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Abstract

In some high energy particle physics on which inflation models are based, many scalar fields
are predicted. Some of them, which we call curvatons, may take a role of generating the
primordial curvature perturbations and some curvatons may lead to the blue-tilted spectrum
of curvature perturbation.

In this thesis, we show that a significant number of primordial blackholes can be formed
in an axion-like curvaton model, in which the highly blue-tilted power spectrum of pri-
mordial curvature perturbations is achieved. It is found that the produced blackholes with
masses ⇠ 1025 � 1026 g account for the present cold dark matter. We also argue the possi-
bility of forming the primordial blackholes with mass ⇠ 105M� as seeds of the supermassive
blackholes.

In addition, we also investigate the gravitational wave background induced by the first
order scalar perturbations in the curvaton models. We consider the quadratic and axion-like
curvaton potential which can generate the blue-tilted power spectrum of curvature pertur-
bations on small scales and derive the maximal amount of gravitational wave background
today. We find the power spectrum of the induced gravitational wave background has a
characteristic peak at the frequency corresponding to the scale reentering the horizon at
the curvaton decay, in the case where the curvaton does not dominate the energy density of
the Universe. We also find the enhancement of the amount of the gravitational waves in the
case where the curvaton dominates the energy density of the Universe. Such induced grav-
itational waves would be detectable by the future space-based gravitational wave detectors
or pulsar timing observations.
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Chapter 1

Introduction

Overview

Recent cosmological observations such as Planck [1] or Wilkinson Microwave Anisotropy
probe (WMAP) [2] strongly supports the existence of an accelerated expansion era called
inflation in the very early stage of the universe. In addition to solving some di�culties
in the standard Big Bang cosmology such as the horizon problem, inflation can naturally
generate the primordial seeds of density perturbations on superhorizon scale by expanding
the quantum fluctuations of some scalar field on very small scales. This mechanism for
generating the density perturbations generally predicts the almost scale-invariant spectrum
of curvature perturbations obeying the Gaussian statistics,which is consistent with the ob-
served temperature anisotropies of the cosmic microwave background (CMB) [3]. Similarly,
the standard inflationary paradigm predicts the generation of the primordial tensor met-
ric perturbations which may be detected as the gravitational wave background (GWB) by
future observations.

In addition, the CMB observations have also revealed that our present universe is filled
with the unknown matter called dark matter, which cannot be explained within the frame-
work of the well-established standard model of particle physics. The observed density
parameter for the cold dark matter (CDM) is found by the Planck [1] to be

⌦CDMh2 = 0.1196± 0.0031, (1.1)

where h is the dimensionless Hubble parameter defined via the present Hubble parameter:
H0 = 100h km sec�1 Mpc�1. In order to detect the dark matter, many experiments have
been performed by now, but we have not found any meaningful signature yet. Therefore it
is one of the most important problems of modern cosmology and particle physics to answer
what the dark matter is.

Primordial blackhole as a component of the cold dark matter

It is often said assumed that the dark matter is the weakly-interacting massive particles
(WIMPs) because the supersymmetric (SUSY) model [4], which is one of the most promising
model beyond the standard model, naturally provides such WIMPs as the lightest super-
symmetric particle (LSP). Another promising candidate of dark matter is the axion, which

1



2 CHAPTER 1. INTRODUCTION

is originally introduced to solve the strong CP problem in the standard model [5]. In ad-
dition, it is known that the primordial black holes (PBHs), the black holes formed in the
early universe [6, 7], can behave like CDM. In this thesis, we argue the scenario in which
the currently observed abundance of CDM is partially explained by PBHs.

PBHs are expected to be formed through the collapses of the high density regions caused
by the large primordial density perturbations [8] Light PBHs with mass smaller than 1015 g
are evaporated by now through the Hawking radiation [9], implying that only the PBHs
with masses MBH > 1015 g can survive and contribute to the CDM. Although, various
observations have severely constrained the PBH abundance [10], it is still possible that
PBHs occupy the significant fraction of the current CDM, so investigating the possibility of
the PBH formation is still a meaningful research field. Although it is not easy to build the
model in which a significant number of PBHs are formed, various models were proposed in
the literature. Focusing on the inflation models, for examples, PBH formation was proposed
in double inflation models [11–15] or running mass inflation models [16, 17].

In order for PBHs to form through the primordial density perturbations, we need the
strongly blue-tilted power spectrum of the curvature perturbations, which gives the large
density perturbations at small scales while the large scale density perturbations are con-
sistent with the CMB observation. However, the observation indicates that the scale de-
pendence of the power spectrum is slightly red-tilted at large scales. This inconsistency is
solved by employing a curvaton. The curvaton was originally introduced to generate the
primordial large scale curvature perturbations instead of the inflaton [18–20]. In the curva-
ton model, a scalar field (called curvaton) acquires fluctuations during inflation and after
inflation it decays into the standard model particles producing the adiabatic perturbation
in the radiation dominated universe.

In this thesis, we consider that the curvaton is responsible for generating only the small-
scale curvature perturbations while the large-scale perturbations are generated by an infla-
ton. After the decay of the curvaton, a significant number of PBHs can be formed through
large density perturbations due to the curvaton. A specific model for the PBH formation
with curvaton was proposed in [21], where three scalar fields (including inflaton and cur-
vaton) with ad hoc couplings among them evolve non-trivially during inflation and leads
to large density perturbations at small scales. Our mechanism for the PBH formation is
completely di↵erent from that in Ref. [21]. We consider an axion-like curvaton field whose
nature is very crucial for the PBH formation. Furthermore, axion-like fields often appear in
various particle physics theories. We consider that one of such axion-like (curvaton) fields
may play an important role for the PBH formation as studied in this paper. Ref. [16] also
discussed PBH formation in curvaton model without concrete models.

Gravitational waves as a probe of the early universe

The inflation is driven by some scalar field called inflaton whose potential is nearly flat.
Although various inflation models have been proposed so far, unfortunately, there is no
promising candidate for an inflaton. Moreover, the density perturbation may be produced
by another scalar field like the curvaton model [18–20]. One of the di�culty to identify
the model is due to lack of clues from the observations on small scales. While the CMB
observation is a powerful tool for constraining the spectrum of the curvature perturbations
on large scales, we know little about the one on small scales, so we have only a little infor-
mation to constrain the inflation model. On the other hand, future and current detectors of
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gravitational waves have a high sensitivity at higher frequency modes corresponding to the
smaller scale fluctuations than that observed by CMB anisotropies. Thus, it is interesting
to investigate the signal of the primordial gravitational waves on small scales, which would
be a powerful tool to reveal the inflationary dynamics over a long period in combination
with the CMB observations.

There are several mechanisms for generating the primordial GWBs. First, as mentioned
before, they are generated by the quantum fluctuations of the tensor metric perturbations
in the inflationary era, which typically has an almost scale-invariant power spectrum, and
the amplitude of such gravitational waves is typically given by the inflationary Hubble scale.
In addition to the direct detections, it is also expected to detect the signal of gravitational
waves on cosmological scales through the observations of the B-mode polarization of the
CMB anisotropy [22–25]. Second, the gravitational waves can be also induced by primordial
scalar perturbations. In principle, the scalar and tensor perturbations evolve independently
and are not mixed at linear order on the homogeneous isotropic FLRW universe, but at
the second order these perturbations are not independent any more [26–31]. Hence the
stochastic GWB can be sourced from the quadratic component of the first order scalar
perturbations in the metric and energy-momentum tensor [32–34]. Actually, the blue-tilted
adiabatic curvature perturbations generate a large amount of gravitational waves at high
frequencies, which would be detectable by future observations [35–37] Since such curvature
perturbations have the potential to form a large number of PBHs, the amount of the scalar-
induced gravitational waves is also constrained by the PBH formation [38–40].

In this thesis, we also investigate the gravitational wave generation in the curvaton
model. Various relevant studies have been done in the literature [41–44]. We consider
two cases with the quadratic and also the axion-like potential, both where the blue-tilted
adiabatic curvature perturbations can be easily realized. and we also introduce the inflaton
fluctuations as a source of the adiabatic curvature perturbations on large scales so that we
realize the COBE normalization and the slightly red-tilted power spectrum of the curvature
perturbations. On smaller scales, the blue-tilted component sourced from the curvaton
fluctuations is dominated, which is the same setup as the PBH case. In this set-up, we
investigate the GWB induced from not only the scalar adiabatic perturbations but also from
the transverse-traceless part of the energy momentum tensor which is due to the kinetic term
of the curvaton field [41]. We also study both cases where the energy density of the curvaton
field is dominant or still subdominant in the Universe at the curvaton decay [43]1.Then,
we discuss the detectability of such scalar-induced GWB in the future experiments: such
as the space-based gravitational wave detectors e.g., Laser Interferometer Space Antenna
(LISA) [45], DECi-hertz Interferometer Gravitational wave Observer (DECIGO) [46, 47]
and Big Bang Observer (BBO) [48], and also the pulsar timing observations [49] like Square
Kilometre Array (SKA) [50].

Outline of this thesis

This thesis is organized as following. In chapter 2, we review the curvaton model, particu-
larly focusing on the model with blue-tilted power spectrum of curvature perturbation. In

1Here, we consider the case with a single curvaton field. In [44], the authors have considered two-curvaton
scenarios and have investigated the generation of the scalar-induced gravitational waves during the era when
one of the curvaton is dominant.
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chapter 3, we review the standard description and some observational constraints on the
PBH and investigate the PBH formation in an axion-like curvaton model. In chapter 4, we
review the basics on the gravitational wave and discuss the possibility for the gravitational
wave generation in curvaton models. Finally, we conclude in chapter 5.

Notation

We use the units of c = ~ = kB = 1 unless noted. The signature of the Minkowski
metric is adopted as ⌘µ⌫ = (�,+,+,+). We denote the cosmic time and conformal time as
respectively t and ⌘. MP = (8⇡G)�1/2 and G are the reduced Planck mass and Newton’s
constant respectively. M� is the solar mass: M� = 1.99⇥ 1033 g.



Chapter 2

Curvaton model

2.1 Basics of the curvaton scenario

2.1.1 Overview

In this chapter, we briefly review the curvaton model. In the curvaton scenario [18–20],
one introduces an additional scalar field besides inflaton, so-called curvaton denoted as �,
which is a subdominant component and acquires quantum fluctuations during inflation. The
curvaton field is required to be massless during inflation and should decay after inflation in
order to convert the isocurvature perturbations from a curvaton into adiabatic ones. The
curvaton model has some interesting features. One of them is that the relatively large non-
Gaussianity in curvature perturbation can be predicted. Although, the CMB observation so
far is consistent with the Gaussian perturbation [3], the future observation may detect the
deviation from Gaussian. In addition, in the early universe scenarios based on the particle
physics such as supersymmetric models, many scalar fields are predicted and some of them
may take roles of curvatons. So the curvaton model is worth considering in order to figure
out the physics in the very early universe.

Background dynamics In general, the curvaton is required to be massless during infla-
tion in order to generate the superhorizon-scale curvature perturbations, so it slowly rolls
down its own potential during inflation like an inflaton, and then, it starts to oscillate co-
herently when the Hubble parameter H becomes comparable to the curvaton mass after
inflation as illustrated in Fig 2.1. Around the minimum, the curvaton potential can be gen-
erally well-approximated by the quadratic potential, and oscillating curvaton field behaves
like a pressureless matter whose energy density decreases obeying / a�3 where a is the
scale factor of the cosmic expansion. Hence, in the radiation dominated Universe where
the energy density of the Universe evolves as / a�4, the ratio of the energy density of the
curvaton to that of the radiation relatively increases and the isocurvature perturbations
sourced from the quantum fluctuations of the curvaton contributes to the evolution of the
adiabatic curvature perturbations on superhorizon scales. After the curvaton decays into
the radiation, which occurs when the Hubble parameter becomes equal to the decay rate of
the curvaton written as ��, the resultant adiabatic curvature perturbations stay constant in
time. These history of the background energy density of the Universe in a curvaton scenario
is illustrated by Fig. 2.2.

5
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Figure 2.1: This figure shows the background dynamics of the curvaton field. We can see
that the curvaton field remains unchanged as long as the Hubble parameter (H) is larger
than the curvaton mass (m), and starts to oscillate when H = m.

inflaton

curvaton

Figure 2.2: A schematic view of the time evolution of the energy density of the inflaton
(dashed green), the curvaton (solid blue) and the radiation (solid red) is shown. m�, ��
and �� are respectively the curvaton mass, the curvaton decay rate and the inflaton decay
rate.
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2.1.2 Curvature perturbation in a curvaton model

Based on the �N formalism [51–54], the curvature perturbations on uniform total energy
density hypersurface on super-horizon scales are given by the perturbation of the local e-
folding number and can be expanded in terms of the fluctuations of an inflaton field and a
curvaton field as

⇣ = �N = N���⇤ +N���⇤ + · · · , (2.1)

where � and � denote the inflaton and curvaton respectively, N� = @N/@�⇤ and N� =

@N/@�⇤ with N =
R t
t⇤
Hdt. Here, an subscript ⇤ denotes the value at an initial flat hy-

persurface and we take t = t⇤ to be the time when the scale of interest exits the Hubble
horizon during inflation.

The inflaton contribution to the total curvature perturbation can be easily derived as
following. Under the slow-roll approximation, 3H�̇+V 0(�) ' 0, we can rewrite the formula
for the e-folding number:

N =
1

M2
P

Z �i

�f

V

V 0d�, (2.2)

where the subscripts i and f denote an initial and a final value of the inflaton during infla-
tion. Thus, from the definition of the first slow-roll parameter, ✏ = �Ḣ/H2 (overdot denotes
the time derivative), we obtain the perturbation of the e-folding number and coe�cient N�

is derived as

N� =
1q

2✏M2
P

. (2.3)

The curvaton contribution to the curvature perturbation comes from the isocurvature
perturbation originated from the curvaton field fluctuation during inflation. The nonlinear
curvature perturbation on uniform i-component density hypersurface is given by

⇣i = �N +
1

3

Z ⇢i

⇢̄i

d⇢̃i
(1 + wi)⇢̃i

, (2.4)

where wi is an equation of state parameter for i-component, that is 1/3 (0) for radiation
(matter) and barred quantities (⇢̄i) here denote the background values. Then, the curvature
perturbations on uniform radiation- and curvaton-density hypersurface are given by

⇣r = �N +
1

4
ln

✓
⇢r
⇢̄r

◆
, (2.5)

and

⇣� = �N +
1

3
ln

✓
⇢�
⇢̄�

◆
. (2.6)

From this formula, the energy conservation on uniform density hypersurface at an arbitrary
time after the beginning of the curvaton oscillation before the curvaton decay yields

⌦re
4(⇣r��N) + ⌦�e

3(⇣���N) = 1, (2.7)

where ⌦r and ⌦� are density parameters of the radiation and the curvaton respectively
defined as ⌦i = ⇢̄i/⇢̄tot with i = r, �. Keeping only the first order quantities, we obtain �N
as

�N =
4⌦r

4⌦r + 3⌦�
⇣r +

3⌦�

4⌦r + 3⌦�
⇣�. (2.8)
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On the other hand, the curvaton isocurvature perturbation is defined as

S� = 3(⇣� � ⇣r), (2.9)

so we can rewrite �N in terms of ⇣r and S� as

�N = ⇣r +
r(⌘)

4 + 3r(⌘)
S�, (2.10)

where r(⌘) is the time-dependent ratio of the background energy density of the curvaton ⇢̄�
to that of radiation ⇢̄r given by

r(⌘) =

8
>>>><

>>>>:

⇢̄�(⌘)

⇢̄r(⌘)
(before the curvaton decay)

rD ⌘
⇢̄�

⇢̄r

����
t=tD

(after the curvaton decay),

(2.11)

where a subscript “D” denotes the value at the curvaton decay. Because of r(⌘) / a before
the curvaton decay, in the case where the first reheating induced by the inflaton decay
occurs before the beginning of the curvaton oscillation, rD is calculated as

rD =
1

6

✓
�̄osc
MP

◆2✓m�

��

◆1/2

for m� < ��, (2.12)

where m� is the curvaton mass and �� and �� are respectively the decay rate of the
inflaton and curvaton. A subscript “osc” denotes the value at the beginning of the curvaton
oscillation. In another case where m� > ��, that is, the curvaton starts to oscillate before
the inflaton decays into radiation, we obtain

rD =
1

6

✓
�̄osc
MP

◆2✓��
��

◆1/2

for m� > ��. (2.13)

