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Chapter 1

General Introduction

1.1 Historical Background

When an infinite polymer network is formed by an introduction of cross-links into

polymer solutions or melts, one can observe a transition from viscous solution to

elastic solid. This transition is called sol-gel transition. A variety of commercial

products, namely rubbers, gels, paints, and adhesives, are made by way of gelation

point, i.e., the onset of formation of infinitely large clusters. Hence, the understanding

of sol-gel transition or the network formation is of particular importance not only from

basic science but also from industrial points of view.

Figure 1.1: Schematic picture of Bethe lattice.

The early studies of the sol-gel transition date back to the onset of the polymer

science. The first quantitative theories of gelation is the tree-like theory proposed by

Flory1 and Stockmayer2 in 1940’s. Afterwards, Gordon3–5 organized this theory by
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utilizing cascade theory proposed by Good.6,7 This theory postulates that all sites of

an infinite Bethe lattice are occupied by monomers and the possible bonds between

neighboring monomers are either formed with probebility p or left unreacted with

probability 1− p. Here, a small part of Bethe lattice is shown in Fig. 1.1.

From this theory, we can analytically calculate the physical properties, such as

gelation point, cluster distribution, and elastic modulus.8–10 For example, the gelation

point for f -functional Bethe lattice is given by

pc =
1

f − 1
, (1.1)

which well corresponds to experimental results. Furthermore, by using this theory,

we can evaluate the reaction probability p from sol fraction, and calculate the elastic

modulus G by using p.8–10

However, this theory has been criticized because of its unrealistic assumption, i.e.,

the absence of closed loops.11,12 Because of this assumption, fractal dimension of an

infinite tree-cluster is 4 and it cannot fit in 3D space. Concretely speaking, when a

cluster grows in a radial direction at f = 3, there is no room to grow beyond 6th

generation. As shown in this example, percolation does not occur in the tree-like

theory in 3D.11

Figure 1.2: Schematic picture of percolation theory.

In 1970’s, the studies of phase transition and critical phenomena were applied

to the sol-gel transition. Stauffer and de Gennes applied percolation theory to the

cross-linking process of polymer network.12,13 In this theory, all sites of lattice such

as square lattice and cubic lattice are occupied by monomers and the possible bonds
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between neighboring monomers are either formed with probebility p or left unreacted

with probability 1 − p as shown in Fig 1.2. Note that this theory contains loops,

which is not taken into account in the tree-like theory. Critical exponents predicted

from the tree-like theory and percolation theory are summarize in Table 1. As shown

in Table 1, there are big differences in the critical exponents between tree-like theory

and percolation theory.

exponent percolation tree-like theory physical property
d = 2 d = 3 (ε = p− pc)

β 5/36 0.45 1 gel fraction : θ ∼ |ε|β
γ 43/18 1.74 1 average polymerization index : Z ∼ |ε|−γ

ν 4/3 0.88 1/2 correlation length : ξ ∼ |ε|−ν

k ? 0.7∼0.9? 0 viscosity : η ∼ |ε|−k

fel 4/3? 1.7∼1.9? 3 elastic modulus : G ∼ |ε|fel

Table 1.1: Comparison of critical exponents between tree-like theory and percolation
theory. ? means that there is room for argument.

The validity of the percolation theory is partly confirmed by experiments. For

example, Martin et al.14 made a dynamic light scattering study of the decay of

density fluctuations in reacting sol-gels.(Fig. 1.3) At gelation point, the dynamic

structure factor S (q, t) becomes a power low with an exponents of ∼ 0.27, which

agrees with the prediction of the percolation theory: 0.24 ∼ 0.26.15 When studying

the elastic response of gels, the theoretical prediction of the critical exponent fel well

corresponds to the simulation results.16,17 However, experiments give a wide range

of values of the critical exponent fel that groups into different families: (i) fel ∼ 2

observed in gelatin gels,18,19 silica gels20 and agarose gels,21 (ii) fel ∼ 3 observed in

polyester gels,22,23 epoxy gels25 and branched polymer gels.26 One of the reasons for

this discrepancy is due to the difficulty in measuring pc and the elastic modulus near

pc experimentally.

Unlike the tree-like theory, there is no simple relation between the number of

unreacted groups on a branched polymer and its degree of polymerization.11 Con-

sequently, general percolation problems have no simple analytical solution, but have

been solved by computer simulation and by approximation. Many approximation

methods for the absolute values of percolation conductivity problem27–29 (Fig. 1.4)

have been proposed and applied to diffusion in amorphous and inhomogeneous ma-
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terials30 and spinwave properties in disordered ferromagnets.16 However, no approxi-

mation methods for the absolute values of the physical properties of polymer network

have been proposed though scaling laws are proposed in the percolation theory.

Figure 1.3: The dynamic structure factor of silica gel at the gelation point.14

Figure 1.4: Percolation probability, P (p) (dashed line), and conductance, G (p) (data
points), for bond percolation on 3D simple cubic network. G (p) is normalized to
unity at p = 1. The solid line indicates the prediction of the effective medium
approximation.27

From above discussion, one comes to understand that one of the most important

factors determining the physical properties of polymer network is the connectivity

probability p. Thus, the knowledge for the gelation kinetics is important. Let us
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consider the AB-type polycondensation of multifunctional monomers. In general,

when the mean-field approximation is applied to the reactivity of terminal functional

group, the reaction rate equation is expected to be described as a simple reaction

rate equation.

dCA(t)

dt
=

dCB(t)

dt
= −kCA(t)CB(t) (1.2)

Here, CA(t), CB(t), and k are the concentrations of species A and B and reaction

rate constant. However, in many cases, the gelation kinetics can not be described

so simply because gelation kinetics is generally complicated due to some effective

factors relative to ordinary chemical kinetics with low molecular weight. The first

one is the substitution effect originated from a reaction probability of one terminal

group to another.1 This effect can be either positive or negative depending on the

electron state, which is typical in a reaction using low-molecular-weight cross-linkers

as is well known. Hence, it is difficult to assume the reactivity of terminal groups

to be constant during the gelation. The second one is the steric hindrance. When

we use low-molecular-weight cross-linkers in the gelation,34–36 it is easily expected

that reactive sites are buried in the cluster formed in the course of reaction. In

this case, the contact probability of reaction site appreciably decreases during the

network formation process. Lastly, the diffusion motion of clusters also affects the

cross-linking kinetics. Because clusters grow during the gelation process, the diffusion

motion of clusters changes with time and complicates the gelation kinetics.
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Figure 1.5: The final stage of simulations on 400×400 lattice. In (a) the cluster
contains 10,000 particles; for (b) N = 15, 000; (c) N = 20, 000; and for (d) N =
25, 000.31

A typical model for the diffusion-controlled gelation is cluster-clester aggregation.

In this model, particles diffuse, collide, and aggregate each other. Typical simulation

results are shown in Fig. 1.5.31 As shown in Fig. 1.5, an infinite network is formed

in the system with an increase of the particle density.

The kinetics of this process can be described by the mean-field approach of the

Smoluchowski equation accurately if the fractal geometry of the clusters is taken into

account.32 The Smoluchowski equation is given by

∂Ck (t)

∂t
=

1

2

∑
i+j=k

KijCi (t)Cj (t)− Ck (t)
∞∑
j=1

KkjCj (t) , (1.3)

Here, Ci (t) and Kij are the concentration of i-mers and the collision coefficient,

respectively. This equation means that k-mer develops because the concentration of

k-mers is increased by all reactions between i-mers and j-mers such that i + j = k,

and reduced by reactions between k-mers and all the rest. This equation can be

analytically solved when the collision coefficient Kij is i+ j and ij.33
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Compared to theoretical and model studies, real experiments are far more com-

plicated. As an example, let us see multifunctional monomer radical-polymerization,

such as the homopolymerization of dimethacrylate and the copolymerization of metyl-

methacrylate and ethylene glycol dimethacrylate.37–54 The cross-linking kinetics of

free radical polymerization proceeds by the following two reactions.

d [R]

dt
= −kt [R]2 (1.4)

d [M ]

dt
= −kp [R] [M ] (1.5)

Here, [R] and [M ] denote the concentration of radicals and double bonds, respectively.

Eq. 1.4 corresponds to the connecting kinetics between different radicals attached to

polymer ends and called “termination”. On the other hand, Eq. 1.5 corresponds to

the polymerization and called “propagation”.

The termination is a diffusion-limited process, which occurs by one of two mech-

anisms. The first mechanism involves translational and/or segmental diffusion of

macroradicals, which is continually decreasing with increasing conversion in the sys-

tem. The second has been called reaction diffusion and occurs as immobile radicals

on the network react through unreacted double bonds in their vicinity to move and

encounter a second radical for termination.

Because of these mechanisms, multifunctional monomer polymerizations exhibit

many complex features including autoacceleration and autodeceleration,47–50 limiting

double bond conversion,47,51–53 polymerization kinetics which is dependent on the

rate of the polymerization47,54 as shown in Fig. 1.6. Furthermore, many researchers

showed that these polymerization behaviors relates to cross-linking density37–42 and

chain length in the monomer.43–46 Because these behaviors are complex, the reaction

mechanism of multifunctional monomer cross-linking is not fully understood.

The formation process of polymer network during cross-linking reaction has been

investigated by scattering experiments. Especially, many studies of time-resolved dy-

namic light scattering on sol-gel transition were conducted. As an expamle, dynamic

light scattering (DLS) results on gelation process of silica gel is shown in Fig. 1.7.14

Here, gelation time tgel is 406 min. As a gel point approaches, a pronounced slowing

down of the relaxation is observed, until at the gel point an ultraslow power-law decay

becomes evident. This indicates that the cluster distribution diverges at the gel point
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Figure 1.6: Conversion-time histories for the polymerization of methyl methacrylate
(MMA) /ethylene glycol dimethacrylate (EGDMA) at 70◦C, and various concentra-
tion of EGDMA (wt%) : 0 (circle), 0.3 (triangle), 1.0 (square), 5.0 (diamond), 15.0
(reverse triangle), 25.0 (asterisk).38
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as predicted from percolation theory and leads to an broad spectrum of relaxation

time.

Figure 1.7: Correlation functions for gelling tetramethoxysilicon solution.14

On the other hand, there are few static scattering experiments on gelation process

because it takes much time for one measurement. Therefore, most of the static

scattering studies compare the scattering profile of solution with that of gel. The

typical result is shown in Fig. 1.8. This gel was made by the so-called “End-linking”

method, i.e., end-coupling of telechelic polymer having a sharp molecular weight

distribution by multifunctional cross-linker.56–59 As seen in Fig. 1.8, it is observed

that the gel exhibits a large excess of scattering intensity with respect to the solution

for almost the full range of the scattering vector, q, which indicates the existence

of heterogeneities. In addition, as swelling ratio Q is increased, the heterogeneities

seems to be enhanced.

Several theoretical models to deal with these heterogeneities are proposed.60,61

Bastide and Leibler proposed a theoretical model based on a percolation of blobs.61

They considered a reaction bath in the semi-dilute regime and introduce at random

and rapidly some cross-links in the solution. (Fig. 1.9) In this process, the network

structure coincides with the semi-dilute polymer solution, so the difference of scat-

tering function between semi-dilute solutions and gels cannot be observed. However,

when this network is swollen, we have a subtle interspersion of two media: the frozen

blob cluster with “high” cross-linking densities and the “interstitial” medium with
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Figure 1.8: Scattering intensity for the end-linked gel and for a semi dilute solution
of the same volume fraction ϕ. Several swelling ratios (Q = 1/ϕ) are shown55

low cross-linking densities. This spatial separation of the “high” cross-linking region

is responsible for the formation of concentration fluctuations at large scales.(Fig. 1.9)

Consequently, according to this approach, an increase in scattering intensity at small

angles should be observed. (Fig. 1.10) This model well explains the reason of in-

crement of the scattering function with increasing swelling ratio. Though this model

assumes that the difference of scattering function between semi-dilute solutions and

gels cannot be observed, many experiments reveals the existence of heterogeneities

even in as-prepared state.
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Swelling

(a)
(b)

ξ
i

ξr
R*

Figure 1.9: (a)Schematic representation of a reaction bath well above the gelation
threshold. The size of the lattice site is ξr. Black dots represent the interchain cross-
links, placed at random. (b)Schematic representation of the overswollen gel by the
addition of solvent. ξi and R∗ denotes the screening length and the size of frozen
blob, respectively. The clusters of first chemical neighbor junctions (frozen blobs),
which do not swell, are representd by thick solid lines.61

Figure 1.10: Scattering intensity by a swollen network. ξi and R∗ denote the screening
length of the interstitial medium and the size of frozen blob clusters.61
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To summarize the points so far, though several theories dealing with simple sys-

tem are proposed, the corresponding experiments are far more complicated and it is

difficult to check the validity of these theories. In order to overcome these difficulties,

simple and homogeneous gels are desired.

Sakai et al.62 developed a novel class of hydrogels, called Tetra-PEG gel, which

consists of two kinds of four-arm polyethylene glycol (PEG) macromers of the same

size, tetraamine-terminated PEG (TAPEG) and tetra-NHS-glutarate-terminated PEG

(TNPEG). (Fig. 1.11) Here, NHS represents for N-hydroxysuccinimide. Fig. 1.12

and Fig. 1.13 show the scattering functions of as-prepared gels and swollen gels for

various concentration and molecular weight of primary polymer.63 Heterogeneities

are not observed not only in as-prepared state but also in swollen state. This in-

dicates that Tetra-PEG gels can be an “ideal polymer network” without significant

entanglements and/or defects.

NHS

NHS

NHS

NHS

NH
2

NH
2

NH
2

NH
2

Figure 1.11: Schematic illustration of fabrication scheme of Tetra-PEG gel.
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Figure 1.12: SANS curves of as prepared Tetra-PEG gels. The molecular weights of
primary polymer are (a) 5, (b) 10, (c) 20, (d) 40 kg/mol.63

Figure 1.13: SANS curves of swollen Tetra-PEG gels. The molecular weights of
primary polymer are (a) 5, (b) 10, (c) 20, and (d) 40 kg/mol.63
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In addition, Tetra-PEG gels come into use to check the validity of theories of

rubber elasticity.64–70 Let us review one of them.65 The elastic modulus of polymer

network is correlated with the concentration of elastically effective chains by three

popular models; the affine, phantom, and junction affine network models. The differ-

ence between these models is the fluctuation of cross-links. The affine model assumes

that cross-links are firmly connected to the macroscopic body and network strands

deform in the same manner with the macroscopic deformation. On the other hand,

the phantom network model assumes that cross-links fluctuate, and the deformation

of the network strand is suppressed by thermal fluctuations. The junction affine

model is the intermediate of these models. Although these models are often used,

the requirement conditions for each model or even the validity of each model were

not known. Akagi et al. performed the stretching and tearing tests, and for the first

time, observed the transition between the phantom and affine network models around

the overlapping concentration of prepolymers.(Fig. 1.14) This result indicates that

Tetra-PEG gel have near-ideal network and is suitable material for examination of

rubber elasticity.

Figure 1.14: The value of G/Gaf as a function of ϕ0/ϕ
∗ for the Tetra-PEG gels. Here,

Gaf denotes the predicted value from affine network model. The molecular weight
of primary polymer is 5 kg/mol (rhombus), (b) 10 kg/mol (circle), (c) 20 kg/mol
(square), and (d) 40 kg/mol (triangle).The dashed and dotted lines are the guides
showing G/Gaf = 0.5 and 1.0, respectively.65
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1.2 Outline of the Dissertation

By considering the above discussion, I intended to solve above difficulties in the

gelation kinetics as well as rubber elasticity and structure analysis by using ideal

polymer network, i.e., Tetra-PEG gel. The following is the lineup of the contents of

this dissertation.

In Chapter 2 and 3, I report the kinetic study on the gelation reaction of Tetra-

PEG gel system studied by ATR-IR and spectrophotometry. In general, the reaction

rate changes during the gelation process because cluster grows and mobility of cluster

changes. However, in contrast to ordinary cross-linking systems, it is revealed that

the gelation kinetics of Tetra-PEG gel undergoes a simple second-order reaction from

beginning to end in Chapter 2. Furthermore, in Chapter 3, we discuss the reason

of smooth second-order kinetics of Tetra-PEG gel by extending our study to volume

fraction of polymer and primary molecular weight (Mw) dependences of the rate

constant in order to discuss the effect of mobility of clusters on gelation kinetics.

In Chapter 4 and 5, I discuss the elasticity of bond-disordered polymer network.

The assumption of no closed-loop formation in tree-like theory has been criticized as

being unrealistic. Thus in this study, I propose new theories for the elastic modulus of

bond-disordered polymer network such as triangular and cubic lattice. In Chapter 4, I

derive the first approximation of the elastic modulus G around p = 1, and pointed out

that it does not depend the local topology of the network structure or the existence

of the loops. However, there are two problems at this stage: (1) the applicable region

of the first approximation could not be defined and (2) the elastic modulus in the

critical region could not be calculated. In order to solve these problems, in Chapter

5, I propose an approximate equation to predict not only the gelation threshold, pc,

and the critical exponent but also the absolute values of elastic modulus G for p ≥ pc.

The validity of these theories were confirmed by simulations and experiments.

In Chapter 6, in order to elucidate the effect of static inhomogeneities on the

scattering profiles, I conduct SANS measurement on the Tetra-PEG gel with system-

atically introducing two types of the inhomogeneities. Firstly, we prepare defect-rich

networks by simply reducing primary polymer concentration, and observe the evolu-

tion of network structure by time-resolved SANS during gelation process. Secondly,

we prepare Tetra-PEG gels by tuning the reaction probability, p, and soak the p-tuned
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gels in water to expose the inhomogeneieties. In both measurements, we observed

systematical changes in the scattering profiles.On the basis of these results, we dis-

cuss the relationship between the defects of polymer network and inhomogeneities by

using simple schematic pictures of polymer network.
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Chapter 2

Temperature dependence of
gelation kinetics of Tetra-arm
polymers

2.1 Introduction

In production of polymeric materials, gelation or cross-linking is one of the funda-

mental key reactions. A variety of commercial products such as rubbers, gels, paints

and adhesives are made by way of gelation threshold, i.e., the onset of formation of

infinitely-large clusters. In addition, as gelation or cross-linking is different from ordi-

nary reaction kinetics, it has dramatic changes in macroscopic properties, such as the

divergence of viscosity, the sol-gel transition, and the increment of the elastic modu-

lus, and so have attracted scientific interests until now. Hence, the understanding of

network formation in terms of structure and kinetics is of particular importance not

only from basic science but also from industrial applications.

As mentioned in Introduction, when the mean-field approximation is applied to

the reactivity of terminal functional group, the reaction rate equation for cross-linking

reaction is described as a simple reaction rate equation (1.2). However, real exper-

iments are more complicated because of the (i)the substitution effect, (ii)the steric

hinderance, and (iii)the diffusion motion of clusters. Thus, investigation and knowl-

edge on the gelation reaction has been still limited at the present stage.

In order to avoid these difficulties, we focused on the polycondensation kinetics of

Tetra-PEG gel, which is fabricated from AB-type cross-end coupling of two mutually

reactive tetra-arm polymers of the same size.1–9 Each tetra-arm polymer has four

amine groups (TAPEG) or activated ester groups (TNPEG). Tetra-PEG gel system
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is different from conventional crosslinking systems in the way that the crosslinking

point is preformed in the precursor; all of the reaction occurs between the arm-ends of

precursors. Therefore, the substitution effect and the steric hinderance are expected

to be insignificant on Tetra-PEG gel system. The polycondensation process of Tetra-

PEG gel was investigated in the viewpoint of the chemical reaction kinetics between

mutually reactive terminal groups of Tetra-PEGs by using FT-IR spectroscopy. We,

for the first time, report the rate constant, k and activation thermodynamic quantities

(∆G‡,∆H‡ and ∆S‡) for the gelling polycondensation system through Tetra-PEG gel.

2.2 Experiment

2.2.1 Materials

Tetra-amine-terminated PEG (TAPEG) and tetra-NHS-glutarate-terminated PEG

(TNPEG) were prepared from tetra-hydroxyl-terminated PEG (THPEG) having

equal arm lengths. The details of TAPEG and TNPEG preparation are reported

elsewhere.9 The molecular weights (Mw) of TAPEG and TNPEG were matched to

be 10 kg/mol. Here NHS represents N -hydroxysuccinimide. The activity of the func-

tional groups was estimated using NMR. TNPEG 1H NMR (CDCl3, δ): 2.07 (m, 2H,

CH2 CH2 CH2), 2.49 (t, 2H, CH2 CH2 CH2), 2.72 (t, 2H, CH2 CH2 CH2), 2.83 (s,

4H, NCO CH2 CH2CON), 3.4 (s, 2H, CH2O), 3.63(m, (4 m - 2)H, (CH2 CH2O)m-1

CH2), 4.24 (t, 2H, CH2CH2O). TAPEG 1H NMR (CDCl2, δ): 1.91 (br, 2H, NH2),

3.18 (t, 2H, CH2 CH2), 3.42 (s, 2H, CH2O), 3.63 (m, (4 m - 2)H, (CH2 CH2O)m -

1CH2).

2.2.2 IR Spectroscopy

IR spectra were measured at a resolution of 2 cm−1 with a coaddition of 128 scans us-

ing a Nicolet 6700 Fourier-transform IR spectrometer equipped with a liquid-nitrogen-

cooled MCT detector. The attenuated total reflection (ATR) technique was employed

to obtain IR spectra of the polymer solution. The solution was filled in an ATR cell,

which was made of a horizontal ZnSe crystal (R.I. 2.403) with an incident angle of

45◦. The ATR cell was kept at 10-50 ◦C with an accuracy of 0.1 ◦C throughout the

entire experiment by using a homemade thermoelectric device. The ATR cell was
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sealed by a toggle-clamp-type cover to prevent the evaporation of solvent.

The reaction rate for degradation of TNPEG was estimated by ATR-IR spec-

trometry. A constant amount of TNPEG (240 mg) was dissolved in 3.0 mL of 0.2 M

phosphate D-buffer (pH7.0) at 10-50 ◦C and the solutions were added into an ATR

cell. The time course of the degradation was investigated by ATR-IR spectra. In

gelation system, constant amounts of TAPEG and TNPEG (240 mg) were dissolved

in 3 mL of phosphate D-buffer solution (PB; 0.2 M, pH 7). The two solutions thus

obtained were mixed in a 50 mL Falcon tube for 30 s at 10-40 ◦C, and poured into

the ATR cell.

IR spectra obtained were deconvoluted to extract single bands. A single band is

assumed to be represented as a pseudo-Voigt function, fV(ν) = γfL(ν)+(1−Γ)fG(ν),

where fL(ν) and fG(ν) stand for Lorentzian and Gaussian components, respectively,

and the parameter γ (0 < γ < 1) is the Lorentzian component. A nonlinear least-

squares curve fitting procedure was employed for the analyses. The integrated inten-

sity A of a single band is evaluated according to A = γAL+(1−γ)AG, where AL and

AG denote integrated intensities of the Lorentzian and Gaussian components, respec-

tively. Total Intensity Acalc(ν) calculated were compared with observed one Aobs(ν)

in terms of the Hamilton R factor, R = (Σ(Aobs(ν) − Acalc(ν))
2/ΣAcalc(ν)

2)1/2. Ob-

served intensities were indeed reproduced with R < 0.01.

