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Chapter 1

Introduction

1.1 A vortex and its identity

Our world is filled with vortices such as galaxies, typhoons, ocean vortices,
and so on. Also, in a plasma, we observe a wide variety of vortices such as a
circulating, helical, spiral, or shearing mode of magnetic and flow fields. A vortex
is a strange being in that it seems to be a “phenomenon” as well as a “matter”. It
is primarily a pattern, or a mode, of the motion of something, and therefore, it is a
kind of phenomena rather than a matter. However, once it makes its appearance,
it often keeps its identity for a long time, and thereby, we sometimes regard the
vortex as a matter. In fact, we often gives a name to a vortex (for example, a

typhoon is given a name like Katrina).

If a vortex is a matter holding its identity, how can we capture its essen-
tial identity? The most common way to capture the identity of some object is
decomposing it into its elements, as the atomic theory does so. However, we can
not apply this method to a vortex because if it is decomposed, it loses its identity.
For example, the identity of a galaxy does not exist in stars, which constitute the
galaxy. We have to find an identity of a vortex in its motion and dynamics rather
than in its elements or static structure. To deal with this problem from the view-
point of physics, above all, it is important to consider how we “measure” a vortex

and what is “invariant” in a vortex dynamics.



The curl operator [1] is an operator by which we can “measure” vorticity.
Thence, a Beltrami vortezr, an eigenfunction of the curl operator, may be the
simplest and most important vortex, by which we can represent and understand
the essential characteristics of vortex phenomena. For example, in the single-fluid
magnetohydrodynamics (MHD), the energy of the system tends to condensate into
a single Beltrami magnetic field and, as a result, there emerges a self-organized,
force-free equilibrium — the well-known Taylor relaxed state satisfying V x B =
AB[2-4]. In the two-fluid MHD (or Hall MHD), a pair of Beltrami fields[5, 6] (called
double-Beltrami fields) is also available to describe a wilder class of equilibria or
phenomena, such as coronal structures[7-10], circular polarized Alfvén wave[l1,

12], and so on.

Although the interest of physics is lying in motions of things or changes
occurring in the world, we often put a focus on “invariants” in motions or changes
in order to investigate them. Paradoxically, the identity of the motion is lying in
invariants during the motion (constant of motion). A non-canonical hamiltonian
mechanics[13] gives us a good framework to consider the identity of vortex in
terms of its invariants. In this framework, a Casimir element, which conserves as
a constant of motion, gives a structure to the phase space where the motion of the
vortex is described. In other word, the vortex is structured and characterized by

Casimir elements.

This introduction is organized as follows: First, in Sec.1.2, we will review
a non-canonical Hamiltonian mechanics and prepare the notion of Casimir. Then,
in Sec.1.3, we will see how a Beltrami vortex, eigenfunction of the curl operator, is

characterized by regular Casimir elements, such as the helicity. Next, in Sec.1.4,



it will be noted that not all equilibrium points, representing long-run vortices,
are characterized by Casimir elements. We will introduce the notion of singular
Casimir element in order to extend the scope of analysis using Casimir elements.
Last, in Sec.1.5, we will review the tearing mode[l14], a typical magnetic vortex
observed in many situations. Although the tearing mode can not be characterized
only by regular Casimir elements, it can be by invoking a singular Casimir ele-
ment[15]. Therefore, it is a good example by which we can consider the question
— how can we characterize the vortex by Casimir elements? Sec.1.6 is devoted to

describing purposes and the outline of the present thesis.

1.2 Non-canonical Hamiltonian mechanics

1.2.1 Hamiltonian equation

We start from a canonical, finite-dimensional Hamiltonian mechanics. The

evolution equation is given by

%z = JO.H(2), J= ( _0[ é ) : (1.1)
where z is a state vector belonging to a phase space X € R?" and H(z) is a
Hamiltonian (a real function on the phase space X). Obviously, KerJ = 0. The
poisson bracket, defined by J as {F,G} = (0., F)J;;(0.,G), satisfies the antisym-

metry condition

{F,G}+{G,F} =0, (1.2)
and the Jacobi identity
{F,{G,H}}+{G,{H,F}}+{H,{F,G}} =0. (1.3)

To consider the non-canonical, infinite-dimensional Hamiltonian mechanics,

by which we describe plasma dynamics, we have to generalize the above system in



two directions. First, we generalize the symplectic matrix J to a Poisson operator
J(z) that is a function of the state vector z (or u in the infinite-dimensional case as
described below) while its Poisson operator still satisfies the antisymmetric condi-
tion (1.2) and the Jacobi identity(1.3). The non-canonical Hamiltonian mechanics
allows J(z) to have non-trivial kernel elements, that is, Kerd(z) # 0. Second, we

expand the phase space to be an infinite-dimensional function space.

Based on what we mentioned above, we consider an evolution equation
Ou = J(u)0,H(u), (1.4)

where u is a state vector (a member of some Hilbert space X; we denote by (a, b)
the inner product of X), H(u) is a Hamiltonian (a real functional on X), and 0,
is the gradient in X (the functional derivative). The gradient 0, is often denoted
by 6/du, leaving the exact definition somewhat obscure, but, here, we invoke a
rigorously extended definition based on the Clarke gradient [16,17]. J(u) denotes
a Poisson operator, a linear antisymmetric operator in X that generally depends

on u. The corresponding Poisson bracket is given by
{F,G} = (0, F,3(u)0,G). (1.5)

The Poisson operator J(u) must be defined so that its Poisson bracket satisfies
the antisymmetry condition (1.2) and Jacobi identity (1.3). By using the Poisson

bracket, we can describe a time evolution of some functional F(u) as

CP(u) = (0.7 (u), du/dt) = (0, (u), 3w H(w) = (R} . (L6)

Obviously, the Hamiltonian H(u) is the constant of motion of the system (1.4).



1.2.2 Equilibrium, energy-Casimir functional, and Casimir leaf

In the introduction, we asked the question of what characterizes a vortex
as a “matter”. In the Hamiltonian framework, a long-existing vortex may be rep-
resented as an equilibrium point wug of the evolution equation (1.4). Therefore, we

consider here what it is that characterizes the equilibrium points in the Hamilto-

nian framework.

The equilibrium point is a point that satisfies the following equilibrium
equation

In the case of canonical Hamiltonian mechanics, its Poisson operator does not have
non-trivial kernel element (Kerd(uy) = 0), therefore, equilibria emerge only from
extremums of the Hamiltonian 9,H(u) = 0. In other words, all equilibrium points
are characterized only by the structure of Hamiltonian. On the other hand, in the
non-canonical case, there also exist equilibria that emerge from the nullspace of
the Poisson operator (Kerd(up) # 0). Even if H(ug) # 0, the total J(ug)0,H(uo)
can become zero. We may characterize this kind of equilibria by Casimir elements,

constants of motion stemming from the Kernel of Poisson operator.

First of all, let us see the definition of Casimir element C'(u) (a functional

X — R). It is defined as a nontrivial solution to
J(u)0,C(u) = 0. (1.8)

Casimir elements conserve for any Hamiltonian H’, which can be easily verified by
the following calculation:

%C’(u) = (0,C(u), J(u)0,H (u)) = —(J(u)0,C(u), 0yH'(u)) =0, (1.9)



where the second equation follows from the antisymmetry of the Poisson operator
and the last equation Eq.(1.8). Namely, Casimir elements are constants of motion
that depend only on the structure of Poisson operator and are independent from

the detail structure of Hamiltonian.
Using a Casimir element C'(u), we can transform the Hamiltonian H(u) to
an energy-Casimir functional
Ho(u) = H(u) - uC () (1.10)
and rewrite the evolution equation (1.4) as

Ou = J(u)0y {H(u) — uC(u)} = J(u)0,H,(u), (1.11)

without changing the dynamics (since J(u)0,C(u) = 0). In this expression, we can

find a richer set of equilibrium points w,, given by
83, (1,) = 0. (1.12)

The parameter i, which may be regarded as an eigenvalue, is determined by match-

ing C'(u) of the solution with some given value c.

In the geometric view, the solution u, obtained as described above is an
equilibrium point on a Casimir leaf C(u) = ¢. As we have already mentioned, a
Casimir elements C'(u) is a constant of motion, and therefore, the motion dyu is
restricted onto a level set of the Casimir element C'(u) = const. To be more precise,
the gradient of a Casimir element belongs to the kernel of the Poisson operator,

i.e. 0,C(u) € Cokerd(u), which can be easily confirmed as

0= (J(u)0,C(u),v) = —(0,C(u),d(u)v) forall ve X. (1.13)
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Figure 1.1: Foliation of the phase space.

As a result, the phase space X is foliated by Casimir leaves. Fig.1.1 depicts the

Casimir foliation of the phase space X.

In this subsection, we have introduced the notion of a Casimir and have
seen how it characterizes equilibrium points of (1.4). However, we have to note
that not all equilibrium points are characterized by some Casimir. We will deal

with this issue in more detail in Sec.1.4.

1.2.3 Simplest example of Non-canonical Hamiltonian mechanics

We end this section by giving the simplest example of a non-canonical

Hamiltonian mechanics with a Hamiltonian

1
H(217Z27Z3) = 5(2%+Z22+Z§)7 (114)
and a Poisson operator
0 10
J=| -1 0 0 (1.15)
0 00
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Figure 1.2: The simplest example of a Casimir foliation.

The state variable is z = (21, 29, 23). Obviously, (0,0, 1) is an element of KerJ.
By ‘integrating’ it with respect to the state variable, we obtain a Casimir element

C(z) = z3, by which we can construct an energy-Casimir functional
1
H, = §(zf+z§—|—z§)—uz3. (1.16)

From the extremum of H,,, we obtain a non-trivial equilibrium point zo = *(0, 0, 41).

Fig.1.2 shows the foliation given by the level sets of the Casimir C'(z).

1.3 Beltrami vortex

In this section, we will review a Beltrami vortex, an eigenfunction of the
curl operator[l]. First, we will introduce the non-canonical Hamiltonian formism

of the magnetohydrodynamics (MHD), which gives a single-fluid description of the



plasma. Then, we will see that a Beltrami vortex is obtained as an equilibrium

point characterized by the helicity, one of the Casimir elements of MHD.

1.3.1 Magnetohydrodynamics
Here, we consider the Hamiltonian formalism of an ideal MHD plasma,

which is described by the following equations:

on = —=V-(Vn), (1.17)

OV = Vx(VxV)+n YV xB)xB-V(h+V?%/2), (1.18)

0B = V x(V x B), (1.19)
where n is the density, V' is the fluid velocity, B is the magnetic field, and h is the
molar enthalpy. The variables are normalized in the standard Alfvén units.

Let us define the state vector u = *(n, V', B), a Hamiltonian functional

2 B2 h+V?/2
H(u) = / {n(— +e(n)) + —} de, 0,H(u) = nV . (1.20)
Q 2 2 B
and a Poisson operator
0 -V 0
Ju) =1 -V n(VxV)x n!(Vxo)xB |, (1.21)
0 Vx(oxn'B) 0

with which the MHD equations are concisely rewritten in the Hamiltonian form
(1.4). e(n) in (1.20) is the thermal energy density, which is related to the molar
enthalpy by h(n) = d(ne(n))/on.

The Poisson operator (1.21) has three representative Casimir elements:

, (1.22)

h o o

QMZLABM,&Q@:



0
/V Bdz, 0,Co(u)=| B |, (1.23)
1%

—_

C’g(u):/nda:, ACs(w) = | 0 (1.24)
Q

which, respectively, represent the magnetic helicity, the cross helicity, and the total

particle number.

Note 1. In the presence of magnetic surfaces, we can find ‘local Casimir elements’
that represents the conservation of surface quantities. Hameiri [18] found the com-
plete set of flux-surface Casimir elements of the MHD plasma with nested magnetic
surfaces. Kawazura and Hameiri [19] found that of the Hall MHD plasma. The
three Casimir elements (1.22)-(1.24) are invariants that do not require magnetic

surfaces and are, therefore, the most robust.

1.3.2 Helicity and Beltrami vortex

Let us consider an equilibrium point characterized by the above three

Casimir elements (1.22)-(1.24), i.e. the solution of

which reads as

V2/2+h— g =0, (1.26)
nV — B =0, (1.27)
VXxB—muB—puVxV=0, (1.28)

in deriving (1.28), we have applied the curl operator. For the sake of simplicity,

let us consider a subclass of solutions with n = 1. Combining (1.27) and (1.28),

10



we obtain

(1—p3)V xB— B =0. (1.29)

For py # 41, by denoting p := u1 /(1 — p3), we can rewrite the above equation as
(curl — u)B =0, (1.30)

which is nothing but the eigenvalue problem of the curl operator[1]. We call (1.30)
as the Beltrami equation (or the single-Beltrami equation when we distinguish it
from the double-Beltrami equation). Solving this equation, we obtain the Beltrami
vortex, which is characterized by the magnetic helicity C; and the cross helicity

Cy through the eigenvalue = py /(1 — p3).

Note 2. For uy = 41, an interesting situation occurs[11]. In this case, B can
be arbitrary and V. = +B (because u; = 0). By applying the Galilean boost,
we can transform this class of stationary solutions to Alfvén waves. Namely, the
Alfvén wave turns out to be the Galilean-boosted Beltrami vortex at the singularity

(u2 = £1) of the equilibrium equation (1.29).

In Chap.2, we will consider a two-fluid MHD system [19,20]. In a two-fluid
MHD plasma, the canonical helicity conserves as a Casimir element instead of the
cross helicity (1.23), and, as a counterpart of the single-Beltrami equation (1.30),

we have the double-Beltrami equation
(curl — py)(curl — pg)B = 0, (1.31)

where 7 and ps are parameters associated with the magnetic and canonical helici-
ties. A general solution of (1.31) is given by a linear superposition of two Beltrami

vortices.

11



Note 3. In the case of the two-fluid MHD as well, we can obtain the Alfvén wave
as the Galilean-boosted Beltrami vortex. An integrable structure in the nonlinear

modulation of the Alfvén wave was found in [11] and analyzed in [12].

1.4 Singular Casimir
1.4.1 Singularity and Singular Casimir

In the above sections, we have seen how Casimir elements characterize the
equilibrium points of the non-canonical Hamiltonian dynamics. However, as we
have already noted, generally there are not enough Casimir elements to characterize
all equilibrium points[13]. Namely, an equilibrium point, satisfying (1.7), is not

always characterized as an extremum of some energy-Casimir functional.

One reason of this discrepancy lies in the difficulty of constructing a Casimir
element by solving (1.8). We may solve (1.8) by two steps. First, we find the ker-
nel of J(u), i.e., find v(u) such that J(u)v(u) = 0. Then, we ‘integrate’ v(u) with
respect to u to find a functional C'(u) such that v(u) = 9,C(u). However, this
may not always possible. In Subsec.1.2.3, we gave the simplest example of non-
canonical Hamilton mechanics. There, we ‘integrated’ the kernel element (0,0, 1)
by solving the three-dimensional partial differential equation 9,C(z) = (0,0, 1).
In the case of an infinite-dimensional system, this ‘integration’; or the total pro-
cess of obtaining a Casimir element, means solving an infinite-dimensional partial

differential equation.

If there is a ‘singularity’ where the rank of Kerd(u) changes, the problem
becomes more interesting. In this case, we may obtain singular Casimir elements
from the singularity. Let us see the finite-dimensional example of singularity and

singular Casimir, given in [17]. We consider a one-dimensional system X = R with

12



a Poisson operator J = iz (z € R). x = 0 is a singularity where Rank.J(x) drops to
0 from 1, and this point is a singular point of the differential equation J(x)0,C(z) =
0. If there were no singularity, J(z)0,C(z) = 0 would have only a trivial solution
C(z) = const. However, in the presence of singularity, by ‘integrating’ the kernel
element §(z) € KerJ(z) (d(z) is the delta function), we can obtain a non-trivial

solution C'(x) = Y (x), where Y (x) is the Heaviside step function.

The important points are that, if the Poisson operator J(u) has singulari-
ties, we have to involve singular solutions such as d(z), and that we will need to
generalize the notion of functional derivative for singular Casimir elements, as we
did when we obtained the singular Casimir C(z) = Y (z) from 6(x). In [17], the
above-mentioned problem of the nonequivalence of the sets of equilibrium points
and energy-Casimir extremal points is addressed in the context of the Euler equa-
tion, and singular Casimir elements stemming from the singularity are unearthed
using a generalization of the functional derivative (the gradient 9, of an infinite-
dimensional system). With singular Casimir elements, we can characterize the
wilder class of equilibrium points. In [15,21], the tearing mode (see Sec.1.5) is
characterized by a linear, singular Casimir (called helical-fluz) stemming from the

resonance singularity of the Poisson operator.

Fig.1.3 shows a 2-dimensional cartoon of Casimir foliations of regular(left)
and singular(right) Casimir elements (this cartoon is drawn by reference to Fig.1.
in [17]). Outside of the singularity, Rankd(u) is constant, but, at the singularity,

Rankd(u) changes, resulting in a singular Casimir leaf.

13
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Figure 1.3: Two-dimensional cartoon of Casimir foliations of regular and singular Casimir
elements.

1.4.2 Plateau singularity in Vortex equation

Here, let us review the plateau singularity of the two-dimensional vorticity

equation[17]:

Ow = |w, ¢, (1.32)
where ¢ is the stream function, w := —A¢ is the z-component of the vorticity, and
la,b] == —-VaxVb-Vz (1.33)

is the standard Poison bracket. Let the vorticity w be a state variable. Then, the

above vorticity equation can be put into the non-canonical Hamiltonian form

Ow = J(w)0,H(w), (1.34)
with a Hamiltonian functional
1
H(w) = —/ pwdx | (1.35)
2 Ja
and a Poisson operator
Jw)e = [w,¢]. (1.36)

14



Remark 1.4.1. Although here we have naively defined the vorticity equation, it
should actually be defined more carefully by using the theories of functional anal-

ysis and weak solution, see [17].