Because the curvaton is a subdominant component at the beginning of the curvaton
oscillation, the total background energy density at that time can be well approximated by
the radiation energy density, ⇢̄ ' ⇢̄r, which implies that the uniform total energy density
slicing coincides with the uniform radiation density slicing, �N = ⇣ ' ⇣r. Therefore we
obtain the energy density of the curvaton as

⇢� = ⇢̄�e
3(⇣��⇣) ' ⇢̄�e

S� . (2.14)

On the other hand, the energy density of the curvaton can be expressed in terms of the
curvaton field fluctuation on spatially flat slicing as ⇢� = m2

�(�̄osc + ��osc)2/2. Because an
isocurvature perturbation from the curvaton is the gauge-invariant quantity, we obtain the
relation between the curvaton isocurvature perturbation and the curvaton field fluctuation
up to first order as

S� ' 2��osc
�̄osc

=
2d ln�osc

d�⇤
��⇤, (2.15)

and then, we obtain the coe�cient N� as

N� =
2r(⌘)

4 + 3r(⌘)

d ln�osc
d�⇤

. (2.16)
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In the curvaton model, the power spectrum of the curvature perturbations is obtained
as

h⇣(k, ⌘)⇣(k0, ⌘)i = �(3)(k+ k0)
2⇡2

k3
P⇣(k, ⌘), (2.17)

P⇣(k, ⌘) = P⇣,inf(k) + P⇣,curv(k), (2.18)

where P⇣,inf(k) and P⇣,curv(k) are contributions from the inflaton and the curvaton respec-
tively and they are given by

P⇣,inf(k) =
1

2✏

✓
Hinf

2⇡MP

◆2

, (2.19)

P⇣,curv(k) =

✓
r(⌘)

4 + 3r(⌘)

◆2✓2d ln�osc
d�⇤

◆2✓Hinf

2⇡

◆2

⌘
✓

r(⌘)

4 + 3r(⌘)

◆2

PS,curv(k), (2.20)

where PS,curv is the power spectrum of the isocurvature perturbations induced by the cur-
vaton and we have used the formula: (see Appendix A)

h��(k)⇤��(k0)⇤i = h��(k)⇤��(k0)⇤i = �(k+ k0)

✓
2⇡2

k3

◆✓
Hinf

2⇡

◆2

. (2.21)

2.2 Curvaton model with blue spectrum

Recent cosmological observations have indicated that the power spectrum of the primor-
dial curvature perturbations is almost scale-invariant and P⇣ ' 10�9 in large scales: k .
1 Mpc�1. On the other hand, due to the di�culty of the direct observation, the pri-
mordial fluctuations on smaller scales are almost free from the tight observational bounds
except for the constraints from the abundance of PBHs [10, 55], ultra-compact minihalos
(UCMHs) [56,57] or CMB µ-distortion [58] and GWBs [38].

On the other hand, large density perturbation on small scales is required for the for-
mation of PBHs as seeds for the SMBHs. So, we want the model realising the blue-tilted
power spectrum of curvature perturbation. Generically, it is very di�cult in single field
inflation models which are rigorously constrained by the Planck observation. Then, we are
motivated to consider the multi-field model during inflation. In particular, the curvaton
model can easily realize the blue-tilted spectrum as shown later. Therefore, we consider the
case in which the inflaton is responsible for generating the large scale perturbations, which
are constrained by observations, and the curvaton is responsible for the small scale ones,
which are schematically illustrated in Fig 2.3.

We parametrize the power spectrum of the curvature perturbations induced from the
curvaton fluctuations as

P⇣,curv(k) = P⇣,curv(kc)

✓
k

kc

◆n��1

(2.22)

where n� is the spectral index, kc is some reference value of wave number which are here
taken to be kc = 1 Mpc�1 and

P⇣,curv(kc) = P⇣,inf = 2⇥ 10�9. (2.23)
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inflaton
curv
aton

Figure 2.3: This figure illustrates the power spectrum of curvature perturbation in our
situation. The red and blue lines correspond to the contributions from a inflaton and
curvaton respectively. kp is the pivot scale taken to be 0.002 Mpc�1 and we have taken
kc = 1 Mpc�1 throughout the thesis.

Here, we would like to note the non-Gaussianity of the primordial curvature pertur-
bations, characterized by the nonlinearity parameter fNL. The curvaton model has been
well-known as a model which can predict the large non-Gaussianity: fNL ⇠ 1/rD & 10. Re-
cently, Planck observation placed a stringent constraint on fNL, giving �8.9 < fNL < 14.3
at two sigma level [1,3] However, even if we take small rD in the later discussion, our model
does not conflict with the Planck constraint. Because we rely on the inflaton to generate the
large scale curvature perturbations, fNL is suppressed by roughly (P⇣,curv/P⇣,inf)2 ⇥ 1/rD.

2.2.1 Quadratic curvaton model

Let us consider a simple curvaton model with quadratic potential as a representative model
which realizes the blue-tilted spectrum, whose potential is given by

V (�) =
1

2
m2

��
2. (2.24)

Under the slow-roll approximation, 3Hinf �̇+ V 0(�) ⇡ 0, the field value of � when the mode
k exits the horizon is obtained as

�⇤(k) = �f exp

✓
� m2

�

3H2
inf

N

◆✓
k

kp

◆� m2

�
3H2

inf , (2.25)

where �f is the field value at the end of the inflation and kp = 0.002 Mpc�1 is the pivot
scale. Here we set N = 50 from the time when the pivot scale kp leave the horizon to the
end of the inflation. Note that since the field fluctuation on superhorizon scale is given by
(see Appendix A)

�� =

✓
Hinf

2⇡

◆✓
k

aHinf

◆m2

�/3Hinf

/ exp

✓
� m2

�

3H2
inf

N

◆
, (2.26)
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the isocurvature perturbation, S� = 2��/� remains constant on superhorizon scales, so it
can be well-approximated by the value at the horizon exiting. Because of m� ⇠ Hinf in
the present setup, the curvaton starts to oscillate soon after the inflation, which leads to
�f = �osc. Therefore, we have

d ln�osc
d�⇤

=
1

�⇤(k)
/

✓
k

kp

◆ m2

�
3H2

inf , (2.27)

and hence the spectral index of the power spectrum of the curvature perturbations is derived
as

n� ' 1 +
2m2

�

3H2
inf

, (2.28)

where we have neglected the contribution from the time-derivative of Hubble parameter,
which is O(✏) and much smaller than 2m2

�/3H
2
inf , because we set m� ⇠ Hinf to realize the

strongly blue-tilted power spectrum as illustrated in Fig. 2.3.

2.2.2 Axion-like curvaton model

In this subsection, we review an axion-like curvaton model which was originally introduced
in [59] (see also [60]) as an axion model with extremely blue-tilted spectrum of the axion
isocurvature perturbations. The model is built in the framework of supersymmetry and has
the following superpotential:

W = hS(��̄� f2), (2.29)

where �, �̄ and S are chiral superfields whose R-charges are +1, �1 and +2 respectively,
f is some energy scale and h is a dimensionless coupling constant. This model has also an
additional global U(1) symmetry and �, �̄ and S have charges +1, �1 and 0, respectively.
In the limit of the global SUSY, the scalar potential is derived from (2.29) as

V = h2|��̄� f2|2 + h2|S|2(|�|2 + |�̄|2), (2.30)

where, the scalar components are denoted by the same symbols as the superfields. Provided
that |S| < f is satisfied, S tends to the origin and � and �̄ are settled on the flat direction
satisfying

��̄ = f2 with S = 0, (2.31)

which makes the scalar potential (2.30) vanish. In the very early universe whose energy scale
is nearly the Planck scale, most of the scalar fields has field value comparable to the Planck
scale. So, we can say that � has initially the Planck scale field value and S is stabilized
at the origin. Thus, hereafter, we can reasonanbly assume that the flat condition (2.31)
is always satisfied. Including the supergravity e↵ects, the Hubble-induced mass terms are
added to the scalar potential [61] as

VH = c1H
2|�|2 + c2H

2|�̄|2 + cSH
2|S|2, (2.32)

where c1, c2 and cS are numerical constants assumed to be real, positive and of order unity.
In addition, there also exist the low energy SUSY breaking terms,

Vm = m2
1|�|2 +m2

2|�̄|2 +m2
S |S|2, (2.33)
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where m1, m2 and mS are soft masses of order of the gravitino mass. Because we are inter-
ested in the inflationary epoch, we neglect the low energy SUSY breaking mass terms and
the flat direction is lifted by only the Hubble-induced mass terms (2.32) and the minimums
of � and �̄ are determined as

|�|min '
✓
c2
c1

◆1/4

f, |�̄|min '
✓
c1
c2

◆1/4

f. (2.34)

Now, we decompose the complex scalar fields into the radial and the phase components
as

� =
1p
2
' exp(i✓+), �̄ =

1p
2
'̄ exp(i✓�). (2.35)

Then, along the flat direction, the massless direction is found as a linear combination of
the phases, ✓ = (✓+ � ✓�)/2. Without loss of generality, we can take ' � '̄ as the initial
condition and neglect the dynamics of '̄ in the early epoch [60], so we follow the dynamics
of only the complex scalar field � = 'ei✓/

p
2 whose potential is given by

V' =
1

2
cH2('� 'min)

2, (2.36)

where 'min is the potential minimum of ' given by (2.34) which is taken to be 'min = f
hereafter. Note that since the mass is comparable to the Hubble parameter, ' rolls down
the potential somewhat rapidly during inflation.

In our model, the curvaton is defined as the phase component of �. Note that since the
curvaton is well-defined canonically-normalized field only after ' reaches the minimum, we
denote it as � = f✓. In order for the curvaton to have a mass, the U(1) symmetry should
be broken by some non-perturbative e↵ect. Because the curvaton has a shift symmetry:
� + 2⇡f = �, the potential should be periodic, so we choose a cosine form for it like an
axion illustrated in Fig 2.4:

V (�) = ⇤4


1� cos

✓
�

f

◆�
' 1

2
m2

��
2, (2.37)

where the second equality holds near the minimum �min = 0 and the curvaton mass is
defined as m� = ⇤2/f . After the Hubble parameter becomes smaller than the curvaton
mass, the curvaton field starts to oscillate coherently with the initial amplitude �i = f✓
and behaves as matter.

The curvaton decays when the Hubble parameter becomes equal to the decay rate of
the curvaton and the decay temperature of the curvaton is determined from the decay rate.
The interaction of the curvaton with its decay product is suppressed by f like an axion, so
the decay rate of the curvaton is characterized by the dimensionless numerical constant 
which should be smaller than unity:

�� =
2

16⇡

m3
�

f2
. (2.38)

Then, the decay temperature of the curvaton is derived as

Tdec = 0.5

✓
g⇤
100

◆�1/4

(��MP )
1/2, (2.39)
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Figure 2.4: This figure illustrates the curvaton potential in an axion-like curvaton model.

where g⇤ is the relativistic degrees of freedom.
Let us consider the generation of the fluctuations of the curvaton in this model which

is illustrated schematically in Fig. 2.5. During inflation, the fluctuation of the angular
direction ✓ is roughly given by �✓⇤ ⇠ Hinf/'⇤ at the horizon exit and it stays constant
on superhorizon scales. After ' reaches the minimum, the field value of the curvaton is
unchanged because the mass of the curvaton is much smaller than Hinf and the fluctuation
of ✓ can be identified with that of the curvaton as (see Appendix A) 1

d ln�osc
d�⇤

��⇤ =
��

�

�����
'=f

=
�✓

✓i

�����
'=f

=
�✓⇤
✓i

=
1

'⇤(k)✓i

✓
Hinf

2⇡

◆
, (2.40)

where ✓i is the initial misalignment angle assumed to be ✓i > Hinf/(2⇡f) in order for the
quantum fluctuations not to dominate over the classical value. '⇤(k) indicates the value of
' just when the scale k exit the horizon. From the above expression, the scale dependence
of the curvature perturbations sourced from the fluctuations of the curvaton is determined
by solving the equation of motion for ' during inflation. For the potential (2.36), it is given
by

'̈+ 3Hinf '̇+ cH2
inf('� f) = 0, (2.41)

and we obtain the following solution:

' / e��N with � =
3

2
� 3

2

r
1� 4

9
c. (2.42)

In order to realize the blue-tilted spectrum, the initial value of ' is required to be far
displaced from the minimum, so the solution (2.42) leads to '⇤(k) / k�� for ' � f . This
yields the spectral index:

n� = 4� 3

r
1� 4

9
c, (2.43)

1The fluctuations of ' also give a contribution to �✓. However, it is small (suppressed by ✓) and hence
can be neglected.
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Figure 2.5: This figure illustrates the angular fluctuation of the complex scalar field in an
axion-like curvaton model is illustrated. As the radial component approaches the minimum,
the angular fluctuation becomes large because the background value of the phase component
(which is the displacement from the global minimum) is unchanged.

which implies the extremely blue-tilted spectrum up to n� = 4 for c ⇠ 9/4. Note that
the fluctuations of the curvaton which exit the horizon after ' reaches the minimum is
scale-invariant.

As a summary, we can express the power spectrum as

P⇣,curv(k) =

8
><

>:

P⇣,curv(kc)

✓
k

kc

◆n��1

for k < kf

P⇣,curv(kf ) for k > kf ,

(2.44)

where kf corresponds to the scale exiting the horizon just when ' reaches the minimum f
and P⇣,curv(kf ) is calculated as

P⇣,curv(kf ) = P⇣,curv(kc)

✓
kf
kc

◆n��1

=

✓
2r(⌘)

4 + 3r(⌘)

◆2✓ Hinf

2⇡f✓i

◆2

. (2.45)

Note that, from the '⇤ dependence of P⇣,curv(k);

P⇣,curv(k) = P⇣,curv(kc)

✓
'⇤(kc)

'⇤(k)

◆2

for k  kf , (2.46)

one obtain the relation

k = kc

✓
'⇤(kc)

'⇤(k)

◆2/(n��1)

for k  kf . (2.47)

Domain wall problem Because we adopt the curvaton potential as a cosine function,
there are two minima, ✓ = 0, 2⇡. If the quantum fluctuation of the curvaton field is large
enough to get over the maximum of the potential, domain walls are formed after the curvaton
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inflaton
cur
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on

Figure 2.6: This figure schematically illustrates the power spectrum of curvature pertur-
bation in an axion-like curvaton model. kf is defined as the wave number corresponding to
the scale which exits the horizon just when ' reaches the minimum.

starts to oscillate and they induce the cosmological disaster. So, we must impose the
condition |⇡ � ✓i| > �✓ to avoid the domain wall formation. Because the maximal angular
fluctuation is given by �✓max = Hinf/2⇡f , we obtain the condition to avoid the domain wall
formation as

✓i < ⇡ � Hinf

2⇡f
or ✓i > ⇡ +

Hinf

2⇡f
, (2.48)

which is shown in Fig 2.7.
Here we have derived the scalar potential in the frame work of supergravity. However,

we can build the model without supersymmetry if we start with the potential (2.30). The
Hubble induced mass terms (2.32) which are necessary for generating the blue-tilted power
spectrum can be obtained through couplings with the inflaton field. For example, suppose
that a scalar ' causes chaotic inflation and its potential is given by V (') = �'4. Then the
term like g'2|�|2 (g: small coupling) lead to the Hubble induced mass term for � if we take
appropriate g.
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Figure 2.7: This figure shows the constraint on the initial angle to avoid the domain wall
formation. The red region is ruled out.



Chapter 3

Primordial blackholes from a
curvaton model

3.1 The standard description of the PBH

Primordial blackholes (PBHs) are expected to be formed through the collapse of highly
overdensity regions which are usually seeded by the primordial fluctuation. If the density
contrast smoothed over the horizon scale is larger than some critical value, �c, this region
collapses into the PBH. Fig. 3.1 illustrates the criterion for the PBH formation. �c is given
by w which is determined from the relation between the pressure and the energy density of
the cosmic fluid P = w⇢ and it takes 1/3 in radiation dominated universe. This criterion
for the PBH formation is well confirmed by the numerical calculations [62–64].

