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1 Introduction

The notion of a stability condition on a triangulated category D was introduced
by Bridgeland in [Bri07] motivated by Douglas’s work on II-stability for D-
branes in string theory ([Dou02]). Bridgeland also showed that the space of
stability conditions Stab(D) has the structure of a complex manifold and there
is a local isomorphism map

7: Stab(D) — Homy (K (D), C)

where K (D) is the K-group of D. The most important examples of triangulated
categories are derived categories of coherent sheaves on varieties or those of
modules over algebras. Since the space of stability conditions Stab(D) provides
a geometrical way to study the original category D, to study the spaces of
stability conditions on derived categories is important problem.

There is an important class of triangulated categories, called Calabi-Yau N
(CY w) triangulated categories ([Kel08]). A triangulated category D over a field
k is CY y if there is a natural isomorphism

Homp(E, F) = Homp(F, E[N]))*, for E,F €D

where [N] is the N-th shift and * means the dual k-vector space. Important
examples of C'Yy categories are given by the derived category D (I'y Q) of finite
dimensional dg modules over the Ginzburg CYy dg algebra I'y(@Q associated
with a quiver @ (|Gin, Kell1]).

In this thesis, we study the spaces of stability conditions on Dg(I'yQ) in
two type cases; one is N = 2 and @ is a connected quiver without loops, and
the other is N > 3 and @ is the A,-quiver.

In Part I, we consider the case N = 2 and @ is a connected quiver without
loops. If @ is not of ADE type, the dg algebra I'sQ is quasi-isomorphic to the
graded algebra II(Q), called preprojective algebra of @, and hence the derived
category of finite dimensional dg modules over I'5(Q) is triangulated equivalent
to the bounded derived category of finite dimensional nilpotent modules over
II(Q). Therefore, we study the space of stability conditions on a CY3 cate-
gory Dg given as the bounded derived category of the preprojective algebra.
In geometric setting, the spaces of stability conditions for some CY4 triangu-
lated categories were studied in [Bri08, Bri09b, IUU10, Oka06]. When D is the
bounded derived category of coherent sheaves of a K3 surface ([Bri08]) or a cer-
tain subtriangulated category of coherent sheaves of a resolution of a Kleinian
singularity ([Bri09b]), it was shown that the distinguished connected compo-
nent of Stab(D) is a covering space of some open subset of Homyz(K (D), C)
related to root systems and how the group of deck transformations acts on it.
Further, the connectedness and simply connectedness problems of Stab(D) for
some particular D were solved in [IUU10, Oka06, STO1].

Following the works in [Bri08, Bri09b, Tho06], we describe the distinguished
connected component Stab®(Dg) C Stab(Dg) in terms of root systems of Kac-
Moody Lie algebras associated with @, and show that the space Stab®(Dg)



becomes the covering space of some open subset X, C Homgz(K(Dg),C).
Further, we give the relationship between the group of deck transformations
and the autoequivalence group of Dg. Our results generalize the results for
ADE or affine ADE quivers in [Bri09b, Tho06] to all quivers without loops.

In Part II, we consider the case N > 3 and @ is the A,-quiver. In [STO1,
Tho06], a certain CY y triangulated category D2 appears in mirror symmetry
for the derived Fukaya category of Lagrangian submanifolds consisting of van-
ishing cycles of the Milnor fiber of the A,-singularity. The category DY also
described as the derived category of finite dimensional dg modules of the CY n
Ginzburg dg algebra of the A,-quiver. The main subject of Part II is the space
of stability conditions on the category DX .

Recently, Brideland and Smith proved that the moduli space of meromorphic
quadratic differentials with simple zeros can be identified to the space of stabil-
ity conditions on a CY3 triangulated category defined as the derived category
of finite dimensional dg modules over the Ginzburg dg algebra associated with a
ideal triangulation of a marked bordered surface. The idea of constructing sta-
bility conditions from quadratic differentials comes from the work of physicists
Gaiotto-Moore-Neitzke in [GMN]. In [BS], Bridgeland-Smith established many
mathematical foundations for the space of quadratic differentials and gave the
mathematical understanding of the work in [GMN].

In Part II, we study the space of stability conditions on DY by using some
generalizations of Bridgeland-Smith’s theory. By generalizing the assumption
simple zeros to zeros of order (N — 2) and triangulations to N-angulations, we
can treat not only CY3 categories but CY y categories, only in the easiest case
that the surface is a disk with some marked points on the boundary. As a
result, we can show that the distinguished connected component Stab®(DY) C
Stab(D2Y) is isomorphic to the universal covering of the space of polynomials
pn(2) = 2" +up 2"+ ooy, (U, -, U, € C) with simple zeros. Further,
the central charges of Stab®(DY) are described by the periods of quadratic
differentials of the form p,(2)V~2dz®? on the Riemann sphere P!.

1.1 Summary of results in Part I

Let @ be a connected finite quiver without loops (1-cycles) and let {1,...,n}
be the vertices of ). Further, assume that the underlying graph of @ is not
of ADE type. For the quiver @, we can define a C-algebra A := II(Q) called
preprojective algebra of (). A has a natural grading A = @®;>0A4;, and a right
A-module M is called nilpotent if there is some positive integer k such that
MA; =0 for all [ > k. Let Ag be an abelian category of finite dimensional
nilpotent right A-modules and Dg := Db(AQ) be a bounded derived category
of Ag. It is known that the triangulated category Dg is a CYq category. (If
Q is ADE-type, there is a certain CY, triangulated category, for which all
corresponding results holds. See [Bri09b] for more details.)

The abelian category A is finite length with finitely many simple modules
{S1,...,85,} corresponding to n-vertices of ), so every object of Ag has the
Jordan-Holder filtration by these simple modules. The K-group of Dg is given



K(Dq) = P z[si]
i=1
and K(Dg) has a natural bilinear form x: K(Dg) x K(Dg) — Z, called the
Euler form, defined by

X(E,F):= Y (-1)"dim¢c Homp,, (E, Fi])
i€EZ

for E,F € Dg. The CY-2 property of Dg implies that the Euler form yx is
symmetric.

For ), we introduce n x n matrix Aq, called the generalized Cartan matrix
(GCM for short), by (Ag)i; := 20;; — (¢ij + g;ji) where g;; is a number of arrows
from i to j in Q. The root lattice L associated with Aq is defined by

LQ = é ZOzi
=1

where a;’s are n-free generators called simple roots of Lgy. We also define a sym-
metric bilinear form (, ): Lg x Lo — Z by (a4, o) := (Ag)i;. This symmetric
bilinear form define reflections 71, ...,r,: Lo — Lg with respect to simple roots
a1, ...,a, and denote by W the group generated by these reflections, called the
Weyl group.

The Euler form x is computed by x(S;, S;) = (Aq)
isomorphism

ij, therefore we have an

(K(DQ)7X)g(LQv(7 ))7 [57]'_>a1
between two Z-lattices with symmetric bilinear forms.

Let A% C Lg (AI* C Lg) be the set of positive real (imaginary) roots. The
imaginary cone I C Lo ®z R is a closure of convex hull of Aif‘ U{0} C Lo®zR
in natural topology as a finite dimensional vector space. Let V := Homgz(Lqg, C)
and introduce the subset X C V by

X=V\ |J Hx
AeI\{0}

where Hy :={Z € V| Z()X) = 0}. Further, define the regular subset X,o; C V,
on which the Weyl group W acts freely, by

Xpeg i= X\ U H,.

aEALS

Now, consider the space of stability conditions on Dg. A stability condition
on Dg ([Bri07]) consists of a full abelian subcategory A C Dq, called the heart
of bounded t-structure, with a group homomorphism

Z: K(Dg) — C



called a central charge which satisfies the condition
Z(E) € {re'™ € C|rcRsg,¢ € (0,1]}

for every non-zero object E € A. Write by Stab(Dg) the set of stability con-
ditions on D¢ with the additional condition, called the support property (see
Definition 2.10).

For the space Stab(Dg), there is a distinguished connected component Stab®(Dg) C
Stab(Dg) which contains stability conditions with the heart Ag. By the main
result in [Bri07], Stab®(Dg) is a complex manifold of complex dimension n and
there is a local isomorphism map

7: Stab®(Dq) — Homp, (K(Dq),C).

defined by taking central charges from stability conditions. Note that under the
identification K(Dg) = Lg, we have Homp, (K(Dq),C) = V.

In [ST01], P. Seidel and R.P. Thomas defined autoequivalences @5, € Aut(Dg),
called spherical twists, for spherical objects Si,...,.5,, and showed that they
satisfy braid relations. Write by Br(Dg) C Aut(Dg) the subgroup generated
by these spherical twists. The action of Br(Dg) on Stab(Dg) preserves the
distinguished connected component Stab®(Dg).

The next theorem is the main result of this paper. This generalizes the
results by T. Bridgeland and R.P. Thomas ([Bri09b, Tho06]) from finite or
affine type root systems to indefinite type root systems.

Theorem 1.1 There is a covering map
m: Stab’(Dg) — Xieg/W

and the subgroup Z[2] x Br(Dg) C Aut(Dq) acts as the group of deck trans-
formations (Z[2] C Aut(Dq) is the subgroup generated by the shift functor
[2] € Aut(Dy)).

By the van der Lek’s result ([vdL83]), the fundamental group of X,eg/W is
given by
Uy (Xreg/W) = Z[’Y] X Gw

where Gw = (01, ...,0,) is the Artin group with generators oy, ..., 0, ([BST2])
associated with the Weyl group W = (rq,...,r,). The factor Z[y] is generated
by a loop v around the orthogonal hyperplanes of the imaginary cone I'\{0}.
Theorem 1.1 implies that there is a surjective group homomorphism

7t Z) x Gw — Z[2] x Br(Dg).

We can show that p sends the generators o; to the spherical twists &g, and ~
to the shift functor [2].

For a quiver @, we get an underlying graph @) by forgetting orientations of
arrows in Q. The automorphism group Aut(Q) of the graph Q acts on Ag by
permutating simple modules Sy, ..., 5, € AQicorresponding to vertices.



Let Aut®(Dg) C Aut(Dg) be the subgroup of autoequivalences which pre-
serve the distinguished connected component Stab®(Dg). Further, write by
Aut; (Dg) = Aut®(Dg)/Nil°(Dg) the quotient of Aut®(Dg) by the autoequive-
lences Nil°(Dg) which acts trivially on Stab®(Dg). Then, the similar result to
Corollary 1.4 in [Bri09b] also holds.

Corollary 1.2 The group Auty(Dq) is given by

Aut;(Dg) = Z[1] x (Br(Dg) x Aut(Q))

where Aut(Q) acts on Br(Dg) by permutating the generators ®g,,...,Pg, .

n

Similar to the case for K3 surfaces in [Bri08] and Kleinian singularities in
[Bri09b] (which correspond to finite or affine type quivers), we expect the fol-
lowing properties for the space Stab(Dg).

Conjecture 1.3 (1) The space Stab(Dgq) is connected. Hence Stab®(Dg) =
Stab(’DQ),

(2) The space Stab®(Dgq) is simply connected. In other words, the sujective
group homomorphism
p: Gw — Br(Dg)

is injective. (Hence isomorphism.)

Conjecture 1.3 (1) was solved for A;-quiver in [Oka06], and for A,-quivers
and A,-quivers in [TUU10]. Conjecture 1.3 (2) was solved for A,-quivers in
[ST01], for ADE-quivers in [BT11], and for A,-quivers in [[UU10].

Further, the K(m, 1) conjecture for Artin groups (see [Par]) together with
above two conjectures implies that the space Stab(Dg) is contractible.

Note that if both Conjecture 1.3 (1) and Conjecture 1.3 (2) hold, then the
autoequivalence group of Dy, is given by

Aut(Dq) = Z[1] x (Br(Dg) x Aut(Q)).

Next, we consider relationship to stability conditions on derived categories
of path algebras. Let @ be an acyclic quiver and CQ be a path algebra of ). Let
mod- CQ be an abelian category of finite dimensional CQ modules and D*(CQ)
be a derived category of mod- CQ. K-group of D?(CQ) is given by

K(D'(CQ)) = P z[si]
1=1

where S;’s are simple modules of CQ. By identifying K(D®(CQ)) with the
root lattice Lg, we have V = Homgz(K(D%(CQ)),C) as in the previous sec-
tion. Futher, there is a distinguished connected component Stab®(D?(CQ)) C
Stab(D?(CQ)) which contains all stability conditons on mod- CQ.

The following result was showed in [Shi] for all m-Kronecker quivers (a m-
Kronecker quiver consists of two vertices and m pararell arrows). Since these



quivers are good examples for all type quivers, finite (m = 1), affine (m = 2)
and indefinite (m > 3), we naively expect the following property for general
acyclic quivers.

Conjecture 1.4 Let Q be an acyclic quiver. The restriction of a local isomor-
phism map
7: Stab®(D?(CQ)) =V

on the reqular subset X,ee C V is a covering map. Further, X.co is the maximal
subset of V' having this covering property.

We expect that this conjecture contributes to the study of the spaces of stability
conditions on derived categories of path algebras.

1.2 Summary of results in Part 11

Let M,, be the space of polynomials p,, () = 2" +u 2" 1+, (ug, ..., up €
C) with simple zeros. Note that the fundamental group of M, is the Artin group
B,+1. The action of C* on M, is given by (u1,...,u,) — (kuy,...,k"u,) for
ke C*.

We consider z to be a complex variable and p,(z) to be a meromorphic
function on the Riemann sphere P! = C U {cc}. For p,(2) € M, we define the
quadratic differential on P! by ¢(z) := p,(2)V ~2d2z®? and denote by Q(N,n)
the space of such differentials. Note that the space Q(N,n) is isomorphic to M,
as a complex manifold.

We introduce the homology group Hi(¢) associated with the differential
#(z) € Q(N,n) by the following. If N is even, the homology group is defined
by the relative homology group H, (¢) = H1(C, Zero(¢); Z) where Zero(¢) C C
is the set of zeros of ¢. If N is odd, the homology group is defined by H_(¢) :=
H1(S\m71(00);Z) where r: S — P! is the hyperelliptic curve S = {y? = p,(2)}.
These holomogy groups form a local system on Q(N,n).

For ¢(2) = pn(2)¥72d2®2 € Q(N,n), consider the meromorphic 1-form by
P(z) = pn(z)¥dz®2, which is the square root of ¢(z). Note that the 1-form
() is holomorphic on P*\{oo} if N is even or S\nm~!(0c0) if N is odd. Hence,
we have the well-defined linear map Z,: Hi(¢) — C, called the period of ¢(z),
by the integration of ¥ (z) via the cycle v € Hy(¢):

Z(v) :=Aw.

Let ' be a free abelian group of rank n. An isomorphism of abelian groups
6: T = Hy(¢) is called a I-framing of ¢ € Q(N,n). Denote by Q(N,n)"
the set of framed differentials. For a framed differential (¢,0) € Q(N,n)T,
the composition of 6: I' — Hi(¢) and Zy: Hi(p) — C gives a linear map
ZgoB: 1 — C. We define the period map

Wy : Q(N,n)" — Homy (T, C)



by (¢,0) — Zg 0 8.

Fix a framed differential * = (¢g,0)) € Q(N,n)I' and let Q(N,n)l C
Q(N,n)' be the connected component containing (¢g,6y). Depending on the
parity of N, there are two type integral representations py: B,y1 — GL(n,Z)
and p_: B, 11 — GL(n,Z), which give monodromy representations of 71 (Q(N,n), )
B,41 on Hy(¢o). Let W, and W_ be the groups generated by the image of
p+ and p_ respectively. Then, we have a Wi-torsor Q(N,n)l — Q(N,n) by
forgetting framings (¢, 6) — ¢. Hence, the universal covering of Q(N,n)! is iso-

(o=

morphic to the universal covering H; of M,, and we have Q(N,n)! = ,1\4\/” /Py
where P. = Ker p. Further, we can lift the period map to

Wyt M,, — Homg (T, C).

Finallz, we also mention that the action of C* on M, lifts to the action of
C = C* on M,.

For a quiver ), we can define a dg algebra I'y@Q, called the CY y Ginzburg
dg algebra, introduced by Ginzburg in [Gin]. Let Dy(I'nQ@) be the derived
category of dg modules over I'y@ with finite total dimension. It was proved by
Keller in [Kelll] that the category D (I'nQ) is a CY y triangulated category.
Let Q = ;12 be the A,-quiver and set DY := Dy (FNZZ). An object S € DY is
called N-spherical if

. k if ¢=0,N
HomDﬁ](S’ St = {0 otherwise.
There is some full subcategory Hr, called the standard heart of DY, and there
are n spherical objects Si, ..., S, € Hr which generates Hr by extensions.

