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Abstract
Trees are always exposed to mechanical stresses, and therefore, must be strong enough to
withstand them. Trees can increase the mechanical safety of their trunks or branches against
yielding by increasing the thickness of their trunks or branches. It has been considered that trees
maintain the form of their trunks or branches as they keep the mechanical similarity to
materialize a mechanically economic structure. Several hypotheses have been established for the
self-similarity of trees: geometric similarity, uniform stress similarity, and elastic similarity. The
latter two hypotheses include mechanical limitations. The hypothesis of uniform stress
similarity states that tree trunks or branches take a form that equalizes the distribution of stress
along the outer surface of the trunks or branches. On the other hand, the hypothesis of elastic
similarity states that the deflection at the tip of a branch is constant regardless of the length of
the branch. Several studies have been conducted on the tapering of a tree trunk or branch by
using various tree species. However, few studies have directly assessed the distribution of the
mechanical state in a branch, which has often been expressed in relation to the external form, for
example, the basal diameter vs. length of the branch. Since branches plastically alter their
shapes, to discuss strictly the mechanical similarity, it is necessary to directly measure the stress
that occurs at each point of the branches because of loads. I have precisely described the stress
distribution in a trunk or branch and proposed a novel view of the morphological strategy by
which trees cope with mechanical stresses.
In the first study, I examined the relationship between the morphology of a tree trunk and
its mechanical environment. Previous studies have discussed the uniform stress hypothesis
against the wind force. Further, the literature includes studies that support and refute the
uniform stress hypothesis. However, to the best of my knowledge, evidence by the direct
measurements of stresses has not been provided yet, despite the need. In this study, I measured

the strain at the surface of a trunk at varying heights generated by the wind force, for one year,
by using an isolated Larix kaempferi tree of 21-m height and 58-cm diameter at breast height.
During the measurement period, the stress calculated from the strain data was higher in the
upper portions of the trunk than in the lower portions, regardless of wind speeds, and the
difference increased as the wind speed increased. This tendency continued throughout the
measurement period, whereas the details of the stress distribution differed to a certain degree
between the periods that the tree had leaves and had no leaves. (In the period after defoliation,
the trunk was exposed to wind speeds of up to 28.93 m/s.) The results indicate that the upper
portions of the trunk of an isolated L. kaempferi tree are more susceptible to wind than are the
lower portions. The deflection of the trunk recorded at each position was also larger in the upper
portions than in the lower portions. From the comparison of the stress due to the wind force
with the modulus of rupture, it was estimated that the base of the trunk could withstand winds of
up to 200 m/s, which is much higher than the speed that may be observed around the tree.
In the second study, I evaluated the uniformity of mechanical safety and elastic similarity
of horizontal branches of Fagus crenata and Abies homolepis. Lateral branches are different
from trunks in the axis direction and load condition. The stress due to the branch’s own weight
always acts on lateral branches and should have an important effect on the morphology of
branches. I calculated the stress generated along the horizontal branches of F. crenata and A.
homolepis by their own weight by using two different measurement methods. The tensile stress
and breaking safety factor (i.e., modulus of rupture divided by actual bending stress) calculated
from the moment measurement and destructive test data tended to be constant for most sections
of the branches of both species, whereas the small portions ( < 2 cm) of F. crenata branches
had a higher safety factor than the other sections. Therefore, the smaller portions of the branches
seemed to have mechanically tougher shapes on the basis of the branch’s own weight, rather

than the larger potions. The bending safety factor for each point of the branches ranged from 4–
10. In the individual branches, the tensile stress was slightly larger at the base of the branches
and gently decreased along the branch toward the tip; the safety factor became larger towards
the tip for both species. However, another set of stress calculations obtained from strain
measurements did not show this tendency. Moreover, the strain measurements showed that the
stress generated by self-weight is reduced by the effect of reaction wood, especially in the
thicker portions of branches, suggesting that the small safety factor in the thicker portions of the
branches was the result of overestimating the stress due to the self-weight. From these results, it
was indicated that the stress uniformity is maintained along the branches. The elastic similarity
of the branches was evaluated with the strain data at the upper and lower surfaces of branches
due to the liberation from the self-weight measured for several species, including F. crenata and
A. homolepis. The deflection at each minute section was determined from the strain data. In all
branches, the deflection angle was slightly larger at the base, decreased to some extent, and then
increased toward the tip. There was not much difference in the distribution of deflection among
the individual branches, and therefore the elastic similarity was not denied. In addition, for one
year, I measured the strains at the surface of a branch due to dynamic loads such as wind, snow,
and rain, and calculated the maximum tensile stress due to such loads during the year. The
maximum tensile stress due to these dynamic loads was lower than the stress due to the
branches’ self-weight. The safety factor in consideration of all loads was over 3.5 for both
species, indicating that the branch had acquired a considerably safe structure.
In the third study, I examined Leonardo da Vinci’s rule (i.e., the sum of the cross-sectional
area of all tree branches above a branching point at any height is equal to the cross-sectional
area of the trunk or the branch immediately below the branching point) by using simulations
based on two biomechanical models: the uniform stress model and the elastic similarity model.

Model calculations of the daughter/mother ratio (i.e., the ratio of the total cross-sectional area of
the daughter branches to the cross-sectional area of the mother branch at the branching point)
showed that both biomechanical models agreed with da Vinci’s rule when the branching angles
of daughter branches and the weights of lateral daughter branches were small; however, the
models deviated from da Vinci’s rule as the weights and/or the branching angles of lateral
daughter branches increased. The calculated values of the two models were largely similar but
differed in some ways. Field measurements of F. crenata and A. homolepis also fit this trend,
wherein models deviated from da Vinci’s rule with increasing relative weights of lateral
daughter branches. However, this deviation was small for a branching pattern in nature, where
empirical measurements were taken under realistic measurement conditions; thus, da Vinci’s
rule did not critically contradict the biomechanical models in the case of real branching patterns,
though the model calculations described the contradiction between da Vinci’s rule and the
biomechanical models. The field data for F. crenata fit the uniform stress model best, indicating
that stress uniformity is the key constraint of branch morphology in F. crenata rather than elastic
similarity or da Vinci’s rule. On the other hand, mechanical constraints are not necessarily
significant in the morphology of A. homolepis branches, depending on the number of daughter
branches. Rather, these branches were often in agreement with da Vinci’s rule.
These studies revealed that the mechanical limitation is considerably important to both trunks
and lateral branches, whereas the details of the limitation may be different between trunks and
lateral branches. This difference between trunks and lateral branches may be the result of the
difference of the role of trunks and lateral branches. In the reevaluation of Leonardo da Vinci’s
rule, it was revealed that da Vinci’s rule does not necessarily accord with the biomechanical
model, and it was indicated that it is necessary to replace such an empirical rule with a physical
model.
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Abbreviation list
Symbols

Definition

Page

Yˆi

predicted value of the actual observation

56

Y

average of the actual observations

56



curvature of deflection of the minute section of the trunk

10



pulling angle of the rope

11



exponent

21



deflection at the middle of the branch

29



strain (=L/L)

9



:= s/

50



whole length of the branch

50

L

change in L

9

M

deformation due to the bending moment

97

NS, EW

strains in the north-south or east-west direction

10

S

deformation due to the shear stress

97

c

strain of liberation from gravity

32

g

strain of liberation from growth stress

32

wd

strain in the wind direction

10

A

cross-sectional area of the beam

97

AM , Ai

cross-sectional area of the mother or daughter i at the branching point

47

B

measure of mean bias

56

D

diameter at the measurement point

10

Dh

diameter at a given height

7

E

young’s modulus (the modulus of elasticity)

12, 29

F

pulling force at the cutoff point

27

G

shear modulus

97

I

second moment of area

50

L

initial material length (or the length of the strain gauges)

9, 31

M

moment (=Wa)

27, 46

MM, Mi

moment that occurs at the branching point of the mother and daughter

47

branches
Mh

bending moment at the height of Dh due to the force of the wind

8

Pb

load applied at the middle of the branch

28

SF

safety factor

29

W

load (that acts on a branch, eg., branch’s own weight)

27

1

Wb, Ws

weights of the portion of the branch proximal or distal to the suspension

28

point
Wc

weight of the branch portion distal to the cutoff point

27

Wi

weight of daughter i (i = A, B, C)

47

Wl

weight of the largest daughter branch

54

Yi

actual observation of the dependent variable

56

a

distance between section mn and the loading point

27

b, s

length between the center of gravity of Wb or Ws and the suspension point

28

d

diameter of the section under consideration

11,
46

dM

diameter of the mother branch

47

di

diameter of the daughter i

48

ds

stem diameter

21

g

distance between the center of gravity and the base of the section of the

49

branch
gi

distance between the center of gravity of daughter i and the branching point

47

hm

height of the point that the stress was to be calculated

11

hp

height of the rope attachment point

11

k

number of estimated parameters used in the estimation

56

3/2

4

k1, k2, k3

constants for d = k1s , W=k2s , or g=k3s

49

l

length of the branch

31

ls

span

28

mM, mi

distance between the branching point and the measurement point of the

47

mother or daughter i
n

number of daughters ramified from one mother branch

54

no

number of observations

56

r

radius of curvature of the branch at its base

49

s

length of the section of the branch from the selected point to the tip

48

si

length of each daughter branch

51

sl

length of the longest daughter branch

51

v

wind speed

12

x

distance between the cutoff point and the suspension point

27

xs

stem length

21

θ

deflection angle of a section to which strain gauges are attached

31

θi

branching angle of daughter i

47

σ

stress (at the surface)

11
2

27,

σb

modulus of rupture

12, 28

σsw

tensile stress at the surface generated by the branch’s own weight

28

σwd

stress in the wind direction

12
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1. General Introduction

Trees are always exposed to mechanical stresses, and must therefore be strong enough to
withstand them (McMahon, 1973; Mattheck et al., 1993). The mechanical stresses that affect
trees include self-weight, wind, rain, snow, and falling objects. Among them, self-weight and
wind are considered to be particularly important. The total amount of load that acts on a branch
or trunk because of the mechanical environment increases with the size of the branch or trunk.
However, the actual effect of the loads on the branch or the trunk does not always increase with
the size of the branch or the trunk and can be canceled out by the increased thickness of the
branch or trunk. The actual effect, that is, stress or strain at the surface of a branch is inversely
proportional to the cube of the branch diameter, according to material mechanics. For this
“actual effect”, it has been shown that the plant height or the branch length is much lower than
the estimated height or the length that would cause the trunk or branch fail due to its own
weight in many plant species—the exception being a few palm species—indicating that many
plants take a form with low risk of failure (Niklas, 1994a).
On the other hand, there are some drawbacks to the thickening branches or trunk. To ensure
efficient photosynthesis for increased growth of the individual, it is essential to invest resources
in growth in height or length and leaf production. Growth increase in diameter becomes a
negative factor due to the competition for resources between these investments and diameter
growth. In order to maintain safety while ensuring high growth rate, a tree must adopt a
mechanically “lean” structure. Researchers who have studied the balance between
photosynthetic surface and support structures in trees and herbs in terms of biomechanics have
concluded that plants have evolved an optimal mechanical design (McMahon and Kronauer,
1976; King and Loucks, 1978; King, 1986; Givnish, 1985). In these studies of the optimal
4

mechanical design, two hypotheses have been established that are thought to be both resource
economical and mechanically stable: the uniform stress hypothesis and elastic similarity
hypothesis. The uniform stress hypothesis states that tree diameter is determined such that the
stress induced by gravity or wind is uniform at any position on the tree (Metzger, 1893). The
elastic similarity hypothesis states that the deflection of the tip divided by the length of the
branch or the trunk results in a constant value (McMahon, 1975).
Many studies have tested the two hypotheses by using various plants. However, most of the
studies were performed using the ratio between the basal diameter and whole length or whole
mass of the branch or trunk. Tree branches exhibit plasticity in their form, and therefore,
measurement of the stresses in many positions on the branches is necessary to adequately
discuss the hypotheses. However, there are only few studies that have conducted such
measurements (Niklas 1999). These measurements provided the fragmentary evaluation of the
biomechanical hypotheses. However, evaluations by the direct measurement are not yet enough,
especially for lateral branches. Consideration about the difference between tree trunks and
lateral branches is not enough either. Therefore, I thought that it was necessary to increase the
direct measurement data about trunks and lateral branches, and to reevaluate the hypotheses
using these data. In addition, there is an empirical rule about tree morphology, Leonardo da
Vinci’s rule. This rule has been believed as a rule of tree architecture. However, there is no
physical proof about this rule. If either of the biomechanical hypotheses is true, da Vinci’s rule
is unnatural. Therefore, I thought that it was necessary to perform proper inspection based on a
biomechanical theory and actual survey about the validity of da Vinci’s rule.
The aim of this study was to clarify a mechanical characteristic of tree structure by describing
the distribution of stresses along a branch. Accordingly, I evaluated the validity of the two
biomechanical models. I also discuss the strategy of the trees in terms of morphology.
5

2. Morphology of trunk related to biomechanics
2.1.

Introduction

The morphology of tree trunks has long been studied by sylviculturists, and it has been
established that tree morphology can be influenced by its mechanical environment (Metzger,
1893; Jacobs 1954). For vertically standing trees, the force of the wind is a significant hazard to
their survival (Putz et al., 1983; Schaetzl et al., 1989; Ennos, 1997). Wind is the main cause of
disturbance to trees, and the slenderness (the ratio between the height and the basal diameter) of
trees changes with the mechanical environment (e.g., wind) (Lundqvist and Valinger, 1996;
Valinger et al., 1994; Valinger and Pettersson, 1996; Meng et al., 2006). When considering the
mechanical properties of tree form, the most important factor is bending due to wind, and when
large distortion occurs due to wind, buckling due to the weight of the tree, which is triggered by
the shift in center of gravity of the tree due to the distortion, must also be taken into account.
The safety factor for a trunk can be calculated based on its weight, and this factor has been
used to determine the mechanical stability of tree trunks (Greenhill, 1881; King, 1986; Niklas,
1994ab; Tateno, 1991; Tateno and Bae, 1990). Buckling often occurs in trees growing in dense
forests when a strong wind blows; therefore, the degree of safety against buckling is an
important consideration. The buckling safety factor is expressed as the critical buckling height
divided by the actual height of the trunk (McMahon, 1973; Niklas, 1994ab). The buckling safety
factor for 111 plant species with self-supporting stems was found to be around four, and was
independent of plant size (Niklas, 1994b), whereas values vary among individuals or between
plants growing in different environments (King, 1981; King, 1986). For example, trees growing
in an open site were found to have a larger buckling safety factor than trees growing in a dense
forest (King, 1981).

