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A contact structure is a maximally non-integrable hyperplane field n on
an odd dimensional manifold N. If the normal bundle of 7 is orientable, we
say that the contact structure n is co-oriented. This is equivalent to that
there is a global defining 1-form « of n. Then, for a global contact form «,
da induces a symplectic vector bundle structure on 7. The conformal class
of the symplectic vector bundle structure does not depend on the choice of
a. If an embedded odd dimensional submanifold M of the contact manifold
(N,n) is transverse to n and the intersection & = T'M N |y is a symplec-
tic subbundle of 7, then (M,¢) is called a contact submanifold of (N,n).
The embedding M — N is called a contact embedding of (M, €) in (N,n).
Similarly, an immersed contact submanifold (M, ) and a contact immersion
M — N are defined.

Gromov formulated a very general way to construct a solution of partial dif-
ferential relations ([3]). It is called the homotopy principle (h-principle). The
Smale-Hirsch theory is a typical example of the h-principle. If the codime-
sion is positive, the classification problem of immersions is reduced to that
of formal immersions, where formal immersions are bundle monomorphisms
between the tangent bundles. When a problem of the differential topology
can be reduced to that of the homotopy theory in such a way, we say that
the h-principle holds. Gromov proved that the h-principle holds in various
situations in contact geometry. An almost contact structure on an odd di-
mensional oriented manifold N?"*1 is a pair (31, 32) of a global 1-form 3; and
a global 2-form [, satisfying the condition £ A 55 # 0. Given an odd dimen-
sional manifold N?"*1 let St . and S7,,, be the space of co-oriented almost
contact structures on N?"*! and the space of co-oriented contact structures
on N2+ respectively. Gromov showed the following theorem.



Theorem 1 (Gromov [2]) The inclusion S}, — S

con COTM
equivalence for an odd dimensional open manifold N2"*+.

. 1s a homotopy

For contact immersions and contact embeddings, he proved the following
h-principles.

Theorem 2 (Gromov [3]) If the codimension is positive, the h-principle
holds for contact immersions. If the codimension is greater than two, the
h-principle holds for contact embeddings.

Here a formal contact immersion F' : TM — TN covering f : M — N
is a monomorphism which is transversal to n and sends the contact hyper-
plane §, to a symplectic subspace of 7y, for each p € M. A formal contact
immersion F': T'M — TN is called a formal contact embedding if the base
map f : M — N is an embedding and it is homotopic via homotopy of
monomorphisms to the differential map df.

The aim of this thesis is to study contact submanifolds in the odd dimen-
sional Euclidean spaces using the above h-principles. Concretely, we consider
the following three problems.

(1) Is there any non-trivial obstruction for the existence of codimension two
contact embeddings?

(2) Determine codimension two contact submanifolds in R***! for some con-
tact structure on R?"*1,

(3) Which closed co-oriented contact (2n+ 1)-manifold can be a contact sub-
manifold of the standard contact structure on R**+1?

The research of contact submanifolds has not been well developed. Re-
cently, however, people began looking at contact submanifolds in relation
with higher dimensional generalization of the Lutz-twist and the contact ho-
mology of higher dimensional contact manifolds. The precedent results about
the above three problems are the following. For the problem (1), there have
been no known obstructions other than that for the existence of an embed-
ding as a manifold. For the problem (2), the link of a complex hypersurface
singularity in C"*! gives an example of codimension two contact submanifold
of the standard contact structure ny on R>**1. However, there are few exam-
ples of contact manifolds and the research is restricted to contact embeddings
of typical contact manifolds. For the problem (3), the following theorem is
known.

Theorem 3 (Gromov [3], see also [9], [8]) Any closed co-orientable con-
tact (2m+1)-manifold can be an immersed contact submanifold of (R*™ ! ),
and it can be a contact submanifold of (R*™%3 ).



Hence, we would like to know about the existence of a contact embedding
of a co-oriented contact (2n + 1)-manifold in (R*" n).

In this thesis, we show the following results. Theorems 4 and 5 are partial
answers to the problem (1). For a co-oriented contact structure &, the Chern
class of the contact structure ¢ is defined as the Chern class of a complex
vector bundle structure compatible with the symplectic structure on &.

Theorem 4 If a closed contact manifold (M?"~! €) is a contact submani-
fold of a co-oriented contact manifold (N***1 1) such that H*(N?"*1:Z) = 0,
then the first Chern class ¢;(€) is trivial. Moreover, if the 2j-th integral co-
homology group H* (N?"*1;7Z) is also trivial, then the j-th Chern class ¢;(€)
is trivial.

By Theorem 4, the total Chern class of a codimension two contact subman-
ifold of R?"*! is trivial. In particular, a closed co-oriented contact 3-manifold
with non-trivial first Chern class cannot be embedded in (R, 1) as a contact
submanifold. There are infinitely many such contact manifolds. For, every
closed orientable 3-manifold admits a contact structure in each homotopy
class of tangent 2-plane fields by the theorem of Lutz [6] and Martinet [7].

Theorem 5 There are infinitely many contact structures on S7 which do
not admit contact embeddings into R? for any contact structure.

Theorem 5 gives examples of contact manifolds with trivial total Chern
class which cannot be codimension two contact submanifolds of R?"*!. The
proof of Theorem 5 relies on the following theorem of Ding and Geiges.

Theorem 6 (Ding-Geiges [1]) Any almost contact structure on S” can
be realized as a contact structure.

For the problem (2), we show the following theorem.

Theorem 7 For any closed co-oriented contact 3-manifold (M?3,¢) with
c1(€) = 0, there is a contact structure n on R® such that we can embed (M3, €)
in (R% n) as a contact submanifold. For any closed, co-oriented, simply-
connected contact 5-manifold (M?®, &) with ¢;(£) = 0, there is a contact
structure 7 on R” such that we can embed (M® ¢) in (R7,n) as a contact
submanifold.

In the proof of Theorem 7, we use the relative version of Theorem 1.
We prove that the induced contact structure on a tubular neighborhood of
M2t c R?™*! can be extended over R?"*! as an almost contact structure



and apply the h-principle to the extended almost contact structure.

For the problem (3), we prove the following theorem.

Theorem 8 Let (M?™! £) be a closed co-oriented (2m + 1)-contact man-
ifold which satisfies either of the following conditions:

(i) m is odd, m > 3 and H;(M*™*1:7Z) =0,

(ii) m is even, m > 4 and M?*™*! is 2-connected,

(iii) m = 2 and M® is simply-connected.

Then, there exists a contact embedding of (M?*™+1 &) in (R ny).

For the proof of Theorem 8, it is enough to show the existence of formal
contact embeddings by Theorem 2. We show it by using Li’s classification of
immersions of k-manifolds in (2k — 1)-manifolds ([5]) and Kervaire’s result
about the unstable homotopy groups of SO(2k) and U (k) ([4]) for appropri-
ate k.

Moreover, we prove that the existence problem of a formal contact em-
bedding in the standard contact structure (R?***! n,) and that of a contact
embedding in (R?"! n) for some contact structure n are equivalent.

Theorem 9 Let (M?™"! €) be a contact manifold and f : M?m T — R+
be an embedding. The following three statements are equivalent.

(i) There is a formal contact embedding of (M?™*! &) in (R*"*! 1) which
covers the embedding f.

(ii) There is a contact immersion of (M?™F! ¢) in (R?*"*! 1y) which is regu-
larly homotopic to the embedding f.

(iii) There is a contact structure n on R?"*! such that f is a contact embed-
ding of (M*™*1 &) in (R*"*1 n).

By Theorems 7 and 9, for any closed co-oriented contact 3-manifold with
trivial first Chern class, there is a formal contact embedding in (R, ).
This fact can be also obtained by determining the regular homotopy classes
of immersions which contain embeddings and those which contain contact
immersions. First, we determine CI[(M?3, &), (R% )] the set of regular ho-
motopy classes of immersions M? — R® which contain contact immersions
of (M?3,£) into (R?, ).

Theorem 10 The normal Euler class for a contact immersion of (M3, ¢)
into (R, 7o) is equal to —cy(€). Furthermore, there is a bijection between
CI[(M?,€), (R?,mo)] and H*(M?; Z)/(=2c1(§) — H' (M Z)).



