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Preface

In this paper, we study asymptotic behaviors of quasi-maximum likelihood estimators and Bayes type estimators
for parameterized diffusion processes and diffusion processes with jumps.

Let a d-dimensional stochastic process X = {Xt}0≤t<∞ satisfy a stochastic differential equation :

dXt = µ(Xt, θ)dt+ b(Xt, σ)dWt, t ∈ [0,∞), (1)

where {Wt}0≤t≤T is a multi-dimensional standard Wiener process, µ is a vector-valued function and b is a
matrix-valued function. Then we consider the problem of estimating true values θ∗ and σ∗ of parameter θ and
σ, respectively. We may consider two sampling schemes of X : continuous time observations and discrete time
observations. From a practical viewpoint, discrete time observations are realistic because it is difficult to observe
a continuous path of X. The asymptotic theory of statistical estimation have been well developed for discretely
observed diffusion processes.

Suppose that X is ergodic and discrete samples {Xkhn}nk=0 are observed for some hn > 0. Then it is

well-known that the quasi-maximum likelihood estimators θ̂n and σ̂n generated by the Euler-Maruyama type
quasi-log-likelihood function have consistency :

(σ̂n, θ̂n) →p (σ∗, θ∗), (2)

asymptotic normality :

(
√
n(σ̂n − σ∗),

√
nhn(θ̂n − θ∗)) →d ζ, (3)

and moment convergence :

E[f(
√
n(σ̂n − σ∗),

√
nhn(θ̂n − θ∗))] → E[f(ζ)] (4)

as n → ∞, hn → 0, nhn → ∞ for any continuous function f of at most polynomial growth, where ζ is a multi-
dimensional normal random variable. Similar results as (2)-(4) hold when one replaces θ̂n and σ̂n with Bayes
type estimators θ̃n and σ̃n, respectively.

Though the above results are obtained under the assumption T = nhn → ∞, there are also asymptotic
results when the end time T is fixed. We denote the observations of X by {XkT/n}nk=0, then the quasi-maximum
likelihood estimator σ̂n based on the quasi-likelihood function has consistency :

σ̂n →p σ∗, (5)

asymptotic mixed normality : √
n(σ̂n − σ∗) →s-L Γ

−1/2
0 N0, (6)

moment convergence :

E[f(
√
n(σ̂n − σ∗))] → E[f(Γ−1/2

0 N0)] (7)

for any continuous function f of at most polynomial growth, where →s-L denotes stable convergence, Γ0 is
a symmetric positive definite random matrix, N0 is a multi-dimensional standard normal random variable
independent of Γ0. Similar results also hold true for Bayes type estimators σ̃n.

In this paper, we extend these results for regularly sampled diffusion processes to nonsynchronously observed
diffusion processes and regularly sampled diffusion processes with jumps.
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In Chapter 1, we consider a two-dimensional stochastic process Y = {(Y 1
t , Y

2
t )}0≤t≤T satisfying a stochastic

integral equation :

Yt = Y0 +

∫ t

0

µsds+

∫ t

0

b(Xs, σ)dWs, t ∈ [0, T ], (8)

where {Wt}0≤t≤T is a two-dimensional standard Wiener process, {µt}0≤t≤T and X = {Xt}0≤t≤T are two-
dimensional and n2-dimensional stochastic processes, respectively, and b is a 2 × 2 matrix-valued function. As
an example, Y becomes a diffusion process if µt = µ(t, Yt) and Xt = (t, Yt).

We investigate asymptotic behaviors of a quasi-maximum likelihood estimator and a Bayes type estima-
tor when the end time T > 0 is fixed, observation times {Si}i, {T j}j and {T j

k }j of {Y 1
t }, {Y 2

t } and {Xk
t },

respectively, are random and nonsynchronous and maxi,j,k(|Si − Si−1| ∨ |T j − T j−1| ∨ |T j
k − T j−1

k |) →p 0.

The problem of nonsynchronous observations appears when one estimates covariation of two security log-
prices by high-frequency financial data. Security log-prices are observed when transactions occur. Then obser-
vations are inevitably nonsynchronous because transactions for different securities occur at different time points.
Linear interpolation or ’previous tick’ is a natural method to solve this problem. However, it is known that
these simple methods of ’synchronization’ cause serious bias of the estimator. Recently, there are large numbers
of studies about various covariance estimators solving this problem.

However, previous works about estimation problems of nonsynchronous observations are mainly focused on
nonparametric methods. In this paper, we consider Y given by (8) and prove similar results to (5)-(7), that is, a
quasi-maximum likelihood estimator and a Bayes type estimator have consistency, asymptotic mixed normality
and convergence of moments.

Theory of the random field of likelihood ratio enables us to reduce the asymptotic behavior of estimators to
more tractable asymptotic properties of the quasi-likelihood function Hn. To specify the asymptotic behavior
of Hn, we assume that certain functions of observation times converge in probability. Asymptotic variance
of estimation error described by these limit function. See [A3] in Section 1.3 for details. Thus the effects of
nonsynchronous observations appear in asymptotic variance of estimators.

In the two previous settings of synchronously observed diffusion processes, quasi-maximum likelihood es-
timators and Bayes type estimators are asymptotically efficient, that is, they attains the minimal asymptotic
variance. Asymptotic efficiency of the quasi-maximum likelihood estimators and the Bayes type estimators
is unknown for nonsynchronously observed diffusion processes. However, Example 1.1 shows that the quasi-
maximum likelihood estimator has lower estimation error than that of a nonparametric estimator of quadratic
covariation ⟨Y 1, Y 2⟩T . Thus performance of our estimator is preferable as a parametric estimator.

In Chapter 2, we consider a d-dimensional stochastic process X = {Xt}0≤t<∞ satisfying

dXt = a(Xt−, θ)dt+ b(Xt−, σ)dWt +

∫
E

c(Xt−, z, θ)p(dt, dz), t ∈ [0,∞), (9)

where {Wt}0≤t≤∞ is a d-dimensional standard Wiener process, p is a Poisson random measure, a, b and c are
Borel functions and E = Rd \ {0}, σ ∈ Π and θ ∈ Θ are parameters and Π and Θ are bounded open sets
in Euclidean spaces. We assume that X is ergodic and discrete samples {Xkhn}nk=0 are observed for some
hn > 0. We study asymptotic behaviors of a quasi-maximum likelihood estimator and a Bayes type estimator
as n→ ∞, hn → 0, nhn → ∞.

Shimizu and Yoshida [46] proposed a method using a threshold detecting whether jumps occur in an interval
((k − 1)hn, khn] by the value |Xkhn − X(k−1)hn

|. They constructed a quasi-log-likelihood function by using
this threshold and proved consistency and asymptotic normality of the quasi-maximum likelihood estimators.
In Chapter 2, we use an improved quasi-log-likelihood function Hn(σ, θ) and prove consistency, asymptotic
normality and moment convergence of the quasi-maximum likelihood estimators and the Bayes type estimators.
In particular, results of the asymptotic behavior of Bayes type estimators for diffusion processes with jumps are
new to the best of my knowledge. Moment convergence of estimators plays important roles in developments
of theory of information criteria and asymptotic expansion. Shimizu and Yoshida [46] assumed that the Lévy
measure f satisfies |f(z)| ≤ C|z|γ for some C > 0 and γ > 3 near the origin. We weaken the assumption and
our assumption is satisfied by many distributions whose density function f is bounded near the origin.

To discuss the asymptotic properties of estimators, we prove polynomial type large deviation inequalities :
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For any L > 0 there exists CL > 0 such that

P

[
sup

(u1,θ)∈V 1
n (r)×Θ

exp

{
Hn

(
σ∗ +

u1√
n
, θ
)
−Hn(σ

∗, θ)

}
≥ e−

r
2

]
≤ CL

rL
,

P

[
sup

u2∈V 2
n (r)

exp

{
Hn

(
σ̂n, θ

∗ +
u2√
nhn

)
−Hn(σ̂n, θ

∗)

}
≥ e−

r
2

]
≤ CL

rL
(10)

for any r > 0, where σ∗ and θ∗ are true values of σ and θ, respectively, σ̂n is the quasi-maximum likelihood
estimator for the parameter σ, and

V 1
n (r) = {u1;σ∗ + n−1/2u1 ∈ Π, |u1| ≥ r}, V 2

n (r) = {u2; θ∗ + (nhn)
−1/2u2 ∈ Θ, |u2| ≥ r}.

The inequalities (10) yield

P [|
√
n(σ̂n − σ∗)| ≥ r] ≤ CL

rL
, P [|

√
nhn(θ̂n − θ∗)| ≥ r] ≤ CL

rL

for quasi-maximum likelihood estimators σ̂n and θ̂n, and so give moment estimates of estimators. These esti-
mates play an important role in the proof of consistency and asymptotic normality of Bayes type estimators
and moment convergence of estimators.

Results in Chapters 1 and 2 are published in [35] and [34], respectively.

I am very grateful to Professor Nakahiro Yoshida who was my supervisor for his valuable instructions and
advices. I learned many things about statistical and mathematical theories from him. I would also like to thank
Professor Masayuki Uchida for giving useful comments and encouraging me.
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Chapter 1

Quasi-Likelihood Analysis for
Nonsynchronously Observed Diffusion
Processes

1.1 Introduction

Given a probability space (Ω,F , P ) with a right-continuous filtration F = {Ft}t∈[0,T ], we consider a stochastic
regression model specified by the following equation :

Yt = Y0 +

∫ t

0

µsds+

∫ t

0

b(Xs, σ)dWs, t ∈ [0, T ], (1.1)

where Y = {Yt}0≤t≤T = {(Y 1
t , Y

2
t )}0≤t≤T is a two-dimensional F-adapted process, {Wt}0≤t≤T is a two-

dimensional standard F-Wiener process, b = (bij)1≤i,j≤2 : Rn2 ×Λ → R2⊗R2 is a Borel function, µ = {µt} and
X = {Xt} are F-progressively measurable processes with values in R2 and Rn2 , respectively, σ ∈ Λ, and Λ is a
bounded open subset of Rn1 . For example, if µt = µ(t, Yt) and Xt = (t, Yt), then {Yt} is a time-inhomogeneous
diffusion process.

Our purpose is to estimate the true value σ∗ of parameter σ ∈ Λ by nonsynchronous observations {Y 1
Si}i,

{Y 2
T j}j and {Xk

T j
k

}j,k, where {Si}i, {T j}j and {T j
k }j,k are observation times of Y 1, Y 2 and X, respectively. In

our setting, µ is completely unobservable and unknown.
The problem of nonsynchronous observations appears in the analysis of high-frequency financial data. Re-

cently, as availability of intraday security prices gets increase, the analysis of high-frequency data becomes more
significant. In particular, the realized volatility has been studied actively as an estimator of security returns’
volatility.

In the study of portfolio risk management of financial assets, the quadratic covariation of two security log-
prices is also a significant risk measure. Therefore estimation of quadratic covariation with high-frequency data
has also been studied by many authors. One problem of estimation is nonsynchronous trading. The observation
times of two different security prices do not necessarily coincide with each other.

If Y 1 = {Y 1
t }0≤t≤T and Y 2 = {Y 2

t }0≤t≤T are synchronously observed at some stopping times {Si}, then the
realized covariance between Y 1 and Y 2 converges to ⟨Y 1, Y 2⟩T in probability as maxi |Si − Si−1| →p 0. When
observation times of Y 1 and Y 2 are nonsynchronous, to calculate the realized covariance, we need to synchronize
the data by some method. However, the realized covariance has serious bias if we use a simple synchronizing
method such as previous-tick interpolation or linear interpolation. Epps [13] first indicated this phenomenon by
U.S. stock data analysis, and this phenomenon is called the Epps Effect.

To solve this problem, Malliavin and Mancino [29] proposed a Fourier analytic method, and Hayashi and
Yoshida [17] proposed an estimator based on overlapping of observation intervals. In sequent papers [18, 19],
Hayashi and Yoshida studied the asymptotic distribution of estimation error of their estimator and proved
asymptotic mixed normality. There also exist some works about estimation of the quadratic covariation with
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10 CHAPTER 1. QLA FOR NONSYNCHRONOUSLY OBSERVED DIFFUSION PROCESSES

nonsynchronous data contaminated by market microstructure noise. We refer the reader to Barndorff-Nielsen et
al. [4] for a kernel based method, Christensen, Kinnebrock and Podolskij [9] for a pre-averaged Hayashi-Yoshida
estimator, Aı̈t-Sahalia, Fan and Xiu [3] for a method with the maximum likelihood estimator of a model with
deterministic diffusion coefficients, and Bibinger [5, 6] for a multiscale estimator.

With respect to the problem of nonsynchronous observations, nonparametric approaches have been studied
mainly. In this work, we use a quasi-likelihood function, that approximates the likelihood function in diffusion
cases and construct a quasi-maximum likelihood estimator and a Bayes type estimator for a parametric stochastic
regression model with nonsynchronous observations. The asymptotic behavior of estimators will be investigated

when the end time T is fixed and maxi,j,j′,k |Si − Si−1| ∨ |T j − T j−1| ∨ |T j′

k −T j′−1
k | → 0 in probability. Hence

our method can be applied not only to estimating the quadratic covariation but also to identifying nonlinear
structure of the process Y .

There exist many studies about asymptotic theory of parametric estimation for stochastic differential equa-
tions with high-frequency data. Among many studies in a long history, we refer the reader to Prakasa Rao [36,37],
Yoshida [52–54], Kessler [24] under ergodicity, Shimizu and Yoshida [46], Ogihara and Yoshida [34] for jump
diffusion processes, Masuda [33] for Ornstein-Uhlenbeck processes driven by heavy-tailed symmetric Lévy pro-
cesses, Sørensen and Uchida [47], Uchida [48, 49] for perturbed diffusions, Dohnal [11], Genon-Catalot and
Jacod [14,15], Gobet [16], Uchida and Yoshida [50,51] for the fixed interval case.

One of the most useful approaches to study asymptotic behaviors of quasi-maximum likelihood estima-
tors and Bayes type estimators is the theory of random field of likelihood ratios initiated by Ibragimov and
Has’minskii [20–22]. Their theory enabled to reduce the problem of asymptotic behaviors of estimators to
more tractable properties of the random field of likelihood ratios. In [22], they applied their theory to inde-
pendent observations and white Gaussian noise models. Kutoyants [25–28] developed Ibragimov-Has’minskii’s
theory for diffusion processes and point processes. Yoshida [54] investigated polynomial type large deviation
inequalities to apply Ibragimov-Has’minskii’s theory and discussed consistency and asymptotic normality of
quasi-maximum likelihood estimators and Bayes type estimators for ergodic diffusion processes. This scheme
was also applied to jump diffusion processes in Ogihara and Yoshida [34], Ornstein-Ohlenbeck processes driven
by heavy-tailed symmetric Lévy processes in Masuda [33], and diffusion processes in the fixed interval in Uchida
and Yoshida [50,51].

In this work, we construct a quasi-log-likelihood function for the stochastic regression model (1.1) with
nonsynchronous observations. Then we will show consistency, asymptotic mixed normality and the convergence
of moments of the quasi-maximum likelihood estimator and the Bayes type estimator with the aid of polynomial
type large deviation inequalities. The advantage of our approach is to obtain asymptotic mixed normality,
exact representation of asymptotic variance and convergence of moments of the estimators. The convergence of
moments of the estimators is important, e.g., when we investigate the asymptotic expansion and the theory of
information criteria. Moreover, our method does not require any synchronization methods.

When the sampling scheme is synchronous and equi-spaced : Si = T i = iT/n, Gobet [16] showed local
asymptotic mixed normality of the likelihood function of observations and obtained the asymptotic minimax
bound for the variance of estimators. In the case of nonsynchronous observations, we expect that local asymp-
totic mixed normality of the likelihood function holds and our estimators attain the asymptotic minimax bound
since our quasi-likelihood function seems to be asymptotically equivalent with the true likelihood function and
our quasi-likelihood ratio has a limit distribution of LAMN type. However, these problems are not proved in
this paper and left as future work.

This chapter is organized as follows. In Section 1.2, we construct a quasi-log-likelihood function Hn and
discuss its non-degeneracy. Section 1.3 gives the asymptotic behavior of Hn. Section 1.3.1 deals with two
equivalent conditions of the asymptotic behavior of observation times {Si} and {T j} to control the asymptotic
behavior of Hn. In Section 1.3.2, we specify the limit of Hn and estimate the rate of convergence. Section 1.4
studies the degree of separation of the limit of Hn, which is necessary to prove asymptotic properties of the
quasi-maximum likelihood estimator and the Bayes type estimator. We also introduce sufficient conditions for
the condition of separation. In Section 1.5, our main results about asymptotic properties for estimators are
stated. Section 1.6 introduces easily tractable sufficient conditions for assumptions about the observation times
in the main theorems. Proofs are collected in Section 1.7.
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1.2 Construction of a quasi-likelihood function

In this section, we define a quasi-log-likelihood function Hn to construct a quasi-maximum likelihood estimator
and a Bayes type estimator.

First, we define some notations. For a real number a, [a] denote the maximum integer which is not greater
than a. For a matrix A, A⋆ denotes transpose of A and ∥ A ∥ represents the norm of A as a linear map. We
often regard a p-dimensional vector v as a p× 1 matrix. Ep denotes unit matrix of size p. We set sup ∅ = −∞,
inf ∅ = +∞ and 2N = {2k; k ∈ N}. For M ∈ N and K ⊂ RM , K̄ denotes the closure of K. For a set K ⊂ Ω,
Kc denotes the complementary set of K. For an interval K ⊂ [0, T ] and a stochastic process {Zt}0≤t≤T , we
denote L(K) = infK,R(K) = supK, Z(K) = ZR(K) − ZL(K), Kt = K ∩ [0, t) and |K| = R(K) − L(K). Let

bi(x, σ) = (bi1(x, σ), bi2(x, σ))⋆ (i = 1, 2). For a vector κ = (κ1, · · · , κM ), we denote ∂kκ = ( ∂k

∂κi1 ···∂κik
)Mi1,···ik=1.

We denote |x|2 =
∑

i1,··· ,iM |xi1,··· ,iM |2 for x = {xi1,··· ,iM }i1,··· ,iM .
Let Λ satisfy Sobolev’s inequality, that is, for any p > n1, there exists C > 0 such that

sup
x∈Λ

|u(x)| ≤ C
∑
k=0,1

∥ ∂kxu(x) ∥p

for u ∈ C1(Λ). It is the case if Λ has Lipschitz boundary. See Adams [1], Adams and Fournier [2] for more
details.

We recall the definition of stable convergence. Given an extension (Ω̃, F̃ , P̃ ) of (Ω,F , P ), let {Zn}n∈N and
Z be random variables on (Ω̃, F̃ , P̃ ) with values in a metric space E. Then we say that Zn stably converges
in law to Z, and write Zn →s-L Z, if E[Yf(Zn)] → E[Yf(Z)] as n → ∞ for any bounded continuous function
f : E → R and any bounded variable Y on (Ω,F). See Jacod [23] for more details.

For 1 ≤ k ≤ n2, let observation times {Si}i, {T j}j and {T j
k }j,k be strictly increasing with respect to i or

j almost surely and satisfy S0 = T 0 = T 0
k = 0, Si = inf{t ≥ 0;N1

t ≥ i} ∧ T , T j = inf{t ≥ 0;N2
t ≥ j} ∧ T ,

and T j
k = inf{t ≥ 0;Nk+2

t ≥ j} ∧ T for i, j ≥ 1, where {Nk′

t }t are simple point processes, that is, {Nk′

t } is

a càdlàg Z+-valued stochastic process whose jumps are equal to 1 and Nk′

0 = 0 (1 ≤ k′ ≤ n2 + 2). These
observations and point processes depend on a positive integer n ∈ N. Let Π = Πn = ((Si)i, (T

j)j , (T j
k )j,k),

ln = N1
T−+1,mn = N2

T−+1,mk
n = Nk+2

T− +1 for 1 ≤ k ≤ n2, then ln,mn, {mk
n}

n2

k=1 are observation counts. We

also assume {Πn}n∈N are independent of FT . Denote Ii = [Si−1, Si) (1 ≤ i ≤ ln), J
j = [T j−1, T j) (1 ≤ j ≤ mn),

rn = max
i,j

(|Ii| ∨ |Jj |) ∨ max
1≤k≤n2

max
1≤j≤mk

n

|T j
k − T j−1

k |,

and T ′
k(K) = max{T j

k ; j ∈ Z+, T j
k ≤ L(K)} for 1 ≤ k ≤ n2 and an interval K ⊂ [0, T ]. Let {bn}n∈N be a

sequence of positive numbers such that bn ≥ 1 (n ∈ N) and bn → ∞ as n → ∞. {bn} represents order of
observation counts. Conditions for {bn} are given in [A2-q, δ], [A3′-q, η], [A4-q, δ] later.

For a function g : Rn2 ×Λ → R, let gt = g(Xt, σ), gt,∗ = g(Xt, σ∗), gK,t = g({Xk
T ′
k(K)∧t}k, σ) and gK = gK,T

for interval K ⊂ [0, T ]. We use the symbol C for a generic positive constant which is independent of n and p,
and is varying from line to line.

We assume the following conditions.

[A1]

1. The mapping b : Rn2 ×Λ → R2⊗R2 has the continuous derivative ∂jx∂
i
σb and ∂

i
σb can be continuously

extended to Rn2 × Λ̄ for 0 ≤ j ≤ 3 and 0 ≤ i ≤ 4. Moreover,

sup
σ∈Λ

|∂jx∂iσb(x, σ)| ≤ C(1 + |x|)C

for 0 ≤ j ≤ 3, 0 ≤ i ≤ 4 and x ∈ Rn2 .

2. There exists ϵ > 0 such that det bb⋆(x, σ) ≥ ϵ for (x, σ) ∈ Rn2 × Λ.

3. |b(x, σ)− b(y, σ)| ≤ C|x− y| for x, y ∈ Rn2 and σ ∈ Λ.

4. Y0 ∈ ∩q>0L
q(Ω).
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5. There exists γ ∈ (0, 1) such that

sup
0≤t≤T

E[|µt|q] <∞ and sup
0≤s<t≤T

E[|µt − µs|q]
|t− s|qγ

<∞

for any q > 0.

6. There exists n3 ∈ Z+ such that X can be decomposed as

Xt = X0 +

∫ t

0

b̃1sds+

∫ t

0

b̃2sdWs +

∫ t

0

b̃3sdŴs,

where

b̃it = b̃i0 +

∫ t

0

b̂i1s ds+

∫ t

0

b̂i2s dWs +

∫ t

0

b̂i3s dŴs, (i = 2, 3)

{b̃it}0≤t≤T (1 ≤ i ≤ 3) and {b̂ijt }0≤t≤T (2 ≤ i ≤ 3, 1 ≤ j ≤ 3) are F-progressively measurable

processes, {Ŵt}0≤t≤T is an n3-dimensional standard F-Wiener process independent of {Wt} and

E[sup0≤t≤T (|b̂
ij
t | ∨ |b̃it| ∨ |X0|)p] < ∞ for any i, j and p > 0. We ignore the terms b̃3t ,

∫ t

0
b̃3sdŴs and∫ t

0
b̂i3s dŴs when n3 = 0.

Our setting contains the case where X or Y0 depends on σ and main results hold in this case. However, if
X or Y0 depends on σ, our estimator σ̂n may not be the quasi-maximum likelihood estimator since we need to
consider the density of observations {Xk

T j
k

} or Y0. Nevertheless, we use the terms “quasi-maximum likelihood

estimator” and “Bayes type estimator” in this case. If Xt = (t, Yt) and Y0 does not depend on σ, we can see σ̂n
is the maximum likelihood type estimator.

Under [A1] 2, there exists ϵ > 0 such that

det(btb
⋆
t ) = |b1t |2|b2t |2(1− ρ2t ) ≥ ϵ (1.2)

for ρ(x, σ) = b1 · b2|b1|−1|b2|−1(x, σ). Therefore

ρ̄ = sup
t∈[0,T ],σ∈Λ

|ρt| < 1 a.s. (1.3)

by [A1] 1.
Let us denote

S(σ) =

 diag({|b1I |2}I)
{
b1I · b2J

|I∩J|√
|I|
√

|J|

}
IJ{

b1I · b2J
|I∩J|√
|I|
√

|J|

}
JI

diag({|b2J |2}J )


and define a quasi-log-likelihood function Hn = Hn(σ) of ((Y

1(I)/
√
|I|)⋆I , (Y 2(J)/

√
|J |)⋆J) by

Hn = −1

2

((
Y 1(I)√

|I|

)⋆

I

,

(
Y 2(J)√

|J |

)⋆

J

)
S−1

((
Y 1(I)√

|I|

)⋆

I

,

(
Y 2(J)√

|J |

)⋆

J

)⋆

− 1

2
log detS

when detS > 0. If Xt ≡ t and µ ≡ 0, S is the covariance matrix for the Euler-Maruyama type approximation
((Ỹ 1(I))I , (Ỹ

2(J))J) of ((Y 1(I))I , (Y
2(J))J ) defined by Ỹ 1(I) = b1(L(I)) ·W (I), Y 2(J) = b2(L(J)) ·W (J).

Though Hn is the quasi-log-likelihood function for µ ≡ 0, we can see that the effect of drift term µ in a
quasi-likelihood function can be ignored asymptotically. So Hn is applicable for general cases.

Remark 1.1. Though the quasi-likelihood function Hn is defined as functions on (Ω,F , P ), we often regard it
as a function on the state space. We adopt the same thing to the quasi-maximum likelihood estimator and the
Bayes type estimator.
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When the sampling scheme is synchronous, we have uniform non-degeneracy of S by the condition [A1] 2.
However, in the case of nonsynchronous observations, the problem becomes more complicated since the observa-
tion times of diffusion coefficients are not the same for Y 1 and Y 2. However, the following proposition ensures
that Hn is well-defined under [A1] 2.

Proposition 1.1. Assume [A1] 2. Then detS(σ) > 0 almost surely for any σ ∈ Λ.

Proof. Fix ω ∈ Ω. It is sufficient to show that S is positive definite. Let ((uI)I , (vJ)J) be a real vector satisfying

((uI)I , (vJ )J )S((uI)I , (vJ )J)
⋆ = 0.

We assume that ((uI)I , (vJ)J) has a non-zero element and show this leads to a contradiction.
Let {W̃t} be a two-dimensional standard Wiener process on some probability space, and {Mt}0≤t≤T be a

stochastic process on the same probability space, satisfying

Mt =
∑
I

uI√
|I|
b1I · W̃ (It) +

∑
J

vJ√
|J |

b2J · W̃ (Jt).

Then {Mt} is a martingale satisfying

⟨M⟩t =
∑
I

u2I
|I|

|b1I |2|It|+
∑
J

v2J
|J |

|b2J |2|Jt|+ 2
∑
I,J

uIvJb
1
I · b2J

|(I ∩ J)t|√
|I||J |

.

Since

⟨M⟩T = ((uI)I , (vJ )J )S((uI)I , (vJ )J)
⋆ = 0,

it follows that ⟨M⟩t = 0 for 0 ≤ t ≤ T .
We may assume some I satisfies L(I) = min{L(I);uI ̸= 0} ∧min{L(J); vJ ̸= 0} without loss of generality.

We fix this I below.
First, we consider the case that L(I) < min{L(J); vJ ̸= 0}. Then

⟨M⟩L(I)+δ = |b1I |2u2Iδ/|I| = 0

for sufficiently small δ > 0. Therefore we have |b1I | = 0, which contradicts [A1] 2.
In the case that L(I) = L(J) for some J with vJ ̸= 0, we obtain

⟨M⟩L(I)+δ = |b1I |2
u2I
|I|
δ + |b2J |2

v2J
|J |

δ + 2
uIvJ√
|I||J |

b1I · b2Jδ = 0 (1.4)

for sufficiently small δ > 0. Since L(I) = L(J), we obtain b2J = b2I . Therefore(
uI√
|I|
,
vJ√
|J |

)
bIb

⋆
I

(
uI√
|I|
,
vJ√
|J |

)⋆

= 0

by (1.4). This contradicts the fact that bIb
⋆
I is positive definite by [A1] 2.

Let

ρ̄t = sup
0≤s≤t

|ρs|, ρI,J,t =
b1I,t · b2J,t
|b1I,t||b2J,t|

, ρ̃n(t) = sup
σ,I,J;I∩J ̸=∅

|ρI,J,t| ∨ ρ̄t,

To discuss asymptotic behavior of the quasi-likelihood, we need a more precise estimate for non-degeneracy
of S. To this end, we will estimate 1 − ρ̃n(t) from below. Assuming [A1] and rn →p 0 (n → ∞), we have
supt |ρ̄t− ρ̃n(t)| →p 0 (n→ ∞) by uniform continuity of b1 and b2 with respect to t and σ for fixed ω. Therefore
limn→∞ P [supt ρ̃n(t) ≥ 1] = 0 by (1.3).

We need a stronger estimate for ρ̃n. For stochastic processes {sn(t)}0≤t≤T,n∈N, we consider the following
condition:
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[S] There exists M ∈ N, stochastic processes {s̄n(t, x)} and a σ(Πn)-measurable RM -valued random variable X
such that sn(t) = s̄n(t;X), s̄n(t, x) is continuous with respect to (t, x) a.s., s̄n(0, x) ≤ 1− |ρ0|, t 7→ s̄n(t, x)
is non-increasing and {s̄n(t, x)}0≤t≤T is a [0, 1]-valued F-adapted process for n ∈ N and x ∈ RM .

Let
τn = τ(sn) = inf{t ∈ [0, T ]; ρ̃n(t) ≥ 1− sn(t)} ∧ T.

We consider the following condition for q > 0 and ξ > 0.

[S-q, ξ] {sn(t)}t,n satisfies [S], P [τ(sn) < T ] = O(b−ξ
n ) and supnE[(sn(T ))

−q] <∞.

Define Ŝ = Ŝ(σ; sn) and Ĥn = Ĥn(σ; sn) similarly to S and Hn respectively, substituting b1I,τn for b1I and

b2J,τn for b2J in the definition of S. Under [S-q, ξ], it is easy to see that supσ |Hn − Ĥn| →p 0 as n → ∞. To

investigate asymptotic properties of estimators, it is convenient to use Ĥn.
If supt ρ̃n(t) < c almost surely for some 0 < c < 1, we can set sn ≡ 1− c. However, in general, we need the

following conditions to obtain {sn} for q > 0 and δ ∈ (0, 1).

[A2] rn →p 0 as n→ ∞.

[A2-q, δ] E[rqn] = O(b−δq
n ).

The following lemma gives examples of {sn} in general cases.

Lemma 1.1. Let P > 1, q′ > 0, 0 < δ < 1 and sn(t) = (1− ρ̄t)/P . Assume [A1], [A2-q′, δ]. Then {sn} satisfies
[S-q, ξ] for any q > 0 and 0 < ξ < δq′.

Proof. It is clear that {sn} satisfies [S]. Since 1/(1−|ρt|) ≤ 2|b1t |2|b2t |2/ϵ by (1.2), we obtain supnE[(sn(T ))
−q] <

∞ for any q > 0 by [A1].
Moreover, let η = (δ − ξ/q′)/9 and q0 ≥ ξ/η, then by [A1] and the mean value theorem, we obtain

sup
0≤t≤T

∣∣∣∣ρ̃n(t)− ρ̄t

∣∣∣∣ ≤ C sup
t
(1 + |Xt|)C × sup

|t−s|≤rn

|Xt −Xs|.

For t ∈ (0, T ), we have

1− ρ̃n(t) ≤ sn(t) ⇒ 1− ρ̃n(t)

1− ρ̄t
≤ 1

P
⇒ 1− 1

P
≤ ρ̃n(t)− ρ̄t

1− ρ̄t

⇒ 1− ρ̄t ≤ b−η
n or b−η

n (1− 1/P ) ≤ (ρ̃n(t)− ρ̄t).

From this relation, we see that

P [τn < T ] = P [There exists t ∈ [0, T ) s.t. 1− ρ̃n(t) ≤ sn(t)]

≤ b−q0η
n E[1/(1− ρ̄T )

q0 ] + P [b−η
n (1− 1/P ) ≤ b2ηn r

1/3
n ]

+P

[
C sup

t
(1 + |Xt|)C ∨ sup

s ̸=t

|Xt −Xs|
|t− s|1/3

≥ bηn

]
.

Then by [A1], [A2-q′, δ] and Kolmogorov criterion( [39] Chapter I, Theorem (2.1)), we obtain

P [τn < T ] ≤ E[(b3ηn (1− 1/P )−1r1/3n )3q
′
] +O(b−ξ

n ) = O(b−ξ
n ).

From now on, we fix {sn} which satisfy [S-q, ξ] for some q > 0 and ξ > 0 unless otherwise indicated.
Next, we expand Ĥn. We denote

D = diag({|b1I,τn |}I , {|b
2
J,τn |}J), L =

{
ρI,J,τn

|I ∩ J |√
|I||J |

}
I,J

,

L̃ =

(
0 L
L⋆ 0

)
, Z =

((
Y 1(I)

|b1I,τn |
√

|I|

)⋆

I

,

(
Y 2(J)

|b2J,τn |
√
|J |

)⋆

J

)⋆

.
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Since Ŝ = D(Eln+mn + L̃)D,

Ĥn = −1

2
Z⋆MZ − log detD +

1

2
log detM

for M = (Eln+mn + L̃)−1. Moreover, for G = {|I ∩ J |/
√
|I||J |}IJ , we obtain

∥ L̃ ∥2=∥ {ρI,J,τnGIJ}IJ ∥2 ∨ ∥ {ρI,J,τnGIJ}JI ∥2≤ (1− sn(T ))
2(∥ G ∥2 ∨ ∥ G⋆ ∥2).

Lemma 1.2. For any n ∈ N and ω ∈ Ω, all the eigenvalues of the symmetric matrices GG⋆, G⋆G are in [0, 1].
In particular, ∥ G ∥ ∨ ∥ G⋆ ∥≤ 1.

Proof. Fix ω ∈ Ω. We denote by {λi}lni=1 the eigenvalues of GG⋆. Obviously, 0 ≤ λi (1 ≤ i ≤ ln). Let {W̃t}t be
a one-dimensional standard Wiener process on some probability space and

Σ1 =

(
Eln G
G⋆ Emn

)
, Σ2 =

(
Eln −G
0 Emn

)
,

then Σ1 is the covariance matrix of ((W̃ (I)/
√
|I|)I , ((W̃ (J)/

√
|J |)J ) and

Σ2Σ1Σ
⋆
2 =

(
Eln −GG⋆ 0

0 Emn

)
.

Since Σ1 is non-negative definite, Eln − GG⋆ is also non-negative definite, and hence 1 − λi ≥ 0 (1 ≤ i ≤ ln).
Therefore we conclude 0 ≤ λi ≤ 1 (1 ≤ i ≤ ln).

In particular, we have ∥ G⋆ ∥2=∥ GG⋆ ∥= maxi λi ≤ 1. The same conclusion can be drawn for G⋆G and
∥ G ∥.

Since ∥ L̃ ∥≤ 1−sn(T ) by Lemma 1.2,
∑∞

p=0(−1)pL̃p exists almost surely and this givesM =
∑∞

p=0(−1)pL̃p,
under [S-q, ξ]. Moreover, we obtain

max
1≤k≤ln+mn

|ηk| =∥ L̃ ∥≤ 1− sn(T ),

where {ηk}ln+mn

k=1 are the eigenvalues of L̃. Hence

log det(Eln+mn + L̃) =

ln+mn∑
k=1

log(1 + ηk) =

ln+mn∑
k=1

∞∑
p=1

(−1)p+1ηpk
p

=

∞∑
p=1

(−1)p+1

p
tr(L̃p)

almost surely. Therefore

Ĥn = −1

2
Z⋆

( ∞∑
p=0

(−1)pL̃p

)
Z − log detD +

1

2

∞∑
p=1

(−1)p

p
tr(L̃p)

= −1

2
Z⋆

∞∑
p=0

(
(LL⋆)p −(LL⋆)pL
−(L⋆L)pL⋆ (L⋆L)p

)
Z − log detD +

1

2

∞∑
p=1

(−1)p

p
tr(L̃p) (1.5)

almost surely.

1.3 The limit of Hn and observation times

In this section, we investigate the asymptotic behavior of Hn and Ĥn to apply Ibragimov-Has’minskii’s theory.
To obtain these estimates, we need some convergence conditions ([A3], [A3′] and [A3′-q, η] given in Section 1.3.1)
for the observation times. Proposition 1.3 in Section 1.3.2 will give asymptotic properties of Hn and Ĥn.
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1.3.1 Convergence conditions of functions of the observation times

Since M is a functional of {ρIi,Jj ,τn}i,j , we can write

M =

(
M11({ρIi,Jj ,τn}) M12({ρIi,Jj ,τn})
(M12({ρIi,Jj ,τn}))⋆ M22({ρIi,Jj ,τn})

)
.

Let An be defined as

An(C1, C2, C3, C4) = tr(M11(C4)C1) + 2tr((M12(C4))⋆C3) + tr(M22(C4)C2),

where C1, C2, C3, C4 are complex matrices of size ln × ln,mn ×mn, ln ×mn and ln ×mn, respectively, and the
absolute value of each element of C4 is less than 1. Then we see Z⋆MZ can be rewritten as

Z⋆MZ = An({ZiZi′}lni,i′=1, {Zj+lnZj′+ln}
mn

j,j′=1, {ZiZj+ln}i,j , {ρIi,Jj ,τn}i,j).

Let 1 denote an ln ×mn matrix with all elements equal 1, {νp,in }n∈N,p∈Z+,i=1,2 be random measures on [0, T )
which satisfy

νp,1n ([0, t)) = b−1
n

∑
I

((GG⋆)p)II1{L(I)∈[0,t)}, ν
p,2
n ([0, t)) = b−1

n

∑
J

((G⋆G)p)JJ1{L(J)∈[0,t)},

and
E1(t) = {δi,i′1{Ii∩[0,t) ̸=∅}}lni,i′=1, E2(t) = {δj,j′1{Jj∩[0,t)̸=∅}}mn

j,j′=1,

where δ denotes the Kronecker delta function. Moreover, for p ∈ Z+ and i = 1, 2, let

Ψp,i(f, g) = Ψp,i,n(f, g) =

∫ T

0

f(s)νp,in (ds)−
∫ T

0

f(s)g(s)ds,

for R-valued functions f, g on [0, T ] such that f is càdlàg and g is Lebesgue integrable. Note that b−1
n An(E1(t),0,0, z1) =∑∞

p=0 z
2pνp,1n ([0, t)), b−1

n An(0, E2(t),0, z1) =
∑∞

p=0 z
2pνp,2n ([0, t)), Ψ0,1(1[0,t), g) = b−1

n

∑
I 1{L(I)∈[0,t)}−

∫ t

0
g(s)ds

and Ψ0,2(1[0,t), g) = b−1
n

∑
J 1{L(J)∈[0,t)} −

∫ t

0
g(s)ds for z ∈ C, |z| < 1 and t ∈ (0, T ].

To obtain convergence of Hn, we consider the following condition.