In [STO1], Seidel and Thomas defined an autoequivalence ®5 € Aut(DY),
called a spherical twist, for a spherical object S € DY. They also proved that
the subgroup Sph(DY) C Aut(DY) generated by ®g,,...,Pg, is isomorphic to
the braid group B, 1.

A stability condition o = (Z,H) on a triangulated category D consists of a
heart H C D of a bounded t-structure, and a linear map Z: K(H) — C called
the central charge, which satisfy some axioms. In [Bri07], Bridgeland showed
that there is a suitable topology on the set of stability conditions Stab(D), and
the projection map

Z: Stab(D) — Homgz(K (D), C)

defined by (Z,H) — Z is a local isomorphism. As a result, we can say that the
space Stab(D) has the structure of a complex manifold. On Stab(D), there are
two group actions, one is the action of C == C* and the other is the action of
Aut(D).

We set D = D). There is a distinguished connected component Stab®(DY) C
Stab(DX) which contains stability conditions with the standard heart Hr, and
the action of the group Sph(D2) preserves the connected component Stab® (D).
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Since Sph(DY) = B,,;1, the space Stab®(DX) has the action of the braid group

Bt
The main result in Part II is the following.

Theorem 1.5 (Theorem 10.15) There is a By, 41 -equivariant and C-equivariant
isomorphism of complex manifolds K such that the diagram

M, K Stab° (DY)

Homy(T', C)

commutes.

For N = 2, the result was proved by Thomas in [Tho06]. For N = 3 and
n = 2, the result was proved by Sutherland. The result for N = 3 and arbitrary
n follows as the special case of the result of Bridgeland-Smith in [BS], which
contains almost all classes of C'Y3 categories associated with ideal triangulations
of marked bordered surfaces.

Many arguments of this paper are parallel to those of [BS] but we need to
generalize CY'3 to CY y, quivers to (N —2)-colored quivers, simple zeros to zeros
of order (N — 2) and triangulations to N-angulations.

The main difference between this paper and [BS] is can be seen in Section 6.
Since the category equivalence of Keller-Yang type ([KY11]) for N > 4 is not
established yet, we need another approach. Fortunately, by using the result of
King-Qiu [KQ)] concering the hearts of Dg(I'Q) for an acyclic quiver togather
with the geometric realization of (N — 2)-cluster category of type A, by Baur-
Marsh in [BMO08], we can obtain all necessary results to apply the method in
[BS] without using the Keller-Yang type category equivalence.

In [IUU10], Ishii-Ueda-Uehara proved that the space Stab(D?) is connected,
so Stab®(D2) = Stab(D2). Together with the result of Thomas in [Tho06], we
have Stab(D?) = M, and, in particular we can say that Stab(D?2) is contractible.
For general N > 2, Qiu proved that Stab®(DX) is simply connected (see Corol-
lary 5.5 in [Qiu]). More strongly, our Theorem 1.1 implies the following (see
Conjecture 5.7 in [Qiu]).

Corollary 1.6 (Corollary 10.16) The distinguished connected component Stab® (D)
is contractible.

The remaining problem is that the connectedness of the space Stab(DX). As in
the case N = 2, we naively expect that the space Stab(D2) is connected, and
as a result Stab(D2) is contractible.
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Notations

We fix the positive integers NV > 3 and n > 1, and set the positive integer dy ,, :=
(N —2)(n+1) + 2. We work over the algebraically closed field k. We use the
grading of homology for dg algebras and dg modules. All triangulated categories
are considered to be k-linear, and assume that the K-groups of triangulated
categories are free of finite rank.
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2 Background

In this section, we prepare basic definitions we shall use through this paper:
bonded t-structure, tilting, stability condition, and spherical twist.

2.1 Bounded t-structure
Let D be a triangulated category.

Definition 2.1 ([BBD82]) A t-structure on D is a full subcategory F C D
satisfying the following conditions:

(a) FII] C F,

(b) define F+ := {G € D|Homp(F,G) = 0 for all F € F}, then for every
object E € D, there is an exact triangle F — E — G — F[1] in D with
FeFandGe Ft.

In addition, a t-structure F C D is said to be bounded if F satisfies the condition:

D= |J Filn Fll.

i,jEL
For a t-structure P € D, we define its heart H by
H:=P1NP.

It was proved in [BBDS82] that the heart H becomes an abelian category.
The heart of a bounded t-structure is characterized the following properties.

Lemma 2.2 ([Bri07], Lemma 3.2) A full additive subcategory H C D be-
comes the heart of some bounded t-structure F C D if H satisfies the following
conditions (1) and (2).

(1) For any integers k1 > ko and any objects Hy, Hy € H, Homp(H1(ky), Ha(k2)) =
0.

(2) For any non-zero object E € D, there is a sequence of integers
ki >ko > o> ky
and exact triangles
0= Ey Ey Ey e Ep1

™ AS A
N N N
N / N / N /
N N N

Hy H, Hy,

with H; € H[k;] fori=1,...,n.

13



Lemma 2.2 defines the k-th homology of F with respect to the heart H by

H, ifk=kFk
0 otherwise.

Hk(E) = {

Remark 2.3 By Lemma 2.2, for the heart H C D of a bounded t-structure,
there is a canonical isomorphism of K-groups

In the following, we only treat bounded t-structures and their hearts. The
word heart always refers to the heart of a bounded t-structure.
Let Hq and Ho be the hearts of bounded t-structures P; and Py. We write
by
Hi < Ha

if they satisfy the condition Py C P;.

2.2 Tilting

Definition 2.4 Let A be an abelian category. A pair of full subcategories (F,T)
of A is called torsion pair if they satisfy the following conditions (1) and (2).

(1) For any T € T and F € F, Hom(T, F) = 0.
(2) For any E € A, there is a short exact sequence
0—-T—-E—-F—=0
withT €T and F € F.
T is called a torsion part and F is called a torsion-free part.

Proposition 2.5 ([HRS96]) Let H be a heart of D, and (F,T) be a torsion
pair of H. Then, the full subcategories

Mt = (B €D|H(E) € F, Hy(E) € T, Hy(E) = 0 for i #0,1}
H = {EeD|Hy(E)eF, H(E)€T, H(E)=0 fori#—1,0}.
are the hearts of bounded t-structures.

The heart H? is called the forward tilt of % with respect to the torsion pair
(F,T), and H° the backward tilt of H.
For an abelian category A, denote by Sim .A the set of simple objects in A.

Definition 2.6 An abelian category A is called finite if the set Sim A is a finite
set and they generate A by means of extensions.
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Note that if an abelian category A is finite with simple objects Sim A = {S,..., S, },

then we have .
K(A) = P z[s))
i=1

where [S;]’s are K-group classes of the set of simple objects.

Let H be a finite heart. For a simple object S € H, Let (S) C H be the
smallest full subcategory containing S and closed under the extensions.

We introduce subcategories (S)™ and * (S) by

($)* :={E €| Hom(S,E) =0}
L(S):={F e |Hom(E,S)=0}.

Then, they define torsion pairs ((S),~ (S)) and ((S)",(S)). The subcategory
(S) is the torsion-free part in the former and the torsion part in the latter.

Definition 2.7 Write by ’Hns the forward tilt with respect to ((S),+(S)), and

by H% the backward tilt with respect to ((S)",(S)). We call Hﬁs the forward
simple tilt by S, and ’Hg the backward simple tilt by S.

Note that by simple tilts, we have S[1] € H% and S[—1] € HY.
We say an object M € H is rigid if Ext' (M, M) = 0.
Proposition 2.8 ([KQ], Proposition 5.2) Let D be a triangulated category
and H C D be a finite heart. For any rigid simple object S € H, the set of
simple objects in the simple tilted heart ’Hus or ’H"S 18
Sim#% = {S]}U{¢4(X)| X € SimH, X # S}
Sim H% = {S[-1]} U{¢%(X)| X € SimH, X # S}

where
YL (X) = Cone(X — S[1] ® Hom' (X, §)*)[1]
Y% (X) = Cone(S[—1] ® Hom!(S, X) — X).

Thus, ’Hg and H’% are also finite.

2.3 The spaces of stability conditions

In this section, we introduce the notion of a stability condition on a triangulated
category following Bridgeland in [Bri07], and collect some basic results for the
space of stability conditions from [Bri07, Bri08, BS].

Definition 2.9 Let D be a triangulated category and K(D) be its K-group.
A stability condition o = (Z,P) on D consists of a group homomorphism
Z: K(D) — C called central charge and a family of full additive subcategories
P(¢) C D for ¢ € R satisfying the following axioms:
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(a) if 0+ E € P(§), then Z(E) = m(E) exp(ind) for some m(E) € R,
(b) for all p € R, P(¢p+ 1) = P(o)[1],
() if b1 > by and A; € P(y) (i = 1,2), then Homp(Ay, Ay) = 0,
(d) for 0 + E € D, there is a finite sequence of real numbers
o1 > P2 > >

and a collection of exact triangles

F; Fs e
' / ' / ) /
N N N
N N AN
N N N
Ay A

with A; € P(¢;) for all .

OZEO

For a nonzero object E € D, we define

¢y (E) = ¢1, ¢, (E) = o

where ¢; and ¢,, are real numbers determined by the axiom (d).
The mass of a nonzero object E € D is defined by

My (E) := ZIZ(Ai)I

where A;’s are extension factors determined by the axiom (d).

It follows from the definition that the subcategories P(¢) C D are abelian
categories (see Lemma 5.2. in [Bri07]). The nonzero objects of P(¢) are called
semistable of phase ¢ in o, and simple objects in P(¢) are called stable of phase
¢ in o.

For a stability condition o = (Z,P), we introduce the set of semistable
classes C**(0) C K(D) by

C*®(0) := {a € K(D) | there exists a semistable object F € D in o such that [E] = « }.

Similarly the set of stable classes C*(¢) can be defined.
We always assume our stability conditions satisfy the additional assumption
called the support property in [KS].

Definition 2.10 Let |- || be some norm on K(D) ® R. A stability condition
o= (Z,P) has a support property if there is a some constant C > 0 such that

C-1Z(a)| > |laf

for all a € C¥(0).
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Remark 2.11 For a ray R = Ry C K(D)®R (where o € K(D)\{0}), define
a function f by
1Z(a)]

leefl

f(R) =

(This doesn’t depend on the choice of «, only depend on the ray.)

Let R-oC*(0) = {Ropa|a € C=(0)} be the set of rays generated by
semistable classes of o. Then, the support property of o = (Z,P) is equiva-
lent to that there is no sequence of rays R; C RsoC®(o) (i = 1,2,...) such
that

lim f(R;) =0.
71— 00

Let Stab(D) be the set of all stability conditions on D with the support
property. It is shown in [Bri07] that there is a natural topology on Stab(D)
defined by the metric:

log Tez(E) ‘} € [0, 5]

d(0'170'2) = sup {|¢;2(E)_¢;1(E)’ |¢‘j2(E)_ :1(E)|7 Mg (E)

0£EED

for 01,09 € Stab(D).
Bridgeland showed the following crucial theorem.

Theorem 2.12 ([Bri07], Theorem 1.2) The space Stab(D) has the struc-
ture of a complex manifold and the projection map of central charges

7: Stab(D) — Homy (K (D), C)
defined by (Z,P) — Z is a local isomorphism onto an open subset of Homz (K (D), C).

The next lemma implies local injectivity of the above projection map 7.

Lemma 2.13 ([Bri07], Lemma 6.4) Let o0 = (Z,P) and o’ = (Z,P’) be sta-
bility conditions on D with the same central charge Z. Then, d(o,0’) < 1 implies
oc=o0o'.

The following lemma shall be used in the proof of Proposition 5.4 and Propo-

sition 5.6.

Lemma 2.14 Fiz a class o € K(D) and let U C Stab(D) be an open subset.
If every stability condition o € U satisfies a« € C*(0), then a stability condition
on the boundary o’ € OU also satisfies o € C**(0”).

Proof. This follows from the result for walls and chambers in [Bri08, Section
9] or [BS, Section 7.6].
O
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2.4 Central charges on finite abelian categories

In this section, we consider central charges on an abelian category, and give the
another description of a stability condition, which consists of a pair of a heart
and a central charge on it with the Harder-Narasimhan property. Further, we
compute central charges on a finite abelian category.

Definition 2.15 Let A be an abelian category and let K(A) be its K-group. A
central charge on A is a group homomorphism Z: K(A) — C such that for any
nonzero object 0 £ E € A, the complex number Z(E) lies in semi-closed upper
half-plane H = {re'™® € C|r € Rxo,¢ € (0,1] }.

The real number 1
O(B) = — axg Z(E) € (0,1]

for 0 # E € A is called the phase of E.

A nonzero object 0 # E € A is said to be Z-(semi)stable if for any nonzero
proper subobject 0 # A C E satisfies ¢(A4) < (<)o(E).

For a central charge Z: K(A) — C, the set of semistable classes can be
defined similar to the previous section.

A Harder-Narasimhan filtration of an object 0 # F € A is a finite chain of
subobjects

O0=FEyCE,C---CE,

such that all extension factors F; = E;/E;_1 (i =1,...,m) are semistable with

O(F1) > - > ¢(Fn)-

The central charge Z is said to have the Harder-Narasimhan property (HN-
property) if every nonzero object of A has a Harder-Narasimhan filtration.

We write Stab(A) to be the set of central charges on .4 with the HN-property
and the support property.

In this paper, we shall treat central charges only on finite abelian categories.

Let A be a finite abelian category with Sim.A = {S,...,S,}. Recall from
Section 2.2 that

K(A) = &7, ZIS)).

Any point (z1,...,2,) € H™ defines a central charge Z: K(A) — C by
Z(S;) := z;. Conversely, for a given central charge Z: K(A) — C, the complex
number Z(S;) lies in H for all i. Hence Z determines a point (z1,...,2,) € H"
by z; := Z(S;). As a result, the set of central charges on A is isomorphic to the
space H™.

Lemma 2.16 Let Z: K(A) — C be a central charge on a finite abelian category
A. Then Z has the HN-property.

Proof. This follows from Proposition 2.4. in [Bri07]. O
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By this lemma, we have the isomorphism (Lemma 5.2 in [Bri09al)
Stab(A) = H™.

Now, we consider the relationship between stability conditions on a trian-
gulated category and stability conditions on an abelian category derived from a
t-structure on a triangulated category.

In [Bri07], Bridgeland gave the following alternative description of a stability
condition on D in terms of a bounded t-structure and a stability condition on a
heart.

Proposition 2.17 ([Bri07], Proposition 5.3) Let D be a triangulated cat-
egory. To give a stability condition on D is equivalent to giving a bounded
structure on D and a central charge with the HN-property on its heart.

By the above proposition, we have a natural inclusion
Stab(#H) C Stab(D)

where H is a heart of a triangulated category D.

2.5 Simple tilt and gluing

A heart H# C D is called rigid if every simple object S in # is rigid (Ext*(S, S) =
0).

Let H C D be a finite rigid heart with simple objects {S1,...,S,}. Recall
from the previous section that there is a natural inclusion

Stab(H) C Stab(D).

From a heart H, we can construct the another hearts ”H,fig (or Hgi) by simple
tilt as in Section 2.2. The relationship between Stab(H) and Stab(?{ﬁsi)(or
Stab(H'?Si)) in Stab(D) is given by the following lemma.

Lemma 2.18 ([BS], Lemma 7.9) Let o = (Z,P) € Stab(D) lies on a unique
codimension one boundary of the region Stab(H) so that ImZ(S;) = 0 for a
unique simple object S;. Then, there is a neighborhood o € U C Stab(D) such
that one of the following holds

(1) Z(S;) € Reg and U C Stab(#) U Stab(H% ),

(2) Z(S;) € Rso and U C Stab(H) U Stab(H, ).