Note that the right-hand side of the formula in Theorem 10 is written in
the terminology of the theorem of Wu ([11]). On the other hand, Saeki and
Takase characterized Emb[M3 R®], the set of the regular homotopy classes
of immersions of M? in R® which contains an embedding ([10]). Their result
and Theorem 10 show that the condition ¢;(§) = 0 is equivalent to that the
intersection Emb[M?3, R3] N CI[(M?3,€), (R, n0)] is not empty.
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1 Introduction

A contact structure is a maximally non-integrable hyperplane field n on an
odd dimensional manifold N. If the normal bundle of 7 is orientable, we say
that the contact structure n is co-oriented. This is equivalent to that there
is a global defining 1-form « of . Then, for a global contact form «, da in-
duces a symplectic vector bundle structure on 7. The conformal class of the
symplectic vector bundle structure does not depend on the choice of «. If an
embedded odd dimensional submanifold M of the contact manifold (V,7) is
transverse to 7 and the intersection & = T'M M|y is a symplectic subbundle
of n, then (M,¢) is called a contact submanifold of (V,n). The embedding
M — N is called a contact embedding of (M,&) in (V,n). Similarly, an
immersed contact submanifold (M, ) and a contact immersion M — N are
defined.

Gromov formulated a very general way to construct a solution of partial
differential relations ([16]). It is called the homotopy principle (h-principle).
The Smale-Hirsch theory ([46], [20]) is a typical example of the h-principle
(see §4). If the codimesion is positive, the classification problem of immer-
sions is reduced to that of formal immersions, where formal immersions are
bundle monomorphisms between the tangent bundles. When a problem of
the differential topology can be reduced to that of the homotopy theory in
such a way, we say that the h-principle holds. Gromov proved that the h-
principle holds in various situations in contact geometry. An almost contact
structure on an odd dimensional oriented manifold N2"*! is a pair (8, 52) of
a global 1-form $; and a global 2-form [, satisfying the condition 8; A S5 # 0.
Given an odd dimensional manifold N?"! let St = and S . be the space of
co-oriented almost contact structures on N?**! and the space of co-oriented
contact structures on N?"*1 respectively. Gromov showed that the inclusion

Sy . — St

cont cont

is a homotopy equivalence for an odd dimensional open manifold N2**! (The-
orem 5.5).

For contact immersions and contact embeddings, he proved the following
h-principles.

h-principle for contact immersions. Let (M,&) and (N,n) be contact
manifolds of dimensions 2m + 1 and 2n + 1, respectively, where m < n. A
contact homomorphism Fy : TM — T'N covering fy : M — N is homotopic
to the differential map F; = df; of a contact immersion f; : M — N (Theo-
rem 5.1).

Here a contact homomorphism Fy : TM — TN covering fo: M — N is a



monomorphism which is transversal to n and sends the contact hyperplane
&p to a symplectic subspace of 7y, for each p € M. It is also called a formal
contact immersion of (M,¢) in (N, n).

h-principle for contact embeddings. Let (M,¢) and (N,n) be contact
manifolds of dimensions 2m + 1 and 2n + 1, respectively, where m + 1 < n.
Suppose that the differential map Fy = dfy of an embedding fy : M — N is
homotopic (via a homotopy of monomorphisms F; : TM — TN, t € [0,1],
covering fy) to a contact homomorphism Fy : TM — T'N. Then there exists
an isotopy f; : M — N, t € [0, 1], such that the embedding f, : M — N is
contact and the differential df; is homotopic to Fj through contact homomor-
phisms. Moreover, one can choose the isotopy f; to be arbitrarily C°-close
to fo (Theorem 5.2).

The contact homomorphism F; of Theorem 5.2 is called a formal contact
embedding of (M,¢) in (N,n). In other words, if the codimension is posi-
tive, the h-principle holds for contact immersions, and if the codimension is
greater than two, the h-principle holds for contact embeddings.

The aim of this thesis is to study contact submanifolds in the odd dimen-
sional Euclidean spaces using the above h-principles. Concretely, we consider
the following three problems.

(1) Is there any non-trivial obstruction for the existence of codimension two
contact embeddings?

(2) Determine codimension two contact submanifolds in R*"*! for some con-
tact structure on R?" 1,

(3) Which closed co-oriented contact (2n+ 1)-manifold can be a contact sub-
manifold of the standard contact structure on R*"+1?

The research of contact submanifolds has not been well developed. Re-
cently, however, people began looking at contact submanifolds in relation
with higher dimensional generalization of the Lutz-twist and the contact
homology of higher dimensional contact manifolds ([27], [37], [48]). The
precedent results about the above three problems are the following. For the
problem (1), there have been no known obstructions other than that for the
existence of an embedding as a manifold. For the problem (2), the link of
a complex hypersurface singularity in C"*! gives an example of codimen-
sion two contact submanifold of the standard contact structure 7y on R+,
However, there are few examples of contact manifolds and the research is
restricted to contact embeddings of typical contact manifolds. For the prob-
lem (3), it is known that for any closed co-oriented contact (2n + 1)-manifold
(M2 €), there is a contact embedding of (M?***1 ¢) in the standard con-
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tact structure on R**3 (Theorem 7.2). We would like to know about the
existence of a contact embedding of a co-oriented contact (2n + 1)-manifold
in (R4n+1’ ,'70)

1.1 Our results

In this thesis, we show the following results. Theorems 1.1 and 1.2 are partial
answers to the problem (1). For a co-oriented contact structure &, the Chern
class of the contact structure ¢ is defined as the Chern class of a complex
vector bundle structure compatible with the conformal symplectic structure
on €.

Theorem 1.1 [f a closed contact manifold (M*"~1 €) is a contact submani-
fold of a co-oriented contact manifold (N*"*1 n) such that H*(N*"*1;Z) = 0,
then the first Chern class ¢1(€) is trivial. Moreover, if the 2j-th integral co-
homology group H* (N*"*1:7Z) is also trivial, then the j-th Chern class ¢;(§)
is trivial.

By Theorem 1.1, the total Chern class of a codimension two contact
submanifold of R?"*! is trivial. In particular, a closed co-oriented contact
3-manifold with non-trivial first Chern class cannot be embedded in (R?, )
as a contact submanifold. There are infinitely many such contact manifolds.
For, every closed orientable 3-manifold admits a contact structure in each
homotopy class of tangent 2-plane fields by the theorem of Lutz and Martinet
([30], [31]).

Theorem 1.2 There are infinitely many contact structures on S™ which do
not admit contact embeddings into R® for any contact structure.

Theorem 1.2 gives examples of contact manifolds with trivial total Chern
class which cannot be codimension two contact submanifolds of R?"*!. The
proof of Theorem 1.2 relies on the theorem of Ding and Geiges which says

that any almost contact structure on S” can be realized as a contact structure
(Theorem 6.2).

For the problem (2), we show the following theorems. Theorem 1.3 is the
converse of Theorem 1.1 when N?"t1 = R5.

Theorem 1.3 Let (M3 €) be a closed co-oriented contact 3-manifold with
c1(§) = 0. Then there is a contact structure n on R such that we can embed
(M3,€) in (R®,n) as a contact submanifold.

10



Theorem 1.4 Let M® be a closed, oriented, simply-connected 5-manifold
and & be a co-oriented contact structure on M® with ¢i(§) = 0. Then there
is a contact structure n on RT such that we can embed (M?®,€) in (R7,n) as
a contact submanifold.

In the proofs of Theorems 1.3 and 1.4, we use the relative version of
Theorem 5.5 (Theorem 5.6). We prove that the induced contact structure on
a tubular neighborhood of M?*"~! € R?"*! can be extended over R*"*! as an
almost contact structure and apply the h-principle to the extended almost
contact structure.

Moreover, we prove that the existence problem of a formal contact em-
bedding in the standard contact structure (R?"*! n9) and that of a contact
embedding in (R?*"*! n) for some contact structure 1 are equivalent.

Theorem 1.5 Let (M?™1 &) be a contact manifold and f : M*™1 —
R2"L be an embedding. The following three statements are equivalent.

1. There is a formal contact embedding of (M*™1 €) in (R ny) which
covers the embedding f.

2. There is a contact immersion of (M*™1 &) in (R**! ny) which is

reqularly homotopic to the embedding f.