6

Several mechanical models of tree morphology (or trunk taper) have been proposed and
tested using measurements of the dimensions of real trees. Metzger (1893) suggested that tree
trunks take a form that equalizes the distribution of stress along the outer surface of the stem;
this is referred to as the uniform stress hypothesis. He predicted that the diameter of the part of
the stem below the crown of a tree trunk should vary as the cube root of the distance from the
center of the crown, if the yielding stresses acting on the trunk due to static wind forces are to be
equalized. In a study evaluating the uniform stress model for several conifer species, Dean et al.
(2002) demonstrated that most plants grown in plantations had a  value (for Dh  Mh ,) which
supports the uniform stress hypothesis, where Dh is the diameter at a given height and Mh is the
bending moment at that height due to the force of the wind. However, results obtained for
Pseudotsuga menziesii did not support the uniform stress hypothesis (Dean et al., 2002). In
contrast, Niklas and Spatz (2000) reported that maximum stress induced by the wind was not
constant along the trunk of a Prunus serotina tree growing in an open terrain site.
The details of stress distribution in a tree trunk in response to wind loads are not fully
understood. In studies such as those described above, efforts have been made to elucidate the
details of stress distribution in an indirect manner: the stress generated in tree trunks by wind
loads was estimated based on data for the distribution of the wind speed from the top of the tree
to the ground and the moment that the plant may generate due to the wind load. Niklas (2000)
estimated the distribution of wind-induced stress along the trunk of a tree for several possible
wind distributions using the actual dimensions of an isolated tree, and suggested that differences
in the wind profile did not have a marked effect on the distribution of the safety factor in the
trunk. For a more precise understanding, the relationship between the wind profile acting on a
tree and the resulting stress must be investigated. Moreover, the distribution of the stress
generated by the force of the wind (and changes in the position of the center of gravity that are
7

associated with it) along a trunk or a branch may vary with the wind speed, because the effect of
changes in the position of the center of gravity may become greater as the wind speed increases.
Therefore, measurements of the actual stress distribution in a tree are necessary.
Currently, there is no method to measure stress directly. However, it is possible to measure
strain, which is closely related to stress and can be considered an approximate measurement
thereof. Direct measurements of strain in tree trunks in the field have been undertaken in several
studies by using strain gauges or mechanical extensometers (Moore et al., 2005; James and
Kane, 2008; Hale et al., 2012). The relationship between the morphology of a tree trunk and its
mechanical environment is important for understanding the maintenance of plantation stands,
and studies involving strain measurements have been conducted on trees growing in forest (Hale
et al., 2012). However, as they focused on the possibility of individual trees in a stand falling
over, these studies measured strain at only one point on each individual tree. To my knowledge,
no studies have conducted direct measurements of the distribution of strain.
In the present study, I measured the distribution of the strain and stress in the surface along
the trunk of an isolated Larix kaempferi tree due to winds of various strengths and ascertained
whether the uniform stress hypothesis could be applied to the form of the isolated tree. I used
this tree because it located at an open space where wind was expected to be strong enough to
affect the tree morphology and power supply could be secured.

8

2.2.

Materials and methods

Materials
An isolated Larix kaempferi tree growing in the Nikko Botanical Garden (Nikko, Tochigi, Japan,
36°45’ N, 139°37’ E) 21 m in height and 58 cm in diameter at breast height (DBH) was used for
measurement. The mean annual temperature at this location is 12.1°C, and the mean annual
precipitation is 2,400 mm. In Nikko City, the prevailing winds are from the east in the daytime
and from the west at night, and tend to be stronger in the daytime than at night (see the website
of the Japan Meteorological Agency for historic meteorological data at Okunikko and Imaichi).
The habitat of the tree studied has not changed for many years.

Measurement of wind induced strain in an isolated Larix kaempferi tree
The strain in the surface of several sections of the trunk due to the force of the wind were
measured using strain gauges (FLA-5-11-20LJRA, Tokyo Sokki Kenkyujo) and a multi-recorder
(TMR-200, Tokyo Sokki Kenkyujo, Tokyo, Japan) from mid-April 2012 to April 2013. Strain
() is the extension or the shrinkage of material and is defined as:
𝜀 = ∆𝐿/𝐿

(1)

where L is the change in the material length caused by an additional force, and L is the initial
material length. The measurement points were set on the north, south, east, and west sides of the
trunk at various heights (1, 4, 6.5, 9, 12.2, 14.3, and 16.5 m above ground). First, an area of bark
5 cm wide  5 cm long at each measurement point was removed, and the underlying surface was
then exposed to the atmosphere for 1 day to allow it to dry. A portion of each exposed surface
was then thinly coated with polyester adhesive (PS, Tokyo Sokki Kenkyujo) and the strain
gauge was attached using cyanoacrylate adhesive (CN, Tokyo Sokki Kenkyujo, Fig. 1). The
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strain gauges were covered with isobutylene-isoprene rubber sheets for waterproofing and with
urethane foam to prevent changes in strain values due to wind cooling. Strains in the
north-south and east-west directions were detected as the differences between the strains on the
north and south, or east and west, sides of the tree at 20 Hz. The differences between the
maximum (excluding noise) and average values of the strain for each hourly dataset were then
calculated as the strain due to the force of the wind at each wind speed. From the raw data of the
strain due to the force of the wind in both directions, I calculated the strain in the wind direction

wd due to the force of the wind using the following equation:
2
2
𝜀𝑤𝑑 ＝√𝜀𝑁𝑆
+ 𝜀𝐸𝑊

(2)

where NS and EW are the strains in the north-south and east-west directions, respectively (Fig.
2).
From wd, the curvature of deflection of the minute section (5-mm length) of the trunk ()
was calculated as follows:
𝜅 = 𝜀𝑤𝑑 /𝐷

(3)

where D is the diameter at the measurement point. I also calculated the lean of the trunk at each
measurement point at the moment that deflection occurred as the integral of the curvature of
deflection at each micro-section along the trunk. Here, I assumed that the curvature of deflection
of each micro-section along the trunk took a value that was identical to that obtained at the
closest measurement point.
I also performed measurements of the speed and direction of the wind at a height of 15 m
and 20 m away from the measured tree from April 2012 to April 2013 using wind speed sensors
(S-WSA-M003 and S-WDA-M003, Onset Computer Corporation, Massachusetts, USA). The
results were compared with the wind data for the Okunikko area (8 km away from the
measurement site) published by the Japan Meteorological Agency.
10

Principle of a strain gauge and the half-bridge 2 active method
A strain gauge is a sensor of strain that is often used in the field of engineering. To measure
strain, a strain gauge is attached to the surface of the object to be measured. When the object is
deformed, the strain gauge extends or shrinks accordingly, causing the electrical resistance of
the gauge to increase when the gauge extends and decrease when the gauge shrinks. The
resistance values are converted to strain values using a multi-recorder.
In the present study, I used a half-bridge 2 active method to measure strains along the trunk.
This method uses a pair of gauges attached to the opposite sides of the object to be measured.
The strain data were obtained as the difference between the strain values on both sides of the
object. The effect of air temperature can be excluded using this method.

Measurement of Young’s modulus along the trunk
In May 2013, I measured the Young’s modulus, which determines the relationship between
strain and stress, along the trunk to convert the strain data into stress data. A rope was attached
to an upper portion of the trunk (17-m height) and was pulled by a car. During the experiment,
the pulling force was recorded using a load cell (TCLZ-10KNA, Tokyo Sokki Kenkyujo) in
addition to measuring the strain at the surface at each point on the trunk. Stress at the surface at
each height on the trunk was then calculated from the pulling force, pulling angle, distance
between the pulling point and the strain-measurement point, and the diameter of the trunk at the
strain-measurement point. The relationship between the pulling force F and the stress σ at the
surface was expressed as the following equation using the formula of material mechanics
(Timoshenko, 1955):
𝜎=

32F cos 𝜑 (ℎ𝑝 − ℎ𝑚 )
𝜋𝑑3

(4)

where  is the pulling angle of the rope; hp and hm are the height of the rope attachment point
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and the point that the stress is to be calculated, respectively; and d is the diameter of the section
under consideration. I then analyzed the relationship between the stresses and strains generated
by the pulling treatment at the surface at each height on the trunk using Kyplot (ver. 2.0 beta 15).
According to Hooke’s law, the relationship among the stress, strain, and Young’s modulus is
expressed as the following equation:
𝜎 = 𝐸𝜀

(5)

where σ is the stress, E is the modulus of elasticity (Young’s modulus), and  is the average of
strains in the extended surface and the compressed surface (only half of the wd value was
applied here, because wd represents the sum of the value of the extension in the upper surface
and the absolute value of the shrinkage in the lower surface). Young’s modulus was obtained as
the slope of an approximate straight line of the stress and strain, where the line represents
equation (5). The approximation was performed by the least-squares method using Kyplot (ver.
2.0 beta 15, Kyenslab Inc., Tokyo, Japan).

Calculation of the stress and maximum force of the wind that can be withstood by the trunk
From the measured strains of the trunk and the Young’s moduli, I calculated the stresses in the
trunk caused by wind. The stress in the wind direction σwd was calculated using equation (5).
The critical wind speed for the trunk was calculated by multiplying the wind speed by the
ratio of σwd to published data on the modulus of rupture σb for green logs of Larix kaempferi
(Yamamoto et al., 1992; Koizumi and Ueda, 1987; Yoneda, 1987; Yoshino et al., 2010). The
average modulus of rupture was 49.7 ± 5.1 MPa (mean ± SD), and this value was used to
calculate the critical wind speed, as follows:
𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑤𝑖𝑛𝑑 𝑠𝑝𝑒𝑒𝑑 = 𝑣 × 𝜎𝑏 ⁄𝜎𝑤𝑑

(6)

Here, v is the wind speed at the time when σwd was observed.
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2.3.

Results

Wind characteristics of the measurement site
The maximum wind speed recorded during the measurement period was 28.93 m/s. The
maximum wind speed when the branches had leaves was 11.8 m/s; much stronger winds were
observed from late fall to winter, when the branches had no leaves. On average, the wind speed
was ~2–3 m/s lower at the measurement site than at the Okunikko site used by the Japan
Meteorological Agency. This difference between the two sites increased with the increase in
wind speed in a manner such that the wind speed data at the two sites fitted the equation y =
0.70 x - 2.83 (from May to October, with leaves, R2 = 0.60) and y = 0.31 x + 1.88 (from
November to December, after defoliation, R2 = 0.67), where y is the difference between the
wind speed recorded at the measurement site and that at the Okunikko site, and x is the wind
speed at the Okunikko site. Throughout the measurement period, when a strong wind (20–35
m/s) was recorded at the Okunikko site, the wind speed at the measurement site was generally
5–15 m/s lower. Using these relationships and the wind data for the Okunikko site, where the
annual maximum wind speed was 55.4 m/s (on 25 September 1966), the annual maximum wind
speed at the measurement site was predicted to be 30–40 m/s (~36.5 m/s calculated using the
above equation), which is slightly higher than the maximum value obtained during the
measurement period at the measurement site.

Measurement of Young’s moduli along the trunk
The average of the Young’s moduli along the trunk was 7.923 GPa. The value of Young’s
modulus varied along the trunk and was larger in the upper portions (Fig. 3, R between Young’s
modulus and the height was 0.65).
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Measurement of wind-induced stresses along the trunk of an isolated Larix kaempferi tree
The measurement data obtained when the branches had leaves showed that the strain and stress
generated at the surface by the force of the wind increased toward the top of the tree when the
wind speed was less than 28.93 m/s, which was the highest speed recorded during the
measurement period (Fig. 4). This tendency became extreme, and the difference between the
strains recorded in the higher and lower portions of the trunk increased, as the wind speed
increased during the period that the trunk supported leafy branches. This tendency also held for
the strains experienced during the period that the tree had no leaves, whereas the stress
distribution was slightly different. The stresses in the upper portions of the tree generated by a
wind speed of 15.23 m/s during the leafless period were slightly larger than those when the
wind speed was 11.8 m/s, whereas the strains in the lower portions at the same time were larger
than those when the wind speed was 11.8 m/s. This suggests that the effect of defoliation is
greater in the upper portions than in the lower portions.
The stress generated by the force of the wind was 17.1 MPa at 16.5 m above the ground
and 7.2 MPa at 1 m above the ground when the wind speed was 28.93 m/s, which was the
maximum value recorded during the measurement period.
The curvature of deflection  was higher in sections of the tree trunk in the higher positions
than in the lower positions (Fig. 5A).  increased with wind speed. The effect of wind speed
was reduced when the tree had no leaves. The values of  when the wind speed was 15.23 m/s
(in the leafless period) were only marginally different from the values recorded when the wind
speed was 11.8 m/s (in the period with leaves). The lean at the highest measurement point (16.5
m above ground) generated by the wind speed of 11.8 m/s (with leaves) or the wind speed of
15.23 m/s (leafless) was 3 (Fig. 5B). The lean of the trunk was less than 10 even during a
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strong wind (28.93 m/s) in the upper portion of the trunk.

Critical wind speed along the trunk
The critical wind speed estimated from σwd for the wind speed of 28.93 m/s was 85 m/s for
the upper portions of the trunk and 200 m/s at the base of the trunk (Fig. 6). The critical wind
speeds for the tree with or without leaves were similar in the lower portions of the trunk, when
comparing the critical wind speed data for the wind speed of 15.23 m/s without leaves with that
for the wind speed of 10.66 m/s with leaves. However, in the comparison mentioned above, in
the upper portion, the critical wind speed was greater for the tree without leaves than for the tree
with leaves. The calculated critical wind speed was lower when the wind speed at the time that
σwd was observed was large, indicating that a strong wind affects the tree more strongly than a
gentle wind because of the impact on the tree at the time of wind loading. This might happen
because bigger displacement happened with the high wind speed by resonance.
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2.4.