2.2.3 DFT calculations

Evaluation of the full geometry optimization followed by normal frequency analyses

was carried out on the basis of the density functional theory taking into account an

electron correlation effect with Becke’s three parameter and Lee-Yang-Parr correlation

function (B3LYP), coupled with 6-311+G(d,p) basis set.10,11 All calculations were

carried out using the Gaussian 03 program package.12 The C2H5-CO-NHS, NHS ion

and C2H5COO ion were examined as a model molecule for terminal NHS ester of

TNPEG, dissociated NHS and hydrolyzed terminal end of TNPEG in this gelation

system, i.e., main PEG chain within Tetra-PEG is replaced by ethyl group to calculate

easily. In this calculation, their molecules were hydrated stepwise from mono- to tri-

hydrated ones to obtain the optimized structure and theoretical IR band in all the
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molecules. Among them, the theoretical bands for the hydrated molecules were well

consistent with the experimental IR bands. Typical optimized structures are shown

in Figure 2.1.

Figure 2.1: Optimized geometries of the hydrated model molecules obtained from
DFT calculations.
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2.3 Results and Discussion

2.3.1 Reaction kinetics of Tetra-PEG gel

The main reaction of Tetra-PEG gel system is aminolysis reaction between the amine

group within TAPEG and activated ester (N -hydroxysuccinimidyl (NHS) ester) group

within TNPEG.

OCO-NHS NH2 OCO-NH H-NHS (2.1)

Here two points should be noted. First, the activated ester group within TNPEG

gradually dissociates in aqueous solution due to hydrolysis reaction as follows,

OCO-NHS H  O
2

OCOOH H-NHS (2.2)

In addition, the terminal NH2 group within TAPEG coexists with the protonated

NH+
3 in equilibrium, as follows.

NH2 H  O2 NH3 OH
-+

(2.3)

Ka =
[−NH2] [H

+][
−NH+

3

] (2.4)

[−NH2]total = [−NH2] +
[
−NH+

3

]
(2.5)

where [-NH2]total corresponds to the total concentration of amine group within TAPEG.

Only the un-ionized amine group reacts with the activated ester group because the

ionized amine group does not have an unshared electron pair. Therefore, the rate

equation for the gelation is described as follows.

−d [−NH2]total
dt

= kgel [−NH2] [−NHS] = kgelf [−NH2]total [−NHS] (2.6)

−d [−NH2]total
dt

= kgelf [−NH2]total [−NHS] + kdeg [−NHS] (2.7)
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where kgel and f denote the rate constant for the gelation and the fraction of un-

ionized amine to total amine, i.e., f =
[−NH2]

[−NH2]total
=

Ka

Ka + [H+]
, respectively. Here

f is determined by Ka in equation (2.4) and pH. The pKa in equation (2.4) was

separately determined by potentiometric titration for TAPEG solution and the value

was estimated to be 9.27 from the potentiometric titration in our previous work.3

On the other hand, though pH was almost controlled by using phosphate buffer,

pH was slightly varied along with [-NH2]total in solution. In this work, the values of pH

were experimentally determined by pH measurement. Figure 2.2 shows the fraction

of un-ionized amine as a function of total amine concentration for Tetra-PEG-NH2

of Mw = 10, 20, and 40 kg/mol and for LinearPEG-NH2 of Mw = 5 kg/mol. In this

study, we expressed the relationship between the fraction of un-ionized amine and

total amine concentration with a polynominal equation. The polynominal equation

was determined from the fitting. The fitting results for Linear-PEG is

f = 2.73× 10−3 + 2.8428× 10−2 × [−NH2]total

+1.5154× 10−1 × [−NH2]
2
total − 8.2997× [−NH2]

3
total , (2.8)

that for Tetra-PEG of Mw = 10 kg/mol is

f = 2.2484× 10−3 + 3.0418× 10−2 × [−NH2]total

+7.5455× 10−2 × [−NH2]
2
total − 1.9775× [−NH2]

3
total , (2.9)

that for Tetra-PEG of Mw = 20 kg/mol is

f = 1.9613× 10−3 + 2.8186× 10−2 × [−NH2]total

+4.7555× 10−2 × [−NH2]
2
total + 4.8714× [−NH2]

3
total , (2.10)

and that for Tetra-PEG of Mw = 40 kg/mol is

f = 1.9069× 10−3 + 2.5851× 10−2 × [−NH2]total

+9.0594× 10−2 × [−NH2]
2
total + 46.1338× [−NH2]

3
total , (2.11)

which will be used for the fitting analysis of rate constants.
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2.3.2 Degradation Kinetics of TNPEG in Solution

In order to estimate the rate constant for gelation in Tetra-PEG system, the rate

for the degradation of TNPEG was evaluated by IR-ATR measurements. Figure 2.3

shows IR spectra in the range of 1550 -1850 cm−1 obtained for TNPEG solution

(C = 80 mg/ml) at various t. In this wavenumber range, IR bands originated from

TNPEG or dissociated NHS were seriously overlapped with an intense and wide

band from water. Therefore, IR spectra examined here were subtracted by those for

aqueous buffer solution measured separately to extract TNPEG and dissociated NHS

components as shown in Figure 2.3. As seen in Figure 2.3, the peak intensities at

1728, 1778 and 1812 cm−1 decreased with increasing t and those at 1555, 1646, 1670

and 1704 cm−1 increased. It was found that an isosbestic point is clearly seen at 1720

cm−1, implying that dissociation reaction quantitatively occurs in this system.
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Figure 2.3: Time dependence of IR spectra for TNPEG solution, C = 80 mg/mL,
containing 0.2 M phosphate D-buffer (pH 7.0) at 30 ◦C.

Figure 2.4 shows typical IR bands of TNPEG solution after 1205 s, together with

theoretical IR bands for the hydrated C2H5-CONHS, NHS ion and C2H5COO ion as a

model molecules calculated by DFT calculations. The theoretical IR bands of a given
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molecule are predicted by full geometry optimizations followed by normal frequency

analyses, and the optimized structures are shown in Figure 2.1. On the basis of

theoretical IR bands, the observed IR spectrum can be satisfactorily deconvoluted

into seven bands. Three bands at 1728, 1778 and 1812 cm−1 are assigned to the

terminal NHS group within TNPEG and three bands at 1646, 1670 and 1704 cm−1

to dissociated NHS ion. Weak and broad band at 1555 cm−1 is ascribed to the

terminal ionized carboxyl group. With regard to the dissociated NHS and TNPEG,

we examined to calculate theoretical bands for neutral NHS and TNPEG-COOH.

However, their band positions did not represent the observed ones, and we thus

concluded that NHS and TNPEG after the degradation exist as ionic species.
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Figure 2.4: (a) Typical deconvoluted IR bands for TNPEG solution, C = 80 mg/mL
at 1205 s (30 ◦C). Dotted black and red lines show the observed and calculated
IR spectra. Blue, green, and light blue lines correspond to the dissociated NHS,
terminal NHS, and ionized carboxylic acid components, respectively. (b) Theoretical
IR bands for hydrated C2H5-NHS (neutral), NHS (ion), and C2H5COO− (ion)groups
as a simple model, obtained from DFT calculations.

The kinetic trace of [NHS−] at various temperatures, i.e., dissociated NHS ion

concentration based on the integrated IR band at 1646 cm−1 assigned to stretch-

ing ν(C-O) vibration plotted against t, is shown in Figure 2.5(a). Figure 2.5 (b)

shows ln([-NHS]/[-NHS]0) vs t, where [-NHS]0 denotes the initial concentration of

terminal NHS. As can be seen in these figures, the degradation rate became fast
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with increasing temperature. The apparent rate constant, kdeg was estimated by

least square-fit analysis on the basis of the following rate equation; −d[−NHS]/dt =

d[NHS−]/dt = kdeg[−NHS]. The observed variation (open symbols) was well repre-

sented with the fitting curve (solid line). Furthermore, Figure 2.5 (b) clearly indicates

the linear relationship between ln([-NHS]/[-NHS]0) and time. These results suggest

that the TNPEG in solution dissociates under a pseudo first-order kinetics reaction

to give NHS and TNPEG-COO ions. By assuming a second-order reaction kinetics

including [-NHS] and [OH−] terms to this dissociation, i.e., we can obtain k′
deg inde-

pendent of [H+] and/or pH. The values were estimated to be k′
deg =427, 723, 2060,

3010 and 4730 mol dm−3 s−1 at 283, 293, 303, 313 and 323 K, respectively. The

rate constants obtained here are almost the same as those reported for the corre-

sponding reactions of anisoyl-NHS in the literature, which supports the validity of

our experiments.13 These values will be used as fitting parameters in the following

section. The estimated rate constants plotted against reciprocal temperature give

the activation enthalpy and entropy according to the Eyring equation for the the-

ory of transition state. The ln(kdegT
−1) vs. T−1 plot is shown in Figure 2.6, and

the activation ∆H‡ and ∆S‡ are obtained from the slope and intercept of the plot

on the basis of the equation ln(kdegT
−1) = −∆H‡(RT )−1 + ∆S‡R−1 + ln(κkBh

−1).

The ∆H‡, T∆S‡ and ∆G‡ values were estimated to be 47(4) kJ mol−1, -9(5) kJ

mol−1 (at T = 298 K) and 56(9) kJ mol−1, respectively. The activation energy

are consistent with the corresponding energies for the hydrolysis reaction of 11,11’-

dithiobis (N -hydroxysuccinimidylundecanoate) in self-assembled monolayers on Gold,

which also supports the validity of our experiments.14 The estimated activation en-

tropy ∆S‡ ≤ 0 indicates that the TNPEG dose not completely dissociate to remain

TNPEG-CO· · ·NHS bond at the transition state on the hydrolysis reaction.
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Figure 2.5: (a) Kinetic trace obtained for the degradation of TNPEG at 1646 cm−1 (C
－O stretching vibration) as a function of t. the concentration of the dissociated NHS
is defined as Ct = (At/A∞)C∞ where Ct, C∞, At, and A∞ denote the concentration
of dissociated NHS at time t, that at infinitive time, the peak intensity of 1646 cm−1

band at t, and that at infinitive time, respectively. (b) Pseudo-first-order plots of the
degradation of TNPEG.
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2.3.3 Polycondensation kinetics and reaction mechanism of
Tetra-PEG gel
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Figure 2.7: Time dependence of IR spectra for the gelation of Tetra-PEG macromers
(TNPEG: 80 mg/mL; TAPEG: 80 mg/mL) in solution containing 0.2 M phosphate
D-buffer (pH 7.0) at 20 ◦C.

Figure 2.7 shows the time dependence of IR spectra for Tetra-PEG components

at 20◦C obtained by subtracting those for buffer solutions. The peak intensities

at 1728, 1778 and 1812 cm−1 decreased and those at 1614, 1646, 1670 and 1704

cm−1 increased with progressing reaction. The IR spectra showed an isosbestic point

at around 1720 cm−1, implying that the polycondensation process in Tetra-PEG gel

system is successfully observed by our IR technique examined here. Figure 2.8 shows a

typical IR spectrum observed at 1400 s, together with theoretical IR bands calculated

by DFT calculations. According to theoretical IR bands calculated for the hydrated

three simple molecules as a model of terminal groups of Tetra-PEGs, the IR spectrum

can be deconvoluted into eight bands, i.e., three bands at 1728, 1778 and 1812 cm−1

originated from C2H5CO-NHS, three at 1646, 1670 and 1704 cm−1 from dissociated

NHS ion and 1624 cm−1 band from a newly formed amide bond. It is found that

there is no peak at 1555 cm−1 assigned to the ionized carbonyl group, which is clearly

seen in Figure 2.3. This indicates that the formation of amide bond (-CONH-) on

the polycondensation successfully proceeds, while hydration of terminal NHS group

does not proceed practically.
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Figure 2.8: (a)Typical deconvoluted IR bands on a gelation process, C = 80 mg/mL
at 1400 s (20 ◦C). Dotted black and red lines show the observed and calculated IR
spectra. Blue, green, and orange lines correspond to the dissociated NHS, terminal
NHS, and amide bond components, respectively. (b) Theoretical IR bands for hy-
drated C2H5－NHS (neutral), NHS (ion), and C2H5COO− (ion) groups as a simple
model, obtained from DFT calculations.

Figure 2.9 (a) and (b) show the kinetic traces for the dissociated NHS ion, [NHS−],

and second-order plots at various temperatures, respectively, based on the integrated

IR intensities of the stretching ν(C-O, NHS) band. It was found that the gelation

rate increases with increasing temperature. The fit results using eqs (2.6) and (2.7)

were also shown in Figure 2.9 (a). Here, we set kdeg as a fixed parameter obtained by

the degradation analysis. The fit worked well from the initiation to nearly completion

of reaction. Moreover, the second-order plot gives a straight line passing through the

origin in Figure 2.9 (b). It should be noted that the gelation occurred at 1187, 496,

194 and 100 s after initiation at 283, 293, 303 and 313 K, respectively. These results

suggest that this polycondensation reaction obeys a simple second-order kinetics from

the initiation to end regardless of gelation threshold. This reason is suspected to be

that the polycondensation kinetics of Tetra-PEG gel is not affected by the substitution

effect and steric hinderance.

Figure 2.10 shows the rate constant, kgel plotted against reciprocal temperature as

a form of Eyring plot. It is proved that Eyring plot for gelation reaction can be made

and this result suggests that kgel is thermodynamically meaningful. The activation

enthalpy ∆H‡, entropy T∆S‡ and Gibbs free energy ∆G‡obtained from the slope
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Figure 2.9: (a) Kinetic trace obtained for the gelation at 1646 cm−1 (C－O stretching
vibration of dissociated NHS) as a function of t. (b)Pseudo-second-order plots of the
gelation of Tetra-PEG gel.

and intercept in this figure were estimated to be 49(3), -13(3) kJ mol−1 (at T = 298

K) and 63(6) kJ mol−1, respectively. Though small, the negative entropy implies the

amide bond (NH-CO) between TNPEG and TAPEG is formed as the intermediate

product on the polycondensation process, i.e., an associative mechanism operates at

the transition state. The activation thermodynamic quantities involve a solvation

effect at the transition state. However, it is difficult to discuss the hydration effect

at the present stage. We need to accumulate the experimental activation energy in

various solvent systems, which is now going on for alcohols or room-temperature ionic

liquids.
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Figure 2.10: ln(kgel/T ) plotted against 1/T as a form of Eyring plot.
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2.4 Conclusion

The polycondensation reaction forming Tetra-PEG gel was investigated by ATR-IR

spectroscopy in the viewpoint of reaction kinetics. We showed here that (1) the

gelation kinetics of Tetra-PEG gel can be simply treated as a chemical reaction be-

tween mutually reactive end-groups in solution; (2) the gelation undergoes as a simple

second-order reaction from beginning to end regardless of gelation threshold; (3) the

gelation mechanism was predicted from the thermodynamic enthalpy and entropy

at the transition state estimated by temperature dependence of rate constants. The

reason of smooth second-order kinetics is suspected to be that the mean-field approx-

imation can be applied to the reactivity of terminal groups on Tetra-PEGs, i.e. the

reactivity of terminal groups on Tetra-PEGs is not affected by the steric hinderance,

substitution effet, and gelation threshold, contributing to the homogeneous network

structure of Tetra-PEG gel.
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Chapter 3

Gelation mechanism of Tetra-arm
polymers

3.1 Introduction

In Chapter 2, we pointed out that the gelation of Tetra-PEG undergoes as a simple

second-order reaction and the estimated rate constant, kgel shows a linear relationship

against reciprocal temperature. This indicates that the reactivity of terminal groups

on Tetra-PEGs is not affected by the steric hindrance and substitution effect as

mentioned above. Thus, the gelation kinetics of Tetra-PEG gel allows us to be one

of models of the cross-linking kinetics.

However, there still remains an unsolved problem in Chapter 2. In general, the

reaction rate changes during the gelation process because cluster grows and mobility

of cluster changes. According to the previous work of kinetics of cross-linking pho-

topolymerizations,1–10 center-of-mass diffusion is dramatically suppressed because the

large clusters become entangled or crosslinked in the network. Thus, the cross-linking

kinetics is generally diffusion limited and the reaction rate constants decrease as the

reaction proceeds. However, such effects cannot be seen in the gelation kinetics of

Tetra-PEG gels and the reaction rate is constant from beginning to end,11 the reason

of which is a main theme in this study.

The previous study on the kinetics of free radical polymerization with crosslinking

showed that the reaction rate of the diffusion-limited cross-linking is affected by cross-

linker concentration3–7 and chain length of monomer,2,8, 9 functionality of monomer.10

Then, these studies are compared to free radical polymerization without crosslinking.

Hence, in this study, we extend our study to volume fraction of polymer (ϕ) and
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primary molecular weight (Mw) dependences of the gelation kinetics investigated

by ATR-IR and UV spectroscopy. Furthermore, we also examined the linear PEG

system to compare with the result of Tetra-PEG system. From these experiments,

we discuss the reason that the reaction undergoes as a simple second-order reaction

from beginning to end and that the gelation kinetics proceeds successfully to form

Tetra-PEG gel with high mechanical strength and toughness.

3.2 Experimental Section

3.2.1 Materials

Tetraamine-terminated PEG (Tetra-PEG-NH2) and tetra-NHS-terminated PEG (Tetra-

PEG-NHS) were prepared from tetrahydroxyl-terminated PEG (Tetra-PEG－OH)

having equal arm lengths. The details of TAPEG and TNPEG preparation are re-

ported elsewhere.11 Here, -NHS stands for N-hydroxysuccinimide. The molecular

weights of Tetra-PEG-NH2 and Tetra-PEG-NHS were matched to each other (Mw =

10, 20, and 40 kg/mol). Monofunctional amine linear PEG (LinearPEG-NH2) and

NHS linear PEG (Linear-PEG-NHS) were purchased from Nippon Oil and Fat Co..

The molecular weights of LinearPEG-NH2 and Linear-PEG-NHS were matched to

each other (Mw = 5 kg/mol). From this point forward, the Tetra-PEG gels formed

from prepolymers with Mw = 10, 20, and 40 kg/mol are named Tetra10K, Tetra20K,

and Tetra40K, respectively. In addition, a mixed solution of LinearPEG-NH2 and

Linear-PEG-NHS is named Linear5K.

3.2.2 IR Spectroscopy

In this work, we carried out IR measurements with attenuated total reflection (ATR)

technique to obtain quantitative spectra for polymer solutions. ATR-IR spectra were

measured at a resolution of 2 cm−1 with an accumulation of 128 scans using a Nicolet

6700 Fourier-transform IR spectrometer equipped with a liquid-nitrogen-cooled MCT

detector. The solution was filled in an ATR cell, which was made of a horizontal ZnSe

crystal (R.I. 2.403) with an incident angle of 45◦. The ATR cell was kept at 20 ◦C

with an accuracy of 0.1 ◦C throughout the entire experiment by using a homemade

thermoelectric device. The ATR cell was sealed by a toggle-clamp-type cover to
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prevent the evaporation of solvent. Constant amounts of Tetra-PEG-NH2 (Mn = 10

kg/mol, “ϕ”: 0.034－ 0.15) and Tetra-PEG-NHS (Mn = 10 kg/mol,“ϕ”: 0.034－

0.15) were dissolved in aqueous phosphate buffer solution (0.2 M, pH 7). The two

solutions thus obtained were mixed in a 50 mL Falcon tube for 30 s at 20 °C, and

poured into the ATR cell.

IR spectra obtained were deconvoluted to extract single bands. A single band

is assumed to be represented as a pseudo-Voigt function, fV(ν) = γfL(ν) + (1 −
Γ)fG(ν), where fL(ν) and fG(ν) stand for Lorentzian and Gaussian components,

respectively, and the parameter γ (0 < γ < 1) is the Lorentzian component. A

nonlinear least-squares curve fitting procedure was employed for the analyses. The

integrated intensity A of a single band is evaluated according to A = γAL + (1 −
γ)AG, where AL and AG denote integrated intensities of the Lorentzian and Gaussian

components, respectively.

3.2.3 UV spectroscopy

Absorption spectra were recorded on JASCO UV-vis spectrophotometer V-630, Nihon-

bunko, Japan. The quartz cell (thickness : 0.2 cm) was kept at 20 ◦C throughout

the entire experiment. In degradation system, a given amount of PEG-NHS (Lin-

earPEG:15 mg, 10 kg/mol Tetra-PEG: 7.5 mg, 20 kg/mol Tetra-PEG : 15 mg, 40

kg/mol Tetra-PEG : 30 mg) was dissolved in 3.0 mL water including 0.2 M phos-

phate buffer (pH 7.0) at 20 ◦C, and the solution was added into an quartz cell just

after sample preparation. The measurement time (total) was about 40,000 seconds

corresponding to the end of the degradation, and the time interval was 120 seconds

at each spectra. In coupling reaction system, aqueous PEG-NH2 and PEG-NHS so-

lutions with same polymer concentration (“ϕ”: 0.034－ 0.12) in 0.2 M phosphate

buffer (pH 7) were prepared and then they were mixed in a 50 mL Falcon tube for 30

s at 20 ◦C, followed by pouring into the cell. Detail procedure of the measurements

is the same with above degradation system.
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3.3 Results and Discussion

3.3.1 IR measurement on the gelation kinetics

Figure 3.1(a) shows the time dependence of IR spectra for Tetra10K components at

20 ◦C obtained by subtracting those for buffer solutions. The peak intensities at 1728,

1778, and 1812 cm−1 decrease and those at 1614, 1646, 1670, and 1704 cm−1 increase

with progressing reaction. The IR spectra showed an isosbestic point at around 1720

cm−1, implying that the polycondensation process in the Tetra-PEG gel system is

successfully observed by our IR technique examined here. Figure 3.1(b) shows a

typical deconvoluted IR spectrum observed at 144 s. According to theoretical IR

bands calculated in our previous work,13 the IR spectrum can be deconvoluted into

eight bands, i.e., three bands at 1728, 1778, and 1812 cm−1 originated from terminal

NHS, three at 1646, 1670, and 1704 cm−1 from dissociated NHS ion, and the 1624

cm−1 band from a newly formed amide bond. The band at 1728 cm−1 disappears at

11050 s in Figure 3.1(a), which indicates that all terminal NHS are dissociated by the

aminolysis and the degradation of terminal NHS, and all dissociated NHS contribute

to the peak intensity at 1646 cm−1. Therefore, we calculate the concentration of the

dissociated NHS ion as follows.

[
NHS−

]
(t) =

[−NHS]0
A1646 (∞)

A1646 (t) (3.1)

Here,
[
NHS−

]
(t), [−NHS]0, A1646 (∞), and A1646 (t) denotes the concentration of

the dissociated NHS ion at time t, the initial concentration of the terminal NHS, the

IR intensity at 1646 cm−1 at the end of reaction, and at time t, respectively. Figure 3.2

shows the kinetic traces for the dissociated NHS ion,
[
NHS−

]
evaluated from eq (3.1).

The fit results using eqs (2.6) and (2.7) are also shown in Figure 3.2. Here, kdeg is

fixed to the value obtained from the degradation analysis as discussed in our previous

work.13 The fit worked well from the initiation to nearly completion of reaction.