According to the above PBH formation process, the mass of PBHs is as large as the
horizon mass at the formation time, which is given by

MBH =
4⇡

3
⇢rH

�3 ' 0.05M�

✓
g⇤
100

◆�1/2✓Tform

GeV

◆�2

' 1⇥ 1013M�

✓
g⇤
100

◆�1/6✓ kform

Mpc�1

◆�2

,

(3.1)

where the subscript “form” represents the value at the PBH formation. (For example,
Tform is the PBH formation temperature and kform is the wave number corresponding to the
scale reentering the horizon at the PBH formation) It is also well known that light PBHs
evaporate into particles in thermal equilibrium with the Hawking temperature given by

TH =
~c3

8⇡GMBHkB
⇡ 10�7

✓
MBH

M�

◆�1

K, (3.2)

and the lifetime of such PBHs is estimated as

⌧(M) ⇡ ~c4
G2M3

BH

⇡ 1064
✓
MBH

M�

◆3

yr. (3.3)

This means that the lifetime of those PBHs with mass MBH . 1015 g is shorter than the
age of the present Universe and such PBHs have completely evaporated by now. Here, we

17
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Figure 3.1: This figure schematically illustrates the criterion for the PBH formation. The
horizontal axis and the vertical axis represent the spatial coordinate and the local density
contrast smoothed over the horizon scale. Those regions where the density contrast exceeds
the threshold value shown as a dashed line collapses into the PBH.

are interested in PBHs which can account for the present CDM or seeds for SMBHs, so we
focus only on non-evaporating PBHs.

According to the PBH formation criterion in radiation dominated universe, PBHs can
be formed in those horizon-volume region satisfying �(R) > �c, where �(R) is the density
contrast smoothed over the horizon scale R which is expressed as

�(R) =

Z

R
d3x�(x)W (x), (3.4)

where �(x) is the density contrast, �⇢/⇢̄, at a given spatial point x, W (x) is the window
function and we set �c = 1/3. So the probability for the PBH formation is expressed as

� =
⇢PBH(tform)

⇢tot(tform)
=

Z 1

�c

p(�(R))d�(R), (3.5)

where p(�(R)) is the probability distribution function for �(R). Normally, the probability
distribution obeys the Gaussian statistics;

p(�)d�(R) =
1p

2⇡�(R)
exp

✓
� �2(R)

2�2(R)

◆
d�(R), (3.6)

where �(R) is the smoothed variance over the horizon scale evaluated at the horizon reen-
tering (do not confuse it with the curvaton field value) defined as

�(R) =

Z 1

0

k3P (k)

2⇡2
W̃ 2(kR)

dk

k
, (3.7)

where P (k) is the power spectrum of density contrast and W̃ (kR) is the Fourier transforma-
tion of the window function. Considering the top hat window function for example, which
is given by

W (x) =
1

V
⇥(R� |x|) with V =

4⇡

3
R3, (3.8)
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we obtain

W̃ (kR) =
3

(kR)3
⇥
� kR cos(kR) + sin(kR)

⇤
, (3.9)

and for the Gaussian window function given by

W (x) =
1p
2⇡

exp

✓
� |x|2

2

◆
, (3.10)

we obtain

W̃ (kR) = exp

✓
� k2R2

2

◆
. (3.11)

Assuming that the density contrast obeys the Gaussian distribution, the PBH formation
probability or initial energy fraction of PBH is approximated as

� ⇡ �(M) exp


� 1

18�2(M)

�
, (3.12)

where M is the mass contained in the smoothing scale given by M = (4⇡/3)⇢R3. Once the
initial abundance of PBH are determined, we can obtain the current density parameter of
PBH which has not evaporated by now;

⌦PBHh
2 =

⇢PBH,eq

⇢tot,eq
⌦mh

2 ' 5⇥ 107�

✓
M�
MBH

◆1/2

, (3.13)

where the subscript “eq” indicates the time of the matter-radiation equality and ⌦m '
0.13h�2 is the density parameter of matter component today.

Here, we show the relation between the density perturbation and the curvature per-
turbation. In the comoving gauge in which the curvature perturbation is expressed as R,
which coincides with ⇣ well outside the horizon, the following relation is derived (see (B.36)
in Appendix B);

P�(k) =
6(1 + w)2

(5 + 3w)2
PR(k), (3.14)

at the time the scale k leaves the horizon [65]. Assuming the Gaussian window function
W̃ (kR) = exp(�k2R2/2) and taking into account P⇣ ⇡ PR on superhorizon scales, (2.44)
and (2.45), we can approximate the variance as

�2(R) =
8

81
P⇣,curv(kf )

⇥
(kfR)�(n��1)�((n� � 1)/2, k2fR

2) + E1(k
2
fR

2)
⇤
, (3.15)

where �(a, x) and E1 are respectively the incomplete gamma function and exponential
integral function defined as

�(a, x) =

Z x

0
ta�1e�tdt, and E1(x) =

Z 1

x

e�t

t
dt. (3.16)

Then, if we write
�2(k�1) = ↵P⇣,curv(k), (3.17)

the numerical coe�cient ↵ is taken to be 0.1-4 as shown in Fig. 3.2.
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Figure 3.2: The ratio of the smoothed variance of density perturbation to the power
spectrum of curvature perturbation are shown. The horizontal axis is the wave number
corresponding to the smoothing scale as k = R�1 divided by kf . This curve is independent
of n�.

3.2 Constraints on the abundance of PBH

3.2.1 Constraints from CDM density parameters

Here we briefly review the constraints on the abundance of PBHs, which is summarized
in [10]. Since we are interested in the PBHs which can contribute to the CDM, we focus
on the constraints on the non-evaporating PBH with mass MBH > 1015 g. First of all, such
PBHs must not overclose the universe, that is ⌦PBH < ⌦CDM, which yields

� < 3⇥ 10�11

✓
MBH

M�

◆1/2

for MBH & 1015 g. (3.18)

This is the most conservative constraint and a number of observations have further con-
strained the PBH abundance as briefly summarized below.

3.2.2 Constraints from microlensing

If the dark matter is made of massive compact objects, it induces the gravitational lensing
with an optical depth of order 10�6, which is called microlensing [66]. In particular, as the
massive compact halo objects (MACHOs), including PBHs, move through the Milky Way
halo, they may pass near the line of sight to a star from us, causing the magnification of
the observed flux. So, the microlensing is a powerful tool to search for the dark matter
existing in the Milky Way haloes. Actually, the microlensing surveys of stars in the Large
and Small Magellanic Cloud (LMC and SMC) such as MACHO and EROS survey have
been performed for many years and ruled out the MACHO CDM including the PBH CDM
as dominant component of the CDM in the mass range 6⇥1025 g – 6⇥1034 g (3⇥10�8M� –
30M�) [67–71]. In addition, the recent microlensing survey by the Kepler satellite, which is
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mainly aimed to finding the extra-solar planets [72,73], have also succeeded to constrain the
PBH CDM [74–76]. Thanks to the high precision photometry of the Kepler telescope, we
have obtained the more stringent constraint than previous microlensing observations. As a
result, it have found that PBHs in the mass range 4 ⇥ 1024 g – 2 ⇥ 1026 g (2 ⇥ 10�9M� –
10�7M�) cannot be the dominant component of the present CDM.

3.2.3 Constraints from accretion

After matter-radiation equality, su�ciently massive PBHs begins to capture the surrounding
gas and injects some energy into CMB by producing X-rays, which results in changing
the recombination history a↵ecting the CMB temperature anisotropy observed today and
inducing the y-type spectral distortion of the CMB spectrum from the Planck distribution
[77]. For example, the Thomson scattering optical depth may possibly become ⌧ ⇠ 1 due
to the X-ray ionization from PBH accretion, which is inconsistent with the Planck result,
so the PBH abundance is severely constrained in some mass range. In addition, the FIRAS
spectrometer on the COBE satellite have set the upper limit on the comptonization y
parameter which is defined in terms of the energy density injection �U and background
energy density of CMB U as �U/U = 4y, that is y  1.5 ⇥ 10�5 at 95% confidence
level [78,79]. Combining the above two constraints, we are able to constrain the abundance
of the PBHs with 2⇥ 1032 g – 2⇥ 1041 g (0.1M� < MBH < 108M�).

3.2.4 Constraints from stars

At the time of star formation, i.e. z . 10, PBHs may be captured by the gravitational
potential created by stars and may continue to live there even after the stars evolve into
the compact remnants like the neutron stars (NSs) or the white dwarfs (WDs). Since
baryons can contract by non-gravitational force, which develops the very steep gravitational
potential, surrounding PBHs are pulled into a center of the potential and eventually trapped
near the core of the NS or WD. The recent work [80] suggests that, in such a situation, PBHs
may destroy such NSs or WDs by accretion, so we can constrain the abundance of PBHs
since we actually have observed NSs and WDs. They have shown that the observations of
NSs and WDs in globular clusters constrain the PBHs with mass 1016 g & MBH & 1021 g
and 1021 g & MBH & 3 ⇥ 1022 g respectively. In these mass range, PBHs cannot be the
dominant component of the dark matter.

The direct capture of surrounding PBHs by NSs can also be possible and NSs can also be
destroyed, which can put more stringent limits on the PBH abundance [81,82] Considering
a close encounter of a PBH and a NS, the PBH loses its initial energy, which becomes the
gravitationally bound energy. Following ref. [82], the energy loss is estimated as

�E =
MBH

RNS

2�

1� n

✓
⇡

4

◆1�n✓ RNS

MBH

◆1�n

(3.19)

where RNS is the radius of the neutron star which we take 12 km as a typical value, n is a
parameter of the polytropic equation of state of stars defined via p / ⇢1+1/n, which we take
n = 1/2 and � is order unity constant taken here to be � = 1. From this, an upper bound
on the dark matter fraction in PBHs can be calculated as

⌦PBH

⌦CDM
<

MBH�v(1� 2GMNS/RNS)

2
p
6⇡tNSMNSRNS⇢DM

✓
1� exp

✓
� 3�E

MBH�2
v

◆◆�1

, (3.20)
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Figure 3.3: An upper bound on the dark matter fraction in PBHs from the neutron
star. We have taken ⇢DM = 104 GeV cm�3 (solid red), 102 GeV cm�3 (dashed green) and
1 GeV cm�3 (dotted blue) and �v = 100 km s�1 (thick lines) and 10 km s�1 (thin lines).
The small-dotted magenta line show the upper bound from the Kepler satellite.

where MNS and tNS are respectively the mass and the lifetime of the neutron star which
are taken to be 1.4M� and 1010 yr and ⇢DM and �v are the energy density and velocity
dispersion of dark matter. Fig. 3.3 shows an upper bound on dark matter fraction in PBHs.
We can see that, if we take ⇢DM ⇠ 104 GeV cm�3 and �v ⇠ 10 km s�1, there are no allowed
region in which the PBH is the dominant dark matter component. However, the constraint
is sensitive to the dark matter density and the velocity dispersion which are quite uncertain,
so the PBH can be still a viable candidate for the dark matter.

3.3 PBHs as seeds of supermassive blackhole

Another motivation to consider the PBH is the existence of supermassive blackholes (SMBHs)
at the center of galaxies [83,84]. The observation of quasars (QSO) reveals that the SMBHs
with mass MBH ⇡ 109 M� exist at the redshift z ⇡ 6 [85]. Because the mass of the SMBH
is roughly 9 orders magnitude larger than the stellar mass object, it is very di�cult to ex-
plain these blackholes within the purely astrophysical mechanism, so we should rely on the
primordial origin. However, it is also very di�cult to provide such heavy PBHs because we
need the PBH formation temperature to be Tform . 1 MeV and large density perturbation
on scales kform . 10 Mpc�1. Actually, such a situation is ruled out from the constraint on
the CMB spectral distortions due to photon di↵usion [86] by the COBE/FIRAS observa-
tion. It is known that the energy of the small scale density perturbation is dissipated into
CMB photons via di↵usion damping and di↵usion damping scale is given by

k�1
d ' 2.5⇥ 105(1 + z)�3/2 Mpc. (3.21)

After the double Compton scattering become ine↵ective at zDC ⇠ 2⇥ 106, then, CMB pho-
tons with k < kd(zDC) ' 104 Mpc�1 receive the energy injection from the small scale fluc-
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tuations, which results in the µ-type CMB spectral distortion parametrized by the chemical
potential µ and constrained by the COBE/FIRAS observation to be |µ| < 9⇥ 10�5 [78,79].
In this situation, the calculation for µ contains the integral of the power spectrum of the
photon energy density,

R
d3kP�(k) where P�(k) is decomposed into the power spectrum of

the primordial perturbation and di↵usion damping factor, e�(k/kd)2 . Because very large
primordial perturbations on scale kform are necessary to form PBHs, kform > kd should
be satisfied not to yield too large µ. Thus, from the relation (3.1), MBH . 105M� must
be satisfied from kform > kd(zDC), which seems to be too light to explain the supermassive
blackholes. However, PBHs can accrete and grow in the universe filled with the dark energy
fluid or quintessence field with equation of state p < �1/3⇢ [87, 88] and PBHs with mass
104 – 105M� can be seeds for the supermassive blackholes [89].

3.4 PBH formation from an axion-like curvaton model

Here, we consider the PBH formation from an axion-like curvaton model introduced in
the previous chapter based on the paper [90]. First of all, we show the energy density
fraction of PBH in terms of P⇣,curv in Fig. 3.4(a) in the case of ↵ = 1 (solid red line)
and ↵ = 0.1 (dashed green line). The dotted blue line (the small-dotted magenta line)
corresponds to the upper limit in the case of MBH = 1027 (1017) g, which comes from the
current observation of the CDM density. In order for PBHs to be the dominant component
of dark matter as an imaginary situation, the required value of curvature perturbation is
P⇣,curv ⇠ 2⇥ 10�3 (2⇥ 10�2) for ↵ = 1 (0.1). Substituting (2.22) and (3.17) into (3.12) and
taking '(k) ⇠ f , the constraint (3.18) is rewritten in terms ofHinf/(f✓) shown in Fig. 3.4(b).
In this figure, the thick (thin) solid red line corresponds to rD = 1 and ↵ = 1 (0.1) and the
thick dashed green line corresponds to rD = 0.1 and ↵ = 1. The breaking point of each line
corresponds to the point at which the quantum fluctuation of the curvaton, �� = Hinf/2⇡,
becomes f . If Hinf/2⇡ > f , the amplitude of the quantum fluctuations of S overtakes the
critical value f , which invalidates our underlying assumption (2.31). From Fig. 3.4(b) we
need rD ⇠ 1 and f✓ ⇠ Hinf to account for the present dark matter abundance.

For rD > 1, PBHs can be formed after the curvaton starts to dominate the universe. The
PBH formation in matter dominated universe is discussed in [91, 92] and the initial energy
fraction of PBH is estimated as � ' 2⇥ 10�2�13/2(M). We have found P⇣ ⇠ 2⇥ 10�4 and
f✓ ⇠ 10Hinf to explain the present dark matter abundance as shown in Fig 3.5. We also
note that there is a non-negligible e↵ect from the non-Gaussianity in the case of rD � 1. In
such a case, the non-Gaussianity parameter fNL becomes negative and the resultant PBH
abundance becomes too small to be the dominant component of the CDM [93].

