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Abstract

Recent discovery of a Higgs boson with a mass of ∼ 126 GeV, as well as no evidence

for new physics beyond the Standard Model so far, may imply that the supersymmetry

(SUSY) breaking scale is somewhat higher than the electroweak scale. Indeed, although

SUSY models with high-scale SUSY breaking challenge their role in providing a solution

to the hierarchy problem, the models turn out to be quite fascinating from both theo-

retical and phenomenological points of view. Firstly, since the flavor changing neutral

current processes and/or the electric dipole moments induced by SUSY particles are

suppressed by their masses, the SUSY flavor and CP problems are relaxed when their

masses are considerably heavy. Secondly, the heavy sfermions yield sufficient radiative

corrections to lift the Higgs mass up to 126 GeV. As for the cosmology, the gravitino

problem is avoided because of the high-scale SUSY breaking. In addition, the gauge

coupling unification is achieved with great accuracy if the fermionic SUSY partners lie

around TeV scale. Since chiral symmetries can protect the fermion masses, it is possible

for them to be much lighter than the scalar particles. These fermionic SUSY particles

contain candidates for dark matter in the Universe. A mass spectrum which satis-

fies these phenomenological requirements is naturally obtained on the assumption of a

hidden sector where SUSY is broken dynamically. Thus, with the recent LHC results

considered, the high-scale SUSY scenario is even promising.

In this thesis, we propose that the minimal SUSY Standard Model with high-scale

SUSY breaking has additional attractive points, which are brought to light when it is

considered in the context of the grand unified theory (GUT). We first evaluate masses

of superheavy gauge and Higgs multiplets showing up around the GUT scale by using

the renormalization group method, and reveal that all of these particles, especially

the color-triplet Higgs multiplets, can lie around a scale of ∼ 1016 GeV, contrary to

previous results based on the low-scale SUSY breaking. This observation indicates two

new aspects on the GUT scale particles; the color-triplet Higgs mass is larger by an order

of magnitude and the GUT scale is slightly lower than those in the case of low-scale

SUSY. Taking into account these features, we next study proton decay in the high-

scale SUSY scenario. We have found that thanks to heavy color-triplet Higgs multiplets

and high-scale SUSY breaking, the rate of the disastrous dimension-five proton decay

induced by the color-triplet Higgs exchange is significantly reduced, and the current

experimental limits on the p → K+ν̄ channel can be evaded. Further, a lower GUT

scale leads to an enhancement of the rate of the p → π0e+ mode. Other proton decay

modes may also be considerably accelerated if there exists large flavor violation in the

sfermion mass matrices, which can be allowed in the case of high-scale SUSY breaking.

For a variety of decay modes, we have found that the resultant proton decay rates

may lie in the region which can be reached in the future proton decay experiments.

Therefore, although the high-scale SUSY scenario is hard to be probed in the collider

experiments, the proton decay searches may give us a chance to verify the scenario as

well as the existence of supersymmetry and the grand unification.
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Chapter 1

Introduction

1.1 Introduction

The discovery of the Higgs boson [1, 2], which was announced on July 4th, 2012 by the ATLAS
and CMS Collaborations [3], has opened the way for physics beyond the Standard Model (SM).
It is certainly a striking hint for understanding the high-energy physics. By using the data
collected at the early stage of the LHC running (the center of mass energy is 7 and 8 TeV for the
2011 and 2012 runs, respectively), the Collaborations have presented the results showing that the
Higgs boson has properties totally consistent with those of the SM Higgs boson [4, 5, 6, 7]; all of
the signal strengths they have measured so far can be explained with the SM Higgs boson having
a mass of ∼ 126 GeV [8]. It is a great triumph of the Standard electroweak model [9, 10, 11, 12],
which is based on the SU(2)L⊗U(1)Y gauge theory and the SM Higgs mechanism. In fact, it is
more than just a confirmation of the model. It also implies that elementary scalar particles may
play an important role in realizing our complicated world with apparent broken symmetries. In
this sense, the discovery of the Higgs boson is extremely important in probing more fundamental
theories than the SM.

Now that we have strong evidences for the unification mechanism of gauge interactions by
means of elementary scalar particles, why don’t we go further in this direction? It seems possible
that not only the electromagnetic and weak interactions, but also the strong interaction is unified
together on the basis of the Higgs mechanism. Actually, such efforts have been made since the
earliest work was presented by H. Georgi and S. L. Glashow in 1974 [13]. In their model, the SM
gauge group SU(3)C⊗SU(2)L⊗U(1)Y is embedded into a single gauge group; SU(5). Quarks and
leptons in the SM are incorporated into irreducible representations of SU(5). The unified gauge
group is spontaneously broken into the SM gauge group by the vacuum expectation value (VEV)
of the SU(5) adjoint Higgs boson, and the gauge fields corresponding to the broken symmetries
acquire masses of the symmetry breaking scale. The gauge coupling constants of the SM gauge
group are supposed to be unified at the scale and become a single gauge coupling constant of
the SU(5) gauge group. After their original work, models based on various simple Lie groups
such as SO(10) [14, 15], E6 [16], etc., have been proposed. Such models are often called grand
unified theories (GUTs).

As mentioned above, the gauge coupling constants should be unified at a certain scale in
the GUTs. Indeed, by using the renormalization group equations (RGEs), one finds that the
couplings come close to each other at at very high energy scales [17], which supports the gauge
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coupling unification. Further, the GUTs can solve several problems that are not explained within
the SM. Among them, the explanation for the electric charge quantization is remarkable. Since
U(1) charges are essentially continuous parameters, there is no reason for the quarks and leptons
in the SM to have charges being exactly integer multiple of 1/3, though it is experimentally
confirmed with great precision; e.g., a limit on the sum of the proton and electron charges is
given as |Qp+Qe| < 1×10−21 e [18]. In the GUTs, on the other hand, it is naturally accounted for
because the U(1) generator is actually a generator of a non-Abelian group like SU(5). Moreover,
the miraculous anomaly cancellation in the SM suggests that there exist some relations among
quarks and leptons, and such relations are naturally realized in the GUTs. Hence, not only
conceptual considerations but also phenomenological analyses extremely support the GUTs.

In spite of their successes, the GUTs also give us a new problem. The theories introduce some
large scale for the grand unification, so called the GUT scale. Then, one may ask a question:
why are the masses of the SM particles so much lower than the GUT or the Planck scale? Since
in the SM all the particles have masses proportional to the VEV of the Higgs boson, the question
can be restated in the following manner: why does the Higgs field have the VEV v $ 246 GeV,
which is extremely lower than the fundamental scales? This VEV is proportional to the mass of
the Higgs boson (or Higgs bosons) responsible for the electroweak symmetry breaking. Unlike
the SM fermions and gauge bosons, the scalar fields are not protected from acquiring huge bare
masses by any symmetry in the SM, and thus within the SM it seems hopeless to answer the
above question. This issue is called the hierarchy problem [19, 20, 21, 22, 23] or the naturalness
problem [24], and has motivated us to seek a theory which can solve the problem.

As discussed in Chapter 2, the supersymmetric (SUSY) extensions of the SM are considered
to be a solution to the problems. Supersymmetry is a symmetry with respect to the exchange
of bosonic and fermionic particles. Particles which form an irreducible representation of SUSY
are referred to as superpartners of each other. It turns out that superpartners have exactly
the same quantum numbers, in particular, have an equal mass. So, if the Higgs boson has a
chiral fermion as its superpartner, the chiral symmetry guarantees that the mass of the Higgs
boson vanishes as long as SUSY is respected. If the nature is actually described by a SUSY SM,
SUSY, of course, must be spontaneously broken at an energy-scale higher than the electroweak
scale. Since the Higgs field can acquire its bare mass term only after the SUSY is broken,
it is protected from acquiring a VEV comparable to the fundamental scale. Therefore, once
you explain why the SUSY breaking scale is much lower than the fundamental scale, you can
also understand the hierarchy between the electroweak and the fundamental scales. In fact,
SUSY accommodates a mechanism in which such a scale difference dynamically shows up due
to non-perturbative effects. This kind of mechanism is called the dynamical SUSY breaking
[25, 26, 27, 28, 29, 30, 31]. Consequently, SUSY SMs have sufficient ingredients to solve the
hierarchy problem.

As the SM is extended with SUSY, the GUTs are also reformulated to be supersymmetric.
They are called the supersymmetric grand unified theories (SUSY GUTs) [32, 33]. A remarkable
feature of the SUSY GUTS came to light soon after their original versions were presented; if
SUSY appears around the electroweak scale, the gauge coupling unification is realized with great
accuracy [34, 35, 36, 37, 38]. This observation extremely motivates us to study the SUSY GUTs
and, of course, the SUSY SMs.

As is often the case with SUSY models, the SUSY GUTs are usually discussed within the
context of the weak-scale supersymmetry. Recently, experiments at the LHC provide limits on
the weak-scale SUSY models. The ATLAS and CMS Collaborations have been searching for the
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SUSY particles and imposed severe constraints on their masses, especially those of squarks and
gluino [39, 40]. The mass limits have began to exceed 1 TeV and, thus, there seems to be some
discrepancy between the electroweak and SUSY breaking scales. Moreover, the observed mass
of the Higgs boson around 126 GeV might also indicate the SUSY scale is considerably higher
than the electroweak scale; in the minimal supersymmetric standard model (MSSM), the mass
of the lightest Higgs boson is below the Z-boson mass at tree level, so sufficient mass difference
between stops and top quark is required in order to raise the Higgs boson mass through the
radiative corrections [41, 42, 43, 44, 45]. Unless the Higgs sector is modified nor the left- and
right-handed stops adequately mix with each other, such a large quantum effect is only provided
with heavy stops having masses of much higher than the electroweak scale.

Actually, the SUSY models with a high-SUSY breaking scale have a lot of attractive features
[46, 47, 48, 49, 50, 51]. Firstly, since the flavor changing neutral current (FCNC) processes
and/or the electric dipole moments induced by SUSY particles are suppressed by their masses,
the SUSY flavor and CP problems [52] are relaxed when the masses are considerably heavy.
Secondly, as mentioned above, the heavy sfermions yield sufficient radiative corrections to lift
the Higgs mass up to 126 GeV [53, 54, 55]. Thirdly, the gauge coupling unification can be realized
with great accuracy since the sfermions form complete SU(5) multiplets. As for the cosmology,
the gravitino problem [56, 57, 58, 59, 60, 61] is avoided because of the high-scale SUSY breaking,
and the thermal leptogenesis scenario well works with high reheating temperature [62]. Further,
this high-scale SUSY scenario naturally accommodates dark matter (DM) candidates [63, 64],
which might be detected in future dark matter experiments directly and indirectly. Thus,
with the recent LHC results considered, the high-scale SUSY scenario is even promising from a
phenomenological point of view.

This high-scale SUSY scenario does not give any satisfactory solution to the hierarchy prob-
lem. It requires at least the 10−4 level of fine-tunings among the parameters in the Higgs sector.
Instead, this scenario relaxes a lot of problems in the low-scale SUSY without spoiling the virtue
of SUSY SMs, and has quite simple structure. After all, the hierarchy problem is just a problem
of naturalness, not a problem of internal consistency of the theory. It is not clear that the nat-
uralness criterion excludes the 10−4 level of fine-tunings. Eventually, only the experiments can
settle the problem. Hence, it is important to study the theoretical prediction of the high-scale
SUSY scenario and test it in a variety of experiments. If the scenario is confirmed by experi-
ments, it certainly would shed light on our understanding of the electroweak scale as well as the
naturalness criterion.

In this thesis, we discuss the high-scale SUSY scenario in the context of the GUTs. We first
evaluate masses of superheavy gauge and Higgs multiplets showing up around the GUT scale
by using the renormalization group method, and reveal that all of these particles, especially
the color-triplet Higgs multiplets, can lie around a scale of ∼ 1016 GeV, contrary to previous
results based on the low-scale SUSY breaking. This observation indicates that the threshold
corrections to the gauge coupling constants at the GUT scale are smaller than those in the case
of the low-energy SUSY. In this sense, the gauge coupling unification is not only preserved but
can be improved in the high-scale SUSY scenario. By taking the mass spectrum into account,
we then consider proton decay, which is generally predicted in the GUTs. It is induced by the
exchanges of the color-triplet Higgs multiplets and the X-bosons, and their effects are described
in terms of the dimension-five and -six effective operators, respectively. In the minimal SUSY
SU(5) GUT, the former process yields the dominant decay modes, such as p → K+ν̄ [65, 66].
The lifetime of the channel is estimated as τ(p → K+ν̄) ! 1030 yrs [67, 68] in the low-scale
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SUSY scenario. On the other hand, the Super-Kamiokande experiment gives stringent limits
on the channels: τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70]. This contradiction makes it widely
believed that the minimal SUSY SU(5) GUT has been already excluded and, therefore, needs
some extensions in order to suppress the dimension-five proton decay. However, since the effects
of the dimension-five operators are suppressed by the sfermion masses, it turns out that the
minimal SUSY SU(5) GUT can evade the constraints from the proton decay experiments in the
case of high-scale SUSY. Interestingly enough, these results again indicate that the high-scale
SUSY scenario is rather supported than the traditional low-energy SUSY models.

As we will see below, the resultant proton lifetime lies in the regions which may be reached
in the future proton decay experiments. Therefore, although the high-scale SUSY scenario is
hard to be probed in the collider experiments, the proton decay searches may give us a chance
to verify the scenario as well as the existence of supersymmetry and the grand unification.

This thesis is organized as follows. In the following sections in this chapter, we briefly review
the SM and the MSSM. In Chap. 2, we discuss both the theoretical and phenomenological
aspects of the high-scale SUSY scenario. In Chap. 3, we review the minimal SUSY SU(5) GUT
and investigate it in the case of high-scale SUSY. Then, we study proton decay in the subsequent
chapter. Finally, Chap. 5 is devoted to conclusions and discussion.

1.2 Standard Model

First, we briefly review the Standard Model (SM) to clarify our notation and conventions to be
used in the rest of the thesis. The SM is a gauge theory based on the SU(3)C⊗SU(2)L⊗U(1)Y

gauge group, which describes the strong and electroweak interactions.
The SM contains three families of spin-1/2 quarks and leptons, a spin-zero Higgs boson, and

the SU(3)C⊗SU(2)L⊗U(1)Y gauge bosons. The SU(2)L⊗U(1)Y electroweak symmetry is not
manifest at low-energies; it is spontaneously broken by the VEV of the Higgs field H, which
is a SU(2)L doublet. After the electroweak symmetry breaking, the W± and Z0 gauge bosons
acquire masses, while the photon field A remains massless. All of the fields in the SM and their
quantum numbers are displayed in Table 1.1. In the table, the index i denotes a generation index
i = 1, 2, 3, and all of the fermion fields are defined in terms of the two-component left-handed
spinors; thus, u†

Ri, d†Ri, and e†Ri are the conjugates of the right-handed quarks and leptons. The
notation and conventions for the two-component spinors are summarized in Appendix A.1.

The Higgs sector in the SM is described by the following Lagrangian density:

LHiggs = |DµH|2 − V (H) , (1.1)

where H is the Higgs doublet

H =

(
H+

H0

)
, (1.2)

and Dµ is the covariant derivative. The Higgs potential V (H) is given by

V (H) = −m2
H(H†H) +

λH

2
(H†H)2 , (1.3)

with m2
H assumed to be positive. Using the SU(2)L⊗U(1)Y symmetry, we can rotate a VEV of
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Table 1.1: Fields in the SM and their quantum numbers.

Field SU(3)C SU(2)L U(1)Y

Quarks QLi =

(
uLi

dLi

)
3 2 1/6

u†
Ri 3 2 −2/3

d†Ri 3 2 1/3

Leptons LLi =

(
νLi

eLi

)
1 2 −1/2

e†Ri 1 1 +1

Higgs H =

(
H+

H0

)
1 2 +1/2

Gauge fields GA
µ 8 1 0

W a
µ 1 3 0

Bµ 1 1 0

the Higgs field into the following form without loss of generality:

〈H〉 =

(
0

v/
√

2

)
, (1.4)

where v =
√

2m2
H/λH $ 246 GeV.

In the unitary gauge, the Higgs field has the following form

H(x) =
1√
2

(
0

v + h(x)

)
. (1.5)

The field h(x) describes a massive neutral scalar particle, which is called the Higgs boson. It
was recently discovered at the LHC [1, 2], and its mass turns out to be ∼ 126 GeV [8]. In this
gauge, the massless Nambu-Goldstone (NG) bosons are eliminated and the W± and Z bosons
have explicit mass terms.

The mass terms for the quarks and leptons are prohibited by the SU(2)L⊗U(1)Y gauge
symmetries. Therefore, the quarks and leptons are massless before the electroweak symmetry
breaking. The masses are generated through the Yukawa couplings to the Higgs doublet:

LYukawa = −yij
u ε

αβ(Q′
Liu

′†
Rj)αHβ − yij

d (H†)α(Q′
Lid

′†
Rj)α − yij

e (H†)α(L′
Lie

′†
Rj)α + h.c. , (1.6)

where α,β denote the SU(2)L indices and εαβ is the antisymmetric tensor with ε12 = −ε21 = 1.
Color indices and spinor indices are suppressed in the above equation. Further, to show explicitly
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that the fermions are in the interaction eigenstate basis, we put primes on them. After the Higgs
field acquires the VEV, the Yukawa interactions give rise to the 3 × 3 mass matrices for quark
and leptons

Mu =
1√
2
yuv, Md =

1√
2
ydv, Me =

1√
2
yev. (1.7)

Any complex matrix M can be diagonalized as M = U †DU ′ where U and U ′ are unitary
matrices and D is a diagonal matrix with its elements being real and non-negative. Let us
diagonalize the mass matrices by the following unitary transformations:

u′
L = Vu uL, u′

R = Uu uR ,

d′L = Vd dL, d′R = Ud dR ,

e′L = Ve eL, e′R = Ue eR , (1.8)

where the mass eigenstates are written without primes. Kinetic terms are invariant under the
transformations. In general, Vu is different from VL, so the quark doublet is written as

(
u′

L

d′L

)
=

(
VuuL

VddL

)
= Vu

(
uL

VCKM dL

)
, (1.9)

where VCKM is the Cabibbo-Kobayashi-Maskawa (CKM) matrix [71, 72] defined by

VCKM ≡ V †
u Vd ≡





Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb



 . (1.10)

By expressing the interaction Lagrangian in the SM with the mass eigenstates, one can find
that there exist flavor-changing charged currents caused by the W± exchange, while there are
no flavor-changing neutral currents at tree level.

The CKM matrix VCKM includes four physical parameters. We parametrize it using three
mixing angles and the single CKM phase as [8, 73]

VCKM =





c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13



 , (1.11)

where sij ≡ sin θij , cij ≡ cos θij , and δ is the CKM phase. The angles are chosen such that
sij > 0 and cij > 0.

For leptons, on the other hand, we can always choose the same unitary transformation for
the left-handed neutrino fields as those for the left-handed charged lepton fields since neutrinos
are exactly massless in the SM. Hence, the SM leptons can be both mass and weak eigenstates
simultaneously. The observations of neutrino oscillations, however, imply that neutrinos have
small but non-vanishing masses and flavor mixing [74, 75, 76]. The mixing matrix in this case
is often called the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix.

As shown in Table D.1 in Appendix D, the eigenvalues of the mass matrices in Eq. (1.7) are
quite hierarchical. To show it clearly, we illustrate their values in Fig. 1.1. Here, all of the masses
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Figure 1.1: Masses of quarks and charged leptons at mZ scale. Here, red boxes, green circles,
and blue triangles indicate masses of up-type quarks, down-type quarks, and charged leptons,
respectively.

are renormailized in the MS scheme at the scale of µ = mZ . The red boxes, green circles, and
blue triangles indicate the masses of up-type quarks, down-type quarks, and charged leptons,
respectively. From this figure, it is found that the mass hierarchy among the up-type quarks
is stronger than those among the down-type quarks and the charged leptons. In addition, the
masses of the down-type quark and charged lepton of the same generation have similar values.
The implication of the observation will be discussed in Sec. 3.3.

1.3 Minimal Supersymmetric Standard Model

Next, we give a brief review of the minimal supersymmetric standard model (MSSM), which is
the simplest supersymmetric extension of the SM. For more details, see, for example, Ref. [77].

The field content of the MSSM is summarized in Table. 1.2. Here, tildes (˜) indicate the
superpartners of the corresponding SM fields. Again, all of the fermion fields are defined in terms
of the two-component left-handed spinors. Notice that the MSSM requires two Higgs doublets,
Hu and Hd. One of the reasons for this is to realize the cancellation of gauge anomalies. In
SUSY theories, a Higgs field requires the existence of its superpartner fermion field with the
same quantum numbers, called a higgsino. This new fermion field would spoil the anomaly
cancellation, which is satisfied in the SM. To avoid this difficulty, it is sufficient to add another
Higgs doublet superfield with the opposite hypercharge. With this minimal extension, we have
two Higgs doublets and two higgsino doublets.

The MSSM superpotential is

WMSSM = f ij
u (Qi · Hu)U j − f ij

d (Qi · Hd)Dj − f ij
e (Li · Hd)Ej + µ(Hu · Hd) , (1.12)

with (A·B) ≡ εαβ(A)α(B)β . The last term is the so-called µ term, which is the only dimensionful
parameter in the MSSM superpotential. Note that the holomorphy of the superpotential requires
both Hu and Hd in order to keep the Yukawa couplings for quarks and leptons. This is another
reason for the necessity of at least two Higgs doublets in the SUSY SMs.
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Table 1.2: Fields in the MSSM and their quantum numbers.

Superfield Boson Fermion SU(3)C SU(2)L U(1)Y

Qi = (Ui Di) Q̃Li = (ũLi d̃Li) QLi = (uLi dLi) 3 2 1/6

U i ũ∗
Ri u†

Ri 3 2 −2/3

Di d̃∗Ri d†Ri 3 2 1/3

Li = (Ni Ei) L̃Li = (ν̃Li ẽLi) LLi = (νLi eLi) 1 2 −1/2

Ei ẽ∗Ri e†Ri 1 1 +1

Hu Hu = (H+
u H0

u) (H̃+
u H̃0

u) 1 2 +1/2

Hd Hd = (H0
d H−

d ) (H̃0
d H̃−

d ) 1 2 −1/2

G GA
µ g̃A 8 1 0

W W a
µ W̃ a 1 3 0

B Bµ B̃ 1 1 0

The gauge invariance and holomorphy of the superpotential allows other renormalizable
terms, which are not included in the above superpotential. Such terms violate either lepton
number or baryon number. In general, we have

W/L =
1
2
λijk(Li · Lj)Ek + λ′ijk(Li · Qa

j )Dka − κi(Li · Hu) , (1.13)

W /B =
1
2
λ′′ijkεabc U iaDjbDkc , (1.14)

where a, b, c = 1, 2, 3 denote the color indices and εabc is the totally antisymmetric tensor with
ε123 = +1. Since lepton number and/or baryon number violating processes have not been
observed yet experimentally, these operators must be extremely suppressed.1 To eliminate such
disastrous terms, in the MSSM, a new symmetry called R-parity is assumed. The R-parity is a
discrete Z2 symmetry defined for each particle as

PR = (−1)3(B−L)+2s , (1.15)

where s is the spin of the particle. In terms of the chiral superfields, this Z2 symmetry corre-
sponds to the following transformations:

Qi, U i, Di, Li, Ei → −Qi,−U i,−Di,−Li,−Ei ,

Hu, Hd → Hu, Hd , (1.16)

with θα, θ̄α̇ → −θα,−θ̄α̇ . This definition gives the SM particles and the Higgs bosons PR = +1,
while the SUSY particles are assigned PR = −1.

The R-parity conservation makes the lightest SUSY particle (LSP) stable. Therefore, if the
LSP is neutral, it becomes a candidate for dark matter in the Universe. Moreover, in collider

1For a review of the R-parity violating SUSY models, see Ref. [78].
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experiments, all of the SUSY particles are only produced in even numbers, and they eventually
decay into the LSP with the emission of the SM particles.

In addition to the supersymmetric, R-parity conserving terms in Eq. (1.12), the MSSM
contains the soft SUSY breaking terms:

Lsoft = − 1
2
(
M1B̃B̃ + M2W̃

aW̃ a + M3g̃
Ag̃A + h.c.

)

−
(
âij

u (Q̃Li · Hu)ũ∗
Rj − âij

d (Q̃Li · Hd)d̃∗Rj − âij
e (L̃Li · Hd)ẽ∗Rj + h.c.

)

− Q̃∗
Li(m̂

2
Q̃L

)ijQ̃Lj − L̃∗
Li(m̂

2
L̃L

)ijL̃Lj − ũRi(m̂
2
ũR

)ij ũ
∗
Rj − d̃Ri(m̂

2
d̃R

)ij d̃
∗
Rj − ẽRi(m̂

2
ẽR

)ij ẽ
∗
Rj

− m2
Hu

H∗α
u Huα − m2

Hd
H∗α

d Hdα −
(
Bµ(Hu · Hd) + h.c.

)
. (1.17)

This is the most generic soft SUSY breaking Lagrangian that respect SUSY and the R-parity
conservation in the MSSM. The parameters in the above equation in general introduce new
sources of flavor or CP violation, which are severely restricted by low-energy precision experi-
ments [52].

Both the SUSY-conserving and SUSY-breaking terms in Eqs. (1.12) and (1.17), respectively,
yield the scalar potential of the MSSM, and its minimum point corresponds to the ground state
of the theory. In the following discussion, we assume that only the Higgs bosons in the MSSM
have the VEVs; especially, squarks and sleptons should not get VEVs. Then, let us investigate
the Higgs potential in the MSSM which is given as

VHiggs =(|µ|2 + m2
Hu

)(|H0
u|2 + |H+

u |2) + (|µ|2 + m2
Hd

)(|H0
d |2 + |H−

d |2)
+ [Bµ(H+

u H−
d − H0

uH0
d) + h.c.]

+
1
8
(g2 + g′2)(|H0

u|2 + |H+
u |2 − |H0

d |2 − |H−
d |2)2 +

1
2
g2|H+

u H0∗
d + H0

uH−∗
d |2 , (1.18)

with g and g′ the coupling constants of SU(2)L and U(1)Y , respectively. Here, we presume
that a minimum of the potential at which we live breaks the electroweak symmetry into the
electromagnetic symmetry. By using the SU(2)L gauge transformation, one can always take
〈H+

u 〉 = 0 without loss of generality. In addition, the stationary condition at this point turns
out to be satisfied with 〈H−

d 〉 = 0. These two conditions meet our requirement for the symmetry
breaking pattern. So it is sufficient to consider the potential consisting of only the neutral scalar
fields:

Vneutral =(|µ|2 + m2
Hu

)|H0
u|2 + (|µ|2 + m2

Hd
)|H0

d |2 − Bµ(H0
uH0

d + h.c.)

+
1
8
(g2 + g′2)(|H0

u|2 − |H0
d |2)2 . (1.19)

Here, we have adjusted the over-all phase of Hu and Hd such that Bµ is real and positive. Let
us write the stationary point of the potential, i.e., the VEVs of the Higgs fields, as

〈H0
u〉 =

vu√
2

, 〈H0
d〉 =

vd√
2

. (1.20)

It turns out that by adjusting the relative phase between Hu and Hd one can always make both
vu and vd real and positive. They are related with the VEV of the SM Higgs field v as

v2 = v2
u + v2

d $ (246 GeV)2 . (1.21)
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Conventionally, their ratio is denoted by

tanβ ≡ vu/vd , (1.22)

and thus
vu = v sinβ , vd = v cosβ . (1.23)

The masses of the W - and Z-bosons are given by

m2
W =

1
4
g2v2 ,

m2
Z =

1
4
(g2 + g′2)v2 . (1.24)

The formulae are identical to those in the SM.
Next, we expand the potential (1.19) around the VEVs. Notice that the potential is invariant

under the charge conjugation; H0
u, H0

d → H0∗
u ,H0∗

d . This implies the real and imaginary parts
of the fields are decoupled. So, let us first look into the mass matrix of the imaginary part of
H0

u,H0
d . The eigenvalues of the matrix are found to be

0, m2
A ≡ 2|µ|2 + m2

Hu
+ m2

Hd
, (1.25)

with the massless eigenstate being the neutral Nambu-Goldstone boson which is eaten by Z0.
The other eigenstate A0 with the mass of mA is a neutral CP -odd state. Note that from the
stationary condition it follows that

Bµ = m2
A sin 2β ,

m2
Hu

− m2
Hd

= (m2
A + m2

Z) cos 2β . (1.26)

In particular, if Bµ = 0, then A0 also becomes massless. In this case, the potential has an
additional symmetry, the U(1) Peccei-Quinn symmetry [79]; under an equal phase rotation of
H0

u and H0
d , the potential is invariant. Since the VEVs of the fields break the symmetry, A0

is regarded as the Nambu-Goldstone boson corresponding to the symmetry. This is in fact the
original version of axion [80, 81], which has been already excluded from various experiments.

The eigenvalues of the real part are, on the other hand, evaluated as

m2
h =

1
2

(
m2

A + m2
Z −

√
(m2

A − m2
Z)2 + 4m2

Am2
Z sin2 2β

)
,

m2
H =

1
2

(
m2

A + m2
Z +

√
(m2

A − m2
Z)2 + 4m2

Am2
Z sin2 2β

)
, (1.27)

where the eigenstates h0 and H0 are neutral and CP -even.
Finally, we carry out similar analysis on the charged Higgs fields. We obtain the mass

eigenvalues
0, m2

H± = m2
A + m2

W , (1.28)

and the massless charged states are eaten by W±. The massive states H± have the charges ±1,
respectively.

From Eq. (1.27), it is found that the mass of the lighter CP -even Higgs boson mh is bounded
from above as

m2
h < min{m2

Z ,m2
A} . (1.29)
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Especially, mh is smaller than the Z-boson mass at tree-level. This originates from the fact that
the quartic coupling of the MSSM Higgs potential is given by the gauge couplings, as seen in
Eq. (1.19). In this thesis, we often consider the case of m2

A + m2
Z , which is called the decoupling

limit. In this limit, the tree-level mass of the lightest Higgs boson becomes m2
h = m2

Z cos2 2β,
and it has the same couplings to the SM particles as those of the SM Higgs boson; i.e., h0 can be
regarded as the SM Higgs boson. The masses of the other Higgs bosons are almost degenerate,
and thus they form an SU(2) doublet.

The above constraint on mh appears to contradict the mass of Higgs boson ∼ 126 GeV. The
mass formula is, however, modified once the quantum corrections are considered [41, 42, 43, 44,
45]. The dominant contribution to the corrections is given by the top- and stop-loop diagrams
because of the large Yukawa coupling. In the decoupling limit, the resultant Higgs mass at
one-loop level is given as

m2
h $ m2

Z cos2 2β +
3g2m4

t

8π2m2
W

[
ln
(

met1met2
m2

t

)
+

X2
t

met1met2

(
1 − X2

t

12met1met2

)]
, (1.30)

where met1 and met2 are the mass eigenvalues of stops, mt is the top mass, and Xt ≡ At −µ cotβ
with (au)33 ≡ At(f̂u)33 (au is given in Eq. (1.39)). From this expression one finds that to realize
the 126 GeV Higgs mass the second term must be large enough. It occurs when the stop masses
are significantly larger than the top mass and/or the Xt terms are sizable. As mentioned in the
Introduction, this observation is one of the motivations for the high-scale SUSY scenario.