Discussion

During the year-long measurement period, the strain gauge performed well in detecting dynamic
strain due to wind, although noise was often present in the measurement data. To evaluate the
accuracy of the data gathered during the measurement period, in May 2013, I attached new
strain gauges adjacent to those that were placed in the lowest position on the tree in April 2012.
The new and old gauges recorded identical strain variation in response to wind, thus confirming
the accuracy of the old gauges. This indicates that strain gauges attached to the surface of a tree
trunk in the manner presented here can detect strain accurately for at least 1 year, unless they
become disconnected. Disconnection of a wire was observed in only 2 of 14 sets of gauges
during the measurement period. Variation in the fiducial values of strain was rare, except for in
the north-south direction at the lowest position. This might have been due to differences in the
thermal or water (in wood) conditions of the two gauges. Because the new gauges did not
display much variation, the cause was unlikely to be due to variation in the water content of the
wood at the surface to which each strain gauge was attached. However, deformation was
accurately detected in this data set.
The values of Young’s modulus recorded in this study did not differ from the published
data (Fig. 3). There was variation in Young’s modulus along the trunk; the lower portions of the
trunk had smaller Young’s moduli than the upper portions, indicating that the wood of lower
parts of the trunk were more flexible than that of the upper parts. Variation in Young’s modulus
along the trunk has been reported in several studies. Brüchert and Gardiner (2006) reported that
in a Sitka spruce (Picea sitchensis) the Young’s modulus was lower in the upper portions than
in the lower portions of the trunk. This tendency was also reported by Blackburn (1997) and
Brüchert et al. (2000). Radial variation in Young’s modulus within a tree trunk has been
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reported (Niklas, 1997ab). In specimens of different ages obtained from several locations within
a cross section of the trunk of Robinia pseudoacacia L., Niklas (1997a) found that the Young’s
modulus of the wood decreased radially from the pith toward the bark. In a specimen obtained
from the heartwood near the periphery of the trunk of Robinia pseudoacacia L., Niklas (1997b)
found that Young’s modulus increased with the distance from the top of the tree. According to
these studies, the decrease in the local Young’s modulus of a tree trunk may vary in relation to
the local age or size of portions of the trunk. The variation in Young’s modulus observed in this
study contradicts these earlier reports. Further measurements are needed to determine whether
the variation in Young’s modulus observed in this study is a general feature of Larix kaempferi
trees.
The strain measurements demonstrated that the stress generated by wind loads was greater
in the upper positions of the trunk when the wind was not extremely strong (Fig. 4). The
distribution of the stress along the trunk differed between the period when a tree had leaves and
the period after defoliation. The strain in the upper positions resulting from a 15.23-m/s wind
when the tree had no leaves was only marginally different from that resulting from an 11.8-m/s
wind when the tree had leaves, unlike the strain in the lower positions, where a marked
difference was observed between the two situations. This indicates that leaves have quite a
strong effect, such that the effect of a wind speed of 11.8 m/s on the upper part of a trunk with
leaves is almost equal to the effect of a wind speed of 15.23 m/s on the upper part of a trunk
without leaves. Furthermore, these findings suggest that the presence of leaves has less effect on
wind-induced strain in the lower part of a trunk than in the upper part.
It was assumed that wind deflection might generate stress in the lower portions of a trunk
due to the weight of the top of the trunk, increasing the total stress generated in the lower
portions of the trunk when wind loads resulted in large deflection. Therefore, it was expected
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that the difference between the strain in the upper and lower portions would be reduced or
reversed as wind speeds increased. However, trunk deflection was not large during the
measurement period, even at a wind speed of 29 m/s; therefore, it is unlikely that this tree would
be deflected to an extent that its weight would threaten its survival. Hence, the lower part of the
trunk may be less susceptible to the force of the wind than the upper part for winds of strengths
typical at the measurement site.
The critical wind speeds for all locations along the trunk were higher than the highest wind
speed recorded at Nikko. Therefore, the probability of breakage for parts above ground is low at
the plant level. The calculated critical wind speed required for trunk breakage suggests that the
probability of breakage at locations near the base is very low for the trunk, considering actual
wind speeds in Nikko (<60 m/s). Therefore, if breakage of the trunk occurs, the breaking point
will likely be in the upper part of the trunk. The tree used in this study was isolated and was
growing in an open site with a severe wind environment compared to locations inside a forest;
therefore, its resistance to wind may be greater than for trees growing inside a forest (i.e., the
form of an isolated tree can be considered more wind-resistant than that of trees growing inside
a forest). By the way, the calculated value of critical wind speed was different among different
wind speed. This may be the result of resonance. The time before coming back after a tree bent
gets larger with the wind speed. When wind blows before a tree restores after it bend by wind,
the tree bends more. As a result, stronger stress would occur inside the tree.
I found that the lower parts of the trunk of an isolated Larix kaempferi tree were more
secure than the upper parts. This is contrary to the uniform stress hypothesis and supports the
conclusion that Niklas and Spatz (2000) derived from the calculation of stress in a trunk of
Prunus serotina Ehrh. due to the force of the wind. It is likely that other factors (e.g., limitation
due to water transportation) affect the radial growth of tree trunks in trees as large as that used
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in this study, rather than the mechanical optimality of the tree form (Niklas and Spatz, 2004). In
a study of hydraulic limitation on tree form, Niklas and Spatz (2004) produced a model using
the scale of an actual tree that produced more consistent results than a model that assumed
mechanical stability. Modeling of tree growth that includes water transportation might identify
the mechanism that determines (or constrains) tree scale. Taneda and Tateno (2004) reported
that biomass distribution (partitioning) to the stem is consistent with the minimum value
required for mechanical support (and is not consistent with the optimal value for hydraulic
function) in angiosperm trees, whereas the biomass distribution of gymnosperm trees is more
similar to the hydraulically optimal value than to the minimum value required for mechanical
support. Therefore, it is likely that the hydraulic limitation on tree form is the dominant factor
limiting the tree morphology of gymnosperms. However, biomass distribution to the stem in
gymnosperms is also close to the minimum value required for mechanical support; therefore,
whether the morphology of the stem is limited by mechanical or hydraulic elements remains
unknown. In addition, the hydraulic limitation hypothesis predicts that tree height is
hydraulically limited (Ryan and Yoder, 1997). Ryan et al. (2006) reviewed the studies of this
hypothesis and reported that hydraulic limitation appears to operate in many, but not all, trees.
These studies suggest the possibility of the existence of a hydraulic limitation on tree
morphology (or scaling). Differences in the microenvironment of individual leaves or branches
(e.g., leaves in the upper and lower parts of a tree) may cause differences in their productivity or
physiology, which suggests that non-mechanical elements limit the thickness of the tree.
Moreover, it is possible that trees adopt such a structure due to its biomechanical merit. The
merit of the structure of a trunk in which the lower portion is less susceptible to an external load
than the upper portion, as found in this study, may be that the plant can abandon the upper
portion in an emergency and protect the lower portion from breakage, or the plant can reduce
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the stress in the lower portion generated by an external load by parrying the load acting on the
upper portion. As mentioned previously, even the upper portion that is relatively susceptible to
mechanical stress has sufficient strength to endure destruction, which supports the second
possibility that plants reduce stress by parrying the wind acting on the upper portion. It is
necessary to investigate the effect of this reduction in stress on the minimum biomass
distribution to the trunk required to attain biomechanical safety. At least for the trunk of an
isolated tree, if there is a strong limitation related to mechanical safety, the key to obtaining the
mechanically optimal form may not be the uniformity of stress but may involve another pattern
of stress distribution. Alternatively, another mechanical factor may limit the trunk taper.
It is also possible that none of the factors which are considered to limit tree morphology
described above is always singly dominant within various tree growth environments. The most
important factor for the survival of a tree may change according to the environment in which it
grows. It is therefore possible that the limiting factor of tree morphology may also change
according to the local environment. Further studies are required to determine the relationship
between the environment and tree morphology, from mechanical, hydraulic, and physiological
viewpoints, to elucidate the mechanisms of tree design.
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3. Mechanical properties of lateral horizontal branches according to
their form
3.1.

Introduction

For the morphology of lateral branches, an allometric model was derived by McMahon and
Kronauer (1976) from two biomechanical hypotheses, the uniform stress hypothesis and the
elastic similarity hypothesis. The allometric model of the uniform stress hypothesis is xs  dsα,
where α = ⅔, and the model of the elastic similarity hypothesis is xs  dsα, where α = ½, where
xs is the stem length and ds is the stem diameter. McMahon and Kronauer (1976) found that the
actual allometric relationship was identical to the elastic similarity predictions (assuming a
virtual tip in which the branch taper becomes zero distal to the real tip). Bertram (1989) also
considered the allometric relationship between the length and diameter of tree stems using the
same models, but arrived at a different conclusion. He found that the distal stem elements of a
tree can be disproportionately slender, such that xs scales with respect to the ds in a manner that
exceeds that predicted by the allometry of geometric self-similarity (i.e., xs  dsα, where α = 1),
whereas the older elements of a tree trunk tend to scale in a manner that approximates elastic
self-similarity predictions. Other studies have suggested that the allometry of tree height and
trunk taper progressively changes over the course of growth and development (Niklas, 1995;
Dahle and Grabosky, 2010; Watt and Kirschbaum, 2011). Niklas (1995) suggested that trees
comply with geometric self-similarity in their young portions and subsequently give the
appearance of elastic or stress self-similarity as these portions age and become larger. However,
which biomechanical model best reflects branches in nature is debatable.
These allometric relationships between the diameter and length can be obtained only on the
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assumption that branches maintain complete similarity. Indeed, branch shape is strongly
influenced by the light environment and changes plastically. Each part of the branch may not
grow larger uniformly, and which part of a branch grows larger depends on its environment. If
an imbalance exists in the light environment, the part of a branch that is exposed to stronger
light would grow larger than other parts, creating a nonsimilar shape.
In studies of this hypothesis, insufficient work has been done pertaining to the difference
between trunks and lateral branches, and some differences may exist in the environment and
structure between trunks and lateral (especially, horizontal) branches. Xylem in stems and
branches is constructed of nonuniform material (Gartner, 1995), and differences in the
microfibril angle in the xylem cell wall also occur at different positions in a branch (Färber et al.,
2001), which influences the mechanical properties of wood (Reiterer et al., 1999; Burgert and
Fratzl, 2009). Moreover, lateral branches are always subjected to a bending stress due to their
own weight, and the mechanical properties of wood are influenced by the plant’s reaction
against its own weight. Reaction wood is an important element of this reaction, and it has a
special internal structure and possesses mechanical properties that are different from normal
wood, which is believed to contribute to the correction of the form of a trunk or branch by
generating internal stress against the self-weight or an external load (Wilson and Archer, 1997).
Bonser and Ennos (1998) questioned the influence that the existing stress has on the safety
factor inside of the tree trunk. Few studies, however, have confirmed the uniform stress
hypothesis for lateral branches with direct measurements of the real mechanical state induced by
loading and the mechanical properties of branches.
For these reasons, I considered that direct measurement of the mechanical properties of
branches was necessary to determine the relationship between the morphology and the
mechanical state of branches. In this report, I will discuss the stress state of each part of a
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branch, which cannot be explained only by the allometry of branches.
To determine mechanical safety, the safety factor, which represents the ratio between the
stress needed for the rupture of an object and the actual stress occurring in the object, is useful
(Niklas, 1999). For lateral branches, breakage caused by bending is important to consider.
Therefore, the safety factor for lateral branches is defined as the ratio of the modulus of rupture
to the actual stress generated in a branch by a bending force (breaking safety factor).
Measurement of the breaking safety factor has been performed in some recent studies (van
Gelder et al., 2006; Anten and Schieving, 2010). Van Gelder et al. (2006) reported the breaking
safety factor of lateral branches for saplings of 30 Bolivian rain forest tree species based on the
ratio between the actual diameter and the diameter of the limit of rupture due to the weight of
the branch. The safety factor is often calculated based on visible characteristics, such as
diameter/diameter, as well as stress/stress. The two are the same safety factors, but the values
are different. In their study, the breaking safety factor of lateral branches (actual
diameter/diameter limit of rupture due to the weight of the branch) ranged from 1.5 to 2.5,
which is equivalent to 2.7–14.3 if the safety factor is based on the stress/stress value (van
Gelder et al., 2006). However, they did not consider the safety factors of multiple points along a
branch. Niklas and Spatz (2000) calculated the safety factors against wind loadings for stems
and branches of Prunus serotina growing in an open site, and concluded that the safety factor
was not uniform throughout the mechanical infrastructure of the trees, although the angles of
branches were not noted and the results of the safety factors of stems and branches were not
separated. Evans et al. (2008) reported the variation in moment along branches of several shrub
species and concluded that the bending stress along the branches was relatively constant, but
they did not consider variation in the safety factors of branches.
In previous studies, data from part of a branch have been used as an index of safety for the
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whole branch despite evidence supporting the elastic similarity model. As noted previously, the
elastic similarity hypothesis and the uniform stress hypothesis are incompatible if a branch is
assumed to be a cantilever beam that maintains a completely similar figure, which suggests that
the safety factor measured in a part of a branch does not necessarily reflect the safety of the
whole branch. Conversely, the elastic similarity hypothesis is likely to be compatible with the
uniform stress hypothesis, depending on the style of branching.
Stress due to the dynamic load such as that created by wind, rain, and snow is also
important for the mechanical safety of tree branches. Such dynamic loads threaten the
mechanical safety of branches by adding additional stress to the interior of branches. An
estimation of this stress has been performed by calculating the moment from the wind velocity
and placing a projection chart onto the branch or the trunk. Direct measurements have been
rarely been performed. However, one study considered the rain load that acts on a horizontal
branch using strain gauges (Huang et al. 2005). By using a similar method, the effect of
dynamic loads that act on a horizontal branch during a year can be detected.
In this study, I measured the mechanical safety of actual horizontal branches that were
considered to be strongly influenced by the constant load of the branch’s own weight. More
specifically, I measured the stress generated by a branch’s own weight and calculated the safety
factors for breakage at multiple points along each branch to confirm whether mechanical safety
was constant along a branch or among branches (i.e., confirmation of the uniform stress
hypothesis). I used two different methods, measurement of the moment and measurement of the
strain, to quantify the stress generated by a branch’s own weight and investigated whether the
stress was constant. In this measurement, I considered the growth stress (see below) inside the
branches in addition to their own weight. The strain measurement data were also used to
confirm the elastic similarity hypothesis. I also made a measurement of the stress generated by
24

dynamic loads for horizontal branches of Fagus crenata and Abies homolepis. I used these
species because there were many trees of these species that could be used for the measurements
in Nikko Botanical Garden and there is much information about these species.
Finally, I explain about growth stress. During the maturation of wood, deformation occurs
in xylem cells. However, due to adhesion to the adjacent cell, deformation is prevented and the
stress of deformation is gradually accumulated during secondary growth (Plomion et al., 2001).
This stress is called “growth stress.” The magnitude of deformation is different between reaction
wood and normal wood, and this difference creates a stress gradient inside the branch. Branches
and trunks are believed to correct their direction by creating reaction wood. Reaction wood in
coniferous species is called compression wood and is produced in the lower section of a leaning
trunk where it generates compression stress in the lower section. In broad-leaved species,
reaction wood is called tension wood and is produced in the upper section of the trunk. Tension
wood is thought to generate a stress gradient by limiting its longitudinal extension during
maturation (Burgert and Fratzl, 2009). Measurements of growth stress have been made by tree
physiologists using strain gauges (Yamamoto et al., 1989; Yoshida and Okuyama, 2002).
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3.2.

Materials and methods

Materials
Lower horizontal branches of approximately 30-year-old Fagus crenata and Abies homolepis
trees growing in the Nikko Botanical Garden (Nikko, Tochigi, Japan; E139°37’, N36°45’, where
the mean annual temperature is 12.1ºC and the mean annual precipitation is 2,400 mm), were
used for the measurements. Six F. crenata and seven A. homolepis branches were measured. The
average height of the Fagus trees was 14.1 ± 2.7 m (mean ± SD) and the average diameter at
breast height (DBH) was 23.9 ± 6.6 cm (mean ± SD). The average height of the Abies trees used
for measurements was 13.8 ± 5.5 m and the average DBH was 31.6 ± 13.1 cm. The habitats of
the trees had experienced little environmental change over a period of many years.

Measurements of the morphological characteristics of the branches
I recorded an overview of each branch and the slope at several points along the branch while it
was still attached to the trunk. I also measured the diameters of the branches at several points in
both the horizontal and vertical planes.

Calculation of stress
When considering the safety of a branch, the tensile stress at the surface of the branch or trunk
is important. When a branch is loaded as shown in Fig. 7, its internal mechanical state results in
the generation of tensile stress on the upper side and compressive stress on the lower side.
Breakage caused by bending limits the safety of branches, and such breakage occurs when the
tensile stress at the upper surface (maximum tensile stress in the cross section) reaches a certain
limit. The stress uniformity in the uniform stress hypothesis depends on the constancy of the
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tensile stress at the surface at any position on the branch, and therefore, measurements of this
stress are required. According to material mechanics, the relationship between a load W and the
tensile stress at a surface is expressed as follows (Timoshenko 1955):



32 M
d 3

(7)

where M is the moment (= W  a, where a is the distance from the load point) and d is the
diameter at section mn in Fig. 7. Although the load is expressed here as intensive load, this
equation can be applied to the distributed load, such as the load that acts on a branch
(self-weight plus, e.g., wind, rain, and snow). Assuming a distributed load, M is calculated as
the grand total of the moments generated by the loads acting on each position of the branch.

