZ

µ
�0
2 + �0

4 +O(m2
Z/µ

2) , (B.17)

for the neutralinos, and

w̃± = �±
1 +O(m2

Z/µ
2) , (B.18)

H̃�
d = �

p
2
c�cWmZ

µ
��
1 + ��

2 +O(m2
Z/µ

2) , (B.19)

H̃+
u = �

p
2
s�cWmZ

µ
�+
1 + �+

2 +O(m2
Z/µ

2) . (B.20)

for the charginos.
In these bases, the mass eigenvalues are given by,

m�0

1

= M2 � s2�c2Wm2
Z

µ
+O(m3

Z/µ
2) ,

m�0

2
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= µ+O(m3
Z/µ
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4

= µ+O(m3
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2) , (B.21)

and

m�±
1

= M2 � s2�c2Wm2
Z

µ
+O(m3

Z/µ
2) , (B.22)

m�±
2

= µ+O(m3
Z/µ

2) . (B.23)

In the followings, we call �0
1 the neutral wino, �0

2 the bino, and �±
1 the charged wino.

In terms of these mass eigenstates, the neutral wino-bino-Higgs couplings, i.e. �0
1-�

0
2-h, are

obtained from the gaugino-higgsino-Higgs interactions, which lead to

L�0

1

��0

2

�h = �gsW s2�mZ

µ
h�0

1 �
0
2 + c.c.

= �gsW s2�mZ

µ
h  ̄0

1 
0
2 . (B.24)
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In the final expression, we have used the four component Majorana fermions. The charged wino-
bino-W -boson interactions are obtained from the gauge interactions of the wino leading to,

L�±
1

��0

2

�W⌥ = g
s2�s2Wm2
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(��̃+†
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1 W
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1 W
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µW�
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+
1 ) . (B.26)

From these interactions, we obtain the decay widths of the bino, As a result, we obtain the
decay width,

�b̃!h+w̃ =
1
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Notice that these decay widths coincides in the limit of M1,2 � mW,h,

�b̃!h+w̃ = �b̃!W±+w̃⌥ =
1

16⇡

✓
gmZs2�sW

µ

◆2

M1

✓
1 +

M2
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◆2✓
1� M2

2

M2
1

◆
, (B.29)

up to O(m2
h,W /M2

1 ) corrections, which exemplifies the equivalence theorem. With the equivalence
theorem, in our mind, we simplify our analysis by fixing Brb̃!w̃0

' 1/3.
Since the bino decay into the neutral wino is the two-body decay, the energy distribution of the

neutral wino is a flat distribution as shown in Fig. 4.2 in between,

Emax
w̃ =

Eb̃

mb̃

ECM
w̃ +

pb̃
mb̃

pCM
w̃ , (B.30)

Emin
w̃ =

Eb̃

mb̃

ECM
w̃ � pb̃

mb̃

pCM
w̃ , (B.31)

where ECM
w̃ and pCM

w̃ denote the energy and the size of the three-dimensional momentum in the
rest frame of the bino which are given by,

ECM
w̃ =

m2
b̃
+m2

w̃ �m2
h

2mb̃

, (B.32)

pCM
w̃ =

q
(m2

b̃
� (mw̃ +mh)2)(m2

b̃
� (mw̃ �mh)2)

2mb̃

. (B.33)

Similarly, the charged wino distribution is given by replacing the Higgs boson masses with the
W -boson mass. In our actual analysis, we set mh = mW = 0 which leads to harder wino in the
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Figure B.1: The one-loop diagrams which contribute to the elastic scattering between the neutral wino and
the thermal background in the decoupling limit of the sfermions, the higgsinos and the heavy Higgses.

cascade decays of the gravitinos. As we have discussed in section 4.2, the harder the initial wino
is, the more likely it is converted to the charged wino which immediately loses its energy via the
scattering processes with the thermal background. Therefore, this assumption gives us conservative
estimations of possible imprints on the small-scale structure of the non-thermally produced wino
dark matter.

B.3 Elastic scattering of the neutral wino at the one-loop level

In the decoupling limit of the sfermions, the higgsinos and the heavy Higgses, the neutral wino
does not have any tree level elastic interaction with the thermal background. The one-loop di-
agrams shown in Fig. B.1 contribute to the elastic scattering between the neutral wino and the
thermal background. The contribution of the light Higgs exchange diagram (Fig. B.1(a)) is neg-
ligible because the Yukawa coupling of the electron is small. The �, Z-boson exchange diagrams
(Fig. B.1(b), B.1(c)) originate from the one-loop correction to the w̃0 � w̃0 � �, Z-boson vertex.
The one-loop vertex correction consists of only vector-like interactions and vanishes by the charge-
conjugation invariance.

Thus, we should consider only box diagrams (Fig. B.1(d), B.1(e)). In calculating the contribu-
tion of the box diagrams, we expand it by the incoming and the outgoing four-momenta of the
thermal background particles in the loop. The incoming and the outgoing four-momenta of the
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thermal background particles are of the order of O(Ew̃T/mw̃) at the rest frame of the neutral wino
and much smaller than the wino mass mw̃ and the W -boson mass mW . This allows us to adopt the
leading order of the expansion. At the leading order, these diagrams yield an e↵ective interaction,

Le↵
int =

X

f=e, ⌫e, ⌫µ, ⌫⌧

1

2
gloop
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with
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In the above expression, we have used four component Majorana fermion for the neutral wino w̃0.
Using the above e↵ective interaction, we can obtain the reaction rate of the elastic scattering,
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