2.6 Group actions and spherical twists

For the space Stab(D), we introduce two commuting group actions.
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First, consider the action of Aut(D) on Stab(D). Let ® € Aut(D) be an
autoequivalence of D and (Z, P) € Stab(D) be a stability condition on D. Then,
the element ® - (Z,P) = (Z',P’) is defined by

Z'(B) = Z(27(E), P'(¢) = 2(P(9)),

where £ € D and ¢ € R.
Second, define the C-action on Stab(D). For t € C and (Z,P) € Stab(D),
the element ¢ - (Z,P) = (Z',P') is defined by

Z/(B) =" Z(E), P'(9) = P(6+ Re 1)

where E € D and ¢ € R. Clearly, this action is free.
Note that by the definition, these two actions are isometries with respect to
the distance d on the space Stab(D).

Definition 2.19 A triangulated category D is called Calabi-Yau N (CY y ) cat-
egory if for any objects E, F € D there is a natural isomorphism

vp r: Homp(E, F) = Homp(F, E[N])*

where E[N] is Nth shift of an object E and x means the dual vector space. In
other words, the N-th shift functor [N] is a Serre functor.

For E,F € D, we write Hom’,(E, F) := Homp(E, F[i]).

In the following, we assume that a triangulated category D is algebraic in
the sense of Keller (see Section 3.6 in [Kel06]).

We define some autoequivalences of D which play important role in this
paper, called spherical twists, introduced by Seidel and Thomas in [STO01].

An object S € D is called N-spherical if

koif i=0,N

0 otherwise.

Hom/,(S, S) = {

Proposition 2.20 ([ST01], Proposition 2.10) For a spherical object S €
D, there is an autoequivalence ®g € Aut(D) such that there is an exact tri-
angle

Homy (S, E)® S — E — ®g(F)

for any object E € D. The inverse functor '1351 € Aut(D) is given by
d;Y(E) — E — S @ Homp(E, S)*.
The Euler form x: K(D) x K(D) — Z is defined by

X(E,F) = (~1)" dim; Homp,(E, F).
€L

By the definition, the Euler form x on a CY y triangulated category D is
symmetric if IV is even, and skew-symmetric if N is odd.
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Part I
Stability condition for
preprojective algebras

3 Root systems of symmetric Kac-Moody Lie
algebras

3.1 Root lattices

In this section, we recall basic notions and results for a root system associated to
a generalized Cartan matrix and describe the Weyl group action on it. Further,
the set of real roots and imaginary roots are given. We refer to Kac’s book and
paper [Kac90, Kac78] for more details.

A matrix A = (a;;)7;—; is called a generalized Cartan matrix (GCM for
short) if

(C1) ajy=2fori=1,...,n,
(02) ai; € ZSO for 4 7& 7,
(03) Qai; = 0= aj; = 0.

In this paper, we treat only symmetric GCMs, so the above condition (C3)
always holds.
A matrix A is decomposable if A is a block diagonal form

(A0
A= (o a)

up to reordering of indices and indecomposable if otherwise.

We associate with A a graph S(A), called Dynkin diagram, as follows. Ver-
tices of the graph S(A) are given by indices {1,...,n}, and distinct two vertices
i # j are connected by |a;;| edges. It is clear that A is indecomposable if and
only if a graph S(A) is connected.

For a real column vector u = (uy,us,...)", the notation v > 0 means
u; > 0 for all u; and v > 0 means u; > 0 for all u;. The next result gives the
classification of indecomposable GCMs.

Theorem 3.1 ([Kac90], Theorem 4.3) Let A be a indecomposable GCM. Then
one and only one of the following three possibilities holds:

(Fin) detA # 0; there exists u > 0 such that Au > 0; Au>0=u>0 oru=0,
(Aff) rank A = n — 1; there exists u > 0 such that Au=0; Au=0=u=0,
(Ind) there exists u > 0 such that Au < 0;u > 0= u = 0.
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Referring to cases (Fin), (Aff), or (Ind), we shall say that A is of finite, affine,
or indefinite type, respectively.

Remark 3.2 An indecomposable symmetric GCM A is finite type if and only
if the Dynkin diagram S(A) is of ADE type, and affine type if and only if S(A)
1s of ADFE type.

The root lattice associated to A is a free abelian group L := @} ;Z«; gen-
erated by n free generators II := {aq,...,a,} called simple roots. Since A
is symmetric, we can define symmetric bilinear form (,) : L x L — Z by
(Oél', Oéj) = Ay

Define simple reflections r;: L — L (i=1,...,n) by

ri(A) == A= (N, o)y, for A e L.

The group generated by these simple reflections W := (ry,...,r,) is called the
Weyl group and satisfies the following relations (see Ch. 3 in [Kac90]):

2 _
ry =1
and for i # j,
TiTj = ’I"jTi if aij =0
TiTiT =TT if A5 = —1.

Note that the symmetric bilinear form (, ) is invariant under the W-action;
(w(a),w(B)) = («, B) for any o, 8 € L and w € W.

For @ = ) . kjoy, the support of a is defined to be the full subgraph
supp(a) C S(A) with vertices {i|k; #0} C {1,...,n}.

Let Ly := > 1" | Z>oo; and L_ := —(Ly) = Y I" | Z<ooy. We define the
set of (positive or negative) real roots and imaginary roots by using above the
W-action on L.

Definition 3.3 (1) The set of real roots A™ is defined to be W -orbits of sim-
ple roots 11;

A :=W() ={w(a;) |lweW,i=1,...,n}.
The set of positive real roots A’ (negative real roots A™) is given by

A :=A"NL, (A¥:=A"NL_).

(2) Define the fundamental set of positive imaginary roots K by

K :={a e Li\{0}|supp(w) is connected in S(A), (a,a;) <0 fori=1,...

The set of positive imaginary roots Ai+m is defined to be W -orbits of K ;
A = W(K) = {w(a)|w e W,a € K}.
The set of negative imaginary roots is given by AIM := —Aif‘ and the set

of all imaginary roots is given by A™ := Aifl U Aim,
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Remark 3.4 (1) For an indecomposable GCM A, by Theorem 3.1 the fun-
damental set K is non-empty if and only if A is affine or indefinite type.
Hence the set of imaginary roots A'™ is also non-empty if and only if A
is affine or indefinite type.

(2) Since K is closed under the multiplication of positive integers Z>1 and the
W -action commutes with this multiplication, AT is also closed under the
multiplication of Z>;.

Let J C {1,...,n} be a subset of indices of A and consider the submatrix
Ay := (aij)ijer, which is not necessarily indecomposable. Then we can define
a root sublattice Ly := ®,esZa; C L and a Weyl subgroup Wy =< r;|j €
J >C W associated to Aj.

Lemma 3.5 Let J C {1,...,n} be a subset of indices and Ay C A be the set
of roots associated to Ay. Then the following inclusion holds:

Ay C LynA.

Proof. It immediately follows from the definition of roots. O

Note that the other inclusion also holds, but we don’t use in this paper.

3.2 Imaginary cones and the regular subsets X,

Let A be a GCM and L = @} ;Za; be a root lattice associated to A. Through
this paper, we fix the following notations:

Vi = L®z R =" Ray

V' =L®;C=a],Ca;, =V &1V

Vg := Homgz(L,R) = & ,RZ"

V :=Homy(L,C) =" ,CZ' = Vg @ik
where { Z',...,Z"} is the dual basis of {a1,...,q, } with canonical pairings
<Zi,aj> =05 for 4,5 =1,...,n. We fix real forms of complex vector spaces V'
and V* as in above notations. The space of C-linear maps V' will be identified
with the space of central charges in section 4.2.

The action of the Weyl group W on L is naturally extended to the action
on V* (or V§) and the contragradient action of W on V' (or Vg) is given by
(w(Z),\) :==(Z,w™ (X)) for Z€ V and A € V*.

We fix the norms for these vector spaces by the following:

for /\:Z)\iaieV*(orVﬂg), [IAll == /Z|/\i|2
for Z=Y zZ'€V(orV), |Z]:=|> lal>
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These norms give the natural topology as finite dimensional vector spaces.
Next we introduce the notion of an imaginary cone which plays central role
in this paper.

Definition 3.6 An imaginary cone I is defined by the closure of the convex
hull of the set Ai_f_n U {0} in V§ and an imaginary cone without zero is written
by Iy := I\{0} (we also call Iy an imaginary cone).

Note that by Remark 3.4, the imaginary cone [y associated to an indecom-
posable GCM A is non-empty if and only if A is affine or indefinite type.

Lemma 3.7 Assume that the imaginary cone Iy is non-empty. Then, I is a
convex cone supported on Y ;| R>oa;.

Proof. The convexity of I is clear by the definition of I. Since A U {0} is
closed under the multiplication of Z>( (see Remark 3.4), I is closed under the
multiplication of R>q. Futher AMU{0} is supported on Y. |, Z>qc;, therefore
I is supported on > ; R>oa;. O

The next result from [Kac78] plays important role in the proof of main

theorem in section 6.

Proposition 3.8 The set of rays of imaginary roots { Rsoo| v € A } is dense
in the imaginary cone Ig.

For the compatibility of the notations in later sections, we write the canonical
pairing of Z € V and A € V* by Z(A) := (Z, \).

The open subset X,c, defined as the following corresponds to the space of
central charges treated in this paper.

Definition 3.9 Let A € V* and Hy :={Z € V| Z(\) =0} denotes a complex
orthogonal hyperplane with respect to . A subset X C V is defined by

X:=V\ (] Hx
el
and a regular subset X;oe C X C V is defined by
Xreg =X\ |J Ha.

aEATS

Since the W-action on V* preserves real roots A™ and the imaginary cone I,
the W-action on the subsets X and X, is well-defined.
The following lemma is used to prove that X,.s is an open subset of V.

Lemma 3.10 ([Kac90], Lemma 5.8) In V*\{0}, the limit rays for the set of
rays { Rsoo | € AL } lie in Io.
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Define an imaginary convex disk by
D=In{kiar+-+kpan, € Vg |ki+ - +k,=1}

Lemma 3.7 implies that D is a compact convex subset of V.
Note that X can be written by

X :=V\ J Hx
AeD

by using D.
Lemma 3.11 The subsets X CV and X,eg CV are open in V.

Proof. The result that (J,., Hx is a closed subset of V' follows from the
compactness of D.

Let Z € X,eg and B be a small open ball centered at Z. By Lemma 3.10, ac-
cumulated points of hyperplanes {Hq }acare are contained in (Jycp Hx. Hence
if we take B to be sufficiently small, then B does not intersect any hyperplanes
{Ha}aeAffa and this implies that X,.s is open. O

Lemma 3.12 Assume that Iy C V* is non-empty. Let Z € X and consider the
linear map Z: V* — C. Then the image of the imaginary cone Z(1y) C C takes
the following form:

Z(Io) ={re™ |r >0 and ¢ < ¢ < ¢}
where ¢1, d2 € R (determined up to modulo 27,) with 0 < ¢o — ¢1 < 1.

Proof. Let D be an imaginary convex disk defined above. Since Z: V* — C'is
R-linear and D is compact convex, the image Z(D) C C is also compact convex
and Z(ly) = RxoZ(D). The assumption Z € X means 0 ¢ Z(lp). Thus Z(D)
is a compact convex subset of C\{0}.

First, assume that Z(D) NRso = ¢ and consider the principal argument
Argz € (0,27) for z € C\Rsg. Then, by the compactness of Z(D), we can
define the maximum and the minimum argument of Z (D) by

¢1:=min { (1/7)Argz € (0,2) |z € Z(D)}
¢o :=max{(1/7)Argz € (0,2) |z € Z(D)}.

Clearly 0 < ¢2 — ¢1, and ¢2 — ¢ < 1 easily follows from the convexity of Z(D)
and 0 ¢ Z(D).

If the other case that Z(D)NR<g # ¢, the convexity of Z(D) and 0 ¢ Z(D)
imply that Z(D) NR.o = ¢. Therefore we can do the similar argument for the
principal argument Arg z € (—m, ) for z € C\Ry. O

By using Lemma 3.12, for Z € X we introduce the phase of the imaginary
cone ¢!(Z), up to modulo 2Z, by

P2 + P1

6'(2) = 25
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where ¢; and ¢4 are phases determined in Lemma 3.12.

In the case Ij is non-empty, define a normalized regular subset Xrlgg by

XN = {2 € Xoog | 0'(2) = 1/2}.

reg *

Normalizing ¢!(Z) to 1/2 by the action of S* := {z € C||z| = 1} on Xyeg,
we have

Xpeg =S x X

reg*

Note that the W-action on Xﬁgg is also well-defined becase the S'-action and
the W-action commute.

3.3 The Weyl group action on X,

In order to describe the regular subset X,¢; in terms of the W and C* actions
on V', we recall some basic properties of Tits cones.
Throughout this section, we assume that a GCM A is indecomposable.
Consider the restriction of X C V to the real subspace Vg C V; Xg :=
X NVg. If Ais finite type, then I = ¢, therefore X =V and Xg = Vg. If A is
affine or indefinite type, then Xg decomposes to two connected components

Xﬁ{:{ZREXR|ZR()\)>O for all )\6[0}
Xg ={Zr e Xr|Zr(N) <0 forall Xelp}.

To describe these sets in terms of the W-action on Vg, we introduce a notion of
the Tits cone as follows.

Definition 3.13 ([Kac90], Section 3.12) Define a subset of Vi, called Weyl

chamber, by Cr 1= {Zr € Vr|Zr(ay) > 0 for i = 1,...,n} = RY, and let

Cr={Zr € W&|Zr(ev;) >0 for i=1,...,n} 2R, be a closure of Cg in Vg.
The Tits cone Ty is defined by -

Tk := U w(CR).
weWw
Lemma 3.14 ([Kac90], Section 5.8) The following equality holds:

) Xr if A is finite type
e XFu{o} if A is affine or indefinite type.

From this result and the properties of XH'{ together, it turns out that the
Tits cone is a convex cone.
Let us introduce the regular subset of Tx by

Threg = Te\ | Ha-

aEALE
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It is easy to see that Tk reg is given by

TR,reg: U ’LU(C]R).

weWw

It is known that the closure of the Weyl chamber Cf is a fundamental domain
of the action of the Weyl group W on Tk, and W acts freely on Tk reg-
The next lemma shall be used in the proof of Proposition 3.16.

Lemma 3.15 Assume that a GCM A is finite type. Then for any Z € Tk reg,
there is an unique element w € W such that w - Z satisfies (w - Z)(cy) < 0 for
alli=1,...,n.

Proof. In the situation that A is finite type,

TR,reg :V]R\ U H,.

Q€A

Therefore the chamber —Cr = {Zgr € Vg|Zr(a;) < 0 for i = 1,...,n} is
contained in T req, s0 the result follows. O

In the rest of this section, we assume that I is non-empty, namely a GCM
A is affine or indefinite type. Let H := {z € C|Imz > 0} be an upper half
plane and introduce the semi-closed upper half plane by H := HU R y. H is
also written by
H={re™ cClr>0,¢c(0,1]}.

Define a normalized complexified Weyl chamber by CV :={Z € XN | Z(a;) €

reg
H for i=1,...,n}. The following proposition is main result of this section.

Proposition 3.16 For any Z € XX , there is an element w € W such that

reg’
w - Z lies in CN C ngg.

Proof. Let Z € X,.. Using the decomposition V = Vg @ iV, we write
Z = Zp +iZ; where Zr,Z; € Vi. Since ¢!(Z) = 1/2, the image Z(Iy) is
contained in H and this implies that Z;(A) > 0 for all A € Iy. Hence we have
Zr € X4 = Tr\{0}.

By Lemma 3.14, there is some w’ € W such that w’ - Z; € Cg & RZ,,.

Hence 7' == w' - Z = w' - Zp + i’ - Z; lies in H' = R™ 4 iR%, where
H=HUR.

Depending on Z’ € H', we define a subset of indices J C {1,...,n} by

J = {j|2'(a;) R}

As in Section 2.1 we consider the submatrix A; and the associated subgraph
S(Ay) C S(A). Then J is divided as J = JyU- - - J; corresponding to a decompo-
sition of the subgraph S(A ;) into the connected components S(Ay,),...,S(Ay),
therefore the submatrices Ay, ,..., A, are all indecomposable.
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We can say that all indecomposable GCMs Aj,,..., Ay are finite type by
the following reason. If A; (m =1,...,1) is affine or indefinite type, the image
of the corresponding imaginary subcone I()] m C Iy by Z' is also contained in H.
But by the definition of J, the image of all elements in L; ® R by Z’ lies in
R, hence the image of I()]m C Ljy ® R is also contained in R and this gives the
contradiction.