Measurement of the moment and calculation of the tensile stress at the surface of branches
The moments at several points along each branch were measured to calculate the tensile stress at
the surface of the branch. First, a primary branch was cut off at the base and suspended using a
rope, as shown in Fig. 8. The point of suspension was set to the left of the center of gravity of
the branch, causing it to tilt downward toward the right. A spring balance was attached to the cut
end and pulled down until the branch balanced horizontally. The pulling force F and the
distance between the cutoff point and the suspension point were recorded. Measurement of F
was repeated, after cutting off a proximal portion between the point where the moment was to
be measured and the proximal end of the branch. The length of each portion was determined to
ensure a sufficient length to perform a bending test. After these measurements, the weights of
the portions of the branch distal or proximal to the suspension point were recorded. From these
data, the moments that acted on the cutoff points due to the branch’s own weight were
calculated using

M  F  Wc  x

(8)
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where F is the pulling force at the cutoff point, Wc is the weight of the branch portion distal to
the cutoff point, and x is the distance between the cutoff point and the suspension point. This
equation was derived from the combination of the following equations:
bWb  xF  sWs

(9)

M  Ws s  x   Wb x  b

(10)

Wc  Ws  Wb

(11)

where Wb and Ws are the weights of the portion of the branch proximal or distal to the
suspension point, and b and s are the lengths between the center of gravity of Wb or Ws and the
suspension point, respectively.
I used the method described above to determine the moment because the method that
calculates the moment from the weight and the distance from the center of mass was assumed to
produce an error. However, from the measured data, an improvement of the accuracy clearly
was not obtained using the method described here. I also calculated the tensile stress at the
surface (σsw) using equation (7) and the data obtained by the above measurements.

Destructive tests
Destructive tests (three-point bending test) were performed on the branches used to measure the
moment due to self-weight, and the modulus of rupture σb was recorded using a universal testing
machine (Tensilon UTM-3-500, Toyo Baldwin Co., Ltd., Tokyo, Japan). σb was calculated as

b 

8Pb l s
d 3

(12)

where Pb is the load applied at the middle of the branch, ls is the span, and d is the diameter at
the middle of the branch. The span was fixed to 280 mm for thinner (less than about 2.5 cm)
branches and 420 mm for thicker branches, and the loading speed was set to 10 mm/min. Green
logs with bark cut from the branches used for the measurements described above were set
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upside down so as to load from the lower side. Young’s modulus, E, at each section of the
branches was also obtained with this test by using the following equation:
3

E

4 Pb l s
3 d 4

(13)

where  is the deflection at the middle of the branch when Pb is smaller than the proportional
limit. The Young’s modulus data were fitted to a curve by the least-squares method or averaged
using KyPlot (version 2.0 beta 15) for the stress calculation based on the strain measurement
described in the next section.
In the bending test, the ratio between the height of a square beam and the span should
exceed 14 to minimize the effect of shear stress. The height of the beam is here replaced by the
diameter of the branch. The span could not be set longer because of the specification of the
machine and a slight effect of shear stress that would be included in the measurement data.
Therefore, I also performed the calculations to eliminate shear stress from the calculated
Young’s modulus (Appendix). This is a useful excercise, although the result is less reliable than
the real value when the test is performed with an appropriate span/diameter ratio.

Calculation of the safety factor
From these measurements, the breaking safety factor SF against each branch’s own weight was
determined using the following equation:
SF 

b
 sw

(14)

Measurement of strains in branches
To find the value of σsw due to the branch’s own weight and the influence of the reaction wood
(growth stress), I also performed the measurement using another method.
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Measurement of strains generated by the liberation of branches from their own weight and
growth stress
Using lower horizontal branches of F. crenata and A. homolepis of a similar size and taken from
a similar environment as the branches used for the measurements described above, I
investigated the strain on the upper and lower surfaces of branches due to the liberation of the
branch from its own weight.
For the measurements, I chose several positions along a branch and debarked an area of
appropriate size on the upper and lower surface at each position. Then I attached strain gauges
(FLA-5-11-5L, Tokyo Sokki Kenkyujo Co., Ltd.) to each debarked surface in the direction of
the longitudinal axis while the branch was still attached to the trunk. At each position, the
diameter including the bark both in the horizontal and vertical planes, and diameter without the
bark in the vertical plane, were measured with a digital caliper. Strain gauges were connected to
a multi-recorder using the half-bridge 2 active method, so that the recorded strain value
represented the difference in strain between the upper and lower surfaces, and increased with
downward deflection and decreased with upward deflection. The initial strain values (when the
branches were still attached to the trunk) were set to zero. Then I cut the branch off at its base
and laid it sideways on the ground so that the upper and lower surfaces of the branch faced
sideways. After 10 min, I cut the branch into pieces ranging from 30 to 80 cm in length and laid
them on the ground again. Changes in the recorded strain values before and after these
treatments were recorded as the strain (, refer to equation (1)) of each branch due to liberation
from its own weight. In this study, I call the above process “liberation from gravity.”
To confirm the elastic similarity hypothesis, the deflection of each measurement point
along the branches was also calculated from these strain data. Because the elastic similarity
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hypothesis states that the deflection at each position of a branch maintain constancy regardless
of branch size, I focused on whether the deflection of microsections of the branches at each
relative position was constant. The deflection angle, θ, of a section to which strain gauges are
attached was determined as



2 L
d

(15)

where L is the length of the strain gauges. The angle θ includes the influence of the length.
Therefore, the influence of the length must be eliminated to compare θ among branches with
different lengths. The calculation of the deflection angle of the whole branch (i.e., the change in
the angle of the tip before and after the loading), assuming that the displacement in this
microsection occurred in the same way at all positions of the branch, is effective for comparison
of the magnitude of deflection among branches, eliminating the influence of length of the strain
gauges relative to the branch length. Therefore, I generated an expression that expresses the
relative magnitude of displacement by dividing equation (15) by L/l, where l is the length of the
branch. Here, I call the expression the “displacement contribution degree.” The displacement
contribution degree can be written as

displacement contribution degree 

2l
d

(16)

Then I compared the displacement contribution degree along each branch or among the
branches.
Growth stress inside a branch might be operating against its own weight. Therefore, I
performed an experiment that released the growth stress from branches to determine the effect
of the growth stress on the stress in branches. First, I made a cut at a depth of 1 cm at a position
1 cm from the top and bottom of the strain gauges (Fig. 9). Second, I cut off the branch at the
position where the cut was made. Then I notched the wood about 1 mm away from the top and
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bottom of the strain gauges using a cutter. Through this series of treatments, I released the
growth stress that was stored in the branches. The changes in the strain value during the
treatment were recorded for both the upper and lower surface. The strain obtained from this
treatment is called “residual strain.”
The stress that a branch experiences in its natural state may be the stress that deducted the
element of residual stress from the stress generated by the liberation of the branch from its own
weight; i.e., the strain that a branch experiences in its natural state is expressed as εc + εg, where
εc is the strain of liberation from gravity and εg is the strain of liberation from growth stress. I
defined this strain value as the actual strain experienced in nature.
All of the strains determined from a series of measurements were converted into tensile
stress at the surface using equation (5) and the approximate expression of Young’s modulus
obtained from the destructive test described above. I also applied the Young’s modulus
measured for branches of F. crenata and A. homolepis using strain gauges after the above
measurement, to the stress calculation. Then I compared it to the stress results obtained from the
moment measurement.
Horizontal branches of Sciadopitys verticillata, Davidia involucrata, and Acer tenuifolium
were also used for this measurement. However, a calculation of the tensile stress at the surface
was not undertaken due to a lack of data for the Young’s modulus of lateral branches in these
species. Morphological details about the branches of each species are given in Table 1.

Measurement of the stress generated in a branch due to dynamic loads
Stress generated in a branch due to dynamic loads, such as wind, rain, and snow, was measured
over a 1-year period using strain gauges. Branches of approximately 30-year-old F. crenata and
A. homolepis of unknown age were used for the measurement. For each species, a lower
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horizontal branch was selected. The length of the branch of F. crenata was 6 m and the basal
diameter was 6.1 cm. The branch of A. homolepis was 2 m in length and the basal diameter was
3.1 cm. The trees were growing in small forests and the effects of dynamic loads such as wind
and rain were expected to be small. A point near the base (10 cm away) of both branches and a
point 100 cm away from the base of the branch of F. crenata were selected as measurement
points. The strain was measured for the up–down direction at all points [CH-1 (near the base)
and CH-3 (100 cm away from the base) for F. crenata and at CH-1 for A. homolepis] and the
right–left direction at the base of the branch for F. crenata (CH-2 for F. crenata). In late April
2011, the surface of the upper and lower sides of each measurement point and the left and right
sides near the base of the branch of F. crenata were decorticated at a size of 3 cm  3 cm. Then
strain gauges (FLA-5-11-5LJRA, Tokyo Sokki Kenkyujo Co., Ltd.) were attached to each
decorticated surface and connected to the dynamic strain recorder using the method described in
Chapter 2. The value of strain was set to show a positive change with a downward deflection of
the branch or a negative change with an upward deflection of the branch. Strain data were then
recorded for a period of one year.
The accumulated strain data were divided into files of 10,000 successive data points in
time order. Then the maximum, minimum, and average were extracted for each file. The
difference between the maximum and average of each file was calculated and regarded as the
strain due to instantaneous loads (e.g., wind or rain). The variation of the average value was
used to detect the deflection due to dynamic loads over longer intervals. Each data was
converted into a stress value using equation (5) and the measured Young’s modulus data
obtained by destructive test. From these data, I determined the maximum stress that was
generated in the year due to each dynamic load and calculated the breaking safety factor
including all of the stresses that the branch experienced in one year, i.e., the sum of the stress
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due to the branch’s own weight and the maximum stress value imposed by an instantaneous
load.

Statistical analysis
The measurement data were analyzed by multiple regression, and multiple correlation
coefficients were calculated by KyPlot version 2.0 beta 15.
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3.3.

Results

Morphological characteristics of each branch
Six F. crenata and seven A. homolepis branches obtained from several trees were measured. The
basal diameter of each branch ranged from 2 to 6 cm. The length of the branches was 3.0–8.0 m
for F. crenata and 1.8–5.0 m for A. homolepis. The slope at the base was 21.5 ± 12.8º (mean ±
SD) in F. crenata and 2.7 ± 7.6º in A. homolepis. In F. crenata, the slope was not horizontal at
the base, but was horizontal at the other parts.

Measurement of the mechanical properties of each branch and the moment due to its own
weight
The moment at each point along a branch due to the branch’s own weight was almost
proportional to the cube of the diameter for both species (Fig. 10). This indicates that the effect
of the increase in the moment on the tensile stress at the surface is offset by the increase in the
diameter at each point along a branch [refer to equation (7) ].
The results of the destructive test are shown in Fig. 11. Correlation was hardly observed
between the modulus of rupture and the diameter in both species (R = 0.20 for F. crenata and R
= 0.17 for A. homolepis). The average of the modulus of rupture was 55.0 ± 1.0 MN·m–2 (mean
± SE) for F. crenata and 53.5 ± 2.1 MN·m–2 (mean ± SE) for A. homolepis. The values of the
modulus of rupture in A. homolepis were more scattered than those in F. crenata.
Young’s modulus obtained by destructive testing of each section of the branches was larger
in the thin portion than the thicker portion for F. crenata (R = –0.66), whereas there was no
correlation between Young’s modulus and the branch diameter in A. homolepis (R = 0.02; Fig.
12). The average Young’s modulus was 4.71 GN·m–2 for F. crenata and 2.21 GN·m–2 for A.
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homolepis. The Young’s modulus that was calculated to eliminate shear stress (E/G = 30)
averaged 5.37 GN·m–2 for F. crenata and 2.63 GN·m–2 for A. homolepis. A negative correlation
was found between the diameter and the modified Young’s modulus in F. crenata (R = –0.45),
whereas a weak positive relationship was obtained for A. homolepis (R = 0.25). The Young’s
modulus obtained from the measurement using strain gauges was larger than that obtained by
destructive testing.

Calculation of the tensile stress at the surface of the branch
The σsw values calculated from the moment measurement data are plotted against diameter in
Fig. 13. The tensile stress at the surface (σsw) calculated from the moment measurement data
was slightly lower at positions where the diameter was smaller than 2 cm compared to other
positions. For positions where the diameter was larger than 2 cm, the range of σsw values was
constant and showed little correlation with diameter (R = 0.086 for F. crenata and R = 0.030 for
A. homolepis). In the individual branches, tensile stress at the surface was largest in the vicinity
of the base of branches and gradually decreased toward the tip. The range of σsw values was 3–
20 MN·m–2 in F. crenata and 3–15 MN·m–2 in A. homolepis. The average was 9.21 ± 0.28
MN·m–2 (mean ± SE) for F. crenata and 8.16 ± 0.29 MN·m–2 (mean ± SE) for A. homolepis.

Calculation of the breaking safety factor
In F. crenata, the breaking safety factor was 3–8 for the parts of the branch where the diameter
exceeded 2 cm, but was larger in sections with a diameter smaller than 2 cm (Fig. 14). The
breaking safety factor of the thin parts of Fagus branches varied widely with a range of 4–14. In
A. homolepis, the breaking safety factor ranged from 4 to 10, with more variation in values than
in the thicker parts ( > 2 cm) of the branches of F. crenata. The safety factor did not increase in
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sections with a diameter smaller than 2 cm in A. homolepis, as was observed in F. crenata. For
individual branches, the safety factor (which was calculated from the stress data based on
moment measurements) became larger toward the tip in both species (Fig. 15).

Measurement of strains in branches
The displacement contribution degree of the individual branches became lower toward the tip
until a point about 100 cm away from the base of the branch, and became higher toward the tip
at portions closer to the tip (Fig. 16). The value was not completely the same between branches,
but the style of displacement did not appear to be very different. This result is not inconsistent
with the elastic similarity hypothesis.
The tensile stress calculated from the strain due to the liberation of the branches from
gravity did not display the above tendency and was almost uniform along the branches, whereas
in F. crenata, the σsw value calculated from the strain measurement data was larger at the base of
the branches than at other points along the branches (Fig. 15). Strains due to the liberation of the
branches from gravity displayed the same tendency in S. verticillata, D. involucrata, and A.
tenuifolium (Fig. 17), which is quite different from the distribution of σsw values calculated from
the moment measurements. The stress values calculated from the strain due to the liberation of
the branches from gravity using the Young’s modulus value from strain gauge measurements
were similar to the σsw values taken from the moment measurements, although those calculated
from the strain due to the liberation of the branches from gravity using the Young’s modulus
value from destructive testing were slightly smaller than those calculated from the moment
measurements.
In the experiment that released the growth stress from the branches, some differences were
noted between the strains at the upper and lower sides of the branches generated by the cutting
37

and notching treatment for almost all specimens of A. homolepis, S. verticillata, and F. crenata,
and the difference was larger in specimens with a larger diameter (Fig. 18). This indicates that
the large values of the strain due to the liberation of the branches from gravity at the base of the
branches included a strong element of springback. The actual strain in nature (εc + εg) was still
larger at the base in some branches of F. crenata and most branches of S. verticillata, whereas
the tendency for a larger value at the base of branches disappeared in most branches of A.
homolepis when considering the actual strain in nature (Fig. 19).

Measurement of the stress generated in a branch due to dynamic loads
The variations in the average, maximum, and minimum values of the tensile stress of F. crenata
in the up–down direction are shown in Fig. 21. The average value increased in mid-May and
decreased in autumn, probably due to foliation and defoliation, respectively. In winter, the
average value sometimes increased rapidly and soon fell to the original value. This variation
was due to snowfall. The values of the tensile stress in the right–left direction in F. crenata
fluctuated irregularly in the range of –10 to 20 (Fig. 22). Generally, the value of the tensile
stress due to an instantaneous load was larger in the up–down direction rather than in the right–
left direction (Fig. 23).
The maximum of stress due to each dynamic load is shown in Table 2. The stress due to
dynamic loads was lower than the stress due to the branch’s own weight. The safety factor
considering all loads was 3.5 in F. crenata and 3.9 in A. homolepis, both of which were
sufficiently safe.
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3.4.