For later use, we here give a specific basis for the squark soft-mass matrices. The basis is
called the Super-CKM basis, in which the quark mass matrix is diagonal and the squarks are
rotated in parallel to their superpartners. As in Eq. (1.8), quark superfields are rotated as

U ′ = VuU, D′ = VdD, U
′ = U∗

uU, D
′ = U∗

dD , (1.31)

where again the primed fields represent the interaction eigenstates. This rotation transfers the
Yukawa matrices fu and fd into their diagonal form f̂u and f̂d as

(f̂u)ii = (U †
ufT

u Vu)ii ≡ fui =
√

2
mui

v sinβ
,

(f̂d)ii = (U †
dfT

d Vd)ii ≡ fdi =
√

2
mdi

v cosβ
. (1.32)

In this basis, the mass matrices for the up- and down-type squarks are given as

Lsquark mass = −Ũ†M2
ũ Ũ − D̃†M2

d̃
D̃ , (1.33)

with Ũ = (ũL, c̃L, t̃L, ũR, c̃R, t̃R) and D̃ = (d̃L, s̃L, b̃L, d̃R, s̃R, b̃R). These 6 × 6 mass matrices are
explicitly given by

M2
q̃ =

(
m2

q̃L
m2

q̃LR

m2†
q̃LR

m2
q̃R

)
, (1.34)
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where

m2
q̃L

= V †
q m̂2

Q̃L
Vq + m2

q + m2
Z cos 2β(T3qL − QqL sin2 θW ) ,

m2
q̃R

= U †
q m̂2T

q̃R
Uq + m2

q + m2
Z cos 2βQqR sin2 θW ,

m2
q̃LR

=






1√
2
v sinβ(U †

uâT
u Vu)† − µmu cotβ for q = u

1√
2
v cosβ(U †

d âT
d Vd)† − µmd tanβ for q = d

. (1.35)

Similarly, the charged slepton mass matrix is given as

M2
ẽ =

(
m2

ẽL
m2

ẽLR

m2†
ẽLR

m2
ẽR

)
, (1.36)

where

m2
ẽL

= V †
e m̂2

L̃L
Ve + m2

e + m2
Z cos 2β(T3eL − QeL sin2 θW ) ,

m2
ẽR

= U †
e m̂2T

ẽR
Ue + m2

e + m2
Z cos 2βQeR sin2 θW ,

m2
ẽLR

=
1√
2
v cosβ(U †

e âT
e Ve)† − µme tanβ . (1.37)

Again, the basis Ẽ = (ẽL, µ̃L, τ̃L, ẽR, µ̃R, τ̃R) is taken so that the lepton Yukawa coupling matrix
is diagonalized. The sneutrino mass matrix is just a 3×3 mass matrix as long as the right-handed
neutrinos are not introduced:

M2
ν̃ = m2

ν̃L
= V †

e m̂2
L̃L

Ve + m2
Z cos 2βT3νL . (1.38)

When the right-handed neutrinos are considered, we need to extend the expressions similarly
to the case of the quark sector. In such a case, the basis for the lepton sector is called the
super-PMNS basis.

In the rest of the thesis, we use the soft breaking parameters which have been rotated by Vf

as input parameters. Namely, we use

m̃2
q̃L

≡ V †
q m̂2

Q̃L
Vq, m̃2

q̃R
≡ U †

q m̂2T
q̃R

Uq,

m̃2
ẽL

≡ V †
e m̂2

L̃L
Ve, m̃2

ẽR
≡ U †

e m̂2T
ẽR

Ue,

au ≡ U †
uâT

u Vu, ad ≡ U †
d âT

d Vd, ae ≡ U †
e âT

e Ve . (1.39)

Further, we take the generation basis for the matter fields so that the Yukawa coupling matrices
for the up-type quarks and the charged leptons are diagonal. In this case, the Yukawa coupling
matrix for the down-type quarks is written as

fd = V ∗
CKMf̂d . (1.40)

The sfermion matrices Mf̃ (f = u, d, e, ν) are diagonalized with unitary matrices Rf as

RfM2
f̃
R†

f = diag(m2
f̃1

,m2
f̃2

, . . . ) , (1.41)
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Figure 1.2: Running of gauge couplings. Solid (dashed) lines represent the gauge coupling
running in the MSSM (SM). Blue, green, and red lines correspond to the U(1), SU(2), and
SU(3) gauge couplings, respectively. SUSY breaking scale is set to be 1 TeV in the graph.

where sfermion mass eigenstates are denoted by f̃I :

f̃I = (Rf )Ibif̃bi , (1.42)

with the subscript î representing the index of the Super-CKM basis; e.g., for up-type squarks,
î = uL, cL, tL, uR, cR, tR.

Before concluding the section, we comment on a remarkable feature of the MSSM, which
is one of the reasons for the model to be regarded as the leading candidate of physics beyond
the SM. As mentioned in the Introduction, with the particle content of the MSSM, the gauge
coupling constants turn out to be unified at a high-energy scale with great accuracy. In Fig. 1.2,
we compare the evolution of the gauge couplings in the MSSM (solid lines) with those in the
SM (dashed lines). Here, the blue, green, and red lines correspond to the U(1), SU(2), and
SU(3) gauge couplings, respectively. In the calculation, we use the two-loop RGEs for the gauge
couplings, though we do not take into account the threshold corrections at the SUSY breaking
scale, which is set to be 1 TeV. As you can see, the gauge couplings unify much better in the
MSSM than in the SM.

In the computation, we assume that the SUSY breaking scale is slightly above the electroweak
scale. As a result, we obtain the gauge coupling unification with good accuracy. Then, what
happen if the SUSY breaking scale is much higher than the electroweak scale? One may think
that the unification is always spoiled when the SUSY breaking scale is taken to be higher. We
will see that this is not the case in the high-scale SUSY scenario, which we consider in the
following discussion. This issue will be revisited in Sec. 3.2.
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Chapter 2

High-scale Supersymmetry

As introduced in the previous chapter, the recent LHC results motivate us to study a SUSY
scenario in which SUSY breaks at a much higher scale than the electroweak scale. From now
on, we collectively refer to such scenarios as high-scale SUSY scenarios. In fact, such a scenario
is attractive from both theoretical and phenomenological points of view. Theoretically, it is
fascinating because it can be realized with quite a simple SUSY breaking mechanism. We
only need a hidden sector in which SUSY is broken dynamically. Then we in general have a
hierarchical spectrum among the SUSY particles; fermionic SUSY partners are a few orders
of magnitude lighter than bosonic partners. This kind of scenario is discussed in Sec. 2.2. Of
course, the breaking mechanism itself does not tell us where the SUSY breaking scale MS should
be. The scale is to be set by phenomenological considerations. In particular, the observed value
of the Higgs boson mass, mh ∼ 126 GeV, gives us significant information on MS . As shown in
Sec. 2.3, it is suggested that the SUSY scale is higher than the electroweak scale by several orders
of magnitude, e.g., MS ∼ 102–105 TeV. In this case, all the scalar particles except the lightest
Higgs boson (i.e., the 126 GeV Higgs boson) have masses of around MS , while the fermionic
SUSY partners (gauginos and perhaps higgsinos) are around O(1) TeV. Then, with such a mass
spectrum it turns out that the model has the following features:

• The SUSY flavor and CP problems [52] are significantly relaxed.

• The cosmological gravitino problem [56, 57, 58, 59, 60, 61] is avoided.

• There are dark matter candidates [63, 64].

• The gauge coupling unification can be achieved with great accuracy.

Therefore, this high-scale SUSY scenario is also quite interesting from a phenomenological point
of view. In the subsequent chapters, we will discuss additional features of the high-scale SUSY
scenario in the context of the grand unified theories.

Although this model is a simple and phenomenologically attractive, it has a theoretical (or
I might say aesthetic) shortcoming. Namely, it seems extremely challenging for the model to
solve the so-called hierarchy problem [19, 20, 21, 22, 23] or naturalness problem [24]. Using the
conventional ways of parametrizing the extent of naturalness, we find that the high-scale SUSY
scenario requires at least the 10−4–10−6 level of fine-tunings. Since these problems have been
standing problems in particle physics and SUSY has been considered to be able to provide a
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solution to the problems, it is appropriate that we start with the discussion on this matter. It
is presented in Sec. 2.1.

2.1 Naturalness vs. fine-tuning

In this section, we discuss the so-called hierarchy problem [19, 20, 21, 22, 23] or naturalness
problem [24]. For the past years, the problem has been one of the motivations to look for physics
beyond the SM. For recent discussion on the matter, see, for instance, Refs. [82, 83, 84, 85]. We
also remark some possibilities for the Higgs sector in the SM to be finely tuned to realize the
electroweak scale as it is.

2.1.1 Hierarchy problem

As mentioned in the Introduction, the grand unification of the strong and electroweak interac-
tions requires a new mass scale much higher than the electroweak scale. But, what can naturally
explain such an enormous hierarchy? This question is a start point of what we call the hier-
archy problem [19, 20, 21, 22, 23]. To clarify the point, suppose that the grand unified gauge
group is spontaneously broken down by the VEVs of elementary scalar fields. The massless
Nambu-Goldstone bosons are eliminated by the Higgs mechanism [4, 5, 6, 7], and the gauge
fields corresponding to the broken symmetries acquire masses of the order of the GUT scale.
The theory much below the scale is described by an effective theory consisting of only the fields
which do not get superheavy masses from the symmetry breaking. Such fields include massless
gauge fields corresponding to the unbroken symmetries, as well as fermions protected by the chi-
ral symmetries which are not broken by the GUT scale symmetry breaking. Then, the question
is whether the effective theory could include elementary scalar particles which have considerably
small masses compared to the GUT scale particles—like the SM Higgs boson. There seems to
be no reason for such light scalars to appear in the effective theory, though they are actually
required to break the electroweak symmetry.

The hierarchy problem becomes more problematic when the quantum effects are considered.
Assume that there exists a scalar boson H whose mass mH is much below the GUT scale, which
mimics the SM Higgs boson in this example, and it interacts with a GUT scale scalar boson Φ
with mass of MΦ + mH through the interaction Lagrangian Lint = −λΦ|H|2|Φ|2. The heavy
scalar Φ gives the quantum correction δm2

H to the mass term for H, which is evaluated at
one-loop level as

δm2
H =

λΦ

16π2

[
Λ2 − M2

Φ ln
(

Λ2

M2
Φ

)]
, (2.1)

where Λ denotes the ultraviolet momentum cutoff. The first term diverges quadratically with
respect to the cutoff Λ, though the term is dependent on the regularization scheme. The second
term has more physical meanings; it shows that the quantum corrections to the mass of H are
as large as the mass of Φ. After all, δm2

H is much larger than m2
H itself. For this reason, the

natural mass scale of H should be the GUT scale ∼ MΦ or the cutoff scale Λ, otherwise the
significant cancellation with the bare mass of H is required to make its physical mass much
smaller than the GUT scale. The reason for the feature is that scalar masses are renormalized
additively (not multiplicatively) and thus the quantum corrections are not necessarily related
to their classical masses.
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This quadratically divergent nature of scalar masses was already pointed out by V. F. Weis-
skopf in 1939 [86]. After several decades, K. G. Wilson discussed the problematic feature on
scalar masses by means of the renormalization group analysis, and interpreted the results in
terms of symmetries [87]. He noted that the scalar masses are not protected from large quan-
tum corrections since they do not break either an internal or a gauge symmetry. This observation
should be compared with the mass terms of the SM fermions and gauge bosons. Evidently, they
are protected by the chiral and gauge symmetries, respectively, and thus they can naturally have
masses much below the cutoff scale.

This argument leads to the naturalness criterion proposed by G. ’t Hooft in 1979 [24]. He
required the following conjecture for naturalness:“at any energy scale µ, a physical parameter
or set of physical parameters αi(µ) is allowed to be very small only if the replacement αi(µ) =
0 would increase the symmetry of the system.”1 Here, all of the parameters having mass-
dimensions are measured in units of µ. This criterion reflects the Wilson’s argument; i.e., only
the parameters that can appear in the low-energy effective theories are those who violate some
symmetries. Let us consider the SM in terms of the naturalness criterion. The mass parameters
of the SM fermions mf can be small since mf = 0 enhances an additional chiral symmetry for fL

and fR. The gauge coupling constants can be small since their zero limit implies the conservation
of the number of the gauge bosons. The masses of W and Z are of course understood in terms
of the SU(2)L⊗U(1)Y gauge symmetry. Consequently, the only parameter which is unnatural
in the SM is, as we have been discussed, the mass parameter of Higgs boson.

If the Higgs mass term is in fact natural in a high-energy theory beyond the Standard Model,
the term must be protected by a certain symmetry in the theory. Since the symmetry is not
manifest below the electroweak scale, it must be broken at a high-energy scale. Let Λ be the
symmetry breaking scale. Then, the naturalness argument requires that m2

H/Λ2 should not
be much smaller than unity. As long as this condition is satisfied, the mass parameter m2

H is
natural; at a scale µ > Λ, m2

H/µ2 can be small because the mass term breaks the symmetry
present in the energy region. However, as noted by ’t Hooft, the naturalness requirement can only
determine the upper bound on Λ as an order of magnitude. There might be an additional factor
including some coupling constants and/or loop loop factors in the inequality, which introduces
order-of-magnitude arbitrariness.

In the present discussion, we use the following conjecture to estimate the scale Λ: the
quantum corrections to a parameter evaluated in an effective theory with the cutoff Λ should
not be greater than the parameter itself. Indeed, the conjecture has been historically successful.
One well-known example is the electromagnetic self-energy to the mass of electron2. In the
non-relativistic theory, the energy diverges at short-distant scales linearly, and it can be smaller
than the electron mass only if some new physics which appears at a short-distant scale modifies
the contribution to the self-energy. Actually, in the relativistic quantum field theory, positrons

1As mentioned by ’t Hooft, this requirement is weaker than that proposed by P. Dirac in his Large Number
Hypothesis [88, 89]. In the hypothesis, he assumed that any large number like the ratio between electric and
gravitational interactions of a proton with an electron should be related with a single large number, and he
supposed that it was the age of the universe, only which he could connect to such a large number at that time.
Obviously, he regarded the ratio memp/(αM2

P ) as unnatural, where mp, α, and MP are the proton mass, the fine
structure constant, and the reduced Planck mass MP ≡ (8πGN )−1/2 with GN the Newton constant, respectively.
From the viewpoint of the ’t Hooft’s naturalness criterion, on the other hand, the ratio should be regarded natural
since the chiral symmetry protects the masses of electron and proton.

2This interesting example was discussed by H. Murayama in his lecture to clearly show the motivation for
supersymmetry in terms of the self-energy of the Higgs boson [90].
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ease the divergence so that the self-energy does not exceed the electron mass [86]. Similarly, the
quadratic divergence in electromagnetic effects on the mass difference between the charged and
neutral pions are cured by the ρ meson appearing near the cutoff scale of the effective theory.
The K0

L-K0
S mass difference is another example, where the quantum corrections are eventually

modified by the charm quark [91]. Now let us apply the conjecture to the mass of Higgs boson.
By thinking of the SM as an effective theory valid up to the cutoff Λ, we have the corrections
to the Higgs mass mh at one-loop level as [92]

δm2
h =

3GF

4
√

2π2
(4m2

t − 2m2
W − m2

Z − m2
h)Λ2 . (2.2)

Therefore, the conjecture requires Λ ! 500 GeV, and if the naturalness argument is right, some
new particles must show up around the scale.

Above the scale Λ, the new theory must introduce a certain symmetry which prohibit the
Higgs mass term. One of the most promising candidates for the symmetry is supersymmetry. In
the SUSY theories, the Higgs boson is accompanied by the corresponding superpartner fermion.
Since the mass of the fermion can be protected by the chiral symmetry, the fermion can have a
mass much below the more fundamental scale like the GUT scale. On the other hand, supersym-
metry requires the fermion and the Higgs boson to have the same mass. Hence, the smallness
of the Higgs mass might be explained by means of the combination of the chiral symmetry and
supersymmetry, and its value is expected to be around the order of the breaking scale of the
symmetries. In the rest of the section, we assume the presence of SUSY in the high-energy
theory, and discuss its role in providing a solution to the hierarchy problem.

2.1.2 Quantification of naturalness

In the previous section, we discuss a conjecture to determine the naturalness breaking scale Λ of
the SM: the quantum correction to the Higgs mass, which is dependent on the scale Λ, should be
less than the Higgs mass itself. It measures the degree of naturalness in terms of the low-energy
effective theory. In this subsection, we consider a criterion to measure the degree of naturalness
of a given high-energy theory.

A strategy is to regard the Z-boson mass as a function of the most fundamental parameters
ai in the high-energy theory [93, 94]. The degree of fine-tuning is then defined by

∆ ≡ max
{∣∣∣∣

ai

m2
Z

∂m2
Z(ai)
∂ai

∣∣∣∣

}
, (2.3)

where 100 × ∆−1 gives a percentage of fine-tuning. In the calculation of the parameters, one
needs to include the renormalization effects generated during the RGE flow from the input scale
to the electroweak scale.

Another fine-tuning parameter was introduced by R. Kitano and Y. Nomura in Ref. [95].
Let us briefly sketch their discussion in the case of the MSSM. We consider the decoupling limit
for brevity. From Eqs. (1.25) and (1.26), it is found that for moderately large tanβ, which is
favored from the viewpoint of naturalness in the MSSM, we have

m2
h = m2

Z cos2 2β $ −2(|µ|2 + m2
Hu

) + O(1/ tan2 β) , (2.4)
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at tree-level. Even when the quantum corrections are taken into account, a similar relation is
satisfied with the tree-level input parameters appropriately tuned. Namely, we obtain

m2
h $ −2(|µ|2 + m2

Hu
+ δm2

Hu
) , (2.5)

where m2
Hu

denotes the tree-level soft SUSY breaking parameter and δm2
Hu

represents the ra-
diative corrections to the parameter. With the leading logarithmic approximation, δm2

Hu
is

evaluated as

δm2
Hu

$ − 3f2
t

16π2

(
m2

eQL3
+ m2

euR3
+ m2

Hu
+ |At|2

)
ln
(

Λ2

met1met2

)
. (2.6)

Now, we have a criterion to measure the degree of fine-tuning to realize the Higgs mass, i.e.,

∆KN ≡ max
{

2|µ|2

m2
h

,
2|m2

Hu
|

m2
h

,
2|δm2

Hu
|

m2
h

}
. (2.7)

Here again, 100 × ∆−1
KN represents a percentage of fine-tuning. From Eq. (2.6), it is found

that not only the parameters in the tree-level Higgs potential such as µ and m2
Hu

, but also the
stop mass parameters are required to be small to make the theory less fine-tuned. Thus, there
is a tension between the naturalness and the 126 GeV Higgs mass, which requires large stop
mass parameters to realize significant quantum corrections as discussed in the previous chapter.
Indeed, it is found that at least 1 % fine-tuning is required to realize the electroweak scale in
the MSSM [96].

In fact, both of the fine-tuning parameters are based on the essentially same criterion: to
measure the degree of sensitivities of the electroweak scale to the input parameters. Anyway, we
should always keep in mind that we have no criterion to determine what degree of fine-tuning
a natural theory allows. We cannot exclude a theory even if it requires, say, ∆−1 = 10−10 fine-
tuning; there might exist a mechanism which naturally yields the apparent fine-tuning without
conspiracy. In the next subsection, we discuss such possibilities.

2.1.3 Possibilities of fine-tunings

As is well-known, there is an unnatural parameter in our nature: the cosmological constant.
The cosmological constant is regarded as the energy density of the vacuum ρΛ in the Universe.
The presence of a small but non-zero cosmological constant has been widely believed since the
discovery of the accelerating expansion of the Universe [97, 98]. Recently, the Planck satellite
has measured its value as [99]

ρΛ ∼ 5.8 × 10−30 g/cm3 ∼ (2.2 × 10−3 eV)4 . (2.8)

Notice that its energy scale is extremely low compared with other physical scales such as the
electroweak scale or the GUT scale. Let us consider its naturalness in terms of the naturalness
conjecture discussed above. The parameter may be unnatural3 since its vanishing limit does not
seem to enhance any symmetry. Indeed, it suffers from large quantum corrections; its quantum
fluctuation can be as large as M4

P , which is larger than the observed value by about 120 orders
of magnitude.

3 Actually, ’t Hooft realized the problem when he discussed the naturalness criterion [24]. Instead of giving
an answer to the problem, however, he conjectured that only the gravitational interactions violate naturalness.
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The cosmological constant is more problematic if the history of the Universe is also taken
into account. According to the results presented in Ref. [99], it occupies about 70 % of the total
energy density of the Universe, while about 30 % is in the form of dark matter. During the
cosmic expansion, the former density remains unchanged; this is why it is called the cosmolog-
ical “constant”. On the contrary, the latter decreases as ∝ a(t)−3 with a(t) the scale factor.
Therefore, it is quite special for us to observe these quantities almost equal at the very present
time [100].

These two peculiar features of the cosmological constant problem force us to change our ways
of thinking. Should all of the problems be solved in a “natural” way in a fundamental theory?
Is not there any other reason that explains an apparent fine-tuning in a system?

In 1987, S. Weinberg argued a possibility that the smallness of the cosmological constant
might be simply because otherwise no observer can exist [101]. It turns out that if the vacuum
energy density is larger than the matter energy density by more than several orders of magnitude,
no gravitational bound states such as galaxies can form, and thus no intellectual species may
appear. This implies that the unnaturally small value of the cosmological constant may be not
the consequence of some fundamental mechanism but the necessary condition for observing it.
This discussion leads to a following conjecture. Suppose that there are a vast number of universes
(or sufficiently separated regions from each other) with different values of cosmological constants.
Most of them can be much larger than that of our Universe, which accelerate the universes
so rapidly that no complex structure can exist there. Then, the value of our cosmological
constant should be a typical one that is seen by the largest number of observers in the universes.
This sort of anthropic principle [102] has been enthusiastically discussed in this context so far
[103, 104, 105].

In fact, this argument has a theoretical support. It consists of two ingredients; the string
landscape [106, 107, 108, 109] and the eternal inflation [110, 111, 112, 113]. The former comes
from string theory. In the theory, six extra spatial dimensions are predicted, which are assumed
to be compactified so that we do not see them. These extra dimensions can have a huge
number of meta-stable vacua, which correspond to different four-dimensional theories. Thus,
this framework offers an ensemble of theories with a variety of theoretical parameters including
cosmological constant. The latter concept indicates that inflation generically continues eternally.
During the inflation, bubbles are formed in the inflating spacetime, whose vacua correspond to
various theories. Since it continues eternally, all of the vacua prepared by the compactification
of extra dimensions are eventually scanned, so that any theories can be realized in a certain
bubble. This picture is usually referred to as the multiverse.

Such a parameter scan can be also realized if one considers the wormhole effect proposed
by S. Coleman [114]. If the wormhole configurations are taken into account in the computation
of the path integral, the functional integral turns out to be interpreted as a superposition of
the functional integrals with various values of coupling constants in the original action. This
may offer a mechanism in which some parameters are fixed to particular values because of the
integration with respect to the parameters, without use of the anthropic reasoning. Recent
discussion in this direction, see Ref. [115] and references therein.

As we have seen, there are actually some possibilities that can provide apparently tuned
parameters; they might be the consequence of the anthropic principle or non-trivial topology of
spacetime. If such mechanism works in the case of the Higgs mass parameter, the naturalness
argument would be pointless from the beginning.
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After all, we can understand the naturalness of a theory only after we have revealed all of the
structure of the theory experimentally. Therefore, it is important to study even the possibilities
for theories including apparent fine-tunings. This is our attitude in this thesis.

2.2 SUSY breaking without singlets

If SUSY is broken at a scale much lower than a more fundamental scale, say, the GUT scale, then
one may ask why there is such a large hierarchy between the scales. The situation appears to
give a similar problem to that for the electroweak symmetry breaking. However, it is found that
SUSY theories might present a natural framework for the emergence of the large hierarchy [25].
Once we require that SUSY is unbroken at tree level, the non-renormalization theorems [116]
ensures that SUSY is unbroken to all orders of the perturbation theory. So in this case SUSY can
only be broken by small non-perturbative effects, and this breaking mechanism might account
for the large hierarchy. Such a SUSY breaking scenario is called dynamical SUSY breaking. In
fact, it has been found that the dynamical SUSY breaking occurs in various asymptotically-free
SUSY gauge theories [26, 27, 28, 29, 30, 31].

Let us assume that SUSY breaking occurs dynamically in a hidden sector and its effects
are communicated to the MSSM (visible) sector via some higher-dimensional operators and/or
quantum corrections. Such a hidden sector naturally arises in string theories. This framework
may give a unique feature compared with other SUSY-breaking models, since the dynamical
SUSY breaking models generically contain no singlet field. The present and the following sub-
sections, therefore, are devoted to study its phenomenological consequences observed in the
visible sector. In this subsection, we discuss the mediation mechanism of SUSY breaking in this
framework. To that end, we first give a brief review of a formalism of supergravity (SUGRA)
by means of a superconformal compensator field developed in Refs. [117, 118, 119, 120]. Then,
by using the formalism, we discuss the so-called the anomaly mediation mechanism of SUSY
breaking proposed in Refs. [46, 121]. We will see that a hierarchy between the fermionic and
bosonic SUSY partner fields naturally arises in this framework. This observation leads us to
consider a high-scale SUSY breaking model which will be discussed in Sec. 2.3.

2.2.1 Supergravity

Supergravity (SUGRA) is a theory which is invariant under local SUSY transformations.4 It has
been widely known that ordinary SUGRA theories (or Poincaré SUGRA) can be obtained by
fixing redundant symmetries (dilatation, an U(1)R symmetry, superconformal spinor symmetry,
and the special conformal symmetry) of the theories which respect the local superconformal
symmetry. This procedure, which is called the superconformal tensor calculus, is systematically
executed by means of a chiral spurion superfield5 called compensator, whose component fields
are used to fix the redundant symmetries. Let Σ be the compensator. We assign Weyl weight
+1 and the U(1)R charge 2/3 to the lowest component of Σ (xµ and θα have Weyl weight −1 and
−1/2, respectively). Further, each physical field has a Weyl weight equal to its mass dimension

4For reviews, see Refs. [122, 123, 124, 125, 126].
5 More accurately, the use of the chiral compensator leads to the so-called old minimal version of supergravity

[127, 128]. If one uses a different type of supermultiplet as a compensator, one obtains a different formulation of
Poincaré SUGRA [120]; a real linear multiplet compensator gives the new minimal SUGRA [129] while a complex
linear multiplet compensator gives Breitenlohner’s formulation of SUGRA [130, 131].
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d. Now consider an arbitrary global SUSY theory described by the Lagrangian

L =
∫

d4θK(Φ†, e2gV Φ) +
{∫

d2θW (Φ) + fAB(Φ)WAαWA
α + h.c.

}
. (2.9)

Here, Wα = WA
α TA denotes the gauge field-strength chiral superfield defined in terms of the

vector superfield V = V ATA by

Wα = −1
4
D

2
e−2gV Dαe2gV . (2.10)

In addition, K, W , and fAB are called the Kähler potential, the superpotential, and the gauge
kinetic function, respectively. Then, the corresponding Weyl invariant Lagrangian is written as
follows:

L =
1
2

[
−3 e−

1
3K(Φ†

Σ† , e2gV Φ
Σ ) Σ†Σ

]

D

+
{[

W

(
Φ
Σ

)
Σ3 + fAB

(
Φ
Σ

)
WAαWA

α

]

F

+ h.c.
}

, (2.11)

where [. . . ]D and [. . . ]F denote the superconformal invariant F - and D-type action formulae
presented in Refs. [117, 118, 119, 120], respectively. Let us show some terms of them which
we use in the following calculation. To that end, we express the components of a real vector
superfield V by {C, ξα,M, Aµ,λα, D} and of a chiral superfield Φ by {φ,χ, F}, from the lowest
to the highest component. The above formulae are then given as

[
V
]
D

=
√
−gD − C

3
(
√
−gR + LRS) + . . . ,

[
Φ
]
F

=
√
−g(F − φ ψµσ̄

µνψν) + . . . , (2.12)

where R is the scalar curvature, g ≡ − det(gµν), and LRS denotes the massless Rarita-Schwinger
Lagrangian for the gravitino ψµ. The second term in the latter line shows the mass term of the
gravitino field.

From Eq. (2.10), one readily finds that the chiral covariant derivative Dα should involve the
compensator as

Dα → Σ
1
2

Σ† Dα . (2.13)

Thus, since D2D
2
D2 = −16D2", we also find that the Weyl covariant version of the d’Alembertian

is given by " → "/(Σ†Σ). Notice that since the gauge field-strength term has mass dimension
+3 and R charge +2, it does not contain the compensator field Σ.

For later use, we introduce “rescaled” fields Φ̂i ≡ Φi/Σ. Further, we redefine the compensator
as Σ → W

1
3 Σ. Then, Eq. (2.11) is expressed as follows:

L =
1
2

[
−3 e−

1
3G(Φ̂†,Φ̂) Σ†Σ

]

D

+
{[

Σ3
]
F

+ h.c.
}

, (2.14)

where
G(Φ̂†, Φ̂) ≡ K(Φ̂†, Φ̂) + lnW (Φ̂) + lnW ∗(Φ̂†) (2.15)

is called the Kähler function. We drop the gauge fields for brevity. By using the formulae in
Eq. (2.12), we find that the fixing condition

Σ = MP e
G
6 (1 + θθFΣ) (2.16)
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makes the Einstein term canonical. By substituting it to the above equation, we obtain

L =
∫

d4θ

[
−3 e−

1
3G(Φ̂†,Φ̂)Σ†Σ

]
+
{∫

d2θΣ3 + h.c.
}

+ . . . , (2.17)

where the ellipsis denotes terms including the graviton, gravitino, and the gravitational vector
auxiliary fields. Now we focus on the bosonic terms. By using the equation of motions of the
auxiliary fields FΣ and F̂i (for a chiral field Φ̂i), we express them as

FΣ = MP e
G
2 +

1
3
F̂iG

i , (2.18)

F̂i = −MP e
G
2 (G−1)i

jGj , (2.19)

where

Gi ≡ ∂G

∂φ̂i

, Gi ≡
∂G

∂φ̂†i
, Gi

j ≡ ∂2G

∂φ̂†i∂φ̂j

, (2.20)

and G−1 is defined as the inverse matrix of Gi
j . Then we have the following scalar potential:

V = M4
P eG

[
Gi(G−1)i

jGj − 3
]

. (2.21)

Notice that the above equation contains a negative term. This in fact comes from the wrong-
sign of kinetic term for the compensator. Thanks to this term, we can fine-tune the vacuum
energy to obtain the vanishing cosmological constant, contrary to the case of global SUSY. This
condition leads to

Gi(G−1)i
jGj = 3. (2.22)

As in the case of ordinary SUSY, the non-zero VEVs of the auxiliary fields are regarded as
order parameters of SUSY breaking in SUGRA. To relate them with physical quantities, let us
evaluate the following equation:

F̂ ∗
i Gi

jF̂j = M2
P eGGi(G−1)i

jGj = 3M2
P eG . (2.23)

Here, we use the condition (2.22) in the last equality. Now notice that the right-hand side can be
expressed by the gravitino mass m3/2; from Eqs. (2.12) and (2.14), it is found that the gravitino
mass is given by the lowest component of Σ3, i.e.,

m3/2 = MP e
〈G〉
2 . (2.24)

Therefore, we have

m2
3/2 =

〈F ∗
i Gi

jFj〉
3M2

P

. (2.25)

Here we restore the canonical mass dimension of the auxiliary fields. In particular, if a chiral
superfield Z in a hidden sector with the canonical Kähler potential acquires the F -term VEV
FZ , and if it is the dominant source of SUSY breaking, then the gravitino mass is given by

m3/2 =
|FZ |√
3MP

. (2.26)
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Since
m3/2 = MP e

〈G〉
2 = MP e

〈K〉
2 |〈W 〉| , (2.27)

we notice that the superpotential has a non-zero VEV. This results from the fine-tuning to make
the cosmological constant vanish. Now that R-charge of the superpotential is +2, we conclude
that also the R-symmetry is broken. The breaking of the R-symmetry is a necessary condition
for the generation of gaugino masses. In fact, the compensator field breaks both SUSY and the
R-symmetry, since its lowest and highest components have VEVs simultaneously.