First of all, let us consider the regular Casimir elements of the Poisson
operator J(w). In order for ¢ to be a member of Kerd(w), it must satisfy the

condition

Vw x Vg -Vz =0, (1.37)

which implies that two vectors Vw and V¢ must align almost every where in the
region 2. By invoking a certain scalar ¢ : R? — R and certain Lipschitz continuous

functions f,g : R — R, the above condition may be represented as

wx) = f(¢(x)), ¢(x) = g(C(2)). (1.38)

Let us consider the simplest case of f = identity, that is,

p(x) = glw(z)), (1.39)

which can be ‘integrated’ as

Co(w) = / G(w(x))dz, (1.40)
Q
where G : R — R is the indefinite integral of g, that is, dG/d¢ = g.

Next, let us consider the case that w has a ‘platean’ Qy C Q where w(x) =
wp (constant). In such a plateau region, the Poisson operator J(w) trivializes as
J(w) = |[wo, 0] = 0 . Therefore, within €, ¢(x) can take an arbitrary value. Note
that the representation (1.39) restricts ¢(x) to g(wp) in Qo and omits this type of

solution. To remove this degeneracy, we allow the function ¢(¢) to have a jump at
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Figure 1.4: The vorticity w(x) with a plateau, the simplest example of ¢(¢), and the
resultant p(x).

( = wy. Formally, we write

9(¢) = 91(¢) + a¥Y (¢ — wo), (1.41)

where gy, is a Lipschitz continuous function, Y (¢ — wy) is the ‘filled’ step function,
and « is a constant representing the width of the jump. The term “filled” means
that the step function Y (¢ —wp) is multi-valued at { = wy and can take an arbitrary
value in the range of [0,«a]. Fig.1.4 shows the vorticity w with a plateau, the
simplest example of ¢g({) = Y (¢ — wp), and the resultant ¢(x) = g(w(x)) =
Y(w(x)). In the plateau region €y, ¢ can take an arbitrary form. This arbitrary

property is represented by the filled (multi-valued) step function.

In [17], the Clarke gradient[16] is invoked to ‘integrate’ the singular kernel

element (1.41). The Clarke gradient is a generalized gradient for Lipschitz contin-
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Figure 1.5: Singular ¢(w(x)) that emerges when the plateau of w shrinks and disappears.

uous functions (or functionals). Specifically, for F' : R — R, the Clarke gradient of
F at z (we denote it by 0,F(z) is defined to be the convex full of the set of limit

points of the form

lim 0,F(z +¢;) with lim §; = 0. (1.42)

J—00 Jj—00
Evidently, if F(z) is continuously differentiable in the neighborhood of z, 0, F(x)
is equivalent to the classical gradient. On the other hand, if F'(z) kinks at = (the
left and right derivatives differ from each other), 9,F(x) becomes multi-valued.

Using the Clarke gradient, we define G(¢) such that

0:G(¢) = 9(¢) = gr(¢) + aY (¢ — wp). (1.43)

Then, we obtain a singular Casimir element

Cg(w):/QG(w(ac))da:, (1.44)

which gives a multi-valued gradient 8,,C¢ = g(w(x)) € Kerd(w).

17



As we have seen, when w has a plateau, the degree of freedom of the kernel
element ¢ = g(w) increases infinitely. This means that w with plateaus is a singu-
larity where the rank of Kerd(w) changes. At a singularity, there is an increased
number of directions to which the motion 0;w can not proceed. This increase is

represented by the multi-valued gradient defined by using the Clarke gradient.

Remark 1.4.2. Although ¢(() defined above is not a continuous function, the re-
sultant, composed function g(w(x)) : R? — R is continuous on the plateau region.
We have to carefully distinguish these g(¢) and g(w(x). The interesting situation
occurs when the plateau of w shrinks and disappears. In this case, the resultant
p(w(x)) takes the form of step function, as shown in 1.5. Such a singular p(x)) is

still a “hyperfunction solution” of (1.37), see [17] (Remark 3.3) and Appendix A.

1.5 Tearing mode

In the previous section, we have seen the existence of equilibrium points
that are characterized by singular Casimir elements, and can not only by regular
Casimir elements. A physically important example of such structures is the tearing
mode[15], a typical vortex structure of magnetic field that emerges in the presence

of magnetic shear.

Here, we first review the conventional studies of the tearing mode: (1) what
the tearing mode is and (2) how plasma flow affects the tearing mode. We should
note that our motivation is different from the conventional one. While conventional
studies focus their interest on “the tearing mode itself” and therefore consider
specific plasma configulations, we are interested in “how we can characterize a

vortex by Casimir invariants”, and the tearing mode is just a good example of a
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Figure 1.6: Schematic drawing of a sheared magnetic field.

general vortex observed in a plasma. With this motivation, in Subsec.1.5.3, we will
see (3) how the tearing mode theory is located in the non-canonical hamiltonian

theory.

1.5.1 Tearing mode and Magnetic reconnection

The term “tearing mode”[14] refers to a spontaneous reconnection pro-
cess[22] that occurs in the presence of a sheared magnetic field. Fig.1.6 and Fig.1.7
show a schematic drawing of a sheared magnetic field and its projection onto x —y
plane, respectively. As a result of the reconnection, the tearing mode changes
the topology of magnetic field as shown in Fig.1.8. It can be seen that the mag-
netic field, which was just sheared before the reconnection, is rotating in magnetic

islands (regions surrounded by the separatrix) after the reconnection.

The magnetic reconnection often takes place in order for magnetic field to
release its excess energy stored on its global structure[15,23]. Let us consider the
plasma in an equilibrium state. When some external force is applied to the plasma,

the equilibrium state gradually changes to a new equilibrium state while plasma pa-
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Figure 1.7: Projection of a sheared magnetic field onto x — y plane.

Figure 1.8: Topology of the tearing mode (reconnected magnetic field).

rameters slowly adjust. When this new state becomes unstable compared to some
other stable states, the plasma may self-organize itself to a new stable equilib-
rium state, through forming current sheets, reconnecting the magnetic field lines,
and changing the magnetic topology. Such self-organizing phenomena through
the magnetic reconnection can be observed in many places like solar flares, the

magnetosphere, or fusion plasmas[23].

Let us see the basic theory of the tearing mode[14,22,24]. The tearing

mode is usually analyzed by using the resistive, incompressible MHD:

0N =Vx(VxQ)+Vx{(VxB)x B}, (1.45)
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0B =V x(V xB)—-V x (nV x B), (1.46)

where €2 := V x V is the vorticity of the fluid and 7 is the magnetic resistivity.
Eq.(1.45) is obtained from the curl of (1.18) and Eq.(1.46) is obtained by adding
the resistive term V x (nV x B) to Eq.(1.19). Let us consider the tearing mode
without equilibrium flow (Vj = 0). We assume that the ambient magnetic field
has the form

By = Viy(x) x Vz+ B, Vz, (1.47)

and perturbations of magnetic and flow fields can be written in the following form:

V =V¢(x,y,t) x Vz, B = V&(m,y,t) x Vz, (1.48)

where ¢ and 4 is the stream and magnetic flux functions. Such a class of per-
turbation fields is appropriate in a plasma embedded in a strong uniform external
magnetic field, viz. the plasma in a fusion device like the tokamak. Substituting

V =V and B = B + B into Eq.(1.45) and the curl ™ of (1.46), we obtain

0 = By - Vo + nAg, (1.49)
0, = By - VJ. + B - Vi, (1.50)
where @, := —Ag, Jy = — A, and Jz0 := —A1y are the z-component of the

vorticity of flow perturbation, the current of magnetic field perturbation, and the

current of the ambient magnetic field, respectively.

Since the magnetic resistivity n and the growth rate of the tearing mode are
small (to be precise, we focus on a slowly growing mode), inertia and resistivity
terms in Eqgs.(1.49) and (1.50) can be neglected in most parts of the region (called

the ideal region or the outer region). These terms, however, become important
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in a narrow layer (called the resistive region of the inner region) around the reso-
nance line z = xz,, where By(z,) -V = By(z,) - k = 0 (k is the wave number of
perturbations). Thus, when one solves Eqs.(1.49) and (1.50), one starts by finding
solutions separately in the ideal region, where equations are simplified, and in the
resistive region, where the geometry is simplified. Then, one fabricate the entire

solution by assembling solutions obtained in each region.

The magnetic perturbation solution 1[), obtained in the outer region, is con-
tinuous in the entire region but its derivative QZ’ (= &czﬁ) exhibits a jump charac-

terized by the quantity A’

A= lim [@Z'(xr te) - (z — e)] 1d(z,). (1.51)

This quantity A’ is used when one evaluate the growth rate of the tearing mode by
matching both inner and outer solutions asymptotically. Thus, A’ is an important
index for the tearing instability and gives the necessary condition for the tearing
mode to grow and self-organize itself. In fact, it can be shown that the tearing
mode is unstable if and only if A’ > 0, in the incompressible MHD plasma without

equilibrium flow[14].

When the tearing mode grows and its island width exceeds the resistive
layer width, the tearing mode enters the nonlinear regime, where the growth of
the mode is drastically slowed, i.e. the exponential growth is replaced by a slower
algebraic growth[25]. Finally, the mode converges to the saturated state. The
time evolution of the island width (we denote it by w) is given by the following

equation|26]:
dw

= an(&(w) - fu). (1.52)
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where o and 3 are positive constants. A’(w) is the finite-island-width generaliza-
tion of the linear quantity A’ = A’(0), which is determined by the outer region
solutions. It can be seen, from (1.52), that if and only if A’ > 0 the island emerges,
as we have already seen. Moreover, the width of the saturated island is determined
by A’(w), which is, therefore, important not only for the growth rate but also for

the final saturated state.

The Hahm-Kulsrud-Taylor mode, developed by Hahm and Kulsrud[27] fol-
lowing a suggestion by J.B. Taylor, follows through the onset of the tearing insta-
bility to the formation of magnetic islands and to the final asymptotic approach
to the saturated state with islands. They considered a simple plasma in a slab
geometry, i.e. the plasma contained between two infinitely conducting wall at
r = =a, associated with a linearly varying magnetic field B, = Byz/a in the y-
direction and a uniform ambient magnetic field B, = By in the z-direction. They
analytically examined the response of the plasma to the boundary deformation
x = %(a — dcosky). They found two exact MHD equilibrium solutions: the first
one with a singular current sheet on the resonance surface and no islands, and the
second one with magnetic islands and no current sheet. After the deformation, the
plasma first approaches the current layer solution, until the layer is thin enough
that reconnection occurs by the resistiviy nV x B. Then, the plasma changes

direction toward the second solution with islands and no singular current.

In terms of the Alfvén wave theory, the tearing mode is regarded as the mode
for which the “zero-frequency resonance” occurs[24]. An important point for us is
that the tearing mode is virtually obtained by solving the equilibrium equation in

the outer region. In fact, a sequence of equilibrium solutions, which may contin-
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uously connecting the two solutions of the Hahm-Kulsrud-Taylor model[27], have
recently been found|[28]. Moreover, the singular Casimir characterizing the linear
tearing mode as an equilibrium have been found in [15], which will be discussed in
more detail later. Before that, in the next subsection, let us see the flow effect on

the tearing mode.

1.5.2 Flow effect on Tearing instability

Although we have seen the tearing mode without flow in the previous sub-
section, a plasma is generally accompanied by a flow. Since, in the absence of
resistivity the magnetic fields is frozen into the flow, the tearing mode is greatly
influenced by the flow. Therefore, there is a rich literature of flow effects on the
tearing mode. There is a wide variety of viewpoint: (1) Linear theory (stability and
growth rate) or Nonlinear theory (saturation and island width), (2) Flow strength;
small, sub-Alfvénic, or super-Alfvénic flow, (3) Flow type; toroidal, poloidal, par-
allel, or antiparallel flow, (4) Geometry; slab, cylindrical, or toroidal, (5) Method;
analytical, numerical, or experimental, and so on. Here, let us review how the flow

affects the tearing mode.

Chen and Morrison[29] analytically investigated the linear stability of the
tearing mode in a slab geometry and found that the value of the tearing instability
criterion A/, obtained from the outer region solution, is drastically changed by
the flow shear at the resonance surface. From the inner region analysis, it was
found that, when the flow shear is smaller than the magnetic field shear, the
growth rate of the tearing mode varies intricately depending on the details of the
profiles of the magnetic and flow fields. On the other hand, in the case of super-

Alfvénic flow shear, the flow freezes the magnetic field and the tearing mode is
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completely stabilized. Ofman et al.[30] numerically analyzed the sub-Alfvénic flow
effect on the nonlinear saturation of the tearing mode. It was found that the shear
flow slows down the nonlinear saturation development and reduces the saturated
magnetic island width. Li and Ma[31] focused on not only the flow amplitude but
also the flow thickness (shear parameter) and numerically found that the shear
flow has both stabilizing and destabilizing effects depending on the flow thickness.
Chandra[32] focused on the small, toroidal flow effect (in tokamaks, the observed
flows are primarily toroidal) and numerically analyzed its effect. It was concluded
that the flow itself has the stabilizing effect but, on the other hand, the flow shear

has the destabilizing effect.

Because the magnetic field is frozen into the electron flow rather than the
ion flow, the Hall effect, which distinguishes the electron flow from the ion flow,
is also important for the tearing mode. The Hall effect is known to enhance the
growth rate of the tearing mode[33,34]. The viscosity also influences the tearing
instability[35]. It is observed that the flow that has destabilizing effect in the
low-viscosity regime can have the stabilizing effect in the high-viscosity regime|[36].
Sen and Chandra[37] focused on the curvature effect. They analytically estimated
the small, toroidal flow effects both in a toroidal geometry and in a cylindrical
geometry and compared them. It was found that the destabilizing effect of the
flow in the toroidal geometry is less than that of cylindrical case, and it was
concluded that the curvature of geometry acts in the stabilizing direction. While
analytical and numerical methods often predict the destabilizing effect of the small,
poloidal, shear flow, experimental results suggest that flow shear at the resonance
surface makes the tearing stability index A’ more negative and has the stabilizing

effect[38].
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When the flow shear is larger than the magnetic field shear, the tearing
mode is completely stabilized and disappears, and then, instead, the Kelvin-
Helmholtz instability appears[29,35]. Hu and Liu[39] suggested that the Kelvin-
Helmholtz instability may twist the magnetic field lines and lead to the formation
of the magnetic islands, which is called the vortex-induces magnetic reconnection.
The numerical results of the incompressible plasma model[40,41] suggested that
super-Alfvénic shear flows always brings the Kelvin-Helmholtz instability. When
the plasma compressibility is included, the Kelvin-Helmholtz instability may be-
come either stable or unstable depending on the amplitude of the super-Alfvénic

shear flow[42].

These literatures show that the small, sub-Alfvénic flow effects are very
complicated and depending on the specific details of magnetic and flow configura-
tions, flow amplitude, flow thicknesses, geometry, and so on. It should be noted
that our interest is not in a specific behavior of the tearing mode depending on a
specific situation, but in a little more universal property of the tearing mode. One
important thing for us is that, in the presence of the super-Alfvénic shear flow,
the tearing instability disappears and, instead, the Kelvin-Helmholtz instability

appears as a dominant instability mode.

1.5.3 Singular Casimir and Linear tearing mode

As we have seen, the tearing mode itself is obtained actually as a equilibrium
point of the ideal MHD. Although the detailed information about the growth rate
needs the resistive layer analysis, we can use the quantity A’, which is obtained
from the outer region solution (ideal solution), as the criterion of the tearing mode

instability, especially in the no-flow case. These things raise a question: Can we
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characterize the tearing mode and analyze its stability by some Casimir elements?
Certainly a general tearing mode shows a complicated behavior and might not
be the object of the ideal, hamiltonian theory. However, the tearing mode of
Beltrami fields can be analyzed in the framework of the non-canonical hamiltonian
framework. The reason of this is as follows: For a perturbed Beltrami equilibrium
u = u, + u, where u, is a Beltrami equilibrium and @ is a perturbation, we can
linearize Eq.(1.11) as

Oyt = g(uuwuj{u(u) + 3(“)(%3{#(“#) = 3(uu)aug{u<u>> (1.53)

the second equality follows from (1.12). It can be seen in the above linearized

equation that the perturbation energy 0,3, (u) is tidily defined in terms of the

energy-Casimir functional, which greatly simplifies the linear analysis.

Recently, Yoshida and Dewar[15] have formulated the bifurcation theory of
the Beltrami field in the non-canonical Hamiltonian framework, with the magnetic
flux as the fixed parameter and the magnetic helicity as the control parameter. In
this framework, a Beltrami field may be viewed as the minimum-energy state on
a certain level set of the helicity. As the helicity value increases, the energy norm
on the corresponding level set surface is distorted, thereby, equilibrium points may
bifurcate to produce helical relaxed states in addition to symmetric relaxed states.
They revealed the relation between the helical relaxed state and the tearing mode.
The linear tearing mode, which resembles the helical relaxed state, is shown to
be a perturbed, singular equilibrium state characterized by a new-found Casimir
element (named helical-flux) pertinent to a ‘resonant singularity’ of the linearized
poisson operator J(u,). This helical-flux Casimir gives an additional foliation

on the phase space and its leaves separates the bifurcated helical and symmetric
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equilibria on the same helicity leaf.

Thereby, the linear tearing mode can be viewed as an equilibrium point
on the intersection of helicity and helical-flux leaves, which may exist between a
helical equilibrium (a saturated tearing mode with an island) and a symmetric
equilibrium (a sheared magnetic field without islands). Although, in this ideal
(no-resistive) model, the tearing mode is forbidden to grow, it might do so in
the presence of dissipation violating the conservation of helical-flux Casimir. The
standard criterion A’ for linear tearing instability of Beltrami equilibria is shown
to be directly related to the energy-Casimir (magnetic helicity) functional and the

spectrum of the curl operator.