Figure 3.3 shows the rate constant, kgel, plotted against polymer concentration ϕ.

As shown in Figure 3.3, the reaction rate constants are almost constant regardless of

polymer concentration. The rate constants obtained here are almost the same as that

reported for the aminolysis of anisoyl-NHS and n-butylamine in aqueous dioxane, 20%

(v/v) in the literature, 50.9 dm3/mol/s.15 From the facts that (1) no dependence of

46



the kgel on the polymer concentration and (2) the kgel is almost the same as those of

the aminolysis in a low molecular system, we can point out that the gelation reaction

of Tetra-PEG gel is considered to be not diffusion-limited but reaction-limited. In

order to investigate the gelation mechanism for further details, we extended our study

to study Mw dependence of the reaction kinetics. UV-vis spectroscopy was carried

out to determine the rate constants, as described below.
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Figure 3.1: (a) Time dependence of IR spectra for the gelation of Tetra- PEG gel
(ϕ = 0.096) in solution containing 0.2 M phosphate D-buffer (pH 7.0) at 20 ◦C. (b)
Typical deconvoluted IR bands on a gelation process, ϕ = 0.096 at 144 s (20 ◦C).
Dotted black and red lines show the observed and calculated IR spectra. Blue, green,
and orange lines correspond to the dissociated NHS, terminal NHS, and amide bond
components, respectively.
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3.3.2 UV measurement on the degradation kinetics of TNPEG

Figure 3.4(a) shows the time dependence of UV spectra for the degradation kinetics of

Linear-PEG-NHS (ϕ = 0.0044). It has been already established in the previous work16

the dissociated NHS, i.e.,
[
NHS−

]
in water system shows the absorbance at around

260 nm, whereas it is not for Tetra-PEG-NHS before degradation or gelation. As can

be seen in Figure 3.4(a), the peak intensity observed at 260 nm gradually increased

with increasing t, indicating that the degradation reaction quantitatively undergoes in

the aqueous solution. Figure 3.4(b) shows the kinetic traces of
[
NHS−

]
in four PEG-

NHS systems (Linear5K and Tetra10K, Tetra20K and Tetra40K), i.e., dissociated

NHS ion concentration based on the peak intensity at 260 nm plotted against time.

The degradation rate constant, kdeg, is estimated by least-squares-fit analysis on the

basis of the following rate equation: −d [−NHS] /dt = d
[
NHS−

]
/dt = kdeg [−NHS].

The observed variation was well represented with the fitting curve (solid line). The

kdeg for Tetra-PEG-NHS of Mw = 10 kg/mol, 20 kg/mol, and 40 kg/mol evaluated

by the fitting analysis are 2.14 × 10−4, 1.84 × 10−4, and 1.88 × 10−4 dm3/mol/s,

respectively. In addition, the degradation rate constants for Linear-PEG-NHS is

2.76×10−4 dm3/mol/s. These values will be used as fitting parameters in the following

section.
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Figure 3.4: (a) Time dependence of UV spectra for the degradation of linear PEG (ϕ
= 0.044) in solution containing 0.2 M phosphate buffer (pH 7.0). (b) Kinetic trace
obtained for the degradation of terminated NHS at 260 nm as a function of time.
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3.3.3 UV measurement on the gelation kinetics of Tetra-
PEG gel

As describe in the experimental section, the Tetra-PEG gels formed from prepolymers

with Mw = 10, 20, and 40 kg/mol are named Tetra10K, Tetra20K, and Tetra40K,

respectively. In addition, a mixed solution of LinearPEG-NH2 and LinearPEG-NHS

is named Linear5K. Figure 3.5(a) shows the time dependence of UV spectra for the

coupling kinetics of Tetra20K (ϕ =0.066). As shown in Figure 3.5(a), the peak inten-

sity at 260 nm was completely saturated over the reaction time 320 sec. Therefore,

we evaluated the dissociated NHS− concentration,
[
NHS−

]
from the absorbance at

285, 287 and 290 nm, resulting in the similar kinetic trace among them (see Figure

3.5(b)). Here, the evaluation procedure of
[
NHS−

]
from absorption spectra is the

same as the previous section. The solid lines in Figure 3.5(b) show the theoretical

curve obtained from fitting analysis using eqs 2.6 and 2.7, which is in good agreement

with the observed data from the initiation to nearly completion of reaction.The same

procedure was applied to Tetra10K, Tetra40K and Linear5K with various polymer

concentrations.
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Figure 3.5: (a) Time dependence of UV spectra for the gelation of 20K Tetra-PEG
macromers (TNPEG: ϕ = 0.066; TAPEG: ϕ = 0.066 ) in solution containing 0.2 M
phosphate buffer (pH 7.0). (b) Kinetic trace obtained for the gelation at 285, 287,
290 nm as a function of time.
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Figure 3.6 shows concentration dependences of the kinetic trace of
[
NHS−

]
for (a)

Linear5K, (b) Tetra10K, (c) Tetra20K, and (d) Tetra40K systems. Here, note that

the kdeg is fixed to the value determined from the degradation analysis in the previous

section. The observed data (symbols) was well represented with the fitting one (solid

line) for all the systems, in the gelation entire time-range from the initiation to nearly

completion of reaction. The gelation rate constant, kgel was successfully estimated for

all the systems, which is shown in Figure 3.7. As shown in Figure 3.7, it was clearly

found that the kgel values obtained here are almost constant within experimental error

regardless of polymer volume fraction, ϕ and prepolymer molecular weight, Mw, and

their kgel values for Tetra-PEG gel are essentially consistent with those for linearPEG

system (Linear5k).

Figure 3.6 shows the kinetic traces for
[
NHS−

]
for (a) Linear5K, (b) Tetra10K,

(c) Tetra20K, and (d) Tetra40K. The fit results using eqs 2.6 and 2.7 are also shown

in Figure 3.6. Here, kdeg is fixed to the value obtained from the degradation analysis

in a previous section. The fit worked well from the initiation to nearly completion

of reaction. Figure 3.7 shows the rate constant, kgel, plotted against polymer con-

centration ϕ. As shown in Figure 3.7, kgel are almost constant within experimental

error regardless of polymer concentration and primary molecular weight. Also, the

reaction rate constants for the gelation kinetics of Tetra-PEG gel are consistent with

those of the reaction kinetics of linear-PEG.

Here, we can point out that these kgel values correspond to the aminolysis of a

low-molecular weight system15 such as 50.9 dm3 mol−1 s−1, and are much smaller than

other diffusion limited systems. For example, rate constants for diffusion controlled

reaction of polymer solutions are in the range of 108 ∼ 109 dm3 mol−1 s−1, which

depends on polymerization degree and concentration. For another example, rate con-

stants for cross-linking photopolymerization1–10,17–24 are in the order of 104 ∼ 105

dm3 mol−1 s−1, and depends on chain-length in monomer and cross-link concentra-

tion. In contrast, rate constants of Tetra-PEG gel system are constant around 70

dm3 mol−1 s−1, which does not depend on primary molecular weight and polymer

concentration. We thus propose here that the gelation kinetics of Tetra-PEG gel

is the reaction-limited mechanism not diffusion-limited one. Therefore, the reaction

undergoes as a simple second-order reaction during entire course of gelation. That

is, the reaction rate of the amide bond formation is much slower than the collision
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Figure 3.6: Kinetic trace obtained for the gelation of (a) Linear5K, (b) Tetra10K, (c)
Tetra20K, and (d) Tetra40K.

rate of the terminal NHS and amine groups.

We have already reported that Tetra-PEG gel has an excellent mechanical prop-

erty due to a homogeneous polymer network. It is expected that the gelation reaction

with reaction-limited in Tetra-PEG system is one of the reason why polymer network

is homogeneously formed in Tetra-PEG system. To clearly discuss this at the molecu-

lar level, we depict a schematic picture for the reaction process of the diffusion-limited

and the reaction-limited cases for AB type cross-end coupling reaction in Figure 3.8.

In the case of the diffusion-limited reaction, the reaction rate is much higher than

the collision rate of A and B. Therefore, A and B react just after A and B encounter,

and prepolymers cannot mix homogeneously. Hence, the gelation reaction proceeds

neither efficiently nor uniformly as shown in Figure 3.8(a). On the other hand, in the

case of the reaction-limited reaction, which is the case of Tetra-PEG gel, the collision

rate of A and B is much higher than the reaction rate. Even if A is close to B,

the encountered pairs are often separated without bond formation. Because A and
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Figure 3.7: kgel plotted against polymer concentration ϕ for Linear5K, Tetra10K,
Tetra20K, and Tetra40K.

B prepolymers easily diffuse and are homogeneously mixed in the system, the gela-

tion reaction proceeds efficiently and uniformly as depicted in Figure 3.8(b). These

discussions imply that, in order to achieve high-efficient and homogeneous gel, it is

necessary to attach reaction groups whose reaction rate is relatively low but the final

conversion is high.
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= A

= B

Diffusion-Limited

Reaction-Limited

Figure 3.8: A schematic picture of reaction process of Tetra-PEG gel in the case of a
diffusion-limited gelation and a reaction-limited gelation.
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3.4 Conclusion

The gelation mechanism of Tetra-PEG gel was investigated by IR and UV measure-

ments. It was found that the reaction rate constant of gelation kinetics of Tetra-

PEG gelation is independent of polymer concentration and the prepolymer molecular

weight. In addition, the reaction rate is comparable to that of linear-PEG systems,

and corresponds to the aminolysis of a low molecular system. These results indicate

that the gelation reaction of Tetra-PEG gel is not diffusion-limited but reaction-

limited. It is concluded that the reaction-limited reaction is one of the keys of homo-

geneous network formation of Tetra-PEG gel.
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Chapter 4

The first approximation of the
elastic modulus around p = 1

4.1 Introduction

The theories of rubber elasticity describe the macroscopic relationships between the

mechanical stress and the strain of elastometric materials on the basis of microscopic

structure of polymer.1–8 By using the theories of rubber elasticity, we can obtain the

structural information of rubbers and gels from a simple stress-strain measurement

of a piece of rubber, such as the concentration of elastically effective chains, the chain

length between cross-links, and the number of trapped entanglements.8 Considering

the significance of a variety of applications of rubbers in the history, proper and

better understanding of the theories of rubber elasticity is very important not only

from basic science but also from industrial points of view.

In spite of its long history of the theories of rubber elasticity, there still remain

some topics. One of major topics is the relationship between the reaction probability

(p) and the elastic modulus (G). Note that, though the relationship between G and

the structure parameters, such as the number of elastically effective chains (n) and

elastically effective cross-links (m) is well established as discussed in affine network

model and phantom network model, the relationship between p and G is not well

established. In order to derive this relationship, we need to describe the network

structure at a given p and specify which bond in the network is elastically effective.

This topic is important not only in the scientific terms of description of a random

polymer network, but also in the industrial terms of evaluation of connectivity defects.

In this topic, there are two problems. The first problem is that a theory describing
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the relationship between the reaction probability (p) and the elastic modulus (G)

on general lattices, such as a triangular lattice or a diamond lattice, is not well

established. The typical model giving the analytical solution is a tree like theory,

which is proposed by Flory,9 Scanlan,10 Case,11 and Miller and Macosko.12 This

theory provides a clear picture of percolation threshold and the fractions of various

ranks of crosslinking as a function of p for post-gelation systems, i.e., p > pc, where

pc is the reaction probability at gelation threshold. Hence, the tree-like theory has

often been employed to discuss the effect of p on rubber elasticity. However, the tree-

like theory was developed on an unrealistic structure, i.e., tree-like structure (See

Figure 4.1(a)), where intramolecular reaction (the loop) is not allowed (See Figure

4.1(b)). Because of this assumption, the tree-like theory has a serious problem that a

cluster spanning the whole system cannot fit in the 3D space.13 As a result, the tree-

like theory has been open to criticism since it was proposed. In order to overcome

this criticism, many studies on loops have been conducted, but a simple and general

method is not well established.14–16

The second problem is that experimentally suitable systems for examining the

theory of elasticity have never been available. As a matter of fact, it was impossible

to prepare a model network consisting of monodisperse strands (i.e., chains between

neighboring crosslinks) and free from entanglements. We have overcome this problem

by developing a new type of polymer network, i.e., Tetra-PEG gel.17

In this study, we investigate the effect of local topology of the network or the

existence of the loops on the relationship between G and p in the p ≫ pc region.

First, we derived the approximate expression of G for the loops-containing network

in the p ≫ pc region. Secondly, we conducted simulations for deformation of polymer

chains on triangular and diamond lattices.18 Finally, we made mechanical testing

experiments on a p-tuned Tetra-PEG gel. Tetra-PEG gels are formed by A-B type

cross-end coupling of two tetra-arm poly(ethylene glycol) (PEG) unit.17 Our previ-

ous works demonstrated that a Tetra-PEG gel is free from heterogeneities and is a

potential candidate for an ideal polymer network.19 In this experiment, we prepare

a series of p-tuned Tetra-PEG gel networks by forming Tetra-PEG gel with activity-

tuned TNPEG. Here, TNPEG denotes tetra-arm PEG having activated ester group,

i.e., N -hydroxysuccinimidyl (NHS) ester (TNPEG) at chain end. The activity of the

activated ester on TNPEG is tuned by partial hydration prior to the initiation of
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gelation reaction (Figure 4.2). The elastic moduli for p-tuned networks obtained will

be compared with general law proposed in this work and the tree-like theory.

(a) (b)

Figure 4.1: (a) Schematic picture of tree-like structure. Elastically effective cross-
links are shown by filled circles. Arrows identify chains leading to infinity. (b) An
example of a loop structure. Loops are not taken into consideration in the tree-like
theory.
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Inactivation of NHS ester

Figure 4.2: The schematic picture of sample preparation. The stars and triangles
represent the amine and NHS ester terminal groups, respectively. The NHS ester on
TNPEG was hydrolyzed in pre-gel solution for a given time in order to control the
reaction conversion.
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4.2 Theoretical Background

4.2.1 Classical theories of rubber elasticity

First, let us review the elasticity of a single polymer chain. One of the simplest

idealizations of a flexible polymer chains consists in replacing it by a random walk on

a periodic lattice. The walk is a succession of N steps, starting from one end (r = 0)

and ending at a lattice point r. We define WN (r) as the number of distinct walks

going from 0 to r in N steps. The length of one step will be called b. Under this

circumstance, the probability that the walk ends at a lattice point r is calculated

from central limit theorem.

p (r) =
WN (r)∑
r WN (r)

=
(

3

2πNb2

) 3
2

exp

(
− 3r2

2Nb2

)
(4.1)

On the basis of the definition of the entropy : S (r) = kB lnWN (r) and the free energy

: F = E − TS, the free energy of a polymer chain is given by

F (r) = F (0) +
3kBT

2Nb2
r2 . (4.2)

Because the elastic energy of spring is proportional to the square of strain, this

equation indicates that an ideal polymer can be regarded as a kind of elastic spring.

Next, we focus on the elasticity of a polymer network. Let us consider the case

of a simple extension. This is defined by three principal extension ratios along three

mutually perpendicular axes. Under such a strain, a unit cube (Figure 4.3) is trans-

formed into a rectangular parallelepiped having three unequal lengths λx, λy and

λz.Here we assumes the constancy of volume, λxλyλz = 1.

Let us consider an individual chain (Figure 4.3) having an end-to-end distance

represented by the vector r0 with component (x0, y0, z0) in the unstrained state of

the network, and let (x, y, z) be the components of the vector length r of the same

chain after deformation. The end-to-end vector is assumed to change in the same

ratio as the macro deformation (Affine deformation); (x, y, z) = (λxx0, λyy0, λzz0).

This model is firstly proposed by Kuhn1 and called Affine model. The difference of

the free energy between the unstrained and strained state is

∆F (λx, λy, λz) =
n

V

(∫
F (r) p (r0) dr0 −

∫
F (r0) p (r0) dr0

)
=

n

2V
kBT

(
λ2
x + λ2

y + λ2
z − 3

)
. (4.3)
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Here, n and V denote the number of elastically effective chain and the system volume.

In the case of uniaxial deformation, λx = λ, λy = λz = 1/
√
λ, the stress σ can be

obtained by differentiating partially ∆F by λ.

σ =
∂∆F

∂λ
= G

(
λ− λ−2

)
(4.4)

G is called the elastic modulus, and therefore, G is given by

G =
n

V
kBT . (4.5)

Phantom model

Affine model

0

r

r

<r>

r

L x

Ly

Lz

Lxλ x

Lyλy

Lzλz

elongation

Macro deformation

Micro deformation
elongation

Figure 4.3: Schematic illustration of homogenous strain.

The most obvious objection to this theory in the form outlined above is that the

network junction points are conceived of as fixed at particular points in space. The

freedom of movement of the system is thus limited to the lengths of chain between

these fixed points. However, in reality, the junction points are not fixed but take

part in the micro-Brownian motion of the associated chain elements or links. In the

very detailed and precise treatment given by James and Guth,5,6 only junction points

which are located on the boundary surfaces of the rubber are specified as fixed; all

the other junction points are allowed to fluctuate. Therefore in this theory, they

postulate that the mean end-to-end vector changes in the same ratio as the macro

deformation; ⟨r⟩ = (λx ⟨x0⟩ , λy ⟨y0⟩ , λz ⟨z0⟩) and that the fluctuations of position of

any junction point in a network of Gaussian chains may be described by a Gaussian
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probability function. The mean value of the fluctuations of any given junction point is

independent of the strain in the network. This model is called phantom model. When

we define m as the number of elastically effective cross-links, the elastic modulus of

phantom model is calculated as

G = (n−m) kBT . (4.6)

It is of particular interest to observe that these equations relate the elastic modulus

G to the structural parameters, such as n and m. In order to discuss the elasticity

during the gelation process, we need to describe the network structure at a given p

and specify which bond in the network is elastically effective. In the next section,

we review a classical theory dealing with this relationship, i.e., the tree-like theory.

From this point forward, following other studies,12,19–21 we take the phantom network

model in this work.

4.2.2 Tree-like theory

branch

subbranch

site

neighbor

Figure 4.4: The surroundings of the origin of a tree-structure. This figure defines
what we mean by neighbor, branch, and sub-branch in our derivation of the exact
solution.

The tree-like theory treats polycondensation of f -functional precursor and puts

the following assumptions.12,22
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(i) An elastically effective cross-link is the site which is joined by at least three

elastically effective chains.

(ii) All functional groups are equally reactive with the same reactivity throughout

the gelation.

(iii) No intramolecular reaction occurs throughout the reaction process.

Here, we define a site, branch, neighbor, and sub-branch as depicted in Figure 4.4.

In addition, we define a variable Q as the probability that an arbitrary site is not

connected to infinity through one-fixed branch originating from this site. Q can be

calculated as follows. One-fixed branch does not lead to infinity, either because the

connection is already broken at first neighbor, or because this neighbor is occupied

but not connected to infinity by any of its f − 1 sub-branches. Therefore, p is related

to Q by the following recursive equation according to assumptions (ii) and (iii),

Q = 1− p+ pQf−1 (4.7)

From assumption (i), the concentration of elastically effective chains and cross-links

are given by

n =
N

2

f∑
i=3

fCi (1−Q)iQf−i (4.8)

m = N
f∑

i=3

fCi (1−Q)iQf−i (4.9)

Here, N denotes the number of the precursors, respectively. The relationship between

G and p is obtained from eqs. (4.7)-(4.9). For instance, in the case of f = 4, Q is

given by

Q =

(
1

p
− 3

4

) 1
2

− 1

2
. (4.10)

Therefore, the relationship between G and p for the phantom model is given by

GPh =
(
(1−Q)4 + 2 (1−Q)3Q1

) N
V
kBT (4.11)

A Taylor series of G around p = 1 is as follows:

GPh =
(
2 + 2 (p− 1)− 6 (p− 1)2 + · · ·

) N
V
kBT (4.12)
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As mentioned above, this theory is unrealistic and open to criticism because it assumes

no intramolecular reactions. (See Figure 4.1(b).)

4.3 Theory

4.3.1 Percolated Network law (“PN” law)

(a) (b)

A A

B B

Figure 4.5: (a) A schematic picture of lattice for coordination number 4 at p = 1.
(b) A schematic picture after cutting the bond that connects sites A with B. Sites A
and B are connected with three elastically effective bonds. So the sites A and B are
still elastically effective cross-links.

In order to allow loops, we change the assumption. Consider a lattice with the

coordination number f(≥ 4) and number of lattice point N . An example for f = 4

is depicted in Figure 4.5(a). Here, we put the following assumption.

(i) An elastically effective cross-link is the site which is joined by at least three

elastically effective chains.

(ii) All functional groups are equally reactive with the same reactivity throughout

the gelation.

(iii) All sites and chains are elastically effective at p = 1.

Note that we postulate any types of network structure in which all sites and chains

are elastically effective at p = 1. So, this assumption can be applied not only to

Bethe lattice but also to any other lattices including square and triangular lattice.
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At p = 1, according to our assumption, the number of elastically effective bonds

and cross-links are n =
f

2
N and m = N , respectively. In the next step, let us cut

the bond that connects site A with B (Figure 4.5(b)). As seen in Figure 4.5(b),

sites A and B are connected with f − 1 elastically effective bonds. So, the number

of elastically effective bonds and cross-links are expected to be n =
f

2
N − 1 and

m = N , respectively. When x bonds are cut in a similar manner in the p ≪ pc

region, the number of elastically effective bonds and cross-links are expected to be

n =
f

2
N − x and m = N , respectively. Using p =

(fN/2)− x

fN/2
, the number of

elastically effective bond and cross-links are expected to be n =
f

2
Np and m = N ,

respectively. Therefore, the elastic modulus for the phantom model in the p ≫ pc

region is approximately given by

GPh ≈
(
f

2
p− 1

)
N

V
kBT . (4.13)

(a) (b)

A

B

A

B

Figure 4.6: (a) A schematic picture of lattice for coordination number 3 at p = 1.
Elastically ineffective cross-links are shown by open circles. (b) A schematic picture
after cutting the bond that connects site A with B. Sites A and B are connected with
only two elastically effective bonds. So the sites A and B are not elastically effective
cross-links.

Next, let us consider a lattice with coordination number 3. An example for f = 3

is depicted in Figure 4.6(a). At p = 1, the number of elastically effective bonds and

cross-links are n =
3

2
N and m = N , respectively. In the next step, let us cut the

bond that connects site A with B (Figure 4.5(b)). As seen in Figure 4.6(b), sites A

and B are connected with only two elastically effective bonds. So, the sites A and

B are not elastically effective cross-links. The numbers of elastically effective bonds
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and cross-links are expected to be n =
3

2
N − 3 and m = N − 2, respectively. When

x bonds are cut in a similar manner in the p ≫ pc region, the number of elastically

effective bonds and cross-links are n =
3

2
N−3x and m = N−2x, respectively. Using

p =
(3N/2)− x

3N/2
, the numbers of elastically effective bonds and cross-links are given

to be n =
9

2
Np−3N and m = 3Np−2N , respectively. From these results, the elastic

modulus for the phantom model in p ≫ pc region is approximately given by

GPh ≈
(
3

2
p− 1

)
N

V
kBT . (4.14)

Because eq. (4.14) can be regarded as eq. (4.13) when f = 3, eq. (4.13) is satisfied

for f ≥ 3.