Discussion

Measurement of the moment due to the branch’s own weight
The fact that the measured values of the moment due to each branch’s own weight were
proportional to the cube of the diameter (Fig. 10) suggests that the relationship between these
two parameters is adjusted so that the tensile stress at the surface of a branch does not vary
greatly along a branch. Little correlation existed between the modulus of rupture and the
diameter (Fig. 11), which indicates that the larger value of the breaking safety factor in slender
portions of branches was due to the small tensile stresses generated by each branch’s own
weight at these points.
The range in σsw values obtained from the measurements using the two different methods
for Fagus and Abies branches seemed to overlap each other (Fig. 15). The σsw calculated from
the moment measurement data was largest at the points near the base of the branch and
gradually decreased toward the tip, whereas the strain measurement for the liberation of
branches from gravity did not display this trend, except for the portions near the base, and the
trend for larger values near the base almost disappeared in A. homolepis when the elements of
growth strain were deducted (Fig. 19). When looking at the strain value, the trend for larger
values near the base remained in F. crenata and S. verticillata even after the deduction of
residual strain. However, this was not necessarily true for strain measurements in F. crenata
because Young’s modulus (obtained from the strain gauge measurement) was relatively lower in
the vicinity of the base of the branch than in the other portions (Fig. 20). There are still few data
of the strain measurement, and there is reformability about the measurement procedure. Because
the difference between the values of Young’s modulus obtained from the measurement using
strain gauges and destructive testing was observed, measuring Young’s modulus may be
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necessary before measuring the strain due to the branch’s own weight and the growth strain,
when I calculate stress from the strain measurement. However, from the results presented here,
one can consider that the stress due to the branch’s own weight in the vicinity of the base of the
branch is considerably reduced by growth stress. Considering the effect of growth stress
generated by reaction wood, determining the stress state may be difficult by considering only
the allometric relationship of the external characteristics in lateral branches.
The breaking safety factor was in a constant range for both species, which suggests that
branches are formed so as to maintain safety against bending damage. The safety factor was 3–
14 in F. crenata and 4–10 in A. homolepis, consistent with the description of the breaking safety
factor by van Gelder et al. (2006). They found that the value differed significantly among
species. However, they also showed that it was similar in shade-tolerant and pioneer species.
Evans et al. (2008) reported that the stress σ due to a branch’s own weight is relatively constant
along a branch and among species (on average about 11 MN·m–2) for 40 species, which is also
consistent with the results presented here. The values that I recorded varied in the range of 4–10,
although measurements were performed on branches under similar wind conditions and
photoenvironments. The widest variation in the breaking safety factor was found in the narrow
parts of branches, suggesting that narrow parts are not appropriate for comparative studies
among several species.
The two species used here for measurements (F. crenata and A. homolepis) have a different
wood structure, especially in their reaction wood, and different Young’s modulus values,
whereas the safety factor on the basis of their own weight was similar. The environment of the
plants used in this study was approximately the same. Therefore, the conclusion can be made
that the degree of mechanical safety that a branch requires does not differ greatly between
angiosperms and conifers.
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Confirmation of the elastic similarity hypothesis
The value of the displacement contribution degree varied little among the individuals. Neither of
the two biomechanical hypotheses could be rejected by considering this result and the results for
the tensile stress of the branches. The compatibility of the two hypotheses may depend on the
branching design of the branch. However, further research is required to determine whether
branches design themselves so as to satisfy both hypotheses.

Measurement of the stress generated in a branch due to dynamic loads
The maximum tensile stress due to dynamic loads was lower than the stress due to the branch’s
own weight, suggesting that the effect of a branch’s own weight on branch morphogenesis is
considerable for the branches used in this study. Therefore, for considering the uniformity of
branch safety against breakage, using the safety factor of branches based on their own weight
should be appropriate. The safety factor in consideration of all loads was around 3.5 for F.
crenata and 3.9 for A. homolepis, indicating the branch had a structure that provided
considerable safety against breakage due to the dynamic load. (If a branch were located in an
environment where it was exposed to a stronger wind than the environment of the branch used
in this measurement, the safety factor on the basis of its own weight could be higher than the
result above, as observed in a trunk (King 1981). )
The value of the tensile stress due to the instantaneous load was larger in the up–down
direction than in the right–left direction (Fig. 23), which indicates that the influence of wind or
other dynamic load is stronger in the up–down direction than in the left–right direction. This
would be the result of the form of the branch that arranged its twigs and leaves in a horizontal
plane. The projected area of the branch from the bottom was apparently larger than from the
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side.
A possibility exists that the distribution of the stress along a branch generated by wind or
other dynamic load differs from that generated by the branch’s own weight. Further
measurements are required to investigate this possibility.

42

4. Tree branching: Leonardo da Vinci’s rule versus biomechanical
models

4.1.

Introduction

Many studies have examined tree design, which has led to several empirical rules. Leonardo da
Vinci proposed that the sum of the cross-sectional area of all tree branches above a branching
point at any height is equal to the cross-sectional area of the trunk or the branch immediately
below the branching point (Richter, 1970). This relationship can also be expressed by stating
that the branch cross-sectional area below a given branching node is equal to the sum of the
cross-sectional areas of daughter branches above the node (Nikinmaa, 1992; Horn, 2000; Sone
et al., 2005; West and Brown, 2005; Sone et al., 2009). This is known as Leonardo da Vinci’s
rule, or the area-preserving rule (Horn, 2000). However, not all branches correspond to da
Vinci’s rule. Sone et al. (2005) found that the average yearly growth of the cross-sectional area
of a branch was less than the sum of growth of its daughter branches. This is because the
proportion of the current-year growth area to the cross-sectional area of the branch is almost
always greater in small, young branches than in large, old branches. The authors noted that da
Vinci’s rule would not hold if the decrease in basipetal growth was repeated every year. Sone et
al. (2009) demonstrated that in Acer rufinerve, only branches that have experienced shedding
follow da Vinci’s rule.
One reason for the lack of agreement with da Vinci’s rule in some branches may be
expressed in terms of their biomechanical structure. About the mechanical limitation, two
biomechanical hypotheses, has been already raised in the preceding chapters. In chapter 3, the
results were not clearly inconsistent with either hypothesis. However, considering the results in
chapter 3 and the report that trunks grown in different mechanical environment have different
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slenderness from each other (King, 1981; Meng et al., 2006), it is natural to think that some kind
of mechanical limitation acts on branch morphogenesis. Models of branch form which was
made based on the two biomechanical hypotheses are called the uniform stress model and the
elastic similarity model (McMahon and Kronauer, 1976; Dean and Long, 1986; Bertram, 1989).
The allometric relationships for these biomechanical hypotheses may be regarded as a rule for
branch tapering. In the biomechanical models, the taper of a branch is expressed by one
equation and is assumed to be smooth. However, real branches ramify, and it is reasonable to
suppose that the diameter near the ramifying point deviates from the taper equation if
biomechanical stress limits branch shape (because the weight that the branch must bear changes
dynamically below and above the branching point). Assuming that one of the biomechanical
hypotheses applies to tree branch architecture, the diameter needed to maintain the mechanical
strength of a branch varies with branching angles and relative weights of distal branches. The
relevant question is whether da Vinci’s rule is strictly maintained for any realistic branching
pattern when either of the biomechanical hypotheses is true. In other words, can da Vinci’s rule
be applied to biomechanically limited branches? Branches may not conform to da Vinci’s rule
when the diameter measurement points are restricted to positions that are near the branching
point, which may be true for both biomechanical models.
In this study, I calculated the ratio of the cross-sectional areas of the upper and lower sides
of a branching point of a branch using the two biomechanical models, and checked whether
computed values matched da Vinci’s rule. I also took field measurements of this ratio in real
branches of Fagus crenata and Abies homolepis to examine whether da Vinci’s rule is strictly
maintained, and to check the predictions of the biomechanical models. On the basis of these
data, I (i) discuss the question posed above, (ii) determine whether da Vinci’s rule is
biomechanically adequate, and (iii) determine whether da Vinci’s rule is consistent with either
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of the two biomechanical models when applied to natural branching patterns.

45

4.2.

Materials and methods

I used the daughter/mother ratio, i.e., the ratio of the total cross-sectional area of the daughter
branches to the cross-sectional area of the mother branch at the branching point, as an index for
da Vinci’s rule. Here, the daughter branches represent parts of a branch after ramification and
the mother branch represents the part before ramification. If a tree obeys da Vinci’s rule, the
daughter/mother ratio must be 1.0 at any branching point of the tree.

Calculation of the daughter/mother ratio using biomechanical models: Is da Vinci’s rule
consistent with biomechanical models?

A model for the uniform stress hypothesis
In my simulations, I considered a horizontal branch ramifying into n daughter branches within a
horizontal plane, and calculations were performed for a virtual branch with an n of 2 or 3.
Branches were assumed to be mostly influenced by their own weight. Each daughter was
identified by i (i = A, B, etc.; Fig. 24). A branch’s applied load was assumed to consist only of
its own weight, which acts in the direction vertical to the plane in which the branch was
arranged. I calculated the diameters of daughter and mother branches at the branching point
based on the assumption that branches had a constant safety factor (uniform stress). I then
calculated the daughter/mother ratio.
In the model, a branch was regarded as a horizontal beam loaded in the vertical direction.
According to material mechanics, the relationship between the diameter and the load that acts
on a beam at an arbitrary point can be represented as equation (7) and it can be rewritten as:
d 3

32M


(17)

where M is the moment determined by the magnitude of the load and the distance from the
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loading point. Under the conditions of the uniform stress model, σ is constant, and the diameter
depends only on the moment.
The moment that occurs at the branching point of the mother and daughter branches (MM
and Mi, respectively) is

M M   Wi  g i  cos  i 

(18)

M i  Wi  g i

(19)

where Wi is the weight of daughter i, gi is the distance between the center of gravity of daughter
i and the branching point, and i is the branching angle of daughter i. When calculating the
daughter/mother ratio, it is possible to set the measurement points of diameters as the branching
point. However, when measuring in the field, there may be some distance between the
branching point and the measurement point. Considering this, the moments can be rewritten as

M M  Wi ( g i cos i  mM )

((18)’)

M i  Wi ( g i  mi )

((19)’)

where mM and mi are distances between the branching point and the measurement point of the
mother or daughter i, respectively. In equation ((18)’), the section between the branching point
and the measurement point on the mother branch is assumed to have little effect on MM. I ran
the calculation applying zero and some probable values (1, 2, 3, and 5 cm) to mM and mi.
Substituting equation ((18)’) or ((19)’) into (17) gives the diameter of the mother and daughters.
Applying these diameters, the cross-sectional area of the mother AM at the branching point can
be obtained from

  32 Wi g i cos i  mM  
AM 
 

4
4


 d M2

2

3

(20)

where dM is the diameter of the mother branch. The total cross-sectional area of the daughters

47

Ai can be obtained from

A

i

 d


2
i

4

   32W g  m   2 3 
i
i
i
  
 
4

 


(21)

where di is the diameter of the daughter i. From equations (20) and (21), the daughter/mother
ratio is

 Ai
AM

 Wi g i  mi  3
2



W g
i

i



cos i  m M 

2

(22)
3

According to equation (22), the daughter/mother ratio is independent of the maximum bending
stress.
I calculated the daughter/mother ratio for various situations with different branching angles
and daughter weights. The angles ranged from 0.1 to 90º and the daughter weights ranged from
1 to 10 kg. In simulations for branches where n equaled 3 (see the following results), the weight
of the main daughter branch (as with branch B shown in Fig. 24) was set to 10 kg.

A model for the elastic similarity hypothesis
This model basically follows McMahon and Kronauer (1976). In the elastic similarity
hypothesis, the deflection at the tip of a branch is assumed to be proportional to the overall
length of the branch (McMahon and Kronauer, 1976). In other words, the deflection angle of an
arbitrary microsection of a branch (with the constant relative length) is determined by its
relative position on the branch, independent of branch length.
McMahon and Kronauer (1976) assumed that the diameter in the vertical plane at a certain
point is proportional to s3/2 for a tapered beam, where s is the length of the section of the branch
from the (selected) point to the tip. King and Loucks (1978) also referred to the elastic similarity
model and explained the relationship between diameter and length of a branch bending under its
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own weight as follows: for branches that maintain self-similarity, branch weight W is
proportional to d2l, where l is the length of the branch, since d2l is proportional to branch
volume. The moment arm is proportional to branch length. Therefore,
M  d 2l 2

(23) .

If a branch is maintained in an elastically similar form, the relationship between curvature and
length can be written as

r l

(24) ,

where r is the radius of curvature of the branch at its base. According to the cantilever beam
theory (Timoshenko 1955),

r  d4 M

(25) ;

substituting (25) and (23) into (24), the relationship between diameter and length is

d l

3

(26) .

2

In this study, I used the allometric relationships

d  k1 s

3

2

(27)

W  k2 s 4

(28)

g  k3 s

(29) ,

which can be obtained from the above expressions, where k1, k2, and k3 are constants and g is the
distance between the center of gravity and the base of the section of the branch.
I now consider a straight horizontal branch without furcation, whose shape is similar to the
form described by McMahon and Kronauer (1976). If determination of branch taper follows
elastic similarity, the deflection angle of any section of the branch should be strictly maintained.
According to cantilever beam theory, the deflection angle of an arbitrary microsection, dθ/ds, is
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expressed by the following equation:
d
M

ds
EI

(30) ,

where M is the moment due to the weight of the distal part of the branch, E is the modulus of
elasticity or Young’s modulus, and I is the second moment of area. For a circular cross-section, I
is determined as

I

d4
64

(31) .

For (:=s/), where  is whole length of the branch, the deflection angle of a microsection with
a constant relative length is determined by

d
M

d
EI

(32) ,

and the moment that acts on the microsection due to the portion of the branch distal to the
section is calculated as

M  Wg  k 2 k 3 s 5

(33) .

Substituting (31), (33), and (27) into (32) gives

64k 2 k 3
d

d
E k14

(34) .

Equation (34) supplies information about the dθ/d value that should be maintained in branches
that keep elastic similarity. I propose that dθ/d is maintained above and below the furcation,
whether or not the taper equation is maintained locally around the branching point. If branching
is taken into consideration, the moment that acts on the cross-section of the branch varies
dramatically before and after furcation but varies smoothly in other positions that have no
ramification. Therefore, the diameter should markedly change before and after branching if
elastic similarity is maintained and must locally deviate from the taper equation.
Assuming that the distances between the point of diameter measurement and the branching
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point are represented by mM and mi, I used equation (34) to determine dθ/d for the
microsection of the diameter measurement point on the mother branch. Subsequently, I
considered a branch bearing several daughter branches (Fig. 24) and assumed that the longest
daughter branch is a part of the main axis of the whole branch that includes the sections above
and below the branching point; thus, the length of the longest daughter branch is a part of . The
moment that occurs at the diameter measurement point on the mother branch (MM) can be
obtained from equation ((18)’).
Substituting equations (31) and (34) into (32), setting (sl+mM) as s (:=), I obtain d4 of the
mother branch at the branching point required to maintain a constant dθ/d:

d M4 

M M k14 s l  m M 
k2 k3

(35) ,

where sl is the length of the longest daughter branch. The square root of equation (35) is dM2,
which can be used for calculating AM (=dM2/4).
The sum of the cross-section areas of daughter branches is

 Ai  

 di 2
4

(36) .