3. There is a contact structure n on R**1 such that f is a contact em-
bedding of (M*™ 1 &) in (R p).

By Theorems 1.3 and 1.5, for any closed co-oriented contact 3-manifold
with trivial first Chern class, there is a formal contact embedding in (R, ).
This fact can be also obtained by determining the regular homotopy classes
of immersions which contain embeddings and those which contain contact
immersions. First, we determine the regular homotopy classes of immersions
of M? in R® which contains a contact immersion.

Theorem 1.6 The normal Euler class for a contact immersion of (M3, €)
into (R°,no) is equal to —cy(€). Furthermore, there is a bijection

CI[(M?,€), (R, mo)] m= HA(M* Z) [/ (—2¢1(§) — H' (M Z)),

where CI[(M?3,€), (R5,no)] is the set of reqular homotopy classes of immer-
sions M3 — R® which contain contact immersions of (M3,£) into (R5 n)
and — denotes the cup product.
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Note that the right-hand side of the formula in Theorem 1.6 is written in
the terminology of Theorem 4.2.

On the other hand, Saeki, Sziics and Takase characterized Emb[M?3, R?],
the set of the regular homotopy classes of immersions of M3 in R® which
contains an embedding (Theorem 4.5). Their result and Theorem 1.6 show
that the condition ¢;(§) = 0 is equivalent to that the intersection

Emb[M?,R®] N CI[(M?,€), (R, 19)]

is not empty.

For the problem (3), Gromov’s h-principle for contact embeddings is
applied. If n > 2, then the h-principle holds for contact embeddings of
(M?*+L¢) in (R n). That is, the existence of a formal contact em-
bedding implies that of a contact embedding. Then we show the following
theorem.

Theorem 1.7 Let (M*™! €) be a closed co-oriented (2m~+1)-contact man-
ifold which satisfies either of the following conditions:

1. m is odd, m >3 and Hy(M*™1 :7Z) =0,
2. m is even, m > 4 and M*™ ! is 2-connected,

3. m =2 and M® is simply-connected.
Then, there exists a contact embedding of (M*™1 &) in (R™FL ng).
For the proof of Theorem 1.7, it is enough to prove that the intersection
Emb [V R 0 CI(MPM, 6), (B )

is not empty. We show it by using Li’s classification of immersions of k-
manifolds in (2k — 1)-manifolds (Theorem 7.6) and Kervaire’s result about
the unstable homotopy groups of SO(2k) and U(k) ([25]) for appropriate k.

1.2 Plan of this thesis

In §2, we review several basic facts on contact geometry and the conformal
symplectic normal bundle of a contact submanifold which we use to prove
Theorem 1.1 in §3. We summarize the Smale-Hirsch theory and the Saeki-
Takase theory in §4, Gromov’s h-principle for contact immersions, contact
embeddings and contact structures on an open manifold in §5. Then we
prove Theorems 1.2, 1.3, 1.4 and 1.5 in §6 and Theorems 1.6 and 1.7 in §7.
In 88, we list closed contact 3-manifolds which are known to admit contact
embeddings into the standard contact structure on R®.

12



2 Preliminary
We give necessary definitions and theorems following Geiges [12].

Definition 2.1 (Contact structures) Let M***! be a (2n + 1) dimen-
stonal manifold. A contact structure is a maximally non-integrable hyper-
plane field £. If € is locally defined by a 1-form as & = ker «v, then aA(da)™ #
0. The pair (M1 &) is called a contact manifold. If the normal bundle of
¢ is orientable, we say that & is co-oriented. This is equivalent to that & is
globally defined by a 1-form «. The 1-form « is called a contact form.

Definition 2.2 (Reeb vector fields) Let « be a contact form on M?"1.
Then the vector field R, such that g, do = 0 and a(R,) = 1 is uniquely
determined. The vector field R, is called the Reeb vector field of a.

We introduce fundamental examples of contact structures.

Example 2.3 Let (z1,y1,"+ ,Tn, Yn, 2) be the coordinates on R*"*t. Then
the 1-form

n
o =dz + ijdyj
j=1
15 a contact 1-form. The contact structure & = ker iy is called the standard
contact structure on R*"*1,

Example 2.4 Let (x1,y1, "+, Tni1, Yns1) be the coordinates on R*"2. Then
the standard contact structure & on the unit sphere S*"*1 in R?"*2 is given

by the contact form
n+1

ap = Z$jdyj — y;dx;.

j=1
The contact manifold (S*" 1, &) is called the standard contact (2n+1)-sphere.

Remark 2.5 The contact structure & = kerag can be represented as the
complex tangency of S+t C C*L, that is,

50 — T32n+1 N J(TS2H+1),
where J is the standard complex structure on C"+1.

Definition 2.6 (Contactomorphisms) Two contact manifolds (M, &) and
(M, &) are said to be contactomorphic if there is a diffeomorphism f : My —
My such that f.(&1) = &. If & = keray, @ = 1,2, this is equivalent to that
fFag is equal to aq multiplied by a non-vanishing function.
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Proposition 2.7 (Proposition 2.1.8 in [12]) The two contact manifolds
(R &) and (S*" T\ {p}, &) are contactomorphic for any point p € S,

Theorem 2.8 (Gray stability) Let oy, t € [0,1], be a smooth family of
contact forms on a closed manifold M** . Then there is an isotopy {¢t}te[o,1}

of M*" ™1 such that (¢;).(ker o) = ker oy for each t € [0,1].

Theorem 2.9 (Darboux’s theorem) Let « be a contact form on M+
and p a point of M*"*t1. Then there are coordinates

(‘rlv'” P JyTL?Z)

on a neighborhood U C M*"*1 of p such that p = (0,---,0) and

aly =dz+ Z z;dy;.

J=1

Definition 2.10 (Symplectic vector bundles) A symplectic vector bun-
dle (E,w) over a manifold B is a smooth vector bundle w : E — B together
with a symplectic linear form wy, on each fiber By, = n=1(b), b € B, with w,
varying smoothly in b.

Definition 2.11 (Complex vector bundle structures) A complex struc-
ture on a vector bundle ' — B is a family J, of complex structures on the
fibers Ey, with J, varying smoothly in b.

A complex structure on a symplectic vector bundle (F,w) is called w-
compatible if J, is wp-compatible on Ej for each b € B | i.e., if (u,v) —
wp(u, Jpv) is a positive definite symmetric bilinear form. Let (E,w) be a
sympletic vector bundle over the manifold B. Since Sp(2n)/U(n) is con-
tractible, the space J(w) of w-compatible complex vector bundle structures
on F is non-empty and contractible. This fact enables us to define the Chern
classes of a symplectic vector bundle (F,w) to be the Chern classes of the
complex vector bundle (E,J), where J is any w-compatible complex bundle
structure on F£.

Definition 2.12 (The Chern classes of a contact structure) Let « be
a global defining 1-form of a co-oriented contact structure (M?*"~1 €). Since
the 2-form do induces a symplectic structure on &, (€, dale) is a symplectic
vector bundle over M**~1. Since the conformal class of the symplectic bundle
structure does not depend on the choice of o, we define the Chern classes of
¢ to be the Chern classes of this symplectic vector bundle.

14



Definition 2.13 (Contact submanifolds) Let (N*"*! n = ker 3) be a co-
oriented contact manifold. An odd dimensional submanifold M is a contact
submaifold if nyy = TM N |y is a contact structure on M. It is equivalent
to saying that the 1-form i* is a contact form on M, where ¢ : M — N is
the inclusion.

Definition 2.14 (Conformal symplectic normal bundles) Let (M, ny)
be a contact submanifold of a co-oriented contact manifold (N,n = ker ().
The vector bundle n splits along M into the Whitney sum of the two subbun-
dles

Nl =1 ® ()™,

where nyy is the contact plane bundle on M given by ny = TM M|y and
(na)t is the symplectic orthogonal of nas in n|ar with respect to the form
dB. We can identify (ny)* with the normal bundle vM. Moreover, df3 in-
duces a symplectic structure on (na)*=. The conformal class of the symplectic
structure does not depend on the choice of 3. We call (ny)* the conformal
symplectic normal bundle of M in N.

The conformal symplectic normal bundle determines the structure on a
tubular neighborhood of a contact submanifold. The next theorem is called
the tubular neighborhood theorem for a contact submanifold.

