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Preface

In classical computational problems such as optimization problems and search problems,
we are given entire input at one time, and we then compute a solution for the problem.
However, in many practical applications such as routing in communications network, job
allocation, and stock trading, we need to choose an action in each step based the current
information without knowing the full information which will be completely obtained in
the future. Such a problem is called an online problem and an algorithm for the problem
is called an online algorithm. In contrast, a problem with full information on the input is
called an offline problem and an algorithm for the problem is called an offline algorithm.
Online algorithms are a natural topic of interest in many fields such as information science,
operations research, economics, and learning theory.

Since an online algorithm is forced to make decisions without knowing the entire input,
they may later turn out not to be optimal. The quality of an online algorithm is measured
by the competitive ratio, which is the worst ratio between its performance and an optimal
offline algorithm’s performance.

The main topic of this thesis is online knapsack problem, i.e., online version of the
knapsack problem. The knapsack problem is one of the most fundamental problems in
the field of combinatorial optimization and has a lot of applications in the real world.
The knapsack problem is that: given a set of items with values and sizes, we are asked
to maximize the total value of selected items in the knapsack satisfying the capacity
constraint.

In the online setting of the knapsack problem, the information of the input (i.e., the
items) is given gradually, i.e., after a decision is made on the current item, the next item
is given. The decisions we have made are irrevocable, i.e., once a decision has been made,
it cannot be changed.

In particular, we focus on removable version, i.e., when an item is put into the knap-
sack, some items in the knapsack are removed if the sum of the sizes of the item and the
total size in the current knapsack exceeds the capacity of the knapsack. It may need some
cost to remove some items. Removable online problem with removal cost is studied under
the name of buyback problem. The problem is motivated by the following real scenario
in selling advertisements online. A seller allocates a limited inventory to a sequence of
potential buyers. The buyers arrive sequentially, submit bids at their arrival time, and
the seller must immediately decide to sell or not for their bid. The seller can cancel earlier
allocation decision with some cost. Examples of cancellation costs are compensatory pay-
ment, paperwork cost, and shipping charge. Compensatory payment is usually constant
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rate of the value of canceled bids. On the other hand, paperwork cost and shipping charge
usually do not depend on bids values but the number of cancellations.

In this thesis, we provide algorithms for these online problems and conduct competitive
analysis. One of the main results of this thesis is on the buyback problem under an
unweighted knapsack constraint, where the knapsack problem is called unweighted if the
value of each item is proportional to its size. We provide an optimal competitive algorithm
for the problem.

Moreover, we introduce optimal composition ordering problem. The input is a set of
real-valued functions f; and a real number c. In maximum total order setting, our goal is
to find a composition ordering which maximizes the value of composite function of c. We
present a polynomial time algorithm for the problem when all the functions are monotone
increasing and linear. We also prove that the problem is NP-hard even if the functions

are monotone increasing, convex, and at most 2-piece piecewise linear.
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Chapter 1

Introduction

In classical computational problems such as optimization problems and search problems,
we are given entire input at one time and we then compute a solution for the problem.
However, in many practical applications such as routing in communications network, job
allocation, and stock trading, we need to choose an action in each step based the current
information without knowing the full information which will be completely obtained in
the future. Such a problem is called an online problem and an algorithm for the problem
is called an online algorithm. In contrast, a problem with full information on the input is
called an offline problem and an algorithm for the problem is called an offline algorithm.
Online algorithms are a natural topic of interest in many fields such as information science,
operations research, economics, and learning theory. We describe a few examples of the

online problems.

Ski rental problem (e.g. [16,51,52,78]): Suppose that we will go skiing several times.
We can either buy skis and then use them forever, or rent them. Renting skis costs $1
per day and buying skis costs $B. We must decide whether to rent or buy skis each time
without knowing how many times we will go skiing.

If we know in advance how many times we will go skiing, we can choose the optimal
strategy. If we will go skiing for more than B times, the best strategy is to buy skis at the
first time. On the other hand, if we will go skiing for less than B times, the best strategy
is to rent skis every time.

This problem is a fundamental one and has a lot of applications. For example, consider
a stream of packets arrive at a destination and are required by the TCP protocol to be
acknowledged upon arrival. We can use a single acknowledgment packet to simultaneously
acknowledge multiple outstanding packets. Thus we can reduce the overhead of the ac-
knowledgments by waiting over time. On the other hand, delaying acknowledgments too
much can interfere with the TCP’s congestion control mechanisms. Therefore we should
not allow the latency of acknowledgments to increase too much. This problem can be seen

as a generalization of the ski rental problem.

Online Scheduling (e.g. [4, 34]): Suppose that we have N machines. We have a
sequence of jobs, which arrive one by one and we must allocate each job to a machine
immediately without knowing the future jobs. The goal is, for example, minimizing the

maximum load on any machine or minimizing total completion time.
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Paging problem (e.g. [13,68,79]): Suppose that we have a two-level memory system
consisting of a small fast memory and a large slow memory. We have a sequence of
requests, each of which specifies a page in the memory system. Requests arrive one by
one, and the request is served if the corresponding page is in the fast memory. If the page
is not in the fast memory, a page fault occurs. Then a page must be removed from the
fast memory and the corresponding page must be loaded from the slow memory to the
fast memory. The goal is minimizing the number of page faults incurred on the request
sequence.

This is an important problem to implement computer operating system. For paging,
the random access memory is the small fast memory and the hard-disk drive is the large
slow memory. For caching, the CPU cache is the small fast memory and the random

access memory is the large slow memory.

k-server problem (e.g. [9,27,61,65]): Suppose that we have k& mobile servers, which
are located in a metric space. We have a sequence of requests, each of which specifies a
point in the space. Requests arrive one by one and we must immediately determine which
server to move to the requested point each time, without knowing the future requests.
The goal is minimizing the total moving distance of the servers.

The paging problem is the k-server problem when the metric is uniform (all distances are
1) where the servers represent the small fast memory. Another example is that consider
a customer support sending technicians to customers when they have trouble with their
equipment. If the cost is the total wait time, this problem is the k-server problem when

the distance of the metric is the required time where the servers represent the technicians.

Since an online algorithm is forced to make decisions without knowing the entire inputs,
they may later turn out not to be optimal. The quality of an online algorithm is usually
measured by the competitive ratio, which is the worst ratio between the cost of the solution
obtained by the online algorithm and the optimal cost.

We can find the roots of online problems in classical combinatorial optimization and
in the analysis of data structures. For example, Graham in 1966 [34] analyzed a greedy
online algorithm for the problem of scheduling jobs on identical processors. He analyzed
how the ordering of jobs effects on the performance of the greedy algorithm. The other
example can be found in the amortized analysis on data structures, such as self-balancing
binary trees [59,80,83], Fibonacci heap [29,60], and disjoint-set data structure [28,82,84].

The concept of the competitive ratio was introduced by Sleator and Tarjan in 1985 [79]
as a kind of approximation ratio, and the term “competitive” is introduced by Karlin,
Manasse, Rudolph, and Sleator in 1988 [53]. Evaluating a performance by using a ratio
is one of the standard way to analyze algorithms or mechanisms in the field of computer
science. For instance, the approrimation ratio for approximation problems, the optimal
robustness factor for robust optimization problems, and the price of anarchy and the price
of stability in the algorithmic game theory. The approximation ratio measures price of
limited computational resources (see [85,89]). The optimal robustness factor measures
price of uncertain inputs and environments e.g., real-time computing environments with

uncertain run-time availability (see [42,50,69]). The price of anarchy and the price of
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stability measure how the efficiency of a system degrades due to selfish behavior of its
agents (see [1,62,74]).

In this thesis, we consider the online version of knapsack problem and buyback problems
described below. For the other online problems, refer to a survey paper and books [14,
46,72).

In the next section we describe the problems addressed in this thesis. We first present
the online knapsack problems. Next we provide the buyback problems. Lastly, we intro-
duce optimal composition ordering problems. In Section 1.2, we outline the contributions
of this thesis.

1.1 Problems Addressed in This Thesis

1.1.1 Online Knapsack Problems

The knapsack problem is one of the most fundamental problems in the field of combinato-
rial optimization and has a lot of applications in the real world (see [58]). The (classical)
knapsack problem is that: given a set of items e; (1 = 1,2,...,n) with values v(e;) and
sizes s(e;), we are asked to maximize the total value of selected items in the knapsack
that satisfies the capacity constraint. The ratio v(e;)/s(e;) is called the efficiency of item
e;. Throughout this thesis, we assume that the capacity of knapsack is 1. Therefore,
the knapsack problem can be represented as the following integer linear programming

problem:

maximize Y., v(e;)z;
st Yor s(e)x; <1,

xz; € {0,1} (Vie{1,2,...,n}).

It is well-known that the knapsack problem is NP-hard [54] but admits a fully poly-
nomial time approximation scheme (FPTAS) [45]. There are several pseudo-polynomial
time algorithms using dynamic programming [10,77]. Ito, Kiyoshima, and Yoshida [47]
presented a constant-time randomized approximation algorithm by using weighted sam-
pling. For other results of the knapsack problem such as approximation algorithms and
heuristic algorithms, refer to papers and books such as [44,57,58, 60,67, 85].

In the online setting of knapsack problem, i) the information of the input (i.e., the
items) is given gradually, i.e., after a decision is made on the current item, the next item
is given; ii) the decisions we have made are irrevocable, i.e., once a decision has been
made, it cannot be changed. Given the ith item e;, which has a value v(e;) and a size
s(e;), we either accept e; (i.e., put e; into the knapsack) or reject it. In the removable
setting, when e; is put into the knapsack, we can remove some items in the knapsack with
no cost to make room for e;. Our goal is to maximize the profit, i.e., the sum of the values

of items in the last knapsack.
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An online knapsack problem was first studied on average case analysis by Marchetti-
Spaccamela and Vercellis [66]. They proposed a linear-time algorithm with O(log3/ *n)
expected competitive difference, under the condition that the capacity of the knapsack
grows proportionally to the number of items n. Lueker [64] improved the expected com-
petitive difference to O(logn) under a fairly general condition on the distribution.

On the worst case analysis, Marchetti-Spaccamela and Vercellis [66] showed that the
online knapsack problem has no constant competitive ratio. Buchbinder and Naor [16]
presented an O(log(U/L))-competitive algorithm based on a general online primal-dual
framework when the efficiency v(e;)/s(e;) of each item e; is in a known range [L, U], and
each size s(e;) is assumed to be much smaller than the capacity of the knapsack. They
also showed an Q(log(U/L)) lower bound for the competitive ratio for the case. Zhou,
Chakrabarty, and Lukose [91] showed Q(log(U/L)) is also a lower bound for the random-
ized case, which implies that the online knapsack problem has no constant randomized
competitive ratio.

Iwama and Taketomi [48] studied the removable online knapsack problem. They ob-
tained a (1 + 1/5)/2 ~ 1.618-competitive algorithm for the unweighted online knapsack
when the removable condition is allowed, where the knapsack problem is called unweighted
if the value of each item is proportional to its size, i.e., all items have the same efficiency.
They also showed that this is the best possible by providing a lower bound (14 +/5)/2 for
the case. We remark that the problem has unbounded competitive ratio, if at least one of
the removal and unweighted conditions is not satisfied [48,49]. For the randomized and
general weighted case, Babaioff, Hartline, and Kleinberg [6] provided a lower bound 5/4.

There are several previous works on the removable online problems. Han and Makino
[41] considered the online knapsack with limited cuts, i.e., the removable online knapsack
problem with the condition that item are allowed to be cut at most k£ (> 1) times. Han
and Makino [40] studied the removable online minimization knapsack problem and they
provide the optimal competitive ratio. Han, Iwama, and Zhang [36] considered removable
version of online square packing.

Removable online problem with removal cost is studied under the name of buyback
problem. We describe the removable online knapsack problem with removal cost in the

next subsection.

1.1.2 Buyback Problems

The buyback problem was first defined and studied by Babaioff, Hartline, and Kleinberg [5]
and Constantin, Feldman, Muthukrishnan, and P4l [23]. The problem is motivated by
the following real scenario in selling advertisements online. A seller allocates a limited
inventory to a sequence of potential buyers. The buyers arrive sequentially, submit bids at
their arrival time, and the seller must immediately decide to sell or not for their bid. The
seller can cancel earlier allocation decision with some cost. Examples of cancellation costs
are compensatory payment, paperwork cost, and shipping charge. Compensatory payment
is usually proportional to the value of canceled items. On the other hand, paperwork cost

and shipping charge usually do not depend on the value of items but on the number of



1.1 Problems Addressed in This Thesis 5

items.

More formally, the input for the buyback problem is a sequence of elements e, ea, . .., e,
each of which has a weight w(e;). Let (E = {e1,...,e,}, Z) be an independence system,
i.e., Z is a family of subsets of F, and if J C I € 7 then J € Z. Then we want to find an
independent set with maximum total weight. Given the ith element e;, we either accept
e; or reject it with no cost where the set of accepted elements must be independent. When
we accept an element e;, we can cancel some of the previously accepted elements with
some cost. Let B; be the set of selected elements at the end of the ¢th round. Then
B; C B;—1U{e;} and B; € Z. An algorithm must run based only on the weights w(e;)
(1 <i < k) and the feasibility of subsets T' C {ey,...,ex}. Our goal is to maximize the
profit, i.e., the sum of the weights of elements accepted (and not canceled) minus the total
cancellation cost occurred.

In this thesis we consider two types of cancellation costs: proportional cost and unit
cost. Let B = B,, be the final set held by an algorithm and R = (|J; B;) \ B be the set of
elements canceled. In the proportional cost model, the utility of the algorithm is defined
as Y ,cgw(e) = f - cpw(e) where f > 0 is a fixed given constant called the buyback
factor. In the unit cost model, the utility of the algorithm is defined as ) . 5 w(e) —c-|R|
where ¢ > 0 is a fixed cost for each element.

The buyback problem with proportional cost was studied in [2,3,5,6,12,23]. Babaioff
et al. [5] and Constantin et al. [23] showed that the problem is 1+ 2f + 24/ f(1 + f)
competitive for the single element constraint. Babaioff et al. [5] also showed that the
problem has a competitive ratio 14+2f+2/f(1 + f) for a matroid constraint. Ashwinku-
mar [2] extended their results and showed that the buyback problem with the constraint
of k matroid intersection is k(14 f)(1 + /1 — ﬁ)Q competitive. Babaioff et al. [5, 6]
also studied the buyback problem with the weighted knapsack constraint. They showed
that if the largest element is of size at most 7, where 0 < v < 1/2, then the competi-
tive ratio is 1 + 2f + 2m with respect to the optimum solution for the knapsack
problem with capacity (1—2v). They also proposed a randomized 3(1+42f +2\/m )-
competitive algorithm for this problem. Ashwinkumar and Kleinberg [3] showed that the
buyback problem for a matroid constraint is randomized —W(e(%f)) competitive against
an oblivious adversary. Here W denote Lambert’s W function, defined as the inverse of
the function f(z) = ze®. Since Lambert’s W function is multivalued, we restrict to the

case where W(e(%f)) < —1.

1.1.3 Optimal Composition Ordering Problems

We introduce optimal composition ordering problems. The input is n real functions
fi,--,fn : R = R and a constant ¢ € R. We consider two settings: total composi-
tion and partial composition setting. The maximum total composition ordering problem
is to compute a permutation o : [n] — [n] which maximizes fo(n) © fo(n—1)© -0 fo1)(c).
where [n] = {1,...,n}, and the maximum partial composition ordering problem is to

compute a permutation o : [n] — [n] and a nonnegative integer k£ (0 < k < n) which
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maximize fy(x) © fo(k—1) 0 © fo(1)(c). We similarly consider the minimization problems.
For example, if the input is ((fi(x) = 22 — 6, fa(x) = %x +2, fa(x) =x+2), c=2),
the optimal value for the maximum total composition ordering problem is fi o fso fa(c) =
Fi(f(F2(e)) = Fulfa(c/2+2) = file/2+4) = c+2 =14.
Considering composition ordering is a natural and fundamental problem. In fact, the
composition ordering problems include single machine time-dependent scheduling prob-
lems and a kind of secretary problem as follows.

Time-dependent scheduling

Some machine scheduling problems with time-dependent processing times, time-dependent
scheduling [22,32] can be represented as the optimal composition ordering problems. Given
the start time ¢y = 0, and a set of jobs J; (i = 1,...,n) with a ready time r;, a deadline
d;, and processing time p; : R — R, consider the single machine scheduling problem to
minimize the makespan. while trying to minimize the makespan. Here the makespan
denotes the time when all the jobs have finished processing. We assume that the machine
can handle one job at a time and preemption is not allowed.

Different from the classical setting, the processing time p; is not constant, which de-
pends on the starting time of job J;. The models have studied to consider learning and
deteriorating effects. Here each p; is assumed to satisfy p;(t) < s+ p;(t+s) for any t > tg
and s > 0, since we can earlier finish processing the job J; if it is earlier started processing.

For simplicity, let we first consider the case in which each job has neither the ready
time r; nor the deadline d;. Define f;(t) := t+p;(t) for i € [n], and consider the minimum
total composition ordering problem. Note that job .J; has been finished processing at time
fi(t) if it is started processing at time t. This implies that f,(,) o fo(n—1) 0 -0 fo)(c)
denotes the makespan of the scheduling problem when we fix the ordering o.

More generally, even if job J; has both the ready time r;, and the deadline d; (d; > r;),
the problem can be reduced to the minimum total composition ordering problem defined

as ¢ = tg and

ri +pi(rs)  (t <ry),
fi(t) = St +pi(t) (r; <t, t+pi(t) <d;),
00 (di <t+pi(t)).

There exist many models of time-dependent scheduling problem as a restriction of
functions p;(t) such as linear deterioration and linear shortening models.

In the linear deterioration model, the job processing times are restricted to be increasing
linear functions that satisfy p;(t) = a;t + b; with two positive constants a;,b; > 0. a;
and b; are respectively called the deterioration rate and the basic processing time of job
Ji. Gawiejnowicz and Pankowska [33], Gupta and Gupta [35], Tanaev et al. [81], and
Wajs [87] obtained the result that time-dependent scheduling problem of this model is
solvable in O(nlogn) time by scheduling jobs in the nonincreasing ordering of ratios b; /a;.
Monsheiov [71] considered the proportional deterioration model, i.e., b; = 0 (Vi € [n]), and
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he showed the makespan is constant, i.e., does not depend on processing ordering. Cheng
and Ding [19] provided an O(n®°)-time algorithm for the model p;(t) = at + b; (a,b; > 0)
with deadline d;.

Another model is called the linear shortening model introduced by Ho et al. [43]. In this
model, the job processing times are restricted to be nonincreasing linear functions that
satisfy p;(t) = —a;t +b; with two constants 1 > a; >0, b; > 0 and a; (3} ;—, b — b;) < b;.
They showed that the time-dependent scheduling problem of this model is also solvable
in O(nlogn) time by scheduling jobs in the nonincreasing ordering of ratios b;/a;.

Hardness results for time-dependent scheduling are as follows. Gawiejnowicz [31] showed
that the problem of the proportional deterioration model with the ready time and the
deadline is strongly NP-hard. Cheng and Ding [19] presented that the linear deterioration
model with deadline is strongly NP-hard. Cheng and Ding [18] showed relationships
between the linear deterioration model with the deadlines and the linear shortening model
with the ready times, and the linear deterioration model with the ready times and the
linear shortening model with deadlines. They also showed both the linear deterioration
model with ready times and the linear shortening model with deadlines are strongly NP-
hard.

The current status on the time complexity of the single-machine time-dependent

scheduling problem are summarized in Table 1.1.

Table. 1.1. The current status on time complexity of single-machine time-dependent
scheduling problem.

Model Complexity References
Py = byt | o(n) 7]

pj = a; + bt *T O(nlogn) [33,35,81,87]
pj =a; — bt * O(nlogn) [43]

pj =a+bjt,b; € {By,Ba},d; *T O(nlogn) [20]

p; = aj + bj max{t — to,0} * O(nlogn) [17]
pj=a; + f(t) ™ O(nlogn) [70]

p; = aj + bt,d; *T O(nd) [19]

pj = a; —bt,r; ** O(nSlogn) [18]

pj = a; +bt,r; NP-hard [18]

pj =1+4bt,d; *1 NP-hard 20]

p; =1—0bjt,d; * NP-hard [20]

p; = max{a; — b;t, a; — b;T} ** NP-hard [21]

pj = bjt,r; € {R1,Ra},d; € {D1,Do} 1 NP-hard [31]

pj = bit,rj,d; T Strongly NP-hard [31]

pj = aj +bjt,r; *T Strongly NP-hard [18]

*a; >0, Tb; >0, ¥1>b; >0, * f(t): Ry — Ry, nondecreasing function,
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Free-order Secretary problem

Another application of the optimal composition ordering problems is the free-order secre-
tary problem, which is closely related to the full-information secretary problem [26], knap-
sack and matroid secretary problems [7,8,75] and stochastic knapsack problems [24,25].
Imagine an administrator willing to hire the best secretary out of n applicants for the po-
sition. Each applicant ¢ has a nonnegative independent random variable X; as his value.
Here X;,...,X,, are not necessarily the same probability distribution, and assume that
the administrator knows the probability distributions of the random variables in advance.
The applicants are interviewed one-by-one. A decision on each particular applicant is to
be made immediately after the interview. Once rejected, the applicant cannot be hired.
After the interview of applicant ¢, the administrator can observe the value X;. The ob-
jective is to find the optimal strategy, i.e., find the interview ordering and the stopping
rule to maximize the expected value.

Let fi(x) = E[max{X;,x}]. Then, by backward induction, the optimal value for an
order (permutation) o : [n] = [n] is fy(n) 0 -+ 0 fr(1)(0).

Thus this problem is reduced to the maximum total and partial composition ordering

problems of ((f;)ie[n),0). Furthermore, if X; is a k-valued random variable with possible

values {a},...,al} (a} > --- > aF > 0), and with probability that the variable takes the
value a is p] (j = 1,...,k), then we have the following (k + 1)-piece piecewise linear
function:
k . .
file) = p] max{a], z}
j=1
T (z>al),

_ L k j !
= 2P+ P (af >z >a;"),

Z?:l pga"z (a’]f 2 flf)

! k
= max E plal + E plx
N j=1 j=l+1

1.2 Contribution of This Thesis

The main results in this thesis are summarized as follows.
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Table. 1.2. The current status on competitive ratios for online knapsack problems under
convex functions, where our results are written in bold letters.

f(zx) linear convex specific properties
upper bound 12—‘/5 [48] g [Theorem 5.15] % [Theorem 5.16]
lower bound 1+2\/5 [48] 1+2‘/§ [Theorem 5.18] % [Theorem 5.18]

1.2.1 Online Knapsack Problem

We consider randomized algorithms for online knapsack problem and deterministic algo-

rithm for online knapsack problem under convex functions.

Randomized Algorithms for Online Knapsack Problem
We study the worst case analysis of randomized algorithms for online knapsack problems
against an oblivious adversary.

We first provide a randomized 2-competitive algorithm for the unweighted non-
removable online knapsack problem, and show that it is the best possible.

For the unweighted removable case, we propose a randomized 10/7-competitive algo-
rithm. Our algorithm divides all the items into three groups: small, medium and large.
If a large item comes, our algorithm accepts it and cancels all the items in the knapsack.
Otherwise the algorithm first handles medium items, then applies a greedy algorithm for
the small items. For medium items, it randomly selects the one among two determin-
istic subroutines. We also show that there exists no randomized online algorithm with
competitive ratio less than 5/4 for the unweighted removable case.

For the general removable case, we present a simple randomized 2-competitive algo-
rithm, which is an extension of the famous 2-approximation greedy algorithm for the
offline knapsack problem. As a lower bound, we show that there exists no randomized
online algorithm with competitive ratio less than 1+ 1/e for the general weight removable

online knapsack problem.

Online Knapsack Problem under Convex Functions

We consider an online knapsack problem under a convex size-value function, i.e., the larger
item has a higher efficiency. We first give a greedy online algorithm with a competitive
ratio 2. Then we propose an improved online algorithm with a competitive ratio 5/3. We
also prove that when the convex function has a specific property, our improved online
algorithm is (1 + \/5) /2-competitive, which is optimal. Finally, we prove that the lower
bound of this problem is (1 4+ /5)/2. We summarize the current status on competitive
ratios for the online knapsack problem in Table 1.2, where our results are written in bold

letters.
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1.2.2 Buyback Problem

We consider proportional cost and unit cost models for the buyback problem.

Proportional Cost Buyback Problem

We study proportional cost buyback problem with the single element constraint, a matroid
constraint, or the unweighted knapsack constraint. Let f > 0 be a buyback factor, i.e.,
cancellation cost of an element e; is f - w(e;).

For the single element and the matroid cases, we consider the problem with upper and
lower bounds of weights, i.e., each element e; has a weight such that | < w(e;) < w.
We construct an optimal online algorithm and prove that this is the best possible. The
competitive ratio is v(l,u, f) which is described in Chapter 6.

For the unweighted knapsack case, we deal with the problem with lower bounds of
weights, i.e., each element e; has a weight such that [ < w(e;) < 1. We also construct
an optimal online algorithm for the case and prove that this is the best possible. The
competitive ratio is (I, f). See Chapter 6 for details. The main ideas of the algorithm
are: 1) it rejects elements (with no cost) many times, but in at most one round, it removes
some elements from the knapsack. ii) some elements are removed from the knapsack, only
when the total value in the resulting knapsack gets high enough to guarantee the optimal

competitive ratio.

Unit Cost Buyback Problem
We study unit cost buyback problem with a matroid constraint, or the unweighted knap-
sack constraint. Let ¢ > 0 be the cancellation cost of each element.

For the matroid case, we consider the problem with upper and lower bounds of weights,
i.e., each element e; has a weight such that | < w(e;) < u. We construct an optimal online
algorithm and prove that this is the best possible. The competitive ratio is A(l, u, ¢) which
is described in Chapter 7.

For the unweighted knapsack case, we deal with the problem with lower bounds of
weights, i.e., each element e; has a weight such that [ < w(e;) < 1. The competitive ratio
is u(l,c). See Chapter 7 for details. The main ideas of the algorithm are the same as the
ones for the proportional cost model.

We summarize current status on competitive ratios for removable online knapsack prob-
lems in Table 1.3 and for buyback problems in Table 1.4, where our results are written in
bold letters.

1.2.3 Optimal Composition Ordering Problems

We first show that the the maximum total composition ordering problem and the mini-
mum total composition ordering problem are mutually reducible to one another, and the
maximum partial composition ordering problem and the minimum partial composition

ordering problem are also mutually reducible. Thus, we only consider the maximum total
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Table. 1.3. The current status on competitive ratios for buyback problem, where our
results are written in bold letters.

unweighted general
lower bound | upper bound | lower bound | upper bound
det. oo [48] oo [66]
non-removable
rand. 2  [Thm. 4.1, 4.2] oo [91]
det. 155 48] oo [49]
no cost 1
5/4 10/7 1+ 2 2
rand. | [Thm. 4.8] [Thm. 4.6] [Thm. 4.13] | [Thm. 4.10]
prop. cost det. ¢, f) [Thm. 6.21, 6.29] oo [49]
unit cost det. p(l, ¢) [Thm. 7.20, 7.28] oo [49]

Table. 1.4. The current status on competitive ratios for buyback problems with upper
and lower bounds of weights, i.e., each element e; has weight | < w(e;) < u,
where our results are written in bold letters.

single element, unweighted
matroid knapsack
prop. L+2f +2¢/f(1+ f) [5,7,23] (I = 0,u = o0)
cost v(l,u, f) [Thm. 6.18, 6.19, and 6.20] ¢, f) [Thm. 6.21, 6.29]
unit
cost A(l,u,c) [Thm. 7.7 and 7.9] ©(l, ¢) [Thm. 7.20, 7.28]

composition ordering problem and the maximum partial composition ordering problem.
In addition, we show that the maximum partial composition ordering problem and the
minimum partial composition ordering problem are respectively reducible to the maxi-
mum total composition ordering problem and the minimum total composition ordering
problem.

We present a polynomial time algorithm for the maximum total composition ordering
problem and the maximum partial composition ordering problem when the functions are
monotone increasing and linear. Thus, we can solve time-dependent scheduling problem
with both linear shortening and linear deterioration jobs in polynomial time.

We also propose a polynomial time algorithm for the maximum partial composition
ordering problem when the functions are piecewise increasing, i.e., f;(z) = max{a;z +
bi,c;} (a; > 0). This result implies a polynomial time algorithm for two-valued free-order
secretary problem.