Now let us estimate the mass spectrum of PBHs in the present model. This is especially
impotent for SMBHs since, taking into account the merging and accretion events prior to
the formation of SMBHs and constraint from the CMB distortion, the mass spectrum of
primordial seeds of SMBHs is required to have a sharply peaked shape [89]. With R = k�1

and Eq.(3.1) we rewrite the smoothed variance (3.15) in terms of PBH masses as

�2(MBH) =
8

81
P⇣,curv(kf )

✓
Mf

MBH

◆(n��1)/2

�

✓
n� � 1

2
,
MBH

Mf

◆
+ E1

✓
MBH

Mf

◆�
, (3.22)

where Mf is the mass of PBH formed when the scale kf enters the horizon. Using (3.22),
we can calculate the mass function, which is defined as the number of PBHs per comoving
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Figure 3.4: The energy density fraction of the PBH at the formation is shown. The
horizontal axis correspond to P⇣,curv in Fig. 3.4(a) and Hinf/f✓ in Fig. 3.4(b). In Fig. 3.4(a),
the solid red line and the dashed green line correspond to ↵ = 1 and ↵ = 0.1 respectively.
In Fig. 3.4(b), the thick (thin) solid red line corresponds to rD = 1 and ↵ = 1 (0.1) and the
thick dashed green line corresponds to rD = 0.1 and ↵ = 1. Breaking point of each line in
Fig. 3.4(b) corresponds to ��/� = 1. The dotted blue line (the small-dotted magenta line)
corresponds to the upper limit in the case of MBH = 1027 (1017) g, which comes from the
current observational value of the CDM density parameter : ⌦CDM = 0.23.
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Figure 3.5: The energy density fraction of the PBH at the formation is shown. The
horizontal axis correspond to P⇣,curv in Fig. 3.5(a) and Hinf/f✓ in Fig. 3.5(b). In Fig. 3.5(a),
the solid red line and the dashed green line correspond to ↵ = 1 and ↵ = 0.1 respectively. We
have taken rD = 10 for both figures. Breaking point of each line in Fig. 3.5(b) corresponds
to ��/� = 1. The dotted blue line (the small-dotted magenta line) corresponds to the upper
limit in the case of MBH = 1027 (1017) g, which comes from the current observational value
of the CDM density parameter : ⌦CDM = 0.23.
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volume whose mass range is MBH ⇠ MBH + dMBH, as [94] : (see appendix C)

dnPBH

dMBH
=

r
1

18⇡

⇢̄comr (tf )

M2
BH

✓
Mf

MBH

◆1/2����
d ln�2(MBH)

d lnMBH

����
�(MBH)

�2(MBH)
, (3.23)

where ⇢̄comr (tf ) is the radiation energy per comoving volume when the scale kf enters the
horizon and �(MBH) is the density fraction of PBH whose mass is MBH. Since we assume
that PBHs are formed after the curvaton decays, the mass spectrum has the lower cuto↵
Mmin, which corresponds to the mass of PBH formed just after the curvaton decays.1The
mass spectrum of PBHs is shown in Fig. 3.6(a). The solid red and dashed green lines corre-
spond to Mmin/Mf = 10�8 and Mmin/Mf = 10�3 respectively and they are normalized by
the their own peak values. The mass spectrum depends only on Mmin and it is independent
of n�. It is clear that the dominant contribution to the energy density of PBHs comes from
the smaller mass PBHs, so the constraint on the initial PBH abundance should be applied
to the PBHs with Mmin. In particular, for Mmin/Mf = 10�8, it is seen that the number
of PBHs with mass larger than ⇠ 10�4Mf decreases drastically. This is due to the sudden
decreasing of ↵, which implies the sudden decreasing of �2(M), for k . 102kf (see Fig. 3.2).
Thus we can obtain a very narrow mass spectrum by tuning Mmin/Mf as 10�3–10�2, which
is required to explain SMBHs.

Critical collapse So far, we have considered that the PBH mass is equal to the horizon
mass at formation. It may be true only if the smoothed variance of density perturbation
is much lager than the critical density, �c. However, in most cases, the PBH formation
occurs near the critical value, so we should consider the critical phenomena in gravitational
collapse [62,63,95]. Here let us consider the e↵ect of critical collapse. Numerical simulations
show that the mass of PBH obeys the scaling relation [62]:

MBH = KMH(� � �c)
� , (3.24)

where MH is the horizon mass and �, K and �c are numerical constants which are in the
range 0.34 < � < 0.37, 2.4 < K < 11.9 and 0.67 < �c < 0.71 respectively. Assuming
the Gaussian probability distribution function for density perturbation smoothed over the
horizon scale at reentering, the probability of PBH formation with mass MBH is given by

p(�(MBH))d�(MBH) =
1p

2⇡�(MH)
exp


� (�c + (MBH/KMH)1/�)2

2�2(MH)

�
d�(MBH). (3.25)

Then, PBH mass spectrum is calculated as

dnPBH

dMBH
=

r
2

⇡

⇢̄com
M2

BH

1

�(MH)�

✓
MBH

KMH

◆1/�

exp


� (�c + (MBH/KMH)1/�)2

2�2(MH)

�
, (3.26)

which is shown in Fig 3.6(b). This figure shows that the mass spectrum is slightly broadened
but they do not conflict with the requirement for the SMBH formation.

1 PBH formation before the curvaton decays in radiation dominated universe may also be possible. In
such a case, however, P� is suppressed through the factor (⇢�/⇢r)

2 at the formation. Since the number of
produced PBHs is very sensitive to P� and exponentially suppressed for small P�, the number of those PBHs
produced before the curvaton decay may be negligibly small. Thus, even if we include the above e↵ect, the
mass spectrum (Fig. 3.6) may slightly spread around the cuto↵ and nothing is a↵ected in our discussion.
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Figure 3.6: The mass spectrum of PBH, dnPBH/dMBH, is shown. In Fig 3.6(a), PBH mass
is assumed to be horizon mass at formation and the solid red line and dashed green line
correspond to Mmin/Mf = 10�8 and Mmin/Mf = 10�3 respectively and they are normalized
by the their own peak values. They are independent of n�. In Fig 3.6(b), the critical
phenomena is taken into account and we fix the horizon mass to be 10�8Mf (solid red) and
10�3Mf (dashed green). We have taken � = 0.37, K = 11.9 and �c = 0.7 and each line is
normalized by the value at MBH = 0.6MH in Fig 3.6(b).
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Now, we investigate the parameters allowing the formation of PBHs which eventually
contribute significantly to the CDM. We also impose several conditions to build the viable
scenario, which are listed below.

• Going back to the time when the pivot scale kp = 0.002 Mpc�1 leaves the horizon, '
should be smaller than the Planck scale. The value of ' at that time ('(kp) = 'p) is
easily calculated as

'p =

✓
kf
kp

◆(n��1)/2

f. (3.27)

Combining this with the second equality of (2.45), we obtain

'p =

✓
kc
kp

◆✓
2r(⌘)

4 + 3r(⌘)

◆
Hinf

2⇡✓iP1/2
⇣

. (3.28)

which is shown in Fig 3.7. Imposing ' < MP , we obtain an upper bound on the
Hubble parameter during inflation:

Hinf < 2(n��1)/210�3(n�+1)/2✓iMP

✓
kc

Mpc�1

◆�(n��1)/2

. (3.29)

Combining this with the constraint from the tensor-to-scalar ratio [96], Hinf < 5 ⇥
10�5MP , we get

Hinf < min
⇥
2(n��1)/210�3(n�+1)/2✓iMP , 5⇥ 10�5MP

⇤
, (3.30)

where we set kc = 1 Mpc�1.

• The mass of PBHs formed when the scale kf reenter the horizon, Mf , is calculated
with use of (2.23),(2.44) and (3.1). Since Mf is larger than the minimum mass of
PBHs, we obtain the following condition:

Mmin < Mf = 2⇥ 1046�12/(n��1) g

✓
g⇤
100

◆�1/6✓ kc
Mpc�1

◆�2✓P⇣,curv(kf )

2⇥ 10�3

◆�2/(n��1)

(3.31)

• The curvaton should decay before the Big Bang nucleosynthesis (BBN), that is Tdec >
1 MeV. From (3.1), the minimum mass of PBHs is related to Tdec as

Tdec ' 1⇥ 103 GeV

✓
g⇤
100

◆�1/4✓1026 g

Mmin

◆1/2

. (3.32)

Hence the minimum mass of PBHs is constrained as

Mmin . 1⇥ 1038 g

✓
g⇤
100

◆�1/2

, (3.33)

which is combined with (3.31) and we get

Mmin . min
⇥
2⇥ 1046�12/(n��1) g, 1⇥ 1038 g

⇤
, (3.34)

where we set g⇤ ⇡ 100, kc = 1 Mpc�1 and P⇣,curv(kf ) = 2⇥ 10�3.
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Figure 3.7: This figure shows the value of ' when the pivot scale leaves the horizon
('(kp) = 'p). Solid red (dashed green) line corresponds to n� = 2 (3) and thick (thin) line
corresponds to rD = 1 (0.1).

• The reheating temperature is also constrained. In the case of �� < m�, from (2.13)
and (3.32) we obtain

TR ⇡ 6⇥ 103 GeV

✓
1026 g

Mmin

◆1/2✓MP

Hinf

◆2

, (3.35)

where we take f✓ ⇡ Hinf , rD ⇡ 1 and g⇤ ⇡ 100. In the case of �� > m�, on
the other hand, we get the similar relation by simply replacing TR with Tosc. The
reheating temperature or the curvaton oscillation temperature is constrained from the
inequality (3.30).

We show the parameter space allowing for the PBH to take a role of the dominant
component of the CDM in Fig. 3.8 in the case of �� < m� and kc = 1 Mpc�1. The allowed
region is inside the respective contours. The dashed-and-dotted-cyan line is the lower limit
on the PBH mass, which comes from the current upper limit on the tensor-to-scalar ratio.
For the PBH to take a role of the dominant component of the CDM, we need the somewhat
high reheating temperature TR & 1012 GeV.

Then, we investigate the allowed region of our model parameters, f andm�, in which the
current dark matter density can be explained by the PBH. The allowed parameter region
becomes much narrower than Fig. 3.8 if we take into account the decay rate formula (2.38).
The relation between the decay temperature of the curvaton and PBH mass given by (3.32)
is rewritten as

f ' 1⇥ 1014 GeV 

✓
Mmin

1026 g

◆1/2✓ m�

106 GeV

◆3/2

, (3.36)

which constrains the interesting region in f – m� plane when 1025 g < Mmin < 1027 g is
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Figure 3.8: The allowed parameter region in which PBHs can contribute to the CDM in our
model is shown. The allowed region is inside the respective contours. The dotted-blue line
and the solid-red line correspond to the boundary in the case of n� = 3 and 2 respectively.
The dashed-and-dotted-cyan line is the lower limit on the PBH mass coming from the upper
limit on the tensor-to-scalar ratio. We have taken r = 1 and ✓ = 1.

imposed. In the case of m� > ��, (2.13) is translated into the following inequality :

f & 1⇥ 1014 GeV 1/3
✓

m�

106 GeV

◆1/3

, (3.37)

where we set ✓ = 1 and g⇤ ⇡ 100. In the case of m� < ��, on the other hand, the relation
from (2.12) becomes approximately same as (3.37) but replacing & with '. Moreover, the
constraints (3.30) is trivially translated into upper bound on f by simply replacing Hinf

with f✓. The constraint (3.34) is rewritten as

f . 1⇥ 1018 GeV 

✓
Mc

1034 g

◆1/2✓ m�

106 GeV

◆3/2

, (3.38)

where Mc is defined as the right-hand-side of (3.34).
We summarize the above constraints in Fig. 3.9(a) and Fig. 3.9(b) forrD = 1 and n� = 2.

In the case of m� > ��, the conditions (3.37) and (3.38) correspond to the region inside
the thick solid-red (dashed-green) lines for  = 1 (0.01). In addition, it must be below the
thick (thin) dashed-and-dotted-cyan lines corresponding to the upper bound of the PBH
mass, 1027 g for  = 1 (0.01). Thus, the allowed parameters are inside the yellow shaded
regions. In the opposite case, m� < ��, allowed parameters are on the lower boundary of
these regions. From these, it is found that f and m� must be f ⇠ 5 ⇥ 1013 – 1014 GeV,
m� ⇠ 5⇥ 105 – 108 GeV and ⇤ ⇠ 1010 – 1011 GeV to explain the current CDM abundance.
Similar results were found when we considered the PBH formation in the matter (curvaton)
dominated era. For example, setting rD = 10 and same parameters as those we have taken
in Fig. 3.9, we found the parameter space shown in Fig. 3.10.
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Figure 3.9: The allowed regions for the PBH to contribute to the CDM in f – m� plane and
f – ⇤ plane are shown. Inside the thick solid-red (dashed-green) lines, the conditions (3.37)
and (3.38) are satisfied for  = 1 (0.01). The thick (thin) dashed-and-dotted-cyan lines
corresponds to the upper limit which comes from the maximum mass of PBH dark matter:
MBH = 1027 g for  = 1 (0.01), so the allowed parameters are inside the yellow shaded
regions. The thin small-dotted magenta lines correspond to MBH = 1025 g for  = 0.01.
We have taken rD = 1, n� = 2 and ✓ = 1 and assumed m� > �I in both figures.
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Figure 3.10: The allowed regions for the PBH to account for the CDM in MBH – TR plane
and f – m� plane are shown in Fig. 3.10(a) and Fig. 3.10(b) respectively. In Fig. 3.10(a), the
allowed region is inside the solid-red line (the dotted-blue line) for n� = 2 (n� = 3) and the
dashed-and-dotted-cyan line (small-dotted-magenta line) corresponds to MBH = 105M�
(104M�). In Fig. 3.10(b), inside the thick solid-red (dashed-green) lines, the conditions
(3.37) and (3.38) are satisfied for  = 1 (0.01). The thick (thin) dashed-and-dotted-cyan
lines corresponds to the upper limit which comes from the maximum mass of PBH dark
matter: MBH = 1027 g for  = 1 (0.01), so the allowed parameters are inside the yellow
shaded regions. We have taken rD = 10 and ✓ = 1 in both figures and n� = 2 in Fig. 3.10(b).
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Another outcome of our model is the possibility of explaining the seeds of SMBHs. The
initial mass fraction of PBHs as seeds of SMBHs is constrained by the observed comoving
number density of QSOs: a3nQSO ' (6 ± 2) ⇥ 10�10 Mpc�3 [85]. The comoving number
density of PBHs is given by

a3nPBH ' 6⇥ 1018� Mpc�3

✓
g⇤
10

◆�1/4✓ M�
MBH

◆3/2

, (3.39)

so, compared with a3nQSO, � is estimated as

� ⇠ 2⇥ 10�21

✓
g⇤
10

◆1/4✓ MBH

105 M�

◆3/2

. (3.40)

Since a quite large mass and a narrow mass spectrum of the PBH are needed to explain the
SMBH, we set Mmin ⇠ Mf which leads ↵ ' 0.1, Hinf/f✓ ⇠ 2 and P⇣,curv(kf ) ⇠ 1 ⇥ 10�2.
Then the parameter space is constrained by the same way as those of the PBH dark matter
case and we summarize it in Fig. 3.11 and Fig 3.12 for rD = 1 and rD = 10 respectively.

In Fig. 3.11(a) and Fig 3.12(a), the allowed region is inside the solid-red line (the dotted-
blue line) for n� = 2.5 (n� = 2.75). The dashed-and-dotted-cyan line (the small-dotted-
magenta line) corresponds to MBH = 105M� (104M�), on which the SMBH is explained
by the PBH. In Fig. 3.11(b) and Fig. 3.12(b), the allowed region is inside the solid-red line
(the dashed-green line) for  = 1 (0.01). The thick (thin) dashed-and-dotted-cyan line and
small-dotted-magenta line correspond toMBH = 105M� andMBH = 104M� respectively for
 = 1 (0.01). We found that our model can provide the seeds of SMBHs for TR & 109 GeV,
f ⇠ 1012 GeV, m� ⇠ 0.5 – 100 GeV and ⇤ ⇠ 106 – 107 GeV.

It is clear that the dark matter and SMBHs cannot be explained by single curvaton
because the mass spectrum of PBH has peaked shape, so we need multiple curvaton field
to explain them. Fortunately, various axion-like particles often appears in particle physics
theories. One of them may be the curvaton which is responsible for SMBHs and another may
explain the present dark matter. In addition, another axion field can play a role of the usual
QCD axion which solves the strong CP problem. If the Peccei-Quinn scale fa is ⇠ 1012 GeV,
the QCD axion can account for the dark matter of the universe. The coincidence of two
independent scales f ' fa ⇠ 1012 GeV may be very interesting. Furthermore, it is pointed
out that the axion dark matter is a good candidate consistent with the presence of the
primordial SMBHs [57]. The required scale ⇤ ⇠ 106 – 107 GeV is coincide with the SUSY
breaking scale when it is mediated by gauge interactions, which suggests that the dynamics
generates the curvaton mass may be related to physics of SUSY breaking.
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Figure 3.11: The allowed regions for the PBH to be the seed of the SMBHs in MBH –
TR plane and f – m� plane are shown in Fig. 3.11(a) and Fig. 3.11(b) respectively. In
Fig. 3.11(a), the allowed region is inside the solid-red line (the dotted-blue line) for n� = 2.5
(n� = 2.75) and the dashed-and-dotted-cyan line (small-dotted-magenta line) corresponds
to MBH = 105M� (104M�). In Fig. 3.11(b), the allowed region is inside the solid-red
line (the dashed-green) and the thick (thin) dashed-and-dotted-cyan line and small-dotted-
magenta line correspond to MBH = 105M� and MBH = 104M� respectively for  = 1
(0.01). We have taken rD = 1 and ✓ = 1 in both figures and n� = 2.75 in Fig. 3.11(b).
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Figure 3.12: The allowed regions for the PBH to be the seed for SMBHs in MBH – TR plane
and f – m� plane are shown in Fig. 3.12(a) and Fig. 3.12(b) respectively. In Fig. 3.12(a), the
allowed region is inside the solid-red line (the dotted-blue line) for n� = 2.5 (n� = 2.75) and
the dashed-and-dotted-cyan line (small-dotted-magenta line) corresponds to MBH = 105M�
(104M�). In Fig. 3.12(b), the allowed region is inside the solid-red line (the dashed-green)
and the thick (thin) dashed-and-dotted-cyan line corresponds to MBH = 105M� for  = 1
(0.01). We have taken rD = 10 and ✓ = 1 in both figures and n� = 2 in Fig. 3.10(b).
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Chapter 4

Gravitational waves from a
curvaton model

In this chapter, we consider the scalar induced gravitational waves in curvaton models
with blue-tilted power spectrum of the curvature perturbation. We begin by the basics
on gravitational waves, and then we briefly explain the scalar induced gravitational waves.
Finally we show the resultant spectrum of the gravitational waves in our models and discuss
the detectability by future detectors.