The merits of this equation are simplicity and generality. Eq. (4.13) does not

depend on the local topology of the network structure or on the existence of loops in

the system (Figure 4.7). Moreover, this theory is considered as the first approximation

of G around p = 1. So, the Taylor series of G of any lattices around p = 1 is expected

to have a form

GPh ≈
{(

f

2
p− 1

)
+O

(
(p− 1)2

)} N

V
kBT . (4.15)

Indeed, eq. (4.12) corresponds to this expression, supporting this prediction.

Therefore, we can predict G in the p ≫ pc region, even if we do not know a rigorous

expression of G on the lattice, such as triangular lattice or diamond lattice. In

addition, high order terms in eq. (4.15) reflect the characteristics of the network

structure. Hence, the applicable region of the first approximation depends on the

network structure.
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Figure 4.7: Schematic pictures of lattices for coordination number 4. The PN law
can be applied to any kind of lattices when all bonds and sites are elastically effective
at p = 1 as depicted above.

4.3.2 Analogy to electric conductivity of a resistor network

De Gennes proposed there is an analogy between the macroscopic elastic constant of

the spring network and the macroscopic conductivity of the resistor network.23 Let

us check the relationship. By normalizing eq. (4.13) with G0 (G at p = 1), we obtain

the following equation:

G

G0

≈
p− 2

f

1− 2

f

(4.16)

As for the resistor network, Kirkpatrick proposed the following result by using the

effective medium approximation in p ≫ pc region
24

GR

GR
0

≈ 1− 1− p

1− 2

f

(4.17)

Here, GR and GR
0 denote the conductivity of a resistor network with a given bond

fraction p and the conductance at p = 1, respectively. Here, f is the coordination

number of the registor network. Eq. (4.17) corresponds exactly to eq. (4.16). From

this point of view, the approximation in this study is not only simple but also valid.
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4.4 Methodology

4.4.1 Simulation

A gel is modeled by a network of elastic bonds. First, we construct a regular network

on a triangular lattice and a diamond lattice, where each node (cross-link point)

has six bonds and four bonds with length l0, respectively. A periodic boundary

condition is employed. The total number of nodes and bonds are Nnode = 10000

and Nbond = 30000 for a triangular lattice and Nnode = 8000 and Nbond = 16000 for

a diamond lattice. To investigate the relationship between p and G, p is tuned by

random removal of the bonds. For a triangular lattice, the network is percolated for

the ratio of left bonds p ≥ 0.35. We varied the bond ratio from p = 0.36 to 1. As for

the diamond lattice, the network is percolated for the ratio of left bonds p ≥ 0.39.

Hence, we varied the bond ratio from p = 0.45 to 1.

The ith elastic bond is represented by a wormlike-chain (WLC) potential,

Ub (ri) =
kBTr

2
i

4lplmax

(
3lmax − 2ri
lmax − ri

)
(4.18)

fb(ri) =
kBT

lp

(
ri
lmax

+
1

4

(
1

(1− ri/lmax)2
− 1

))
(4.19)

where lmax and lp are contour and persistence lengths of the bond chain, respectively.

The total energy is U =
∑

i Ub (ri) and kBT is the thermal energy. For ri ≫ lmax,

the force follows Hooke’s law fWLC (ri) = (3kBT/2lplmax) ri, while fWLC (ri) → ∞ at

ri → lmax. Here, lmax = 40nm, lp = 1.1nm, and l0 = 5.6nm are used to represent a

tetra-PEG gel made from 10 kg/mol macro-monomers.25 To measure the stress-strain

curve of the gel, the gel is gradually stretched by the change of the aspect ratio of

the simulation box with constant volume V = LxLyLz : Lx = λL0, Ly = Lz = λ− 1
2L0

where L0 is the side length of the initial cubic simulation box. Since the lattice

structure is symmetric, no difference is seen among the stretching in x, y, and z

directions. After each step of small change of the ratio λ, the gel network is relaxed

to the equilibrium state. The position of nth node is moved by the equation

η
drn
dt

= fn (4.20)

where fn = −∂U/∂rn and η is the viscosity parameter. Eq. (4.20) is numerically

solved by Euler method as rn(t+∆t) = rn + fn∆t/η until |U(t+∆t)−U(t)|/U(t) <
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10−9. The time step t/η is adjustably varied to keep U(t+∆t) ≥ U(t). The compu-

tation scheme and the relaxation process of triangular network are shown in Figures

4.8 and 4.9.

Optimization of structure

Set up of Initial condition

Calculation of Stress

NO

YES

Judge of Percolation

Deformation strech/press

END
Break

Figure 4.8: Computation scheme.

Figure 4.9: Triangular lattice at p = 0.7. (a) Initial network structure before the
relaxation. (b) Network structure after the relaxation.

70



4.4.2 Experimental method

Fabrication of Tetra-PEG gels

The details of tetra-amine-terminated PEG (TAPEG) and tetra-NHS-glutarate-terminated

PEG (TNPEG) preparation and characterization are reported.17 The molecular

weights (Mw) of TAPEG and TNPEG were matched to be 10 kg/mol. Constant

amounts of TAPEG and TNPEG (100 g/L) were dissolved in 0.1 M phosphate buffer

(pH 7.4) and incubated in constant-temperature bath at 25 ◦C. After 1, 5, 10, 20, 40,

60 min, two solutions were mixed rigorously, and the resulting solution was poured

into the mold. It was allowed at least 24 h for the completion of the reaction before

the following experiment was performed.

Reaction conversion

Tetra-PEG gels were prepared as cylinder shapes (height,10 mm; diameter, 20 mm).

Thus, prepared gel samples were soaked in H2O for 3 days at room temperature

and then dried.Dried gel samples were cut into thin films (thickness, 20 µm) using a

Microtome (SM2000R, Leica) and soaked in D2O. IR spectra of swollen gel samples

were obtained using an IR spectrophotometer.

Stretching measurement

The stretching measurement was carried out on the dumbbell-shaped films using

a mechanical testing apparatus (Rheo Meter: CR-500DX-SII, Sun Scientific Co.)

at a crosshead speed of 0.1 mm/s. The gel samples were used in the as-prepared

state. Each specimen was stretched and released repeatedly two times, and the

reproducibility of the results was confirmed. More than 5 samples were tested for

each network concentration, and the observed moduli were arithmetically averaged.
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4.5 Results and Discussion

4.5.1 Simulation

The simulation data of a triangular lattice and a diamond lattice, the tree-like theory,

and the PN law are shown in Figure 4.10. As seen in Figure 4.10, the simulation data,

the PN law, and the tree-like theory are numerically consistent for p ≫ pc. Although

the tree-like theory has a serious problem that a cluster spanning the whole system

cannot fit in the 3D space13 and there is a significant difference of the network topology

between this simulation and the tree like theory, the tree-like theory is a very good

approximation for p ≫ pc. This is because any lattice including Bethe lattice satisfies

eq. (4.13) in the p ≫ pc region if all sites and chains are elastically effective at p = 1.

This means that the first approximation of G around p = 1 does not depend on the

local topology of the network structure or on the existence of loops in the system as

discussed in the theoretical section.
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Figure 4.10: Elastic modulus of simulation data, tree-like theory, and PN law.
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4.5.2 Evaluation of p

In order to examine the PN law, we conducted a real experiment with tetra-PEG

gel. Tetra-PEG gel is formed by connecting two tetra-arm PEG units that have mu-

tually reactive amine (TAPEG) and N -hydroxysuccinimidyl (NHS) ester (TNPEG)

terminal groups through amide bond. The gelation reaction of tetra-PEG gel is as fol-

lows.26 The important reaction of gelation in the tetra-PEG gel system is aminolysis

reaction between the amine group within TAPEG and activated ester group within

TNPEG.

OCO-NHS NH2 OCO-NH H-NHS (2.1)

On the other hand, the activated ester group within TNPEG gradually dissociates

in aqueous solution due to hydrolysis reaction as follows:

OCO-NHS H  O
2

OCOOH H-NHS (2.2)

Some NHS esters react with amines forming amide bonds, and the others are

hydrolyzed forming carboxylic acids. The reaction probability corresponds to the

ratio of the concentration of amide bond to initial concentration of NHS ester.

In this study, we tuned the reaction probability by forming tetra-PEG gel with

activity-tuned TNPEG. The activity of activated ester on TNPEG was tuned by

hydrolyzing the activated ester prior to the initiation of gelation reaction. The ex-

perimental procedure is schematically depicted in Figure 4.2. Figure 4.11 shows the

IR spectra of tetra-PEG gel obtained by subtracting those for buffer solutions. The

peak intensity at 1620 cm−1 decreased and that at 1555 cm−1 increased with increas-

ing the hydrolysis time, t. According to our previous work,19 the former is assigned

to amide bond and the latter to the ionized carbonyl group. As mentioned above,

the reaction probability corresponds to the ratio of the concentration of amide bond

to initial concentration of NHS ester

p =
Camide

CNHS

=
Aamide/αamide

Aamide/αamide + ACOOH/αCOOH

(4.21)
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where CNHS, Camide, and CCOOH denote the initial concentration of terminal NHS

ester, the concentration of the amide bond, and the carboxylic acid, respectively. In

addition, αCOOH, αamide, ACOOH, and Aamide are the molar absorbance coefficients of

the carboxylic acid and the amide bond, and the absorbance of the ionized carbonyl

group at 1555 cm −1 and amide bond at 1620 cm −1, respectively. The ratio αCOOH to

αamide was set to 1.03, following our previous study.
19 Figure 4.12 shows time course of

p evaluated from IR results in Figure 4.11. p decreased with increasing degradation

time, suggesting that the reaction probability was successfully and systematically

tuned in the tetra-PEG gels.
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Figure 4.11: Elastic modulus of simulation data, tree-like theory, and PN law.
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4.5.3 Comparison of G predicted by the PN law with the
experiment

The elastic modulus of p-tuned tetra-PEG gels and the predictions of the tree-like

theory and the PN law are plotted against p (Figure 4.13). As seen in Figure 4.13,

experimental data and predictions of the tree-like theory and the PN law are numer-

ically consistent in p ≫ pc region. This agreement between the experimental results

and theoretical prediction strongly support the validity of the theories and the ideal-

ity of tetra-PEG gel. As mentioned above, although the tree-like theory is unrealistic

because it assumes no loop, the tree-like theory is a very good approximation for

p ≫ pc. This coincidence is not so obvious. However, it is revealed from PN law

that this is because any lattice falls onto eq. (4.13) in the p ≫ pc region if all sites

and chains are elastically effective at p = 1. The difference of the network structure

appears in the critical region (p ≈ pc), which will be discussed in our future work.

20x10
3

15

10

5

0

G
 (

P
a)

1.00.90.80.70.6

p (-)

 Experiment

 Tree-like theory

 PN law

Figure 4.13: G as a function of p. Circles and line are the experimental data and the
results of the PN law, respectively.
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4.5.4 Applications to other systems

“PN” law can also be applied to the affine model. From the same argument as the

theory section, we predict the following equations for the affine model.

GAf =


{
f

2
p+O

(
(p− 1)2

)} N

V
kBT (f ≥ 4)(

9

2
p− 3

)
N

V
kBT (f = 3)

(Affine model) (4.22)

These results also correspond to the first approximation around p = 1 for the tree-like

theory. For instance, in the case of f = 4, the first approximation around p = 1 for

the tree-like theory is given by

GAf =
(
2 + 2 (p− 1)− 6 (p− 1)2 + · · ·

) N
V
kBT , (4.23)

which correspond to eq(4.22). This agreement confirms the validity of “PN” law.

In addition, “PN” law can be also applied to networks formed by copolymerization

f -functional cross-links with 2-functional polymers. For example, let us consider

the case that the coordination number f is 4 and that the numbers of 4-functional

precursors and 2-functional precursors per volume V are N and 2N . An example

for f = 4 is depicted in Figure 4.14(a). At p = 1, the number of elastically effective

bonds and cross-links are n = 2N and m = N , respectively. In the next step, let

us cut the bond that connects site A with B (Figure 4.14(b)). As seen in Figure

4.14(b), site A is connected with 3 elastically effective bonds. So, the number of

elastically effective bonds and cross-links are expected to be n = 2N −1 and m = N ,

respectively. When x bonds are cut in a similar manner in the p ≥ pc region, the

number of elastically effective bonds and cross-links are expected to be n = 2N − x

and m = N , respectively. Using p =
4N − x

4N
, the number of elastically effective

bond and cross-links are expected to be n = 4Np − 2N and m = N , respectively.

Therefore, the elastic modulus in the p ≫ pc region is approximately given by

GAf ≈ (4p− 2)× N

V
kBT (Affine model) (4.24)

GPh ≈ (4p− 3)
N

V
kBT (Phantom model) . (4.25)

Here, I omit the details of calculation, but the Taylor series of the elastic modulus G

around p = 1 for the tree-like theory is given by

GAf =
(
2 + 4 (p− 1)− 22 (p− 1)2 + · · ·

) N
V
kBT (Affine model) (4.26)
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GPh =
(
1 + 4 (p− 1) + 2 (p− 1)2 + · · ·

) N
V
kBT (Phantom model) ,(4.27)

which correspond to eq (4.24) and (4.25). Thus these methods can be easily applied

to networks formed by copolymerization f -functional cross-links with 2-functional

polymers.

(a) (b)

A

B
A

B

: the center of 4-functional cross-links 

: the center of 2-functional polymer

Figure 4.14: (a) A schematic picture of a network formed by copolymerization 4-
functional cross-links with 2-functional polymers at p = 1. (b) A schematic picture
after cutting the bond that connects site A with B. Sites A is connected with 3
elastically effective bonds. So the sites A is an elastically effective cross-link.

4.6 Conclusion

We investigated the relationship between G and p on polymer networks by theoretical

consideration, simulation, and stretching measurement for tetra-PEG network gels.

The tree-like theory was developed on an unrealistic structure, i.e., tree-like structure,

where the loop is not allowed. Because of this assumption, the tree-like theory has a

serious problem that a cluster spanning the whole system cannot fit in the 3D space.

As a result, the tree-like theory has been open to criticism since it was proposed.

In order to overcome this criticism, many studies on loops have been conducted,

but a simple and general method is not well established. In this study, we try to

overcome this problem and pointed out that the elastic modulus is expressed by

G =
(
(fp/2− 1) +O

(
(p− 1)2

))
NkBT/V (PN law), which does not depend on the

local topology of the network structure or the existence of the loops.We confirmed

the validity of the PN law from simulation and experiment. What is important in
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the PN law is not only that the approximate expression of G can be obtained, but

also that the strong restriction put on the network structure in the tree-like theory

is removed in a simple way.
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Chapter 5

The approximate calculation of the
elastic modulus for a entire p range

5.1 Introduction

Following Chapter 4, the aim of this chapter is to propose a new theory that approx-

imately determines the absolute values of elastic modulus for polymer network by

taking into account of loops. In Chapter 4, we theoretically pointed out the follow-

ing: If the phantom network model can be applied to a polymer network and if all

sites and chains in the network are elastically effective at p = 1, the elastic modulus of

the network in the p ≫ pc region can be expressed by G/G0 = (p− 2/f) / (1− 2/f),

which does not depend on the local topology of the network structure or the exis-

tence of loops. Here we define p as the bond probability, pc being that at the gelation

threshold, f as the functionality of the cross-linker, and G as the elastic modulus

at a given p (G = G0 for p = 1 ). We also confirmed the validity of this equation

by simulations and experiments. However, there were two problems in the previous

work: (1) the applicable region of the first approximation could not be defined and

(2) the elastic modulus in the critical region could not be calculated.

In this study, in order to solve these problems, we propose an approximate equa-

tion to predict not only the gelation threshold, pc, and the critical exponent but also

the absolute values of elastic modulus G for p ≥ pc. We make comparisons of G(p)

between the theory and simulated results for square and cubic lattices, and between

the theory and experimental results for diamond lattice, which are in good agreement.
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5.2 Effective Medium Approximation

First, we focus on a region far above the gel point and apply the effective medium

approximation (EMA) to bond-disordered polymer networks.1,2 Consider a lattice

with coordination number f , in which each bond is occupied with probability p. The

bond is a polymer spring with elastic constant g0. The potential under consideration

is given by

V =
g0
2

∑
⟨ij⟩

pij[(−→ui −−→uj )]
2 , (5.1)

where the angular brackets denote a sum over nearest neighbor pairs which are con-

nected by springs with g0 and pij is a random variable that is associated with each

bond and is 0, 1 with probability 1− p, p, respectively. In this study, the equilibrium

state is assumed to be obtained by minimization of V with respect to −→ui . This as-

sumption means the position of site can be determined so as to meet the force balance

and corresponds to that of the phantom network model. According to Akagi et al.,3

the phantom network model can be applied to polymer gels prepared at around C∗,

while the affine network model to those prepared at more concentrated condition.

Here, C∗ is the so-called chain overlap concentration. From this point of view, this

theory is applicable exclusively to polymer gels prepared at around C∗ or polymer

networks described by the phantom network theory.

In the EMA approach, this disordered network is replaced by a uniform effective

medium of elastic constant gm and lattice constant um. Consider a model shown in

figure 5.1, in which we define several constants. When all the springs have elastic

constant gm, geff is defined as the effective spring constant of all the connections

between nodes 1 and 2, including the direct connection in the uniform system, and

a∗ is the proportionality constant defined by geff = gm/a
∗. We will calculate a∗ later,

but let us treat it as a known constant. If the spring with constant gm between nodes

1 and 2 is removed, then the new effective constant g′m between nodes 1 and 2 is

g′m = gm/a
∗ − gm.

Under these circumstances, let us discuss the relation between gm and p. In order to

evaluate gm, a single bond between nodes 1 and 2 is replaced by the original bond, i.e.

g0 and 0 with probabilities p and 1− p, respectively. For now, a single bond between

nodes 1 and 2 is replaced by the bond of the elastic constant g as an alternative to the
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Figure 5.1: Schematic picture of the effective medium approximation. (a) The disor-
dered network is replaced by an uniform effective medium, having the same conduc-
tance gm between all neighboring nodes. (b) We show an equivalent circuit for the
bond joining nodes 1 and 2 as described in the text.

two cases shown in figure 5.2(b). After introducing this original bond, the average

distance between neighboring nodes changes to um + δu. When this procedure is

applied to all bonds, the ensemble average of the fluctuations δu is equal to zero.

From this condition gm is obtained.

In order to calculate δu, F is applied to nodes 1 and 2 as shown in figure 5.2(c), so

as to restore their positions before g was substituted by gm. Comparing figure 5.2(a)

and (c), F is given by

F = um(gm − g) . (5.2)

Next, F is removed and the average distance between neighboring nodes changes by

δu (see figure 5.2(b)). Comparing figure 5.2(b) and (c), F is given by

F = δu(g′m + g) , (5.3)

or

δu = um
gm − g

g′m + g
= um

gm − g

gm/a∗ − gm + g
. (5.4)

As mentioned above, g is equal to g0 and 0 with probabilities p and 1−p, respectively,
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Figure 5.2: (a) Initial state (b) A single bond between nodes 1 and 2 is replaced to
the bond of the elastic constant g. (c) The extra external force F is applied to keep
their position at the initial state.

and the fluctuations of δu averages to zero.

⟨δu⟩ = um

∫ gm − g

gm/a∗ − gm + g
P (g)dg = 0 , (5.5)

P (g) = pδ(g − g0) + (1− p)δ(g) . (5.6)

By solving these equations, gm is obtained. Here we define G as the elastic modulus

at a given p (At p = 1, G = G0). Because the ratio of gm to g0 is equal to the ratio

of G to G0, the elastic modulus is given by

G

G0

=
gm
g0

=
p− a∗

1− a∗
. (5.7)

Here we describe two different methods to calculate a∗ for polymer networks.

The first is based on theories of the rubber elasticity. Note that each cross-link is

allowed to move freely in this model, so the phantom network model can be applied.

From Chapter 4, when all nodes and chains are elastically effective at p = 1 and the

phantom network model can be applied to polymer networks, the elastic modulus

near p = 1 is given by

G

G0

=
p− 2

f

1− 2
f

. (5.8)

Comparing Eq.(5.7) and Eq.(5.8), we obtain a∗ = 2/f .

The second involves applying the calculation procedure of the central-force elastic

network to the polymer network.2 Following situations of this study, a potential is
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expressed as

V =
gm
2

∑
⟨ij⟩

[(−→ui −−→uj )]
2 . (5.9)

The force on the site i is given by

−→
Fi = − ∂V

∂−→ui

= −
∑
j

Dij · −→uj , (5.10)

where we define the dynamical matrix Dij as

Dij =

{
−gm i ̸= j
fgm i = j

. (5.11)

It is easier to deal with this equation in reciprocal space. −→ui can be converted by

Fourier transformation to give

−→ui =
∑
−→
k

−→uk exp{i
−→
k · −→ri } , (5.12)

−→uk =
1

N

∑
i

−→ui exp{−i
−→
k · −→ri } . (5.13)

In a similar way, the Fourier transformation of
−→
Fi is given by

−→
Fi =

∑
−→
k

−→
Fk exp{i

−→
k · −→ri } , (5.14)

−→
Fk =

1

N

∑
i

−→
Fi exp{−i

−→
k · −→ri } , (5.15)

where −→ri is the position vector of the site i in equilibrium. By using these expressions,

Eqs. (5.10) can be transformed to give

−→
Fk = −D(

−→
k ) · −→uk . (5.16)

Here, the dynamical constant D(
−→
k ) is defined as

D(
−→
k ) =

∑
j

Dij exp{i
−→
k (−→rj −−→ri )}

= gm
∑
δ̂

[1− exp{ia−→k · δ̂}] , (5.17)

where δ̂ is a unit vector in the direction of one of the f nearest neighbors and a is

the lattice constant.
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In order to caluculate a∗, let us apply an externally force on the bond connecting site

i and j. The external force is given by

−→
Fj = F r̂12(δj1 − δj2) (5.18)

or

−→
Fk =

∑
i

−→
Fi exp{−i

−→
k · −→ri }

= F r̂12[exp{i
−→
k · −→r1} − exp{i−→k · −→r2}] . (5.19)

From these expressions, we find

−→ui =
∑
−→
k

−→uk exp{i
−→
k · −→ri }

= −
∑
−→
k

D−1(
−→
k ) · −→Fk exp{i

−→
k · −→ri }

=
F

N

∑
−→
k

[exp{i−→k · (−→ri −−→r2 )}

− exp{i−→k · (−→ri −−→r1 )}]D−1(
−→
k ) · r̂12

and

−→u2 −−→u1 =
F

N

∑
−→
k

[2− exp{ia−→k · r̂12}

− exp{−ia
−→
k · r̂12}]D−1(

−→
k ) · r̂12 . (5.20)

a∗ was defined as

gm
a∗

(−→u2 −−→u1) · r̂12 = F . (5.21)

Therefore we obtain

a∗ =
gm
N

∑
−→
k

[2− exp{ia−→k · r̂12}

− exp{−ia
−→
k · r̂12}]D−1(

−→
k ) . (5.22)

As all bonds are equivalent, we can replace r̂12 by any of the nearest-neighbor bonds

δ̂, sum over all bonds, and divide by Nf to give

a∗ =
2gm
fN2

∑
−→
k

∑
i

∑
δ̂

[1− exp{ia−→k · δ̂}]D−1(
−→
k )
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=
2

fN

∑
−→
k

1

=
2

f
. (5.23)

Last, we discuss the applicable region of EMA. Following the Gintzburg criterion,

the square of the fluctuations of gm around the mean value is required to be sufficiently

smaller than the square of the mean value itself, in order to apply the mean field

approximation.