[A3] There exist σ({Πn}n)-measurable left-continuous processes a0(t) and c0(t) such that
∫ T

0
a0(t)dt∨

∫ T

0
c0(t)dt <

∞ almost surely and
Ψ0,1(1[0,t), a0) ∨Ψ0,2(1[0,t), c0) →p 0 as n→ ∞ (1.6)

for any t ∈ (0, T ]. Moreover, at least one of the following conditions holds true.

1. There exist η ∈ (0, 1) and a σ({Πn}n)-measurable process a(z, t) such that a is continuous with respect

to z and left-continuous with respect to t,
∫ T

0
a(z, t)dt <∞ and b−1

n An(E1(t),0,0, z1) →p
∫ t

0
a(z, s)ds

as n→ ∞ for z ∈ C, |z| < η and t ∈ (0, T ].

2. There exist η ∈ (0, 1) and a σ({Πn}n)-measurable process c(z, t) such that c is continuous with respect

to z and left-continuous with respect to t,
∫ T

0
c(z, t)dt <∞ and b−1

n An(0, E2(t),0, z1) →p
∫ t

0
c(z, s)ds

as n→ ∞ for z ∈ C, |z| < η and t ∈ (0, T ].

In particular, {ln/bn}n and {mn/bn}n are tight under (1.6).
An(E1(T ),0,0, z1) and An(0, E2(T ),0, z1) appear in an asymptotically equivalent representation of Hn

when b(x, σ) does not depend on x and µt ≡ 0. Therefore convergence conditions for observation times like [A3]
1 and 2 are natural conditions to specify the limit of Hn.

[A3′] There exist σ({Πn}n)-measurable left-continuous processes a0(t) and c0(t) such that
∫ T

0
a0(t)dt∨

∫ T

0
c0(t)dt <

∞ almost surely and (1.6) holds for any t ∈ (0, T ]. Moreover, at least one of the following conditions holds
true.

1. For any p ∈ N, there exists a σ({Πn}n)-measurable left-continuous process ap(t) such that
∫ T

0
ap(t)dt <

∞ a.s. and for any t ∈ (0, T ], Ψp,1(1[0,t), ap) →p 0 as n→ ∞.
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2. For any p ∈ N, there exists a σ({Πn}n)-measurable left-continuous process cp(t) such that
∫ T

0
cp(t)dt <

∞ a.s. and for any t ∈ (0, T ], Ψp,2(1[0,t), cp) →p 0 as n→ ∞.

As we will show later in Proposition 1.2, [A3] and [A3′] are equivalent under [A2].
Let q > 2 and η ∈ (0, 1). For α ∈ (0, 1/2) and f : [0, T ] → R, α−Hölder continuous, we denote ωα(f) =

supt ̸=s |ft − fs|/|t− s|α.

[A3′-q, η] There exist n0 ∈ N, α ∈ (0, 1/2 − 1/q) and σ({Πn}n)-measurable left-continuous processes {a0(t)},
{c0(t)}, {ap(t)}p∈N such that

∫ T

0
(c0 ∨ ap)(t)dt ∈ Lq(Ω) for p ∈ Z+, E[(ln +mn)

q] <∞ for n ∈ N and

sup
n≥n0

E[(bηn|Ψ0,1(f, a0)|)q] ∨ E[(bηn|Ψ0,2(f, c0)|)q] ≤ C

(
sup
t

|ft|q + ωα(f)
q

)
,

max
i=1,2

sup
p∈N

sup
n≥n0

E[(bηn|Ψp,i(f, ap)|)q]/(1 + p)C ≤ C

(
sup
t

|ft|q + ωα(f)
q

)
for any α-Hölder continuous function f on [0, T ].

For q > 2 and η ∈ (0, 1), it can be shown that [A3′-q, η] implies [A3′].
The following lemma is easy to check.

Lemma 1.3. Let {αp}p∈N ⊂ C with
∑∞

p=1 |αp| <∞ and {ξnp }n,p∈N and {Fn}n∈N be random variables satisfying

ξnp →p 0 (n→ ∞) for p ∈ N, {Fn}n∈N are tight, and |ξnp | ≤ Fn, (n, p ∈ N). Then
∑∞

p=1 αpξ
n
p →p 0 as n→ ∞.

The equivalence of [A3] 1 and [A3] 2 is established by our next lemma.

Lemma 1.4. Assume [A2] and that there exist stochastic processes a0(t) and c0(t) such that
∫ T

0
a0(t)dt ∨∫ T

0
c0(t)dt < ∞ a.s. and (1.6) holds for t ∈ (0, T ]. Then νp,1n ([0, t)) − νp,2n ([0, t)) →p 0 as n → ∞ for

t ∈ [0, T ], p ≥ 1 and

b−1
n An(E1(t),0,0, z1)− b−1

n An(0, E2(t),0, z1) →p

∫ t

0

(a0 − c0)(s)ds

as n→ ∞ for z ∈ C, |z| < 1 and t ∈ [0, T ].
In particular, [A3] 1 ⇐⇒ [A3] 2, [A3′] 1 ⇐⇒ [A3′] 2 and ap ≡ cp dt × P -a.e. (t, ω) for p ≥ 1 under the

assumptions above.

Proof. Since ∥ G ∥ ∨ ∥ G⋆ ∥≤ 1 by Lemma 1.2, we have |((GG⋆)p)II′ | ≤ 1, |GIJ | ≤ 1 for any I, I ′, J and p ∈ Z+.
Then since G⋆

JI ̸= 0 implies I ∩ J ̸= ∅, we obtain

|νp,1n ([0, t))− νp,2n ([0, t))| = b−1
n

∣∣∣∣ ∑
I;L(I)∈[0,t)

∑
I′

∑
J

((GG⋆)p−1)II′GI′JG
⋆
JI

−
∑

J;L(J)∈[0,t)

∑
I

∑
I′

G⋆
JI((GG

⋆)p−1)II′GI′J

∣∣∣∣
≤ 2b−1

n

∑
t−rn≤L(I)≤t+rn

1 →p 0

as n→ ∞ for p ≥ 1 by [A2] and (1.6).
Since |νp,1n ([0, t)) − νp,2n ([0, t))| ≤ b−1

n (ln +mn), the desired conclusions are given by tightness of {b−1
n (ln +

mn)}n and Lemma 1.3.

Proposition 1.2. [A3] and [A3′] are equivalent under [A2]. Moreover, under [A2] and [A3], a(ρ, t) =
∑∞

p=0 ap(t)ρ
2p,

c(ρ, t) =
∑∞

p=0 cp(t)ρ
2p and

b−1
n An(x

2E1(t), y2E2(t), xyρ∗E1(t)G, ρ1) →p

∫ t

0

A(x, y, ρ, ρ∗, s)ds

as n→ ∞ for x, y ∈ R, ρ, ρ∗ ∈ (−1, 1), t ∈ (0, T ], where

A(x, y, ρ, ρ∗, t) = x2a(ρ, t) + y2c(ρ, t)− 2xy(a(ρ, t)− a0(t))ρ∗/ρ1{ρ̸=0}.
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The convergent sequence which appears in Proposition 1.2 is asymptotically equivalent representation of
b−1
n Z⋆MZ if µt ≡ 0 and b(x, σ) does not depend on x. Therefore, the convergence result in Proposition 1.2 is
the convergence result of b−1

n Z⋆MZ with ignoring the structure of diffusion coefficients (b1t , b
2
t ).

1.3.2 The limit of Hn

We discuss the asymptotic behavior of Hn under [A3], [A3′-q, η].
First, we assume one more condition. Let I be a set of intervals defined by

I = {Ii}lni=1 ∪ {Jj}mn
j=1 ∪ {[T j−1

k , T j
k ); 1 ≤ k ≤ n2, 1 ≤ j ≤ mk

n}.

Let θ0,k = Ik for 1 ≤ k ≤ ln, θ0,k = Jk−ln for ln < k ≤ ln +mn, and

θp,k = ∪{K2p;K1, · · · ,K2p ∈ I,K1 ∩ θ0,k ̸= ∅,Kj ∩Kj−1 ̸= ∅ (1 ≤ j ≤ 2p)}

for p ∈ N and 1 ≤ k ≤ ln +mn. Moreover, let Φp,i =
∑

k |θp,k|i, Φ̄p1,p2 =
∑

k1,k2
|θp1,k1 ∩ θp2,k2 | for i ∈ {1, 2}

and p, p1, p2 ∈ Z+. For q ≥ 2 and δ ≥ 1, we consider the following conditions.

[A4] There exists δ′ ≥ 1 such that{
(b−1

n ∨ r2n)
∞∑
p=0

(Φ2p+2,1)
2

(p+ 1)2δ′

}
∨
{
b−1
n

∞∑
p1,p2=0

Φ̄2p1+3,2p2+3

(p1 + 1)δ′(p2 + 1)δ′

}
→p 0

as n→ ∞.

[A4-q, δ]

1.

lim
n→∞

E

[
(b

− q
2

n ∨ rqn)
∞∑
p=0

(Φ2p+2,1)
q

(p+ 1)qδ

]
= 0.

2.

lim
n→∞

E

[(
b−1
n

∞∑
p1,p2=0

Φ̄2p1+3,2p2+3

(p1 + 1)δ(p2 + 1)δ

) q
2
]
= 0.

We can see that [A4-q, δ] implies [A4] for any q ≥ 2 and δ ≥ 1 by Jensen’s inequality. Moreover, we can use the
following condition instead of [A4].

[A4′] There exist positive constants δ1, δ2, δ3 such that (3δ1 + 2δ3) ∨ (δ1 + δ2) < 1 and the following two
conditions hold:

1. limn→∞ P [rn ≥ b−1+δ1
n ] = 0.

2.

lim
n→∞

b2n sup
j1,j2∈N,|j1−j2|≥b

δ2
n

P

[
ln ≥ j1 ∨ j2 and

|Sj2 − Sj1 |
|j2 − j1|

≤ b−1−δ3
n

]
= 0,

lim
n→∞

b2n sup
j1,j2∈N,|j1−j2|≥b

δ2
n

P

[
mn ≥ j1 ∨ j2 and

|T j2 − T j1 |
|j2 − j1|

≤ b−1−δ3
n

]
= 0.

Lemma 1.5. Assume [A4′] and that {(ln +mn)/bn}n∈N is tight. Then [A4] holds.

Proof. Let ϕ(k) denote minimal k′ > ln which satisfy Ik ∩ Jk′−ln ̸= ∅ for 1 ≤ k ≤ ln,

Un
j1,j2 =

{
ln ≥ j1 ∨ j2 and

|Sj2 − Sj1 |
|j2 − j1|

≤ b−1−δ3
n

}c∩{
mn ≥ j1 ∨ j2 and

|T j2 − T j1 |
|j2 − j1|

≤ b−1−δ3
n

}c
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for j1, j2 ∈ N and
Ūn = {rn < b−1+δ1

n } ∩ ∩
j1,j2∈N,|j2−j1|≥b

δ2
n
Un
j1,j2 .

Then on Ūn, for k1 ≤ ln, ln < k2 ≤ ln+mn and p1, p2 ∈ Z+ which satisfy |ϕ(k1)−k2| ≥ bδ2n and θp1,k1∩θp2,k2 ̸= ∅,
we have

|ϕ(k1)− k2|b−1−δ3
n < |Tϕ(k1) − T k2 | ≤ (2p1 + 2p2 + 2)rn < (2p1 + 2p2 + 2)b−1+δ1

n .

Therefore |ϕ(k1)− k2|b−δ1−δ3
n < 2(p1 + 1)(p2 + 1).

Then by using the relation |θp1,k1 ∩ θp2,k2 | ≤ {(4p1 + 1) ∧ (4p2 + 1)}rn, we obtain

∞∑
p1,p2=0

∑
k1≤ln,k2>ln

|θp1,k1 ∩ θp2,k2 |
(p1 + 1)5(p2 + 1)5

≤ C
∑

k1≤ln

{ ∑
k2>ln,|ϕ(k1)−k2|≥b

δ2
n

∑
p1,p2

{(4p1 + 1) ∧ (4p2 + 1)}b−1+δ1
n

(p1 + 1)3(p2 + 1)3|ϕ(k1)− k2|2b−2δ1−2δ3
n

+ bδ2n b
−1+δ1
n

}

≤ Cb−1+(3δ1+2δ3)∨(δ1+δ2)
n

∑
k1≤ln

( ∑
k2>ln,|ϕ(k1)−k2|≥b

δ2
n

1

|ϕ(k1)− k2|2
+ 1

)
≤ Clnb

−1+(3δ1+2δ3)∨(δ1+δ2)
n

on Ūn. Similar arguments for other combinations of k1 and k2 yield
∞∑

p1,p2=0

Φ̄2p1+3,2p2+3

(p1 + 1)5(p2 + 1)5
≤ C(ln +mn)b

−1+(3δ1+2δ3)∨(δ1+δ2)
n on Ūn.

On the other hand, for any ϵ > 0 there exists a positive constant K such that P [(ln +mn)/bn > K] < ϵ for any
n ∈ N by tightness of {(ln +mn)/bn}n. Then we obtain lim supn→∞ P [Ūc

n] ≤ ϵ by [A4′] and the inequality

P [Ūc
n] ≤ P [rn ≥ b−1+δ1

n ] + P [(ln +mn)/bn > K] +
∑

1≤j1,j2≤[Kbn],|j2−j1|≥b
δ2
n

P [(Un
j1,j2)

c].

Since ϵ > 0 is arbitrary, we have

b−1
n

∞∑
p1,p2=0

Φ̄2p1+3,2p2+3

(p1 + 1)5(p2 + 1)5
→p 0.

It is easier to prove the convergence about Φ2p+2,1.

Let Bi(x, σ) = |bi(x, σ∗)|/|bi(x, σ)| (i = 1, 2),

C(ρ, t) =
∞∑
p=1

ap(t)

p
ρ2p =

∞∑
p=1

cp(t)

p
ρ2p,

and

h∞t (σ) = −1

2
A(B1

t , B
2
t , ρt, ρt,∗, t)− a0 log |b1t | − c0 log |b2t |+

1

2
C(ρt, t) (1.7)

for t ∈ [0, T ], ρ ∈ (−1, 1).

Proposition 1.3. 1. Let 0 ≤ v ≤ 3. Assume [A1]− [A3]. Then

sup
σ∈Λ

∣∣∣∣b−1
n ∂vσHn(σ)−

∫ T

0

∂vσh
∞
t (σ)dt

∣∣∣∣→p 0

as n→ ∞.

2. Let 0 ≤ v ≤ 3, q ∈ 2N, q > 2 ∨ n1, δ > 1, ξ > 0, η ∈ (0, 1) and {sn}n∈N be stochastic processes. Assume
[A1], [A2], [A3′-q, η], [A4-(2q), δ], [S-((2v+2[δ]+ 12)q), ξ] for {sn}, and that supnE[b−2q

n (ln+mn)
2q] <∞.

Then

sup
n
E

[(
sup
σ∈Λ

bη
′

n

∣∣∣∣b−1
n ∂vσĤn(σ; sn)−

∫ T

0

∂vσh
∞
t (σ)dt

∣∣∣∣
)q]

<∞

for η′ ≤ η ∧ (1/2) ∧ (ξ/(2q)).
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1.4 Separation of the limit of Hn

We deal with Condition [H] about separation of the limit of Hn which is necessary to apply Ibragimov-
Has’minskii’s theory. When the sampling scheme is synchronous and equi-spaced : Si = T i = [bn]

−1iT (0 ≤
i ≤ [bn]), Uchida and Yoshida [51] discussed tractable sufficient conditions for Condition [H0] of separation. In
this section, we will confirm that [H0] implies [H] under certain conditions.

Under [A1]− [A3], we define Yn(σ;σ∗) = b−1
n (Hn(σ)−Hn(σ∗)), and Y(σ;σ∗) denotes the probability limit

of Yn(σ;σ∗). By Proposition 1.3, we obtain Y(σ;σ∗) =
∫ T

0
(h∞t (σ)− h∞t (σ∗))dt.

Moreover, the equation (1.7) can be rewritten as

h∞t (σ) = −1

2
(B1

t )
2(a0 +A(ρt))−

1

2
(B2

t )
2(c0 +A(ρt)) +B1

tB
2
tA(ρt)

ρt,∗
ρt

−a0 log |b1t | − c0 log |b2t |+
∫ ρt

0

A(ρ)

ρ
dρ, (1.8)

where A(ρ) = A(ρ, t) = a(ρ, t) − a0(t) = c(ρ, t) − c0(t) and we regard A(ρ)/ρ = 0 when ρ = 0. Since
B1

t,∗ = B2
t,∗ = 1,

h∞t (σ∗) = −1

2
a0 −

1

2
c0 − a0 log |b1t,∗| − c0 log |b2t,∗|+

∫ ρt,∗

0

A(ρ)

ρ
dρ.

Therefore for yt(σ) = h∞t (σ)− h∞t (σ∗), it follows that

yt(σ) = −1

2
(B1

t )
2(a0 +A)− 1

2
(B2

t )
2(c0 +A) +B1

tB
2
tA

ρt,∗
ρt

+
a0
2

+
c0
2

+a0 logB
1
t + c0 logB

2
t +

∫ ρt

ρt,∗

A
ρ
dρ

= −1

2
(a0 +A)(B1

t −B2
t )

2 + a0 + a0 logB
1
tB

2
t +

∫ ρt

ρt,∗

A
ρ
dρ

+
c0 − a0

2
(1− (B2

t )
2 + log(B2

t )
2) +B1

tB
2
t (Aρt,∗/ρt −A− a0)

= −1

2
(c0 +A)(B1

t −B2
t )

2 + c0 + c0 logB
1
tB

2
t +

∫ ρt

ρt,∗

A
ρ
dρ

+
a0 − c0

2
(1− (B1

t )
2 + log(B1

t )
2) +B1

tB
2
t (Aρt,∗/ρt −A− c0). (1.9)

Let F (x) = 1− x+ log x (x > 0).

Lemma 1.6. Let ϵ1 ∈ (0, e−1], ϵ2 ≥ 1. Then

− log(1/ϵ1)(x− 1)2 ≤ F (x) ≤ −(x− 1)2/4ϵ22,

for x ∈ [ϵ1, 1 + ϵ2].

Proof. For 0 < x ≤ 1 + ϵ2, since −1/ϵ2 < (x− 1)/ϵ2 ≤ 1, it follows that

F (x) ≤ −((x− 1)2 ∧ 1)/4 ≤ −(x− 1)2/4ϵ22.

On the other hand, for x ≥ ϵ1, let f(x) = F (x)+ log(1/ϵ1)(x− 1)2 then since f ′(x) = (x− 1)(2 log(1/ϵ1)− 1/x),
we have f(x) ≥ f(1) ∧ f(ϵ1) ≥ 0.

Let

f1(t, x, ρ, ρ∗) = a0 + a0 log x+

∫ ρ

ρ∗

A(ρ′)/ρ′dρ′ + x(Aρ∗/ρ−A− a0),

f2(t, x, ρ, ρ∗) = c0 + c0 log x+

∫ ρ

ρ∗

A(ρ′)/ρ′dρ′ + x(Aρ∗/ρ−A− c0),
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R = max
0≤i≤4

max
0≤j≤3

max
1≤p≤2

sup
σ∈Λ,tk∈[0,T ] (1≤k≤n2)

(
|∂jx∂iσbp| ∨

∣∣∣∣∂jx∂iσ 1

|bp|

∣∣∣∣({Xk
tk
}n2

k=1, σ)

)
∨ max

1≤i≤3
sup

t∈[0,T ]

|b̃it| ∨ max
2≤i≤3,1≤j≤3

sup
t∈[0,T ]

|b̂ijt |,

and C1 = (1− ρ̄2T )
2/(12R8). Then R ≥ 1 and E[Rq] <∞ for any q > 0 under [A1].

Lemma 1.7. Assume [A1]− [A3]. Then

(f1 ∨ f2)(t, B1
tB

2
t , ρt, ρt,∗) ≤ −C1

{
a1(t)(ρt − ρt,∗)

2 + (a0 ∧ c0)(t)(B1
tB

2
t − 1)2

}
for dt× P -a.e. (t, ω) ∈ [0, T ]× Ω.

We write Y0 for Y defined by using the same processes X,Y and the synchronous, equi-spaced sampling
Si = T i = T i

k = [bn]
−1iT (0 ≤ i ≤ [bn], 1 ≤ k ≤ n2). Let

χ(σ∗) = inf
σ ̸=σ∗

−Y(σ;σ∗)

|σ − σ∗|2
, χ0(σ∗) = inf

σ ̸=σ∗

−Y0(σ;σ∗)

|σ − σ∗|2
.

Moreover, we consider the following conditions.

[H] For every L > 0, there exists cL > 0 such that for all r > 0, P [χ ≤ r−1] ≤ cL/r
L.

[H0] For every L > 0, there exists cL > 0 such that for all r > 0, P [χ0 ≤ r−1] ≤ cL/r
L.

[H ′] χ > 0 almost surely.

Obviously, [H] implies [H ′].

Lemma 1.8. Assume [A1]. Then there exists a positive random variable R′ which does not depend on σ, σ∗,
such that E[(R′)q] <∞ for any q > 0 and

Y0(σ;σ∗) ≥ −R′
∫ T

0

{
(B1

t −B2
t )

2 + (B1
tB

2
t − 1)2 + (ρt − ρt,∗)

2
}
dt

for any σ, σ∗ ∈ Λ.

The following proposition ensures that to prove [H], it is enough to prove [H0] which is the condition of
separation for synchronous, equi-spaced observations.

Proposition 1.4. Assume [A1] − [A3]. Then there exists a positive random variable R which do not depend
on σ, σ∗ such that E[R−q] <∞ for any q ≥ 1 and

Y(σ;σ∗) ≤ −R
∫ T

0

{
(a0 ∧ c0){(B1

t −B2
t )

2 + (B1
tB

2
t − 1)2}+ a1(ρt − ρt,∗)

2
}
dt

for σ, σ∗ ∈ Λ. In particular, if E[(ess inft∈[0,T ]a1(t))
−q] <∞ for any q > 0, [H0] implies [H].

Proof. In the equation (1.9), by using the second representation if a0 ≤ c0 and using the third representation if
a0 > c0, we obtain

yt(σ) ≤ −1

2
(a0 ∧ c0 +A)(B1

t −B2
t )

2 + (f1 ∨ f2)(t, B1
tB

2
t , ρt, ρt,∗).

By Lemma 1.7, we have

yt(σ) ≤ −1

2
(a0 ∧ c0)(B1

t −B2
t )

2 − C1a1(ρt − ρt,∗)
2 − C1(a0 ∧ c0)(B1

tB
2
t − 1)2

for dt× P -a.e. (t, ω), where C1 = (1− ρ̄2T )
2/(12R8). Therefore by integrating with respect to t,

Y(σ;σ∗) ≤ −R
∫ T

0

(
(a0 ∧ c0){(B1

t −B2
t )

2 + (B1
tB

2
t − 1)2}+ a1(ρt − ρt,∗)

2
)
dt,
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where R = C1. In particular, let E[(ess inft∈[0,T ]a1(t))
−q] < ∞ for any q > 0 and [H0] holds. We can see

a0 ∧ c0 ≥ a1 for dt × P -a.e. (t, ω) since ν1,i([0, t)) ≤ ν0,i([0, t)) for any t ∈ (0, T ] and i = 1, 2. Therefore by
Lemma 1.8 we have

Y(σ;σ∗) ≤ −Ress infta1(t)

∫ T

0

(
(B1

t −B2
t )

2 + (B1
tB

2
t − 1)2 + (ρt − ρt,∗)

2
)
dt

≤ R(R′)−1ess infta1(t)Y0(σ;σ∗)

almost surely, where R′ is defined in Lemma 1.8. Hence χ ≥ R(R′)−1ess infta1(t)χ0 a.s. and for any L > 0,
there exists a constant cL > 0 such that

P [χ ≤ r−1] ≤ P [χ0 ≤ r−1/2] + P [R(R′)−1ess infta1(t) ≤ r−1/2]

≤ c2L,0

rL
+

1

rL
E
[(
R′R−1(ess infta1(t))

−1
)2L] ≤ cL

rL
,

where c2L,0 denotes the coefficient of r−2L in [H0]. This gives [H].

Remark 1.2. In the case of nonsynchronous observations, under [A1] and [A3], we can prove an inequality

Y(σ;σ∗) ≥ −R′
∫ T

0

(
(a0 ∨ c0){(B1

t −B2
t )

2 + (B1
tB

2
t − 1)2}+ a1(ρt − ρt,∗)

2
)
dt,

which corresponds to Lemma 1.8.

Remark 1.3. By Proposition 1.4, it follows that

Y0(σ;σ∗) ≤ −R
∫ T

0

{(B1
t −B2

t )
2 + (B1

tB
2
t − 1)2 + (ρt − ρt,∗)

2}dt.

On the other hand, we can see that there exists a positive random variable R̃ such that E[R̃q] < ∞ for any
q > 0 and

|(bb⋆)t − (bb⋆)t,∗|2 ≤ R̃{(B1
t −B2

t )
2 + (B1

tB
2
t − 1)2 + (ρt − ρt,∗)

2}

for any t ∈ [0, T ], σ, σ∗ ∈ Λ by using the inequality (x − 1)2 + (y − 1)2 ≤ (x − y)2 + 2(xy − 1)2 (x, y ≥ 0).
Therefore [H0] holds if there exists a constant ϵ > 0 such that

|(bb⋆)(x, σ1)− (bb⋆)(x, σ2)| ≥ ϵ|σ1 − σ2|

for any x ∈ Rn2 , σ1, σ2 ∈ Λ. Weaker sufficient conditions for [H0] can be found in Uchida and Yoshida [51].

1.5 Asymptotic properties of the quasi-maximum-likelihood estima-
tor and the Bayes type estimator

In this section, we investigate consistency and asymptotic mixed normality of the quasi-maximum-likelihood
estimator and the Bayes type estimator as main results.

Let the quasi-maximum likelihood estimator σ̂n of the parameter σ∗ be σ ∈ Λ̄ which maximizes Hn. If
maximizing points are not unique, we select so that σ̂n is measurable.

Theorem 1.1. Assume [A1]− [A3], [H ′]. Then σ̂n →p σ∗ as n→ ∞.

Proof. By Proposition 1.3, we have supσ |Yn(σ;σ∗) − Y(σ;σ∗)| →p 0 as n → ∞. On the other hand, by [H ′],
for any ϵ, δ > 0, there exists η > 0 such that P [χ ≤ η] ≤ ϵ. Since Yn(σ̂n;σ∗) ≥ 0, it follows that

P [|σ̂n − σ∗| ≥ δ] ≤ P [χ ≤ η] + P [Y(σ̂n;σ∗) ≤ −ηδ2] ≤ ϵ+ P [sup
σ

|Yn(σ;σ∗)− Y(σ;σ∗)| ≥ ηδ2].

Therefore there exists n0 ∈ N such that P [|σ̂n − σ∗| ≥ δ] ≤ 2ϵ if n ≥ n0.
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Let {sn}n∈N be stochastic processes which satisfy [S],

Γ = −
∫ T

0

∂2σh
∞
t (σ∗)dt,

Un(σ∗) = {u ∈ Rn1 ;σ∗+b
−1/2
n u ∈ Λ}, Vn(r, σ∗) = {|u| ≥ r}∩Un(σ∗), and Zn(u, σ∗) = exp(Ĥn(σ∗+b

−1/2
n u; sn)−

Ĥn(σ∗; sn)) for u ∈ Un(σ).

Proposition 1.5. (polynomial type large deviation inequalities) Let L > 0 and δ ∈ (0, 1/2). Assume for any
q > 0 there exists q′ ∈ 2N, q′ > q and δ′ ≥ 1 such that [A1], [A2], [A3′-q′, δ], [A4-q′, δ′], [H] and [S-q′, 2q′δ] hold
for {sn}. Then there exists CL > 0 such that

P

[
sup

u∈Vn(r,σ∗)

Zn(u, σ∗) ≥ e−r/2

]
≤ CL

rL

for any n ∈ N and r > 0.

Let N be an n1-dimensional standard normal random variable which is defined on an extension of (Ω,F , P )
and independent of F . We use the same notation E for expectations on the extension of (Ω,F , P ).

Theorem 1.2. 1. Assume [A1]− [A4], [H ′]. Then b
1/2
n (σ̂n − σ∗) →s-L Γ−1/2N as n→ ∞.

2. Let δ ∈ (0, 1/2). Assume for any q > 0, there exists q′ ∈ 2N, q′ > q and δ′ ≥ 1 such that [A1], [A2-q′, δ],

[A3′-q′, δ], [A4-q′, δ′], [H] hold. Then E[Y ′f(b
1/2
n (σ̂n − σ∗))] → E[Y ′f(Γ−1/2N )] as n → ∞ for any

continuous function f of at most polynomial growth and any bounded random variable Y ′ on (Ω,F).

We also consider the Bayes type estimator σ̃n for a prior density π : Λ → R+ defined as

σ̃n =

(∫
Λ

exp(Hn(σ))π(σ)dσ

)−1 ∫
Λ

σ exp(Hn(σ))π(σ)dσ. (1.10)

Theorem 1.3. Let δ ∈ (0, 1/2). Assume for any q > 0 there exists q′ ∈ 2N, q′ > q and δ′ ≥ 1 such
that [A1], [A2-q′, δ], [A3′-q′, δ], [A4-q′, δ′], [H] hold, and that the prior density π is continuous and 0 <

infσ π(σ) ≤ supσ π(σ) < ∞. Then b
1/2
n (σ̃n − σ∗) →s-L Γ−1/2N as n → ∞. Moreover, E[Y ′f(b

1/2
n (σ̃n − σ∗))] →

E[Y ′f(Γ−1/2N )] as n→ ∞ for any continuous function f of at most polynomial growth and any bounded random
variable Y ′ on (Ω,F).

1.6 Sufficient conditions for the conditions about the observation
times

In this section, we will introduce tractable sufficient conditions for [A2-q, δ], [A3′-q, η], [A4-q, δ], and the estimate
with respect to ess infta1 in Proposition 1.4.

Let q > 0. We consider the following conditions for point processes {N i
t}0≤t≤T,1≤i≤n2+2 which generate

observations.

[B1-q] There exists n0 ∈ N such that

sup
n≥n0

max
1≤i≤n2+2

sup
0≤t≤T−b−1

n

E
[
(N i

t+b−1
n

−N i
t )

q
]
<∞.

[B2-q] There exists n0 ∈ N such that

lim sup
u→∞

sup
n≥n0

max
1≤i≤n2+2

sup
0≤t≤T−ub−1

n

uqP [N i
t+ub−1

n
−N i

t = 0] <∞.
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For example, let X ≡ Y , {bn} be a positive integer valued sequence, {N̄1
t }, {N̄2

t } be two independent
homogeneous Poisson processes with positive intensities λ1, λ2 respectively, and stochastic processes {N1

t }, {N2
t }

satisfy N i
t = N̄ i

bnt
, (i = 1, 2). Then [B1-q] obviously holds for any q > 0. Moreover, [B2-q] holds for any q > 0

since

lim
u→∞

uq sup
i=1,2

sup
n∈N

sup
0≤t≤T−ub−1

n

P [N i
t+ub−1

n
−N i

t = 0] = lim
u→∞

uqe−(λ1∧λ2)u = 0.

We will investigate sufficient conditions of [A3′-q, η]. First, we denote tk = Tk/[bn] (0 ≤ k ≤ [bn]), Gn
j,k =

σ(N i
t −N i

s; tj ≤ s < t ≤ tk, i = 1, 2) (0 ≤ j < k ≤ [bn]), α
n
0 = 1/4 and

αn
k = 0 ∨ sup

1≤j1,j2≤[bn]−1,j2−j1≥k

sup
A∈Gn

0,j1

sup
B∈Gn

j2,[bn]

|P (A ∩B)− P (A)P (B)| (1.11)

for k ∈ N.
Let ζp,in be measures which satisfy ζp,in ([s, t)) = E[νp,in ([s, t))]. Moreover, for n0 ∈ N, ϵ′ > 0, a Lebesgue

integrable function g : [0, T ] 7→ R, and a continuous function f : [0, T ] 7→ R, we define

Ψ̄p,i
n0,ϵ′

(f ; g) = sup
n≥n0

bϵ
′

n

∣∣∣∣ ∫ T

0

ftζ
p,i
n (dt)−

∫ T

0

ftgtdt

∣∣∣∣.
Proposition 1.6. Let q ∈ 2N, q > 2, ϵ ∈ (0, 1), δ > 0 and β ∈ (0, 1/2 − 1/q). Assume that [B1-(q(1 + δ))],
[B2-(qϵ)] hold, E[(N1

T +N2
T )

q] <∞ for n ∈ N and there exists n0 ∈ N such that

S = sup
n≥n0

∞∑
k=0

(k + 1)q−2+(q−1)/δαn
k <∞. (1.12)

Moreover, assume that there exist ϵ′ > 0, C > 0, and left-continuous deterministic functions a0(t), c0(t), ap(t) (p ∈
N) such that

∫ T

0
ap(t)dt <∞ (p ∈ Z+),

∫ T

0
c0(t)dt <∞ and

Ψ̄0,1
n0,ϵ′

(f ; a0) ∨ Ψ̄0,2
n0,ϵ′

(f ; c0) ∨ max
i=1,2

sup
p∈N

Ψ̄p,i
n0,ϵ′

(f ; ap)

(p+ 1)C
≤ C(sup

t
|ft|+ ωβ(f)) (1.13)

for any β-Hölder continuous function f : [0, T ] → R. Then [A3′-q, η] holds for η = ϵ′ ∧ β ∧ (δϵ/(2(1 + δ − δϵ)))
with α in [A3′-q, η] equal to β.

For example, let {N̄ i
t}t≥0 be a point process where the distribution of (N̄ i

t+tk
− N̄ i

t+tk−1
)Mk=1 does not depend

on t ≥ 0 for i = 1, 2, M ∈ N and 0 ≤ t0 < t1 < · · · < tM . Moreover, let {N i
t}t satisfy N i

t = N̄ i
[bn]t

for t ∈ [0, T ],

i = 1, 2 and n ∈ N. Then the relation (1.13) holds if [B1-2] and [B2-ϵ] hold for some ϵ ∈ (0, 2]. In this case,
we obtain ap = T−1 limn→∞E[νp,1n ([0, T ))], c0 = T−1 limn→∞E[ν0,2n ([0, T ))], and ϵ′ = (ϵ/4) ∧ β. In particular,
{ap}p∈Z+ , c0 are constants.

For general {N i
t}, the following propositions are sufficient conditions for [A4-q, δ], [A2-q, δ] and the estimate

of ess infta1(t) in Proposition 1.4.

Proposition 1.7. Let q ∈ 2N, q > 2, p′1, p
′
2 > 1, 1/p′1 + 1/p′2 = 1. Assume [B1-(p′1q)] and [B2-(p′2(q + 2))].

1. Then there exists n0 ∈ N such that supn≥n0
E[(Φp,1)

q] ≤ C(p + 1)q+1 for any p ∈ Z+. In particular,
[A4-q′, (1 + 3/q′)] 1 holds for any q′ ∈ [2, q).

2. Then there exists n0 ∈ N such that

sup
n≥n0

E[(Φ̄p1,p2)
q
2 ] ≤ C(p1 + 1)

q
2+1(p2 + 1)

q
2+1

for p1, p2 ∈ Z+. In particular, [A4-q, 3] 2 holds.

Proposition 1.8. Let q ∈ N and we assume [B2-(q+1)]. Then there exists n0 ∈ N such that supn≥n0
E
[
bq−1
n rqn

]
<

∞.
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Proposition 1.9. Assume there exists n1 ∈ N and q > 0 such that [A3′] and [B2-q] hold, a1(t) does not depend
on t, {N i

t+[bn]−1T −N i
t}0≤t≤T−[bn]−1T,n≥n1,i=1,2 is tight and α-mixing coefficients {αn

k}k defined by (1.11) satisfy

supn≥n1

∑∞
k=1 kα

n
k <∞. Then there exists a constant δ > 0 such that a1 ≥ δ almost surely.

Finally, we state a corollary of main theorems.
We assume {N̄ i

t}t≥0 is an exponential α-mixing point process where E[(N̄1
1 + N̄2

1 )
q] <∞ for q > 0 and the

distribution of (N̄ i
t+tk

−N̄ i
t+tk−1

)Mk=1 does not depend on t ≥ 0 for i = 1, 2,M ∈ N and 0 ≤ t0 < t1 < · · · < tM for

1 ≤ i ≤ 2. Let {N i
t} satisfy N i

t = N̄ i
[bn]t

for t ∈ [0, T ], i = 1, 2 and n ∈ N, σ̂n be the quasi-maximum-likelihood

estimator defined by Hn, π : Λ → R+ be a continuous function and σ̃n be defined by (1.10).

Corollary 1.1. Assume [A1], [H0], [B1-q], [B2-q] for any q > 2.

1. Then σ̂n →p σ∗, b
1/2
n (σ̂n − σ∗) →s-L Γ−1/2N and E[Y ′f(b

1/2
n (σ̂n − σ∗))] → E[Y ′f(Γ−1/2N )] as n→ ∞ for

any continuous function f of at most polynomial growth and any bounded random variable Y ′ on (Ω,F).

2. Assume that 0 < infσ π(σ) ≤ supσ π(σ) < ∞. Then σ̃n →p σ∗, b
1/2
n (σ̃n − σ∗) →s-L Γ−1/2N and

E[Y ′f(b
1/2
n (σ̃n − σ∗))] → E[Y ′f(Γ−1/2N )] as n→ ∞ for any continuous function f of at most polynomial

growth and any bounded random variable Y ′ on (Ω,F).

Example 1.1. We consider a simple model with deterministic diffusion coefficients: dY 1
t = σ1dW

1
t

dY 2
t = σ3dW

1
t + σ2dW

2
t

(Y 1
0 , Y

2
0 ) = (0, 0)

where ϵ > 0, R′ > ϵ and σ = (σ1, σ2, σ3) ∈ Λ = (ϵ, R′)× (ϵ, R′)× (−R′, R′). Let {N̄1
t }, {N̄2

t } be two independent
homogeneous Poisson processes with positive intensities λ1, λ2 respectively and point processes {N1

t }, {N2
t } which

generate observations satisfy N i,n
t = N̄ i

nt (i = 1, 2).
Then we can easily check [A1], [B1-q], [B2-q] hold for any q > 2. Since (x+ y)2 ≥ x2/2− y2 for x, y ∈ R, we

have

|bb⋆(σ)− bb⋆(σ̄)|2 ≥ (σ2
1 − σ̄2

1)
2 +

ϵ2

(R′)2
(σ1σ3 − σ̄1σ̄3)

2 +
ϵ4

16(R′)4
(σ2

2 + σ2
3 − σ̄2

2 − σ̄2
3)

2

≥ 4ϵ2(σ1 − σ̄1)
2 +

ϵ2

(R′)2

{
σ̄2
1(σ3 − σ̄3)

2

2
− σ2

3(σ1 − σ̄1)
2

}
+

ϵ4

16(R′)4

{
(σ2

2 − σ̄2
2)

2

2
− (σ2

3 − σ̄2
3)

2

}
≥ ϵ6

8(R′)4
|σ − σ̄|2

for σ, σ̄ ∈ Λ. Then by Remark 1.3, we obtain [H0].
Hn can be written as

Hn(σ) = −1

2

((
Y 1(Ii)√

|Ii|

)⋆

i

,

(
Y 2(Jj)√

|Jj |

)⋆

j

)(
σ2
1Eln σ1σ3G
σ1σ3G

⋆ (σ2
2 + σ2

3)Emn

)−1

×
((

Y 1(Ii)√
|Ii|

)⋆

i

,

(
Y 2(Jj)√

|Jj |

)⋆

j

)⋆

− 1

2
log det

(
σ2
1Eln σ1σ3G
σ1σ3G

⋆ (σ2
2 + σ2

3)Emn

)
.