4.1 Basics on gravitational waves

4.1.1 Power spectrum of the gravitational waves

The stochastic background of the gravitational waves are described by the tensor metric
perturbation, hij(x, ⌘), satisfying trace-free (hii = 0) and transverse (@ihij = 0) on the
spatially flat FRW metric, which is given by

ds2 = a2(⌘)
⇥
� d⌘2 + (�ij + hij)dx

idxj
⇤
. (4.1)

Conventionally, the Fourier transformation of the tensor metric perturbation is defined as

hij(x, ⌘) =

Z
d3k

(2⇡)3/2
eikx

⇥
h+
k

(⌘)e+ij(k) + h⇥
k

(⌘)e⇥ij(k)
⇤
, (4.2)

where e+ij(k) and e⇥ij(k) are two polarization tensors defined in terms of two orthonormal
basis vectors, ei(k) and ēi(k), orthogonal to k as

e+ij(k) =
1p
2

⇥
ei(k)ej(k)� ēi(k)ēj(k)

⇤
, (4.3)

e⇥ij(k) =
1p
2

⇥
ei(k)ēj(k) + ēi(k)ej(k)

⇤
. (4.4)

Then, the power spectrum of the tensor metric perturbation is defined through

hhr
k

(⌘)hs
p

(⌘)i ⌘ 2⇡2

k3
�rs�3(k+ p)Pr

h(k, ⌘), (4.5)

where r and s are either + or ⇥ and we obtain the total power spectrum as Ph = P+
h +P⇥

h .

37
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4.1.2 The power spectrum of primordial tensor metric perturbations

The dynamics of the spacetime is governed by the Einstein-Hilbert action given by

S =
1

16⇡G

Z
d⌘d3x

p
�gR. (4.6)

Substituting our metric with tensor metric perturbations into the Ricci scalar and keeping
up to the second order, we obtain the action for the tensor metric perturbations without
source terms,

S =
1

64⇡G

Z
d⌘d3x

p
�ḡ

⇥
� ḡµ⌫@µhij@⌫h

ij
⇤
, (4.7)

where ḡµ⌫ is the background FRW metric and ḡ is its determinant. By varying hij , the
evolution equation for GW is derived as

h00ij + 2Hh0ij �r2hij = 0. (4.8)

Further, by substituting (4.2) into (4.7), we obtain

S =
X

r

Z
d⌘d3k

a2

32⇡G
[(hr

k

)0(hr�k

)0 � k2hr
k

hr�k

]. (4.9)

If we redefine hk as

h̃r
k

=
ap

16⇡G
hr
k

, (4.10)

and after integration by parts, the action (4.9) yields the so called Mukhanov action form,

S =
X

r

Z
d⌘d3k

1

2


(h̃r

k

)0(h̃r�k

)0 �
✓
k2 +

a00

a

◆
h̃r
k

h̃r�k

�
, (4.11)

which implies that h̃
k

is a canonically normalized field. Hereafter we regard h̃
k

as quantum

fields, ˆ̃hij . The conjugate momentum is given by

ˆ̃⇡r
k

(⌘) = (ˆ̃hr�k

(⌘))0, (4.12)

which is assumed to be satisfied the equal-time commutation relations,

[ˆ̃hr
k

(⌘), ˆ̃⇡s
k

0(⌘)] = i�rs�(3)(k� k0) (4.13)

[ˆ̃hr
k

(⌘), ˆ̃hs
k

0(⌘)] = [ˆ̃⇡r
k

(⌘), ˆ̃⇡s
k

0(⌘)] = 0. (4.14)

Since ˆ̃
hr
k

is Hermitian, we can express it in terms of the c-number mode functions h̃k(⌘);

ˆ̃
hr
k

(⌘) = h̃k(⌘)â
r
k

+ h̃⇤k(⌘)â
r†
�k

(4.15)

where âr
k

and âr†
k

are creation and annihilation operator respectively satisfying the commu-
tation relations

[âr
k

, âs†
k

0 ] = �rs�(3)(k� k0), (4.16)

[âr
k

, âs
k

0 ] = [âr†
k

, âs†
k

0 ] = 0. (4.17)
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The equation of motion for the mode function is derived as

h̃00k +

✓
k2 � 2

⌘2

◆
h̃k = 0. (4.18)

Imposing the initial condition as

lim
⌘!�1

h̃k =
e�ik⌘

p
2k

, (4.19)

and the subhorizon (|k⌘| � 1) solution is given by

h̃k(⌘) =
e�ik⌘

p
2k

✓
1� i

k⌘

◆
(4.20)

To compute the power spectrum, we consider the following vacuum expectation value,

h0|ˆ̃h
k

ˆ̃
h
k

0 |0i = 1

2k

✓
1 +

1

k2⌘2

◆
(4.21)

and connecting it with the definition of the power spectrum (4.5), we obtain

P+
h = P⇥

h =
4

M2
P

✓
Hinf

2⇡

◆2

⇤
(4.22)

where ⇤ denote the value at the horizon exit.
Adding the contributions from two polarization modes, the power spectrum of total

tensor metric perturbation is given by

Pt = P+
h (k) + P⇥

h (k) =
2

⇡2

H2
inf

M2
P

, (4.23)

and the tensor-to-scalar ratio is

r =
Pt(k)

P⇣(k)
=

2

⇡2

H2
inf

M2
P

1

P⇣
= 16✏. (4.24)

Rewriting this as

Hinf ' 3.4⇥ 10�5MP

✓
r

0.1

◆1/2✓ P⇣

2.4⇥ 10�9

◆1/2

, (4.25)

we obtain the upper bound on the Hubble parameter during inflation as Hinf . 3⇥10�5MP

from the observational constraint on the tensor-to-scalar ratio, r . 0.1.

4.1.3 The energy spectrum of gravitational waves

Next, we derive the energy density and energy spectrum of GW. The energy momentum
tensor is given by

Tµ⌫ = �2
�L
�ḡµ⌫

+ ḡµ⌫L (4.26)
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where L is the Lagrangian density. Substituting the Lagrangian density of the tensor
metric perturbation, we obtain the energy density of the GW which is defined as the (0, 0)
component of the energy momentum tensor,

⇢GW = �T 0
0 =

1

64⇡Ga2
⇥
(h0ij)

2 + (rhij)
2
⇤

(4.27)

which has vacuum expectation value,

h0|⇢GW|0i =
Z 1

0

k3

2⇡2

|h0k(⌘)|2 + k2|hk(⌘)|2
a2(⌘)

dk

k
. (4.28)

In order to discuss the amount of the present gravitational wave background at the present,
it is useful to introduce a density parameter of gravitational waves within the logarithmic
interval of wavenumber which is given by

⌦GW(k, ⌘) =
1

⇢cr(⌘)

dh0|⇢GW|0i
d ln k

, (4.29)

where ⇢cr is the critical density and it leads to

⌦GW(k, ⌘) =
8⇡G

3H2(⌘)

k3

2⇡2

|h0k(⌘)|2 + k2|hk(⌘)|2
a2(⌘)

. (4.30)

Taking into account both +-mode and ⇥-mode, this is related to the power spectrum of the
tensor mode as

⌦GW(k, ⌘) =
k2

6H2
Ph(k, ⌘). (4.31)

In particular, focusing only on those gravitational waves generated before the matter radi-
ation equality, ⌦GW today is calculated via

⌦GW(k) =
k2⌦�

6H2(⌘?)
Ph(k, ⌘?), (4.32)

where ⌦� ' 4.8⇥10�5 is the density parameter of radiation today, and a subscript ? denotes
a certain time after the amplitude of the gravitational wave, |h

k

|, starts monotonically to
decrease as 1/a on sub-horizon scales during radiation dominated era.

4.2 Scalar-induced gravitational waves

4.2.1 Power spectrum of the gravitational waves with a source term

Here, we formulate the gravitational waves induced by the scalar metric perturbations
and anisotropic stress at second order. The time evolution for the metric perturbations is
described by the Einstein equation and that for hij is given by

h00ij + 2Hh0ij �r2hij = �4T̂ lm
ij Slm, (4.33)

where T̂ lm
ij is the projection tensor which projects any tensor into the transverse trace-free

one and Sij is the scalar induced source term which is given later. Using the polarization
tensors, (4.16) and (4.17), the projection tensor T̂ lm

ij is defined via

T̂ lm
ij Slm =

Z
d3k

(2⇡)3/2
eikx

⇥
e+ij(k)e

+lm(k) + e⇥ij(k)e
⇥lm(k)

⇤
Slm(k, ⌘) (4.34)
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where Sij(k, ⌘) is the Fourier transformed component of Sij(x, ⌘). Thus the evolution
equation for the Fourier transformed component of hij is derived as

h00
k

+ 2Hh0
k

+ k2h
k

= S(k, ⌘), (4.35)

where S(k, ⌘) = �4elmSlm(k, ⌘). Note that, here and hereafter, we omit the polarization
indices + or ⇥ on h

k

and S(k, ⌘). Now we solve Eq. (4.35) by using the Green’s function
method. The solution is found to be

h
k

(⌘) =
1

a(⌘)

Z ⌘

⌘
0

d⌘̃a(⌘̃)g
k

(⌘; ⌘̃)S(k, ⌘̃), (4.36)

where g
k

(⌘, ⌘̃) is the Green’s function which is defined through

g00
k

(⌘; ⌘̃) +

✓
k2 � a00(⌘)

a(⌘)

◆
g
k

(⌘; ⌘̃) = �(⌘ � ⌘̃). (4.37)

In particular, the Green’s function is given by

g
k

(⌘; ⌘̃) =
sin[k(⌘ � ⌘̃)]

k
✓(⌘ � ⌘̃) (4.38)

in radiation dominated era and

g
k

(⌘; ⌘̃) =
(k2⌘⌘̃ + 1) sin[k(⌘ � ⌘̃)]� k(⌘ � ⌘̃) cos[k(⌘ � ⌘̃)]

k3⌘⌘̃
✓(⌘ � ⌘̃) (4.39)

in matter dominated era. Then, the power spectrum is formally calculated through

hh
k

(⌘)h
p

(⌘)i = 1

a(⌘)2

Z ⌘

⌘
0

d⌘̃1a(⌘̃1)g
k

(⌘; ⌘̃1)

Z ⌘

⌘
0

d⌘̃2a(⌘̃2)gp(⌘; ⌘̃2)hS(k, ⌘̃1)S(p, ⌘̃2)i

⌘ 2⇡2

k3
�3(k+ p)Ph(k, ⌘). (4.40)

In the following, we calculate the power spectrum with two kind of source terms; scalar
metric perturbations and anisotropic stresses, and then, we will apply these formalism to
the curvaton models and discuss the detectability by the future gravitational wave detectors.

4.2.2 Source terms for gravitational waves

In the first order perturbation theory, the right hand side of (4.33), Sij , is zero when
the anisotropic stress does not appear in that order. However, once the second order
contributions are included, it induces non-zero Sij . In the curvaton scenario considered
here, we have two contributions to the source term at the second order; one is coming from
the scalar adiabatic curvature perturbations and another is the anisotropic stress due to
the kinetic term of the curvaton before the curvaton decay. In this subsection, we discuss
these two sources separately.
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Second order adiabatic curvature perturbations

Following the literature, let us consider the scalar metric perturbations in conformal-
Newtonian gauge which is described as

ds2 = a2(⌘)


� (1 + 2�)d⌘2 + (1� 2 )�ijdx

idxj
�
. (4.41)

At the second order, the source term induced from the above scalar metric perturbations
can be written as [97] (see also appendix D)

S�
ij = �2@i�@j��H�2@i(�

0 +H�)@j(�0 +H�), (4.42)

where we have assumed that the first order anisotropic stress is zero and it leads to � =  .
Then, S�(k), which appears in the right hand side of the evolution equation for the Fourier
transformed component of hij , is calculated through the convolution of two Fourier modes
as

S�(k, ⌘) = �4elm(k)S�
lm(k, ⌘)

= 4

Z
d3k̃

(2⇡)3/2
elm(k)k̃lk̃m


3�

˜

k

(⌘)�
k�˜

k

(⌘)

+
2

H�
0
˜

k

(⌘)�
k�˜

k

(⌘) +
1

H2
�0

˜

k

(⌘)�0
k�˜

k

(⌘)

�
.

(4.43)

Let us consider the evolution of �. The gravitational potential in conformal-Newtonian
gauge, �, is related to the curvature perturbation on uniform density slicing as [98,99] (see
also appendix B)

� ⇣ =  +
H

⇢̇
�⇢ =

6 + 5r

4 + 3r
�+

2 + 2r

4 + 3r

�0

H , (4.44)

where r is the ratio of the energy density of the curvaton to that of radiation defined in the
previous chapter. Note that in the curvaton mechanism �0 6= 0 before the curvaton decay
even on the superhorizon scales. Denoting ⇣ = ⇣inf +(r(⌘)/(4+3r(⌘)))S� and following the
above relation, we obtain the evolution equation for � on superhorizon scales as

�0(⌘)

H(⌘)
+

6 + 5r(⌘)

2 + 2r(⌘)
�(⌘) +

4 + 3r(⌘)

2 + 2r(⌘)
⇣inf +

r(⌘)

2 + 2r(⌘)
S� = 0, (4.45)

which is rewritten by adopting the e-folding number N as a time derivative as

d�

dN
+

6 + 5r

2 + 2r
�+

4 + 3r

2 + 2r
⇣inf +

r

2 + 2r
S� = 0. (4.46)

Denoting r = rDe
N and choosing the initial condition �(N ! �1) = �2⇣inf/3 which is

consistent with the standard (non-curvaton) scenario, we obtain the analytic solution for
the above first order di↵erential equation:

� =

✓
1

r3
� 16

p
1 + r

15r3
+

1 + r

15r3
+

7(1 + r)

15r2
� 3(1 + r)

5r

◆
⇣inf

+

✓
� 1

r3
+

16
p
1 + r

5r3
� 11(1 + r)

5r3
+

3(1 + r)

5r2
� 1 + r

5r

◆
S�.

(4.47)
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Figure 4.1: The deviation from �0 = 0 defined via (4.48) is shown. The horizontal axis
shows r(⌘). The solid red line and dashed green line correspond to the inflaton and the
curvaton contributions respectively.

If we express the solution as

� = �4 + 3r

6 + 5r
(1 +�inf) ⇣inf �

r

6 + 5r
(1���)S�, (superhorizon) (4.48)

where �inf and �� represent the deviations from �0 = 0, �inf and �� is expressed explicitly
as

�inf = �1� 6 + 5r

4 + 3r

✓
1

r3
� 16

p
1 + r

15r3
+

1 + r

15r3
+

7(1 + r)

15r2
� 3(1 + r)

5r

◆
, (4.49)

�� = 1 +
6 + 5r

r

✓
� 1

r3
+

16
p
1 + r

5r3
� 11(1 + r)

5r3
+

3(1 + r)

5r2
� 1 + r

5r

◆
, (4.50)

and they are shown in Fig. 4.1. This figure shows that � deviates from the value with
�0 = 0 at most 25%. Although the deviations are not so large, in the following numerical
calculation of the scalar-induced gravitational wave background, we properly include the
contribution from �0 on super-horizon scales.