For negative results, we prove that the optimal composition ordering problems are NP-
hard even if the functions are monotone increasing, convex (concave), and at most 2-piece
piecewise linear.

We summarize the current status on the time complexity for the maximum total com-

position ordering problem in Table 1.5.
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Table. 1.5. The current status on the time complexity of the maximum total composi-
tion ordering problem.

Functions Complexity Reference
fi(x) = a;x (a; > 1) O(n) [71]
f) =" " Ei - :Z; (a>1, b >0) 0(n") 19
filx) = a;x —b; (a; > 1, b; >0) O(nlogn)  [33,35,81,87]
fi(z) = a;x — b; (1>a; >0, b>0) O(nlogn) [43]
fi(z) = min{ax — b;, —7;} (a>1, b >0) NP-hard [18]
filw) =44 Ez § Z ; (a: > 1) NP-hard 120
fi(z) = ‘i:o_ ! Ei z Z ; (1>a; >0) NP-hard [20]

ait; —b; (z>t;)
file) =Ca;x—b; (t; >x>s;) SNP-hard [31]

—00 (x < s4)
fi(x) = min{a;x + b;, ¢; } (a; > 1) SNP-hard [18]
fi(x) = a;x + b; (a; >0) O(nlogn) [Theorem 8.21]
fi(x) = max{x,a;x + b;} (a; > 0) O(nlogn) [Theorem 8.15]
fi(x) = max{x, a;x + b;, cz} (a; >0) 0(n?) [Theorem 8.19]
fi(x) = max{alx + b}, a?x + b?} (a},a? > 0) NP-hard  [Theorem 8.31]
fi(x) = max{z, min{a}z + b}, a?z + b?}} (a},a? >0) NP-hard [Theorem 8.29]

1.3 Organization of This Thesis

This thesis is organized as follows. Our results are presented in Chapters 4-8.

In Chapter 2, we give preliminaries which will be used in the rest of the thesis. In
Section 2.2, we show a formal definition and properties of matroid. In Section 2.3, we
formally define the online problems as request answer games [11]. In Chapter 3, we present
previously known results for the online knapsack problem. Section 3.1 gives results in
Marchetti-Spaccamela and Vercellis [66]. Section 3.2 describes the results in Iwama and
Taketomi [48]. Section 3.3 provides results in Zhou, Chakrabarty, and Lukose [91]. Section
3.4 presents results in Iwama and Zhang [49]. In Chapter 4, we consider randomized
algorithms for online knapsack problem. In Chapter 5, we study an online knapsack
problem under a convex size-value function. In Chapters 6 and 7, we treat the buyback
problem. Chapters 6 and 7 discuss the proportional and the unit cost cases. In Chapter 8,
we consider the optimal composition ordering problems. Finally, we conclude this thesis
by summarizing the obtained results and discussing open problems in Chapter 9.

Let us mention here the relation between our publications and the contents of this

thesis. The results in Chapter 4 are given in [38], and those in Chapter 5 are presented
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in [39]. The results in Chapter 6 and 7 are based on [37] and the results in Chapter 7 are
due to [55]. The results in Chapter 8 are given in [56].






15

Chapter 2

Preliminaries

2.1 Notations

Throughout this thesis, we will use the following symbols and notations:

Zy the set of all nonnegative integers.
Zy+  the set of all positive integers.
R the set of all real numbers.
R4 the set of all nonnegative real numbers.
[n] the set of the first n positive integers, i.e., {1,2,...,n}.
fog  the composition of functions f and g, i.e., fog(z):= f(g(x)) for any z.
z complex conjugate of the complex number z.
arg(z) argument of the complex number z # 0 (—7 < arg(z) < ).

Re(z) real part of the complex number z.

2.2 Online Problem

In this section, we define an online problem as a request-answer game. Most of online
problems can be naturally modeled as the request answer game, which is introduced by
Ben-David, Borodin, Karp, Tardos, and Wigderson [11].

2.2.1 Request Answer Game

We view the online problem as a game between an online player and a malicious adversary.
The adversary construct an input and the online player construct an output one after the
other. The adversary try to construct the worst input for the online player based on the
knowledge of the behavior of the online player.

Definition 2.1 (Request Answer Game). A request-answer game (R, A,C) consists of a
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request set R, a sequence of finite nonempty answer set Ay, As, ..., and a sequence of cost
functions Cq,Cq, ... where Cp, : R" X Ay x -+ x A, = Ry U{o0}.

Definition 2.2 (Deterministic Online Algorithm). A deterministic online algorithm ALG
for the request-answer game (R, A, C) is a sequence of functions g; : R* — A; (i = 1,2,...).
Given an online algorithm ALG = {g;} and a request sequence o = (r1,...,7,) € R", the

output is an answer sequence

ALGo] = (a1,...,an) € Ay X -+ X A,

where a; = g;(r1,...,r;) for i = 1,...,n. The cost incurred by ALG on o, denoted by
ALG(0) is defined as

ALG(0) = Cy (0, ALG|0]).

The performance of an online algorithm is measured by its competitive ratio, the ratio
between its value and the optimal value for the worst request sequence. The competitive
ratio for online algorithms was introduced by Sleator and Tarjan in 1985 [79].

Definition 2.3 (Deterministic Competitive Ratio). Given a request sequence o € R",

the optimal offline cost on o is defined as
OPT (o) = max{C)(0,a) : a € A1 x -+ x A, }.

An online algorithm ALG is deterministic p-competitive if

- OPT(o)
vedinD 4 ALG(o) "

where we define 0/0 = 1. We denote the competitive ratio p as Rpgr(ALG).

The value of the competitive ratio is at least 1 and smaller is better.

Next, we define a randomized online algorithm and its competitive ratio.

Definition 2.4 (Randomized Online Algorithm). A randomized online algorithm RALG
for the request-answer game (R,.A,C) is a probability distribution over the set of all
deterministic online algorithms ALG, (we think of z as the random string that selects
the deterministic algorithm). Given a randomized online algorithm RALG and a request

sequence o, the output and the cost incurred by RALG are random variables.

For randomized online algorithms, there are three different definitions of adversaries,

i.e., oblivious, adaptive-online, and adaptive-offline adversaries.

Definition 2.5 (Adversaries). An adversary is defined as a pair (Q,5), where @ is the
requesting component, and S is the serving component.

For oblivious adversary, the requesting component @ is a sequence of requests o(Q) =
(r1,...,7a,) € R,
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In contrast, for adaptive adversary, the requesting component () is a sequence of func-
tions ¢; : Ay x---xA;_1 — RU{STOP},i=1,2,...,dq. In particular, dgth function g4,
only takes the value STOP. The index dg is a constant which means the maximum num-
ber of requests of the adversary. For an adversary (Q,S) and a deterministic algorithm
ALG,

Let 0(ALG,Q) = (r1,...,7ms) be the request sequence, a(ALG,Q) = (a,...,a,) be
the answer sequence, and n = n(ALG, Q) be the length of the sequences for the adversary
(Q,S) and the deterministic algorithm ALG. Then ¢;(a,...,a;—1) =r; fori=1,....n
and ¢, (ai,...,a,) = STOP.

For offline adversary, the serving component S is a sequence of answer (aq,...,a,) €
Ay X -+ X A, where n = n(ALG, Q).

In contrast, for online adversary, the serving component S is a sequence of functions
pit Ay X o x Ajog — Ay, i =1,2,...,dg. We denote the answer sequence of S for a
deterministic algorithm ALG and an adversary (@, S) by b(ALG,(Q,S)) € A1 x--- X Ay,
where n = n(ALG, Q).

Definition 2.6 (Randomized Competitive Ratio Against an Oblivious Adversary). A

randomized online algorithm RALG is randomized p-competitive against oblivious adver-

sary if
oy _OPTE@)
(st)gg\lzle\%%%; Ez [ALGI(U(Q))]

where we define 0/0 = 1, and we abuse the notation E, as the expectation with respect to
the distribution over the set {ALG,}, which defines RALG. We denote the competitive
ratio p as Ropr(RALG).

Definition 2.7 (Randomized Competitive Ratio Against an Adaptive Online Adversary).
A randomized online algorithm RALG is randomized p-competitive against adaptive on-
line adversary if

Skgaptive Ex[ALGx (U(ALGx7 Q))
(Q,S): Online

Adversary

By[Cn(0(ALGy, Q), W(ALGy, (@S] _ |
]

where we define 0/0 = 1. We denote the competitive ratio p as Raon(RALG).

Definition 2.8 (Randomized Competitive Ratio Against an Adaptive Offline Adversary).
A randomized online algorithm RALG is randomized p-competitive against adaptive of-
fline adversary if

wp  EOPT(0(ALG..Q))

Adaptive Ez[ALGx(O(ALszQ))] -7

(Q,S): Offline
Adversary

where we define 0/0 = 1. We denote the competitive ratio p as Raorr(RALG).
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Let us denote by Rprr the supremum of the deterministic competitive ratio for any
deterministic online algorithm, i.e, sup 4, Rper(ALG). Let Rosr, Raon, and Raorr
respectively denote the supremum of the competitive ratios against the oblivious adver-
sary, the adaptive online adversary, and the adaptive offline adversary for any randomized

online algorithm.

2.2.2 Relating the Adversaries

In this section, we consider relationships between the adversaries. By the definitions of

the adversaries, we have the following Propositions.

Proposition 2.9. Given a request-answer game and a randomized online algorithm
RALG, we have

ﬁOBL(RALG) < ﬁAON(RALG) < ﬁAOFF(RALG).

Proposition 2.10. Given a request-answer game, we have

Rosr < Raon < Raorr < Rper.

Ben-David et al. [11] provided more relationships as follows.

Theorem 2.11 (Ben-David et al. [11]). If there is a randomized algorithm that is a-
competitive against adaptive offline adversary, then there exists an a-competitive deter-

ministic algorithm.
This results implies Rprr = RAoFF-

Theorem 2.12 (Ben-David et al. [11]). Suppose ALG is an a-competitive randomized
algorithm against adaptive online adversary, and there exists a S-competitive randomized
algorithm against oblivious adversary, then ALG is at least (af3)-competitive against

adaptive offline adversary.

This results implies ﬁAOFF < ﬁOBL 'ﬁAON-

2.2.3 Yao’s Principle

In this subsection, we study Yao’s principle, which is a game-theoretic technique to proving
lower bounds on the performance of randomized algorithms.

Let Sy, == {x € R* : Zle x; =1, >0}
Theorem 2.13 (von Neumann’s Minimax Theorem [86]). Let M be a real m x n matrix.

Then we have

max min p? M¢ = min max p? Mq.
pESm qun QESn pESm

Let e denote a unit vector with a 1 in the kth position and Os elsewhere.
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Theorem 2.14 (Loomis’ Theorem [63]). Let M be a real m x n matrix, we have

max min pTMej = min max e;‘FMq.
PESm jE[n] qE€ESn i€[m]

This theorem implies that for any p € S,

min pTMej < min max eiTMq.

J€[n] qESn i€[m]

Applying this inequality to the competitive ratio against the oblivious adversary, we have

the following theorem.

Theorem 2.15 (Yao’s principle [90]). Let G be any finite request answer game. Let
RALG be any online randomized algorithm for G, and let o be any probability distribution
over request sequences o,. Then we have

B . E,[OPT(0,)]
Ropr(RALG) 2 min g e o

where E,, is the expectation with respect to the distribution over the set {o,}.

2.3 Matroids

In this section, we show some basic properties of matroids, which is introduced by Whitney
in 1935 [88]. The concept of a matroid is a combinatorial abstraction of linear indepen-
dence in matrices.

A matroid is a set system (E,Z), i.e. E is a finite set and Z is a family of subsets of E,
with the following properties:

(I1) 0ez,
(I2) JCIeI=JeI,
(I3) I,J€Z, |J|<|I| = 3Jvel\Jsuchthat JU{v} eZ.

A set system only with the properties (I1) and (I2) is called independence system.

Given a matroid M = (E,Z), a subset I of FE is called independent set if I belongs to
7, and an inclusionwise maximal independent set is called a base.

The maximum size of an independent subset of T' C FE is called the rank of T', denoted
by 7(T) :=max{|I| : I €Z, ICT} Ifr(T)=r(TU{e}) for e € E and T C E, we say
that 7' spans e. The set cl(T") :={e € E : T spans e} is called the closure of T.

2.3.1 Examples of Matroids

Here are some examples of matroids:

e Explicit Example. Let F = {1,2,3,4} and Z = {0, {1},{2}, {3}, {1, 2}, {1,3}}.
Then the set system (F,Z) is a matroid.
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Uniform Matroids. Let E be a finite set and k£ be a nonnegative integer. Then
the set system UF .= (E, {I : I C E, |I| < k}) is a matroid, that is called a

k-uniform matroid where n := |E|.

Partition Matroids. Let FE; be finite sets and k; be nonnegative integers (i =
1,2,...,m). Then the set system (|, F:,{U,; li : I C E;, |I;| < k;}) is a matroid,
that is called a partition matroid.

Linear Matroids. Let A be an m x n matrix. Let E = {1,2,...,n} and Z be the
set of all subsets I of E such that the columns of A with index in I are linearly

independent. Then (E,Z) is a matroid, that is called a linear matroid.

Graphic Matroids. Let G = (V, F) be an undirected graph, and Z be the set of
all subsets I of E such that I is a forest in the graph G. Then (F,Z) is a matroid,

that is called a graphic matroid.

Transversal Matroid. Let G = (U, V, E) be a bipartite graph, and Z be the set of
all subsets I of U such that I is sets of endpoints of matchings of the graph. Then
(U,7) is a matroid that is called a transversal matroid.

2.3.2 Greedy Algorithms

One important property of matroids is that the greedy algorithm works for them.

Let (E,Z) be a matroid and each element e € FE has a nonnegative weight w(e). Then

we can find the maximum weight independent set I € Z with Algorithm 1.

Algorithm 1 Matroid Greedy Algorithm

sort B = {e1,ea,...,e,} such that w(e;) > w(ez) > -+ > w(ey).
initialize I := (.
for i =1ton do

if I, 1U{e;} € Z then I, := I, 1 U{e;}.

end for
return I,

Theorem 2.16 (Oxley [76] Lemma 1.8.3). Algorithm 1 outputs a maximum weight in-

dependent set.

In this thesis, we use another greedy algorithm.

Theorem 2.17. Algorithm 2 outputs a maximum weight independent set.

Proof. For T'C E and 6 > 0, let

TO)={teT : w(t) >0} and clg(T)=cl(T(6)).

We first prove that clg(Ix) = clp({e1,...,ex}) forany 6 > 0 and 1 < k <n.
Since Iy, C {e1,...,ex}, it holds that clp(Iy) C clg({e1,...,ex}).
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Algorithm 2 Matroid Greedy Algorithm without Sorting

1. let E={ej,e9,...,e,}

2: initialize Iy := ().

3: fori=1tondo

4: if I;,_; U {62} cZthenl, =1, 11U {61}

5. else let e; be the smallest element such that I;_; U {e;} \ {e;} € T
6: if w(e;) > w(e;) then I; :=1;_1 U{e;} \ {e;}

7: end for

8: return I,

We prove clg(I) 2 clg({e1,...,ex}) by induction. clg(I1) = clp({e1}) is obvious. As-
sume that clg(lx) 2 clg({e1,...,er}). Then it is sufficient to prove that cly(lxy1) 2
clo({e1, ..., ex,exs1}). If wleprr) < 0, then {eq,...,ex}(0) = {e1,...,ex ert1}(0) and
I;:(0) = Ix41(0). Thusclp(Ix41) 2 clp({e1, ..., €k, ext+1}) holds. We then consider the case
w(egt1) > 0. I I4q1 = Iy, then ey € clg(Ix) and clp(Ix4+1) 2 clp({e1, ..., ex,ex41}). On
the other hand, if Iy 1 = I U {eg+1} \ {€'}, then w(e’) < 6 and €’ & clop({e1,...,ext1}),
or w(e') > 6 and €’ € clg(lg+1). Therefore clp(Ix41) 2 clo({e1, ..., ek, €ktr1}).

Let the output I,, = {b1,...,b;} such that w(by) > --- > w(bg) and let a maximum
weight independent set OPT = {b},...,b}} such that w(b}) > --- > w(b}).

We prove [, is a maximum weight independent set by contradiction. Assume that I, is
not a maximum weight independent set. Let [ be the smallest integer such that w(b;) <
w(by). I' = {b1,bz,...,b_1} and OPT’ = {b3,b3,...,b;}. There exists an element b}
(1 <j <) such that I' U {b} € Z. This contradicts clyp,)(In) = clw@,)({e1,---,en})
since b & cl(I") = cly ;) (In)- O
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Chapter 3
Online Knapsack Problems

In this chapter we study deterministic algorithms for online knapsack problem. We con-
sider four cases, depending on whether unweighted or general weight, and removable or

non-removable.

3.1 Unweighted Non-removable Online Knapsack
Problem

Marchetti-Spaccamela and Vercellis [66] showed that the competitive ratio of the un-

weighted non-removable online knapsack problem is infinite.

Theorem 3.1 (Marchetti-Spaccamela and Vercellis [66,91]). There exists no deterministic
online algorithm with constant competitive ratio for the unweighted non-removable online
knapsack problem.

Proof. Let (s,v) denote an item whose size and value are s and v, respectively. Let A

denote an online algorithm chosen arbitrarily. We consider two sequences of input items:

(1,€), (3.1)
(1,£), (1,1) (3.2)

where ¢ is a sufficiently small positive number.
If A rejects the first item, the competitive ratio becomes infinite for the input sequence
(3.1). Otherwise, A accepts the first item, and the competitive ratio approaches infinite

for the input sequence (3.2) as ¢ — 0. O

3.2 Unweighted Removable Online Knapsack
Problem

Iwama and Taketomi [48] studied the unweighted removable online knapsack problem.
They obtained a (14 /5)/2 ~ 1.618-competitive algorithm for this problem, and showed
that this is the best possible by providing a lower bound (1 4 v/5)/2.



24 Chapter 3 Online Knapsack Problems

Let e; be the item given in the i¢th round. Let B; be the set of selected items by their
Algorithm 3 at the end of the ith round. We denote by s(B;) the total size of items in
B;. Algorithm 3 partitions all the items into three groups, small, medium and large where
an item e is called small, medium, and large if s(e) < (3 —/5)/2, (3 —V/5)/2 < s(e) <
(vV5—1)/2, and s(e) > (v/5—1)/2, respectively. Let S, M, and L respectively denote the

sets of small, medium, and large items (see Figure 3.1).

S M L

V-1 1
2 2

O 3_

=

Figure 3.1. Item partition for Algorithm 3.

Their algorithm is briefly described as follows. If a large item comes, the algorithm
keeps it in the knapsack (by removing all the items we have chosen), since it ensures
(1++/5)/2-competitivity of the algorithm. Otherwise, the algorithm chooses the medium

items from the smallest to the largest, and the small items from the largest to the smallest.

Algorithm 3 Iwama and Taketomi [48]
1: By := 0
2: for each item e; in order of arrival do
3. if s(Bij_1) > @ then
Bz‘ = Bi,:[
else
choose the largest L-item from B;_; U {e;}.
choose the M-items among B;_1 U {e;} from the smallest to the largest.
choose the S-items among B;_1 U {e;} from the largest to the smallest.
9: end if
10: end for

Theorem 3.2 (Iwama and Taketomi [48]). Algorithm 3 is (1++/5)/2-competitive for the

unweighted removable online knapsack problem.

Proof. Let OPT be the (offline) optimal value for the problem. If the condition in the

line 3 of Algorithm 3 is satisfied in some round, then the competitive ratio is at most

1 1445

V51 2
2

since the optimal value is at most 1. Thus we assume that the condition in the line 3 of
Algorithm 3. is not satisfied before some large item arrives.
If a large item arrives, the algorithm keeps a large item, which implies s(B,,) > (v/5 —

1)/2.

Assume that no large item arrives. We then consider the following three cases.
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Case 1: A small item is removed by Algorithm 3. Let Algorithm 3 removes some small

items in ith round, and a removed small item be e;. Then we have s(B;) + s(e;) > 1 and

3—\/52\/5—1

s(B;) >1—s(ej) >1— 5 5

Case 2: The sum of the sizes of two smallest medium items is at most 1. In this case,
the algorithm keeps two medium items in some round ¢, which implies

3—v5 Vb —1
2

s(B;) >2- =3-VE> .

Case 3: Otherwise, i.e., no small item is removed by Algorithm 3 and the sum of sizes
of any two medium items is larger than 1. If no medium item arrives, it is easy to see
OPT = s(B,,) and the competitive ratio is 1. Otherwise, let m* and m. respectively be
the largest and smallest medium items and let s be the sum of sizes of all small items in

the input sequence. Then the competitive ratio is

s
< max{

O]

Theorem 3.3 (Iwama and Taketomi [48]). There exists no deterministic online algorithm
with competitive ratio less than (1++/5)/2 for the unweighted removable online knapsack

problem.

Proof. We consider the following two input sequences:

- —1
3 2\/5, \/52 + e, (3.3)

3—v5 \/5—1+ V5 —1
2 ' 2 STy

(3.4)

where we identify the items with their size (value) and e is a sufficiently small positive
number. We note that the first and the second items do not in the knapsack together.
Let A denote an online algorithm chosen arbitrarily. At the end of second round, if A

keeps the first item, then the competitive ratio is

VBl 145
5 2
2

S

for the input sequence (3.3). Otherwise, i.e., A keeps the second item at the end of the

second round, and the competitive ratio is at least
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as ¢ — 0 for the input sequence (3.4). O

3.3 General Non-removable Online Knapsack

Problem

The competitive ratio of the general non-removable online knapsack problem is also infinite
by Theorem 3.1. On the other hand, Zhou, Chakrabarty, and Lukose [91] presented
In(Ue/L)-competitive algorithm when the size of each item is very small and the efficiency
of each item is bounded by two positive constants L and U.

Let e; be the item given in the ith round. We denote by B; the set of selected items by
Algorithm 4 at the end of the ith round. Let s(B;) and v(B;) respectively be the total
size and value of items in B;. Let U(z) = (Ue/L)*(L/e).

Algorithm 4 Zhou et al. [91]

: BO = @

: for each item e; in order of arrival do
if s(B;) + s(e;) <1 and v(e;)/s(e;) > U(s(Bi—1)) then B; := B;_1 U {e;}
else B; := B;_;

end for

S B

Theorem 3.4 (Zhou et al. [91]). Algorithm 4 is In(Ue/L)-competitive for the general
non-removable online knapsack problem when the size of each item is very small and the
efficiency of each item is lower and upper bounded by two positive constants L and U.

Proof. Let OPT be an optimal (offline) solution, and let S = 3" c 5 ~opr)s(e) and
V =3 cen.nopr) V(€). Since B, contains every item with value ¥(s(By)), we have

v(OPT) <V + U(s(B,))(1 — W).

As each item e; picked by the algorithm have efficiency at least W(z;) where z; =

w(Bj_1), we have

V=Y U(z)uey),

e;€B,NOPT

v(By\ OPT) > > W(z)uw(e;).
e;E€EB,\OPT

Thus we have

V(OPT) _ V +W(s(Ba))(1— W)
v(B,) — V+u(B,\ OPT)
>e;eBanopr Y(z)w(e;) + ¥(s(Bn))(1 - W)
> e,ennopt Y(z)w(e;) +v(By \ OPT)

IN
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< U(s(Bp))W 4+ ¥(s(Bp))(1—W)

T Ye,enonopr Y(z)wleg) + X g opr ¥(z)wie;)
U(s(Bn))

T Yeen, Y(z)wle;)

Based on the assumption that the sizes are very small, we have
s(Bn)
S w()ule;) ~ / max{L, U(z)}dz
0

ejeBn
T/ s(Bn)
:/ Ldz+/ U(z)dz
0 —_—

n(Ue/L)
L L (Ue/L)*Bn) — (Ue/L)=0TE
“m@e/L) e n(Ue/L)
_ L(Ue/L)* B W(s(B,))
" e In(Ue/L)  In(Ue/L)

Therefore, the competitive ratio is

———= <In(Ue/L).

Zhou et al. [91] also showed that the competitive ratio in Theorem 3.4 is tight.

Theorem 3.5 (Zhou et al. [91]). There exists no online algorithm with competitive ratio
In(Ue/L) for the general non-removable online knapsack problem when the size of each
item is very small and the efficiency of each item is lower and upper bounded by two
positive constants L and U.

Proof. Let 1 be a sufficiently small positive number and let n be a sufficiently large positive

integer. Let k be a largest integer such that (1+n)k <U/L, i.e., k = Lll?l((lljfr{;))j Let (s,v)

denote an item whose size and value are s and v, respectively. For a nonnegative integer

i (0 <i<k), we consider the following sequences with n(i + 1) items:

(1/n, (1 +n0)°L/n),...,(1/n,(1+n)L/n),

~~

(1/n, (L +n)'L/n),...,(1/n, (1 +n)'L/n),

n items

(1/n, (L +n)'L/n),...,(1/n,(1+n)'L/n). (3.5)

n items

Let A denote an online algorithm chosen arbitrarily. We specify the algorithm by the
vector (fo, f1,. .., fx), where f; is the number of item with (1/n, (1+n)?L/n) that A picks.
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By the knapsack constraint, we have Zf:o fi <n.
Let OPT; be the optimal value, and A; be the value by A for the input sequence (3.5).
Then the competitive ratio is

OPT, (1+n)'L
max = max - X
0isn A 0sisn 30 (140 Lf;/n
n

ming<i<n Y51+ 01 f;
((k+1)n+ 1)n

T (L) f o (L )i
_ (k+1)n+1)n

SE ()i =k fi - E (L +n)i-ify)
_ (k+Un+1n

S o (L )y fi 4 T )

(k+1)n+1)n

Z?:o(l +n)f;
S (k+1)n+1
- 1+n
- (In(U/L)/In(1+n))n+1
- 1+n

—In(U/L)+1=1In(Ue/L).

3.4 General Removable Online Knapsack Problem

Iwama and Zhang [49] showed that we cannot get constant competitive algorithm for the

unweighted version of the removable online knapsack problem.

Theorem 3.6 (Iwama and Zhang [49]). There exists no deterministic online algorithm

with constant competitive ratio for the general removable online knapsack problem.

Proof. Let (s,v) denote an item whose size and value are s and v, respectively. Let A
denote an online algorithm chosen arbitrarily. For a positive integer n, our adversary
requests the sequence of items

1 1 1 1
1,1 —,— |, | =, —
( ’ )7<n27n>7 7<n27n>

until A rejects or removes the first item or rejects n? items.
We first note that algorithm A must take the first item, since otherwise the competitive
ratio of A becomes infinity.

If A removes the first item, the competitive ratio is at least n. Otherwise, i.e., A rejects
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all the items (1/n2,1/n), the competitive ratio is at least

(1/n) - n?
1

Therefore, the competitive ratio is greater than any integer.

29
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Chapter 4

Randomized Algorithms for

Online Knapsack Problems

In this chapter we study randomized algorithms for online knapsack problem. We consider
four cases, depending on whether unweighted or general weight, and removable or non-

removable.

4.1 Unweighted Non-removable Online Knapsack
Problem

In this section we study the non-removable version of the unweighted online knapsack
problem. We show that the problem is randomized 2-competitive against oblivious adver-

sary.

4.1.1 An Optimal Online Algorithm

In order to show the upper bound, we construct the following algorithm called TWOBINS.
Algorithm TwoOBINS virtually keeps two bins, and puts items into either of the bins if
possible. The algorithm outputs the items contained in the one of the two bins, which is
randomly chosen in advance.

Let e; be the item given in the ith round. Define by B; the set of selected items at the
end of the ith round by Algorithm TwOBINS. For r = 1,2, define by B the set of selected
items at the end of the ith round in bin r. Then our algorithm TwOBINS is represented
as Algorithm 5.

Theorem 4.1. Algorithm TwOBINS is 2-competitive for the unweighted online knapsack
problem.

Proof. Let T be a set of items, and OPT(T) be the (offline) optimal value for T'. If s(T") <
1, then we have s(B}) = OPT(T) = s(T) and s(B2) = 0, where s(A) = > .., s(e) for
A CT. Thus the competitive ratio is OPT(T)/(s(BL) + s(B2))/2) = 2. Otherwise (i.e.,
s(T) > 1), we have s(B}) + s(B2) > 1, which immediately implies that the competitive
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Algorithm 5 TWOBINS

1: By, B(l), Bg =10

2: choose r uniformly at random from {1, 2}

3: for each item e; in order of arrival do

4 if s(B}) + s(e;) <1 then B} := B! ;U {e;}, B? := B? |

5. else if s(B?) + s(e;) <1 then B} := B} |, B? := B? | U{e;}
6: else B} .= B! |, B?:=B? |
7. if r =1 then B; := B}
8
9

. if 7 =2 then B, := B?
: end for

ratio is
OPT(T)

s(By)+s(B2)
2

Then the algorithm is at most 2-competitive. Moreover, by considering the case in which

s(T) < 1, we can conclude that the algorithm is at least 2-competitive. O

4.1.2 Tight Lower Bound
We next show that the ratio in Theorem 4.1 is tight.

Theorem 4.2. There exists no randomized online algorithm with competitive ratio less

than 2 for the unweighted online knapsack problem.