Consider the restriction of the linear map Z’: L — C to the root sublattice
Ly, C L corresponding to Ay, :

Z/|LJm : LJ — C.

m

Since J,,, C J, for any «; (j € Jp) we have Z’'(a;) € R, therefore we can
regard Z'|;, ~as an element of the regular subset of the Tits subcone TﬂiTég
corresponding to Ay,,. Then we can take an element w;, € W, to satisfy

(wy,, - Z")(ej) € Re for all j € J,, as mentioned in Lemma 3.15.

Collect such elements wy,,wy,,...,wy, for all m =1,...,] and define w :=
wy, Wy, - wy, - w' (it isn’t depend on the order of wy,, wy,, ..., wy, since these
elements commute). Then w is the desired element. g

Corollary 3.17 Define C C X,cq by
C={ZecXeg|Z(ey) €H fori=1,...,n}(=H").

Then, for any Z € X,cq, there are elements w € W and k € C* (both w and k
are not necessarily unique) such that w -k - Z lies in C.

Proof. Since Xyep = S* x Xrlgg, for Z € X,ey we can take w € W and k € C*
such that Z’ := w -k - Z lies in CN C H™ and clearly we can rotate Z’ € H"
to hold I - Z’ € H™ by some | € C*. Non-uniqueness of them comes from the
choice of ¢! (k- Z) and there are many possibilities of w € W depending on this

choice. O

Proposition 3.18 The W-action on X,es 15 free and properly discontinuous.
Further, the fundamental domain of this action is given by
St x ON c 8t x XN, 2 Xyo.

reg

Proof. First we prove the freeness of the W-action on X,¢,. By Corollary 3.17,
we only need to show it for Z € X,o; with Z(«;) € H for all i = 1,...,n. Such
an element Z satisfies that Z; € Cr C Tgeg Where Z = Zgr + iZ7. Note that
since the W-action on T reg is free by Lemma 3.14, if w - Z; = Z; for w € W
then w = 1. Hence if w - Z = Z for w € W then w = 1.

Similarly by Corollary 3.17, the properly discontinuity of the W-action is
also reduced to the following statement: for any Z € X,y with Z(oy) € H
for all ¢ = 1,...,n, there is an open neighborhood Z € U C X, such that
Unw(U) = ¢ for all 1 # w € W. This is easily shown from the identification
H" =2 R" + Cr (Cr = RZ%;) and Cr Nw(Cr) = ¢ for 1 # w € W by Lemma
3.14.

The last statement immediately follows from Proposition 3.16. g
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3.4 Walls and chambers in XV

reg

Here, we introduce the walls in er\efg. This structure shall be used in Section

4.3 to study the action of a braid group on the space of stability conditions.
Let CN be a closure of C in XY . For i = 1,...,n, introduce the walls

~ reg*
Wi+ C CN by

Wiy ={Ze X, |Z(c;) € Rup, Z(j) € H for j #1i}

reg
Wi—={ZeX},|Z(;) € Reg, Z(oj) €H for j #1i}
Note that W; - C CN, but W; + NCY = ¢. However r;(W; ) = W, + and
hence W;  C r;(CV).
By using the W-action on X/,

reg’

the set of all walls is defined by
{wWi 1) weW,i=1,...,n}.
They correspond to the walls of second kind in terms of [KS].

Lemma 3.19 For any Z € W, 1, there is a neighborhood Z € U C XrJXg such
that
UcchNur (oM.

Proof. Since 7;(CN Ur;(CN)) = CN Ur,(CN) and r;(W; +) = W, z, we only
need to consider the case that Z € W, _.

Let Z € W; _. Take an open disk D; C C centered at Z(«;) € R satistying
0 ¢ D; and divide it into two pieces

Di,+Z:{Z€Di|Z€H}, Di7_Z:{Z€Di|Z€—H}.

Define a neighborhood of Z by U := szgg N Dy x -+ x D, where D; (j # 1) is
an open disk centered at Z(«a;) € H taken sufficiently small to satisfy D; C H.
Then, it is easy to check that divided pieces Uy := XY ND; x-- XDj 4 x---xDy,

reg

satisfy Uy € CN and U_ C 7;(C¥). Hence U = U, UU_ is the desired one. [J

3.5 The fundamental group of X,

In this section, we give a fundamental group of X.., by using the result of the
van der Lek [vdL83]. This is described in terms of an Artin group associated to
a Coxter system of the Weyl group W derived from A ([BS72]).

Definition 3.20 ([BS72]) An Artin group Gw associated to the Weyl group
W (derived from A) is defined to be the group generated by n generators oy,...,op
with the following relations: for i # j,

O'Z'O'j = O'jJi Zf aij = O

0i0j0; = 040,04 Zf A5 = —1.
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Recall the decomposition Xyeg 2 S' x X[, in Section 3.2. The Weyl group

reg

W acts trivially on the first factor S, hence

Xieg/W = S x (XJ,/W).

reg

Take a point * in the interior of the fundamental domain S' x CV of the W-
action (see Proposition 10.11) and [*] be the base point of X,eg/W.

Theorem 3.21 ([vdL83], see also [Par]|) Assume that a GCM A is affine or
indefinite type. Then, the fundamental group of Xyeg/W is given by

1 (Xreg /W, [¥]) = Z[7] x Gw .

The generator vy of the first factor Z[y] is given by the S'-orbit of [x]. The
generator o; of the second factor Gy is given by the path connecting to * and

ri(*) passing the wall W; 1 in ngg just once, which is a loop in er\efg/W.

Proof. Since
KXieg/W = S* x (X[, /W),

and 7(St) = Z, we prove that

T (XN /W) = Gy

reg

Define a regular subset of the complexified Tits cone by
Treg :={Z € Xyeg |Im Z € T }.

The van der Lek’s result in [vdL83] implies that 71 (Tyeg/W) = Gw . Therefore
we show that Xﬁgg is homotopic to Tjeg.

For Z € Xyeg, Im Z € TR\{0} = X is equivalent to Z(Iy) C H (see Section
2.3), hence we can write

Treg ={Z € X1eg | Z(Ip) CH}.

Construct a deformation retract hy: Tieg — Treg by hi(Z2) :=Z - eimt(1/2=¢1(2))
where 0 < ¢t < 1. Then, it is easy to check hi(Tieg) = XN and h; = id on

reg

ng C Treg, and as a result it gives a homotopy equivalence Teq ~ Xﬁ\e[g. O

4 Derived categories of preprojective algebras

4.1 Preprojective algebras of quivers

Let @ be a finite quiver without loops. We denote by Qq its set of vertices
and @) its set of arrows. A opposite quiver Q°P is obtained by reversing the
orientation of arrows of Q. For an arrow a: ¢ — j € (Q1, we denote the opposite
arrow by a*: j — 1 € Q°P.
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A double quiver @ is defined by adding all opposite arrows to @, so Q; =
Q1 UQ7P. For a quiver Q, define an adjacent matrix (¢;;) of @ by

¢i; := |{ arrows from i to j }|.
We associate with @ to a GCM Ag by
(AQ)ij = 26i5 — (aij + a5i)-

For a connected quiver (), we say that @ is finite, affine or indefinite type if
the corresponding GCM Ag is finite, affine or indefinite type respectively (see
Section 2.1).

Note that if we forget the directions of arrows in @, then the underlying
graph of @) coincides to the graph S(Ag) defined in section 3.1.

Let us denote by CQ a path algebra of @) over k. We put a gradation on £Q
by using the length of paths.

Definition 4.1 The preprojective algebra I1(Q) associated to Q is defined by

I1(Q) := CQ/(p)

where (p) is an ideal of CQ generated by the element

pi= Z (aa* — a”a).

a€Q1

Since p is a homogeneous element in CQ, the preprojective algebra II(Q) is also
a graded algebra by the length of paths.

Let Ag := mod-II(Q) be an abelian category of finite dimensional nilpotent
right TI(Q)-modules.

Proposition 4.2 ([Kel08], Section 4) Let D*(Ag) be a bounded derived cat-
egory of Ag. If Q is not a finite type quiver, then D°(Ag) is a CY-2 triangulated
category.

For simplicity, we write Dg := Db(Ag).
Consider the set of simple modules Sim Ag := { S1,...,S, } corresponding
to the vertices Qo = {1,...,n}. Then, the K-group K(Ag) is given by

K(Ag) = &L, Z[Si]:

We also note that since Dg is bounded, we have K(Dg) = K(Ag).
For the K-group classes of simple modules [S;],[S;] € K(Dg), the Euler
form is computed by x(S;, S;) = a;; where a;;’s are entries of the GCM Agq.
Hence we can identify (K(Dg), x) with the root lattice (Lq, (, )) associated
to Ag by the map [S;] — «; as a Z-lattice with a symmetric bilinear form.
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4.2 Seidel-Thomas braid groups

By the CYy property of Dg, simple modules Sim Ag = {S1,...,S,} of Ag are
2-spherical in Dg. Hence they define spherical twists ®g,,...,®g, € Aut(Dg).
The Seidel-Thomas braid group Br(Dg) is defined to be the subgroup of Aut(Dg)
generated by these spherical twists:

Br(Do) = (®1,...,0,).
Proposition 4.3 ([STO01], Theorem 1.2) For the group Br(Dg), the follow-

ing relations hold :
s, Ps; = Pg; P, if x(Si,85) =0
(PSi@Sj (I)Si = <I>5'j ¢Si¢Sj if X(Si,Sj) = —1.

Corollary 4.4 There is a surjective group homomorphism
p: GW — BI‘(DQ)
defined by o; — Pg,.

Note that at the K-group level, a spherical twist ®g induces a reflection
[q)s]: K(DQ) — K(DQ) given by

[@5]([E]) = [E] = x(5, E)[S]

and inverse is to be [®g'] = [®s]. In particular, under the identification of
(K(Dg),x) = (Lg, (,)), Br(Dg) is reduced to the Weyl group W by the pro-
jection map ®g, — 7;.

Recall from Section 3.5 that the fundamental group of X,es/W is isomorphic
to Z[y] x Gw. We can extend the above group homomorphism p to the following
group homomorphism

p: Z[y] x Gw — Z[2] x Br(Dg)

which sends the [y] to the twice shift functor [2] € Aut(Dg).

4.3 Group actions on Stab®(Dy)

Consider the space of stability conditions Stab(Dg). For this space, there is a
unique distinguished connected component Stab®(Dg) C Stab(Dg) which con-
tains Stab(Ag) consisting of stability conditions with the heart Ag. We consider
some group actions on Stab®(Dg) and prove the lifted version of Proposition
3.16 and Corollary 3.17 via the restriction of the projection map

m: Stab®(Dg) — V

to the regular subset X,eg C V. (Though, we see just m(Stab®(Dg)) = Xyeg
later in Proposition 5.6.)

At the K-group level, we can easily see the following remark about semistable
classes.
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Remark 4.5 By the action of an autoequivalence ® € Aut(D), the set of
semistable classes C**(o) for o € Stab(D) changes to

(@ - o) = [8](C(0)).

On the other hand, the C-action on Stab(D) doesn’t change semistable classes

C*(0).

In the rest of this section, we study the action of the Seidel-Thomas braid
group Br(Dg) on Stab®(Dg). Recall the identification K(Dg) = Lg and con-
sider the projection map

7: Stab®(Dg) — V

where V' = Homy(Lg, C) as in Section 3.2.
Then, the connected subset H™ = Stab(Ag) C Stab®(Dg) is isomorphically
mapped onto the subset

H"={Z € Xyeg| Z(a;) € H for i=1,....,n}CV.

Corresponding to the normalized regular subset XY,

space of normalized stability conditions Stab(Dg)™ by

C V, we introduce the
Stab(Dg)" := {0 € Stab®(Dq) | 7(0) € X1y, },

and normalized stability conditions on Ag by
Stab(Ag)" := {0 € Stab(Ag) | 7(0) € ergg 1.
Note that by the projection

7: Stab(Dg)Y — X,

reg’
Stab(Ag)Y is mapped isomorphically onto the chamber CV ¢ X

reg-
—~—

Define the walls W; 1 C Stab(Ag)" (i = 1,in) which are lifts of walls
W;+ CCN (i=1,n) on Stab(Ag)" by

Wit = {0 = (2,P) € Stab(Ag)™ | Z(S:) € Rs, Z(S;) € H for j £}

W,_ = {0 = (ZP) € Stab(Ag)N | Z(S;) € Reo, Z(S;) € H for j # i }

Note that as in Section 3.4, 171/7/_ C Stab(Ag)"N but I//I}:_ N Stab(Ag)N = ¢.
However, @;}(Wi’,) =W, + and W; 1 C ®5'(Stab(Ag)™N).

i

Under these notations, the lifted version of Lemma 3.19 also holds.

Lemma 4.6 Let o € V(//;_; C Stab(Ag)N. Then, there is a neighborhood o €
U C Stab(Dgq)N such that one of the following holds

(1) U C Stab(Ag)™ U ®5!(Stab(Ag)Y) if o € W 1,
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(2) U C Stab(Ag)N U dg, (Stab(Ap)N) if o € W _.

Proof. Note that in a CY3 category Dg, simple tilted categories (AQ)ﬂSi and

(AQ)gi correspond to @g}(AQ) and ®g,(Ag). Hence it follows from Lemma
2.18. d

Lemma 4.7 The image of the projection map m: Stab®(Dg) — V contains
Xreg-

Proof. Recall that by Corollary 3.17, the orbit of H™ C V under the action of
C* and W coincides to X,eg. Since the action of C and Br(Dg) reduced to the
action of C* and W on the base space V, the orbit of Stab(Ag) C Stab®(Dg)
under the action of C and Br(Dg) mapped to the subset X,eg C V. O

Let Stab®(Dg)Y be the connected component of Stab(Dg)" which contains
Stab(Ag)”. Now, we lift Proposition 3.16 and Corollary 3.17 via the restricted
projection map 7: 7 (Xyeg) = Xyeg-

Proposition 4.8 For any o € Stab®(Dgq)", there is an autoequivalence ® €
Br(Dq) such that ® - o lies in Stab(Ag)™ .

Proof. Let o = (Z,P) € Stab®(Dg)" and take a path ~: [0, 1] — Stab®(Dg)™
such that v(0) € Stab(Ag)" and (1) = 0. Since n(0) € X[, lies in some
chamber w(C?V) (w € W) and by Lemma 3.19, we can deform 7 to satisfy that
for t € (0,1) the path 7(y) C X[, passes the walls {w(W;+)|w € W,i =
1,...,n} only at t1,...,t;m € (0,1) with 0 < ¢; < -+ < t,, < 1. (Perhaps,
the start point w(7(0)) and end point w(v(1)) may lie on the walls or higher
codimension walls.)

Since v([0,t1)) C Stab(Ag)™ and m(y(t1)) € W; 1 for some i, the stability

v(t1) € Stab®(Dg)™N lies in I/I//:; If v(t1) € I/I/;;:, define ®; := &g, , and if
~v(t1) € 171/::, define ®; = <I>§11 Then, by Lemma 4.6, (®1 - v)( (t1,t2)) C

Stab(Ag)YN and 7(®; - y(t2)) € Wi, +. Hence ®; - y(t2) € W;, 1, and we can
define similarly @5 := Pg,, 1 or Do 1= <I>§/L_12 P;.

Repeating this process, we get an autoequivalence ®,, € Br(Dg) such that
(Pon - 7)((tm, 1] ) C Stab(AQ)N' O

Let m~!(Xyeg)® be the connected component of 7~ !(X,ee) which contains
Stab(Ag). (In Section 5.2, we show that 7~ *(X,eg) is connected and coincides
to Stab®(Dg).)

Corollary 4.9 For 0 € 7 '(Xyeg)® C Stab®(Dg), there are elements ® €
Br(Dg) and k € C such that ® - k - o € Stab(Ag)™.

Proof. Let 0 € 771 (X,eg)° and take a path v: [0,1] — 77 (Xyeg)° such that
v(0) € Stab(Ag) and (1) = 0. By the C-action on 7 !(Xyeg)°, we can nor-
malize v to the path 7/ = k - v which lies in Stab®(Dg)" where k: [0,1] — C
and v/ (t) = k(¢t) - v(¢t). Then, the result follows from Proposition 4.8. O
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5 Proof of main theorem in part [

5.1 Indivisible roots and semistable classes

Following in [Kin94], we introduce a King’s stability condition for the space of
nilpotent II(Q)-modules with a fixed K-group class o € K(Ag). This stability
condition is identified with the Bridgeland’s stability condition in Lemma 5.3.
As in previous sections, we identify K (Ag) with the corresponding root lattice
Lg.