By calculating σ which maximizes Hn, we obtain the quasi-maximum likelihood estimator σ̂n = (σ̂1,n, σ̂2,n, σ̂3,n).
By Corollary 1.1, we have σ̂n →p σ∗,

√
n(σ̂n − σ∗) →d N(0,Γ−1) as n→ ∞, where σ∗ = (σ1,∗, σ2,∗, σ3,∗) is the

true value. In this case, ρ = ρt(σ∗) can be written as ρ = σ3,∗/
√
σ2
2,∗ + σ2

3,∗, {ap}∞p=0, {cp}∞p=0 in [A3′] become

constants and a, c in [A3] can be written as a(ρ′)− a0 = c(ρ′)− c0 = A(ρ′) =
∑∞

p=1 ap × (ρ′)2p for ρ′ ∈ (−1, 1).

If ρ ̸= 0, Γ and Γ−1 can be calculated by using Proposition 1.10 later as

Γ = T


a0+a
σ2
1,∗

0 − A
σ1,∗σ3,∗

0
2c(1−ρ2)2+∂ρAρ(1−ρ2)2

σ2
2,∗

2cρ2(1−ρ2)−∂ρAρ(1−ρ2)2

σ2,∗σ3,∗

− A
σ1,∗σ3,∗

2cρ2(1−ρ2)−∂ρAρ(1−ρ2)2

σ2,∗σ3,∗

−A+2cρ4+∂ρAρ(1−ρ2)2

σ2
3,∗

 ,
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Table 1.1: Sample means of estimators for 10, 000 independent simulated sample paths. T = 1, (λ1, λ2) = (1, 1).
The left table represents the result for (σ1, σ2, σ3) = (1, 1, 0.5) and the right table represents the result for
(σ1, σ2, σ3) = (0.5, 2, 1). Sample standard deviations are given in parentheses.

n 50 100 500
true value

σ̂1,n 1 0.994 0.998 0.999
(0.102) (0.070) (0.031)

σ̂2,n 1 0.968 0.983 0.996
(0.129) (0.091) (0.040)

σ̂3,n 0.5 0.499 0.502 0.5
(0.224) (0.154) (0.067)

σ̂1,nσ̂3,nT 0.5 0.5 0.503 0.5
(0.238) (0.165) (0.071)

HYn 0.5 0.501 0.504 0.5
(0.336) (0.236) (0.106)√

v/n 0.228 0.161 0.072√
v0/n 0.339 0.239 0.107

n 50 100 500
true value

σ̂1,n 0.5 0.497 0.499 0.499
(0.050) (0.035) (0.015)

σ̂2,n 2 1.936 1.968 1.995
(0.259) (0.181) (0.079)

σ̂3,n 1 0.986 0.996 0.997
(0.449) (0.307) (0.135)

σ̂1,nσ̂3,nT 0.5 0.495 0.499 0.498
(0.239) (0.164) (0.072)

HYn 0.5 0.498 0.499 0.498
(0.335) (0.237) (0.108)√

v/n 0.228 0.161 0.072√
v0/n 0.339 0.239 0.107

Γ−1 =
1

T{4acA+ 2∂ρAρ(a0c+ c0a)}
diag({σ1,∗, σ2,∗, σ3,∗})Pdiag({σ1,∗, σ2,∗, σ3,∗}),

where

P =


−2cA+ (c0 + c)∂ρAρ A{− 2cρ2

1−ρ2 + ∂ρAρ} A(2c+ ∂ρAρ)
A{− 2cρ2

1−ρ2 + ∂ρAρ} −2aA+(a0+a){2cρ4+∂ρAρ(1−ρ2)2}
(1−ρ2)2 (a0 + a){− 2cρ2

1−ρ2 + ∂ρAρ}
A(2c+ ∂ρAρ) (a0 + a){− 2cρ2

1−ρ2 + ∂ρAρ} (a0 + a)(2c+ ∂ρAρ)


and ρ′ = ρ is substituted for a, c,A, ∂ρA.

We can see the estimator σ̂1,nσ̂3,nT for the cross variation ⟨Y 1, Y 2⟩T = σ1,∗σ3,∗T also has consistency and

√
n(σ̂1,nσ̂3,nT − ⟨Y 1, Y 2⟩T ) →d N(0, v)

as n→ ∞ by using the delta method, where

v = Tσ2
1,∗σ

2
3,∗

2a(ρ)c(ρ) + ∂ρA(ρ)ρ(a(ρ) + c(ρ))

−2a(ρ)c(ρ)A(ρ) + ∂ρA(ρ)ρ(a0c(ρ) + c0a(ρ))
.

By using the result in Hayashi and Yoshida [18], we can calculate the asymptotic variance of estimation
error of the Hayashi-Yoshida estimator HYn. In the settings in this example, we obtain

√
n(HYn − ⟨Y 1, Y 2⟩T ) →d N(0, v0)

as n→ ∞, where

v0 = Tσ2
1,∗σ

2
3,∗

{
(1 + ρ−2)

(
2

λ1
+

2

λ2

)
− 2

λ1 + λ2

}
.

We also simulate σ̂n, σ̂1,nσ̂3,nT,HYn for some values of parameters. Table 1.1 represents the results. We
can see that each estimators work well and sample standard deviation of σ̂1,nσ̂3,nT is about two-thirds of that of
HYn. The lowest two rows represent numerical calculation results of asymptotic standard deviation of estimators
and we can find these values are close to sample standard deviation of estimators.

1.7 Proofs

1.7.1 Proof of Proposition 1.2

Proof of Proposition 1.2.
[A3′] ⇒ [A3]:
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Since νp,1n ([0, t)) ≤ b−1
n ln, {b−1

n ln}n∈N is tight,
∫ t

0
ap(s)ds ≤

∫ t

0
a0(s)ds and ν

p,1
n ([0, t)) converges to

∫ t

0
ap(s)ds

in probability by [A3′] for p ∈ Z+, we have
∑∞

p=0 z
2p
∫ t

0
ap(s)ds <∞ and

b−1
n An(E1(t),0,0, z1) =

∞∑
p=0

z2pνp,1n ([0, t)) →p
∞∑
p=0

z2p
∫ t

0

ap(s)ds

for any t ∈ (0, T ] and z ∈ C, |z| < 1 by Lemma 1.3.

[A3] ⇒ [A3′]:
Fix t ∈ (0, T ]. Let {fn} be functions on {z ∈ C; |z| < 1} satisfying

fn(z) = b−1
n An(E1(t),0,0, z1) =

∞∑
p=0

z2pνp,1n ([0, t)).

Then since νp,1n ([0, t)) ≤ b−1
n ln, the power series in the right-hand side converges absolutely on {|z| < 1}.

Consequently, fn is a holomorphic function. Then we have

νp,1n ([0, t)) =
1

2πi

∫
|z|=η/3

fn(z)

z2p+1
dz. (1.14)

Let f(z) =
∫ t

0
a(z, s)ds. Since

|fn(z)| ≤
ln
bn

1

1− (2/3)2
=

9ln
5bn

(1.15)

on {|z| ≤ 2/3}, {sup|z|≤2/3 |fn(z)|} are tight. Moreover, since fn(z) →p f(z) (n → ∞) for z ∈ C, |z| < η,

sup|z|≤η/2 |f(z)| ≤ (9/5)
∫ T

0
a0(t)dt <∞, almost surely. Therefore {sup|z|≤η/2 |fn(z)− f(z)|} are also tight.

Let Γ : |z| = 2/3. For any z1, z2 ∈ {|z| < 1/2}, the Cauchy integral formula gives

2π|fn(z1)− fn(z2)| =

∣∣∣∣ ∫
Γ

(
fn(ξ)

ξ − z1
− fn(ξ)

ξ − z2

)
dξ

∣∣∣∣ = ∣∣∣∣ ∫
Γ

fn(ξ)(z1 − z2)

(ξ − z1)(ξ − z2)
dξ

∣∣∣∣
≤ |z1 − z2| · 2π · 2

3
· 62 · sup

|z|≤2/3

|fn(z)| ≤ Cb−1
n ln|z1 − z2|.

By the convergence fn(z) →p f(z) (n→ ∞) for z ∈ C, |z| < η, we obtain

|f(z1)− f(z2)| ≤ C|z1 − z2|
∫ T

0

a0(s)ds a.s.

for z1, z2 ∈ {z; |z| ≤ η/2}. Then for any ϵ > 0, tightness of {b−1
n ln} gives

lim
η′→0

sup
n
P

[
sup

z1,z2∈{|z|≤η/2},|z1−z2|<η′
|(fn − f)(z1)− (fn − f)(z2)| > ϵ

]
= 0.

Then by the tightness of {sup|z|≤η/2 |fn(z)−f(z)|}n and tightness criterion in C space in Billingsley [8] which can
be extended to the one in C({|z| ≤ η/2}), {fn − f}n is tight in C({|z| ≤ η/2}). Therefore, since fn(z) →p f(z)
as n→ ∞, we see that {fn − f} converge in probability to 0 in C({|z| ≤ η/2}). Therefore by (1.14), we have

νp,1n ([0, t)) →p 1

2πi

∫
|z|=η/3

f(z)

z2p+1
dz

as n→ ∞ for p ≥ 1.

By the equation f(z) =
∫ t

0
a(z, s)ds and Fubini’s theorem, there exists ap(s) such that

∫ T

0
ap(s)ds <∞ and

νp,1n ([0, t)) →p
∫ t

0
ap(s)ds as n→ ∞. We thus get [A3′].
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Moreover, under [A2] and [A3], the above proof gives the relations between a, c and {ap}, {cp} in the
statement. The rest of the proof is easy since

b−1
n An(x

2E1(t), y2E2(t), xyρ∗E1(t)G, ρ1)

=
∞∑
p=0

ρ2p{x2νp,1n ([0, t)) + y2νp,2n ([0, t))− 2xyρ∗ρν
p+1,1
n ([0, t))}.

1.7.2 Proof of Proposition 1.3

To prove Proposition 1.3, we use some Lemmas.

Lemma 1.9. Let q ∈ N, M ∈ N∪ {∞}, (Ω′,F ′, P ′) be a probability space, {Fj}Mj=1 be random variables, and G
be a sub σ-field of F ′.

1. Then E′[∣∣∑M
j=1 Fj

∣∣q∣∣G] ≤ (∑M
j=1E

′[|Fj |q|G]
1
q
)q
, where E′ denotes expectation with respect to P ′.

2. We assume q ∈ 2N and {
∑k

j=1 Fj}0≤k≤M is martingale with respect to some filtration. Then there exists

a constant Cq > 0 which depends only q, such that E′[∣∣∑M
j=1 Fj

∣∣q] ≤ Cq

(∑M
j=1E

′[|Fj |q]
2
q
) q

2 .

Proof. We expand the summation and use Hölder’s inequality.

E′[∣∣ M∑
j=1

Fj

∣∣q∣∣G] ≤
M∑

j1,...,jq=1

E′[|Fj1 . . . Fjq ||G] ≤
M∑

j1,...,jq=1

E′[|Fj1 |q|G]
1
q . . . E′[|Fjq |q|G]

1
q

≤
( M∑

j=1

E′[|Fj |q|G]
1
q

)q
.

For 2., we use the Burkholder-Davis-Gundy inequality and apply 1. for G = {∅,Ω′}.

Lemma 1.10. Let {Gp}p∈Z+ be a sequence of positive numbers, a ∈ N, b, r, s ∈ Z+ and ρ ∈ [0, 1). Then there
exists a constant C > 0 which depends only on a, b, r, s such that

∞∑
p=0

ρa(p−b)∨0(p+ 1)sGp ≤ C(1− ρ)−(s+ r+1
2 )

( ∞∑
p=0

G2
p

(p+ 1)r

) 1
2

.

Proof. By the Cauchy-Schwarz inequality, we have

∞∑
p=0

ρa(p−b)∨0(p+ 1)sGp ≤
( ∞∑

p=0

ρ2a(p−b)∨0(p+ 1)2s+r

) 1
2
( ∞∑

p=0

G2
p

(p+ 1)r

) 1
2

.

Then the conclusion follows since

∞∑
p=0

ρ2a(p−b)∨0(p+ 1)2s+r ≤ C + C
∞∑
p=0

ρ2ap(p+ 1)2s+r ≤ C + C
(2s+ r)!

(1− ρ2a)2s+r+1
.

Lemma 1.11. Let (Ω′,F ′, P ′) be probability space and {Gn}n∈N ⊂ F ′ be sub σ-fields.

1. Let {X ′
n}n∈N ⊂ L1(Ω′). Assume E′[|X ′

n||Gn] →p 0 (n→ ∞). Then X ′
n →p 0 (n→ ∞).

2. Let d1, d2 ∈ N, p > d1, Λ
′ ⊂ Rd1 be a bounded open set and X ′

n : Ω′ → C1(Λ′;Rd2) be random variables
(n ∈ N). Assume that Λ′ satisfies Sobolev’s inequality, {supσ∈Λ′ |X ′

n(σ)|p ∨ |∂σX ′
n(σ)|p}n∈N ⊂ L1(Ω′) and

supσ∈Qd1∩Λ′ E′[|∂σX ′
n(σ)|p ∨ |X ′

n(σ)|p|Gn] →p 0 as n→ ∞. Then supσ∈Λ′ |X ′
n(σ)| →p 0 as n→ ∞.
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Proof. 1. For any ϵ, δ > 0, there exists N ∈ N such that P ′[E′[|X ′
n||Gn] ≥ ϵδ/2] < ϵ/2 for n ≥ N . Therefore,

for n ≥ N , we have

P ′[|X ′
n| ≥ δ] ≤ P ′[E′[|X ′

n||Gn] ≥ ϵδ/2] + P ′[|X ′
n| ≥ δ, E′[|X ′

n||Gn] < ϵδ/2]

≤ ϵ

2
+

1

δ
E′[|X ′

n|, E′[|X ′
n||Gn] < ϵδ/2]

=
ϵ

2
+

1

δ
E′[E′[|X ′

n||Gn], E
′[|X ′

n||Gn] < ϵδ/2] ≤ ϵ.

2. First, by Sobolev’s inequality, we have

E′
[(

sup
σ∈Λ′

|X ′
n|
)p∣∣∣∣Gn

]
≤ CE′

[∫
Λ′

|∂σX ′
n|pdσ

∣∣∣∣Gn

]
+ CE′

[∫
Λ′

|X ′
n|pdσ

∣∣∣∣Gn

]
.

Moreover, for v = 0, 1 and A ∈ Gn, it follows that

E′
[ ∫

Λ′
|∂vσX ′

n|pdσ,A
]
=

∫
Λ′
E′[E′[|∂vσX ′

n|p|Gn], A]dσ

≤
∫
Λ′
E′
[

sup
σ∈Qd1∩Λ′

E′[|∂vσX ′
n|p|Gn], A

]
dσ ≤ E′

[
sup

σ∈Qd1∩Λ′
E′[|∂vσX ′

n|p|Gn] · |Λ′|, A
]
,

where |Λ′| denotes volume of Λ′. Since A ∈ Gn is arbitrary, we have

E′
[ ∫

Λ′
|∂vσX ′

n|pdσ
∣∣∣∣Gn

]
≤ sup

σ∈Qd1∩Λ′
E′[|∂vσX ′

n|p|Gn] · |Λ′| a.s.

Therefore we obtain

E′
[(

sup
σ

|X ′
n|
)p∣∣∣∣Gn

]
≤ C|Λ′|

1∑
v=0

sup
σ∈Qd1∩Λ′

E′[|∂vσX ′
n|p|Gn] →p 0

as n→ ∞. Then the proof is completed by 1.

Lemma 1.12. Let (Ω′,F ′, P ′) be a probability space, T ′ > 0, q ∈ 2N, {F ′
t}0≤t≤T ′ be a filtration,M ∈ N, {Ki}Mi=1

be a deterministic partition of [0, T ′] where L(Ki) < L(Kj) for i < j. Let (W̃ l
t ,F ′

t)0≤t≤T ′ be standard Brownian

motions (l = 1, 2, 3), and Fi,j,k be F ′
L(Ki)∧L(Kj)∧L(Kk)-measurable random variables. Assume ⟨W̃ p1 , W̃ p2⟩ are

deterministic for 1 ≤ p1 < p2 ≤ 3. Then for ∆W̃ l
i = W̃ l(Ki), F 1

i,j = Fi,j,j , F
2
i,j = Fj,i,j and F 3

i,j = Fj,j,i, there
exists a constant Cq > 0 which depends only on q such that

E′
[∣∣∣∣∑

i,j,k

∆W̃ 1
i ∆W̃

2
j ∆W̃

3
kFi,j,k

∣∣∣∣q] ≤ Cq

(∑
i,j,k

|Ki||Kj ||Kk|E′[|Fi,j,k|q]
2
q

) q
2

+Cq

(∑
i

|Ki|
(∑

j ̸=i

|Kj |
3∑

l=1

E′[|F l
i,j |q]

1
q

)2) q
2

.

Proof. In this proof, general constants denoted by C depend only on q.
Let us denote

Hi,j,k = ∆W̃ 1
i ∆W̃

2
j ∆W̃

3
kFi,j,k, H2

i,j = Hi,j,j +Hj,i,j +Hj,j,i,

H3
i,j,k = Hi,j,k +Hi,k,j +Hj,i,k +Hj,k,i +Hk,i,j +Hk,j,i,

then it follows that ∑
i,j,k

Hi,j,k =
∑
i

Hi,i,i +
∑
i

∑
j<i

(H2
i,j +H2

j,i) +
∑
i

∑
j<i

∑
k<j

H3
i,j,k.
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Since ⟨W̃ p1 , W̃ p2⟩ is deterministic for 1 ≤ p1 < p2 ≤ 3, Itô’s formula yields

E′[Hi,i,i|FL(Ki)] = E′[H2
i,j |FL(Ki)] = E′[H3

i,j,k|FL(Ki)] = 0

for k < j < i. Therefore by Lemma 1.9 we have

E′
[∣∣∣∣∑

i,j,k

Hi,j,k

∣∣∣∣q] ≤ C

{∑
i

E′[|Hi,i,i|q]
2
q +

∑
i

E′
[∣∣∣∣∑

j<i

(H2
i,j +H2

j,i − E′[H2
j,i|F ′

L(Ki)])

∣∣∣∣q] 2
q

+
∑
i

E′
[∣∣∣∣∑

j<i

∑
k<j

H3
i,j,k

∣∣∣∣q] 2
q
} q

2

+ CE′
[∣∣∣∣∑

i

∑
j<i

E′[H2
j,i|F ′

L(Ki)]

∣∣∣∣q]. (1.16)

We will estimate each term of the right-hand side of (1.16). First,∑
i

E′[|Hi,i,i|q]
2
q =

∑
i

E′[|Fi,i,i|qE′[(∆W̃ 1
i ∆W̃

2
i ∆W̃

3
i )

q|F ′
L(Ki)]]

2
q ≤ C

∑
i

|Ki|3E′[|Fi,i,i|q]
2
q . (1.17)

Let

H2,1
i,j = ∆W̃ 2

j ∆W̃
3
j Fi,j,j , H2,2

i,j = ∆W̃ 1
j ∆W̃

3
j Fj,i,j , H2,3

i,j = ∆W̃ 1
j ∆W̃

2
j Fj,j,i.

Since

E′
[(∑

j<i

H2,l
i,j

)q] 2
q

≤ C
∑
j<i

E′[(H2,l
i,j − E′[H2,l

i,j |F
′
L(Kj)])

q
] 2

q + C

(∑
j<i

E′[E′[H2,l
i,j |F

′
L(Kj)]

q
] 1

q

)2

for each i, l by Lemma 1.9, we obtain

∑
i

E′
[(∑

j<i

(H2
i,j +H2

j,i − E′[H2
j,i|F ′

L(Ki)])

)q] 2
q

≤ C
∑
i

|Ki|E′
[ 3∑

l=1

(∑
j<i

H2,l
i,j

)q] 2
q

+ C
∑
i

|Ki|2E′
[ 3∑

l=1

(∑
j<i

∆W̃ l
jF

l
j,i

)q] 2
q

≤ C
∑
i

|Ki|
∑
j<i

|Kj |2
3∑

l=1

E′[(F l
i,j)

q]
2
q + C

∑
i

|Ki|
3∑

l=1

(∑
j<i

|Kj |E′[(F l
i,j)

q]
1
q

)2

+C
∑
i

|Ki|2
∑
j<i

|Kj |
3∑

l=1

E′[(F l
j,i)

q]
2
q . (1.18)

Moreover, let

H3,1
i,j,k = ∆W̃ 2

j ∆W̃
3
kFi,j,k +∆W̃ 2

k∆W̃
3
j Fi,k,j ,

H3,2
i,j,k = ∆W̃ 1

j ∆W̃
3
kFj,i,k +∆W̃ 1

k∆W̃
3
j Fk,i,j ,

H3,3
i,j,k = ∆W̃ 1

j ∆W̃
2
kFj,k,i +∆W̃ 1

k∆W̃
2
j Fk,j,i,

then by Lemma 1.9 we have

∑
i

E′
[(∑

j<i

∑
k<j

H3
i,j,k

)q] 2
q

≤ C
∑
i

|Ki|
3∑

l=1

E′
[(∑

j<i

∑
k<j

H3,l
i,j,k

)q] 2
q

≤ C
∑
i

|Ki|
3∑

l=1

∑
j<i

E′
[(∑

k<j

H3,l
i,j,k

)q] 2
q

≤ C
∑
i

|Ki|
∑
j<i

|Kj |
∑
k<j

|Kk|
(
E′[(Fi,j,k)

q]
2
q + E′[(Fi,k,j)

q]
2
q

+E′[(Fj,i,k)
q]

2
q + E′[(Fj,k,i)

q]
2
q + E′[(Fk,i,j)

q]
2
q + E′[(Fk,j,i)

q]
2
q

)
. (1.19)
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Furthermore, let g1(K
i) = ⟨W̃ 2, W̃ 3⟩(Ki), g2(K

i) = ⟨W̃ 1, W̃ 3⟩(Ki), g3(K
i) = ⟨W̃ 1, W̃ 2⟩(Ki), then we obtain

E′
[∣∣∣∣∑

i

∑
j<i

E′[H2
j,i|F ′

L(Ki)]

∣∣∣∣q] = E′
[∣∣∣∣∑

i

∑
j<i

3∑
l=1

gl(K
i)∆W̃ l

jF
l
j,i

∣∣∣∣q] ≤ 3q
3∑

l=1

E′
[∣∣∣∣∑

j

(∑
i>j

g(Ki)F l
j,i

)
∆W̃ l

j

∣∣∣∣q].
Hence Lemma 1.9 yields

E′
[∣∣∣∣∑

i

∑
j<i

E′[H2
j,i|F ′

L(Ki)]

∣∣∣∣q] ≤ C
3∑

l=1

(∑
j

|Kj |E′
[(∑

i>j

gl(K
i)F l

j,i

)q] 2
q
) q

2

≤ C

(∑
j

|Kj |
(∑

i>j

|Ki|
3∑

l=1

E′[(F l
j,i)

q]
1
q

)2) q
2

. (1.20)

By (1.16)-(1.20), we obtain the conclusion.

For p ≥ 0, we denote

Lp = {ρL(θ[p/2],i∪θ[p/2],j+ln )∧τnGIi,Jj}i,j , L̃p =

(
0 Lp

L⋆
p 0

)
, M̃ =

∞∑
p=0

(−1)pL̃p
p,

M̃p =

(
(GG⋆)p (GG⋆)pG
(G⋆G)pG⋆ (G⋆G)p

)
, Ẑk,t =

{ ∫
Ik
t
b1s,∗dWs/(|b1Ik,τn

|
√
|Ik|) (k ≤ ln)∫

Jk−ln
t

b2s,∗dWs/
(
|b2Jk−ln ,τn

|
√
|Jk−ln |

)
(k > ln)

and Dt = diag({|b1I,τn |}I∩[0,t)̸=∅, {|b2J,τn |}J∩[0,t)̸=∅). Though {Ẑk,t}t is not necessarily a local martingale, we

denote by ⟨Ẑ⟩t the quadratic variation of Ẑ regarding Π as deterministic functions, that is, ⟨Ẑ⟩t be an (ln +
mn)× (ln +mn) symmetric matrix with

(⟨Ẑ⟩t)k,k′ =


∫
Ik
t
|b1s,∗|2dsδk,k′/(|b1Ik,τn

|2|Ik|) (k, k′ ≤ ln)∫
Jk−ln
t

|b2s,∗|2dsδk,k′/(|b2Jk−ln ,τn
|2|Jk−ln |) (k, k′ > ln)∫

Ik
t ∩Jk′−ln

t
b1s,∗ · b2s,∗ds/(|b1Ik,τn

||b2
Jk′−ln ,τn

|
√
|Ik||Jk′−ln | (k ≤ ln, k

′ > ln)

Moreover we define

H̃1
n(t) = H̃1

n,sn(t;σ) = −1

2
Ẑ⋆
·,tM̃Ẑ·,t − log detDt +

1

2

∞∑
p=1

(−1)p

p

∑
k

(L̃p
p)k,k1{θ0,k∩[0,t)̸=∅},

H̃2
n(t) = H̃2

n,sn(t;σ) = −1

2
tr(M̃⟨Ẑ⟩t)− log detDt +

1

2

∞∑
p=1

(−1)p

p

∑
k

(L̃p
p)k,k1{θ0,k∩[0,t) ̸=∅},

H̃3
n(t) = H̃3

n,sn(t;σ) = bn

∞∑
p=0

2∑
i=1

∫ t

0

Di
p(s ∧ τ(sn), s;σ)νp,in (ds),

Ẑk = Ẑk,T , and H̃
i
n = H̃i

n(T ) (1 ≤ i ≤ 3), where

Di
p(s, t;σ) =


− |bit,∗|

2

2|bis|2
− log |bis| (p = 0)

− |bit,∗|
2

2|bis|2
ρ2ps + 1

2

(
|b1t,∗||b

2
t,∗|

|b1s||b2s|
+

|bit,∗|
|bis|

− |b3−i
t,∗ |

|b3−i
s |

)
ρ2p−1
s ρt,∗ +

ρ2p
s

4p (p ≥ 1)

for i = 1, 2. Then we have ∂σH̃
3
n,sn(t;σ∗) ≡ 0 on {τ(sn) = T}.

Let q ∈ 2N, γ ∈ (0, 1) be defined in [A1] 5., Θ1
p = sup0≤t≤T E[|µt|p], Θ2

p = sup0≤s<t≤T E[|µt−µs|p]/|t−s|pγ ,
and {sn(t)}0≤t≤T,n∈N be stochastic processes which satisfies [S]. Moreover, we define φq({xp}) = (

∑∞
p=0 xp)

q ∨
(
∑∞

p=0 x
2q/(2q−1)
p )q−1/2 for {xp}∞p=0 ⊂ R+ and q ∈ 2N.
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Lemma 1.13. Assume [A1]. Let r ∈ N, r ≥ 2. Then there exists a constant C > 0 which depends only on
q, r, n2 and n3 such that

E[|∂vσĤn(σ; sn)− ∂vσH̃
1
n,sn(T ;σ)|

q|Π]

≤ C(T
3
2 q ∨ 1)(E[RC ] + Θ1

C)E[RCsn(T )
−(2v+2r+7)q|Π]

1
2

×
{
(T ∨ 1)

q
2 + ((r

q(γ∧ 1
2 )

n (ln +mn)
q
2 ) ∨ 1){(Θ1

8q)
1
8 + (Θ2

8q)
1
8 }

+φq

({√
(ln +mn)Φ2p+2,2 ∨ Φ2p+2,1

(p+ 1)r

}
p

)
+

( ∞∑
p1,p2=0

Φ̄2p1+3,2p2+3

(p1 + 1)r(p2 + 1)r

) q
2
}

(1.21)

and

E[|∂vσH̃2
n,sn(T ;σ)− ∂vσH̃

3
n,sn(T ;σ)|

q|Π]

≤ CE[RC(1− ρ̄T )
−C ]

{( ∞∑
p=0

Φ2p+2,1

(p+ 1)r

)q

+

( ∞∑
p1,p2=0

Φ̄2p1+2,2p2+2

(p1 + 1)r(p2 + 1)r

) q
2
}

for 0 ≤ v ≤ 4 and σ ∈ Λ.

Proof. In this proof, general constants denoted by C depend only on q, r, n2, n3.
We first prove (1.21). Let

µ̃k =

{ ∫
Ik µ

1
sds/(|b1Ik,τn

|
√
|Ik|) (k ≤ ln)∫

Jk−ln
µ2
sds/(|b2Jk−ln ,τn

|
√

|Jk−ln |) (k > ln)

for 1 ≤ k ≤ ln +mn. Then Ĥn(σ; sn)− H̃1
n,sn(T ;σ) can be decomposed as

Ĥn(σ; sn)− H̃1
n,sn(T ;σ) = −1

2
Z⋆(M − M̃)Z − µ̃⋆M̃(Ẑ +

µ̃

2
) +

1

2

∞∑
p=1

(−1)p

p
(tr(L̃p)− tr(L̃p

p)).

We will estimate each term of the right-hand side of this equation.
First, we assume that Π is deterministic. Let Wt = (Wt, Ŵt), then we can write

((L̃)2p − (L̃)2p+1)kk′ − ((L̃2p)
2p − (L̃2p+1)

2p+1)kk′ =

∫
θ2p+2,k

ξk,k
′

p,t · dWt +

∫
θ2p+2,k

ηk,k
′

p,t dt,

by Itô’s formula, where

|∂vσξ
k,k′

p,t | ≤ 2 · 2 · 4v+1(2p+ 1)v+1 · n2R2v+3(1− sn(T ))
(2p−v−1)∨0(M̃p)kk′1θ2p+2,k

(t),

|∂vση
k,k′

p,t | ≤ 4 · 2 · 1
2
4v+2(2p+ 1)v+2 · n22R2v+6(1− sn(T ))

(2p−v−2)∨0(M̃p)kk′1θ2p+2,k
(t).

Moreover, let ξ̃k,k
′

p,t be the one constructed by ξk,k
′

p,t substituting L(θ2p+2,k)∧ τ(sn) for all times of X, b̃2 and

b̃3, then we can write ξ̃k,k
′

p,t =
∑

K ξ̃k,k
′

p,K 1K(t) for some random variables {ξ̃k,k
′

p,K }K , where {K} denotes the set of

intervals obtained by unifying partitions {Si},{T j} and {T j
k }. Furthermore, let

ξkk
′

p,t − ξ̃kk
′

p,t =

∫ t

0

ξ̂k,k
′

p,s · dWs +

∫ t

0

η̂k,k
′

p,s ds, (1.22)

then we have

|∂vσ ξ̂k,k
′

p,s | ≤ 2 · 4 · 4v+1(2p+ 1)v+1 · 4(2p+ 2) · n22R2v+6(1− sn(T ))
(2p−v−2)∨0(M̃p)k,k′1θ2p+2,k

(s),

|∂vσ η̂k,k
′

p,s | ≤ 2 · 8 · 4v+1(2p+ 1)v+1 · 1
2
42(2p+ 2)2 · n32R2v+9(1− sn(T ))

(2p−v−3)∨0(M̃p)k,k′1θ2p+2,k
(s).
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Therefore we can write

−1

2
Z⋆(M − M̃)Z = −1

2

∞∑
p=0

∑
k,k′

(∫
ξk,k

′

p,t · dWt +

∫
ηk,k

′

p,t dt

)
ZkZk′

= −1

2

∞∑
p=0

∑
k,k′

∫
ξ̃k,k

′

p,t · dWtZ̃k,pZ̃k′,p −
1

2

∞∑
p=0

∑
k,k′

∫
(ξk,k

′

p,t − ξ̃k,k
′

p,t ) · dWtZkZk′

−1

2

∞∑
p=0

∑
k,k′

∫
ξ̃k,k

′

p,t · dWt(ZkZk′ − Z̃k,pZ̃k′,p)−
1

2

∞∑
p=0

∑
k,k′

∫
ηk,k

′

p,t dtZkZk′

= X +R1 +R2 +R3,

where

(Z̃k,p)
ln+mn

k=1 =

(( b1L(θ2p+2,i),∗ ·W (Ii)

|b1L(θ2p+2,i)∧τn
|
√
|Ii|

)ln

i=1

,

( b2L(θ2p+2,j+ln ),∗ ·W (Jj)

|b2L(θ2p+2,j+ln )∧τn
|
√
|Jj |

)mn

j=1

)
.

Let k1(K) denotes k ≤ ln which satisfies K ⊂ Ik, k2(K) denotes k > ln which satisfies K ⊂ Jk−ln and

B̃k,p =

{
b1L(θ2p+2,k),∗/(|b

1
L(θ2p+2,k)∧τn

|
√

|Ik|) (k ≤ ln)

b2L(θ2p+2,k),∗/(|b
2
L(θ2p+2,k)∧τn

|
√

|Jk−ln |) (ln < k ≤ ln +mn).

Then X can be rewritten as

X = −1

2

∞∑
p=0

∑
k,k′

∑
K′′

ξ̃k,k
′

p,K′′ · W(K ′′)Z̃k,pZ̃k′,p

= −1

2

∑
K,K′,K′′

2∑
i,j=1

∞∑
p=0

ξ̃
ki(K),kj(K′)
p,K′′ · W(K ′′)B̃ki(K),p ·W (K)B̃kj(K),p ·W (K ′).

Let

F i,j,v
K,K′,K′′ =

1

2

∑
v1,v2,v3≥0,v1+v2+v3=v

v!

v1!v2!v3!

∞∑
p=0

|∂v1σ ξ̃
ki(K),kj(K′)
p,K′′ ||∂v2σ B̃ki(K),p||∂v3

σ B̃kj(K′),p|

for 1 ≤ i, j ≤ 2, then F i,j,v
K,K′,K′′ = F j,i,v

K′,K,K′′ . Hence for general Π and any q ∈ 2N, we have

E[|∂vσX|q|Π]

≤ C

2∑
i,j=1

{( ∑
K,K′,K′′

|K||K ′||K ′′|E[(F i,j,v
K,K′,K′′)

q|Π]
2
q

) q
2

+

(∑
K

|K|
(∑

K′

|K ′|(2E[(F i,j,v
K,K′,K′)

q|Π]
1
q + E[(F i,j,v

K′,K′,K)q|Π]
1
q

)2) q
2
}

≤ C

( ∑
k,k′,K′′

|K ′′|E
[( ∞∑

p=0

RC(p+ 1)v+1(1− sn(T ))
(2p−5)∨0(M̃p)k,k′1θ2p+2,k

(K ′′)

)q∣∣∣∣Π] 2
q
) q

2

+C

{∑
k

|θ0,k|
(∑

k′

|θ0,k′ |
{
E

[( ∞∑
p=0

RC(p+ 1)v+1 (1− sn(T ))
(2p−5)∨0√

|θ0,k|
√

|θ0,k′ |
(M̃p)k,k′

)q∣∣∣∣Π] 1
q

+E

[( ∞∑
p=0

RC(p+ 1)v+1 (1− sn(T ))
(2p−5)∨0

|θ0,k′ |
1θ2p+2,k∩θ0,k′ ̸=∅

)q∣∣∣∣Π] 1
q
})2} q

2

by Lemma 1.12.
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Moreover, by Lemma 1.10, we have

E[|∂vσX|q|Π] ≤ CE[RCsn(T )
−(v+ 2r+3

2 )q|Π]
{( ∑

k,k′,K′′

|K ′′|
∞∑
p=0

(M̃p)k,k′1θ2p+2,k(K′′)

(p+ 1)2r

) q
2

+

(∑
k

(∑
k′

√
|θ0,k′ |

( ∞∑
p=0

(
(M̃p)k,k′

(p+ 1)r

)2) 1
2
)2) q

2

+

(∑
k

|θ0,k|
(∑

k′

( ∞∑
p=0

1θ2p+2,k∩θ0,k′ ̸=∅

(p+ 1)2r

) 1
2
)2) q

2
}
.

Since (
∑

p∈N αp)
1/q′ ≤

∑
p∈N α

1/q′

p for αp ≥ 0 (p ∈ N) and q′ > 1, we have

E[|∂vσX|q|Π] ≤ CE[RCsn(T )
−(v+ 2r+3

2 )q|Π]
{(∑

k,k′

∞∑
p=0

(M̃p)k,k′ |θ2p+2,k|
(p+ 1)2r

) q
2

+

(∑
k

∑
k′
1,k

′
2

√
|θ0,k′

1
|
√
|θ0,k′

2
|

∞∑
p1,p2=0

(M̃p1
)k,k′

1
(M̃p2

)k,k′
2

(p1 + 1)r(p2 + 1)r

) q
2

+

(∑
k

|θ0,k|
∑
k′
1,k

′
2

∞∑
p1,p2=0

1θ2p1+2,k′
1
∩θ0,k ̸=∅1θ2p2+2,k′

2
∩θ0,k ̸=∅

(p1 + 1)r(p2 + 1)r

) q
2
}

Therefore, E[|∂vσX|q|Π] is less than the right-hand side of (1.21) since ∥ M̃p ∥≤ 2,∑
k

|θ0,k|1θ2p1+2,k′
1
∩θ0,k ̸=∅1θ2p2+2,k′

2
∩θ0,k ̸=∅ ≤ |θ2p1+3,k′

1
∩ θ2p2+3,k′

2
|,

∑
k,k′

(M̃p)k,k′ |θ2p+2,k| ≤∥ M̃p ∥ (ln +mn)
1
2Φ

1
2
2p+2,2 ≤ 2(ln +mn)

1
2Φ

1
2
2p+2,2,

and ∑
k

∑
k′
1,k

′
2

√
|θ0,k′

1
|
√
|θ0,k′

2
|(M̃p1)k,k′

1
(M̃p2)k,k′

2
≤∥ M̃⋆

p1
M̃p2 ∥

∑
k

|θ0,k| ≤ 8T.