Proof. We use Yao’s principle (Theorem 2.15). We construct the following family of input
distributions parametrized by a positive integer n.

For a given n, the probability distribution of the input sequence is as follows:

with probability 1/n  (k=1,...,n), (4.1)

El O]

e 1
k2
where we identify the items by their sizes (i.e., values), and ¢ is a sufficiently small positive

number. Then, we note that the optimal expected profit is 1 since the optimal profit of

each sequence is (3 + £)+ (3 — £) = 1.

For a positive integer [, let A denote an deterministic online algorithm that accepts the

lth item (i.e., the item with size % + 7) if it is contained in the input sequence. Then

Algorithm A rejects all the items with size % + £ for positive integer i # [. We can see

that the expected profit of Algorithm A is at most

2 n n 2 1 n —\27° n

Therefore, the competitive ratio is at least
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which goes to 2 as n and ¢ respectively approach to oo and 0. 0

4.2 Unweighted Removable Online Knapsack
Problem

In this section, we consider removable knapsack problem when the value of each item is
equal to its size.

4.2.1 A Randomized Online Algorithm

In this subsection, we propose a randomized 10/7-competitive online algorithm for un-
weighted removable online knapsack problem. Recall that the problem is deterministic
1JrT‘/g—competitive7 and hence it does not admit deterministic 10/7-competitive algorithm.
For example, consider two input sequences (0.69,0.4) and (0.69,0.4,0.6), where we iden-
tify items with size (i.e., (0.69,0.4) denotes that input sequence consists of two items such
that the first and the second items respectively have size 0.69 and 0.4). Then in order to
obtain deterministic 10/7-competitive algorithm, we must reject 0.4 for the input sequence
(0.69,0.4), since 0.69/0.4 > 10/7 and moreover, we must reject 0.69 for the input sequence
(0.69,0.4,0.6), since (0.6 4+ 0.4)/0.69 > 10/7. They are impossible for any deterministic
algorithm. On the other hand, our (randomized) algorithm randomly chooses the one
among two deterministic algorithms, where the one rejects 0.4 and the other rejects 0.69.

Our algorithm partitions all the items into three groups, small, medium and large where
an item e is called small, medium, and large if s(e) < 0.3, 0.3 < s(e) < 0.7, and s(e) > 0.7,
respectively. Let S, M, and L respectively denote the sets of small, medium, and large
items. M is further partitioned into four subsets M; for 1 < i < 4, where M7, My, Mjz, and
M, respectively denote the set of the items e with size 0.3 < s(e) < 0.4, 0.4 < s(e) < 0.5,
0.5 < s(e) < 0.6, and 0.6 < s(e) < 0.7 (see Figure 4.1). An item e is also called an
M;-item if e € M.

S / M \ L
My Mo Ms My

0 0.3 0.4 0.5 0.6 0.7 1

Figure 4.1. Item partition for our randomized 10/7-competitive online algorithm.

Our algorithm UROK is briefly described as follows. If a large item comes, UROK
keeps it in the knapsack (by removing all the items we have chosen), since it ensures 10/7-
competitivity of the algorithm. Otherwise, we simulate two deterministic subroutines
UROK; and UROKS5, where we keep the items in the knapsack by following the one of
UROK; and UROKj chosen randomly in advance. Both subroutines first handle medium
items (differently) and then choose small items from the largest to the smallest.

Subroutine UROK first chooses the smallest My-item if it exists. Otherwise, it chooses
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the smallest M3-item. It then chooses the other items from the largest to the smallest. On
the other hand, Subroutine UROK> keeps a set of items I with sufficiently large profit,
namely, if either (i) I satisfies 0.9 < s(I) < 1 or (ii) some Mjy-item has already come and [
satisfies 0.8 < s(I) < 1. Otherwise, UROKj first chooses the smallest Ms- and M;-items
and then choose the medium items from the smallest to the largest, and the small items
from the largest to the smallest in the current knapsack.

Let e; be the item given in the ith round. Define by B; the set of selected items at the
end of the ith round by Algorithm UROK. For r = 1,2, define by B the set of selected
items at the end of the ith round by Subroutine UROK,.. Let f; denote a flag such that
fi = 1 if some My-item has come by the end of the ith round, and f; = 0, otherwise.
Then our algorithm UROK is represented as follows.

Algorithm 6 UROK
1: By, By, B2:=10, fo:=0
2: choose 7 uniformly at random from {1, 2}
3: for each item e; in order of arrival do
4: if ¢; in L then

5: choose it by canceling all the items in the knapsack, and stop handling the future
items.

6: end if

7 if e; € M4 then

8: fi=1

9: else

10: fi=fia

11:  end if

12:  simulate two subroutines UROK; (fi, BL_;,¢e;) and UROKs(f;, B2 |, €:);

13:  if r =1 then B; := B}

14:  if 7 =2 then B, := B?

15:  if the expected profit (s(B})+s(B?))/2 is at least 0.7 then stop handling the future
items.

16: end for

Algorithm 7 UROK;

1: if f; = 0 then choose the smallest Mz-item from B} | U {e;};
2: else (i.e., f; = 1): choose the smallest My-item from B} ; U {e;}.
3: choose the items among B} ; U {e;} from the largest to the smallest.

Let T ={ey,...,e,} be a set of items. For any integer ¢ with ¢ < n, let T; denote the
set of items which are given before the end of the ith round (i.e., T; = {ei,...,e;}). For
the set of T', let m; be the smallest M;-item in 7', and let mf be the first Mj-item in
T. We denote by Ax(T) and E[A(T)] the profit by UROK}, (k = 1,2), and the expected
profit by UROK for T

Lemma 4.3. For a set of items T, we have E[A(T')] > 0.7 if one of the following conditions
holds.
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Algorithm 8 UROK,

1: if f; =0 and B% | U {e;} contains a set of items I with 0.9 < s(I) < 1 then

. BZ:=1

. else if f; =1 and B? ; U {e;} contains a set of items I with 0.8 < s(I) < 1 then
B?:=1

2
3
4:
5: else
6
7
8

choose the smallest Ms-item from BZ | U {e;}.

choose the smallest M;-item from BZ | U {e;}.

choose the rest of medium items among B? ; U{e;} from the smallest to the largest.
9:  choose the small items among B? ; U {e;} from the largest to the smallest.

10: end if

(a) T contains a large item.

(b) fi =1 and A2(T;) > 0.8 hold in an ith round.

(¢) fi=0and A2(7;) > 0.9 hold in an ith round.

(d) T contains an M;-item and an Mjz-item.

(e) T contains an M;j-item and an My-item, and s(m$) + s(mj)

(f) T contains an Ms-item and an Ms-item, and s(m$) + s(m3)
(9)

Proof. (a) Assume that the condition in line 15 of Algorithm UROXK is not satisfied before

some large item arrives, since otherwise E[A(T)] > 0.7 clearly holds. Then UROK keeps

a large item, which implies E[A(T")] > 0.7.

T contains at least two Ms-items.

(b) Assume that the condition in line 4 or 15 of Algorithm UROK is not satisfied before
the ith round. By f; = 1, B} contains an My-item, which implies A;(T}) > 0.6. Since
E[A(T;)] = (0.6 + 0.8)/2 = 0.7, E[A(T)] is again at least 0.7.

(c) Assume that the condition in line 4 or 15 of Algorithm UROK is not satisfied before
the ith round. We claim that A;(7;) > 0.5. This implies E[A(T;)] > (0.5+0.9)/2 = 0.7,
and hence we have E[A(T)] > 0.7 by line 15 in Algorithm UROK. If T; contains an Ms-
item, B} contains an Mjs-item by f; = 0. Thus we have A;(7;) > 0.5. On the other hand,
if T; contains no Ms-item, then T; contains at least two M- or My-items by Ao (7;) > 0.9.
Thus Bi1 also contains at least two M- or Ms-items, and A;(7;) > 0.3 4+ 0.3 > 0.5.

(d) We assume without loss of generality that neither (a), (b), nor (¢) in Lemma 4.3 holds
for an item set T'. By the definition of M; and M3, any pair of an M;-item and an M3-item
can be put together in the knapsack. Let us assume that the first M;-item m{ arrives in
the 7th round. We consider the following two cases.

Case 1: The first Ms-item mg arrives before the ith round. Assume that the condition
in line 15 of Algorithm A is not satisfied before the ith round.

Case 1.1: Assume first that mf: arrives earlier than m{ . Then B} contains an My-item

er and B? contains m{ and an item e; with s(e;) > 0.4, since mg is contained in T;. If
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s(er) + s(m?) < 1, then B! contains both e, and m{. Thus we have

BTy > (@) T smD) + (s(mi) + s(er)
T 2

6+0. 3404
>(06+03)—;(03+0 ) _os.

and hence E[A(T")] > 0.7.
On the other hand, if s(ex) + s(m{) > 1, then we have

er) + (s(m{) + s(er)) S 1+04 _
2 2

BA(T)] > & 01,
which again implies E[A(T")] > 0.7.

Case 1.2: Assume that there exists no My-item in T;. Then Bi1 contains an M3z-item e;
and a medium item ey, and B? contains m{ and a medium item e; with s(e;) > 0.4. Thus
we have,

E[A(T})] > (s(e;) + s(ex)) + (s(m]) + s(er))
T 2

(0.5+0.3) + (0.3 +0.4)
” 2

= 0.75,

and hence E[A(T)] > 0.7.
Case 2: The first M;z-item m?{ arrives in the ¢’th round with ¢/ > 7. Assume that the
condition in line 15 of Algorithm UROK is not satisfied before the 'th round.

Note that there exists no My-item in Tj. If this is not the case, then BZ ; U {e;}
contains some M;-items and e;s = mg, which implies that it contains an item set I with
0.8 < s(I) < 1. Since f;y =1, (b) in the lemma holds, which contradicts the assumption.

We next claim that at most one Ms-item comes before the i'th round. Assume that
two Ms-items come before the #'th round. Then just after the (i — 1)st round, UROK;
keeps two Ms-items, while UROKs keeps an M;-item and an Ms-item. Thus we have
E[A(T; )] > 984807 = 0.75, which is a contradiction.

We thus consider the case in which at most one Ms-item comes before the 7'th round. In
the ¢'th round, Subroutine UROK; chooses mg and some M- or Ma-item (i.e., A1 (Ty) >
0.5+ 0.3 = 0.8). On the other hand, Subroutine UROK; chooses at least one M;-item
and another medium item (i.e., A2(7y) > 0.3 4+ 0.3 = 0.6). Therefore E[A(T;/)] > 0.7,
implying that E[A(T)] > 0.7.

(e) Assuming that the expected profit by UROK is less than 0.7 before handling two
items m{ and mj. We prove that the expected profit by UROK becomes at least 0.7
after handling m; and mj. We also assume that neither (a), (b), (¢), nor (d) in the lemma
holds for T

Case 1: The smallest M;i-item m] arrives before the smallest M,-item mj arrives. Let
mj come in the ith round. Then f; = 1, and B? | U {e;} contains m§ and m$, which
implies that UROK; keeps an item set I with 0.9 < s(I) < 1. This implies (b) in the
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lemma, a contradiction.

Case 2: The smallest My-item mj arrives before the smallest M;-item mj arrives. Let
mj come in the jth round. Then in the jth round, UROK; chooses mj and an M;-item,
ie., A1(T;) > 0.6 + 0.3 = 0.9. On the other hand, UROK3 chooses at least two medium
items, i.e., A2(7;) > 0.3+0.3 = 0.6. Thus we have E[A(T})] > (0.940.6)/2 = 0.75, which
implies E[A(T")] > 0.7.

(f) Assuming that no (a)—(e) holds for 7" and that the expected profit by UROK is less
than 0.7. Let m3 and m3 respectively arrive in the ¢th and jth rounds.

If i < j, then Bf | U{e;} contains m3 and m3, which implies Ay(7}) > 0.9. and which
contradicts the assumption on (b) or (¢). Thus we have j < i.
Case 1: mf; arrives before the ith round. Then B} contains an My-item, while B?
contains mj and an item which is either Ms-item or mj since no Mj-item is contained in
T by (d). This implies E[A(T;)] > (0.6 + 0.8)/2 = 0.7, and we have E[A(T")] > 0.7.
Case 2: No My-item arrives before the ith round. Then B} contains m§ and an Ma-item,
while Bi2 contains m3 and an item which is either mj or Ms-item since no M;-item is
contained in 7" by (d). This implies E[A(T;)] > ((0.5+ 0.4) + (0.4 +0.4)))/2 = 0.85, and
we have E[A(T)] > 0.7.

(9) Let e; and e; denote the first two Ma-item in T with ¢ < j. Assume that E[A(T})] < 0.7
for k < j and no (a)—(f) holds for T'. We then consider the following two cases.

Case 1: No Mj3- or My-item arrives before the jth round. Then le- contains e; and ey,
while BJ2 contains two medium items, at least one of which is an Ms-item. Thus we have
E[A(T};)] > ((0.4+0.4) 4+ (0.3+0.4))/2 = 0.75.

Case 2: mg or mf; arrives before the jth round. Note that mfi does not arrives before
the jth round, since otherwise we have f; = 1 and B} ; U {e;} contains two My-items,
which implies that it contains an item set I with 0.8 < s(/) < 1. This implies that (b)
holds in the jth round, which is a contradiction. Thus B} contains some Msz-item, say ey,
and B? contains e; and e;, since T contains no Mj-item by (d). Since s(ex) + s(e;) > 1
by (f), we have

s(er) + (s(e;) + s(ej)) - 1+04
2 2

0.7,

and hence E[A(T")] > 0.7. O
Let OPT(T') be an optimal (offline) solution for 7'
Lemma 4.4. If there exists no small item in 7', then s(OPT(T))/E[A(T)] < 10/7.

Proof. Assume that E[A(T;)] < 0.7 holds for any 4, and no condition in Lemma 4.3 holds.
By the condition of this lemma and (a) in Lemma 4.3, T" contains no large or small item
(i.e., it contains only medium items). This implies |OPT(T)| < 3, since every medium
item has size at least 0.3. We then separately show the lemma.

Case 1: |OPT(T)| = 3. Then all are Mj-items. If T contains no Ms-item, then As

chooses three M;i-items in some round 4, which implies A5(7;) > 0.9, a contradiction of
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(b) or (¢). Thus T contains an Ms-item, and hence we have As(T;) = s(mf) + s(m3) for
some ¢. If f; =1, then

s(m3) + (s(mf) + s(m3)) - 1404 _

E[A(T;)] > 5 5

0.7,

since A1 (T;) > s(m$) and s(mj) + s(mj) > 1 by (e) in Lemma 4.3. On the other hand, if
fi =0, then A;(T;) > s(m$) + s(m$), since T contains no Ms-item by (d) in Lemma 4.3.
Thus we again have E[A(T;)] > s(m§) + s(m3) > 0.7. Therefore, |OPT(T)| < 2 holds.
Case 2: |OPT(T)| = 1. Suppose that OPT(T") > 0.5, i.e., T contains Ms- or My-item.
Then Ay chooses Mjz- or My-item e, while Ay chooses at least one medium item e;. Note
that s(ex)+ s(e;) > 1 holds, since otherwise we have s(OPT (1)) > 0.7, which contradicts
OPT(T) <0.7 and |OPT(T)| = 1. This together with s(OPT) < 0.7 implies

s(ex) +s(e;)) 1 s(OPT(T)) _ 7

> . s(OPT(T)).

> S S
ElA(T)] 2 2 > 2 ~ 1.4 10

On the other hand, if s(OPT(T)) < 0.5, then T consists of exactly one M- or Ms-

item, since otherwise we have s(OPT(T')) > 0.5, a contradiction. This clearly implies
A(T) = As(T) = s(OPT(T)), and hence we have E[A(T)] = s(OPT(T)).
Case 3: |OPT(T)| = 2. Let OPT(T) = {ek, e} with s(ex) > s(e;). We note that ey is
an M- or Ms-item, which follows from (d), (e), and (f) in Lemma 4.3. It follows from
(9) in Lemma 4.3, ¢; is an M;-item. This also implies that 7' contains no Ms-item by (d)
in Lemma 4.3. Thus, UROK; chooses m{ and another M- or Ms-item, and hence we
have A5(T') > s(mj) + 0.3.

Suppose that 7' contains an My-item. Then it holds that A;(T") > s(mj). Therefore,
we have

s(OPT(T)) _ s(ek) + s(er) < 0.4+0.5 < 1.8 < 10
E[A(T)] AMAT) = slmi)+(s(m)+08) = 1.3 = 7

since s(mj) + s(mj) > 1 holds by Lemma 4.3 (e).
On the other hand, if T contains no Mjy-item, then we have A;(T) = s(OPT(T)) and
Ay(T) > 0.6, implying that

S(OPT(T)) _ s(OPT(T)) _ 2 _10

E[AT)] — s(OPT@)06 = 16~ 7’
since s(OPT(T)) < 1. O
Lemma 4.5. Even if there exists some small items in 7', we have s(OPT(T))/E[A(T)] <

10/7.

Proof. Assume that E[A(T;)] < 0.7 holds for any 4, and no condition in Lemma 4.3 holds.
Let Zf’l be the subset of T; removing all the small items, and let s; be the total value of

small items in T;.
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If Subroutines UROK; and UROK5 choose all the small items in 7', then we have

s(OPT(T)) _ s(OPT(T,)) + s, s(OPT(T},)) + sn
E[A(T)] ~ A@w)tsntAe@)tsn A1) +A2(Tn) |
2 2 n

_ s(OPT(T},)) _ s(OPT(T)) _ 10
S\ AEeam) [ TOERAd) T T

by Lemma 4.4 and T,, = T. On the other hand, if T' contains no medium item, then we

have

s(OPT(T)) _ min{1, s,,}
E[A(T)] - min{().?,sn};rmin{o.lsn}

10
< —.
-7

Therefore, we consider the case that there are some medium items in 7" and at least one
small item in T is rejected by UROK; or UROKs.

Let k be the first round that some small items are rejected by UROK; or UROK,. If
both subroutines reject some small items in the kth round, then we have A1 (1}), A2(T}) >
0.7, and E[A(T})] > 0.7, a contradiction. Thus we can assume exactly one of Subroutines
UROK; and UROKj rejects some small items in the kth round.

Suppose that Ay (T}) and Ay (1)) are at least 0.4. Let a be the largest small item
rejected by UROK; or UROKj3 in round k. For i,¢" € {1,2} (i #4'), let A; reject a, i.e.,
s(a) + A;(Ty) > 1, and let Ay keep a, ie., Ay (Ty) > s(a) + Ay (Ty) > s(a) + 0.4. Then

we have

Ai(Ty) + As(Th) _ s(a) + 0.4+ Ai(T)

BlAT)] = SR > .

> 0.7,
and hence E[A(T')] > 0.7.

Thus, we remain to consider the following two cases.

Case 1: A;(Ty) < 0.4. In this case, T} consists of exactly one M;-item, and B} = B?
for any ¢ < k. This is a contradiction with the fact that one rejects a small item and the
other does not.

Case 2: AQ(Tk) < 0.4. In this case, T} contains exactly one M;-item, and no Ms- or
Mj3-item. We claim that T}, contains some My-items, since otherwise B} = B? for any
1 < k, a contradiction.

Let m1 and my respectively be the smallest M;- and My-items in Tk. We have 0.6 <
Ay (Ty,) < 0.7 since Ay (Ty) = s(my). We also have that Subroutine UROK; rejects a in the
kth round. Since A, (Tk) < 0.7 implies Al(Tk) +s(a) < 1, B} contains another small item
b, which has size at least s(a) as A; chooses small items from the largest to the smallest,
i.e., s(b) > s(a). The total size of small items in B} is at least max{0.3 — s(a), s(b)} >
max{0.3 — s(a), s(a)} > 0.15 as s(a) < s(b) < 0.3, and the total size of small items in B}
is at least 0.3 since A1 (T}) < 0.7. Thus we have

Ay(T)) + As(Ty) _ (s(ma) +0.15) + (s(m) +0.3) _ 145

BlA(T)] > “H20 . .

> 0.7,
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since mj + my4 > 1 holds by Lemma 4.3 (e), and hence E[A(T")] > 0.7. O
Therefore we have the following theorem.

Theorem 4.6. Algorithm A is 10/7-competitive for the unweighted removable online

knapsack problem.

Proof. By Lemmas 4.4 and 4.5, Algorithm A is at most 10/7-competitive.

Moreover, for the input sequence n = 3, s(e;) = 0.7, and s(e2) = s(eg) = 0.5, the
optimal profit is 1 and the profit by UROK is 0.7. Thus we can conclude that Algorithm
UROK is at least 10/7-competitive. O

Before concluding this subsection, we remark that Algorithm UROK can be executed

in polynomial time.

Proposition 4.7. The conditions in the first and the third lines of Subroutine UROK,
can be checked in linear time.

Proof. We shall show that B C B2 | U {e;} such that t < s(B) < 1 for t = 0.8 or 0.9
can be computed in O(|B2_,|) time. Let B, = {e € B? ; U{e;} : s(e) > 1 —t} and
Bs = {e € B2 { U{e;} : s(e) < 1—t}. Note that |B;| < 10, since s(B? ;) < 1 and
s(e) > 0.1 for all e € B;. We claim that the existence of the above B is equivalent to
the one of a subset C' of B; such that s(C) < 1 and s(C) + s(Bs) > t. If we have such
aB,let C ={e € B : s(e) >1—t}. Then this C satisfies s(C) < s(B) < 1 and
s(C)+s(Bs) > s(B) > t. On the other hand, if such a C' exists, then there exists a subset
D of B such that t < s(C)+ s(D) < 1, since e € B, satisfies s(e) < 1 —t¢. This prove the
claim.

We note that we have at most 2'9 possible C’s and for each C, D can be computed in
linear time by adding items in D to C' one by one in an arbitrary order. This completes
the proof. O

4.2.2 Lower Bound

Babaioff et al. [6] provided a lower bound 5/4 for the randomized competitive ratio of the
general weight removable online knapsack problem. In this subsection, we show that 5/4
is also a lower bound even for the unweighted case. The proof is based on Yao’s principle.

We consider the following input distribution:

2/3+¢, 1/3, 2/3 (with probability 1/2),

(4.2)
2/3+¢€, 1/3, (with probability 1/2)

where we identify the items with their size (value) and ¢ is a sufficiently small positive
number.

Theorem 4.8. There exists no randomized online algorithm with competitive ratio less

than 5/4 for the unweighted removable online knapsack problem.
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Proof. We consider the input distribution in (4.2). Then, the optimal expected profit is
(RS

Let A be a deterministic online algorithm. If A rejects the second item, the expected
profit is at most 2/3 4+ . Otherwise (i.e., A takes the second item after removing the first
item), the expected profit is at most 1 - % + % : % = %

Therefore, the competitive ratio is at least (5/6 +¢/2)/(2/3 + &) which approaches 5/4

as ¢ — 0. O

4.3 General Non-Removable Online Knapsack

Problem

In this section, we show there exists no randomized online algorithm with constant com-

petitive ratio for the general removable online knapsack problem.

4.3.1 Lower Bound

Theorem 4.9. There exists no randomized online algorithm with constant competitive

ratio for the general non-removable online knapsack problem.

Proof. We use Yao’s principle (Theorem 2.15). We give a family of input distributions
parametrized by a natural number n. Let (s,v) denote an item whose size and value are

s and v, respectively. For a given n, the input sequence is
(1,21, (1,2%), (1,2°), ..., (1,2") (4.3)

with probability pr, = 1/2% for k = 1,2,...,n and px = 1/2" for k = n + 1. Then, the
optimal expected profit is

n+1 n 1 1

k _ k n+1 —
S 2Fp=>2 o T2 =2
k=1 k=1

For an online deterministic algorithm A chosen arbitrarily, let [ be the first item that A

accepts. Then, the expected profit of the algorithm A is

-1 n+1 1
2 l § _ ol —
k=1 k=l

Therefore, the competitive ratio for the general non-removable case is at least (n+2)/2. [

4.4 General Removable Online Knapsack Problem

In this section, we consider the general removable online knapsack problem.
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4.4.1 A Randomized Online Algorithm

We propose a randomized 2-competitive algorithm for the removable online knapsack
problem. Our algorithm can be regarded as randomized and online implementation of
the well-known 2-approximation algorithm [58] for offline problem, which makes use of
algorithms MAX and GREEDY as follows.

Algorithm 9 MAX
1: BO = (Z)
2: for each item e; in order of arrival do
3:  B;:=argmax{v(e) : e € B;_1 U{e;}}
4: end for

Algorithm 10 GREEDY
1: BO = (Z)
2: for each item e; in order of arrival do

—

3 Let BiyUfe} = {br,.... b} st 234 > 2452 > .. > 20n)
4 Bl = Q)

5 for j =1to k do

6: if S(Bz) + S(bj) <1 then B, := B; U {bj}

7 end for

8: end for

In the algorithms, let e; be the item given in the ith round, and let B; be the set of
selected items at the end of the ith round. We denote by s(B;) the total size of items in
B;.

For a set of items T' = {ej,e3,...,¢e,}, let OPT(T) denote the optimal (offline) profit,
and let MAX (T) and GREEDY (T) respectively denote the profits obtained by Algorithms
MAX and GREEDY .

Theorem 4.10. The algorithm that runs MAX and GREEDY uniformly at random is
at most 2-competitive.

Proof. By the definitions of Algorithms MAX and GREEDY, we have OPT(T) <
MAX(T) + GREEDY (T), since the optimal profit of the (integral) knapsack prob-

lem is at most the one of the fractional knapsack problem, which is again at most
MAX(T)+ GREEDY (T'). Therefore, the competitive ratio is at most

OPT(T)
MAX (T)+GREEDY (T) <2
2
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4.4.2 Lower Bound

Before discussing the lower bound for the competitive ratio of the problem, we show that

the algorithm in Theorem 4.10 is in fact 2-competitive.

Proposition 4.11. For any positive number ¢ (< 1), there exists an input sequence that
simultaneously ensures that both Algorithms MAX and GREEDY are at least (2 — ¢)-

competitive

Proof. Let (s,v) denote an item whose size and value are s and v, respectively. Consider

the sequence of items

1 1 2 1 1 1 1 1 1
(171)a 7+77177 9 a9 9 PR 9ty PR B
2 2n n 2n' n 2n'n 2n'n

n items

where n is a positive integer greater than 3/¢. Then the optimal solution consists of the
second item and n — 1 items of (5=, ), which implies that the optimal profit is (2 —3/n).
We note that Algorithms MAX and GREEDY respectively output the first item and n
items of (5=, X). This implies that the profits of both algorithms are 1. Therefore, the

2n’'n

competitive ratio of Algorithms MAX and GREEDY is at least @ >2—c. O
By combining Proposition 4.11 with Theorem 4.10, we have the following corollary.

Corollary 4.12. The algorithm that runs MAX and GREEDY uniformly at random is
2-competitive.

Next we prove the lower bound 1+ 1/e on the competitive ratio of the general removable
online knapsack problem by using Yao’s principle [90]. We consider the following family of
input distributions parametrized by a positive integer n. Let (s,v) denote an item whose
size and value are s and v, respectively. For a given n, the probabilistic distribution of

the input sequence is

(1,1), (1/n* 1/n),..., (1/n* 1/n) with probability px (k =1,2,...,n%) (4.4)

k items

1—e~1/m e~ (k=1)/n_

T—e— 7

where p, =

Theorem 4.13. There exists no randomized online algorithm with competitive ratio less

than 1+ 1/e for the removable online knapsack problem.

Proof. We consider the input distribution given in (4.4). Then we have the optimal
expected profit

n Tl2
St 3 "o

k=n+1
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1 _e—l/n

= Ze (k— 1)/n+ Z 6—(k—1)/n
l—e k= n+1
1 e—l/n

— L1 Sk
_ - . = e~ (k=1)/ 2 e~ (k=1)/n

1— e—l/’n Z . nzz k/n .
> —n / —'dt + / te 'dt
1—em i b1 J (k=1)/m

1— —-1/n n
:e_-n</ _tdt+/ te_tdt>.
l1—e™m 0 1

Let A be a deterministic algorithm for the online knapsack problem. Then it is not

difficult to see that A takes the first item (1,1) to have the constant competitive ratio.