The F -term VEV of the compensator Σ is also regarded as an order parameter of SUSY
breaking and related with the gravitino mass. The relation is, however, actually dependent on
a “gauge” with respect to the Kähler transformations defined by

K(Φ̂†, Φ̂) → K(Φ̂†, Φ̂) + Λ(Φ̂) + Λ†(Φ̂†) ,

W (Φ̂) → e−Λ(Φ̂) W (Φ̂) ,

Σ(Φ̂) → eΛ(Φ̂)/3 Σ(Φ̂) . (2.28)

Under the transformations, the Lagrangian (2.11) remains unchanged, while FΣ changes if Λ
includes some hidden-sector fields which acquire non-zero F -term VEVs. On the other hand,
the transformations also alter the direct contribution from the hidden-sector fields in the Kähler
potential, which compensates the change in FΣ and thus physical quantities are not affected
[132]. For example, if we adopt a set of fixing conditions presented in Ref. [133], we obtain

FΣ = m3/2 . (2.29)

We will take this gauge and use this relation in the following discussion.

2.2.2 Anomaly-mediated SUSY breaking

Now we consider the case where all of the SUSY breaking superfields in the hidden sector are
charged under certain symmetries. This scenario is motivated by the dynamical SUSY breaking,
as mentioned before. Let Z be such a SUSY breaking chiral field which is supposed to be the
only source responsible for the MSSM soft terms, for the sake of brevity. Then, with a generic
form of Kähler potential, scalar particles get their masses mainly from the following effective
operators

cij
m

M2
∗

∫
d4θ|Z|2Φ†

iΦj , (2.30)

where cij
m are some O(1) coefficients. M∗ denotes the mass-scale at which the operators are

generated. After the SUSY breaking, the F -component of the field Z gets a non-zero VEV.
Then, the above effective operators give rise to the soft-mass terms for the scalar particles,
which are of the order of

MS ∼ FZ

M∗
, (2.31)

with FZ the F -component VEV of the field Z. This result can be generally obtained in the
gravity mediation. With FZ , the gravitino mass is expressed by

m3/2 =
FZ√
3MP

, (2.32)
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as discussed above. It is of the same order as the scalar masses when M∗ is around the Planck
scale MP .

A specific feature for the present case can be found when one consider the gaugino masses.
They are not generated by the dimension-five operator

∫
d2θ ZTr[WαWα] , (2.33)

since the symmetry under which the superfield Z is charged prohibits such an operator. Similarly,
the operator like

cijk
a

M∗

∫
d2θZΦiΦjΦk , (2.34)

is not allowed, and thus the A-terms are not generated from the operator.
Instead, these terms are induced by the anomaly mediation mechanism, which was first

proposed in Refs. [46, 121]. In this mechanism, these soft terms are induced by quantum
corrections. A characteristic feature here is that they are completely finite and calculable in the
low-energy effective theory. The reason is following. If quantum corrections to the soft terms
are divergent, one needs to prepare counter terms to cancel them. However, such local operators
do not exist as we have seen above. Therefore, we expect that loop diagrams for the radiative
corrections are finite.

To evaluate the soft terms, we use a technique described in Refs. [134, 135]. In the method,
the A-terms associated to a chiral superfield Φi is incorporated into a running superfield wave
function Zi(µ), ∫

d4θZi(µ)Φ†
iΦi , (2.35)

as follows:
Zi(µ) = Zi(µ)

[
1 + (ai(µ)θ2 + h.c.)] , (2.36)

where Zi is the renormalized wave function. The coefficients ai contribute to the A-terms. For
example, when the superpotential contains the Yukawa terms,

WYukawa = yijkΦiΦjΦk , (2.37)

the corresponding A-terms,
Lsoft = −aijkφiφjφk , (2.38)

are given as
aijk = (ai + aj + ak)yijk , (2.39)

where the sum with respect to the indices is not taken. In the SUSY limit, the wave function
Zi(µ) can be defined as the two-point one-particle-irreducible (1PI) vertex function for Φ†

iΦi with
the scale of momentum ∼ µ. Now remember that the d’Alembertian " should be accompanied
by the compensator as "/Σ†Σ. Similarly, the scale µ goes with the compensator as µ2/Σ†Σ
since the scale is defined by the flowing momentum p of the 1PI vertex function and " = −p2.
Therefore, the SUSY breaking effects on the renormalization function are readily taken into
account with the compensator as

Zi(µ) = Zi

(
µ√
Σ†Σ

)
. (2.40)
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Then, we have

ai = −1
2

m3/2

Zi(µ)

(
µ

d

dµ
Zi(µ)

)
= −γi m3/2 , (2.41)

where
γi ≡

1
2
µ

d

dµ
lnZi(µ) (2.42)

is the anomalous dimension of the field Φi.
We can apply a similar procedure to the case of gaugino masses. To that end, we first

introduce a real superfield R(µ) with rewriting the gauge field-strength term as6

L =
1
16

∫
d4θR(µ)WAα

(
1
4

D2

"

)
WA

α + h.c. , (2.43)

with
R(µ) =

1
g(µ)2

−
(

mλ(µ)
g2(µ)

θ2 + h.c.
)

+ . . . , (2.44)

where mλ is the gaugino mass. Ellipsis includes terms irrelevant to the present discussion [135].
Similarly to the previous case, R(µ) is expressed by means of the compensator as

R(µ) =
[
g

(
µ√
Σ†Σ

)]−2

. (2.45)

Then, we have

mλ = −β(g)
g

m3/2 , (2.46)

where β(g) is the beta function of the gauge coupling g defined by

β(g) ≡ µ
dg(µ)
dµ

. (2.47)

The above results show that there is a strong relation between the radiatively induced soft
parameters and the conformal anomaly. This results from the fact that the only source of
the soft parameters is the auxiliary field of the superconformal compensator. Hence, the m3/2

dependence appears in any stuff with mass dimensions that can be regarded as a chiral superfield
spurion in an equivalent manner. It even includes regulators of quantum field theories. As a
result, the SUSY breaking effects in the regulators induce the soft terms at loop level.

As we have seen, a distinctive feature of this framework is that there exists an one-loop
hierarchy between the gaugino masses and the soft masses of matter fields. This feature is
succeeded to the SUSY model which we will describe in the next section. In addition, notice
that this framework is extremely simple: we need only a dynamical SUSY braking hidden
sector, and then all of the SUSY breaking effects necessary to the SUSY SMs are obtained. We
do not require any extra matters like in the case of the gauge mediation [136, 137, 138].7 In
the subsequent sections, we will see that such a simple SUSY SM is actually promising from a
phenomenological point of view.

6We summarize the properties of the operators Dα and D
α̇

in Appendix A.2.
7For a review, see Ref. [139].
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2.3 Phenomenological aspects

2.3.1 Model and mass spectrum

In this subsection, we discuss a concrete high-scale SUSY model which we mainly deal with
throughout the thesis. We will see that though the model is unnatural in the sense discussed
in Sec. 2.1.2, it is actually quite simple, and well-motivated from a phenomenological point of
view.

This model is based on the scenario described in the previous section: i.e., we only assume
the presence of a hidden sector in which all of the SUSY breaking fields are charged under some
symmetries. As we have seen, in this scenario, typical scale of soft masses is

MS ∼ FZ

M∗
, (2.48)

where FZ is the F -component VEV of the field Z and M∗ is the mass scale where the effective
operators for the soft masses are generated. Thus, all the MSSM scalar particles except the
lightest Higgs boson acquire the masses of the order MS . The mass of the lightest Higgs boson
is fine-tuned such that it has a mass of ∼ 126 GeV. The gaugino masses are generated by the
anomaly mediation mechanism,

Ma $ bag2
a

16π2
m3/2 , (2.49)

and thus suppressed by a loop factor compared with the gravitino mass. Here ba denote the one-
loop beta-function coefficients of the gauge coupling constants, which are given by (b1, b2, b3) =
(33/5, 1,−3). Therefore, wino is the lightest in the gaugino sector.

Next, we discuss the µ-term. Since the term is supersymmetric, a typical scale of µ is around
the cut-off scale like MP or MGUT. In the following discussion, however, we just assume that
the term is fine-tuned to be zero at tree-level in the superpotential. In the minimal SUSY
SU(5) GUT, one can indeed realize it by finely tuning the mass parameter of the 5 and 5̄ Higgs
multiplets, as we will see in Sec. 3.1. Once we make the term vanish at tree-level, to all orders
in parturbation theory, the quantum corrections do not disturb it as long as SUSY is respected
[116]. An alternative approach is to exploit the Peccei-Quinn symmetry [79] or the R-symmetry
to forbid the µ-term. Anyway, in such a case, the µ-term is generated after the SUSY breaking
so that its value is naturally of the order of the soft masses. The dominant contribution to the
µ-term comes from the following operator:

c

∫
d4θ Σ†Σ

(
Hu

Σ

)(
Hd

Σ

)
= c

∫
d4θ

Σ†

Σ
HuHd . (2.50)

with c an O(1) parameter. This is the so-called Giudice-Masiero mechanism [140].8 Note that
the operator becomes a total derivative in the case of global SUSY. It induces both the µ- and
Bµ-terms:

µ = c m3/2 , Bµ = c m2
3/2 . (2.51)

For the Bµ-term, there is another operator:

c′

M2
P

∫
d4θZ†ZHuHd , (2.52)

8See also Refs. [141, 142].
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Figure 2.1: Typical mass spectrum in high-scale SUSY scenario.

which induces

Bµ = c′
|FZ |2

M2
P

. (2.53)

Notice, however, that the above operators still break the Peccei-Quinn symmetry, and thus these
values can be much lower than the gravitino mass scale. We sometimes consider such possibilities
in the following discussion.

When higgsinos are as heavy as gravitino, the gaugino masses receive sizable corrections at
the higgsino threshold [46, 63]. The corrections are evaluated as

∆M1 =
3
5

g2
1

16π2
L ,

∆M2 =
g2
2

16π2
L ,

∆M3 = 0 , (2.54)

with

L = µ sin 2β
m2

A

|µ|2 − m2
A

ln
|µ|2

m2
A

. (2.55)

As one can see, the corrections can be comparable to the anomaly mediated gaugino masses and
may modify the original relation among them. In particular, bino or gluino can be the lightest
gaugino in some parameter region. Therefore, in the following calculation, we will not insist on
the anomaly mediation relation for the gaugino masses, and regard them as free parameters,
though we expect wino is the lightest.

After all, a typical mass spectrum is as follows: sfermions and the heavy Higgs bosons have
masses of the order of the gravitino mass or higher. Gauginos are lighter than gravitino by an
one-loop factor. The higgsino mass lies around m3/2, which can be much suppressed when there
exist additional symmetries. The LSP is the neutral wino in general, though some effects such
as the higgsino threshold corrections might change the consequence.9 We illustrate such a mass

9For instance, extra particle in the high-energy region can affect the gaugino masses [143, 144, 145].
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spectrum in Fig. 2.1.
From now on, we assume the sfermions are nearly degenerate in mass. The mass-scale is

supposed to be around MS $ 102–105 TeV, which is suggested by the 126 GeV Higgs mass and
dark matter as we will see below. Models with such a mass spectrum and their phenomenology
were first discussed in Refs. [46, 47, 48, 49, 50, 51]. After the earliest works, such kind of
framework has been enthusiastically studied, especially after the Higgs discovery [54, 55, 143,
146, 147, 148, 149]. In this thesis, we refer to the framework as the high-scale SUSY scenario.10

2.3.2 126 GeV Higgs boson mass

First, we consider the predicted mass of Higgs boson in the framework, which is one of the
motivations for the high-scale SUSY. From Eq. (1.30), one easily finds that the 126 GeV Higgs
mass is achieved when the stop mass is sufficiently large compared with the mass of top quark. In
the case of high-scale SUSY, however, we have another systematical way of calculating the Higgs
mass based on the method of effective field theory. In the method, we carry out the calculation
in an effective theory which consists of the SM particles, gauginos, and possibly higgsinos. The
effective theory is matched with the MSSM at the SUSY breaking threshold. Then, by using
the RGEs, we obtain the Higgs quartic coupling at the electroweak scale, from which one can
read the mass of Higgs boson.

Let us briefly describe the computation. In the MSSM, the quadratic terms in the Higgs
sector are given by (see Eq. (1.18))

L(2)
neutral = −(H∗α

u , εαβHdβ)

(
|µ|2 + m2

Hu
Bµ

Bµ |µ|2 + m2
Hd

)(
Huα

εαβH∗β
d

)
, (2.56)

where we use a convention of ε12 = ε12 for the SU(2)L indices. To achieve the correct electroweak
symmetry breaking, a linear combination of the two Higgs fields,

Hα = sinβHuα + cosβεαβH∗β
d , (2.57)

is fine-tuned to have a mass eigenvalue of the order of the electroweak scale. The quartic coupling
for the field is given by the gauge coupling constants in the case of the MSSM, as displayed in
Eq. (1.18). In the effective theory below the SUSY breaking scale MS , on the other hand, the
Higgs potential is expressed by Eq. (1.3). The matching condition for the quartic coupling is
then given as

λH(MS) =
1
4

[
g2
2(MS) +

3
5
g2
1(MS)

]
cos2 2β . (2.58)

It corresponds to the first term in Eq. (1.30). Beyond the leading-order calculation, it is necessary
to include threshold corrections at the SUSY breaking scale. The one-loop threshold effects on
the Higgs quartic coupling are presented in Ref. [53]. The dominant contribution comes from
the diagrams including the stop trilinear coupling:

δλH(MS) $ − 6y4
t

(4π)2

[
X2

t

met1met2

(
1 − X2

t

12met1met2

)]
, (2.59)

10Indeed, there are a variety of names which are given to this type of framework: pure gravity mediation [54, 55],
simply unnatural supersymmetry [143], spread supersymmetry [146], mini-split [148], and so on.
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where Xt ≡ At−µ cotβ. The effects correspond to the last term in Eq. (1.30). From the relations,
we see that the Higgs mass is essentially determined by only three parameters, MS , µ and tanβ
(notice that in the high-scale SUSY scenario, A-terms are generated by the quantum effects, and
thus negligible in the present calculation). Mass spectrum above and below the SUSY breaking
scale affects the prediction only at the higher-order of perturbation throughout the RGEs and
the threshold corrections, respectively. In this sense, one can make a robust prediction of the
Higgs mass in terms of these three parameters. The two-loop RGEs and one-loop threshold
corrections at the electroweak scale are also presented in Ref. [53].

A calculation of the Higgs mass with the method in the high-scale SUSY scenario is carried
out in Refs. [53, 54, 55]. The authors in the references have found that the 126 GeV Higgs mass
can be achieved with MS = O(101 − 105) TeV and an O(1) value of tanβ. Motivated by this
observation, we mainly consider such a parameter region in the following discussion.

In this set-up, the degree of fine-tuning given in Sec. 2.1.2 is at the level of ∆−1 = 104−1012.
Nevertheless, we will not assess this meanings in the following discussion.

2.3.3 FCNC and CP violating phenomena

Although it is difficult to prove the high-scale SUSY scenario at collider experiments, the low-
energy precision experiments might catch up the SUSY signature. Without any flavor symme-
tries, soft SUSY braking parameters in general give rise to extra sources of flavor and/or CP
violation [52]. These effects, such as the flavor-changing neutral currents (FCNC) and the elec-
tric dipole moments (EDMs), are suppressed by sfermion masses, so high-scale SUSY models do
not conflict with the results from the current flavor and CP experiments. Interestingly, upcom-
ing experiments for flavor and CP violating processes are likely to reach the O(102 − 103) TeV
scale [150, 151, 152], which is favored from the viewpoint of the 126 GeV Higgs boson mass as
explained above. Such experiments include the measurements of the electric dipole moments,
the meson-antimeson oscillation and the charged lepton flavor violating (LFV) processes. In
this section we study the current limits on the SUSY breaking scale from these measurements,
and discuss the future prospects of these searches.

Among the low-energy precision observables, the EDMs provide a sensitive probe for the
signature of the SUSY particles [150, 151]. Since the EDMs induced by the CP phase in
the Cabibbo-Kobayashi-Maskawa (CKM) matrix are considerably below the sensitivities of the
present and near future experiments [153, 154], the EDM-measurement is free from the SM
background, thus provides a clean environment to detect a sign of high-energy physics beyond
the SM.

The effects of SUSY particles which give rise to the EDMs are expressed in terms of the
flavor-conserving CP-violating effective operators. Up to dimension five, they are written as

L /CP = −
∑

f=u,d,s,e

mf f̄ iθfγ5f + θG
αs

8π
GA

µνG̃
Aµν

− i

2

∑

f=u,d,s,e

df f̄σµνγ5fFµν − i

2

∑

q=u,d,s

d̃q q̄gsσ
µνγ5T

AqGA
µν . (2.60)

Here, mf are the fermion masses, gs is the strong coupling constant (αs = g2
s/4π), and TA

are the generators of the SU(3)C . Fµν and GA
µν are the field strength tensors of photon and

gluon, and their dual fields are defined by, e.g., G̃A
µν ≡ 1

2εµνρσGAρσ with ε0123 = +1. The
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Figure 2.2: An example of the dominant diagram contributing to the EDMs and CEDMs of
light quarks in the presence of the squark flavor mixing.

second term of the above expression is the effective QCD θ term, which is connected with the
first term through the chiral rotation. These two terms are suppressed on the assumption of
the Peccei-Quinn symmetry [79] to solve the strong CP problem, so we neglect them in the
following discussion. The third and fourth terms represent the EDMs and the chromoelectric
dipole moments (CEDMs) for light fermions, respectively. They are dimension-five operators,
and thus quite sensitive to the TeV-scale physics beyond the SM.11 Since these operators require
a chirality flip, they are proportional to the corresponding fermion masses if they are induced
by the flavor-conserving processes.

With a generic flavor structure in the sfermion mass matrices, on the other hand, the mass
terms of the third generation fermions can flip the chirality [155, 156] accompanied by the flavor-
violation. As it is possible for the flavor-violation to be sizable in the high-scale SUSY scenario
[151], the dominant contribution to the EDMs and CEDMs of light fermions may originate from
the flavor-violating processes. An example of such processes is illustrated in Fig. 2.2.

Let us evaluate the contribution. The EDM du and CEDM d̃u of up quark are, for instance,
approximately give as

du $ −4
3
α3

4π
eQu

mt

M4
S

Im
[
µM3 cotβδ

eQL
13 δ

euR∗
13

]
,

d̃u $ 6
α3

4π
mt

M4
S

ln
(

Ms

|M3|

)
Im
[
µM3 cotβδ

eQL
13 δ

euR∗
13

]
, (2.61)

with eQu the charge of up quark. δ
eQL
13 and δeuR∗

13 , which represent the flavor changing, are defined
in Eq. (4.47). Similar expressions hold for other fermions. Notice that both the left-handed and
right-handed squark mixings are required to generate the EDMs and CEDMs. In the case of
the high-scale SUSY scenario, however, one needs to pay particular attention to the calculation
of the diagrams like that in Fig. 2.2; since there exists a large difference between the mass
scales of scalar and fermionic SUSY particles, large logarithmic factors appear and may spoil
the perturbation theory. To evade the difficulties, we need to evaluate the effective operators by
means of the renormalization-group equations (RGEs). The detail of the calculation is discussed
in Ref. [158].

11In addition, the contribution of the dimension-six Weinberg operator [157] might be comparable to that of
EDMs and CEDMs. In the present case, however, the operator is induced at O(α2

s), and thus can be neglected
in the leading order calculation.
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The EDMs and CEDMs of quarks are constrained by measurements of, e.g., the neutron
EDM dn.12 By using the method of the QCD sum rules, the authors in Ref. [159] estimate the
neutron EDM as follows:13

dn = 0.79dd − 0.20du + e(0.30d̃u + 0.59d̃d) . (2.62)

By using the relation, we find that the current experimental bound on the neutron EDM,
|dn| < 2.9 × 10−26 e · cm [161], has already excluded the squark mass scale well above 10 TeV
in the presence of sizable flavor violation and CP -phases.14 Future experiments of the neutron
EDM, which aim at dn ∼ 5 × 10−28 e · cm [162], are expected to reach O(102) TeV. It covers a
lot of the region favored from the high-scale SUSY scenario compatible with the 126 GeV Higgs
mass and the existence of O(1) TeV gauginos. Hence, the EDM experiments are quite promising
and expected to catch up the signature of SUSY particles.

For the electron EDM, only the bino exchanging process is enhanced by the mass of tau
lepton. This is because winos do not couple to the right-handed electron so another chirality
flip is required for the wino exchanging process to occur. Therefore, this process is suppressed
by the electron mass. By evaluating the process, we find that the current experimental limit
de < 8.7× 10−29 e · cm [163] has already probed the slepton masses of well above O(10) TeV. If
future experiments reach the level of de ∼ 10−30 e · cm, the slepton masses of O(102) TeV may
be probed [150, 151, 152].

When higgsinos are much lighter than the scalar particles, on the other hand, the dominant
contribution to the fermion EDMs comes from the two-loop Barr-Zee type diagrams where the
charged winos and higgsinos run in the loop [50, 164]. The contribution remains sizable even if
sfermions are considerably heavy, as long as higgsinos are kept light. The current experimental
limit de < 8.7 × 10−29 e · cm [163] leads to bound on the masses of winos and higgsinos of
O(1) TeV [164].

Another important observable is the ∆F = 2 meson mixings, which is a traditional probe
of the new physics contribution. The dominant contribution to the ∆F = 2 meson mixings
come from the box diagram illustrated in Fig. 2.3. The contribution is expressed in terms of the
effective Lagrangian

Leff =
5∑

A=1

CAOA +
3∑

A=1

C̃AÕA , (2.63)

12EDMs of diamagnetic atoms, such as the EDM of mercury, also provide constraints on the squark flavor
violation, which are comparable to those from the neutron EDM within the theoretical error.

13 When one imposes the Peccei-Quinn symmetry, the strange CEDM contribution to the neutron EDM com-
pletely vanishes in the case of the sum-rule computation. This may indicate that the sum-rule calculation does not
include the strange-quark contribution appropriately. In fact, the contribution is expected to be sizable from the
estimation based on the chiral perturbation theory [160]. At this moment, both methods have large uncertainty
and no consensus has been reached yet.

14 In the case of the minimal flavor violation, on the other hand, the predicted neutron EDM lies around
dn " 10−30 e · cm for MS = 102 TeV, which is much below the current experimental limit.
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Figure 2.3: Dominant diagram contributing to the ∆F = 2 meson mixings in the presence of
the squark flavor mixing.

where the effective operators OA and ÕA are defined by

O1 ≡ (qLiaγµqa
Lj)(qLibγ

µqb
Lj) ,

O2 ≡ (qRiaq
a
Lj)(qRibq

b
Lj) ,

O3 ≡ (qRiaq
b
Lj)(qRibq

a
Lj) ,

O4 ≡ (qRiaq
a
Lj)(qLibq

b
Rj) ,

O5 ≡ (qRiaq
b
Lj)(qLibq

a
Rj) , (2.64)

and ÕA are obtained by exchanging the left-(right-)handed quarks in OA by the right-(left-
)handed ones. When the squark masses are much heavier than the gluino mass, MS + M3, the
Wilson coefficients of the effective operators are given as follows:

C1 = −11α2
3

36
H(m2

eqLI
,m2

eqLJ
)
(
R†

eqL

)
iI

(
ReqL

)
Ij

(
R†

eqL

)
iJ

(
ReqL

)
Jj

,

C4 = +
α2

3

3
H(m2

eqRI
,m2

eqLJ
)
(
R†

eqR

)
iI

(
ReqL

)
Rj

(
R†

eqL

)
iJ

(
ReqL

)
Jj

,

C5 = −5α2
3

9
H(m2

eqRI
,m2

eqLJ
)
(
R†

eqR

)
iI

(
ReqL

)
Rj

(
R†

eqL

)
iJ

(
ReqL

)
Jj

,

C̃1 = −11α2
3

36
H(m2

eqRI
,m2

eqRJ
)
(
R†

eqR

)
iI

(
ReqR

)
Ij

(
R†

eqR

)
iJ

(
ReqR

)
Jj

, (2.65)

and the other coefficients are negligible in the high-scale SUSY scenario. Here, the mass function
H(m2

1,m
2
2) is defined by

H(m2
1,m

2
2) ≡

1
m2

1 − m2
2

ln
(

m2
1

m2
2

)
. (2.66)

From the above expression, it turns out that the contribution does not depend on the gluino
mass in the limit of MS + M3, which is expected in the high-scale SUSY scenario.

To obtain the constraints on the effective interactions from the low-energy experiments, we
exploit the results in Refs. [165, 166, 167], where generic constraints on new-physics contributions
to ∆F = 2 processes are presented. As discussed in Refs. [150, 151, 152], the constraints from
the K0-K̄0 mixing parameters, especially εK , in general provide the severest limits on the SUSY
breaking scale. While the prediction quite depends on the flavor structure in squark mass
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matrices, the present constraints can reach almost O(103) TeV for MS , especially when δ
eQL
12 and

δ
edR
12 are sizable, which are again defined in Eq. (4.47). The sensitivity is, however, not expected

to be improved because of the large uncertainty of the SM prediction. Constraints from other
∆F = 2 processes, such as the D0-D̄0 mixing, are lower than that from K0-K̄0 by about an order
of magnitude, though they are to be improved by an order of magnitude in future experiments.

Finally, we briefly comment on the charged lepton flavor violating processes. Such processes
include µ → eγ, µ → 3e, the µ → e conversion, and so on. For instance, the current bound on
the µ → eγ process from the MEG experiment, BR(µ → eγ) < 5.7 × 10−13, gives a limit on
MS of O(10) TeV with sizable lepton flavor violation. The most promising observable for the
charged lepton flavor violation in future experiments is, on the other hand, the µ → e conversion
in Al, which may probe the SUSY scale of O(102) TeV.

In consequence, although the SUSY flavor and CP problems are avoided in the high-scale
SUSY scenario at present, future low-energy precision experiments might catch a signal of SUSY.
Therefore, it is important not only to improve the experimental sensitivities but also to reduce
the theoretical uncertainty in the prediction for the precision observables.

2.3.4 Dark Matter

A quite attractive feature of the high-scale SUSY is that this scenario offers a possible candidate
for dark matter in the Universe. As discussed above, in this case the neutral wino generally be-
comes the LSP and may explain the present dark matter density even if the scalar particles have
masses much heavier than the electroweak scale. This is because the wino LSP can annihilate
(and co-annihilate with the charged winos) very efficiently through the electroweak interactions
and thus the masses of the sfermions are almost irrelevant to the annihilation cross sections.
This is contrary to the case of the bino dark matter in, for instance, the CMSSM, where the
bino annihilates via the sfermion exchanging processes and thus the annihilation cross section
is suppressed when sfermions are quite heavy. In addition, the annihilation cross section is sig-
nificantly enhanced by the non-perturbative effects called Sommerfeld enhancement, which was
first pointed out in Refs. [168, 169]. Taking the effects into account, one finds that wino dark
matter with a mass of M2 $ 2.7−3.1 TeV explains the observed dark matter density [170]. Since
the wino mass is suppressed by one-loop factor compared with the gravitino mass, a wino mass
of ∼ 3 TeV suggests m3/2 ∼ 103 TeV, which is consistent with the scale favored from the Higgs
mass. For relatively light wino dark matter, on the other hand, the non-thermal production via
the late time decay of gravitino can be invoked to provide the correct abundance of dark matter
[63, 64].

The wino dark matter can be searched both directly and indirectly. We first consider the
direct detection of wino dark matter. In the dark matter direct detection experiments, one
searches for the scattering signal of dark matter with nuclei on the earth. The experimental
constraints are provided on the dark matter-nucleon scattering cross sections, which are induced
by the effective interactions of dark matter with quarks and gluon. In the case of pure wino dark
matter, dominant contribution comes from the one-loop wino-quark interactions (Fig. 2.4) and
the two-loop wino-gluon interactions (Fig. 2.5). Note that the gluon contribution is comparable
to the quark contribution even though it is generated in higher-loop processes [171, 172, 173, 174].
Briefly speaking, this enhancement originates from the large gluon contribution to the mass of
nucleon. By evaluating these diagrams, we obtain the spin-independent elastic scattering cross
cross sections of wino dark matter with a nucleon σSI ∼ 10−47 cm2 [171, 172, 173, 174]. This
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Figure 2.4: One-loop diagrams which induce wino-quark interactions.
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Figure 2.5: Two-loop diagrams which induce wino-gluon interactions.

value is far below the current experimental limits, σSI < 7.6× 10−46 cm2 presented by the LUX
experiment [175]. When higgsino mass µ is relatively small, the wino-like dark matter comes to
couple with Higgs boson at tree-level, which may enhance the scattering cross sections [174].

The indirect search of wino dark matter is more promising since it has large annihilation
cross sections as mentioned above. In fact, the dark matter is now being constrained by this kind
of observations, with the strong bounds coming from the Fermi-LAT Collaboration [176] and
the H.E.S.S. Collaboration [177]. The Fermi-LAT Collaboration is looking for the continuum
γ-ray from the dwarf spheroidal satellite galaxies of the Milky Way, which is caused by the dark
matter annihilation to the charged particles like W+W−. This search can give a constraint
on the low mass region of wino dark matter. The H.E.S.S. Collaboration, on the other hand,
searches for gamma-ray lines coming from the Galactic Center. By using the results, the authors
in Refs. [178, 179] insist that a wide mass range of wino dark matter has been excluded. The
consequence is, however, quite dependent on the dark matter density profile which one uses to
derive the constraints. For example, if one uses the Burkert profile [180], not the NFW profile
[181] used in the above references, the excluded region is relaxed to be 2.2 < M2 < 2.6 TeV.
Future experiments such as the Cherenkov Telescope Array (CTA) experiment [182] are expected
to settle the situation.
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Chapter 3

SUSY GUT in high-scale SUSY

From now on, we study the high-scale SUSY scenario in the context of the grand unified theory.1

Throughout the thesis, we mainly consider its simplest version, so-called the minimal SUSY
SU(5) GUT, which is introduced in Sec. 3.1.

The grand unified theories introduce new superheavy particles lying around the unification
scale. It is these particles that induce proton decay, and thus we need to estimate their masses
to evaluate the proton decay rate. For this purpose, we use an indirect method proposed in
Refs. [186, 187]. In this method, the masses of the GUT-scale particles are inferred from the
threshold corrections required to realize the gauge coupling unification. The resultant prediction
for the mass spectrum in the case of high-scale SUSY scenario turns out to be different from
that in the low-scale one [188]; the results are given in Sec. 3.2. In particular, we will see that
with heavy scalars the color-triplet Higgs multiplets, which are the SU(5) partners of the MSSM
Higgs superfields, can be as heavy as 1016 GeV. Moreover, it turns out that the GUT scale
tends to be slightly lower in the high-scale SUSY scenario than that in the low-scale one. The
consequences of the observation on proton decay will be discussed in Chap. 4.

3.1 Minimal SUSY SU(5) GUT

To begin with, we review the minimal SUSY SU(5) GUT [32, 33] first formulated by N. Sakai,
S. Dimopoulos and H. Georgi in 1981. Just like the Georgi-Glashow SU(5) model [13], the SM
fermions, as well as their superpartners, are embedded in a 5̄ ⊕ 10 representation of the SU(5)
unified gauge group, which is found to be free from anomalies. The multiplets Φ and Ψ, which
are the chiral superfields of 5̄ and 10 representations, respectively, contain the MSSM chiral
superfields as

Φ =





D̄1

D̄2

D̄3

E

−N





, Ψ =
1√
2





0 Ū3 −Ū2 U1 D1

−Ū3 0 Ū1 U2 D2

Ū2 −Ū1 0 U3 D3

−U1 −U2 −U3 0 Ē

−D1 −D2 −D3 −Ē 0





, (3.1)

1For a review of the GUTs, see Refs. [183, 184, 185].
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with

L =

(
N

E

)
, Qa =

(
Ua

Da

)
. (3.2)

Here, a = 1, 2, 3 denotes the color index. The MSSM Higgs superfields, on the other hand, are
embedded into a pair of 5 and 5̄ superfields accompanied with the new Higgs superfields Ha

C
and H̄Ca called the color-triplet Higgs multiplets:

H =





H1
C

H2
C

H3
C

H+
u

H0
u





, H̄ =





H̄C1

H̄C2

H̄C3

H−
d

−H0
d





, (3.3)

where the last two components are corresponding to the MSSM Higgs superfields,

Hu =

(
H+

u

H0
u

)
, Hd =

(
H0

d

H−
d

)
. (3.4)

The color-triplet Higgs multiplets give rise to baryon- and lepton-number violating interactions
and play a crucial role in proton decay, as we shall see below.