⟨
(gm − g)2

⟩
=
∫
(gm − g)2P (g)dg ≪ g2m (5.24)

... p ≫ 1

2
+

1

f
(5.25)

This condition corresponds to the applicable region of the first approximation. For

instance, the condition is p ≫ 3
4
for square lattice, and p ≫ 2

3
for cubic lattice. Con-

versely, because the fluctuations of gm is large outside this criterion, the assumption

that all sites are connected with the same elastic constant gm is not valid and EMA

cannot be used.

Note that the value a∗ of the central force elastic network is different from that

of the polymer network, i.e., a∗ for the central force elastic network equals to 2d/f ,

where d is the space dimension.2 As discussed above, the potential of the central force

elastic network is proportional to the square of the displacements from equilibrium.

V =
g0
2

∑
⟨ij⟩

[(−→si −−→sj ) · r̂ij]2pij (5.26)

Here, −→si is the displacement from equilibrium and r̂ij is a unit vector connecting

nearest-neighbor pairs in equilibrium. Because the potential is propotional to the

square of the scalar projection of the displacement vector of the cross-links after

deformation onto the unit vector connecting nearest-neighbor pairs in equilibrium,

a∗ is dependent on the space dimension. In the case of polymer networks, since it is

unnecessary to use the inner products, a∗ is independent of the space dimension.

The elastic moduli of the square network and the cubic network predicted by EMA

are shown in figure 5.3. We also conducted simulations to confirm the validity of this

theory. Since the details of simulations are reported elsewhere,5 we briefly show the

outline of the simulations. We developed a network model of worm-like chains and
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introduced defects into the polymer network by randomly cutting network chains. To

measure the stress-extension ratio curve of the gel, the gel is gradually stretched by the

change of the aspect ratio of the simulation box with constant volume. After a small

change of the aspect ratio, the gel network is relaxed to an equilibrium state. We also

conducted simulations with a Gaussian chain network and obtained the same results

(The data is not shown.). The results of simulation are also plotted in figure 5.3. As

shown in figure 5.3, EMA gives good results when Eq.(5.25) is satisfied. However,

deviation from the simulation are seen near the gel point. Because fluctuations in

the effective medium become large near pc, the assumption that all the spring have

the same elastic constant gm is not valid. This problem will be solved by a real-space

renormalization transformation described in the next section.
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Figure 5.3: Elastic modulus of a square and cubic lattice of random polymer network.
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5.3 Real-space renormalization and Effective Medium

Approximation (REMA)

As a next step, we propose an approximate expression for entire range of p by following

the studies of the percolation conductivity problem.6 The main assumption of EMA

is that fluctuations in the effective medium are small. If these fluctuations are large,

EMA cannot be applied. In such cases, a real-space renormalization group transfor-

mation is more appropriate because this method takes into account the properties

of the pre-averaged medium. Following the studies of the percolation conductivity

problem,7 the new distribution function, after one rescaling from a network having

the distribution in (5.6), becomes

P̃ (g) = [1−R(p)]δ(g) +
N∑
i=1

ai(p)δ(g − gi) . (5.27)

Here, N is the number of possible nonzero values of gi, the elastic constant of the cell

that is chosen for renormalization transformation, and ai(p) is the probability that

the value gi occurs,
∑N

i=1 ai(p) = R(p), where R(p) is the transformed probability.

To calculate the elastic constant gi of the cell, we use the phantom network model

because each cross-link is allowed to move freely. Thus the spring constant of the cell

g is given by

g = (n−m)g0 , (5.28)

where n and m are defined as the number of elastically effective chains and elastically

effective cross-links, respectively.

In principle, if one repeats the transformation several times, the network goes

further and further away from criticality and we finally obtain the fixed-point distri-

bution P̃ (g), the shape of which does not change under further rescaling. The elastic

constant of the network can then be calculated as an average of this distribution.

However, in such a case, one cannot obtain analytical expressions and it becomes

necessary to employ numerical calculation. Because of these reasons, renormalization

transformation is executed only once in REMA. An important merit of REMA is that

one can obtain the absolute value of the elastic modulus analytically and explicitly.

Moreover, as shown in the following chapters, REMA gives excellent results, including

for critical behavior, simply by using a one-time renormalization transformation.
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(a)

(b)

Figure 5.4: Transformation of renormalization-group cells of (a) square and (b) cubic
lattice.

Because the bonds of the rescaled network are longer than the old bonds by a

factor of b (where b is the scaling factor of the transformation), it is necessary to

rescale of the elastic constants for the new network to replicate those in the old

network. However, because we focus on the the ratio of the elastic constant at p to

that at p = 1, the effect of the rescaling is cancelled out and is not seen explicitly.

Additionally, REMA predicts a bond percolation threshold pc as R(pc) = 2/f , which

is a point of gm = 0. As concrete examples of REMA, we consider a square and a

cubic lattice, described below.

5.3.1 Square Lattice

For the square lattice, we used the cell originally proposed by Reynolds et al.8(see

figure 5.4(a)), which has been used by several authors. It preserves the self-duality

of the square lattice and thus pc = 1
2
is the fixed point of this transformation. If

we start with the binary conductance distribution for individual bonds, the rescaled

distribution P̃ (g) and R(p) are given by

R(p) = p5 + 5p4q + 8p3q2 + 2p2q3 (5.29)

P̃ (g) =
[
1− (p5 + 5p4q + 8p3q2 + 2p2q3)

]
δ(g)

+p5δ(g − 3g0) + +5p4qδ(g − 2g0)

+(8p3q2 + 2p2q3)δ(g − g0), (5.30)
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where q = 1 − p. Figure 5.5 shows the simulation and REMA results on the square

lattice. As seen in the figure, the REMA results are in good agreement with the

simulation data. REMA predicts pc = 1/2, which corresponds to the exact value of

the critical point for a square lattice.9 As Sahimi et al. pointed out,2 it is possible to

use REMA to estimate the exponent by analyzing the elastic modulus curve, even for

small renormalization cells. Regarding critical behavior, the elastic modulus scales

as G ∼ (p − pc)
1.16 for simulation and G ∼ (p − pc)

1.17 for REMA from the fitting

analysis. These results are close enough to the simulation results of Feng et al., where

G ∼ (p − pc)
1.2.10 Therefore, it is confirmed that REMA gives good absolute values

of the elastic modulus, including in the critical region.

5.3.2 Cubic Lattice

Figure 5.4(b) shows the cell we used for the simple cubic calculation, also used by

Bernasconi.11 It is a three-dimensional version of the cell used for the square lattice.

The renormalization transformation for this cell is given by

R(p) = p12 + 12p11q + 66p10q2 + 220p9q3 + 493p8q4

+ 776p7q5 + 856p6q6 + 616p5q7 + 238p4q8

+ 48p3q9 + 4p2q10 (5.31)

P̃ (g) = [1−R(p)] δ(g) + p12δ(g − 8g0)

+ 12p11qδ(g − 7g0) + 66p10q2δ(g − 6g0)

+ (220p9q3 + 4p8q4)δ(g − 5g0)

+ (481p8q4 + 32p7q5)δ(g − 4g0)

+ (8p8q4 + 696p7q5 + 116p6q6 + 4p5q9)δ(g − 3g0)

+ (40p7q5 + 652p6q6

+ 212p5q9 + 22p4q10)δ(g − 2g0)

+ (8p7q5 + 88p6q6 + 400p5q9 + 216p4q10

+ 48p3q11 + 4p2q12)δ(g − g0). (5.32)
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Figure 5.5: Elastic modulus of a square and a cubic lattices of random polymer
network.

Figure 5.5 shows the simulation and REMA results on the cubic lattice. As seen in

the figure, the REMA method gives good results. REMA yields pc ≃ 0.265 in good

agreement with the exact value pc ≃ 0.249.9 From the fitting analysis, the elastic

modulus scales as G ∼ (p − pc)
1.60 for simulation and G ∼ (p − pc)

1.58 for REMA

around the critical point. These exponents are sufficiently close to the simulation

results of Feng et al.10 From these results, it is ascertained that REMA predicts good

absolute values of the elastic modulus for the entire p region.
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5.4 Comparison with experimental data

Finally, let us examine the theory with experimental results. We carried out mechan-

ical testing experiments on a p-tuned Tetra-PEG gel. Here, p-tuned Tetra-PEG gels

are Tetra-PEG gels, in which the reation probability p was precisely tuned. Tetra-

PEG gels are formed by A-B type cross-end coupling of two tetra-arm poly(ethylene

glycol) (PEG) units that have mutually reactive amine (TAPEG) and activated ester

(TNPEG) terminal groups.4 The details of experiments are reported elsewhere.14 In

this experiment, we prepare a series of p-tuned tetra-PEG gel networks by forming

Tetra-PEG gel with activity-tuned TNPEG. Here, TNPEG has activated ester group,

i.e., N -hydroxysuccinimidyl (NHS) ester (TNPEG) at chain end. The activity of the

activated ester on TNPEG was tuned by partial hydration prior to the initiation of

gelation reaction. The experimental data on a p-tuned Tetra-PEG gel were taken

from our previous study.14 Since Tetra-PEG gels are considered to have an ideal dia-

mond structure, we also conducted simulations and made equations for the diamond

lattice. As far as we know, there is no real space renormalization approach for a di-

amond lattice. Therefore, we used cluster approximation in reference to Yuge12 and

Vogel et al.13 as shown in figure 5.6 with second best. In order to describe the elastic

modulus at p’s much closer to the critical point, we may need to select a bigger cell

or conduct renormalization transformation several times. However, we avoid getting

involved in this problem at this time because this cell gives a good result as seen in

figure 5.7.

The elastic moduli of p-tuned Tetra-PEG gels and the diamond lattice are plotted

against p in figure 5.7 and 5.8 together with the predictions of EMA and REMA.

As seen in figure 5.7 and 5.8, the predictions of EMA and REMA well reproduce

the results of experimental and simulation data. This agreement strongly supports

the validity of the theories and ideality of Tetra-PEG gels. As shown in figure 5.7,

we cannot conduct experiments near the critical point because of the experimental

uncertainty. In order to examine the critical exponents and the gelation point, we

need to conduct another experiment, which will be discussed in our future work.

93



Figure 5.6: Transformation of a renormalization-group cell of a diamond lattice.
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Figure 5.7: Elastic modulus of Tetra-PEG gel.14 The solid line satisfies the Gintzburg
criterion.
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Figure 5.8: Elastic modulus of diamond lattice. The solid line satisfies the Gintzburg
criterion.
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5.5 Conclusion

We developed new methodologies to relate the elastic modulus of polymer networks

with their structures for a given reaction probability. The results are summarized as

follows.

(1) We apply the effective medium approximation (EMA) to the polymer network

and predict the theoretical elastic modulus. In addition, the applicable region of

the first approximation is determined from the Gintzburg criterion, i.e., p ≫ 1/2 +

1/f .The prediction of EMA gives an an excellent agreement with those obtained by

simulations of square and cubic lattices for p’s satisfyng the Gintzburg criterion.

(2) In order to predict the behavior near pc, we combine the real space renormal-

ization and EMA, i.e., REMA. The predicted elastic modulus by REMA is also in

excellent agreement with simulation results for square and cubic lattices not only in

the exponents but also in the absolute values for p ≥ pc.

(3) We further carried out mechanical testing experiments on p-tuned Tetra-PEG

gels. A comparison with experimental results of p-tuned Tetra-PEG gels was made

and it confirmed the validity of this theory.

It should be noted that these theories could predict not only the critical gela-

tion point and the scaling laws of the critical behavior but also the absolute values

of the elastic modulus. Moreover, the predicted values precisely correspond to the

experimental results. These methodologies are robust and applicable to any types of

lattices.
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Chapter 6

Structural analysis of static
inhomogeneity in Tetra-PEG gel

6.1 Introduction

The existence of large-scale polymer concentration fluctuations in polymer gels has

been brought to attention by small-angle light and neutron scattering, because it is

a clear distinction from polymer solution and influence physical properties of gels

and rubbers.1–6 However, large-scale inhomogeneities have not been well understood

because systematical data about large-scale inhomogeneities have not been obtained.

In general, there are various types of inhomogeneities, such as spatial, topological,

connectivity, and mobility inhomogeneities, as classified by one of the authors, and

these inhomogeneities complicatedly affect the scattering function.7 In order to un-

derstand the inhomogeneities, it is necessary to prepare homogeneous network and

introduce the inhomogeneities systematically into the network.

There has been no success in preparing defect-free networks so far. One of the

typical examples of a model network was end-coupling of telechelic polymer having

a sharp molecular weight distribution by multifunctional cross-linker, which is called

“end-linked network”.8–12 Mendes et al.13 prepared the end-linked polystyrene net-

work and compare SANS profiles of the gels to the corresponding semidilute solutions

of linear chains. It was shown from the SANS results that gels scatter a signal at

small angles much stronger than the equivalent solutions, which indicates the pres-

ence of large heterogeneities in the gel. In addtion, Shibayama et al.14–17 conducted

SANS measurement on the end-linked poly(tetrahydrofuran) gel and also observed

an upturn in the scattering intensity at low q region, where q is the magnitude of the
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scattering vector.

Sakai et al.18 developed a novel class of hydrogels by “cross-end coupling” of two

types of tetra-arm polyethylene glycol (PEG) units that have mutually reactive amine

(TetraPEG-NH2) and activated ester (TetraPEG-NHS) terminal groups, respectively.

These gels, hereafter called TetraPEG gels, have various advantages, namely, high

mechanical strength and toughness, easy preparation, and biocompatibility. it was

found from SANS measurement on Tetra-PEG gel that upturns in low q regions

(q < 0.01Å
−1
) are weak, and thus Tetra-PEG gels have a near-ideal network.19–21,31

Furthermore, as presented in our previous section, the important thing is that we can

systematically introduce the inhomogeneities into homogeneous networks.23

The aim of this study is to understand inhomogneities in polymer networks by

using Tetra-PEG gel. Here, we systematically introduced two types of inhomogenei-

eties into the Tetra-PEG gel, and carried out detailed SANS studies on these gels.

Firstly, we prepared defect-rich networks by reducing primary molecular concentra-

tion, and conducted a time-resolved SANS measurement to monitor the evolution

of polymer network structure. Secondly, we prepared a series of p-tuned Tetra-PEG

gel networks by forming Tetra-PEG gel with activity-tuned TNPEG. In both cases,

we introduce a parameter p for the reaction probability (0 ≤ p ≤ 1) that indicates

the degree of connectivity defects. The activity of the activated ester on TNPEG is

tuned by partial hydration prior to the initiation of gelation reaction (Figure 6.1).

After the p-tuned gels were swollen and sol components were removed from the gels,

we conducted SANS measurement. The SANS results were discussed from various

viewpoints.
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Inactivation of NHS ester

Gelation

Swelling

Figure 6.1: The schematic of sample preparation for p-tuned gels. Two kinds of
tetra-arm PEG prepolymers, TAPEG and TNPEG (top). The stars and triangles
represent the amino and NHS ester terminal groups, respectively. By dissolving
TNPEG in water, the NHS ester groups on TNPEG were hydrolyzed progressively
with time. By controlling the time for hydrolysis, the number of reactive sites is
tuned. Then, TAPEG was added to prepare p-tuned gels (middle). After completion
of gelation, the gels are swollen for the experiments (bottom).
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6.2 Experiment

6.2.1 Fabrication of p-tuned Tetra-PEG gels

The details of tetra-amine-terminated PEG (TAPEG) and tetra-NHS-glutarate-terminated

PEG (TNPEG) preparation and characterization are reported elsewhere.18 The

molecular weights (Mw) of TAPEG and TNPEG were matched to be 10 kg/mol.

Constant amounts of TAPEG and TNPEG (100 g/L) were dissolved in 0.1 M phos-

phate buffer (pH 7.4) and incubated in constant-temperature bath at 25 °C. After

1, 5, 10, 20, 40, 60 90 min, two solutions were mixed rigorously, and the resulting

solution was poured into the mold. It was allowed at least 24 h for completion of the

reaction before the following experiments were performed.

6.2.2 Reaction conversion for p-tuned Tetra-PEG gel

Tetra-PEG gels were prepared as cylinder shapes (height, 10 mm; diameter, 20 mm).

Thus prepared gel samples were soaked in H2O for 3 days at room temperature and

then dried. Dried gel samples were cut into thin films (thickness, 20 µm) using a

Microtome (SM2000R, Leica) and soaked in D2O. IR spectra of swollen gel samples

were obtained using an IR spectrophotometer.

6.2.3 UV measurement for gelation reaction.

The reaction rate for gelation reaction was estimated by UV spectromether (JASCO

V-630, Nihon-bunko, Japan). The ATR cell was kept at 20 ◦C throughout the en-

tire experiment. From this point forward, the Tetra-PEG gels formed from primary

polymers with Mw = 10 kg/mol and 20 kg/mol are named Tetra10K and Tetra20K,

respectively. We carried out measurements at 120 seconds intervals on two different

samples, i.e. Tetra10K and Tetra20K. A constant amount of TAPEG and TNPEG

(180 mg) were dissolved in 3 mL of phosphate buffer solution (PB; 0.2 M, pH 7). The

two solutions thus obtained were mixed in a 50 mL Falcon tube for 30 s at 20 ◦C and

poured into the UV cell. As Miron reported,26 there is the absorbance of dissociated

NHS at around 260 nm. In our experiments, because the peak tops are saturated,

the absorbance of the solution is read at 290 nm for Tetra10K (60 g/L) and 283 nm

for Tetra20K (60 g/L), respectively.
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6.2.4 Small-Angle Neutron Scattering (SANS)

We conducted SANS experiments at two different facilities. Gelation experiments

were carried out on a 2D SANS instrument, SANS-U, at the University of Tokyo,

located at JRR-3 Research Rector, Japan Atomic Energy Agency, Tokai, Ibaraki,

Japan. A monochromated cold neutron beam with an average neutron wavelength of

7.00 Å and 10% wavelength distribution was irradiated to the samples. The scattered

neutrons were counted with a 2D position detector (Ordela 2660N, Oak Ridge). The

sample-to-detector distances were chosen to be 4 m. We carried out SANS measure-

ments on two different samples, i.e. Tetra10K and Tetra20K. Constant amounts of

TAPEG and TNPEG (60 g/L) were dissolved in 0.2 M phosphate buffer (pH 7.0).

The gelation reaction was started by mixing each of 3 mL TAPEG and TNPEG

primary polymer solutions in a sample cell, and time-resolved SANS (TR-SANS)

measurements were performed during gelation process. Each measurement time was

120 s for Tetra10K (60 g/L) and 60s for Tetra20K (60 g/L), respectively. After

necessary corrections for open beam scattering, transmission, and detector inhomo-

geneities, the corrected scattering intensity functions were normalized to the absolute

intensity scale with a polyethylene secondary standard. The details of the instrument

are reported elsewhere.27

SANS experiments on p-tuned Tetra-PEG gels were carried out on High-flux Ad-

vanced Neutron Application Reactor (HANARO) located at Korea Atomic Energy

Research Institute (KAERI), Korea. A monochromated cold neutron beam with an

average neutron wavelength 6.00 Å was irradiated to the samples. The scattered

neutrons were counted with a 2D detector. The sample-to-detector distances were

chosen to be 3 m and 17.5 m. We prepared two pieces of gels for each degradation

time. We conducted SANS measurement on one sample at as-prepared state, and the

other sample at equilibrium-swollen state with D2O. After necessary corrections for

open beam scattering, transmission, and detector inhomogeneities, corrected scatter-

ing intensity functions were normalized to the absolute intensity scale.
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6.3 Results and Discussion

6.3.1 Gelation process

As describe in Experimental section, the Tetra-PEG gels formed from primary poly-

mers with Mw = 10 kg/mol and 20 kg/mol are named Tetra10K and Tetra20K,

respectively. In order to estimate the time evolution of reaction extent during the

gelation process, UV measurements are conducted. Figure 6.2(a) and (b) show the

time evolution of dissociated NHS for Tetra10K (60g/L) and Tetra20K (60 g/L), re-

spectively. It was found that the concentration of dissociated NHS increases as the

gelation proceeds. The fit result using eqs (2.6) and (2.7) is also shown in Figure

6.2. Here, we set kdeg as a fixed parameter obtained by the degradation analysis as

discussed in our previous work.25 The fit worked well from the initiation to nearly

completion of reaction. By using kgel obtained from fitting analysis, the concentration

of amide bonds is calculated, the result of which is also dotted in Figure 6.2. From

these results, the time variation of reaction extents is estimated.
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Figure 6.2: Kinetic trace obtained for the gelation of (a) Tetra10K (60 g/L) and (b)
Tetra20K (60 g/L) as a function of t. The dashed and solid lines are fit for amide
and dissociated NHS groups with eqs (2.6) and (2.7).

Figure 6.3 shows the time evolution of SANS curves during the gelation process

for (a) Tetra10K (60 g/L) and (b) Tetra20K (60 g/L). (In terms of polymer volume

fraction, the concentration equals to ϕ = 0.050.) Because overlapping polymer vol-

ume fractions (ϕ∗) for primary polymers with Mw = 10 kg/mol and 20 kg/mol are

estimated to be 0.062 and 0.035 from the previous work by Akagi et al.,29 ϕ = 0.050
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is below ϕ∗ for 10 kg/mol primary polymer, and above ϕ∗ for 20 kg/mol primary

polymer. As shown in Figure 6.3(a), the scattering intensity increased as the reac-

tion proceeds. On the other hand, the scattering function scarcely changed in Figure

6.3(b). To evaluate the network structure quantitatively, we carried out curve fitting

analysis for the observed SANS functions. We used the following Ornstein-Zernike

function as a fitting function.

I (q) =
I0

1 + ξ2q2
+ Iinc . (6.1)

Here, ξ is the correlation length and Iinc is the incoherent scattering intensity.

The incoherent scattering intensity is fixed during the gelation process at 0.1 cm−1,

which was obtained from fitting analysis for the data at 120 s in Figure 6.3(a). The

solid lines in Figure 6.3(a) and (b) represent fitting curves with OZ functions (eq 6.1).

All the curves for gels are nicely fitted with the function.
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Figure 6.3: The time evolution of SANS results during the gelation process of Tetra-
PEG gel of (a) Tetra10K (60 g/L) for every 480 s and (b) Tetra20K (60 g/L) for
every 600 s. The solid lines denote the results of curve fit with OZ function. In order
to avoid overlap, only a few sets of data together with the first (crosses) and last data
(triangles) are shown.