For subhorizon modes, � is constrained by the Poisson equation and we obtain

�(⌘) = �3

2

✓
H(⌘)

k

◆2✓ 1

1 + r(⌘)

�⇢r
⇢r

+
r(⌘)

1 + r(⌘)

�⇢�
⇢�

◆
. (subhorizon) (4.51)

Note that � is frozen after the curvaton starts to dominate the universe until its decay if
rD > 1. Focusing only on the curvaton contribution, we unify (4.48) and (4.51), which can
be expressed as

�(⌘(< ⌘dec)) ⇡
(
TS(k, ⌘)S� for ⌘ < ⌘dom

TS(k, ⌘dom)S� for ⌘ > ⌘dom,
(4.52)
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where ⌘dec and ⌘dom are the conformal time at the decay and at the beginning of curvaton
domination respectively and we define

TS(k, ⌘) = � r(⌘)

6 + 5r(⌘)
(1���)S�


1 +

2(1 + r(⌘))

3(6 + 5r(⌘))
(1���)(k⌘)

2

��1

. (4.53)

The transfer function of � after the curvaton decay in radiation dominated era is given by
a decaying-oscillation solution as [100]

T�(k, ⌘) =
3

(k⌘/
p
3)3


sin

✓
k⌘p
3

◆
� k⌘p

3
cos

✓
k⌘p
3

◆�
, (4.54)

and we obtain the time evolution of � after the curvaton decay as

�(k, ⌘(> ⌘dec)) ⇡
(
T�(k, ⌘)TS(k, ⌘dec)S� for k < 1/⌘dec

T�(1/⌘dec, ⌘)TS(k, ⌘X)S� for k > 1/⌘dec,
(4.55)

where we define ⌘X = ⌘dec for rD < 1 and ⌘X = ⌘dom otherwise.
Assuming that there exists the curvaton dominated epoch, rD > 1, the resultant density

parameter of gravitational waves is enhanced on scales which are inside the horizon in
curvaton dominated era because � remains constant at that time. This leads to h

k

'
const. on subhorizon scales [37,43]. On the other hand, gravitational waves emitted before
the curvaton domination, the energy density of gravitational waves su↵ers an additional
suppression because of ⇢GW/⇢� / a�1. Thus, the present energy density spectrum of
gravitational waves (4.32) is expressed as

⌦GW(k) =
k2⌦�

6H2(⌘k)
F 2Ph(k, ⌘k), (4.56)

where ⌘k denotes the conformal time when mode k reentering reenter the horizon and F 2

denotes the enhancement and suppression due to the early matter (curvaton) domination,
which is given by

F 2 ⇡

8
>><

>>:

(k⌘dec)2 for 1/⌘dec < k < 1/⌘dom,

(k⌘dom)�4(⌘dec/⌘dom)2 + (⌘dom/⌘dec)2 for 1/⌘dom < k

1 otherwise.

(4.57)

Here we assume the density perturbation on subhorizon scales, which grows proportional
to the scale factor in matter dominated universe, does not reach O(1). Otherwise, the

enhancement ends at the cut o↵ scale kNL ⇠ P�1/4
⇣,curv(1/⌘dec)/⌘dec corresponding to the scale

which becomes nonlinear at the curvaton decay and 1/⌘dom in (4.57) must be replaced with
kNL.

Anisotropic stress sourced from the kinetic term of the curvaton

Next, in the curvaton scenario, there is another source induced from the kinetic term of the
curvaton as

Skin
ij = M�2

P @i��@j��, (4.58)
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and the source term of the evolution equation for hk is given by

Skin(k, ⌘) = �4elm(k)Skin
lm (k, ⌘)

= �4M�2
P

Z
d3k̃

(2⇡)3/2
elm(k)k̃lk̃m��

˜

k

(⌘)��
k�˜

k

(⌘). (4.59)

By decomposing �� into the transfer function and the initial value evaluated on super-
horizon scales at a certain time before the curvaton starts to oscillate as

��
k

(⌘) = T�(k, ⌘)��
k

, (4.60)

the transfer function, T�(k, ⌘), is derived from the evolution equation for �� for each Fourier
mode,

�̈�
k

+ 3H ˙�� +

✓
m2

� +
k2

a2

◆
��

k

= 0. (4.61)

For H > m�, k/a, ��
k

remains unchanged because of the Hubble overdamping and other-
wise, the behavior of the solution is found to be

��
k

/
(
a�1 for k/a > m�, H,

a�3/2 for m� > k/a,H.
(4.62)

Taking into account it, we can derive the transfer function for �� which is summarized
below.

• For Fourier modes reentering the horizon after the curvaton starts to oscillate at ⌘osc,
�� remains frozen for ⌘ < ⌘osc on super-horizon scales and evolves like a�3/2 for
⌘ > ⌘osc both on super-horizon and sub-horizon scales. Hence we obtain the transfer
function for k⌘osc < 1 as

T� (k(< 1/⌘osc), ⌘) =

(
1 for ⌘ < ⌘osc�⌘

osc

⌘

�3/2
for ⌘ > ⌘osc.

(4.63)

• Oppositely, for modes reentering the horizon before the curvaton oscillation, �� re-
mains constant for ⌘ < 1/k, evolves like / a�1 for 1/k < ⌘ < ⌘m and / a�3/2 for
⌘ > ⌘m, where ⌘m is defined via k/a(⌘m) = m� and given by ⌘m = k⌘2osc [41]. Thus
we obtain the transfer function for k⌘osc > 1 as

T� (k(> 1/⌘osc), ⌘) =

8
><

>:

1 for ⌘ < 1/k
1
k⌘ for 1/k < ⌘ < ⌘m
1

k⌘m

�⌘m
⌘

�3/2
for ⌘ > ⌘m.

(4.64)

Power spectrum

Substituting the superhorizon evolution for �, given by (4.48), and the transfer function,
given by (4.54), (4.63) and (4.64), into (4.43) and (4.59), we obtain the following expression
for the contribution from curvaton:

Si(k, ⌘) =

Z
d3k

(2⇡)3/2
e(k, k̃)fi(k, k̃, ⌘)S�(k̃)S�(k� k̃) with i = �, kin, (4.65)
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where we define
e(k, k̃) = elm(k)k̃lk̃m =

p
2k̃2 sin2 ✓ (4.66)

and

f�(k, k̃, ⌘) = 4

✓
r(1���)

6 + 5r

◆2✓
3 +

2��

(1���)2

✓
6 + 5r

2 + 2r

◆

+

✓
6 + 5r

2 + 2r

◆2✓ ��

1���

◆2◆
T�(k̃, ⌘)T�(|k� k̃|, ⌘)

+
2

H

✓
1 +

��

1���

✓
6 + 5r

2 + 2r

◆◆
T 0
�(k̃, ⌘)T�(|k� k̃|, ⌘)

+
1

H2
T 0
�(k̃, ⌘)T

0
�(|k� k̃|, ⌘)

�
,

(4.67)

fkin(k, k̃, ⌘) = �
✓
�osc
MP

◆2

T��(k̃, ⌘)T��(|k� k̃|, ⌘)✓(1� kdec⌘). (4.68)

Then, substituting these source terms into (4.40), and assuming that the primordial isocur-
vature perturbation, S�(k), obeys the Gaussian statisctics, we obtain
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(4.69)

where we define x = |k� k̃|/k and y = k̃/k. This leads the power spectrum of gravitational
waves through (4.40). We calculate this integral numerically to yield the resultant spectrum.

4.3 Results

Based on the above formulation, let us evaluate the amount of the gravitational waves
induced from the scalar fluctuations in the curvaton scenario [101].

4.3.1 Contribution from S�
ij

Let us consider the contribution from S�
ij given by Eq. (4.42). This has been well investi-

gated in the literature and the resultant density parameter for gravitational waves can be
approximated as [33, 34]

⌦GW ⇠ 10�19

✓P⇣,curv(k)

P⇣(kc)

◆2

, (4.70)

which is also confirmed by our full numerical integration. This result is quite reasonable
since the gravitational waves are sourced by the quadratic of the curvature perturbation.
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In the curvaton model with blue spectrum, ⌦GW has a peak at the wave number kdec given
by

kdec ' 1.7⇥ 1015 Mpc�1

✓
��

1 GeV

◆1/2

, (4.71)

for rD < 1 because the power spectrum of curvature perturbations from the curvaton is
suppressed proportional to r = ⇢�/⇢r / a before the curvaton decay. For rD > 1, the peak
wave number is either kdom = 1/⌘dom or kNL given by

kpeak = min(kdom, kNL) ⇠ min(r1/2D kdec,P⇣,curv(kdec)
�1/4kdec). (4.72)

Taking into account the above, we show the resultant spectrum of the gravitational waves
in the quadratic curvaton model and the axion-like curvaton model below.

Quadratic curvaton model

First, we consider the induced gravitational waves in the quadratic curvaton model. Here
we assume m� ' �� which means that the reheating occurs soon after inflation, because
this gives the maximal amount of gravitational waves once we fix rD, Hinf and n�. We
show the peak value of ⌦GW written as ⌦GW(kpeak) in terms of the spectral index n� in
Fig. 4.2 and the wave number at the peak kpeak or corresponding frequency in Fig. 4.3.
In these figures, we have used the approximation (4.70) and taken Hinf = 3 ⇥ 10�5MP

(red solid), 10�5MP (dashed green) and 10�6MP (dotted blue), rD = 1 (thick lines) and
rD = 0.1 (thin lines) in the top panels and Hinf = 3 ⇥ 10�5MP , rD = 10 (solid red),
rD = 100 (dashed green) and rD = 1000 (dotted blue) in the bottom panels. Upper limit of
these lines correspond to the breakdown of � > Hinf/2⇡. We have found that the maximal
amount of gravitational waves is about ⌦GW ⇠ 10�10 for rD < 1 and ⌦GW ⇠ 10�8 for
rD > 1 with a peak frequency ⇠ 10�4 Hz. Note that the decay rate of the curvaton is
proportional to r�2

D from (2.12), so the decay of the curvaton is delayed for large rD, which
implies the smaller kNL and the amount of gravitational waves decreases. We have found
that rD ⇠ 100 maximizes the amount of gravitational waves in this model. Fig. 4.4 shows
the numerical resultant power spectrum of ⌦GW (solid thick red). In this figure, we have
taken Hinf = 3⇥ 10�5MP , n� = 1.3, rD = 1 (top panel) and rD = 10 (bottom panel). The
thin line corresponds to the contribution from the primordial tensor metric perturbations
and sensitivity curves1 of LISA (dashed green), DECIGO/BBO (dotted blue), ultimate-
DECIGO (small dotted magenta) and the pulsar timing observation by SKA (dash dotted
cyan) are also shown. The region above the dash double-dotted orange line is already ruled
out by pulsar timing observations. We have found that the amount of induced gravitational
waves can overcome that of the primordial ones. Note that the shape of the spectrum varies
depending on whether the universe experience the curvaton dominated epoch or not, so we
can distinguish the model with rD < 1 and that with rD > 1.

Axion-like curvaton model

Next we discuss the axion-like curvaton model. Fig. 4.5 and Fig. 4.6 show the peak of ⌦GW

in terms of n� and kdec respectively. We have used the approximated formula (4.70) and

1 We have used the online sensitivity curve generator. http://www.srl.caltech.edu/~shane/
sensitivity/

http://www.srl.caltech.edu/~shane/sensitivity/
http://www.srl.caltech.edu/~shane/sensitivity/
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Figure 4.2: The peak values of ⌦GW in quadratic curvaton model are shown. The horizontal
axises is the spectral index n�. We have taken Hinf = 3 ⇥ 10�5MP (solid red), 10�5MP

(dashed green) and 10�6MP (dotted blue), rD = 1 (thick lines) and rD = 0.1 (thin lines)
in the top panel and Hinf = 3⇥ 10�5MP , rD = 10 (solid red), rD = 100 (dashed green) and
rD = 1000 (dotted blue) in the bottom panel.
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Figure 4.3: The peak values of ⌦GW in quadratic curvaton model are shown. The horizontal
axises is the wave number at peak kpeak or corresponding frequency. We have taken Hinf =
3⇥ 10�5MP (solid red), 10�5MP (dashed green) and 10�6MP (dotted blue), rD = 1 (thick
lines) and rD = 0.1 (thin lines) in the top panel and Hinf = 3 ⇥ 10�5MP , rD = 10 (solid
red), rD = 100 (dashed green) and rD = 1000 (dotted blue) in the bottom panel.
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Figure 4.4: The spectrum of ⌦GW in the quadratic curvaton model is shown as the thick
solid red line. We have taken Hinf = 3 ⇥ 10�5MP , n� = 1.3, rD = 1 (top panel) and
rD = 10 (bottom panel). The thin solid red line represents the contribution from the
primordial tensor metric perturbation. We also show the sensitivity curves of LISA (dashed
green), DECIGO/BBO (dotted blue), ultimate-DECIGO (small dotted magenta) and the
pulsar timing observation by SKA (dash dotted cyan). The dash double-dotted orange line
correspond to the current upper limit from the pulsar timing.
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taken kf = 1010 (107) Mpc�1 in the top (bottom) panel and the same value of Hinf for each
line as in the quadratic case. The dash dotted cyan lines corresponds to the upper bound
from the PBH overproduction. Note that the large number of PBHs can be formed for kf =
107 Mpc�1, which may explain the observed dark matter [90]. Since we have fixed rD, Hinf

and kf as well as kc and P⇣,curv(kc) on each line in Fig. 4.5 and Fig. 4.6, we can see that kdec
decreases as n� increases from Eqs. (2.12), (2.38), (2.45) and (4.71). Thus, the maximum
of each line corresponds to kdec = kf because P⇣,curv(kdec) = P⇣,curv(kc)(kf/kc)n��1 for
kdec > kf and P⇣,curv(kdec) = P⇣,curv(kc)(kdec/kc)n��1 for kdec < kf . In addition, Fig. 4.6
shows the maximal amount of gravitational waves increases for small . It is because the
decay rate of the curvaton is inversely proportional to  as we can see by fixing rD, Hinf ,
kf and n�.

Fig. 4.7 shows the resultant spectrum of gravitational waves. In this figure, we have
taken Hinf = 3⇥10�5MP , n� = 1.5 (1.8),  = 10�4 (1), rD = 1 and kf = 1010 Mpc�1 in the
top (bottom) panel. Model parameters are derived to be f ' 2⇥ 1014 GeV (4⇥ 1013 GeV)
and m� ' 3 ⇥ 1010 GeV (9 ⇥ 103 GeV) in the top (bottom) panel. From this result,
we can find that the induced gravitational waves in an axion-like curvaton model can be
detectable by the future observations such as LISA, DECIGO/BBO or SKA. In addition,
the spectrum has a plateau near the peak, which can be a characteristic signature of the
axion-like curvaton model. Note also that an enhancement due to the curvaton domination
can occur in this model if rD > 1 is chosen and the spectrum is raised similar to Fig. 4.4(b).