Let o € Lg and write the set of nilpotent modules (representations) of
I1(Q) with the class a by Rep(II(Q), a)"!. A King’s stability condition on Ag
is defined to be a R-linear map A: Lo — R satisfying A(a) = 0. A module M €
Rep(IL(Q), @)™ is said to be A-(semi)stable if any proper nonzero submodule
0# N C M satisfies A\(N) > (>)0.

We write the subset consisting of A-stable nilpotent modules with the class
a by

Rep(IL(Q), )™ C Rep(IL(Q), @)™

Following [CBVdBO04], we introduce a notion of generic stability conditions.

Definition 5.1 A King’s stability condition A\: Lg — R is said to be generic
with respect to a if A(8) # 0 for all 0 < 8 < a.

A root a € A is called indivisible if there is no 8 € A satisfying a = mpg
for |m| > 1. The following result in [CBVdB04] was made to prove Kac’s
conjecture for indivisible roots in geometric way by using the moduli space of
stable modules of preprojective algebras. Here, we use this result to understand
the relationship between semistable classes of stability conditions and indivisible
roots.

Proposition 5.2 ([CBVdBO04], Proposition 1.2) Let a € A be a positive
indivisible root and suppose that A is generic with respect to o. Then, the number
of irreducible components of Rep(II(Q), )™ is equal to a root multiplicity
dim g, .

From this result it turns out that if \ is generic with respect to a positive
indivisible root a € A, then the moduli space of A-stable nilpotent modules
with the class a is non-empty.

As stated in Section 5.2 of [BT09], we can identify King’s stability conditions
with Bridgeland’s stability conditions by the following way.

Lemma 5.3 Fiv o € Lg 4. Let Z € Stab(Ag) be a central charge on Ag and
define a R-linear map Ao: Lo — R by
Z(B)
Aa(B) i= —Im ——.
for B € Lo. A module M € Ag with a class [M] = « is Ay-(semi)stable in the
sense of King if and only if M is Z-(semi)stable in the sense of Bridgeland as
in Section 4.2.
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The next proposition is main result of this section and to be used in the next
section.

Proposition 5.4 Let 0 = (Z,P) € 7 ' (Xyeg)®. Then, the set of indivisible
roots A is contained in the set of o-semistable classes C*(o) :

{a € A|« is indivisible} C C*(o).

Proof. First note that the set of all indivisible roots are invariant by the action
of the Weyl group W. Since 0 € 77 1(X,e)°, by Remark 4.5 and Corollary
4.9, it is sufficient to prove that any stability condition o = (Z,P) € Stab(Ag)
contains all indivisible roots as semistable classes.

Fix a positive indivisible root a € A and consider an dense open subset of
Stab(Ag) consisting of stability conditions which is generic with respect to c:

{Z € Stab(Ag) | Aa(B) #0 for all 0 < 8 < a}

where A\, (8) = —Im (Z(8)/Z(«)), defined in Lemma 5.3.

By Proposition 5.2, any stability condition in this subset contains « as an
stable class. Since this subset is dense in Stab(Ag), by Lemmma 2.14 we can
say that any stability condition in Stab(Ag) contains « at least as a semistable
class. 0

5.2 Projection of central charges

In this section, we determine the image of central charges via the projection
map

m: Stab®(Dg) — V

by using Proposition 5.4 proved in the last section.

Lemma 5.5 Let 0X,eg be a boundary of Xieg and assume that Z € 0Xjeg.
Then, there is at least one ray R C Iy URS gAY such that Z(R) = 0.

Proof. It immediately follows from the definition of the open subset X,e C V/
(see Definition 3.9):

Xeg =V\ |J Hx (Hx={ZeV|Z(\) =0}
)\EIOUA‘f

Proposition 5.6 The projection map
m: Stab®(Dg) — V

maps Stab®(Dg) onto the subset Xyeg C V.
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Proof. One inclusion X,eg C m(Stab®(Dg)) is Lemma 4.7. Here we prove the
other inclusion 7(Stab®(Dg)) C Xyeg, which is equivalent to that 77 (X,eg)® =
Stab° (DQ)

Since Stab®(Dg) is the connected component which contains ! (Xyeg)®, it
is sufficient to prove that 71 (X,e)° is open and closed.

First note that since X,¢¢ is open, the connected component 7r_1(Xreg)o is
also open. Hence, the closedness of 7T_1(Xreg)O is equivalent to that it has no
boundary points.

Assume that 771 (X,eg)° has the boundary point ¢ = (Z,P). Then, o =
(Z,P) is projected on 0X,eq, therefore by Lemma 5.5, there is a ray R C
In UR gAY such that Z(R) = 0.

For the ray R C Ig UR5 (A, by Proposition 3.8, we can take a sequence of
rays R; (i =1,2,...,) satisfying

11— 00
where R; = Ryga; and each «a; € A, is an indivisible positive root.
On the other hand, since o lies in the closure of 77! (Xyeg)°, by Lemma 2.14
and Proposition 5.4, o contains all indivisible roots as semistable classes. In

particular, the above rays R; (i = 1,2,...) are contained in R~ oC*(0).
Since Z(R) = 0, we have

Jim f(R;) = f(R) =0
where f is a function defined in Remark 2.10. But this contradicts to the support

property of o (see Remark 2.10).
O

5.3 Covering structures

Proposition 5.7 The action of Z[2] x Br(Dg) C Aut(Dg) on Stab®(Dg) is
free and properly discontinuous.

Proof. These two properties are clearly satisfied for the action of Z[2], hence
we prove them for the action of Br(Dg).

We first prove the freeness of the action of Br(Dg). By Corollary 4.9, it is
sufficient to prove that for ¢ € Stab(Ag) and & € Br(Dg), if 0 = @ - ¢ then
® = id. Let ¢ = (Z,P) and suppose (Z,P) = ([®]7* - Z,®(P)). Since any
object in Dg is generated by finite extensions of objects {S1, ..., S, } and shifts
of them, the isomorphism ®(S;) = S; foralli =1,...,n implies ® = id. Assume
that S; € P(¢;) C Ag, then also ®(S;) € P(¢;) C Ag since ®(P(¢i)) = P(¢s).
At the K-group level, [®]7! . Z = Z implies that [®] = id as an element of the
Weyl group W, therefore we have [®(S;)] = [S;]. Both ®(S;) and S; are objects
in Ag with the same K-group class [S;], and such an object is unique up to
isomorphism in Ag. Hence ®(5;) = S;.
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The last part to prove is that the action of Br(Dg) is properly discontinu-
ous. We prove that for any o € Stab®(Dg), there is some open subset o € U
such that UN® - U = ¢ for any ® € Br(Dg), which is not isomorphic to the
identity. Fix o € Stab®(Dg). There are two cases either [®] = id or not. Recall
from Proposition 10.11 that the W-action on X, is free and properly discon-
tinuous. Hence, by using it together with the local isomorphism property of
7: Stab®(Dg) — Xyeg from Theorem 2.12, we have such an open subset o € U
for ® € Br(Dg) with [®] # id. Further, we take U to be sufficiently small to sat-
isfy that d(o,0’) < 1/2 for all ¢’ € U. Note that by Lemma 2.13, d(o,®-0) > 1
for & € Br(Dg) with [®] = id but ® % id, hence d(o,® - ¢’) > 1/2 and in
particular U N ® - U = ¢. Therefore we have UN® - U = ¢ for all & € Br(Dg)
with ® 2 id. O

Write by 7 the composition of two maps 7: Stab®(Dg) — Xyeg and Xyeg —
Xreg/W. Now, we prove Theorem 1.1.

Theorem 5.8 The projection map
w: Stab®(Dg) — Xyeg/W

is a covering map and the subgroup Z[2] x Br(Dg) C Aut(Dg) acts as the deck
transformation group. In particular, there is a surjective group homomorphism
from the fundamental group of X,eg to the deck transformation group defined by

p: Zy] x Gw — Z[2] x Br(Dg).

Proof. The remaining part to show is that the quotient of Stab®(Dg) by
Z]2] x Br(Dg) is coincides to X,eg/W. This statement is equivalent to that for
any o1,02 € Stab®(Dg), if m(01) = w(02), then there are elements [2n] € Z[2]
and ® € Br(Dg) such that o1 = & - [2n] - 09.

First note that w(01) = m(02) in Xyeg/W implies there is an unique element
w € W such that m(01) = w - 7(02) in Xyeg.

By Corollary 4.9, we can assume that o1 € Stab(.AQ)N, and there are ele-
ments k € C and ® € Br(Dg) such that o} := ® - k - 0 lies in Stab(Ag)". By
projecting o5 on X,g, we have

m(oh) = [®] - e 7 . w(0g) = [®] - e w7 (o).

Since Stab(Ag)" is mapped isomorphically onto the normalized fundamen-
tal domain CV C X[, of the W-action on X, the equality 7(05) = [®] -
e w1 - 7(oq) implies that e=™* = 1, [®] - w™! = 1 and o} = 0. Hence,

k=2n¢€2Zand ®-[2n] 02 = 0;.

—ink

O

The proof of Corollary 1.2 is completely the same way for the proof of Corol-
lary 1.4 in [Bri09b].
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Part II
Stability conditions for CYy
algebras of the A, -quivers

6 Quadratic differentials associated with poly-
nomials

6.1 Braid group and representation

Definition 6.1 The Artin braid group B,+1 is the group generated by n gen-
erators 01,09, ...,0, and the relations
0040 = 05003 Zf|l—]|:1
00 = 005 Zf‘Z—j‘EQ
We consider two type representations of B, 11 on a lattice associated with

an A,-quiver. Such representations are known reduced Burau representations
with parameters :|:1_>(See Section 3 in [KTO08]).

An A,-quiver A, is a quiver obtained by giving directions to edges of a

Dynkin diagram of type A,. Let {1,...,n} be the set of vertices of z?n) We
also assume that the vertex ¢ is adjacent to vertices ¢ — 1 and 7 4 1. Let ¢;; the
number of arrows from 4 to j.

Define L to be a free abelian group of rank n generated by aq, ..., ay:

n
L:= @D Za.
i=1
We define a symmetric bilinear form <, >4 and a skew-symmetric form <, >_
on L by
< iy @ >4 = 05+ G0 — (i + i)
< a5 > =05 — 6i — (¢ij — qji)

where §;; is the Kronecker delta.
We introduce the reflections via the bilinear form <, >4 by

rii(aj) =aj— <o,a; >x o fori=1,...,n.
Let W1 be the group generated by these reflections rf, =
The two type representations py: B,y1 — GL(L,Z) are defined by
pt(0;) =1t

We put the kernel of p+ by Py. Then, we have a exact sequence
1—)Pi—)Bn+1 — WL — 1.

Note that the group W is a symmetric group of degree n+ 1 and the group
P, is a pure braid group.
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6.2 Space of polynomials
Let p,(2) be a polynomial of the following form

pn(z) = 2 w2 g2 uy, U, up € C.

We denote by A(p,) the discriminant of p,. (If p,(z) = H?;l(z — a;), then
A(pn) = Hi<_j(ai - aj)z-)

Denote by M, the space of such polynomials with simple zeros
My = {pn(2) | Alpn) #0}.
Define the free C*-action on M,, by
(k- pu)(2) i= 2"+ kup 2" 4 KPup2" % 4 -+ k"u, (k€ C*).
We note that for this action, the equation
(k- pn)(kz) = K" pn(2)

holds.
Consider the description of this space by using the configuration space on
C. Let Cp+1(C) be the configuration space of (n 4 1) distinct points in C and
C?.1(C) be the subspace consists of configurations with center of mass at the
origin
n+1
CP 1 (C):={(a1,...,an41) € C"M| Z a; =0, a; # a; for i # j}.

i=1

Note that C acts on Cy,41(C) by parallel transportations and C5_  (C) = Cy41(C)/
C. The degree (n + 1) symmetric group S,41 acts freely on CY_,(C) by per-
mutating n + 1 points. Consider the covering map C{_,(C) — M,, defined
by

n+1

(a1y... Gn41) — H (z —a;),

i=1
then we have CO,,(C)/Sp41 = M,.

Take a point (ay,...,a,41) € C,1(C) and consider the collection of non-
crossing paths 71,...,7, in C such that ~; joins a; and a;4+1. We call it the
Ap-chain of paths. Let 7; be a path in C,,41(C) which corresponds to the half-
twist along 7, in counterclockwise. Through the projection Cy,41(C) — M, 7;
gives a closed path in M,,.

It is well-known that there is an isomorphism of groups 71 (M, *) = B,41
given by

[Ti] = 0

where the base point * is a polynomial H?jll (z —a;).
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6.3 Quadratic differentials associated with polynomials

Let P! be a Riemann sphere, and we fix the coordinate z € CU {oo} = P!. For
a polynomial p, € M,, define the meromorphic quadratic differential ¢ on P!
by
B(2) := pn(2)N 2dz®2,

¢ has zeros of order (N — 2) at distinct n + 1 points on C C P!, and a unique
pole of order (dy,, + 2) at co € PL.

We denote by Q(N,n) the space of such quadratic differentials associated
with p, € M,:

Q(N,n) := {pn(2)N 2d2%?|p, € M, }.

Clearly, independent of N, the space Q(N,n) is isomorphic to M,, as a complex
manifold, but later we give this space various structures depending on N.

We introduce the action of C* on Q(N,n). For ¢(z) = pn(2)V2dz®2,
through the isomorphism Q(N,n) = M,,, the action of C* is defined by

(k- ¢)(2) == {(k - pn)(2)}"72d2®* (k€ C).
By using the equation (k- p,,)(kz) = k"*1p,(z), we have the following formula.
Lemma 6.2 For ¢ € Q(N,n), the equation
(k- ¢)(kz) = k™ ¢(z) (ke C)
holds.

For ¢ € Q(N,n), denote by Zero(¢) C P! the set of zeros of ¢ and by
Crit(¢) C P! the set of critical points of ¢. Note that Crit(¢) = Zero(¢) U {oo}.

Consider the action z ++ kz for k € C* and z € P'. This action maps the
critical points of ¢ to that of k - ¢:

k (Crit(¢)) = Crit(k - ¢).

6.4 Homology group

Definition 6.3 Depending on the parity of N, we introduce the homology groups
H,(¢) and H_(¢) by the following.

o If N is even, Hi(¢) is defined by the relative homology group

H.(¢) = Hi(C, Zero(¢); Z).

o If N is odd, H_(9) is given as in the following. Let S be a hyperelliptic
curve defined by the equation y?> = p,(z) and 7: S — P be an associated
branched covering map of degree 2. Then, the homology group H_(9) is
defined by

H_(¢) := H(S\ 7 (c0); Z).
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Note that if NV = 3, the homology group H _(¢) is the hat-homology group in
[BS] which is written by H(¢).

Lemma 6.4 Both Hy(¢) and H_(¢) are free abelian groups of rank n.

Proof. If N is even, the result is clear. If N is odd, there are two cases, n is
even or odd. When n is even, the genus of the hyperelliptic curve S is n/2 and
the fiber m~!(c0) consists of one point, hence the result follows. When n is odd,
the genus of S is (n — 1)/2, but the fiber 77! (00) consists of two points, hence
the result also follows in this case. O

Let ¢ = /¢ = pn(z)¥ dz be a square root of ¢. (If N is odd, ¢ is
determined up to the sign.) If N even 1) is a holomorphic 1-form on P*\ {cc},
and if N is odd % is a holomorphic 1-form on S\ 7~*(c0).

Therefore for any cycle « € Hy(¢), the integration of 1-form ¢ via the cycle

Zy(a) ::/Qw

is well-defined and gives the complex number Zy(«) € C.
Thus, we have a group homorphism Z,: Hi(¢) — C, called the period of ¢.

(67

6.5 Framing

Following Section 2.6 in [BS], we introduce the framings on Q(N,n). Let T be
a free abelian group of rank n. A I-framing of ¢ € Q(N,n) is an isomorphism

of abelian groups
0.1 — Hi(¢)

Denote by Q(N,n)" the space of pairs (¢,6) consists of a quadratic differential
¢ € Q(N,n) and a I'-framing 6. The projection

QIN,n)" — Q(N.n), (6,0)— ¢
defines a principal GL(n,Z)-bundle on Q(N,n).
For (¢,0) € Q(N,n)", the composition of a framing § and a period Z, gives

a group homomorphism Z, o : I' = C. Thus, we have the map

Wy Q(N,n)"' — Homgy(T', C)
defined by Wn(¢,0) := Z4 0 6 € Homy(T',C). We call Wy a period map.
Proposition 6.5 The period map

Wy Q(N,n)l' — Homy(T', C)
s a local isomorphism of complex manifolds.