We will estimate E[|R2|q|Π] in the next step. Since

E[(∂vσ(ZkZk′ − Z̃k,pZ̃k′,p))
2q|Π]

1
2q ≤ Cq(T ∨ 1)(E[RC ] + Θ1

C)(|θ2p+2,k|
1
2 + |θ2p+2,k′ | 12 ),

Lemma 1.9 and the Cauchy-Schwarz inequality yield

E[|∂vσR2|q|Π] ≤ 1

2q

(∑
k,k′

∞∑
p=0

∑
v1,v2≥0,v1+v2=v

v!

v1!v2!
E

[(∫
θ2p+2,k

∂v1
σ ξ̃

k,k′

p,t · dWt

)2q∣∣∣∣Π] 1
2q

×E
[
(∂v2σ (ZkZk′ − Z̃k,pZ̃k′,p))

2q

∣∣∣∣Π] 1
2q
)q

≤ C

(∑
k,k′

∞∑
p=0

(p+ 1)v+1|θ2p+2,k|
1
2E[RC(1− sn(T ))

2q(2p−5)∨0|Π]
1
2q (M̃p)k,k′

×(E[RC ] + Θ1
C)(T ∨ 1)(|θ2p+2,k|

1
2 + |θ2p+2,k′ | 12 )

)q

.
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Hence by the Hölder inequality, we have

E[|∂vσR2|q|Π] ≤ C(T q ∨ 1)(E[RC ] + Θ1
C)E[RCsn(T )

−(2v+2r+3)q|Π]
1
2

×
( ∞∑

p=0

(∑
k,k′

(M̃p)k,k′(|θ2p+2,k|+ |θ2p+2,k|1/2|θ2p+2,k′ |1/2)
(p+ 1)r

) 2q
2q−1

)q− 1
2

≤ C(T q ∨ 1)(E[RC ] + Θ1
C)E[RCsn(T )

−(2v+2r+3)q|Π]
1
2

×
{ ∞∑

p=0

(
((ln +mn)Φ2p+2,2)

1/2 ∨ Φ2p+2,1

(p+ 1)r

) 2q
2q−1

}q− 1
2

.

Then E[|R2|q|Π] is less than the right-hand side of (1.21).
Furthermore, by Lemma 1.9 and the Cauchy-Schwarz inequality, we have

E[|∂vσR1|q|Π] ≤ C

(∑
k,k′

E

[∣∣∣∣∂vσ(∫ ∞∑
p=0

(ξk,k
′

p,t − ξ̃k,k
′

p,t ) · dWtZkZk′

)∣∣∣∣q∣∣∣∣Π] 1
q
)q

≤ C(E[RC ] + T q(Θ1
8q)

1/4)

(∑
k,k′

∑
0≤v1≤v

E

[∣∣∣∣ ∫ ( ∞∑
p=0

∂v1σ (ξk,k
′

p,t − ξ̃k,k
′

p,t )

)2

dt

∣∣∣∣q∣∣∣∣Π] 1
2q
)q

.(1.23)

Since Π is independent of {(Xt, (b̃
i
t)i)}t, we can choose conditional expectation for which t 7→ E[(

∑∞
p=0 ∂

v1
σ (ξk,k

′

p,t −
ξ̃k,k

′

p,t ))2q|Π] is Lebesgue integrable almost surely for 0 ≤ v1 ≤ v. Therefore, by (1.23) and similar argument to
the proof of Lemma 1.9, we have

E[|∂vσR1|q|Π] ≤ C(E[RC ] + T q(Θ1
8q)

1/4)

(∑
k,k′

∑
0≤v1≤v

(∫
E

[( ∞∑
p=0

∂v1
σ (ξk,k

′

p,t − ξ̃k,k
′

p,t )

)2q

|Π
] 1

q

dt

) 1
2
)q

. (1.24)

By Lemma 1.10, (1.24), (1.22) and the estimates after that, we have

E[|∂vσR1|q|Π]

≤ C(E[RC ] + T q(Θ1
8q)

1
4 )

(∑
k,k′

(∫
E

[( ∞∑
p=0

(p+ 1)v+3R2v+9

×(1− sn(T ))
(2p−7)∨0(M̃p)k,k′ |θ2p+2,k|

1
2 (T

1
2 ∨ 1)1θ2p+2,k′ (t)

)2q∣∣∣∣Π] 1
q

dt

) 1
2
)q

≤ C(E[RC ] + T q(Θ1
8q)

1
4 )(T

q
2 ∨ 1)E[RCsn(T )

−(2v+2r+7)q|Π]
1
2

(∑
k,k′

( ∞∑
p=0

((M̃p)k,k′)2|θ2p+2,k||θ2p+2,k′ |
(p+ 1)2r

) 1
2
)q

≤ C(E[RC ] + T q(Θ1
8q)

1
4 )(T

q
2 ∨ 1)E[RCsn(T )

−(2v+2r+7)q|Π]
1
2

( ∞∑
p=0

Φ2p+2,1

(p+ 1)r

)q

.

Then E[|∂vσR1|q|Π] is less than the right-hand side of (1.21). Similarly, we can see

E[|∂vσR3|q] ≤ CE[RCsn(T )
−(2v+2r+5)q|Π]

1
2 (E[RC ] + T q(Θ1

8q)
1
4 )

( ∞∑
p=0

√
(ln +mn)Φ2p+2,2

(p+ 1)r

)q

.

Hence E[|∂vσ(Z⋆(M − M̃)Z/2)|q|Π] is less than the right-hand side of (1.21).
Similaly, we can see

E

[∣∣∣∣∂vσ(1

2

∞∑
p=1

(−1)p

p
(tr(L̃p)− tr(L̃p

p))

)∣∣∣∣q∣∣∣∣Π]
is less than the right-hand side of (1.21).
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Moreover,

E[|∂vσ(µ̃⋆M̃µ̃/2)|q|Π] ≤ CE

[( v∑
v1=0

|∂v1σ µ̃|
)2q( v∑

v2=0

∥ ∂v2σ M̃ ∥
)q∣∣∣∣Π] ≤ CE[(RCsn(T )

−(v+1)q)2|Π]
1
2 (2T )q(Θ1

4q)
1
2

since
∑v

v2=0 ∥ ∂v2
σ M̃ ∥≤ CR2v

∑∞
p=0((2p)

v ∨ 1)ρ̄
(2p−v)∨0
τn ≤ CR2vsn(T )

−(v+1).

We will estimate E[|∂vσ(µ̃⋆M̃Ẑ)|q|Π] at last. Let Lp,k,k′ = ((L̃2p)
2p − (L̃2p+1)

2p+1)k,k′ . µ̃⋆M̃Ẑ can be
decomposed as

µ̃⋆M̃Ẑ =
∑
k,k′

∞∑
p=0

Lp,k,k′ µ̃p,kẐk′ +
∑
k,k′

∞∑
p=0

Lp,k,k′(µ̃k − µ̃p,k)Ẑk′ = Ξ1 + Ξ2,

where

µ̃p,k =

{
µ1
L(θp+1,k)

√
|Ik|/|b1L(θp+1,k)∧τn

| (k ≤ ln)

µ2
L(θp+1,k)

√
|Jk−ln |/|b2L(θp+1,k)∧τn

| (k > ln)

Then by the Burkholder-Davis-Gundy inequality, we obtain

E[|∂vσΞ1|q|Π] ≤ C
∑

v1+v2=v

E

[(∑
k′

(∑
k

∞∑
p=0

∂v1
σ (Lp,k,k′ µ̃p,k)

)2

(∂v2
σ Ẑk′)2

) q
2
∣∣∣∣Π]

≤ C
∑

v1+v2=v

(∑
k′

E

[(∑
k

∞∑
p=0

∂v1
σ (Lp,k,k′ µ̃p,k)

)q

(∂v2
σ Ẑk′)q

∣∣∣∣Π] 2
q
) q

2

≤ CE[R4q]
1
2

v∑
v1=0

(∑
k′

(∑
k

∞∑
p=0

E[(∂v1σ (Lp,k,k′ µ̃p,k))
2q|Π]

1
2q

)2) q
2

.

Since

E[(∂v1σ (Lp,k,k′ µ̃p,k))
2q|Π]

1
2q ≤ C(2p+ 1)vE[RC ρ̄4q(2p−5)

τn |Π]
1
4q (M̃p)k,k′(Θ1

4q)
1
4q

√
|θ0,k|,

we obtain

E[|∂vσΞ1|q|Π] ≤ CE[R4q]
1
2 (Θ1

4q)
1
4

(∑
k′

∑
k1,k2

∞∑
p1,p2=0

E[RC ρ̄4q(2p1−5)
τn |Π]

1
4q (p1 + 1)v(p2 + 1)v

×E[RC ρ̄4q(2p2−5)
τn |Π]

1
4q (M̃p1)k1,k′(M̃p2)k2,k′

√
|θ0,k1 |

√
|θ0,k2 |

) q
2

≤ CT q/2E[R4q]
1
2 (Θ1

4q)
1
4

( ∞∑
p=0

E[RC ρ̄4q(2p−5)
τn |Π]

1
4q (p+ 1)v

)q

.

Then E[|∂vσΞ1|q|Π] is less than the right-hand side of (1.21) since

∞∑
p=0

E[RC ρ̄4q(2p−5)
τn |Π]

1
4q (p+ 1)v ≤

( ∞∑
p=0

E[RC ρ̄4q(2p−5)
τn |Π](p+ 1)q(4v+

9
2 )

) 1
4q
( ∞∑

p=0

(p+ 1)−
9
8

)1− 1
4q

≤ CE[RCsn(T )
−q(4v+5)|Π]1/4q.
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On the other hand, Lemma 1.9 yields

E[|∂vσΞ2|q|Π]

≤ C

( ∞∑
p=0

∑
k,k′

E

[{
RC ρ̄(2p−v)∨0

τn (2p+ 1)v(M̃p)k,k′

( v∑
v1=0

|∂v1σ (µ̃k − µ̃p,k)|
)( v∑

v2=0

|∂v2
σ Ẑk|

)}q∣∣∣∣Π] 1
q
)q

≤ CE[RC ]

{∑
p=0

∑
k,k′

(M̃p)k,k′E[RC ρ̄2q(2p−v)∨0
τn (2p+ 1)2qv|Π]

1
2q

×
(
E[RC ]

1
8q

√
|θ0,k|(Θ2

8q)
1
8q |θp+1,k|γ + E[RC ]

1
8q

√
|θ0,k|(Θ1

8q)
1
8q (T

1
2 ∨ 1)

√
|θp+1,k|

)}q

≤ CE[RC ](T
q
2 ∨ 1)((Θ1

8q)
1
8 + (Θ2

8q)
1
8 )

( ∞∑
p=0

E[RC ρ̄2q(2p−4)∨0
τn |Π](p+ 1)(2v+6)q

) 1
2

×
{ ∞∑

p=0

1

(p+ 1)2

(∑
k,k′

(M̃p)k,k′

√
|θ0,k|

((4p+ 1)rn)
γ ∨ ((4p+ 1)rn)

1/2

p+ 1

) 2q
2q−1

} 2q−1
2

≤ CE[RC ]r
q(γ∧ 1

2 )
n (T

3
2 q ∨ 1)(ln +mn)

q
2 ((Θ1

8q)
1
8 + (Θ2

8q)
1
8 )E[RCsn(T )

−(2v+7)q|Π]
1
2 ,

where we use the fact rγn∨ r
1
2
n = T γ(rnT

−1)γ ∨T 1
2 (rnT

−1)
1
2 ≤ (

√
T ∨1)r

γ∧ 1
2

n . This complete the proof of (1.21).
We next estimate E[|∂vσH̃2

n,sn(T ;σ) − ∂vσH̃
3
n,sn(T ;σ)|

q|Π]. Let J (k) = 1 (1 ≤ k ≤ ln), J (k) = 2 (ln < k ≤
ln +mn) and B̌

i
k = |biL(θ0,k),∗|/|b

i
L(θ0,k)∧τn

| for 1 ≤ k ≤ ln +mn, i = 1, 2. For p ∈ Z+ and 1 ≤ k, k′ ≤ ln +mn,

we define {ξ̌k,k
′

p,t }, {η̌k,k
′

p,t } as if follows.

1. the case k = k′:

−1

2
((L̃2p)

2p)k,k(⟨Ẑ⟩T )k,k +
1

2
(B̌

J (k)
k )2ρ2pL(θ0,k)

(M̃p)k,k

−(log |bJ (k)
θ0,k,τn

| − log |bJ (k)
L(θ0,k)∧τn

|)1{p=0} +
1

4p
(((L̃2p)

2p)k,k − ρ2pL(θ0,k)∧τn
(M̃p)k,k)1{p≥1}

=

∫
ξ̌k,kp,t · dWt +

∫
η̌k,kp,t dt.

2. the case (k ≤ ln and k′ > ln) or (k > ln and k′ ≤ ln):

−1

2

{
(B̌1

kB̌
2
k + B̌

J (k)
k )ρ2p+1

L(θ0,k)∧τn
ρL(θ0,k),∗ − B̌

J (k)
k′ ρ2p+1

L(θ0,k′ )∧τn
ρL(θ0,k′ ),∗

}
×(M̃p)k,k′(M̃0)k,k′ +

1

2
((L̃2p+1)

2p+1)k,k′(⟨Z⟩T )k,k′ =

∫
ξ̌k,k

′

p,t · dWt +

∫
η̌k,k

′

p,t dt.

3. other case : We set ξ̌k,k
′

p,t ≡ 0 and η̌k,k
′

p,t ≡ 0.

Then by Itô’s formula, we obtain

|
∑
k,k′

∂vσ ξ̌
k,k′

p,t | ≤ CRC(p+ 1)v+1ρ̄
(2p−v−1)∨0
T

∑
k

{(M̃p)k,k + (M̃p+1)k,k}1θ2p+2,k
(t),

|
∑
k,k′

∂vσ η̌
k,k′

p,t | ≤ CRC(p+ 1)v+2ρ̄
(2p−v−2)∨0
T

∑
k

{(M̃p)k,k + (M̃p+1)k,k}1θ2p+2,k
(t).

Moreover, we have

H̃2
n,sn(T ;σ)− H̃3

n,sn(T ;σ) =

∫ ∑
k,k′

∞∑
p=0

ξ̌k,k
′

p,t · dWt +

∫ ∑
k,k′

∞∑
p=0

η̌k,k
′

p,t dt.

Therefore we obtain the conclusion by Lemma 1.10.
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Lemma 1.14. 1. Assume that [A1], [A2] hold and {b−1
n (ln +mn)}n is tight. Then

sup
σ
b−1
n |∂vσHn(σ)− ∂vσH̃

3
n,sn(T ;σ)| →

p 0

as n→ ∞ for 0 ≤ v ≤ 3, where sn = r
1/42
n ∧ ((1− |ρ0|)/2).

2. Let 0 ≤ v ≤ 3, q ∈ 2N, q > n1, δ ≥ 1, and {sn}n∈N be stochastic processes which satisfy [S]. Assume that
[A1], [A2], [A4-(2q), δ] hold,

lim sup
n→∞

E[sn(T )
−(2v+2[δ]+12)q] <∞ and lim sup

n→∞
E[b−2q

n (ln +mn)
2q] <∞. (1.25)

Then there exists n0 ∈ N such that

sup
n≥n0

E

[(
sup
σ
b−1/2
n |∂vσĤn(σ; sn)− ∂vσH̃

3
n,sn(T ;σ)|

)q]
<∞.

Proof. We first prove 2. Since {rn}n is bounded and rn →p 0 as n → ∞, we have limn→∞E[rq
′

n ] = 0 for any
q′ > 0. Then by [A1], [A4-(2q), δ], (1.25), Lemma 1.13 with r = [δ] + 2, Cauchy-Schwarz inequalities, Jensen’s

inequality and the estimate Φ2p+2,2 ≤ rn(8p+9)Φ2p+2,1, we have limn→∞ supσ E[b
−q/2
n |∂vσ(Ĥn − H̃1

n)|q] = 0 for

0 ≤ v ≤ 4. Hence limn→∞E[b
−q/2
n supσ |∂vσ(Ĥn − H̃1

n)|q] = 0 for 0 ≤ v ≤ 3 by Sobolev’s inequality. Similarly,

we have limn→∞E[b
−q/2
n supσ |∂vσ(H̃2

n − H̃3
n)|q] = 0 for 0 ≤ v ≤ 3.

We estimate H̃1
n − H̃2

n in the next step. Let 0 ≤ v ≤ 4 and Π be deterministic. By Itô’s formula and
symmetry of M̃ , we have

H̃1
n(t)− H̃2

n(t) = −1

2

∑
k,k′

M̃k,k′
{
Ẑk,tẐk′,t − (⟨Ẑ⟩t)k,k′

}
= −

∑
k,k′

M̃k,k′

∫ t

0

Ẑk,sdẐk′,s.

Therefore, {∂vσ(H̃1
n(t)− H̃2

n(t))}0≤t≤T is the martingale. By the Burkholder-Davis-Gundy inequality, we obtain

E[|∂vσ(H̃1
n − H̃2

n)|q] ≤ CE[⟨∂vσ(H̃1
n − H̃2

n)⟩
q/2
T ] (0 ≤ v ≤ 4).

Moreover,

⟨∂vσ(H̃1
n − H̃2

n)⟩T ≤ CR4 ∥ M̃0 ∥
( ∑

0≤j1+j2≤v

|(∂j1σ Ẑ)∗|× ∥ {|∂j2σ M̃k,k′ |}k,k′ ∥
)2

,

where |(∂j1σ Ẑ)∗|2 =
∑

k supt |∂j1σ Ẑk,t|2. Since E[|(∂jσẐ)∗|2q] ≤ CE[R4q](ln+mn)
q, ∥ M̃0 ∥≤ 2 and ∥ {|∂jσM̃k,k′ |}k,k′ ∥≤

CR2j(1− ρ̄T )
−j−1 for 0 ≤ j ≤ 4, we have

b
− q

2
n E[|∂vσ(H̃1

n − H̃2
n)|q] ≤ CE[RC ]E[(b−1

n (ln +mn))
q/2]E[RC(1− ρ̄T )

−2(v+1)q]1/2

for general Π. Then by Sobolev’s inequality, there exists n0 ∈ N such that

sup
n≥n0

E

[(
sup
σ
b
− 1

2
n |∂vσ(H̃1

n − H̃2
n)|
)q]

<∞

for 0 ≤ v ≤ 3. This completes the proof of 2.
Finally, we prove 1. Since |Φ2p+2,i| ≤ C(p+1)irin(ln+mn) and |Φ2p1+3,2p2+3| ≤ C(p1+1)(p2+1)(ln+mn)

2rn
for p1, p2 ∈ Z+ and i = 1, 2, by Lemma 1.13 with r = 3, we have

sup
σ∈Qn1∩Λ

E[|∂vσ(Ĥn(σ; sn)− H̃1
n,sn(T ;σ))|

q|Π] ≤ C(1 + r
− q

4
n )(1 + r

q(γ∧ 1
2 )

n (ln +mn)
q
2 + r

q
2
n (ln +mn)

q)

for q ∈ 2N, q > n1 and 0 ≤ v ≤ 4. Therefore, by Lemma 1.11 2., the assumptions and the inequality
T =

∑
I |I| ≤ rnln, we obtain {b−1

n r−1
n }n is tight and

sup
σ
b−1
n |∂vσ(Ĥn(σ; sn)− H̃1

n,sn(T ;σ))| →
p 0
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as n → ∞ for 0 ≤ v ≤ 3. Similarly, we obtain supσ b
−1
n |∂vσ(H̃2

n,sn(T ;σ) − H̃3
n,sn(T ;σ)| →

p 0 as n → ∞ for
0 ≤ v ≤ 3.

Moreover, similarly to the proof of 2., we have

E[|b−1
n ∂vσ(H̃

1
n − H̃2

n)|q|Π] ≤ CE[RC ]b−q/2
n (b−1

n (ln +mn))
q/2E[RC(1− ρ̄T )

−C ]

for q > n1 and 0 ≤ v ≤ 4. Hence by Lemma 1.11 2., we have b−1
n supσ |∂vσ(H̃1

n − H̃2
n)| →p 0 as n → ∞ for

0 ≤ v ≤ 3.
Moreover, since P [τ(sn) < T ] → 0 as n → ∞, b−1

n supσ |∂vσ(Hn(σ) − Ĥn(σ; sn))| →p 0 as n → ∞, which
completes the proof.

Lemma 1.15. Assume [A3′]. Then

sup
σ∈Λ

|Ψp,1(f(·, σ), ap)| →p 0 and sup
σ∈Λ

|Ψp,2(f(·, σ), cp)| →p 0

as n→ ∞ for p ∈ Z+ and f(t, σ) : random variable defined on [0, T ]× Λ̄ such that f is continuous with respect
to (t, σ).

Proof. Let {fk}k be step functions such that supt,σ |f(t, σ) − fk(t, σ)| →p 0 as k → ∞. By [A3′], we obtain

supσ |
∫ T

0
fk(t, σ)νp,1n (dt)−

∫ T

0
fk(t, σ)ap(t)dt| →p 0 as n→ ∞ for any k ∈ N.

Since {ν0,1n ([0, T ))}n is tight, for any ϵ, δ > 0, there exists K ∈ N such that

P

[
sup
σ

∣∣∣∣ ∫ T

0

(f − fk)νp,1n (dt)

∣∣∣∣ ∨ sup
σ

∣∣∣∣ ∫ T

0

(f − fk)ap(t)dt

∣∣∣∣ > δ

]
< ϵ (k ≥ K,n ∈ N).

Then there exists N ∈ N such that P [supσ |Ψp,1(f(·, σ), ap)| > 3δ] < 2ϵ for n ≥ N . Similarly, we have
supσ |Ψp,2(f(·, σ), cp)| →p 0 as n→ ∞.

Proof of Proposition 1.3.

We first prove 1. By Lemma 1.14, it is sufficient to show supσ |b−1
n ∂vσH̃

3
n(T ;σ) −

∫ T

0
∂vσh

∞
t (σ)dt| →p 0 as

n→ ∞ for 0 ≤ v ≤ 3, where sn = r
1/42
n ∧ ((1− |ρ0|)/2).

Since P [τ(sn) < T ] → 0 as n→ ∞,

∞∑
p=0

2∑
i=1

sup
σ

∣∣∣∣ ∫ T

0

(∂vσDi
p(t ∧ τ(sn), t;σ)− ∂vσDi

p(t, t;σ))ν
p,i
n (dt)

∣∣∣∣→p 0

as n→ ∞ for 0 ≤ v ≤ 3.
Moreover, by Lemma 1.15, supσ |Ψp,1(∂vσD1

p(·, ·;σ), ap)| →p 0 as n→ ∞ for p ∈ Z+ and 0 ≤ v ≤ 3.
Then by Lemma 1.3, the tightness of {ν0,1n ([0, T ))}n, and the estimates νp,1n ([0, T )) ≤ ν0,1n ([0, T )) and

|∂vσD1
p(t, t, σ)| ≤ CRC ρ̄

(2p−v)∨0
T (p+ 1)v, we have

∞∑
p=0

sup
σ

|Ψp,1(∂vσD1
p(·, ·;σ), ap)| →p 0

as n→ ∞ for 0 ≤ v ≤ 3. Similarly, we obtain

∞∑
p=0

sup
σ

|Ψp,2(∂vσD2
p(·, ·;σ), cp)| →p 0

as n→ ∞ for 0 ≤ v ≤ 3. Since h∞t (σ) =
∑∞

p=0(D1
p(t, t;σ)ap(t) +D2

p(t, t;σ)cp(t)), we obtain 1.

We next prove 2. First, [S-((2v+2[δ]+12)q), ξ] and the estimate νp,in ([0, T )) ≤ ν0,i([0, T )) ≤ b−1
n (ln+mn) (p ∈

Z+) yield

sup
n
E

[
sup
σ

∣∣∣∣b ξ
2q
n

∞∑
p=0

2∑
i=1

∫ T

0

{
∂vσDi

p(t ∧ τ(sn), t;σ)− ∂vσDi
p(t, t;σ)

}
νp,in (dt)

∣∣∣∣q] <∞
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for 0 ≤ v ≤ 3.

Then by Lemma 1.14, it is sufficient to show that there exists n0 ∈ N such that

sup
n≥n0

E

[
sup
σ

∣∣∣∣bηn ∞∑
p=0

{
Ψp,1(∂vσD1

p(·, ·;σ), ap) + Ψp,2(∂vσD2
p(·, ·;σ), cp)

}∣∣∣∣q] <∞.

By [A3′-q, η] and independence of {Πn}n and X, we have

sup
n≥n0

E

[∣∣∣∣bηn ∞∑
p=0

Ψp,1(∂vσD1
p(·, ·;σ), ap)

∣∣∣∣q]

≤ C
∞∑
p=0

1

(p+ 1)2
sup
n≥n0

E[(bηn(p+ 1)2|Ψp,1(∂vσD1
p(·, ·;σ), ap)|)q]

≤ C
∞∑
p=0

(p+ 1)CE

[
sup
t

|∂vσD1
p(t, t;σ)|q + ωα(∂

v
σD1

p(·, ·;σ))q
]

(1.26)

for 0 ≤ v ≤ 4, α in [A3′-q, η] and n0 which is renewed if necessary.

By Itô’s formula, we obtain

E[|∂vσD1
p(t, t;σ)− ∂vσD1

p(s, s;σ)|q] ≤ CE[((p+ 1)v+2ρ̄
(2p−v−2)∨0
T RC)q]|t− s|q/2

for s < t.

Hence by Kolmogorov’s criterion( [39] Theorem (2.1)) and its proof, we have

E[ωα(∂
v
σD1

p(·, ·;σ))q] ≤ CE[((p+ 1)v+2ρ̄
(2p−v−2)∨0
T RC)q]. (1.27)

(1.26),(1.27) yield supσ supn≥n0
E[|bηn

∑∞
p=0 Ψ

p,1(∂vσD1
p(·, ·;σ), ap)|q] < ∞. Then by Sobolev’s inequality, we

have supn≥n0
E[supσ |bηn

∑∞
p=0 Ψ

p,1(∂vσD1
p(·, ·;σ), ap)|q] < ∞ for 0 ≤ v ≤ 3. Similarly, there exists n1 ∈ N such

that
supn≥n1

E[supσ |bηn
∑∞

p=0 Ψ
p,2(∂vσD2

p(·, ·;σ), cp)|q] <∞ for 0 ≤ v ≤ 3.

1.7.3 Proof of Lemmas 1.7 and 1.8

Proof of Lemma 1.7.

Let G[s,t) = {GI,J}L(I),L(J)∈[s,t) for 0 ≤ s < t ≤ T , {λ′i}l
′

i=1 be the eigenvalues of G[s,t)G
⋆
[s,t) and f

(s)
1 (t) =

f1(t, B
1
sB

2
s , ρs, ρs,∗). Since |b−1

n tr((G[s,t)G
⋆
[s,t))

p) − νp,1n ([s, t))| →p 0 as n → ∞ by a similar argument to the
proof of Lemma 1.4, we have ∫ t

s

ap(u)du = P- lim
n→∞

b−1
n

l′∑
i=1

(λ′i)
p,

where P- lim denotes the limit in probability. Moreover, similarly to the proof of Lemma 1.2, we have supi |λ′i| ≤
1.

Let gi = gi(ρs) =
√
1− λ′iρ

2
s, gi,∗ = gi(ρs,∗). Then since

A(ρ)
ρ∗
ρ

−A(ρ)− a0 =

∞∑
p=1

apρ
2p

(
ρ∗
ρ

− 1

)
− a0 =

∞∑
p=0

ap+1ρ
2p+1ρ∗ −

∞∑
p=0

apρ
2p,

∫ ρ

ρ∗

A(ρ′)

ρ′
dρ′ =

1

2

∞∑
p=1

ap
p
(ρ2p − ρ2p∗ )
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for ρ, ρ∗ ∈ (−1, 1), we have∫ t

s

f
(s)
1 (u)du

= P- lim
n→∞

b−1
n

l′∑
i=1

{
1 + log(B1

sB
2
s ) +B1

sB
2
s

∞∑
p=0

(
(λ′i)

p+1ρ2p+1
s ρs,∗ − (λ′i)

pρ2ps
)
+

1

2

∞∑
p=1

(λ′i)
p

p
(ρ2ps − ρ2ps,∗)

}

= P- lim
n→∞

b−1
n

l′∑
i=1

{
1 +B1

sB
2
sg

−2
i (λ′iρsρs,∗ − 1) + log(B1

sB
2
sgi,∗g

−1
i )
}

= P- lim
n→∞

b−1
n

l′∑
i=1

{
B1

sB
2
sg

−2
i (λ′iρsρs,∗ − 1) +B1

sB
2
sgi,∗g

−1
i + F (B1

sB
2
sgi,∗g

−1
i )
}

(1.28)

by Lemma 1.3. Since

g−2
i (λ′iρsρs,∗ − 1) + gi,∗g

−1
i = −

(λ′iρsρs,∗ − 1)2 − g2i,∗g
2
i

g2i (1− λ′iρsρs,∗ + gi,∗gi)
= − λ′i(ρs − ρs,∗)

2

g2i (1− λ′iρsρs,∗ + gi,∗gi)

≤ −λ′i(ρs − ρs,∗)
2/3 (1.29)

and B1
sB

2
sgi,∗g

−1
i − 1 ≤ R4/

√
1− ρ̄2T , it follows that∫ t

s

f
(s)
1 (u)du ≤ P- lim

n→∞
b−1
n

l′∑
i=1

{
−B

1
sB

2
sλ

′
i

3
(ρs − ρs,∗)

2 − 1− ρ̄2T
4R8

(B1
sB

2
sgi,∗g

−1
i − 1)2

}
from (1.28),(1.29) and Lemma 1.6.

Moreover, since

(B1
sB

2
sgi,∗g

−1
i − 1)2 ≥ (B1

sB
2
sgi,∗ − gi)

2 ≥ g2i,∗(B
1
sB

2
s − 1)2/2− (gi − gi,∗)

2

= g2i,∗(B
1
sB

2
s − 1)2/2− (λ′i)

2(ρs − ρs,∗)
2(ρs + ρs,∗)

2/(gi + gi,∗)
2

≥ (1− ρ̄2T )(B
1
sB

2
s − 1)2/2− λ′i(ρs − ρs,∗)

2/(1− ρ̄2T ),

we obtain∫ t

s

f
(s)
1 (u)du

≤ −B
1
sB

2
s (ρs − ρs,∗)

2

3

∫ t

s

a1(u)du− 1− ρ̄2T
4R8

{
(1− ρ̄2T )(B

1
sB

2
s − 1)2

2

∫ t

s

a0(u)du− (ρs − ρs,∗)
2

1− ρ̄2T

∫ t

s

a1(u)du

}
= −

(
B1

sB
2
s

3
− 1

4R8

)
(ρs − ρs,∗)

2

∫ t

s

a1(u)du− (1− ρ̄2T )
2

8R8
(B1

sB
2
s − 1)2

∫ t

s

a0(u)du

≤ −C1

∫ t

s

{
a1(u)(ρs − ρs,∗)

2 + a0(u)(B
1
sB

2
s − 1)2

}
du.

Since s < t is arbitrary, we obtain∫ t

s

f1(u,B
1
uB

2
u, ρu, ρu,∗)du ≤ −C1

∫ t

s

{
a1(u)(ρu − ρu,∗)

2 + a0(u)(B
1
uB

2
u − 1)2

}
du.

Then we have

f1(t, B
1
tB

2
t , ρt, ρt,∗) ≤ −C1

{
a1(t)(ρt − ρt,∗)

2 + a0(t)(B
1
tB

2
t − 1)2

}
dt× P - a.e. (t, ω).

Similar argument using the eigenvalues of G⋆
[s,t)G[s,t) instead of that of G[s,t)G

⋆
[s,t) yields

f2(t, B
1
tB

2
t , ρt, ρt,∗) ≤ −C1

{
a1(t)(ρt − ρt,∗)

2 + c0(t)(B
1
tB

2
t − 1)2

}
dt× P - a.e. (t, ω).
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Proof of Lemma 1.8.
For the case that observation intervals {I}, {J} are synchronous and equi-spaced : |I| = |J | = T/[bn], we

obtain a0 ≡ c0 ≡ a1 ≡ 1, A(ρ) = ρ2/(1−ρ2). Let us denote yt by yt,0 for the synchronous, equi-spaced sampling
case, then by (1.9) we have

yt,0 = − (B1
t −B2

t )
2

2(1− ρ2t )
+ 1 + logB1

tB
2
t +

1

2
log

1− ρ2t,∗
1− ρ2t

+B1
tB

2
t

ρtρt,∗ − 1

1− ρ2t

= − (B1
t −B2

t )
2

2(1− ρ2t )
+ F

B1
tB

2
t

√
1− ρ2t,∗
1− ρ2t

+B1
tB

2
t

ρtρt,∗ − 1

1− ρ2t
+

√
1− ρ2t,∗
1− ρ2t

 .

Since B1
tB

2
t

√
1− ρ2t,∗/

√
1− ρ2t ≥ R−4

√
1− ρ̄2T , by Lemma 1.6 and similar argument to (1.29), it follows that

yt,0 ≥ − (B1
t −B2

t )
2

2(1− ρ̄2T )
−

(
log

R4√
1− ρ̄2T

∨ 1

)B1
tB

2
t

√
1− ρ2t,∗
1− ρ2t

− 1

2

−R4 (ρt − ρt,∗)
2

(1− ρ̄2T )
2
.

Since

(B1
tB

2
t

√
1− ρ2t,∗/

√
1− ρ2t − 1)2 ≤

2(B1
tB

2
t − 1)2 + 2(

√
1− ρ2t,∗ −

√
1− ρ2t )

2

1− ρ̄2T

≤ 2(B1
tB

2
t − 1)2

1− ρ̄2T
+

(ρt,∗ − ρt)
2(ρt,∗ + ρt)

2

2(1− ρ̄2T )
2

,

there exists a positive random variable R′ which does not depend on σ, σ∗, t such that E[(R′)q] < ∞ for any
q > 0 and

yt,0 ≥ −R′ {(B1
t −B2

t )
2 + (B1

tB
2
t − 1)2 + (ρt − ρt,∗)

2
}
.

By integrating with respect to t, we have the desired conclusion.

1.7.4 Proof of Proposition 1.5 and Theorem 1.2

Proof of Proposition 1.5.
We use Theorem 2 in Yoshida [54].
Let β1 = δ, β2 = 1/2− δ, 0 < ρ′2 < δ, 0 < α < 1∧ (ρ′2/2), β = α/(1−α) and 0 < ρ′1 < 1∧ β ∧ (2β1/(1−α)).

Let

Ŷn(σ;σ∗) = b−1
n (Ĥn(σ)− Ĥn(σ∗)), Γ̂n(σ) = −b−1

n ∂2σĤn(σ),

then it is sufficient to prove the following five conditions for any L > 0.

1. There exists cL > 0 such that for any r > 0, we have P [χ ≤ r−(ρ′
2−2α)] ≤ cL/r

L and P [{r−ρ′
1 |u|2 ≤

u⋆Γu/4 for any u ∈ Rn1}c] ≤ cL/r
L.

2. For M1 = L(1− ρ′1)
−1, supnE[(b

−1/2
n |∂σĤn(σ∗)|)M1 ] <∞.

3. For M2 = L(1− 2β2 − ρ′2)
−1,

sup
n
E

[(
sup
σ
b

1
2−β2
n |Ŷn(σ;σ∗)− Y(σ;σ∗)|

)M2
]
<∞.

4. For M3 = L(β − ρ′1)
−1, supnE[(b−1

n supσ |∂3σĤn(σ)|)M3 ] <∞.

5. For M4 = L(2β1/(1− α)− ρ′1)
−1, supnE[(bβ1

n |Γ̂n(σ∗)− Γ|)M4 ] <∞.
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By using Taylor’s formula for h∞t (σ) − h∞t (σ∗), we obtain χ ≤ infu∈Rn1\{0} u
⋆Γu/(2|u|2). Then [H]

yields 1. Moreover, 3. and 5. obviously hold by Proposition 1.3 2. By Proposition 1.3 and the estimate

E[(supσ |
∫ T

0
∂3σh

∞
t (σ)dt|)M3 ] < ∞, 4. also holds. Finally, Lemma 1.14, [S-q′, 2q′δ] for some sufficiently large q′

and the estimate ∂σH̃
3
n(T ;σ∗) ≡ 0 on {τ(sn) = T} show 2.

Proposition 1.10. Assume [A1] − [A4]. Then (Vn(u1), · · · ,Vn(uk)) →s-L (V(u1), · · · ,V(uk)) as n → ∞ for

k ∈ N, u1, · · · , uk ∈ Rn1 , where Vn(u) = b
−1/2
n ∂σHn(σ∗)u+ b

−1
n u⋆∂2σHn(σ∗)u/2, V(u) = u⋆Γ1/2N −u⋆Γu/2 and

N is defined before the statement of Theorem 1.2. Moreover,

∂2σh
∞
t (σ∗) = A(ρt,∗)

(
∂σρt,∗
ρt,∗

− ∂σB
1
t,∗ − ∂σB

2
t,∗

)2

− ∂ρA(ρt,∗)
(∂σρt,∗)

2

ρt,∗

−2(a0(t) +A(ρt,∗))(∂σB
1
t,∗)

2 − 2(c0(t) +A(ρt,∗))(∂σB
2
t,∗)

2.

Proof. By (1.8) we have

∂σh
∞
t = −∂σB1

tB
1
t (a0 +A(ρt))−

1

2
(B1

t )
2∂σ(A(ρt))− ∂σB

2
tB

2
t (c0 +A(ρt))−

1

2
(B2

t )
2∂σ(A(ρt))

+(∂σB
1
tB

2
t +B1

t ∂σB
2
t )A

ρt,∗
ρt

+B1
tB

2
t ρt,∗∂σ

(
A(ρt)

ρt

)
+ a0

∂σB
1
t

B1
t

+ c0
∂σB

2
t

B2
t

+
A(ρt)

ρt
∂σρt

= ∂σB
1
tA(ρt)

(
B2

t

ρt,∗
ρt

−B1
t

)
+ ∂σB

2
tA(ρt)

(
B1

t

ρt,∗
ρt

−B2
t

)
+ a0∂σB

1
t

(
1

B1
t

−B1
t

)
+c0∂σB

2
t

(
1

B2
t

−B2
t

)
+ ∂σ(A(ρt))

(
B1

tB
2
t

ρt,∗
ρt

− (B1
t )

2

2
− (B2

t )
2

2

)
+A∂σρt

ρt

(
1−B1

tB
2
t

ρt,∗
ρt

)
.

Since B1
t,∗ = B2

t,∗ = 1 and each term of the right-hand side of the previous equation has a factor which equals
0 if we substitute σ = σ∗, it follows that

∂2σh
∞
t (σ∗) = (∂σB

1
t,∗∂σB

2
t,∗ + ∂σB

2
t,∗∂σB

1
t,∗)A∗ − ((∂σB

1
t,∗)

2 + (∂σB
2
t,∗)

2)A∗ − (∂σB
1
t,∗ + ∂σB

2
t,∗)A∗

∂σρt,∗
ρt,∗

−2a0(∂σB
1
t,∗)

2 − 2c0(∂σB
2
t,∗)

2 − ∂ρA(ρt,∗)
(∂σρt,∗)

2

ρt,∗
+A∗

∂σρt,∗
ρt,∗

(
∂σρt,∗
ρt,∗

− ∂σB
1
t,∗ − ∂σB

2
t,∗

)
= A∗

(
∂σρt,∗
ρt,∗

− ∂σB
1
t,∗ − ∂σB

2
t,∗

)2

− ∂ρA(ρt,∗)
(∂σρt,∗)

2

ρt,∗
− 2(a0 +A∗)(∂σB

1
t,∗)

2 − 2(c0 +A∗)(∂σB
2
t,∗)

2,

where A∗ = A(ρt,∗).