4.3.2 Contribution from Skin
ij

Next, we focus on the contribution from Skin
ij given by Eq. (4.58). According to [41], the

maximal amount of gravitational waves is estimated as

⌦GW ⇠ 10�19 ��
r2Dm�

✓ P⇣

2⇥ 10�9

◆2

. (4.73)

Although in [41] the authors have considered a curvaton scenario where the adiabatic cur-
vature perturbation is generated only from the fluctuation of the curvaton and assumed
the almost scale-invariant power spectrum of the curvature perturbations, by performing
the numerical calculation we confirm that this estimation is also valid in the blue-tilted
curvaton scenario. As mentioned in Ref. [41], the above expression indicates that it could
be possible to generate the detectable amplitude of the gravitational waves in the curvaton
scenario by tuning model parameters (e.g., rD and ��/m�) properly. However, we show
that this contribution is negligible once we take into account the upper bound on the Hubble
parameter during inflation. Defining X = min(m�,��), from (2.12) and (2.13), we get

��
r2Dm�

=
1

36r4D

✓
�osc
MP

◆4✓ X

m�

◆
(4.74)

which indicates that we need �osc & rMP to enhance the amount of gravitational waves.
Substituting (2.20) and (4.74) into (4.73), we obtain

⌦GW ⇠ 10�25

✓
4

4 + 3rD

◆4✓ �osc
�(k)

◆4✓ X

m�

◆✓
Hinf

1014 GeV

◆4

, (4.75)
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Figure 4.5: The peak values of ⌦GW in terms of the spectral index n� in axion-like curvaton
model are shown. We have taken kf = 1010 (107) Mpc�1 for top (bottom) panel,  = 1,
Hinf = 3 ⇥ 10�5 MP (solid red), 10�5 MP (dashed green) and 10�6 MP (dotted blue),
rD = 1 (thick lines) and rD = 0.1 (thin lines). The dash dotted cyan line shows the upper
bound from the PBH overproduction.
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Figure 4.6: The peak values of ⌦GW in terms of the peak wave number kdec in axion-like
curvaton model are shown. We have taken kf = 1010 (107) Mpc�1 for top (bottom) panel,
rD = 1, Hinf = 3 ⇥ 10�5 MP (solid red), 10�5 MP (dashed green) and 10�6 MP (dotted
blue),  = 1 (thick lines) and  = 10�4 (thin lines). The dash dotted cyan line shows the
upper bound from the PBH overproduction.
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Figure 4.7: The spectrum of ⌦GW in an axion-like curvaton model is shown as the thick
solid red lines. We have taken Hinf = 3 ⇥ 10�5MP , n� = 1.5 (1.8),  = 10�4 (1), rD = 1
and kf = 1010 (107) Mpc�1 in the top (bottom) panel. Thin lines shows the contributions
from the primordial gravitational waves. We show the same sensitivity curves as in Fig. 4.4.
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so the amount of gravitational waves cannot be enhanced as long as �osc < �(k) even if the
curvaton has blue-tilted spectrum. We check this argument numerically for the quadratic
curvaton model and the axion-like curvaton model which we introduced above.

Note that here we consider the contribution of the adiabatic scalar curvature perturba-
tions and the anisotropic stress due to the kinetic term of the curvaton, separately. Actually,
they have the same origin of the fluctuation of the curvaton and hence when we consider
these two contributions simultaneously there is a contribution of the cross-term of � and
�� in the power spectrum of the gravitational waves. However, we confirm that the contri-
bution of the anisotropic stress is subdominant compared with that of the adiabatic scalar
curvature perturbations and can expect that the contribution of such cross-term is also sub-
dominant. Furthermore, in this paper we evaluate �� on flat slicing but � in the conformal
Newtonian gauge. Thus, there exists the e↵ect of the gauge transformation of �� from flat
slicing to the conformal Newtonian gauge when the both contributions are simultaneously
included. Such an issue to treat the e↵ect of the gauge transformation on second order
tensor perturbations explicitly is left as a future work.
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Chapter 5

Conclusions

In this thesis, we have investigated the cosmological consequences in the curvaton model,
especially focused on the PBH formation and gravitational wave generation. Various obser-
vation like CMB temperature anisotropy prove indicate that the present Universe is filled
with the dark matter and discovery of QSO at high redshift indicates that the existence
of SMBH with mass ⇠ 109M�. We focus on the possibility that the dark matter and the
SMBH are explained by non-evaporating PBHs. In order for an enough number of PBHs
to be formed, we need a large amplitude of the primordial density perturbation on small
scales, that is P⇣ ⇠ 10�3 � 10�2.. Since the large scale perturbation is strictly constrained
by the CMB observation, the power spectrum is required to have rather complex shape; the
scale-invariant spectrum is realized on scales k < 1 Mpc�1 and extremely blue-tilted spec-
trum on k > 1 Mpc�1. It is very di�cult to realize such spectrum in the single field inflation
models, so we are motivated to introduce an additional field without an inflaton, a curva-
ton. Fortunately, there are many scalar fields within the framework of some high energy
physics such as supersymmetric model and some of them may take roles of the curvaton.
The required spectrum is easily realized if the large scale scale-invariant perturbations are
generated from an inflaton and small scale blue-tilted ones are generated from a curvaton.
In addition, since the required amplitude of the curvature perturbations on small scales are
large, it is expected that the significant amount of the gravitational waves are generated.
This implies the possibility to detect the imprints of the curvaton scenario which realizes
the PBH formation.

We have considered the two kind of curvaton models; a quadratic curvaton model and
an axion-like curvaton model. A quadratic curvaton model is described by the simple
quadratic potential but it cannot predict an extremely blue-tilted spectrum of curvature
perturbation, so PBH formation cannot be realized in this model. However, a significant
amount of gravitational waves are expected to be generated. An axion-like curvaton model is
based on the SUSY, in which the curvaton is identified as the angular direction contained in
some complex scalar field. In this model, the power spectrum of the curvature perturbations
on small scales can be extremely blue such as n� = 2 – 4. Thus, an enough number of PBHs
are expected to formed in this model. The main results of this thesis are written in the
following.
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PBH formation from curvaton

We have investigated the PBH formation in an axion-like curvaton model. In this model,
an extremely blue-tilted power spectrum of curvature perturbation is realized and there is
certain parameter space in which the enough PBHs are formed. Parameters are required to
be f ⇠ Hinf for an enough number of PBHs. The predicted mass spectrum has a peaked
shape and narrow enough to explain the SMBH formation. The peak corresponds to the
horizon mass at the curvaton decay. The reheating temperature is required to be high,
that is TR & 1013 GeV for PBH dark matter and TR & 109 GeV for SMBH and curvaton
energy fraction at decay is required to be rD & 1. The model parameter is required to be
f ⇠ 5⇥ 1013 � 1014 GeV, ⇤ ⇠ 1010 � 1011 GeV and m� ⇠ 5⇥ 105 � 108 GeV for PBH dark
matter and f ⇠ 1012 GeV, ⇤ ⇠ 106 � 107 GeV and m� ⇠ 0.5 � 100 GeV for SMBH. Our
main conclusion is that PBHs can be formed under the relatively natural setup without
finetuning in an axion-like curvaton model. In addition, it is possible that the PBH dark
matter and SMBH can be simultaneously explained if there are multiple axion field during
inflation.

GW generation from curvaton

It is known that the gravitational waves can be induced from the scalar perturbations or
curvature perturbations because the quadratic terms of scalar perturbation become source
terms of gravitational waves in second order perturbation theory. Thus, when we consider
the PBH formation from the primordial density perturbations, gravitational waves are au-
tomatically generated whose amplitude is expected to be large. In this thesis, we have also
calculated the amount of induced gravitational waves in the curvaton models and shown
that those models can be testable by the future space-based gravitational wave detectors
planned such as LISA, DECIGO and BBO or the pulsar timing observation by SKA. We
have also presented the resultant power spectrum of gravitational waves having a charac-
teristic shape, which has a peak at the wave number corresponding to the scale reentering
the horizon at the curvaton decay or at the curvaton domination. In addition, a plateau,
instead of a peak, can be seen in an axion-like curvaton model, implying that we can see an
imprints of this model by the future gravitational wave observations. Furthermore, combin-
ing it with the PBH calculation, this blue-tilted curvaton model can simultaneously realize
the PBH formation, which account for the cold dark matter or seeds for the supermassive
blackholes, and gravitational wave production observable in the future.



Appendix A

Inflation

Inflation is one of the most plausible solution for the horizon problem, monopole prob-
lem and the seeds for the structure formation. In addition, the recent CMB observation
strongly support that the very early universe have experienced the inflationary epoch. In
this appendix, we briefly review the standard slow-roll inflation scenario.

A.1 Background dynamics

A.1.1 Basics on slow-roll inflation

Inflation is the epoch of the accelerated expansion in the very early universe and such a
situation is easily realized once the universe is dominated by the vacuum energy, ⇤. Actually,
the Friedmann equation

H2 =

✓
ȧ

a

◆2

=
⇤

3M2
P

(A.1)

yields the solution
a(t) = eHinf

t, (A.2)

with constant Hinf , which describes the exponentially expanding universe (de Sitter space-
time). One way to realize this situation is the slow-roll inflation model. In this model, one
introduces the scalar field called inflaton � whose Lagrangian is given by

L =
1

2
@µ�@

µ�� V (�). (A.3)

Then, by slightly varying the field � in action

S =

Z
d4
p
�gL, (A.4)

we obtain the background equation of motion

�̈+ 3H�̇+ V 0(�) = 0, (A.5)

where prime denotes the derivative with respect to the inflaton field. On the other hand,
the Friedmann equation describing the expansion of the universe is

H2 =
1

3M2
P

✓
1

2
�̇2 + V (�)

◆
. (A.6)
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Figure A.1: This figure illustrates the inflaton potential.

Slow-roll inflation requires that the very flat potential of the inflaton and the inflaton
slowly rolls down its potential, and then, the equation of motion and Friedmann equation
is approximated respectively as

�̇ ' �V 0(�)

3H
, H2 ' V (�)

3M2
P

(A.7)

which is called slow-roll approximations. In other word, the slow-roll inflation occurs if the
slow-roll parameters ✏ and ⌘ defined as

✏ ⌘ 1

2
M2

P

✓
V 00

V

◆
, ⌘ ⌘ M2

P

V 00

V
, (A.8)

satisfy ✏ ⌧ 1 and |⌘| ⌧ 1.

A.1.2 e-folding number

e-folding number, N , is an important quantity during inflation which is defined in terms of
the scale factor via

eN =
a(tf )

a(te)
, (A.9)

where te is the cosmic time corresponding to the last e-folding number from the end of the
inflation and tf is the time at the end of the infation. N is also expressed in the integral
form as

N =

Z te

tf

(�H)dt =
1

M2
P

Z �e

�f

V

V 0d�, (A.10)

where we have used the slow-roll approximation.
Next, let us derive the last e-folding number corresponding to the time when the scale

of our observable universe (observable scale) exit the horizon. At the end of the inflation,
the observable scale, L, becomes eN times larger than the Hubble horizon during inflation,
L(tf ) = eNH�1

inf . Then, after inflation, the inflaton field starts to oscillate coherently until
the inflaton decays into radiation (reheating). Taking into account that the oscillating
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inflaton behaves like a matter, the energy density of universe at the reheating, tR, is given
by

⇢(tR) = ⇢�(tf )

✓
a(tR)

a(tf )

◆�3

(A.11)

where ⇢(tR) = ⇡2/30g⇤T 4
R and ⇢�(tf ) = 3H2

infM
2
P and observable scale becomes

L(tR) = eNH�1
inf

✓
a(tR)

a(tf )

◆
. (A.12)

Thus, the entropy within the volume of the observable scale, SN , is calculated as

SN = e3NH�3
inf

✓
⇢�(tf )

⇢(tR)

◆
s(TR) ' e3N

4M2
P

HinfTR
(A.13)

where s(T ) is the entropy density given by

s(T ) =
2⇡2

45
g⇤T

3. (A.14)

The observed CMB temperature T0 = 2.725 K implies the entropy within the observable
scale in our present universe to be SL ' 1087(L/4000 Mpc)3, so, taking into account the
entropy conservation, e-folding number is related to the observable scale as

N = 56 + ln

✓
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◆
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1

3
ln

✓
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3

✓
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◆
. (A.15)

This means that our observable scale exit the horizon during inflation when the last e-folding
number is roughly 50 – 60.

A.2 Generating primordial curvature perturbation

A.2.1 Scalar field fluctuation

Massless scalar field

Let us consider the scalar field which can be decomposed into the homogeneous and per-
turbation part;

�(x, ⌘) = �̄(⌘) + ��(x, ⌘). (A.16)

Fourier transforming the scalar field fluctuation as

��(x, ⌘) =

Z
d3k

(2⇡)3/2
��

k

(⌘)eikx, (A.17)

and redefining the field as ' = a��, the perturbed action for the scalar field fluctuation is
rewritten as

Z
d4x

p
�g

✓
1

2
@µ��@

µ��

◆
=

Z
d⌘d3k

1

2


'0
k

'0
�k

�
✓
k2 +

a00

a

◆
'
k

'�k

�
, (A.18)

which is known as the Mukhanov action. Further, we express each Fourier mode as

'
k

(⌘) = vk(⌘)ak + v⇤k(⌘)a
†
�k

, (A.19)
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where vk is a c-number mode function and a
k

and a†
k

are respectively the annihilation and

creation operators satisfying a
k

|0i = h0|a†
k

= 0 and the commutation relation;

[a
k

, a†
k

0 ] = �(3)(k� k0) and [a
k

, a
k

0 ] = [a†
k

, a†
k

0 ] = 0. (A.20)

Then, from the Mukhanov action, we obtain the equation of motion for each mode function
as

v00k +

✓
k2 � 2

⌘2

◆
vk = 0, (A.21)

where we have used the relation a0/a = �1/⌘. Because this equation reduces to the mode
equation in Minkowski spacetime in the limit ⌘ ! �1, we impose the following initial
condition

lim
⌘!�1

vk(⌘) !
e�ik⌘

p
2k

, (A.22)

and, under this initial condition, we obtain the subhorizon solution as

vk(⌘) =
e�ik⌘

p
2k

✓
1� i

k⌘

◆
for |k⌘| ⌧ 1. (A.23)

Then we derive the power spectrum of the scalar field fluctuations, P�(k)which is defined
via

h��
k

��
k

0i = 2⇡2

k3
P�(k)�

(3)(k+ k0) (A.24)

where angular bracket represents the ensemble average which can be replaced with the
vacuum expectation value of the quantum field, h0|��

k

��
k

0 |0i. On subhorizon scales, (A.19)
and (A.23) yield

P��(k) =

✓
Hinf

2⇡

◆2

. (A.25)

Massive scalar field

The action for the massive scalar field is given by

S =

Z
d4x

p
�g

✓
1

2
@µ�@

µ�� 1

2
m2�2

◆
, (A.26)

and Mukhanov action for the scalar filed fluctuation is rewritten as
Z

d⌘d3k
1

2


'0
k

'0
�k

�
✓
a2m2 + k2 +

a00

a

◆
'
k

'�k

�
, (A.27)

which leads to the evolution equation for the mode function

v00k +

✓
a2m2 + k2 � 2

⌘2

◆
vk = 0. (A.28)

Under the initial condition (A.22), the solution is calculated as

vk = ei(⌫+1/2)⇡/2

r
⇡

4k

p
k⌘H(1)

⌫ (k⌘), (A.29)
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where H
(1)
⌫ is the Hankel function and

⌫ =

r
9

4
� m2

H2
' 3

2
� m2

3H2
(A.30)

On superhorizon scales, the mode function becomes

vk = ei(⌫�1/2)/⇡/2 2⌫�(⌫)

23/2�(3/2)

1p
2k

(k⌘)1/2�⌫ , (A.31)

and then, the power spectrum is calculated as

P��(k, ⌘) =

✓
H

2⇡

◆2✓ k

aH

◆2m2/3H2

(A.32)

Axion-like curvaton

An axion-like curvaton model is described by a complex scalar field � which is decomposed
as � = 'ei✓/

p
2. A curvaton lives in the angular component and written as � = f✓, where

f is the minimum of '. The Lagrangian is given by

L = �@µ�@
µ��m2|�|2. (A.33)

Note that the angular direction ✓ is not canonically normalized variable, so we should
decompose the complex scalar field by another way. According to the multi-field inflation
model, we decompose the field into the direction parallel and perpendicular to the classical
trajectory. Because the potential depends only on the redial direction, ', we choose the
direction perpendicular to ', � as another canonically normalized variable. The Lagrangian
is rewritten as

L = �1

2
@µ'@

µ'� 1

2
@µ�@

µ�� 1

2
m'2. (A.34)

The power spectrum of these scalar fields on superhorizon scales are calculated as above,

P�' =

✓
H

2⇡

◆2✓ k

ah

◆2m2/3H2

, P�� =

✓
H

2⇡

◆2

. (A.35)

Well after the horizon exiting, the fluctuation becomes classical and then, the angular
fluctuation is easily calculated in terms of ��,

�✓ = tan�1

✓
��

'⇤(k)

◆
' Hinf

2⇡'⇤(k)
, (A.36)

where '⇤ is the value of ' at the scale of interest leaves the horizon. Therefore, the
fluctuation of the curvaton is derived as

��

�
=

�✓

✓i
=

Hinf

2⇡'⇤(k)✓i
, (A.37)

where ✓i is the initial misalignment angle.
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A.2.2 Curvature perturbation

The gauge-invariant curvature perturbation, ⇣, is calculated on the spatially flat hypersur-
face, in which any fluctuation is related to the primordial scalar field fluctuations;

⇣ = �H

�̇
��

k

, (A.38)

then, the power spectrum of curvature perturbation, which is fixed at the horizon exiting
during inflation, is calculated as

P⇣ =

✓
H

2⇡

◆2✓H2

�̇

◆2����
aH=k

. (A.39)

Using the slow-roll approximation (A.7), we obtain the well-known formula,

P⇣(k) =
V

24⇡2M4
P ✏

����
aH=k

=
H2

8⇡2M2
P ✏

����
aH=k

. (A.40)

A.2.3 Spectral index

From the above discussion, the power spectrum of the curvature perturbation looks scale-
invariant because the Hubble parameter during inflation is assumed to be unchanged. But,
actually, the Hubble parameter slightly changes, which causes the scale dependence of the
power spectrum. The scale dependence is characterized by the spectral index, ns, which is
defined via

ns � 1 =
d lnP⇣(k)

d ln k
. (A.41)

Because d ln k = Hdt at the horizon exiting, the spectral index can be expressed as

ns � 1 =
2Ḣ

H2
� ✏̇

H✏
= 2⌘ � 6✏. (A.42)

Planck observation have severely constrained ns to be ns = 0.9603 ± 0.0073 and some
inflation models are ruled out from this constraint [102].