1
n2’'n

Let [ denote the number of items (-, 1) that A rejects before item (1,1) is canceled.

Then, the expected profit of the algorithm A is at most

l n k1
ZPk'F Z T‘pk

k=1 k=41
1—et/m k—1 k—1
- Ze (h=1)/n Z L o==1)/m
¢ k=l+1
1 —1/n l n?

1 1 k—1
- —(k+1)/n - Mo —(k+1)/n
n Ze + n Z n ¢

1—em (
k=1 k=l+1

N
3
m

1 e-1/n L rk/n n? (k+1)/n
¢ Z/ etdt+ Y / <t— l) ce~tdt
r—1” (k=1)/n k/n n

k=l+1

- 1—em

VAN
3
®

1— —1/n l/n (n?+1)/n

= 67_ -ne2/™ / e tdt —|—/ (t — l) e tdt

1—em 0 (14+1)/n n
1— —1/n l/n 0o l

_67‘ 2/n </ e_tdt—i—/ <t—>-e_tdt
l—e™m 0 I/n n

1—elUn
= .ne

2/n
1—em '

Therefore, by using Yao’s principle, the competitive ratio is at least

11*_‘3;;” ‘n (fol etdt+ [t e_tdt>

1— e—l/n
l—e—m 62/n

1 n
=e 2/ (/ e_tdt—i—/ t-e_tdt>
0 1
1 o)
—></ e_tdt—l—/ t-e_tdt):1+1/e (n — o0)
0 1
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for any randomized online algorithm. O
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Chapter 5

Online Knapsack Problem

under Convex Functions

In this chapter, we consider the online knapsack problem with a convex function. We first
propose a simple greedy online algorithm, in which the larger item has a higher priority.
We prove that the online algorithm is 2-competitive. Observe that the optimal value for
the problem with a convex function can be estimated by the largest item in the input.
Using this fact, we improve the greedy online algorithm by the following approach: i)
divide all the items into three groups, large, medium and small, ii) for large and small
items, we select them in the way: the largest the first, iii) for medium items, we select
them in the way: the smallest the first. We prove that the improved algorithm is 5/3-
competitive. Another result is that: if the convex function has a specific property, the
improved online algorithm is (1 + v/5)/2-competitive, which extends the result in Iwama
and Taketomi [48]. For example, for any 1 < ¢ < 1.3884, the function f(z) = x satisfies
the property. Finally, we prove that the lower bound for the problem is (1 + v/5)/2.

5.1 Knapsack Problem under Convex Function

Knapsack Problem with Convex Function: The input is a unit size of knapsack and
a set of items associated with a size-value function f(-), where function f(-) is convex.
The output is to select a subset of items to maximize the total value of all the selected

items without exceeding the capacity of the knapsack.

Online Knapsack Problem under Convex Function: In this chapter, we study an
online knapsack problem under a convex size-value function. The capacity of the knapsack
and the function f(-) are known before packing. The word “Online” means that i) items
are given one by one over time, i.e., after a decision is made on the current item, then
the next one is known, ii) in order to accept a new item, it is allowed to remove old items
in the knapsack. During selection, in order to accept a new item, some old items are
allowed to be discarded or removed. The objective of the online knapsack is the same as
the offline version, i.e., to maximize the value under the capacity constraint. Let f(-) be

the convex function, i.e., for each item with size x, its value is f(z). Here we require the
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convex function to satisfy two conditions: i) f(0) =0, ii) f(z) > 0 for any 0 < x < 1.
Next, we outline several properties of a convex function [15]. If f(-) is convex, then for
any 0<6<1
[0z + (1 —0)y) <0f(z)+(1—-60)f(y), (5.1)

by the definition of the convex, we have

flxr) + f(yr) > fx2) + fly2), (5.2)

where x1+y1 = x2+1y2 and 1 > x2 > yo > y1. By the above properties, it is not difficult
to prove the following two Lemmas [15].

Lemma 5.1. Given a convex function f(-), if f(0) =0, then f(z)/x is nondecreasing for
all z > 0.

Proof. For any x1 > x5 > 0, if we can prove that

f(z1) f(z2)

>
x x2

I

then it is done. By equation (5.1), setting § = x5/x1, © = 21 and y = 0, we have

x T —x x

Zf@) + =——=F(0) > f(z2) = Zf(w1) > f(wa),

T T 1
since f(0) = 0. Hence we have this lemma. O
Lemma 5.2. Given real numbers 1, 2, ..., Zn, 2oy f(@i) < F (i z4).

Proof. By Lemma 5.1, for any 1 < j < n, we have f(z;) <z, - % Hence
=1

PCAEDIEIE Moz gﬁi") = (Z x> :

O

Lemma 5.3. Given a convex function f(-) with f(0) =0, if f(z) > 0 for any = > 0, then

f(+) is a monotonically increasing function.

Proof. For any x1 > w9, if 29 = 0, then f(z1) > 0 = f(x3), else o > 0, by Lemma 5.1,
flx1) = 2 f(@2) > f(22). O

By Lemmas 5.2 and 5.3, we have the convexity of the value function induces that the
largest item has the best ratio of the value to the size. Then we have the following lemma.

Lemma 5.4. Consider the knapsack problem under the value function f(-). If the largest
size in the input is @ > 0.5, then the optimal value is at most f(a) + f(1 — «).

Proof. Let x1,x2,...,2, be the sizes of items in an optimal solution such that x; >
To > -+ > T,, where n is the number of the items in the optimal solution. Then
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OPT =", f(z;). The claim holds if >"!" ; z; < & by Lemma 5.2. So, we assume there
exists an integer k such that

k k+1
E z; <a and g T >«
=1 =1

Since 7, x; < 1, we have 3" |, 2; < 1 — . By Lemma 5.2, we have

k k n n
Zf(l’i) <f ( xz> and Z flz) < f ( Z xz) )
1

i=1 = i=k+2 i=k+2

Then

k n k+1 n
f (fo) + f@rg) + f ( > m) < fla) + f (in —a> +f ( > :c)
1=1 i=k+42 =1 i=k+2
Sf(a)+f(1_a>7

where the last inequality holds by Lemma 5.2. Hence we have Y .| f(z;) < f(a)+ f(1—
). O

5.2 A Simple Online Algorithm

In this section, we first give a simple greedy online algorithm and prove that it is 2-
competitive. By Lemma 5.1, when the convex function passes through the origin, we
have the efficiency (the value divided by the size) is a nondecreasing function with respect
to the size. Then the idea of the greedy algorithm is that the larger item has a higher
priority, i.e., when a new large item arrives, if necessary, remove the smallest item first

until the new item can be accommodated.

Online algorithm ALG;: when a new item m is given, our online algorithm works as
below:

(a) Sort all the items in the knapsack including item m in nonincreasing order of sizes.

(b) Remove the smallest one until the total size of items in the knapsack is at most 1.

Let ALG:(t) and OPT'(t) be the values by online algorithm ALG; and an optimal
algorithm after time step t > 1 respectively. Let 3(t) be the value of the largest item in
all the discarded items at or before time ¢.

Lemma 5.5. For any time step ¢ > 1, we have OPT'(t) < ALG1(t) + 5(t).

Proof. Let x; be the ith largest item in the input after time ¢, where 1 < ¢ < t. If
Zle s(z;) < 1, then our online algorithm does not need to discard any item, i.e.,
OPT(t) = ALG:(t). Otherwise, there exists an integer k < ¢ such that Zle s(z;) <
1< Zfill s(z;). By Lemma 5.1, the larger item has a higher efficiency. Then the optimal
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value of the fractional Knapsack problem is

k S (e k+1
3 st + 2= o)) < 3 o)

5(Trq1)

Since the optimal value is bounded from above by the fractional optimal value, we have

In our online algorithm, the discarding policy used is the smaller the first, thus all the
largest k items are kept in the knapsack, i.e., ALG1(t) = Zle f(s(z;)). Since S(t) is the
(k 4+ 1)th largest item, we have OPT(t) < Efill (s(x;)) = ALG1(t) + B(t). O
It is not difficult to see that ALG1(t) > (B(t), then by Lemma 5.5, we have the following

theorem and lemma.
Theorem 5.6. The online algorithm ALG, is 2-competitive.

Lemma 5.7. If the largest item has size at most 1/k, where k is a positive integer,

algorithm ALG is %—competitive.

5.3 Improved Upper Bounds

In this section, we first observe that the optimal value can be estimated by the maximal
size of items in the input and the size-value function f(-). Then combining with some
techniques, we improve the greedy algorithm and prove that its competitive ratio is 5/3.
We then prove that the improved algorithm is optimal with respect to the competitive

ratio if the size-value convex function satisfies a certain condition.

Definition 5.8. #-point: given two variables 0.5 < x < 1 and 6 > 1, a convex function

f(z)

A
f—z)
then z is §-point of function f(-).

Lemma 5.9. Given # > 1 and a convex function f(-) with domain [0, 1], if f(0) = 0 and

f(z) > 0 for any = > 0, then #-point xg of f(-) exists in (0.5, 1_%9} and is unique.

Proof. Define a new function F(z) for x € [0, 1] as below, where 6 > 1:

F(z) = f(x) = 0f(1 —x).

A convex function must be continuous, so f(z) and F(x) are continuous. And we have

0 0 1
F(1+9>:f(1+6>_6f<1+0> =0
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where the last inequality holds by Lemma 5.1. And F(0.5) = f(0.5) — 6f(0.5) < 0 since
f(z) > 0 for any x > 0 and # > 1. We know function F'(z) is continuous, then there exists
z in <0.5, #00] such that F(z) =0, i.e., zg € (O.S, ﬁoe].

By Lemma 5.3, functions f(x) and — f(1 — x) are monotonically increasing. Then F'(x)

is also monotonically increasing. Hence there is a unique solution for F'(z) = 0 in interval
(0.5, ﬁ} . 0

5.3.1 An Improved Online Algorithm

Observe that if all the items are very large then it will be good enough to have the largest
one in the knapsack; if all the items are very small, then it will be good enough to call
the greedy algorithm. To have a good competitive ratio, the point is how to handle the
medium item. Our strategies are: i) divide items into three groups, large, medium and
small, ii) for large and small items, the larger item has a higher priority, iii) for medium
items, the smaller item has a higher priority. Combining with some techniques to estimate
the optimal value, we propose a refined online algorithm in this subsection.
Let 8 = 1.5. Define a 6-point x( as below:

f(zo)
f(1—z0)

Grouping: we divide the interval [0, 1] into three sub-intervals,

=1.5.

IO = [l’g,l}, Il = [1 — $O,ZL‘0), IQ = [0, 1-— ZE()).

By Lemma 5.9, z( exists and is unique. Given an item with size s, if s € I;, then the item
belongs to type-i, where 0 <1 < 2.

Online algorithm ALG5: when a new item m is given, our algorithm works as below:

1. s(m) € Iy: accept the largest item in the knapsack including the current item,
discard all the others.
2. s(m) € Iy:
(a) If the total value in the knapsack is at least f(z¢), then discard m.
(b) Else if there is an item ¢ with s(q) € I in the knapsack,
(1) If s(q) + s(m) < 1 then accept items g and m, discard all the others.
(ii) Else accept the smaller one of the two items, discard the larger one.
(¢) Else accept item m, if necessary, discard items in a way: the smallest the first.
3. s(m) € Iy:
(a) If the total value in the knapsack is at least f(xo) then discard item m.
(b) Else call the greedy algorithm ALG; to handle item m, i.e., if necessary use
the policy of the smallest the first to discard items.

Pattern: define a pattern of packing in the knapsack as a vector v = {vg, v1,v2} of three



52 Chapter 5 Online Knapsack Problem under Convex Functions

components, where v; is the number of type-i items in the knapsack, where 0 <¢ < 2. It
is not difficult to see the following results by referring to Steps 1.,2.(a), 3.(a) of our online

algorithm.

Observation 5.10. If some type-0 items have been given, the largest one must be ac-
cepted.

Observation 5.11. If the packing pattern is one of (1,0,0), (0,2,%*), where * denotes
any feasible integer, then the total value in the knapsack is at least f(zg).

Observation 5.12. Once the total value by our online algorithm is at least f(xo) at the

current time step, then it never goes down below f(xg) in the future.

Observation 5.13. If the execution passes through Step 2.(b)(i7) at time ¢, we have the
following results:

e the largest item has size less than xg;

e the minimal type-1 item is selected in the knapsack;

e in the input, there is only one type-1 item or any two type-1 items cannot be packed
together;

e the largest type-2 item must be packed if it exists.

Before proving the main result: our algorithm is 5/3-competitive, we need the following

lemma first.

Lemma 5.14. Assume in the input any two type-1 items cannot be packed together in
the knapsack. Let ; be the ith largest type-2 item, where ¢ > 1. Let 81 be the largest
item, which is type-1 item. If s(51) + Zle s(7v;) > 1, where k is the number of type-2
item in the input, then the optimal value is at most f(s(31)) + f(Zle s(74))-

Proof. Define a set O = {f1,71,...,7}. Let O* be the set of items in an optimal solution.
By the assumption, there is at most one type-1 item in O*. Observe that i) the larger
item has a larger efficiency by Lemma 5.1; ii) s(51) + Zle s(vi) > 1 and +; is the ith
largest type-2 item in the input. We claim the average efficiency in O is not less than the
one in O*.

Hence we have f(O*) < f(O) = f(s(51)) + f (Ef:l 3(%’))- O

Analysis: let ALG(t) and OPT(t) be the values by our online algorithm and an optimal
algorithm after time step ¢t > 1 respectively. Next we prove that for any integer ¢ > 1,
ifggg < 5/3, i.e., the online algorithm is 5/3-competitive. We use induction to prove the
result, namely, at some time to > 1, for any input, if we have OPT(tg) < 5/3 - ALG(to),

we need to prove the claim still holds for the next time step.

Theorem 5.15. The online algorithm ALG5 is 5/3-competitive.

Proof. 1t is not difficult to see that, After the first time step, we have OPT'(1) = ALG(1),
we have 2PT() < 5/3. Assume OPT(to) < 5/3 holds for any time step ¢y > 1. Next we

ALG(T) ALG(to)
prove that gfggi; < '5/3, where t; is the next time step.
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Let m be the item given at time ¢; and s(m) be its size. Consider the execution route
when item m is processed. There are two cases: i) no items are discarded after time

step tq; ii) some items are discarded after time step t;. For each case, we prove that

GLetrs < 5/3 holds.

Case 1: It is not difficult to see that ALG(t1) = ALG(to) + f(s(m)) and OPT(t;) <

OPT(tg) + f(s(m)). By the assumption gfggg; < 5/3, we have gfggiig <5/3.

Case 2: Let a be the size of the largest item in the input. There are two subcases.

Case 2.1: o > xp. By Observation 5.10 the item a must have been selected in the
knapsack. Then ALG(t;) = f(«). By Lemma 5.4, we have

OPT(t) _ fla)+ f(1-a) _5
ALG(t1) f(a) — 3
where the last inequality holds from i (fl(;)o‘) </ (fl(;:)‘)) = %

Case 2.2: a < zp. According to the step that item m passes through, we have the
following four subcases. For i > 1, let «; be the ith largest type-2 item in the input.
Assume that items ~q,72,...,7k—1,7k are selected in the knapsack just after time t¢q,
where k > 0 is the maximal index.

Case 2.2.1: the execution for item m passes through one of Steps 2.(a), 2.(b)(7) or
3.(a). by Observations 5.11 and 5.12, ALG(t1) > f(z¢). By Lemma 5.4, OPT(t1) <

f(xo) + f(1 — ). Hence 25583 < 3.

Case 2.2.2: the execution for item m passes through Step 2.(b)(i¢). There is only one
type-1 item in the knapsack. We rename it as m. Let 8y be the largest item of type-
1. Remember that index k is the maximal index such that items ~1,7v2,...,vk—1, 7% are
selected in the knapsack just after time t;. There are three cases on k.

Case 2.2.2.1: k = 0. By Observation 5.13 iv), there is no type-2 item given so far,
otherwise item ~; has been selected in the knapsack. We have ALG(t;) = f(s(m))
and OPT(t1) = f(s(81)). Since both items m and (; are type-1, we have OPT'(t;) <
1L5ALG(t).

Case 2.2.2.2: k = 1. By Observation 5.13 iv), item y; must be accepted in the knapsack.
If there is only one type-2 item in the input, then by Observation 5.13 iii), we have

ALG(tr) = f(s(m)) + f(s(n)), and OPT(t1) < f(s(B1)) + f(s(m1))-

Hence we have gfg&g < J}((z((ﬁi)))) < 1.5. Else s(y2) > 0, due to the fact that there is no

space in the knapsack for item v, we have z¢ + s(v1) + s(72) > 1. Due to s(y1) > s(y2),

2s(y1) > 1 — xg. (5.3)
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If f(s(71)) > @ then we have

\CRUL

f(1—x0) = f(x0) (by definition of z)

OPT(t,)

5/3

ALG(1:) 2 f(s(m) + F(s(n)) 2
=2 (Flwo) + (1~ 20)) >

where the last inequality holds from that OPT(t1) < f(xo) + f(1 — o) by Lemma 5.4.
Else we have f(s(71)) < M By Observation 5.13 iii), there is at most one type-1
item in the optimal solution. By Lemma 5.14, OPT'(t1) < f(xo) + 2f(s(71)). Then

OPT(t)
ALG(t)

< f(zo) +2f(s(m)) < 15+2:05 5

f(l =) + f(s(11)) = 1405 3

Case 2.2.2.3: k£ > 2. Then ALG(t;) = f(s(m))—i—zle f(s(7i)), by Lemma 5.14 we have

k+1

OPT(t1) < f(s(B1) + Y _ f(s(7)),

i=1

where s(7x41) = 0 if item 7441 does not exist. We also know

f(s(B1)) = f(s(m)) = f(s(n)) = -+ = f(s(41))-

For k > 2, it is not difficult to see that OPT(t1) < max{1.5, 51} ALG(t;) = 1.5-ALG(t1).
Hence, after Step 2.(b)(ii), we have OPT'(t1) < 5/3- ALG(t1).

Case 2.2.3: the execution for item m passes through Step 2.(c). Before item m is arrived,
there is no type-1 or type-0 item, and the total value is less than f(z(). Item m is the
unique type-1 item in the input and it is the largest item given so far. Thus all the

discarded items must be type-2. Then by the similar arguments used in Case 2.2.2, we

have
OPT(t) _ f(s(m) + 3% fs(0) _ | f(s(rien)) U S
ALGIE) = fsm) + X0, fsn) — Fstm) + 5 S BT

Case 2.2.4: the execution for item m passes through Step 3.(b). Then the total value

is less than f(zg). If there is a type-1 item in the knapsack at time ¢;, by the similar
OPT(t1) _
ALG(L) =

given before t1, all the items given so far are type-2. If no type-2 item has been discarded,
then OPT(t1) = ALG(t1). Else k > 2 since s(y1) < (1 —x9) < 1/2. By Lemma 5.7, we
have OPT (1) < 2L ALG(t1) < 1.5- ALG(t1). O

arguments used in Case 2.2.2, we have g FElse there are no type-1 or 0 items
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5.3.2 Applications of Algorithm ALG,

Redefine xg in algorithm AL G5 as below: f(qfi)o) = ¢, where ¢ =

Lz*/g is the golden ratio.

In this subsection, we prove that if the convex function f(-) has the following property:

)2

then the competitive ratio can be improved to q. For example, for any 1 < ¢ < 1.3884,

function f(xz) = x¢ satisfies the above property.

Theorem 5.16. Given a convex function f(-) with f(0) = 0, after redefining z¢ in ALG2

such that f(fl(m")) =gq, if f (%) > %, then algorithm ALG4 is g-competitive.
Proof. Main ideas: we will use the same approach in Theorem 5.15 to prove this result.

First assume that gfgggg < ¢ for a time step ty > 1, then we prove that 25583 < g,

f(z0)
f(1—=zo)

following the proof in Theorem 5.15, observe that 25583 < q holds in Cases 2.1, 2.2.1,

2.2.2.1, 2.2.2.3, 2.2.3. We also find that if §75(- < ¢ holds in Case 2.2.2.2, then it also

holds in Case 2.2.4. To prove this theorem, we only need to prove that (jfg&; < ¢ holds

in Case 2.2.2.2, where the second largest type-2 item -, is discarded or removed, and the

where t; is the next time step of #y3. Just by redefining x¢ such that

= ¢, and

largest item in the input is at most zq.
Next we prove that after item 7, is discarded, then the total value by ALG> is at least

f(@o).

In Case 2.2.2.2, there is a type-1 item in the knapsack, say m. And the largest type-2
item 7 is also selected in the knapsack. Since item 7, cannot fit together with items m
and 1, we have

25(y1) > 1 —s(m). (5.4)

By Lemma 5.9, we have x¢ < % <0.619 < % Then
3xg<2=1—x9>220—1=5(m)>1—x9> 229 — 1. (5.5)

Then

Flstm)) + f(s(m)) > fs(m)) + F=) by (5.4)

f(s
f1=
f1=

> + f(s(m)/2+xy —1/2) by (5.5) and (5.2)
> + f(20/2) by (zg + s(m) = 1)
> f(zo) + ( 0) _ = f(z0).

Since the size of the largest item is at most zg, by Lemma 5.4, the optimal value is at

most f(zg) + f(1 — ), hence gfg&; < ¢ holds. O
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Lemma 5.17. For any 1 < ¢ < log, ¢® ~ 1.3884, if f(z) = z¢, then the competitive ratio
of algorithm ALGo is (1 ++/5)/2.

Proof. After defining xg as the root of equation f(fl(f)a:) = q for z > %, it is not difficult to
zo
see that J;((;O)) =2"°> q%. O

5.4 Lower Bound

In this section, we prove that the lower bound of the competitive ratio is (1 + v/5)/2 for
any convex function f(-). In [48] Iwama and Taketomi first proved that the lower bound
of the competitive ratio is (14 +/5)/2 for function f(z) = x. Here we generalize their idea
for any convex function f(-).

The main ideas are below: the adversary gives the first two items, one is large and one
is small, but the two items cannot be accepted together, we have to make a decision which
one we need to select; if the smaller one is selected then the adversary stops the input,
else the adversary gives the third item which is a large item and can be accepted together
with the smaller item in the knapsack, and stops the input. For each case, we can prove
the competitive ratio cannot be smaller than (1 + +/5)/2 for any online algorithm.

Theorem 5.18. Assume f(0) = 0. There is no online algorithm with competitive ratio
strictly less than (1 ++/5)/2.

Proof. Assume there exists an online algorithm A with competitive ratio r < (1 ++/5)/2.

Next we construct an input L and prove that OiE‘FL()L ) > r, i.e., the assume is wrong, there

is no algorithm with a competitive ratio strictly less than (1 + v/5)/2.

Define g as the root of equation f(fl(f)z) = q for x > % By Lemma 5.9, we know xg

exists and is unique. The first two items have size xg + € and 1 — xy, where ¢ > 0 is

sufficiently small and satisfies the condition

f(zo) + f(1 — 20)
flxo+€) -

Observe that 1 <r < ¢ and W = ¢ and W < 1. Then following the
similar approach used in Lemma 5.9, we can prove that such € > 0 must exist. After the
second time step, there is at most one item selected in the knapsack. If the item with size

1 — xg is selected, then we stop the input and have

OPT(L) _ f(zo+¢)
AL) ~ f0—m0) "

Else the item with size xg 4+ € is selected, then the third item with size x¢ is given and we
stop the input. In this case, we have OPT(L) = f(zo)+f(1—z0) and ALG(L) < f(zo+e).

Therefore we have

OPT(L) S f(zo) + f(1 — o)
A(L) f(wo+€)
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Hence, an online algorithm with a competitive ratio strictly less than (1 4 1/5)/2 does
not exist. O
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Chapter 6

Proportional Cost Buyback
Problem

In this chapter, we study the proportional cost buyback problem with the single element
constraint, a matroid constraint, or the unweighted knapsack constraint. In this model,
the removal cost of each element e; is proportional to its value, i.e., it is f - w(e;), where
w(e;) denotes the value of e; and f > 0 is a fixed constant, called buyback factor.

We first provide a <1 +2f+ %/W) -competitive algorithm for the single element
case presented by Babaioff et al. [5] and Constantin et al. [23]. Next, we consider the
single element and the matroid cases with upper and lower bounds of weights, i.e., each
element e; has a weight such that | < w(e;) < u where 0 < [ < u. Lastly, we deal with
the unweighted knapsack case with lower bounds of weights, i.e. each element e; has a
weight such that [ < w(e;) <1 where 0 <1 < 1.

6.1 Single Element Case

Babaioff et al. [5] and Constantin et al. [23] presented a (1+2f+2\/m>—
competitive simple algorithm for the single element case. The algorithm accepts the
first element, and for the rest of the elements, it removes the currently accepted
element and accepts the arriving element if the value of the new element is more than
(L+f++/f(1+ f)) times the value of the old element. Then the algorithm is represented
as follows.

Algorithm 11 Babaioff et al. [5] and Constantin et al. [23]
1: By := 1]
2: for all elements e;, in order of arrival, do
3. if B;_; =0 then B; := {¢;}
else let {e;} = B;_;
if wie;)) > A+ f+/f(A+f)) - w(e;) then B; := {e;}
else B; := B;_;
end for
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Theorem 6.1 (Babaioff et al. [5] and Constantin et al. [23]). Algorithm 11 is

(1 +2f+2/f(1+ f))—competitive for the proportional cost buyback problem with the
single element constraint.

6.2 Single Element Case with Upper and Lower
Bounds of Weights

In this section we show the competitive ratio for the proportional cost buyback problem
is v(l,u, f) when each element e; has weight | < w(e;) < u.

We show that the proportional cost buyback problem has the competitive ratio v(l, u, f)
as defined below when the constraint is the single element constraint or a matroid con-

straint. Let ¢,(n) satisfy the following recurrence relation

L (n=1)
Gp(n) = B 6.1

Thus we have

o(1) =1, &(2) =Ip,

(6.2)
Pp(n+1) = (p+ 1)¢p(n) + p(L+ f)ep(n —1) =0 (n=23,...).

Then v(l,u, f) is the smallest value 1 < p <14 2f 4+ 2,/f(1 + f) which satisfies

¢p(n,) =u where n, =min{n € Z;; : ¢,(n) > ¢,(n+1)}.

For example, the competitive ratio v(l, u, f) for (I,u) = (0.5,1.0) and (u, f) = (1.0,0.2)
are given in Figure 6.1. The existence of n, and v(l, u, f) are proved in the next subsection.

24 "v(0.5,1.0, 1) i 24 "v(1,1.0,0.2) -
. 22f . . 22f .
8 2f A T 2h .
o - o
z 18| ] z 18} N .
B e £ S~

16 _— . g 16} — .
£ e £ ~__
8 14 ’ e 8 14t ~—_ -

/ ~_
12 b . 12 b T
1 i 1 1 1 1 1 1 1 1 1
0O 02 04 06 08 1 0o 02 04 06 08 1

Figure 6.1. The competitive ratio v(l,u, f) for (I,u) = (0.5,1.0) and (u, f) = (1.0,0.2).
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6.2.1 Properties of v(l,u, f)

Let

p+1+iy/—(p+1)2+4(1+ fp o p+1l—iy/—(p+1)2+4(1+ f)p
a, = 5 and @, = 5 ,

and let roo =14+ 2f +2/f(1 + f).

Lemma 6.2. For 1 < p < r, it holds that

n—1

v )y n1 _ -
(Z)p(n) — aP (p aP) af (p ap)l — Re <2 . 14 ap . n—l> L.
Qp — Qp

Proof. Since o, + a, = p+ 1 and a,a, = p(1 + f), we have

Gp(n+1) = apdp(n) = ap(dp(n+1) — a,g,(n)),
¢p(n +1) - O‘_pqsp(n) = O‘p(¢p(” +1) — dp¢p(n))'

Thus we have

and we get
" Yp—a,)—a," p—a
p(m) = B =)
Qp — Qp
_ 042 I(P_dp)+ap I(P_O‘p) l
Qp — Qp Qp —Qp

Lemma 6.3. For p = r, it holds that

dp(n) = (L+nf +n/FL+ ) L+ f+VFA+))" 2L

Proof. By (6.1), we have

oot ) =2 (157 o+ (17=) w0 -1 =0

1+7rs
2

_l—i—roo 1+ re

7 (00 -

ppn 1) — 11T 00 B 1))
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for n =2,3,.... Thus we have

oot )= 270 = (17=)" (0 - 7o)

and we obtain

<1 +2roo>n+1¢”(n+ - (1 froo)n%(n) - (1 +2roo>2 (rOOQ_ 1) g
(1 +2roo>n¢p(n> - (1 +2roo> ¢p(1) +(n—1) (1 —i—2roo>2 (TOO2_ 1) g

¢p(n) = <1+2r°° +(n— 1)7“002— 1) <1+roo>"2l

2

= (1 + ”(’"002 1)) <1 +2roo>"—2l

=(L+nf+n/fA+F)- A+ F+VFA+F))" 2L

Lemma 6.4. For 1 < p <7y, arga, is continuous and monotone decreasing.