The SU(5) gauge theory contains the 24 gauge bosons and each of them corresponds to
a component of a vector superfield, VA, with A = 1, . . . , 24 indicating the gauge index. By
exploiting the fundamental representation of the SU(5) generators, TA, we define a 5×5 matrix
of the vector superfields: V ≡ VATA. The components of the matrix are written as

V =
1√
2





G − 2√
30

B

X†1

X†2

X†3

Y †1

Y †2

Y †3

X1 X2 X3

Y1 Y2 Y3

1√
2
W 3 + 3√

30
B

W−

W+

− 1√
2
W 3 + 3√

30
B





, (3.5)

where each component is expressed by the same symbol as that used for the corresponding gauge
field. We collectively refer to Xa, Ya, and their Hermitian conjugates as X-bosons, and use the
following notation for them:

(X)α
a =

(
X1

a

X2
a

)
≡
(

Xa

Ya

)
. (3.6)

Here α,β, . . . denote the SU(2)L indices. They can also induce the baryon- and lepton-number
violation.

The unified gauge group SU(5) is spontaneously broken by the VEV of the adjoint Higgs
multiplet ΣA (A = 1, . . . , 24) to SU(3)C⊗SU(2)L⊗U(1)Y . Again, we define Σ ≡ ΣATA and
write its components as

Σ =

(
Σ8 Σ(3,2)

Σ(3∗,2) Σ3

)
+

1
2
√

15

(
2 0

0 −3

)
Σ24 . (3.7)
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The superpotential of the Higgs sector in the minimal SU(5) SUSY GUT is given by

WHiggs =
1
3
λΣTrΣ3 +

1
2
mΣTrΣ2 + λHH̄ΣH + mHH̄H . (3.8)

Now suppose that the adjoint Higgs field gets the VEV in the direction to

〈Σ〉 = V · diag(2, 2, 2,−3,−3) , (3.9)

so that the SU(5) gauge group is broken to the SM SU(3)C⊗SU(2)L⊗U(1)Y gauge groups. Fur-
ther, we assume that the VEV does not break supersymmetry. To derive the condition for that,
let us investigate the potential in the radial direction to the VEV, i.e., Σ = σdiag(2, 2, 2,−3,−3),
with which the superpotential WHiggs is written as

WHiggs(σ) = −10λΣσ
3 + 15mΣσ

2 . (3.10)

Then the above assumption reduces to ∂WHiggs/∂σ = 0, which implies V = 〈σ〉 = mΣ/λΣ. In
the broken phase, the superpotential is written as

WHiggs =
1
3
λΣTr

(
Σ3

8

)
+

1
3
λΣTr

(
Σ3

3

)
− 1

12
√

15
λΣΣ3

24

+
1√
15
λΣΣ24Tr

(
Σ2

8

)
− 3

2
√

15
λΣΣ24Tr

(
Σ2

3

)

+ MΣ8Tr
(
Σ2

8

)
+ MΣ3Tr

(
Σ2

3

)
+

1
2
MΣ24Σ

2
24 + MHC H̄CaH

a
C , (3.11)

where
MΣ ≡ MΣ8 = MΣ3 =

5
2
λΣV , MΣ24 =

1
2
λΣV , MHC = 5λHV , (3.12)

and the parameter mH is fine-tuned as mH = 3λHV in order to realize the doublet-triplet
mass splitting in H and H̄. By looking into the gauge interactions of the adjoint Higgs fields,
we also find that the X-boson mass is given by MX = 5

√
2g5V with g5 the unified gauge

coupling constant. The components Σ(3∗,2) and Σ(3,2) become the longitudinal component of
the X-bosons, and thus do not show up as physical states.

On the assumption of the R-parity conservation2, we have the following Yukawa terms de-
scribed by the superpotential:

WYukawa =
1
4
hijεâb̂ĉd̂êΨ

âb̂
i Ψĉd̂

j H ê −
√

2f ijΨâb̂
i ΦjâH̄b̂ , (3.13)

where i, j = 1, 2, 3 and â, b̂, · · · = 1–5 represent the generations and the SU(5) indices, respec-
tively; εâb̂ĉd̂ê is the totally antisymmetric tensor with ε12345 = 1. The Yukawa couplings hij and
f ij in Eq. (3.13) have redundant degrees of freedom, most of which are eliminated by the field
re-definition of Ψ and Φ. As hij is a symmetric matrix, hij and f ij have six and nine complex
degrees of freedom, respectively. The field redefinition forms U(3)⊗U(3) transformation group,
and thus the physical degrees of freedom turn out to be (12 + 18) − 9 × 2 = 12. Among them,
six is for quark mass eigenvalues and four is for the CKM matrix elements, so we have two
additional phases [189].

2Especially, terms like ΨΦΦ and HΦ are forbidden, which yield the R-parity violating terms in Eqs. (1.13)
and (1.14).
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To demonstrate the above discussion explicitly, we rewrite the matrices hij and f ij by chang-
ing the matter basis. First, we diagonalize f ij using two unitary matrices U1 and U2 as

f̂ = U †
1fU2 , (3.14)

with f̂ being diagonal and non-negative; f̂ ij = f̂iδij . It can be realized by the field redefinition

Ψ = U∗
1 Ψ′, Φ = U2Φ′ , (3.15)

where the primed fields represent the new basis. This redefinition changes hij into

h → h′ = U †
1hU∗

1 . (3.16)

One easily finds that h′ is symmetric, which follows from hT = h. Therefore, it can be diago-
nalized by a unitary matrix U3 as

ĥ = U∗
3 h′U †

3 , (3.17)

where ĥij = ĥiδij is a diagonal and non-negative matrix. Now let us explicitly separate out the
phase factors of the matrix elements of U3 as

(U3)ij = eiφijuij , (uij ∈ R) . (3.18)

Here we do not take summation over the indices i, j. Further, by using diagonal phase matrices
defined by

U4 =





eiφ11

eiφ21

eiφ31



 , U5 =





1

ei(φ11−φ12)

ei(φ11−φ13)



 , (3.19)

we eliminate the phases from the first row and column of U3 as

V = U †
4U3U5 =





u11 u12 u13

u21 ∗ ∗
u31 ∗ ∗



 . (3.20)

Then, we have
h′ = UT

3 ĥU3 = (U4V U †
5)T ĥ(U4V U †

5) = U∗
5 V T U2

4 ĥV U∗
5 . (3.21)

Let us define a diagonal matrix P by

U2
4 = e2iφP , φ ≡

∑

i

φi1 . (3.22)

Then, det P = 1. The phase factor eiφ as well as the phase matrix U5 can be absorbed by the
field redefinition

Ψ′ = e−iφU5Ψ′′ , Φ′ = eiφU∗
5 Φ′′ , (3.23)

without changing the diagonalized matrix f̂ since f̂ and U5 are diagonal. After the process, h′

leads to h′ → V T PĥV and Eq. (3.13) is rewritten as follows:

WYukawa =
1
4
(V T PĥV )ijεâb̂ĉd̂êΨ

âb̂
i Ψĉd̂

j H ê −
√

2f̂iΨâb̂
i ΦiâH̄b̂ . (3.24)
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As we will see soon, the second term gives rise to the diagonalized Yukawa terms for down-type
quarks and leptons with the same coupling constant f̂i. It indicates a specific prediction of the
minimal SU(5) GUT, i.e.,

fdi(MGUT) = fei(MGUT) , (3.25)

with MGUT $ 1016 GeV. Let us count the degrees of freedom of the matrices V and P . Since
U3 is a 3 × 3 unitary matrix and we have removed five phases U4 and U5 from it, V includes
9 − 5 = 4 degrees of freedom. P has two phases since det P = 1. So we confirm the discussion
presented in the previous paragraph.

For later use, we rotate the field Ψi as Ψ → V †Ψ to diagonalize the coupling of the first term
in WYukawa. Then, it leads to

WYukawa =
1
4
(Pĥ)ijεâb̂ĉd̂êΨ

âb̂
i Ψĉd̂

j H ê −
√

2(V ∗f̂)ijΨâb̂
i ΦjâH̄b̂ . (3.26)

Now we match the above superpotential to that in the MSSM. Generally speaking, the
generation basis of the MSSM superfields is different from that of the SU(5) superfields Ψi and
Φi. To take the difference into account, we write the relation between the SU(5) components
and the MSSM superfields as

Ψi 0 {Qi, (VQU )ijU j , (VQE)ijEj} ,

Φi 0 {Di, (VDL)ijLj} , (3.27)

where VQU , VQE , and VDL are unitary matrices. Then, we express (3.26) in terms of the MSSM
superfields:

WYukawa = (Pĥ)ij(VQU )jk(Qa
i · Hu)Uka − (V ∗f̂)ij(Qa

i · Hd)Dja

− (V ∗f̂)ij(VQE)ik(VDL)jlEk(Ll · Hd)

− 1
2
(Pĥ)ijεabc(Qa

i · Qb
j)H

c
C + (V ∗f̂)ij(VDL)jk(Qa

i · Lk)HCa

+ (Pĥ)ij(VQU )ik(VQE)jlUkaElH
a
C − (V ∗f̂)ij(VQU )ikε

abcUkaDjbHCc . (3.28)

Let us take the generation basis for the MSSM superfields so that the Yukawa couplings of the
up-type quarks and the charged leptons are diagonalized. In this case, the matching condition
for the Yukawa couplings at the GUT scale is given as follows:

ĥPVQU = f̂u(MGUT) ,

V ∗f̂ = V ∗
CKM(MGUT)f̂d(MGUT) ,

V T
QEV ∗f̂VDL = f̂e(MGUT) = f̂d(MGUT) . (3.29)

So, we can choose the unitary matrices VQU , VQE , and VDL as

VQU = P ∗ , VQE = VCKM(MGUT) , VDL = 1l , (3.30)

and we have

ĥ = f̂u(MGUT) ,

f̂ = f̂d(MGUT) = f̂e(MGUT) ,

V = VCKM(MGUT) . (3.31)
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In this basis, the MSSM superfields are embedded into the SU(5) matter multiplets as

Ψi 0 {Qi, e−iϕiU i, VijEj} , Φi 0 {Di, Li} , (3.32)

where we write Pij = eiϕiδij with the condition
∑

i ϕi = 0. Then, Eq. (3.28) leads to

WYukawa = ĥi(Qa
i · Hu)U ia − (V ∗f̂)ij(Qa

i · Hd)Dja − f̂iEi(Li · Hd)

− 1
2
ĥie

iϕiεabc(Qa
i · Qb

i)H
c
C + (V ∗f̂)ij(Qa

i · Lj)HCa

+ (ĥV )ijU iaEjH
a
C − (V ∗f̂)ije−iϕiεabcU iaDjbHCc . (3.33)

As one can see from this equation, the new phase factors only appear in the couplings of the
color-triplet Higgs multiplets. So their effects would not show up in the low-energy physics.
Nevertheless, they may play an important role in the prediction of the proton decay rate, as we
will see later.

Next, we study the gauge interactions of the SU(5) matter fields. The interactions come
from the Kähler potential

K =
(
Ψ†)

âb̂

(
e2g5V)âb̂

ĉd̂Ψ
ĉd̂ +

(
Φ†)â(e2g5V)

â
b̂Φb̂ . (3.34)

For later use, let us expand the terms with respect to the gauge superfields, and explicitly write
the terms proportional to VA. We have

K 0 2g5
[
Q†

a(G
ATA)a

bQ
b − Ua(GATA)a

bU
†b − Da(GATA)a

bD
†b]

+ 2g5
[
Q†

α(WAtA)α
βQβ + L†

α(WAtA)α
βLβ

]

+ 2g5

√
3
5
B

[
1
6
Q†Q − 1

2
L†L − 2

3
U

†
U +

1
3
D

†
D + E

†
E

]

+
√

2g5
(
−εαβD

†a
Xα

a Lβ + εabcQ†
aαXα

b P †U c + εαβE
†
V †Xα

a Qaβ + h.c.
)

. (3.35)

From the expression, we can conclude that at the GUT scale the gauge coupling constants of
the SM gauge group are written in terms of the unified gauge coupling g5 as

g5(MGUT) = gs(MGUT) = g(MGUT) =
√

5
3
g′(MGUT) . (3.36)

From now on, we also use the gauge coupling constants ga (a = 1, 2, 3) defined by

g1 ≡
√

5
3
g′ , g2 ≡ g , g3 ≡ gs , (3.37)

which become same at the GUT scale. The prediction is in fact realized in the MSSM with the
low-scale SUSY breaking as shown in Fig. 1.2. We will further see in the subsequent section
that it is also accomplished in the case of high-scale SUSY scenario.

Soft SUSY breaking terms are also written in terms of the SU(5) multiplets. This implies
that there exist some relations among the MSSM soft terms in the case of the SU(5) GUT. For
instance, the soft masses of the 5̄ and 10 matter fields are given as follows:

Lsoft mass = −ψ̃∗
iâb̂

(
m̂2

10

)
ij
ψ̃âb̂

j − φ̃∗âi

(
m̂2

5̄

)
ij
φ̃jâ , (3.38)
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where ψ̃i and φ̃i denote the scalar components of the Ψi and Φi chiral superfields, respectively.
This expression reads

m̂2
eQL

= m̂2
10 , m̂2

euR
= V †

QU

(
m̂2

10

)
VQU , m̂2

eeR
= V †

QE

(
m̂2

10

)
VQE ,

m̂2
edR

= m̂2
5̄ , m̂2

eLL
= V †

DL

(
m̂2

5̄

)
VDL . (3.39)

Similar relations can be also obtained for the A-terms.

3.2 Grand unification in high-scale SUSY

Now let us estimate the masses of the superheavy particles appearing in the minimal SUSY SU(5)
GUT by using the method presented in Refs. [186, 187]. This method is based on the assumption
of the gauge coupling unification, and the use of the RGEs together with the threshold corrections
for the gauge couplings allows us to evaluate the masses of the GUT scale particles. To illustrate
the prescription, we first look into the matching condition for the gauge coupling constants at
the GUT scale. We use the DR scheme [190] in the following calculation. At the GUT scale,
the gauge coupling constants in the SU(3)C⊗SU(2)L⊗U(1)Y gauge theories are equated to the
unified coupling constant g5 with the following threshold corrections at one-loop level [191, 192]:

1
g2
1(µ)

=
1

g2
G(µ)

+
1

8π2

[
2
5

ln
µ

MHC

− 10 ln
µ

MX

]
,

1
g2
2(µ)

=
1

g2
G(µ)

+
1

8π2

[
2 ln

µ

MΣ
− 6 ln

µ

MX

]
,

1
g2
3(µ)

=
1

g2
G(µ)

+
1

8π2

[
ln

µ

MHC

+ 3 ln
µ

MΣ
− 4 ln

µ

MX

]
. (3.40)

Here, the conditions do not include constant (scale independent) terms since we use the DR
scheme for the renormalization. From the equations it immediately follows that

3
g2
2(µ)

− 2
g2
3(µ)

− 1
g2
1(µ)

= − 3
10π2

ln
µ

MHC

,

5
g2
1(µ)

− 3
g2
2(µ)

− 2
g2
3(µ)

= − 3
2π2

ln
µ3

M2
XMΣ

. (3.41)

The relations allow us to evaluate the masses of the heavy particles, MHC and M2
XMΣ, from the

gauge coupling constants determined in the low-energy experiments through the RGEs [186, 187].
While the couplings are well measured with high precision, the estimation is quite dependent on
the spectrum in the intermediate region, especially on the masses of gauginos and higgsinos. So
let us discuss other thresholds in the intermediate region. For the SUSY breaking threshold, we
just equate the gauge couplings above and below the threshold, and change the beta functions
appropriately for each region. This approximation is valid since the particles appearing at the
scale are assumed to be degenerate in mass. In the case of gauginos, on the other hand, we need
to consider the threshold corrections since the mass difference among gauginos might be sizable.
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The condition is

1
g2
1(µ)SM

=
1

g2
1(µ)gaugino

,

1
g2
2(µ)SM

=
1

g2
2(µ)gaugino

+
1

6π2
ln

µ

M2
,

1
g2
3(µ)SM

=
1

g2
3(µ)gaugino

+
1

4π2
ln

µ

M3
, (3.42)

where ga(µ)SM are the couplings in the SM while ga(µ)gaugino are those above the gaugino
threshold.

The Yukawa couplings are matched as usual, i.e., at the SUSY breaking scale, the Yukawa
couplings yi(µ) below the SUSY breaking scale are matched with the supersymmetric ones,
fi(µ), as follows:

ft(MS) =
1

sinβ
yt(MS) ,

fb(MS) =
1

cosβ
yb(MS) ,

fτ (MS) =
1

cosβ
yτ (MS) . (3.43)

In order to clarify the relation among the masses of the superheavy particles and SUSY
particles, we first solve the RGEs at one-loop level and, taking the threshold corrections into
account, derive conditions on the masses and the gauge couplings. Such conditions reflect the
dependence of MHC and M2

XMΣ on the mass spectrum of the SUSY particles. By inserting to
Eq. (3.41) the one-loop solutions of the RGEs for the gauge couplings, we have

3
α2(mZ)

− 2
α3(mZ)

− 1
α1(mZ)

=
1
2π

[
12
5

ln
(

MHC

mZ

)
− 2 ln

(
MS

mZ

)
+ 4 ln

(
M3

M2

)]
, (3.44)

5
α1(mZ)

− 3
α2(mZ)

− 2
α3(mZ)

=
1
2π

[
12 ln

(
M2

XMΣ

m3
Z

)
+ 4 ln

(
M2

mZ

)
+ 4 ln

(
M3

mZ

)]
. (3.45)

From Eq. (3.44) we find that the mass of the color-triplet Higgs MHC gets larger as the SUSY
breaking scale MS is taken to be higher. This originates from the mass difference among the
components of the fundamental Higgs multiplets, i.e., the triplet-Higgs, higgsinos, heavy Higgs
bosons, and the lightest Higgs boson. Therefore, the behavior of MHC with respect to the SUSY
breaking scale is universal in a sense. Further, MHC depends only on the ratio of M2 and M3.
M2

XMΣ is, on the other hand, independent of the SUSY braking scale MS while dependent on
the scale of the gauginos, not their ratio. This is because the right-hand side of Eq. (3.45) results
from the mass difference in the gauge vector multiplets and the adjoint Higgs multiplet, a part
of which is included as the longitudinal mode of the gauge multiplets. It is also found that
M2

XMΣ decreases when the gaugino masses are taken to be large values. This is owing to the
opposite sign of the contribution of gauge fields to the gauge beta functions to those of matter
fields. This feature is, therefore, again model-independent.

Next we carry out a similar analysis using the two-loop RGEs for the gauge couplings and
taking into account the threshold corrections at one-loop level. The masses of sfermions, heavy
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Figure 3.1: Predicted color-triplet Higgs mass MHC as functions of the SUSY breaking scale
MS (orange lines) [188]. Here, wino mass M2 is fixed to be 3 TeV and tanβ = 3. Gluino-
wino mass ratio, M3/M2, is set to be M3/M2 = 3, 9, and 30 from top to bottom, respectively.
Theoretical errors coming from the strong coupling constant αs(mZ) = 0.1184(7) [18] are also
shown. Horizontal blue line shows a result in the case of low-energy SUSY (MS = 1 TeV,
M2 = 200 GeV, and M3/M2 = 3.5).
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Figure 3.2: Color-triplet Higgs mass MHC as functions of gluino mass M3 (orange lines) [188].
Here, tanβ = 3 and MS = 103 TeV. Upper and lower lines correspond to M2 = 3 TeV and
300 GeV, respectively. Error bars indicate the input error of the strong coupling constant
αs(mZ) = 0.1184(7) [18]. Horizontal blue line shows a result in the case of low-energy SUSY
(MS = 1 TeV, M2 = 200 GeV, and M3/M2 = 3.5).
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Figure 3.3: Comparison of the gauge coupling unification in the high- and low-scale SUSY GUTs.
Orange solid and blue dotted lines correspond to the high- and low-SUSY cases, respectively.
In the former case, we take MS = 100 TeV, M2 = 3 TeV, and M3/M2 = 9, while in the latter
case MS = 1 TeV, M2 = 200 GeV, and M3/M2 = 3.5.

Higgs bosons, and higgsinos are taken to be MS for brevity. Gaugino masses are assumed to be
lighter than MS by one-loop factors.

First, we consider the color-triplet Higgs mass MHC . In Fig. 3.1, we plot the dependence of
MHC on the SUSY breaking scale MS in the orange lines. Here, the wino mass M2 is fixed to
be 3 TeV, which is favored from the thermal relic abundance of wino dark matter as discussed
in Sec. 2.3.4, and we set tanβ = 3, which may explain the 126 GeV Higgs mass. The ratio of
the gluino and wino masses, M3/M2, is set to be M3/M2 = 3, 9, and 30 from top to bottom,
respectively. Further, we show the error of the calculation coming from that of the strong
coupling constant αs(mZ) = 0.1184(7) [18]. The horizontal blue line shows a result in the case
of low-energy SUSY (MS = 1 TeV, M2 = 200 GeV, and M3/M2 = 3.5) as a reference. In this
case, we have 8.6 × 1014 ≤ MHC ≤ 1.4 × 1015 GeV. This figure well illustrates the feature read
from the approximated expression given in Eq. (3.44); MHC increases as the SUSY breaking
scale grows while it decreases when the ratio M3/M2 becomes large. To see the latter feature
more clearly, we show its dependence on the gluino mass M3. Again, we set tanβ = 3, and the
SUSY breaking mass is fixed to be MS = 103 TeV. The upper and lower lines correspond to
M2 = 3 TeV and 300 GeV, respectively. These two figures show that MHC is strongly dependent
on MS and M3/M2. Therefore, to predict the mass with high accuracy, precise determination
of the masses of gauginos as well as the SUSY breaking scale is inevitable. Any way, in the
high-scale SUSY scenario it is found to be possible for the mass of the color-triplet MHC to be
around ∼ 2 × 1016 GeV, which is expected from the gauge coupling unification.

This observation indicates an interesting feature of the high-scale SUSY scenario. Namely,
when the color-triplet Higgs multiplet is around the GUT scale, small threshold corrections are
required to realize the gauge coupling unification. This feature is clearly seen if one looks into
the running of gauge couplings. In Fig. 3.3, we compare the gauge coupling running in the high-
and low-energy SUSY GUTs. The orange solid and the blue dotted lines correspond to the high-
and low-SUSY cases, respectively. In the former case, we take MS = 100 TeV, M2 = 3 TeV, and
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Figure 3.4: GUT scale MGUT ≡ (M2
XMΣ)1/3 as functions of gluino mass M3 (orange lines)

[188]. Here, tanβ = 3 and MS = 103 TeV. Upper and lower lines correspond to M2 = 300 GeV
and 3 TeV, respectively. Error bars indicate the input error of the strong coupling constant
αs(mZ) = 0.1184(7) [18]. Horizontal blue line shows a result in the case of low-energy SUSY
(MS = 1 TeV, M2 = 200 GeV, and M3/M2 = 3.5).

M3/M2 = 9, while in the latter case MS = 1 TeV, M2 = 200 GeV, and M3/M2 = 3.5. As you
can see, in both cases the gauge coupling unification is achieved with great accuracy. But when
you zoom up around the GUT scale, you find that the unification is better in the high-scale
SUSY scenario than that in the low-scale SUSY.

Next, we discuss constraints on M2
XMΣ derived from the relation (3.45). From now on we

define
MGUT ≡ (M2

XMΣ)1/3 , (3.46)

and refer to it as the GUT scale. The equation (3.45) tells us that the GUT scale depends on
only the gaugino masses at the leading order, so we express MGUT as functions of the gaugino
masses. In Fig. 3.4 we plot it as functions of gluino mass. Here again we fix tanβ = 3 and
MS = 103 TeV. The upper and lower lines correspond to M2 = 300 GeV and 3 TeV, respectively.
Again, the horizontal blue line shows a result in the case of low-energy SUSY with MS = 1 TeV,
M2 = 200 GeV, and M3/M2 = 3.5, which gives MGUT $ 1.9×1016 GeV. The error bars indicate
the input error of the strong coupling constant αs(mZ) = 0.1184(7) [18], though the effect is
negligible. We see that the GUT scale has little dependence on the gaugino masses. In that
sense, the prediction is robust compared with that for MHC . Note, however, that the GUT scale
MGUT gets lower when the gaugino masses become larger (MGUT ∝ (M3M2)−1/9). This feature
is quite interesting when one considers the proton decay via the X-boson exchange processes.
Although the change in MGUT is small, it might be significant since the proton decay lifetime
scales as ∝ M4

X . The detailed discussions are given in the next chapter.
Finally, we briefly comment on the tanβ dependence of the results. Although the one-loop

computation is not related with tanβ, the two-loop results might be affected through the running
of the Yukawa couplings. We have found, however, that the effects on the results are negligible.
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At the end of the section, we discuss possible corrections to the results which we ignore in
the above discussion.

In our calculation, we have assumed that all of the sfermions are degenerate in mass at
MS . This assumption is violated when one considers the renormalization effects; although the
particles in an SU(5) multiplet have an identical soft-mass term at the GUT scale as shown in
Eq. (3.39), their masses become different as they are evolved down to the low-energy regions.
Then mass differences among the particles in the same SU(5) multiplet give rise to certain
amount of threshold corrections at the SUSY breaking scale. To check the possibility, let us
study the RGEs of the soft mass parameters. It readily turns out that the effects on the
soft masses of the first two generations are negligible, since the gaugino masses are one-loop
suppressed compared to the scalar masses in the high-scale SUSY scenario. Further, as long
as one considers small tanβ, which is favored in the high-scale SUSY scenario to explain the
observed 126 GeV Higgs mass, the contribution of the bottom and tau Yukawa couplings is also
negligible. Thus, all we have to consider is the evolution of the stop mass parameters m̃2

eQL3
and

m̃2
etR3

. Their difference, however, results in small effects on the prediction of MHC and MGUT

because of relatively small contribution of stops to the gauge coupling beta functions, compared
with that of the GUT-scale particles. It turns out that the mass difference caused by the running
effects may change the prediction of MHC by at most O(10) %, while that of MGUT is rarely
changed. As a result, within the uncertainty coming from αs, we can safely neglect the RGE
effects.

Another possibility is the contribution of the higher-dimensional operators suppressed by the
Planck scale [193, 194, 195]. For instance, one can add the following terms to the superpotential
which induce the dimension-five effective operators:

Weff =
a

MP
(TrΣ2)2 +

b

MP
TrΣ4 . (3.47)

In this case, the mass of Σ8 becomes different from the mass of Σ3, which induces the threshold
corrections at the GUT scale. We find that the corrections may raise the color-triplet Higgs
mass by a factor of O(10).

Moreover, we have another dimension-five operator
∫

d2θ
c

MP
Tr
[
ΣWα

5 W5α

]
, (3.48)

which modifies the wave-function renormalization factor of each gauge superfield. In this case,
the gauge couplings αi no longer unify at the GUT scale; instead, they receive extra corrections
of the order of cαiV/MP [196]. The corrections can reduce the color-triplet Higgs mass by more
than an order of magnitude.

As we have seen, the threshold corrections from the Planck-suppressed operators might
significantly affect MHC and MGUT, which makes it difficult to predict their values. For this
reason, we just assume them to be around the GUT scale in the following calculation.

3.3 Yukawa unification in high-scale SUSY

As expressed in Eq. (3.25), the minimal SUSY SU(5) GUT predicts the unification of the Yukawa
couplings of down-type quarks and charged leptons.3 Indeed, Fig. 1.1 shows that these Yukawa

3In the SO(10) GUTs, the up-type Yukawa couplings may be also unified with the other Yukawa couplings.
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Figure 3.5: Ratios fdi/fei (i = 1, 2, 3) as functions of MS (left) and tanβ (right). Top blue,
middle red, and bottom green lines correspond to the first, third, and second generations, re-
spectively. In the left panel, we take M2 = 3 TeV, M1 = 6 TeV, M3 = 20 TeV, tanβ = 3, and
MGUT = 2.0 × 1016 GeV, while in the right panel MS = 103 TeV, and other parameters are
similar to the left ones. Bands represent the error of input quark masses.

couplings at the mZ scale have similar values, and we expect that they come close to each
other in high-energy regions. In this section, we study such possibilities. It turns out, however,
difficult to realize the unification within the minimal SUSY GUT in the case of high-scale SUSY
scenario. Possible modifications to realize the Yukawa unification are also discussed shortly. For
a recent discussion in the low-scale SUSY, see Ref. [197].

The difficulty of the Yukawa unification becomes apparent when one considers the unification
relations of the Yukawa couplings of the first two generation; fd(MGUT) = fe(MGUT) and
fs(MGUT) = fµ(MGUT). Since these couplings are small, the renormalization effects on fd (fe)
are similar to those on fs (fµ). Hence, the relation

fs

fd
=

fµ

fe
, (3.49)

which follows from the unification relations at the GUT scale, is a renormalization group invari-
ant up to the leading order calculation. Consequently, the relation should hold at any scale. On
the other hand, we have

ms

md
(mZ) $ 20 ,

mµ

me
(mZ) $ 200 , (3.50)

which disagree with the above relation.4

The unification of fb and fτ is relatively good, though there remains sizable difference in a
wide range of parameter region. To illustrate the features more clearly, in Fig. 3.5, we plot the
ratios fdi/fei (i = 1, 2, 3) as functions of MS (left) and tanβ. The top blue, middle red, and
bottom green lines correspond to the first, third, and second generations, respectively. In the left
panel, we take M2 = 3 TeV, M1 = 6 TeV, M3 = 20 TeV, tanβ = 3, and MGUT = 2.0×1016 GeV,
while in the right panel MS = 103 TeV, and other parameters are similar to the left ones.

4The Georgi-Jarlskog mass relation [198], which assumes fe = fd/3, fµ = 3ms, and fb = fτ , may explain the
result.
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Figure 3.6: Threshold corrections to the up-type Yukawa couplings.

Bands represent the error of input quark masses. The one-loop RGEs are exploited in the
calculation, and the threshold corrections are neglected. The figures show that the results have
little dependence on the SUSY breaking scale and the values of tanβ.

From the figures, we find that all of the ratios fdi/fei deviate from unity. To realize the
Yukawa coupling unification, therefore, one needs additional corrections to the couplings. It is
found that the two-loop contribution to the RGEs is quite small and negligible in the present
argument. Then, the remaining possibilities are roughly divided into two types as long as
one persists in the particle contents of the minimal SUSY SU(5) GUT;5 one is the threshold
corrections at the SUSY breaking scale and the other is the contribution at or above the GUT
scale. The latter type includes not only the threshold corrections by the superheavy particles at
the GUT scale, but also the higher-dimensional operators induced at the Planck scale.

Let us first discuss the threshold corrections at the SUSY breaking scale. Dominant contribu-
tions to the corrections are given by the gluino-squark and higgsino-squark loop diagrams. In the
high-scale SUSY scenario, these contributions are insignificant because of the loop-suppressed
gluino mass and A-terms, as well as a small value of tanβ.6 Even in such a case, the Yukawa
couplings of the first two generations may receive significant corrections if there exists sizable
flavor violation in the sfermion masses. Notice however that in the presence of such contribu-
tion, the quark EDMs and CEDMs are generally also induced, which are severely constrained
as discussed in Sec. 2.3.3. To see the correlation, let us consider the threshold corrections to
the up-type Yukawa couplings, which are to be compared with the up-quark EDM and CEDM
presented in Eq. (2.61). The dominant contribution is given by the diagram displayed in Fig. 3.6.
By evaluating it, we obtain

δf ij
u $ 9

8
ftα3

4π
µ∗M∗

3

M2
S

cotβ δ
eQL
i3 δeuR∗

j3 . (3.51)

In particular, the correction to the Yukawa coupling of up-quark (∼ f11
u ) has similar form to

those in Eq. (2.61). A similar relation can be also found in the case of the down-type Yukawa
couplings. Therefore, we expect these threshold effects to be small as long as we consider the
parameter region which evades the current limits from the EDM experiments.