Appendix B

A brief review on the cosmological
perturbations

In this appendix, we briefly review the cosmological perturbation theory. More detailed
discussion is written in [103].

B.1 The gauge-invariant perturbations

B.1.1 Perturbed quantities

The general first order metric perturbation from a flat FRW metric is expressed as

ds2 = a2

� (1 + 2�)d⌘2 + 2Bidx

id⌘ + [(1� 2 )�ij + 2Eij ]dc
idxj

�
, (B.1)

where � is a 3-scalar called the lapse, Bi is a 3-vector called shift,  is a 3-scalar called the
spatial curvature perturbation, and Eij is a spatial 3-tensor called shear which is symmetric
and traceless. Furthermore, Bi and Eij are decomposed into the scalar, transverse vector,
and transverse and traceless tensor as

Bi = @iB + Si with @iSi = 0 (B.2)

and

Eij = 2DijE + 2(@iFj + @jFi) + hij with @iFi = @ihij = hii = 0, (B.3)

where Dij = @i@j � �ij�/3. The perturbed energy-momentum tensor is described by a
energy density ⇢, a pressure p, a 4-velocity uµ, and an anisotropic stress ⌃µ⌫ . The density
and pressure perturbation are given straightforwardly as

�⇢(⌘,x) = ⇢(⌘,x)� ⇢̄(⌘) and �p(⌘,x) = p(⌘,x)� p̄(⌘). (B.4)

The 4-velocity perturbation has only 3 degrees of freedom because it should satisfy the
constraint gµ⌫uµu⌫ = �1 and expressed as

uµ = (�1� �, vi), uµ = (1� �, vi +Bi) (B.5)
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up to first order. Then, the perturbed energy momentum tensor is given by

T 0
0 = �(⇢̄+ �⇢) (B.6)

T 0
i = (⇢̄+ p̄)vi (B.7)

T i
0 = �(⇢̄+ p̄)(vi +Bi) (B.8)

T i
j = (p̄+ �p)�ij + ⌃

i
j . (B.9)

Conventionally, we often decompose the velocity perturbations as

vi = @iv + v?i with @iv?i = 0, (B.10)

and define the 3-momentum density, �q via @i�q = (⇢̄ + p̄)@iv. Similarly, the shear can be
decomposed as

⌃ij = Dij⌃+
1

2
(@i⌃

(V )
j + @j⌃

(V )
i ) + ⌃(T )

ij with @i⌃(V )
i = @i⌃(T )

ij = 0. (B.11)

B.1.2 Gauge transformation and gauge-invariant variables

Let us consider the general coordinate transformation

xµ ! x̃µ + ⇠µ, (B.12)

where ⇠µ are infinitesimal function of spacetime. Under these transformations and taking
into account the invariance of the line element, ds2 = gµ⌫dx

µdx⌫ = g̃µ⌫dx̃
µdx̃⌫ , the scalar

metric perturbations are transformed as

�! �� 1

a
(a↵)0 (B.13)

B ! B + ⇠0 � ↵ (B.14)

 !  +
a0

a
↵ (B.15)

E ! E + ⇠, (B.16)

where we rewrote ⇠µ as

⇠0 = ↵, ⇠i = ⇠i? + @i⇠ with @i⇠
i
? = 0. (B.17)

Similarly, the scalar components of matter perturbations are transformed as

�⇢ ! �⇢� ⇢̄0↵ (B.18)

�p ! �p� p̄0↵ (B.19)

�q ! �q + (⇢̄+ p̄)↵. (B.20)

From the above transformation rules, we can construct the gauge-invariant variables. First
of all, there are two important variables constructed from metric perturbations;

�B = �� 1

a
[a(B � E0)]0,  B =  +

a0

a
(B � E0) (B.21)
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which are called Bardeen potential. In addition, we can construct the gauge-invariant
variables by combinations of matter and metric perturbations. Two well known examples
are the curvature perturbation on uniform density hypersurface and the comoving curvature
perturbation defined respectively as

� ⇣ =  +
H
⇢̄0
�⇢ (B.22)

and

R =  � H
⇢̄+ p̄

�q, (B.23)

where we have used the conformal Hubble parameter defied as H = a0/a.

B.2 The evolution of perturbations

The evolution equations for perturbed variables are derived from the perturbed Einstein
equations

�Gµ⌫ = 8⇡G�Tµ⌫ . (B.24)

Here we adopt the conformal-Newtonian gauge on which we set B = E = 0. Note that met-
ric perturbations in this gauge, �,  coincide with the gauge-invariant Bardeen potentials,
�B and  B. After a complicated calculation for the perturbed Einstein tensor, we obtain
the evolution equations as

� � 3H( 0 +H�) = �4⇡Ga2�T 0
0 (B.25)

@i( 
0 +H�) = 4⇡Ga2�T 0

i (B.26)

[ 00 +H(2 + �)0 + (2H0 +H2)�+
1

2
�(�� )]�ij

� 1

2
@i@j(�� ) = 4⇡Ga2�T i

j .

(B.27)

Fourier transforming the perturbations and extracting only the scalar component, these
equations are rewritten as

3H( 0 +H�) + k2 = �4⇡Ga2�⇢ (B.28)

 0 +H� = �4⇡Ga2�q (B.29)

 00 +H(2 + �)0 + (2H0 +H2)� = 4⇡Ga2
✓
�p� 2

3
k2�⌃

◆
(B.30)

 � � = 8⇡Ga2�⌃, (B.31)

which implies the absence of the anisotropic stress, �⌃ = 0, means  = � and we assume
it hereafter. Combining these equations with energy-momentum conservation given by

�⇢0 + 3H(�⇢+ �p) = k2�q + 3(⇢̄+ p̄)�0 (B.32)

�q0 + 3H�q = ��p� (⇢̄+ p̄)�, (B.33)
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and assuming the radiation dominated universe, p = ⇢/3, we obtain the evolution equation
for � as

�00 +
2

⌘
�0 +

k2

3
� = 0. (B.34)

The solution of this di↵erential equation is given by the spherical Bessel functions of order
1, which is explicitly expressed as

� = 3�p

✓
sin(k⌘/

p
3)� (k⌘) cos(k⌘/

p
3)

(k⌘/
p
3)3

◆
, (B.35)

where �p is the primordial value of �. The behavior of this solution can be easily under-
stood as following. Before the horizon entry, k⌘ < 1, � remains the primordial value and
after the horizon entry, � begins damping oscillation. Because � remains unchanged on su-
perhorizon scales, the density perturbation, comoving curvature perturbation and curvature
perturbation on uniform density slicing can be related as

R = �⇣ = � 5 + 3w

6(1 + w)

�⇢

⇢̄
for k⌘ ⌧ 1. (B.36)



Appendix C

The Press-Schechter theory

In order to count the number of the non-linear objects like PBHs with some given masses,
one often invokes the Press-Schechter theory [104]. It is believed that the collapse occurs in
the region at which the density contrast exceeds some threshold value, �c, which is estimated
as �c = 1.69 in the spherical collapse model. In the Press-Schechter theory, the fraction of the
volume of the whole universe with the smoothed density field on some scale R satisfying the
condition �(R) > �c can be regarded as rough estimate for the mass fraction of the universe
which collapses into nonlinear objects with mass, M(R), in a volume corresponding to the
scale R. Then, let us estimate the mass function, i.e. the comoving number density of
nonlinear object with a given mass, in the Press-Schechter theory.

For the Gaussian density perturbation, the probability distribution function for �(k) is
given by

p(�)d� =
1p
2⇡�2

exp

✓
� �2

2�2

◆
d� (C.1)

where �2 is the variance of the density perturbation. Similarly, the density perturbation
smoothed over some mass scale �(M) is also given by the Gaussian distribution;

p(�(M))d�(M) =
1p

2⇡�2(M)
exp

✓
� �2(M)

2�2(M)

◆
d�(M) (C.2)

where �2(M) is the variance of �(M). In the Press-Schechter formalism, the non-linear
object whose mass is larger than M is formed in those regions where the smoothed density
perturbation, �(M), is larger than some critical density �c, The probability of forming such
objects is given by

p>�c(M) =

Z 1

�c

p(�(M))d�(M) =
1p
2⇡

Z 1

�c/�(M)
e�x2/2dx, (C.3)

where �(M) =
p
�2(M). Expressing the comoving number density of those nonlinear

objects whose masses are between M and dM as n(M)dM , all masses contained in these
objects is written as n(M)MdM , which is calculated as

n(M)MdM = 2⇢̄com
��p>�c(M)� p>�c(M + dM)

�� = 2⇢̄com

����
dp>�c

d�(M)

����

����
d�(M)

dM

����dM. (C.4)
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Then, substituting (C.3) into it, we obtain

n(M) =

r
2

⇡

⇢̄com
M2

����
d ln�(M)

d lnM

����
�c

�(M)
exp

✓
� �2c

2�2(M)

◆
, (C.5)

which is known as the Press-Schechter mass function.
Then, we apply it to the PBH mass function. Because the comoving energy density is

redshifted obeying ⇢com / a�1 with a / T�1 in radiation dominated universe, we get

⇢com(Tf ) = ⇢com(T⇤)

✓
MBH

M⇤

◆1/2

, (C.6)

where Tf and T⇤ are PBH formation temperature with mass MBH and M⇤ respectively. So,
we obtain the PBH mass function as

dnPBH

dMBH
=

r
1

18⇡

⇢com(T⇤)

M2
BH

✓
M⇤
MBH

◆1/2����
d ln�2(MBH)

d lnMBH

����
�(MBH)

�2(MBH)
. (C.7)



Appendix D

Second order gravity

In this appendix, we derive the second order Einstein equation as an evolution equation
for the stochastic gravitational waves. We consider the perturbed metric in conformal-
Newtonian gauge given by

ds2 = a2(⌘)


� (1 + 2�)d⌘2 +

⇢
(1� 2 )�ij +

1

2
hij

�
dxidxj

�
, (D.1)

where � and  are scalar metric perturbations and hij is a tensor metric perturbation.
Conventionally, we rewrite them as following,

g00 = �a2(1 + 2�), g0i = 0, gij = a2

(1� 2 )�ij +

1

2
hij

�
. (D.2)

The inverse metric tensor is obtained through gµ�g⌫� = �µ⌫ , which is written as

g00 = �a�2(1� 2�+ 4�2), g0i = 0, gij = a�2


(1 + 2 + 4 2)�ij � 1

2
hij

�
(D.3)

up to second order perturbation. Note that we assume that the tensor mode metric pertur-
bation hij is second order quantity. The Christo↵el symbol is defined as

�↵�� =
1

2
g↵�

✓
@g��
@x�

+
@g��
@x�

� @g��
@x�

◆
, (D.4)

and up to second order, we get

�000 = H+ �0 � 2��0 (D.5)

�00i = @i�� 2�@i� (D.6)

�0ij = H�ij � (2H�+ 2H + 0)�ij + (4H�2 + 2� 0 + 4H� )�ij +
1

2
Hhij (D.7)

�i00 = @i�+ 2 @i� (D.8)

�i0j = H�ij � �ij � 2  0�ij (D.9)

�ijk = @j �
i
k � @k �

i
j + @i �jk + 2 (�@j �

i
k � @k �

i
j + @i �jk)�

1

4
@ihjk. (D.10)
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The Riemann tensor is defined as

R↵
�µ⌫ = @µ�

↵
�⌫ � @⌫�

↵
�µ + �↵�µ�

�
�⌫ � �↵�⌫���µ, (D.11)

and the Ricci tensor is defined by contracting the Riemann tensor:

Rµ⌫ = @↵�
↵
µ⌫ � @µ�

↵
⌫↵ + �↵�↵�

�
µ⌫ � �↵�⌫��µ↵, (D.12)

and up to second order we obtain

R00 = �3H0 + @i@i�+ 3 00 + 3H 0 + 3H�0 � 6H��0 � @k�@k�

� 3�0 0 + 2 @i@i�� @k @
k�+ 6H  0 + 6  00 + 3( 0)2

(D.13)

R0i = 2@i 
0 + 2H@i�� 4H�@i�� 2 0@�+ 4 0@i + 4 @i 

0 (D.14)

R
(d)
ij = (H0 + 2H2)�ij +

⇥
�H�0 � 5H 0 � 2H2�

� 2(H0 +H2) � 2H2 � 00 + @k@k 
⇤
�ij

+
⇥
4(H0 + 2H2)�2 + 4H��0 + 10H� 0 + 2H�0 + �0 0 + 2� 00

+ 4(H0 + 2H2)� + @k @
k�+ ( 0)2 + @k @

k + 2 @k@
k 

⇤
�ij

(D.15)

R
(nd)
ij =

1

2
(H0 +H2)hij +

1

2
Hh0ij �

1

4
@i@

ihij +
1

4
h00ij

+ @i�@j�+ 2�@i@j�� @j�@i � @i�@j + 3@i @j + 2 @i@j ,
(D.16)

where the superscripts (d) and (nd) denote the diagonal and non-diagonal respectively. The
Ricci scalar is defined by contracting the Ricci tensor given by

R = Rµ
µ =

6

a2
(H0 +H2)

+
1

a2


� 2��� 6 00 � 6H�0 � 18H 0 � 12(H0 +H2) + 4� 

+ 24(H0 +H2)�2 + 2@k�@
k�+ 4���+ 24H��0 + 6�0 0 + 36H� 0

+ 2@k @
k�� 4 ��+ 12� 00 � 12  00 � 36H 0 + 6@k @

k + 16 � 

�
.

(D.17)
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Then, Einstein tensors up to second order are calculated as

G0
0 = � 3

a2
H2 +

1

a2


6H�+ 6H � 2� 

� 12H2�2 � 12H� 0 � 3@i @
i � 8 � + 12H  0 � 3( 0)2

� (D.18)

Gi
0 =

1

a2

✓
� 2H@i�� 2@i � 4H�@i�+ 4H @i�� 2 0@i�+ 4 0@i + 8 @i 0

◆

(D.19)

G
(d)i
j =

1

a2


� 2H0 +H2 + 2H�0 + (4H0 + 2H2)�+��+ 4H 0 + 2 00 �� 

� (4H2�2 + 8H0)�2 � 8H��0 � @k�@
k�� 2���� 4� 00 � 2�0 0

� 8H� 0 � 2@k @
k � 4 � + ( 0)2 + 8H  0 + 4  00 + 2 ��
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(D.20)

G
(nd)i
j =

1

a2


� @i@j�+ @i@j +

1

2
Hhij �

1

4
�hij +

1

4
(hij)

00 + @i�@j�

+ 2�@i@j�� 2 @i@j�� @i @j�� @i�@j + 3@i @j + 4 @i@j 

�
.

(D.21)

Now, let us derive the evolution equation for the tensor mode up to second order. Assuming
that the first order anisotropic stress is zero, which implies � = �, and taking into account
the second order energy momentum tensor,

T i
j = (⇢̄+ p̄)vivj with vi = � 1

4⇡Ga2(⇢̄+ p̄)
@i(�

0 +H�), (D.22)

the Einstein equation G
(ndi
j = 8⇡GT

(nd)i
j yields

h00ij + 2Hhij ��hij = �4T̂ lm
ij Slm, (D.23)

where T̂ lm
ij is the projection tensor which projects any tensor into the transverse traceless

one and Sij is defined as

Sij = 4�@i@j�+ 2@i�@j��H�2@i(�
0 +H�)@j(�0 +H�). (D.24)
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