Proof. arg a, is monotone decreasing since

tan(arg o) =

V- +1)2+40+f)p  [—p*+(2+4f)p—1
p+1 B P2 +2p+1

_ A he oy A0S
pP2+2p+1 p+o+2

and p + % is monotone increasing for p > 1.

9. _q_ o1 '
Let B, =2 a,—c, 1 \/7(p+1)2+4(1+f)/)1“

Lemma 6.5. arg(3,(c, — 1)) is monotone decreasing for 1 < p < ro.

Proof.

p—
50(040_1):2'r£p'(0‘p_1)

(p—1+ =+ D2+ AL+ Npi)p— L+ /—(p + D2 + AL+ J)pi)

2/—(p+ 12+ 4(1 + f)pi

(p—=1%+(p+1)* =401+ flp+2(p— 1)\/=(p+1)2 +4(1 + f)pi

2v/—(p+1)2+4(1 + f)pi
P> =20+ flp+1

= A
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Thus,
2 21 1
tanarg(f,(a, — 1)) = — : d+ J;)p hi ;
(p=DV=(p+ D2+ 41+ fp
and
d 4f*p(p+1)
— tana —1))=— .
ap e = )= T e 4 AL 1))
Therefore, arg(5,(a, — 1)) is continuous and monotone decreasing. O

Lemma 6.6. If ¢, (1) < ¢,,(2) < --- < ¢,,(n) for some positive integer n and 1 < pg <
Too, then ¢,(1) < ¢p(2) < -+ < Pp(n) for pg < p < rec.

Proof. By the definitions of a, and f3,, we have —7/2 < arg(8,(c, — 1)) < m/2 and 0 <
arg(c,) < m/2 for py < p < roo. Since ¢y, (k+1) =@y, (k) = Re (B (g, —1) - ai!) 1 >0
for any k =1,...,n — 1, we have —7/2 < arg(B,(a, — 1) - a’;_l) < /2. Thus, we have
—m/2 < arg(B,(a, — 1) - af™!) < 7/2 by Lemmas 6.4 and 6.5. This implies ¢,(1) <
Pp(2) <+ < Pp(n). O

v V(1) +40+ )p
’ (p+1)

Lemma 6. is monotone decreasing for 1 < p < ro.

Proof. 1t holds by

%—@+1P+4u+fm__¢—@+1V+4u+fm
(p+1) (p+1)2

_ =P+ 2+4f)p-1
P2 +2p+1

_ [ AQ+ N
pPP+2p+1

_ A+ P
p+1/p+2

and by p + 1/p is monotone increasing for p > 1. O

Lemma 6.8. For 1 < p < ro, arg(,) is continuous and monotone decreasing.

Proof. Tt holds by

V={p+1)2+4(1+ flp
p—1
__\/_(P+1)2+4(1+f)p

B (p—1)2

_ =P+ (2+4f)p -1
B P2 —=2p+1

tan(arg 8,) = —
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_ A
p2—2p+1

_ aF
Ve +1/p-2

and by p + 1/p is monotone increasing for p > 1. O

Definition 6.9. For n =1,2,..., let

rn =max{p : ¢,(n) = ¢p(n+1)}
=max{p : arg(By(a, — 1) - 0‘271) =m/2}.
Lemma 6.10. 1 =71 <ro < -+ <1 < -+ < Tuo.

Proof. We have r1 =1, as ¢,(1) =l and ¢,(2) = pl. We have r; <1y < -+ <1y < -+,

since arg(,-aj~ ') is monotone decreasing by Lemmas 6.4 and 6.5 As ¢, (1) < ¢, (2) <

-+ and ¢,(1),¢,(2),... are continuous, we have r, < ro. O

Definition 6.11.

n, =min{n € Zyy : ¢p(n) = ¢p(n+1)}.
Lemma 6.12. If rp < p <741, then n, = k.
Proof. 1t holds by Lemmas 6.6 and 6.10. O

Lemma 6.13. ¢,(n,) is continuous for 1 < p <14 2f +2/f(1+ f).

Proof. By Lemma 6.12, ¢,(n,) is continuous for 7, < p < rp41 since ¢,(n) is continuous
for each k. Moreover, it holds that

lim  ¢,(n,) = ¢p, (k+1) = r, (k) = r, (nr,)-

p—1+0

Thus, ¢,(n,) is continuous for 1 < p < 1+2f +2/f(1+ f). O

Lemma 6.14. lim,,, ¢ ¢,(n,) = co.

Proof. 1t holds that

lim pr(np) > p_)l;lgjl_o pr(k) = ﬁbroc (k)

P—Too—0

since ¢,(1),¢,(2),... are continuous. Thus lim,,, __¢¢,(n,) = co as limy_,0 ¢r (k) =
00. O
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Lemma 6.15. There exists the smallest value 1 < p < 14+2f+2+/f(1 + f) which satisfies

¢p(”p) = u.
Proof. The statement holds by Lemmas 6.13 and 6.14, and ¢;(nq) = [. O
We define ¢(n) as

gb(”) = ¢V(l,u,f) (TL)

and n, as

n, =min{n € Z;4 : ¢(n) > ¢(n+1)}.

Remark 6.16. For any 0 <! < u, we have v(l,u, f) = v(1,u/l, f).

Remark 6.17. For the case without upper and lower bounds of weights (u/l — o0), the

competitive ratio is 1 4+ 2f + 21/ f(1 + f).

6.2.2 An Optimal Online Algorithm

In this subsection, we show the following algorithm is v(l, u, f)-competitive for the buyback
problem with proportional cancellation cost when the constraint is the single element
constraint. In the algorithms, let e; be the element given in the ¢th round, and let B; be
the set of selected elements at the end of the ith round. We denote by w(B;) the total

value of elements in B;.

Algorithm 12 Single Element Case

By :=0, kg :=0

: for all elements e;, in order of arrival, do
if B;_1 =0 then B; :={¢;}, k;:=1
else if w(e;) > %w(Bi_l) then B; :={e;}, ki :=ki_1+1
else B, :=B;_1, ki = k;_1

end for

AN R > O

Theorem 6.18. The online Algorithm 12 is v(l, u, f)-competitive for the unit cost buy-

back problem with the single element constraint.

Proof. Let OPT denote the optimal solution for the offline problem whose input sequence
is e1,...,e, and R be the elements canceled by the algorithm. If w(OPT) = [, the
competitive ratio is 1. Otherwise, let R = {r1,ra,...,7,, -1} and B,, = {ry, } subject
to w(ry) < w(ry) < -+ < w(rg,—1) < w(rg,). Then it holds that k, < n., w(riy1) >

d)fbi(t)l) ~w(ry) fori=1,2,...,k, — 1, and w(OPT) < ¢Ebl?7e+)1) ~w(rg, ). Therefore, we have

. o)  oi+1) Olkn —1) 0y
wir) <SG ait2) oy )
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and the competitive ratio is at most

w(OPT) _ %ké’,;:)l) cw(ry,)
w(Bn) = frw(R) = w(ry,)—f- St ;;,gg) cw(ry, )
ken + 1
_ ot l) ).

G(kn) = f- 2221 ¢(0)

6.2.3 Lower Bound

In this subsection, we show v(l,u, f) is also a lower bound for the competitive ratio of the

problem.

Theorem 6.19. There exists no online algorithm with competitive ratio less than

v(l,u, f) for the unit cost buyback problem with the single element constraint.

Proof. Let A denote an online algorithm chosen arbitrarily. Our adversary requests the

sequence of elements whose weights are

$(1),6(2), ..., d(n.), (6.3)

until A rejects some element in (6.3).

If A rejects the element with weight ¢(1), then the competitive ratio of A becomes
infinite. On the other hand, if A rejects the element with weight ¢(k) for some k& > 1, A
cancels k — 1 elements with weights ¢(1), ¢(2),...,¢(k — 1) and the competitive ratio is
at least

o(k+1)
o(k) — £S5 (i)

Finally, if A accepts all the elements in (6.3), then the competitive ratio is at least

=v(l,u, f). (6.4)

o)~ frr e sty Vel zvbe)

6.3 Matroid Case with Upper and Lower Bound of
Weights

In this section, we consider the matroid case with upper and lower bound of weight,
where the constraint Z is an arbitrary independence family of matroid M = (E,Z) and

each element e; has weight | < w(e;) < u.
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6.3.1 An Optimal Online Algorithm

We show the competitive ratio for this problem is also v(l, u, ¢) by proving the following al-
gorithm is v(l, u, ¢)-competitive. Lower bound for the single element case (Theorem 6.19)
is applicable since single element constraint is uniform matroid of rank 1 constraint. There-
fore, we only prove upper bound, i.e., the following algorithm is v(l, u, c)-competitive. In
the algorithms, let e; be the element given in the ¢th round, and let B; be the set of
selected elements at the end of the ith round. We denote by w(B;) the total value of

elements in B;.

Algorithm 13 Matroid Case
1: By := )
2: for all elements e;, in order of arrival, do
3: if B,_1U {61} €7 then B; :=B,_1 U {ei}, ki =1
4:  else let e; be the element with smallest value ok 1) -w(e;) such that B; 1 U{e;}\

o(ks)
{ej} el
5: if w(e:) > 20 - w(e;) then Bii= Biy U{ei} \ {e;}, by =k +1
6: else B; := B;_1 and k; := 0
7: end for

Theorem 6.20. The online Algorithm 13 is v(l, u, f)-competitive.

Proof. Let OPT denote an optimal solution for the offline problem whose input sequence

is e1,...,en, and let B, = {ep,,€p,,...,ep, }. If each element e; has a weight

w'(e;) = Sy wlen) (ki 2 1),
(e:) (ki =0)

then B, is a maximum-weight base of the matroid M since Algorithm 13 can be seen as a

matroid greedy algorithm (Algorithm 2) for the weight. Thus w(OPT) < 2?21 w'(ep,) =

Z?:l ¢fﬁk(l;€i:)l)w(ebi) since w’(e;) > w(e;) for each element e;.

Let R be the elements canceled by the algorithm. Then the competitive ratio is at most

w(OPT) Xl Sy wlen)
w(Ba) = Fwl®) = 5 (wfen) - £ 505 205 wler,)
¢(kp, +1)

(kb) -w(eb.)
> m -

S wen,) = - S50 gy - w(en,)
_ ¢(ko, +1)
= max b—l

= k) — 305

¢(J)
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6.4 Unweighted Knapsack Case with Lower Bound of
Weights

For the unweighted knapsack case, let 1 > I > 0 be a lower bound of weight of each
element. We show that the online unweighted knapsack problem with unit cancellation
cost has the competitive ratio (I, f) (see Figure 6.2):

V<l?17f) (l>1/27f<(1_l>/l)7
2 (1=1/2, 1/4< f<1),
—\/9f2+82f+8+3f (1=1/2, 0< f<1/4),

C,f) =142 (0<1<1/2, 0< f <max{1/2, 41, (6.5)
Hf+/ F242f45 —
DLV (0 <1< 1/3, 1/2 < f < B3,

I+ 202441 2_ _ _
R (e ) < < 4,
1/1 (f =@ =D/1).

J)
N
2l
11
1
L f+/PTIHS l
2
05
0.25 _
2 v(l, 1, f)
0 1/3 05 1 'l
VO TSI TR 4 3f

2

Figure 6.2. The areas of the competitive ratio (I, f).

For example, the competitive ratios ((l, f) for [ = 0, 0.4, 0.5, 0.8, and f =
0.25, 0.5, 0.8, 1.2, are given in Figure 6.3 and 6.4.
6.4.1 Optimal Online Algorithms

In this subsection, we show the upper bound of the competitive ratio for the problem.

Theorem 6.21. There exists a ((l, f)-competitive algorithm for the proportional cost
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buyback problem with the unweighted knapsack constraint.

We consider four cases; the case f > 1771 in Theorem 6.22, the case [ > 1/2 in Theorem
6.23, the case [ = 1/2 and 0 < f < 1 in Theorem 6.24, and the remaining case [ < 1/2
and f < 1T7l in Theorem 6.27.

Theorem 6.22. There exists a 1/l-competitive algorithm for the proportional cost buy-

back problem with the unweighted knapsack constraint.

Proof. Consider an online algorithm which takes the first element e; and rejects the re-
maining elements. Since w(e;) > [ and the optimal value of the offline problem is at most

1, the competitive ratio is at most 1/I. O

Theorem 6.23. There exists a v(l, 1, ¢)-competitive algorithm for the unit cost buyback
problem with the unweighted knapsack constraint if [ > 1/2.

Proof. This follows from Theorem 6.18 since we can hold only one element in the knapsack.
O

For ] =1/2 and 0 < f < 1/4, we use the following algorithm. Let e; be the element
given in the ith round. Define by B; the set of selected elements at the end of ¢th round,
and by w(DB;) the total weight in B;.

Algorithm 14 Removal at most Twice
1: Bo:=0,k:=0
2: for all elements e;, in order of arrival, do
3. if w(B;—1) +w(e;) <1 then

4: B, :=B;_1 U {61}

5 if w(By) > Y and k = 0 then STOP

6: else if k =1 then STOP

7. else if w(e;) > YIS then B, i= {e;} and STOP
8: else if w(e;) =1/2 then B; :={e;} and k :=1

9: else B; :=B;_;

10: end for

Here STOP denotes that the algorithm rejects the elements after this round.

Theorem 6.24. The online Algorithm 14 is —W—competitive for the propor-
tional cost buyback problem with the unweighted knapsack constraint if [ = 1/2 and
0< f<1/4

Proof. If the algorithm stops at the fifth line, then the competitive ratio is at most

1 Vo2 +8f +8+3f
2

\V/9r2+8f+8-3f

4(1+1)

since the algorithm has never removed elements.
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If the algorithm stops at the sixth line, then the competitive ratio is at most

1 1
<
1_f.m2+t%wx/w2+8f+8—f_f.<www+l>
4 2

4(1+1) 4(1+))
V9P +8f+8+3f
N 2

since it removes at most one elements with size smaller than —W and it keeps
two elements with size 1/2.

If the algorithm stops at the seventh line, then the competitive ratio is at most

1 V9P +8f+8+3f
\/9F2+8f+8—f 'y (m—zf +1> 2
2

1 4(1+1)

V=2 f+2-f
. :

If the algorithm has never stopped (at the fifth or sixth or seventh line), then the

since it removes at most two elements with size 1/2 and smaller than

competitive ratio is at most

WATARL RLES S O+ 8f +8+3f
1 \/9f24+8f+8-3f 1 2
,_f. —_|_§

2 4(1+f)

/ 2 —
since it removes at most one element and the offline optimal value is at most w.
O

In the rest of this subsection, we would like to show Algorithm 15 is (I, f)-competitive
for f < 174 and | < 1/2. The main ideas of the algorithm are: i) it rejects elements
(with no cost) many times, but in at most one round, it removes some elements from the
knapsack. ii) some elements are removed from the knapsack, only when the total value in
the resulting knapsack gets high enough to guarantee the optimal competitive ratio.

Let e; be the element given in the ith round. Define by B;_; the set of elements in the

knapsack at the beginning of ith round, and by w(B;_1) the total weight in B;_;.

Lemma 6.25. If w(B;_1)+w(e;) > 1 and some B._; C B;_; satisfies ((I, f) - w(B;_1) <
w(B]_,)+w(e;) <1, then the sixth line of Algorithm 15 is executed in the ith round, for
f<i-landl<1/2.

Proof. We consider the following cases.
Case 1.: f < max{li(l?ff)l,l/2}. Since w(B;—1) + w(e;) > 1 and ((I, f) - w(B;—1) <
w(B]_,) + w(e;), we obtain

B —w(BL)
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Algorithm 15
1: By = 0
2: for all elements e;, in order of arrival, do
if U)(Bifl) +w(61) <1 then
4 B;:=B;_1 U {61}
5: if w(B;) > 1/((l, f) then STOP
6: elseif 3B] ; C Biyst. g+ [ (w(Bim1) —w(Bi_y)) <w(Bi_y)+w(e) <1
then B;:= B._,U{e;} and STOP
7: else B; = B,;_;
8: end for

Here STOP denotes that the algorithm rejects the elements after this round.

w(Bi—1) +w(e;) _ — w(B
< C(l,f) +f (w(Bz—l) (Bz—l))
L+ S0 f) = fS(L f) / L+ f¢, f)+<f)
ewp Pt T Ay e

As C2(1, f) > 1+ (1 + f)C(, f) by the definition of (I, f), we have

a0, 7) STar e “b o ey o

Case 2.: 1/2 < f < 22l and 1/3 <1< 1/2. Since ((I, f) - w(Bi—1) < w(B/_;) + w(e;),
w(Bj—1) >l and ((, f) = 2 we obtain

1
¢ f)

+ [ (w(Bi-1) — w(Bi_y))
=+ (w(Bi) — w(BLy))

< w(Bi_lil+ w(e;) s (w(3£_1)2+ w(e;) w(B£1)>
1 f 1L f
<4l - 2> w(B,‘,y) + <4l + 2) w(e,»).
As f < 421 , we have
L f_1 f
TP TR

Case 3.: max{ll(l?’l#,%} < f<1—1 Since (I, f) - w(Bi—1) < w(B]_;) +w(e;) and

w(Bj—1) >, we obtain

1
¢l f)

(w(Bi—1) —w(Bj_y))

w(Bj_;) + w(e;) w(B;_y) +w(e;)
=T '< B
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(LTG0 g oy (LD S
‘( 20, f) f) (B“”*( 20, f) > (e2).

As C3(1, f) =1+41- f-C((1, f) by the definition of {(I, f), we have

L+1-f-¢ )

_ L4l G )
l<2(l7f)

=Teay !

O]

Let OPT denote an optimal solution for the offline problem whose input sequence is

€1,...,6€5.
Lemma 6.26. If w(B;) < 1/¢(l, f) then we have |OPT \ B;| < 1.

Proof. B; contains all the elements smaller than 1/2 seen so far, since w(B;) < 1/¢(l, f) <
1/2. Any element u € OPT \ B; has size greater than 1 — 1/{(l, f) > 1/2. Therefore,
|OPT \ B;| < 1 holds by w(OPT) < 1. O

Theorem 6.27. The online Algorithm 15 is {(I, f)-competitive.

Proof. Suppose that the sixth line is executed in round k. Then it holds that ﬁ +f-
(w(Bg—1) —w(B},_;)) < w(B}_;) + w(ex) = w(By). Since w(B;) = w(By) holds for all
i > k, we have

w(OPT) < 1
w(Bi) = [+ (w(By-1) —w(By_y)) — w(By) = f - (w(By-1) — w(By_,))

< (L ).

We next assume that the sixth line has never been executed. If w(B;) > 1/¢(l, f), we
have the competitive ratio w(OPT)/w(B;) < 1/w(B;) < ((l, f). On the other hand, if
w(B;) < 1/¢(, f), |OPT \ B;| = 0 or 1 holds by Lemma 6.26. If |OPT \ B;| = 0, we
obtain the competitive ratio 1. Otherwise (i.e., OPT \ B; = {¢;} for some [), Lemma 6.25
implies that ¢(I, f) - w(Bi—1) > w(B]_;) + w(e;) for B]_; = OPT N B;_;. Therefore we
obtain

w(OPT) - w(B)_) +w(e) + w(B; \ Bi—1)
w(B;) —  w(Bi-1) +w(Bi\ Bi-1)
- max{w(Bl/l) +w(er) w(B;\ Bi-1)
- w(Bi—1) " w(B;\ Bj-1)

} <),

O]

Before concluding this section, we remark that the condition in the sixth line can be
checked efficiently.

Proposition 6.28. We can check the condition in the sixth line in O(|B;_y| 4 2¢°¢:9)
time.

Proof. Let x = ﬁ <ﬁ + fw(Bi-1) — w(ei)) and y = 1 —w(e;). Our goal is to decide
whether there exists B)_, C B;_y such that # < w(B!_,) <y in O(|B;_1|+2¢" D) time.
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As w(B;_1) < 1/¢(I, f), w(e;) < 1, and C2(1, f) > (1 + £)C(I, f) + 1 by the definition of
¢l f), we get

. 1 e 4 w(B:
y—r= 1 C(l,f)(l'i‘f) 1+f( ( z)+ (Bz—1)>
1 f 1
Sl parn it tay

¢l f)
=17 ¢, f) 1 _ 1 1

TCLHATH CELH-1 LhH  CLH-CLhH AL

Let B;—1 = {b1,ba,...,by} satisfy w(by) > -+ > w(bg) > y—x > wbgy1) >

- > w(by,). Then we claim the existence of B]_; is equivalent to the existence of
A C {by,by,... by} such that z — 31", w(b;) < w(A) < y. If such an A exists,
then B, _; = AU {bgy1,...,b;} satisfies the conditions, where | = min{l > k + 1 :
w(A) + Zé:kﬂ w(b;) > x}. If there exists B, _; such that x < w(B!_;) < y, then
A=B]_  \{bkt1,...,bm} satisfies  — 377" w(b;) <w(A) <y.

Therefore we need to check the condition # — > ",  w(b;) < w(A) < y for at most
2k < 2C°(L1) subsets, since k < w(B;_1)/(y — x) < ¢2(I, f) holds by w(B;_1) < 1/¢(L, f)
and y —x > 1/¢3(l, f). Thus we can check the condition in the sixth line in O(|B;_1| +
207 (0.1, O

(6.6)

6.4.2 Lower Bound
In this subsection, we show a lower bound of the competitive ratio {(f,!) for the problem.

Theorem 6.29. There exists no online algorithm with a competitive ratio less than (I, f)
for the proportional cost buyback problem with the unweighted knapsack constraint.

We consider five cases; the case f > IT_Z in Theorem 6.30, the case [ > 1/2 in Theorem
6.31, the case I = 1/2 and 0 < f < 1/4 in Theorem 6.32, the case [ = 1/2and 1/4 < f < 1
in Theorem 6.33, and the remaining case | < 1/2 and f < IT_Z For the case [ < 1/2 and

f < 1, we consider three subcases; the case f < max{%, %1} in Theorem 6.34, the

2 . 2_ .
case Inax{ll(_l?ﬁ#, 4127_11} <f< 17_1 in Theorem 6.35, and the case % <f< ll(13_l?51 in

Theorem 6.36.

Theorem 6.30. If f > IT_Z, there exists no online algorithm with a competitive ratio
less than 1/1 for the proportional cost buyback problem with the unweighted knapsack

constraint.

Proof. For an online algorithm A chosen arbitrarily, our adversary first requests an element
with weight [. If A does not accept it, the adversary stops the input sequence. Otherwise,
it next requests an element with weight 1 and stops the input sequence. It is clear that
A must take the first element, since otherwise the competitive ratio becomes infinite. If
A rejects the second element, then we have the competitive ratio 1/I. Otherwise (i.e.,
A accepts the second element by removing the first element), the competitive ratio is
1/(1—f-1)>1/lsince f > L. O
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Theorem 6.31. If [ > 1/2, there exists no online algorithm with a competitive ratio less
than v(l, 1, f) for the proportional cost buyback problem with the unweighted knapsack
constraint.

Proof. This follows from Theorem 6.19 since we can hold only one element in the knapsack.
O

Theorem 6.32. If [ = 1/2 and 0 < f < 1/4 there exists no online algorithm with a
competitive ratio less than

O T 8f + 8+ 3f
2

for the proportional cost buyback problem with the unweighted knapsack constraint.

Proof. Let A denote an online algorithm chosen arbitrarily. Our adversary (see Figure

6.5) requests the sequence of elements whose weights are

VISP +8f+8-3f 1 VIf2+8f+8-f 1 6.7)
’ 4 ) '

41+ f) 2

until A rejects some element in (6.7). Note that the weights are in a range [1/2,1] for
0 < f < 1/4. If A rejects the second element with weight 1/2, then the adversary requests
an element with weight 1/2 and stops the input sequence. On the other hand, if it rejects
another element, the adversary stops the input sequence.

We first note that algorithm A must take the first element, since otherwise the com-
petitive ratio of A becomes infinite. After the first round, A always keeps exactly one
element in the knapsack, since all the elements in (6.7) have weight at least 1/2 (i.e., a
half of the knapsack capacity) and the elements with weight 1/2 are requested only when
A keeps an element greater than % This implies that A removes the old element from
the knapsack to accept a new element. If A rejects the second element, the competitive
ratio is at least

1 VOf2+8f +8+3f

\V9r218f+8-3f 2

4(1+1)

If A rejects the third element, the competitive ratio is at least

1_g VOr2+8f+8-3f
2

4(14+f)

VOSTESIHS VOFZ+8f +8+3f
: .

If A rejects the fourth element, the competitive ratio is at least

1 VISP +8f4+843f
\/m—f_f(\/m—surl) 2 '
4 2

4(1+1)
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Finally, if A rejects no element in (6.7), then its profit is at most 1/2 and the competitive
ratio is at least

o VISP +8f+8+3f

- 2

by f < 1/4 since the optimal value for this case is 1. O

/9f2+8f+8—3f accept accept f2+8f+8 I accept 1

4(1+f)

STOP

Figure 6.5. The adversary for Theorem 6.32.

Theorem 6.33. If | =1/2 and 1/4 < f < 1 there exists no online algorithm with a com-
petitive ratio less than 2 for the proportional cost buyback problem with the unweighted
knapsack constraint.

Proof. Let A denote an online algorithm chosen arbitrarily. For a sufficiently small e (> 0),

our adversary (see Figure 6.6) requests the sequence of elements whose weights are

1 1 . 1 1
§+6, X mln{1,2+f}, 3 (6.8)
until A rejects some element in (6.8). If A rejects the second element with weight 1/2,
then the adversary requests an element with weight 1/2 and stops the input sequence. On
the other hand, if it rejects another element, the adversary stops the input sequence.

We first note that algorithm A must take the first element, since otherwise the com-
petitive ratio of A becomes infinite. After the first round, A always keeps exactly one
element in the knapsack, since all the elements in (6.8) have weight at least 1/2 (i.e., a
half of the knapsack capacity) and the elements with weight 1/2 are requested only when
A keeps an element greater than % This implies that A removes the old element from
the knapsack to accept a new element. If A rejects the second element, the competitive
ratio is at least

1

— =2
§+8

as ¢ = 0. If A rejects the third element, the competitive ratio is at least

min{1, 1 + f} - min{2,1 + 2f}
et

> 2
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by f > 1/4. If A rejects the fourth element, the competitive ratio is at least

1 1
min {11+ f}—f Gretd) - s+F-1

Finally, if A rejects no element in (6.8), then its profit is at most 1/2 and the competitive

ratio is at least 2 since the optimal value for this case is 1. ]
accept accept accept
1+e min {1,5 + f} —— =
y\ N
STOP

Figure 6.6. The adversary for Theorem 6.33.

Theorem 6.34. If [ < 1/2, there exists no online algorithm with a competitive ratio
less than 2 for the proportional cost buyback problem with the unweighted knapsack

constraint.

Proof. Let A denote an online algorithm chosen arbitrarily. For a sufficiently small e (> 0),

our adversary (see Figure 6.7) requests the sequence of elements whose weights are

1+ 1+5 1+ €
— e, —4+=, ., =t —
2 T2 2 [1/f1+ 1

until A rejects some element in (6.9). If A rejects the element with weight % + €, then

(6.9)

the adversary stops the input sequence. On the other hand, if it rejects the element with
weight % + ¢ for some k > 1, then the adversary requests an element with weight % -2
and stops the input sequence.

We first note that algorithm A must take the first element, since otherwise the com-
petitive ratio of A becomes infinite. After the first round, A always keeps exactly one
clement in the knapsack, since all the elements in (6.9) have weight larger than 3 (i.e.,
a half of the knapsack capacity) and for any j < k we have (3 + $)+ (3 — £) is larger
than 1. This implies that A removes the old element from the knapsack to accept a new
element. If A rejects % + ¢ for some k > 1, the competitive ratio is at least 1/ (% + 5),

which approaches 2 as ¢ — 0. Finally, if A rejects no element in (6.9), then its profit is

[1/f1
1 1 1 1
st X () <arer g

while the optimal profit for the offline problem is % + €, which completes the proof. [
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accept accept

accept accept
+e —= ;+5 —=

1 €

_l’_

mﬁ\ejec\t

N
N|—=
wlm

N[
N[
N[ =
wlm
N[
—|
—
~
~
)

Figure 6.7. The adversary for Theorem 6.34.