The obtained ξ and I0 are shown in Figure 6.4. Note that the reaction extent,

which is calculated from Figure 6.2, is set as the x-axis of Figure 6.4. As shown in

Figure 6.4, ξ and I0 for ϕ < ϕ∗ (Tetra10K, 60 g/L) increases, but ξ and I0 for ϕ > ϕ∗

(Tetra20K, 60 g/L) are constant with increasing the reaction extent. The gelation
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mechanisms conjectured from the SANS results are schematically shown in Figure 6.5.

Because primary polymers do not overlap in ϕ < ϕ∗ region, sparse polymer networks

are formed with some primary polymer aggregates as depicted in Figure 6.5. Because

the segment density fluctuations increase with increasing the degree of aggregation, ξ

and I0 are considered to increase. On the other hand, in ϕ > ϕ∗ region, because gels

are formed by simply connecting neighbor primary polymers, the SANS profiles do

not change during the gelation process. In addition, although the correlation length ξ

diverges at the transition point in the case of a critical phenomenon of gas-liquid phase

transition, such behavior was not observed in the gelation process. This is because the

voids around an infinite cluster are filled with the sol component, i.e., finite clusters,

and the concentration fluctuations are suppressed by the sol component. A similer

phenomenon was also observed from DLS measurement by J. E. Martin.30 As shown

in their DLS results on the gelation process of TMOS, the cooperative diffusion, which

is related to the correlation length through Dcoop = kBT/6πηξ, is not sensitive to the

connectivity divergence, either. In cooperative diffusion, the derivative of the osmotic

pressure Π with respect to the concentration c, ∂Π/∂c, provides the restoring force,

and the sedimentation coefficient s, due to the viscous flow of the solvent through

the incipient network, provides the friction; thus Dcoop = s∂Π/∂c. Since neither

of these terms is sensitive to the long-range connectivity that develops at the sol-

gel transition, it is reasonable to expect the cooperative diffusion coefficient to vary

smoothly throughout the sol-gel transition.
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Figure 6.5: Schematical representation of the structure of Tetra-PEG gels for (a) the
ϕ < ϕ∗ region and (b) the ϕ > ϕ∗ region.

107



6.3.2 p-tuned gels

In the previous section, we reported that the voids of an infinite cluster cannot be

observed and the correlation length ξ does not diverge at the gelation point because

the voids of an infinite cluster are filled with the sol component and the concentration

fluctuations of polymers are suppressed. So, we prepare p-tuned gels and remove

finite clusters by soaking in water as a next step. We prepared a series of p-tuned

Tetra-PEG gel networks by forming Tetra-PEG gel with activity-tuned TNPEG. The

activity of the activated ester on TNPEG is tuned by partial hydration prior to the

initiation of gelation reaction (Figure 6.1). After the p-tuned gels are swollen and sol

components are removed from the gels, we conducted SANS measurement.

SANS profiles for p-tuned gels at as-prepared state and at swollen state are shown

in Figure 6.6(a) and (b). Incoherent scattering subtraction was made by fitting

the observed scattering functions with OZ functions in Figure 6.6(a) and (b). The

reaction propbability, p, is estimated from IR measurement as described in section

In Figure 6.6(a), SANS profiles do not vary at as-prepared state though p varies

from 91 % to 56 %. As for Figure 6.6(b), as p decreases, the “shoulder” at about

q = 0.03− 0.04Å
−1

shifts to the lower q-range and a strong increase of intensity can

be observed at about 10−2Å
−1
. To evaluate the network structure quantitatively, we

made Kratky plots in Figure 6.7, and carried out curve fitting analysis for middle

and high-q region by using OZ function. The solid lines in Figure 6.7(a) and (b)

are fitting results of OZ function. As seen in Figure 6.7, Kratky plots were well-

represented by the fitted OZ function. By using these fitting parameters for Kratky

plots, OZ functions were reconstructed in Figure 6.6 (solid lines). As shown in Figure

6.6, SANS functions were also well-represented by OZ function for middle and high-q

region except for upturns in low-q region. This issue will be discussed in a later

section.
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Figure 6.6: SANS intensity functions of the p-tuned Tetra-PEG gels for (a) as-
prepared gels and (b) the corresponding swollen gels. The solid lines are fitting
results of Orstein-Zernike function evaluated from Kratly plots in Figure 6.7

2.0x10
-3

1.5

1.0

0.5

0.0

q
2
 ·

 I
(q

) 
[1

0
-1

8
m

]

0.250.200.150.100.050.00

q [ Å 
-1

]

 p = 91%     p = 70 %

 p = 88 %    p = 65 %

 p = 84 %    p = 56 %

 p = 79 %

(a) (b)
3.5x10

-3

3.0

2.5

2.0

1.5

1.0

0.5

0.0

q
2
· 

I(
q
) 

[1
0

-1
8
m

]

0.250.200.150.100.050.00

q [Å 
-1

]

 p=91%     p=70%

 p=88%     p=65%

 p=84%     p=56%

 p=79%

Figure 6.7: Kratky polts of the p-tuned Tetra-PEG gels for (a) as-prepared gels and
(b) the corresponding swollen gels. The solid lines are fitting results of Orstein-Zernike
function.

109



The fitting parameters of OZ function are shown in Figure 6.8. As shown in Figure

6.8(a), I0 at as-prepared state and swollen state are constant. In Figure 6.8(b), ξ at

as-prepared state is constant irrespective of p, while that at swollen state increases

with decreasing p. By considering the experimental results shown in Figure 6.8, we

propose a schematic picture of the network structure with respect to p, which is

shown in Figure 6.9. As discussed in the previous section, the scattering function

does not change though the reaction probability decreases and the voids in infinite

clusters increase. The reason is that the voids of an infinite cluster are filled with

sol component and the concentration fluctuations of polymers are suppressed. (See

Figure 6.9(a) and (b).) As for I0 at swollen state, the variation of I0 is relatively small.

This is because in view of I0 ∼ ϕ2ξ3,31–33 ϕ decreases and ξ increases as decreasing p

and increasing swelling ratio, leading to compensation of the two opposite tendency.

On the other hand, after the sol component was subtracted from gels by equilibrium

swelling, ξ increases with the decrease in p because finite clusters resident in voids

in an infinite cluster are removed and the voids are expanded (See Figure 6.9(c) and

(d)).
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Figure 6.8: Variation of (a) I0 and (b) ξ as a function of p for as-prepared (red circles)
and swollen gels (blue circles).
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Figure 6.9: Schematical picture of the structure of the p-tuned Tetra-PEG gels for (a)
p ≪ 1 and (b) p ≃ 1 in as-prepared state. By swelling, these networks are expanded
inomogeneously (c; for p ≪ 1) and uniformly (d; for p ≃ 1)
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When we return to Figure 6.6(a) and (b), the upturns of the scattering intensity

at low-q region can be observed. It can be deduced that the origin of the upturns

is ascribed to the inhomogeneities of the network. In order to evaluate the intensity

increase, the sum of OZ function, IOZ(q) and the excess scattering, Iex(q) is frequently

used.6,7, 32,34,35

I (q) = IOZ(q) + Iex(q) , (6.2)

Several functional forms of Iex(q) have been proposed phenomenologically. For

example,

Iex(q) =
Iex(0)

(1 + Ξ2q2)2
, (6.3)

Iex(q) = Iex(0) exp[−(qΞ)x] , (6.4)

where, Ξ is the characteristic length of inhomogeneity and x is an exponent in

the range of 0.7 - 2.38 Eqs (6.3) and (6.4) is the so-called Debye-Bueche function38,39

and the extended Guinier equation,32,40–45 respectively. However, because upturns

in low-q region are weak in Figure 6.6, the fitting analysis is unreliable. Thus, we

calculate the invariant of excess scattering, Qex, as follows.

Qex =
∫

(Iobs(q)− IOZ(q)) q
2dq . (6.5)

Here, Iobs(q) and IOZ(q) are experimental value of scattering intensity and the

fitting results of OZ function shown in Figure 6.6, respectively. Figure 6.10 shows

the p dependence of Qex. At as-prepared state, Qex is small and constant, and con-

centration fluctuations from inhomogeneity are suppressed. On the other hand, as

p decreases, Qex increases at swollen state. In order to explain this tendency, we

show the schematic picture based on “blob percolation model” proposed by Bastide

and Leibler? in Figure 6.11. When the network is randomly cross-linked, large-scale

cross-linking density fluctuations much larger than the correlation length ξ exists in
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the network. When this network is swollen, we have a subtle interspersion of two me-

dia: the frozen blob cluster with “high” cross-linking densities and the “interstitial”

medium with low cross-linking densities. When p is high, because connectivity-defects

are few and fluctuations of cross-linking density are small, one scarcely observes above

interspersion at swollen state. On the other hand, when p is low, fluctuations of cross-

linking density are large. Thus, the inhomogeneity is enhanced at swollen state. For

this reason, the invariant of the inhomogeneity increases with decreasing p when the

gel is swollen.
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Figure 6.10: Invariants of excess scattering of the p-tuned Tetra-PEG gels for as-
prepared gels (red circles) and the corresponding swollen gels (blue circles)
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Figure 6.11: Schematic representations of the network structures of the p-tuned gel
for (a) p ≪ 1 and (b) p ≃ 1. Large scale inhomogeneities are more pronounced in
swollen gels as decreasing p.
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6.4 Conclusion

We conducted two series of SANS experiment on the Tetra-PEG gel. First, we con-

ducted time-resolved SANS on the gelation process in ϕ < ϕ∗ region and observed the

increase of the correlation length and the scattering intensity. This indicates that,

because primary polymers do not overlap in ϕ < ϕ∗ region, a sparse network are

formed as primary polymers aggregate during the gelation process.

Secondly, we prepared p-tuned Tetra-PEG gels and soaked them in water to expose

the inhomogeneieties. From the SANS measurement, scattering profiles do not vary

for as-prepared state though the reaction probability varies. On the other hand,

in the swollen state, a systematical increase in the correlation length was observed

with decreasing p. The reason is that the voids in an infinite cluster are filled with

sol component and the concentration fluctuations of polymers are suppressed at as-

prepared state, while in the swollen state sol components are removed and the voids

are expanded. Furthermore, an upturn in the scattering intensity in low-q region was

also observed with decreasing p. This tendency is ascribed to a fluctuation of the

cross-linking density, which is much larger than the correlation length ξ.
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Chapter 7

Summary

Gelation process of model network was investigated from the view point of gela-

tion kinetics (Chapter 2 and 3), elasticity (Chapter 4 and 5), and network structure

(Chapter 6). Through these investigation, we clearly elucidate (i) gelation mecha-

nism, (ii) calculation procedure for elastic modulus, and (iii) formation process of

inhomogeneighties. These data are important for practical use of Tetra-PEG gel.

In addition, I want to emphasize that these results on model network are common

feature of gel system. The details of the respective chapters are summarized below.
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Figure 7.1: Kinetic trace obtained for dissociated NHS as a function of time. Solid
lines represents the fitting results with second-order kinetics.

In Chapter 2, the reaction rate for the polycondensation in the Tetra-PEG gel
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system has been studied by ATR-IR spectroscopy. It was found that (1) the poly-

condensation kinetics of Tetra-PEG gel can be simply treated as a chemical reaction

between mutually reactive end-groups in solution, (2) the reaction undergoes as a

simple second-order reaction from beginning to end regardless of gelation threshold,

and (3) the gelation mechanism was predicted from the thermodynamic enthalpy

and entropy at the transition state estimated by temperature dependence of rate

constants. The reason of smooth second-order kinetics is suspected to be that the

reactivity of terminal groups on Tetra-PEGs is not affected by the steric hindrance,

substitution effect, and gelation threshold.
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Figure 7.2: The gelation rate constant plotted against polymer concentration ϕ for
Linear5K, Tetra10K, Tetra20K, and Tetra40K.The TetraPEG gels formed from pri-
mary molecule withMw = 10, 20, and 40 kg/mol are named Tetra10K, Tetra20K, and
Tetra40K, respectively.In addition, a mixed solution of LinearPEG-NH2 and Linear-
PEG-NHS is named Linear5K.

In Chapter 3, we report the kinetic study on the gelation reaction of Tetra-PEG

gel system studied by ATR-IR and spectrophotometry. The reaction rate constant

for the gelation of Tetra-PEG was determined in the aqueous solutions with varying

both polymer concentration and primary molecular weight. It was clearly found that

the no dependence of both factors is observed in the estimated rate constants in the
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Tetra-PEG system, which is applied to analogous linear-PEG system with AB-type

coupling of two linear PEG functionalized with amine and activated ester. From these

results, we concluded that the gelation reaction of Tetra-PEG gel is not a diffusion-

limited but a reaction-limited, i.e., reactive groups encounter and/or separate each

other frequently, while the reaction rate of the amide-bond formation is low. It is

thus expected that polymers can diffuse and are homogeneously mixed in the solution

during the gelation process to lead to the homogeneity and high-strength of Tetra-

PEG gel.
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Figure 7.3: The elastic constant G as a function of p. Circles and line are the
experimental data and the results of the PN law, respectively.

In Chapter 4, we investigated the relationship between the elastic modulus, G

and the reaction probability, p for polymer networks. First, we pointed out that the

elastic modulus is expressed by G = [(fp/2− 1) +O((p− 1)2)]NkBT/V (Percolated

Network law ; PN law ), which does not depend on the local topology of the network

structure or the existence of the loops. Here, N is the number of lattice point, V is

the system volume, f is the functionality of the cross-link, kB is the Boltzmann con-

stant, and T is the absolute temperature. We also conducted simulations for polymer

networks with triangular and diamond lattices, and mechanical testing experiments
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on Tetra-PEG gel with systematically tuning the reaction probability. Here, the

Tetra-PEG gel was confirmed to be a potential candidate for ideal polymer networks

consisting of unimodal strands free from defects and entanglements. From the results

of simulations and experiments, it was revealed, for the first time, that the elastic

modulus obeys this law in the wide range of p (pc ≫ p ≥ 1), where pc is the reaction

probability at gelation threshold.

1.0

0.8

0.6

0.4

0.2

0.0

G
/G

0
 [

-]

1.00.80.60.40.20.0

p [-]

 Cubic Lattice

 Square Lattice

 REMA

Figure 7.4: Elastic modulus of a square and a cubic lattices of random polymer
network.

In Chapter 5, we propose a theory that approximately determines the elastic mod-

ulus of bond-disordered polymer networks over the entire range of bond probability

p. This theory overcomes unsolved problems of (i) the assumption of no-loop forma-

tion in tree-like theory and (ii) incapability of determination of the absolute value

of elastic modulus in percolation/scaling theories. The predicted elastic modulus of

the theory is in excellent agreement with the results of simulations not only in the

scaling exponents of the critical behavior but also in the absolute values for p ≥ pc,

where pc is p at the gelation threshold. We also conducted mechanical testing exper-

iments on Tetra-poly(ethylene glycol) (PEG) gel with systematically tuning p. Here,

the Tetra-PEG gel is considered to have an ideal diamond lattices and consists of
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unimodal strands free from defects and entanglements. We find, for the first time,

that this theory provides good agreement with the experimental data.
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Figure 7.5: SANS curves for gelation process and p-tuned gels.

In Chapter 6, we systematically introduced two types of defects into Tetra-PEG

gels and investigated effects of defects on inhomogeneities. Firstly, we prepared

defect-rich networks by simply reducing primary polymer concentration, and observed

the evolution of network structure by time-resolved SANS during gelation process.

In this case, both the scattering intensity and the correlation length increased with

reaction time in the ϕ < ϕ∗ region , while they scarcely changed in the ϕ > ϕ∗ region.

Here, ϕ and ϕ∗ is the polymer volume fraction and that at chain-overlap concentra-

tion. Secondly, we prepared Tetra-PEG gels by tuning the reaction probability, p, and

soaked the p-tuned gels in water to expose the inhomogeneieties. It was revealed that

SANS profiles of as-prepared gels did not change noticeably, while those of swollen

gels systematically increased with decreasing p. On the basis of these results, we

discuss the relationship between the defects of polymer network and inhomogeneities
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by using simple schematic pictures of polymer network.
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Appendix

A.1 SANS and DLS Study of Tacticity Effects on

Hydrophobicity and Phase Separation of Poly(N-

isopropylacrylamide).

A.1.1 Summary

The tacticity effect on phase separation process of poly (N-isopropylacrylamide) (PNi-

PAM) aqueous solutions was investigated by dynamic light scattering (DLS) and

small angle neutron scattering (SANS) measurements. SANS measurement revealed

that hydrophobicity of PNiPAM consisting of meso- and racemo-isomers increased

with increasing the meso-content. This result is in accordance with the result of

the previous experimental and simulation study on NiPAM dimers (DNiPAM) and

trimers (TNiPAM) [Katsumoto, Y. et al., J. Phys. Chem. B 2010, 114, 13312-13318,

and Autieri, E. et al., J. Phys. Chem. B, 2011, 115, 5827-5839. ], i.e. meso-diad

is more hydrophobic than racemo-diad. In addition, a series of scattering experi-

ments revealed that the ratio of meso-diad does not affect the static structure or the

shrinking behavior of a single chain, but strongly affects the aggregation behavior.

The PNiPAM with low meso-content suddenly associate around the phase separation

temperature, while that of the high meso-content gradually aggregate with increas-

ing temperature. We propose that phase transition behavior of PNiPAM aqueous

solutions can be controlled by changing the stereoregularity of the polymer chain.

A.1.2 Introduction

Stimuli-responsive polymers have been attracted keen interests due to their industrial,

medical and scientific interests.1,2 Because stimuli-responsiveness is a common feature

for biopolymers in living organisms, synthetic stimuli-responsive polymers have been
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explored to understand the unique properties of biopolymers. One of the most efficient

designs for stimuli-responsive polymers is to utilize lower critical solution temperature

(LCST)-type phase behavior of polymer solutions. Below the cloud point temperature

(Tc), LCST-type thermo-responsive polymer chains and solvent molecules are well-

interacted in one phase by hydrophobic solvation, i.e., hydrogen-bonding between

water and polymer chains. Above Tc, on the other hand, the interaction energy

among the polymer chains overcomes the hydration energy of the polymer chains.

These stimuli-responsive polymers have potential to be used as an intelligent material

especially in the biomedical field.2,3

For the molecular design of LCST-type thermo-responsive polymers, we have to

consider at least two aspects: (i) the interaction between water and polymer chain

and (ii) that among polymer chains. The former must be focused on at the first step

of the design, and many chemical structures of side chains, which have a desirable

hydrophobic and hydrophilic balance, are proposed such as amide groups,1 ether

groups,4 and ester groups.5 Although the former plays a major role on the solubility,

the latter, i.e., interactions among polymer chains, is also very important to tune the

properties of the materials. Some of LCST-type thermo-responsive polymers undergo

a coil-to-globule transition of single chains in the vicinity of Tc,
6 while there are also

several polymers that only aggregation occurs at Tc without changing the radius of

gyration of a single coil.7 Thus, it is crucial for molecular design of stimuli-responsive

polymers to reveal how the primary structure of the polymers affects hydration and

aggregation behavior of the system.

One of typical systems is an aqueous solution of poly(N-isopropylacrylamide)

(PNiPAM), which undergoes an LCST type phase separation.1,2, 8–10 Due to its sharp

and reversible transition behavior at 32 - 34 ◦C, this phenomenon has attracted much

attention of scientists and engineers. On the basis of experimental evidence obtained

by calorimetry,1,8, 11–16 infrared spectroscopy,17–19 dielectric relaxation,20 and fluores-

cence studies,21–23 it is believed that macroscopic LCST phase separation of PNiPAM

solution is ascribed to disruption of the structured water molecules around the hy-

drophobic iso-propyl group at Tc to give a large freedom of motion (entropy), which is

a driving force for phase separation. Light scattering experiments on PNiPAM dilute

solutions revealed that single chain exhibits a coil-to-globule transition9,24 and neu-

tron scattering on semi-dilute solutions showed divergence of the correlation length
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by approaching Tc
25,26

Recently, it has been revealed that the phase separation behavior strongly de-

pends on the tacticity of PNiPAM.27–30 Here, we focus on two types of the tacticity,

i.e., meso-diad (m) and racemo-diad (r), which are shown in Figure A.1. From trans-

mittance measurements, it was revealed that the cloud-point temperature tends to

decrease, while the steepness of the transmittance curve is decreased with increasing

meso-diad content of PNiPAM.29 We have pointed out from the water/chloroform dis-

tribution coefficient of NIPAM-dimer (DNiPAM) that DNiPAM with r configuration

(r-DNiPAM) is more soluble to water than that with m (m-DNiPAM).30 The molec-

ular mechanics (MM) calculations revealed that r-DNiPAM in water is more stable

than m-DNiPAM because r-DNiPAM is advantageous in terms of the hydration free

energy and conformational entropy.30 This result indicates that the stereosequence of

polymer chain plays an important role on the physical properties of polymer-aqueous

systems. There is also a report for investigating the conformation of PNiPAm trimers

in water, indicating that the stability of the syndiotactic configuration arises from

the conformational entropy.31 Although these previous papers clarify the hydropho-

bic character of short origomers, the tacticity dependence of the transmittance curve

has not been clearly understood at the molecular level, which is related to aggrega-

tion behavior for the PNiPAM with varying the m/r ratio. In order to elucidating

it, we conducted dynamic light scattering (DLS) and small-angle neutron scatter-

ing (SANS) experiments on PNiPAM solutions having different meso-contents. We

discuss the tacticity effect on collapsing behavior of single polymer chain by DLS

measurement for dilute solutions and on aggregation process of polymer chains based

on SANS results.

A.1.3 Experimental Section

Materials

PNiPAM with various meso-diad ratios ranged from 46 to 58 % were synthesized

by using established techniques. PNiPAM samples were prepared by stereospecific

living radical polymerization using a reversible addition-fragmentation chain trans-

fer (RAFT) agent and a Lewis acid catalyst.27 1-Phenylethyl phenyldithioacetate

(PEPD) was used as the RAFT agent, which was synthesized according to the liter-

127



C
∗∗

C
∗∗

H X XH

C
∗∗

C
∗∗

X H HX

C
∗∗

C
∗∗

X H XH

C
∗∗

C
∗∗

H X HX

(a)

(b)

Figure A.1: Two types of diads for vinyl polymers (－CH2－CHX－): (a)meso diad;
(b) racemo diad.

ature.32 NiPAM and α,α-azobisisobutyronitrile (AIBN), the monomer and initiator,

were recrystallized from a benzene/hexane solution. The impurities were removed

from the polymer solution through dialysis to yield the final product obtained as

a fluffy white solid by freeze-drying. The number-averaged molecular weight (Mn)

and polydispersity (Mw/Mn) of the prepared samples were determined by size ex-

clusion chromatography (SEC; Intelligent HPLC system) made by Jasco (Tokyo,

Japan) equipped with a Shodex (Tokyo, Japan) SB-807 HQ guard column, two

linear poly(hydroxy methacrylate) beads columns (Shodex SB-802.5 HQ and SB-

806M), and a Jasco RI-2031 differential refractive-index detector. The eluent was

N,N-dimethylformamide (LiBr 10 mM) at 60 ◦C with a flow rate of 0.35 mL/min.