Theorem 2.15 (Theorem 2.5.15 in [12]) Let (N;,n;), i = 1,2, be co-
oriented contact manifolds with compact contact submanifolds (M;,&;). Sup-
pose that there is an isomorphism of conformal symplectic normal bundles
D (i)t = (M2pg,) T covering a contactomorphism ¢: (My, &) — (Ma, &).
Then there exists a neighborhood of My in Ny that is contactomorphic to a
neighborhood of My in Ns.

Example 2.16 Transverse loops in a co-oriented contact manifold (N?" 1 n)
are contact submanifolds. Since the symplectic group Sp(2n) is connected,
there is only one conformal symplectic R*"-bundle over St. A model for the
neighborhood of a transverse loop is given by

(S x R,y = ker (dz + Y _(x;dy; — y;dz;))),
j=1

where z denotes the S'-coordinate. Theorem 2.15 says that in suitable local
coordinates a neighborhood of any transverse loop is described by this model.

Example 2.17 We can also give a model of a neighborhood of a codimension
two contact submanifold with trivial normal bundle. Since the conformal
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symplectic structure on 2-dimensional trivial vector bundle is unique, a model
for the neighborhood of the contact submanifold is given by

(M?" 1 x R? ker (a + zdy — ydx) = ker (o + r*df)),

where a is a defining form of the contact submanifold (M1, €).

3 Proof of Theorem 1.1

We need the following proposition for the proof of Theorem 1.1.

Proposition 3.1 (Theorem 11.3 in [34]) Let K* be a closed orientable
k-manifold, L' an orientable I-manifold with H'"*(L;Z) = 0 and f: K* —
L' an embedding. Then the Euler class of the normal bundle is trivial.

Proof of Theorem 1.1. Let f : M*~! — N?"*! be an embedding such that

f*(TM%fl) N ?ﬂf(M?n—l) = f.&.

Then, the vector bundle 7 splits along M?"~! such that

Nl = ® ()™,

where 1y, = f.€ and (ny7)* is the conformal symplectic normal bundle. By
the assumption H?(N?"*1;Z) = 0 and Proposition 3.1, the Euler class of the
normal bundle of f is zero. Since the normal bundle of f is 2-dimensional,
it is topologically trivial. Since the conformal symplectic structure on 2-
dimensional trivial vector bundle is unique, the normal bundle of M?"1
is also trivial as a conformal symplectic vector bundle. That is, ()" is
2-dimensional trivial symplectic vector bundle. Hence,

c((me)™) =1+ ()™ =1 and c(nlar) = c(nar)e((nar) ™) = c(nu).-

By the naturality of the first Chern class and the condition H?*(N?"*1;Z) = 0,

it follows that c1(n|ax) = f*ci(n) = 0. Thus, c1(§) = c1(nm) = ci(nfu) = 0.
If H* (N1 Z) = 0, then ¢;(§) = ¢;(nw) = ¢;(nlar) = [ ¢;(n) = 0. O

Remark 3.2 Martinet [31] and Lutz [30] proved that any closed orientable
3-manifold admits a contact structure in each homotopy class of tangent 2-
plane fields. Thus there are infinitely many contact 3-manifolds which cannot
be contact submanifolds of R>.
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4 Classification of immersions by regular ho-
motopy

For given smooth manifolds M and V', the classification of immersions of M in
V' by regular homotopy is a fundamental problem. The following theorem by
Smale and Hirsch completely answered to this in terms of homotopy theory.

Theorem 4.1 (Smale [46], Hirsch [20]) Let M and V be smooth mani-
folds with the dimensions n and q, respectively, where n < q. Let Tmm(M, V')
and Mon(T' M, TV') be the spaces of immersions of M into V and fiberwise
injective homomorphism from TM to TV with C* topology, respectively.
Then, the map

d:Imm(M,V) — Mon(TM,TV); f — df
15 a weak homotopy equivalence.

Let M? be a closed connected oriented 3-manifold and Imm[M3, R®] be
the set of regular homotopy classes of immersions of M3 into R®>. We fix a
trivialization T of TM? once and for all. Then 7o(Mon(T'M,TV)) is identified
with the set [M?, V5 3] of homotopy classes of continuous mapping from M? to
the Stiefel manifold V53 = SO(5)/5S0(2). The Smale-Hirsch theory provides
a bijection

Imm[M3 R ~ [M?, Vs ).

Based on this bijection, Wu [51] showed the following.

Theorem 4.2 (Wu [51], see also [29], [43]) The normal Euler class x ¢
for an immersion f : M3 — R® is of the form 2C for some C € H?(M?3;7),
and for any C' € H*(M?;Z), there is an immersion f such that x; = 2C.
Furthermore, there is a bijection

MR~ J[ HAMSZ)AC - 1M 2))
CeH?(M3;Z) with 2C=x

where Imm[M?3,R%|, is the set of reqular homotopy classes of immersions
with normal Euler class x € H*(M?;Z) and — denotes the cup product.

Saeki, Szlics and Takase examined the set Emb[M? R®] of the regular
homotopy classes which contains an embedding. We note that the normal
bundle of an embedding of M3 in R® is trivial by Proposition 3.1. Since
the regular homotopy does not change the isomorphism type of the normal
bundle, it follows that

Emb[M?,R®] C Imm[M? R],.
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Let T'y(M?) be the finite set {C' € H*(M?;Z) | 2C = 0}. By Theorem 4.2,
the set Imm[M?3,R%]y can be identified with ['y(M?3) x Z.

Definition 4.3 (Wu invariant) The projection
c: Imm[M? Ry — Ty(M?)

is called the Wu invariant of the immersion of the parallelized 3-manifold
with trivial normal bundle.

The following explanation due to [43] gives a geometrical description of
the Wu invariant. A normal trivialization v of an element f € Imm[M?3, R®],
and the trivialization of TM? define a map M?® — SO(5) and it induces a
homomorphism

71 (M?) — 71(SO(5)),
namely, an element ¢, in H'(M?3;Z,). If we change v by an element
z € [M?,S0(2)] = H'(M?;Z),

then é,,, = ¢, + p(2), where p is the mod 2 reduction map in the Bockstein
exact sequence:

HY(M?Z) 25 HY(M? Zo) — HA(M%Z) °% H* (M, Z).
Hence the coset of ¢, in
H'(M?®Zy)/p(H (M? Z)) = To(M?) = ker {x2: H*(M* Z) — H*(M* Z)}

does not depend on v, and the coset of ¢, corresponds to the Wu invariant
c(f) € Do(M?).

Theorem 4.4 (Saeki-Szlics-Takase [43]) For any element C' € To(M?),
there exists an embedding f : M?® — R® with the Wu invariant c(f) = C.

Saeki and Takase obtained a more detailed structure of the subset
Emb[M? R°] C Imm[M?* R?],.
Theorem 4.5 (Saeki-Takase [44]) In each Z-component of
Imm[M?* Ry~ Z11--- 117,
Emb[M?3 R5] is a subgroup isomorphic either to 247 or to 127Z.
This theorem and Theorem 1.6 proves that if ¢;(£) = 0, the intersection
Emb[M?, R%] N CI[(M?,€), (R®, 1))

is isomorphic either to 247 or to 127Z.
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5 Gromov’s h-principle

5.1 Contact immersions and contact embeddings

Gromov proved the h-principle for contact immersions and contact embed-
dings. For contact immersions, the h-principle holds when the codimension
is positive. For contact embeddings, it holds when the codimension is greater
than two.

Theorem 5.1 (Gromov [16]; see also [10]) Let (M,&) and (N,n) be con-
tact manifolds of dimensions 2m+1 and 2n+1, respectively, wherem < n. A
contact homomorphism Fy : TM — TN covering fo: M — N is homotopic
to the differential map Fy = df, of a contact immersion fi : M — N.

Theorem 5.2 (Gromov [16]; see also [10]) Let (M, &) and (N, n) be con-
tact manifolds of dimensions 2m+1 and 2n+1, respectively, where m+1 < n.
Suppose that the differential map Fy = dfy of an embedding fo : M — N is
homotopic (via a homotopy of monomorphisms F, : TM — TN, t € [0, 1],
covering fo) to a contact homomorphism Fy : TM — TN. Then there exists
an isotopy fy + M — N such that the embedding f, : M — N 1is contact
and the differential df, is homotopic to F| through contact homomorphisms.
Moreover, one can choose the isotopy f, to be arbitrarily C°-close to f.