Remark 1.5.1. Note that, although we are obtaining the equilibrium equation as
an Euler-Lagrange equation by minimizing the Hamiltonian, this Euler-Lagrange
equation is different from the Newcomb equation, which is often used in a plasma
analysis. The Newcomb equation is an Euler-Lagrange equation involving only
the radial coordinate, which is obtained by minimizing the energy integral of the
ideal MHD with respect to the “Lagrangian displacement vector field”[43]. We are

considering the MHD in terms of the “Euler variables”.

1.6 Purposes and Outline

As mentioned in the opening section, we are interested in the question:
How can we capture the identity of the vortex as a matter? In the framework of
the non-canonical Hamiltonian mechanics, we can rephrase this somewhat abstract
question as: What Casimir element characterizes the vortex? To concretely deal

with this question, we put the problem in the context of the tearing mode, a typical
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magnetic vortex emerging in the presence of any magnetic shear.

As we have seen, if there is no ambient flow, the tearing mode can be
characterized by the helical-flux Casimir and its stability criterion A’ is directly
related to the magnetic helicity Casimir and the smallest eigenvalue of the curl
operator. On the other hand, in the presence of an ambient flow, it is still unclear
whether or not the tearing mode can be characterized by some Casimir elements,

because the ambient flow shear has a significant influence on the tearing mode.

Hence, the first purpose of the present thesis is to see if the tearing mode
with flow can be characterized by some Casimir elements. More concretely, we
will first see if there is a Casimir element by which the tearing mode can be
characterized as an equilibrium point. If such a Casimir element exists and the
tearing mode as an equilibrium is obtained, then, we will examine what Casimir
element determines its stability. We should describe a plasma associated with flow
by the two-fluid MHD (or Hall MHD) rather than the one-fluid MHD, because the
latter can not distinguish between ion and electron flows and, moreover, overlooks
the scale hierarchy created by the flow through singular perturbation of the Hall
term[44]. Therefore, before we deal with the problem of the tearing mode with
flow, we have to prepare the bifurcation theory of double-Beltrami fields in the
two-fluid MHD(cf. in [15], the tearing mode theory is based on the bifurcation

theory of single-Beltrami fields in the MHD).

It should be noted that our result of the stability analysis may be difficult to
be compared with those of the traditional studies. It is because, although the tradi-
tional researches examine how the tearing stability responses to the change in some

few parameters while fixing other parameters, the parameters of double-Beltrami
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fields, our ambient fields, are organically linked to each other, and therefore, we
can not change only particular parameters artificially. However, this is not the
problem because our primary interest is not in the detailed property of the tearing
instability depending on a specific situation (magnetic and flow configuration, flow
amplitude and thickness, geometry, and so on) but in a little more universal prop-
erty of the tearing mode. For us, the boundary between sub- and super-Alfvénic
flow shear may be important, because when the flow shear becomes super-Alfvénic,
the tearing instability disappears and, instead, the Kelvin-Helmholtz instability

appears as a dominant instability mode, as we have seen in Subsec.1.5.2.

The second purpose of the present thesis is developing the nonlinear theory
of the tearing mode without flow. The linear tearing-mode eigenfunction, obtained
in [15], provides a somewhat strange structure of the island, that is, the magnetic
surface “kinks” at the resonance surface. This may be because the linear theory
neglects the second-order J x B force despite the existence of singular current J
described by the delta function, which violates the smallness of the corresponding

force and may bring the strange kinks of the magnetic surface.

As we will show in Sec.4.3, the resonance singularity (B - k = 0), which
causes the tearing mode, is related to the extremal of the magnetic flux function
V1 = 0. On the other hand, in [17,21], the singular Casimir is unearthed from the
“plateau” singularity stemming from the plateau of the stream function V¢ = 0.
The plateau becomes the “extremal line” when its width shrinks to zero. There-
fore, it is natural to expect that, by extending the notion of plateau singularity
to extremal singularity, we can obtain a proper Casimir that characterizes the

nonlinear tearing mode.
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This paper is organized as follows: In Chap.2, we will start by preparing
the bifurcation theory of double-Beltrami fields and then, by using it, we will deal
with the problem of the tearing mode with flow. In Sec. 2.1, we will formulate a
bifurcation theory of double-Beltrami fields in the framework of a non-canonical
Hamiltonian mechanics, and will show a existence theorem of bifurcation. In Sec.
2.2, we will give a concrete example of bifurcation in a slab geometry. In Sec. 3.1,
we will analyze a linear dynamics in the vicinity of a double-Beltrami field, an equi-
librium point of the energy-Casimir (magnetic and canonical helicities) functional.
The tearing modes will be formulated as equilibrium points of the energy-Casimir
(helical-flux) functional. In Sec.3.2, the stability of the tearing mode will be ana-
lyzed. In Chap.4, we develop the notion of extremal singularity and the nonlinear
tearing mode theory. In Sec.4.1, we will review the linear tearing mode theory
of the ideal MHD[15]. Then, in Sec.4.2, we will formulate, by using stream and
magnetic flux functions, the Hamiltonian formalism of the incompressible MHD
with two independent variables and three dimensional vector fields. With this
formulation, in Sec.4.3, we will rewrite the linear tearing mode theory and reveal
the relation between the resonance singularity and the linear, extremal singularity.
Lastly, in Sec.4.4, we will develop a singular Casimir of the extremal singularity

and apply it to the nonlinear tearing mode theory.
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Chapter 2

Bifurcation theory of Double-Beltrami fields

In this chapter, we develop the bifurcation theory of double-Beltrami fields.
The magnetic helicity and the canonical helicity play the role of control parameters

and the magnetic fluxes and canonical fluxes are set as the fixed parameters.

2.1 Bifurcation theory
2.1.1 An incompressible, two-fluid MHD

An incompressible, two-fluid MHD[45] is given by
HP =V x (VxP)=§V (p;+V?/2), (2.1)

0GA=V.x(VxA), (2.2)

where P := §;V + A is the ion canonical momentum, V is the ion flow field, A is
the vector potential of the magnetic field B, V, :=V — §;V x B is the electron
flow field, p; is the ion pressure, and 9; is the ratio of the ion-skin length to the
scale length. They are normalized in the standard Alfvén units. We denote the ion
canonical vorticity by £ := V x P. We assume that 2 € R? is a smooth bounded
domain, and the vector fields V', V., 2 and B are confined in €2, i.e. we impose

boundary conditions (denoting by n the unit normal vector onto the boundary

09)
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which are equivalent to

n-V=0 n-B=0, n-VxV=0 n-VxB=0. (2.4)

2.1.2 Flux condition: decomposition of harmonic fields

We can make a multiply connected domain 2 into a simply connected do-
main € by inserting cuts ¥; across each handle of Q: €y := Q\ (U;_,%;), where v

is termed the genus of €2. The fluxes of B and €2, given by

®(B):= | B-do, &) ::/EQ-da, (2.5)

%
can be shown to be constants of motion, where do is the surface element on ;.
To separate these fixed degrees of freedom, we introduce a self-adjoint curl op-
erator 8, a non-self-adjoint curl operator T, and basic function spaces, by draw-
ing on [1] (which is summarized also in [15]). We denote by L?(Q2) the Hilbert
space of Lebesgue-measurable, square-integrable real vector functions of €2, which
is endowed with the standard inner product (a,b) := [,a -b dx and the norm

1/2

la| := (a,a)'/?. We will use the same notation of L?>-norm and inner product

regardless of the dimensions of independent and dependent variables. We define

L2(Q) ={uec*(Q);V-u=0n-u=0}, (2.6)
LEQ) = {ueLl*(Q);V-u=0,n-u=0,ou)=0 (V)}, (2.7)
L) ={ucl*Q); Vxu=0,V-u=0,n-u=0}, (2.8)
Hy(Q) = {u € LL(Q NH (Q):; V x uw € LH(Q) }, (2.9)
H () ={uec L3 Q) NHY(Q); Vxuc L)} (2.10)

The space L2(€) is the totality of magnetic fields B and canonical vortices

Q that satisfy the boundary conditions (2.3). The dimension of L%(f), the space
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of harmonic fields (or cohomologies), is equal to the genus v of . Hin(Q) is
densely included in L%(Q2). The self-adjoint curl operator (which we denote by 8)

is such that Su = V x u for every u in the operator domain
D(8) = Hyy (92). (2.11)

The inverse map §7' : L(Q)) — His(Q) is a compact operator. We denote by
0,(€2) the point spectrum (the set of eigenvalues) of 8. Evidently, 0 ¢ 0,(8).
By the compactness of 87!, 0,(8) is a discrete set on R. The eigenvalues of 8
are unbounded in both positive and negative directions. The eigenfunctions of &
constitute a complete orthogonal basis of the Hilbert space L%(€2). When ) is a
multiply-connected smoothly bounded domain, L% () has a finite dimension. For
each By € L%(Q), there is a vector potential A” € L[2(Q), i.e By = V x A",
Extending the range of curl to include all such By, and its domain to include the
corresponding A, we extend $ to an operator T (which we call the non-self-adjoint

curl operator) such that Ju = V x u for every w in the operator domain
D(T) = Hy, (). (2.12)
By the orthogonal Hodge-Kodaira decomposition
L2(Q) = L3() @ L7 (), (2.13)

we can decompose the total B, Q € L2(Q) into the fixed harmonic fields By, Qy €

L%(Q) (which carry the given fluxes ®y,...,®,) and residual components By, Qs
B = By + BH, [BE =PyB € L%(Q), By € L%_I(Q)], (214)

Q=Q0Qx+ QH, [Qg =P € L%(Q), Qg € L%(Q)], (2.15)
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where Py, denotes the orthogonal projector from L?(Q) onto L&(1).

The current field J := V x B satisfying the boundary condition (2.4)
belongs to the functional space L2(2). Therefore, we can decompose the total J
into the harmonic field Jy € L% (), which is not fixed differently from By and

Qp, and the residual component Jy,

J=Js+Jg=VxB*+VxB" [JgcLi(Q),JycL%(Q)], (2.16)
where B” := 8§ 'Jy € H:,(Q) and BY := 77105 € HL (). In terms of B* and
B* | the magnetic field B (or By) can be decomposed as

B =By+By=B"+B"+By, [B”¢c Hi(Q), B" € Hy, (Q), By € L3(Q)).
(2.17)
Note that B* and B¥ are not orthogonal each other in general, that is, (B>, B) #

0.

2.1.3 Hamiltonian formalism

Subtracting the static components A := T-'By and P? .= T-1Qy, we
define dynamical components of the variables A’ := A — A# and P’ .= P — P,
Replacing the variables from P and A to P’ and A’, and then operating a projector
P, from L*(Q) to L2(Q) on (2.1), we obtain an incompressible, two-fluid MHD

P, =P,V x (Vx P, +Qy), (2.18)
BHA =V,.x (VxA+By), (2.19)

where P! := P,P’ and the gauge of A’ is such that n x A" = 0. (2.18) and (2.19)

are concisely written in the Hamiltonian form

Ou = J(u)0,H(u), (2.20)
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with a state vector u = ‘(P , A"), a Poisson operator

o —P,(V x P, 4+ Qp)x 0
and a Hamiltonian functional
1 SVHE L P —p A” 1
H(u) :== 5/ { * 60 + 3 |V x A’\Q} dzx, (2.22)
9] i

where V¥ .= (P? — A™)/6; and 9, denotes the functional derivative based on the

Clarke gradient [16,17].

The operator J(u) has two independent Casimir elements:

Ci(u) = %(A’,V « A') + (A, By), (2.23)
Cou) = %(P;, V x PL)+ (P, ), (2.24)

which, respectively, represent the magnetic helicity and the ion canonical helicity.

The equation of motion (2.20) is invariant against the transformation H(u) —
H,(u) = H(u) — Xv;C;(u) (each v; is a constant number playing a role as ‘La-

grange multiplier’); we have an equivalent representation of the equation of motion
Ou = J(u) 0, H, (u). (2.25)

The transformed Hamiltonian H, (u) is called an energy-Casimir functional. The
‘Beltrami equilibrium’ is an equilibrium point of the energy-Casimir functional,

i.e. the solution of
2
Du (ﬂ{(u) = G (u)) =0, (2.26)
j=1

which reads

VxB-V/§—1B=0, (2.27)
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From (2.27) and (2.28), we obtain
VXB:V1B+V2VXP, (229)

V =6,(VxB—unB), (2.30)

the last of which determines V' (and P) as the function of B. Inserting (2.30) into
(2.29) yields

VxVxB—<ul+L)VxB+i<1+ﬂ>B:0, (2.31)
1%

2 2
(2 0; 2

which may be rewritten as
(curl — pq)(curl — pg) B = 0, (2.32)

where 17 and ps are constants (we call them Beltrami parameters) related to the
Lagrange multipliers vy and 15 as

V1
2

1 1
— 4= —(1+2) 2.33
B1+ pp = v+ 520’ G 52 ( + 2) ( )

We call (2.31) and (2.32) the double-Beltrami equation[5, 6], the solution of which
is given by a combination of two Beltrami vortices[1]. Lagrange multipliers v, and

vy can be given as explicit functions of Beltrami parameters p; and ps as follows:

6i(ﬂl+ﬂ2)i\/5z‘2(ﬂl_ﬂ2>2+4 2

divy = 5 , Oig = :
0i (1 + p2) F \/5? (1 = )" + 4

(2.34)

We write down here useful relations connecting them:
Vi + Uy = (51-2/1/1#21/27 (235)
5~2<l/1 — /L1>(V1 — /,LQ) == 1 — (5“[,61 L - 5Z/L2 =1. (236)
’ iV iV

37



2.1.4 Inhomogeneous double Beltrami equation

While the double-Beltrami equation (2.32) together with the homogeneous
boundary condition (2.4) are seemingly homogeneous equations, there is a hidden
inhomogeneity stemming from the fixed harmonic field Qp and By (P” and A™)

when €2 is multiply connected.

The equilibrium equation (2.29) implies that the harmonic component J g
of the current field is determined by By and Qg as Jg := v1 By +1,{2y. Inserting
(2.17) into (2.32) and transposing the fixed fields B and By to right-hand side,

we obtain the inhomogeneous, double-Beltrami equation
(curl — puy)(curl = p1o) B = (1 + 1)V x B — pypin(B" + Bpy).  (2.37)

When B, By, 11 and py are given, we solve (2.37) for B> to obtain double-
Beltrami field B, ,, = B*+B" + By and P, ,,. As we have already noted, B”
and By are uniquely determined by the fluxes. We must also give the parameters
(1 and pe by some physical condition; here, we determine them by matching the
magnetic and canonical helicities of B, ,, and P, ,, to prescribed values ¢; of
C} and ¢ of C5. But the relation between the Beltrami parameters p; and po and
the helicity-values ¢; and ¢; is somewhat involved and may not be unique; this
is the root of the bifurcation problem. In the next subsection, we will see how

bifurcations occur in the helicity-matching process.

2.1.5 Helicity matching

The helicity-matching problem may have solutions under the following four

different situations.
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(A) If the inhomogeneous equation (2.37) determines a unique B> for given B”
and By and some set of py and o, then (2.23) and (2.24) evaluates the
magnetic helicity and canonical momentum helicity respectively as functions
of py and po, which we denote by Cya(u1, p2) and Cou(py, pe). For a given
values ¢; of the helicity C; and ¢y of the canonical momentum helicity Cs,
we must choose an appropriate p; and ps to satisfy ¢; = Cya(u1, p2) and

Co = ezA(M,MQ)-

The homogeneous part of (2.37) may have a nontrivial solution for some special

(p1, p12).

(B) If one of py or psg, here let it be uy, equals to an eigenvalue \; of the self-adjoint
curl operator 8§ and the inhomogeneous equation (2.37) still has a particular
solution (let us denote it by G), then the general solution of (2.37) is given
by

B* = 0w, + G, (2.38)

where «; is an arbitrary real number and w; is the eigenfunction correspond-
ing to \;, i.e. (curl — \j)w; = 0. Substituting this B*, we evaluate the
helicities (2.23) and (2.24) as functions of «; and po (here, py is fixed at an
eigenvalue J;), which we denote by Cip(ay, p2; A;) and Cip(ay, p2; A;). The
helicity matching ¢; = Cip(ay, o; \;) and co = Cop(ay, o; A;) selects an ap-

propriate amplitude «; and ps.

(C) If ju1 equals to an eigenvalue A; and ps equals to another eigenvalue A;(# \;)

of 8§, and the inhomogeneous equation (2.37) still has a particular solution
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G, then the general solution of (2.37) is given by
.BE = qw,; + W + G, (239)

where «; (o) is an arbitrary real number and w; (w;) is the eigenfunction cor-
responding to \; ();). Substituting this B>, we evaluate the helicities (2.23)
and (2.24) as functions of a; and «a; (here, p11 and po are fixed at eigenvalues
A; and \;), which we denote by Cic(ay, aj; Ai, Aj) and Coc (v, aj; A, Aj). The
helicity matching ¢; = Cio(, aj; A, Aj) and co = Coc(u, aj; Aiy Aj) selects

appropriate amplitudes «; and «;.

(D) In the case that pq and po both equal to an same eigenvalues A := \; = ),
of §, the eigenfunctions w; and w; degenerate into the same function w. If
there exists a ‘generalized eigenfunction’ w’ such that (curl — \)?w’ = 0, and
the inhomogeneous equation (2.37) still has a particular solution G, then the

general solution of (2.37) may be given by
B* = aw + W + G, (2.40)

where o and o/ are arbitrary real numbers. Substituting this B>, we evalu-
atethe helicities (2.23) and (2.24) as functions of o and o’ (here, p; and s are
fixed at an eigenvalue \), which we denote by Cip(«, a’; A) and Cop(a, o5 A).
In this case, the helicity matching ¢; = Cip(a,a/;\) and ¢o = Cop(a, a'; \)

selects appropriate amplitudes o and /.