SEC chromatogram was calibrated by using the standard polystyrene samples. 1H

NMR spectra were recorded on a JEOL (Tokyo, Japan) JNM-LAMBDA spectrome-

ter (500 MHz). The tacticity of the samples was represented by the diad ratio (m:r),

which was determined from the methylene proton peaks of the polymer measured

in DMSO-d6 at 145 ◦C.27 SEC data are shown in Figure A.2 and the recipe of the

sample preparation and characterization results with a sample ID are compiled in

Table A.1.
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Figure A.2: SEC charts of PNiPAM samples with m-46, m-48, m-51, m-55, m-56,
and m-58.

sampleID m Mn/ g mol−1 Mw/Mn metal(OTf)3/M M

m-46 46 3.6×104 1.20 -
m-48 48 3.7×104 1.20 0.016 Sc
m-51 51 3.3×104 1.17 0.035 Sc
m-55 55 3.8×104 1.20 0.057 Sc
m-56 56 4.3×104 1.25 0.007 Y
m-58 58 2.9×104 1.37 0.10 Sc

Table A.1: Characterization of Stereocontrolled PNiPAMs. [NiPA] = 2.23 M, [AIBN]
= 0.8 mM, and [PEPD] = 8.94 mM in methanol/toluene(1/1, v/v) mixture. Poly-
merization at 60 ◦C. Metal (OTf)3: Metal trifluoromethanesulfonate. Sc and Y are
scandium and yttrium, respectively.
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Dynamic Light Scattering (DLS)

DLS measurements were carried out by using DLS/SLS-5000 compact goniometer

(ALV, Langen) coupled with an ALV photon correlator. A 22mW helium-neon laser

(wavelength, λ = 632.8 nm) was used as incident beam, and the scattering angle θ was

90◦. Each measurement time was 30 s. The measurement temperature was monitored

at sample position by a thermocouple. We conducted two series of experiments; (1)

concentration and (2) temperature dependence of Rh for dilute solutions. In the

former, we prepared polymer solutions with concentrations from 0.1 to 6 wt%, and

DLS measurements were performed at 10 ◦C. In the latter, on the other hand, DLS

measurements were performed on the 0.2 wt% solution with increasing temperature

from 10 ◦C to 35 ◦C at a rate of 0.1 ◦C/min. The interval of successive measurements

was 30 s.

Small-Angle Neutron Scattering (SANS)

SANS experiments were carried out on High-flux Advanced Neutron Application

Reactor (HANARO) located at Korea Atomic Energy Research Institute (KAERI),

Korea. A monochromated cold neutron beam with an average neutron wavelength

6.00 Å was irradiated to the samples. The scattered neutrons were counted with

a 2D detector. The sample-to-detector distances were chosen to be 9.5 m. The

polymer concentration of PNiPAM solution was set to 2 wt%. Each sample was

equilibrated at 15 ◦C and then heated stepwise to 19 ◦C, 23 ◦C, 25 ◦C, 27 ◦C, 29

◦C 31 ◦C, 33 ◦C, and 35 ◦C. The samples were equilibrated for at least 15 min at

each temperature before measurement. After necessary corrections for open beam

scattering, transmission, and detector inhomogeneities, corrected scattering intensity

functions were normalized to the absolute intensity scale.

A.1.4 Results and Discussion

Observation of phase separation process

Figure A.3 shows the temperature dependence of time-averaged intensities, ⟨I⟩T , at
the scattering angle of 90◦ for the PNiPAM solutions with various diad ratios to

clarify the macroscopic character, i.e., turbidity, for each sample. It was found that

the intensity drastically increases at the cloud point (Tc), and the Tc decreases in
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a systematic way with increasing m. The result is in good accordance with the

transmittance results reported elsewhere.28,29 In addition, we found there is another

systematic change in the steepness of intensity change with temperature. The m-

46 sample shows steeper change of scattered intensity in comparison with those of

higher m samples. To elucidate the reasons for this gradual intensity change, we thus

extended our study to structural investigation at the microscopic level, as described

below.
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Figure A.3: Temperature dependence of scattering intensities of PNiPAM solutions
with m-46, m-48, m-51, m-55, m-56, and m-58.

Shrinking Process of a single chain

DLS measurements were carried out for each sample at various concentrations to see

the state of coils. Figure A.4(a) shows the concentration dependence of normalized

auto correlation function for m-46 PNiPAM solutions at 10 ◦C. In the dilute region,

a single relaxation mode (Γ−1 ∼ 0.1 ms−1) is observed, which is ascribed to Brownian

motion of single coils. As the concentration increases, the slow mode (Γ−1=1∼ 10

ms−1) appears. Similar phenomena were often observed in other works.33,34 This

mode is ascribed to the translational mode of polymer clusters as discussed in previous

studies.33,34 Figure A.4(b) and (c) show a typical result of ICFs and characteristic

decay time distribution functions for aqueous PNiPAM solutions with various diad
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(m/r) ratios. We calculated Rh from the fast relaxation mode of these data as shown

below.

Figure A.5 shows the polymer concentration dependence on the single coil size, Rh

calculated from the fast mode of CONTIN data for m-46 and m-56 as representative

of various meso-content samples. It was found in both figures that there is a plateau

region in Rh below 0.5 wt% and Rh decrease with polymer concentration above 1

wt%. This fact implies that the solution below 0.5 wt% is in dilute region (< C∗)

and the solution over 1 wt% is in the transition region (≈ C∗) from dilute to semi-

dilute solution, where C∗ is the chain overlap concentration. By considering these

results, we prepared 0.2 wt% solutions to observe the shrinking process of a single

chain and 2 wt% (≈ C∗) solutions to observe clustering effects of polymers.

Figure A.6 shows Rh values with varying temperature for the PNiPAM solutions

withm-46 ∼m-58 at 0.2 wt% below Tc. It was found that the Rh value monotonically

decreases for all the solutions, i.e., the coil shrinks in the size with increasing temper-

ature independent of the diad ratio. This result indicates that the behavior of a single

coil is little influenced by the m content at least in the temperature range before the

sample solutions become opaque. On the other hand, the slow mode, which corre-

sponds to the translational mode of polymer clusters, became faster with increasing

temperature, and the decays of the fast and slow modes finaly merged into a single

decay around Tc (data is not shown). Note that a similar behavior is observed for the

other aqueous solutions of thermo-responsive polymers.33 As a result, the single-coil

size of PNiPAM is no longer characterized above the temperatures marked with the

arrows in the figure A.6.
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Figure A.4: (a) Normalized auto correlation functions for m-46 PNiPAM solutions
with the various concentrations at 10 ◦C. Typical results of (b) ICFs and (c) char-
acteristic decay time distribution functions, G(Γ−1) of PNiPAM solutions with the
various content of meso-diad at 2 wt%.
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Figure A.5: Concentration dependence of Rh of PNiPAM solutions: (a) m-46; (b)
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Aggregation Process

Temperature-resolved SANS measurements have been performed to investigate the

tacticity effects on the phase separation with 2 wt% solution of stereo-controlled PNi-

PAMs. Figure A.7 (a)-(f) shows SANS curves observed for the PNiPAM solutions

with m-46 ∼ m-58. In Figures A.7(a) and (b), at temperatures below Tc (15 - 29 ◦C),

the scattering curves showed an intensity plateau (0.01-0.03 Å
−1
) and the intensity

decayed for q > 0.03Å
−1
, which is a characteristic curve for polymer solutions. As

temperature increased above 31 ◦C, the SANS curves changed dramatically with ad-

ditional strong scattering for q < 0.01Å
−1
, indicating phase separation. Figures (c) ∼

(f), on the other hand, the scattering intensity increased gradually, indicating a grad-

ual domain formation. This tendency, i.e., a gradual transition, is more pronounced

for the samples with larger m.

To quantitatively evaluate the size of domain (or aggregation) in the solutions,

we carried out curve fitting analysis for the observed SANS functions. For high-q

region, we used the following Debye function with a single contact theory (eq (A.1))

as fitting functions.35

I1 (q) =
(∆ρ)2

NA

V2ϕPD(q)

1 + (1− 2χ)
(
V2

V1

)
ϕPD(q)

(A.1)

PD(q) = Z
2

u2

(
e−u − 1 + u

)
, u = R2

gq
2 (A.2)

Here, NA is the Avogadro’s number, χ is the Flory-Huggins’s interaction param-

eter, ϕ is the polymer volume fraction, Z is the degree of polymerization, V1 and V2

is the molar volume of the water and PNiPAM, and ∆ρ is the difference of scatter-

ing length densities between the PNiPAM monomer and D2O, 5.4 × 1010 cm−2. Eq

(A.1) is a well known scattering function to describe an interacting polymer chain

in dilute solutions. For low-q region, we mainly used the following Debye-Bueche

function to describe the formation of domains with interfaces between water-rich and

PNiPAM-rich domain.36

I2 (q) = V
⟨
ρ2
⟩ 8πl3p(

1 + l2pq
2
)2 (A.3)
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Figure A.7: Temperature dependence of SANS profiles for 2 wt% PNiPAM solutions,
(a) m-46, (b) m-48, (c) m-51, (d) m-55, (e) m-56, and (f) m-58. The solid lines
indicate the fitting results by eq (A.1) and eq (A.3) or eq (A.1) and eq (A.5).
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Here, lp is

lp = 4
V

S

⟨ρ2⟩
(∆ρ2)

(A.4)

S/V is the interface area per volume, and ⟨ρ2⟩ = ρ2AϕA + ρ2BϕB, where ρj and ϕj are

the scattering length density and the volume fraction of the component j. However,

an additional scattering is relatively weak for m-46 at 15∼31 ◦C and m-48 at 15∼23

◦C, so the fitting results lack reliability. For these SANS curves, we used the Porod

law, which is the q → ∞ limit of the Debye-Bueche function.36

I2 (q) → 2π
⟨
ρ2
⟩ S

V

1

q4
(A.5)

Hence, we use a model

I(q) = I1(q) + I2(q) + Iinc (A.6)

Here, Iinc is the incoherent scattering intensity. The observed I(q)s are well repro-

duced by both eq (A.6), as shown with solid lines in Figure A.7.
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Figure A.8: Temperature dependence of the Rh of PNiPAM solutions with the various
content of meso diad at 2 wt%.

DLS measurements were conducted on the 2 wt% PNiPAM solutions with various

meso content in order to calculate Rg/Rh ratio. Each samples were equilibrated at
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10 ◦C and changed to 12 ◦C, 15 ◦C, 17 ◦C, 19 ◦C, 21 ◦C, 23 ◦C, 25 ◦C, 27 ◦C, 29 ◦C

in a stepwise. The samples were equilibrated for at least 30 min at each temperature

before measurement. Figure A.8 shows temperature dependence of theRh of PNiPAM

solutions with the various content of meso diad at 2 wt%. As depicted in figure A.8,

Rhs are monotonically decreased with increasing temperature. As well as in figure

A.6, a clear difference between the different ratio of meso-diad cannot be observed in

figure A.8.
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Figure A.9: (a) Variation of Rg and Rh of m-46 against temperature. (b) Variation
of Rg and Rh against the ratio of meso-diad at 15 ◦C.

Figure A.9 (a) shows temperature dependence of the Rh and Rg of PNiPAM

solutions with the various content of meso-diad at 2 wt%. As depicted in figure A.9

(a), Rhs and Rgs are monotonically decreased with increasing temperature. Figure

A.9 (b) shows a meso-diad content dependence of the Rh and Rg. Rhs and Rgs are

not monotonically decreased with increasing the meso content because of a difference

of polymerization degrees among samples.

We calculated Rg/Rh ratio from the respective values estimated by SANS and

DLS measurements, respectively. Figure A.10 (a) and (b) show temperature and

meso-diad content dependences, respectively, of the Rg/Rh ratio for m-46 system.

As shown in Figure A.10 (a), the Rg/Rh ratio of m-46 is approximately 1.5 in the T

range of 15 - 29 ◦C which is below enough the Tc (= 32 ∼ 34 ◦C). It is well known that

this ratio corresponds to a Gaussian coil conformation of polymer in solution.37 This

result is consistent with the works of Kubota et al.38 and Wu et al.24 and confirms

the validity of fitting analysis by Debye function with a single contact theory in the
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Figure A.10: (a) Variation of the ratio Rg/Rh of m-46 against temperature. (b)
Variation of the ratio Rg/Rh against the ratio of meso-diad at 15 ◦C.

temperature range examined here. As for Figure A.10 (b), the Rg/Rh ratio is also

approximately 1.5 at any meso-diad content, which indicates PNiPAM chains behave

as Gaussian coils. Combined with the discussion in the previous section, we concluded

that the difference in tacticity of PNiPAM does not affect the conformation nor the

shrinking behavior of a single chain.
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Figure A.11: (a) Temperature dependence of χ for m-46 system and (b) the meso
content dependence of χ at 15 ◦C.

Figure A.11 shows χ values obtained from the fitting analysis of SANS experi-

ments, where χ is the polymer-solvent interaction parameter. It was clearly seen in

Figure A.11(a) that there is appreciable temperature dependence of χ for m-46 sys-

tem, and the χ value increases and approaches 0.5 with increasing temperature. This

indicates that the interaction between water and polymer becomes weaker and a poly-
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mer becomes hydrophobic. Figure A.11(b) shows the meso-diad content dependence

of χ for 15 ◦C. The χ value also increased with increasing m ratio (in Figure A.11(b)),

indicating that hydrophobicity of PNiPAM depends on the m ratio. Katsumoto et

al.30 concluded from the water/chloroform distribution coefficient of DNiPAMs that

the hydrophobicity is higher for m-DNiPAM than for r-DNiPAM because r-DNiPAM

is advantageous in terms of the hydration free energy and conformational entropy as

revealed by the MM simulation. In addtion, Autieri et al.31 concluded from the

simulation that a lower hydrophilicity of isotactic trimer, in comparison with the

syndiotactic one, is related to a lower conformational entropy. The result obtained

by SANS is in good agreement with these experimental and simulation results for

short oligomers.
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Figure A.12: Specific surface S/V for PNiPAM solutions with various meso content
below Tc.

Figure A.12 shows temperature dependence of the specific surface, i.e., the in-

terface area divided by the volume of the domains S/V estimated from the fitting

results of Debye-Bueche function or Porod law. For m-46 and m−48, no enhance-

ment in the S/V was observed even at any temperatures below Tc, followed by a

sudden domain formation at around Tc. On the other hand, for m-51, m-55, m-56,

and m-58, the domains gradually grow with increasing temperature, and the extent

in the increase is significant for higher meso-content system. It is worth emphasizing
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that the temperature dependence of S/V for the polymer system is systematically

changed by the m content, implying that the thermally-induced aggregation process

can be precisely controlled by the stereoregularity of the PNiPAM chain. The results

are consistent with those for the transmittance and scattering intensity of DLS as

discussed in Figure A.3 and the work by Katsumoto et al.29 The difference in tactic-

ity does not affect the shrinking behavior of a single chain, but strongly affects the

intermolecular interaction.

Structural aspects of phase separation

Turbidity

Turbidity

Temperature

m-46

m-58

Figure A.13: Schematic illustration for phase separation process with the various
meso content.

On the basis of the above-mentioned results, we propose a mechanism for the

phase separation process of PNiPAM aqueous solutions and their tacticity depen-

dence, which is illustrated in Figure A.13. As seen in the results of DLS measure-

ment, the single-coil of PNiPAM shrinks at a constant rate by increasing temperature

irrespective of their m-content. On the other hand, as SANS measurements revealed,

the difference in tacticity strongly affects the intermolecular interaction. In the case

of low m-content system, as increasing temperature, the PNiPAM chains shrink but
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do not aggregate with each other. Around the phase separation temperature, the

shrunken PNiPAM chains suddenly associate and then the phase separation process

completes. In the case of high m-content system, the PNiPAM chains gradually

aggregate to form clusters with increasing temperature, and the phase separation

gradually proceeds.

The results obtained here suggest that there be at least two features in the phase

separation behavior in response to the variation of the stereosequence: the changes

in the Tc and the steepness of thermo-responsiveness. The shift in Tc may simply

arise from the change in the population of m-content in the polymer chain. This

phenomenon is similar to the situation when hydrophilic or hydrophobic comonomers

are incorporated in PNiPAM chains by copolymerization. According to the simulation

results of short oligomers by Katsumoto et al.30 and Autieri et al.31 a meso-diad is

more hydrophobic than a racemo-diad. Therefore, an increase in the m-content leads

to an increase in the hydrophobicity of PNiPAM through the changes in the hydrogen

bonding among side chains. On the other hand, an increment of hydrophobicity of the

polymer chain does not seem to be a sufficient condition for explaining the steepness

of the thermo-responsiveness. It has been pointed out that the sharpness of the

phase transition of an atactic PNiPAM (m-46) in water is ascribed to the cooperative

hydration of the polymer.39,40 According to Okada and Tanaka, hydration of the

polymer chain is characterized by the degree of the cooperativity. That is, the all-or-

none phase separation behavior of PNiPAM aqueous system irrespective of polymer

concentration is related to a high cooperativity of hydration. In this model, if water

molecules stabilizing polymer chains are cooperatively removed by thermal energy,

the phase separation occurs steeply at a certain temperature. Thus, we infer that the

existence of m sequence in a PNIPAM chain interferes the cooperative hydration of

the polymer, causing a gradual responsiveness of the polymer to the temperature.

We finally note that LCST phase separation in aqueous PNiPAM solution is often

interpreted from the viewpoints of hydrophobic hydration around bulky iso-propyl

group. It is easily expected that the hydrophobic hydration structure depends on the

ratio of m- and r-conformers within PNiPAM, i.e., the extent of hydrogen bonding

network around iso-propyl group is different between m- and r-conformers. To clarify

this at the molecular level, applications of spectroscopy and X-ray/neutron scattering

at high-q range to this system are needed, and we are now going on.
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A.1.5 Conculusion

The tacticity effect on the phase separation process of PNiPAM aqueous solutions

was investigated by dynamic light scattering (DLS) and small angle neutron scat-

tering (SANS) measurements. From the SANS measurement, it was revealed that χ

increases and a polymer also becomes hydrophobic with increasing m. This result

coincides with the previous results of computational simulation, i.e. racemo-diad

is more hydrophilic than meso-diad. In addition, a series of scattering experiments

suggests that the ratio of meso-diad does not affect the static conformation or the

shrinking behavior of a single chain, but strongly affects the aggregation behavior.

The PNiPAM with low meso-contents suddenly associate around the phase separa-

tion temperature, while PNiPAM chains of the high meso-content gradually aggregate

with increasing temperature. It is demonstrated that the sharpness of the phase sep-

aration with respect to temperature can be varied by tuning the microstructure of

PNiPAM, i.e., the meso/racemo content.
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A.2 Scattering from concentration fluctuations

A.2.1 The aim of this section

When we derivate scattering functions which appear in the elementary text of scat-

tering, such as scattering functions of spheres, rods and ideal polymers, ρ(r) of these

samples are given in advance and we can calculate the correlation function g(r).

However, if one imagine gels and rubbers, one comes to understand that ρ(r) are not

always clearly determined. In such a case, i.e., in the case of scattering from concen-

tration fluctuations, Gintzburg-Landau theory is often used to obtain the scattering

functions. A typical example is Orstein-Zernike function, which is famous as the

scattering function of semi-dilute solutions and gels;

I(q) ∼ 1

1 + ξ2q2
. (A.7)

When we use this function as a fitting function, we obtain the correlation length ξ.

Therefore, it is very important to know the physical meaning of the correlation length

and to check its derivation.

A.2.2 Review on Flory-Huggins theory

In general, Ising model is frequently used to explain Landau theory. However, this

theory is not well-known for polymer scientists. Thus, I try to explain Landau theory

by using Flory-Huggins theory.

For ease of explanation, let us consider the compatibility of molecule A and B,

both of which are same size. Each lattice sites are occupied by these molecules, and

we denote the fraction of sites occupied by molecule A as ϕ. From Flory-Huggins

theory, the mixing free energy is given by

Fmix

kBT
= f(ϕ) = ϕ lnϕ+ (1− ϕ) ln(1− ϕ) + χϕ(1− ϕ) . (A.8)

Figure A.14 shows f(ϕ) for various χ. f(ϕ) is convex down for χ < 2 and they prefer

mixing, while in the case of χ > 2, a region of negative curvature exists and the

system breaks up into two phases, ϕ1 and ϕ2. Thus, χc = 2 is the critical point and

the concentration at the critical point ϕc =
1

2
.

Next, let us consider the critical behavior. As an example, let us see an exponent

β, which is defined as ϕ1 − ϕ2 ∼ (χ − χc)
β. Because ϕ1 and ϕ2 are local minimal

values for f(ϕ), the equation for ϕ1 and ϕ2 is derived by derivation of f(ϕ).
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df(ϕ)

dϕ
= lnϕ− (1− ϕ) ln(1− ϕ) + χ(1− 2ϕ) = 0 (A.9)

In order to calculate a difference of ϕ1 and ϕ2, by considering that both values

are close to ϕc =
1

2
, let us change variable as ϕ =

1

2
+ δϕ

ln
(
1

2
+ δϕ

)
− ln

(
1

2
− δϕ

)
− 2χδϕ = 0

... ln (1 + 2δϕ)− ln (1− 2δϕ)− 2χδϕ = 0 (A.10)

Because δϕ is small enough, above equation expands up to 4th order as,(
2δϕ− 1

2
(2δϕ)2 +

2

3!
(2δϕ)3 − 6

4!
(2δϕ)4

)
−
(
−2δϕ− 1

2
(−2δϕ)2 +

2

3!
(−2δϕ)3 − 6

4!
(−2δϕ)4

)
− 2χδϕ = 0

(A.11)

...(δϕ)3 − 3

4
(χ− 2)δϕ = 0 (A.12)

Therefore, δϕ = 0,±

√
3(χ− 2)

2
and β =

1

2
.
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Figure A.14: Flory-Huggins free energy
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A.2.3 Landau Theory

The Landau theory is a variant of mean-field theory, which does not include the

elementary degrees of freedom of the statistical model. Though the Flory-Huggins

free energy is derived from microscopic model on the lattice, the Landau free energy

is based on symmetry considerations alone. The free energy is written as a function

of the order parameter, the fraction of molecule A, ϕ and the condition of thermal

equilibrium as a minimization of the free energy.

The free energy per microscopic degree of freedom or per unit volume will be

written as f and is regarded as a function of ϕ. Since we are interested in the critical

phenomena, the interaction parameter χ is close to the critical point χc, and ϕ is close

to the critical value ϕc =
1

2
. This would allow us to expand the free energy in powers

of δϕ = ϕ − ϕc and retain only the lowest-order terms. Furthermore, considering

the symmetry of molecule A and B, the free energy is symmetrical around ϕ = 1
2
.