As a consequence, the period map Wy determines local coordinates on Q(N,n).
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6.6 Intersection form

In this section, we introduce the intersection forms on Hy (¢).
First, we consider the case N is even. The exact sequence of relative homol-
ogy groups gives the isomorphism of homology groups

H.(¢) = H1(C, Zero(¢); Z) = Hy(Zero(¢); Z)

where Hy(Zero(¢); Z) is the reduced homology group of Ho(Zero(¢): Z), and this
isomorphism is induced by the boundary map. There is a trivial intersection
form on Hy(Zero(¢);Z), and it induces the intersection form on Hy(Zero(¢); Z).
Through the above isomorphism of homology groups, we have the intersection
form

Ii: Hi(¢) x Hi(¢) — Z.

Note that I, is symmetric and non-degenerate.

Next, consider the case N is odd. Let m: S — P! be the hyperelliptic
curve introduced in Section 6.4, and +: S\ 77 !(00) — S be the inclusion. This
inclusion induces the sujective group homomorphism

te: H_(¢) = H(S\ 7 (00); Z) — H,(S;7Z).

Since there is a skew-symmetric non-degenerate intersection form on H;(S;7Z),
through the inclusion ¢,, we have the intersection form

I_: H_(¢) x H_(¢) — .

Lx is an isomorphism if n is even, and has the rank one kernel if n is odd.
Therefore, I_ is skew-symmetric and non-degenerate if n is even, and skew-
symmetric and has the rank one kernel if n is odd.

For ¢ € Q(N,n), picking the order of Zero(¢) and consider the A,-chain
of path v1,...,v,. If N is even, the path ~; determines the homology class
4; € Hi(¢). If N is odd, the lift of 9; on the hyperelliptic curve S also determines
the homology class 4; € H_(¢).

The pair of the homology group Hy (¢) and the intersection form I gives the
geometric realization of the lattice L and the bilinear form <, >, introduced
in Section 6.1.

Lemma 6.6 There is an isomorphism Hy(p) = L given by 4; — «;.
Further, by choosing suitable orientations for 41,...,9n, this isomorphism
takes the intersection form Ii to the bilinear form <, >4.

Proof. Easy computations gives the result. (]

6.7 Local system

For ¢ € Q(N,n), by corresponding to the homology group Hy(¢), we have a
local system

U Hil¢) — QN,n).
$EQ(N,n)
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For a continuous path c: [0, 1] = Q(N,n) with ¢g = ¢(0), ¢1 = ¢(1), the parallel
transportation along c¢ gives the identification

GM(c): Hi(oo) = Hy (1),

and determines a flat connection on this local system. We call it the Gauss-
Manin connection.

Fix a point (¢g,00) € Q(N,n)' and denote by Q(N,n)L the connected
component containing (¢g,0p). Any point (¢,0) € Q(N,n)' is contained in
Q(N,n)L if and only if there is a continuous path c: [0,1] — Q(N,n) connecting
¢o and ¢ such that the diagram

r

2N,
GM(c)

Hy(¢g) ————— Hi(9)

commutes.

Note that different connected components of Q(N,n)" are all isomorphic
since these are related by the action of GL(n,Z).

We introduce the C-action on Q(N,n)L, which is compatible with the C-

action on the space of stability conditions given in Section 2.6.

Definition 6.7 For a framed differential (¢,0) € Q(N,n)L, the new framed
differential (¢',0") :==t - (¢,0) is defined by

(b/ — e—(27ri/dN,n)t . ¢7 9/ = GM(C_(Qwi/dN’")tS) Y]

where GM(e~(mi/dn.n)ts) js the Gauss-Manin connection of the path e~ (27 /dn.n)ts.
¢ for s € [0,1] which connects ¢ and ¢'.

6.8 Monodromy representation

By using the intersection forms I+ on Hy (¢) defined in Section 6.6, we compute
how does the cycle change along the closed path in Q(N,n), which are known
as the Picard-Lefschetz formula.

Fix a base point * = H?Ill (z — a;) and let ~1,...,7, be the A,-chain of

N—2
paths. Let ¢g := H?:ll (2 — ai)} dz®? be the differential corresponding to
the base point *. Consider the half-twists 71,...,7, as in Section 6.2 and take
the orientations of 41, ...,9, € Hi(¢o) as in Lemma 6.6.

Proposition 6.8 The monodromy representation of [1;] € w1 (My, *) on Hy(¢o)
is given by

GM(7:)(B) = B — 1+ (%, B) Y-

Lemma 6.6 and Proposition 6.8 imply that the monodromy representation
of the braid group m1 (M, *) = B,+1 on Hi(dg) gives the geometric realization
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of two type representations p4 introduced in Section 6.1. Further recall from
Section 6.1 that the subgroup Py C Bj,1 is the kernel of p1 and the group Wy
is the image of p+ on L = Hy(¢g).

Let M\; be a universal covering of M,,. Note that the braid group B, 1 acts
on J\A/[; as the group of deck transformations.

Corollary 6.9 The connected component Q(N,n)L is isomorphic to the space
M,, /Py and the projection map Q(N,n)L' — Q(N,n) gives a principal We-
bundle.

Proof. It follows from the above remarks. O

7 Trajectories on P!

Here, in order to fix notations, we collect basic facts and definitions for trajec-
tories on P!, mainly from Section 3 in [BS]. In spite of the treatment of higher
order zeros, since our Riemann surface is only P*, many results are simplified.

7.1 Foliations

Let ¢ € Q(N,n). For any neighborhood of a point in P! \ Crit(¢), the differential
é(2) = p(2)dz®? defines the distinguished local coordinate w by

wi= [ Vo) dz,

up to the transformation w — +w+c (¢ € C). This coordinate also characterized
by
P(w) = dw ® dw.

The coordinate w determines the foliation on P* \ Crit(¢) by
Im (w/e"™) = constant.

A straight arc v: I — P!\ Crit(¢) of the phase @ is an integral curve along
the foliation Im (w/e™) = constant, defined on an open interval I C R. In
other words, 7 is a straight arc if Im (w(t)/e™?) = constant where

y(t)
w(t) = / V(z)dz.

Note that the set of maximal straight arcs of the phase € are just leaves of the
foliation Im (w/e’™) = constant.

The foliation of the phase # = 0 is called a horizontal foliation, and a maximal
straight arc of the phase 8 = 0 is called a trajectory.
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Lemma 7.1 Let ¢ € Q(N,n). For k =re™ € C*, set ¢' := k- ¢. Then, the
distinguished coordinates w and w' corresponding to ¢ and ¢’ have the relation

, AN n
w =k72 w.

In addition, the transformation z — kz on P' maps the horizontal straight arcs
for ¢ to the straight arcs of the phase (dnn8)/2 for ¢'.

Proof. Let v: I — P\ Crit(¢) be a horizontal straight arc of ¢. Then, the
following computation gives the result:

k() ky(t)
[ VeGa= [ VR

y(t)

= (k- @) (k2")d(kz') (put z =kz2'.)

AN n 'Y(t)
=k / p(2')dz"  (by Lemma 6.2).

0

A trajectory ~ defined on a finite open interval (a,b) is called saddle trajec-
tory. Since P! is compact, v is extended to a continuous path v: [a,b] — P!
with v(a),v(b) € Zero(¢).

Similarly, a saddle connection of the phase 6 is defined to be a maximal
straight arc of the phase 6 defined on a finite open interval.

7.2 Foliation near a critical point

Here, we see the local behavior of the horizontal foliation near a critical point.

First, we consider the behavior near a zero. Let ¢ € Q(N,n) and p € Zero(¢)
be a zero of order N — 2. Then, there is a local coordinate ¢ of a neighborhood
p € U C P! (t =0 corresponds to p) such that

1
6=tV 2qt®? o= 3 N.
Hence, on U \ {p}, the distinguished local coordinate w takes the form w = /2,

The following figures illustrate the local behaviors of the horizontal foliations in
the case N = 3,4, 5.

7
» -
RE
X
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Note that there are N horizontal straight arcs departing from p. This fact
is the reason why the differential ¢ determines the N-angulation.

Next, we consider the behavior near a pole. Since the order of a unique pole
of € Q(N,n) at co € P! is (dn,, + 2), it is sufficient to treat a pole of order
> 2. In this case, there is a neighborhood co € U C P! and a collection of
dn n distinguished tangent directions v; (i = 1,...,dnn) at 0o, such that any
trajectory entering U tends to co and becomes asymptotic to one of the v;. See
Section 3.3 in [BS] for more detail.

7.3 Classification of trajectories

In this section, we summarize the global structure of the horizontal foliation on
P! by following Section 3.4 in [BS], and Section 9-11, 15 in [Str84].

Since P!\ oo is contractible, the Theorem and Theorem in [Str84] implies
that . Hence in our setting, every trajectory of ¢ is classified to exactly one of
the following classes.

(1) A saddle trajectory approaches distinct zeros of ¢ at both ends.

(2) A separating trajectory approaches a zero of ¢ at one end and a pole
oo € P! at the other end.

(3) A generic trajectory approaches a pole co € P! at both ends.

As explained in the previous section, there are only finte horizontal straight
arcs departing from zeros of ¢. Therefore, the number of saddle trajectories
and separating trajectories are finite. Actually, for ¢, denote by s4 the number
of saddle trajectories, and by ty4 the number of separating trajectories. Then,
the fact that there are N horizontal straight arcs departing from each zero of ¢
implies the equation

254 + 1y =N(n+1). (7.1)

By removing these two type trajectories and Crit(¢) from P!, the remaining
open surface splits into a disjoint union of connected components. In our setting,
each connected component coincides to one of the following two type surfaces.

(1) A half-plane is the upper half-plane
{weC|lmw >0}

equipped with the differential dw®2. It is swept out by generic trajectories
with the both end points at co € P!. The boundary {Imw = 0} consists
of saddle trajectories and two separating trajectories.

(2) A horizontal strip is the strip domain
{weCla<Imw<b}

equipped with the differential dw®?2. it is also swept out by generic tra-
jectories with the both end points at co € P!. Each of two boundaries
{Imw = a} and {Imw = b} consists of saddle trajectories and two sepa-
rating trajectories.
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Note that every saddle trajectory or separating trajectory appears just two times
as a boundary element of these open surfaces.

Let k£ be the number of half planes and [ be the number of horizontal strips
appearing in such a decomposition of P'. Since every half plane has 2 separat-
ing trajectories on the boundary, and every horizontal strip has 4 separating
trajectories on the two boundaries, we have the equation

2% + 4l = 2t,. (7.2)

We also note that near a pole of order m > 2, just m — 2 half planes appear.
Since ¢ has a unique pole of order (dy,, + 2) at co € P!, we have

k=dyxn=(N—-2)(n+1)+2. (7.3)

Lemma 7.2 Let ¢ € Q(N,n). For the number of saddle trajectories s and the
number of horizontal strips [, the equation

S +l=n
holds.

Proof. This immediately follows by combining the equations (7.1), (7.2) and
(7.3). O

Definition 7.3 A differential ¢ € Q(N,n) is called saddle-free if ¢ has no
saddle trajectories (s =0).

For a saddle-free differential ¢ € Q(N,n), Lemma 7.2 implies that exactly n
horizontal strips appear in the decomposition of P! by ¢. In this situation, any
boundary component of a half plane or a horizontal strip consists of only two
separating trajectories.

7.4 Hat-homology classes and standard saddle connections

In this section, we collect some constructions of homology classes from Section
3.2 and Section 3.6 in [BS].

Let ¢ € Q(N,n). Recall from Section 6.4 that the square root of ¢ defines
a holomorphic 1-form 1 = /¢ on P!\ {oo} or S\ 7 !(o0) depending on the
parity of N. Write by S the surface P!\ {oo} if N is even, or S\ 7 !(c0) if N
is odd.

We first note that the 1-form 1) defines the distinguished coordinate @ on
S\ Crit(¢) by ¢ = dib, up to the transformation @ — w+c (¢ € C). As a result,
¢ determines the horizontal foliation Im @ = constant on S\ Crit(1). Since the
sign of dw is uniquely determined, this foliation has the canonical orientation,
which makes the tangent vector of a horizontal straight arc lies in R+ .

For a saddle trajectory 7: [a,b] — P!, we can define a homology class 4 €
Hy(¢), called the hat-homology class of v by the following.

48



If N is even, we orient v to be compatible with the above orientation. Since
~(a),v(b) € Zero(¢), the oriented curve ~ defines a homology class 4 := [v] €
H,(¢) = H1(C, Zero(¢); Z). By definition, it satisfies Z(¥) € Rxo.

If N is odd, since zeros of ¢ are branched points of the double cover 7: S —
P!, the inverse image 7 () becomes a closed curve in S\ 7=*(c0). We orient
71() to be compatible with the above orientation. Then, the oriented closed
curve 1 (7) defines a homology class homology class 4 := [r71(y)] € H_(¢) =
Hi(S\ 7 1(00);Z). As in the case N is even, it satisfies Z,(9) € Rxo.

Similar construction works for a saddle connection ~: [a,b] — P! with the
non-zero phase . In this case, the orientation is given to satisfy that Z,(¥) €
{re™|r >0} C H.

Let h = {a < Imw < b} be a horizontal strip given by the decomposition
of P! by a saddle-free differential ¢. Then, each of two boundary components
{Imw = a} and {Imw = b} contains exactly one zero of ¢ and consists of two
separating trajectories intersecting at this zero. Hence, there is a unique saddle
connection I, connecting two zeros of two boundary components. We denote by
Yn = IheH +(¢) the hat-homology class associated with the saddle connection
.

Since ¢ is saddle-free, Lemma 7.2 implies that there are precisely n horizontal
strips in the decomposition of P! by ¢. Thus, we obtain n saddle connections
lhyy---,1n, and n hat-homology classes vn,,...,7n,. [, is called a standard
saddle connection, and -y, is called a standard saddle class.

Lemma 7.4 ([BS], Lemma 3.2) Standard saddle classes yp,,...,Vn, form a
basis of Hy(¢).

Proof. The argument of Lemma 3.2 in [BS] for N = 3 also works for general
N > 3. O

7.5 Coloured quiver from saddle-free differential

Following Section 2 in [BT09], we introduce the notion of a coloured quiver. An

(N — 2)-coloured quiver Q consists of vertices {1,...,n} and coloured arrows

i —(i)—> j, where ¢ € {0,1,..., N —2}. Write by qg;) the number of arrows from 1

to j of colour (c).
In addition, we assume the following conditions:
(e)

(1) No loops, g;;” =0 for all c.

(2) Monochromaticity, if qg) # 0, then ¢¢) =0 for ¢ #c.

(e) (N—2-c)

(3) Skew-symmetry, ¢;;” = qj;

Definition 7.5 For a saddle-free differential ¢ € Q(N,n), define a coloured
quiver Q(¢) by the following. Let hq, ..., hy be the horizontal strips in the de-
composition of Pt by ¢, and ly,,,...,ln, be the corresponding standard saddle

49



connections. The vertices of Q(¢) are standard saddle connections {lp,, ..., ln, },

and the coloured arrow I, ﬁ) In; fori# j is given if lp, and ly,; have the same
zero p of ¢ as a boundary point and the number of separating trajectories ap-
pearing around p from Iy, to l; in counterclockwise is just c + 1.

We can easily check that such a coloured quiver Q(¢) satisfies the additional
three conditions.

For a coloured quiver Q, the coloured quiver lattice Lo is defined to be a
free abelian group generated by vertices of Q. Let «y,...,qa, be generators
corresponding to vertices of Q, then

LQ = ézal
i=1

Define a bilinear form <, >: Lo x Lg — Z by
N-2
< @, >i= (Sij + (—l)N(Sij — Z (—1)0(]1(;).
c=0
Lemma 7.6 The bilinear form <, >: Lg x Lg — Z 1is symmetric if N is
even, and skew-symmetric if N is is odd. The diagonal part is computed that
< aj,a; >=2 if N is even, and < oy, ; >= 0 if N is odd for all i.

Proof. The first part follows from the condition skew-symmetry. The second
part follows from the condition no loops. O

Let us define a linear map

f: Loy — Hi(9)

by p(a;) := vn, where «; is the basis corresponding to the vertex I, of Q(¢) and
~p, is the standard saddle class of Ij,,. By Lemma 7.4, the map p is isomorphism.