5The Yukawa unification is easily achieved when one includes extra particles. For example, extra Higgs
multiplets in the 45 representation can modify the Yukawa couplings and thus may provide the Yukawa unification,
as in the model proposed in Ref. [198].

6In Ref. [199], large A-terms with the high-scale SUSY breaking are considered to explain the Yukawa unifica-
tion, though it seems difficult to reproduce the soft parameters exploited in the reference with some simple SUSY
breaking mechanism.
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Next, we consider the corrections at the GUT scale. Particularly important contribution
comes from the higher dimensional operators including the adjoint Higgs multiplet suppressed
by the Planck scale [193, 194, 195]. For the down-type Yukawa couplings, the following two
operators of dimension-five are relevant:

Weff =
√

2
cij
1

MP
Ψâb̂

i ΦjâΣ
ĉ
b̂
H̄ĉ +

√
2

cij
2

MP
ΦjâΣ

â
b̂
Ψb̂ĉ

i H̄ĉ , (3.52)

which generate the down-type Yukawa terms after the SU(5) breaking as

− 3V
cij
1

MP

(
Qa

i · Hd

)
Dja − 3V

cij
1

MP
Ei
(
Lj · Hd

)
+ 2V

cij
2

MP

(
Qa

i · Hd

)
Dja − 3V

cij
2

MP
Ei
(
Lj · Hd

)
.

(3.53)

Therefore, terms proportional to cij
2 may account for the discrepancy between the down-type

quark and charged-lepton Yukawa couplings. The contribution is ! O(V/MP ), while |fb −fτ | !
O(10−2). Therefore, it can well provide the threshold corrections required to realize the Yukawa
unification.

After all, we expect at least O(fd−fe) uncertainty for the evaluation of the Yukawa couplings
at the GUT scale. It may significantly affect the prediction of the proton decay rate, as we will
see in the following chapter.
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Chapter 4

Proton decay in high-scale SUSY

In this chapter, we discuss proton decay in the minimal SUSY GUT with high-scale SUSY break-
ing. In the minimal SUSY GUT, proton decay is induced by the exchanges of the color-triplet
Higgs multiplets and the X-bosons, and their effects are described in terms of the dimension-five
and -six effective operators, respectively. Because of the lower-mass dimension of the effective
operators, the former process usually yields the dominant decay modes, such as p → K+ν̄
[65, 66]. The lifetime of the channel is estimated as τ(p → K+ν̄) ! 1030 yrs [67, 68], with the
SUSY particles, in particular those of the third generation, assumed to have masses of around the
electroweak scale. On the other hand, the Super-Kamiokande experiment gives stringent limits
on the channels: τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70]. This contradiction makes it widely
believed that the minimal SUSY SU(5) GUT has been already excluded [68] and, therefore,
needs some extensions so that the dimension-five proton decay is significantly suppressed.

The dimension-five operators contain squarks and/or sleptons in their external lines. These
fields are to be integrated out below the SUSY scale through the gauginos and higgsinos ex-
changing processes, and then the four-Fermi operators, which are suppressed by the sfermion
masses, are induced. Hence, their effects are expected to be considerably reduced when the
SUSY scale is much higher than the electroweak scale, and the experimental constraints on
proton decay rate may be evaded.

In Sec. 4.1, we study such a possibility in the context of the high-scale SUSY scenario. We
will find that the minimal SUSY SU(5) GUT actually evades the constraints from the proton
decay experiments with the SUSY braking scales which naturally explain the 126 GeV Higgs
boson and the existence of dark matter in the Universe [200]. In addition, we study the case
where sfermion mass matrices have sizable flavor violation [201]. We will find a smoking-gun
signature for the sfermion flavor violation. The resultant proton lifetime lies in the regions
which may be reached in the future proton decay experiments. Therefore, although the high-
scale SUSY scenario is hard to be probed in the collider experiments, the proton decay searches
may give us a chance to verify the scenario as well as the existence of supersymmetry and the
grand unification.

Next, we discuss the dimension-six proton decay in the subsequent section. As seen in the
previous chapter, the GUT scale tends to be lower in the high-scale SUSY scenario than the
low-scale SUSY one. In such a case, the p → e+π0 mode via the X-boson exchanging process
is expected to be enhanced. We will see that the channel actually may be searched in future
experiments.

Finally, in Sec. 4.3, we give a brief review on the current and future proton decay experiments.

50



HC HC

Qi

Qj

Qk

Ll

U i

Ej

Uk

Dl

HC HC

Figure 4.1: Supergraphs for color-triplet Higgs exchanging processes where dimension-five effec-
tive operators for proton decay are induced. Bullets indicate color-triplet Higgs mass term.

4.1 Dimension-5 proton decay

In this section, we discuss the proton decay via the color-triplet Higgs exchange. We first give
a set of formulae which are required to evaluate the proton decay rate in Sec. 4.1.1. Then, we
compute the proton decay rate on the assumption of the minimal flavor violation in Sec. 4.1.2.
We will see that the current experimental bound can be evaded in the high-scale SUSY scenario.
In Sec. 4.1.3, we study a role of flavor structure of sfermion mass matrices in the dimension-five
proton decay rate. We will also briefly discuss the effects of soft SUSY breaking baryon-number
violating operators in the subsequent section. Finally, in Sec. 4.1.5, the proton decay via the
Planck suppressed dimension-five operators is briefly discussed.

4.1.1 Dimension-5 proton decay

The Yukawa interactions of color-triplet Higgs multiplets, which are displayed in Eq. (3.33), give
rise to the dimension-five proton decay operators. The diagrams which induce the operators are
illustrated in Fig. 4.1. By integrating out the color-triplet Higgs multiplets, we obtain the
effective Lagrangian

Leff
5 = Cijkl

5L O5L
ijkl + Cijkl

5R O5R
ijkl + h.c. , (4.1)

where the effective operators O5L
ijkl and O5R

ijkl are defined by

O5L
ijkl ≡

∫
d2θ

1
2
εabc(Qa

i · Qb
j)(Q

c
k · Ll) ,

O5R
ijkl ≡

∫
d2θ εabcU iaEjUkbDlc , (4.2)

and the Wilson coefficients Cijkl
5L and Cijkl

5R are given by

Cijkl
5L (MGUT) = +

1
MHC

(Pĥ)ij(V ∗f̂)kl = +
1

MHC

ĥie
iϕiδij(V ∗f̂)kl ,

Cijkl
5R (MGUT) = +

1
MHC

(ĥV )ij(P ∗V ∗f̂)kl = +
1

MHC

(ĥV )ij(V ∗f̂)kle−iϕk . (4.3)
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Note that because of the totally antisymmetric tensor in the operators O5L
ijkl and O5R

ijkl they must
include at least two generations of quarks. For this reason, the dominant mode of proton decay
induced by the operators is accompanied by a strange quark;1 like the p → K+ν̄ mode. The
above operators are rewritten in terms of component fields as

O5L
ijkl = −1

2
εabc

[
(ua

Lid
b
Lj)ũ

c
LkẽLl + (ua

Liu
c
Lk)d̃

b
Lj ẽLl + (ua

LieLl)d̃
b
Lj ũ

c
Lk

+ (db
Lju

c
Lk)ũ

a
LiẽLl + (db

LjeLl)ũ
a
Liũ

c
Lk + (uc

LkeLl)ũ
a
Lid̃

b
Lj

− (da
Liu

b
Lj)ũ

c
LkẽLl − (da

Liu
c
Lk)ũ

b
Lj ẽLl − (da

LieLl)ũ
b
Lj ũ

c
Lk

− (ub
Lju

c
Lk)d̃

a
LiẽLl − (ub

LjeLl)d̃
a
Liũ

c
Lk − (uc

LkeLl)d̃
a
Liũ

b
Lj

− (ua
Lid

b
Lj)d̃

c
Lkν̃Ll − (ua

Lid
c
Lk)d̃

b
Lj ν̃Ll − (ua

LiνLl)d̃
b
Lj d̃

c
Lk

− (db
Ljd

c
Lk)ũ

a
Liν̃Ll − (db

LjνLl)ũ
a
Lid̃

c
Lk − (dc

LkνLl)ũ
a
Lid̃

b
Lj

+ (da
Liu

b
Lj)d̃

c
Lkν̃Ll + (da

Lid
c
Lk)ũ

b
Lj ν̃Ll + (da

LiνLl)ũ
b
Lj d̃

c
Lk

+ (ub
Ljd

c
Lk)d̃

a
Liν̃Ll + (ub

LjνLl)d̃
a
Lid̃

c
Lk + (dc

LkνLl)d̃
a
Liũ

b
Lj

]
, (4.4)

and

O5R
ijkl = −εabc

[
(u†

Riae
†
Rj)ũ

∗
Rkbd̃

∗
Rlc + (u†

Riau
†
Rkb)ẽ

∗
Rj d̃

∗
Rlc + (u†

Riad
†
Rlc)ẽ

∗
Rj ũ

∗
Rkb

+ (e†Rju
†
Rkb)ũ

∗
Riad̃

∗
Rlc + (e†Rjd

†
Rlc)ũ

∗
Riaũ

∗
Rkb + (u†

Rkbd
†
Rlc)ũ

∗
Riaẽ

∗
Rj

]
, (4.5)

where the operators are written in the interaction basis.
The Wilson coefficients in Eq. (4.3) are determined at the GUT scale. To evaluate the proton

decay rate, we need to evolve them down to low-energy regions by using the RGEs. The RGEs
are derived in Appendix. C.3 as

µ
d

dµ
Cijkl

5L (µ) =
1

16π2

[(
−2

5
g2
1 − 6g2

2 − 8g2
3

)
Cijkl

5L + (fuf †
u + fdf

†
d)i

i′C
i′jkl
5L

+ (fuf †
u + fdf

†
d)j

j′C
ij′kl
5L + (fuf †

u + fdf
†
d)k

k′C
ijk′l
5L + (fef

†
e )l

l′C
ijkl′

5L

]
,

µ
d

dµ
Cijkl

5R (µ) =
1

16π2

[(
−12

5
g2
1 − 8g2

3

)
Cijkl

5R + Ci′jkl
5R (2f †

ufu) i
i′

+ Cij′kl
5R (2f †

efe) j
j′ + Cijk′l

5R (2f †
ufu) k

k′ + Cijkl′

5R (2f †
dfd) l

l′

]
. (4.6)

The dimension-five operators contain sfermions in their external lines. At the SUSY breaking
scale MS , SUSY particles decouple from the theory, and the dimension-five operators reduce to
the dimension-six four-Fermi operators via the exchange of gauginos and higgsinos. In Fig. 4.2,
an one-loop diagram which yields the four-Fermi operators is illustrated. Here, the gray dot
indicates the dimension-five effective interactions and the black dot represents the mass term
of exchanged particles. The four-Fermi operators induced here are written in an invariant
form under the SU(3)C⊗SU(2)L⊗U(1)Y symmetry. A set of such operators is summarized in

1A charm quark is heavier than a proton, and thus the effective operators including charm quarks do not
induce proton decay.
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Figure 4.2: One-loop diagram which gives rise to the baryon-number violating four-Fermi oper-
ators. Gray dot indicates the dimension-five effective interactions and black dot represents the
mass term of exchanged particles; gauginos or higgsinos.

Refs [202, 203, 204]2 as follows:

O(1)
ijkl = εabc(ua

Rid
b
Rj)(Q

c
Lk · LLl) ,

O(2)
ijkl = εabc(Qa

Li · Qb
Lj)(u

c
RkeRl) ,

O(3)
ijkl = εabcε

αβεγδ(Qa
LiαQb

Ljγ)(Qc
LkδLLlβ) ,

O(4)
ijkl = εabc(ua

Rid
b
Rj)(u

c
RkeRl) . (4.7)

Here we explicitly write the way of contracting the SU(2)L indices for O(3)
ijkl. Let us express their

Wilson coefficients by Cijkl
(I) for O(I)

ijkl (I = 1, 2, 3, 4). Then, they are matched with Cijkl
5L and

Cijkl
5R at the SUSY breaking scale. We separately discuss the contribution of each gaugino and

higgsino in the subsequent several paragraphs.

Gluino contribution

Before computation, let us consider the structure of sfermion mass matrices. As long as MS +
mZ , the theory at the SUSY breaking scale can be regarded as the SU(3)C⊗SU(2)L⊗U(1)Y

symmetric. Therefore, the left-right mixing terms m2
eqLR

and m2
eeLR

in sfermion mass matrices
can be neglected and the mass matrices of squarks and charged sleptons have forms like

M2
ũ $



m̃2
eQL

0

0 m̃2
euR



 , M2
d̃
$



V †
S m̃2

eQL
VS 0

0 m̃2
edR



 , M2
ẽ $



m̃2
eLL

0

0 m̃2
eeR



 , (4.8)

and thus the rotation matrices Ru and Rd lead to

Ru $
(

RQ 0

0 RU

)
, Rd $

(
RQVS 0

0 RD

)
, Re $

(
RL 0

0 RE

)
, (4.9)

2 We have slightly changed the labels of the operators as well as the order of fermions from those presented in
Ref. [204].
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with VS ≡ VCKM(MS). Then, the upper three fermions (f̃I with I = 1, 2, 3) are nearly left-
handed while the lower three ones (I = 4, 5, 6) are almost right-handed. Moreover one can
always choose the basis so that meuI

= medI
≡ m eQI

and meeI
= meνI

≡ meLI
for I = 1, 2, 3. We

further introduce m eFI
≡ m efI+3

with I = 1, 2, 3 for later use.
By evaluating the gluino exchanging diagrams, we obtain the Wilson coefficients for the

four-Fermi operators as

Cijkl
(3) |eg = − 4

3
α3

4π
(Ci′j′kl

5L − Ckj′i′l
5L )F (M3,m

2
eQI

,m2
eQJ

)
{
(R†

Q)i′I(RQ)Ii(R
†
Q)j′J(RQ)Jj

}
,

Cijkl
(4) |eg = − 4

3
α3

4π
[
(C∗i′lkj′

5R − C∗kli′j′

5R )F (M∗
3 ,m2

eUI
,m2

eDJ
)
{
(R†

U )i′I(RU )Ii(R
†
D)j′J(RD)Jj

}

− (C∗i′lk′j
5R − C∗k′li′j

5R )F (M∗
3 , m2

eUI
,m2

eUK
)
{
(R†

U )i′I(RU )Ii(R
†
U )k′K(RU )Kk

}]
. (4.10)

Here, F (M, m2
1,m

2
2) is a loop-function defined as

F (M,m2
1,m

2
2) ≡

∫
d4q

π2

i

(/q − M)(q2 − m2
1)(q2 − m2

2)
,

=
M

m2
1 − m2

2

[
m2

1

m2
1 − M2

ln
(

m2
1

M2

)
− m2

2

m2
2 − M2

ln
(

m2
2

M2

)]
. (4.11)

From this expression, it is found that in the limit of degenerate squark masses or no flavor-
violation, the coefficients Cijkl

(3) |eg vanish; they become proportional to (Cijkl
5L − Ckjil

5L ), so

Cijkl
(3) |egO

(3)
ijkl ∝ (Cijkl

5L − Ckjil
5L )O(3)

ijkl =
1
2
Cijkl

5L

{
O(3)

ijkl + O(3)
jikl −O(3)

kijl −O(3)
kjil

}
= 0 . (4.12)

The last equality immediately follows from the identity3

εαβεγδ − εγβεαδ + εαγεδβ = 0 , (4.13)

and the Fierz identities.
In the case of Cijkl

(4) |eg, they again vanish in the degenerate mass limit. On the other hand,
they may not vanish when there is no flavor-mixing in squark mass matrices; in this case,

Cijkl
(4) |eg ∝ (C∗ilkj

5R − C∗klij
5R )[F (M∗

3 ,m2
eUi

,m2
eDj

) − F (M∗
3 ,m2

eUi
,m2

eUk
)] , (4.14)

and thus they can remain sizable when there exists mass difference among right-handed squarks.
Their contribution to the proton decay rate turns out to be negligible, though. Since charm
quark is heavier than proton, all we have to consider is the i = k = 1 components, which prove
to be zero as one can see from the above expression.

The absence of the gluino contribution to the proton decay rate in the case of flavor conser-
vation can also be understood in terms of the SU(3)L flavor symmetry of light quarks. As long
as we consider the flavor-conserving interactions, the effective operators that give rise to proton
decay are generated only from the

∫
d2θUDSNl operator. Since superfields are bosonic, the

antisymmetry with respect to color indices implies that they must also be totally antisymmetric
3 This can be proved by noting that the left-hand side of the equation is completely antisymmetric while the

indices take only two values [204].
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in the SU(3)L flavor indices, i.e., a flavor singlet.4 Therefore, as the gluino exchanges conserve
the SU(3)L flavor symmetry, the resultant four-Fermi operators also must be singlet under the
symmetry. Thus, the operators must be written in a form like

εabcε
λκτqa

Lλαqb
Lκβ qc

Lτγνδ , (4.15)

where λ,κ, τ denote the SU(3)F indices and α,β, . . . represent the spinor indices. The spinor
indices must be contracted appropriately to make the operator singlet under the Lorentz trans-
formations. Now the color and flavor structure of the operator requires that the quark fields
should be totally antisymmetric in the spin indices, but it is impossible for three spin-1/2 fields.
Consequently, the operator should vanish. Similar arguments can be applied to the case of the
bino and neutral-wino contributions.

Bino contribution

The bino contribution is given as

Cijkl
(3) | eB =

6
5
α1

4π
[YQLYLL(Cijk′l′

5L − Ck′jil′

5L )F (M1,m
2
eQK

,m2
eLL

)
{
(R†

Q)k′K(RQ)Kk(R
†
L)l′L(RL)Ll

}

+ Y 2
QL

(Ci′j′kl
5L − Ckj′i′l

5L )F (M1,m
2
eQI

,m2
eQJ

)
{
(R†

Q)i′I(RQ)Ii(R
†
Q)j′J(RQ)Jj

}
] ,

Cijkl
(4) | eB = −6

5
α1

4π
[
YuRYdR(C∗kli′j′

5R − C∗i′lkj′

5R )F (M∗
1 ,m2

eUI
, m2

eDJ
)
{
(R†

U )i′I(RU )Ii(R
†
D)j′J(RD)Jj

}

+ Y 2
uR

(C∗i′lk′j
5R − C∗k′li′j

5R )F (M∗
1 ,m2

eUI
,m2

eUK
)
{
(R†

U )i′I(RU )Ii(R
†
U )k′K(RU )Kk

}

+ YdRYeR(C∗il′kj′

5R − C∗kl′ij′

5R )F (M∗
1 ,m2

eDJ
,m2

eEL
)
{
(R†

D)j′J(RD)Jj(R
†
E)l′L(RE)Ll

}

+ YuRYeR(C∗k′l′ij
5R − C∗il′k′j

5R )F (M∗
1 , m2

eUK
,m2

eEL
)
{
(R†

U )k′K(RU )Kk(R
†
E)l′L(RE)Ll

}]
.

(4.16)

Here again, the contribution to proton decay vanishes in the limit of degenerate squark mass or
no flavor-violation.

Wino contribution

We evaluate the wino contribution as follows:

Cijkl
(3) |fW

=
α2

4π
F (M2,m

2
eQI

,m2
eQJ

)
{
(R†

Q)i′I(RQ)Ii(R
†
Q)j′J(RQ)Jj

}
[(Ci′kj′l

5L − Ci′j′kl
5L ) +

1
2
(Ckj′i′l

5L − Ci′j′kl
5L )]

+
α2

4π
F (M2,m

2
eQK

,m2
eLL

)
{
(R†

Q)k′K(RQ)Kk(R
†
L)l′L(RL)Ll

}
[(Cik′jl′

5L − Cijk′l′

5L ) +
1
2
(Ck′jil′

5L − Cijk′l′

5L )] .

(4.17)

In this case, the above coefficient does not vanish in the limit of degenerate squark mass nor no
flavor-violation. One can find that it is the charged wino contribution that does remain in this
limit.

4In fact, the operator is invariant under the SU(3)L ⊗ SU(3)R symmetry.
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Higgsino contribution

The higgsino-dressing diagrams yield

Cijkl
(1) | eH =

1
(4π)2

(2Ci′j′kl
5L − Cki′j′l

5L − Ckj′i′l
5L )F (µ∗, m2

eQI
, m2

eQJ
){(R†

Q)i′I(RQf∗
u)Ii(R

†
Q)j′J(RQf∗

d )Jj}

+
1

(4π)2
(C∗k′l′ij

5R − C∗il′k′j
5R )F (µ,m2

eUK
,m2

eEL
){(R†

U )k′K(RUfT
u )Kk(R

†
E)l′L(REfT

e )Ll} ,

Cijkl
(2) | eH =

1
(4π)2

(Cijk′l′

5L − Ck′jil′

5L )F (µ∗,m2
eQK

,m2
eLL

){(R†
Q)k′K(RQf∗

u)Kk(R
†
L)l′L(RLf∗

e )Ll}

+
1

(4π)2
(C∗kli′j′

5R − C∗i′lkj′

5R )F (µ,m2
eUI

,m2
eDJ

){(R†
U )i′I(RUfT

u )Ii(R
†
D)j′J(RDfT

d )Jj} .

(4.18)

The contribution is found to be sizable, as we will see below.

As a result, we obtain the Wilson coefficients for the operators (4.7) as

Cijkl
(1) (MS) = Cijkl

(1) | eH ,

Cijkl
(2) (MS) = Cijkl

(2) | eH ,

Cijkl
(3) (MS) = Cijkl

(3) |eg + Cijkl
(3) |fW + Cijkl

(3) | eB ,

Cijkl
(4) (MS) = Cijkl

(4) |eg + Cijkl
(4) | eB . (4.19)

Again, they are evolved down to the electroweak scale according to the RGEs. The RGEs below
the SUSY breaking scale are given as (see Appendix C.2)

µ
d

dµ
Cijkl

(1) =
[
α1

4π

(
−11

10

)
+
α2

4π

(
−9

2

)
+
α3

4π
(−4)

]
Cijkl

(1) ,

µ
d

dµ
Cijkl

(2) =
[
α1

4π

(
−23

10

)
+
α2

4π

(
−9

2

)
+
α3

4π
(−4)

]
Cijkl

(2) ,

µ
d

dµ
Cijkl

(3) =
[
α1

4π

(
−1

5

)
+
α2

4π
(−3) +

α3

4π
(−4)

]
Cijkl

(3) +
α2

4π
(−4)

(
Cjikl

(3) + Ckjil
(3) + Cikjl

(3)

)
,

µ
d

dµ
Cijkl

(4) =
[
α1

4π

(
−6

5

)
+
α3

4π
(−4)

]
Cijkl

(4) +
α1

4π
(−4)Ckjil

(4) . (4.20)

The contribution to the RGEs of the gauge interactions is consistent with that presented in
Ref. [204].

Below the electroweak scale µ = mZ , the effective operators are no longer invariant under
the SU(3)C⊗SU(2)L⊗U(1)Y symmetry; instead, they must respect the SU(3)C⊗U(1)em, and all
of the fields in the operators are to be written in the mass basis. As we shall see below, the
experimental constraint is most stringent on the p → K+ν̄ mode. The effective Lagrangian
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which yields the decay mode is written down as follows:

L(p → K+ν̄i) =CRL(dsuνi)
[
εabc(da

Rsb
R)(uc

Lνi)
]
+ CRL(usdνi)

[
εabc(ua

Rsb
R)(dc

Lνi)
]

+CRL(udsνi)
[
εabc(ua

Rdb
R)(sc

Lνi)
]
+ CLL(dsuνi)

[
εabc(da

Lsb
L)(uc

Lνi)
]

+CLL(usdνi)
[
εabc(ua

Lsb
L)(dc

Lνi)
]
+ CLL(udsνi)

[
εabc(ua

Ldb
L)(sc

Lνi)
]

. (4.21)

Here, all of the fermions are written in terms of the mass eigenstates. The matching condition
for the Wilson coefficients CRL and CLL at the electroweak scale is

CRL(dsuνi) = 0 ,

CRL(usdνi) = −(VCKM)j1C
12ji
(1) (mZ) ,

CRL(udsνi) = −(VCKM)j2C
11ji
(1) (mZ) ,

CLL(dsuνi) = (VCKM)j1(VCKM)k2[C
jk1i
(3) (mZ) − Ckj1i

(3) (mZ)] ,

CLL(usdνi) = (VCKM)j1(VCKM)k2C
k1ji
(3) (mZ) ,

CLL(udsνi) = (VCKM)j1(VCKM)k2C
j1ki
(3) (mZ) . (4.22)

From the equations, it is found that only the operators O(1)
ijkl and O(3)

ijkl contribute to the p → K+ν̄
mode.

The Wilson coefficients are taken down to the hadronic scale µ = 2 GeV, where the matrix
elements of the effective operators are evaluated. The QCD corrections induced in the step are
calculated at two-loop level in Ref. [205]; see Appendix C.1 for the detail discussion. The Wilson
coefficients C(µ) satisfy the following RGE at two-loop level:

µ
d

dµ
C(µ) = −

[
4
αs

4π
+
(

14
3

+
4
9
Nf + ∆

)
α2

s

(4π)2

]
C(µ) , (4.23)

where Nf denotes the number of quark flavors, and ∆ = 0 (∆ = −10/3) for CLL (CRL).
For the hadron matrix elements of the effective operators, we use the results presented by

the lattice QCD calculation [206]. They are discussed in Appendix D.2. By using the results,
we can eventually obtain the partial decay width of the p → K+ν̄i mode as

Γ(p → K+ν̄i) =
mp

32π

(
1 − m2

K

m2
p

)2

|A(p → K+ν̄i)|2 , (4.24)

where mp and mK are the masses of proton and kaon, respectively. One factor of 1 − m2
K/m2

p

comes from the phase space, and the other is from the energy of the final-state anti-neutrino.
The amplitude A(p → K+ν̄i) is the sum of the Wilson coefficients times hadron matrix elements:

A(p → K+ν̄i) = CRL(dsuνi)〈K+|(ds)RuL|p〉 + CRL(usdνi)〈K+|(us)RdL|p〉
+ CRL(udsνi)〈K+|(ud)RsL|p〉 + CLL(dsuνi)〈K+|(ds)LuL|p〉
+ CLL(usdνi)〈K+|(us)LdL|p〉 + CLL(udsνi)〈K+|(ud)LsL|p〉 . (4.25)

The definition of the matrix elements as well as their values is presented in Appendix D.2.
Now we have obtained the formulae which we need to evaluate the proton decay rate induced

by the color-triplet Higgs exchange. In the following sections, we apply them to evaluate proton
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lifetime in the case of high-scale SUSY scenario. We will see that in the scenario the resultant
lifetime can well evade the current experimental limits.

Before concluding the subsection, we also summarize the results for other decay modes.

Kaon and charged lepton

The effective Lagrangian which induces the p → K0l+i (l+i = e+, µ+) mode is given as

L(p → K0l+i ) = CRL(usuli)
[
εabc(ua

Rsb
R)(uc

LlLi)
]
+ CLL(usuli)

[
εabc(ua

Lsb
L)(uc

LlLi)
]

+ CLR(usuli)
[
εabc(ua

Lsb
L)(uc

RlRi)
]
+ CRR(usuli)

[
εabc(ua

Rsb
R)(uc

RlRi)
]

. (4.26)

The matching condition for the Wilson coefficients is

CRL(usuli) = C121i
(1) (mZ) ,

CLR(usuli) = (VCKM)j2
[
C1j1i

(2) (mZ) + Cj11i
(2) (mZ)

]
,

CLL(usuli) = −(VCKM)j2C
1j1i
(3) (mZ) ,

CRR(usuli) = C121i
(4) (mZ) . (4.27)

Then, we obtain the partial decay width as

Γ(p → K0l+i ) =
mp

32π

(
1 − m2

K

m2
p

)2[
|AL(p → K0l+i )|2 + |AR(p → K0l+i )|2

]
, (4.28)

where

AL(p → K0l+i ) = CRL(usuli)〈K0|(us)RuL|p〉 + CLL(usuli)〈K0|(us)LuL|p〉 ,

AR(p → K0l+i ) = CLR(usuli)〈K0|(us)RuL|p〉 + CRR(usuli)〈K0|(us)LuL|p〉 . (4.29)

Notice that we have used the parity transformation to obtain the hadron matrix elements for
AR (see Appendix D.2).

Pion and anti-neutrino

For the p → π+ν̄i modes, the effective Lagrangian is given as

L(p → π+ν̄i) = CRL(uddνi)
[
εabc(ua

Rdb
R)(dc

LνLi)
]
+ CLL(uddνi)

[
εabc(ua

Ldb
L)(dc

LνLi)
]

, (4.30)

and the matching condition for the Wilson coefficients is

CRL(uddνi) = −(VCKM)j1C
11ji
(1) ,

CLL(uddνi) = (VCKM)j1(VCKM)k1C
j1ki
(3) . (4.31)

The partial decay width is then computed as

Γ(p → π+ν̄i) =
mp

32π

(
1 − m2

π

m2
p

)2

|A(p → π+ν̄i)|2 , (4.32)

where

AL(p → π+ν̄i) = CRL(uddνi)〈π+|(ud)RdL|p〉 + CLL(uddνi)〈π+|(ud)LdL|p〉 . (4.33)
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Pion/eta and charged lepton

The effective Lagrangian for the p → π0l+i is

L(p → π0l+i ) = CRL(uduli)
[
εabc(ua

Rdb
R)(uc

LlLi)
]
+ CLL(uduli)

[
εabc(ua

Ldb
L)(uc

LlLi)
]

+ CLR(uduli)
[
εabc(ua

Ldb
L)(uc

RlRi)
]
+ CRR(uduli)

[
εabc(ua

Rdb
R)(uc

RlRi)
]

. (4.34)

We have the matching condition for the Wilson coefficients at the electroweak scale as

CRL(uduli) = C111i
(1) (mZ) ,

CLR(uduli) = (VCKM)j1
[
C1j1i

(2) (mZ) + Cj11i
(2) (mZ)

]
,

CLL(uduli) = −(VCKM)j1C
1j1i
(3) (mZ) ,

CRR(uduli) = C111i
(4) (mZ) . (4.35)

With the coefficients, the partial decay width is expressed as

Γ(p → π0l+i ) =
mp

32π

(
1 − m2

π

m2
p

)2[
|AL(p → π0l+i )|2 + |AR(p → π0l+i )|2

]
, (4.36)

where

AL(p → π0l+i ) = CRL(uduli)〈π0|(ud)RuL|p〉 + CLL(uduli)〈π0|(ud)LuL|p〉 ,

AR(p → π0l+i ) = CLR(uduli)〈π0|(ud)RuL|p〉 + CRR(uduli)〈π0|(ud)LuL|p〉 . (4.37)

While the decay modes are generally suppressed in the case of the dimension-five proton decay,
they become dominant for the dimension-six proton decay discussed in the next section.