In the case (B), (C), and (D), if there are multiple eigenfunctions belonging to the
same eigenvalue \, we may consider a linear combination Y aw,, or if there exists
twofold degeneracy, we may take w and « to be complex, and write R(aw); see

Section 2.2.
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We note that the branches (B)-(D) can appear only if at least one of u
and py is an eigenvalue of the self-adjoint curl operator, and moreover, if the
inhomogeneous equation (2.37) has a particular solution G. As is to be shown,
the latter condition does not always apply, i.e. at some eigenvalues the equation

(2.37) may be solvable only for some special B and By like BY = By = 0.

We have developed complicated decompositions of the double-Beltrami mag-

netic field. For the convenience of forthcoming discussions, we summarize the

notions.
e B, ,, is a finite-flux double-Beltrami magnetic field, such that
(curl — pq)(curl — po) By, 4, = 0. (2.41)
e B, ,, = B”+B" + By (B* ¢ H\,(2),B" € H. (Q), By € L}(Q)) so

that

(curl — py)(curl = 1) BY = (p1 + 1)V x B — piypio(B" + Byy).  (2.42)

e On the branches (B), (C) and (D), B> is obtained, like (2.38), (2.39) and
(2.40), by superposition of homogeneous solutions w and a particular solution

G such that

(curl — puy)(curl = p12)G = (p1 + p12)V x BY — pypio (B + Byy).  (2.43)

In the next subsection, we will study the condition for a particular solution G to

exist.
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2.1.6 Bifurcation of Beltrami equilibrium

We have already briefly introduced the self-adjoint curl operator 8 and the
non-self-adjoint curl operator T needed to elucidate the mathematical structure
around the bifurcation point. We start by reviewing the property of the operator

T proven in [1]:

Proposition 1. For every p & 0,(8), the inhomogeneous equation
(T—u)By =be L2(Q) (2.44)
has a unique solution By, = (T — p)~'b € LL(Q).

Using this proposition, we can readily obtain the following theorem:

Theorem 1. Let py, p2 & 0,(8). The inhomogeneous equation
(T = 1)(8 = p2) B® = (1 + p12)V x B — pyjus(B™ + Bpy) (2.45)
has a unique solution

B* = (8—p2) (T —pu) " {(p1 + p12)V x B" — ppio(B" + B)} (€ Hyz(€)),
(2.46)

implying that (2.37) has a unique solution.

In the case that at least one of p; or ps belongs to 0,(8), we have nontrivial
solution w of the homogeneous part of the double-Beltrami equation (2.37). We
are ready to study the existence of a particular solution G of (2.37) for given B
and Bpy. As mentioned above, a nontrivial particular solution G becomes the
trunk from which the branches (B), (C) and (D) solutions bifurcate. We have the

following two theorems.
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Theorem 2. Let p11 = \; € 0,(8) and 8w; = \jw;, and po & 0,(8). Iff
(B" — i, A7 W) =0, (2.47)
the inhomogeneous double Beltrami equation
(T = XN)(8 — p2)G = (N + p2)V x B" — \juo(BY + Byy) (2.48)
has a solution G € Hyw(9).

Proof. Let V; be the eigenspace corresponding to \;. We define L% () := L&(Q)/V;
and His, | () := His(Q)/V;. The restriction of 8§ on Hyy | () will be denoted by

8. Obviously
Coker(8, — \;) = V. (2.49)

If the orthogonality condition (2.47) holds, BY — u, A" € L2 (Q). Let us write
(8 — 112)G = W + (N + po) BT — \pp A™ (€ L3()). (2.50)
Inserting this into (2.48) yields
(T=2W =X (B" — 12 A") (€ LE, (), (2.51)
which can be solved by
W = (5.~ A)"N (B — 1aA™) (€ Hiy, (). (2:52)
Thus, the solution of (2.45) is given by

G = (8—pa)  {(8L = N)'pf (BT — 1aA™) + (N + o) BT — N A"}
(2.53)
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Next, we show that (B” — i, A" w;) # 0 is in contradiction with the
solvability of (2.48). It suffices to assume that V; is one dimensional. Projecting

both sides of (2.51) onto Vj, we obtain
(T=X)W,w) = (T-N)W L, w;) = (TW |, w;) = (B — 1, A" \w;), (2.54)

where W is the projection of W onto L% . For this relation to hold, there
must be an element w € L% () such that Tw = cw; (¢ # 0). Substituting
cw; = (¢/\j)Tw;, we obtain T[w — (¢/A;)w,| = 0. Since Ker(T) = {0}, we deduce
w = (¢/)\j)w;, which contradicts the assumption w € L% (Q). Therefore, if

(B" — s A" w;) # 0, (2.48) cannot have a solution. O

Note that the particular solution G obtained here does not necessarily sat-
isfy (G, w;) = 0 because, although W + \; (B — i, A") € L%, (B", w;) may

have finite value. If, instead of (2.50), we use
(8 — 12)G = W + (i + o) B — Njpa A — 11y (B"  w)w; € HY JV;i,  (2.55)

the, we can obtain a particular solution G such that G € Hi(Q2) and (G, w;) = 0.

Theorem 3. Let i, \j € 0,(8), Sw; = \iw; and Sw; = \jw;. Iff
(BY — ;A" w;) = (BY — N A" w;) =0, (2.56)
the inhomogeneous double Beltrami equation
(T =) (8 = X)G = (\i + )V x BT — \)\;(B" + By) (2.57)

has a solution.
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Proof. Let Vj be the eigenspace corresponding to A, (k =1, 7). The restriction of
8 on Hys(2)/V. will be denoted by 8,4 (k =1,j). Obiously

Coker(SM — )\k) = Vk (k’ = Z,j) (258)

If the orthogonality conditions (2.56) hold, B — \;A" € L4(Q)/V; and B —
NAM € [2(Q)/V;. Let us write

Inserting this into (2.57) yields
(T = X)W =X} (B = \;A") (€ L3 (Q)/V)). (2.60)

We can solve (2.60) by W = (8 ;,—\;) ' A?(B" —\; A™), with which the right-hand
side of (2.59) is shown to belong to L%(2)/V; as follows:

((81i— ;) " A2 (BT = NA™) + (N + X)) BT — M\ AT w))

= (81— ) "N (BT - \AT) + \B" w;)

A _
Y _Z \s (81 = N) 1 (BH . /\jAH) (81— Ai) wy) + /\i<BH,wj>
j i

A2
= L (B" - ;AT w)) + \(B" w;)
A — A

— 0, (2.61)

where the first and fourth equalities follow from (B" — \;A" w,). Thereby, we

can solve (2.59) by

G = (81— X)) {8 = X)X (BT = N;AT) + (N + X)) BT = \\,AT )
(2.62)
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Applying the same method of theorem 3, we can show that (B —\; A" w,) #
0 is in contradiction with the solvability of (2.57). Because of the symmetry be-
tween ); and ), in the equation (2.57), (B” —\;A" w,) # 01is also in contradiction

with the solvability of (2.57). O

Although BY and A" belong to L%(1), they are not elements of His.
Hence, for example, (Ay,w;) = A\, ' (Ay, 8w;) is not equal to A\; ' (V x Ay, w;) =
A\ N By, w;) = 0. Therefore, the orthogonality conditions (2.47) and (2.56) are
not trivial conditions. As is shown in the subsection 2.5 of [15], they pertain to
the symmetry of €. In the next section, we will consider a concrete example of

slab geometry.

2.2 Helical Bifurcation in Slab geometry

In this section, we concretely examine the bifurcation of the double-Beltrami
equilibrium in a Slab geometry. Let the domain be Q = { (z,y,2); 0 <z < 1,0 <
y<L, 0<z<L,}, where y =0 and L,, as well as z = 0 and L, are periodic

boundaries. At z =0 and 1, we impose the boundary condition (2.4).

2.2.1 Eigenfunction

In this domain €2, every eigenfunctions of 8 is given by the slab-geometry

version of the CK function[46, 47]:
where U, is determined by

—AY; = N2, in Q. (2.64)
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Taking into account the boundary conditions, we put
U, = oy () Re P =00 (2.65)

where y is a real number determining the phase angle,

27 27
k:y:mL—y, k. :nL—y (m,n=0,1,2,...) (2.66)
and
U(x) =sin(kyz +0)  (ky :=1m; 1=1,2,...). (2.67)

Without loss of generality, we assume k, > 0. We can easily verify that V x w; =

Then, we have

ikyk, cos(kyx + 0)/\; + ik, sin(k,z + 0)
w; = Rellkwwth=t0) | Lk sin(k,x + 0) /N — ky cos(kyx + 0)
(k2 + k2) sin(kpz + 0) /A
Ai) cos(kzx + 0) + ky sin(k,x + 6) } sin(kyy + k.2 + x)
sin(k,x +60) + ks cos(k: x4+ 0)} cos(kyy + k.2 + x)(2]68)

—{(
—{ i)
2/N) + (k2 /X)) sin(kgx + 0) cos(kyy + k.2 + X)

kok./
(kyk/.
{(k

the eigenvalue of which is

M=K+ k2 + 2 = 2y [+ (2m/L,)2 + (20/L.)2. (2.69)

The boundary condition n - w; = 0 and the zero-flux conditions ®,(w;) =

®, (w;) = 0 read, respectively

(kok./N;) cos(kyx + 0) + kysin(k,x +6) =0 (onx =0,1), (2.70)
Q,(w;) = noL, cos(kyy + x) {sin @ — sin(k, +0)}, (2.71)
D, (w;) = dmoLy ]; cos(k.z + x) {cos @ — cos(k, + )}, (2.72)
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where 04 denotes Kronecker’s delta, by which the eigenvalue \; of (2.64) is dis-

cretized.

In order to provide a full description of the spectrum, we here regard j
as a multi-index {m,n,l}. Iff m = n = 0, the boundary condition (2.70) trivial,
whereas the zefo-flux conditions (2.71) and (2.72) are then nontrivial and are used

to determine [. Otherwise, the boundary condition (2.70) determines /. Thus,

iftm=n=0, k,=2'r, i=1{0,0,2l'}, otherwise, k, =Imr, i={m,n,l}.
(2.73)

If we remove the zero-flux condition (2.71) and (2.72) on the m =n =0
CK eigenfunction, we obtain a finite-flux Beltrami field B, such that V x B, =
uB,, for every real p (the non-self-adjoint curl operator T has a continuous point

spectrum [1]):
0
B,=DB,| —cos(uz+86) |, (2.74)
sin (pz + 0)

where B), is a positive real number denoting its amplitude.The poloidal flux ®,(B,,)

and the toroidal flux ®,(B,,) are calculated as

o, (B,) = BM& {sinf —sin(p+6)}, . (B,) = Bﬂﬁ {cos® — cos(pu+6)}.
7 7
(2.75)

2.2.2 Trunk solution

Here, we consider the trunk solution G, .., + B” + By, which is in charge
of the fluxes of the total solution. In the slab geometory, the magnetic and vortical
harmonic fields with fluxes ®,,,, ®,,., ., and ®.. are given by

o o o )
By ="V aAv Qy = -2V “Vz. 2.76
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The vector potentials of them are

(I)m 1 (I)mz 1

Y

D, 1 D, 1
pi _Ly(x_é) ves 2 (l‘—a) vy, (2.78)

Y

which are unique in Hg_(9).

The trunk solution G, ., + B 4+ By of the double-Beltrami equilibrium

is given by superposition of two finite-flux Beltrami fields as

Gy + B" + By = By, + B, (2.79)

We have to determine the amplitudes B,,,, B,,, and the phases 0, 6, by given values

of fluxes ®,,,, Pr,., ey and P, through the following equations:

®,(B,, + B,,) = ®,(By) = ®,,, (2.80)
®, (B,, + B,,) = ©.(By) = &, (2.81)
®, (1B, + paB,,) = ©,(V x B") = 1,0, + 1,0, (2.82)
@, (B, + pB,,) = ®.(V x B") = 1,0, + 1., (2.83)

the second equalities of (2.82) and (2.83) follow from (?7). Here, let us introduce

new abbreviations to increase readability of the following calculations:

(I)my (sz Cbcy CDCZ
my -— ) mz c— T cy = T cz = T, 2.84
Qly = (Vl - Ml) Cbmy + V2¢cyv Q1 = (Vl - Ml) Omz + V2 Pes, (2~85)
Q2y = (Vl - ,u2) ¢my + V2¢cy7 Q2z = (Vl - ,LL2> (bmz + V2¢cz- (286)
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For p; and po such that gy # pa, 1 # Aoo2r and pa # Ao 2r, we can solve
(2.80) - (2.83) and obtain

p1 1 g . M 1 M1
B 9 — ) = — B 9 - ) = 29
p C08(01+5) Dsin 2 iy — g 22 B sin(ti+57) Din 2 iy — iy 2
(2.87)
iz 1 2 : H2 1 12
B Ort+—=) = — B Oot—) = 2
p c08(lot5) = —5 112)2 13 — Qe Bus sin(0:+57) = 5 112)2 113 — L
(2.88)
Then, we finally obtain
0
B = p1 — po sin(p/2) oy oo (= %1) T Qaesin (@ = %1) - (289)
—Qay sin p (x — 5) + Q2. cos puy (x — 3)
0
1 2 .
B,, - w22 (1 cos pal — 1) + Quesin o — (2.90)

. )
pe = sin(2/2) \_ 0 sin pio(z — 1) + Qus cos pin( — 1)

The reason why we can not solve (2.80)-(2.83) at f11 = Ao o2 OF fta = Ao 0,21
may be viewed as a consequence of the violation of the orthogonality conditions

(2.47) and (2.56) at these eigenvalues. By easy calculation, we observe
1 .
((x — é)Vy, w;) = OmodnoLyL, cos x sin, (2.91)

1
((z — E)VZ’ w;) = FOmoOnoLy L. cos x cos b. (2.92)

At least one of them has a finite value for ¢ = {0, 0,20}, which violates the orthog-
onality conditions (2.47) and (2.56).

In the case of 1, = po, two finite-flux Beltrami fields B, and B, degen-

p1
erate into the same field, therefore, we can not solve (2.80) - (2.83) because of the
shortage of fields in charge of fluxes ®,,,, ®,,., &, and @, . In this instance, we

have to introduce the “generalized” eigenfunction such that (curl — u)?w = 0.
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2.2.3 Helical bifurcation

Here, we consider the bifurcated branches (B) and (C) obtained by su-
perposing eigenfunctions w,, ,; with a non-zero m or n on the trunk solution

By, + B,,.

In what follows, we consider p; and po such that puq, 1o # Aooor. Using
(2.91) and (2.92), we can easily confirm that eigenfunctions w,y, ,; with a non-zero
m or n satisfy the orthogonality conditions (2.47) and (2.56), therefore, on the line
p1 = A 7# Xooar ((as well as g = Aj # Agpar), there exist both the trunk solution
B,, + B,,, and the homogeneous solution w; (w;), which are linearly independent
each other. Thus, we can construct a continuous family of bifurcated states by
superposing w; or w; on the trunk solution with complex amplitudes o; and «;.

In the case (B), i.e. py = A; # A2y and gy # A, we obtain
(B) B ype = aws + By, + By, (2.99)
and in the case (C), i.e. pn = A # Aopor and o = Aj # Ao 21, We obtain
(C) B, = 0w +ajw; + By, + B, (2.94)

The amplitudes |o;| and |a;| are determined, as we have noted in the subsection
2.1.5, by using the magnetic helicity value ¢; and the canonical helicity value ¢y as

bifurcation parameters, where the phase of o; and «; still are arbitrary.

The bifurcated branch-(B) solution (2.93) and branch-(C) solution (2.94),
composed of the symmetric function (B, + B,,,) and the helical CK functions (w;
and w;), are fully three dimensional. And yet, we can always define a “helical flux
function” g of (2.93) by which we can integrate the magnetic filed lines of the

branch-(B) solution. Moreover, when the Fourier coefficient vectors (wavenumber
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vectors) of w; and w; are parallel to each other, we can also define a helical
flux function ¢ of the branch-(C) solution (2.94). Let k, and k, be the Fourier

coefficients of w;. We denote
l%y =k,/ k’Z + k2, k,o=k./ k; + k2, (2.95)

and define
ni=ky+kz, (:=—ky+kz, (2.96)

from which we obtain the normalized wavenumber vector V7 and its normal vector

V(. Putting
pi = {kysin(k,x + 0) + (kyk./\;) cos(k,x + )} e'Fvythezt0) (2.97)
we may rewrite w; as
w; = R[Vp; x V{+ \ip; V(] (2.98)

When the Fourier coefficients vector of w; is parallel to that of w;, using the same

normal vector V(, we can also rewrite w; as
w; =R[Vp; x VC+ X, V(]. (2.99)

The ambient, finite-flux Beltrami fields B, and B,,, can be also cast into a similar

form. Putting

Oy = (B, /11s) cos {psx + 0 — tan™" (b, /k.)} (s =1,2), (2.100)

we may write

Bﬂs = VSONS X VC + /’LSSOH«SVC (S = 17 2) (2101)
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Combining ¢;, ¢;, ¢, and ¢,,, we obtain the helical flux functions ¢ = a;p; +

Our + Pu, and Yo 1= i + i + P + Pu,, by which we may write
BAi,uzﬂi = §R [VQOB X VC + (Oéi)\iQOi + ,ulgo,“ + MQQOM)VC] s (2102)

B0, =R (Voo X VC+ (auhipi + ajAjo; + pagu, + pewu,)VE . (2.103)
Hence, the level sets of the helical flux functions pp and ¢¢ give the magnetic

surfaces of B, u,.0, and By, y; a,.q;, Tespectively.