5.2 Almost contact structures on an open manifold

Definition 5.3 (Almost contact structures) Let N*"*! be an odd di-
mensional oriented manifold. An almost contact structure on N?"* is a
pair (B, Ba) consisting of a global 1-form By and a global 2-form Py satisfying
the condition [y A By # 0.

Remark 5.4 We can define an almost contact structure on N*"*' as a re-
duction of the structure group of TN*"*! from SO(2n + 1) to U(n). Since a
pair (B, B2) satisfying B1 A By # 0 can be seen as the cooriented hyperplane
field ker 81 with an almost complex structure compatible with the symplectic
structure Ba|ker gy, the two definitions are equivalent up to homotopy.

As we stated in §1, Gromov proved the following theorem.

Theorem 5.5 (Gromov [15]) Let N*"*! be an odd dimensional open man-
ifold. Then the inclusion
St — S

cont cont

15 a homotopy equivalence.
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He also proved the relative version of the above theorem. In particular,
the following is true. It is useful for extending a contact structure from a
neighborhood of a subcomplex of codimension greater than one.

Theorem 5.6 (Gromov [15]) Let N*"*! be a (2n + 1)-dimensional open
manifold and M™ a compact submanifold with the dimension m < 2n. Any
almost contact structure on N*"*1 which is already a contact structure on a
netghborhood of M™ is homotopic to a contact structure which coincides with
the original one on a small neighborhood of M™.

Let (M?"=1 ¢ = ker ) be a closed cooriented contact manifold and M?"~!
be embedded in R?*"*!. By Proposition 3.1, there exists an embedding

F: M*1x D? — R*H

The form « + r?df induces a contact form § on U = F(M?**~! x D?). By
Theorem 5.6, in order to extend the given contact structure, it is enough to
extend it as an almost contact structure. Almost contact structures on N2"*!
correspond to sections of the principal SO(2n + 1)/U(n) bundle associated
with the tangent bundle TN?"*!. Since the tangent bundle of the manifold
U in R?"*! is trivialized, we can identify the almost contact structure on U
with a map

§:M>™ ' x D? = SO(2n + 1)U (n).

Since the extendability of the map ¢ over R?*"*! is equivalent to the null-
homotopy of g, we obtain the following proposition. This is the key propo-
sition for the proofs of Theorem 1.3, Theorem 1.4, Theorem 1.2 and Theo-
rem 1.5.

Proposition 5.7 We can embed (M1 £) in R**! as a contact subman-
ifold for some contact structure, if and only if there exists an embedding

F- M2n71 % D2 N R2n+1

such that the map g : M*~' — SO(2n+1)/U(n) induced by the underlying
almost contact structure of (M**~! x D? ker (o + r2df)) is null-homotopic.

We note that the homogeneous space SO(2n + 1)/U(n) is diffeomorphic
to the symmetric space SO(2n + 2)/U(n + 1) (see [14], see also [12], [26]).
In the following, let us denote the symmetric space SO(2n)/U(n) by I',. If
k < 2n — 2, the homotopy groups 7 (I',,) are said to be stable. The stable
homotopy groups m(I',) are computed by Bott.
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Proposition 5.8 (Bott [3]) Ifk <2n — 2, then

0 (k=1,3,4,5 (mod8)),
Te(ln) = M1 (SO) = {Z  (k=2,6 (mod 8)),
Zy (k=0,7 (mod 8)).

The unstable homotopy groups Tom+r(I'm) are computed for —1 <r <1
by Massey [32], Harris [19] and Oshima [41], and for 2 < r < 4 by Kachi [23].

6 Proofs of Theorems 1.2, 1.3, 1.4 and 1.5

6.1 Proof of Theorem 1.3

Proof of Theorem 1.3. By Proposition 5.7, it is enough to show the existence
of an embedding

F: M?*x D* - R®
such that the map g: M3 — SO(5)/U(2) induced by F is null-homotopic.
Let us take a triangulation of M3 and M® be its [ dimensional skeleton, i.e.,

MO MO c M® c MO = M3,

The condition ¢;(§) = 0 is equivalent to that £ is a trivial plane bundle
over M3. A trivialization 7 of ¢ and the Reeb vector field R of «a give a
trivialization of TM3. Let us fix this trivialization. By Theorem 4.4, there
exists an embedding f : M3 — R® such that c¢(f) = 0, i.e., for a normal
trivialization v of f,

&, € p(H' (M3, 7)) C H\(M?; Z,).

By changing v by an element in p~*(¢,), we obtain a normal trivialization v
such that

&, =0¢€ H' (M Zy).
This means the trivialization v and the trivialization 7 of TM? define a map
h: M?® — SO(5) which induces trivial map in 7;. That is, h|,;q) is null-
homotopic. Since m(SO(5)) = 0, h|p e is null-homotopic. Then for the
projection

7 SO(5) = SO(5)/U(2),

7 o |y is null-homotopic. Since m3(SO(5)/U(2)) = 0 by the diffeomor-
phism SO(5)/U(2) = CP? (see [12]), 7 o h is null-homotopic. As a tubular
neighborhood of f(M?3) in R5, we can take an embedding F : M3 x D* — R®
satisfying the desired condition. O]
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6.2 Proof of Theorem 1.4

We prove Theorem 1.4 in a way similar to that of Theorem 1.3 using Propo-
sition 5.7.

Proposition 6.1 ([6]) Every closed, orientable, simply-connected, spin 5-
manifold M® can be embedded in R.

Note that a manifold M is said to be spin if wo(TM) = 0. Let M®
be a closed, oriented, simply-connected 5-manifold and & be a co-oriented
contact structure on M® with ¢;(£) = 0. Since ¢(£) is an integral lift of
wo (&) = wo(TM?), M® is a spin manifold. By the above proposition, we can
embed M?® in RS, thus in R7.

Proof of Theorem 1.4. We embed M?® x D? in R” as a tubular neighborhood
of M® C R”. The form a + r?df defines a contact structure on M® x D2
The underlying almost contact structure determines a map

g: M’ — SO(7)/U(3).

By Proposition 5.7, it is enough to prove that g is null-homotopic. By Propo-
sition 5.8,

0 (k=1,3,4,5),

m(SO(T)/U(3)) {Z 2o

Hence the only obstruction is in H*(M?; 75(SO(7)/U(3))). By Lemma 8.19 in
[18], the twice of this obstruction is equal to the first Chern class ¢ (&), which
is zero by assumption. On the other hand, the second integral cohomology
group H?(M?®;Z) is torsion free, since the manifold M?® is simply connected.
Therefore, the obstruction vanishes. Thus g is always null-homotopic and
this completes the proof of Theorem 1.4. O

6.3 Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Since the 7-dimensional sphere S is
parallelizable, the homotopy type of almost contact structures on S7 corre-
sponds to the following unstable homotopy group computed in [19]

72(SO(T)/U(3)) = Z & L.

Theorem 6.2 (Ding-Geiges [7]) Any almost contact structure on S can
be realized by a contact structure.
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Geiges in [11] constructed a contact structure corresponding to (0,1) €
7. & Zs using the projective space HP? over the quaternions. There is no
almost complex structure on HP?. However, on HP?\ D?® we have a unique
almost complex structure. The obstruction for extending the almost complex
structure over D® is in the cohomology group

H3(HP? 77(SO(8) /U (4))) = m1(SO(8)/U(4)) = Z & Z.

Geiges proved that the obstruction class corresponds to the element (0,1) €
Z & Zo. Due to the following theorem, we can realize the almost complex
structure by a Stein structure on HP?\ D® with a convex boundary.

Theorem 6.3 (Eliashberg [9]) Let M?"*! be the boundary of a handlebody
W2n+2 (n > 2) that contains only handles of index < n+1. Then M admits
a contact structure in every homotopy class of almost contact structures that
s induced from an almost complex structure on W.

Then the almost contact structure of the obtained contact structure on
the boundary dD® = S7 corresponds to (0,1) € Z @& Z,. Now we prove
Theorem 1.2.