The same interaction also induces the p → η0l+i modes. In this case we have

Γ(p → η0l+i ) =
mp

32π

(
1 −

m2
η

m2
p

)2[
|AL(p → η0l+i )|2 + |AR(p → η0l+i )|2

]
, (4.38)

with

AL(p → η0l+i ) = CRL(uduli)〈η0|(ud)RuL|p〉 + CLL(uduli)〈η0|(ud)LuL|p〉 ,

AR(p → η0l+i ) = CLR(uduli)〈η0|(ud)RuL|p〉 + CRR(uduli)〈η0|(ud)LuL|p〉 . (4.39)

4.1.2 Decoupling can revive the minimal SUSY GUT

First, we consider the so-called minimal flavor violation [207, 208] case, namely, we assume that
the CKM matrix is the only source for all of the flavor-violating terms in the MSSM. It implies
RQ = RU = RD = RL = RE = 1l. Further, we take all of the sfermion masses equal to MS ,
for brevity. In this case, only the charged winos and higgsinos give rise to sizable contribution
to proton decay, as we have seen in the previous section. The resultant Wilson coefficients are
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evaluated as

CLL(usdνe) = CLL(udsνe)

$ 2α2
2

sin 2β
mdV ∗

ud

m2
W MHC

f(M2,M
2
S)
[
eiϕ2mcVcdVcs + eiϕ3mtVtdVts

]
,

CLL(usdνµ) = CLL(udsνµ)

$ 2α2
2

sin 2β
msV ∗

us

m2
W MHC

f(M2,M
2
S)
[
eiϕ2mcVcdVcs + eiϕ3mtVtdVts

]
,

CLL(usdντ ) = CLL(udsντ )

$ 2α2
2

sin 2β
mbV ∗

ub

m2
W MHC

f(M2,M
2
S)
[
eiϕ2mcVcdVcs + eiϕ3mtVtdVts

]
, (4.40)

and

CRL(usdντ ) $ − α2
2

sin2 2β
m2

t msmτ

m4
W MHC

f(µ,M2
S)eiϕ1VusVtdV

∗
tb ,

CRL(udsντ ) $ − α2
2

sin2 2β
m2

t mdmτ

m4
W MHC

f(µ, M2
S)eiϕ1VudVtsV

∗
tb , (4.41)

where we ignore the sub-leading terms additionally suppressed by light-quark masses or the
CKM matrix elements. Moreover, we neglect the renormalization factors for simplicity. The
loop function f(M,m2) is defined by

f(M, m2) ≡ lim
m2

0→m2
F (M,m2,m2

0)

= M

[
1

m2 − M2
− M2

(m2 − M2)2
ln
(

m2

M2

)]
. (4.42)

The terms in Eqs. (4.40) and (4.41) are induced by the wino- and higgsino exchanging processes,
respectively. The processes are illustrated in Fig. 4.3. Here, the gray and black dots indicate
the dimension-five effective interactions and the mass terms for wino or higgsino, respectively.
Notice that although the contribution of the diagram (b) is suppressed by the CKM matrix
elements as it is generated in the flavor changing process, it turns out to be sizable because
of the large Yukawa couplings of the third generation fermions [67, 209, 210]. Let us further
consider the significance of the contributions in the case of the high-scale SUSY model. In the
limit of M 2 MS , the function leads to

f(M, M2
S) → M

M2
S

, (M 2 MS) , (4.43)

while in the limit of M → MS , it follows that

f(M,M2
S) → 1

2MS
, (M → MS) . (4.44)

Note that the function is proportional to M , when M ! MS . For this reason, the contribution
of the diagrams in Fig. 4.3 is enhanced when the masses of the exchanged particles are large.
In particular, in the case of µ + M2, the higgsino exchange contribution (the diagram (b) in
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(a)

qL

qL

qL (lL)

lL (qL)

W̃

q̃L l̃L (q̃L)

(b)

uRdR (sR)

(ντ)L

τ̃Rt̃R

sL (dL)

H̃u H̃d

Figure 4.3: One-loop diagrams which yield the baryon-number violating four-Fermi operators.
Diagrams (a) and (b) are generated by charged wino and higgsino exchanging processes, respec-
tively. Gray dots indicate dimension-five effective interactions, while black dots represent wino
or higgsino mass terms.

Fig. 4.3) dominates the wino exchange one. We also find from the behavior of the loop function
that the transition amplitude is considerably suppressed when the sfermions have sufficiently
large masses. Thus, we expect that the experimental constraints on the proton decay rate may
be avoided in the high-scale SUSY scenario.

Now we show numerical results of the proton decay lifetime. From now on, we define f̂
by f̂ ≡ f̂d(MGUT). Uncertainty coming from the definition is briefly discussed below. First,
we consider the case where the higgsino mass is of the order of the sfermion masses, MS . In
this case, the higgsino exchange contribution (the diagram (b) in Fig. 4.3) dominates the wino
exchange one. For this reason, the lifetime has little dependence on the GUT phases ϕi as well
as the wino mass. Thus, it is possible to make a robust prediction for the proton decay lifetime.
As the right-handed stop and stau run in the loop in the higgsino exchanging diagram, MS

should be regarded as their masses, which we assume to be degenerate for brevity. For MS = µ,
the proton lifetime τp is approximately given as

τp $ 4 × 1035 × sin4 2β
(

MS

102 TeV

)2( MHC

1016 GeV

)2

yrs , (4.45)

with small dependence on the renormalization factors being ignored. As you can see from this
formula, the proton decay rate can be well above the current experimental limits from Super-
Kamiokande [69, 70],

τ(p → K+ν̄) > 5.9 × 1033 yrs , (4.46)

with the SUSY scale being much higher than the electroweak scale. As discussed in the previous
chapter, MHC can be evaluated by means of the RGE analysis, which suggests that it may be
around the GUT scale in the case of high-scale SUSY [188]. The prediction is, however, quite
sensitive to the mass spectrum below the GUT scale, especially to the masses of higgsinos and
gauginos. For this reason, we just fix it to be around the GUT scale in the following calculation.
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Figure 4.4: Lifetime of p → K+ν̄ mode as functions of MS = µ. Wino mass is set to be
3 TeV and MHC = 1.0 × 1016 GeV (left) and 1.0 × 1015 GeV (right). Solid lines correspond to
tanβ = 3, 5, 10, 30, and 50 from left-top to right-bottom, respectively. Shaded region is excluded
by the current experimental bound, τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70].

One easily obtains proton lifetimes corresponding to other values of MHC by using the power
law given in Eq. (4.45).

In Fig. 4.4, we present the lifetime of the p → K+ν̄ mode as functions of MS = µ. Here,
the wino mass is set to be 3 TeV, while the result rarely depends on the mass as long as
M2 2 MS . The color-triplet Higgs mass is fixed to MHC = 1.0 × 1016 GeV (1.0 × 1015 GeV)
in the left (right) panel. The solid lines are for tanβ = 3, 5, 10, 30, and 50 from left-top to
right-bottom, respectively. The shaded region is excluded by the current experimental bound,
τ(p → K+ν̄) > 5.9×1033 yrs [69, 70]. In the calculation, we use the one-loop RGEs for both the
couplings and the effective operators, and the hadron matrix elements are evaluated with the
indirect method. The figure illustrates the behavior presented in Eq. (4.45), and shows that the
proton decay lifetime in the high-scale SUSY scenario can evade the experimental constraints,
especially for small tanβ and high SUSY breaking scales. Moreover, we see that the relation
between the results presented in the left and right panels is well explained by the simple power
law in Eq. (4.45), though the renormalization factors may also be changed with different values
of MHC . For this reason, we just fix MHC = 1.0 × 1016 GeV in the following analysis.

Next, we consider the case where the higgsinos are lighter than the sfermions. In this case,
the lifetime depends on the extra phases appearing in the GUT Yukawa couplings. Here, we take
the phases so that they yield the maximal amplitude for the proton decay rate. This requirement
together with the constraint

∑
i ϕi = 0 uniquely determines all of the phases ϕi. Since the choice

of phases gives the maximal proton decay rate, we are to obtain the most stringent limit on the
parameters. In addition, we assume that both the higgsino and wino mass parameters are real
and positive. However, as long as one chooses the phases constructively, the results would not
change since it is always possible to include the extra phases of the higgsino and wino masses
into the redefinition of the phases ϕi.

In Fig. 4.5, we plot the proton lifetime as functions of the higgsino mass. Here, the wino
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Figure 4.5: Lifetime of p → K+ν̄ mode as functions of higgsino mass µ. Color-triplet Higgs
mass is set to be MHC = 1.0 × 1016 GeV. Left panel shows the case of MS = 103 TeV and
M2 = 3 TeV, while right shows MS = 102 TeV and M2 = 300 GeV. Solid lines correspond to
tanβ = 5, 10, 30, and 50 from right-top to left-bottom, respectively. Shaded region is excluded
by the current experimental bound, τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70].

and sfermion5 masses are set to be M2 = 3 TeV and MS = 103 TeV (M2 = 300 GeV and
MS = 102 TeV) in the left (right) panel, respectively, and the color-triplet Higgs mass is taken
to be MHC = 1.0×1016 GeV. The solid lines correspond to tanβ = 3, 5, 10, 30, and 50 from right-
top to left-bottom, respectively. Again the shaded region is excluded by the current experimental
bound, τ(p → K+ν̄) > 5.9 × 1033 yrs . It is found that the lifetime considerably depends on
the mass of higgsino as well as the value of tanβ. It illustrates that the higgsino contribution is
dominant in a wide range of parameter region. Indeed, the contribution gets more significant as
the higgsino mass is raised up. Anyway, we have found that in the high-scale SUSY scenario, the
minimal SUSY SU(5) GUT is still alive without any conspiracy of suppressing the dimension-five
operators.

Before concluding the section, let us briefly discuss uncertainties of the computation of the
proton decay rate. As for the uncertainty of input parameters, the error of the hadron matrix
elements dominates other factors. To estimate the effects on the resultant decay rate, we use
the matrix elements evaluated with the indirect method, and include the uncertainties of αp

and βp presented in Eq. (D.28). On the other hand, the theoretical error of the calculation
mainly originates from the unknown threshold corrections to the Yukawa couplings at the GUT
scale. As discussed in Sec. 3.3, such corrections are expected to make up for the failure of
the Yukawa unification. The significance of the contribution is thus expected to be O(fd − fe)
at least. In the present analysis, we estimate its effects by varying the down-type Yukawa
couplings f̂i at the GUT scale by a factor of (f̂di/f̂ei)1/2. In Fig. 4.6, we show the resultant

5 To be concrete, we regard MS as the stop mass, and all of the other sfermion masses are assumed to be
degenerate with MS . Generally speaking, stops are lighter than other sfermions, especially those of the first and
second generations. So, even though one relaxes the degeneration assumption, one ends up obtaining a smaller
proton decay rate.
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Figure 4.6: Lifetime of the p → K+ν̄ mode as a function of tanβ. Dark and light pink regions
represent the uncertainty coming from the input error of the matrix elements and the unknown
threshold corrections to the Yukawa couplings at the GUT scale, respectively. We take MS =
100 TeV, M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS , and MHC = 1016 GeV.
Additional phases in the GUT Yukawa couplings, ϕi, are set to be ϕi = 0. Shaded region is
excluded by the current experimental bound, τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70].

uncertainty of the lifetime of the p → K+ν̄ mode as a function of tanβ. The dark and light
pink regions represent the uncertainty coming from the input error of the matrix elements and
the unknown threshold corrections to the Yukawa couplings at the GUT scale, respectively.
Here, we take MS = 100 TeV, M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS , and
MHC = 1016 GeV. Additional phases in the GUT Yukawa couplings, ϕi, are set to be ϕi = 0,
though the uncertainty from them is much smaller than the above ones. The shaded region again
shows the Super-Kamiokande limit. From this figure, it is found that the uncertainties are so
large that they may change the decay rate by an O(1) factor. Hence, it is difficult to determine
the SUSY parameters precisely by using the results from the proton decay experiments even
when a signal of the proton decay mode is actually detected in the future experiment.

4.1.3 Proton decay in high-scale SUSY with sfermion flavor violation

Next, we discuss the case where the sfermion sector contains sizable flavor violation [201]. In
this case, not only the charged wino and higgsino exchanging processes, but also the neutral
gaugino and higgsino exchange can contribute to the proton decay.

To begin with, we parametrize the structure of the sfermion mass matrices as follows:

m̃2
f̃

= M2
S





1 + ∆f̃
1 δf̃

12 δf̃
13

δf̃∗
12 1 + ∆f̃

2 δf̃
23

δf̃∗
13 δf̃∗

23 1 + ∆f̃
3



 , (4.47)
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with f̃ = Q̃L, ũR, d̃R, ẽR, L̃L. In the minimal SU(5) GUT, there are relations among the sfermion
mass-squared matrices at the GUT scale as in Eq. (3.39):

m̃2
Q̃L

= VQU (m̃2
ũR

)T V †
QU = VQE(m̃2

ẽR
)T V †

QE , m̃2
d̃R

= V ∗
DL(m̃2

L̃L
)T V T

DL , (4.48)

where VQU , VQE and VDL are given in Sec. 3.1. The relations are violated in the low-energy
regions due to the renormalization effects. In the following analysis, we regard all of the com-
ponents in Eq. (4.47) as just free parameters for brevity.

In the presence of sizable flavor violation, the gluino contribution becomes significant because
of the large coupling of α3. Since only the Cijkl

(3) |eg in Eq. (4.10) contributes to the p → K+ν̄

proton decay, the flavor mixing in the mass matrix of Q̃L is most important; in particular δ
eQL
13

gives rise to the biggest effects. Let us estimate the significance. The dominant contribution to
the p → K+ν̄ mode is induced by the diagram in Fig. 4.7. Here, the cross-mark indicates the
flavor mixing. When the flavor violation is small but sizable, e.g., δ

eQL
13 ∼ 0.1, the contribution

is evaluated as

CLL(udsνµ) $ −4
3
α2α3

sin 2β
mtms

MHCm2
W

f(M3,M
2
S) eiϕ3(VudVcsV

∗
cs)
(
δ

eQL∗
13

)2
,

CLL(udsντ ) $ −4
3
α2α3

sin 2β
mtmb

MHCm2
W

f(M3,M
2
S) eiϕ3(VudVcsV

∗
cb)
(
δ

eQL∗
13

)2
, (4.49)

and other Wilson coefficients are found to be sub-dominant. By comparing the results to the
higgsino contribution (4.41) in the minimal flavor violation case, we can see that the gluino
contribution becomes dominant when

∣∣δ eQL
13

∣∣ # 2 × 10−3 ×
(

1
sin 2β

∣∣∣∣
µ

M3

∣∣∣∣

) 1
2

. (4.50)

Before showing the results for the full computation, we briefly comment on the features of
other contributions. The wino and bino contributions are in general suppressed by the relatively
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Figure 4.8: Lifetime of the p → K+ν̄ mode as functions of flavor mixing parameters δ. We take
MS = 100 TeV, M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS , MHC = 1016 GeV, and
tanβ = 5. Pink, blue, green, brown lines correspond to δ

eQL
13 , δ

eQL
12 , δ

eQL
23 , δeuR

13 = δ
edR
13 , respectively.

Additional phases in the GUT Yukawa couplings, ϕi, are set to be ϕi = 0. Shaded region is
excluded by the current experimental bound, τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70].

small gauge couplings compared with the gluino contribution. The higgsino contribution has
already exploited the flavor changing in the Yukawa couplings, which is required to make the
best of the third generation Yukawa couplings. Therefore, the flavor mixing in sfermion masses
does not result in the enhancement of the contribution.

As we will see below, the effects of the other mixing parameters are generally sub-dominant.
In particular, when the flavor violation occurs only in the slepton sector, the proton decay rate
is rarely changed. This is because the gluino exchange process does not contribute to the proton
decay in such a case. In addition, when only the right-handed squarks feel the flavor violation,
the p → K+ν̄ mode is not enhanced because of the same reason. In such a case, on the other
hand, the decay modes including a charged lepton in their final states, such as the p → K0µ+

mode, are considerably enhanced.
Now we show the results. In Fig. 4.8, we plot the lifetime of the p → K+ν̄ mode as functions

of flavor mixing parameters δ. Here, we take MS = 100 TeV, M1 = 600 GeV, M2 = 300 GeV,
M3 = −2 TeV, µ = MS , MHC = 1016 GeV, and tanβ = 5. The pink, blue, green, brown lines
correspond to δ

eQL
13 , δ

eQL
12 , δ

eQL
23 , δeuR

13 = δ
edR
13 , respectively. The dependence on other parameters,

such as δ
eLL
13 , is found to be negligible, and thus we do not show it. The extra phases in the

GUT Yukawa couplings, ϕi, are set to be ϕi = 0 in this figure. Shaded region is excluded by
the current experimental bound, τ(p → K+ν̄) > 5.9 × 1033 yrs [69, 70]. In the computation,
we use the hadron matrix elements obtained by the direct method. From this figure, we can
find that the proton decay rate is significantly enhanced when δ

eQL
13 is sizable. δ

eQL
12 and δ

eQL
23 also

shorten the proton lifetime. This observation shows that the gluino contribution is important
in the presence of flavor violation.
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Figure 4.9: Lifetime of the p → π0µ+ mode as functions of flavor mixing parameters δ. We take
MS = 100 TeV, M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS , MHC = 1016 GeV, and
tanβ = 5. Pink, blue, green, brown lines correspond to δ

eQL
13 , δ

eQL
12 , δ

eQL
23 , δeuR

13 = δ
edR
13 , respectively.

Additional phases in the GUT Yukawa couplings, ϕi, are set to be ϕi = 0. Shaded region is
excluded by the current experimental bound, τ(p → π0µ+) > 1.08 × 1034 yrs [211].

We further conduct a similar analysis for the p → π0µ+ decay mode, and plot its lifetime
as functions of the flavor mixing parameters in Fig. 4.9. Here again, we take MS = 100 TeV,
M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS , MHC = 1016 GeV, and tanβ = 5.
The pink, blue, green, brown lines correspond to δ

eQL
13 , δ

eQL
12 , δ

eQL
23 , δeuR

13 = δ
edR
13 , respectively. We

take ϕi = 0 in this figure. Shaded region is excluded by the current experimental bound,
τ(p → π0µ+) > 1.08 × 1034 yrs [211]. This figure again shows that the lifetime highly depends
on δ

eQL
13 . A characteristic feature in this case is that the right-handed squark flavor violation,

such as δeuR
13 and δ

edR
13 , is also important. This is because when the final state of proton decay

includes a charged lepton—µ+ in the present case—not only the operators O(1)
ijkl and O(3)

ijkl but

also O(2)
ijkl and O(4)

ijkl can contribute to the decay rate. Notice that in the gluino exchange process

the right-handed squark flavor violation can only contribute to the operator O(4)
ijkl. For this

reason, although δeuR
13 and δ

edR
13 scarcely affect the neutral lepton decay modes such as p → K+ν̄,

they can enhance the charged lepton modes through the operator O(4)
ijkl.

Finally, we show the results for other decay modes. They are summarized in Fig. 4.10.
Here, the left and right panels show the cases of the minimal flavor violation and δ

eQL
13 = 0.1,

respectively. We take a similar set of parameters to those used in the previous figures. It is
found that the flavor violation considerably accelerates all of the decay modes. Now let us look
for a specific feature of the proton decay associated with sfermion flavor violation. As one can
see from Fig. 4.10, in the minimal flavor violation case, only the neutral lepton decay modes,
p → K+ν̄ and p → π+ν̄, have sizable decay rates. Therefore we should focus on the charged
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Figure 4.10: Bar chart for lifetime of each decay mode in the case of the minimal flavor violation
(left) and δ

eQL
13 = 0.1. Again, we take MS = 100 TeV, M1 = 600 GeV, M2 = 300 GeV,

M3 = −2 TeV, µ = MS , MHC = 1016 GeV, tanβ = 5, and ϕi = 0.

lepton decay modes. Charged leptonic decay is also generated via the X-boson exchanging
process. Since the process is induced by the gauge interactions, the CKM matrix is the only
source for the flavor violation. Thus, in the X-boson exchange contribution, the decay modes
including different generations in their final states, such as p → π0µ+ and p → K0e+, suffer
from the CKM suppression. We will see this feature in the next section. Hence, such decay
modes can be regarded as characteristic of new flavor violation. Among them, the experimental
constraint on the p → π0µ+ mode is the severest, and thus it may offer a good prove for the
sfermion flavor violation. If the decay process as well as the p → K+ν̄ decay is detected in future
experiments, it may suggest the existence of sizable flavor violation in the sfermion sector.

Throughout the calculation, we fix the extra phases in the GUT Yukawa couplings to be
ϕi = 0. Let us briefly comment on the uncertainty coming from our ignorance of the phases.
We have checked that when the flavor violation is moderate, a significant cancellation can occur
between the ordinary (minimal flavor) contribution and that induced by the sfermion flavor
violation. In such region, resultant decay lifetime may suffer from the theoretical uncertainty
of more than an order of magnitude. When the flavor violating contribution dominates the
minimal flavor one, on the other hand, the decay rate rarely depends on the phases, thus the
prediction becomes robust.

Of course, large amount of sfermion flavor violation is constrained by the low-energy precision
measurements, even in the case of high-scale SUSY. It is important to study the allowed region
for sfermion flavor violation in terms of both the proton decay experiments and the precision
experiments, especially the measurements of EDMs, the meson mixing, the charged lepton flavor
violating processes, and so on. A systematic analysis in the direction will be done elsewhere.

After all, in the presence of sfermion flavor violation, which can naturally be sizable in the
high-scale SUSY scenario, a variety of proton decay modes may lie in a region which can be
probed in future proton decay experiments. In consequence, proton decay experiments might
shed light on SUSY even though it is broken at a relatively high-scale, and provide a way of
investigating the structure of sfermion sector.
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Figure 4.11: Contribution of the soft terms for the dimension-five effective operators to proton
decay. As discussed in the text, the contribution turns out to vanish.

4.1.4 Contribution of soft SUSY breaking operator

Up to now, we only consider the dimension-five effective operators which are exactly super-
symmetric. However, these operators also give rise to the dimension-four soft SUSY breaking
operators through the SUGRA effects [212, 213, 214]. As explained in Sec. 2.2.1, the dimension-
five operators should be accompanied by the compensator as

∫
d2θ

〈Σ〉
Σ

[
Cijkl

5L O5L
ijkl + Cijkl

5R O5R
ijkl

]
, (4.51)

where we normalize the above equation by 〈Σ〉 to make it have appropriate mass dimensions.
Then, the dimension-four soft-terms are readily obtained:

Lsoft
4 = −m3/2

[
Cijkl

5L Õ5L
ijkl + Cijkl

5R Õ5R
ijkl

]
, (4.52)

where Õ imply that all of the superfields in the operator should be replaced by their scalar
components. The interactions induce the proton decay four-Fermi operators through the two-
loop diagrams with the exchange of gauginos and higgsinos. This contribution is suppressed
by additional factor g2/(16π2)(Mg̃/MS), compared to the usual one loop contribution. This
effectively results in a two-loop suppression factor in the case of anomaly-mediation. However
it is not trivial whether the soft-term contribution is really suppressed in the presence of large
flavor violation, since additional enhancement of the third generation Yukawa couplings can be
exploited via the flavor violation. Such an example for the process is shown in Fig. 4.11. To
make the most of the enhancement, all the fields included in the effective interaction vertex,
which is illustrated by a gray dot in Fig. 4.11, should be of the third generation. However,
such a vertex is forbidden by the antisymmetry of the color indices, and therefore the diagram
presented in Fig. 4.11 actually vanishes. After all, the contribution of the soft terms could not
use additional enhancement by the third generation Yukawa couplings, and thus can be safely
neglected in the present calculation.
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Figure 4.12: Supergraphs which induce the dimension-six proton decay operators.

4.1.5 Proton decay induced by the Planck suppressed operators

As already mentioned above, one expects that there is no explicit continuous global symmetry
in nature [215, 216]. So, in an effective theory below the fundamental scale, e.g., the Planck
scale, we would expect that any baryon and lepton number violating operators allowed by the
symmetry in the effective theory should be present with their coefficients suppressed by the
Planck mass MPl. In this subsection, therefore, we briefly comment on possible effects of such
operators on the proton decay lifetime. For recent work on this matter, see Ref. [217].

Let us assume that there exist the dimension-five proton decay operators with coefficients
of the order 1/MPl. Note that we do not assume the operators to be suppressed by the Yukawa
couplings as in the case of those induced by the color-triplet Higgs exchanges. In this case,
the p → K+ν̄ decay can be induced by the neutral gaugino exchanging processes even if the
flavor-changing effects by the sfermion mass matrices are negligible. Then it turns out that the
resultant proton decay rate is well above those evaluated in the previous sections and the current
experimental limits on the proton decay lifetime give stronger limits on the SUSY breaking scale;
for instance, with gauginos lighter than sfermions by a loop factor, the scalar masses must be
at least 106 TeV [217].

Usually, one expects that there exists some underlying flavor symmetry, which may be respon-
sible for the structure of the Yukawa couplings, and the symmetry gives additional suppression
on the operators. Such a symmetry may also suppress the flavor violation in the sfermion mass
matrices. The significance of the suppression is, however, completely model-dependent, and to
study the possibilities of the flavor symmetry is beyond the scope of this thesis.

4.2 Dimension-6 proton decay

Next, we discuss the proton decay induced by the SU(5) gauge boson exchange. In this case,
the effective Lagrangian is expressed in terms of the dimension-six effective operators:

Leff
6 = Cijkl

6(1)O
6(1)
ijkl + Cijkl

6(2)O
6(2)
ijkl , (4.53)
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where

O6(1)
ijkl =

∫
d2θd2θ̄ εabcεαβ

(
U

†
i

)a(
D

†
j

)b
e−

2
3g′B

(
e2g3GQα

k

)c
Lβ

l , (4.54)

O6(2)
ijkl =

∫
d2θd2θ̄εabcεαβ Qaα

i Qbβ
j e

2
3g′B

(
e−2g3GU

†
k

)c
E

†
l . (4.55)

By evaluating the supergraphs illustrated in Fig. 4.12 with the gauge interactions in Eq. (3.35),
we obtain the Wilson coefficients as

Cijkl
6(1) = − g2

5

M2
X

eiϕiδikδjl ,

Cijkl
6(2) = − g2

5

M2
X

eiϕiδik(V ∗)jl . (4.56)

Note that the results do not suffer from the model-dependence, such as the structure of the soft
SUSY breaking terms. In this sense, the SU(5) gauge interactions provide a robust prediction
for the proton decay rate. Moreover, it is found that the resultant amplitude does not depend on
the new phases appearing the GUT Yukawa couplings, since the factors only affect the overall
phase.

The coefficients are evolved down according to the one-loop RGEs,

µ
d

dµ
Cijkl

6(1) =
[
α1

4π

(
−11

15

)
+
α2

4π
(−3) +

α3

4π

(
−8

3

)]
Cijkl

6(1) ,

µ
d

dµ
Cijkl

6(2) =
[
α1

4π

(
−23

15

)
+
α2

4π
(−3) +

α3

4π

(
−8

3

)]
Cijkl

6(2) , (4.57)

which are derived in Appendix C.4. We have numerically checked that the two-loop contribution
yields negligible effects. At the SUSY breaking scale, the coefficients are matched with those of
the four-Fermi operators as

Cijkl
(1) (MS) = Cijkl

6(1)(MS) ,

Cijkl
(2) (MS) = Cijkl

6(2)(MS) . (4.58)

The rest of the calculation is same as that carried out in the previous section.
In the case of the dimension-six proton decay, the p → e+π0 mode is most severely restricted

from the experiments. The current bound on the lifetime of the mode is [69, 70]

τ(p → e+π0) > 1.4 × 1034 years , (4.59)

which is given by Super-Kamiokande. On the other hand, we evaluate the lifetime as

τ(p → e+π0) $ 3 × 1035 ×
(

MX

1.0 × 1016 GeV

)4

years . (4.60)

Here, we take MS = 102 TeV, though the result hardly depends on the SUSY scale. In the
computation, we use the hadronic matrix elements calculated with the direct method. From
these equations we find that the predicted lifetime is well above the current experimental limits.
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Figure 4.13: Lifetime of each decay mode induced by the X-boson exchange. We take MS =
100 TeV, M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS , MX = 1016 GeV, and
tanβ = 5.

We also evaluate the decay lifetime for other modes, which are summarized in the bar chart
in Fig. 4.13. Here, we set the X-boson mass to be MX = 1016 GeV, and other parameters are
taken as follows: MS = 100 TeV, M1 = 600 GeV, M2 = 300 GeV, M3 = −2 TeV, µ = MS ,
and tanβ = 5. From the figure, we see that the decay rates of the modes that contain different
generations in their final states are considerably suppressed, as mentioned above. This is because
in the X-boson exchanging process the CKM is the only source of the flavor violation, which can
be seen from Eq. (4.56). Further, there is no room for the flavor mixing effects in the sfermion
mass matrices to modify the decay rates. In this sense, the prediction given here is robust.

As discussed in the previous chapter, in the high-scale SUSY scenario, the GUT scale MGUT

tends to be lower than the low-scale SUSY one. Although the change in MGUT is small, it might
be significant since the lifetime of proton decay caused by the X-boson exchange process scales
as ∝ M4

X . A problem here is that we could not directly determine the mass of X-boson from
the GUT scale evaluated in Sec. 3.2; since MGUT = (M2

XMΣ)1/3, MX depends on the relative
size with respect to MΣ. Recall that MX and MΣ are expressed in terms of the VEV of the
adjoint Higgs boson as MX = 5

√
2g5V and MΣ = 5

2λΣV , respectively. Thus, we obtain

MX =
√

2
(

g5

λΣ

) 1
3

MGUT . (4.61)

Namely, we have an unknown parameter λΣ. From the equation, we find that as λΣ grows the
mass of X-boson decreases. Of course, too large a value of λΣ breaks perturbativity. Require-
ment of λΣ < 4π leads to a lower bound on MX :

MX > 6 × 1015 GeV. (4.62)

Keeping the argument in mind, we estimate the lifetime of the p → π0e+ mode as a function
gluino mass. In the figure, we take M2 = 3 TeV and MS = 103 TeV. The mass of X-boson is
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Figure 4.14: Lifetime of p → π0e+ induced by the X-boson exchange as a function of gluino
mass M3. We take M2 = 3 TeV and MS = 103 TeV. Mass of X-boson is estimated from the
RGE analysis described in Sec. 3.2 and Eq. (4.61). Band represents 1/2 < λΣ < 2. Shaded
region corresponds to the current experimental bound from Super-Kamiokande [69, 70].

estimated from the RGE analysis described in Sec. 3.2 and Eq. (4.61). The blue band corresponds
to the region of 1/2 < λΣ < 2. Shaded region represents the current experimental bound from
Super-Kamiokande [69, 70]. As can be seen from the plot, the lifetime decreases as the gluino
mass, in fact both the gluino and wino masses as shown in Sec. 3.2, is taken to be larger. Future
proton decay experiments such as Hyper-Kamiokande may reach the lifetime region.

The above consequence might be altered if there exist extra particles in the intermediate
scale. With such particles belonging to a representation of the grand unified group, the gauge
coupling unification is still achieved, while its value at the unified scale turns out to be enhanced.
Then, the proton lifetime is considerably reduced due to the large gauge coupling [218]. Indeed,
existence of such extra particles are motivated in some models within the context of high-scale
SUSY scenario [143, 144, 145]. The resultant proton lifetime is, however, dependent on models,
in particular on the number of particles and its mass scale So we do not further discuss the
subject in this thesis.

4.3 Proton decay experiments

Before concluding this chapter, we give a brief review of the present status of proton decay
experiments. The current experimental limits on proton decay mainly come from the Super-
Kamiokande experiment. The experiment began in 1996, and until now 260 kiloton·years of
exposure has been recorded. The fiducial mass of the water Cherenkov detector is 22500 ton,
which corresponds to 7.5 × 1033 protons and 6.0 × 1033 neutrons.

The detection mechanism is based on the Cherenkov effect ; relativistic charged particles emit
Cherenkov radiations when they pass through the water in the detector. The production angle
of the radiated photons with respect to the direction of motion of the charged particle is given
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by
cos θc = 1/nβ , (4.63)

where β is the velocity of the particle and n is the refractive index of the medium. In the
case of water, n = 1.33, and thus θc = 42◦ for β = 1. One can also distinguish species of
particles by analyzing the ring image of the Cherenkov radiation. Compared with the images
of radiations caused by µ±, those generated by e± and photons are distorted since they induce
electromagnetic showers in the medium.