2.2.4 Helicity leaves

Now we can concretely calculate values of the magnetic helicity (2.23) and
the canonical helicity (2.24) as functions of y1, y2, o and a; by using (2.76), (2.89),
(2.90), (2.93), and (2.94). In the subsection 2.1.5, we introduced helicity-value
functions Cya(p1, pt2), Csplay, po; A;) and Cye (v, ay; A, Aj) (s = 1,2). For sake of
simplicity, we denote collectively these functions by Cs(cu, aj, pu1, p12). Then, we

obtain

el<ai7 Qj, [, ,UQ)

042 2 o 2
= gyl + gl
LyL, 1 M1 2 2
+—= { . +Q3,
8  Lsin®(pu1/2) (1 — p2)? (@2 +Q2:)

1 2 9 9
+Sin2(,u2/2> (12 — j11)? (Qly + Qu)

1 e AN R
_2Sin(,u1/2) sin(puy/2) S < 2 ) (1 — p1o)? 5 (Q1yQ2y + Q1:Q2:)
1 sin jiq
sin (#1/2) U1 — (¢myQ2y + Om=Q2:)
1 SHIP
sin (M2/2) [l — (¢myQ1y + ¢mz@1z)} ,

(2.104)
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(‘32(Oéz‘7 Qj, 1, ,U2)

_ 052()\ ) || ||2 O[2<)\j—V1)2
= - - —2

2\;v3 2A12 ||wj||2
LyL. 1 ﬂl(Vl )
s {Sm 2(p1/2) V(11 — u) (@3, + Q3.)
1 p2 (1 — pi2)? (@ + Q%)

sin®(pg/2) V3 (p2 — p11)?

1 . B — He p1 + pe
S/ s " ( 2 ) R — | @t :02:)
1 v — ) singn
25 o) ™) (1 + o ) - (d)cszy + ez Qo)
1 vy — g\ sin g
_251n2<u2/2> (1 + 20 ) Lo — <¢CyQ1y + ¢cz@1z)} . (2105)

The terms pertinent to w; and w; appears only in the bifurcation cases (B) and
(©).

We obtain double-Beltrami equilibria with given helicity values ¢; and cs
from p; and po satisfying the helicity matching conditions C;(ay, aj, pi1, pta) = ¢1
and Ca(a, oy, fi1, plo) = co. Fig.2.1 shows the contour plots of C; (v, o, p11, f12) and
Ca(av, oy, f11, pt2) projected onto the ji1-p19 plane. We can regard these contour plots
as the projection of helicity leaves onto the pi-po plane. It can be seen that the
helicity values diverge on lines j1; = A2 = 27 and py = —Xgp2 = —2m, and the
helicity leaves split. This divergence implies the non-existence of equilibrium at
[1 = X2 OF fla = —Agp2 because of the violation of the orthogonality condition

(2.47) at these eigenvalues.

Let us focus on a line 1 +ps = 0, where we can collectively denote Beltrami
parameters by u := pu; = —ps. (Lyapunov stability of double-Beltrami fields with
such parameters is studied in [48]. We will develop this study in Appendix B.)

Fig.2.2 shows the magnetic helicity value €5 on the line ;4o = 0, as a function of
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Figure 2.1: Contour plots of the magnetic helicity value €;(0,0, u1, o) (left) and the
canonical helicity value €;(0,0, u1, p2) (right) projected onto pi-pe plane (0 < p; <
3m, —3m < pg < 0). Ion-skin length and flux parameters are as follows: J; = 1/5m,
Pmz = VOiy dmy = Py = Pe = 0. Geometry parameters are as follows: L, = L, = 2. In
this geometry, A2 = 27.

p. At =2 = A1,0,1, where the orthogonality condition (2.56) holds, the helical
branch-(C) bifurcates. At u = 21 = A2, where the orthogonality condition (2.56)
breaks, the helicity value diverges. It can be seen that for a small magnetic helicity
value , there only exists branch-(A) solution (symmetric double-Beltrami field), on
the other hand, for a large value, branch-(C) solution (helical double-Beltrami

field) bifurcates. In Fig.2.3, we plot the contours of a helical-flux function ¢c of

the branch-(C) solution bifurcated from p; = —py = /2.

2.3 Summary and Discussion

We have formulated the bifurcation theory of double-Beltrami fields with
the magnetic and canonical fluxes as the fixed parameters and the magnetic and

canonical helicities as control parameters. This bifurcation theory can be viewed
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Figure 2.2: Magnetic helicity value C;(0,0, yt, —p) on the line p; + pg = 0.

as the problem of the existence and uniqueness of solutions of the inhomogeneous
double-Beltrami equation (2.37). It is the fixed magnetic and canonical fluxes that
give the inhomogeneous part to (2.37). The particular solution of (2.37) becomes
the trunk of the bifurcation. As the values of the magnetic and canonical helicities
change, Beltrami parameters p; and o in (2.37) also change. When p; or s is
equal to the eigenfunction of the self-adjoint curl operator §, the homogeneous
part of (2.37) has non-trivial solutions (eigenfunctions of §) and the uniqueness
of solutions of (2.37) breaks, in other words, bifurcation occurs. Namely, in our
bifurcation theory, bifurcation solutions are represented by superposition of ho-
mogeneous and particular solutions. It should be noted that the simultaneous ex-
istence of homogeneous and particular solutions is non-trivial and, therefore, the
existence of bifurcation solutions is also non-trivial. On this issue, we have proved
the sufficient and necessary condition of bifurcation (Theorem 2 and Theorem 3),

by which we can know what eigenvalues of § brings the bifurcation.
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Figure 2.3: Contours of a helical-flux function ¢¢ on a cross-section of the slab domain.

We have presented a concrete example of bifurcation in a slab geometry. In
Fig.2.1, it can be seen that the magnetic and canonical helicity leaves projected
onto p1-p plane are ripped apart due to the fixed fluxes. On the rips in leaves, the
helicity values diverge, which means the non-existence of the particular solution on
these rips. This can be viewed as a consequence of the violation of the orthogonality
condition given in Theorem 2 or Theorem 3. In this geometry, the symmetric
doubl-Beltrami field gives the trunk solution, which is helically deformed (shown
in Fig.2.3) by superposition of homogeneous solutions emerging from bifurcation

points.
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Chapter 3

Linear tearing mode theory of Double-Beltrami fields

3.1 Linear analysis of Tearing mode

In this section, we analyze the relation between the helical bifurcation and
the tearing mode. As in the case of single-Beltrami field[15], also in the case of
double-Beltrami field, the tearing mode is viewed as a perturbed, singular equilib-
rium state characterized by the singular Casimir element (helical-flux) stemming
from the resonant singularity of the linearized poisson operator. However, there is
a difference between the cases of single-Beltrami and double-Beltrami fields. In the
single-Beltrami case, the tearing mode was similar to the branch-(B) helical relaxed
state given by superposition of a Beltrami eigenfunction w; on the trunk symmetric
Beltrami field. On the other hand, in the double-Beltrami case, the tearing mode
is similar to the branch-(C) solution given by two Beltrami eigenfunctions w; and
w; rather than the branch-(B) solution. We need two eigenfunctions to obtain the

tearing mode with an appropriate flow V € H'(Q).

3.1.1 Linearized equation around the Beltrami equilibrium

Here, we consider perturbations u = t(1~30, A) around the double-Beltrami
field w,, ,,. We assume that perturbations do not change the canonical and mag-
netic fluxes, that is, V x A,V x P, € L%(Q). The Hamiltonian form of the

linearized equation is is given by

ata = HuhmaﬂUul,uz (ﬁ) (3'1)
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where J,,, .., is the Poisson operator (2.21) evaluated at the equilibrium point w,, ,,,

that is,
Jpr o = Uy pip) = i ( _:POQ()MMX Bm(?mx ) ’ (3.2)
and Uy, ., is the linearized energy-Casimir functional defined as
Um,uz(jjav A) = Ho (U pp + 1) — j{ug(um,uz)
- %/Q{ —P"_&T"A +‘V><212

1A (VxA) —wnP, (Vx PU)}dw.

(3.3)

Let us decompose the member of Kerd,, ,, into the following independent

() ()

?UQMLM Xw =0, B#l,#z xj=0. <3'5)

classes

where w and 7 are such that

Integrating them, we obtain the following independent Casimir elements

C. (@) ::/Qw-f?(,da:, C;(1) ::/Qj-Ada:. (3.6)

3.1.2 Resonance singularity and helical-flux Casimir elements

In what follows, we consider the slab geometry introduced in the beginning

of Sec.2.2, in which we can write

0 0
Qul,m = Qy(x) ) BM,M = By(‘r) : (3'7)
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Here, we consider ‘singular’ Casimir elements stemming from the resonance

singularity of the poisson operator g, ,,. Let us consider

0 0
w=308,0(x) | —k. | Re'Pwvthst0 5 —5.0(x) [ —k, | Re'Fwvthst0(38)
k, ky

Notice that the prime ’ here does not mean any derivative but it just distinguishes

the variable of w from b. Putting them into (3.5) yields
(ky () + £ 0(2)0.0(x) = 0. (k,B,(x) + k. B.(2))0,6(z) =0,  (39)
which have singular solutions
0,0(x) = 6(x — 2,), 0.0(z) =08(x —x,) (3.10)
if there exist z,. and z, satisfying the resonance condition

ey (&) + ka0 (3,) = 0, kyQy(2,) + k. (z,) = 0. (3.11)

Putting (3.8) with (3.10) into (3.6), we obtain Singular Casimir elements
0

C, = / 5z — &, )ReiFwwth=t0 [ _f | . P da, (3.12)
e k
Yy
. 0 ~
C; = / §(z — zp)Relbwyth==t0 | | . Ade. (3.13)
Q ky

The second Casimir C; is nothing but the helical-flux Casimir, which has
been found in [15], and the first one C,, is the counterpart of ion canonical mo-
mentum P,, to the electron canonical momentum A. We may rewrite them in the

following form:

C’w:/5(m—:%T)V$><Vsin(l%yy%—l%zqu)Z)-Pada): A Vxszin(lAnyqu%zz—i—)%)-Pgdm,
Q F"‘

(3.14)
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C; = / 8(x—2,)Vex Vsin(ky+k.2+x)-Ade = | VaxVsin(k,y+k,2+x) Adz,
Q T,

(3.15)

where f‘r and I', are the resonant surfaces of x+ = 2, and x = x,. The resonant

Fourier component of P, and A, i.e. the parts proportional to Rei(Fsy+*=2+%) and

Reilkuyth=24X) make these integral non-zero and hence are forbidden to change.

3.1.3 Linear Tearing mode

By invoking the helical-flux Casimir C}, we can obtain ‘tearing mode’ as a

singular equilibrium state. Let us consider an energy-Casimir functional

gﬂhmﬂ = UMLM (ﬂ) - 6Cj (ﬂ), (3'16)

where 3 is a Lagrange multiplier. Because () is the surface integral on the resonant
surface I, (z = =), it is convenient to represent the linearized energy-Casimir

functional U as follows:

1,42

~ ~ |12
. 1 P,-7P,A
Um,uz(u) - 5 A\FT { ‘ 5;

—V x P, - Pg}da} + %/ [Vz x B- A, dydz (3.17)
r,

+(VXB—V11T3)-A

where [[f]]., is the jump across © = z,:

T

(e, :=lim {f(z, +€) = flz —€)} (3.18)
We can find equilibrium points by
871?#17112,5 =0 [Um,uz (ﬂ) - ﬂCj(ﬂ)] =0, (3'19)

the Euler-Lagrange equation of which is

P, — P, A
2

(2

=VxB-uyB (in O\I,), (3.20)
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=1V x P (in O\I), (3.21)
[V x B],, = fVz x Vsin(k,y + k.2 + x). (3.22)

Combining (3.20) and (3.21), we obtain the “double Beltrami equation”

. 1 . .
VXVXB—<yl+5zy)V><B+5—2<1+ﬂ)B 0,  (3.23)
iV '

i V2

which may be rewritten as
(curl — piq)(curl — o) B = 0. (3.24)
The ion-flow field V = (P, — P, A)/d; is determined by B through (3.20) as

V=4 (v x B — mé) . (3.25)

We separate the domain at = z, and solve (3.24) in each sub-domain

with assuming a form

B = Oél(.:Jl + @2(:12, (326)

where
O = VU, X VC+ 1, U,VC, U, = ay(a)Re!Fovth=40 (=1, 2).  (3.27)

The solution is given by

~ sin l?:zx/ sin k2, 0<z <z,
e - - 2
Vi { sink;(1 — z)/sink;(1 — x,.) (x, <z <1), (3:28)
where
ki =y p? — k2 — k2. (3.29)

We have the following expression

iR+ k2,

@ =R k¥ — k.0, |. (3.30)
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where f’:= df /dx. The vector potential of w; is given by

i BER
k

Fy
which belongs to H'(Q) and satisfies n x A; = 0, therefore, the condition we
have imposed on A; is satisfied. Note that A; ¢ HL.(Q), therefore, it satisfies

V x Az = w; but not Az = (:)Z/,ul
We also have to check the condition imposed on V = (P, — P, A)/d;, that

is, V.€ H'(Q). Inserting (3.26) into (3.25), we can calculate the jump of V at

r=ux, as

[V]e, = di{ar(m —v)ll@i]la, + @zpz = 11)[[w@2]]a, }

= o o — ) [, + 0tz = ) [5])2,) } V sin(hyy + bz o+ ),

(3.32)

which must become zero. Otherwise, the derivative of V' would produce the delta
function, which is not an element of L?(£2). To satisfy this condition, we have to

set the amplitudes «; and as as

ar = —a(pz = v)[[¥a)ls,, a2 = alp —1)[[¥1])s,, (3.33)

where « is an arbitrary constant, and with which certainly [[V']],, = 0.

Remark 3.1.1. In the above, we did not use the canonical singular Casimir element
C,, because there is, in Uy, ,, (@), no term that would balance with C,,. Although
|V x A[?, the highest derivative term of A in (3.3), produces the term [[Vz x B -
A]],, which can balance with the magnetic helical-flux Casimir C;, P, x (V x P,),

the highest derivative term of P, in (3.3) , does not produce such a term.
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3.1.4 Criterion of tearing instability

Here we will estimate the energy (3.17) of the singular solution (tearing

mode) obtained in the previous subsection.

Preliminarily, we calculate the following. From (3.30) and (3.31), we obtain
©; X Aj-Va =RV, - RU; = —la; cos®(kyy + k.2 + ), (3.34)

the jump of which can be calculated as
([&: x A; - Valls, = =[[¥]]a, cos®(kyy + k2 + x), (3.35)

where we have used zzj (x,) = 1. Integrating it on the resonance surface I, we

obtain

L,L,

/ [@; x A; - V]|, dydz = — =~

(), (3:30)

r

Using this result, we can easily calculate the energy (3.17) of the tearing mode as
Uiz = / ) ”wrdydz
F’V‘
= / (@1 + apws) X (041AI + 042;42) -Vl dydz
Fr
= DL LA, + ananl[9]), + onaal[4]L, + 3[4l 8.5

In terms of A’ := [[@E’ /L/NJHJ;T, the criterion of the tearing instability, the energy

(3.37) can be rewritten as

U (x, )2 A, (3.38)
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which can be easily verified by estimating A’ as follows:

, ! P!
A = |[=]la = =12
I wln i
= T [[(c1thr + agihe)(cnthy + aihs)]]a,
1 27 Ty T T 2.7 71
= () [[{041%?/11 + oo (7/12% + wlwz) + O@%%}]]xr
- ﬁ {011, + rcxal[d1])s, + rcsal[d8])s, + o3[[5]L, } . (3.30)

where the last equality follows from 1 (x,) = ¥ (x,) = 1. Therefore, in the case of
double-Beltrami fields, it is the energy-Casimir functional (magnetic and canonical
helicities) that is directly related to the criterion of the tearing instability.

Let us examine the sign of (3.37) in more detail. Inserting (3.33), we obtain

Unga = —=0° L2000, [0, [ (12— (1031,

= = 20 G ) T+ SR
= P L 4], (0 — 20) 0 — ) [l + o = 92) s — )[4

= et Br ) L I, [ — L, — (2~ )[4 ] - (3.40)
Introducing X; := 8;(p1 — 1) [[4]]a, and Xy 1= 6; (g — 11)[[}]],, We can rewrite
this as
Ui s = —%L‘ZLZ (1 — p2) X1 Xo (X4 — Xa), (3.41)

where we have used the relation 67 (1 — v1)(pe — 1) = 1.

Without loss of generality, we can assume j; > ps, therefore, the necessary

and sufficient condition for the negative energy turns out to be

X1 <0< Xy or 0<Xo<Xy or Xo<X < O, (342)
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and thence, the necessary and sufficient condition for the positive energy is

Xo<0< X; or 0<X;<Xy or Xj<Xy<0. (343)

3.2 Instability of double-Beltrami fields with sub/super-Alfvénic shear
flow

Here, we examine how the value of U,, ,, changes depending on Beltrami
parameters p; and po. We focus on the parameter region of g +ps ~ 0, pug ~ O(1),

and po ~ O(1), where a flow is nearly Alfvénic, as shown later.

3.2.1 Double-Beltrami field with Beltrami parameters u; + pus =0

First of all, we investigate the case of p; + o = 0, that is, Beltrami param-
eters have the same amplitude but opposite signs. Let p := p; = —po, then we

find

([0 )]e, = [04))a, = —F (COS k(1 —z,) . cos kq:) Tosin i

sin k(1 — x,)sinkz,’

(3.44)
where k = /uZ — k2 — k2. We denote (3.44) by [[¢/']]s,, with which (3.40) is
y z

simplified as

sink(l —x,)  sinkz,

2L?JLZ

U e = — T(Ml — p2)?[[W]]3,.- (3.45)

Thereby, if [[¢']]., > 0 the corresponding tearing mode has a negative energy,
which implies the instability, on the other hand, if [[¢/']]., < 0 the corresponding
tearing mode has a positive energy. Because 0 < x, < 1, obviously 0 < kx, < k
and 0 < k(1—z,) < k. Therefore k = 7 is the smallest value that makes [[¢)']],, = 0
and we observe that [[/']],, < 0 for k < 7 and [[¢/']],, > 0 for 7 < k < 7+ ¢, where

€ is an appropriately small positive number.
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Finally, we obtain the sufficient condition for the tearing mode (k, =

m(2r/Ly,) and k, = n(2r/L,)) to have a positive energy as follows:

- 2’ 21 °
k<mep’<m’ 4k +k=7r"+ <mL—7T> + (nL—W) : (3.46)
y z

Obviously, as the value of the Beltrami parameter p is increased, the lowest tearing
mode, (m,n) = (1,0) for L, > L, or (m,n) = (0, 1) for L, < L,, gains the negative
energy first.