Lemma 7.7 The isomorphism p: Loy — Hi(®) takes the bilinear form <
, > on Lgg) to the intersection form I+ on Hy(¢).

Proof. We can easily see that Iy (v, ;) = 2 and I_(yn,,7n,) = 0. Hence
we need to prove that for i # j, if [, and [; have the same zero p of ¢ as a
boundary point and the number of separating trajectories around p from [, to
lhj is ¢+ 17 then I:t(’Yhi”th) = (_1)0-&-1.

First, consider the case N is even. Since the oriented foliation of ¢ = /¢
around p has the opposite orientations by crossing a separating trajectory, i,
and [, have the same orientation relative to p if the number of separating
trajectories around p from [, to [, is even, and have the different orientation
relative to p if that is odd. Therefore the result follows in this case.

Next, consider the case N is odd. The oriented foliation of 1) = /¢ on the
hyperelliptic curve S around p also has the opposite orientations by crossing a
separating trajectory. Therefore the lift of /5, and I, on § is intersecting +1 if
the number of separating trajectories around p from I, to [, is even, and —1
if that is odd. O
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8 ('Yy algebras of A,-quivers

8.1 Ginzburg dga

Let Q@ = (Qo,Q1) be a finite quiver with vertices ()¢ and arrows @;. The
Ginzburg dga T'nQ := (kQ,d) is defined as follows. Define a graded quiver @
with vertices @y and arrows:

e the original arrows @)1 (degree 0);

e an opposite arrow a*: j — 4 for an original arrow a: i — j € Q1 (degree
N —2);

e a loop t; for each vertex i € Qo (degree N — 1).

Let kQ be a graded path algebra of Q, and define a differential d: kQ — kQ of
degree —1 by

e da=da* =0 foraec @

o dti =e; (Zate(aa* _ am)) e;

where e; is the idempotent at i € Qg.

Note that the 0-th homology is Ho(T'nQ) = £kQ.

Let D(I'nyQ) be a derived category of right dg-modules over I'ny@, and
Dia(T'nQ) be a full subcategory of D(I'y@) consists of dg modules M whose
homology is of finite total dimension:

Z dimy H; (M) < 0.

i€
Theorem 8.1 ([Kelll], Theorem 6.3) The category Dsa(T'nQ) is a Calabi-
You N triangulated category.

Proposition 8.2 ([Ami09], Lemma 2.2 and Proposition 2.3) There is a
canonical bounded t-structure F C Dia(TnQ) with the heart H such that the
functor Hy: Dwa(T'ny@) — mod- Hy(T'nQ) induces an equivalence of abelian
categories H and mod- Hy(T' N Q).

We write by Hr the heart determined by the above proposition, and call it the
standard heart. N
For a quiver A,,, we set DY := D (I nAy).

8.2 Koszul duality

Here, we comment to the relationship between our category DY and the category
treated in [ST01, ThoO6] which is defined as a perfect category of a graded path
algebra of some graded quiver (see Section 4c in [ST01] or Definition 3.2 in
[ThoOG]l> Throughout this section, we fix the straight forward orientation for a

H
quiver A,, in which the arrows of A, isgivenby i —i+1fori=1,...,n — 1.
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Let RY be a graded quiver with vertices {1,...,n}, degree 1 arrows «;: i —
i+1(=1,...,n—1) and degree N — 1 arrows f;: i+1—i(i=1,...,n—1).

Write by kR) a graded path algebra of RY over k. The graded algebra A
is defined to be the quotient of kRY by the two-sided ideal generated by the
elements:

o a1 (i=1,...,n—2)
L] 614_1@(2:1,,7172)
o Bioy —aip1fip1(i=1,...,n—2).

We give a trivial differential d = 0: AY — AN and treat A as a dga. Let
P; := ¢; AN be a projective right module corresponding to the vertex i where e;
is the idempotent at v;.

Let D(AY) be a derived category of right dg-modules over AY  and per(AY) C
D(AN) be a smallest full triangulated subcategory containing Py, ..., P,. Then,

by the Koszul duality, we have the following category equivalence.

_>
Proposition 8.3 The ezact functor Hom®(S,?): D(I'nA,) — D(AY) induces
the category equivalence of triangulated subcategories

Hom*(S,?): DY = per(AN).
In particular, Hom®(S, S;) = P;.

Proof. Set S := @®! ;S;. Then, the endomorphism dg-algebra End® S is iso-
morphic to AY:
End® S = AY.

Therefore by the Koszul duality, the above functor is a category equivalence
(see Section 9 in [KN13]). O

8.3 Artin braid groups and spherical twists

For a quiver /T; with vertices {1,...,n}, we assume the vertex ¢ is adjacent
to vertices i — 1 and 7 + 1. Let S; be the simple module corresponding to
the vertex 4. Such simple modules Sy, ..., S, of Hr are spherical in DY, hence
they define spherical twists ®g,,...,®s, € Aut(DY). The Seidel-Thomas braid
group Sph(DY) is defined to be the subgroup of Aut(DY) generated by these
spherical twists:

Theorem 8.4 ([ST01], Theorem 1.2 and Theorem 1.3) For groups By 41
and Sph(DY), the correspondence of generators o; — ®g, is extended to the iso-
morphism of groups

By = Sph(DY).
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Consider the K-group

and the Euler form x: K(DY) x K(DY) — Z. Recall from Section 6.1 that
there is a free abelian group L and a bilinear form <, > associated with a

quiver A,.

Lemma 8.5 Define the map K(DY) — L by [S;] — «;. Then, this map is an
isomorphism of abelian groups and takes the Euler form x to the bilinear form
<, >4.

At the K-group level, a spherical twist ®g, induces the reflection

[@s,]([E]) = [E] = x(Si; E)[Si]

on K(DY). Therefore under the above isomorphism, spherical twists ®g,, ..., ®s,
act as reflections i, ..., 7 in Section 6.1 on the K-group K (DXN):
[@s,)=17,....[@s,] =17

9 N-angulations of polygons and exchange graphs

9.1 N-angulations of polygons

A geometric construction of (N — 2)-cluster category of type A, is given in
[BMO8]. By using this construction, here we introduce the oriented graph as-
sociated with decompositions of a polygon into N-gons. This graph is the geo-
metric realization of the cluster exchange graph of an (N — 2)-cluster category
for type A,.

Let 14y, be a dy n-gon. An (N — 2)-diagonal of Iy, , is a diagonal which
divides g, , into an ((N — 2)i 4+ 2)-gon and an ((N — 2)(n + 1 — i) 4 2)-gon
(i=1,...,n). A collection of (N — 2)-diagonals is called non-crossing if they
intersect only the boundary of Ilg, ..

The maximal set of non-crossing (N — 2)-diagonals of 114, , is called the
N-angulation. The number of (N — 2)-diagonals in the N-angulation is n, and
this divides Il4, , into n + 1 pieces of N-gons.

For any (N — 2)-diagonal 0, there are just two N-gons whose common edge
is 6. By removing J, we have a (2N — 2)-gon. We call § a diameter of this
(2N — 2)-gon.

Let A be an N-angulation and § € A be an (N — 2)-diagonal. For A,
we define the operation to make new N-angulations ug (A) and p%(A) by the
following.

For a diagonal 6 € A, there is a unique (2N — 2)-gon which has ¢ as a
diameter. By rotating two boundary points of § one step counterclockwise
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(clockwise), we have the new (N — 2)-diagonal 6* (6°). Thus, the new N-
angulations is defined by

H5(A) = (AFH U5} (u3(A) := (A\{5}) U{5}).

The following figure illustrates the example for N =4 and n = 3.

4 3 4 3
5 2 5 2
6 1 6
7 10 710
8 9

8 9
Definition 9.1 Define the graph A(Ilq, ., N) to be the oriented graph whose
vertices are all N-angulations of Il , and for two N-angulations A and A,

the arrowH > H' is given if there is some diagonal § € A such that ,ug(A) =A.

Lemma 9.2 ([BT09], Proposition 7.1) The graph A(Ilay ,, N) is connected.

9.2 Exchange graphs and braid groups

Definition 9.3 For DY | we define the exchange graph EG(DY) to be the ori-

ented graph whose vertices are all finite hearts of DY , and for two hearts H and

H', the arrow H S s given if these is some rigid simple object S € H such
that they relate by the simple forward tilt Hﬁs =H.

In particular, we denote by EG®(DY) C EG(DY) the connected component
containing the standard heart Hr.

Let H € EG(DY) be a finite heart and S € H be a simple object. Since
B(HE) = (D(H))hs),

holds for any autoequivalence ® € Aut(DY), autoequivalences act on EG(DL)

as automorphisms of the oriented graph. Denote by Aut®(DY) the subgroup

consisting of autoequivalences which preserve the connected component EG° (D).
For H € EG° (DY, H,) and rigid simple object S € H, define inductively

m m— m m—1)b
'Hsﬁ = (HFg 1)ﬁ)S[m—1]a Hsb = ( Fg Y )S[—77L+1]

for m > 1, and we set H™E = H~™ for m < 0.
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Proposition 9.4 ([KQ], Corollary 8.3) LetH € EG° (DY) and consider sim-
ple objects SimH = {T1,...,T,}. Then, spherical twists ®r,,..., Py, generate
the Seidel-Thomas braid group Sph(DY) and give the equation

Hg{\/—l)ﬁ _ @;71(7_[), H,(T]:/—l)b _ q)Ti (7—[)

This result implies that the action of Sph(DY) is free and preserves the
connected component EG® (D).
For N > 3, we define the full subgraph of EG°(DY) by

EG(DY) := {H € EG*(DY) | Hr <H < Hr[N — 2] }.

In the following meaning, EG3 (DY) is the fundamental domain of the action
of Sph(DY) on EG°(DY).

Theorem 9.5 ([KQ], Theorem 8.5) The map of graphs
po: EG(Dy) — EG®(Dy)/ Sph(D}y)

1s embedding and bijection between vertices.

9.3 Correspondence between hearts and N-angulations

Combining the result for the geometric realization of (N — 2)-cluster category
of type A,, in [BMO08] and the correspondence between cluster exchange graphs
and heart exchange graphs in [KQ], we have the following result.

Theorem 9.6 ([BMO08], Theorem 5.6 and [KQ], Theorem 8.5) There is
a canonical isomorphism of oriented graphs with labeled arrows

A(Iay,,, N) = EG®(Dy)/ Sph(Dy).

For the heart H(A) € EGY(DY) which corresponds to the N-angulation A €
A(Mgy ., N) (H(A) is determined up to modulo Sph(DY)), there is a bijection
between (N — 2)-diagonals of A and simple objects of H(A) such that

H(u§(A)) =H(A)5,  mod Sph(DY)

where 0 is a (N — 2)-diagonal in A and Sy is the corresponding simple object in

H(A).

Proof. By Theorem 5.6 in [BMOS], the graph A(Ilg, . ,NN) is isomorphic to
the cluster exchange graph of (N — 2)-cluster category for of type A,, and
(N —2)-diagonals of the N-angulations correspond to the indecomposable direct
summands of (N — 2)-cluster tilting objects which consists of the vertex set of a
cluster exchange graph. (For the precise definition of a cluster exchange graph,
see Definition 4.4 in [KQ)).

On the other hand, by Theorem 8.5 in [KQ], there is a canonical isomorphism
between the cluster exchange graph of type A, and EG°(D))/Sph(DX) such
that indecomposable direct summands of cluster tilting objects are mapped to
the simple objects of the corresponding hearts. O
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Remark 9.7 By Theorem 9.5, for an N-angulation A, we can uniquely take
the corresponding heart H(A) in EGX(DY). In the following, we always assume
that H(A) is taken in the fundamental domain EGS (DY ).

Lemma 9.8 Let A € A(Ily, ,, N) be an N-angulation and H(A) € EGX (DY)
be the corresponding heart. Take a (N — 2)-diagonal § € A and consider a new
N-angulation ug (A). Then, there is a unique spherical twist ® € Sph(DXY) such
that

Proof. Since the action of Sph(DY) on EG°(DY) is free, this follows from
Theorem 9.6 and Remark 9.7. O

9.4 N-angulation from saddle-free differential

Let ¢ € Q(N,n). Recall from Section 7.2 that ¢ defines dy , distinguished
tangent directions at co € P! since ¢ has a pole of order (dy,, + 2) at that
point. Consider the real oriented blow-up at co € P! (that is replacement of
oo by S1), then we have a disk II. By adding dy ,, points on the boundary of
IT, which corresponds to dy , distinguished tangent directions, we have a d-gon
gy .-

Lemma 9.9 Let ¢ € Q(N,n) be a saddle-free differential. Then, by taking one
generic trajectory from each horizontal strip in the decomposition of P' by ¢,
we have an N-angulation Ay of gy, .

Proof. By Lemma 7.2, there are just n horizontal strips in the decomposition,
and clearly generic trajectories taking from different horizontal strips are non-
crossing each other. Hence, it is sufficient to prove that these generic trajectories
are (IV —2)-diagonals. Assume that a generic trajectory ¢ divides Il , into two
disks IT; and IIy, and II; contains i zeros and II5 contains (n+1—4) zeros. Then,
II; has ¢ — 1 horizontal strips and N+¢ separating trajectories. By the equation
(7.2), the number of half planes in II; is ((N — 2)i + 2), and this implies that
IT; is ((N —2)i + 2)-gon. O

The following figure illustrates the example of the 4-angulation of 10-gon
by a saddle-free differential. Generic trajectories are written by solid lines and
separating trajectories are written by dotted lines.
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8 9
We write by Ay the V-angulation which is determined from a saddle-free dif-

ferential ¢ € Q(INV,n) by using this lemma. We also write by h(d) the horizontal
strip which contains a generic trajectory ¢.

9.5 Coloured quiver lattice and K-group

Definition 9.10 For an N-angulation A € A(Ilgy ,,N), define the (N — 2)-
coloured quiver Q(A) whose vertices are all (N — 2)-diagonals of A and the

coloured arrow &; Q 0; s gien if both ; and d; lie on the same N-gon of
N-angulation and there is just ¢ edges forming the segment of the boundary of
the N-gon in counterclockwise.

Definition 9.11 For the heart H € EG° (DY), define the coloured quiver Q(H)
whose vertices are simple objects S1,...,S, € H and the number of coloured
arrows from S; to S is dimy, HomCDJer(SZ-, S;).

Proposition 9.12 Let A € A(Ilgy ,,N) be an N-angulation and H(A) €
EG® (DY) be the corresponding heart. Then, there is a canonical isomorphism
of coloured quivers

Q(A) = Q(H(A)).

In particular, the correspondence of vertices is given by the correspondence be-
tween (N — 2)-diagonals and simple objects in Theorem 9.6.

Proof. By Proposition 11.1 in [BT09], the coloured quiver Q(A) is equal to
the coloured quiver of the corresponding cluster tilting object. Theorem 8.6 in
[KQ] implies that by the correspondence of cluster tilting objects and hearts
in the proof of Theorem 9.6, the coloured quiver of the cluster tilting object is
mapped to the coloured quiver of the corresponding heart. O
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Recall Section 7.5 that for a coloured quiver Q, we define a Z-lattice Lo
and a bilinear form <, > on Lg. For a coloured quiver Q(A) with vertices
{01,...,0,}, write by a; the basis of Lg(a) corresponding to the vertex d;.

By using Proposition 9.12, we have the similar result of Lemma 9.10 in [BS].

Lemma 9.13 Let A be an N-angulation and H(A) be the corresponding heart.
Then, there is an isomorphism of Z-lattices

At Loay — K(DY)

such that for each (N — 2)-diagonal 6;, the basis «; is mapped to the class of
the corresponding simple object Ss,. This isomorphism takes the bilinear form
<, > on Lg(a) to the Euler form x on K(DY).

Proof. First note that as stated in Remark 2.3, there is a canonical isomorphism
of K-groups K(H(A)) = K(DY). Since K(H(A)) is generated by the class of
simple objects [Ss,], ..., [5s,], the map A is an isomorphism.