From equations (36), (35), and (27), setting (si-mi) as s, the daughter/mother ratio is expressed as

 Ai
AM





 4 k12 si  mi 3

4

k14 M M s l  m M 
k 2 k3

(37) ,

where si is the length of each daughter branch. Substituting equations ((18)’), (28), and (29),
equation (37) can be arranged as
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 Ai
AM



 4 k12 s i  mi 3





k14 s l  m M

 k 2 s i 4 k 3 s i cos i  m M 

4


(38) .

k2 k3
k 3  ( s i  mi ) 3

s l  m M  s i4 k 3 s i cos i  m M 

Using equation (38), I calculated a daughter/mother ratio for a virtual horizontal branch with
various branching forms. For k3, I used the value obtained from the allometric regression
equation expressing the relationship between the data for branch length and the distance
between the center of gravity of the branch and the branching point for F. crenata and A.
homolepis. These empirical data were obtained by methods described in the following section.
If k3 is constant for any branch form, the daughter/mother ratio varies according to the length
and branching angles of lateral daughters.

Field measurements and evaluation of da Vinci’s rule and each of the biomechanical models
Data on the diameters of several sections of branches, the lengths of the parts distal to these
sections, the distances between the centers of gravity of the distal parts and the measurement
section, and the moment due to each of the branch weights at each section were collected in the
field measurement described in chapter 3. With these data, I explored the relationships between
the length and the distance of the center of gravity of the distal part from the measurement
section for each species, using exponential regressions. I used the least-squares method to fit the
curves. The equations for the regression curves were used in the above model calculations.
I also collected data on the diameters of mother and daughter branches, the daughters’
branching angles, and the number of daughters ramified from a mother branch, using other
lower branches of Fagus crenata (ca. 30 years old) and Abies homolepis (age unknown)
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specimens growing in the Nikko Botanical Garden (Nikko, Tochigi, Japan, E139°37’, N36°45’,
mean annual temperature = 12.1ºC, mean annual precipitation = 2400 mm); twigs were arranged
in a horizontal plane. Thirteen branches from six F. crenata trees and 13 branches from seven A.
homolepis trees were measured. The heights of the sampled F. crenata trees and A. homolepis
trees ranged from 14.1 to 16.9 m (14.7  1.3 m, mean  SD) and 9.4 to 22.6 m (13.8  5.5 m),
respectively. The mean diameters at breast height were 26.4  1.5 cm and 31.6  13.1 cm,
respectively. The average height at which the branches attached to the trunks was 1.5  0.4 m
for F. crenata and 1.6  0.4 m for A. homolepis. The length of the branches ranged from 1.8 to
6.3 m (3.2  1.4 m) for F. crenata and from 1.1 to 4.5 m (2.1  0.1 m) for A. homolepis. The
slope at the basal section of the F. crenata branches was 30.5  15.0º, which tended to become
immediately gentle toward the tip along the branch, so that the slope of the measured section
was 20.6  15.3º. For A. homolepis, the slope at the basal section of the branches was 14.7 
7.8º with little variation along each branch. Several branching points (1–14 per branch) were
measured on each branch. Diameters were measured both in the horizontal and vertical planes
for each point. The maximum and minimum values of the diameter of mother branches were
56.0 and 8.3 mm for F. crenata, and 49.1 and 6.0 mm for A. homolepis, respectively. The
cross-sectional area for each point was then calculated as an ellipse and as a circle with a
diameter obtained in the vertical plane. The ratio between the diameter in the vertical plane and
the diameter in the horizontal plane was 1.065  0.007 for F. crenata and 1.034  0.003 for A.
homolepis. The average, maximum, and minimum values of the ratio between the
cross-sectional area calculated as an ellipse and the area calculated as a circle with its diameter
in the vertical plane were 0.943  0.006 (mean  SE), 1.140, and 0.785 for F. crenata, and 0.970
 0.003, 1.105, and 0.803 for A. homolepis, respectively. I selected lower horizontal branches
because this type of branch ramifies within a horizontal plane, as with the mechanical models
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above, simplifying the calculation for the biomechanical validity of branches. The
daughter/mother ratio for each branching point was then calculated. The branches were located
within a forest, and thus the effects of wind force were expected to be relatively small. The
number of daughter branches ramified from a mother was always 2 in F. crenata and 2–5 in A.
homolepis. I measured 34 branching points for F. crenata and 39, 37, and 3 branching points in
A. homolepis with 2, 3, and more than 4 daughters, respectively. Branching points were weaker
than other sections, and therefore thicker. I chose a measurement point located where the thicker
section ended. As a result, the measurement points were 1–8 cm away from the branching point,
despite our efforts to minimize the distance between branching and measurement points. The
larger the mother branch, the larger the required distance was between the measurement point
and the branching point. The effect of this distance was assumed to be negligible because the
distance was small compared with the overall size of the branches.
The above biomechanical model calculations refer to the difference between the weight of the
main branch and the lateral daughters. Therefore, an index that defines the weight difference
between the daughters is required for analysis of the measured data. I defined this difference as
the daughters’ degree of deviation and described it as
 Wl  1


  Wi  n


 n  1


 n 

(39) ,

where Wl is the weight of the largest daughter branch and n is the number of daughters ramified
from one mother branch. The numerator indicates the difference between the ratio of the weight
of the largest daughter branch to the total weight of the daughter branches (the value of which is
restricted into 1/n; 1 because it is the value related to the largest daughter branch) and the ratio
for the situation in which all daughter branches have the same weight, which, in effect,
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represents the extent of deviation from the uniformity of the weight of daughter branches. This
value can vary from zero to (n-1)/n. It was standardized by dividing by (n-1)/n so that the upper
limit of the value of the daughters’ degree of deviation becomes 1.0. Therefore, the daughters’
degree of deviation has the following characteristics. When one of the daughter branches is
much larger than the others, the degree approaches 1. When a branch does not ramify, i.e., the
weights of the other branches are zero, the value is 1. In contrast, when there is no difference
between the weights of daughter branches, the degree is zero. The weight of each daughter
branch was determined from the regression equation already calculated from field data.
The validity of the uniform stress model was also examined. If a branch obeys the uniform
stress model, the relationship between daughter and mother branches can be determined as
follows. According to the uniform stress model, the relationship between the moment and
diameter at any point on a branch is described by equation (17). Combining equations (18), (19),
and (17), the relationship between the diameter of the mother branch and the diameters of
daughter branches is

d M3 

32M M





32 M i cos i 





32 d i3 32cos i 



  d i3 cos i 

(40) .

From this, ∑(di3cosθi) / dM3 = 1 is expected if the maximum bending stress is constant along the
branch. I used the left side of this equation as an index for the uniform stress model and
examined the validity of the elastic similarity model using the following equation, derived from
equations ((18)’), (30), and (31):

 d l

d i  3 d i4 cos i
2

d M4

1

(41) .

The left side of equation (41) was used as the index for the elastic similarity model. For
simplicity, the distance between the branching point and the measurement point was not
considered in these calculations.
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I performed statistical analyses to assess the relationship between the cross-sectional area
of the mother branch and the sum of the cross-sectional areas of the daughter branches, the
relationship between the daughters’ degree of deviation and the daughter/mother ratio, and the
relationship between the daughters’ degree of deviation and the index for each of the
biomechanical models. Correlation coefficients were calculated for these relationships with MS
Excel 2010 (Microsoft Corporation). Linear regressions were also performed using the
least-squares method for each relationship.
Using the data on diameter and branching angle of each daughter branch, I also estimated
daughter/mother ratios, assuming that the branches follow one of the two mechanical models. If
a branch were to follow the uniform stress model, the daughter/mother ratio would be calculated
using equation (22). Assuming that a branch obeys the elastic similarity model, the
daughter/mother ratio can also be calculated using the equation derived from equations (38) and
(27). For simplicity, I describe the equation for which mi and mM are zero, resulting in

 Ai
AM

 di 2


dl

2

  d i

10

3

3

(42) .

cos i 


Subsequently, I compared each of the estimated daughter/mother ratios with the actual
daughter/mother ratio using the method proposed by Kozak and Smith (1993). A measure of
mean bias, B ( 


 Y

i

 Yˆi



2

no

 Y

i



 Yˆi / no ), and the standard error of estimation, SEE

 k  , were calculated for each model, where Yi is the actual observation of

the dependent variable, Yˆi is the predicted value of the actual observation, no is the number of
observations, k is the number of estimated parameters used in the estimation, and Y is the
average of the actual observations. For completeness and to determine the magnitude of the
effects of mi and mM, I also calculated the daughter/mother ratio for each biomechanical model
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with equations (22) or (38), using the actual mi and mM values, and applied the allometric
relationships between diameter and length, between diameter and the distance from the base to
the center of gravity, and between diameters and weights of branches and k3 (all obtained from
the branch group that excluded those branches used for determining daughter/mother ratios). I
also determined the daughter/mother ratio excluding the bark in an indirect manner, using the
relationship between diameter and bark thickness obtained from the branch group that excluded
branches used for determining daughter/mother ratios. The daughter/mother ratio obtained in
this indirect manner is less reliable than other measures because it includes several indirect
elements. Nevertheless, the rough estimates proved useful in our considerations of magnitudes
of effects.
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4.3.

Results

Differences in daughter/mother ratios between each of the biomechanical models and da
Vinci’s rule, estimated by model calculations
After applying various values to the branching angles and weights of daughter branches, using
the uniform stress model, I found that the daughter/mother ratio was always > 1.0 if mM and mi
were assumed to be zero. However, the daughter/mother ratio generally decreased when mM and
mi were set to larger values. The daughter/mother ratio increased when the weights of the lateral
daughter branches (which grow in different directions relative to the mother branch) relative to
the weight of the main daughter branch (which has a branching angle of zero) increased (Fig. 25,
Fig. 26, Table 3, Table 4 and Table 5). This tendency was amplified when lateral daughter
branching angles were increased (Fig. 27, Fig. 28). This occurred because the daughter/mother
ratio also increased with the branching angles of lateral daughter branches, as the moment of the
mother branch was influenced by the cosine of each daughter’s branching angle.
For any ratio of the total lateral daughters’ weights and the main daughter’s weight, the
minimum value of the daughter/mother ratio can be found when the branching angles of the
daughters are near zero (Fig. 25, Fig. 26). The larger the weight of the main daughter relative to
that of the lateral daughters is, the lower the minimum value of the daughter/mother ratio is. For
example, when the number of daughter branches was 2 (and one of them was the main
daughter) and mM and mi were assumed to be 1.0, the minimum value of the ratio was 1.24 for
WA:WB = 1:1.When the ratio between the main and the lateral daughters was 10:1, the minimum
daughter/mother ratio fell to 1.04, which can be treated as roughly equal to 1 (Fig. 25A and
Table 3). When assuming a branch with two daughters and neither of them was a main daughter,
the ratio was larger than the above values (Fig. 25B and Table 4). When the weights of the
branches were fixed, the daughter/mother ratio rose with increasing daughter branching angles;
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gently in the range of 0–60º, and swiftly in the range of 80–90º (Fig. 25B).
When the number of daughters was three or more, the value of the daughter/mother ratio
was generally larger than the above values calculated for the branching points with one main
daughter and one lateral daughter (Fig. 26, Table 5). In Fig. 26, the daughters consisted of one
main daughter and several lateral daughters. However, it is also possible to have no main
daughter. In such a situation, the daughter/mother ratio should be larger because the rate of the
moment that the mother branch must bear, originating from lateral daughter branches (reduced
by the cosine effect), is larger than when a branch has a main daughter.
It should be noted that values may be overestimated when there is poor balance with
respect to the mother axis between daughter branches A and B or between daughter branches A
and C (e.g., the upper left corner of Fig. 25B because the actual branch must bear the shear
stress due to torsion. If the daughters are balanced or the main daughter is sufficiently heavier
than other daughters, the shear stress is likely to be negligible. In reality, branches that have
extremely unbalanced daughter branches were rarely observed and therefore, this would not be a
serious problem for branches in nature.
The constants needed for elastic similarity model calculations obtained from field
measurements were k2 = 4.91  10-11 and k3 = 0.3932 for F. crenata and k2 = 3.93  10-10 and k3
= 0.4397 for A. homolepis. The change in the value of the daughter/mother ratio obtained from
the elastic similarity model calculations using these values was similar to that obtained from the
uniform stress model (Fig. 27, Fig. 28, Table 6, Table 7 and Table 8). However, the absolute
value of the daughter/mother ratio obtained from the elastic similarity model was larger under
the same conditions for a branch with three daughters. The daughter/mother ratio generally
decreased when mM and mi were set to large values, whereas the trend mentioned above was
maintained when mM and mi were set to large values or changed by the same method as that
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used for the measurement point choice I established in my field observations. Estimated values
for the elastic similarity model might also deviate from the actual value due to shear stress when
there is poor balance with respect to the mother axis between the daughter branches A and B or
daughter branches A and C.

Comparison between actual and theoretical values of the daughter/mother ratio; validation of
the biomechanical models in F. crenata and A. homolepis
The sum of the cross-sectional areas of daughter branches was a little larger than the
cross-sectional area of the mother branch at most branching points in F. crenata and at some
branching points in A. homolepis, whereas the daughter/mother ratios were not so much away
from 1.0 (Fig. 29). The daughter/mother ratio for these branching points became larger as the
daughters’ degree of deviation became smaller, but this trend was very weak for branching
points with two daughters in A. homolepis, and the value was very close to the value obtained
when using da Vinci’s rule for branching points with two daughters in A. homolepis (Fig. 29,
Table 3). This tendency for negative correlation did not change whether the cross-sectional area
was calculated as an ellipse or a circle, and appeared to roughly coincide with the two
biomechanical model predictions rather than with da Vinci’s rule. Indeed, ∑ (di3cosθi)/ dM3, the
index used for the uniform stress model, was almost 1.0 (0.97 ± 0.02 SE), regardless of the
daughters’ degree of deviation in F. crenata (Fig. 30A, r = 0.06). Thus, the stress uniformity
seems to explain the branch form near branching points in F. crenata. However, in A. homolepis,
the value of the index deviated somewhat from the theoretical value (0.88 ± 0.02; Fig. 30B).
Here, contrary to our expectations, ∑ (di3cosθi) / dM3 increased with increasing daughters’ degree
of deviation in A. homolepis (Fig. 30B, Table 3).Therefore, the uniform stress model does not
apply well to the branching points of A. homolepis branches. A difference in the trend of the
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daughter/mother ratio among the groups of branching points with different number of daughter
branches (n) was observed. In A. homolepis, the slope of the relationship between the
daughter/mother ratio and the daughters’ degree of deviation increased with n. On the other
hand, the slope of ∑ (di3cosθi) / dM3 decreased with n.
The index for the elastic similarity model became smaller than 1.0 as the daughters’ degree
of deviation neared zero and generally took on a value smaller than the index for the uniform
stress model in both species (Fig. 31, Table 9), therefore deviating more from the theoretical
value than the uniform stress model. In F. crenata, there appeared to be little correlation
between the index for the elastic similarity model and the daughters’ degree of deviation
(average: 0.88 ± 0.03, mean ± SE). However, in A. homolepis, there was a positive correlation
between these variables, particularly in branches with two daughters; this was also the case for
the uniform stress model index (Table 3). These results indicate that the uniform stress model
represented real branches in F. crenata, but neither the mechanical models nor da Vinci’s rule
represented A. homolepis branches.
Statistical analyses of predicted and measured daughter/mother ratios showed that the
measured ratio was smaller than the predicted ratio in both mechanical models and was larger
than the value obtained with da Vinci’s rule (=1; Table 10). Analyses also showed that SEE was
smallest for the uniform stress model in F. crenata and for branching points with three or more
daughters in A. homolepis (the measured daughter/mother ratio value was nearest to the
prediction of the uniform stress model in F. crenata and for branching points with three or more
daughters in A. homolepis). However, for branching points with two daughters in A. homolepis,
SEE was smallest for the value obtained with da Vinci’s rule. Thus, I suggest that branches in F.
crenata and branching points with three or more daughters in A. homolepis comply with the
uniform stress model, whereas branching points with two daughters in A. homolepis comply
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with da Vinci’s rule. When excluding bark thickness, the daughter/mother ratio for F. crenata
became slightly larger, but our conclusions remained almost unaffected. As an exception, the
exclusion of bark thickness in A. homolepis from the daughter/mother ratio decreased the value
(it approached 1.0 in both branching points with two daughters and branching points with three
or more daughters) and decreased SEE for da Vinci’s rule (Table 10). Therefore, it is possible
that branching points with three daughters in A. homolepis best comply with da Vinci’s rule. For
branching points with four or more daughters in A. homolepis, SEE (excluding bark thickness)
was smallest in the elastic similarity model, indicating the possibility that these branching points
best comply with the elastic similarity model. The daughter/mother ratios calculated by the
biomechanical models from the measured diameters of daughter branches when including mi
and mM were slightly smaller than the ratios calculated without them (in both species), but the
difference was very small and did not change our conclusions.
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4.4.