To consider the relation between the energy of the tearing mode and the

smallest eigenvalue of the curl operator §, let us consider L, and L, such that

w2+ (2r/L,)* < (2m)* and L, < L,. In this geometry, the smallest eigenvalue of 8

is At = /7% + (27/L,)?. Then the condition for the positive energy of the lowest

tearing mode (m = 1,n = 0) is written as

2 2
W2 <t (L—W> ] (3.47)
)

Moreover, as soon as p exceeds A\, the energy of the lowest tearing mode becomes
negative. Therefore, it turns out that the smallest eigenvalue \; gives the marginal

value between positive and negative energy of the lowest tearing mode.

3.2.2 Double-Beltrami field with Beltrami parameters p; + s ~ 0

Here, following the previous subsection, we investigate the case of p; + o ~
0. We assume that the resonance surface is at «, = 1/2, by which [[¢//]],, (i = 1,2)

is simplified as

[0]]a, = —F (COS’“‘“‘WJOWT): W (3.48)

sin l%l(l —z,) sin kix, _tan(l;i/2)'
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Substituting (3.48) into (3.40), we obtain

o LyL:, 2k 2%y
Ui = o = i) e o))
2]2'1 2%2
{(Ml - Vo)m — (2 — Vo)m} ; (3.49)

which is a function of p; and ps, fixing the mode number (m,n).

Fig.3.1 shows the contour of U, ,,, (111, pi2) of the lowest tearing mode (m, n) =
(1,0) on the region 7 < puy < 27 and —27 < py < —m. On gray-colored regions
and white-colored regions, the tearing mode has a negative and positive energy,
respectively. It can be seen that there are three borders separating the negative
and positive energy regions: two straight lines y; = Ay and ps = —A; and a curved

line.

First, let us consider the straight lines related to the smallest eigenvalue
A1. In the previous study[15], it have been shown that the tearing mode without
flow gains a negative energy when the absolute value of the Beltrami parameter
|ie| exceeds the smallest eigenvalue \;. Therefore, it is natural to expect that the
tearing mode would have a negative energy in the regions (1), (2), and (8) where
both of || and |ug| are larger than A;. On the other hand, it is also natural
to expect that the tearing mode would have a positive energy in the regions (4),
(5), and (6) where both of |u;| and |us| are smaller than A\;. Actually, however,
we observe a positive energy in the region (2) and a negative energy in the region
(6). Fig.3.2 shows U1, o, and ¥ = a1ty + agthy of the tearing mode obtained
in the region (2). It can be seen that, although each of @Zl and 1;2 has the larger
wavenumber than 7 (the criterion of the negative energy mode, see (3.46)), that of

the total ¢ is smaller than A;. On the other hand, Fig.3.3 shows 1, ¢, and ¢ of
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Figure 3.1: Contour of Uy, u, (11, p2) of the tearing mode (m,n) = (1,0) in the region
T < 1 < 2m and =27 < pe < —mw. On gray-colored regions, the tearing mode has
a negative energy. On white-colored regions, the tearing mode has a positive energy.
A = V27 is the smallest eigenvalue of the curl operator. The parameters are set as

below: §; = 57, ¢, = \/6_2'; and ¢my = ¢cy = ¢ = 0.
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the tearing mode obtained in the region (6).Opposite to the case of (2), it can be
seen that, although each of ¢, and 1), has the smaller wavenumber than 7, that
of the total ¢ is larger than A;. These results show that the tearing stability of

the double-Beltrami fields B, ,, = B, + B, can not be reduced to the sum of

those of B, and B,,.
—
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Figure 3.2: 1/;1, o, and 1; = a9 + 0521212 of the tearing mode obtained in the region (1).

Next, let us consider the curved line, which is possibly related to the flow
amplitude and shear. The left of Fig.3.4 shows the contour plot of the energy of
the tearing mode (m,n) = (1,0). The middle of Fig.3.4 shows the contour plot
of the difference between the square amplitude of the magnetic field B and the
flow field V, that is, B2 — V2. In the white-colored region, the flow is sub-Alfvénic
(V2 < B?). On the other hand, in the gray-colored region, the flow is super-
Alfvénic (V2 > B?). The right of Fig.3.4 shows the ratio of the flow shear to the
magnetic shear at the resonance surface z, = 1/2, that is, V,(1/2)/B,(1/2). In
the white-colored region, the flow has sub-Alfvénic shear (|V,(1/2)| < |B,(1/2)]).

70



< 02 04 0.6 08 1.0

e
R“bx /

Ln
T

Figure 3.3: 1;1, 1/;2, and 1; = aﬂZl + 0@&2 of the tearing mode obtained in the region (6).

On the other hand, in the gray-colored region, the flow has super-Alfvénic shear
(|V,(1/2| > |By(1/2)]). For all of contour plots shown in Fig.3.4, the ion-skin length
parameter is set as 6; = 1/5m. Fig.3.5 is the §; = 1/317 version of Fig.3.4, namely,
it shows the situation more close to the ideal MHD. As the situation approaches
the ideal MHD (6; — 0), all of the curved line of the tearing mode energy contour,
the boundary between sub- and super-Alfvénic flow, and the boundary between
sub- and super-Alfvénic flow shear approach the line p; + s = 0. Therefore, in
the region of p; + pe < 0, the dominant instability mode changes from the tearing
instability to the Kelvin-Helmholtz instability, which may causes the complexity

of the contour of mode energy.

In Fig.3.6 and Fig.3.7, we plot the contours of the magnetic flux function
and the stream function of an unstable tearing mode with zero canonical helicity,
respectively. It can be seen that the flow is just shearing but not rotating. Fig.3.8

and Fig.3.9 are the finite canonical helicity version. In this occasion, the flow is not
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Figure 3.4: (Left) the energy U, ,, of the tearing mode (m,n) = (1,0): in the gray
colored region the tearing mode has negative energy U, ,, < 0 and in the white colored
region positive energy Uy, 4, > 0. (Middle) the difference between the square amplitudes
of the magnetic field B and the flow field B: in the gray colored region the flow is super-
Alfvénic V2 > B? and in the white colored region sub-Alfvénic V2 < B2, (Right) the
ratio of the flow shear V;/(1/2) to the magnetic shear B, (1/2) on the resonance surface:
in the gray colored region the flow shear is super-Alfvénic [V,/(1/2)| > |B;(1/2)| and in
the white colored region sub-Alfvenic |V;(1/2)| < B, (1/2)|. The parameter setting is
the same as that of Fig.2.1. The ion-skin length §; = 1/5.

Upia iz B2 —V? V,(1/2)/B,(1/2)

H2

n V2 r 2n

H1

Figure 3.5: 0; = 1/31m version of Fig.3.4.

72



only shearing but also rotating. Fig.3.10 and Fig.3.11 give the magnified views of
Fig.3.8 and Fig.3.9, respectively. Although the magnetic flux function has strange

“kinks”, the stream function is smooth.
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Figure 3.6: Contour plot of the magnetic Figure 3.7: Contour plot of the strean func-
flux function of the tearing mode that is ob- tion of the tearing mode that is obtained in
tained in the region (8) and has zero canon- the region (8) and has zero canonical helic-
ical helicity. ity.
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Figure 3.8: Contour plot of the magnetic Figure 3.9: Contour plot of the strean func-
flux function of the tearing mode that is ob- tion of the tearing mode that is obtained in
tained in the region (8) and has finite canon- the region (8) and has finite canonical helic-
ical helicity. ity.

3.3 Summary and Discussion

Tearing mode of double-Beltrami fields have been shown to be characterized
only by the helical-flux Casimir, as with the case of single-Beltrami fields[15], even

in the presence of flow. However, there is a difference between previous and present
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Figure 3.10: Magnified view of Fig.3.8. Figure 3.11: Magnified view of Fig.3.9.

tearing modes. In the previous theory, the tearing mode is represented by a singular
eigenfunction of the curl operator §. On the other hand, in the present theory, the
tearing mode is given by superposition of ‘two’ singular eigenfunctions of the curl
operator 8. As a result, the tearing instability criterion A’ changes drastically, as
shown in (3.40). We have shown that A’ is directly related to the energy-Casimir
functional U,, ,,, obtained by combining the hamiltonian, the magnetic helicity,
and the canonical helicity, through the equation U,, ,,, = —(L,L./2)y(x,)?A’. We
observe that when the tearing mode @' has the negative energy U,, ,.,(a') < 0,
its A’ has the positive value A’(a") > 0, which implies the instability of the
negative-energy mode in the presence of the finite resistivity n[29]. Thereby, in
what follows, we regard the energy U, ,, of the tearing mode as the criterion of
tearing instability. The possible scenario is that the symmetric equilibrium relaxes
to the helical equilibrium that has the lower energy U,,, ,, than the symmetric one,

through the tearing modes of A’ > 0.

Using the above obtained criterion U, ,,, we have investigated the tearing
instability of double-Beltrami fields in the parameter region such that p; + s ~ 0,
w1 ~ O(1), and pg ~ O(1). First, we have analyzed the simple case of yy + s =0

where the Beltrami parameters p; and py of two Beltrami vortices, constituting a
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double-Beltrami field, have the same amplitude p = u; = —uo but opposite signs.
In this case, it has been shown that the tearing mode has the positive energy for
[ < A1, where \; is the smallest eigenvalue of the curl operator, and gains the
negative energy as soon as p exceeds A;. This result is consistent with the theory
of tearing instability without flow[15]. It is the smallest eigenvalue of the curl

operator that determines the tearing instability.

However, in the region out of the line py + ps = 0, the energy of the tearing

mode U

.o Dehaves complicatedly as shown in Fig.3.1. There are three lines

separating positive and negative regions: the straight lines py = A\; and py = — X\
and the curved line. We have observed the negative energy tearing mode in the
region (6) where both Beltrami vortices would have positive energies if there were
no flow. On the other hand, we have observed the positive energy tearing mode in
the region (2) where both Beltrami vortices would have negative energies if there

were no flow.

One possibility is that we are observing not only the tearing instability but
also the Kelvin-Helmholtz instability (the vortex-induced reconnection[39]). As
plasma approaches the ideal MHD plasma (§; — 0), all of the curved line, the
border between sub- and super-Alfvénic flow, and the border between sub- and
super-Alfvénic shear on the resonance surface get close to the same line py + ps =
0, as shown in Fig.3.5. Moreover, it is known that the double-Beltrami fields
generally does not satisfy the sufficient condition for the Kelvin-Helmholtz stability
in the region p; + o < 0[49], where a double-Beltrami flow field is given by a
combination of a sub-Alvénic vortex V ,, with a larger structure (7 < py < |p2l)

and a super-Alfvénic vortex V', with a smaller structure (|p2| > p1). Since in the

75



super-Alfvénic shear flow regime the tearing instability is replaced by the Kelvin-
Helmholtz instability[40, 41], it is natural to suppose that the reconnected mode
observed in the region p; + po < 0 is not the tearing mode but the vortex-induced
reconnection[39] due to the Kelvin-Helmholtz instability. Therefore, it would be
considered that U, ., = —(L,L./2)¢(x,)*A" ceases to be the criterion of the

tearing instability in the region pq + po < 0.

On the other hand, in the region u; + pe > 0, the tearing instability is
still dominant. The negative-energy modes obtained from the regions (1) and (3)
are intuitive results because, in those regions, the sub-Alfvénic Beltrami field has
the Beltrami parameter p; larger than A; and it can be tearing-unstable. The
positive-energy mode obtained from the region (4) is also intuitive because, in
this region, both of Beltrami fields are tearing-stable in the absence of flow. The
positive-energy mode obtained from the region (2) is an interesting result. In
this region, the sub-Alfvenic Beltrami field may be unstable, although the super-
Alfvénic Beltrami field is stable due to the super-Alfvénic shear flow([29]. Therefore,
this positive energy possibly means the stabilizing effect due to the interaction

between two Beltrami vortices.

On a final note, in Appendix B, it is shown that, in particular case, a
double-Beltrami field is Lyapunov-stable on the line such that pu; + ps = 0 and

(< A1. This marginal value p = A; is identical to that of tearing instability.
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Chapter 4

Singular Casimir and Nonlinear tearing mode

The linear tearing-mode eigenfunction of the ideal MHD plasma was ob-
tained in [15] and that of the Hall MHD was obtained in the previous section.
Both of them, however, provide a somewhat strange structure of the island, that
is, the magnetic surface “kinks” at the resonance surface, as shown in Fig.3.10.
The reason of this may be because the linear theory neglects the second-order
J x B force. As we have seen, the linear tearing mode has the singular current J
described by the delta function, which violates the smallness of the corresponding
force. Therefore, the neglect of the second-order term brings the strange kinks of

the magnetic surface.

As we have already mentioned in the introduction, the resonance singularity
B-V = 0 may have relation to the extremal singularity stemming from the extremal
of the magnetic flux function Vi = 0. Therefore, it is natural to expect that, by
extending the notion of plateau singularity to extremal singularity, we can obtain

a proper Casimir that characterizes the nonlinear tearing mode.

Here, we develop the notion of extremal singularity, based on the context

of the nonlinear tearing mode in the ideal MHD.
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4.1 Linear tearing mode and Resonance singularity

For comparison, here we concisely review the tearing mode theory of the
ideal MHD developed in [15]. The linearized system around the single, constant
density (n = 1), no-flow (V = 0) Beltrami equilibrium w, = (1,0, B,), where
V x B, = uB,, is given by

ou = J,H,u, (4.1)

where @ = (7, V, B) is the state vector, J, is the Poisson operator evaluated at

the fixed equilibrium point u,

0 —V. 0
g, == | -V 0 (Vxo)xB, |, (4.2)
0 Vx(oxB,) 0

where o implies insertion of the function to the right of the operator, and H, is

the linearized Hamiltonian

w 0 0
H, = 0 1 0 ) (4.3)
0 0 1—pSt

w is a positive coefficient by which wn = h evaluates the enthalpy perturbation,

and S~ is the inverse-curl operator which yields A = S~'B.

In order for (0, b) to be the member of Ker(d,,), b must satisfy the condition
B, x (V xb)=0. (4.4)

In the slab geometry, we may write B, = (0, By(x), B.(x)). To find a singular

Casimir element, let us put

0 0
b=R| k() |tk ¥ xb=R| —ik.0,0(zx) |Fth==) (45)
ik, 0(x) ik, 0,9 ()
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with which (4.4) reduces to
(kyB, + k.B.) 0,9(z) = 0. (4.6)
If there is a resonance surface x = x, satisfying the resonance condition
B, -k = By(x,)ky + B.(x;)k. =0, (4.7)
(4.6) is solved by
I(x) = co+ Y (v — ab), (4.8)
where Y'(+) is the Heaviside step function, ¢y, ¢; are complex constants.

Integrating the resulting b, we obtain a helical-flux Casimir:

Q@:quqgw:LBbm. (4.9)

The energy-Casimir functional (without flow perturbation V') is given by

Tpo(B) = i) —0C,(@) = L((5—wS " B-25bB).  (410)

The tearing mode eigenfunction obtained from the Euler-Lagrange equation
V x A — uA = 3Psb, (4.11)

where Ps; denotes the orthogonal projector from L*(Q) onto L%(9).

4.2 Incompressible MHD with stream and flux functions

In this section, to reveal the relation between the resonance singularity and
the extremal singularity and to find the singular Casimir element characterizing
the nonlinear tearing mode, we will formulate the Hamiltonian formalism of the

ideal MHD with the magnetic flux function.
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Incompressible MHD can be written as

OV = P [—(VxV)xV+(VxB)xB], (4.12)

B = Vx(V xB), (4.13)

where P, denotes the orthogonal projector from L*(2) onto L2 (w).

We consider this equation in the slab geometry we introduced in Sec.2.2, and
assume that all fields depend on only x and n := /f_yy+k_zz and have no dependence

on ( = k;,z — k,y. The dependent variables can be cast into the Clebsch-like form
V(z,n) = Vé(x,n) x V¢ + V(x,n)VC, (4.14)
B(z,n) = Vi(z,n) x VC+ Be(z,n)VC, (4.15)
where ¢ and 1 are stream and flux functions, Vi and B, are (-component of V'

and B. With this representation, we can rewrite the system of equations in the

following form:

Ow = [w,¢] + [, ], (4.16)

Ve = [V, ¢l + [, B, (4.17)

O = [¢, 9], (4.18)

OB = [Bg¢l+ [, Ve, (4.19)

where w := —A¢ and j := —Aq are the (-components of the vorticity and the
current, and [a, b] := —Va x Vb - V( is the standard Poisson bracket.