On the other hand, for u ∈ Rn1 , let sn(t) = (1 − ρ̄t)/2, Υ1 = b
−1/2
n (∂σH(σ∗) − ∂σĤn(σ∗; sn))u, Υ2 =

b
−1/2
n (∂σĤn(σ∗; sn)+

∑3
i=1(−1)i∂σH̃

i
n,sn(T ;σ∗))u, Υ3 = b−1

n u⋆∂2σHn(σ∗)u/2+u
⋆Γu/2, Υ4 = b

−1/2
n ∂σH̃

3
n,sn(T ;σ∗)

and X̃t = X̃t,n(u) = b
−1/2
n (∂σH̃

1
n,sn(t;σ∗)− ∂σH̃

2
n,sn(t;σ∗))u. Then

Vn(u) = X̃T,n(u)−
1

2
u⋆Γu+

4∑
j=1

Υj .

As n → ∞, since P [τ(sn) < T ] → 0, we have Υ1 →p 0. By [A1] − [A4] and Lemmas 1.11 and 1.13 with
q = 2, we have Υ2 →p 0. Furthermore, we obtain Υ3 →p 0 by Proposition 1.3. Moreover, Υ4 →p 0 since
P [τ(sn) < T ] → 0 and ∂σH̃

3
n,sn(T ;σ∗) ≡ 0 on {τ(sn) = T}.

Then it is sufficient to show

k∑
i=1

vi(X̃T,n(ui)−
1

2
u⋆iΓui) →s-L

k∑
i=1

viV(ui)

as n→ ∞ for any v1, · · · , vk ∈ R and u1, · · · , uk ∈ Rn1 .
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Let F†
t = ∩t′>t{Ft′

∨
σ({Πn}n)} for t ∈ [0, T ) and F†

T = FT

∨
σ({Πn}n). Then {Wt,F†

t }0≤t≤T is also a

Wiener process and {X̃t(u),F†
t }t is a martingale for u ∈ Rn1 . By Theorem 2-1 of Jacod [23], it is sufficient to

show that
⟨X̃·,n(u)⟩t →p u⋆Γtu, ⟨X̃·,n(u),W ⟩t →p 0, ⟨X̃·,n(u), N

′⟩t →p 0

as n → ∞ for any t ∈ [0, T ], u ∈ Rn1 and N ′ ∈ Mb(W
⊥), where Γt = −

∫ t

0
∂2σh

∞
s (σ∗)ds and Mb(W

⊥) is the

class of all bounded F†
t -martingales which are orthogonal to W .

By Itô’s formula and symmetry of M̃ , we obtain

X̃t = −b−
1
2

n

∑
k1,k2

∂σ

{
M̃k1,k2

∫ t

0

Ẑk1,sdẐk2,s

}∣∣∣∣
σ=σ∗

u.

Hence it is obvious that ⟨X̃ , N ′⟩t = 0 for all N ′ ∈ Mb(W
⊥).

Moreover,

⟨X̃ ,W i⟩t = −b−
1
2

n

∑
k1,k2

∑
v1+v2+v3=1

∂v1
σ M̃k1,k2

∫ t

0

∂v2σ Ẑk1,sd⟨∂v3σ Ẑk2 ,W
i⟩su

= −b−
1
2

n

∑
k

∫ t

0

∫
(θ0,k)s

b
J (k)
v,∗ dWv√
|θ0,k|

Bi
k,sds+ op(1)

for i = 1, 2, where J (k) = 1 (1 ≤ k ≤ ln), J (k) = 2 (ln < k ≤ ln +mn) and

Bi
k,s =

∑
k2

∑
v1+v2+v3=1

∂v1σ M̃k,k2∂
v2
σ

(
|bJ (k)

θ0,k,τ(sn)
|−1
)
b
J (k2),i
L(θ0,k),∗∂

v3
σ

(
|bJ (k2)

L(θ0,k)∧τ(sn)
|−1
) 1θ0,k2

(s)√
|θ0,k2 |

u.

On the other hand, we have

E

[∣∣∣∣− b
− 1

2
n

∑
k

∫ t

0

∫
(θ0,k)s

b
J (k)
v,∗ dWv√
|θ0,k|

Bi
k,sds

∣∣∣∣2]

= b−1
n E

[∑
k,k′

∫ t

0

∫ t

0

∫
(θ0,k)s1∩(θ0,k′ )s2

b
J (k)
v,∗ · bJ (k′)

v,∗ dv√
|θ0,k|

√
|θ0,k′ |

Bi
k,s1B

i
k′,s2ds1ds2

]

≤ b−1
n E

[
RC

∑
k,k′

(M̃0)k,k′

∫ t

0

∫ t

0

|Bi
k,s1 ||B

i
k′,s2 |ds1ds2

]
≤ b−1

n E

[
RC

∑
k

(∫ t

0

|Bi
k,s|ds

)2]
→ 0

as n → ∞ since |∂vσ(M̃)k,k′ | ≤ CR2v(1 − ρ̄T )
−(v+5/2)M ′

k,k′ , where M ′
k,k′ =

∑∞
p=0(M̃p)k,k′/(p + 1)2. Hence we

have ⟨X̃ ,W ⟩t →p 0 as n→ ∞ for any t ∈ [0, T ].
Then it is sufficient to show ⟨X̃ (u)⟩t →p u⋆Γtu as n→ ∞ for any t ∈ [0, T ] and u ∈ Rn1 .

⟨X̃ ⟩t

= b−1
n u⋆

∑
k1,k2,k3,k4

∫ t

0

∂σ

(
M̃k1,k2Ẑk1,s

b
J (k2)
s,∗

|bJ (k2)
θ0,k2

,τ(sn)
|

)
∂σ

(
M̃k3,k4Ẑk3,s

b
J (k4)
s,∗

|bJ (k4)
θ0,k4

,τ(sn)
|

)
1θ0,k2

∩θ0,k4
(s)√

|θ0,k2 |
√
|θ0,k4 |

ds

∣∣∣∣
σ=σ∗

u

= b−1
n

∑
k1,k2,k3,k4

∫ t

0

B̃k1,k2 · B̃k3,k4

Z ′
k1,s

Z ′
k3,s√

|θ0,k1 |
√
|θ0,k3 |

1θ0,k2
∩θ0,k4

(s)√
|θ0,k2 |

√
|θ0,k4 |

ds+ op(1), (1.30)

where B̃k1,k2 = ∂σ
(
M̃k1,k2 |b

J (k2)
L(θ0,k1

)∧τ(sn)
|−1|bJ (k1)

θ0,k1
,τ(sn)

|−1
)
|σ=σ∗b

J (k2)
L(θ0,k1

),∗u and Z ′
k,s =

∫
(θ0,k)s

b
J (k)
v,∗ dWv.

Itô’s formula yields

Z ′
k1,sZ

′
k3,s =

∫ s

0

Z ′
k1,vdZ

′
k3,v +

∫ s

0

Z ′
k3,vdZ

′
k1,v + ⟨Z ′

k1
, Z ′

k3
⟩s. (1.31)
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Moreover, let

Fk(v, s) =
∑

k1,k2,k4

B̃k1,k2
· B̃k,k4

Z ′
k1,v√

|θ0,k1 |
√

|θ0,k|
1θ0,k2

∩θ0,k4
(s)√

|θ0,k2 |
√
|θ0,k4 |

,

then we have

sup
v

|Fk(v, s)| ≤ CR10(1− ρ̄T )
−7
∑
k1,k2

∑
k4

M ′
k1,k2

M ′
k,k4

1θ0,k2
∩θ0,k4

(s)√
|θ0,k1 |

√
|θ0,k2 |

√
|θ0,k|

√
|θ0,k4 |

sup
v

|Z ′
k1,v||u|

2

and therefore ∫ t

0

E[sup
v

|Fk(v, s)|4|Πn]
1
4 ds ≤ C|u|2|θ0,k|−1/2

∑
k1

(M ′M̃0M
′)k1,k.

Then we obtain

E

[(∑
k

∫ t

0

∫ s

0

Fk(v, s)dZ
′
k,vds

)2∣∣∣∣Πn

]
=

∑
k,k′

∫ t

0

∫ t

0

E

[ ∫ s1∧s2

0

Fk(v, s1)Fk′(v, s2)d⟨Z ′
k, Z

′
k′⟩v

∣∣∣∣Πn

]
ds1ds2

≤ E[R4]
1
2

∑
k,k′

|θ0,k ∩ θ0,k′ |
∫ t

0

E[sup
v

|Fk(v, s1)|4|Πn]
1
4 ds1

∫ t

0

E[sup
v

|Fk′(v, s2)|4|Πn]
1
4 ds2

≤ C|u|4
∑
k,k′

(M̃0)k,k′

∑
k1,k′

1

(M ′M̃0M
′)k1,k(M

′M̃0M
′)k′

1,k
′ ≤ C|u|4(ln +mn) = op(b

2
n).

Hence we obtain

b−1
n

∑
k

∫ t

0

∫ s

0

Fk(v, s)dZ
′
k,vds→p 0 (1.32)

as n→ ∞ by Lemma 1.11.
By (1.30)-(1.32), we have

⟨X̃ ⟩t = b−1
n

∑
k1,k2,k3,k4

∫ t

0

B̃k1,k2 · B̃k3,k4

⟨Z ′
k1
, Z ′

k3
⟩s√

|θ0,k1 |
√
|θ0,k3 |

1θ0,k2
∩θ0,k4

(s)√
|θ0,k2 |

√
|θ0,k4 |

ds+ op(1).

Let

L̂p(ρ1, ρ2) =

(
ρ1(GG

⋆)p −ρ2(GG⋆)pG
−ρ2(G⋆G)pG⋆ ρ1(G

⋆G)p

)
, B̂(x, y) =

(
xEln 0
0 yEmn

)
,

D′(t) =

∞∑
p=0

∂σ

{
B̂(B1

t , B
2
t )L̂p(ρ

2p
t , ρ

2p+1
t )B̂(B1

t , B
2
t )
}∣∣∣

σ=σ∗

and

D̂(t) =

(
D̂11(t) D̂12(t)

D̂21(t) D̂22(t)

)
= D′(t)L̂0(1,−ρt,∗),

where El denotes the unit matrix of size l. Then by [A2] and the estimate P [τ(sn) < T ] → 0, we obtain

⟨X̃ ⟩t = b−1
n u⋆

∑
k1,k2,k3,k4

(D′(L(θ0,k1)))k1,k2(D′(L(θ0,k1)))k3,k4

b
J (k1)
L(θ0,k1

),∗ · b
J (k3)
L(θ0,k1

),∗

|bJ (k1)
L(θ0,k1

),∗||b
J (k3)
L(θ0,k1

),∗|

×
b
J (k2)
L(θ0,k1

),∗ · b
J (k4)
L(θ0,k1

),∗

|bJ (k2)
L(θ0,k1

),∗||b
J (k4)
L(θ0,k1

),∗|

∫ t

0

∫ s

0
1θ0,k1

∩θ0,k3
(v)1θ0,k2

∩θ0,k4
(s)dvds√

|θ0,k1 |
√
|θ0,k2 |

√
|θ0,k3 |

√
|θ0,k4 |

u+ op(1).
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Since for intervals K1,K2, we have∫ t

0

∫ s

0

1K1(v)1K2(s)dvds+

∫ t

0

∫ s

0

1K2(v)1K1(s)dvds = |(K1)t||(K2)t|,

then by symmetry of D′, we have

⟨X̃ ⟩t =
1

2
b−1
n u⋆

∑
k1,k2,k3,k4

(D′(L(θ0,k1)))k1,k2(D′(L(θ0,k1)))k3,k4

b
J (k1)
L(θ0,k1

),∗ · b
J (k3)
L(θ0,k1

),∗

|bJ (k1)
L(θ0,k1

),∗||b
J (k3)
L(θ0,k1

),∗|

×
b
J (k2)
L(θ0,k1

),∗ · b
J (k4)
L(θ0,k1

),∗

|bJ (k2)
L(θ0,k1

),∗||b
J (k4)
L(θ0,k1

),∗|
|(θ0,k1 ∩ θ0,k3)t||(θ0,k2 ∩ θ0,k4)t|√
|θ0,k1 |

√
|θ0,k2 |

√
|θ0,k3 |

√
|θ0,k4 |

u+ op(1)

=
1

2
b−1
n u⋆

∑
k;L(θ0,k)∈[0,t)

((D̂(L(θ0,k)))
2)k,ku+ op(1).

On the other hand, for p ∈ Z+, x, y ∈ R, ρ1, ρ2, ρ∗ ∈ [−1, 1], we can write

B̂(x, y)L̂p(ρ1, ρ2)B̂(x, y)L̂0(1,−ρ∗) =
(
x2ρ1(GG

⋆)p − xyρ2ρ∗(GG
⋆)p+1 (x2ρ1ρ∗ − xyρ2)(GG

⋆)pG
(y2ρ1ρ∗ − xyρ2)(G

⋆G)pG⋆ y2ρ1(GG
⋆)p − xyρ2ρ∗(G

⋆G)p+1

)
.

Then for Q1
t = (∂σB

1
t,∗ − ∂σB

2
t,∗) + ∂σρt,∗/ρt,∗, Q2

t = (∂σB
2
t,∗ − ∂σB

1
t,∗) + ∂σρt,∗/ρt,∗, we have

D̂11(t)

=

∞∑
p=0

{
(2∂σB

1
t,∗ρ

2p
t,∗ + 2p∂σρt,∗ρ

2p−1
t,∗ )(GG⋆)p − ((∂σB

1
t,∗ + ∂σB

2
t,∗)ρ

2p+2
t,∗ + (2p+ 1)∂σρt,∗ρ

2p+1
t,∗ )(GG⋆)p+1

}

= 2∂σB
1
t,∗Eln +Q1

t

∞∑
p=1

ρ2pt,∗(GG
⋆)p.

Similarly, we have

D̂22(t) = 2∂σB
2
t,∗Emn +Q2

t

∞∑
p=1

ρ2pt,∗(G
⋆G)p,

and

D̂12(t) = −Q2
t

∞∑
p=0

ρ2p+1
t,∗ (GG⋆)pG, D̂21(t) = −Q1

t

∞∑
p=0

ρ2p+1
t,∗ (G⋆G)pG⋆.

Then by the estimate ap ≡ cp (p ≥ 1), [A3] and Lemma 1.15, it follows that

⟨X̃ ⟩t =
1

2
b−1
n u⋆

{ ∑
i;L(Ii)∈[0,t)

(D̂2
11 + D̂12D̂21)ii(L(I

i)) +
∑

j;L(Jj)∈[0,t)

(D̂2
22 + D̂21D̂12)jj(L(J

j))

}
u+ op(1)

= u⋆
∫ t

0

{
2(∂σB

1
s,∗)

2a0(s) + 2(∂σB
2
s,∗)

2c0(s) + (∂σB
1
s,∗Q1

s +Q1
s∂σB

1
s,∗)A(ρs,∗)

+(∂σB
2
s,∗Q2

s +Q2
s∂σB

2
s,∗)A(ρs,∗) +

Q1
sQ2

s +Q2
sQ1

s

2

∞∑
p1=0

∞∑
p2=0

ρ2p1+2p2+2
s,∗ ap1+p2+1(s)

+
(Q1

s)
2 + (Q2

s)
2

2

∞∑
p1=1

∞∑
p2=1

ρ2p1+2p2
s,∗ ap1+p2(s)

}
dsu+ op(1).

Since

∞∑
p1=0

∞∑
p2=0

ρ2p1+2p2+2
s,∗ ap1+p2+1(s) =

∂ρA(ρs,∗)ρs,∗
2

,
∞∑

p1=1

∞∑
p2=1

ρ2p1+2p2
s,∗ ap1+p2(s) =

∂ρA(ρs,∗)ρs,∗
2

−A(ρs,∗),



1.7. PROOFS 47

we have

⟨X̃ ⟩t = u⋆
∫ t

0

{
2(a0(s) +A(ρs,∗))(∂σB

1
s,∗)

2 + 2(c0(s) +A(ρs,∗))(∂σB
2
s,∗)

2 +
(Q1

s +Q2
s)

2

4
∂ρA(ρs,∗)ρs,∗

−A(ρs,∗)

2

{
(Q1

s − 2∂σB
1
s,∗)

2 + (Q2
s − 2∂σB

2
s,∗)

2
}}

dsu+ op(1)

= u⋆Γtu+ op(1).

Proof of Theorem 1.2.

1. Since Λ is open, there exists ϵ > 0 such that O(ϵ, σ∗) = {σ; |σ − σ∗| < ϵ} ⊂ Λ. For σ̂n ∈ O(ϵ, σ∗),we have

−∂σHn(σ∗) =

∫ 1

0

∂2σHn(σ∗ + u(σ̂n − σ∗))(σ̂n − σ∗)du

since ∂σHn(σ̂n) = 0. Therefore, for Γ̃n = −b−1
n

∫ 1

0
∂2σHn(σ∗ + u(σ̂n − σ∗))du, we obtain b

1/2
n (σ̂n − σ∗) =

Γ̃−1
n b

−1/2
n ∂σHn(σ∗) on {det Γ̃n ̸= 0 and σ̂n ∈ O(ϵ, σ∗)}. Then since Proposition 1.3 and Theorem 1.1 yield

P [det Γ̃n = 0] → 0, P [σ̂n ∈ O(ϵ, σ∗)
c] → 0 and Γ̃−1

n 1{det Γ̃n ̸=0} →p Γ−1, we have b
1/2
n (σ̂n − σ∗) →s-L Γ−1/2N by

Proposition 1.10.

2. Let sn(t) = (1 − ρ̄t)/2 for n ∈ N and t ∈ [0, T ] and {σ′
n}n∈N be random variables where σ′

n maximizes
Ĥn(·; sn) and σ′

n ≡ σ̂n on {τ(sn) = T}. We first show the statement of Theorem 1.2 replacing σ̂n with σ′
n.

To this end, we extend Zn(·;σ∗) to a continuous function which is defined on Rn1 , tend to zero as |u| → ∞,
and has the same supremum as Zn(·;σ∗). We denote the extension of Zn(·;σ∗) by the same symbol.

Let Z(u, σ∗) = exp(u⋆Γ1/2N − u⋆Γu/2) and B(R′) = {u; |u| ≤ R′} for R′ > 0. Then it is sufficient to show

that lim supn→∞E[|b1/2n (σ′
n − σ∗)|p] <∞ for any p > 2 and Zn(·, σ∗) →s-L Z(·, σ∗) in C(B(R′)) as n→ ∞ for

any R′ > 0, by virtue of Theorem 5 and Remark 5 in Yoshida [54].

By Lemmas 1.14 and 1.1 and Proposition 1.3, for any R′ > 0, there exists n0 ∈ N such that

sup
n≥n0

E

[
sup

u∈C(B(R′))

|∂u logZn(u;σ∗)|

]
<∞.

Then by Propositions 1.3 and 1.10 and tightness criterion in C space in Billingsley [8] which can be extended
to the one in C(B(R′)), it follows that logZn(·, σ∗) →s-L logZ(·, σ∗) in C(B(R′)) as n→ ∞.

On the other hand, for any p > 2, let L > p, then by Proposition 1.5 and Lemma 1.1, we have

P [|b
1
2
n (σ

′
n − σ∗)| ≥ r] ≤ P

[
sup

u∈Vn(r,σ∗)

Zn(u, σ∗) ≥ 1

]
≤ CL

rL
(r > 0).

Therefore we obtain supnE[|b1/2n (σ′
n − σ∗)|p] < ∞. This complete the proof of the statement of Theorem 1.2

for σ′
n.

We will prove the statement for σ̂n. By [A1], [A2-q, δ] for any q > 2 ∨ n1, and Lemma 1.1, we have

P [τ(sn) < T ] = O(b−ξ
n ) for any ξ > 0. Then it follows that b

1/2
n (σ̂n − σ∗) →s-L Γ−1/2N as n→ ∞ by the result

for σ′
n and the inequality

P [σ′
n ̸= σ̂n] ≤ P [τ(sn) < T ] = O(b−ξ

n )

for any ξ > 0.

Moreover, for any continuous function f of at most polynomial growth, we have

|E[f(b1/2n (σ̂n − σ∗))]− E[f(b1/2n (σ′
n − σ∗))]| ≤ C(1 + b1/2n R′′)CP [σ′

n ̸= σ̂n] → 0

as n→ ∞, where R′′ denotes the diameter of the parameter space Λ.
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Proof of Theorem 1.3. Similarly to the argument in the proof of Theorem 1.2, we have P [Hn ≡ Ĥn(·; sn)] =
1−O(b−ξ

n ) for any ξ > 0, where sn(t) = (1− ρ̄t)/2. Then by virtue of Theorem 10 in Yoshida [54], it is sufficient
to show that there exists n′0 ∈ N such that

sup
n≥n′

0

E

[(∫
Un(σ∗)

Zn(u)π(σ∗ + b−1/2
n u)du

)−1]
<∞. (1.33)

By Proposition 1.3 and Lemmas 1.14 and 1.1, for any δ > 0, there exists p ∈ 2N, p > n1 ∨ 2, n′0 ∈ N and C0 > 0
such that

sup
n≥n′

0

E[|Ĥn(σ∗ + b−1/2
n u)− Ĥn(σ∗)|p] ≤ C0|u|p

for any u ∈ U ′(δ) where U ′(δ) = {u ∈ Rn1 ; |ui| ≤ δ (i = 1, . . . , n1)}. Then we have (1.33) by Lemma 2 in
Yoshida [54].

1.7.5 Proof of Propositions 1.6 - 1.9

First, we look back Rosenthal-type inequalities in Doukhan and Louhichi [12] (Theorem 3 and Lemma 7).

Theorem 1.4. (Rosenthal-type inequalities) Let q ≥ 2 and q ∈ N. Let {X ′
n}n∈N be a centered process, α0 = 1/4

and
αk = sup

i,j∈N,j−i≥k
sup

A∈σ(X′
l ;l≤i)

sup
B∈σ(X′

m;m≥j)

|P (A ∩B)− P (A)P (B)|

for k ∈ N. Suppose αk → 0 (k → ∞). Then

∣∣∣∣E[( n∑
j=1

X ′
j

)q]∣∣∣∣ ≤ 2q(2q − 2)!

(q − 1)!

{(
n∑

i=1

∫ 1

0

(α−1(u) ∧ n)q−1Qq
X′

i
(u)du

)
∨

(
n∑

i=1

∫ 1

0

(α−1(u) ∧ n)Q2
X′

i
(u)du

) q
2
}
,

where α−1(u) =
∑∞

k=0 1{αk>u} and QX′(s) = inf{t > 0, P [|X ′| > t] ≤ s}.

Proof of Proposition 1.6.
In this proof, general constants denoted by C do not depend on n, p, f .
By Lemma 1.2, we obtain

((GG⋆)p)II ∨ ((G⋆G)p)JJ ≤∥ (GG⋆)p ∥ ∨ ∥ (G⋆G)p ∥≤ 1

for p ∈ Z+. Hence bnν
p,i
n ([tk−1, tk)) ≤ N i

tk
− N i

tk−1
+ 1 for 1 ≤ k ≤ [bn], p ∈ Z+ and i = 1, 2. Therefore we

obtain
sup

1≤k≤[bn]

E[ max
p∈Z+,i=1,2

|bnνp,in ([tk−1, tk))|q(1+δ)] ≤ sup
k
E[max

i=1,2
(N i

tk
−N i

tk−1
+ 1)q(1+δ)] ≤ C (1.34)

for sufficiently large n by [B1-(q(1 + δ))].
For h > 0 and k ∈ N, let

Ap,+
h,t = ∩i=1,2 ∩l∈[1,p∧h−1(T−t)]∩N {ω;N i

t+lh −N i
t+(l−1)h > 0},

Ap,−
h,t = ∩i=1,2 ∩l∈[1,p∧h−1t]∩N {ω;N i

t−(l−1)h −N i
t−lh > 0},

Ap
k,h := A2p+1,+

[bn]−1hT,tk
∩A2p+1,−

[bn]−1hT,tk−1
,

where ∩∅ = Ω.
Fix p ∈ Z+, i = 1, 2 and a β−Hölder continous function f on [0, T ]. Then we have

νp,in ([tk−1, tk))1Ap
k,h

∈ Gn
(k−2−[(2p+1)h])∨0,(k+[(2p+1)h]+1)∧[bn]

.

Let α−1(u) =
∑∞

k=0 1{αn
k>u}, f

n
k = ftnk−1

, δ′ = (1 + δ)/(2(1 + δ − ϵδ)) and

X ′
k = bnf

n
k

{
νp,in ([tk−1, tk))1Ap

k,bδ
′

n

− E[νp,in ([tk−1, tk))1Ap

k,bδ
′

n

]
}
,
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then by Rosenthal-type inequalities, we obtain

E

[∣∣∣∣b−1
n

[bn]∑
k=1

X ′
k

∣∣∣∣q] ≤ b−q
n

2q/2(2q − 2)!

(q − 1)!

{( [bn]∑
k=1

∫ 1
4

0

(α−1(u) + 2[(2p+ 1)bδ
′

n ] + 3)q−1Qq
X′

k
(u)du

)

∨
( [bn]∑

k=1

∫ 1
4

0

(α−1(u) + 2[(2p+ 1)bδ
′

n ] + 3)Q2
X′

k
(u)du

) q
2
}

≤ Cb−q
n [bn]

q/2 sup
k

∫ 1
4

0

(α−1(u) + 2[(2p+ 1)bδ
′

n ] + 3)q−1Qq
X′

k
(u)du

≤ C(p+ 1)q−1b
qδ′− q

2
n

(∫ 1

0

(α−1(u))
(1+δ)(q−1)

δ du

) δ
1+δ
(
sup
k

∫ 1

0

Q
q(1+δ)
X′

k
(u)du

) 1
1+δ

.

For sufficiently large n, since (1.12) and (1.34) hold,
∫ 1

0
Q

q(1+δ)
X′

k
(u)du = E[|X ′

k|q(1+δ)], (x + 1)q
′ − xq

′ ≤ q′(x+

1)q
′−1 (x ≥ 0, q′ ≥ 1) and α−1(u) = k′ if αn

k′ ≤ u < αn
k′−1, we have∫ 1

0

(α−1(u))q
′
du =

∞∑
k=1

kq
′
(αn

k−1 − αn
k ) ≤ q′

∞∑
k=0

(k + 1)q
′−1αn

k

for q′ ≥ 1 and

E

[∣∣∣∣b−1
n

[bn]∑
k=1

X ′
k

∣∣∣∣q] ≤ C(p+ 1)q−1b
qδ′− q

2
n sup

t
|ft|q.

On the other hand,

E

[∣∣∣∣ [bn]∑
k=1

fnk ν
p,i
n ([tk−1, tk))1(Ap

k,bδ
′

n

)c

∣∣∣∣q] ≤ [bn]
−1

[bn]∑
k=1

sup
k
E[|N i

tk
−N i

tk−1
+ 1|q(1+δ)]

1
1+δ sup

t
|ft|qP [(Ap

k,bδ′n
)c]

δ
1+δ .

Moreover, by [B2-(qϵ)], we obtain

P [(Ap

k,bδ′n
)c] ≤ 4(2p+ 1) sup

i=1,2
sup
t
P [N i

t+[bn]−1bδ′n T
−N i

t = 0] ≤ C(p+ 1)b−qϵδ′

n .

Hence we have

E

[∣∣∣∣ [bn]∑
k=1

fnk ν
p,i
n ([tk−1, tk))(1Ap

k,bδ
′

n

− 1)

∣∣∣∣q] ≤ C(p+ 1)b
− qϵδδ′

1+δ
n sup

t
|ft|q.

Therefore we obtain

E

[∣∣∣∣ [bn]∑
k=1

fnk (ν
p,i
n ([tk−1, tk))− ζp,in ([tk−1, tk)))

∣∣∣∣q] ≤ C(p+ 1)q−1b−qη
n sup

t
|ft|q. (1.35)

Furthermore, Hölder continuity of f and (1.34) yield

E

[∣∣∣∣ [bn]∑
k=1

∫ tnk

tnk−1

(ft − fnk )dν
p,i
n

∣∣∣∣q] ≤ [bn]
q−1ωβ(f)

q

[bn]∑
k=1

(T [bn]
−1)qβE[νp,in ([tk−1, tk))

q] ≤ Cb−qβ
n ωβ(f)

q. (1.36)

By (1.35) and (1.36), we have

E

[∣∣∣∣ ∫ T

0

ftdν
p,i
n −

∫ T

0

ftdζ
p,i
n

∣∣∣∣q
]
≤ C(p+ 1)q−1b−qη

n

{
sup
t

|ft|q + ωβ(f)
q
}
. (1.37)
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Since p ∈ Z+ and i = 1, 2 are arbitrary, we obtain [A3′-q, η] by (1.13) and (1.37).

Proof of Proposition 1.7.
1. For h > 0 and 1 ≤ i ≤ [bn], let

Âp,+
h,t = ∩n2+2

r=1 ∩l∈[1,p∧h−1(T−t)]∩N {ω;Nr
t+lh −Nr

t+(l−1)h > 0},

Âp,−
h,t = ∩n2+2

r=1 ∩l∈[1,p∧h−1t]∩N {ω;Nr
t−(l−1)h −Nr

t−lh > 0},

Âp
i,h := Â2p+1,+

[bn]−1hT,ti
∩ Â2p+1,−

[bn]−1hT,ti−1
.

Then ω ∈ Âp
i,j and ti−1 < R(θ0,k) ≤ ti imply |θp,k| ≤ j(4p + 2)[bn]

−1T for ω ∈ Ω, 1 ≤ k ≤ ln + mn,

n ∈ N, 0 ≤ i ≤ [bn] and j ∈ N. Moreover, Âp
i,j = Ω if j is sufficiently large for each i and p. Therfore, for

∆Ni = N1
ti −N1

ti−1
+N2

ti −N2
ti−1

and Ȧp
i,j = Âp

i,j \ ∪
j−1
j′=0Â

p
i,j′ , we obtain

E[(Φp,1)
q] = E

[( [bn]∑
i=1

∑
k;R(θ0,k)∈(ti−1,ti]

|θp,k|
∞∑
j=1

1Ȧp
i,j

)q]
≤ E

[( [bn]∑
i=1

∞∑
j=1

j · (4p+ 2)[bn]
−1T∆Ni1Ȧp

i,j

)q]

≤ [bn]
q−1

[bn]∑
i=1

∞∑
j=1

jq · (4p+ 2)qT q[bn]
−qE[(∆Ni)

q1Ȧp
i,j
]

for p ∈ Z+, since {Ȧp
i,j}j∈N are disjoint. Then by [B1-(p′1q)], [B2-(p′2(q+2)], the Hölder inequality and a similar

estimate for P [(Ap
k,h)

c] in the proof of Proposition 1.6, we have

E[(Φp,1)
q] ≤ C[bn]

−1

[bn]∑
i=1

∞∑
j=1

jq(4p+ 2)qP [(Âp
i,j−1)

c]1/p
′
2 ≤ C(p+ 1)q

∞∑
j=1

jq{C(p+ 1)j−p′
2(q+2)}

1
p′2 ≤ C(p+ 1)q+1

for sufficiently large n.
In particular, by the Hölder inequality and Jensen’s inequality, we have

E

[
rq

′

n

∞∑
p=0

(Φ2p+2)
q′

(p+ 1)q′+3

]
≤ E[r

qq′
q−q′
n ]

q−q′
q E

[ ∞∑
p=0

1

(p+ 1)2

(
(Φ2p+2)

q

(p+ 1)
q+ q

q′

)]
.

Therefore [A4-q′, (1 + 3/q′)] holds since rn →p 0 by the next Proposition 1.8.
2. The proof is similar to that of 1. For sufficiently large n, we have

E[(Φ̄p1,p2)
q/2] ≤ [bn]

q
2−1E

[ [bn]∑
i=1

∞∑
j=1

( ∑
R(θ0,k1

)∈(ti−1,ti]

∑
k2

|θp1,k1 | ∧ |θp2,k2 |1θp1+p2,k1
∩θ0,k2

̸=∅

) q
2

1
Ȧ

p1+2p2+1
i,j

]

≤ [bn]
q
2−1E

[ [bn]∑
i=1

∞∑
j=1

{(4p1 + 2)j ∧ (4p2 + 2)j}
q
2 [bn]

− q
2T

q
2 (∆Ni)

q
2

×
( 2∑

v=1

(Nv
(ti+(2p1+2p2+1)j[bn]−1T )∧T −Nv

(ti−1−(2p1+2p2+2)j[bn]−1T )∨0)

) q
2

1
Ȧ

p1+2p2+1
i,j

]

≤ C[bn]
−1

[bn]∑
i=1

∞∑
j=1

{(4p1 + 2)j ∧ (4p2 + 2)j}
q
2 {(4p1 + 4p2 + 3)j + 1}

q
2P [(Âp1+2p2+1

i,j−1 )c]
1
p′2 .

Since (a ∧ b)(a+ b) ≤ 2ab (a, b ≥ 1), we obtain

E[(Φ̄p1,p2)
q/2] ≤ C

∞∑
j=1

(p1 + 1)
q
2 (p2 + 1)

q
2 jq{C(p1 + p2 + 1)j−p′

2(q+2)}
1
p′2 ≤ C(p1 + 1)q/2+1(p2 + 1)q/2+1,
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which completes the proof.

Proof of Proposition 1.8.

Let A′
j = Â

[bnj
−1T ],+

jb−1
n ,0

for j ∈ N. Then since rn ≤ 2jb−1
n on A′

j , for sufficiently large n, we have

E[rqn] = E

[
rqn

∞∑
j=1

1A′
j\∪

j−1

j′=0
A′

j′

]
≤

∞∑
j=1

(2jb−1
n )qP [(A′

j−1)
c] ≤ Cb−q

n

∞∑
j=1

jq · [bnj−1T ] · j−q−1 ≤ Cb1−q
n ,

where A′
0 = ∅.

Proof of Proposition 1.9.
By [B2-q], there exists N ∈ N such that

sup
n≥n0

max
i=1,2

sup
0≤t≤T−N [bn]−1T

P [N i
t+N [bn]−1T −N i

t = 0] ≤ 1

12
. (1.38)

For M = [bn/3N ], h = [bn]
−1T and sk = 3kNh, we have

a1 =
1

T

∫ T

0

a1dt =
1

T
P- lim
n→∞

b−1
n

∑
I,J

|I ∩ J |2

|I||J |
=

1

T
P- lim
n→∞

b−1
n

M∑
k=1

∑
I,J;L(I)∈[sk−1,sk)

|I ∩ J |2

|I||J |
.

Let
Ā0

k = ∅, Āj
k = A2,+

jh,sk
∩A1,−

jh,sk−1
, Äj

k = Āj
k \ ∪j−1

j′=0Ā
j′

k ,

and
Ek = ∩3

l=1{N1
sk−1+lNh −N1

sk−1+(l−1)Nh > 0}

for 1 ≤ k ≤ M and j ∈ N. Then for sufficiently large j, Āj
k = Ω. Moreover, for sufficiently large n, we have

inf1≤k≤M P [Ek] ≥ 3/4 by (1.38) and

∑
I,J;L(I)∈[sk−1,sk)

|I ∩ J |2

|I||J |
≥

∞∑
j=1

∑
I,J;L(I)∈[sk−1,sk)

|I ∩ J |21Äj
k

((3N + j)h)((3N + 3j)h)

≥
∞∑
j=1

(N + j)−2

9h2
1Äj

k

∑
I,J;L(I)∈[sk−1,sk)

|I ∩ J |21Ek
.

For r ∈ N and u > 0, we have x21 + . . .+ x2r ≥ u2/r when xi ≥ 0 (1 ≤ i ≤ r), x1 + . . .+ xr ≥ u. Hence

∑
I,J;L(I)∈[sk−1,sk)

|I ∩ J |2

|I||J |
≥

∞∑
j=1

(N + j)−2

9h2

(Nh)21Äj
k
1Ek

∆N1
k +∆N2

k + 1
,

where ∆N i
k = N i

sk
−N i

sk−1
(1 ≤ k ≤M, i = 1, 2). Then we obtain

b−1
n

T

∑
I,J

|I ∩ J |2

|I||J |
≥ b−1

n

∞∑
j=1

M∑
k=1

X ′
j,k a.s., where X ′

j,k =
N2

9Tj(N + j)2

1Äj
k
1Ek

∆N1
k +∆N2

k + 1
. (1.39)

On the other hand, Theorem 1.4 and a similar argument to the proof of Proposition 1.6 yield

E

[∣∣∣∣ M∑
k=1

(X ′
j,k − E[X ′

j,k])

∣∣∣∣2] ≤ Cbn
j(N + j)4

for j ∈ N and sufficiently large n. Therefore

b−1
n

∞∑
j=1

M∑
k=1

(X ′
j,k − E[X ′

j,k]) →p 0 (1.40)
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as n→ ∞.
(1.39) and (1.40) yield

a1 ≥ lim sup
n→∞

b−1
n

∞∑
j=1

M∑
k=1

E[X ′
j,k]. (1.41)

Furthermore, since {∆N i
k}1≤k≤M,i=1,2,n≥n1 are tight by the assumption, there exists R′ > 0 such that

supn≥n1,k,i P
[
∆N i

k > R′] < 1/8. Consequently,

sup
n≥n1,k

P
[
(∆N1

k +∆N2
k + 1)−1 < (2R′ + 1)−1

]
< 1/4. (1.42)

On the other hand, by [B2-q], we obtain

P
[
∪∞
j=J+1Ä

j
k

]
≤ P [(ĀJ

k )
c] ≤ 6 sup

n≥n0,t,i
P [N i

t+Jh −N i
t = 0] ≤ CJ−q

for J ∈ N and n ≥ n0. Thus, there exists J which does not depend on n, k such that

P
[
∪J
j=1Ä

j
k

]
= 1− P

[
∪∞
j=J+1Ä

j
k

]
≥ 3

4
. (1.43)

Therefore by (1.41),(1.42),(1.43) and the estimate inf1≤k≤M P [Ek] ≥ 3/4, we obtain

a1 ≥ N2

9TJ(N + J)2
lim sup
n→∞

b−1
n M

1

2R′ + 1
· 1
4
=
N2(2R′ + 1)−1

36TJ(N + J)2
1

3N
.



Chapter 2

Quasi-Likelihood Analysis for diffusion
processes with jumps

2.1 Introduction

Given a probability space (Ω,F , Pα∗) with filtration F = (Ft)t∈R+ , let X = {Xt}t∈R+ be a d-dimensional càdlàg
F-adapted process satisfying the stochastic differential equation{

dXt = a(Xt−, θ
∗)dt+ b(Xt−, σ

∗)dWt +
∫
E
c(Xt−, z, θ

∗)p(dt, dz),

X0 = x0,
(2.1)

where x0 is a random variable, {Wt}t∈R+ is an r-dimensional standard F-Brownian motion, and p(dt, dz) is a

Poisson random measure on R+ × E, E = Rd\{0}, with compensator qθ
∗
(dt, dz) = Pα∗ [p(dt, dz)]. We assume

Ft, σ(Wu −Wt;u ≥ t) and σ(p(A);A ⊂ (t,∞) × E is a Borel set) are independent for any t ≥ 0. We denote
α∗ = (σ∗, θ∗) for the two statistical parameters σ∗ ∈ Π ⊂ Rd1 and θ∗ ∈ Θ ⊂ Rd2 which are unknown to the
observer. On the other hand, the coefficients a and c are assumed to be known Rd-valued Borel functions defined
on Rd ×Θ and Rd × E ×Θ respectively, and b is a known Rd ⊗ Rr-valued Borel function defined on Rd ×Π.