Proof of Theorem 1.2. We prove that the contact structure £ = kera on
ST corresponding to (m, 1) cannot be a contact submanifold of R? for any
contact structure. For any embedding i : ST — R, the contact structure
ker (o + 72df) on the tubular neighborhood S” x D? of S7 = i(S7) C R?
defines a map

g:S" = SO9)/U(4).

Since the Smale invariant of the embedding i : S” — R? is an even element
of m7(Voz) = m(SO(9)) = Z (see [21]), the homotopy class of the map
g:S"— SO(9)/U(4) does not depend on the choice of an embedding i. Since
the natural map m;(SO(7)/U(3)) — m7(SO(9)/U(4)) maps (m,1) € Z & Zs
to 1 € Zy, the map g corresponds to the element

1 € m(SO(9)/U(4)) = Zs.

Thus the map g is not null-homotopic. By Proposition 5.7, (S7,&) cannot be
a contact submanifold of R?. This completes the proof of Theorem 1.2. [

6.4 Proof of Theorem 1.5

Proof of Theorem 1.5. Since it is easily proved that (1) and (2) are equiva-
lent, we prove the equivalence of (2) and (3).
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(3) = (2). The differential map
df - TM?™' 5 TR>+!
is a formal contact embedding of (M?*™ ! &) in (R*"*! n) covering the map
£ MLy R

By the contractibility of R?**!, the bundle map df is homotopic via bundle
monomorphisms to a formal contact immersion of (M?™1 €) in (R*F1 nq)
which covers the constant map to the origin 0 € R**!. Thus, Gromov’s
h-principle for contact immersions implies the existence of a contact immer-
sion of (M?™1 &) in (R?*"! n,). Moreover, it is regularly homotopic to the
embedding f since the differential map of such a contact immersion is homo-
topic to df via bundle monomorphisms.

(2) = (3). Let

g (M4 €) o (R2™H1, )

be a contact immersion which is regularly homotopic to an embedding f. We
can take a small immersed tubular neighborhood U of g(M?*™!) so that U is
regularly homotopic to some tubular neighborhood V of f(M?™+1). Thus we
can give a contact structure 7y on V' by pulling back the contact structure
on U. Since the contact structure on U is the restriction of the standard
contact structure 7y, the map

M — SO(2n +1)/U(n)

induced by the underlying almost contact structure is homotopic to the con-
stant map. Since U and V are regularly homotopic, the map

h: M*™ 1 — SO(2n +1)/U(n)

induced by the structure n, on V' C R?***! is null-homotopic. By the same
argument as Proposition 5.7, there exists a contact structure n on R?"! for
which f is a contact embedding. O]

7 Proofs of Theorems 1.6 and 1.7

In this section, we prove Theorems 1.6 and 1.7 by using the h-principle for
contact immersions and contact embeddings. Before the proof, we review the
precedent results about contact immersions and contact embeddings (Theo-
rems 7.1 and 7.2).
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7.1 Precedent results

Asymptotically holomorphic geometry is useful to construct contact immer-
sions and contact embeddings in the standard contact sphere. It was first
established by Donaldson [8] and developed by Auroux [1] in symplectic ge-
ometry. Ibort, Martinez and Presas [22] applied their method to contact ge-
ometry. They proved the existence of asymptotically holomorphic functions
on a closed contact manifold. Based on their result, Giroux and Mohsen
showed the existence of supporting open book decompositions for a closed
contact manifold ([13]).

The standard contact sphere S?"+1 C C?"*! carries the trivial open book
decomposition defined by argz; with the binding B = S*"*1 N {2 = 0}.
Based on the result of Ibort, Martinez and Presas, Mori and Martinez showed
the existence of a contact immersion and a contact embedding with a sup-
porting open book decomposition.

Theorem 7.1 (Mori [36], Martinez [33]) Let (M*"",€) be a closed co-
oriented contact (2n + 1)-manifold. There exists an immersion

I: (]\4'2n+17 g) N (S4n+1’ 50)

such that I*ay = efa and efa is adapted to the open book decomposition on
M* L defined by I*(arg z1).

Theorem 7.2 (Martinez [33]) Let (M* 1, £) be a closed co-oriented con-
tact (2n + 1)-manifold. There exists an embedding

I (M, €) — (5777, &)

such that I*ay = efa and efa is adapted to the open book decomposition on
M*+Y defined by I*(arg 21).

For the above pairs of the dimensions, the existence part has already been
proved by Gromov’s h-principle. To prove Theorem 1.6, we need the proof
of the following theorem by the h-principle.

Theorem 7.3 Let (M3 €) be a closed cooriented contact 3-manifold. Then,
there exists an contact immersion of (M?3,£) into the standard contact struc-
ture (R ng).

Proof. Let a be a global defining 1-form of ¢ and R, be the Reeb vector field
of a. By Gromov’s h-principle for contact immersions, it is enough to prove
the existence of a formal contact immersion, namely, the monomorphism

F:TM? — TR®
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satisfying that

1. the underlying map F : M3 — R® is the constant map to the origin
0 € R,

2. F(&,) is a complex line in the contact hyperplane 79(0) = C?, and

3. F(Ra(a)) = (3)(0).

The tangent bundle of M? and the tangent space of R® at the origin split
into the Whitney sums
TM? =R(R,) ® ¢

and

0
T0R5 = R(%) D 770(0) =R D (C2.

Thus it is enough to prove the existence of the map
g:M?*— CP!

such that the pull-back ¢g*L is isomorphic to &, where L is the tautological
complex line bundle over CP!. Such a map exists by the following argu-
ment. Let 4 be the universal U (1) bundle over CP> and L be the associated
complex line bundle. Since BU(1) = CP*, the map

h: M3 — CP>®

satisfying h*L 2 ¢ is uniquely determined up to homotopy. By the cellular
approximation theorem, we can take a homotopy {ht}te[o 1 such that

ho = h and hy(M?®) C CP".
Therefore, if we put g = hy, then ¢g*L =2 &. This completes the proof. O]

By the same argument, we can prove the existence of a contact immersion
of (M1 &) in (R**1 ). In this case, we use the inclusions of complex
Grassmann manifolds

C o
Gr, .y, C Gr,y, C--- C BU(n),

and the associated cellular decomposition.

Since there is only one regular homotopy class of immersions of M?"+!
in R**3_ the existence of a contact immersion and that of an embedding
imply the existence of a formal contact embedding (see Theorem 1.5). By
Theorem 5.2, there exists a contact embedding of (M?"*1 &) in (RT3 ).
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7.2 Proof of Theorem 1.6

Since every closed orientable 3-manifold M? is parallelizable, we have a one-
to-one correspondence between the following sets.

1. Homotopy classes of unit vector fields X on M3.
2. Homotopy classes of cooriented 2-plane fields & in T'M3.

3. Homotopy classes of maps f : M3 — S2.

Definition 7.4 (d*-invariant, d-invariant) Letn be the 2-plane field cor-
responding to the constant map M? — S?. For any cooriented 2-plane filed
& on M3, there is an obstruction

d*(&,m) € H*(M?;my(S%)) = H*(M?;Z)

for & to be homotopic to n over the 2-skeleton of M? and, if d*(&,n) = 0 and
after homotoping & to n over the 2-skeleton, an obstruction

d*(&,n) € H (M m3(5%)) = HY(M*; Z)
for & to be homotopic to n over M?3.

By the Pontryagin-Thom map, homotopy classes of maps f : M3 — S?
are in one-to-one correspondence with framed cobordism classes of framed
links in M3. Studying the framed cobordism classes of framed links, Pon-
tryagin described the set [M?3, 5?] of homotopy classes of maps f : M?® — 52
in the following way.

Theorem 7.5 (Pontryagin [42], see also [5] and [47]) There is a bi-
jection

(M2 S~ [  Z/(2D ~ Hy(M*; 7)),

DeH(M3;Z)
where —~ denotes the cap product.

Note that the element D € H,(M3;Z) and the element in Z correspond
to the Poincaré duals of d?-invariant and d*-invariant of a 2-plane field, re-
spectively. Theorem 7.5 is a key to the proof of Theorem 1.6.