With a new state vector u = *(w, V¢, 9, Be), the system of equations (4.16)-

(4.19) is cast into the hamiltonian form (1.4) with a hamiltonian functional

1 . .
H(w, Ve, ¢, Be) = 5/0 (gbw + Vf + jv + Bg) de, 0,H = (¢,V¢,j,B:), (4.20)
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and a Poisson operator

[w7o] [VOO} [wvo] [BQO]

I(u) == [[‘;4”;] 8 8 W(’)O] : (4.21)
[Beo] o] 00

where o implies insertion of the function to the right of the operator. Finally, the

hamiltonian form of (4.16)-(4.19) is given by

@ [[cvu,O]] [Vcd o] WéO] [iqﬂi] $
ol w{=|l wea o o 0 i | 422
B [Bc,o] [,0] 0 0 B¢

The Poisson operator (4.21) has at least three Casimir elements. First of

all, the cross helicity and magnetic helicity are inherited from the original MHD:
1
Q Q

Cy = / V- Bdx = / (wip + Ve Be)dew,  9,Co = (1, Be,w, Vi) . (4.24)
Q Q

The existence of the magnetic flux function (magnetic surface) gives the present

system an additional Casimir element, which is the so-called flux-function Casimir:

Cr = /Q F(6)dz, 8,Cr = (0,0, /(1)),0). (4.25)

where F' : R — R is a real function and f is its derivative.

Let us invoke the magnetic helicity C; in an energy-Casimir functional:
H, = H — uCh. (4.26)
The Euler-Lagrange equations are
J=nBe, B =, (4.27)
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which yields the Helmholtz equation

— A = 1. (4.28)
This Helmholtz equation corresponds to the single-Beltrami equation (1.30).

Remark 4.2.1. In Eq. (4.22), it seems at first glance that the elements of Poisson
operator Jq2 and J14 do not work, that is, they produce only zero result [V, V;] =0
and [Be, B;] = 0. However, these elements are necessary for the Poisson operator
(4.21) to satisfy the Jacobi identity (1.3) and to possess the magnetic and cross
helicities as Casimir elements. For example, we could consider another type of

antisymmetric operator

w, o] 0 [0l 0

T@=| BRI (4.20)
0 [wvo] 0 _[¢7O]

However, the poisson bracket defined by this operator J’(u) does not satisfy the Ja-
cobi identity. Moreover, the magnetic and cross helicities are not Casimir elements

of J'(u).

Remark 4.2.2. The cross and magnetic helicities are calculated as follows:
1
C, = —/ A-Bdx= | yYn- -VV¥dr +/ (VB,)dz, (4.30)
2 Ja o9 Q
Cy = / V - Bdx = / ym - Vodx + / (wp + V. B,) dz, (4.31)
Q o9 Q

where W := A~ B,. Therefore, we have to take ) € H}(Q).

4.3 Linear tearing mode theory and Extremal singularity

In this section, first, we rewrite the linear tearing mode theory [15] in terms

of the magnetic flux function by using the formulation obtained in the previous
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section, and then, we reveal the relation between the resonance singularity (B, -

V = 0) and the plateau singularity (Vi, = 0).

4.3.1 Linear tearing mode and Extremal singularity

The linearized system around the Beltrami equilibrium w,, = (0,0, v, ut,)
satisfying (4.27) is given by
o= J,H,u, (4.32)

where @ = (@, ‘74, 0, BC) is the state vector, g, is the Poisson operator evaluated

at the fixed equilibrium point w,,

0 0 W’w o] [,I[MP;“ 3]
. . 0 0 0 1/1“, o
3p = d(uu) = Y0y, ] 0 0 0 5 (4.33)
[y, 0] [thy,0] 0 0
and H,, is the linearized Hamiltonian

-A"t 0 0 0

0 1 0 0
H, = 0 0 —A —p (4.34)

0 0 —p 1

In order for (0,0, f,0) to be the member of Ker(d,), f must satisfy the

condition
[ [l = Vb x V- V(=0 (4.35)

To find a singular Casimir element, let us put

F=%r (z', /K2 + kge“’“wkzz)ﬁ(x)) , (4.36)

with which (4.35) reduces to
i(k2 + k2)9(z)e' By th=g 4, = 0. (4.37)
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When there is a extremal point x = z, satisfying

Outhu(r) = 0, (4.38)

(4.37) is solved by
W z) = c1d(z — z,), (4.39)

where J(-) is the delta function and ¢; is a complex constant

Integrating the resulting f, we obtain a singular magnetic flux Casimir

Oy () == / R (z'cl, [2 4 k2eibothes) (o — xr)> vda. (4.40)
Q

Invoking this singular Casimir element, we construct the energy-Casimir functional

(without flow perturbation)

1
Fus( Be) = 3 (@ ,Hﬂa)]V ~ ACr

= /{ —j+ Bc — u By

B8R (icl, [12 + k2 thuvthe2) 5 (o — mr)> z;} da (4.41)

The equilibrium points are determined by the Euler-Lagrange equation

j— B = AR (z’cu [k2 + k2 kyy+kzz>> Sz —w,), Be—pdb=0,  (4.42)

which are combined to

— A = 2+ AR (z’cn [ k2 + k2e! kyy%zg)) Sz — ). (4.43)

It is the last term of the right-hand side of (4.43), we call it as the delta func-

tion term, that allows 890175 to jump across the extremal line x = x, and produces

the singular current on the line.
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4.3.2 Relation between Resonance and Extremal singularities

Here, we see the relation between the extremal singularity and the resonance
singularity. By using the magnetic fluc function ¢,, the Beltrami field can be

rewritten as
B, = V() x V¢ + iy () VC. (4.44)

Let us substitute (4.44) into (4.7),

k-B, = \[k2+k2Vy- (Vi x VC+ up,VC)
— 2+ K2V -V,

which shows that the extremal condition (4.38) is nothing but the resonance con-
dition (4.7), that is,

k-B,(r) =0« 0,¢,(z) =0. (4.46)

Moreover, the equations (4.42) correspond to the linear tearing mode equation

(4.11). To confirm this relation, let us take the curl of (4.11), and we obtain
V x B—puB =V x b. (4.47)
Substituting B = Vi) x V( + ECVC into the above equation, we obtain

(j - HBC) V(+V (BC - ,u;) x V¢ = AR (ic“ [k2 + kge“’fw’w)) §(x — 2,)VC,
(4.48)

which is equivalent to Eqs.(4.42).

Therefore, at least in the linear theory, the tearing mode is related to the
extremal singularity of the Poisson operator. In the next section, we will study

the relation between the nonlinear tearing mode and the extremal singularity.
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4.4 Nonlinear tearing mode theory

Here, we will develop the nonlinear tearing mode theory generalizing the

linear theory mentioned above.

4.4.1 Nonlinear tearing mode equation and Delta function term

We start by ascertaining what kind of Casimir element we need. For con-
venience, let us rewrite Eq.(4.43) in a simpler form by adjusting the coefficient of

the delta function term,
— A = p2) + R PR 5 (1 — 1), (4.49)

In the linear theory, the delta function term Re'*w9+*:2)§(z — 2,.), obtained from
the singular Casimir element, gives a boundary condition on the resonance surface,
by which we can obtain a tearing mode solution. However, on this occasion, the
coefficient of the delta function term Re’(*s¥+*:2) ig artificially given, which causes
the singular current inside the island and results in the strange kinks of magnetic

field lines on the resonance surface.

Therefore, we expect 1 to determine the coefficient of the delta function by
itself as below,

—AY = p* = B (0, 0,)0(x — @), (4.50)
where f(1,0,1) is some appropriate function of ¢ and 0, (in general, it also
may be a function of even higher derivatives of ). Moreover, we expect 1 to
determine not only the coefficient but also the position where the delta function
has its value. Eventually, we anticipate that the nonlinear tearing mode may be

given by the following type of equation:
—AY = p* = B (0, 0:)3 (¢ () — o), (4.51)
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Figure 4.1: A cartoon of an anticipated nonlinear tearing mode.

where 0(¢ () —1)) is a delta function that has its value at points where ¥ (x) = 1.

What we want is a Casimir element such that its gradient gives the nonlinear
delta function term f (v, 0,9)d(¢(x) — 1p). In general, such a term may not be
a member of the kernel of J,(¢)) := Jis(u) = [¢,0]. However, at the extremal
of ¢ where Vi = 0, Jy(¢) is trivialized, i.e. Jy(vv) = —V¢p x Vo -V( = 0.
Therefore, if the coefficient f(1,d,7) is finite only at extremal, we can regard
Vi x V[, 0.0)6((x) — 1bg) = 0. Fig.4.1 shows a cartoon of an anticipated
nonlinear tearing mode. The red line indicates the position of extremal, where
Vi x V[, 0,9)d(¢(x) — 1) = 0 because of Vi) = 0. On the blue line Vi # 0,
here , we expect f(¢,0,%) = 0 so that Vi x V f(,0,9)d(¢(x) — 1y) = 0. Note
that the connecting points of red and blue lines is the difficult problem. Although
Fig.4.1 shows the T-shape connection, it may be actually the Y-shape connection.

Fig.4.1 is just a cartoon.
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4.4.2 Singular Casimir element producing Delta function term

Let us start by considering the following type of Casimir element[17], which

has been introduced in Subsec.1.4.2,

Cal) = / Gt () da. (4.52)

where G : R — R is a Lipschitz continuous function. Then its gradient is given
by 0,Cq = g(¥(x)), where g := 9;G/ is the Clarke gradient[16] of G(£). When
G has a “kink”, a point where left-hand and right-hand derivative differ from
each other, the resultant g(¢(x)) may no longer be a member of the domain of
Jy(¢) = 1, 0]. However, it is still a “hyperfunction solution” of [¢, ¢] = 0, since
V() is “parallel” to V.

Next, to generalize the above Casimir element, let us allow G to have a

“step”, that is, we consider the following functional

Oy (1) := / Y ((z) — do)de, (4.53)

where Y (1) — 1) is the step function. Its gradient is formally given by the “delta

function”
o(x — ¥~ (1))
n -V

where §(x — 1)~ (1)y)) is defined as the two-dimensional delta function that has its

pCy (V) = p(¥(x) — o) == : (4.54)

value on the contour ¢ (x) = 1y, and n is the normal to the contour line 1) (x) = vy.
We also regard this delta function p(¢(x) — 1) as a formal solution of [¢, ] =0
in some hyperfunctional sense. Therefore, Cy (1)) can be regarded as a Casimir
element. It is, however, not the Casimir element we want because its gradient
p(t(x) — 1g) has its value on the whole contour line 1) = 1)y. We expect the delta

function to have its value only on the extremal of .
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If the extremal line is “folded”, the derivative there becomes multi-valued.

To use this multi-valuedness, we introduce the following functionals
Cnlw) = [ SV Vi)Y (i(e) — vu)da. (4.55)
Q

Cyo(t) = / (T - V)Y (4 () — o)z, (4.56)

where f : R — R is a smooth function. v, and 1, are basically identical with 1)
but their derivatives at zo = ¥ ~'(1)y) (especially at the folded line) are differently
defined. Let us see how to define their derivatives by using the one-dimensional
example. First, we consider the case that ¢ is ‘folded’ at xo, as shown in Fig.4.2.
We evaluate the derivative of ¢; at xy by extending it from the left, as shown
in Fig.4.3. In this one-dimensional example, this definition is equivalent to the

left-hand derivative of 1
—(x9) = lir% — (g — €). (4.57)

In the same way, we evaluate the derivative of v, by extending it from the right,

which is, in the one-dimensional case, equivalent to the right-hand derivative

dy,
dzx

(o) := lim %(azo +e). (4.58)

Next, we consider the case that v is smooth at xog = 1 ~(¢)g), as shown in Fig.4.4.
In this case, as Fig.4.5 shows, the extended 1; and v, are equivalent to v, and
therefore, di;/dx = dip, /dx = dip /dx.

Eventually, the singular Casimir we want is constructed by taking difference

between Cy; and CY,, that is,
Crs(¥) := Cpe(h) = Cru(@)). (4.59)
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Figure 4.2: Magnetic flux function ¢ with a Figure 4.3: Left magnetic flux function
folded extremal at xg. and Right magnetic flux function ,.

To obtain the gradient of Cy,, first we calculate the variation of C; as follows:
Cr(Y +09) — Cr(y)
= [ [T+ 80) - Vw66 Y G+ 50— )
— (V- V)Y (di(@) = o) da
= [ [0 DY (o + 50 = o) = Y (@) — b))
+2f (Vi - Vi) VU - VirY (@) — o) + O((60)?) | da
= | [ Vivptunta) — v
—V - {2F (Vi - V) VY () — o) o + O((50)2 }daz
= [ [0 Toiptinte) = )i = 20 (V- To) VY (shfa) -
—V {2 (Ve - V)V LY (8 () — 1o)ot + O((61)? }
= | (V- i =2 (Vo VeV Vi hotin(e) = )
—V - {2f (Vi - V)V LY () — o) 0 + O((51)2) }
= [ (T V) = 2 (T V)V - D} plan(a) — o)

Yo) - Viborp

)| dx

- /Q V- {2f/ (Vo - V)V 5 + O((50)?). (4.60)



Figure 4.4: Magnetic flux function 1 being Figure 4.5: Left magnetic flux function
smooth at xg. equals to Right magnetic flux function ,.

Qo is the region where ¢ (x) > 1y and therefore the derivatives of 1, and .,
are equivalent to that of ¢/ (remember that we distinguish 1, and v, only by the
difference bewteen their derivatives at zo = ¢ "!(1)y)). The third equality follows

from the formal calculation

Y (4 + 09 — o) = Y (di(®) — o) = p(ta(x) — 0)de + O((09)?), (4.61)

and the Stokes’ theorem (note that d1» = 0 on the boundary). In the fifth equality,
we formally calculated VY (¢y(x) — 1) = p(t(x) — 1) V1. In the same way, we

calculate the variation of C, (1) as

Cfr(qvb + 5¢) - Cfr(¢)
- /Q [F(V, - V) — 2(Vi - Vi)V - Vi, bplt(@) — tho)Stbda

_/Q V- {2f/ (V) - Vo) Vi bavda + O((51)?). (4.62)
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Subtracting (4.60) from (4.62), we obtain the variation of C/,

Crs (¥ + 00) — Cps(¥)

= ({f(Vr - V) = 2f (Vi - V) Vi, - Vb, }p(ihe () — o), 0)
—({F (V- V) = 2" (Vi - V) Viby - Vi fp(tn() — o), 00)
+0((0v)%), (4.63)

and therefore, the gradient of C/; is given by

0uCr = ~[[{1(Ve- V) =21 (V6 V)VE - Vo o(i(@) - o)

- [T STV ),

(4.64)

where [[g(¢¥)]] := g(¥n) — g(,) and the second equality follows from (4.54). Ob-
viously, the coefficient of this delta function term has finite value on the folded
extremal line, where current sheet emerges (red lines in Fig.4.1), and becomes zero

on the smooth line, corresponding to the edge of the island (blue line in Fig.4.1).

4.4.3 Singular Casimir element and Nonlinear tearing mode
Adding (4.59) to (4.26), we obtain a new energy-Casimir functional
Fr5.1 () = () — pCr(w) — BCro(w). (4.65)
We can find equilibrium points by
0uF 11 (0) = D [3T(w) — uCi () — BCp,(w)] = 0. (4.66)

Note that 7 = —A may include a delta function component. For convenience, we

rewrite the term related to ji as

/Q jibda = /Q Vi - Vipda = /Q - jibda — /F wo[[n~vw]]dzd5, (4.67)
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where I'y, is the line along which ¢(x) = 9. Then, we obtain the Euler-Lagrange

equations in the following form: the Helmholtz equation

—Ay = M% (in Q\Fwo)v (468)

and a Neumann type boundary condition

f(Vy - V) =2 (VY - V)V - Vi
n - Vi

n-vol) =5 | || et o

This nonstandard boundary condition on I'y, allows v to have folding lines, on
which the singular current may emerge. Note that the boundary I'y, is determined

by 4 itself, which brings an additional Dirichlet type boundary condition

=1y (on Ly,). (4.70)

Note that the coexistence of boundary conditions (4.69) and (4.70) basically overde-
termines the solution v. We solve this nonstandard boundary condition problem
in two steps: first, we solve the Helmholtz equation (4.68) with the Dirichlet type
boundary condition (4.70), then, we check whether or not it satisfies the Neumann

type boundary condition (4.69).

In what follows, to examine what kind of solution there are, let us investigate

specific cases of f(¢) =1 and f(¢) = (.

For f(¢) = 1, the boundary condition (4.69) becomes

-0 =5[] (@1
which may be written as
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This condition demands that v is continuous on the contour line of ¢ = 1 or that
the value of (n- Vi;)(n - Vi,) is constant along the line ¢ = 1. Such a condition
excludes the nonlinear tearing mode, like that shown in Fig.4.1, from the solution,
because along the current sheet (red line in Fig.4.1) (n-V;)(n-V,) may not be
constant. However, we can obtain a symmetric current sheet solution with current
sheet on & = constant and without islands. For such a solution, (n- Vi) (n- Vi)

is constant along the current sheet because of its symmetry.

From the above example of f(¢) = 1, it is guessed that the solutions of
this overdetermined system is considerably restricted and, in general, it does not
have the nonlinear tearing mode solution. However, in the case of f({) = (, the

situation is totally different. In this case, the boundary condition (4.69) becomes

_ Vv - VYl _
Vel = =8|~ g ]| = Sl Vel (4.73)
This condition holds only if § = —1 and, conversely, 5 = —1 trivializes this condi-

tion. Namely, in the case of f({) = ¢, the Neumann type boundary condition (4.69)
virtually disappears, and we can obtain the solution by solving the Helmholtz equa-
tion (4.68) under the Dirichlet type boundary condition (4.70). Fig.4.6 shows the
cartoon of the symmetric nonlinear tearing mode solution which may be obtained

by solving the above system (only the upper half region is described).

4.5 Summary and Discussion

We have formulated, by using stream and magnetic flux functions, the
Hamiltonian formalism of the incompressible MHD with two independent vari-
ables and three dimensional vector fields. Then, we have rewrite the linear tearing

mode theory[15] by using the above formalism. As a result, it has turned out to be

94



Y = 1o :O0p 1) = O Y = g

Figure 4.6: Cartoon of the symmetric nonlinear tearing mode on the upper half region.

that the resonance singularity B, - kK = 0 is nothing but the extremal singularity

Vi, = 0.