Theorem 6.35. If max{ 121(713_1;31, A1) < f < 2L (0 <1< 1/2) there exists no online

algorithm with a competitive ratio less than

Fl+\/F22 ¥ 4l
21

for the proportional cost buyback problem with the unweighted knapsack constraint.

Proof. Let A denote an online algorithm chosen arbitrarily, and let

. Fl+ /A2 14l
— . .

As lj(lilfgl < fand 0<1<1/2, we have y +1> 1 and y > [. Our adversary (see Figure
6.8) requests the following sequence of elements

Ly 1 (6.10)

until A rejects some element in (6.10), and if A rejects the element then the adversary
immediately stops the input sequence.

Note that A must accept the first element [, since otherwise the competitive ratio
becomes infinite. If A rejects the second element, then the competitive ratio is at least

y [l AR+ 4
N 21

l

If A takes the second element y (and removes the first element), the competitive ratio is

at least
1 _fl+ f212 441
y—f-1 2
. - ~ - ,
since y — f-1>1—f-(l+y) b}’f>max{ll(13_l$174lzzl} 2 3l+l/lm. O

Theorem 6.36. If 1/2 < f < 121(—1?531 and 0 <[ < 1/3 there exists no online algorithm



6.4 Unweighted Knapsack Case with Lower Bound of Weights 79

accept accept 1
‘ecj
STOP

Figure 6.8. The adversary for Theorem 6.35.

with a competitive ratio less than

1+ f+/f>+2f+5
2

for the proportional cost buyback problem with the unweighted knapsack constraint.
Proof. Let A denote an online algorithm chosen arbitrarily, and let

LS ST R

214 f)

As1/2 < f < 121(713_1;31, it holds that | < 2 < 1/3. For a sufficiently small £ (> 0), our

adversary (see Figure 6.9) requests the following sequence of elements
r,1—x+e, 1—x, (6.11)

until A rejects some element in (6.11), and if A rejects the element then the adversary
immediately stops the input sequence.
Note that A must accept the first element xz, since otherwise the competitive ratio

becomes infinite. If A rejects the second element, then the competitive ratio is at least

1—x—|—5>1—x_1—|—f+\/f2+2f+5
= 5 .

x I

If A takes the second element 1 — x + ¢ (and removes the first element), the competitive

ratio is at least

1 1 1+ VP2 45
2

_>
l—xz+4+e—f -z l—xz—f -z

as ¢ — 0. O

accept accept
— l—xz+e —— 1—2x

w

STOP

Figure 6.9. The adversary for Theorem 6.36.
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Chapter 7

Unit Cost Buyback Problem

In this chapter, we study the unit cost buyback problem with a matroid constraint, or
the unweighted knapsack constraint. In this model, the removal cost of each element is a
fixed constant ¢ > 0.

We first consider the matroid case with upper and lower bounds of weights, i.e. each
element e; has a weight such that | < w(e;) < u. Next, we deal with the unweighted
knapsack case with lower bounds of weights, i.e. each element e; has a weight such that
I <w(e;) < 1.

7.1 Matroid Case with Upper and Lower Bound of
Weights

In this section, we consider the matroid case with upper and lower bound of weights,
where the constraint Z is an arbitrary independence family of matroid and each element
e; has weight | < w(e;) < u. We assume 0 < I < u < co. We show that this problem has
the competitive ratio A(l,u, c) as defined below:

Let 9,(n) satisfy a recurrence relation

1!)/3(1) = la (71)
p(n+1) =p(p(n) —(n-1)c)  (n=1,2,...)
and an explicit expression of 1,(n) is
_cp cp n1_ cp(p—2)
i =,y (2 1) - T (72)

Then A(l,u, ¢) is the unique value p > 1 which satisfies max,, 1,(n) = u (the uniqueness
is shown in later). For example, the competitive ratios A(l, u, c) for (I,u) = (0.5,1.0) and

(u,c) = (1.0,0.05) are given in Figure 7.1.



82 Chapter 7 Unit Cost Buyback Problem
T T T T
2al 05100 ] 24 | AMI,1.0,0.05) — -
2o | ] o 22F | .
2 ® 2 |\ b
2 18l . £ 181 i
= [0]
S 16} // . g 16r i
I Q 14 F ~ -
8 14 —/ 8 ° " ~
° T~
12 | i 12 T
1 ) ) ) ) 1 1 1 1 1 —~
0 02 04 06 08 1 o 02 04 06 08
c l

Figure 7.1. The competitive ratio A(l,u, c¢) for (I,u) = (0.5,1.0) and (u, c) = (1.0, 0.05).

7.1.1 Properties of \(l,u,c)
We first show some properties about 1,(n) in (7.1), and the uniqueness of max,, ¢,(n) = u.
Proposition 7.1. If p > 1 4 ¢tvetdle ”;;'H”c, then 1,(n) approaches infinity as n — oo.

Proof. If p > 1 4 chve tdle ngl+41c7 then I(p — 1)? — pc > 0. Therefore 1),(n) — co as n — oo by
(7.2). O

Proposition 7.2. If 1 < p < 14 Ve then 4, (n +2) — 2¢,(n + 1) +¢,(n) < 0.
Proof. We have

Yop(n+2) = 20, (n+1) +y(n) = {i(p — 1)* = pc} p"~* <0.

O]

Proposition 7.3. max, ¥,(n) is strictly monotone increasing for 1 < p < 1+ vtk V;j‘“”c.

Proof. 1t is sufficient to prove t¢,,(n) < ¥,,(n) for 1 < p; < pg < 1+ SVt V%j*‘”c, n>1,
and 1,, (n) > 0, by Proposition 7.2. We prove by induction on n. The base case 1, (2) =
p1-l < p2-l=1,,(2)is obvious. We assume 1, (n) < ¢,,(n) and ,, (n+ 1) > 0. Then,

we have

0 <tp,(n+1) = p1(Pp, (n) = (n = 1)c)
< p1(¥hp, (1) = (n = 1)) < pa(thp, (n) = (n = 1)¢) = P, (n + 1).

Proposition 7.4. The value p > 1 which satisfies max,, ¥,(n) = u is unique.
Proof. By Propositions 7.1 and 7.3, max,, ¥,(n) = u is unique for p (see Figure 7.2). [
We define 1(n) as ¥x(,u,c)(n) and n* as argmax,, 1(n).

Remark 7.5. For any positive number ¢, we have A(l,u,c) = A(l/t,u/t,c/t).
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max vy(n)

1 1 c+VE t dle
( ,u,c) 1+—21 ,0

Figure 7.2. Uniqueness of p > 1 such that max, ¥,(n) = u.

Remark 7.6. For the case without upper bound of weights, we have A(l,00,c) =

limy o0 A, u, c) = 1 4 Shvetidle V;j*“uc.

7.1.2 An Optimal Online Algorithm

In this subsection, we show Algorithm 16 is A(l, u, ¢)-competitive for the problem. Let e;
be the element given in the ¢th round. Define by B; the set of selected elements at the
end of ith round, and by w(B;) the total weight in B;.

We partition the range [/, u] into the intervals

I = [t(1), £(2)], I = (£(2),t(3)], Is = (¢(3),t(4)], ..., In-—1 = (t(n*—1),t(n*)],

and let ind(e) be the index of the interval e belongs to, i.e., w(e) € Ijnq(e)-

Algorithm 16 Matroid Case
1: By := 0
2: for all elements e;, in order of arrival, do

3: if B,_1 U {67;} €7 then B; := B, 1 U {61}

4:  else let €] be the element of smallest value such that B,_; U{e;} \ {e;} € Z
5: if ind(e;) > ind(e;) then B; :== B;_1 U{e;} \ {e}}

6: else B; := B;_4

7: end for

Theorem 7.7. The online Algorithm 16 is A(l, u, ¢)-competitive for the unit cost buyback

problem with the unweighted knapsack constraint.

Proof. Let OPT denote an optimal solution for the offline problem whose input sequence
is ey,...,e,. It is easy to see, OPT and B, are bases of M. Moreover, if each element

e; has a weight v (ind(e;)), By, is a maximum-weight base of matroid M since Algorithm
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16 is a matroid greedy algorithm (Algorithm 2) for the weight. Therefore, there is a
perfect matching { (b}, b;)}i=1,....» such that ind(b}) = ind(b;) (i =1,2,...,h) for OPT =
{b1,05,...,b;} and By, = {b1,ba,...,bp}.

For each i, let k; be ind(b;). Then, w(b}) < ¢ (k; +1), w(b;) > ¢ (k;), and the algorithm
cancels at most 2?21(]‘31 — 1) elements. Therefore, the competitive ratio is at most

w(OPT) e w(b)
w(By) = Yy (ki — e S (w(bi) = (ki = 1)e) — ¢ w(bi) = (ki = 1)e
Y(k; +1)

< max o) — (b =D = A, u,c).

O
Remark 7.8. If [ and uw are not known to the algorithm in advance, we can get

A(l, 00, ¢)-competitive algorithm by modifying the definition of ind(e) to partition the

range [min;<; w(e;), ool.

7.1.3 Lower Bound

In this subsection, we show A(l,u, ¢) is also a lower bound for the competitive ratio of the
problem for the single element case. This lower bound is applicable for the the general
matroid case since the single element case is a special case of it, i.e., the uniform matroid
of rank 1.

Theorem 7.9. There exists no online algorithm with competitive ratio less than A(l, u, ¢)

for the single element case.

Proof. Let A denote an online algorithm chosen arbitrarily. Our adversary requests the

sequence of elements whose weights are

(1), 9(2), ..., (n"), (7.3)

until A rejects some element in (7.3).

If A rejects the element with weight (1), then the competitive ratio of A becomes
infinite. On the other hand, if A rejects the element with weight ¥ (k + 1) for some k > 1,
A cancels k — 1 elements and the competitive ratio is at least

Pk +1)
Y(k) — (k—1)c

Finally, if A accepts all the elements in (7.3), then the competitive ratio is at least

= A, u,c).

b _ ) : u, c u, c
P(n*) — (n* —1)c N P(n* +1) AL, e) > Al u,c).
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7.2 Unweighted Knapsack Constraint with Lower
Bound of Weights

In this section, we consider the unweighted knapsack constraint of capacity 1 case with
upper and lower bound of weight, where the constraint Z = {I : >, ;w(e;) < 1} and
each element e; has weight [ < w(e;) < 1.

We show that the online unweighted knapsack problem with unit cancellation cost has
the competitive ratio u(l, ¢) in (7.4). Namely, we construct u(l, ¢)-competitive algorithms
for the problem and prove that they are the best possible. Let Sy, = {(l,¢) : k < l(}rc l)lc <
k+1} (k=1,2,...) and Sk.1, Sk.2, Sk.3,Ska (Sk = Ui, Sk.i) be

Sk,1={(l,c) es; : c<min{%,2[-%}}7

Sk,z={(l,c)65k o> gl (k) > k1), I+ e < #1}
U{e) € Sk s o2 52k k) > ek L+ e > i )

Sk,sz{(l,c)ESk:m n(k), Z+C>T}

Sm:{(z,c)esk ez gl €k 1) 2 k), L+ < #1}

(see Figures 7.3, 7.4) where

k(c+1) +/k2(1— )2 + 4k ond £(k) = ke + Vk2c2 + 4kl
2k(1 — ke) 2kl ‘

n(k) =

Points Py, @y in Figure 7.4 are

k 4 Q ( 4k? +2k —1 2k — 1 )
k—|—1 kr1) M Tk Dk D) 2k2E+ D) )

Let So1 = {(L,¢) : l(i;?fc <1,01< b e<2—1) andlet Sou = {(l,0) : 2500 <
Ll4+c<l,e>2l—1}.

Then p(l, c) is defined as

1 (I+c=1),
A(l,l,C) (l % Z+C<1>
VISR (1=1/2,1/8 > ¢ > 0),
2 (=3, 3<c<3),
M(Z,C): 27 8 (74)
2 ((l,c) € Sk, k=0,1,2,...),
n(k) ((I,c) € Spa, k=1,2,3,...),
(kil)l ((l,c) € Sk3, k=1,2,3,...),
§(k+1) ((I,c) € Ska, k=0,1,2,...).
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Figure 7.3. The areas of the competitive ratio u(l, c).
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For example, the competitive ratios u(l,c) for = 1/2 and [ = ¢ are given in Figure 7.5.

T T T T T T T T
24 | M1, c) 1 24 M1, c) 1
22 | - 22 | -
2 ]
s 2r g 2 4
(] [}
2 18 / - 2 18 e
g 16}/ . g 16} .
£ £
8 14f E 8 14} -
1.2 | - 1.2 | -
1 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
c I=c

Figure 7.5. The competitive ratio u(l,¢) for I =1/2 and I = ¢.

7.2.1 Properties of u(l,c)
We start with several definitions and propositions needed later.

Definition 7.10. We define xp, y, as follows:

k+2—ke— /K2(1— )%+ 4k ket VE2c? + 4kl

Tk 9 v Yk 5
Proposition 7.11. We have,
1 1—x 1 Yk
11—z, — ke kxy (k). yr — ke ki £(k)
Proof. We can get the results by simple calculations. O
Proposition 7.12. Let k = Ll(}ri);cj and [, ¢ satisfies | < 3, [+ ¢ < 1. Then we have
(1.¢) = max {n(k), €0k +1), 2) >
= 1m. .

Proof. If l +¢ > %H’ then pu(l,c) > (k+11)l > (k+12)l' Otherwise, [ + ¢ < %H7 we have

ullye) > €k +1) > ! =max{ - l}> !

(k+ 1) k+10)"1f = (k+2)l
O
Proposition 7.13. Let k = Ll(}ri);cj > 1. Then we have,
200 — 1
<2 <
na)s2 = e o oy

for o € {1,2,... k}.

Proof. We can get the result by simple calculations. O
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Proposition 7.14. For natural number n,

2n —1
f) = e+ 1)
is monotone decreasing.
Proof. We have
2n+1 2n —1
1) — = _
Jon ) =) = o n+3)  2n@n+ 1)
4n? — 3

= Tt DentDen+3)

O]

(1-0?
l+c—lc

Proposition 7.15. Let k = | | > 1 and [, ¢ satisfies | < %, I+ ¢ < 1. Then we have

nk) <2=nla) <2.

for o € {1,2,... k}.
Proof. By Propositions 7.13, 7.14,

2k —1 20 — 1

k) <2 < ———— < —
Mk S2 <= ¢S oy ¢S 2a@a 1)

— n(a) < 2.

O]

Proposition 7.16. Let k = Ll(}ri);j > 1 and [, ¢ satisfies | < %, I+ c¢ < 1. Then for any

positive integer « € {1,2,...,k}, we have

n(k) > 2= n(k) > n(a).

Proof. Since

2 e — 2(1 — )2 _ 2
- a+2—ac—/a2(1—c)? +4a o (1—2q4) ’
2 To+ (1 —x4)c
we have
1—2xz, 1 c
n(e) = azr, 1 —ux, E

In addition, for « > 3, we have

Ca(l-c¢)+2—+/a?(1-0c)?+4a
2
2(1 — a)
a(l—c)+2++/a?2(1—c)+ 4o
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2(1 - pe)
< = Zpa.
B(l—c)+2++/F?(1—c)+48
Let
1
9(x) = 1—2 +E

Then, we have

S S ((EV: CtVa (B L
(1—-2)%2 22 22(1 —x)?

and it implies maxac (1., 7(a) = max{y(1), n(k)}
It is sufficient to prove n(1) < n(2) for n(k) > 2, n(1) > 2, and k > 2. Since n(1) > 2
implies ¢ > 1/6 by Proposition 7.13 and ¢ < 1/2 by k > 2, we obtain

(6¢ —1)(1 — ¢){(4c — 5)% + 63} > 0,

c+1++/(1—-c)2+4 _ 2(c+ 1)+ /4(1 - 1/2)2 +8

— 2(1— ) (1 - 20) ’
c+1+y/(1-0)2?+4 2(c+1)+/4(1—-0¢)*+38
— 21— 0) < 4(1 - 20) ’

= (1) <n(2).

O
Proposition 7.17. Let k = Ll(j_i);cj > 1. Then we have
2} = 24
max{ _ {rfgff.’k}n(a), } = max{n(k), 2}
Proof. This proposition follows by Propositions 7.15 and 7.16. O

Proposition 7.18. Let k = Ll(}ri);j > 1. Then for any natural number o € {1,2,...,k}

and real z € (0,1 — ac), it holds that

min{ ! 1_x}§n(a)§u(l,c).

M
l—z—ac ax

Proof. Since ﬁ and la_—f are respectively monotone increasing and decreasing in

x, the first inequality holds by Proposition 7.11. The second inequality is obtained by
Proposition 7.17 and the definition of u(l, ¢). O

Proposition 7.19. Let k = Ll(ii)lch > 1 and [, ¢ satisfies [ + ¢ < k%rl Then for any real

y € ((k+ 1)c, 1], it holds that

. 1 Yy
mm{y—%+¢k’%+lk

}sak+w5u@@.
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and

Proof. Since 7= kl e i kfl)c are respectively monotone decreasing and increasing in
y, the first inequality holds by Proposition 7.11. The second inequality follows from the

definition of u(l, c). O

7.2.2 Optimal Online Algorithms

In this subsection, we show that (I, ¢) is an upper bound for the competitive ratio of the

problem.

Theorem 7.20. There exists a u(l, ¢)-competitive algorithm for the unit cost buyback

problem with the unweighted knapsack constraint.

We consider 4 cases; the case [+ ¢ > 1 or [ =1/2 and ¢ > 1/8 in Theorem 7.21, the
case [ > 1/2 in Theorem 7.22, the case [ = 1/2 and 1/8 > ¢ > 0 in Theorem 7.23, and the
remaining case [ + ¢ < 1 and [ < 1/2 in Theorem 7.26.

Theorem 7.21. There exists a 1/l-competitive algorithm for the unit cost buyback prob-
lem with the unweighted knapsack constraint.

Proof. Consider an online algorithm which takes the first element e; and rejects the re-
maining elements. Since w(e;) > [ and the optimal value of the offline problem is at most

1, the competitive ratio is at most 1/I. O

Theorem 7.22. There exists a A([, 1, ¢)-competitive algorithm for the unit cost buyback
problem with the unweighted knapsack constraint if [ > 1/2.

Proof. This follows from Theorem 7.8 since we can hold only one element in the knapsack.

O]

For [ =1/2 and 0 < ¢ < 1/8, we use the following algorithm. Let e; be the element
given in the ith round. Define by B; the set of selected elements at the end of ith round,
and by w(DB;) the total weight in B,;.

Algorithm 17 Removal at most Twice
1: BO = @
2: for all elements e;, in order of arrival, do
3. if w(B;—1) + w(e;) <1 then B; := B;_1 U{e;} and if w(B;) > 7“102546“ then
STOP

4:  else if w(e;)) > c+ 7”102540” then B; := {¢;} and STOP
5. else if w(e;) = 1/2 then B; := {e;}

6: else B; :=B;_;

7: end for

Here STOP denotes that the algorithm rejects the elements after this round.

Theorem 7.23. The online Algorithm 17 is 2¢vic—dct2 W—competitive for the unit cost

buyback problem with the unweighted knapsack constraint if [ =1/2 and 1/8 > ¢ > 0.
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Proof. If the algorithm stops at the third line, the competitive ratio is at most

1 B 2 _ 2c+ V42 —4dc+2
\/745254&2 ¢ VA2 —dc+2-92 1—2c

since it removes at most one element. If the algorithm stops at the fourth line, the

competitive ratio is at most

1 B 2 _ 2c+ V42 —4dc+2
C+@_20_m_26_ 1-2c

since it removes at most two elements.
If the algorithm has never stopped at the third or fourth line, the competitive ratio is

at most

c+7v402§40+2 _ 2c+ V4t —4c+2

%—c 1—2¢

\V4c2 —4c+2
— s
L]

since it removes at most one element and the offline optimal value is at most c+

In the rest of this subsection, we would like to show the following Algorithm 18 is (1, ¢)-
competitive for [ + ¢ < 1 and [ < 1/2. The main ideas of the algorithm are: i) it rejects
elements (with no cost) many times, but in at most one round, it removes some elements
from the knapsack. ii) some elements are removed from the knapsack, only when the total
value in the resulting knapsack gets high enough to guarantee the optimal competitive
ratio.

Algorithm 18 Removal at most Once

1: By := @, lg := 1/2

2: for all elements e;, in order of arrival, do

3. if w(e;) > 1/2 then B; := {e;} and STOP

4: l; = min{w(ei), li—l}

5. if w(B;—1) + w(e;) < 1 then B; := B;_1 U{e;} and if w(B;) > 1/u(l;,c¢) then
STOP

6: else if 3B/ | C B;_; s.t. ﬁ + |Bi—1 \ Bi_ylc < w(B,_;) + w(e;) < 1 then
B; := B,_, U{e;} and STOP

7. else B; := B;_;

8: end for

Here STOP denotes that the algorithm rejects the elements after this round.

Lemma 7.24. If w(B;_1)+w(e;) > 1 and some B]_; C B;_1 satisfies p(l;, c) - w(B;—1) <
w(Bi_,) +w(e;) <1, then the fourth line is executed in the ith round.

Proof. We assume B,_; is maximal for w(B,_;) +w(e;) < 1. Let k = Llfrcl_;jcj and

a=|Bi.1\B,_4], 1—2z=y=w(Bj_;)+w(e).
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As p(li,ce) - w(Bi—1) < w(Bl_y) +w(e;) <1,

M(l' C) < w(Bg—l) +w(ei) o w(BQ_l) +W(€i) < ’LU(B;_l) —i—w(ei)

w(Bi—1)  w(Bl_y) +w(Bi—1\Bj_y) T w(Bi-1\ Bl_;)

Since w(B;—1 \ B,_;) > al; and w(B;—1 \ B,_;) > oz as B]_; is maximal, we have
/’L(li7c> < 1(;7;27 M(lhc) < aill

For the cardinality of B;_1, we have |B;_1| < k 4 1, since |B;_1| > k + 2 implies
w(Bli_l) < (k+12)li < u(l;, ¢) by Proposition 7.12.

If o < k, then we have w(B )+1w(e‘)_a,c = 1_1:1_04.6

i—1 i

7.18 and pu(l;,¢) < =%, On the other hand, if @ = k+1, then we have |B;_1| = k+ 1 and

1
k+1

contradicts the assumption. Therefore, we obtain

< n(a) < p(l;, ¢) by Proposition

we can assume [; + ¢ < k%rl since [; + ¢ > implies w(Bl,-_l) < (k-‘,—ll)li < u(li, ¢) which
1

w(B]_,)tw(ei)—a-c - y_la.c < f(k-i—l) <
w(l;, ¢) by Proposition 7.19 and p(l;, ¢) < % -

Let OPT; denote an optimal solution for the offline problem whose input sequence is

€1,...,€;.
Lemma 7.25. If w(B;) < 1/u(l;, c) then we have |OPT; \ B;| < 1.

Proof. B; contains all the elements smaller than 1/2, since w(B;) < 1/u(l;,¢) < 1/2.
Any element e € OPT; \ B; has weight greater than 1 — 1/u(l;,c¢) > 1/2. Therefore,
|OPT; \ Bi| < 1 holds by w(OPT;) < 1. O

Theorem 7.26. The online Algorithm 18 is u(l, ¢)-competitive for the unit cost buyback
problem with the unweighted knapsack constraint if [ < 1/2.

Proof. If w(ey) > 1/2, then w(B;) = w(e1) > 1/2, and the competitive ratio is at most
1/w(B;) <2 < p(l,c). Thus, we assume w(e;) < 1/2.

Suppose that the fourth line is executed in round k. Then it holds that ﬁ +|Br-1\
Bj._ilc <w(Bj_;) +w(ex) = w(By). Since w(B;) = w(By) holds for all i > k, we have

w(B;) — |Br—1\ By,_[c ™ w(B)_;) +w(ex) — |Br—1\ By,_|c

<p(ly, ) < plls o).

We next assume that the fourth line has never been executed. If w(B;) > 1/u(l;,c), we
have the competitive ratio w(OPT;)/w(B;) < 1/w(B;) < u(l;,¢) < p(l,c). On the other
hand, if w(B;) < 1/u(li,c), |OPT\ B;| = 0 or 1 holds by Lemma 7.25. If |OPT;\ B;| = 0,
we obtain the competitive ratio 1. Otherwise, i.e., OPT; \ B; = {ex} for some k, Lemma
7.24 implies that p(lg, ¢)-w(Br—1) > w(By,_;)+w(ey) for B; | = OPT;NBj_;. Therefore

we obtain,

w(B;) w(Bg—1) + w(B; \ Br_1)
w(Bg—1 N OPT;) + w(ey) ~w(By_y) +w(eg)
= m"""{ w(By_1) | } T wBi)

<

< ulli, ¢) < pll o)
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O

Remark 7.27. We can almost always get p(l, c)-competitive algorithm even if [ is not
known in advance. If w(e;) > 1/2, Algorithm 16 for | = w(e;) and u = 1 is A\(I, 1, ¢)-
competitive for [ > 1/2 and 2-competitive for [ < 1/2. Note that, u(l,c) = A(l,1,¢) for
[>1/2and p(l,c) <2forl <1/2. If w(e1) < 1/2, Algorithm 18 is u(l, ¢)-competitive.

7.2.3 Lower Bound

In this subsection, we show that u(l, c) is also a lower bound for the competitive ratio of
the problem.

Theorem 7.28. There exists no online algorithm with a competitive ratio less than u(l, c)

for the unit cost buyback problem with the unweighted knapsack constraint..

We consider four cases; the case [ + ¢ > 1 in Theorem 7.29, the case [ > 1/2 in
Theorem 7.30, the case [ = 1/2 in Theorem 7.31, and the remaining case | < 1/2 and
l4+ ¢ < 1. For the case | < 1/2 and | + ¢ < 1, we consider four subcases; the case
(l,c) € Sk (k=0,1,2,...) in Theorem 7.32, the case (l,c) € Sk (k =1,2,3,...) in
Theorem 7.33, the case (I,¢) € Sk3 (k=1,2,3,...) in Theorem 7.34, the case (I,¢) € Sk4
(k=0,1,2,...) in Theorem 7.35.

Theorem 7.29. If [ + ¢ > 1, there exists no online algorithm with a competitive ratio
less than 1/I for the problem.

Proof. For an online algorithm A chosen arbitrarily, our adversary first requests an element
with weight [. If A does not accept it, the adversary stops the input sequence. Otherwise,
it next requests an element with weight 1 and stops the input sequence. It is clear that
A must take the first element, since otherwise the competitive ratio becomes infinite. If
A rejects the second element, then we have the competitive ratio 1/I. Otherwise (i.e.,
A accepts the second element by removing the first element), the competitive ratio is
1/(1 —¢) > 1/l, since l + ¢ > 1. O

Theorem 7.30. If [ > 1/2, there exists no online algorithm with a competitive ratio less
than A(, 1, c) for the problem.

Proof. This follows from Theorem 7.9 since we can hold only one element in the knapsack.
O

Theorem 7.31. If [ = 1/2 and 0 < ¢ < 1/2, there exists no online algorithm with a

competitive ratio less than

i d 26t VA et | ZetVACdet? () < ¢ < 1/8),
1—2c ’ 2 (1/8 <c<1/2)

for the problem.
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Proof. Let A denote an online algorithm chosen arbitrarily. For a sufficiently small £ (> 0),

our adversary (see Figure 7.6) requests the sequence of elements whose weights are

1 1 2¢c++V4c?2 —4c+2 1
54‘5, 5, 5 ,5 (75)

until A rejects some element in (7.5). If A rejects the second element with weight %, then
the adversary requests an element with weight % and stops the input sequence. On the
other hand, if it rejects another element, the adversary stops the input sequence.

We first note that algorithm A must take the first element, since otherwise the competi-
tive ratio of A becomes infinite. After the first round, A always keeps exactly one element
in the knapsack, since all the elements in (7.5) have weight at least % (i.e., a half of the
knapsack capacity) and the elements with weight % are requested only when A keeps an
element greater than %

This implies that A removes the old element from the knapsack to accept a new ele-
ment. If A rejects the second element, the competitive ratio is at least 1/ (% + 5), which

approaches 2 as € — 0. If A rejects the third element, the competitive ratio is at least

2GS 904 VA —dc+2
—c 1-2¢ '

N[

If A rejects the fourth element, the competitive ratio is at least

1 _ 2c+ V42 —4dc+2
2e+VAT—dct2 _ 9, 1-2c '
2
Finally, if A rejects no element in (7.5), then its profit is max{0, + —3c} and the competitive
ratio is at least 1/ max{0, 1/2 — 3¢}, which is at least 2ctVie—det2 CZC4C+ O
1 L. accept accept 2c+\/m accept
& w\
STOP

Figure 7.6. The adversary for Theorem 7.31.