Proof of Theorem 1.6. In the proof of Theorem 7.3, once we take g : M{%
CP', an element of [M3 Vs3] is determined by the monomorphism F' :
TM?3 — TR®. We denote it by s(g). For any z € M?3, the orthogonal
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g(x)* in C? determines the normal plane of F(T,M?). Hence, we see that
Xr = —c1(§) for the contact immersion F’. Let us take a triangulation of
M3 and M® be its [ dimensional skeleton, i.e.,

MO c MO c M® c MO = M3,

We may assume that A3\ M@ is one 3-cell ¢5. The restriction g(® of g to the
2-skeleton M (?) is uniquely determined by ¢;(£) up to homotopy. However,
there is ambiguity of extending ¢® over M?3. Thus ¢ can differ by the
connected sum of an element of m3(CP') 2 Z. Leti : S* — V2 = $3xS? and
J : Vaa — V53 be the natural inclusions. Then the induced homomorphism

(] ) Z>* : Wg(Sg) — 7T3(‘/5’3)

is an isomorphism. Therefore, s(g) can differ by the connected sum of an
element of m3(Vs3) = Z. On the other hand, Pontryagin classified the set
[M?3,S?] (Theorem 7.5). We note that the map g : M? — S? satisfies that

PD(D) = ci(g°L) = e1(§) € 2H*(M?; Z)
for the corresponding D. Therefore,
Z)(2D ~ Hy(M% Z)) ~ HY (M 2)(~26,(€) — H'(M*2)).

This bijection corresponds the set {[g] € [M?,5?] | c1(¢*L) = ¢1(£)} to the
set CI[(M3,€), (R%,n)]. This completes the proof of Theorem 1.6. O

7.3 Proof of Theorem 1.7

Li classified the regular homotopy classes of immersions of an n-manifold in
the (2n — 1)-dimensional Euclidean space.

Theorem 7.6 (Li [29]) Let M™ be a connected manifold withn > 3. Then,
there is a bijection

Imm[M"™ R* ) ~ H" ' (M", 70,1 (Van_1.0)) X H* (M, 70, (Van_1.)).-
This theorem enables us to prove Theorem 1.7.

Proof of Theorem 1.7. By Theorem 1.5 and Theorem 5.2, it is enough to
prove that the intersection

Emb[M#" 1 R A CI[(M*™H, ), (R, 1p0)]
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is not empty. By Theorem 7.6 and H,(M?*™*;Z) =0,
Imm[M%nH, R4m+1] ~ 7T2m+1(V4m+1,2m+1)-

By Whitehead’s theorem in [50],

74 (m is odd),

Tom Vm m =
2o+ (Vam+1,2m+1) {ZQ@ZQ (m is even).

By looking at the complex vector bundle structures compatible with the con-
formal symplectic structures of & and 7y, a contact immersion (M?*™+1 ¢) —
(R*™*1 ny) defines an U (m)-equivariant map from the complex m-frame bun-
dle of ¢ to the complex Stiefel manifold VZ%’m, or a section of a Vﬁlm bundle
over M?™ 1 By Theorem 7.1, there are such sections.

Since we are interested in the regular homotopy classes of immersions
ML s R4 we look at the homotopy classes of the sections of the
Vim+1,2m+1 bundle over M 2m+1 induced from the sections of the X@%,m bundle.

Since Vi, . is 2m-connected, two sections of the Vi, . bundle over MM +!
are homotopic on 2m-dimensional skeleton of M?™ 1. Hence the difference
of sections of the Vy; . bundle is counted by an element of

Tom+1(Vamm) = Tams1(U(2m) /U (m)) = Z.

Let
i:U(2m)/U(m) — SO(4m)/SO(2m) = Vim.om

and
J :80(4m)/SO(2m) — SO(4m +1)/SO(2m) = Vipi1 2m+1

be the natural inclusions. The induced homomorphism

(joi): 7r2m+1(‘/2€n’m) — Tomt1(Vamt1,2m+1)

describes the difference of Imm[M?™ ! R4™ 1] By the homotopy exact se-
quence of the fibration

SO(4m)/SO(2m) — SO(4m +1)/SO(2m) — S*™,

Je * Toms1(Vamam) = Tomi1(Vim+1.2m+1) is an isomorphism. Hence, we ex-
amine the image of i, : 7T2m+1(‘/2€n’m) — Tom+1(Vim.2m)-

(1) The case where m is odd (m > 3) and Hy(M?*™*;Z) = 0. The surjectiv-
ity of i, is showed in the proof of Lemma 2.1 in [25]. The reason is as follows.
The generator of mo,,+1(U(2m)/U(m)) = 7Z is induced by the generator z of

Tomp1(U(m +1)/U(m)) = Topmi1 (S = Z.
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On the other hand,

7T2m+1<‘/;1m+1,2m+1) = 7T2m+1(V4m,2m) == 7T2m+1(v2m+3,3) = 2y

is generated by x and y with the relation 2y = 0,22 = y, where z and y
are the images of the generators of mo11(Vami22) = Z @ Zs ([50]). Since z
induces z, i, is surjective. This means that

Imm[M2m+1, R4m+1] — CI[(M2m+1, 6)7 (R4m+1’ ,,,}0)]

On the other hand, there exists an embedding of M?™+! in R*™*+! by a result
of Haefliger and Hirsch ([17]). Thus the intersection

Bub[ M7, R (1 CI[(M2™,€), (R, )]

is not empty.

(2) The case where m is even (m > 4) and M?*™ ! is 2-connected. In this
case, i, is not surjective. Tami1(Vimi1,2m+1) = Zo @ Zs is generated by = and
y, where x and y are the images of the generators of mom,11(Vami22) = ZSZo
([50]). Since z induces z, i, is not surjective and

CI[(M2m+1, 5)7 (]R4m—&-17 7]0)] — ZQ C Z2 D ZQ — Imm[M2m+1, R4m+1]‘

The subset CI[(M?>™+1 &), (R™! ny)] of Imm[M?>™ ! RI™H1] is character-
ized by the fact that the normal bundle v of a contact immersion of M?m+!
in R+ carries a complex vector bundle structure. It is necessary because
v is isomorphic to the quotient 7/¢ which is a complex vector bundle. To
show that it is sufficient, we consider the obstruction for the normal bundle
of an immersion M?™*! in R*™*! to have a complex structure and show that
it takes a nontrivial value for some immersion.

Let v be the normal bundle of an immersion M?*™ ! — R4+ The ob-
structions for the normal bundle v to have a complex vector bundle structure
lie in the groups H*(M*™*1;m;_1(T,,)). The regular homotopy classes of im-
mersions correspond to the homotopy classes of sections of the Vi1 2m+1
bundle over M?™ . Since momi1(Vami1ome1) & Imm[M>H R we
may assume that the sections restricted to the 2m-skeleton are induced from
a section of a anm bundle associated with a contact immersion. Hence v
restricted to the 2m-skeleton has a complex vector bundle structure. Since
all the lower obstructions vanish, the only obstruction €2 lies in

H2m+1(M2m+1; 7T2m<rm>> - 7T2m(rm>7

where

rom(Ton) = Zo (m=2 (mod 4)),
2t m Zo®Zs (m=0 (mod4)),



by Harris’ calculation [19]. Since the image of the composition of the two
homomorphisms

Tom+1 (V4m+1,2m+1) — Tom (SO(2m))

and
ng(SO(Qm)) — ng(Fm)

is isomorphic to Zs ([25]), the obstruction Q2 takes a nontrivial value for some
immersion. Therefore, a regular homotopy class of immersions of M?*™*! in
R*™+! contains a contact immersion if and only if its normal bundle v admits
a complex structure.

Since Emb[M?™+! R 1] is a one point set by a theorem of Haefliger
and Hirsch [17], in order to show that

Emb[M2m+1, R4m+1] C CI[(M2m+1, 6)’ (R4m+1, 770)]’

it is enough to show that the normal bundle of an embedding admits a
complex vector bundle structure.