Discussion

From the biomechanical model calculations, I demonstrated that the daughter/mother ratio is
influenced by differences among daughter weights and branching angles and may deviate from
1.0 when the weights or branching angles of lateral daughter branches are relatively large (when
mechanical limitations dominate tree design). For a common branching occurrence in nature
where the main daughter is much larger than lateral daughters, the ratio may be close to 1.0. In
such a case, the maintenance of mechanical stability or safety may keep the value near 1.0,
resulting in agreement with da Vinci’s rule. The daughter/mother ratio value can also be close to
1.0 when the lateral daughters’ branching angles are small. In practice, the angles are 50–80º for
A. homolepis and 10–50º for F. crenata. These values are sufficient (i) to produce a bending
point such that the daughter/mother ratio is far more than 1.0 and (ii) for determining whether
branching points best fit da Vinci’s rule or one of the biomechanical models.
In F. crenata field measurements, diameters measured at points before and after branching
were in agreement with the uniform stress model. The elastic similarity model was less
congruent with empirical measurements, but the indices of both models were close to 1.0. This
indicates that horizontal branches of F. crenata fit the uniform stress model best, the elastic
similarity model second, and da Vinci’s rule least well. The results in the chapter 3 also provide
good support for the uniform stress model. However, for A. homolepis, the daughter/mother
ratio closely followed da Vinci’s rule for branching points with two daughters. In this species,
indices of the two models changed with the daughters’ degree of deviation, contrary to our
expectations. Furthermore, the daughter/mother ratio estimated without bark followed da Vinci’s
rule better for branching points with two or three daughters, although the increasing trend with
decreasing daughters’ degree of deviation was minimal for branching points with three
daughters. Thus, it seems that the architecture of A. homolepis branches near branching points is
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forced to maintain a positive da Vinci’s rule index rather than to conform to biomechanical
safety or stability. However, the stress variations along branches caused by the branches’ own
weights were minimal in A. homolepis, other than in segments close to the proximal end,
indicating that branches of this species maintain uniformity of mechanical safety (chapter 3). A
possible explanation for this contradiction in A. homolepis may be the heterogeneity of wood
properties. The relationship between maximum bending stress and diameter at a point on a
branch may vary with the mechanical properties of wood. Reaction wood (tension wood and
compression wood) is produced in inclined trunks, and differs from normal wood in mechanical
properties. The theoretical values I calculated assumed that the wood was uniform in its
properties. It is possible that the reaction wood content in branches influenced their mechanical
properties and diameters; under these circumstances, there may be simultaneous compliance
with da Vinci’s rule and a uniformity of stress. Additionally, branch shedding may also have
affected results. In young A. homolepis branches, the number of daughters ramifying from one
mother branch was usually three and sometimes four or more, and branching points with two
daughters may have experienced cladoptosis. Sone et al. (2009) showed that only branches that
have experienced shedding coincide with da Vinci’s rule in Acer rufinerve and suggested that
shedding is necessary to maintain da Vinci’s rule in branching architecture. Such a branch may
have established its architecture according to mechanical constraints before shedding, at which
time it did not coincide with da Vinci’s rule, and then shed several daughter branches of a
certain cross-sectional area so that the branch diameters temporarily would coincide with da
Vinci’s rule. The diameters of such branches may be modified gradually if mechanical
constraints exist, and there may be many branches in various states of modification in nature.
Thus, it seems natural that a scattering of index values will occur after cladoptosis. However,
without bark, the estimated daughter/mother ratio fit da Vinci’s rule well, for most branching
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points. Therefore, it is reasonable to suppose that a branch of A. homolepis will comply with da
Vinci’s rule regardless of the number of daughter branches.
The uniform stress model predicted the daughter/mother ratio better than the elastic
similarity model in both species. Therefore, I propose that the branches I measured were more
consistent with the uniform stress hypothesis than with the elastic similarity hypothesis.
Da Vinci’s rule does not define the locations at which cross-sectional areas should be
measured. The daughter/mother ratio measured at points nearest the branching point often
deviated from 1.0, but the deviation was moderate and the ratio could be 1.0 if measurements
were made farther from the branching point. The daughter/mother ratios calculated by the
biomechanical models followed the same trend, and similar ratio values were predicted. Thus,
Leonardo da Vinci’s rule does not rule out compliance with biomechanical models in realistic
circumstances. Similarly, the models do not preclude compliance with da Vinci’s rule, although
predictions of the two models and da Vinci’s rule are not identical.
The method used here can also be applied to branches that are not horizontal, and can be
modified to include the mechanical stress caused by wind, provided that the displacement of the
branch is negligible. Indeed, the mechanical stress due to dynamic loads such as wind and snow
is an important factor in a tree’s mechanical safety (Niklas, 2000; Niklas and Spatz, 2000; Dean
et al., 2002). The biomechanical calculations can be applied to any branch form by
decomposing the load acting on the branch, whatever the cause, into three-dimensional elements
(two vertical and one horizontal). Further verification of various branch shapes requires
additional data on the mechanical state of branches in nature.
I did not investigate tree branching in terms of hydraulic ability which is also a possible factor
limiting tree morphology in this study. Further studies are required to clarify the relationship
between hydraulic ability and tree branching.
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5. General discussion

The studies described in chapter 2 and 3 reevaluated the two biomechanical models that were
established as a branch form that mechanical support is adequately materialized.
In the study of the mechanical property of trunk form, the wind load-generated surface
stress on the trunk of an isolated Larix kaempferi tree was smaller in the lower portion of the
tree than in the upper portion. The safety of the trunk was sufficiently reliable to tolerate wind
speeds more than twice as large as the maximum wind that actually blew in Nikko City even at
the most weak portion. Also for branches, it was suggested that enough mechanical safety exists
to protect against the actual mechanical environment. Therefore, it seems that tree trunks and
branches produce their shapes to be safe in intact conditions. It may be the time when
remarkably intense wind blows or a remarkably large quantity of snow falls, or when the wood
is rotten from the inside and the strength of the trunk or branch have decayed that the
destruction happens.
In the study of horizontal branches, the result that the uniformity of the stress was generally
kept and the distribution of the degree of deflection along the branch was similar among the
branches led to the conclusion that both mechanical hypotheses (the uniform stress model and
the elastic similarity model) could apply to real branches. To answer the question of why the
both mechanical hypotheses can be applied to real branches, a simulation using a branching
model and the analysis of growth stress inside the branches will be needed. The equation of the
power function of the branch taper in consideration of the ramifications may be different from
the equation considering a branch without ramifications. Taking the measurement data of the
bending safety factor into consideration, the difference in the range of breaking safety factors
among the different diameter situations should not be ignored. Since breaking safety factor took
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a wider range of values in thinner portions of the branches, such portions are not appropriate
when the difference of breaking safety factor among several species is examined.
In the tree trunk, higher positions were more susceptible to the wind force than the basal
position. This result suggests that it is necessary to think about priority—which part is needed or
which part may be shed or lost—from the view point of survival strategy of individual trees
when considering tree biomechanics, rather than only assuming the lean form in terms of
breakage. This is the case not only for the trunk, but also for the whole plant, including lateral
branches. To evaluate the elastic similarity hypothesis for tree trunks, it is necessary to analyze
the information found in the literature and record further data. (However, it may still be quite
difficult to evaluate the hypothesis with respect to the tree trunks.) For lateral branches, the
portion near the fixed end was weak, at least in terms of the self-weight. Or if I reflect on my
crude result on growth stress, a weak part that was common to all branches did not seem to exist.
I think the latter finding means that not only is the position along a branch where it might break
not a fixed position, but that a part that is not the main body of the branch may be risky. The
yielding of branches often happens at the fixed end as if scooping out a part of the trunk.
Therefore, I think that the fixed end of the branch is the weak point. Structures with weak fixed
ends may be convenient for branches that may be dropped during the plant’s growth.
Tree form varies according to the growth environment. A problem that remains to be settled
is how the mechanical safety of a branch is changed by the environment surrounding the branch.
Depending on the environment, it may be necessary to change the tactics with mechanical
aspect for branch. Tree form is limited by more than mechanics. Photoenvironment has the
biggest influence on how the branches should be arranged since plants grow branches to capture
light. Mechanical limitation of the branches is only a supporting factor in tree morphology, and
we must not forget that the tree will do what is necessary for efficient photosynthesis. However,
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continuing observation of tree form from a mechanical point of view may help to explain even
inexplicable phenomena, only if one considers the placement of the leaves in a manner that is
advantageous to photosynthesis. In addition, it may be necessary to pay attention to water
transportation. There are several studies that have referred to the hydraulic limitations of tree
form (Ryan and Yoder, 1997; Niklas and Spatz, 2004; Ryan et al., 2006). The water
transferability may be the firm limit that acts on the tree form in dry environments. I think it is
necessary to study tree form comprehensively by adding these elements other than
biomechanics in the future.
Finally, I propose other future research prospects. First, I intend to study the relationship
between the form and mechanical state or properties of branches that extend in the diagonal
direction. The direction of each load that acts on the non-horizontal branches may be different
from that of horizontal branches. If we can elucidate the relationship between the angle of
inclination and mechanical state of branches, we may be able to better understand economic
branch arrangement in a plant. The inhomogeneity of the wood in branches is also interesting.
The disproportionate growth stress generated by including reaction wood produces a positive
effect on the direction decision of the branch. I intend to clarify how much reaction wood is
included and generates growth stress in branches of various angles and forms. I would further
like to investigate the extent of its effect on branch formation cost. Studies about the difference
of wood properties in different sections of a branch are also needed. Additionally, I intend to
apply the method of measurement of mechanical states or properties of branches to a
comparative study among individual trees growing in different environments or among a variety
of species. This may theoretically explain the survival strategies among species or within a
species when growing in different environments.
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6.

Tables

Table 1. Morphological traits of the branches in each species.
Table 1 Morphological traits of the branches of each species
Length (m)

Basal diameter (mm)

Basal slope (°)

Age

Abies homolepis

1.8 - 5.0

22 - 57

8 - 13

20 - 34

Sciadopitys

2.9 - 4.1

34 - 58

-8 - 0

---

Fagus crenata

3–6

35 - 58

---

15 - 23

Davidia involucrate

3.3 - 4.2

22 - 29

4 - 27

---

Acer tenuifolium

4.0

42

24

---

Coniferous

verticillata
Broad-leaved

Table 2. Maximum tensile stress due to each load and the safety factor considering all loads.
Table 2 Maximum tensile stress due to each load

Fagus crenata

Abies homolepis

Maximum value of stress (kg/cm2)

Type of load
Self-weight (July or August)

88.3

85.8

Instantaneous load (wind, rain, etc.)

71

54.6

Snow

50

33

Foliation

~20

(43~45)

Modulus of rupture

561

545

3.5

3.9

Safety factor considering all kinds of loads

69

Table 3. Numerical data of Fig. 25A.
Weight of daughter A (kg)
θA

0

1

2

3

4

5

6

7

8

9

10

0

1.00

1.04

1.09

1.13

1.17

1.20

1.22

1.24

1.25

1.26

1.26

10

1.00

1.04

1.09

1.13

1.17

1.20

1.23

1.25

1.26

1.26

1.26

20

1.00

1.04

1.09

1.14

1.18

1.21

1.24

1.26

1.27

1.28

1.28

30

1.00

1.04

1.09

1.14

1.18

1.22

1.25

1.28

1.30

1.31

1.32

40

1.00

1.04

1.09

1.15

1.20

1.24

1.28

1.31

1.33

1.35

1.37

50

1.00

1.04

1.10

1.15

1.21

1.26

1.31

1.35

1.38

1.41

1.43

60

1.00

1.04

1.10

1.16

1.23

1.29

1.35

1.40

1.45

1.49

1.52

70

1.00

1.04

1.10

1.17

1.25

1.32

1.39

1.46

1.52

1.58

1.64

80

1.00

1.04

1.11

1.19

1.27

1.35

1.44

1.53

1.62

1.71

1.79

90

1.00

1.04

1.11

1.20

1.29

1.39

1.50

1.62

1.74

1.86

2.00

(degrees,
θB = 0)

Table 4. Numerical data of Fig. 25B.
Weight of daughter A (kg)
θA

0

1

2

3

4

5

6

7

8

9

10

0

1.00

1.04

1.09

1.13

1.17

1.20

1.22

1.24

1.25

1.26

1.26

10

1.01

1.05

1.10

1.14

1.18

1.21

1.24

1.25

1.26

1.27

1.27

20

1.04

1.08

1.13

1.18

1.22

1.25

1.28

1.29

1.30

1.31

1.31

30

1.10

1.14

1.19

1.25

1.29

1.32

1.35

1.37

1.38

1.38

1.38

40

1.19

1.24

1.30

1.35

1.40

1.43

1.46

1.48

1.49

1.50

1.50

50

1.34

1.39

1.46

1.52

1.57

1.61

1.64

1.67

1.68

1.69

1.69

60

1.58

1.65

1.72

1.79

1.86

1.91

1.94

1.97

1.98

1.99

2.00

70

2.04

2.12

2.22

2.31

2.39

2.45

2.50

2.53

2.55

2.57

2.57

80

3.20

3.32

3.47

3.62

3.74

3.84

3.92

3.97

4.00

4.02

4.03

90

95.08

93.28

93.95

95.77

98.29

101.29

104.62

108.19

111.94

115.82

119.79

(degrees,
=θB)

70

Table 5. Numerical data of Fig. 26.