Let Q(A) = (quc)) be a coloured quiver of A. By Proposition 9.12, we

have qu) = dimy Hom“*"(Ss,, S5,). The Euler form with respect to the basis
[Ss.],---,[Ss,] is computed by

X(S5,,85,) = >_ (—1)" dimy Hom' (S, S, )

leZ
N-2
= dimy, Hom" (55” S(;j) + (—1)N dimy, Hom™ SgL , 55 Z )¢ dimy Hom®" (S&n S5j)
c=0
N-2
=0+ (=D)No; = > (-1)%
c=0
=< o4,05 >.
Hence, the result follows. O

Note that for a saddle-free differential ¢, there is a natural identification
between the coloured quiver Q(¢) defined in Section 7.5 and the coloured quiver
Q(A,) associated with the N-angulation Ay given by Definition 9.10. The
correspondence of vertices is given by lj,(5) — & where J is a generic trajectory of
@, h is a horizontal strip containing ¢ and I},s) is the standard saddle connection
of h(d). In the following, we identify Q(¢) and Q(Ay).

Corollary 9.14 Let ¢ € Q(N,n) be a saddle-free differential and Ay be an
N -angulation associated with ¢. Then, there is an isomorphism of Z-lattices

v: K(D}Y) = Hx(¢)

such that for each (N —2)-diagonal §, \ takes the class of simple object [Ss] to the
standard saddle class v (5)y and the Euler form x on K (DY) to the intersection
form I on Hyi(9).

Proof. This immediately follows from Lemma 7.7 and Lemma 9.13. 0
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9.6 Coloured quiver mutation and K-group

Let A be an N-angulation and ug(A) be a new N-angulation given by the
operation in Section 9.1 where ¢ is an (N — 2)-diagonal of A. We call a coloured
quiver Q(,ug(A)) the coloured quiver mutation of Q(A) at the vertex .

Let 61, ...,d, be (N —2)-diagonals of A and ¢1,...,0d, be (N —2)-diagonals
of ugi (A) (0 =6, if j #1i and §; = 53) Consider coloured quiver lattices

/
Lo = P Zay, Lo a) = D 7o
Jj=1 ) j=1

where «a; (respectively o) is the basis corresponding to d; (respectively d7).
Define a linear map F;: Loa,) — LQ(ug (A)) by

i

—a if j=i
Fi ;) i — v
(@) {a; +iDa) i jAi
where zjl(?)
quiver mutation Q(ug(A)). Then, the following result holds.

is the number of arrows of colour (0) from 4; to d’; in the coloured

Lemma 9.15 Let X\: Loay — K(DY) and M: L(Q(Mgim)) — K(DX) be the

isomorphisms given by Lemma 9.13. Then, there is a unique spherical twist
® € Sph(DY) such that the following (1) and (2) hold.

(1) The diagram

F;

Loy —— Lot (a))
T
3
K(DY) — 2 K(DY)

commutes, where [®] is a linear automorphism on K(DL) induced by ®.
(2) Set H := H(A) and H' = ’H(ug(A)) Then, ®(H) = (H/)g; where
Sl/ = S(sg.

Proof. Part (2) follows from Lemma 9.7. Consider the relationship between
simple objects in ®(H) and H’

Sim®(H) = {S1,...,S.}, SimH ={S1,...,S,}.
under the backward simple tilting. By Proposition 2.8, there are relations
S; = Sj[~1], S; = Cone(S][~1] ® Hom' (5}, 5}) — 5) for j # i.

At the K-group level, we have

[Si] = —[S}], [S;]=[S}]+a[S)] for j#i.

? K2
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Let é1,...,d, and 0%, ...,07 be (N — 2)-diagonals of A and ,ugi(A) with the
relations §; = ¢ if j # i and 6% = 6!. Note that Aayj) = [Ss,] and X (o) = [Ss:]-
Since S = ®(S5s,) and S} = Sy, we conclude that '

([2]0 M) = M(=a7), (B 0 A)(ag) = No(a +3dj o) for j #1i.

,

10 Proof of main theorem in Part II

10.1 Stratification

Following Section 5.2 in [BS], we introduce the stratification on Q(N,n). Many
results of [BS] for this stratification also hold in our cases. For ¢ € Q(N,n),
denote by s4 the number of saddle trajectories. Define the subsets of Q(V,n)
by
Dy :={¢€Q(N,n)|syp <p}

(Note that our notation differs from that of [BS]. Our D, is written Bg, in
[BS].) Since Lemma 7.2 implies that sy < n, we have D,, = Q(N,n). We note
that By consists of all saddle-free differentials. These subsets have the following

property.
Lemma 10.1 ([BS], Lemma 5.2) The subsets D, C Q(N,n) form an in-
creasing chain of dense open subsets

DycDycC---CD,=Q(N,n).

Let Fy := Dy and F, := D,\D,_; for p > 1. Then we have a finite

stratification .

Q(N’n): U FP

p=0

by locally closed subset F.

Proposition 10.2 ([BS], Proposition 5.5 and Proposition 5.7) Let p >
1 and assume that ¢ € F,,. Then, there is a neighborhood ¢ € U C D,, a class
0# o€ Hy(¢) such that

¢€Ume:>Z¢(Oé)ER.

Further, if p > 2, then we can take a neighborhood ¢ € U C D, to satisfy that
UNDy,_ is connected.

Following Section 5.2 in [BS], we define a generic differential. ¢ € Q(N,n)
is callled generic if for any 1,72 € H+(¢),

Rqu(’}/l) = RZ(z,(’}/Q) - Z’}/l = Z’}/Q
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Lemma 10.3 If ¢ € Q(N,n) is generic, then ¢ € D;.

Proof. Assume that ¢ € Q(N,n) is generic and ¢ € Q(N,n)\ D;. Since at
least ¢ has two different saddle trajectories, we write them by 71,72, and by
V1,72 € Hi(¢) the corresponding saddle homology classes. Note that Zv; #
Z~5. On the other hand, by the definition of the saddle trajectory, we have
Zy(V1),Zy(V2) € R and this contradicts to the definition of a generic differential.
O

A differential ¢ € Q(N,n) defines the length of a smooth path ~: [0,1] —

P\ {oo} by
/ |90 |1/2 ( )'dt
where ¢(z) = ¢(2)dz®2.

dt
Proposition 6.8 in [BS] is easily extended in our cases.

Proposition 10.4 ([BS], Proposition 6.8) Assume that for a sequence of
framed differentials
(¢k79k) S Q(Na n)£7 k 2 ]-7

periods Zg, o 0,: 1 — C converge as k — oo. Further, there is some constant
L > 0, which is independent of k, such that any saddle connection v of ¢y

satisfies 1y, (y) > L. Then, there is some subsequence of {(¢x,0k)}r>1 which

converges in Q(N,n)L.

10.2 Stability conditions from saddle-free differentials

Lemma 10.5 ¢ € By C Q(N,n) be a saddle-free differential. Consider the
corresponding heart H(Ay) € EGY (DY) and a linear map

Z:=Z40v: K(DY) —C

where Zy: Hy(¢) — C is a period integral of ¢ and v: K(DY) = Hi(¢)) is an
isomorphism given by Corollary 9.14. Then, the pair (H (A¢) Z) determines a
unique stability condition o(¢) = (H(Ag), Z) € Stab®(DL).

10.3 'Wall crossing

Let ¢1 € F; be a differential which has only one saddle trajectory. Write by
Ay, the set of (N —2)-diagonals obtained by taking one generic trajectory from
each horizontal strip of ¢;. By Lemma 7.2, (n — 1) horizontal strips appear in
the decomposition of P! by ¢1, so the number of (N — 2)-diagonals in Ay, is
(n—1).

By Proposition 10.2, if we take r > 0 sufficiently small, then for any 0 < ¢ <
r, the differentials

¢(t) = efiwt . ¢1a (bﬂ(t) .— e+i7rt . ¢1

61



are saddle-free. Write ¢ := ¢(r) and ¢* := ¢*(r).

Let Ay and A,: be N-angulations determined by these saddle-free differen-
tials. Write by ¢ a unique (N — 2)-diagonal of A, which is not contained in
A¢1 :

0:= A¢ \ A¢1 .

Lemma 10.6 Two N-angulations Ay and Ay are related by

15 (D) = Agr.

Proof. Let v be a unique saddle trajectory of ¢;. By Lemma 7.1, the rotation
z — e takes 7 to the standard saddle connection which makes a constant
angle +76 (put 0 := rdy ,,/2) with the horizontal foliation of ™" - ¢;. There-
fore, the generic trajectories § and 6% are given as in the following figure, and
the result follows.

As a result, we have an natural isomorphism of coloured quiver lattices

Loia,) = Law,-
Let
Fst Lo(a) — Loa,)

be the linear isomorphism defined in Section 9.6.
The relationship between Fys and the Gauss-Manin connection

GM(c): Hi(¢) — Hi (%)

along the path c(t) = €™ - ¢ (t € [—r,r]) is given by the next commutative
diagram.

Lemma 10.7 Let pi: Loa,) — Hx(¢) and pt Lo, = H.(¢%) be the iso-
morphisms given by Lemma 7.7. Then, the diagram

F,
Loa,) ———Loa,)

T
GM(c)

Hyi(¢) ————— Hi(4%)

commutes.
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Proof. O
For 0 < t,r, we denote by

a(t) = a(6(t), o (t) == o(¢(t))
stability conditions in Stab®(DX) constructed by Lemma 10.5 for saddle-free
differentials ¢(t) and ¢ (t).

Proposition 10.8 ([BS], Proposition 10.7) Let v: K(DY) — Hiy(¢) and
vi: K(DY) — Hi(¢%) be the isomorphisms given by Corollary 9.14. Then,
there is a unique spherical twist ® € Sph(DY) such that the following (1) and
(2) hold.

(1) The diagram

K (DY) — =~ k(DY)

|
He(d) — D o H, (94

commutes.

(2) The stability conditions ®(o(t)) and o*(t) become arbitrarily close att — 0
in Stab®(DL).

Proof. Part (1) is immediately follows from Lemma 9.15 and Lemma 10.7. For
the proof of part (2), we first note that by Lemma 9.15 (2) and Lemma 10.6,
the hearts H(Ay) and H(A,:) are related by

B(H(Ag)) = H(D g,

By the definition of o'() and o (¢) in Lemma 10.5, o (t) is contained in Stab(H(Ay))
and o#(t) is contained in Stab(H(A,:)). Further, by Part (1), the central charges
of o(t) and o (t) approach the same point in Hom (K (DY), C) at ¢t — 0. Hence,
by Lemma 2.18, we can take some open subset

U C Stab(H(Ag)) U Stab(H (A )

such that U is mapped isomorphically on Hom(DY,C) and o(t),c%(t) € U.
Thus, the result follows. O

10.4 Construction of isomorphism

Definition 10.9 Let (¢,0) € Q(N,n)' be a framed saddle-free differential and
v: K(DY) — Hy(¢) be an isomorphism in Lemma 9.14. We define the isomor-
phism k by the composition of 0 and v~ :

ki=v1o0: T = K(DN).
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Fix a framed saddle-free differential (¢o,6p) € Q(N,n)l' and let Q(N,n)L
be the connected component which contains (¢, 6p).

In the following, we identify K (DY) with T' by the isomorphism rq for
(¢0,00) given by Definition 10.9.

Lemma 10.10 Let (¢,0) € Q(N,n)L be a framed saddle-free differential and
k: T — K(DY) be an isomorphism determined by Definition 10.9. Then, there
is some spherical twist ® € Sph(DY) such that the diagram

K(DN) —>K (DM).

commute. In addition, if there are two such spherical twists ®, and ®o, then
the induced linear isomorphisms on K (DY) are the same:

[@1] = [@2].
Proof. [®,] = [®2] immediately follows from
[P1] ok = ko = [P2] 0 K

Therefore, we show that such a spherical twist exsists. Take a path ¢: [0, 1] —
Q(N,n)L from (¢,0) to (¢o,00). By Proposition 10.2, we can deform the path
¢ to be intersecting only finitely many points of Fi, consisting of framed differ-
entials having only one saddle trajectory.

By applying Proposition 10.8 to each of these points, we have a spherical
twist ® € Sph(DY) fitting into a diagram

K(DY) — % k(DY)

lw

GM(c)
Hy () H (¢o)
where v and vy are isomorphisms given by Corollary 9.14. Further, recall the
diagram
T
PR
GM(c)
Hy(¢) ————— Hx(¢o)
in Section 6.7. Combining the above two diagrams, we have the result. O

Let Sph”(DY) ¢ Sph(DY) be the subgroup of spherical twists which act
by the identity on K(D2Y). Note that Sph(DY) = B,,+1 by Theorem 8.4 and
Sph(DY) act as the group W4 on K(D2Y) (see Section 8.3). Hence the group
Sph”(DY) is isomorphic to the group Px.
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Lemma 10.11 The action of Sph®(DY) on Stab®(DYN) is free and properly
discontinuous.

Proof. Let d be the metric on Stab®(D.) (for more details, see Section 8 in
[Bri07]). For any ® € Sph’(DY) and o € Stab®(DY), the stability condition
®(0) and o are not equal but have the same central charge. Hence, by Lemma
6.4 in [Bri07], we have d(o, ®(0)) > 1 and this implies the result. O

By completely the same argument of Proposition 11.3 in [BS], we can con-
struct the following equivariant holomorphic map.

Proposition 10.12 There is a W4 -equivariant and C-equivariant holomorphic
map of complex manifolds K such that the diagram

Q(N,n)L K Stab®(DX)/ Sph®(DY)

Homy(T", C)

commutes.

Proof. Let t € C act by Z(y) + €™ - Z(v) for Z € Homy(T,C) and v € I.
Then, by Definition 6.7 and Lemma 7.1, the map Wy is C-equivariant. On the
other hand, by the definition of C-action on Stab®(D2Y) given in Section 2.6, the
map Z is also C-equivariant. Since both Wy and Z are local isomorphisms, if
K exists, then K is C-equivariant.

Recall from Section 10.1 that there is the stratification

DQCD1C"'CDn:Q(N,n).

We extend the stratification to Q(IN,n)L by the obvious way (and use the same
notation).

Here, we give the construction of K only on the stratum Dy which consists
of framed saddle-free differentials. By using Proposition 10.2 and Proposition
10.8, the argument of Proposition 11.3 in [BS] for the extension of K on larger
strata D), (p > 1) also works in our case.

Let (¢,0) € Dy be a framed saddle-free differential. By Lemma 10.5, we
have the stability condition o(¢) € Stab®(DY). Let ® € Sph(DY) be a spherical
twist given by Lemma 10.10. Since & is determined up to the action of Py C
Sph(DY), the map K: Dy — Stab®(DXY)/Py given by

K((,0)) := ®(0(¢)) € Stab®(Dy)/Px

is well-defined.

Finally, we see that K is W_-equivariant. Note that the action of Wi
preserves the stratification and commutes with the action of C. Hence if we
show W -equivariance on Dy, then we can inductively extend it to larger strata.
But, it is clear by the construction of K on Dy. O
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Let (¢,0) € Q(N,n)L and we set o = K((¢,0)). The stability condition o
is determined up to the action of Py C Aut(DY). For a class 0 # a € T, let
M, («) be the moduli space of o-stable objects which have class « and phase
in (0,1] (here, we treat M, () as a set).

Proposition 10.13 ([BS], Proposition 11.7) Let ¢ be a generic differential.
Then, the moduli space My () is empty or one point. In particular, M,(a) is
one point if and only if the class o corresponds to the class of a saddle connection
of ¢ (up to sign).

Proof. By Lemma 10.3, ¢ has at most one saddle trajectory. Hence, the result
follows from the argument of Proposition 11.7 in [BS]. O

Proposition 10.14 The map K in Proposition 10.12 is an isomorphism.

Proof. By using Proposition 10.4 and Proposition 10.13, we can apply the
same argument of Proposition 11.11 in [BS]. O

Theorem 10.15 There is a By 11-equivariant and C-equivariant isomorphism
of complex manifolds K such that the diagram

M, K Stab® (D)

Homy(T', C)

commutes.

Proof. First, recall from Corollary 6.9 that M; is a universal covering of the
space Q(N,n)t and M, /Py = Q(N,n)L. Further, by Proposition 10.12 and
Proposition 10.14, we have M, /Py = Stab®(DY)/Py (note that Sph”(DY) =
Py).

Therefore, we can lift the map K to the B, i-equivariant covering map

K: M, — Stab® (DY),

and Lemma 10.11 implies that K is an isomorphism. O

Corollary 10.16 The distinguished connected component Stab®(DY) is con-
tractible.

Proof. Since ﬁn is contractible, it immediately follows from Theorem 10.15.
O
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