Since M?™*! is 2-connected and 2 < 3(2m + 1 — 4), it also embeds in
R*™=! by a theorem of Haefliger and Hirsch [17]. We denote the normal
bundle of an embedding in R**~! by v9,,_s. Then va,_o ® € = v. Since
the restriction of vo,_2 to M\ {z¢} carries a stable complex structure and
M\ {xo} is isotopic to a neighborhood of the (2m — 2)-skeleton, it admits a
complex structure. Thus the only obstruction w for vy, 5 to carry a complex
structure lies in

H2m+1<M2m+1; 71-2771(]-1771—1)> - 7T2m(rm—1>7
which is

- (F ) _ Z(24,m72)/2 (m =2 (mod 4)),
amAtmel Z(24,m—2) (m =0 (HlOd 4)),

by Kachi’s calculation [23]. By the natural homomorphism
7r2m(1—‘mfl) — 7T2m<Fm)7

w is mapped to €. In the following, we show that €2 = 0.
(i)m =2 (mod 4). We consider the homotopy exact sequence

772m+1(S2m_2) — 7"—2m(rm—l) — 7T2m<rm)7

namely,
Ligy — Li2a,m—2)72 — Lig.
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To show the triviality of 7o, (I'y—1) — mom(I'), we show the surjectivity
of Mopmi1(S?72) — Mo (Tm_1). Let @ be the generator of the stable group
Tom41(S?™™2) = Zgy. Kervaire [25] computed the boundary map

O Tomi1(S7™™2) = 79, (SO(2m — 2))

of the homotopy exact sequence of the fibration SO(2m — 1) — S22, The
element 06 is the generator of ma,, (SO (2m —2)) = Zy5. Thus 0 is surjective.
The homomorphism

Ds : Tom(SO(2m — 2)) — mo (1)
is also surjective by the homotopy exact sequence
ng(SO(Zm — 2)) — ’/T2m<Fm,1) — ng,l(U(m — 1)) =0

for the fibration SO(2m — 2) — I',,,_1. Therefore, the composition

2m72)

p*oaiﬁmﬂ(s _>7T2m(]~_‘m71)

is surjective. Hence mop, (I'yn—1) — mom (L) is the trivial map and Q = 0.
(ii)m = 0 (mod 4). We consider the composition of the natural homomor-
phisms

ng(rm_1> — ng(Fm) — ng(rm+1),

namely,
Lizam—2) — Ly ® Ly — Loy,

where 7o, (I'y,41) is given by Proposition 5.8. We show that the composition
is surjective. By Kervaire’s computation [25], the natural homomorphism
Tom (SO(2m — 2)) — w2, (SO(2m + 2)) is surjective. Since

Ps : Tom (SO(2m + 2)) — mom (Lgr)

is an isomorphism,
Tom (Pm—l) — Tom (Fm—i—l)

is also a surjection. In other words, the generator of 7o, (I'y—1) = L(24,m—2)
is mapped to the generator of my,, (I, 41) = Zo. Since there is a contact em-
bedding of (M?™1 £) in (R*™3 1), the image of € in the stable homotopy
group 7o, (Iyyaq) is trivial. Hence, w is an even element in 7y, (I, 1) =
Z24,m—2)- Therefore € is zero in mop, (I',) = Zo @ Zs.

(3) The case where m = 2 and M?® is simply-connected. We show that the
normal bundle of an embedding M5 C R? admits a complex vector bundle
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structure. Since M? is simply-connected, M°\ {z,} is isotopic to the reg-
ular neighborhood of the 3-skeleton M. Hence we can embed M®\ {zy}
in R”. We denote the normal bundle of M°\D> C R” by vy. Since v is
orientable, it carries a complex structure and its restriction to the bound-
ary 4-sphere is the trivial complex line bundle. Since the regular homotopy
class of an embedding f : S* — R7 is trivial, the boundary of M5\ D5
can be capped by an embedded disk D® in R?. Indeed, we can construct
an embedded disk D® as follows. We treat the normal coordinates (s,t) of
R” C R? as parameters. Let f;, t € [0, 1], be a regular homotopy of immer-
sions between the embedding fy = f : S* — R” and the standard embedding
fi: 8* — R". The map (f,0,t) : S* x [0,1] — R? is an immersion and
we can make it an embedding by perturbing the s-coordinate in a neigh-
borhood of the self-intersection. Now the embedded boundary component
(f1,0,1)(S*x {1}) Cc R"x {0} x {1} C R? is capped by the standard embed-
ded 5-hemisphere. In such a way, we obtain the embedding of M?® in R? such
that M5\ D5 is contained in R” x {0} x {0}. Let us denote the normal bundle
of M® in R by v. Then v|ys ps = v1 ® €®. By construction, the complex
vector bundle structure on v| MA\Ds = V1 D € extends to v. Therefore, v
admits a complex vector bundle structure and

Emb[MZmH, R4m+1] N CI[(MQerl, 5)7 (R4m+17 770)]
is not empty. O

Remark 7.7 Let f: (M*™F &) — (RY™ o) be a contact embedding and
v be the normal bundle of f. Then the total Chern classes of & and v satisfy

(©)elv) = 1.
On the other hand, the mormal Euler class of an embedding f is zero by
Proposition 3.1. Hence ¢,,(v) = 0. Thus, we obtain a necessary condition
for (MP™F1 &) to be a contact submanifold of (R ng). If m = 1,2 and
3, then

c1(§) =0, (&) —1(§)* =0 and c3(§) —2c1()ea(§) + 1 (§)’ = 0,

respectively.

8 A list of contact 3-manifolds in the stan-
dard contact 5-space

We list known examples of closed contact 3-manifolds which can be contact
submanifolds in (R® ng) (or the standard contact 5-sphere). The links of
following isolated surface singularities are typical examples.
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1. The quasi-homogeneous singularities.
2. The cusp singularities.

Let (21, 22, 23) be the coordinates on C3. The algebraic variety defined by
a quasi-homogeneous equation carries a C*-action. Thus the link carries a S*-
action and is diffeomorphic to a Seifert manifold, in general. The restriction
of the canonical contact form on the 5-sphere to the singularity link induces
a contact structure. Its Reeb vector field is tangent to the fiber circles.

Example 8.1 ([35]) The link of the A,-singularity 23 + 23 + 227" = 0 is the
unique tight contact structure on the lens space L(p + 1,p).

Example 8.2 ([35]) The link of the singularity 22+ 25+ 25 = 0 is the unique
tight contact structure on the Poincaré homology sphere (2, 3,5).

Example 8.3 ([45]; see also [2], [37], [39]) The simple elliptic singular-
ities,

Eo: 24+ 25 4+ 22+ M2z =0 (\P +27 #0),

.E~'7 . Z% + Zg + Zg + )\221222’3 =0 ()\24 — 64 7é O),

Eg . Z% + Z% + Zg + )\321222’3 = 0 ()\36 — 432 7& O)
The link of each singularity is diffeomorphic to the S' bundle over T? with
the Euler class —3, —2 and —1, respectively. It can be seen as a parabolic

T?-bundle over S* and the contact structure is the unique universally tight
and minimally twisting contact structure on it.

Example 8.4 ([28]; see also [2], [24], [37], [39]) The cusp singularity,
Tt A4+ 28+ 25+ A212023 =0 (AN £ 0,p  + ¢+t < 1),

The link is diffeomorphic to a hyperbolic T? bundle over S* with monodromy

() D)

The canonical contact structure is the positive contact structure associated to
the suspension Anosov flow.

An oriented 3-manifold admits at most one Milnor fillable contact struc-
ture ([4]). Hence, we obtain only restricted range of contact submanifolds by
surface singularity links. We also have some examples of contact submani-
folds which are not surface singularity links.
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Example 8.5 (Mori [38], Niederkriiger-Presas [40]) An overtwisted con-
tact structure on S® associated with the negative Hopf band.

The following three examples can be obtained by the toric method found
by Mori [38].

Example 8.6 All the tight contact structures on the 3-torus.

Example 8.7 (Furukawa) A tight contact structure and an overtwisted
contact structure on the lens space L(p,1).

Example 8.8 (Furukawa) Some universally tight contact structures on a
T? bundle over S* with monodromy

r—1 =1\ (q—1 -1\ (p—1 -1
1 0 1 0 1 0 /)"
For an embedded manifold M™ C R""!, the unit cotangent bundle ST*M™
is a contact submanifold of ST*R™™'. A compact (2n + 1)-dimensional sub-

manifold of ST*R™*! can be a contact submanifold of the standard contact
(2n + 1)-sphere. Thus we obtain the following example.

Example 8.9 The unit cotangent bundle of a closed orientable surface.
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