We want to estimate α∗ = (σ∗, θ∗) from the discrete observations {Xtni
}0≤i≤n, where t

n
i = ih, h = hn.

In this chapter, we will present a quasi-likelihood analysis for jump diffusion processes. First we propose a
quasi-likelihood function and then show the asymptotic normality of the quasi-maximum likelihood estimator
and a Bayes type estimator based on it.

Recently, jump diffusion models are becoming powerful tools to model various stochastic phenomena in many
areas such as econometrics, physics, biology, and so on. Numbers of studies worked with jump diffusion models;
for example among vast literature, we refer the reader to Prakasa Rao [38] and Cont and Tankov [10] and also
references therein.

An earlier work of estimation of discretely observed jump diffusions is in Shimizu and Yoshida [43, 45, 46].
They proved consistency and asymptotic normality of the quasi-maximum likelihood estimator, under h → 0,
nh→ ∞ and nh2 → 0. Differently from diffusion models, one of the difficulties caused by the existence of jumps
is that the observer cannot distinguish the increments of the data with jumps from those without jumps though
classification of increments is necessary to assign each increment to the diffusion/jump likelihood function, when
a likelihood analysis is executed. To solve the problem, they proposed a discrimination filter, which enabled to
discriminate asymptotically between increments with jumps and increments without jumps. After that, Shimizu
studied M-estimation for infinite activity jump processes in [42], and nonparametric estimation of density of
Lévy measure in [43]. It should be noted that Mancini [30] independently presented consistent estimation of
the characteristics of jumps for Poisson-diffusion model.

We construct a quasi-likelihood analysis for stochastic differential equations with jumps. For this attempt, we
will take a general approach by the convergence of the statistical random field associated with the quasi-likelihood
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function. In the philosophy of the Ibragimov-Has’minskii-Kutoyants program (Ibragimov and Has’minskii [20–
22] and Kutoyants [25–28]), we expect that the asymptotic properties of statistics based on the quasi-likelihood
function can be derived in a unified way once the convergence of the statistical random field is established with
a large deviation estimate for it. Though the Ibragimov-Has’minskii-Kutoyants program features it, the large
deviation inequality becomes a technical obstacle, as explained in Yoshida [54]. However recently we obtain
a methodology to produce a polynomial type large deviation inequality systematically. It is a general way
independent of any particular nature of stochastic processes; inevitably we can apply it to the quasi-likelihood
analysis for jump-diffusion processes, as we will do it in this article. We refer the reader to Yoshida [54] for
details and a construction of the quasi-likelihood analysis for diffusion processes.

The Bayesian analysis reflects the advantage of the quasi-likelihood analysis so constructed. That is, we
propose a Bayesian type estimator for the jump-diffusion and derive its asymptotic behavior. It becomes
possible by our methodology. We also obtain certain tail probability estimates of the quasi-maximum likelihood
and Bayesian estimators, which yield the convergence of moments of those estimators. The convergence of
moments plays an essential role in key steps of theoretical statistics, for example, the asymptotic expansion of
statistics, the theory of information criteria and the theory of prediction. For instance, the correction term of
AIC, which is defined as the bias of the estimated Kullback-Leibler divergence of the predictive distribution,
is validated as the expectation of the square of the scaled maximum likelihood estimator though mathematical
backing in this rigorous sense has been neglected in most of literature even in i.i.d. settings.

In Section 2.2, we describe a quasi-likelihood function for the jump-diffusion model, and state the assump-
tions. Shimizu and Yoshida [46] assumed that the Lévy density fθ satisfies fθ(z)1{|z|<r} ≤ K|z|γ for some
γ > 3, r > 0 and K > 0. The condition on γ in Shimizu and Yoshida [46] is weakened in this paper to admit
models in which fθ(z) = O(1) near the origin, such as a normal distribution. We present the main theorems
on the asymptotic normality and the convergence of moments of any order for the quasi-maximum likelihood
estimator and a Bayesian type estimator with respect to the quasi-likelihood. Section 2.3.1 gives an exposition
of the polynomial type large deviation theory in Yoshida [54]. Then the main theorems are proved in Section
2.3.2.

2.2 Quasi-likelihood and asymptotic property of the estimators

In this section, we will present the main results on the asymptotic properties of the quasi-maximum likelihood
estimator and the Bayesian type estimator. In order to define the quasi-likelihood function (2.3)-(2.4) below,
we introduce certain functions, for which we need precise descriptions in a sequence of assumptions below. The
quasi-likelihood function looks involved due to the truncation function φn. However it is unavoidable in general
because the sampled data are only available and the substitution of them for the continuously observed data
breaks the function of the compensator; consequently we would meet many problems of divergence without
truncations. On the other hand, too strong truncation would cause lack of efficiency. The balance is important
and it is far from straightforward. This is the reason why we set a rather long sequence of assumptions before
introducing the quasi-likelihood function. However, in some ”good” cases, we can omit φn. See Condition
[H10].

Now we detail the setting and notation. We assume that qθ
∗
has a representation qθ

∗
(dt, dz) = fθ∗(z)dzdt

with a density fθ(z) disintegrated as fθ(z) = λ(θ)Fθ(z) by a nonnegative function λ(θ) and a probability density

Fθ for θ ∈ Θ. For a vector κ = (κ1, κ2, . . . , κl), we denote ∂κ = ( ∂
∂κ1

, ∂
∂κ2

, . . . , ∂
∂κl

), ∂2κ = ( ∂2

∂κi∂κj
)1≤i,j≤l and

∂3κ = ( ∂3

∂κi∂κj∂κk
)1≤i,j,k≤l. It will be assumed that the full parameter space Ξ = Π×Θ is a bounded open subset

of Rd1 ×Rd2 , and that Ξ, Π, and Θ admit Sobolev’s inequality. An open set U ⊂ Rm is said to admit Sobolev’s
inequality if for any p > m, there exists a positive constant C depending U and p, such that

sup
x∈U

|u(x)| ≤ C
∑
k=0,1

∥∂kxu(x)∥p

for all u ∈ C1(U). It is the case if U has a Lipschitz boundary.

We will use the following notation: β(x, σ) = b(x, σ)bT (x, σ) for σ ∈ Π. For S ⊂ Rm, S̄ denotes closure

of S. For κ = (κij)1≤i,j≤l and ι = (ιijk)1≤i,j,k≤l, we define |κ| =
√∑l

i,j=1 κ
2
ij and |ι| =

√∑l
i,j,k=1 ι

2
ijk,
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respectively. For a function g defined on Rd × Ξ, we write gi−1(α) = g(Xtni−1
, α), ∆Xn

i = Xtni
−Xtni−1

,∆Xt =

Xt −Xt−, X̄i,n(θ) = ∆Xn
i − hai−1(θ) and X̄i,n = X̄i,n(θ

∗). We abuse the notation and write Fi−1 = Ftni−1
.

Let k ∈ N and un be a sequence of positive numbers. Denote by R = Rn : Ξ × R × Rd × Ω → Rk a
sequence of random functions for which there exists a constant C such that |R(α, un, x)| ≤ unC(1 + |x|)C for
all α ∈ Ξ, x ∈ Rd, n ∈ N, ω ∈ Ω. Moreover, in the case that k = 1, let R̃(α, un, x) = 1−R(α, un, x). We use the
symbol C for a generic positive constant varying from line to line. The symbols R(α, un, x) and R̃(α, un, x) are
also used to express generic variables that satisfy the inequality as above. Let Ĉ(Rm) be the space of continuous
functions on Rm that tend to zero as |x| → ∞. Equip Ĉ(Rm) with the supremum norm. For nonnegative
sequences {an}n∈N and {bn}n∈N, an ⪯ bn means that there exists C > 0 such that an ≤ Cbn for all n ∈ N. We
denote E for expectation with respect to Pα∗ . Let n−3/5 ⪯ h ⪯ n−4/7 for h = hn > 0, 0 < b < 1/8 and let {ϵn}
be a sequence of positive number such that ϵn → 0,

√
nh

ϵ2n
∨ hb

ϵn
⪯ 1, and 1 ⪯ n3h4ϵ16n . (2.2)

For example, b = 1/10 and ϵn := h1/16.

We consider the following conditions to obtain the main results.

[H1 ] For some constant L and function ζ(z) of at most polynomial growth in z,

|a(x, θ∗)− a(y, θ∗)|+ |b(x, σ∗)− b(y, σ∗)| ≤ L|x− y|,

|c(x, z, θ∗)− c(y, z, θ∗)| ≤ ζ(z)|x− y|, |c(x, z, θ∗)| ≤ ζ(z)(1 + |x|).

[H2 ] The process {Xt} has the exponential α-mixing property, i.e., there exists c > 0 such that,

sup
t∈R+

sup
A∈σ[Xr:r≤t],B∈σ[Xr:r≥t+h]

|Pα∗ [A ∩B]− Pα∗ [A]Pα∗ [B]| ≤ 1

c
e−ch (h > 0).

Moreover, we will assume the stationarity of X for simplicity.

The ergodicity of X follows from [H2]. Denote by π(dx) the invariant probability measure, i.e.,

1

T

∫ T

0

f(Xt)dt→P

∫
f(x)π(dx)

as T → ∞ for any π-integrable function f. For the exponential mixing property [H2] of a jump diffusion process
and the following condition [H3], we refer the reader to Masuda [32] and [31].

[H3 ] For every p ≥ 1, supt≥0E[|Xt|p] <∞.

[H4 ] For each σ ∈ Π, the derivatives ∂kxb(x, σ) (k = 0, 1, 2) exist on Rd and they are continuous in x. Moreover,
for fixed x, the derivatives ∂lθa(x, θ) and ∂

l
σb(x, σ) (l = 0, 1, 2, 3, 4) exist and continuous on Θ and Π respec-

tively, and a and b can be continuously extended to Θ̄ and Π̄ respectively, for any x ∈ Rd. Furthermore,
a, b, and their derivatives are of at most polynomial growth in x uniformly in α:

|∂kxb(x, σ)|, |∂lθa(x, θ)|, |∂lσb(x, σ)| ≤ C(1 + |x|)C (x ∈ Rd, α ∈ Ξ),

for l = 0, 1, 2, 3, 4, and k = 1, 2.

[H5 ] There exist constants r > 0 and K > 0 such that fθ∗(z)1{|z|≤r} ≤ K|z|1−d, and that

sup
θ∈Θ

∫
|z|pfθ(z)dz <∞

for all p ≥ 1.
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[H6 ] For each (θ, x), the mapping z 7→ y = c(x, z, θ) is an injection from E into E and has an inverse
z = c−1(x, y, θ) from the image of c onto E, which is differentiable with respect to y. Furthermore, the
set B(x) := Im(c(x, ·, θ)) = {y ∈ E; there exists z ∈ E, such that y = c(x, z, θ)} is open and independent
of θ ∈ Θ, and the set {(x, y) ∈ Rd × E;x ∈ Rd, y ∈ B(x)} is a Borel set. Moreover, for the absolute value
J(x, y, θ) of the Jacobian of c−1(x, y, θ) and

Ψθ(y, x) = fθ(c
−1(x, y, θ))J(x, y, θ) (y ∈ B(x), x ∈ Rd, θ ∈ Θ),

the set A(x) = {y ∈ B(x);Ψθ(y, x) ̸= 0} does not depend on θ.

[H7 ] There exists positive constants c0 and r1 such that |y| ≥ c0|c−1(x, y, θ∗)| for any x ∈ Rd and y ∈
B(x) ∩ {y; |y| ≤ r1}.

[H8 ] infx∈Rd,σ∈Π detβ(x, σ) > 0.

We assume that Ψθ of [H6] admits an extension to E × Rd in such a way that Ψθ satisfies [H9]-[H12] below.

[H9 ] The function Ψθ(y, x) has derivatives ∂kθΨθ(y, x), ∂y∂
k
θΨθ(y, x)(k = 0, 1, 2, 3, 4) in (x, y, θ) ∈ Rd × E × Θ

which is continuous in y, and for x ∈ Rd, y ∈ E, Ψθ(y, x) can be continuously extended to Θ̄. Moreover,
for x ∈ Rd and k = 0, 1, 2, 3, 4, ∫

B(x)

sup
θ∈Θ

|∂kθΨθ(y, x)|dy ≤ C(1 + |x|)C ,∫
A(x)

sup
θ∈Θ

|∂kθ logΨθ(y, x)| ×Ψθ∗(y, x)dy ≤ C(1 + |x|)C ,

sup
θ∈Θ

∫
A(x)

|∂kθ logΨθ(y, x)|2 ×Ψθ∗(y, x)dy ≤ C(1 + |x|)C ,

sup
θ∈Θ

∫
A(x)

|∂θ logΨθ(y, x)|l ×Ψθ∗(y, x)dy ≤ C(1 + |x|)C (l = 3, 4).

Let ∂kθ logΨθ(y, x)
∣∣∣
Ψθ(y,x)=0

, ∂y∂
k
θ logΨθ(y, x)

∣∣∣
Ψθ(y,x)=0

= −∞ (k=0,1,2,3,4).

As anticipated at the beginning of this section, we need a sequence of truncation functions.

[H10 ] At least one of the following two conditions holds true.

1. There exists a sequence of real valued Borel functions {φn(x, y)}n∈N on Rd × E, possessing the
following properties: 0 ≤ φn ≤ 1, and there exists M > 0 such that φn(x, y) = 0 whenever (x, y) ∈
Dn, where

Dn = ∪4
k=0

{
(x, y)∈ Rd × E; sup

θ∈Θ
|∂kθ logΨθ(y, x)| ≥

M(1 + |x|)M

ϵk∨1
n

}
∪ ∪4

k=0

{
(x, y)∈ Rd × E; sup

θ∈Θ
|∂y∂kθ logΨθ(y, x)| ≥

M(1 + |x|)M (1 + |y|)M

ϵk+1
n

}
.

Moreover, φn is differentiable with respect to y, ∂yφn is continuous in y,

∂yφn = 0 on Dn, and sup
x∈Rd,y∈E

|∂yφn| = O(ϵ−1
n ).

2. It holds that |∂ly∂kθ logΨθ(x, y)| ≤ C(1+|y|)C(1+|x|)C (x ∈ Rd, y ∈ E, θ ∈ Θ, l = 0, 1, k = 0, 1, 2, 3, 4).

In this case, we set φn ≡ 1 and ϵn = h
1
16∧b.

[H11 ] There exists a > 0 such that

sup
θ∈Θ

∫
A(x)

|∂kθ logΨθ(y, x)| ×Ψθ∗(y, x)(1− φn(x, y))dy ≤ Cha(1 + |x|)C(k = 0, 2).
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sup
θ∈Θ

∫
B(x)

|Ψθ(y, x)−Ψθ∗(y, x)|(1− φn(x, y))dy ≤ Cha(1 + |x|)C .∫
B(x)

|∂2θΨθ∗(y, x)|(1− φn(x, y))dy ≤ Cha(1 + |x|)C .

The condition [H9]-[H11] are rather complicated in the case that [H10] 2 does not hold. The conditions [H9]-[H11]
are satisfied if there exist constants a1, a2, a3, a4 > 0 such that the following [G1] and [G2] are satisfied.

[G1 ] The function Ψθ(y, x) has derivatives ∂
k
θΨθ(y, x), ∂y∂

k
θΨθ(y, x) (k = 0, 1, 2, 3, 4) in (x, y, θ) ∈ Rd × E ×Θ

which is continuous in y, and for x ∈ Rd, y ∈ E, Ψθ(y, x) can be continuously extended to Θ̄. Moreover,

sup
θ∈Θ

|∂kθ logΨθ(y, x)| ≤ C
{
|y|a1 ∨ | log |y||a2

}
(1 + |x|)C (y ∈ A(x)),

sup
θ∈Θ

|∂y∂kθ logΨθ(y, x)| ≤ C
{
|y|a1 ∨ 1

|y|

}
(1 + |x|)C (y ∈ A(x)),

sup
θ∈Θ

|∂kθΨθ(y, x)| ≤ Ce−a3|y|(1 + | log |y||)a4(1 + |x|)C (y ∈ B(x)),

for x ∈ Rd, k = 0, 1, 2, 3, 4.

[G2 ] There exist a sequence of real valued Borel functions {φn(x, y)}n∈N on Rd × E and positive constants
{ci}5i=1 such that c1 < c2, c3 < c4, ϵn ⪯ hc5 , 0 ≤ φn ≤ 1, and for x ∈ Rd and n ∈ N,

φn(x, y) = 0 if |y| ≥ c4

ϵ
1/a1
n

or |y| ≤ c1ϵn,

φn(x, y) = 1 if c2ϵn ≤ |y| ≤ c3

ϵ
1/a1
n

,

for large n. Moreover, φn is differentiable with respect to y, ∂yφn is continuous in y and

sup
x∈Rd,y∈E

|∂yφn| = O(ϵ−1
n ).

Define Y 1 and Y 2 as follows:

Y 1(σ;σ∗) =
1

2

∫
tr
(
Id − β−1(x, σ)β(x, σ∗)

)
π(dx)− 1

2

∫
log

detβ(x, σ)

detβ(x, σ∗)
π(dx),

and

Y 2(θ;α∗) = −1

2

∫
(a(x, θ)− a(x, θ∗))Tβ−1(x, σ∗)(a(x, θ)− a(x, θ∗))π(dx)

+

∫ ∫
A(x)

(logΨθ(y, x)− logΨθ∗(y, x))Ψθ∗(y, x)dyπ(dx)

−
∫ ∫

B(x)

(Ψθ(y, x)−Ψθ∗(y, x))dyπ(dx)

= −1

2

∫
(a(x, θ)− a(x, θ∗))Tβ−1(x, σ∗)(a(x, θ)− a(x, θ∗))π(dx)

+

∫ ∫
A(x)

(logΨθ(y, x)− logΨθ∗(y, x))Ψθ∗(y, x)dyπ(dx)− (λ(θ)− λ(θ∗)).

[H12 ] There exist positive constants χ(α∗) and χ′(α∗) such that

Y 1(σ;σ∗) ≤ −χ(α∗)|σ − σ∗|2 for all σ ∈ Π,

and
Y 2(θ;α∗) ≤ −χ′(α∗)|θ − θ∗|2 for all θ ∈ Θ.
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Let D > 0 be a constant1 and let ρ satisfy

3

8
+ b ≤ ρ <

1

2
,

where b is the constant in the definition of ϵn. Our quasi-likelihood is given by

Ln(α) = exp(Hn(α)), (2.3)

where

Hn(α) = − 1

2h

n∑
i=1

X̄T
i,n(θ)β

−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

−1

2

n∑
i=1

log detβi−1(σ)1{|∆Xn
i |≤Dhρ}

+
n∑

i=1

{logΨθ(∆X
n
i , Xtni−1

)}φn(Xtni−1
,∆Xn

i )1{|∆Xn
i |>Dhρ}

−h
n∑

i=1

∫
B(Xtn

i−1
)

Ψθ(y,Xtni−1
)φn(Xtni−1

, y)dy. (2.4)

The above quasi-likelihood function is slightly different from that of in Shimizu and Yoshida [46] by technical
reasons.

The intuitive meaning of Hn is the following. If no jumps occur in the interval (tni−1, t
n
i ] then we have

∆Xn
i =

∫ tni

tni−1

a(Xt−, θ
∗)dt+

∫ tni

tni−1

b(Xt−, σ
∗)dWt ∼ ai−1(θ

∗)hn + bi−1(σ
∗)(Wtni

−Wtni−1
), (2.5)

and the conditional log-likelihood function of the variable of the right-hand side corresponds to the first two
terms of Hn without a constant term.

If the process {Xt} jumps only once in the interval (tni−1, t
n
i ] at the time τni and c(x, z, θ) ≡ z, then we obtain

∆Xn
i ∼ ∆Xτn

i
, (2.6)

for sufficiently large n since the diffusion part of ∆Xn
i is negligible compared with the jump part. The distri-

bution of the variable of the right-hand side of (2.6) corresponds Fθ∗ and we have

logFθ∗(∆Xn
i ) = logΨθ∗(∆Xn

i )− log λ(θ∗). (2.7)

The first term of (2.7) corresponds approximately to the third term of Hn.

Therefore, Hn is the quasi-log-likelihood function that if |∆Xn
i | ≤ Dhρ then Hn judges no jumps occur in

the interval (tni−1, t
n
i ], and if |∆Xn

i | > Dhρ then Hn judges a jump occurs in the interval (tni−1, t
n
i ]. We refer

the reader to Shimizu and Yoshida [46] for more detail of the rationale of the derivation of Hn.

We define Γ1(σ∗) and Γ2(α∗) as follows:

Γ1(σ∗) =
1

2

∫
tr(∂2σβ

−1(x, σ∗)β(x, σ∗))π(dx) +
1

2

∫
∂2σ log detβ(x, σ

∗)π(dx)

=
1

2

∫
tr(β−1∂σββ

−1∂σβ(x, σ
∗))π(dx)

1We may set D = 1 in what follows. It is theoretically the same, however the choice of D will have a practical meaning.



2.2. QUASI-LIKELIHOOD AND ASYMPTOTIC PROPERTY OF THE ESTIMATORS 59

Γ2(α∗) =

∫
∂θa

T (x, θ∗)β−1(x, σ∗)∂θa(x, θ
∗)π(dx) +

∫ ∫
B(x)

∂2θΨθ∗(x, y)dyπ(dx)

−
∫ ∫

A(x)

∂2θ logΨθ∗(y, x)Ψθ∗(y, x)dyπ(dx).

=

∫
∂θa

T (x, θ∗)β−1(x, σ∗)∂θa(x, θ
∗)π(dx)

+

∫ ∫
A(x)

(∂θΨθ∗(y, x))2

Ψθ∗(y, x)
dyπ(dx).

Let (σ̂n, θ̂n) be a quasi-maximum likelihood estimator for Hn, i.e., (σ̂n, θ̂n) is a random variable and

Hn(σ̂n, θ̂n) = maxσ∈Π̄,θ∈Θ̄Hn(σ, θ). Let ûn = (
√
n(σ̂n − σ∗),

√
nh(θ̂n − θ∗)), and ǔ be a random vector which

follows a normal distribution N(0, diag(Γ1(α∗)−1,Γ2(α∗)−1)).

Theorem 2.1. Suppose that [H1]− [H12] are fulfilled. Then ûn→d ǔ as n→ ∞. Moreover E[f(ûn)] → E[f(ǔ)]
as n→ ∞ for any continuous function f of at most polynomial growth.

We also discuss consistency and asymptotic normality of the adaptive Bayes type estimator. Let
π1,n, π2,n be prior densities of σ and θ respectively and parameter spaces Π and Θ are convex sets. We as-
sume 0 < infσ∈Π,θ∈Θ,n∈N(π1,n ∧ π2,n) ≤ supσ∈Π,θ∈Θ,n∈N(π1,n ∨ π2,n) < ∞, and {πk,n}n∈N is equicontinuous

(k = 1, 2). Then the adaptive Bayes type estimators (σ̃n, θ̃n) for (σ, θ) with respect to the quadratic loss
function are defined inductively by

σ̃n =

∫
Π

σ exp (Hn(σ, θ
⋆))π1,n(σ)dσ

/{∫
Π

exp (Hn(σ, θ
⋆))π1,n(σ)dσ

}
θ̃n =

∫
Θ

θ exp (Hn(σ̃n, θ))π2,n(θ)dθ
/{∫

Θ

exp (Hn(σ̃n, θ))π2,n(θ)dθ

}
where θ⋆ is an arbitrary dummy value of θ. Let

ũn = (
√
n(σ̃n − σ∗),

√
nh(θ̃n − θ∗)).

Theorem 2.2. Suppose that [H1]− [H12] are satisfied. Then ũn→dǔ as n→ ∞. Moreover, E[f(ũn)] → E[f(ǔ)]
as n→ ∞ for any continuous function f of at most polynomial growth.

Remark 2.1. As there is flexibility to choose parameters D, ρ, πk, θ̄
⋆ and the function φn which satisfies the

assumptions of Theorems 2.1 and 2.2, the choice affects estimation results for finite n in practice. In particular,
the choice of the threshold Dhρ is important because we might detect no jumps in any interval if we set a too
high threshold, and we might judge that jumps occur in all intervals if we set a too low threshold. The problem of
the choice of the threshold seems difficult and there seems no deciding theory yet. However Shimizu [44] argued
about a method of selecting a threshold with a certain criterion.

Remark 2.2. Though the quasi-likelihood function Hn and the estimators (σ̂n, θ̂n) and (σ̃n, θ̃n) are defined as
functions on (Ω,F , Pα∗), we often regard them as functions on the state space.

We will show some examples of models which satisfy [H1]− [H12].

Example [Lévy OU processes] Let d = 1, ϵn = h1/16, 0 < R−
i < R+

i (1 ≤ i ≤ 5). Suppose that {Xt} satisfies

dXt = −aXt−dt+ σdWt +

∫
E

zp(dt, dz),

where (a, σ) ∈ (R−
1 , R

+
1 )× (R−

2 , R
+
2 ) and X0 follows the invariant probability measure π.
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(i) Let

fθ(z) = λ
αβ

Γ(β)
zβ−1e−αz1{z>0},

where θ = (a, λ, α, β) ∈ (R−
1 , R

+
1 )× (R−

3 , R
+
3 )× (R−

4 , R
+
4 )× (1, R+

5 ). Then

logΨθ(y) = log λ+ β logα− log Γ(β) + (β − 1) log y − αy (y > 0).

Moreover, we take a function ρ(x) such that ρ ∈ C1(R), 0 ≤ ρ ≤ 1, ρ ≡ 1 on {|x| ≤ 1} and ρ ≡ 0 on
{|x| ≥ 2}, and

φn(x, y) =

{
1− ρ( y

ϵn
)− ρ( 1

yϵn
) (y > 0)

0 (y < 0)

for large n. Then this model satisfies [H1]− [H12]. The symbols Γ1 and Γ2 become

Γ1(α∗) =
2

(σ∗)2

and

Γ2(α∗) =


µ2/(σ

∗)2 0 0 0
0 1/λ∗ 0 0
0 0 λ∗β∗/(α∗)2 −λ∗/α∗

0 0 −λ∗/α∗ λ∗{Γ(β∗)Γ′′(β∗)− (Γ′(β∗))2}/(Γ(β∗))2

 ,

respectively, where µ2 =
∫
x2π(dx). For the Levy OU process, π can be calculated explicitly. See Sato [40]

and [41] and Wolfe [55].

(ii) Let

fθ(z) = λ
1√
2πθ2

exp
{
− (z − θ1)

2

2θ2

}
,

where R4, R
′
4 > 0, θ = (a, λ, θ1, θ2) ∈ (R−

1 , R
+
1 )× (R−

3 , R
+
3 )× (−R′

4, R4)× (R−
5 , R

+
5 ). Then

logΨθ(y, x) = log λ− (y − θ1)
2

2θ2
− 1

2
log(2πθ2).

In this case, [H10] 2. holds. So we can set φn ≡ 1. Then this model satisfies [H1] − [H12]. Let

n1 =
∑n

i=1 1{|∆Xn
i |>Dhρ}. Then the quasi-maximum likelihood estimator (σ̂n, ân, λ̂n, θ̂1,n, θ̂2,n) can be

calculated as

σ̂2
n =

1

h(n− n1)

n∑
i=1

(∆Xn
i + ânhXtni−1

)21{|∆Xn
i |≤Dhρ},

ân = −

(
n∑

i=1

Xtni−1
∆Xn

i 1{|∆Xn
i |≤Dhρ}

)/(
h

n∑
i=1

X2
tni−1

1{|∆Xn
i |≤Dhρ}

)
,

λ̂n =
n1
nh
, θ̂1,n =

1

n1

n∑
i=1

∆Xn
i 1{|∆Xn

i |>Dhρ}, θ̂2,n =
1

n1

n∑
i=1

(∆Xn
i − θ̂1,n)

21{|∆Xn
i |>Dhρ},

if 0 < n1 < n and the parameter space Ξ is sufficiently large to contain this point. The symbols Γ1 and
Γ2 become

Γ1(α∗) =
2

(σ∗)2
, Γ2(α∗) = diag(

µ2

(σ∗)2
,
1

λ∗
,
λ∗

θ∗2
,

λ∗

2(θ∗2)
2
),

where µ2 =
∫
x2π(dx). So by Theorem 2.1, the asymptotic distribution of (

√
n(σ̂n−σ∗),

√
nh(θ̂n−θ∗)) for

the quasi-maximum likelihood estimator (σ̂n, θ̂n) becomesN(0, diag((σ∗)2/2, (σ∗)2/µ2, λ
∗, θ∗2/λ

∗, 2(θ∗2)
2/λ∗)).
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2.3 Proof of the main results

In this section, we will prove Theorems 2.1 and 2.2. For this purpose, let us begin with a few basic results on
the polynomial type large deviation inequality and its applications to the quasi-likelihood analysis. This scheme
is applicable to various stochastic structures, in particular it works well for nonlinear stochastic processes.

2.3.1 Polynomial type large deviation inequality and the quasi-likelihood analysis

To show consistency and asymptotic normality of the quasi-maximum likelihood estimator and the Bayes type
estimator, we will use the method in Yoshida [54].

Let Θ ⊂ Rm be bounded open set admitting Sobolev’s inequality, while T is an arbitrary set. We apply the
quasi-likelihood analysis based on a random field Hn(θ, τ) : Ω × Θ̄ × T → R, that is C3 on Θ and continuous
on Θ̄ for every ω ∈ Ω and τ ∈ T . Let {an}n∈N be a sequence of positive numbers such that an → 0 as n→ ∞.
Set bn = a−2

n , ξ∗ = (θ∗, τ∗) ∈ Θ × T , and Un = {u ∈ Rm; θ∗ + anu ∈ Θ}. We consider the ratio of the
quasi-likelihood functions defined by

Zn(u, τ ; θ
∗) = exp{Hn(θ

∗ + anu, τ)−Hn(θ
∗, τ)} (u ∈ Un, τ ∈ T ).

Corresponding to the log likelihood function and the observed information in likelihood analysis, we also set

Yn(θ, τ ; θ
∗) =

1

bn
(Hn(θ, τ)−Hn(θ

∗, τ)),

and Γn(θ, τ) = −b−1
n ∂2θHn(θ, τ) (θ ∈ Θ, τ ∈ T ).

The key of our arguments is the so-called polynomial type large deviation inequality. In order to derive it, we
will assume several conditions, however, they are rather mild compared with the assumptions to ensure the usual
exponential type large deviation inequality. In the conditions stated below, Γ(τ ; ξ∗) and Y (θ, τ ; θ∗) are given
deterministic functions and the latter satisfies Y (θ∗, τ ; θ∗) = 0. Suppose that L > 0, α > 0, β = α/(1 − α),
0 < β1 < 1/2, β2 ≥ 0, 0 < ρ1 < 1 and ρ2 > 0. The following conditions [P1]-[P5] are the conditions
[A1′′],[A4′],[A6],[B1],[B2] in Yoshida [54], respectively.

[P1 ] For M3 = L(β − ρ1)
−1,

sup
n∈N

E

(b−1
n sup

(θ,τ)∈Θ×T
|∂3θHn(θ, τ)|

)M3
 <∞.

Moreover, for M4 = L( 2β1

1−α − ρ1)
−1,

sup
n∈N

E

[
sup
τ∈T

(bβ1
n |Γn(θ

∗, τ)− Γ(τ ; ξ∗)|)M4

]
<∞.

[P2 ] ρ1 < β ∧ 2β1

1−α , α < ρ2/2, and 1− 2β2 − ρ2 > 0.

[P3 ] For M1 = L(1− ρ1)
−1,

sup
n∈N

E

[(
sup
τ∈T

|an∂θHn(θ
∗, τ)|

)M1
]
<∞.

For M2 = L(1− 2β2 − ρ2)
−1,

sup
n∈N

E

( sup
θ∈Θ, τ∈T

b
1
2−β2
n |Yn(θ, τ ; θ∗)− Y (θ, τ ; θ∗)|

)M2
 <∞.

[P4 ] The matrix Γ(τ ; ξ∗) is positive definite uniformly in τ ∈ T .
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[P5 ] There exists a deterministic and positive number χ such that

Y (θ, τ ; θ∗) = Y (θ, τ ; θ∗)− Y (θ∗, τ ; θ∗) ≤ −χ|θ − θ∗|2

for all θ ∈ Θ and all τ ∈ T .

The following theorems are Theorems 3, 5 and 10 of Yoshida [54]. Here we give a simplified version of them.

Theorem 2.3. Suppose that [P1]-[P5] are satisfied. Then there exists a constant CL > 0 such that

Pξ∗

[
sup

(u,τ)∈Vn(r)×T
Zn(u, τ ; θ

∗) ≥ e−r2−(ρ1∨ρ2)/2

]
≤ CL

rL
(2.8)

for all n ∈ N and r > 0 where sup ∅ = −∞, and

Vn(r) = {u ∈ Rm; θ∗ + anu ∈ Θ, |u| ≥ r}.

Let Θk ⊂ Rmk be bounded open set (k = 1, 2, . . . ,K), Θ = Θ1×Θ2× . . .×ΘK , m =
∑K

k=1mk. Let {akn}n∈N
be positive sequence such that akn → 0 (n→ ∞), an = diag(a1nIm1 , . . . , a

K
n ImK

). Set

Zn(u; θ
∗) = exp{Hn(θ

∗ + anu)−Hn(θ
∗)} (u ∈ Un),

where Il denotes a unit matrix of rank l. We extend Zn(·; θ∗) to a function in Ĉ(Rm) so that its norm is

not greater than that of Zn(·; θ∗), and denote it by the same symbol. Let θ̂n be a random variable and

Hn(θ̂n) = maxθ∈Θ̄Hn(θ), and let ûn = ((an)
−1(θ̂n − θ∗)).

Write B(R) = {u ∈ Rd; |u| ≤ R} for R > 0.

Theorem 2.4. Assume the following conditions.

(1) There exists a random function Z(·; θ∗) in Ĉ(Rm) such that for every R > 0, Zn(·; θ∗) →d Z(·; θ∗) in
C(B(R)) as n→ ∞.

(2) There exists a measurable mapping û that is a unique maximum point of Z(·; θ∗) a.s.

Moreover, we assume that for any L > 0, lim supn→∞ ||ûn||L <∞.

Then ûn →d û as n → ∞, and E[f(ûn)] → E[f(û)] as n → ∞ for any continuous function f of at most
polynomial growth.

The adaptive Bayes type estimator for parameters θk (k = 1, . . . ,K) is generally defined as follows. Let πk,n
be a prior density of the parameter θk for each k = 1, . . . ,K. Let θk = (θ1, θ2, . . . , θk) and θ̄k = (θk, θk+1, . . . , θK).
We assume 0 < infθk∈Θk,n∈N πk,n ≤ supθk∈Θk,n∈N πk,n < ∞, and {πk,n}n∈N is equicontinuous (k = 1, . . . ,K).

Then the adaptive Bayes type estimators (θ̃k,n)k=1,...,K for parameters (θk)k=1,...,K with respect to the quadratic
loss function are defined inductively by

θ̃k,n =

{∫
Θk

exp
(
Hn(θ̃k−1,n, θk, θ̄

⋆
k+1)

)
πk,n(θk)dθk

}−1

×
∫
Θk

θk exp
(
Hn(θ̃k−1,n, θk, θ̄

⋆
k+1)

)
πk,n(θk)dθk,

where θ̄⋆k+1 is a known dummy value of θ̄k+1. By convention, we neglect θ0 and θ̄K+1.

Let Θ, {Θk}Kk=1,Hn(θ) and {akn}n∈N be the same setting as above and we assume Θk is convex for k =
1, 2, . . . ,K. We denote V k

n (r, θ∗k) = {uk ∈ Rmk ; θ∗k + aknuk ∈ Θk, |uk| ≥ r} , u = (u1, . . . , uK), and

Zk
n(uk; θk−1, θ

∗
k, θ̄k+1) = exp{Hn(θk−1, θ

∗
k + aknuk, θ̄k+1)−Hn(θk−1, θ

∗
k, θ̄k+1)}.
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Let (θ̃k,n)k=1,...,K be adaptive Bayes type estimators for parameters (θk)k=1,...,K with prior densities {πk,n}n∈N,1≤k≤K .
We denote

ũkn = (akn)
−1(θ̃k,n − θ∗k)

=

(∫
Uk

n(θ
∗
k)

Zk
n(uk; θ̃k−1,n, θ

∗
k, θ̄

⋆
k+1)πk,n(θ

∗
k + aknuk)duk

)−1

×
∫
Uk

n(θ
∗
k)

ukZ
k
n(uk; θ̃k−1,n, θ

∗
k, θ̄

⋆
k+1)πk,n(θ

∗
k + aknuk)duk,

ũk =

(∫
Rmk

Zk(uk; θ
∗)duk

)−1 ∫
Rmk

ukZ
k(uk; θ

∗)duk,

ũn = (ũ1n, . . . , ũ
K
n ) and ũ = (ũ1, . . . , ũK), where Uk

n(θ
∗
k) = {uk ∈ Rmk ; θ∗k+a

k
nuk ∈ Θk} and Zk is a random field

(k = 1, . . . ,K).

Theorem 2.5. Assume the following conditions.

(1) For every k = 1, . . . ,K, Zk(·; θ∗) ∈ Ĉ(Rmk) and for every R > 0, (Zk
n(uk; θ̃k−1,n, θ

∗
k, θ̄

⋆
k+1))k=1,...,K →d

(Zk(uk; θ
∗))k=1,...,K in C({u; |u| ≤ R}) as n→ ∞.

(2) For any L > 1, there exists CL > 0 such that

Pξ∗

[
sup

uk∈V k
n (r,θ∗

k)

Zk
n(uk; θ̃k−1,n, θ

∗
k, θ̄

⋆
k+1) ≥ e−

r
2

]
≤ CL

rL

for all n ∈ N, r > 0, and k = 1, 2, . . . ,K.

(3) For some N ∈ N,

sup
n≥N

E

(∫
Uk

n(θ
∗
k)

Zk
n(uk; θ̃k−1,n, θ

∗
k, θ̄

⋆
k+1)πk,n(θ

∗
k + anuk)du

)−1
 <∞.

Then

ũn →d ũ as n→ ∞,

and

E[f(ũn)] → E[f(ũ)],

as n→ ∞ for any continuous function f of at most polynomial growth.