Theorem 7.32. If | < 1/2, there exists no online algorithm with a competitive ratio less
than 2 for the problem.

Proof. Let A denote an online algorithm chosen arbitrarily. For a sufficiently small € (> 0),
our adversary (see Figure 7.7) requests the sequence of elements whose weights are
1 5

1 1 €
§+E,§+§,...,§+W, (76)
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until A rejects some element in (7.6). If A rejects the element with weight % + &, then
the adversary stops the input sequence. On the other hand, if it rejects the element with
weight % + 1 for some k > 1, then the adversary requests an element with weight % -
and stops the input sequence.

We first note that algorithm A must take the first element, since otherwise the com-

petitive ratio of A becomes infinite. After the first round, A always keeps exactly one

element in the knapsack, since all the elements in (7.6) have weight larger than % (i.e.,
a half of the knapsack capacity) and for any j < k we have (% + %) + (% — ¢) is larger

than 1. This implies that A removes the old element from the knapsack to accept a new
element. If A rejects % + ¢ for some k > 1, the competitive ratio is at least 1/ (% + 5),
which approaches 2 as ¢ — 0. Finally, if A rejects no element in (7.6), then its profit is

PRV FS IR

while the optimal profit for the offline problem is % + €, which completes the proof. [

accept

+ accept
£ _—

4>%—|—

W w Wt

accept accept 1 e
— — 27T T/

_l’_

N
N|—=
DM
wlm

N
N|m
N[
wlm

N[
—|

—
~

o
ik

Figure 7.7. The adversary for Theorem 7.32.

Theorem 7.33. Let k = Ll(}ri);cj > 1 and assume that [ + ¢ > 1/(k + 1). Then there

exists no online algorithm with competitive ratio less than 1/((k + 1)) for the unit cost

buyback problem with the unweighted knapsack constraint.

Proof. Let A denote an online algorithm chosen arbitrarily. Then our adversary (see
Figure 7.8) keeps requesting the elements with weight [ until A accepts k + 1 elements or
rejects [1/1] elements. If A rejects [1/1] elements before accepting k + 1 elements, the
adversary stops the input sequence (a). Otherwise (i.e., A accepts k + 1 elements), the
adversary requests an element with weight 1 and the adversary stops the input sequence
().

In the case of (a), the competitive ratio is at least 1,%/ > ﬁ, where the last equal-
ity follows from Proposition 7.11. In the case of (b), the competitive ratio is at least

. 1 ) . . 1
min { (k+1)0> 1—(k:+1)c} > Tty Since l+c> = o

Theorem 7.34. Let k = | l(j_;?;cj > 1. Then there exists no online algorithm with

competitive ratio less than n(k) for the unit cost buyback problem with the unweighted

knapsack constraint.
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accept k+1 elements

Ll,...1 1 (b)
W\/l] elements
STOP (a)

Figure 7.8. The adversary for Theorem 7.33.

Proof. For an online algorithm A chosen arbitrarily, our adversary (see Figure 7.9) keeps
requesting the elements with weight z; until A accepts k elements or rejects [1/xy|
elements. If A rejects [1/xy] elements before accepting k elements, the adversary stops
the input sequence (a). Otherwise (i.e., A accepts k elements), then the adversary next
requests an element with weight 1 — x + ¢ where ¢ is a sufficiently small positive number;
if A rejects it, the adversary stops the input sequence (b), and otherwise, the adversary
next requests an element with weight 1 — and stops the input sequence (¢). Note that

;<1 <k< l(—il-cl)lc implies x; > [ and

all the elements have weight at least [, since
1-— Tl Z l.

In the case of (a), we have the competitive ratio at least W > = = n(k), where

1+c

the last equality follows from Proposition 7.11. In the case of (b), the competltive ratio

is at least lfkmx’c;ra > lkxx’“ = n(k) by Proposition 7.11. Finally, in the case of (¢), the

competitive ratio is at least m Proposition 7.11 implies that this approaches
Thoy Ths - - - s T accept k elements 1_ T+ @; 1— Zh (C)
\ejek[l/xﬂ elements W
STOP (a) STOP (b)

Figure 7.9. The adversary for Theorem 7.34.

Theorem 7.35. Let k = Ll(}ri);cj and assume that | +¢ < 1/(k+1) and [ < 1/2. Then
there exists no online algorithm with competitive ratio less than £(k+ 1) for the unit cost

buyback problem with the unweighted knapsack constraint.

Proof. Let A denote an online algorithm chosen arbitrarily. Then our adversary (see
Figure 7.10) keeps requesting the elements with weight [ until A accepts k + 1 elements
or rejects [1/1] elements. If A rejects [1/1] elements before accepting k + 1 elements, the

adversary stops the input sequence (a). Otherwise (i.e., A accepts k + 1 elements), the

(k+1)ct/(k+1)2c2+4(k+1)1
2

least 1 — [; if A rejects it, the adversary stops the input sequence (b), and otherwise, the

which is at

adversary requests an element with weight yr4+1 =

adversary requests an element with weight 1 — [ and Stops the input sequence (c).

In the case of (a), the competitive ratio is at least 1! > (k—i—l)l > % =¢k+1),
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where the last equality follows from Proposition 7.11. In the case of (b), the competitive

Ye4+1
(k+1)1

A I
ratio is at least (e —

= ¢(k + 1) by Proposition 7.11. Finally, in the case of (c), the competitive
¢(k + 1), which again follows from Proposition 7.11. O

ratio is

accept k41 elements accept

L., Ye+1 —— 1—1 (¢
w/ﬂ elements \ejec\t
STOP (a) STOP  (b)

Figure 7.10. The adversary for Theorem 7.35.
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Chapter 8

Optimal Composition Ordering

Problems

In this chapter, we study the optimal composition ordering problems.

We first show that the the maximum total composition ordering problem and the min-
imum total composition ordering problem are mutually reducible to one another, and
the maximum partial composition ordering problem and the minimum partial composi-
tion ordering problem are also mutually reducible. Thus, we only consider the maximum
total and partial composition ordering problems. In addition, we show that the maxi-
mum and minimum partial composition ordering problems are respectively reducible to
the maximum and minimum total composition ordering problems.

We present polynomial time algorithms for the maximum total composition problem
and the maximum partial composition problem when the input functions are monotone
increasing and linear. Thus, we can solve time-dependent scheduling problem with both
linear shortening and linear deterioration jobs in polynomial time.

We also propose a polynomial time algorithm for the maximum partial composition
problem when the input functions are piecewise increasing, i.e., f;(x) = max{a;x + b;, ¢;}
(a; > 0). This result implies a polynomial time algorithm for two-valued free-order secre-
tary problem.

For negative results, we prove that the optimal composition ordering problems are NP-
hard even if the input functions are monotone increasing, convex (concave), and at most

2-piece piecewise linear.

8.1 Properties of Function Composition

In this section, we prepare some definitions and propositions for the composition of linear
functions.

We first show relationships between the maximum total composition ordering problem
and the minimum total composition ordering problem, and the maximum partial compo-

sition ordering problem and the minimum partial composition ordering problem.

Lemma 8.1. Let ¢ be a real, and for i = 1,...,n, let f; : R — R be real functions. For
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i=1,...,n,let fi(z) :== —fi(—z). Then we have the following two statements.

(a) A permutation o : [n] — [n] is optimal for the maximum total composition ordering
problem ((f;)ie[n), c) if and only if it is optimal for the maximum total composition
ordering problem ((f;)ign], —¢)-

(b) A pair of a permutation o : [n] — [n] and a integer 0 < k < n is optimal for
the maximum partial composition ordering problem ((f;)ic}n), ¢) if and only if it is
optimal for the maximum partial composition ordering problem (( fi)ie[n], —c).

Proof. For any permutation ¢ and an integer 0 < k < n, we have

For) © Fotho1) © 0 foy(€) = —Fotk) © foth1) © -+ © forny(—c),
and hence the statements hold. O

We next show relationships between the maximum total and partial composition order-

ing problems, and the minimum total and partial composition ordering problems.

Lemma 8.2. Let ¢ be areal, and for i = 1,...,n, let f; : R — R be real functions. For

i=1,...,n,let f,(z) := max{fi(x),r}. Then we have the following two statements.

(a) A pair of a permutation o : [n] — [n] and a integer 0 < k < n is optimal for the
maximum partial composition ordering problem (( fi)iem), ¢) if the permutation o
is optimal for the maximum total composition ordering problem ((f;)ie[n], —¢)-

(b) A permutation o : [n] — [n] is optimal for the maximum total composition ordering

problem ((f;)ie[n), ¢) if the pair of following permutation 7 and nonnegative integer
k is optimal for the maximum partial composition ordering problem ((f;)ic[n],c):

{r(),...,7(&)} = {o(i) : fouyo 0 fo)(e) > founyo 0 fome)}
where 071(7(1)) < -+ < o7 (7(k)).

Proof. (a) If a pair of a permutation o and a nonnegative number k is optimal for the
maximum partial composition ordering problem ((f;)ic[n,¢), then o is also optimal for
the maximum total composition ordering problem ((?i)ie[n} ,c) since we have

foty o0 fo)(€©) < foy 0 -0 oy (€) < Fowmy o0 Foy(c)

by f(z) > z and f(z) > f(2).

(b) Let o : [n] — [n] be a permutation and a pair of 7 and k be defined as the statement.
If o is optimal for the maximum total composition ordering problem ((ﬁ)ie[n],c), then
the pair of 7 and k is optimal for the maximum partial composition ordering problem
((fi)ien), ¢) since we have

frwy oo fray(e) = Frgy o 0 Fry(€) = Fomy © -0 foy(€)
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by the definition of 7. O
Let ¢ be a real, and for ¢ = 1,...,n, let f; : R — R be real functions. For ¢ =
1,...,n, let f;(x) :== max{f;(x),z}. By Lemma 8.2, the optimal value for the maximum

total composition ordering problem ((?i)ie[n],c) coincides with the optimal value for the

maximum partial composition ordering problem ((f;)ic[n), ¢)-

Definition 8.3. For two functions f,¢g : R — R, we define f < g (resp., f ~ g) as
fog(x) <go f(x) (resp., fog(x) =go f(z)) for any x, and f < gas f Zgand f % g.

Note that the relation < is not comparable in general. For example, let fi(z) =
max{2z, 3z} and fa(z) = max{2z—1,3x+1}. Then we have fiof3(0) =3 > 1= fa0f1(0
and f; o fo(—=2) = =10 < =9 = fy 0 fi(—2). On the other hand, the relation =<
is comparable for linear functions or 2-piece piecewise linear functions with the form
max{ax + b,xz}, but it does not satisfy antisymmetry or transitivity. For example, let
fi(z) = 4x and fo(z) = /2 (resp. f,(v) = max{4x,r} and f, = max{x/2,r}). Then we
have f1 o fo(x) = f2 0 f1(x) = 2 (xesp. Ty o Fa() = T 0 F1(x) = max{2s,}). Further-
more, let g1(z) =2z +1, go(z) = 22— 1, and g3(z) = /2 (resp. §;(z) = max{2z+1,z},
Jo(x) = max{2zx — 1,2}, and g5(z) = max{xz/2,2}). Then we have g1 < g2, g2 < g3, and
g3 < g1 (resp. gy < Gy, G2 < g3, and g3 < gy).

From the definition, we have the following easy but useful lemma.

Lemma 8.4. Let f1,..., f, be monotone nondecreasing functions. If f; < fiy1, then it
holds that

fno"'ofi+2ofi+1Ofiofi—lo"'ofl(l‘)
> fano--ofirao fiofir10fici0--0 fi(x)

for any .

The lemma intuitively implies that composing f; earlier than f; is better to maximize
the composition if all functions are nondecreasing and f; < f;.

Next, for a linear function f, we define v as the solution of the equation f(z) = x.

Definition 8.5. For a linear function f(z) = ax + b ((a,b) # (1,0)), we define

i (@#1),
Y(f) =4 400 (a=1and b<0),
—o0 (a=1andb>0).

We prove several lemmas for v needed later.

Lemma 8.6. For any real ¢ and non-identity linear function f(x) = axz+b ((a,b) # (1,0)),
the followings hold:

(a) if a > 1, then f(c) > c<ey(f) <ec, flc) <cev(f) > ¢, and f(c) =
(b) if a < 1, then f(c) > co v(f) > ¢, flc) <cev(f) <c, and f(c) =
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(¢) if a=1, then f(c) > c < v(f) = —o0, f(c) < c & (f) = 0.

Proof.  (a) Since f(z) — x is a monotone increasing function for a > 1, and f(v(f)) =
~v(f), we have the lemma.
(b) Since f(x) — x is a monotone decreasing function for a < 1, and f(v(f)) = v(f),
we have the lemma.
(c) This statement directly holds by the definition of ~.

Definition 8.7. For a non-identity linear function f(x) = ax + b, let

Lemma 8.8. For non-identity linear functions f;(z) = a;x +b; and f;(z) = a;x + b;, the
following statements hold:

(a) if v(fi) = 7(f;), then we have v(f;) = v(f;) = ~7(f;  fi),

(b) if 6(fi) = 0(f;) = L and v(f;) < v(f;), then we have y(f;) < v(fj o fi) < v(fj).

(c) if 6(f;) = d(f;) = —1 and y(f;) <~(f;), then we have y(f;) < y(f; o fi) < v(f5),
(d) if&( Z) =-1 5(f ) =1, a; a; > 1and ’Y(fZ) > V(fj) then we have V(fjofz) < ’Y(f])a
(e) ifo(fi) =—1,0(f;) =1, a;-a; < Land y(f;) > v(f;), then we have v(fjofi) > v(fi),
(f) ifo(fi) =1,6(f;) = —1, aj-a; > Land vy(fi) > v(f;), then we have y(f;of;) > v(fi),
(9) i£6(f:) = 1,0(f;) = =1, ai-a; < Land(f;) = 7(f;), then we have y(fjofi) < v(f),

where we allow to write +o0o0 < 400, —00 < 400, and —oo < —oo for a = 1.

Proof.  (a) Let d = v(f;) = v(f;). If d = oo, then a; = a; = 1 and b;,b; < 0. Thus
v(fjo fi) =v(@+b;+bj) =00 Ifd= —o0, then a; = a; =1 and b;,b; > 0.
Thus v(f; o fi) = v(x + b; + b;) = —oo. Otherwise, ie., a;,a; # 1, we have
fi(z) = a;j(x—d)+d and f;(x) = a;(x—d)+d. Therefore, f;o fi(z) = a;a;(x—d)+d
and 7(fj o fi) = d
(b) By (a) and (c) in Lemma 8.6 and y(f;) < ~v(f;), we have

fi o fi(v(fi) = £i(v (i) < ~(fa), (8.1)
fio £i(v(f3)) = 1;(v(f3)) = v (f3)- (8.2)

Therefore, we obtain v(f;) < v(fj o fi) < v(f;) where the first inequality holds by
(8.1) and by (a) and (¢) in Lemma 8.6, and the second inequality holds by (8.2)
and by (a) and (c) in Lemma 8.6,

(¢) By (b) in Lemma 8.6 and v(f;) < ~v(f;), we have
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Therefore, we obtain v(f;) < v(f; o fi) < v(f;) where the first inequality holds by
(8.3) and by (b) in Lemma 8.6, and the second inequality holds by (8.4) and by (b)
in Lemma 8.6.

(d) By (b) in Lemma 8.6 and v(f;) > v(f;), we have

fio fi(v(f3)) = fi(v(f5)) = ~(f5)-

Therefore, we obtain y(f; o fi) < v(f;) by (a) and (¢) in Lemma 8.6.
(e) By (a) and (c) in Lemma 8.6 and v(f;) > v(f;), we have

fi o fi(y(f2)) = fi(v (i) = ~(fo)-

Therefore, we obtain v(f; o f;)
(f) By (b) in Lemma 8.6 and ~(f;)

v(fj) by (b) in Lemma 8.6.

>
> y(f;), we have

fio filv(fi)) = fi(v(fi) < ~v(fa)-

Therefore, we obtain (f; o f;) > v(fi) by (a) and (¢) in Lemma 8.6.
(9) By (a) and (¢) Lemma 8.6 and v(f;) > v(f;), we have

fio fi(v(£3) < fi(v(f5)) = ~(fy)-

Therefore, we obtain v(f;j o fi) < v(f;). by (b) in Lemma 8.6.
]

Lemma 8.9. For (non-identity) linear functions f;(z) = a;z + b; and f;(z) = ajz + b;,
the followings hold:

(a) if a;,a; =1, then f; ~ f;,
(b) if 6(fi) = 0(f;) = 1 and a; - a; > 1, then f; X f; < (fi) < ~(f;) and fi ~ f; <

(c) if 6(fi) = 6(f;) = =1, then f; = f; & y(fi) < y(f;) and fi = f; < v(fi) = v(f;),
(d) if0(f;) =1,6(f;) = =1, then f; 2 f; & v(fi) = v(f;) and fi = f; & v(fi) = v(f5)-
Proof. We use the following condition:
fi 2 f; = fiofj(x) < fjofi(z) (V)
<= ai(a;x +bj) +b; < ajla;x+b;)+b; (V)

(a) It holds since f; o fj(x) =z +b; +b; = fj o fi(z).

(b) If a;,a; > 1, the lemma holds since the equation (8.5) < 131'(” > lfjaj < y(fi) <
v(f;)- If a; > 1 and a; = 1, the lemma holds since the equation (8.5) < 0 > b;(a; —
1) ©b; <0e v(f;) =00 e v(fi) <v(fj). Otherwise (i.e., a; = 1 and a; > 1), we

have the equation (8.5) < b;(a; —1) > 0 b; > 0 < y(f;) = —o0 & v(fi) < v(fj)-
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(¢) The lemma holds since the equation (8.5) < 1f"ai > 13” < y(fi) <(f).
(d) If a; > 1, the lemma holds since the equation (8.5) < 131'(“ < 13"% < v(fi) > v(f;)-
On the other hand, if a; = 1, then f; <X f; © bi(a; —1) >0 b; <0 y(f;) =
oo & (fi) = y(f;), and fi = f; < bi(a; —1) <0 & b; >0 & y(fi) = —00 &

Y(fi) < (f5)-

O]

By this lemma, the relation < is total preorder (i.e., it satisfies transitivity and no pair
of functions is incomparable) for the case 6(f1) = -+ = §(fn). Thus the permutation
o : [n] = [n] such that v(f,1)) < -+ < Y(fs(n)) is optimal for the case. This result
matches the results in the time-dependent scheduling problem of the linear deterioration
model (when §(f1) = -+ = 0(fn) = 1) and the linear shortening model (when 0(f;) =
= 3(fa) = 1),

Lastly, we show some propositions for the optimal composition ordering problem of
linear functions.

Lemma 8.10. Let ¢ be real, and for i = 1,...,n, let f;(x) = a;x + b;. Then, for any
permutation o : [n] — [n] and integer 0 < k < n, we have

k k k
fotk) © fok—1) 00 for)(c) = Haj C+Z H o(j) | bo(i)-
j=1

i=1 \j=i+1
Proof. We can get the results by simple calculations. O

Lemma 8.11. Let ¢ be areal, and for i = 1,...,n, let f; : R — R be real functions. For
i=1,...,n and a real d, define f(x) := f(z — d) + d. Then a permutation o : [n] — [n]
is optimal for the maximum total composition ordering problem ((f;)ic[n),c) if and only
if it is optimal for the maximum total composition ordering problem (( fi)ie[n], c—d).

Proof. For any 1, j, we have

Therefore, we have

Fotm) © Fotmn-1y 00 fo1)(€) = fotn) © fon-1) 00 for)(c—d) +d
and this implies the statement. ]

Lemma 8.12. Let ¢ be areal, and fori = 1,...,n, let f;(x) = a;x+b; be linear functions.
Then a permutation o : [n] — [n] is optimal for the maximum total composition order-
ing problem ((f;)ie[n),c) if and only if it is optimal for the maximum total composition

ordering problem ((f;)ie[n];0).
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Proof. By Lemma 8.10, we have

k k k
fotwy o fotu-ry oo foy(@ = ( [Tas | ¢+ D T @) | boco)-
j=1 i=1 \j=i+1
and this implies the statement. O
Lemma 8.13. Let ¢ be a real, and for i = 1,...,n, let f;(z) = a;z + b; be monotone
increasing linear functions (a; > 0). For i = 1,...,n, define f;(z) = —f '(-z) =

Lz + % Then a permutation o : [n] — [n] is optimal for the maximum total composition
ordering problem ((f;)ie[n),c) if and only if the reverse permutation of o, i.e., 7(i) =
o(n —i+1) for ¢ € [n] is the optimal for the maximum total composition ordering

problem ((fi)iefn), ¢)-

Proof. By Lemma 8.12, it is sufficient to prove the case ¢ = 0. Then we have

n

. ) A 1 = 1
Jom) © fom-1)0 -0 fo1)(0) = H 4 C+Z — | boi)
j=1 a’U(J) i=1 \j=i+1 CLU(J)
n 1 n i
={II— ) > (1w |t
j=1790) | =1 \j=1
|
= H Jo(1) © fo2) -+ 0 fomn)(0)
j=1 Qo (j)
and this implies the statement. ]
Lemma 8.14. Let ¢ be areal, and for i = 1,...,n, let f;(z) = a;x+b; be linear functions.

Let o be a permutation of [n]. Then dr = fy(k—1) 00 fo1) © fo(n) © - © forr)(0) and

dk+1 = fa(k) o---0 fo‘(l) o fa(n) O---0 fa(k+1)(0) satisfies dk+1 = ao(k) . dk - ba(k) . (a - 1)
where a =[]\ a;.

Proof. We can get the result by simple calculations. O

8.2 Maximum Partial Composition Ordering

Problem

In this section we consider the maximum partial composition ordering problem ((f;)ic[n], ¢)
for monotone nondecreasing linear functions f;(z) = a;z +b; (a; > 0). By Lemma 8.2, we
consider the maximum partial composition ordering problem ((f;)ie[n,¢) for monotone
nondecreasing linear functions f,(z) = max{a;z + b;, z} (a; > 0).

Without loss of generality, we assume there are no i such that f;(x) = = for all z.
Let I :={i : 0(f;) = —1} and I, := {i : 6(f;) = 1}. We show that a permutation
o : [n] = [n] which satisfies I_ = {o(1),...,0(k)} and I, = {o(k+1),...,0(n)} such
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that v(fo(1)) < <Y(fom) and Y(fok+1)) < -+ < Y(fo(n)) is optimal for the problem.
Then our algorithm is represented as Algorithm 19, and the time complexity is O(n logn)
by using an efficient sorting algorithm such as merge sort. In the comparison model, the

time complexity O(nlogn) is essentially the best possible.

Theorem 8.15. The maximum total composition ordering problem ((f;)icn], ¢) for mono-

tone nondecreasing linear functions f;(x) = a;x+b; (a; > 0) is solvable in O(nlogn) time.

Theorem 8.16. The maximum total composition ordering problem ((f;)ien,c) for
monotone nondecreasing piecewise linear functions f;(z) = max{a;x + b;, } (a; > 0)

is solvable in O(nlogn) time.

Algorithm 19 Maximum Partial Composition

I ={i:0(fi)=—-1} I ={i:d(f;)=1}

2: sort I_ and I, according to the order induced by ~(f;)

let I = {o(1),...,0(k)}, I+ = {o(k+1),...,0(n)} such that y(fo1)) <

Y(fotr))s Y fotms1) < - <v(form))-

s:=c¢, p:=1, q:=mn, 7 := the identity permutation of [n]

for i =1 ton do
if fa(z)( ) > s then s := fa(z)(5)7 ,7_(7_71(0.(2'))) = T(p)7 T(p) = U(i)a p=p+1
else 7(q) :=0(i), ¢ :==q—1

end for

return 7 and ¢

IN

We use the following lemma to show the theorems.

Lemma 8.17. For (non-identity) monotone nondecreasing linear functions f;(z) = a;x +
bi and fj(x) = ajx 4 b; (ai,a; > 0), and function f,(z) = max{a;x + b;, 2} and f;(z) =
max{a;z + b;,x}, the followings hold:

(a) if 6(fi) = 0(f;) =1 and v(f;) < (f;), then f; < f;,

(0) if 6(fi) = 0(f;) = —1 and v(fi) < ~(f;), then f; < f,,

(C) if 5(f1) -1, 5(f]) =1, and ’7(fz) < '7(fj)v then 71 = fj-

(d) if 0(f;) =1, 8(f;) = =1, 0 < a; <1, and y(f;) < v(f;), then f; = f},

Proof. (a) We prove that f; o f;(x) > f; o f;(x) holds for any 2. We consider three cases,
Le, x <v(fi), 7(fi) < & <(f;), and y(f;) < x (see Figure 8.1(a)).

Case 1: = < 7(fi). We have f;, o f;(z) = f;(z) = z and f; o f;(z) = f,;(z) = = by
x < (fi) <~(f;). Thus we obtain f; o f,(x) > f, of.(x)

().
Case 2: Y(f;) <z < (f;). We have f,of. Ex) :?lgx) ifi(m) andfjof (z) = f (fi(z))
by v(fi) <z < ~(f;). Thus we obtain f o fi(x) > f;o f;(z) since f,(y) >y for any y.

Case 3: y(f;) < z. We have f; o f;(x) = f;(f;(x)) = fi(f;j(x)) by v(fi) < v(fj) <z <

fi(@), and f; o fi(x) = f;(fi(x)) = f;(fi(z)) by v(fi) < ~(f;) < @ < fi(x). Thus we
obtain f; o f;(z) > f; o f;(z) by (b) in Lemma 8.9.

(b) We prove that ?j ofix) > f,o0 ?j (z) holds for any z. We consider four cases, i.e.,
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z < [ (f))s 17T () < @ < (i), v(fi) < @ < y(fy), and y(f;) < @, where we
define f;~ Y(y(f:)) = —oo (see Figure 8.1(b)).

Case 1: @ < f7'(3(£,)). We have F, 0 F,(z) = Fu(fy(@)) = £:(£,(@)) by @ < f(a) <
v(fi) <(f5), and f;o fi(z) = f;(fi(x)) = fi(fi(x)) by = < fi(z) <~(fi) < ~(f;). Thus,
we obtain ? o fi(x) > f; 7 (z) by (¢) in Lemma 8.9.

<

v(fi). We have f; o f;(z) = fi(fi(z)) = fi(z) and f; o

Case 27f Y (fi) €z

Fite) = T/00) = S0 b & < ) < 104) < ) < 3. s, we bt
fi(z) > f; o f;(x) since fi(x) > x and f; is monotone nondecreasing.

9ase 3 1) £ 5 1(f). We have T, o F;(2) = F,(f(2)) = f(x) and T, o Fy(a) =

fi(@) = f;(x) by v (fz)<x<f;( ) <7(f;j). Thus, we obtain f; o f;(z) > f; o f; ().

Case 4: 7(f;) < @. We have F, o F;(a) = () = = and T, o Fy(a) = F;(a) = @ by

Y(fi) <(f;) < 2. Thus, we obtain f; o f;(z) > f; o f;(x).

(¢) We prove that f; o fi(x) = f; o f;(x) holds for any z. We consider three cases, i.c.,
z <y(fi), 7(fi) <2 <7(f;), and ¥(f;) < @ (see Figure 8.1(c)).

Case 1: x < y(fi). We have f, OT( )= fi(x) = fi(z )andf ofi(z) = %(fz( ) = fi(x)
by @ < fi(x) <(fi) <~(f;). Thus, we obtain f; o fi(x) = f; o f;(x).

Case 2: (f,) < © < A(f;). We have f, o f,(z) = ?i<x>=xand?joﬁ<x>= @) =

by v(fi) <2 <~(f;). Thus, we obtain f; o f,(z) = f; o f;(z).
Case 3: 7(f;) < a. We have F;oF, (z) = F,(f,(@)) = @ 1d F,07,(@) = 7,(2) = £;(@)
by y(fi) <~(f;) <@ < fj(z). Thus, we Obtam fiofi@)="Ffiof;(x).