Let us discuss the two important decay channels of proton: p → K+ν̄ and p → π0e+. As
for the p → π0e+ mode, the strategy is quite simple since all of the momenta in the final state
can be reconstructed. One searches for the back-to-back signal with the total energy being the
mass of proton. Some additional effects such as nuclear effects are also taken into account.

In the case of p → K+ν̄, on the other hand, one cannot use a similar strategy, since the
final state contains a missing particle (an antineutrino) and K+ coming from the proton does
not exceed the Cherenkov threshold. In this case, one basically searches for the decay of K+ at
rest. For K+ → π+π0 branching (21%), one can use a similar method to that for the p → π0e+

search. In the case of K+ → µ+ν (64%), tagging of a low-energy γ from the de-excitation of
15N∗, which is a leftover of proton decay in 16O, is used to reduce background. The antimuon of
course emits the Cherenkov radiation, and decays within the detector emitting a positron. All
of the information is used for the event discrimination.

A variety of other decay modes are also analyzed. In Fig. 4.15, we show the summary of
lifetime limits presented by the Super-Kamiokande experiment [69, 70]. We use these values for
the experimental limits in this thesis.
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Figure 4.15: Summary of lifetime limits presented by the Super-Kamiokande experiment [69, 70].
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Chapter 5

Conclusions and discussion

In this thesis, we revisit the minimal SUSY SU(5) GUT and discuss proton decay in the theory.
In Chap. 3.2, we have presented constraints on the masses of the GUT scale particles from the
gauge coupling unification in the case of the high-scale SUSY scenario. To that end, we have used
the two-loop RGEs for the gauge couplings with one-loop threshold corrections considered. As
a result, the mass of the color-triplet Higgs multiplets MHC turns out to be considerably large
compared with previous results in the traditional low-energy SUSY scenario, while the GUT
scale is found to be slightly lower. These are generic features resulting from the mass difference
among the components of the same supermultiplet of the SU(5) gauge group. Interestingly, all
of the superheavy particles might be around 1016 GeV in the high-scale SUSY models.

The mass spectrum of the GUT scale particles predicted here stimulates us to reconsider
the proton decay in the case of high-scale supersymmetry. In Chap. 4.1, we have evaluated the
proton decay lifetime via the dimension-five operators in the high-scale SUSY scenario. It is
found that the higgsino exchanging diagram gives rise to the dominant contribution in the case
of minimal flavor violation. As a result, we have revealed that the proton lifetime can evade
the current experimental limit and, thus, the minimal SUSY SU(5) GUT is not excluded in the
high-scale SUSY scenario. We have also computed the rates of various proton decay channels
in the presence of sizable flavor violation in the sfermion mass matrices, which can be allowed
in the case of high-scale SUSY breaking. In such a case, the decay rates can be significantly
increased, and the charged lepton modes such as p → π0µ+ may be smoking-gun signature of
sfermion flavor violation.

While the dimension-five proton decay is suppressed by the heavy sfermion masses, the
dimension-six one through the X-boson exchange does not suffer from such a suppression. As
referred to above, the GUT scale in the high-scale SUSY is slightly lower than the ordinary one.
Since the dimension-six proton decay lifetime scales as ∝ M4

X with MX the mass of X-boson,
it may be significantly enhanced even by a small change in the GUT scale. Although the size
of enhancement depends on not only gaugino mass spectrum but also the GUT scale potential,
we expect that the dimension-six proton decay might be searched in future experiments.

As we have discussed, proton decay induced by both the dimension-five and -six operators
may be accessible in future experiments. For instance, the expected sensitivities of the Hyper-
Kamiokande with ten years exposure [69, 70] are 1.3×1035 and 2.5×1034 years at 90 % confidence
level for the p → e+π0 and p → ν̄K+ modes,1 respectively, which enable us to explore a wide

1 Recent improvements in the analysis of the K+ → π+π0 decay channel may provide a better sensitivity for
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range of parameter region in high-scale SUSY models. After all, the minimal SUSY SU(5)
GUT is still quite promising, and the proton decay experiments may reveal the existence of
supersymmetry as well as the grand unification.

the p → ν̄K+ mode: 3.2 × 1034 years at 90 % confidence level [69].

77



Acknowledgments

First of all, I am very grateful to Junji Hisano for supervising my work, for instructive sugges-
tions, and for his continuous encouragement. I would also like to thank another supervisor of
mine, Takeo Moroi, for helping me throughout the doctoral course. Further, I wish to thank
Shigeki Matsumoto for always encouraging me and my work.

Thanks to my collaborators of this work and other related topics; Kaori Fuyuto, Koji Ishi-
wata, Daiki Kobayashi, Takumi Kuwahara, Yu Muramatsu, Satoshi Shirai, Tomohiro Takesako,
and Koji Tsumura.

I am also grateful to Hitoshi Murayama, Koichi Hamaguchi, Masahiro Ibe, Masato Shiozawa,
and Yoichiro Suzuki for valuable advice on the thesis.

I am indebted to the E-ken (ex-)members in Nagoya University for a pleasant atmosphere.
Especially, I would like to thank Tomohiro Abe for helping me in my first year at the Nagoya
University, Hidetoshi Kawase for a lot of interesting arguments, Nobuhiro Maekawa for discus-
sions on naturalness and grand unification, Masaharu Tanabashi for stimulating me with his
incentive comments, and Kazuhiro Tobe for helpful discussions.

I also thank fellows, Manami Hashi, Kyosuke Hirochi, Yuto Ito, Io Kawaguchi, Yohei Kikuta,
Hikaru Matsuo, Rio Saito, and Kohsaku Tobioka for no particular reason.

This work is supported by Research Fellowships of the Japan Society for the Promotion of
Science for Young Scientists.

78



Appendix A

Notations

A.1 Conventions

We use “natural units” (c = ! = 1), where c is the speed of light in vacuum and ! ≡ h/(2π) is
the Planck constant. The metric of the four-dimensional Minkowski spacetime is given by

ηµν = diag(+1,−1,−1,−1). (A.1)

Greek indices (µ, ν, . . . ) denote the spacetime components, and run over (0, 1, 2, 3), with x0 the
time coordinate. The “Levi-Civita tensor” εµνρσ is defined as the totally antisymmetric tensor
with ε0123 = +1.

In this thesis, we often use the two-component spinor notations. They are irreducible repre-
sentations of the Lorentz transformation. So let us begin with reviewing the irreducible repre-
sentations of the Lorentz transformation. The Lorentz transformation are linear transformations
acting on four-vectors

x′µ = Λµ
νx

ν , (A.2)

where Λ is an element of the homogeneous Lorentz group L defined by

L ≡ O(1, 3; R) = {Λ ∈ GL(4; R)|ΛT ηΛ = η} . (A.3)

Further, the subgroup of L subject to the additional constraint,

det Λ = 1 Λ0
0 ≥ 1 , (A.4)

is called the proper orthochronous Lorentz group. In the following discussion, we will deal only
with this group. Consider an infinitesimal homogeneous Lorentz transformation

Λµ
ν = δµ

ν + ωµ
ν , (A.5)

with δµ
ν the Kronecker delta and ωµ

ν a real infinitesimal parameter satisfying

ωµν = −ωνµ . (A.6)

Then, with these parameters, a representation for the transformation is given as

U(1 + ω) $ 1l − i

2
ωµνJ µν , (A.7)
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with Jµν = −Jνµ. In particular, if the target space is the spacetime itself, the generators are
given as

(Jρσ)µ
ν = i(δµ

ρ ηνσ − δµ
σηνρ) . (A.8)

The commutation relations of the generators are given as follows:

[Jµν ,Jρσ] = −i(ηµρJνσ − ηνρJµσ − ηµσJνρ + ηνσJµρ) . (A.9)

One can readily obtain the relations by subsequently carrying out infinitesimal Lorentz trans-
formations, or by using the concrete representation of the generators (A.8). Also, we define

Ji ≡
1
2
εijkJ jk , (A.10)

Ki ≡ J 0i , (A.11)

where i, j, . . . denote the space indices and run over (1, 2, 3) and εijk is the totally antisymmetric
tensor. Then, Eq. (A.9) reads

[Ji, Jj ] = iεijkJk , (A.12)
[Ji,Kj ] = iεijkKk , (A.13)
[Ki,Kj ] = −iεijkJk . (A.14)

Let us further define the three-vectors A and B by

A ≡ 1
2
(J + iK) , B ≡ 1

2
(J − iK) . (A.15)

Their commutation relations are easily obtained from the above relations as follows:

[Ai, Aj ] = iεijkAk , (A.16)
[Bi, Bj ] = iεijkBk , (A.17)
[Ai, Bj ] = 0 . (A.18)

Thus, A and B each satisfy the SU(2) algebra and their irreducible representations are labelled
by a pair of integers and/or half-integers (A,B).

Two-component spinors are fields that transform as (A,B) = (1
2 , 0) or (0, 1

2) fields. To
distinguish the transformation properties, the former fields are expressed with undotted indices
like ξα, while the latter fields with dotted indices like η̄α̇. The spinor indices are raised and
lowered by means of the antisymmetric tensor εαβ, εα̇β̇, . . . with

ε21 = ε12 = 1, ε12 = ε21 = −1, ε11 = ε22 = 0, (A.19)

and
ψα = εαβψβ , ψα = εαβψ

β , η̄α̇ = εα̇β̇ η̄
β̇ , η̄α̇ = εα̇β̇ η̄β̇ . (A.20)

We contract repeated spinor indices put in the form like

α
α or α̇

α̇ . (A.21)

Namely,
ψχ ≡ ψαχα = −ψαχ

α = χαψα = χψ , (A.22)
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ψ̄χ̄ ≡ ψ̄α̇χ̄
α̇ = −ψ̄α̇χ̄α̇ = χ̄α̇ψ̄

α̇ = χ̄ψ̄ . (A.23)

The (1
2 , 0) and (0, 1

2) fields are related to each other via the Hermitian conjugation:

χ̄ ≡ χ† , χ†
α̇ ≡ (χα)† = (χ†)α̇ . (A.24)

So, it follows that
(χψ)† = ψ̄χ̄ = χ̄ψ̄ . (A.25)

The Pauli matrices

σ0 =

(
1 0

0 1

)
,σ1 =

(
0 1

1 0

)
,σ2 =

(
0 −i

i 0

)
,σ3 =

(
1 0

0 −1

)
. (A.26)

also have the two-component spinor indices, σµ
αα̇. Further, we define

σ̄µα̇α ≡ εα̇β̇εαβσµ

ββ̇
, (A.27)

and
σ̄0 = σ0, σ̄i = −σi (i = 1, 2, 3) (A.28)

readily follows. These matrices are normalized such that

Tr σµσ̄ν = 2ηµν , (A.29)

σµ
αα̇ σ̄β̇β

µ = 2δβ
α δβ̇

α̇ , (A.30)

(σµσ̄ν + σν σ̄µ)β
α = 2 ηµν δβ

α . (A.31)

In addition, some useful formulae are presented below:

ξ†σ̄µχ = −χσµξ† , (A.32)

ξσµσ̄νχ = χσν σ̄µξ , (A.33)

θαθβ = −1
2
εαβθθ , θαθβ =

1
2
εαβθθ , θ̄α̇θ̄β̇ =

1
2
εα̇β̇ θ̄θ̄ , θ̄α̇θ̄β̇ = −1

2
εα̇β̇ θ̄θ̄ , (A.34)

θσµθ̄θσν θ̄ =
1
2
θθθ̄θ̄ηµν , (A.35)

(θφ)(θψ) = −1
2
(φψ)(θθ) , (θ̄φ̄)(θ̄ψ̄) = −1

2
(φ̄ψ̄)(θ̄θ̄) , (A.36)

χα(ξη) = −ξα(ηξ) − ηα(χξ) . (A.37)

The last equation follows from the identity εαβεγδ − εαδεγβ − εγαεδβ = 0. We also list the trace
formulae for the Pauli matrices:

Tr[σµσ̄νσλσ̄τ ] = 2[ηµνηλτ − ηµληντ + ηµτηνλ + iεµνλτ ] , (A.38)

Tr[σ̄µσν σ̄λστ ] = 2[ηµνηλτ − ηµληντ + ηµτηνλ − iεµνλτ ] . (A.39)
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By using the relations, one readily obtains

σµσ̄νσλ = ηµνσλ − ηµλσν + ηνλσµ + iεµνλτστ , (A.40)

σ̄µσν σ̄λ = ηµν σ̄λ − ηµλσ̄ν + ηνλσ̄µ − iεµνλτ σ̄τ . (A.41)

It is convenient to construct antisymmetric matrices σµν and σµν out of the Pauli matrices:
(
σµν
) β
α

≡ i

2
(
σµσν − σνσµ

) β
α

, (A.42)
(
σµν
)α̇

β̇
≡ i

2
(
σµσν − σνσµ

)α̇
β̇

. (A.43)

For the matrices, we have

εµνρσσρσ = 2iσµν ,

εµνρσσ̄ρσ = −2iσ̄µν . (A.44)

By using the two-component spinors, we can compose the four-component Dirac spinors as

ψD =

(
χα

ξ̄α̇

)
, (A.45)

or Majorana fermions as

ψM =

(
χα

χ̄α̇

)
. (A.46)

Also, the Dirac matrices are given by

γµ =

(
0 σµ

σ̄µ 0

)
. (A.47)

γ5 ≡ iγ0γ1γ2γ3 =

(
−1 0

0 1

)
. (A.48)

Spinors are essentially Grassmann objects. Thus, we need to define the Grassmann deriva-
tives and integrals. In this thesis, all Grassmann derivatives should be understood as left-
derivatives. Some formulae for the derivatives and integrals are summarized as follows:

(
∂

∂θα

)†
= − ∂

∂θ
α̇ . (A.49)

This relation is justified by taking the Hermitian conjugate of ∂
∂θα θθ = 2θα.

εαβ ∂

∂θβ
= − ∂

∂θα
. (A.50)

εαβ ∂

∂θα

∂

∂θβ
θθ = 4 , εα̇β̇

∂

∂θ̄α̇

∂

∂θ̄β̇

θ̄θ̄ = 4. (A.51)

d2θ ≡ −1
4
dθαdθβεαβ , d2θ̄ ≡ −1

4
dθ̄α̇dθ̄β̇ε

α̇β̇ , d4θ ≡ d2θd2θ̄ . (A.52)
∫

d2θ θθ = 1,

∫
d2θ̄ θ̄θ̄ = 1 . (A.53)
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A.2 D-algebra

In this section, we summarize the properties of the chiral covariant derivatives, which are su-
persymmetric covariant derivatives with respect to the Grassmann coordinates (θ, θ̄). They are
defined by

Dα =
∂

∂θα
− iσµ

αα̇θ̄
α̇∂µ, Dα = − ∂

∂θα
+ i(θ̄σ̄µ)α∂µ , (A.54)

D̄α̇ = − ∂

∂θ̄α̇
+ iθασµ

αα̇∂µ , D̄α̇ =
∂

∂θ̄α̇
− i(σ̄µθ)α̇∂µ , (A.55)

with ∂µ = ∂
∂xµ . These differential operators satisfy the following anticommutation relations,

{Dα, D̄α̇} = 2iσµ
αα̇∂µ,

{Dα, Dβ} = {D̄α̇, D̄β̇} = 0 . (A.56)

By using the y-coordinate yµ = xµ − iθσµθ̄, we can rewrite the operators as

Dα =
∂

∂θα
− 2iσµ

αα̇θ̄
α̇∂µ, Dα = − ∂

∂θα
+ 2i(θ̄σ̄µ)α∂µ , (A.57)

D̄α̇ = − ∂

∂θ̄α̇
, D̄α̇ =

∂

∂θ̄α̇
, (A.58)

while with the y∗-coordinate y∗µ = xµ + iθσµθ̄,

Dα =
∂

∂θα
, Dα = − ∂

∂θα
, (A.59)

D̄α̇ = − ∂

∂θ̄α̇
+ 2iθασµ

αα̇∂µ , D̄α̇ =
∂

∂θ̄α̇
− 2i(σ̄µθ)α̇∂µ . (A.60)

In the following discussion, yµ and y∗µ are also referred to as xµ
+ and xµ

−, respectively.
We list useful formulae for the chiral covariant derivatives below. See Refs. [122, 123] for

detail discussions.

1.
[Dα, D̄2] = 4iσµ

αα̇D̄α̇∂µ . (A.61)

2.
[D̄α̇, D2] = −4iDασµ

αα̇∂µ . (A.62)

3.

1
16

[D2, D̄2] =
i

2
Dασµ

αα̇D̄α̇∂µ + "

= − i

2
D̄α̇σµ

αα̇Dα∂µ − " . (A.63)

4.
D̄2D2D̄2 = −16D̄2" . (A.64)

D2D̄2D2 = −16D2" . (A.65)
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5.

DαD̄2Dα = D̄α̇D2D̄α̇

= D2D̄2 − 4iDασµ
αα̇D̄α̇∂µ . (A.66)

6.
D2D̄2 + D̄2D2 − 2DαD̄2Dα = −16" . (A.67)

7.
(DαD̄2Dα)2 = 8DαD̄2Dα" . (A.68)

8. For a chiral superfield Φ,

− 1
16

D̄2D2

" Φ = Φ , − 1
16

D2D̄2

" Φ† = Φ† . (A.69)

9. For arbitrary chiral superfields Φ and Ψ ,
∫

d4xd2θΦΨ =
∫

de4xd4θΦ
(

1
4

D2

"

)
Ψ . (A.70)
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Appendix B

Renormalization group equations

In this chapter, we summarize the renormalization group equations (RGEs) for couplings and
mass parameters which we use in this thesis.

B.1 QCD corrections

Below the electroweak scale, the QCD corrections become much significant due to the asymptotic
free nature of the strong interaction. For this reason, we take into account the QCD corrections
at two-loop level. On the other hand, the QED contribution is quite small, so we neglect it in
the following calculation.

To begin with, we write down the two-loop RGEs for the strong coupling constant below the
electroweak scale:

µ
dαs

dµ
= (2b1)

α2
s

4π
+ (2b2)

α3
s

(4π)2
, (B.1)

with αs ≡ g2
s/(4π) the strong coupling constant and

b1 = −
11Nc − 2Nf

3
, b2 = −34

3
N2

c +
10
3

NcNf + 2CF Nf , (B.2)

where Nc = 3 is the number of colors, Nf denotes the number of quark flavors in an effective
theory and CF is the quadratic Casimir invariant defined by

CF ≡ N2
c − 1
2Nc

. (B.3)

The two-loop RGEs for the MS quark masses are given as

µ
dm(µ)

dµ
=
[
γ(1)

m
αs

4π
+ γ(2)

m
α2

s

(4π)2

]
m(µ) , (B.4)

with
γ(1)

m = −6CF , γ(2)
m = −CF

(
3CF +

97
3

Nc −
10
3

Nf

)
. (B.5)
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B.2 RGEs for gauge and Yukawa couplings

Here, we present the RGEs of the gauge and Yukawa coupling constants. We use the DR scheme
[190] in this work. The two-loop beta functions [219] are used for the gauge couplings, while the
one-loop RGEs are used for the Yukawa couplings.

B.2.1 Generic results: Non-SUSY

First, we consider a generic field theory described by the following Lagrangian,

L = −1
4
FA

µνF
Aµν +

1
2
(Dµφi)2 + ψ†

i σ̄
µiDµψi − (yij

k ψiψjφk + h.c.) . (B.6)

Here, fermions are expressed in terms of the two-component spinors.
The beta-function for the gauge coupling constant is given in Ref. [219] for a generic field

theory up to two-loop order in the MS scheme:

β(g) ≡µ
dg

dµ

= − g3

(4π)2

[
11
3

C(G) − 4
3
κS(F ) − 1

6
S(S)

]
− g3

(4π)4
2κY4(F )

− g5

(4π)4

[
34
3
{
C(G)

}2 − κ
{
4C(F ) +

20
3

C(G)
}
S(F ) −

{
2C(S) +

1
3
C(G)

}
S(S)

]
, (B.7)

where C(G), C(F ), and C(S) are the Casimir invariants for gauge, fermion and scalar fields,
respectively. Also, S(F ) and S(S) are the Dynkin indices for fermion and scalar representations,
respectively. The factor κ is κ = 1/2 (κ = 1) for two-component (four-component) fermions.
Scalar fields are written in terms of real fields so that they form a real representation of a given
gauge group. The invariant Y4(F ) is defined by

Y4(F ) ≡ 1
d(G)

Tr
[
C(F )yky

†
k

]
, (B.8)

with d(G) is the dimension of the Lie algebra of a group G. Since the gauge couplings at two-
loop level are actually independent of the renormalization schemes, the above formula is also
valid in the DR scheme.

On the other hand, the one-loop beta functions of the Yukawa couplings are given as [220]

βyk
≡ µ

d

dµ
yk

=
1

(4π)2

[
1
2
{
Y †

2 (F )yk + ykY2(F )
}

+ 2yly
†
kyl + 2κylTr(y†l yk) − 3g2{C(F ), yk}

]
. (B.9)

Here,
Y2(F ) ≡ y†kyk . (B.10)

In addition, let us show the one-loop relations between the couplings in the MS and DR
schemes for convenience. Such a relation for the renormalized gauge coupling constants are
given as [221]

α(µ)
DR

= α(µ)
MS

(
1 +

C(G)
12π

α(µ)
MS

)
, (B.11)
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where C(G) is the quadratic Casimir invariant for the adjoint representation of a single group
G; e.g., for SU(N), C(SU(N)) = N , while for U(1), C(U(1)) = 0. By using the relation, one
can easily check a well-known result that the beta function for the gauge coupling is scheme-
independent up to two-loop level.

The one-loop relation between the Yukawa couplings is, on the other hand, presented in
Ref. [222] as

yij
k |DR = yij

k |MS

[
1 − α

8π
{
C(ri) + C(rj) − 2C(rk)

}]
. (B.12)

Here, C(ri) denotes the quadratic Casimir invariant for the field with subscript i. Notice that
in SUSY theories the Yukawa couplings are totally symmetric in the DR scheme, which respects
supersymmetry, while not in the MS scheme because of the quantum corrections.

B.2.2 Generic results: SUSY

Next, we consider a generic SUSY theory with the superpotential for Yukawa terms

W =
1
6
yijkΦiΦjΦk . (B.13)

In this case, we can rewrite the generic result for the gauge coupling beta functions as [223]

µ
d

dµ
g =

1
16π2

b(1)
g +

1
(16π2)2

b(2)
g , (B.14)

with

b(1)
g = g3[S(R) − 3C(G)] , (B.15)

b(2)
g = g5

{
−6[C(G)]2 + 2C(G)S(R) + 4S(R)C(R)

}
− g3 C(rk)

d(G)
yijk(yijk)∗ . (B.16)

Here S(R) is the Dynkin index summed over all chiral matter fields and S(R)C(R) is the sum
of the Dynkin indices multiplied by the Casimir invariant.

The one-loop beta-functions for the Yukawa matrices are readily obtained from the wave-
function renormalization of each chiral superfield thanks to the non-renormalization theorem
[116]. The result is

µ
d

dµ
yijk =

1
16π2

[
yijlγ(1)k

l + yilkγ(1)j
l + yljkγ(1)i

l

]
, (B.17)

with

γ(1)j
i =

1
2
(y∗)ikl yjkl − 2δj

i g
2C(ri) , (B.18)

where C(ri) is the Casimir invariant for the chiral superfield indicated by the subscript i.
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B.2.3 Above SUSY scale

By using the results presented in the previous section, we can readily obtain the two-loop RGEs
for the gauge coupling constants in the MSSM. The resultant expression is given as

µ
dga

dµ
=

1
16π2

b(1)
a g3

a +
g3
a

(16π2)2

[ 3∑

b=1

b(2)
ab g2

b −
∑

k=u,d,e

cak Tr(f †
kfk)

]
, (B.19)

where

b(1)
a =





33/5

1

−3



 , b(2)
ab =





199/25 27/5 88/5

9/5 25 24

11/5 9 14



 , (B.20)

and

cak =





26/5 14/5 18/5

6 6 2

4 4 0



 . (B.21)

Similarly, the one-loop RGEs for the Yukawa matrices are given as

µ
d

dµ
fu =

1
16π2

[
3Tr(f †

ufu) + 3fuf †
u + fdf

†
d − 13

15
g2
1 − 3g2

2 − 16
3

g2
3

]
fu ,

µ
d

dµ
fd =

1
16π2

[
Tr(3f †

dfd + f †
efe) + 3fdf

†
d + fuf †

u − 7
15

g2
1 − 3g2

2 − 16
3

g2
3

]
fd ,

µ
d

dµ
fe =

1
16π2

[
Tr(3f †

dfd + f †
efe) + 3fef

†
e − 9

5
g2
1 − 3g2

2

]
fe . (B.22)

B.2.4 Below SUSY scale

Below the SUSY breaking scale (MS), squarks, sleptons, higgsinos, and the heavy Higgs bosons
are decoupled so that the theory is regarded as the SM with gauginos. In such a case, we need
to exploit the results presented in Sec. B.2.1. Then, we find that the contribution of gauginos
and the SM particles to the coefficients of the beta functions is given as

b(1)
a =





41/10

−19/6

−7





SM

+





0

4/3

2





gaugino

, (B.23)

b(2)
ab =





199/50 27/10 44/5

9/10 35/6 12

11/10 9/2 −26





SM

+





0 0 0

0 64/3 0

0 0 48





gaugino

, (B.24)

and

cak =





17/10 1/2 3/2

3/2 3/2 1/2

2 2 0





SM

, (B.25)
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where the subscripts “SM” and “gaugino” indicate that the contributions are of the SM particles
and gauginos, respectively. The running of the Yukawa couplings in this case is given as follows:

µ
d

dµ
yu =

1
16π2

[
3
2
(yuy†u − ydy

†
d) + Y2 −

17
20

g2
1 − 9

4
g2
2 − 8g2

3

]
yu,

µ
d

dµ
yd =

1
16π2

[
3
2
(ydy

†
d − yuy†u) + Y2 −

1
4
g2
1 − 9

4
g2
2 − 8g2

3

]
yd,

µ
d

dµ
ye =

1
16π2

[
3
2
yey

†
e + Y2 −

9
4
g2
1 − 9

4
g2
2

]
ye, (B.26)

where
Y2 ≡ Tr(3yuy†u + 3ydy

†
d + yey

†
e) . (B.27)
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Appendix C

Renormalization factors of effective
operators

Here, we obtain the RGEs for the effective operators which appear in this thesis.

C.1 Long-distance corrections

First, we demonstrate the evaluation of the long-distance QCD corrections to the baryon-number
violating dimension-six operators below the electroweak scale down to the hadronic scale $
1 GeV. There are two kinds of such operators; one is the operators in which all of the fermions
have the same chirality, like O(3)

ijkl defined in the next section, and the other is those who have

mixed quark chiralities; e.g., O(1)
ijkl in Eq. (4.7). Here, we present the two-loop calculation for

both types [205]. We neglect the small QED contribution in the following computation.
The long-distance factor, AL, is determined by the ratio of the Wilson coefficients for the

effective operators at the scale of mZ and the hadron scale µH :

AL ≡ C(µH)
C(mZ)

. (C.1)

In this thesis, we take µH = 2 GeV. The coefficient C(µ) satisfies the following RGE at two-loop
level [205]:

µ
d

dµ
C(µ) = −

[
4
αs

4π
+
(

14
3

+
4
9
Nf + ∆

)
α2

s

(4π)2

]
C(µ) , (C.2)

where ∆ = 0 for the operators including fermions with the same chirality, while ∆ = −10/3 for
the operators with mixed chiralities. The solution of the equation is

C(µ)
C(µ0)

=
[
αs(µ)
αs(µ0)

]− 2
b1
[

4πb1 + b2αs(µ)
4πb1 + b2αs(µ0)

]( 2
b1

−
42+4Nf +9∆

18b2

)

, (C.3)

with b1 and b2 given in Eq. (B.2). Thus, AL is given as

AL =
[
αs(µH)
αs(mb)

] 6
25
[
αs(mb)
αs(mZ)

] 6
23
[
αs(µH) + 50π

77

αs(mb) + 50π
77

]− 2047
11550

[
αs(mb) + 23π

29

αs(mZ) + 23π
29

]− 1375
8004

, (C.4)
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for ∆ = 0, and

AL =
[
αs(µH)
αs(mb)

] 6
25
[
αs(mb)
αs(mZ)

] 6
23
[
αs(µH) + 50π

77

αs(mb) + 50π
77

]− 173
825
[
αs(mb) + 23π

29

αs(mZ) + 23π
29

]− 430
2001

, (C.5)

for ∆ = −10/3. Numerically,

AL =

{
1.250 (for ∆ = 0)
1.247 (for ∆ = −10/3)

. (C.6)

C.2 Four-Fermi operators

The baryon-number violating four-Fermi operators invariant under the SU(3)C⊗SU(2)L⊗U(1)Y

are summarized as follows [202, 203, 204]1:

O(1)
ijkl = εabc(ua

Rid
b
Rj)(Q

c
Lk · LLl) ,

O(2)
ijkl = εabc(Qa

Li · Qb
Lj)(u

c
RkeRl) ,

O(3)
ijkl = εabcε

αβεγδ(Qa
LiαQb

Ljγ)(Qc
LkδLLlβ) ,

O(4)
ijkl = εabc(ua

Rid
b
Rj)(u

c
RkeRl) . (C.7)

Here we explicitly write the way of contracting the SU(2)L indices for O(3)
ijkl. The effective

Lagrangian below the SUSY breaking scale is then written as

Leff =
4∑

I=1

Cijkl
(I) O(I)

ijkl , (C.8)

where Cijkl
(I) denote the Wilson coefficients of the effective operators.

We evaluate the RGEs for the Wilson coefficients at one-loop level. We have

µ
d

dµ
Cijkl

(1) =
[
α1

4π

(
−11

10

)
+
α2

4π

(
−9

2

)
+
α3

4π
(−4)

]
Cijkl

(1) ,

µ
d

dµ
Cijkl

(2) =
[
α1

4π

(
−23

10

)
+
α2

4π

(
−9

2

)
+
α3

4π
(−4)

]
Cijkl

(2) ,

µ
d

dµ
Cijkl

(3) =
[
α1

4π

(
−1

5

)
+
α2

4π
(−3) +

α3

4π
(−4)

]
Cijkl

(3) +
α2

4π
(−4)

(
Cjikl

(3) + Ckjil
(3) + Cikjl

(3)

)
,

µ
d

dµ
Cijkl

(4) =
[
α1

4π

(
−6

5

)
+
α3

4π
(−4)

]
Cijkl

(4) +
α1

4π
(−4)Ckjil

(4) . (C.9)

The contribution to the RGEs of the gauge interactions is consistent with that presented in
Ref. [204].

1 We have slightly changed the labels of the operators as well as the order of fermions from those presented in
Ref. [204].
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C.3 F -term operators

From this section, we consider the renormalization of the effective operators in the SUSY theo-
ries. In the SUSY theories, SUSY-invariant operators can be written in terms of the superspace
integral. There are two types of such operators; the F -term and D-term type operators. In this
section, we discuss the former, and consider the latter in the next section.

For the effective operators written in the form of superpotential, the renormalization effects
are readily obtained from the wave-function renormalization of each chiral superfield in the
operators. This is a direct consequence of the non-renormalization theorem [116]. A typical
example of such operators is the dimension five operators O5L

ijkl and O5R
ijkl.

Let us consider a generic F -term type operator Oi1...in defined by

Oi1...in ≡
∫

d2θ Φi1 . . . Φin , (C.10)

with its Wilson coefficient Ci1...in . The RGE for the Wilson coefficient is then given as follows:

µ
d

dµ
Ci1...in(µ) =

∑

k

Ci1...i′k...in γ ik
i′k

, (C.11)

where γ j
i are the anomalous dimension matrices associated with the chiral superfields Φi. In

Ref. [223], they are given upto two-loop level in a generic SUSY theory. Here, we only consider
the one-loop contribution:

γ j
i =

1
16π2

γ(1)j
i , (C.12)

with γ(1)j
i displayed in (B.18).