Theorem 2.3 implies that the polynomial type large deviation inequality (2.8) is obtained by some mo-
ment conditions on the contrast function Hn and its derivatives and regularity conditions [P4] and [P5].
The polynomial type large deviation inequality will be necessary in application of Theorem 2.4 to check that
lim sup ∥ ûn ∥L< ∞ for any L > 0 and in application of Theorem 2.5 to check Condition (2) above. These
conditions are immediate consequence of (2.8) and control a probability that |ûn| becomes large. This control
plays an essential role in the proof of convergence of moments of any order for ûn and the convergence of the
Bayes type estimator. The rest of this chapter is mainly devoted to verifying the moment conditions [P1] and
[P3] for parameters σ and θ in order to obtain the polynomial type large deviation inequality.
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2.3.2 Proof of Theorems 2.1 and 2.2

As the first step, we will apply Theorem 2.3 to σ as “θ” and θ as “τ” there. In this case, “Γn” and “Yn” in
Theorem 2.3 are as follows:

Γ1
n(σ, θ) = − 1

n
∂2σHn(σ, θ)

=
1

2nh

n∑
i=1

X̄T
i,n(θ)∂

2
σβ

−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

+
1

2n

n∑
i=1

∂2σ log detβi−1(σ)1{|∆Xn
i |≤Dhρ},

and

Yn(σ, θ;σ
∗) =

1

n
{Hn(σ, θ)−Hn(σ

∗, θ)}

= − 1

2nh

n∑
i=1

X̄T
i,n(θ){β−1

i−1(σ)− β−1
i−1(σ

∗)}X̄i,n(θ)1{|∆Xn
i |≤Dhρ}

− 1

2n

n∑
i=1

log
detβi−1(σ)

detβi−1(σ∗)
1{|∆Xn

i |≤Dhρ}.

At the second stage of the proof, we will consider the random field θ 7→ Hn(σ̂n, θ) for the estimator of θ.
When applying Theorem 2.3, as “Γn” and “Yn”, we take the ones given by

Γ2
n(θ) = − 1

nh
∂2θHn(σ̂n, θ)

= − 1

nh

n∑
i=1

{∂2θaTi−1(θ)β
−1
i−1(σ̂n)X̄i,n(θ)− h∂θa

T
i−1(θ)β

−1
i−1(σ̂n)∂θai−1(θ)}1{|∆Xn

i |≤Dhρ}

− 1

nh

n∑
i=1

{∂2θ logΨθ(∆X
n
i , Xtni−1

)}φn(Xtni−1
,∆Xn

i )1{|∆Xn
i |>Dhρ}

+
1

n

n∑
i=1

∫
B(Xtn

i−1
)

∂2θΨθ(y,Xtni−1
)φn(Xtni−1

, y)dy,

and

Yn(θ;α
∗) =

1

nh
(Hn(σ̂n, θ)−Hn(σ̂n, θ

∗))

= − 1

2nh2

n∑
i=1

(X̄T
i,n(θ)β

−1
i−1(σ̂n)X̄i,n(θ)− X̄T

i,nβ
−1
i−1(σ̂n)X̄i,n)1{|∆Xn

i |≤Dhρ}

+
1

nh

n∑
i=1

{logΨθ(∆X
n
i , Xtni−1

)− logΨθ∗(∆Xn
i , Xtni−1

)}φn(Xtni−1
,∆Xn

i )1{|∆Xn
i |>Dhρ}

− 1

n

n∑
i=1

∫
B(Xtn

i−1
)

(Ψθ(y,Xtni−1
)−Ψθ∗(y,Xtni−1

))φn(Xtni−1
, y)dy.

To prove main theorems, we need several lemmas. Let Jn
i = p((tni−1, t

n
i ] × E), Zt =

∫
[0,t]×E

z p(dt, dz),

and ϵ := 1
6 , then n

2ϵ ⪯ nh for large n. We set τni = inf{t; |∆Xt| > 0, tni−1 < t ≤ tni } and νni = sup{t; |∆Xt| >
0, tni−1 < t ≤ tni }. If the infimum or supremum on the right-hand side does not exist, then we define the random
times to equal tni . Let Cn

i,0 = {Jn
i = 0, |∆Xn

i | ≤ Dhρ}, Cn
i,1 = {Jn

i = 1, |∆Xn
i | ≤ Dhρ}, Cn

i,2 = {Jn
i ≥

2, |∆Xn
i | ≤ Dhρ}, Dn

i,0 = {Jn
i = 0, |∆Xn

i | > Dhρ}, Dn
i,1 = {Jn

i = 1, |∆Xn
i | > Dhρ}, Dn

i,2 = {Jn
i ≥ 2, |∆Xn

i | >
Dhρ}.
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Lemma 2.1. (Shimizu and Yoshida [46]) Assume [H1], [H3] and [H5]. Then for 0 ≤ ρ < 1/2, D > 0 and any
p ≥ 1,

Pα∗

[
sup

tni−1≤t<τn
i

|Xt −Xtni−1
| > Dhρ

2
|Fi−1

]
≤ R(α, hp, Xtni−1

),

Pα∗

[
sup

νn
i ≤t<tni

|Xtni
−Xt| >

Dhρ

2
|Fi−1

]
≤ R(α, hp, Xtni−1

),

where sup ∅ = −∞. Each function R does not depend on i.

Remark 2.3. [H5] is a little weaker condition than the corresponding condition in Shimizu and Yoshida [46].
However, by reading the proof of the corresponding lemma in Shimizu and Yoshida [46] carefully, we can verify
that [H5] is a sufficient condition to prove Lemma 2.1. A similar argument holds for [H4] and [H5] of Lemma
2.3.

Lemma 2.2. Assume [H1], [H3], [H5], [H6] and [H7]. Let 3
8 + b ≤ ρ < 1

2 , where b is the constant appearing in
(2.2). Then for any p ≥ 1, as n→ ∞

Pα∗ [Cn
i,0|Fi−1] = R̃(α, h,Xtni−1

)

Pα∗ [Dn
i,0|Fi−1] = R(α, hp, Xtni−1

)

Pα∗ [Cn
i,1|Fi−1] = R(α, h11/8+b, Xtni−1

)

Pα∗ [Dn
i,1|Fi−1] = λ(α∗)hR̃(α, h3/8+b, Xtni−1

)

Pα∗ [Cn
i,2|Fi−1] ≤ λ(α∗)2h2

Pα∗ [Dn
i,2|Fi−1] ≤ λ(α∗)2h2.

Proof. The proof is almost the same as the proof of Lemma 2.2. in Shimizu and Yoshida [46]. First, it is obvious
that Pα∗ [Cn

i,2|Fi−1] ≤ λ(α∗)2h2, and Pα∗ [Dn
i,2|Fi−1] ≤ λ(α∗)2h2. On Cn

i,1,

Pα∗ [Cn
i,1|Fi−1] ≤ Pα∗

[
|(Xtni

−Xτn
i
) + (Xτn

i − −Xtni−1
) + ∆Xτn

i
| ≤ Dhρ, |∆Zτn

i
| > 2Dhρ

c0
, Jn

i = 1|Fi−1

]
+Pα∗

[
|∆Zτn

i
| ≤ 2Dhρ

c0
, Jn

i = 1|Fi−1

]
,

where ∆Zτn
i
has density Fθ∗ under Fi−1 and c0 is the constant in condition [H7]. If |(Xtni

−Xτn
i
) + (Xτn

i − −
Xtni−1

) + ∆Xτn
i
| ≤ Dhρ and |∆Xτn

i
| is small enough, then by [H7], we have

|Xtni
−Xτn

i
|+ |Xτn

i − −Xtni−1
| ≥ c0|∆Zτn

i
| −Dhρ.

Therefore, by Lemma 2.1, we have for large n,

Pα∗ [Cn
i,1|Fi−1] ≤ Pα∗

[
sup

t∈[tni−1,τ
n
i )

|Xt −Xtni−1
|+ sup

t∈[νn
i ,tni ]

|Xtni
−Xt| > Dhρ|Fi−1

]
+λ(α∗)he−λ(α∗)h

∫
|z|≤2Dhρ/c0

K|z|1−d

λ(α∗)
dz

≤ R(α, hp, Xtni−1
) + Chρ+1

= R(α, h11/8+b, Xtni−1
)

if we take p ≥ ρ+ 1.
For Dn

i,0, by applying Lemma 2.1 again, we have

Pα∗ [Dn
i,0|Fi−1] = Pα∗ [|Xτn

i
−Xtni−1

| > Dhρ, τni = tni |Fi−1]

= R(α, hp, Xtni−1
).
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Finally,

Pα∗ [Cn
i,0|Fi−1] = Pα∗ [Jn

i = 0|Fi−1]− Pα∗ [Dn
i,0|Fi−1]

= e−λ(α∗)h −R(α, hp, Xtni−1
)

= R̃(α, h,Xtni−1
),

and

Pα∗ [Dn
i,1|Fi−1] = Pα∗ [Jn

i = 1|Fi−1]− Pα∗ [Cn
i,1|Fi−1]

= λ(α∗)he−λ(α∗)hR̃(α, h3/8+b, Xtni−1
).

Lemma 2.3. (Shimizu and Yoshida [46]) Assume [H1], [H3]− [H7]. Then for kj = 1, 2, . . . , d (j = 1, 2, 3, 4),

E[X̄
(k1)
i,n 1Cn

i,0
|Fi−1] = R(α, h

√
h,Xtni−1

),

E[X̄
(k1)
i,n X̄

(k2)
i,n 1Cn

i,0
|Fi−1] = hβ

(k1,k2)
i−1 (σ∗) +R(α, h2, Xtni−1

),

E[X̄
(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n 1Cn

i,0
|Fi−1] = R(α, h2, Xtni−1

),

E[X̄
(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1Cn

i,0
|Fi−1] = h2(β

(k1,k2)
i−1 β

(k3,k4)
i−1 + β

(k1,k3)
i−1 β

(k2,k4)
i−1 + β

(k1,k4)
i−1 β

(k2,k3)
i−1 )

+R(α, h3, Xtni−1
),

where X̄
(k)
i,n and β

(k,l)
i−1 denote the elements of the vector X̄i,n and the matrix βi−1,respectively (1 ≤ k, l ≤ d).

Before proceeding to the next step, since we have defined several parameters and their relationships, we list
up those relations again for convenience of reference:

n−3/5 ⪯ h ⪯ n−4/7, 0 < b < 1/8, ϵn → 0,

√
nh

ϵ2n
∨ hb

ϵn
⪯ 1,

1 ⪯ n3h4ϵ16n ,
3

8
+ b ≤ ρ <

1

2
, ϵ =

1

6
, and n2ϵ ⪯ nh,

as n→ ∞.

Proposition 2.1. (Yoshida [54]) Let (Ω,F , P ) be a probability space, {Fj}j∈N be a stationary process with mean
0 and suppose that for some 0 < h < 1 and C > 0,

sup
j∈N

sup
A∈σ[Fl;l≤j],B∈σ[Fl;l≥j+k]

|P [A ∩B]− P [A]P [B]| ≤ C exp(−hk)

for all k ∈ N and that for every p ≥ 2, supj∈N ||Fj ||p ≤ Cp for some constant Cp depending on p but independent
of h. Then for some constant C ′ = C ′(C, p, Cp+1) <∞ independent of h and the sequence {Fj},

E

[
sup

j=1,...,n

∣∣∣ j∑
i=1

Fi

∣∣∣p] ≤ C ′
[
(nh−1)

p
2 + nh1−p

]
for all n ∈ N.

The following proposition is stronger than the ergodic property for the sum of the function of the jump-
diffusion process with the exponential mixing property.

Proposition 2.2. Suppose that [H2] and [H3] are satisfied, and Borel functions Fn : Rd × Rd × Ξ satisfy
|Fn(x, y, α)| ≤ C(1 + |x|)C (n ∈ N, x, y ∈ Rd, α ∈ Ξ) for some constant C > 0. Then for every p ≥ 2,

sup
α∈Ξ

sup
n∈N

E

[∣∣∣∣nϵ 1n
n∑

i=1

{
Fn(Xtni−1

,∆Xn
i , α)− E[Fn(Xtni−1

,∆Xn
i , α)]

}∣∣∣∣p] < ∞.
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Proof. By Proposition 2.1, we have

sup
α∈Ξ

sup
n∈N

E

[∣∣∣∣nϵ 1n
n∑

i=1

{
Fn(Xtni−1

,∆Xn
i , α)− E[Fn(Xtni−1

,∆Xn
i , α)]

}∣∣∣∣p]
≤ C sup

n∈N
np(−1+ϵ)

{
(nh−1)

p
2 + nh1−p

}
= C sup

n∈N

(n2ϵ
nh

) p
2
{
1 + (nh)1−

p
2

}
<∞.

The following proposition takes an essential role in estimating the third term of Hn, later in Lemmas 2.6
and 2.7. This proposition is the key element of the proof of Theorems 2.1 and 2.2.

Proposition 2.3. Let k ∈ N and p ≥ 2k−1. Suppose {Fi}0≤i≤n is a filtration on a probability space (Ω,F , P ),
and {Fi}1≤i≤n is a random sequence adapted to {Fi} such that E[|Fi|p] <∞ (1 ≤ i ≤ n). Then

E

[∣∣ n∑
i=1

Fi

∣∣p] ≤ Cp,kE

[∣∣ n∑
i=1

ψk+1
i (Fi)

∣∣ p

2k

]
+ Cp,k

k∑
l=1

E

[∣∣ n∑
i=1

E[ψl
i(Fi)|Fi−1]

∣∣ p

2l−1

]
,

E

[∣∣ n∑
i=1

{Fi − E[Fi|Fi−1]}
∣∣p] ≤ Cp,kE

[∣∣ n∑
i=1

ψk+1
i (Fi)

∣∣ p

2k

]
+ Cp,k

k∑
l=2

E

[∣∣ n∑
i=1

E[ψl
i(Fi)|Fi−1]

∣∣ p

2l−1

]
,

where Cp,k is a constant depending only on p and k, and

ψ1
i (F ) = F

ψl+1
i (F ) = {ψl

i(F )− E[ψl
i(F )|Fi−1]}2 (l ∈ N).

For k = 2, 3, we have

ψ2
i (F ) = F 2 − 2FE[F |Fi−1] + (E[F |Fi−1])

2

E[ψ2
i (F )|Fi−1] = E[F 2|Fi−1]− (E[F |Fi−1])

2

ψ3
i (F ) =

{
F 2 − 2FE[F |Fi−1] + 2(E[F |Fi−1])

2 − E[F 2|Fi−1]
}2

= F 4 − 4F 3E[F |Fi−1] + 8F 2(E[F |Fi−1])
2 − 8F (E[F |Fi−1])

3 + 4(E[F |Fi−1])
4

−2F 2E[F 2|Fi−1] + 4FE[F |Fi−1]E[F 2|Fi−1]− 4(E[F |Fi−1])
2E[F 2|Fi−1]

+(E[F 2|Fi−1])
2.

These equations are used repeatedly later to apply Proposition 2.3 for k = 2.

Proof of Proposition 2.3. We will prove the second inequality by induction on k. The first one is a trivial
consequence of the second inequality. For k = 1, since {

∑m
i=1{Fi − E[Fi|Fi−1]}}0≤m≤n is a martingale, by the

Burkholder-Davis-Gundy inequality,

E

[∣∣ n∑
i=1

{Fi − E[Fi|Fi−1]}
∣∣p] ≤ CpE

[∣∣ n∑
i=1

{Fi − E[Fi|Fi−1]}2
∣∣ p2 ] .

Suppose the second inequality holds for k. Suppose that p ≥ 2k. Then since {
∑m

i=1{ψ
k+1
i (Fi)−E[ψk+1

i (Fi)|Fi−1]}}0≤m≤n

is martingale, by the Burkholder-Davis-Gundy inequality and induction hypothesis, we obtain
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E

[∣∣ n∑
i=1

{Fi − E[Fi|Fi−1]}
∣∣p] ≤ Cp,kE

[∣∣ n∑
i=1

ψk+1
i (Fi)

∣∣ p

2k

]
+ Cp,k

k∑
l=2

E

[∣∣ n∑
i=1

E[ψl
i(Fi)|Fi−1]

∣∣ p

2l−1

]

≤ Cp,k2
p

2k E

[∣∣ n∑
i=1

{ψk+1
i (Fi)− E[ψk+1

i (Fi)|Fi−1]}
∣∣ p

2k

]

+Cp,k2
p

2k E

[∣∣ n∑
i=1

E[ψk+1
i (Fi)|Fi−1]

∣∣ p

2k

]
+ Cp,k

k∑
l=2

E

[∣∣ n∑
i=1

E[ψl
i(Fi)|Fi−1]

∣∣ p

2l−1

]

≤ Cp,k+1E

[∣∣ n∑
i=1

{ψk+1
i (Fi)− E[ψk+1

i (Fi)|Fi−1]}2
∣∣ p

2k+1

]

+Cp,k+1

k+1∑
l=2

E

[∣∣ n∑
i=1

E[ψl
i(Fi)|Fi−1]

∣∣ p

2l−1

]

= Cp,k+1E

[∣∣ n∑
i=1

ψk+2
i (Fi)

∣∣ p

2k+1

]
+ Cp,k+1

k+1∑
l=2

E

[∣∣ n∑
i=1

E[ψl
i(Fi)|Fi−1]

∣∣ p

2l−1

]
.

Proposition 2.4. Suppose that [H1],[H3],[H5]-[H7] are satisfied. Let {un} and {vn} be the sequences of positive
numbers and gn(x, y, α) (n ∈ N, α ∈ Ξ) be Borel functions. Assume gn is differentiable with respect to y ∈ E,
∂ygn is continous in y, and

|∂ygn(x, y, α)| ≤ Cvn(1 + |y|)C(1 + |x|)C ,

for n ∈ N, α ∈ Ξ, x ∈ Rd, y ∈ E. Moreover, assume at least one of the following two conditions holds true.

1. |gn(x, y, α)| ≤ Cun(1 + |x|)C (n ∈ N, α ∈ Ξ, x ∈ Rd, y ∈ E).

2. |gn(x, y, α)| ≤ C(1 + |y|)C(1 + |x|)C (n ∈ N, α ∈ Ξ, x ∈ Rd, y ∈ E) and there exists p > 0 such that
u−p
n ⪯ h.

Then

1

h
E[gn(Xtni−1

,∆Xn
i , α)1{|∆Xn

i |>Dhρ}|Fi−1] =

∫
B(Xtn

i−1
)

gn(Xtni−1
, y, α)Ψθ∗(y,Xtni−1

)dy

+R(α, h3/8+bun ∨
√
hvn, Xtni−1

) (n ∈ N).

Proof. The proof is similar to that of Proposition 3.6 of Shimizu and Yoshida [46]. First, by Proposition 3.1 of
Shimizu and Yoshida [46], it holds for k ∈ N, k ≥ 2 that

E[|∆Xn
i |k|Fi−1] = R(α, h,Xtni−1

).

So if Condition 2 holds, then

E[|gn(Xtni−1
,∆Xn

i , α)|1{|gn(Xtn
i−1

,∆Xn
i ,α)|>un}|Fi−1] ≤ u1−2p

n E[|gn(Xtni−1
,∆Xn

i , α)|2p|Fi−1]

≤ R(α, h2un, Xtni−1
)E[(1 + |∆Xn

i |)2Cp|Fi−1]

= R(α, h2un, Xtni−1
). (2.9)

Therefore by Lemma 2.2, we have

E
[
|gn(Xtni−1

,∆Xn
i , α)|1Dn

i,0∪Dn
i,2
|Fi−1

]
= E

[
|gn(Xtni−1

,∆Xn
i , α)|(1(Dn

i,0∪Dn
i,2)∩{|gn(Xtn

i−1
,∆Xn

i ,α)|>un} + 1(Dn
i,0∪Dn

i,2)∩{|gn(Xtn
i−1

,∆Xn
i ,α)|≤un})|Fi−1

]
= R(α, h2un, Xtni−1

). (2.10)
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Consequently we obtain

1

h
E
[
gn(Xtni−1

,∆Xn
i , α)1{|∆Xn

i |>Dhρ}|Fi−1

]
=

1

h
E
[
gn(Xtni−1

,∆Xn
i , α)1Dn

i,1
|Fi−1

]
+R(α, hun, Xtni−1

). (2.11)

In the case that Condition 1 holds, Lemma 2.2 leads (2.11).
In both cases, we have for q ∈ N and q ≥ 2,

E[|Xtni
−Xτn

i
|q

1{Jn
i =1}

Pα∗ [Jn
i = 1]

|Fi−1] = R(α, h,Xtni−1
),

and

E[|Xτn
i − −Xtni−1

|q
1{Jn

i =1}

Pα∗ [Jn
i = 1]

|Fi−1] = R(α, h,Xtni−1
).

Let ξni (t) = t∆Xn
i + (1 − t)∆Xτn

i
and Gn

i = {|∆Xn
i | ≤ |Xtni

− Xνn
i
| + |Xτn

i − − Xtni−1
|}, then it holds that

ξni (t) ̸= 0 (0 ≤ t ≤ 1) on Dn
i,1 ∩ (Gn

i )
c. So by the Cauchy-Schwartz inequality, we have

1

h
E

[∣∣gn(Xtni−1
,∆Xn

i , α)− gn(Xtni−1
,∆Xτn

i
, α)
∣∣1Dn

i,1∩(Gn
i )

c

∣∣∣∣Fi−1

]

≤ λ(α∗)
(
E
[
|
∫ 1

0

∂ygn(Xtni−1
, ξni (t), α)dt|2

1Dn
i,1∩(Gn

i )
c

P [Jn
i = 1]

|Fi−1

]) 1
2

×
(
E
[
(|Xtni

−Xτn
i
|+ |Xτn

i − −Xtni−1
|)2

1Dn
i,1∩(Gn

i )
c

P [Jn
i = 1]

|Fi−1

]) 1
2

= R(α,
√
hvn, Xtni−1

). (2.12)

Moreover, by Lemma 2.1, we have for any p > 0,

Pα∗ [Dn
i,1 ∩Gn

i |Fi−1] ≤ Pα∗ [|Xtni
−Xνn

i
|+ |Xτn

i − −Xtni−1
| > Dhρ|Fi−1] ≤ R(α, hp, Xtni−1

). (2.13)

Therefore by similar argument to the derivation of (2.11) with an equation

E[(|Xτn
i − −Xtni−1

|+ |Xtni
−Xνn

i
|)p|Fi−1] = R(α, h,Xtni−1

) = R(α, 1, Xtni−1
),

where p ≥ 2, we obtain

1

h
E

[∣∣gn(Xtni−1
,∆Xn

i , α)− gn(Xtni−1
,∆Xτn

i
, α)
∣∣1Dn

i,1∩Gn
i

∣∣∣∣Fi−1

]
= R(α, hun, Xtni−1

). (2.14)

Then (2.11), (2.12), and (2.14) yield

1

h
E
[
gn(Xtni−1

,∆Xn
i , α)1{|∆Xn

i |>Dhρ}|Fi−1

]
=

1

h
E
[
gn(Xtni−1

,∆Xτn
i
, α)1Dn

i,1
|Fi−1

]
+R(α, hun ∨

√
hvn, Xtni−1

). (2.15)

The equation (2.15), Lemma 2.2 and a similar argument to the derivation of (2.14) yield

1

h
E
[
gn(Xtni−1

,∆Xn
i , α)1{|∆Xn

i |>Dhρ}|Fi−1

]
=

1

h
E
[
gn(Xtni−1

,∆Xτn
i
, α)1{Jn

i =1}|Fi−1

]
+R(α, h3/8+bun ∨

√
hvn, Xtni−1

). (2.16)
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Let ξ̃ni (t) = tc(Xτn
i −,∆Zτn

i
, θ∗) + (1− t)ci−1(∆Zτn

i
, θ∗). If d ≥ 2, we have

1

h
E

[∣∣gn(Xtni−1
, ci−1(∆Zτn

i
, θ∗), α)− gn(Xtni−1

, c(Xτn
i −,∆Zτn

i
, θ∗), α)

∣∣1{Jn
i =1}

∣∣∣∣Fi−1

]
= R(α,

√
hvn, Xtni−1

), (2.17)

by a similar argument to the derivation of (2.12) and modifying ξ̃ni (t) so that ξ̃ni bypass the origin and the
length of modification is O(h

√
h), if necessary. If d = 1 and Jn

i = 1, then since the function x 7→ c(x,∆Zτn
i
, θ∗)

is continuous and c(x,∆Zτn
i
, θ∗) ̸= 0 (x ∈ Rd), we have ξ̃ni (t) ̸= 0 (0 ≤ t ≤ 1). So similarly, (2.17) holds.

Then by (2.17), we can rewrite the right-hand side of (2.16) by changing residual terms as

1

h
E
[
gn(Xtni−1

, ci−1(∆Zτn
i
, θ∗), α)1{Jn

i =1}|Fi−1

]
+R(α, h3/8+bun ∨

√
hvn, Xtni−1

)

=
1

h
E
[ ∫ tni

tni−1

∫
gn(Xtni−1

, ci−1(z, θ
∗), α)p(ds, dz)|Fi−1

]
+R(α, h3/8+bun ∨

√
hvn, Xtni−1

)

=
1

h
E
[ ∫ tni

tni−1

∫
gn(Xtni−1

, ci−1(z, θ
∗), α)qθ

∗
(ds, dz)|Fi−1

]
+R(α, h3/8+bun ∨

√
hvn, Xtni−1

)

= E
[ ∫

gn(Xtni−1
, ci−1(z, θ

∗), α)fθ∗(z)dz|Fi−1

]
+R(α, h3/8+bun ∨

√
hvn, Xtni−1

)

=

∫
B(Xtn

i−1
)

gn(Xtni−1
, y, α)Ψθ∗(y,Xtni−1

)dy +R(α, h3/8+bun ∨
√
hvn, Xtni−1

).

Remark 2.4. Let

D(k)
n (x, y, θ) = ∂kθ logΨθ(y, x)φn(x, y) (k = 0, 1, 2, 3, 4).

Then since hb/ϵn ⪯ 1, by Proposition 2.4, [H1], [H3], [H5]− [H7], [H9] and [H10], we have

1

h
E
[
D(k)

n (Xtni−1
,∆Xn

i , θ)1{|∆Xn
i |>Dhρ}|Fi−1

]
=

∫
B(Xtn

i−1
)

D(k)
n (Xtni−1

, y, θ)Ψθ∗(y,Xtni−1
)dy

+R(α,
h3/8

ϵk∨1−1
n

∨
√
h

ϵk∨1+1
n

, Xtni−1
) (k = 0, 1, 2, 3, 4).

1

h
E
[∣∣D(k)

n (Xtni−1
,∆Xn

i , θ)
∣∣21{|∆Xn

i |>Dhρ}|Fi−1

]
=

∫
B(Xtn

i−1
)

∣∣D(k)
n (Xtni−1

, y, θ)
∣∣2Ψθ∗(y,Xtni−1

)dy

+R(α,
h3/8

ϵ
2(k∨1)−1
n

∨
√
h

ϵ
2(k∨1)+1
n

, Xtni−1
) (k = 0,1, 2, 3, 4).

E
[∣∣D(1)

n (Xtni−1
,∆Xn

i , θ)
∣∣l1{|∆Xn

i |>Dhρ}|Fi−1

]
= R(α, h,Xtni−1

) (l = 3, 4).

For the last equation, we use

1

h
E
[∣∣D(1)

n (Xtni−1
,∆Xn

i , θ)
∣∣l1{|∆Xn

i |>Dhρ}|Fi−1

]
=

∫
B(Xtn

i−1
)

∣∣D(1)
n (Xtni−1

, y, θ)
∣∣lΨθ∗(y,Xtni−1

)dy

+R(α,
h

3
8+b

ϵln
∨

√
h

ϵl+1
n

, Xtni−1
)

= R(α, 1, Xtni−1
) +R(α,

(√
h

ϵ4n

) 3
4

∨
√
h

ϵ5n
, Xtni−1

)
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and √
h

ϵ5n
≤

√
h

ϵ6n
⪯ 1√

n3h5
⪯ 1. (2.18)

We will verify the conditions of Theorem 2.3 with (θ, τ) 7→ (σ, θ) where (θ, τ) are parameters in Section 2.3.
First, we verify [P1].

Lemma 2.4. Assume [H1]− [H8]. Then for any p > d1 + d2,

(1) supn∈NE

[(
1
n supα∈Ξ |∂3σHn(σ, θ)|

)p]
<∞,

(2) supn∈NE

[(
nϵ supθ∈Θ |Γ1

n(σ
∗, θ)− Γ1(σ∗)|

)p]
<∞.

Proof. (1) From Lemmas 2.2 and 2.3, it follows that

sup
n∈N

E

[( 1
n
sup
α∈Ξ

|∂3σHn(σ, θ)|
)p]

= sup
n∈N

E

[( 1
n
sup
α∈Ξ

∣∣∣ 1
2h

n∑
i=1

X̄T
i,n(θ)∂

3
σβ

−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

+
1

2

n∑
i=1

∂3σ log detβi−1(σ)1{|∆Xn
i |≤Dhρ}

∣∣∣)p]

≤ C sup
n∈N

E

[( 1
n
sup
σ∈Π

∣∣∣ 1
2h

n∑
i=1

X̄T
i,n∂

3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}

∣∣∣)p]+ C

≤ C sup
n∈N

E

[( 1
n
sup
σ∈Π

∣∣∣ 1
2h

n∑
i=1

{
X̄T

i,n∂
3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}

− E[X̄T
i,n∂

3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1]
}∣∣∣)p]+ C.

Moreover, by the Burkholder-Davis-Gundy inequality,

sup
σ∈Π

sup
n∈N

E

[( 1
n

∣∣∣ 1
2h

n∑
i=1

{
X̄T

i,n∂
3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}

− E[X̄T
i,n∂

3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1]
}∣∣∣)p]

≤ C sup
n∈N

(
nh4ρ

n2h2

) p
2

<∞, (2.19)

because ρ > 1/4. Similarly,

sup
σ∈Π

sup
n∈N

E

[( 1
n

∣∣∣ 1
2h

n∑
i=1

∂

∂σ

{
X̄T

i,n∂
3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}

−E[X̄T
i,n∂

3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1]
}∣∣∣)p] <∞. (2.20)

Then by (2.19), (2.20) and Sobolev’s inequality, we have

sup
n∈N

E

[
sup
α∈Ξ

( 1
n

∣∣∣ 1
2h

n∑
i=1

{
X̄T

i,n∂
3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}

− E[X̄T
i,n∂

3
σβ

−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1]
}∣∣∣)p] <∞.
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This completes the proof of (1).

(2) By the definition of Γ1
n and Γ1, we have

Γ1
n(σ

∗, θ)− Γ1(σ∗) = Λ1 + Λ2,

where

Λ1 =
1

2nh

n∑
i=1

X̄T
i,n(θ)∂

2
σβ

−1
i−1(σ

∗)X̄i,n(θ)1{|∆Xn
i |≤Dhρ}

−1

2

∫
tr(∂2σβ

−1(x, σ∗)β(x, σ∗))π(dx),

and

Λ2 =
1

2n

n∑
i=1

∂2σ log detβi−1(σ
∗)1{|∆Xn

i |≤Dhρ}

−1

2

∫
∂2σ log detβ(x, σ

∗)π(dx).

We will estimate Λ1 and Λ2. In order to estimate Λ1, we first notice that

sup
n∈N

E

[
sup
θ∈Θ

∣∣n ρ
2
1

n

n∑
i=1

1

2h

(
X̄T

i,n(θ)∂
2
σβ

−1
i−1(σ

∗)X̄i,n(θ)− X̄T
i,n∂

2
σβ

−1
i−1(σ

∗)X̄i,n

)
1{|∆Xn

i |≤Dhρ}
∣∣p]

≤ Csup
n∈N

(
n

ρ
2 hρ
)p

<∞. (2.21)

Furthermore, the Burkholder-Davis-Gundy inequality implies

sup
n∈N

E
[∣∣nϵ 1

n

n∑
i=1

( 1

2h
X̄T

i,n∂
2
σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

−E[
1

2h
X̄T

i,n∂
2
σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

)∣∣p]
≤ Csup

n∈N

(
n2ϵh4ρ

nh2

) p
2

= C sup
n∈N

(
n2ϵ

nh
· h4ρ−1

) p
2

<∞. (2.22)

Moreover, by Lemmas 2.2, 2.3 and Proposition 2.2, we have

sup
n∈N

E
[(
nϵ
∣∣∣ 1
n

n∑
i=1

E[
1

2h
X̄T

i,n∂
2
σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

−1

2

∫
tr(∂2σβ

−1(x, σ∗)β(x, σ∗))π(dx)
∣∣∣)p] <∞. (2.23)

From (2.21), (2.22) and (2.23), it follows that

sup
n∈N

E

[(
nϵ sup

θ∈Θ
|Λ1|

)p]
<∞. (2.24)

Next we will estimate Λ2. By using Proposition 2.2, we have

sup
n∈N

E

[∣∣∣nϵ 1

2n

n∑
i=1

(
∂2σ log detβi−1(σ

∗)1{|∆Xn
i |≤Dhρ} − E[∂2σ log detβi−1(σ

∗)1{|∆Xn
i |≤Dhρ}]

) ∣∣∣p] <∞. (2.25)
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Moreover, by Lemma 2.2, we have

sup
n∈N

E

[∣∣∣√n( 1

2n

n∑
i=1

E[∂2σ log detβi−1(σ
∗)1{|∆Xn

i |≤Dhρ}]−
1

2

∫
∂2σ log detβ(x, σ

∗)π(dx)

)∣∣∣p] <∞. (2.26)

From (2.25) and (2.26), it follows that
sup
n∈N

E
[∣∣nϵΛ2

∣∣p] <∞. (2.27)

Inequalities (2.24) and (2.27) complete the proof.

By this lemma, we can verify [P1] of Theorem 2.3 for any L > 1 if we take β1 > 0 small enough.
Conditions [P4] and [P5] are easily verified by [H12]. Next, we will verify [P3].

Lemma 2.5. Assume [H1]− [H8]. Then for any p > d1 + d2,

(1) supn∈NE
[
supθ∈Θ

∣∣ 1√
n
∂σHn(σ

∗, θ)
∣∣p] <∞,

(2) supn∈NE
[(
supα∈Ξ n

ϵ|Yn(σ, θ : σ∗)− Y 1(σ : σ∗)|
)p]

<∞.

Proof. (1) By the definition of Hn, we have

− 2√
n
∂σHn(σ

∗, θ) =
1√
nh

n∑
i=1

X̄T
i,n(θ)∂σβ

−1
i−1(σ

∗)X̄i,n(θ)1{|∆Xn
i |≤Dhρ}

+
1√
n

n∑
i=1

∂σ log detβi−1(σ
∗)1{|∆Xn

i |≤Dhρ}. (2.28)

We will estimate the right-hand side of (2.28). First, we notice that

sup
n∈N

E

[
sup
θ∈Θ

∣∣ 1√
nh

n∑
i=1

(
X̄T

i,n(θ)∂σβ
−1
i−1(σ

∗)X̄i,n(θ)− X̄T
i,n∂σβ

−1
i−1(σ

∗)X̄i,n

)
1{|∆Xn

i |≤Dhρ}
∣∣p]

= sup
n∈N

E

[
sup
θ∈Θ

∣∣∣∣ 1√
n

n∑
i=1

(ai−1(θ
∗)− ai−1(θ))

T∂σβ
−1
i−1(σ

∗)(X̄i,n + X̄i,n(θ))1{|∆Xn
i |≤Dhρ}

∣∣∣∣p]

≤ C sup
n∈N

E

[
sup
θ∈Θ

∣∣∣∣ 1√
n

n∑
i=1

{
2(ai−1(θ

∗)− ai−1(θ))
T∂σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

− E[2(ai−1(θ
∗)− ai−1(θ))

T∂σβ
−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

}∣∣∣∣p]
+C sup

n∈N
E

[
sup
θ∈Θ

∣∣∣∣ 1√
n

n∑
i=1

E
[
2(ai−1(θ

∗)− ai−1(θ))
T∂σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1

]∣∣∣∣p]+ C.(2.29)

The second term of the right-hand side is finite because of Lemmas 2.2 and 2.3.
Moreover, the summation in the first term becomes a martingale. Then, by the Burkholder-Davis-Gundy

inequality, we have

sup
n∈N

sup
θ∈Θ

E

[∣∣∣∣ 1√
n

n∑
i=1

{
(ai−1(θ

∗)− ai−1(θ))
T∂σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

− E[(ai−1(θ
∗)− ai−1(θ))

T∂σβ
−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

}∣∣∣∣p] <∞. (2.30)

Similarly,

sup
n∈N

sup
θ∈Θ

E

[∣∣∣∣ 1√
n

n∑
i=1

∂

∂θ

{
(ai−1(θ

∗)− ai−1(θ))
T∂σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

− E[(ai−1(θ
∗)− ai−1(θ))

T∂σβ
−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

}∣∣∣∣p] <∞. (2.31)
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Then by (2.30), (2.31), and Sobolev’s inequality, we have

sup
n∈N

E

[
sup
θ∈Θ

∣∣∣∣ 1√
n

n∑
i=1

{
(ai−1(θ

∗)− ai−1(θ))
T∂σβ

−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

− E[(ai−1(θ
∗)− ai−1(θ))

T∂σβ
−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

}∣∣∣∣p] <∞. (2.32)

Therefore, (2.29) and (2.32) yield

sup
n∈N

E

[
sup
θ∈Θ

∣∣∣∣ 1√
nh

n∑
i=1

{
X̄T

i,n(θ)∂σβ
−1
i−1(σ

∗)X̄i,n(θ)− X̄T
i,n∂σβ

−1
i−1(σ

∗)X̄i,n

}
1{|∆Xn

i |≤Dhρ}

∣∣∣∣p
]
<∞. (2.33)

Let Ki,n =
{

1
hX̄

T
i,n∂σβ

−1
i−1(σ

∗)X̄i,n + ∂σ log detβi−1(σ
∗)
}
1{|∆Xn

i |≤Dhρ}. Then, to complete the proof, it is
sufficient to estimate the summation of Ki,n. For this purpose, we will use Proposition 2.3. First, by Lemmas
2.2 and 2.3, we have

E
[ 1
h
X̄T

i,n∂σβ
−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1

]
= tr(∂σβ

−1
i−1(σ

∗)βi−1(σ
∗)) +R(α, h,Xtni−1

)

= −∂σ log detβi−1(σ
∗) +R(α, h,Xtni−1

).

Therefore, it follows that

sup
n∈N

E
[∣∣ 1√

n

n∑
i=1

E [Ki,n|Fi−1]
∣∣p] <∞. (2.34)

Moreover, by Lemmas 2.2 and 2.3, we have

sup
n∈N

E
[∣∣ 1
n

n∑
i=1

E
[
ψ2
i (Ki,n)|Fi−1

] ∣∣ p2 ] <∞. (2.35)

So by Proposition 2.3 for k = 2, we have

sup
n∈N

E
[∣∣ 1√

n

n∑
i=1

Ki,n

∣∣p] ≤ C sup
n∈N

E
[∣∣ 1
n2

n∑
i=1

ψ3
i (Ki,n)

∣∣ p4 ]+ C

≤ C sup
n∈N

(
h8ρ

nh4

) p
4

+ C≤ C sup
n∈N

(
1

nh
· h8ρ−3

) p
4

+ C <∞. (2.36)

By (2.28), (2.33) and (2.36), we have

sup
n∈N

E

[
sup
θ∈Θ

∣∣ 1√
n
∂σHn(σ

∗, θ)
∣∣p] <∞.