(d) We prove that f; o f;(z) < f; o f;(x) holds for any z. We consider four cases, i.e.,
f 1

z < y(fi), v(fi) <@ < [T [t (fy) < @ < (fy), and y(f;) < @ (see Flgure
8.1(d)).

Case 1: = < 7(f;). We have f, o f,;(x) = f;(f;(z)) an
x < (fi) <7(f;)- Thus, we obtain f; o f;(z) > f, o?( )sm

Y
Case 2 y(f) €& < £ (1(;)). We have F, o F,(x) = Fu(,(2)) = £i(F, (@) by A(£) <
v < f(@) < (f). and Ty 0 Fu(x) = (@) = (@) by 1(£) < = < fila) < 1(F).
Thus, we obtain f; o f;(x) > f, o f;(x) by (d) in Lemma 8.9.

Case 3: f7'(v(f;) < = < ~(f;). We haVE ﬁf f;(x) =
V() S ST )) < @ < fie) <) and £y o fiw) = f( z-(x))

FH((£3) < @ < 4(f5) < fi(w). Thus, we obtain f; o f;(z) > f; OTj(x) since fj(x) >

and f; is monotone nondecreasing.

Case 4: (f;) < a. We have F;0F,(x) = F,(£,(2) = f;(x) and 7,
by v(fi) <v(fj) <= < fj(x). Thus, we obtain f; o f,(z) > f, 0

FyoTil) = Ty(@) = f;(x) by
e Fi(y) > y for any y.

By Lemma 8.9, we have Theorem 8.15 as follows.
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y = fi(x)
0 U ) > 07|57 6 A 0
(a) ag,a; > 1, v(fi) < v(fy) (b) 0 < ag,a; <1, v(fi) <~(fy)

yA y = fi(z) | yA

— /
y=Ti(a)
VS : > A .
9 (f3) (1) r 9 V() A ) T
(¢) 0<a; <1,a; > 1, v(fi) <v(f;) (d) a; > 1, 0<a; <1, v(fi) <v(f5)
Figure 8.1. Typical situations for the functions f, and ?j.
Proof for Theorem 8.15. Without loss of generality, we can assume §(f1) =--- = §(fx) =
=1, 6(fkt1) = - = 0(fn) = 1, and (f1) < -+ < y(fw), Y(fos1) < -+ < y(fn). Let

o be the optimal solution with the minimum inversion number for the maximum total

composition ordering problem ((f;)icn);c). Then we show o is the identity permutation
by contradiction. Let o(l) > o(l + 1). Then a permutation

oi) (AL 1+1),
(@) =q1+1 (i=1),
l (i=1+1)
is also optimal solution for the problem by Lemma 8.9. Moreover, 7 has smaller inversion

number, which contradicts the assumption that o(k) > o(k + 1). Therefore, o is the
identity permutation and Algorithm 19 outputs the optimal solution. 0

Moreover, we have the following proposition.
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Proposition 8.18. The optimal value for the maximum partial composition ordering
problem ((f;)ie[n), c) where fi(z) = a;x + b; (a; > 0) is at most (n + 1)-piece piecewise

linear for c.

Proof. By Lemma 8.2, the optimal value for the maximum partial composition ordering
problem (( fi)ie[n] ,c) is

?a(n) ° ?U(nfl) 0---0 TU(I) (C) (86>

for some permutation o.

Assume that there exists a point xj such that

foy © Faeo1y @ 0 Foy(@h) = fomony 00 oy (@) (8.7)

Then we have

fcr(n) ©...0 ?a(k—i—l) o ?a(k) o ?a(k—l) ©---0 ?a(l) (z)
?o(n) S Ofa(kﬂ) O?U(k—n S 0?0(1)(95) (x> x)
?o‘(n) O 070(k+1) o fo(k) © ?U(k—l) O 0?0(1)(1‘) (z < z)

if ap, <1 and

Fomy o0 Foesn) © Fogry © Forty © - 0 Foqy (@)
70(71) O o?a(k—&-l) O?a(k—l) O 070(1)(1’) (< xp)
?a(n) O O?a(k—&—l) o fo(k) © Ta(k—l) O 0?0(1)(90) (x> xy)

if ax > 1 since fy,..., f, are monotone nondecreasing functions.

On the other hand, if there exists no such a point x, then we have

Fotm)© 0 Fotern) © For) © Fom—1)© -0 Fory(2)
= ?a(n) ©--0 7a(k+1) © ?a(k—l) 00 ?0(1) (2)

or

fo‘(n) ©...0 ?o(k—&—l) © ?o(k) © ?U(k—l) 0---0 ?0(1)(90)
= 70’(71) 0---0 ?o(k+1) °© fa(k) o ?a(kfl) Or--0 ?0(1)(37)

Thus, the statement holds.
O

Furthermore, we can solve the maximum partial composition ordering problem

((94)ien), ) for gi(x) = max{a;x + b;, c;} (a; > 0) in polynomial time.

Theorem 8.19. The maximum partial composition ordering problem ((gi)ie[n}7c) for
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gi(z) = max{a;x + b;, ¢;} (a; > 0) is solvable in O(n?) time.

Proof. Let g;(z) = max{a;x+b;, c;,x} and h;(x) = a;x+b;. We first claim that there exists
an optimal solution ¢* for the maximum total composition ordering problem ((g;)ic[n], ¢)
such that at most one 4 satisfies g,(;_1) © -+ 0 Gpu(1y(c) < ¢;. Let i* be the largest i
such that g,.(;_1) © +++ 0 goe(1)(c) < ¢;. Then it holds ¢; < ¢+ for any i < i* since
Ci < Gor(i) @ 0 G (1)(0) < Gy (ir—1) @+ 0 Gou(1y(€) < ¢i». Thus we have

Tor(n) © " ©Go=(1)(€) = Tor(n) © 0 Goe (4 (€)
< Gor(i*-1) @ 9 Gor(1) © Tgr(n) © "+ © Gor (=) (€)-

Therefore, the maximum value of the maximum partial composition ordering problem
((94)ien), €) is the maximum value of the maximum partial composition ordering problem
of ((hi)ien)\{r}, fr(c)) for some k € [n]. Thus we can solve the problem using Algorithm
19, n times. Moreover, it is easy to see that the time complexity is O(n?) since we need

sorting only one time for the line 2 in Algorithm 19. O
By Lemma 8.2, the following theorem also holds.

Theorem 8.20. The maximum total composition ordering problem ((g;)ie[n],c) for

g,(r) = max{a;x + b;,¢;, 2} (a; > 0) is solvable in O(n?) time.

8.3 Maximum Total Composition Ordering Problem

In this section we consider the maximum total composition ordering problem ((f;)ic[n], ¢)
for monotone nondecreasing linear functions f;(z) = a;x + b; (a; > 0). We propose an
O(nlogn) time algorithm for this problem.

Without loss of generality, we assume there are no i such that f;(z) = = for all z.
Let I_ = {i : 6(f;) = —1} and Iy := {i : 0(f;) = 1}, and let o : [n] — [n] be a
permutation which satisfies I = {o(1),...,0(k)} and I = {o(k +1),...,0(n)} such
that v(fo1)) < - < Y(fory) and Y(fors1)) < -+ < Y(fom)). We prove that there
exists an optimal solution with the form (o(t),0(t +1),...,0(n),0(1),0(2),...,0(t —1))
for some ¢t. Then our algorithm is represented as Algorithm 20. Throughout this section,

we denote y(f;) briefly by ~;.

Theorem 8.21. The maximum total composition ordering problem for monotone non-

decreasing linear functions is solvable in O(nlogn) time.
We show some lemmas to prove the theorem.

Lemma 8.22. For monotone nondecreasing linear functions f;(z) = a;z + b;, fj(z) =

a;r +bj, fr(r) = axx + b and fi(z) = aqw + by, it 5(f;) = =0(f;) = 3(fx) = —6(fi) = 1
and v; > v; > Y > Y1, then we have

fio fro fio fi(r) <max{fio fio fro fi(x), fuofjofiofi(x)} (V).
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Algorithm 20 Maximum Total Composition
1. 1= {Z : (5(]%) = —1}, I, = {’l : 5(fz) = 1}
2: sort I_ and I, according to the order induced by ~;
let I ={o(1),...,0(k)}, I+ ={o(k+1),...,0(n)} such that v,1) < --- < v, and
Yotk+1) < < Yo(n)-
S = ba(n) t Qg (n) (ba(n—l) + aa(n—l)(' o (ba(2) + ag(2) (ba(l))) e ))
s*i=s,t:=1
a= [, a
fort=1ton—1do
§:1= Qg (i) - 8 — by(s) - (@ — 1)
if s> s* then s* :==5s,t:=i+1
end for
10: return (o(t),o(t+1),...,0(n),o(1),0(2),...,0(t —1))

Proof. Let g(z) = fr o fj(x). If a; - ax > 1, then v(9) < v < 7; holds by (d) in

Lemma 8.8, and g o f;(x) < f; o g(z) holds by (a) and (b) in Lemma 8.9. Thus we have
Jrofeo fio fi(x) < fro fio fuo fi(x).

On the other hand, if a; - a < 1, then v(g) > 7; > v holds by (e) in Lemma 8.8,
and f; o g(xz) < go fi(z) holds by (¢) in Lemma 8.9. Thus we have f; o fi o f;j o fi(x) <

fwo fjo fio fi(z). O
Lemma 8.23. For monotone nondecreasing linear functions f;(z) = a;x + b;, fj(z) =
a;x +bj, fr(x) = agx + by and fi(x) = qw + by, it =6(f;) = 6(f;) = —6(fx) =6(fi) =1

and v; > v; > v > 1, then we have

fio frofjo filx) <max{fiofiofrofjx), fuofjofiofilx)} (Vx).

Proof. Let g(z) = fr o fj(z). If aj - a, > 1, then v(g) > v; > 7 holds by (f) in
Lemma 8.8, and f; o g(z) < go fi(x) by (a) and (b) in Lemma 8.9. Thus we have
frofeo fio fi(x) < feo fjo fio fi(x).

On the other hand, if a; - a;, < 1, then v(g9) < v < 7; holds by (g) in Lemma 8.8,
and g o fi(z) < fiog(x) holds by (c¢) in Lemma 8.9. Thus we have f; o fy o f;j o fi(x) <
fro fio fuo fj(z). 0

Lemma 8.24. There exists an optimal permutation o* for the maximum total compo-
sition ordering problem ((f;)ic[n,c) such that at most 2 integers 1 < i < n — 1 satisfies
5(fa*(i)) : 5(f0*(i+1)> = -1
Proof. Let o* be the optimal permutation with the minimum cardinality of {i € [n — 1] :
O(for(i)) - 0(foe(ig1)) = —1}. Assume that [{i € [n—1] : §(for (i) - 0(for (1)) = =1} > 2,
and let 71,19, 73 be the three smallest elements of it, and 74 be the fourth smallest element
of it if exists or n if the cardinality is three.

Let g1(x) = for(iy) 0 - 0 for()(®), 92(Z) = for(in) © - © for(is4+1)(T), 93(T) = foe(ig) ©

0 forint1)(x), and ga(z) = for(iy) © == © for(is+1)(x). Then it is easy to see that
0(g1) = —6(g92) = 0(gs) = =00 (gy)-

We claim that v(g1) > v(g2) > v(g93) > v(g4). Assume that vy(g;) < v(gi+1) for some
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i€{1,2,3}. Then g;+10gi(x) > g; 0 gi+1(z) holds and which contradicts the assumption
of minimality,

Therefore we have

Jorn) © -0 for)(T) = for(n) © - 0 for(ist1) © G2 © g3 0 g2 © g1(x)
fa*(n) ©---0 fcr*(i4+1) ©g4°©4091°393 OgQ(m)v
< max
fa*(n) ©---0 fo*(i4+1) 0930920940 g1(x)

by Lemmas 8.22 and 8.23. This contradicts the assumption of minimality, and hence the
lemma holds. O

Lemma 8.25. For monotone nondecreasing linear functions f;(z) = a;z + b;, fj(z) =
a;x +b; and fi(z) = arx + by, if 8(f;) = —6(f;) = 0(fx) = 1, a; - aj - a, > 1 and
Vi > Y = Yk, then we have

fro fjo filz) <max{fjo fio fu(x), fiofrofij(x)} (V).

Proof. If aj - a, > 1, then y(fx o fj) < 7% < 7 by (d) in Lemma 8.8, and it implies
frofjo filx) < fio fro fj(x) by (b) in Lemma 8.9. If a; - a, < 1 and v(fr © fj) > v,
then fi o fj o fi(z) < fio fr o fj(z) by (d) in Lemma 8.9.

If a; - a; > 1, then v(fj o fi) > vi > v by (f) in Lemma 8.8, and it implies f; o f; o
fi(z) < fjo fio fu(xz) by (b) in Lemma 8.9. If a; - a; < 1 and v(f; o fi) < vk, then
frofjo fi(xr) < fjofio fu(xz) by (d) in Lemma 8.9.

Otherwise, we have a;-a; <1, a;-a; <1, v(frofj) < v, and v(f;jo fi) > v,. Then we
have v((frxo f;) o fi) > 7 by (f) in Lemma 8.8, and v(fr o (f;o fi)) <& by (d) in Lemma
8.8 since a;-a;-ay > 1. Therefore 7; = v; = i, and which contradicts y(fro f;) <. O

Lemma 8.26. For monotone nondecreasing linear functions f;(z) = a;z + b;, fj(x) =
a;jx + b; and fi(x) = arx + by, if —=6(f;) = 6(f;) = —6(fx) =1, a; - aj - ap < 1 and
Yi > 7 > Yk, then we have

fro fio fi(z) <max{fjo fio fu(x), fiofeofi(x)} (V).

Proof. If aj - ar > 1 and y(fx o f;) > i, then fr o fj o fi(z) < fio fro fj(z) by (d) in
Lemma 8.9. If a; - a < 1, then v(fx o fj) <% <~ by (g) in Lemma 8.8, and it implies
fro fio fi(x) < fio fro fj(x) by Lemma 8.9.

If a;-a; > 1 and y(fj o fi) < Yk, then fr o fjo fi(z) < fjo fio fi(z) by (d) in
Lemma 8.9. If a; - a; < 1, then v(f;j o fi) > vi > 7% by (e) in Lemma 8.8, and it implies
frofjofi(x) < fjo fiofr(x) by (¢) in Lemma 8.9.

Otherwise, we have a;-ar > 1, a;-a; > 1, v(fro f;) < v, and v(fj o fi) > . Then we
have y((fx o f;) o fi) > i by (e) in Lemma 8.8, and v(fz o (f; o fi)) < v by (¢) in Lemma
8.8 since a; - a;-ay < 1. Therefore v; = ; = 7 and which contradicts y(fro f;) <. O
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Lemma 8.27. If [, a; > 1, there exists an optimal permutation o* and two integers s, ¢
(0 < s <t <n)suchthat §(fy«1)) = = (for(s)) = 0(fort+1)) = - = 0(for(n)) = —1
and 6(fy+(s+1)) = -+ = 0(fo+(ry) = 1. Furthermore, it holds that v,«(1) < -+ < Yge (o),
Yor(s+1) < 0 < Yor), A Vor(i41) < o0 < Yoe(ny. BEspecially 0 < s <t < n, it holds
that Y5« (1) 2> Yor(n)-

Proof. By Lemma 8.24, there is an optimal permutation ¢ and two integers s,¢ (0 < s <

t < n) such that 5(f0(1)) == 5(fo(s)) = 5(fa(t+1)) == 5(fcr(n)) = _6(fa(s+1)) =
- —(5(f0(t)). By Lemma 8.9, we can assume

Yo1) S S Vo(s)y Vols+1) < S Vot)s Yot+1) S < Vo(n)-

It is sufficient to consider for 0 < s <t < n since o satisfies the conditions of this lemma
for s =0 or t = n. We have two cases.

Case 1: 0(fo(s4+1)) = - = 0(for)) = +1. Let g(x) = fom—1) 00 fy(2). Then we have
Y(fo)) = 7(9) = Y(fon)) by Lemma 8.9 and optimality of o since 0(fy(1)) = 6(g9) =
5(fa(n)) = +1.

Case 2: 0(fy(s+1)) = - = 0(fo)) = —1. Let hi(x) = fors)0r -0 foq), ha(x) = fomyo- -0
Jo(s+1) and h3(x) = fo(m)0- -0 fo(e41)- I y(h1) < y(h2), then hgohgohy(x) < hzohiohy(x)
by (d) in Lemma 8.9. If y(ha) < v(h3), then hg o hy o hy(z) < hy o hg o hi(x) by (d) in
Lemma 8.9. Otherwise, y(h1) > v(hz2) > v(hs3), we have

h3 @) h2 e} h1<$) S max{h2 @) h,l e} hg(.’I}), hl e} h3 @) hg(.’E)}

by Lemma 8.25. Therefore, we can modify o as we desired. O

Lemma 8.28. If H?Zl a; < 1, there exists an optimal permutation ¢* and two integers s, ¢
(0 < s <t <n)such that 6(fo-1)) = -+ = 0(for(s)) = 0(fort41) = - = (forn)) =1
and 0(fo(s41)) = -+ = 0(fo+(t)) = —1. Furthermore, it holds that v,-(1) < -+ < Yge(s),
Yor(t+1) < < Vo= (n)- Especially 0 < s <t < n, it holds that y,«(1) > Vo= (n)-

Proof. By Lemma 8.24, there is an optimal permutation o and two integers s,t (0 < s <

t <n) such that §(fo1)) = -+ = 0(fo(s)) = 0(forr1)) = - = 6(fon) = —0(fo(s11)) =
o+ = —0(fr())- By Lemma 8.9, we can assume

Yo (1) << Yo(s)y Vo(s+1) <-e < Yo(t)s Vo(t+1) <- < Yo(n)-

It is sufficient to consider for 0 < s < ¢t < n since o satisfies the conditions of this lemma
for s = 0 or t = n. We have two cases.

Case 1: 5(f(r(s+1)) == 5(f0(t)) = —1. Let g(w) = fc(n—l) 0---0 f0(2)- Then we have
Y(foqy) = 7(9) = Y(fon)) by Lemma 8.9 and optimality of o since 0(fy(1)) = 6(g) =
5(fa(n)) =—-L

Case 2: 6(fa'(s+1)) == 6(fa(t)) = +]. Let hl((B) = fa(s)o- . ’Ofa(l)a hg(l‘) = fg(t)o- e
fo—(erl) and hg([E) = fa(n)o' . 'Ofa(t+1)' If’y(hl) < "y(hg), then h3oh20h1 (JJ) < hgohlohg(fﬂ)
by (d) in Lemma 8.9. If v(h2) < v(hs3), then hg o hy o hi(z) < hy o hg o hi(z) by (d) in
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Lemma 8.9. Otherwise, y(h1) > v(hz2) > v(hs3), we have

h3 @) h2 e} h1($) S max{h2 @) hl e} h3($), hl e} h3 @) hg(l’)}

by Lemma 8.26. Therefore, we can modify o as we desired. O

By Lemmas 8.27, 8.28, and 8.14, we have Theorem 8.21.

8.4 Negative Results

In this section, we show the maximum total composition ordering problem and the max-
imum partial composition ordering problem are NP-hard for monotone increasing non-
linear functions.

We first mention that the maximum total composition ordering problem ((f;)iejn), ¢) for
monotone increasing concave 2-piece piecewise linear functions f;(x) = min{a;x + b;, ¢;}
(a; > 1) is strongly NP-hard by a result in Cheng and Ding [18]. They provided that
the time dependent scheduling problem is strongly NP-hard when the processing time
of ith job is p;(t) = alt + b, (a; > 0) and it has a ready time r;. Thus the minimum
total composition ordering problem ((fi)icn], to) for fi(t) = max{r; + pi(rs), t +pi(t)} is
strongly NP-hard and the maximum total composition ordering problem ((f;)ie[n], —to)
for fi(t) = min{—r; — p;(r;), t — pi(—t)} is strongly NP-hard by Lemma 8.1.

We use the following NP-complete problems (see [30,73]).

PARTITION: given a set positive integers ai,...,a, € Z44, Zie[n} a; = 2T, does there
exist a subset I C [n] such that Zie[ a; =T7

PRODUCTPARTITION: given a set of positive integers ai,...,a, € Z44, Hie[n] a; = T2,
does there exist a subset I C [n] such that [[,.;a; = T7

8.4.1 Monotone Increasing Concave at most 2-piece Piecewise
Linear Functions

As we mentioned in the beginning of this section, the maximum total composition ordering
problem for monotone increasing concave 2-piece piecewise linear functions is strongly NP-
hard. In this subsection, we prove the maximum total composition ordering problem for
the functions is NP-hard.

Theorem 8.29. the maximum partial composition ordering problem ((f;)ic[n, c) is NP-
hard for monotone increasing concave at most 2-piece piecewise linear functions, i.e.,

fi(z) = min{alx + b}, a2z + b?} (a},a? > 0).

1

Proof. We show that PARTITION can be reduced to the maximum total composition or-
dering problem and the maximum partial composition ordering problem for monotone
increasing concave at most 2-piece piecewise linear functions. Suppose we are given a
PARTITION instance aq,...,a, € Z44+ and Hie[n] a; = 2T. We construct n + 1 functions
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as follows:

file) =x+a; (i€ n]).

We show that the optimal value of the maximum total composition ordering problem (and
the maximum partial composition ordering problem) ((fi)i_,0) is at least 37" if and only
if the original instance of PARTITION is an yes-instance. Note that, the maximum partial
composition is attained in total composition since f;(z) > x for all ¢ and 0 < z < 3T.
Thus it is sufficient to show only the maximum total composition ordering problem is
NP-hard.

Suppose ay,...,a, € Z4 is an yes-instance, so let o : [n] — [n] be a permutation such

that I = {o(1),...,0(k)} is a solution, i.e., > ._;a; = T. Then we have

iel

fom)y o ofeks1)© fo o fory o 0 for1)(0)
= fotm) 0 foks) © fo(T)
= fa'(n) S fa(k+1)(2T) =3T.

Conversely, if fom) 00 fout1) © foo fom) o -0 fo1)(0) > 3T for some permutation
o,let g = Zle a;. Note that 2T — g = Z?:,H_l ao(i)- Then we have

fom)y o ofoks1)© foo fory o 0 for1)(0)
= fotm) © - ° fotes1) © fo(q)

. 1 3

= fo_(n) O--+0 fa(k:+1) (mln {2(]7 §q + QT})

. 1 3
=min< 2q, =q+ =T » + 2T —q

2 2
1 3
= mi - = =T 2T
mln{q, 2q—|— 5 }—|—

Therefore, the value of the composition is at least 37" only when ¢ = T'. O
By Lemma 8.2, the following theorem also holds.

Theorem 8.30. The maximum partial composition ordering problem ((f;);e[n),c) is NP-
hard for f;(z) = max{z, min{alz + b}, a?x + b3}}.

8.4.2 Monotone Increasing Convex at most 2-piece Piecewise Lin-

ear Functions

Theorem 8.31. Both the maximum total and partial composition ordering problems
((fi)ien), ¢) are NP-hard for monotone increasing conver at most 2-piece piecewise linear

functions, i.e., f;(z) = max{a;z + b}, alz + b?} (a},a? > 0).
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Proof. We show that PRODUCTPARTITION can be reduced to the maximum total com-
position ordering problem and the maximum partial composition ordering problem for
monotone increasing convex at most 2-piece piecewise linear functions. Suppose we are
given a PRODUCTPARTITION instance ai,...,a, € Z4+4 and Hie[n] a; = T?. We construct

n + 1 functions as follows:

f0($) =+ 2T,

1
fi(z) = max {w(z —T?) + T2 aj(x—T?) + T2} (i € [n]).
7

We show that the optimal value of the maximum partial composition ordering problem
((fi)™y,0) is at least 272 if and only if the original instance of PRODUCTPARTITION is an
yes-instance. Note that, the maximum partial composition is attained in total composition
since f;(x) > x for all i. Thus it is sufficient to prove only that the maximum total
composition ordering problem for the functions is NP-hard.

Suppose ai, ..., a, € Zyy is an yes-instance, so let o : [n] — [n] be a permutation such
that I = {o(1),...,0(k)} is a solution, i.e., [],c; a; = T*. Then we have

fotm)©  ofaks1) © fo o foky 00 for1)(0)
1
[Ti1 a0y
= fa_(n) O0:--0 fo(k+1) 9] fO(T2 - T)
= fo_(n) O-+++0 fa(k+1) (T2 + T)
= ( 11 ag(i)> (T? +T —T%) +T?% =217
i=k+1
Conversely, if fon) 00 fomry1) 0 foo fomry o 0 fo1)(0) > 272 for some permutation
o,let p= ﬁ Note that pT? = H?:k_i'_l ag(;)- Then we have
i=1 o (i
Jotm)© ofeks1) © fo o foky 00 for1)(0)
1
[Ti1 a0y
= fom) ©+ © fotregr) © fo(p(=T?) + T?)
= fa_(n) O+++0 fo‘(k+1) (T2(1 — p) + 2T)

< ( ﬁ ag(i)> (T?(1 —p) +2T — T*) + 17

i=k+1

4 1 2 2
=T (p—75) +217,

and that equality holds if and only if T7%(1 — p) + 2T > T2, i.e., p < 2/T. Therefore, the
value of the composition is at least 27? only when p = 1/T. O
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By Lemma 8.2, the following theorem also holds.

Theorem 8.32. The maximum total composition ordering problem ((f;)ic[n],c) is NP-
hard for f;(z) = max{z,alx + b}, a?z + b?}.

177
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Chapter 9

Conclusion

9.1 Summary

In this thesis, we have studied the competitive ratios for several variants of the online
knapsack problem and related problems, and the time complexities for the optimal com-
position ordering problems.

In Chapter 4, we have given good competitive randomized algorithms for removable
and non-removable online knapsack problems.

1JFT‘/B—competitive algorithm for online knapsack problem

In Chapter 5, we have given
under convex functions with specific properties. This competitive ratio coincides with the
competitive ratio of the unweighted removable online knapsack problem.

In Chapter 6, we have presented optimal competitive algorithms for the proportional
cost buyback problem. We have extended results by Babaioff et al. [5] and Constantin
et al. [23] for the single element and the matroid cases to the case when each element
has upper and lower bounds of weights. We have also presented an optimal competitive
algorithm when the unweighted knapsack constraint with lower bound of weights.

In Chapter 7, we have proposed optimal competitive algorithms for the unit cost buy-
back problem when the constraint is a matroid constraint or the unweighted knapsack
constraint.

In Chapter 8, we have introduced the optimal composition ordering problem and pro-
vided time complexities for the problem. We have showed that the maximum total com-
position ordering problem and the minimum total composition ordering problem are mu-
tually reducible to one another, and the maximum partial composition ordering problem
and the minimum partial composition ordering problem are also mutually reducible. We
have presented a polynomial time algorithm for the maximum total composition ordering
problem and the maximum partial composition ordering problem when the functions are
monotone increasing and linear. We have also proposed polynomial time algorithm for the
maximum partial composition ordering problem when the functions are piecewise increas-
ing, i.e., fi(z) = max{a;x + b;,¢;} (a; > 0). Moreover, we have proved that the optimal
composition ordering problem is NP-hard even if the functions are monotone increasing,

convex (concave), and at most 2-piece piecewise linear.
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9.2 Open Problems

One important question is whether our algorithms and analysis for buyback problem can
be extended to the more general case of packing problem, e.g., the online packing problem.

The online packing problem introduced by Buchbinder and Naor [16] is described as
follows. Let us consider the following an integer programming formulation of a packing

problem:

maximize E?:l bix;
st D aigri < ey (V) € [m]).

x; >0, (Vi€ n]).

The values ¢; (i € [n]) are known in advance, but the profit function and the exact packing
constraints are not known in advance. In the ith round, a new variable x; is introduced
to the algorithm, along with its set of coefficients a; ; (j € [m]) and b;. The algorithm
can only increase the value of a variable x; in the round in which it is given and cannot
change the values of any previously given variables. The goal is to find a feasible solution
that maximizes the objective function. Buchbinder and Naor [16] solved this problem
with online primal dual method.

In a removable setting, the algorithm can also reduce the value of variables xy, (k < i)
in the ith round. In a buyback setting, the algorithm can reduce the value of variables
x (k < i) with some cost in the ith round. These problems are generalizations of the
removable online knapsack problem or the buyback problem. Thus, another question is
whether the primal dual method can be extended for this problem.

There are many open problems related to the optimal composition ordering problems.
For example, it is unknown whether or not the minimum total composition ordering prob-
lem for monotone decreasing linear functions can be solved in polynomial time. To give
pseudo-polynomial time algorithm or approximation algorithm for monotone increasing

piecewise linear functions is also open.
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