By using the above formula, the RGEs for the Wilson coefficients Cijkl
5L and Cijkl

5R of the
dimension-five proton decay operators at one-loop level are given as

µ
d

dµ
Cijkl

5L (µ) =
1

16π2

[(
−2

5
g2
1 − 6g2

2 − 8g2
3

)
Cijkl

5L + (fuf †
u + fdf

†
d)i

i′C
i′jkl
5L

+ (fuf †
u + fdf

†
d)j

j′C
ij′kl
5L + (fuf †

u + fdf
†
d)k

k′C
ijk′l
5L + (fef

†
e )l

l′C
ijkl′

5L

]
,

µ
d

dµ
Cijkl

5R (µ) =
1

16π2

[(
−12

5
g2
1 − 8g2

3

)
Cijkl

5R + Ci′jkl
5R (2f †

ufu) i
i′

+ Cij′kl
5R (2f †

efe) j
j′ + Cijk′l

5R (2f †
ufu) k

k′ + Cijkl′

5R (2f †
dfd) l

l′

]
. (C.13)

Improvement of the results to the two-loop level is straightforward.

C.4 D-term operators

Next, we consider the renormalization of the Kähler type effective operators. On the contrary
to the superpotential type operators, these Kähler type operators receive the renormalization
effects other than the wave-function renormalization. First, we will derive a simple formula for
the one-loop level renormalization factors of any higher-dimensional operators in the Kähler
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potential in Sec. C.4.1. Then, we evaluate the renormalization factors of the dimension-six
proton decay operators at two-loop level in Sec. C.4.2. In the following calculation, we only take
the gauge interactions into account, i.e., we neglect the superpotential. A justification for this
is that the experimental constraints on the effective operators are particularly severe when the
external lines of the operators are of the first and/or second generations, and in such a case the
effects of the Yukawa couplings are negligible.

Before moving to the calculation, we first introduce our convention used below. The rela-
tionship between bare and renormalized operators is written in the following fashion:

OB = ZOO , (C.14)

where the subscript B indicates the operator is bare. Then, the Wilson coefficients C for the
operators O obey the differential equations,

µ
d

dµ
C(µ) = γOC(µ) , (C.15)

with γO the anomalous dimensions for the operators defined as

γO ≡ µ
d

dµ
lnZO . (C.16)

The anomalous dimensions are obtained by analyzing the vertex functions (or the effective
action) in which the operators are inserted. Their RGEs are given as

[
µ
∂

∂µ
+ βα

∂

∂gα
−
∑

i

γi + γO

]
ΓO = 0 . (C.17)

Here, ΓO are the four-point vertex functions with an insertion of the operators O. The gauge
coupling constants and their beta functions are denoted by gα and βα, respectively, and the sum
over each gauge group is implicit. Further, γi shows the anomalous dimension of each superfield
contained in the operators.

C.4.1 One-loop results

In this section, we present a generic one-loop formula [224] for the renormalization factors using
the effective Kähler potential for generic four dimensional N = 1 SUSY theories computed in
Refs. [225, 226]. In the calculation, the dimensional reduction scheme (DR) [190] is employed
for the regularization. According to the results, the one-loop correction to the Kähler potential
is given as

∆K1 = −
∑

α

1
16π2

TrM2
C(α)

(
2 − ln

M2
C(α)

µ̄2

)
, (C.18)

where µ̄2 ≡ 4πe−γµ2 defines the MS renormalization scale, and the mass matrix M2
C(α) is defined

by
(M2

C(α))AB ≡ 2g2
αφ̄a(T

(α)
A )a

bG
b
c(T

(α)
B )c

dφ
d , (C.19)

with φ the background for the chiral superfield Φ and Ga
b the Kähler metric

Ga
b ≡

∂2

∂φ̄a∂φb
K(φ̄,φ) . (C.20)
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In Eq. (C.18), Tr denotes the trace over the adjoint representation of a gauge group whose
coupling constant is gα and generators are given by T (α)

A .
In order to obtain the renormalization factors for the higher-dimensional effective operators,

we consider the Kähler potential

K = φ̄aφ
a + CO + CO† , (C.21)

with C the Wilson coefficient of the operator O. In this case, the Kähler metric reads

Ga
b = δa

b + COa
b + CO†a

b , (C.22)

with Oa
b ≡ ∂2O/∂φ̄a∂φb. By substituting the above equations to Eq. (C.18), we have

∆K1 = −
∑

α

g2
α

16π2
2(1 + ln µ̄2)[Cα(a)φ̄aφ

a + {C(φ̄T (α)
A )aOa

b(T
(α)
A φ)b + h.c.}] , (C.23)

where Cα(i) are the quadratic Casimir group theory invariants for the superfield Φi, defined in
terms of the Lie algebra generators TA by (T (α)

A T (α)
A )a

b = Cα(i)δa
b . Further, we keep only the

terms up to the first order with respect to the Wilson coefficient, C, and do not show the terms
including the logarithmic dependence on the background fields, which are not relevant to the
present calculation. At the first order in the perturbation theory, the RGE (C.17) then leads to

γ(1)
O O =

∑

i

γ(1)
i O +

∑

α

g2
α

16π2
4(φ̄T (α)

A )aOa
b(T

(α)
A φ)b . (C.24)

Here, the superscript (1) of the anomalous dimensions denotes that they are evaluated at one-
loop level. In SUSY theories, γ(1)

i is given by Eq. (B.18).
Now we evaluate the second term in Eq. (C.24). To that end, we analyze the structure of the

term on a general basis in order to derive the formula for the one-loop renormalization factor
of any operator. Consider the following operator which contains an arbitrary number of both
chiral and anti-chiral superfields and is singlet under a given global symmetry G as a whole:

O = λ̄i1...im
a λa

j1...jn
Φi1 . . .ΦimΦj1 . . .Φjn . (C.25)

Here, the coefficients λa
j1...jn

and λ̄i1...im
a make the set of superfields G singlet. When G is localized

(gauged), the operator invariant under both supersymmetry and the gauge symmetry is
∫

d2θd2θ̄ (λ̄i1...im
a Φi1 . . . Φim)

[
e2gV A

G T A]a
b
(λb

j1...jn
Φj1 . . . Φjn) , (C.26)

where g and V A
G are the coupling constant and the gauge vector superfields of the gauge group G,

respectively. Moreover, TA are assumed to be the generators for an irreducible representation,
which are relevant to the transformation properties of the composite chiral superfield Φj1 . . .Φjn ;
under the gauge transformation, Φj1 . . . Φjn is transformed as

(λa
j1...jn

Φj1 . . . Φjn) → (eigΛAT A
)a

b(λ
b
j1...jn

Φj1 . . . Φjn) , (C.27)
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with ΛA any chiral superfields. Further, we write the generators for each chiral superfield Φ as tA,
i.e., Φj → (eigΛAtA)j

j′Φ
j′ . Then, since the coefficients λa

j1...jn
and λ̄i1...im

a assemble the transfor-
mation properties of each chiral superfield into that of the composite operator λa

j1...jn
Φj1 . . .Φjn ,

it follows that
(TA)a

bλ
b
j1...jn

= λa
j′1j2...jn

(tA)j′1
j1

+ · · · + λa
j1...jn−1j′n

(tA)j′n
jn

, (C.28)
and similarly for the anti-chiral superfields,

λ̄i1...im
b (TA)b

a = (tA)i1
i′1
λ̄

i′1i2...im
b + · · · + (tA)im

i′m
λ̄i1...im−1i′m

b . (C.29)

These expressions imply that λa
j1...jn

and λ̄i1...im
a are invariant tensors under G. By using the

relations, we now evaluate the second term in Eq. (C.24). It goes as follows:

(φ̄tA)aOa
b(t

Aφ)b = [(tA)i1
i′1
λ̄

i′1i2...im
b + · · · + (tA)im

i′m
λ̄i1...im−1i′m

b ]

× [λa
j′1j2...jn

(tA)j′1
j1

+ · · · + λa
j1...jn−1j′n

(tA)j′n
jn

]φ̄i1 . . . φ̄imφ
j1 . . .φjn

= λ̄i1...im
b (TA)b

a(T
A)a

cλ
c
j1...jn

φ̄i1 . . . φ̄imφ
j1 . . .φjn

= Ccomp
G O , (C.30)

where Ccomp
G is defined by TATA = Ccomp

G 1l; it corresponds to the Casimir invariant for the
composite chiral superfield λa

j1...jn
Φj1 . . . Φjn . Substituting the expression into Eq. (C.24), we

finally obtain a generic formula for the one-loop renormalization factors of arbitrary operators
[224]:

γ(1)
O =

∑

α

g2
α

16π2

[
4Ccomp

α − 2
∑

i

Cα(i)
]

, (C.31)

with Ccomp
α the Casimir invariants of the gauge group α for the chiral part of the operators.

Now we apply the formula to the dimension-six proton decay operators

Leff
6 = Cijkl

6(1)O
6(1)
ijkl + Cijkl

6(2)O
6(2)
ijkl , (C.32)

where

O6(1)
ijkl =

∫
d2θd2θ̄ εabcεαβ

(
U

∗
i

)a(
D

∗
j

)b
e−

2
3g′B

(
e2g3GQα

k

)c
Lβ

l , (C.33)

O6(2)
ijkl =

∫
d2θd2θ̄εabcεαβ Qaα

i Qbβ
j e

2
3g′B

(
e−2g3GU

∗
k

)c
E

∗
l . (C.34)

For the operators, we find Ccomp
3 = C3(") = 4/3 in the case of SU(3)C and Ccomp

2 = 0 in the
case of SU(2)L for both O6(1) and O6(2). Here, " denotes the fundamental representation of
the corresponding group, and we have used C3(") = C3("). Note that the latter equation for
SU(2)L follows from the fact that the SU(2)L non-singlet superfields in the effective operators
have the same chirality and form an SU(2)L singlet. For U(1)Y contributions, on the other hand,
we obtain different results for the operators O6(1) and O6(2): Ccomp

Y = (YQ + YL)2 for O6(1) and
Ccomp

Y = (2YQ)2 for O6(2). As a result, we obtain the RGEs for the Wilson coefficients as

µ
d

dµ
Cijkl

6(1) =
[
α1

4π

(
−11

15

)
+
α2

4π
(−3) +

α3

4π

(
−8

3

)]
Cijkl

6(1) ,

µ
d

dµ
Cijkl

6(2) =
[
α1

4π

(
−23

15

)
+
α2

4π
(−3) +

α3

4π

(
−8

3

)]
Cijkl

6(2) . (C.35)

These results are totally consistent with those in Ref. [227].
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C.4.2 Two-loop results

Next, we discuss the two-loop level contribution. Again, we use the results in Ref. [226]. The
radiative corrections to the Kähler potential at two-loop level are described by

∆K2 =
1
2
Rb d

a cJ
a c
b d(M

2) −
∑

α

f (α)
ABCf (α)

DEF IBDEAFC(M2
V (α))

−
∑

α

(GT (α)
A φ)b

;c(φ̄T (α)
B G) ;d

a Ha c AB
b d (M2,M2

V (α)) , (C.36)

with f (α)
ABC the structure constants of the gauge group α. The mass functions and the geometric

factors appear in Eq. (C.36) are defined as follows:

Ja c
b d(M

2) =
2

(16π2)2
(ln µ̄2)

∑

α,β

(M2
αG−1)a

b(M
2
βG−1)c

d , (C.37)

IABCDEF (M2
V (α)) = −1

2
g2
α

(16π2)2
(ln µ̄2)

[
4(M2

V (α))ABδCDδEF

− δAB(M2
V (α) lnM2

V (α))CDδEF − δABδCD(M2
V (α) lnM2

V (α))EF
]
+ cycl. ,

(C.38)

where the +cycl. denotes the cyclic permutation of the labels AB,CD,EF , and

Ha c AB
b d (M2,M2

V (α)) = − g2
α

(16π2)2
(ln µ̄2)

[∑

β

δAB
{
2(M2

βG−1)a
b(G

−1)c
d + 2(G−1)a

b(M
2
βG−1)c

d

− (G−1)a
b(M

2
β ln{M2

β}G−1)c
d − (M2

β ln{M2
β}G−1)a

b(G
−1)c

d

}

+ 2(G−1)a
b(G

−1)c
d(M

2
V (α))AB + (G−1)a

b(G
−1)c

d(M
2
V (α) lnM2

V (α))AB

]
,

(C.39)

Here, we drop the terms independent of the scale µ or containing two logarithms. The latter
terms give rise to the logarithmic terms after differentiation, which cancel other logarithmic
terms in the RGEs. The mass parameters are defined as

(M2
α)a

b ≡ 2g2
α(T (α)

A φ)a(φ̄T (α)
A G)b , (C.40)

and
(M2

V (α))AB ≡ 1
2
[
(M2

C(α))AB + (M2
C(α))BA

]
. (C.41)

Further, G−1 is inverse of the Kähler metric Ga
b defined in Eq. (C.20), and the curvature Ra c

b d
is given by

Ra c
b d ≡ ∂2

∂φ̄a∂φb
Gc

d −
(

∂

∂φ̄a
Gc

e

)
(G−1)e

f

(
∂

∂φb
Gf

d

)
. (C.42)

The third term in Eq. (C.36) includes the shorthand notations, (GTAφ)b
;c and (φ̄TBG) ;d

a , which
are defined as

(GTAφ)a
;b ≡ Ga

c(TA)c
b +

(
∂

∂φc
Ga

b

)
(TAφ)c

= (TA)a
cG

c
b + (φ̄TA)c

(
∂

∂φ̄c
Ga

b

)
≡ (φ̄TAG) ;a

b . (C.43)

96



Here, the second line follows from the gauge invariance of the Kähler potential.
By using them, we readily obtain the two-loop corrections to the vertex functions. The RGE

in Eq. (C.17) at two-loop level is given as

µ
∂Γ(2)

O
∂µ

+
∑

α

1
16π2

b(1)
α g3

α
∂

∂gα
Γ(1)
O −

∑

i

γ(1)
i Γ(1)

O −
∑

i

γ(2)
i Γ(0)

O + γ(1)
O Γ(1)

O + γ(2)
O Γ(0)

O = 0 . (C.44)

Here, the subscripts (0–2) indicate the quantities are evaluated at tree, one-loop, and two-loop
level, respectively. One-loop anomalous dimensions γ(1)

i are given in Eq. (B.18), while the two-
loop ones are given as [223]

γ(2)
i =

1
(16π2)2

∑

α,β

2g2
αCα(i)

[
g2
αb(1)

α δαβ + 2g2
βCβ(i)

]
. (C.45)

Here, b(1)
α are the one-loop beta function coefficients for gauge coupling constants, given in

Eq. (B.20). From the RGE in Eq. (C.44), we now obtain the two-loop anomalous dimensions
for the effective operators. Again, we parametrize them as follows [224]:

γ(2)
O(I) =

g4
3

(16π2)2
[
γ(2)
O(I)

]
33

+
g4
2

(16π2)2
[
γ(2)
O(I)

]
22

+
g4
1

(16π2)2
[
γ(2)
O(I)

]
11

+
g2
2g

2
3

(16π2)2
[
γ(2)
O(I)

]
23

+
g2
1g

2
2

(16π2)2
[
γ(2)
O(I)

]
12

+
g2
1g

2
3

(16π2)2
[
γ(2)
O(I)

]
13

. (C.46)

Then, we have
[
γ(2)
O6(1)

]
33

=
[
γ(2)
O6(2)

]
33

=
64
3

+ 8b(1)
3 , (C.47)

[
γ(2)
O6(1)

]
22

=
[
γ(2)
O6(2)

]
22

=
9
2

+ 3b(1)
2 , (C.48)

[
γ(2)
O6(1)

]
11

=
113
150

+ b(1)
1 ,

[
γ(2)

O6(2)

]
11

=
91
50

+
9
5
b(1)
1 , (C.49)

[
γ(2)

O(1)

]
23

= 12 ,
[
γ(2)
O(2)

]
23

= 20 , (C.50)

[
γ(2)
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]
12

=
6
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,

[
γ(2)

O(2)

]
12

=
2
5

, (C.51)

[
γ(2)
O(1)

]
13

=
68
15

,

[
γ(2)
O(2)

]
13

=
76
15

. (C.52)
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Appendix D

Input parameters

In this chapter, we list the set of input parameters which we use in our calculation. Basically, we
follow the conventions presented in the Supersymmetry Les Houches Accord (SLHA) [228, 229].
The values of the parameters are taken from Ref. [8].

D.1 Standard Model parameters

D.1.1 Electroweak sector

The electroweak sector is fixed by the following four parameters:

• mH0 : Mass of Higgs boson, H0

mH0 = 125.9 ± 0.4 GeV . (D.1)

The value is obtained by the ATLAS and CMS Collaborations at the LHC.

• mZ : Mass of Z-boson
mZ = 91.1876 ± 0.0021 GeV . (D.2)

It has been determined at LEP 1 [230].

• GF : Fermi constant
GF = 1.1663787(6) × 10−5 GeV−2 , (D.3)

which is derived from the muon lifetime measurement.

• αem(mZ)MS: Electromagnetic coupling at mZ in the MS scheme with Nf = 5:

[αem(mZ)MS]−1 = 127.944 ± 0.014 . (D.4)

It is evaluated from the fine structure constant, α = 1/137.035999074(44), which is de-
termined from the electron anomalous magnetic dipole moment. The uncertainty mainly
comes from the low-energy contribution to vacuum polarization.
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Table D.1: Input masses for the SM fermions [8].

Masses (GeV) Comments

mu(2 GeV)MS (2.3+0.7
−0.5) × 10−3 u quark MS mass at µ = 2 GeV.

md(2 GeV)MS (4.8+0.5
−0.3) × 10−3 d quark MS mass at µ = 2 GeV.

ms(2 GeV)MS (95 ± 5) × 10−3 s quark MS mass at µ = 2 GeV.

mc(mc)MS 1.275 ± 0.025 c quark MS mass at µ = mc .

mb(mb)MS 4.18 ± 0.03 b quark MS mass at µ = mb .

mt 173.07 ± 0.52 ± 0.72 t quark pole mass.

me 0.510998928(11) × 10−3 electron pole mass.

mµ 105.6583715(35) × 10−3 muon pole mass.

mτ 1.77682(16) τ pole mass.

All of the other electroweak parameters are in principle determined from the above param-
eters. However, in the analysis presented in this thesis, we sometimes also use the following
parameters as input parameters:

mW = 80.385(15) GeV , (D.5)

sin2 θ(mZ)MS = 0.23116(12) . (D.6)

The difference between the values and those evaluated from the above four parameters are only
relevant to beyond the leading-order calculations.

D.1.2 Strong coupling constant

We use the strong coupling constant at the Z-boson mass in the MS scheme with five flavors as
an input parameter:

αs(mZ) = 0.1184(7) . (D.7)

D.1.3 Fermion masses

The input values for the SM fermion masses are summarized in Table. D.1. We use the current
quark masses at 2 GeV in the MS scheme for the light quarks, u, d, and s. The running masses
in the MS scheme are used for c and b quarks. For top quark and the charged leptons, we use
the on-shell masses. Neutrino masses are ignored in this thesis.

For the quark masses, the one-loop relation between the pole mass mq and the MS mass
mMS

q is given as

mq = mMS
q (mMS

q )
(

1 +
4
3π
αs(mMS

q )
)

. (D.8)
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D.1.4 CKM matrix

The CKM matrix elements given in Eq. (1.11) are expressed in terms of the Wolfenstein
parametrization as

s12 = λ ,

s23 = Aλ2 ,

s13e
iδ =

Aλ3(ρ+ iη)
√

1 − A2λ4
√

1 − λ2[1 − A2λ4(ρ+ iη)]
. (D.9)

These four parameters, λ, A, ρ and η, are obtained as follows:

λ = 0.22535 ± 0.00065 ,

A = 0.811+0.022
−0.012 ,

ρ = 0.131+0.026
−0.013 ,

η = 0.345+0.013
−0.014 . (D.10)

D.2 Hadron matrix elements

In this section, we give the hadron matrix elements of baryon-number violating operators. For
the values we use those estimated with lattice QCD simulation. There are two ways for the
calculation; one is the direct method and the other is the indirect method. In the former method,
the matrix elements of the operators between nucleon and meson states are measured directly
from the three-point functions including an effective operator, a nucleon current, and a meson
current. On the other hand, in the latter method, the calculation reduces to the determination
of two low-energy constants by means of the chiral perturbation theory. In this thesis, we use
the values obtained with the direct method unless otherwise noted. The results are given in
Sec. D.2.1. We also discuss the indirect method in the subsequent section and compare both
results in Sec. D.2.3.

D.2.1 Direct method

In Ref. [206], the proton decay matrix elements are evaluated using the direct method with
Nf = 2 + 1 flavor lattice QCD, where u and d quarks are degenerate in mass respecting the
isospin symmetry. In the simulation, domain-wall fermions (DWFs) [231, 232, 233] are used;
the fermions are defined on a five-dimensional spacetime so that chiral fermions are realized on a
four-dimensional domain wall in the fifth-dimension without introducing extra doubler fermions.
To begin with, let us define the hadron matrix elements of baryon-number violating operators.
Here, we only discuss the dimension-six operators. Such operators include three quarks and a
lepton, having a form like lcOΓΓ′

qqq where c denotes the charge conjugation and the three-quark
operator OΓΓ′

qqq is defined as

OΓΓ′
qqq = (qq)ΓqΓ′ ≡ εabc(qaT CPΓqb)PΓ′qc . (D.11)

Here, C denotes the charge conjugation matrix and Γ, Γ′ = R or L represents the chirality. PΓ

is the projection operator defined by PΓ ≡ (1∓γ5)/2 for (Γ = L,R), respectively. The operators
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Table D.2: Matrix elements obtained by direct calculation in Ref. [206].

Matrix element Value (GeV2) Matrix element Value (GeV2)

〈π0|(ud)RuL|p〉 −0.103(23)(34) 〈K0|(us)RuL|p〉 0.098(15)(12)

〈π0|(ud)LuL|p〉 0.133(29)(28) 〈K0|(us)LuL|p〉 0.042(13)(8)

〈π+|(ud)RdL|p〉 −0.146(33)(48) 〈K+|(us)RdL|p〉 −0.054(11)(9)

〈π+|(ud)LdL|p〉 0.188(41)(40) 〈K+|(us)LdL|p〉 0.036(12)(7)

〈η0|(ud)RuL|p〉 0.015(14)(17) 〈K+|(ud)RsL|p〉 −0.093(24)(18)

〈η0|(ud)LuL|p〉 0.088(21)(16) 〈K+|(ud)LsL|p〉 0.111(22)(16)

〈K+|(ds)RuL|p〉 −0.044(12)(5)

〈K+|(ds)LuL|p〉 −0.076(14)(9)

induce nucleon (N = p, n) decay into a pseudo-scalar meson (M = π,K, η) and an anti-lepton
(lc). The transition amplitude is

〈M(p), lc(q, s′)|[lcOΓΓ′
qqq ]|N(k, s)〉 = vc(q, s′)〈M(p)|[OΓΓ′

qqq ]|N(k, s)〉 , (D.12)

with q = k − p. |N(k, s)〉 and |M(p)〉 denote the one-particle states1 of the initial nucleon and
the final meson with three-momenta k and p, respectively, and vc(q, s′) is the wave function
coefficient of the final anti-lepton with spin s′. The amplitude is a function of /q and q2. By using
the on-shell condition, we obtain /qvl = −mlvl and q2 = m2

l with ml the mass of the final lepton.
Since m2

l 2 m2
N (mN is the nucleon mass), we can safely ignore the /q and q2 dependence, so we

set /q = q2 = 0 in the following calculation. Then, the right-hand side of the above expression
reduces to

vc(q, s′)〈M(p)|[OΓΓ′
qqq ]|N(k, s)〉 = 〈M |OΓΓ′

qqq |N〉 vc(q, s′)PΓ′uN (k, s) . (D.13)

Now, all we have to do is to evaluate the hadron matrix elements 〈M |OΓΓ′
qqq |N〉.2

The results are summarized in Table. D.2. In the table, we use an abbreviated notation like

〈π0|(ud)RuL|p〉 = 〈π0|εabc(uaT CPRdb)PLuc|p〉 . (D.14)

The first and second parentheses represent statistical and systematic errors, respectively. The
matrix elements are evaluated at the scale of µ = 2 GeV. Here, we only show the matrix elements
for proton. As for neutron, we can readily obtain the matrix elements through the following

1 We use the invariant normalization for the one-particle states: e.g., 〈p|q〉 = 2Ep(2π)3δ(3)(p − q).
2 Notice that we define 〈M |OΓΓ′

qqq |N〉 to be a scalar; a spinor factor is removed in the definition.
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relations:

〈π0|(ud)ΓuL|p〉 = 〈π0|(du)ΓdL|n〉 ,

〈π+|(ud)ΓdL|p〉 = −〈π−|(du)ΓuL|n〉 ,

〈K0|(us)ΓuL|p〉 = −〈K+|(ds)ΓdL|n〉 ,

〈K+|(us)ΓdL|p〉 = −〈K0|(ds)ΓuL|n〉 ,

〈K+|(ud)ΓsL|p〉 = −〈K0|(du)ΓsL|n〉 ,

〈K+|(ds)ΓuL|p〉 = −〈K0|(us)ΓdL|n〉 ,

〈η0|(ud)ΓuL|p〉 = −〈η0|(du)ΓdL|n〉 . (D.15)

Further, in the case of the other two combinations of chirality (Γ, Γ′) = (L,R) and (R, R), the
matrix elements are derived from the above results through the parity transformation.

D.2.2 Indirect method

Next, we discuss the indirect method. In the method, we divide the evaluation of the hadron
matrix elements into two steps. First, we express them in terms of the low-energy constants
αp and βp by using the chiral perturbation techniques [234, 235, 236]. Then, the low-energy
constants are obtained from the results of lattice simulations [237].

To begin with, let us give a brief introduction to the chiral perturbation theory. For detail,
see Refs. [238, 239]. In the formalism, the octet meson and baryon fields are written with the
traceless 3 × 3 matrix as

Φ =
√

2ΦATA =





π0
√

2
+ η0

√
6

π+ K+

π− − π0
√

2
+ η0

√
6

K0

K− K0 −2 η0
√

6



 , (D.16)

B =
√

2BATA =





Σ0
√

2
+ Λ0

√
6

Σ+ p

Σ− −Σ0
√

2
+ Λ0

√
6

n

Ξ− Ξ0 −2 Λ0
√

6



 . (D.17)

The transformation properties of the meson fields under the SU(3)L⊗SU(3)R chiral symmetry
are expressed in terms of

U ≡ exp
(

i
√

2Φ
fπ

)
(D.18)

as follows:
U 5→ U ′ = gRUg†L , gL ∈ SU(3)L , gR ∈ SU(3)R . (D.19)

Here, fπ $ 92.2 MeV [8] is the pion decay constant. Further, we define a matrix ξ by

ξ ≡ exp
(

iΦ√
2fπ

)
, (D.20)

which of course satisfies ξ2 = U . The transformation properties of ξ is given by

ξ 5→ ξ′ = gRξh(g,π)† = h(g,π)ξg†L , (D.21)
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where h(g,π) is a SU(3)-valued function. With the function, the transformation properties of
the baryon field are give as

B → B′ = h(g,π)Bh(g,π)† . (D.22)

By using the quantities, we can construct the effective Lagrangian of the meson and baryon
fields:

Leff =
f2

π

4
Tr[∂µU(∂µU)†] + Tr[B(i /D − MB)B]

− D

2
Tr
(
Bγµγ5{ξµ, B}

)
− F

2
Tr
(
Bγµγ5[ξµ, B]

)
, (D.23)

with appropriate mass terms for the meson/baryon mass spectrum. The covariant derivative of
the baryon field is given by

DµB ≡ ∂µB + [Γµ, B], (D.24)

where
Γµ ≡ 1

2
[ξ†∂µξ + ξ∂µξ

†], (D.25)

is called the chiral connection. Further, the definition of ξµ is

ξµ ≡ i[ξ†∂µξ − ξ∂µξ
†], (D.26)

which is referred to as the chiral vielbein. The low-energy constants D and F are determined by
fitting the semi-leptonic decays B → B′ + e− + ν̄e at tree level [240]: D = 0.80(1), F = 0.47(1).
MB represents the baryon mass parameter, which we choose as MB $ (mΣ0 +mΛ0)/2 with mΣ0

and mΛ0 the masses of Σ0 and Λ0, respectively.
In addition, the baryon number violating operators, which are written in terms of the quark

fields, are expressed with the meson and baryon fields according to their transformation prop-
erties under the SU(3)L⊗SU(3)R. In this step, all of the long-distance QCD effects are included
into just two parameters, αp and βp, and all other things are completely determined from sym-
metry arguments. Detailed discussion is given in Refs. [234, 235]. The low-energy constants αp

and βp are defined as

〈0|(ud)RuL|p〉 = αpPLup ,

〈0|(ud)LuL|p〉 = βpPLup , (D.27)

where |0〉 is the vacuum state and up is the four-component spinor wave function of proton. We
have used the abbreviation introduced in the previous section. The values of the constants are
extracted from the results of lattice simulations [237]:

αp = −0.0112 ± 0.0012(stat) ± 0.0022(syst) GeV3 ,

βp = 0.0120 ± 0.0013(stat) ± 0.0023(syst) GeV3 , (D.28)

where they are evaluated at µ = 2 GeV.
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Now, by using the interactions, we can calculate the amplitudes of proton decay into a meson
and an antilepton. The corresponding hadron matrix elements are given as follows:

〈π0|(ud)RuL|p〉 =
αp

2fπ
(1 + D + F ) , (D.29)

〈π0|(ud)LuL|p〉 =
βp

2fπ
(1 + D + F ) , (D.30)

〈π+|(ud)RdL|p〉 =
αp√
2fπ

(1 + D + F ) , (D.31)

〈π+|(ud)LdL|p〉 =
βp√
2fπ

(1 + D + F ) , (D.32)

〈K0|(us)RuL|p〉 = − αp√
2fπ

(
1 + (D − F )

mp

MB

)
, (D.33)

〈K0|(us)LuL|p〉 = +
βp√
2fπ

(
1 − (D − F )

mp

MB

)
, (D.34)

〈K+|(us)RdL|p〉 =
αp√
2fπ

(
2D

3
mp

MB

)
, (D.35)

〈K+|(us)LdL|p〉 =
βp√
2fπ

(
2D

3
mp

MB

)
, (D.36)

〈K+|(ud)RsL|p〉 =
αp√
2fπ

(
1 +

D + 3F

3
mp

MB

)
, (D.37)

〈K+|(ud)LsL|p〉 =
βp√
2fπ

(
1 +

D + 3F

3
mp

MB

)
, (D.38)

〈K+|(ds)RuL|p〉 = +
αp√
2fπ

(
1 +

D − 3F

3
mp

MB

)
, (D.39)

〈K+|(ds)LuL|p〉 = − βp√
2fπ

(
1 − D − 3F

3
mp

MB

)
, (D.40)

〈η0|(ud)RuL|p〉 = − αp

2
√

3fπ

(
1 + (D − 3F )

)
, (D.41)

〈η0|(ud)LuL|p〉 = +
βp

2
√

3fπ

(
3 − (D − 3F )

)
. (D.42)

D.2.3 Comparison

Finally, we compare the values obtained by the direct and indirect methods for convenience.
Such comparison is given in Ref. [206] and we just quote the results. They are summarized in
Fig. D.1. As one can see from the figure, these results are consistent with each other within
error of calculation.
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Figure D.1: Summary of hadron matrix elements evaluated in direct (blue dot) and indirect
(red cross) methods. This figure is taken from Ref. [206].
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