(2) By the definition of Yn and Y1, we have

Yn(σ, θ;σ
∗)− Y 1(σ;σ∗) = Λ3 + Λ4, (2.37)

where

Λ3 = − 1

2nh

n∑
i=1

X̄T
i,n(θ){β−1

i−1(σ)− β−1
i−1(σ

∗)}X̄i,n(θ)1{|∆Xn
i |≤Dhρ}

−1

2

∫
tr
(
Id − β−1(x, σ)β(x, σ∗)

)
π(dx),

and

Λ4 = − 1

2n

n∑
i=1

log
detβi−1(σ)

detβi−1(σ∗)
1{|∆Xn

i |≤Dhρ} +
1

2

∫
log

detβ(x, σ)

detβ(x, σ∗)
π(dx).
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We first estimate Λ3. By the Burkholder-Davis-Gundy inequality and Sobolev’s inequality, we have

sup
n∈N

E

[
sup
α∈Ξ

∣∣∣∣nϵ 1

2nh

n∑
i=1

{
X̄T

i,n(θ){β−1
i−1(σ)− β−1

i−1(σ
∗)}X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

− E
[
X̄T

i,n(θ){β−1
i−1(σ)− β−1

i−1(σ
∗)}X̄i,n(θ)1{|∆Xn

i |≤Dhρ}|Fi−1

] }∣∣∣∣p]
≤ C sup

n∈N

(
n2ϵh4ρ

nh2

) p
2

<∞. (2.38)

Moreover,

sup
n∈N

E

[
sup
α∈Ξ

∣∣∣∣nϵ 1

2nh

n∑
i=1

{
E
[
X̄T

i,n(θ){β−1
i−1(σ)− β−1

i−1(σ
∗)}X̄i,n(θ)1{|∆Xn

i |≤Dhρ}|Fi−1

]
− E

[
X̄T

i,n{β−1
i−1(σ)− β−1

i−1(σ
∗)}X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1

] }∣∣∣∣p]
≤ sup

n∈N
C (nϵh)

p
<∞. (2.39)

Furthermore, by Lemmas 2.2 and 2.3, Proposition 2.2 and Sobolev’s inequality, we have

sup
n∈N

E

[
sup
α∈Ξ

∣∣∣∣nϵ{− 1

2nh

n∑
i=1

E
[
X̄T

i,n{β−1
i−1(σ)− β−1

i−1(σ
∗)}X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1

]
− 1

2

∫
tr
(
Id − β−1(x, σ)β(x, σ∗)

)
π(dx)

}∣∣∣∣p] <∞. (2.40)

From (2.38), (2.39) and (2.40), it follows that

sup
n∈N

E

[
sup
α∈Ξ

|nϵΛ3|p
]
<∞. (2.41)

Next, we will estimate Λ4. By Proposition 2.2 and Sobolev’s inequality, we have

sup
n∈N

E

[
sup
σ∈Π

∣∣∣∣nϵ 1

2n

n∑
i=1

{
log

detβi−1(σ)

detβi−1(σ∗)
1{|∆Xn

i |≤Dhρ}

− E
[
log

detβi−1(σ)

detβi−1(σ∗)
1{|∆Xn

i |≤Dhρ}

]}∣∣∣∣p] <∞. (2.42)

Moreover, by Lemma 2.2, we have

1

2n

n∑
i=1

E

[
log

detβi−1(σ)

detβi−1(σ∗)
1{|∆Xn

i |≤Dhρ}

]
=

1

2

∫
log

detβ(x, σ)

detβ(x, σ∗)
π(dx) +O(h). (2.43)

From (2.42) and (2.43), it follows that

sup
n∈N

E

[
sup
α∈Ξ

|nϵΛ4|p
]
<∞. (2.44)

Inequalities (2.41) and (2.44) complete the proof.

By Lemmas 2.4 and 2.5, we can verify conditions of Theorem 2.3 for any L > 0, by setting parameters so
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that

1

2
> β2 ≥ 1

2
− ϵ,

0 < ρ2 < 1− 2β2,

0 < α <
ρ2
2
,

β =
α

1− α
,

0 < β1 ≤ ϵ,

0 < ρ1 < 1 ∧ β ∧ 2β1
1− α

.

So by Theorem 2.3, we have

Pα∗

[
sup

(u1,θ)∈V 1
n (r)×Θ

Z1
n(u1, θ;σ

∗) ≥ e−
r
2

]
≤ CL

rL
, (2.45)

for all n ∈ N and r > 0, where CL > 0 is a constant,

V 1
n (r) := {u1 ∈ Rd1 ;σ∗ +

u1√
n
∈ Π, |u1| ≥ r},

and

Z1
n(u1, θ;σ

∗) := exp

(
Hn(σ

∗ +
u1√
n
, θ)−Hn(σ

∗, θ)

)
.

Then for any L > 0,

Pα∗

[
|
√
n(σ̂n − σ∗)| ≥ r

]
≤ Pα∗

[
sup

(u1,θ)∈V 1
n (r)×Θ

Z1
n(u1, θ;σ

∗) ≥ 1

]

≤ CL

rL
.

Therefore for any p > 0, let L > p, then it follows that

sup
n∈N

E
[
|
√
n(σ̂n − σ∗)|p

]
≤ sup

n∈N
p

∫ ∞

0

rp−1Pα∗

[
|
√
n(σ̂n − σ∗)| ≥ r

]
dr

≤ p

∫ ∞

0

rp−1(1 ∧ CL

rL
)dr <∞. (2.46)

Next, we will verify the conditions of Theorem 2.3 with θ in place of ”θ” and T being a point.

Lemma 2.6. Assume [H1] − [H12]. Let p1 > d2 ∨ 2, p2 ≥ 2 and 0 < β1 ≤ a ∧ ϵ, where a is the constant
appearing in [H11]. Then

(1) supn∈NE
[(

1
nh supθ∈Θ |∂3θHn(σ̂n, θ)|

)p1
]
<∞,

(2) supn∈NE
[(
(nh)β1 |Γ2

n(θ
∗)− Γ2(α∗)|

)p2
]
<∞.
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Proof. (1) By differentiating Hn with respect to θ three times, we have

1

nh
∂3θHn(σ̂n, θ)

=
1

nh

n∑
i=1

∂3θa
T
i−1(θ)β

−1
i−1(σ̂n)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

− 3

n

n∑
i=1

∂2θa
T
i−1(θ)β

−1
i−1(σ̂n)∂θai−1(θ)1{|∆Xn

i |≤Dhρ}

+
1

nh

n∑
i=1

D(3)
n (Xti−1 ,∆X

n
i , θ)1{|∆Xn

i |>Dhρ} −
1

n

n∑
i=1

∫
B(Xtn

i−1
)

∂3θΨθ(y,Xti−1)φn(Xti−1 , y)dy. (2.47)

We will estimate each term of the right-hand side of (2.47). First, it is easily shown that

sup
n∈N

E

[(
3

n
sup
θ∈Θ

∣∣ n∑
i=1

∂2θa
T
i−1(θ)β

−1
i−1(σ̂n)∂θai−1(θ)1{|∆Xn

i |≤Dhρ}
∣∣)p1

]
<∞,

and

sup
n∈N

E

[(
1

n
sup
θ∈Θ

∣∣ n∑
i=1

∫
B(Xtn

i−1
)

∂3θΨθ(y,Xti−1)φn(Xti−1 , y)dy
∣∣)p1

]
<∞,

so the second term and the forth term of the right-hand side of (2.47) are estimated.
To estimate the first term of (2.47), let δ > 0 and {σ ∈ Rd1 ; |σ − σ∗| ≤ δ} ⊂ Π. Then by (2.46), mean-value

theorem and the Cauchy-Schwarz inequality, we have

sup
n∈N

E
[(

sup
θ∈Θ

∣∣ 1
nh

n∑
i=1

∂3θa
T
i−1(θ)(β

−1
i−1(σ̂n)− β−1

i−1(σ
∗))X̄i,n(θ)1{|∆Xn

i |≤Dhρ}1{|σ̂n−σ∗|≤δ}
∣∣)p1

]
≤ C sup

n∈N

(
hρ√
nh

)p1

<∞. (2.48)

By (2.46), it is easy to show that

sup
n∈N

E
[(

sup
θ∈Θ

∣∣ 1
nh

n∑
i=1

∂3θa
T
i−1(θ)(β

−1
i−1(σ̂n)− β−1

i−1(σ
∗))X̄i,n(θ)1{|∆Xn

i |≤Dhρ}1{|σ̂n−σ∗|>δ}
∣∣)p1

]
<∞.

(2.49)

Moreover, the Burkholder-Davis-Gundy inequality and Sobolev’s inequality yield

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣ 1
nh

n∑
i=1

{
∂3θa

T
i−1(θ)β

−1
i−1(σ

∗)X̄i,n(θ)1{|∆Xn
i |≤Dhρ}

− E
[
∂3θa

T
i−1(θ)β

−1
i−1(σ

∗)X̄i,n(θ)1{|∆Xn
i |≤Dhρ}|Fi−1

] }∣∣∣p1
]

≤ C sup
n∈N

(
h2ρ

nh2

) p1
2

≤ C sup
n∈N

1

np1ϵhp1ϵ
<∞. (2.50)

Furthermore, by Lemmas 2.2 and 2.3, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣ 1
nh

n∑
i=1

E
[
∂3θa

T
i−1(θ)β

−1
i−1(σ

∗)X̄i,n(θ)1{|∆Xn
i |≤Dhρ}|Fi−1

] ∣∣∣p1
]
<∞. (2.51)

Inequalities (2.48), (2.49), (2.50) and (2.51) give

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣ 1
nh

n∑
i=1

∂3θa
T
i−1(θ)β

−1
i−1(σ̂n)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

∣∣∣p1
]
<∞. (2.52)
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This completes the estimate of the first term of (2.47).
Finally, we will estimate the third term of (2.47). By Remark 2.4 and (2.18), we have

E[D(3)
n (Xti−1 ,∆X

n
i , θ)1{|∆Xn

i |>Dhρ}|Fi−1] = R(α, h,Xtni−1
), (2.53)

and

E[|D(3)
n (Xti−1 ,∆X

n
i , θ)|21{|∆Xn

i |>Dhρ}|Fi−1] = R(α,
h11/8

ϵ5n
∨h

√
h

ϵ7n
∨ h,Xtni−1

). (2.54)

So by using Proposition 2.3 for k = 2, we have

sup
θ∈Θ

sup
n∈N

E
[∣∣∣ 1
nh

n∑
i=1

D(3)
n (Xti−1 ,∆X

n
i , θ)1{|∆Xn

i |>Dhρ}

∣∣∣p1
]

≤ sup
θ∈Θ

sup
n∈N

E
[∣∣∣ 1

n4h4

n∑
i=1

ψ3
i

(
D(3)

n (Xti−1 ,∆X
n
i , θ)1{|∆Xn

i |>Dhρ}
)∣∣∣ p14 ]

+C sup
n∈N

(
nh

nh

)p1

+ C sup
n∈N

(
n

n2h2
×

(
h11/8

ϵ5n
∨ h

√
h

ϵ7n
∨ h

)) p1
2

≤ C sup
n∈N

(
1

n3h4ϵ12n

) p1
4

+ C + C sup
n∈N

(
1

nhϵn

) p1
2

<∞. (2.55)

Similarly,

sup
θ∈Θ

sup
n∈N

E
[∣∣∣ 1
nh

n∑
i=1

∂θD(3)
n (Xti−1 ,∆X

n
i , θ)1{|∆Xn

i |>Dhρ}

∣∣∣p1
]

≤ C sup
n∈N

(
1

n3h4ϵ16n

) p1
4

+ C sup
n∈N

(
1

nhϵ3n

) p1
2

+ C <∞. (2.56)

By (2.55), (2.56) and Sobolev’s inequality, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣ 1
nh

n∑
i=1

D(3)
n (Xti−1 ,∆X

n
i , θ)1{|∆Xn

i |>Dhρ}

∣∣∣p1
]
<∞. (2.57)

This completes the estimate of the third term.

(2) By the definition, we obtain

Γ2
n(θ

∗)− Γ2(α∗) = Λ5 + Λ6 + Λ7 + Λ8,

where

Λ5 = − 1

nh

n∑
i=1

∂2θa
T
i−1(θ

∗)β−1
i−1(σ̂n)X̄i,n1{|∆Xn

i |≤Dhρ},

Λ6 =
1

n

n∑
i=1

∂θa
T
i−1(θ

∗)β−1
i−1(σ̂n)∂θai−1(θ

∗)1{|∆Xn
i |≤Dhρ}

−
∫
∂θa

T (x, θ∗)β−1(x, σ∗)∂θa(x, θ
∗)π(dx),

Λ7 = − 1

nh

n∑
i=1

D(2)
n (Xtni−1

,∆Xn
i , θ

∗)1{|∆Xn
i |>Dhρ} +

∫ ∫
A(x)

∂2θ logΨθ∗(y, x)Ψθ∗(y, x)dyπ(dx),

and

Λ8 =
1

n

n∑
i=1

∫
B(Xtn

i−1
)

∂2θΨθ∗(y,Xtni−1
)φn(Xtni−1

, y)dy −
∫ ∫

B(x)

∂2θΨθ∗(x, y)dyπ(dx).
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To estimate Λ5, first by (2.46), we have

sup
n∈N

E
[(

(nh)β1
1

nh

∣∣ n∑
i=1

(
∂2θa

T
i−1(θ

∗)(β−1
i−1(σ̂n)− β−1

i−1(σ
∗))X̄i,n1{|∆Xn

i |≤Dhρ}|
)p2
]

≤ C sup
n∈N

(
hρ√
nh

(nh)β1

)p2

≤ C sup
n∈N

(
1√
nh

hρ−
1
3

hϵ
(nh)β1

)p2

≤ C sup
n∈N

(
(nh)β1

nϵhϵ

)p2

<∞. (2.58)

Moreover, since by Lemmas 2.2 and 2.3, we have

sup
n∈N

E
[(

(nh)β1
1

nh

∣∣ n∑
i=1

E[∂2θa
T
i−1(θ

∗)β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1]

∣∣∣)p2
]

≤ C sup
n∈N

(
(nh)β1

√
h
)p2

<∞,

and

sup
n∈N

E
[(

(nh)2β1
1

n2h2
∣∣ n∑
i=1

E[ψ2
i (∂

2
θa

T
i−1(θ

∗)β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ})|Fi−1]

∣∣∣) p2
2
]

≤ C sup
n∈N

(
(nh)2β1

nh

) p2
2

<∞,

therefore, it follows from Proposition 2.3 for k = 2 that

sup
n∈N

E
[(

(nh)β1
1

nh

∣∣ n∑
i=1

∂2θa
T
i−1(θ

∗)β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

∣∣∣)p2
]

≤ C sup
n∈N

E
[( (nh)4β1

(nh)4
∣∣ n∑
i=1

ψ3
i

(
∂2θa

T
i−1(θ

∗)β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

) ∣∣∣) p2
4
]
+ C

≤ C sup
n∈N

( (nh)4β1

n3h4

) p2
4

+ C ≤ C sup
n∈N

(
1

n2h3

) p2
4

+ C <∞. (2.59)

Inequalities (2.58) and (2.59) give

sup
n∈N

E
[(

(nh)β1
∣∣Λ5

∣∣∣)p2
]
<∞.

Next, we will estimate Λ6. First by (2.46), we have

sup
n∈N

E
[(√

nh
∣∣∣ 1
n

n∑
i=1

∂θa
T
i−1(θ

∗)
{
β−1
i−1(σ̂n)− β−1

i−1(σ
∗)
}
∂θai−1(θ

∗)1{|∆Xn
i |≤Dhρ}

∣∣∣)p2
]
<∞. (2.60)

Moreover, Proposition 2.2 yields

sup
n∈N

E
[(

(nh)ϵ| 1
n

n∑
i=1

(
∂θa

T
i−1(θ

∗)β−1
i−1(σ

∗)∂θai−1(θ
∗)1{|∆Xn

i |≤Dhρ}

−E
[
∂θa

T
i−1(θ

∗)β−1
i−1(σ

∗)∂θai−1(θ
∗)1{|∆Xn

i |≤Dhρ}
] )

|
)p2
]
<∞. (2.61)

Furthermore, by Lemma 2.2, we have

sup
n∈N

E
[(

(nh)ϵ| 1
n

n∑
i=1

E
[
∂θa

T
i−1(θ

∗)β−1
i−1(σ

∗)∂θai−1(θ
∗)1{|∆Xn

i |≤Dhρ}
]

−
∫
∂θa

T (x, θ∗)β−1(x, σ∗)∂θa(x, θ
∗)π(dx)|

)p2
]
<∞. (2.62)
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Inequalities (2.60), (2.61) and (2.62) give

sup
n∈N

E
[(

(nh)ϵ|Λ6|
)p2
]
<∞.

On the other hand, Proposition 2.2 and [H11] lead

sup
n∈N

E
[(
(nh)β1 |Λ8|

)p2
]
<∞.

Finally, we will estimate Λ7. By using Proposition 2.3 for k = 2 and Remark 2.4, we have

sup
n∈N

E

[(
(nh)β1

∣∣∣ 1
nh

n∑
i=1

{
D(2)

n (Xtni−1
,∆Xn

i , θ
∗)1{|∆Xn

i |>Dhρ}

− E
[
D(2)

n (Xtni−1
,∆Xn

i , θ
∗)1{|∆Xn

i |>Dhρ}|Fi−1

]}∣∣∣)p2
]

≤ C sup
n∈N

( (nh)4β1

n3h4ϵ8n

) p2
4

+C sup
n∈N

(
(nh)2β1

nh

) p2
2

≤ C sup
n∈N

(
(nh)4β1

n
3
2h2

) p2
4

+C

≤ C sup
n∈N

(
n

12
7 β1− 3

10

) p2
4

+C <∞. (2.63)

Moreover, by [H11], Proposition 2.2 and Remark 2.4, we have

sup
n∈N

E

[(
(nh)β1

∣∣∣ 1
nh

n∑
i=1

E
[
D(2)

n (Xtni−1
,∆Xn

i , θ
∗)1{|∆Xn

i |>Dhρ}|Fi−1

]
−
∫ ∫

A(x)

∂2θ logΨθ∗(y, x)Ψθ∗(y, x)dyπ(dx)
∣∣∣)p2

]
<∞. (2.64)

Inequalities (2.63) and (2.64) give
sup
n∈N

E
[(
(nh)β1 |Λ7|

)p2
]
<∞.

By Lemma 2.6, we can verify [P1] of Theorem 2.3 for the random field θ 7→ Hn(σ̂n, θ), if β1 is small enough.
By [H12], we can verify [P4] and [P5]. We will verify [P3] by the following lemma.

Lemma 2.7. Assume [H1]− [H12]. Then for p3 > d1 ∨ 4, p4 > d2 ∨ 2, and 1
2>β2 ≥ ( 12 − ϵ) ∨ ( 12 − a),

(1) supn∈NE
[∣∣ 1√

nh
∂θHn(σ̂n, θ

∗)
∣∣p3
]
<∞,

(2) supn∈NE
[(

supθ∈Θ(nh)
1
2−β2 |Yn(θ;α∗)− Y 2(θ;α∗)|

)p4
]
<∞.

Proof. (1) By the definition of Hn,

1√
nh
∂θHn(σ̂n, θ

∗) =
1√
nh

n∑
i=1

∂θa
T
i−1(θ

∗)β−1
i−1(σ̂n)X̄i,n1{|∆Xn

i |≤Dhρ}

+
1√
nh

n∑
i=1

D(1)
n (Xtni−1

,∆Xn
i , θ

∗)1{|∆Xn
i |>Dhρ}

−
√
h√
n

n∑
i=1

∫
B(Xtn

i−1
)

∂θΨθ∗(y,Xtni−1
)φn(Xtni−1

, y)dy. (2.65)

First, we will estimate the first term of the right-hand side of (2.65). Since

E[∂θa
T
i−1(θ

∗)β−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}|Fi−1] = R(α, h
√
h,Xtni−1

),
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and
E[|∂θaTi−1(θ

∗)β−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}|2|Fi−1] = R(α, h,Xtni−1
),

by using Proposition 2.3 for k = 2, we have

sup
σ∈Π

sup
n∈N

E
[∣∣ 1√

nh

n∑
i=1

∂θa
T
i−1(θ

∗)β−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}
∣∣p3
]
≤ C sup

n∈N

(
h4ρ

nh2

) p3
4

+ C <∞. (2.66)

Similarly, we obtain

sup
σ∈Π

sup
n∈N

E
[∣∣ 1√

nh

n∑
i=1

∂θa
T
i−1(θ

∗)∂σβ
−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}
∣∣p3
]
<∞. (2.67)

Therefore by Sobolev’s inequality, we have

sup
n∈N

E
[
sup
σ∈Π

∣∣ 1√
nh

n∑
i=1

∂θa
T
i−1(θ

∗)β−1
i−1(σ)X̄i,n1{|∆Xn

i |≤Dhρ}
∣∣p3
]
<∞. (2.68)

Inequality (2.68) complete the estimate of the first term of the right-hand side of (2.65).
Next, we will estimate the second term and the third term of the right-hand side of (2.65). Let

Mn
i = D(1)

n (Xtni−1
,∆Xn

i , θ
∗)1{|∆Xn

i |>Dhρ} − h

∫
B(Xtn

i−1
)

∂θΨθ∗(y,Xtni−1
)φn(Xtni−1

, y)dy.

Then by Remark 2.4, we have

E[Mn
i |Fi−1] = R(α, h11/8∨h

√
h

ϵ2n
,Xtni−1

),

E[(Mn
i )

l|Fi−1] = R(α, h,Xtni−1
) (l = 2, 3, 4).

So it follows that

sup
n∈N

E
[∣∣∣ 1√

nh

n∑
i=1

E[Mn
i |Fi−1]

∣∣∣p3
]
= C sup

n∈N

(
nh11/8√
nh

∨ nh
√
h√

nhϵ2n

)p3

<∞,

sup
n∈N

E
[∣∣∣ 1
nh

n∑
i=1

E[ψ2
i (M

n
i )|Fi−1]

∣∣∣ p32 ] <∞,

and

sup
n∈N

E
[∣∣∣ 1

n2h2

n∑
i=1

E[ψ3
i (M

n
i )|Fi−1]

∣∣∣ p34 ]
= sup

n∈N
E
[∣∣∣ 1

n2h2

n∑
i=1

E
[{

(Mn
i )

2 − 2Mn
i E[Mn

i |Fi−1] + 2E[Mn
i |Fi−1]

2 − E[(Mn
i )

2|Fi−1]
}2|Fi−1

]∣∣∣ p34 ]
= C sup

n∈N

(
1

nh

) p3
4

<∞.

Therefore by using Proposition 2.3 for k = 3, we have

sup
n∈N

E
[∣∣∣ 1√

nh

n∑
i=1

Mn
i

∣∣∣p3
]
≤ C sup

n∈N

(
1

n3h4ϵ8n

) p3
8

+ C <∞.

This completes the proof.
(2) By the definition of Yn and Y 2,

Yn(θ;α
∗)− Y 2(θ;α∗) = Λ9 + Λ10 + Λ11 + Λ12
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where

Λ9 =
1

nh

n∑
i=1

(ai−1(θ)− ai−1(θ
∗))β−1

i−1(σ̂n)X̄i,n1{|∆Xn
i |≤Dhρ},

Λ10 = − 1

2n

n∑
i=1

(ai−1(θ)− ai−1(θ
∗))β−1

i−1(σ̂n)(ai−1(θ)− ai−1(θ
∗))1{|∆Xn

i |≤Dhρ}

+
1

2

∫
(a(x, θ)− a(x, θ∗))β−1(x, σ∗)(a(x, θ)− a(x, θ∗))π(dx),

Λ11 =
1

nh

n∑
i=1

{D(0)
n (Xtni−1

,∆Xn
i , θ)− D(0)

n (Xtni−1
,∆Xn

i , θ
∗)}1{|∆Xn

i |>Dhρ}

−
∫ ∫

A(x)

(logΨθ(y, x)− logΨθ∗(y, x))Ψθ∗(y, x)dyπ(dx),

and

Λ12 = − 1

n

n∑
i=1

∫
B(Xtn

i−1
)

(Ψθ(y,Xtni−1
)−Ψθ∗(y,Xtni−1

))φn(Xtni−1
, y)dy

+

∫ ∫
B(x)

(Ψθ(y, x)−Ψθ∗(y, x))dyπ(dx).

To estimate Λ9, we first notice that by (2.46),

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)ϵ 1

nh

n∑
i=1

(ai−1(θ)− ai−1(θ
∗))(β−1

i−1(σ̂n)− β−1
i−1(σ

∗))X̄i,n1{|∆Xn
i |≤Dhρ}

∣∣∣p4
]

≤ C sup
n∈N

(
(nh)ϵhρ√

nh

)p4

= C sup
n∈N

(
(nh)ϵ√
nh

hρ−
1
2

)p4

≤ C sup
n∈N

(
(nh)ϵ

nϵhϵ
hϵ+ρ− 1

2

)p4

<∞. (2.69)

Moreover, by the Burkholder-Davis-Gundy inequality, Lemmas 2.2 and 2.3 and Sobolev’s inequality, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)ϵ 1

nh

n∑
i=1

(ai−1(θ)− ai−1(θ
∗))β−1

i−1(σ
∗)X̄i,n1{|∆Xn

i |≤Dhρ}

∣∣∣p4
]

≤ C sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)ϵ 1

nh

n∑
i=1

{
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}

− E
[
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1

] }∣∣∣p4
]

+C sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)ϵ 1

nh

n∑
i=1

E
[
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ

∗)X̄i,n1{|∆Xn
i |≤Dhρ}|Fi−1

] ∣∣∣p4
]

≤ C sup
n∈N

(
(nh)2ϵ

h2ρ

nh2

) p4
2

+ C sup
n∈N

(nh2)ϵp4 ≤ C sup
n∈N

(
(nh)

1
3
h

3
4

nh2

) p4
2

+ C sup
n∈N

(nh2)ϵp4 <∞. (2.70)

Inequalities (2.69) and (2.70) give

sup
n∈N

E
[∣∣∣ sup

θ∈Θ
(nh)ϵΛ9

∣∣∣p4
]
<∞.

Next, to estimate Λ10, we have by (2.46),

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣√nh 1

2n

n∑
i=1

(
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ̂n)(ai−1(θ)− ai−1(θ

∗))1{|∆Xn
i |≤Dhρ}

− (ai−1(θ)− ai−1(θ
∗))β−1

i−1(σ
∗)(ai−1(θ)− ai−1(θ

∗))1{|∆Xn
i |≤Dhρ}

)∣∣∣p4
]
<∞. (2.71)
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Moreover, by using Proposition 2.2 and Sobolev’s inequality, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)ϵ 1

2n

n∑
i=1

(
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ

∗)(ai−1(θ)− ai−1(θ
∗))1{|∆Xn

i |≤Dhρ}

− E
[
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ

∗)(ai−1(θ)− ai−1(θ
∗))1{|∆Xn

i |≤Dhρ}
] )∣∣∣p4

]
<∞. (2.72)

Furthermore, Lemma 2.2 yields

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣√nh( 1

2n

n∑
i=1

E
[
(ai−1(θ)− ai−1(θ

∗))β−1
i−1(σ

∗)(ai−1(θ)− ai−1(θ
∗))1{|∆Xn

i |≤Dhρ}
]

− 1

2

∫
(a(x, θ)− a(x, θ∗))β−1(x, σ∗)(a(x, θ)− a(x, θ∗))π(dx)

)∣∣∣p4
]
<∞. (2.73)

Inequalities (2.71), (2.72) and (2.73) give

sup
n∈N

E
[∣∣∣ sup

θ∈Θ
(nh)ϵΛ10

∣∣∣p4
]
<∞.

To estimate Λ11, by using Proposition 2.3 for k = 2, Remark 2.4, and Sobolev’s inequality, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣ (nh)ϵ
nh

n∑
i=1

({
D(0)

n (Xtni−1
,∆Xn

i , θ)− D(0)
n (Xtni−1

,∆Xn
i , θ

∗)
}
1{|∆Xn

i |>Dhρ}

− E
[{

D(0)
n (Xtni−1

,∆Xn
i , θ)− D(0)

n (Xtni−1
,∆Xn

i , θ
∗)
}
1{|∆Xn

i |>Dhρ}|Fi−1

] )∣∣∣p4
]

≤ C sup
n∈N

(
(nh)4ϵ

n3h4ϵ4n

) p4
4

+ C = C sup
n∈N

((
1

n3h4ϵ16n

) 1
4

· (nh)
2
3

n
9
4h3

) p4
4

+ C <∞. (2.74)

Moreover, by Proposition 2.2, Remark 2.4, [H11], and Sobolev’s inequality, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)a∧ϵ
( 1

nh

n∑
i=1

E
[
{D(0)

n (Xtni−1
,∆Xn

i , θ)− D(0)
n (Xtni−1

,∆Xn
i , θ

∗)}1{|∆Xn
i |>Dhρ}|Fi−1

]
−
∫ ∫

A(x)

(logΨθ(y, x)− logΨθ∗(y, x))Ψθ∗(y, x)dyπ(dx)
)∣∣∣p4

]
<∞. (2.75)

Inequalities (2.74) and (2.75) lead

sup
n∈N

E
[∣∣∣ sup

θ∈Θ
(nh)a∧ϵΛ11

∣∣∣p4
]
<∞.

Finally, to estimate Λ12, by Proposition 2.2 and Sobolev’s inequality, we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)ϵ 1
n

n∑
i=1

(∫
B(Xtn

i−1
)

(Ψθ(y,Xtni−1
)−Ψθ∗(y,Xtni−1

))φn(Xtni−1
, y)dy

−
∫ ∫

B(x)

(Ψθ(y, x)−Ψθ∗(y, x))φn(x, y)dyπ(dx)
)∣∣∣p4

]
<∞. (2.76)

By [H11], we have

sup
n∈N

E
[
sup
θ∈Θ

∣∣∣(nh)a ∫ ∫
B(x)

(Ψθ(y, x)−Ψθ∗(y, x))(1− φn(x, y))dyπ(dx)
)∣∣∣p4

]
≤ C sup

n∈N
((nh)aha)

p4 <∞. (2.77)

Inequalities (2.76) and (2.77) give

sup
n∈N

E
[∣∣∣ sup

θ∈Θ
(nh)a∧ϵΛ12

∣∣∣p4
]
<∞.

This completes the proof.
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Using Lemmas 2.6 and 2.7, we can verify the condition of Theorem 2.3 for any L > 0, with the parameters
satisfying

(
1

2
− ϵ) ∨ (

1

2
− a) ≤ β2 <

1

2
,

0 < ρ2 < 1− 2β2,

0 < α <
ρ2
2
,

β =
α

1− α
,

0 < β1 ≤ a ∧ ϵ,

0 < ρ1 < 1 ∧ β ∧ 2β1
1− α

.

So by Theorem 2.3, there exists CL > 0 such that

Pα∗

[
sup

u2∈V 2
n (r)

Z2
n(u2; σ̂n, θ

∗) ≥ e−
r
2

]
≤ CL

rL
, (2.78)

for all n ∈ N and r > 0, where

V 2
n (r) := {u2 ∈ Rd2 ; θ∗ +

u2√
nh

∈ Θ, |u2| ≥ r},

and

Z2
n(u2, σ; θ

∗) := exp

(
Hn(σ, θ

∗ +
u2√
nh

)−Hn(σ, θ
∗)

)
.

Proof of Theorem 2 .1 . We will prove Theorem 2.1 by using Theorem 2.4. To use Theorem 2.4, we first prove
weak convergence of Zn(u1, u2;α

∗). By the Burkholder-Davis-Gundy inequality and Sobolev’s inequality, we
have for any p ≥ 1,

E

[
sup
α∈Ξ

∣∣∣ 1√
n
∂σ∂θHn(σ, θ)

∣∣∣p]
= E

[
sup
α∈Ξ

∣∣∣ 1√
n

n∑
i=1

∂θai−1(θ)∂σβ
−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

∣∣∣p]

≤ CE
[
sup
α∈Ξ

∣∣∣ 1√
n

n∑
i=1

{∂θai−1(θ)∂σβ
−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}

− E[∂θai−1(θ)∂σβ
−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}|Fi−1]}
∣∣∣p]

+CE

[
sup
α∈Ξ

∣∣∣ 1√
n

n∑
i=1

E[∂θai−1(θ)∂σβ
−1
i−1(σ)X̄i,n(θ)1{|∆Xn

i |≤Dhρ}|Fi−1]
∣∣∣p]

→ 0 (n→ ∞).

Therefore, by using Lemmas 2.4 and 2.5, we have

logZ1
n(u1; θ, σ

∗) = Hn(σ
∗ +

u1√
n
, θ)−Hn(σ

∗, θ)

=
1√
n
∂σHn(σ

∗, θ)[u1] +
1

2n
∂2σHn(σ

∗, θ)[(u1)
⊗2]

+

∫ 1

0

(1− t)2

2
∂3σHn(σ

∗ +
u1√
n
t, θ)

[(
u1√
n

)⊗3
]
dt

=
1√
n
∂σHn(α

∗)[u1]−
1

2
Γ1(α∗)[(u1)

⊗2] + op(1)

→ d △1 [u1]−
1

2
Γ1(α∗)[(u1)

⊗2],
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where △1 ∼ Nd1(0,Γ
1(α∗)) by martingale central limit theorem. Similarly,

logZ2
n(u2;σ

∗, θ∗) = Hn(σ
∗, θ∗ +

u2√
nh

)−Hn(σ
∗, θ∗)

=
1√
nh
∂θHn(σ

∗, θ∗)[u2] +
1

2nh
∂2θHn(σ

∗, θ∗)

+

∫ 1

0

(1− t)2

2
∂3θHn(σ

∗, θ∗ +
u2√
nh
t)

[(
u2√
nh

)⊗3
]
dt

=
1√
nh
∂θHn(α

∗)[u2]−
1

2
Γ2(α∗)[(u2)

⊗2] + op(1)

→ d △2 [u2]−
1

2
Γ2(α∗)[(u2)

⊗2],

where △2 ∼ Nd2(0,Γ
2(α∗)). Moreover, similar arguement yield

logZn(u1, u2;α
∗)

= logZ1
n(u1; θ

∗ +
u2√
nh
, σ∗) + logZ2

n(u2;σ
∗, θ∗)

→ d △1 [u1] +△2[u2]−
1

2
Γ1(α∗)[(u1)

⊗2]− 1

2
Γ2(α∗)[(u2)

⊗2] (n→ ∞),

where △1 and △2 are independent.
On the other hand, let B(R) = {(u1, u2) ∈ Rd1 × Rd2 ; |u1|2 + |u2|2 ≤ R2}, then the tightness of the family

{logZn(u1, u2;α
∗)|C(B(R));n ∈ N} follows if we show

sup
n∈N

E

[
sup

u∈C(B(R))

|∂u logZn(u1, u2;α
∗)|

]
<∞ (2.79)

because of the tightness criterion in C space in Billingsley [8]. However, since

∂u logZn(u1, u2;α
∗)

=
∂

∂u

(
Hn(σ

∗ +
u1√
n
, θ∗ +

u2√
nh

)−Hn(σ
∗, θ∗)

)
=

(
1√
n
∂σHn(σ

∗ +
u1√
n
, θ∗ +

u2√
nh

),
1√
nh
∂θHn(σ

∗ +
u1√
n
, θ∗ +

u2√
nh

)

)
,

by using Lemmas 2.4 and 2.5, and similar to the proof of Lemmas 2.6 and 2.7, we can prove (2.79).
Then for

Z(u1, u2;α
∗) : = exp

(
△1[u1] +△2[u2]−

1

2
Γ1(α∗)[u⊗2

1 ]− 1

2
Γ2(α∗)[u⊗2

2 ]

)
,

it follows that
Zn(u1, u2;α

∗)→dZ(u1, u2;α
∗) in C(B(R)) (2.80)

as n→ ∞. So the weak convergence of Zn(u1, u2;α
∗) is proved.

Next, we prove the moment condition of ûn. By a similar argument to the derivation of (2.46), using (2.78),
we have for any p > 0,

sup
n∈N

E
[
(
√
nh(θ̂n − θ∗))p

]
<∞.

Therefore, for ûn := (
√
n(σ̂n − σ∗),

√
nh(θ̂n − θ∗)),

sup
n∈N

E [|ûn|p] <∞. (2.81)

By (2.80), (2.81) and Theorem 2.4, we have

ûn →d û := (Γ1(α∗)−1∆1,Γ
2(α∗)−1∆2) ∼ N(0, diag(Γ1(α∗)−1,Γ2(α∗)−1)),
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and
E[f(ûn)]→E[f(û)],

as n→ ∞, for any continuous function f with at most polynomial growth.

Proof of Theorem 2 .2 . We will prove Theorem 2.2 by using Theorem 2.5. First, we prove weak convergence of
(Z1

n(·; θ⋆, σ∗), Z2
n(·, σ̃n, θ∗)). Let

Z1(u1;α
∗) = exp

(
△1[u1]−

1

2
Γ1(α∗)[u⊗2

1 ]

)
,

and

Z2(u2;α
∗) = exp

(
△2[u2]−

1

2
Γ2(α∗)[u⊗2

2 ]

)
,

then by the proof of Theorem 2.1, logZ1
n(u1; θ

⋆, σ∗) → logZ1(u1;α
∗) as n → ∞. Next, By Lemmas 2.4, 2.5

and Lemma 2 in Yoshida [54], there exists δ > 0 such that

sup
n≥N

E

(∫
|u1|≤δ

Z1
n(u1; θ

⋆, σ∗)π1,n(σ
∗ +

u1√
n
)du1

)−1
 <∞. (2.82)

So by using Theorem 2.5 for fixed θ⋆, we have

sup
n∈N

E[|
√
n(σ̃n − σ∗)|p] <∞, (2.83)

for any p > 0. Therefore, in a similar way to the proof of Lemmas 2.6 and 2.7 and discussion after them, we
have for any L > 0,

Pα∗

[
sup

u2∈V 2
n (r)

Z2
n(u2; σ̃n, θ

∗) ≥ e−
r
2

]
≤ CL

rL
, (2.84)

for any n ∈ N and r > 0.
Moreover, similarly to the proof of Theorem 2.1, it follows that

(Z1
n(·; θ⋆, σ∗), Z2

n(·, σ̃n, θ∗)) →d (Z1(·;α∗), Z2(·;α∗)) in C(B(R)) (n→ ∞), (2.85)

and there exists δ′ > 0 such that

sup
n≥N

E

(∫
|u2|≤δ′

Z2
n(u2; σ̃n, θ

∗)π2,n(θ
∗ +

u2√
nh

)du2

)−1
 <∞. (2.86)

By (2.45), (2.82), (2.84), (2.85), (2.86) and Theorem 2.5, we have

ũn := (
√
n(σ̃n − σ∗),

√
nh(θ̃n − θ∗))

→d ũ := (Γ1(α∗)−1∆1,Γ
2(α∗)−1∆2) ∼ N(0, diag(Γ1(α∗)−1,Γ2(α∗)−1)),

and
E[f(ũn)] →d E[f(ũ)],

as n→ ∞. for any continuous function f with at most polynomial growth.
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