In the linear theory, the singular Casimir element, obtained from the ex-
tremal singularity, produces the delta function term in the Euler-Lagrange equa-
tion, which allows an equilibrium solution to have the singular current. The prob-
lem of the linear theory is that the singular current exist even in the island of the
tearing mode. To find a nonlinear, singular Casimir element that gives the singu-
lar current only on the extremal line of ¢, we have develop the notion of extremal
singularity, extending the notion of plateau singularity. First, we have considered
the Casimir element Cy (¢) the integrand of which is given by Y (¢)(x) — 1)), where
Y is the step function (see (4.53)). The gradient of Cy (¢) is formally a member of
the Poisson operator of the system. However, the delta function included in this
gradient has its value not only on the extremal line of 1) but also on the edge of

the island.

To obtain an appropriate singular Casimir element, we have to consider the

speciality of the extremal line of ¢). Although we regard the value of Vi on the
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extremal line is zero (because the extremal singularity demands [¢), 0] := Vi) x Vo
-V({ = 0), if the extremal line folds, we can also consider the left- and right-side
derivatives of ¢ from both sides of the extremal line ) = 1. To use this speciality
on the “folded” extremal line, where the singular current emerges, we introduced
the functionals C'y; (4.55) and C/, (4.56), which are basically same functionals, but
the gradient of them are differently defined by using the difference between left-
and right-hand derivative of ¢. We have proposed the singular Casimir element
Cts (4.59) given by the difference of C'y; and CY,, which detects the folding line on
the contour of ¢ = ¢y. The gradient of Cy (4.64) gives the delta function term
that has a finite amplitude only on such a folded extremal line. The function f
included in the definition of C, is arbitrary, which represents the fact that, on the
extremal line, the operator [¢, o] is trivialized and, therefore, the gradient of C',

can take arbitrary form there.

Using the above singular Casimir element, we have constructed the energy-
Casimir functional H — uCy — 8Cy,, where C is the magnetic helicity. The Euler-
Lagrange equations of this functional gives the Helmholtz equation (4.68) with
“nonstandard” boundary conditions (4.69) and (4.70). The word “nonstandard”
means (1) the boundary (resonance surface) is determined by the solution itself
and (2) both of the Neumann type and Dirichlet type boundary conditions are
imposed on the same line. In terms of (2), this system is basically overdetermined.
Therefore, although by choosing an appropriate  we can obtain the solution like
the symmetric current sheet solution without island, in general, the nonlinear
tearing mode solution may not be obtained. However, when we set f({) = (,
the situation drastically changes. In this special case, by choosing § = —1, the

Neumann type boundary solution is removed, which allows the nonlinear tearing
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mode solution with islands.
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Chapter 5

Conclusion

At the beginning of the thesis, a question has been raised: How can we
capture the identity of the vortex? This abstract question has been put into
the context of the tearing mode theory and concretized as (1) Is there a Casimir
element that characterizes the tearing mode with an ambient flow and (2) What

kind of Casimir element characterizes the nonlinear tearing mode?

In Chap.2, in preparation for the theory of the tearing mode with flow,
the bifurcation theory of double-Beltrami fields has been developed. It is Casimir
elements and eigenvalues of the curl operator § that determines the bifurcation
structure of double Beltrami fields. Namely, the magnetic and canonical helicities
play the role of control parameters, and the magnetic and canonical fluxes work
as the fixed parameters. Besides, bifurcation may occur at eigenvalues of the curl

operator §, if the geometry has symmetry.

In Sec.2.1, the sufficient and necessary condition of bifurcation has been
proved in (Theorem 2 and Theorem 3), by which we can know what eigenvalue of
S gives a bifurcation point. In Sec.2.2, a concrete example of bifurcation has been
given, in a slab geometry. Fig.2.1 shows the magnetic and canonical helicity leaves
projected onto the Beltrami parameter plane pi-ps. These leaves are “ripped”
along the line where the orthogonality condition, given in Theorem 2 or Theorem 3,

breaks down. On the rips, the helicity values diverge and the double-Beltrami fields
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does not exist, as expected from Theorem 2 and Theorem 3. These rips basically
due to the fixed fluxes. Namely, the motion is restricted onto the flux leaves
and, on these flux leaves, the helicity leaves deform drastically. In this geometry,
the symmetric double-Beltrami field gives the trunk solution, which is helically
deformed by superposition of the helical solutions emerging from bifurcation points

(eigenfunctions of §8), as shown in Fig.2.3.

In Chap.3, the linear theory of the tearing mode with flow has been devel-

oped on the framework of non-canonical Hamiltonian mechanics.

In Sec.3.1, it has been found that, even in the case of double-Beltrami fields
and in the presence of an ambient flow, the tearing mode can be characterized as
an equilibrium point only by the helical-flux Casimir element, which is surprisingly
the same Casimir element characterizing the tearing mode without flow[15]. How-
ever, there is, of course, a difference between previous and present tearing modes.
In the previous theory, the tearing mode is given by a singular eigenfunction of
the curl operator 8. On the other hand, in the present theory, the tearing mode is
given by superposition of two singular eigenfunctions. This difference is caused by
the difference between the energy-Casimir functionals of single-Beltrami fields and
double-Beltrami fields. The energy-Casimir functional of double-Beltrami fields
includes the canonical helicity, in addition to the magnetic helicity which is in-
cluded also in the energy-Casimir functional of single-Beltrami fields. It is this
newly added Casimir element that has changed the structure of the tearing mode.
Namely, the flow effect on the tearing mode is embedded in the canonical helicity
characterizing the ambient flow fields. The standard criterion of the tearing insta-

bility A’ has been shown to be directly related to the linearized energy-Casimir
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functional U,, ,, (3.17) through the equation U,, ., = — (L, L./2)(z, )2 A’

In Sec.3.2, it has been examined how the sign of U,,, ,, changes depending on

1,2
the values of Beltrami parameters p; and po, in the parameter region such that p,+
po ~ 0, uy ~ O(1), and py ~ O(1). On the line py + po = 0, where both Beltrami
parameters have the same amplitude ;1 = p1 = | o] and the situation is close to that
of single-Beltrami fileds, it has been observed that the tearing mode has positive
energy for p < A;, where A; is the smallest eigenvalue of §, and gains negative
energy as soon as ju exceeds A;. This result is consistent with that of [15]. It is
the smallest eigenvalue of the curl operator that determines the tearing instability
on this line pq + pe = 0. In Appendix B, the Lyapunov stability in the range 0 <
[t < Ap is also proved for some specific case. However, in the region out of the line
1+ p2 = 0, the energy of the tearing mode U, ,, behaves complicatedly as shown
in Fig.3.1. There are three lines separating positive and negative regions: the
straight lines iy = Ay and puy = —A; and the curved line. This curved line may be
related to the border separating the region where the tearing instability is dominant
and the region where the Kelvin-Helmholtz instability is dominant. In fact, as
shown in Fig.3.5, in the ideal limit ; — 0 (J; is the ion-skin length), the curved
line approaches the border between sub- and super-Alfvénic shear flow regimes (in
the presence of super-Alfvénic shear flow, the tearing instability disappears and,

instead, the Kelvin-Helmholtz instability becomes dominant[40, 41]).

In Chap.4, the notion of extremal singularity has been developed and ap-
plied to the nonlinear tearing mode theory. In Sec.4.2, the Hamiltonian formalism
of the incompressible MHD, with two independent variables and three dimensional

vector fields, has been formulated in terms of the stream and magnetic flux func-
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tions ¢ and 1. Then, in Sec.4.3, the relation between the resonance singularity

B, -k =0 and the extremal singularity Vi, = 0 has been revealed.

In Sec.4.4, first, the Casimir element Cy (¢) (4.53), the integrand of which
is given by the step function Y (¢(x) — 1), has been considered. This Casimir
element is the most natural generalization of the singular Casimir stemming from
the plateau singularity, the integrand of which is given by the Lipschitz continuous
but not smooth function. However, this newly considered Casimir element is not
appropriate for the nonlinear tearing mode solution, because its gradient gives
the delta function term that has its value even on the edge of island. For the
nonlinear tearing mode, the delta function term is expected to have its value only
on the “folded” extremal line of ¢, where the singular current emerges. Then, two
functionals C; (4.55) and C}, (4.56) have been introduced. They are basically
same functionals, but the gradient of them are differently defined. The singular
Casimir element Cy (4.59) has been given by the difference of Cy; and Cy,. The
gradient of Uy, gives the delta function that has its value only on the folding
line of ¥. The Euler-Lagrange equations of the energy-Casimir functional JH —
puCy — BCYs gives the Helmholtz equation (4.68) with the nonstandard boundary
conditions: the Neumann type boundary condition (4.69) and the Dirichlet type
boundary condition (4.70). The Neumann type boundary condition changes its
form depending on the function f included in the definition of the singular Casimir
element Cy,. Because these two boundary condition are imposed on the same line,
this equation is basically overdetermined. However, with an appropriate choice of
(3, this system can have solutions. For example, in the case of f({) = 1, a symmetric
singular current solution without islands is obtained. The case of f({) = ( gives the

special situation. In this case, for # = —1, the Neumann type boundary condition
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is trivialized and disappears, which allows the nonlinear tearing mode solution
with islands. Namely, 3 = —1 is the singularity of the Euler-Lagrange equations
obtained from H — uCy — BCs. (cf. an Alfvén wave in the ideal MHD is obtained
as the Galilean-boosted Beltrami vortex, which stems from the singularity ps = £1

of the Euler-Lagrange equation of H — 11Cy — poCs[11], see Subsec.1.3.2.)

In a theory of linear wave, a structure of a wave basically dues to a boundary
condition, which is given from the outside. On the other hand, in the present
theory, the boundary condition is given by the presence of the vortex itself, and at
the same time, the boundary condition allows the vortex to exist as an equilibrium
state. In that sense, the identity of the vortex is not the extrinsic one but the
intrinsic. Therefore, it can be said that the vortex, which retains its identity for a
long time once it makes its appearance, is the nonlinear, self-referential being that

sustains its existence by being there.
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Appendix A

Singular kernel element of the plateau singularity

We consider the noncanonical symplectic operator

J(w)p :=VwxVo-Vz, (A.1)
and the singular Casimir
— _J]0 (€ < wo)
Colw) = /QG(w(w))dac, G(E) = { o LIS )
from which we obtain
0.Ca(w) = g(w), g(€) = 8eG =Y (£ — w), (A.3)

where 0 is the Clarke gradient and Y (€) is the filled step function.

For a singular point w that has a plateau (or generally plateaus) on the
region where w(x) = wy, we can choose a smooth g(w) € H'(Q), therefore, the

following equation is well-defined:
J(w)0,Cq(w) = Vw x Vg - Vz = 0. (A.4)

If such a plateau shrinks into a line, g(w) becomes

sen={ | e (A5)

where () is the region where w > wy, therefore, it becomes discontinuous on the

line. For this g, Vg may lose its meaning. However, we observe Vw = 0 on the
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same line and thereby the equation (A.4) keeps its meaning on the whole. In the
more general case that Vw # 0 on the region where w = wy, we have to consider

the equation (A.4) in H~ (), i.e., we consider the weak form:
(Vw x Vg-Vz,¢) =0 Vo e Hi(Q). (A.6)
We define the derivative of a distribution V f as follows:
(Vw x Vf-Vz,¢):=(f,Vo x Vw-Vz). (A7)

Let us confirm that g(w) defined as (A.5) satisfies the equation (A.6). Putting

g(w) into the left-hand side of (A.6), we obtain

(Vw x Vg-Vz,¢) = (g,V¢wa~Vz):/qubXVw-Vzda:
Q

= Vo xVw- -Vedr = | V x (¢Vw)-Vzdx
QQ QO

= dVw - dl = 0.
00

where the last equality follows because, from the definition of €0y, w = wy on the

boundary 92y and thereby Vw - dl = 0.

Summarizing the above discussions (and making an obvious generalization),
we can say that the equation (A.4) holds as an equation in H'(Q2) for all w €
CoH(Q).
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Appendix B

Stability of double-Beltrami fields with longitudinal flow

If the coercivity condition
ellall* < Uy (@) (B.1)

holds (where ¢ is a positive constant), the linearized energy-Casimir functional
U, ue Plays the role of a Lyapunov function bounding the norm of @, i.e. the
equilibrium w,, ,, is stable[50]. In the case of single-Beltrami fields[15, 50], the
Beltrami parameter g smaller than the minimum eigenvalue of 8 guarantees the
coercivity of its linearized energy-Casimir functional. On the other hand, in the
case of double-Beltrami fields, the linearized energy-Casimir functional U,,, ,, does
not satisfy the coercivity condition (B.1) because the highest order derivative term
in the functional is not positive definite[45, 48, 51-53]. However, for a special class
of flow proposed by Ohsaki et al.[48], we can construct a Lyapunov function, which

guarantees the Lyapunov stability, by finding out an enstrophy order invariant.

In this appendix, we will improve the Lyapunov stability theory of double-

Beltrami fields with ‘longitudinal’ flow[48].

B.1 Double Beltrami fields with longitudinal flow

In what follows, we consider perturbations depending only on z,n = k,y +

k.z and t. Then, using stream and flux functions, the perturbed fields B and V
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can be written in a Clebsch-like form

B = Vi(z,n,t) x V¢ + BV, (B.2)

V = Vo(z,n,t) x V¢ + VVC. (B.3)

We can also rewritten the magnetic and flow fields B, ,, and V,, ,, of the sym-

metric double-Beltrami equilibrium in the Clebsh-like form
B = Vi s X VE+ Beyy un VG (B.4)

Vm,uz = V(b#hm X V(+ VQM,MVC (B'5)

Writing ¢ = dpuy p + 6, P = Yoy + ¥, Ve = Ve + ‘7C and B¢ = By, + B~C?

(2.1) and (2.2) can be cast in a form of coupled nonlinear Liouville equations:

H(—A¢) = [-A¢, ]+ [v, —Ay], (B.6)
b = [, 0] =&Y, B, (B.8)
where [f, g] := =V f x Vg - V( is the standard Poisson bracket. Corresponding to

(3.3),
Go = | VOIPHIVOIP+| Bl P+ Vel|P—2v1 (&b, Be)—2v(9p+6,Ve, Be—8iA¢) (B.10)
is a constant of motion of the nonlinear equations (B.6)-(B.9) and its linearized

equations.

Let us consider the case that the equilibrium flow V has only a lon-

H1,H2

gitudinal component, that is, ¢, ., = 0. Using (2.30), (2.89) and (2.90), we can
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show that the condition ¢, ,, = 0 holds when we set the Beltrami parameters and

the magnetic and canonical fluxes as
p1+pe =0, Qug-Vn=0, (Qy—By)-V(=0, (B.11)
where the last equation also can be viewed as
VxV7T.v¢=o. (B.12)
Here, we introduce g and represent the Beltrami parameters as
M= 1 = — . (B.13)

As shown in [48], in this special case, we can obtain an additional constants
of motion
Gy = |16 + 5.7 P, (B.14)
and

Go = ||V (& + 6Vl (B.15)

In [48], where 0; is set to be unity, it is shown that we can construct a
Lyapunov function, which guarantees the stability of the equilibrium, by combining
the constants of motion G, (G1, and G5 if the Beltrami parameter u satisfy the
following inequality

< A3 —1, (B.16)

where A; is the smallest eigenvalue (in absolute value) of the curl operator 8.

However, writing explicitly d; in the above inequality, we obtain

1

M2<)‘%_§7

(B.17)

which is too strict condition, that is, the right-hand side of this inequality becomes

negative for a small 9; and there is no u satisfying it.
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B.2 Sufficient condition for Lyapunov stability

Here, by improving the estimation of inequality in [48], we will find a bet-
ter stability condition. The most important point to improve the estimation of

inequality is rewriting the constant of motion Gy, using (2.35), as

Go = IIVOI* + VI + | Bell® + [IVel”

+207 1% vs (U, Be) — 2u5(8;Ve, Be) — 2m() + 6V, —5:A8).  (B.18)

Then, using

- 1 - N
(i, Be) < 101+ aull Bel* (¥ > 0), (B.19)
> B 51‘2 712 5112
(0:Ve, Be) < 2 IVEIP + ol Bl (Y > 0), (B.20)

s 5 s 1 5 5 s
(4 67 ~0.0) < IV + 0TI+ e VP (vey >0), (B2
3
we observe
s . 3 5 1 - 3
Go 2 VG + VG + Bl + IV = S2ulal (- 0IP + anl Bl

5 i Lo .
bl (LI + callBel?) = el (190 + BT + Bl 0317

(B.22)
In a bounded domain, we have the following Poincaré-type inequality
IVPI1* > AT|I]. (B.23)

Using (B.15) and (B.23), we can rearrange (B.22) to

07 12|
Oél)\%

Go—i-@Gz > (1 —
a3

) IVOI2 + (1 - &{usfas) [V

i 52v|\ | -
(0= gl = Dafo) 1Bl + (1= 20} v,

(B.24)
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If all the coefficients of the right-hand side of (B.24) are positive, the left-hand side
of (B.24) works as a Lyapunov function bounding the energy associated with the
magnetic and flow fluctuations. To make the first, second, and fourth coefficients

positive, we must choose a1, as and as as

62 112 |1 1
: > 52 0< g < ——. B.25
(0%} )\% 5 65)] 1|V2|7 Qs 53|V2| ( )

Using (B.25), we can estimate the third coefficient as

Ot |va]?
A

5212
— 2w)? = g (A2 — i), (B.26)

1 — 6202 sl — gl > 1 — =
TS |va|an — |vafa )\%(5fﬁb2+1)

where the last equality follows from (2.34). Thereby, the sufficient condition for

the Lyapunov stability can be written as
p? < A3, (B.27)

which is improved by —1/42 compared to (B.17).
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