Therefore, the free energy is expected to satisfied the condition : f(δϕ) = f(−δϕ),

and is an even function of δϕ. Thus we get

f(δϕ) = a0 + a2(δϕ)
2 + a4(δϕ)

4 . (A.13)

It is convenient to graphically show the functional form of eq (A.13) to identify the

location of minima. We first notice that a4 should be positive. Otherwise, the free

energy f(δϕ) decreases indefinitely as δϕ increases, which implies an instability. The

δϕ dependence of f(δϕ) is illustrated in Figure A.15 for three possible values of the

coefficient a2. For a2 > 0, the minimum is at δϕ = 0 and thus there is no phase

separation. When a2 is exactly 0, the Landau expansion starts from the fourth order

and f(δϕ) is very flat at the origin, but still the equilibrium concentration remains

δϕ = 0. As soon as a2 becomes negative, two minima emerge away from δϕ = 0 and

the absolute |δϕ| at these points grows with decreasing a2. The original Hamiltonian

and free energy are symmetric under a change of sign of δϕ, but the realized state for

a2 < 0 does not have such a symmetry since only one of the two minima is actually

realized in a physical system. This phenomenon is called spontaneous symmetry

breaking. A small external field of the initial condition of time evolution of the

system determines which of the two states is actually realized, which is also called

ergodicity breaking because only a part of the phase space is reached by the system.
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Since the equilibrium minimum of f(δϕ) changes at a2 = 0, we identify a2 = 0

with the critical point χ = χc. This observation would allow us to put a2 as

a2 = −b(χ− χc) , (A.14)

where b is a positive constant. From this definition, a2 > 0 corresponds to below

critical point and a2 < 0 to above critical point.

Let us evaluate the resulting critical exponents of the Landau theory. The ex-

ponent β is determined by the χ dependence of δϕ that minimizes the free energy

at a2 < 0, i.e. χ > χc. Differentiation of the free energy gives the minimization

condition

df

dδϕ
= 2a2δϕ+ 4a4(δϕ)

3 = 0 (A.15)

... δϕ = ±
(
− a2
2a4

) 1
2

= ±
(
b(χ− χc)

a4

) 1
2

, (A.16)

from which we conclude β =
1

2
. Thus the critical exponent of Landau theory corre-

sponds to that of Flory-Huggins theory, and these theories are equivalent.

The merit of Landau theory is simplicity and generality. The Landau theory uses

only the symmetry properties of the free energy f(δϕ), and predicts the resulting

values for the critical exponents with taking account into the details of model systems.
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Figure A.15: The δϕ dependence of the Landau free energy.
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A.2.4 Gintzburg-Landau theory and the derivation of Orstein-
Zernike function

In Landau theory, the spatial dependence of δϕ and their interaction are not taken

into account. To consider the situation, we discuss a generalization of the Landau

theory in this section. This theory is called Gintzburg-Landau theory.

Suppose that the fraction of molecule A has some spatial dependence, which we

write δϕ(r) = ϕ(r)−ϕ0. By using δϕ(r), the Landau free energy is generalized to the

following form

F =
∫

dr
[
a0 + a1δϕ(r) + a2δϕ(r)

2 + a4δϕ(r)
4 + · · ·+ c1(∇δϕ(r))2 + c2(∆δϕ(r))2 + · · ·

]
(A.17)

At what order the expansion is truncated depends on the problem and the ac-

curacy of description desired. The reason I explain the Gintzburg-Landau theory is

that scattering function S(q) is related to this equation.

F [δϕ(r)] =
1

2β

∫
dq (S(q))−1 δϕ(−q)δϕ(q) (A.18)

Here, we define Fourier transformation of basic variables

δϕ(r) =
1

(2π)3

∫
dqeiq·rδϕ(q), δϕ(q) =

∫
dre−iq·rδϕ(r) . (A.19)

The derivation of these equations is a little complicated and will be explain in

the next section by using field theoretic approaches. In this section, let us derive

Orstein-Zernike function. The free energy is proposed as follows.

F =
∫
dra2 (δϕ(r))

2 + c1 (∇δϕ(r))2 (A.20)

Here, a2 and c1 satisfy a2 > 0 and c1 > 0, respectively. By using the following

equations ∫
dr (δϕ(r))2 =

1

(2π)6

∫
dr
∫
dqeiq·rδϕ(q)

∫
dq′eiq

′·rδϕ(q′)

=
1

(2π)6

∫
dr
∫
dq
∫
dq′ei(q+q′)·rδϕ(q)δϕ(q′)

=
1

(2π)3

∫
dq
∫

dq′δ(q+ q′)δϕ(q)δϕ(q′)

=
1

(2π)3

∫
dqδϕ(q)δϕ(−q) (A.21)
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and ∫
dr (∇δϕ(r))2 =

1

(2π)6

∫
dr
(
∇
∫
dqeiq·rδϕ(q)

)(
∇
∫
dq′eiq

′·rδϕ(q′)
)

= − 1

(2π)6

∫
dr
∫
dq
∫
dq′ qq′ei(q+q′)·rδϕ(q)δϕ(q′)

= − 1

(2π)3

∫
dq
∫

dq′qq′δ(q+ q′)δϕ(q)δϕ(q′)

=
1

(2π)3

∫
dqq2δϕ(q)δϕ(−q) , (A.22)

we odtain

F =
∫
dq(a2 + c1q

2)δϕ(q)δϕ(−q) . (A.23)

From eq. (A.18), we get Orstein-Zernike function;

S(q) ∼ 1

a2 + c1q2
. (A.24)
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A.2.5 Free energy functional

Mathematical preliminary

For following sections, we present general expressions of free energy F [{φk(r)}] as a
function of φk(r). Let us put some definition. We consider the system S in which

there are K types of polymer, the number of type k is Mk, and polymerization degree

of each polymer is N . The position vector for n th segment of a th polymer of type

k is denoted as R(k)
an , and the phase space of segments is defined as Γ = {R(k)

an }.
The system S at equilibrium state is represented by a canonical distribution which

hamiltonian is H(Γ) = H0(Γ) +W(Γ). Here, H0(Γ) is the hamiltonian for reference

state and W(Γ) is an interaction term. The distribution function of the system S is

given by

Z =
1∏

k Mk!

∫
dΓ exp [−β(H0(Γ) +W(Γ))] , (A.25)

where dΓ =
∏

k,a,n dR
(k)
an . By using the segment distribution φ̂k(r; Γ), the locally-

averaged concentration φk(r) of type k at position r is defined as

φk(r) = ⟨φ̂k(r; Γ)⟩ =
1

Z ∏
k Mk!

∫
dΓφ̂k(r; Γ) exp [−βH(Γ)] (A.26)

φ̂k(r; Γ) =
∑
a,n

δ
(
r−R(k)

an

)
. (A.27)

Next let us check a condition. First we assume an incompressible condition, i.e.

∑
k

φk = 1, or
∑
k

δφk = 0 . (A.28)

In addition, we postulate that the interaction term is a function of φ̂k(r; Γ), i.e.

W(Γ) = W [φ̂k(r; Γ)].

Under these circumstances, we apply external force on this system so that the

concentration φk(r) comes to be ϕk(r) and focus on the difference of free energy from

the equilibrium state. The distribution function is

Z =
1∏

k Mk!

∫
dΓD[φk(r)]

∏
k

δ (ϕk(r)− φk(r)) δ

(∑
k

φk(r)− 1

)
exp[−β {H0(Γ) +W [φ̂k(r; Γ)]}]
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=
1∏

k Mk!

∫
dΓD[φk(r)]

∏
k

δ
(
φk(r)− φ̂k(r; Γ)

)∏
k

δ
(
ϕk(r)− φk(r)

)
δ

(∑
k

φk(r)− 1

)
exp[−β {H0(Γ) +W [φk(r)]}]

≃
∫

dΓD[φk(r)]D[Vk(r)]D[γk(r)]D[λ(r)]

exp
[
iβ
∑
k

∫
Vk(r) ·

(
φk(r)− φ̂k(r; Γ)

)
dr
]

exp
[
iβ
∑
k

∫
γk(r) ·

(
ϕk(r)− φk(r)

)
dr
]

exp
[
iβ
∫

λ(r) ·
(∑

k

φk(r)− 1
)
dr
]
exp[−β {H0(Γ) +W [φk(r)]}]

(A.29)

From line 2 to 3, we neglect a coefficient. Here, we change variables as iVk → Vk,

iγk → γk and iλ → λ. When we define

Z0 =
1

ΠkMk!

∫
dΓ exp[−β(H0(Γ) +

∑
k

∫
Vk(r) · φ̂k(r; Γ)dr)], (A.30)

we obtain

Z ≃
∫

D[φk(r)]D[Vk(r)]D[γk(r)]D[λ(r)]

exp
[
β
(
1

β
lnZ0 −W [φk(r)] +

∑
k

∫
Vk(r) · φk(r)dr

+
∑
k

∫
γk(r) ·

(
ϕk(r)− φk(r)

)
dr+

∫
λ(r) ·

(∑
k

φk(r)− 1
)
dr
)]
(A.31)

We apply the saddle point approximation to this integration.

δ

δ φk(r)

[
1

β
lnZ0 −W [φk(r)] +

∑
k

∫
Vk(r) · φk(r)dr

+
∑
k

∫
γk(r) ·

(
ϕk(r)− φk(r)

)
dr+

∫
λ(r) ·

(∑
k

φk(r)− 1
)
dr
]
= 0

(A.32)

δ

δ Vk(r)

[
1

β
lnZ0 −W [φk(r)] +

∑
k

∫
Vk(r) · φk(r)dr

+
∑
k

∫
γk(r) ·

(
ϕk(r)− φk(r)

)
dr+

∫
λ(r) ·

(∑
k

φk(r)− 1
)
dr
]
= 0

(A.33)

153



δ

δ γk(r)

[
1

β
lnZ0 −W [φk(r)] +

∑
k

∫
Vk(r) · φk(r)dr

+
∑
k

∫
γk(r) ·

(
ϕk(r)− φk(r)

)
dr+

∫
λ(r) ·

(∑
k

φk(r)− 1
)
dr
]
= 0

(A.34)

δ

δ λ(r)

[
1

β
lnZ0 −W [φk(r)] +

∑
k

∫
Vk(r) · φk(r)dr

+
∑
k

∫
γk(r) ·

(
ϕk(r)− φk(r)

)
dr+

∫
λ(r) ·

(∑
k

φk(r)− 1
)
dr
]
= 0

(A.35)

We get from eq.(A.32)∼(A.35),

−δW
δφk

∣∣∣∣
φk=ϕk

+V 0
k − γ0

k + λ0 = 0, (A.36)

1

β

1

Z0

δZ0

δVk

∣∣∣∣
Vk=V 0

k

+ϕk = 0 (A.37)

ϕk − φk = 0, (A.38)

∑
k

ϕk − 1 = 0 (A.39)

From these assessment, above integration (eq. A.31) is

Z ≈ Z0[V
0
k ] exp

[
−βW [ϕk(r)] + β

∑
k

∫
drV 0

k (r)ϕk(r)
]

(A.40)

and thus the Helmholtz free energy is given by

FS[ϕk] ≈ −kBT lnZ0[V
0
k ] +W [ϕk(r)]−

∑
k

∫
drV 0

k (r)ϕk(r) . (A.41)
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Free energy for weak phase separation

In order to derivate eq. (A.18), we suppose that the concentration δϕk fluctuates

around equilibrium concentration ϕ0
k. At this moment, we do not extract an interac-

tion term W from original hamiltonian H. We apply external force on this system

so that the concentration δφk(r) = φk(r) − φ0
k comes to be δϕk(r) and focus on the

difference of free energy from the equilibrium state. In that case, free energy as a

function of δϕk(r) can be described by putting HS → H, W → 0, ϕk(r) → δϕk(r),

and V 0
k → Vk into eq.A.41.

F [δϕk] ≈ −kBT lnZ[Vk]−
∑
k

∫
drVk(r)δϕk(r) . (A.42)

In addition, from eq. (A.36)-(A.39), we obtain

δϕk(r) = − 1

β

1

Z
δZ
δVk

. (A.43)

As seen in eq. (A.43), Vk is the external force which introduce the concentration

fluctuation δϕk from the equilibrium concentration ϕ0
k.

Next, we assume that Vk is small enough and expand lnZ(Vk) with Vk. This is

called cumulant expansion. When one keep in mind that

lnZ = ln
[

1

ΠkMk!

∫
dΓ exp[−β(H(Γ) +

∑
k

∫
Vk(r) · δφ̂k(r; Γ)dr)]

]
, (A.44)

the first cumulant is

δ

δVk

lnZ =

∫
dΓβδφ̂k(r; Γ) exp[−β(H(Γ) +

∑
k

∫
Vk(r) · δφ̂k(r; Γ)dr)]∫

dΓ exp[−β(H(Γ) +
∑
k

∫
Vk(r) · δφ̂k(r; Γ)dr)]

(A.45)

...
δ

δVk

lnZ
∣∣∣∣
Vk=0

=

∫
dΓδφ̂k(r; Γ) exp[−βH(Γ)]∫

dΓ exp[−β(H(Γ)]
= β⟨δφ̂k(r)⟩ = 0 . (A.46)

In the same way, we obtain the second cumulant,

δ2

δVkδVj

lnZ
∣∣∣∣
Vk=0

= β2(⟨δφ̂k(r)δφ̂j(r
′)⟩ − ⟨δφ̂k(r)⟩⟨δφ̂j(r

′)⟩)

= β2⟨δφ̂k(r)δφ̂j(r
′)⟩ . (A.47)
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Thus, the Helmholtz free energy is expanded as

F [δϕk] = − 1

β
lnZ[Vk]

≈ − 1

β
lnZ[0]− 1

β

∑
k

∫
dr

δ

δVk

ln[Z]
∣∣∣∣
Vk=0

Vk(r) (A.48)

− 1

2β

∑
j,k

∫
drdr′

δ2

δVkδVj

ln[Z]
∣∣∣∣
Vk,Vj=0

Vk(r)Vj(r
′)−

∑
k

∫
drVk(r)δϕk(r)

= − 1

β
lnZ[0]− β

2

∑
j,k

∫
drdr′⟨δφ̂k(r)δφ̂j(r

′)⟩Vk(r)Vj(r
′)−

∑
k

∫
drVk(r)δϕk(r)

(A.49)

In addition, from above equation and eq. (A.43), we obtain the linear response

relation;

δϕj(r) = − 1

β

1

Z
δZ
δVj

≃ −β
∑
k

∫
dr′⟨δφ̂k(r)δφ̂j(r

′)⟩Vk(r
′)

= −β
∑
k

∫
dr′Sjk(r− r′)Vk(r

′) , (A.50)

where S is the scattering matrix. When we define inverse scattering matrix S−1;

∑
k

∫
dr′(S−1)jk(r− r′)Skl(r

′ − r”) = δjlδ(r− r”) , (A.51)

Thus eq. (A.50) becomes

Vj(r) = − 1

β

∑
k

∫
dr′(S−1)jk(r− r′)δϕk(r

′) (A.52)

By this expression, eq. (A.49) becomes

F [δϕk] = F [0] +
1

2β

∑
j,k

∫
drdr′(S−1)jk(r− r′)δϕj(r)δϕk(r

′)

= F [0] +
1

2β

∑
j,k

∫
dq(S−1)jk(q)δϕj(−q)δϕk(q) . (A.53)

In the last line, we use the Fourier transformation. If we consider the case i = j, we

obtain eq. (A.18).
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Random Phase Approximation

In general, it is difficult to calculate the scattering function S. Thus, in this section,

we consider the reference state in which we conduct calculation of its scattering

function S0 in advance, and calculate the scattering function S by introducing an

interaction into the reference state. In contrast to the previous section, we extract

an interaction term W from original hamiltonian H. From eq(A.41), the free energy

is given by,

F [δϕk] ≈ −kBT lnZ0[Vk] +W [δϕk]−
∑
k

∫
drVk(r)δϕk(r) , (A.54)

where

− δW
δ(δϕk)

+ Vk − γk + λ = 0 (A.55)

δϕk(r) = − 1

β

1

Z0

δZ0

δVk

(A.56)

∑
k

δϕk = 0. (A.57)

As the same way from eq (A.42) to eq(A.53), eq(A.54) becomes

F [δϕk] = F [0] +W [δϕk] +
1

2β

∑
j,k

∫
drdr′(S−1

0 )jk(r− r′)δϕj(r)δϕk(r
′)

= F [0] +W [δϕk] +
1

2β

∑
j,k

∫
dq(S−1

0 )jk(q)δϕj(−q)δϕk(q) . (A.58)

Also, we obtain the following linear response from eq(A.56) and (A.58)

δϕj(r) = − 1

β

1

Z0

δZ0

δVj

= −β
∑
k

∫
dr′⟨δφ̂k(r)δφ̂j(r

′)⟩0Vk(r
′)

= −β
∑
k

∫
dr′ (S0)jk (r− r′)Vk(r

′) , (A.59)

where ⟨∗⟩0 denotes

⟨∗⟩0 =

∫
dΓ ∗ exp[−βH0(Γ)]∫
dΓ exp[−βH0(Γ)]

. (A.60)
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From eq(A.50) and eq(A.61), we get

δϕj(r) = −β
∑
k

∫
dr′Sjk(r− r′)Vk(r

′)

= −β
∑
k

∫
dr′ (S0)jk (r− r′)

(
δW

δ(δϕk)
+ γk + λ

)
(A.61)

When above equation is Fourier transformed, we get

δϕj(q) = −β
∑
k

Sjk(q)Vk(q) = −β
∑
k

(S0)jk (q)

(
δW

δ(δϕk)
+ γk + λ

)
. (A.62)

The concept of this approximation is that Sjk can be approximately obtained by

combining (S0)jk with an interaction
δW

δ(δϕk)
. This approximation is often called

“Random Phase Approximation”.
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Application to polymer blends

Consider the system containing two kinds of polymer A and B. We set the reference

state as follows. (i) Incompressible condition is not applied. (ii) An interaction

between A and B does not exist. (iii) Each polymer behaves as a Gauss chain. The

interaction term W [δϕk] is given by

W [δϕk] = −
∫
dr
(
1

2
ϵAAδϕ

2
A + ϵABδϕAδϕB +

1

2
ϵBBδϕ

2
B

)
. (A.63)

At the equilibrium state of system S, from incompressible condition δϕ̂A + δϕ̂B = 0,

we get

SAA = SBB = −SAB = −SBA ≡ SS(q). (A.64)

When we define δϕ as δϕA = −δϕB = δϕ, we obtain from eq(A.62)

− 1

β
δϕA = − 1

β
δϕ = SS(q)[γA − γB] (A.65)

= (S0)AA(q)[γA − (ϵAA − ϵAB)δϕ+ λ]

+(S0)AB(q)[γB − (−ϵAB + ϵBB)(−δϕ) + λ] (A.66)

− 1

β
δϕB =

1

β
δϕ = SS(q)[γB − γA] (A.67)

= (S0)BA(q)[γA − (ϵAA − ϵAB)δϕ+ λ]

+(S0)BB(q)[γB − (−ϵAB + ϵBB)(−δϕ) + λ] (A.68)

We delete λ from eq(A.66) and eq(A.68), and we obtain

δϕ = −β
1

S̃0
−1
(q)− 2χ

[γA − γB], (A.69)

where

S̃0
−1
(q) =

(S0)AA + (S0)AB + (S0)BA + (S0)BB

(S0)AA(S0)BB − (S0)AB(S0)BA

. (A.70)

From eq(A.65) and eq(A.67), we obtain

δϕ = −βSS(q)(γA − γB) = −β
1

S̃0
−1
(q)− 2χ

[γA − γB]. (A.71)

Therefore, the problem is to calculate (S0)jk of polymer melt.
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Let us consider polymer blend of polymer A and B. The numbers of polymer A

and B are MA and MB, and the polymerization degree of polymer A and B are NA

and NB, respectively. When V denotes a system volume, we obtain

ϕ̄A = ⟨ϕ̂A⟩0 =
MANA

V
(A.72)

ϕ̄B = ⟨ϕ̂B⟩0 =
MBNB

V
. (A.73)

Because there is no correlation between segments of A and B,

(S0)AB = (S0)BA = ⟨δϕ̂Aδϕ̂B⟩0 = ⟨δϕ̂A⟩0⟨δϕ̂B⟩0 = 0. (A.74)

In addition, when we put X as an alternate for A or B, because each polymer behaves

as a Gauss chain,

(S0)XX = ⟨δϕ̂X(r)δϕ̂X(r
′)⟩0 = ⟨(ϕ̂X(r)− ϕ̄A)(ϕ̂X(r

′)− ϕ̄B)⟩0

=
∑
m,n

⟨δ
(
r−RX

m

)
δ
(
r′ −RX

n

)
⟩0 − ϕ̄2

X

=
1

V

∑
m,n

⟨δ
(
x−RX

m +RX
n

)
⟩0 − ϕ̄2

X

= ϕ̄X

(
gX(x)− ϕ̄X

)
, (A.75)

where gX(x) is the correlation function of segments and defined as

gX(x) =
1

MXNX

∑
m,n

⟨δ
(
x−RX

m +RX
n

)
⟩0. (A.76)

The correlation function for ideal polymer is known as Debye function.

gX(q) = NXD
(
q2R2

g

)
(A.77)

D(x) =
2

x2

(
e−x − 1 + x

)
≈
{

2
x

(x ≫ 1)
1− x

3
(x ≪ 1)

(A.78)

Because (S0)XX(q) = ϕ̄XgX(q), we obtain from eq(A.71) and (A.74)

S−1
S (q) = S−1

0 (q)− 2χ =
1

(S0)AA(q)
+

1

(S0)BB(q)
− 2χ

=
1

ϕ̄AgA(q)
+

1

ϕ̄BgB(q)
− 2χ

≈ 1

ϕ̄ANA

+
1

ϕ̄BNB

− 2χ+
b2ϕ̄0

18ϕ̄Aϕ̄B

|q|2, (A.79)
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where ϕ̄0 = ϕ̄A + ϕ̄B. This is a scattering function for polymer blend. By using these

expressions, we obtain the following free energy.

F [δϕk] = F [0] +
1

2β

∫
dq

(
1

ϕ̄ANA

+
1

ϕ̄BNB

− 2χ+
b2ϕ̄0

18ϕ̄Aϕ̄B

|q|2
)
|δϕ(q)|2

= F [0] + kBT
∫

dr

[
1

2

(
1

ϕ̄ANA

+
1

ϕ̄BNB

− 2χ

)
δϕ2(r) +

b2ϕ̄0

36ϕ̄Aϕ̄B

|∇δϕ(r)|2
]
(A.80)

At the end, let us confirm the relation to Flory-Huggins theory. From eq(A.80), we

obtain

δ2F
δϕ2

A

∣∣∣∣
ϕA=ϕA

=
δ2F
δ(δϕ)2

∣∣∣∣
δϕ=0

= kBT

(
1

NAϕ̄A

+
1

NBϕ̄B

− 2χ

)
. (A.81)

When we postulate that ϕ̄A is ϕA(r) and integrate eq(A.81) under boundary condition:

F [ϕA(r) = 0] and F [ϕA(r) = 1], we obtain

F [ϕA] = kBT
∫

dr
[
1

NA

ϕA(r) lnϕA(r) +
1

NB

(1− ϕA(r)) ln(1− ϕA(r)) + χϕA(r)(1− ϕA(r))
]
.

(A.82)

This equation corresponds to Flory-Huggins theory. When we use this expression for

eq(A.80), we obtain

F [ϕA] = kBT
∫
dr[

1

NA

ϕA(r) lnϕA(r) +
1

NB

(1− ϕA(r)) ln(1− ϕA(r))

+χϕA(r)(1− ϕA(r)) +
b2ϕ̄0

36ϕ̄Aϕ̄B

|∇δϕ(r)|2],

(A.83)

which is called ”Flory-Huggins-de Gennes free energy”.
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