Weight of lateral daughters (kg, WA=WC)
θA

0

1

2

3

4

5

6

7

8

9

10

0

0.97

1.04

1.13

1.21

1.27

1.32

1.35

1.37

1.38

1.39

1.39

10

0.97

1.05

1.13

1.21

1.28

1.32

1.36

1.38

1.39

1.40

1.40

20

0.97

1.05

1.14

1.22

1.29

1.34

1.37

1.40

1.42

1.43

1.43

30

0.97

1.05

1.14

1.23

1.30

1.36

1.40

1.43

1.46

1.47

1.48

40

0.97

1.05

1.15

1.24

1.32

1.39

1.45

1.49

1.52

1.54

1.56

50

0.97

1.05

1.15

1.26

1.35

1.43

1.50

1.56

1.60

1.64

1.66

60

0.97

1.05

1.16

1.28

1.39

1.49

1.57

1.65

1.72

1.77

1.81

70

0.97

1.05

1.17

1.30

1.43

1.55

1.67

1.77

1.87

1.95

2.03

80

0.97

1.06

1.18

1.32

1.47

1.63

1.78

1.93

2.08

2.21

2.34

90

0.97

1.06

1.19

1.35

1.53

1.72

1.92

2.14

2.36

2.60

2.84

(degrees,
=θC)

Table 6. Numerical data of Fig. 27A.
Weight of daughter A (kg)
θA

0

1

2

3

4

5

6

7

8

9

10

0

0.99

1.13

1.20

1.26

1.29

1.32

1.34

1.36

1.38

1.39

1.40

10

0.99

1.13

1.21

1.26

1.30

1.32

1.35

1.37

1.38

1.39

1.40

20

0.99

1.13

1.21

1.26

1.30

1.33

1.36

1.38

1.39

1.41

1.42

30

0.99

1.14

1.21

1.27

1.31

1.35

1.38

1.40

1.42

1.43

1.45

40

0.99

1.14

1.22

1.28

1.33

1.37

1.40

1.43

1.45

1.47

1.49

50

0.99

1.14

1.23

1.30

1.35

1.40

1.43

1.47

1.50

1.52

1.54

60

0.99

1.15

1.24

1.32

1.38

1.43

1.48

1.52

1.55

1.58

1.61

70

0.99

1.15

1.25

1.34

1.41

1.47

1.53

1.58

1.62

1.67

1.70

80

0.99

1.16

1.27

1.36

1.44

1.52

1.59

1.65

1.71

1.77

1.82

90

0.99

1.16

1.28

1.39

1.48

1.57

1.66

1.74

1.82

1.90

1.97

(degrees,
θB = 0)
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Table 7. Numerical data of Fig. 27B.
Weight of daughter A (kg)
θA

0

1

2

3

4

5

6

7

8

9

10

0

0.99

1.13

1.20

1.26

1.29

1.32

1.34

1.36

1.38

1.39

1.40

10

1.00

1.14

1.21

1.27

1.30

1.33

1.35

1.37

1.39

1.40

1.41

20

1.02

1.17

1.24

1.29

1.33

1.36

1.39

1.40

1.42

1.43

1.44

30

1.06

1.22

1.29

1.35

1.39

1.42

1.44

1.46

1.48

1.49

1.50

40

1.13

1.29

1.38

1.43

1.48

1.51

1.53

1.55

1.57

1.58

1.60

50

1.23

1.41

1.50

1.56

1.61

1.65

1.67

1.70

1.71

1.73

1.74

60

1.39

1.60

1.70

1.77

1.82

1.86

1.90

1.92

1.94

1.96

1.97

70

1.68

1.92

2.05

2.13

2.20

2.25

2.29

2.32

2.34

2.36

2.38

80

2.34

2.68

2.85

2.97

3.06

3.13

3.18

3.22

3.26

3.29

3.31

90

13.13

14.74

15.56

16.17

16.67

17.09

17.45

17.77

18.06

18.33

18.57

(degrees,
=θB)

Table 8. Numerical data of Fig. 28.
Weight of lateral daughters (kg, WA=WC)
θA

0

1

2

3

4

5

6

7

8

9

10

0

0.99

1.27

1.40

1.49

1.55

1.59

1.63

1.66

1.68

1.70

1.71

10

0.99

1.27

1.40

1.49

1.55

1.60

1.63

1.66

1.69

1.70

1.72

20

0.99

1.27

1.41

1.50

1.57

1.62

1.65

1.68

1.71

1.73

1.75

30

0.99

1.28

1.42

1.52

1.59

1.64

1.69

1.72

1.75

1.77

1.79

40

0.99

1.28

1.44

1.54

1.62

1.69

1.73

1.78

1.81

1.84

1.86

50

0.99

1.29

1.46

1.58

1.67

1.74

1.80

1.85

1.89

1.93

1.96

60

0.99

1.30

1.48

1.62

1.72

1.81

1.89

1.95

2.00

2.05

2.09

70

0.99

1.31

1.51

1.66

1.79

1.90

2.00

2.08

2.15

2.22

2.28

80

0.99

1.32

1.54

1.72

1.88

2.02

2.14

2.26

2.36

2.46

2.55

90

0.99

1.34

1.58

1.78

1.98

2.16

2.33

2.49

2.65

2.80

2.95

(degrees,
=θC)

72

Table 9. Constants of the regression equations (y = Ax + B) and correlation coefficients (r) in Fig. 29,

Fig. 30, and Fig. 31.
Daughter/mother

Index

of

ratio

stress model

uniform

Index

of

elastic

similarity model

A

B

r

A

B

r

A

B

r

-0.19

1.27

-0.59

0.03

0.96

0.06

0.19

0.79

0.39

two daughters

-0.11

1.16

-0.32

0.41

0.65

0.65

0.64

0.48

0.69

three daughters

-0.43

1.44

-0.81

0.30

0.70

0.58

0.48

0.53

0.67

four or more

-0.23

1.33

-0.42

0.21

0.67

0.64

0.41

0.45

0.78

Fagus crenata
two daughters
Abies homolepis

x represents the daughters’ degree of deviation, and y represents the daughter/mother ratio or the index of
each biomechanical model.

Table 10. Biases and standard errors of estimates (SEE) of daughter/mother ratios estimated in

compliance with the assumptions of each model.
da Vinci’s rule

Uniform stress model

Elastic similarity model

Bias

SEE

Bias

SEE

Bias

SEE

two

0.180

0.206

-0.072

0.120

-0.134

0.183

daughters

(0.143)

(0.178)

(-0.062)

(0.123)

(-0.090)

(0.165)

two

0.114

0.159

-0.118

0.295

-0.176

0.279

daughters

(0.040)

(0.113)

(-0.156)

(0.252)

(-0.109)

(0.237)

three

0.168

0.216

-0.108

0.160

-0.160

0.232

daughters

(0.028)

(0.102)

(-0.212)

(0.274)

(-0.106)

(0.197)

0.324

-0.130

0.168

-0.170

0.224

F. crenata

A.
homolepis

four

or 0.216

more

(0.059)

(0.149)

(-0.227)

(0.286)

(-0.084)

(0.126)

Total

0.141

0.190

-0.119

0.251

-0.177

0.271

(0.037)

(0.110)

(-0.182)

(0.259)

(-0.113)

(0.229)

Values in parentheses are estimates obtained from calculations that take mi and mM into consideration for
the uniform stress model and elastic similarity model, and take bark thickness into consideration for da
Vinci’s rule.
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7. Figures

Fig. 1. Strain gauges attached to the barked surface of Larix kaempferi.

wind

EW ＝ wdsinΦ
N

Φ
W

E

M
S

NS ＝wdcosΦ
Fig. 2 Relationship between wd and EW or NS. M is the bending moment due to the force of the
wind.
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Young's modulus (GPa)

14
12
10
8
6
4
2
0
0

20
40
Diameter (cm)

60

Fig. 3. Young’s moduli at various diameters on the trunk of Larix kaempferi. The plot with the
straight line is for the results of this study. The larger diameter corresponds to the part which is
nearer to the base. Other plots (open shapes) are the published Young’s moduli of green logs (with
bark) of Larix kaempferi (Yamamoto et al., 1992; Koizumi and Ueda, 1987; Yoneda, 1987; Yoshino
et al., 2010). Each symbol represents the data quoted from each different literature.
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Fig. 4. Stress at the surface along the trunk of Larix kaempferi generated by the force of the wind.
The data on the graph are important parts picked up from enormous measurement data. Blue lines
represent the stresses that occurred when branches had leaves, and red lines represent the stresses
that occurred after defoliation. The date of measurement of each data was July 11, 2012, 8:40 a.m.
(4.19 m/s), May 16, 2012, 5:06 a.m. (9.14 m/s), July 17, 2012, 6:13 p.m. (10.66 m/s), November 27,
2012, 11:25 a.m. (15.23 m/s), November 27, 2012, 1:05 a.m. (15.23 m/s), February 3, 2013, 5:52
a.m. (24.36 m/s), March 10, 2013, 4:10 p.m. (28.93 m/s), respectively.
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(A)

18
16

Height (m)

14
12

4.57m/s

10

10.66m/s

8

11.8m/s

6

15.23m/s

4

24.36m/s

2

28.93m/s

0
0

0.005

0.01

0.015

Curvature of deflection

(B)

18
16

Height (m）

14
12

4.57m/s

10

10.66m/s

8

11.8m/s
15.23m/s

6

24.36m/s

4

28.93m/s

2
0
0

5
Lean (°)

10

Fig. 5. (A) The curvature of deflection of each minute section to which strain gauges were attached,
and (B) the lean of each part of the trunk of Larix kaempferi generated by the force of the wind. The
curvature of deflection represents the deflection of the 5-mm-long section to which strain gauges
were attached. The lean was calculated as the sum of the curvature of deflection of each section of
the trunk. Blue lines represent the data obtained when branches had leaves, and red lines represent
the data obtained after defoliation.
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500
Critical Wind speed (m/s)

1000

Fig. 6. The critical wind speed at each point along the trunk.
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Fig. 7. Schematic diagram of a branch to which a concentrated load is applied. The distribution of
internal stress is displayed in the enlarged side view. a, the distance from the load point; M, moment
(= W  a); W, load.

Spring balance

Fig. 8. Diagram of the measurement of the moment that acts on cross section pq due to the branch’s
own weight. F, the pulling force at the cutoff point; b and s, the lengths between the center of gravity
of Wb or Ws, respectively, and the suspension point; x, the distance between the cutoff point and the
suspension point; W, the weight of the branch portion distal to the cutoff point; Wb and Ws, the
weights of the portion of the branch proximal or distal to the suspension point.
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Fig. 9. Illustration of the growth stress liberation procedure.
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Fig. 10. Relationship between the diameter and the moment due to the weight of a branch in (A) F.
crenata and (B) A. homolepis. The regression curves are drawn based on multiple linear regression.
In the left figure, the solid line shows the regression curve of y = 0.812x3.22, and the broken line
indicates the regression curve of y = 1.121x3. In the right figure, the solid line represents the
regression curve of y = 0.850x3.05.

Fagus crenata

80

60

60

2

)

80

40
20
0

0

1

2

3

Abies homolepis

(B)

b (MN/m

b (MN/m

2

)

(A)

4

5

40
20
0

Diameter (cm)

0

1

2

3

4

5

Diameter (cm)

Fig. 11. σb plotted against the diameter of branches of (A) F. crenata and (B) A. homolepis.
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Fig. 12. Young’s modulus of each section of the branches of (A) F. crenata and (B) A. homolepis.
Open circles represent the unmodified value of the measured Young’s modulus. Filled circles
represent the modified Young’s modulus assuming that E/G = 30.
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Fig. 13. σsw due to the branch’s own weight calculated from the moment measurement data plotted
against the diameter of branches of (A) F. crenata and (B) A. homolepis.
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Fig. 14. Breaking safety factors of the lateral horizontal branches of (A) F. crenata and (B) A.

homolepis plotted against diameter.
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Fig. 15. Stress due to a branch’s own weight (σsw) in (A, B) F. crenata and (C, D) A. homolepis. The
plots with filled symbols connected by dashed lines show the stresses calculated from the strain data
and Young’s moduli estimated from the data shown in Fig. 12 (A, C) or from the data obtained from
the strain gauge measurements (B, D). The plots with open symbols connected by dotted lines show
the stress data calculated from the measurement of the moments. The same symbols represent the
same branch.
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Relative distance from the base (=1 at the tip)

Fig. 16. Displacement contribution degree of each minute segment of the branches plotted against
the distance from the base of the branches. Blue, pink, sky blue, and orange symbols represent F.
crenata, A. homolepis, D. involucrata and S. verticillata, respectively.
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Fig. 17. Strain (the difference between the upper and lower surface) due to the liberation of the
branches from gravity in F. crenata (blue), A. homolepis (pink), S. verticillata (sky blue), and D.
involucrate (orange).
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Fig. 18. Residual strain (the difference between the upper and lower surface) obtained by (A, C, E)
the cutting treatment or (B, D, F) cutting + notching treatment for (A, B) F. crenata, (C, D) A.
homolepis, and (E, F) S. verticillata.
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Fig. 19. The modified strain [i.e., the strain value that add the strain generated by the liberation from
gravity to the strain obtained by (A, C, E) cutting or (B, D, F) cutting + notching; i.e., the probable
actual strain in nature (εc + εg)] for the branches of (A, B) F. crenata, (C, D) A. homolepis, and (E, F)
S. verticillata.
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Fig. 20. The modified tensile stress calculated from the modified strain for the branches of (A) F.
crenata and (B) A. homolepis.
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87

lines.

stress due to the branch’s own weight already acts on the branch. The limit of stress the branch can bear is about 472.7 kg/cm2 above the value of these

50 kg/cm2. The upper and lower broken lines represent the basal values of a branch with and without leaves, respectively. At the upper broken lines, the

For CH-1 and 3, the average value increased by 20 kg/cm2 in May (foliation) and decreased in autumn (defoliation). Snowfall resulted in an increase of

Fig. 21. Changes in the maximum (red), minimum (green), and average stress (blue) values of each file plotted against time for branches of F. crenata.
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Fig. 22. The changes of the maximum, minimum, and average stress values of each file plotted
against time for a branch of F. crenata. For CH-2, the average value returned to the initial value after
a period of increase.
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Fig. 23. The difference between the maximum and average values of each data file (lines) and the
wind speed data in Nikko (dots). The red and pink lines represent the stresses in the up–down
direction and the blue lines represent the stresses in the right–left direction. These data show how
much the branch was deflected due to momentary loads (e.g., wind, rain, falling objects). The
maximum of the value due to dynamic loads was 71 kgf/cm2.
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Fig. 24. Overhead view of the proposed branching system scheme. A mother branch has several
daughter branches, here labelled as A, B, and C. The branch’s spatial arrangement is within a
horizontal plane. The weight of daughter branches is defined as WA, WB, and WC and the distances
between the center of gravity and the base of each daughter are gA, gB, and gC. The branching angles
of each daughter are θA, θB, and θC and the distances between the branching point and the
measurement points are mA, mB, mC, and mM.
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Fig. 25. Daughter/mother ratios based on assumptions of the uniform stress model for two daughters.
Daughter/mother ratios based on assumptions of the uniform stress model plotted in palette maps.
The range of values for daughter/mother ratios is represented by a range of colors. Values greater
than 3 are shown in yellow. This plot shows two daughters (A and B) with weights denoted by WA
and WB. The weight of daughter B is fixed at 10 kg, and the weight of daughter A is set to vary from
0 to 10 kg. mM and mi are 1 cm. (A) θB was fixed at zero, θA was set to vary from 0.1 to 90°. (B) The
angles of daughter A and B are set as θA = θB and to vary from 0.1 to 90°.
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Fig. 26. Daughter/mother ratios based on assumptions of the uniform stress model for three
daughters. Daughter/mother ratios based on assumptions of the uniform stress model for three
daughters: A, B, and C. Different values of the daughter/mother ratio are represented by different
colors. Values greater than 3 are shown in yellow. The angles of daughters A and C are set as θA = θC
and to vary from 0.1 to 90°.The weight of daughter B is fixed at 10 kg, and the weights of daughters
A and C are set as WA = WC and to vary from 0 to 10 kg. mM and mi are 1 cm.
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Fig. 27. Daughter/mother ratios based on assumptions of the elastic similarity model for two
daughters. Daughter/mother ratios based on the assumptions of the elastic similarity model for two
daughters, A and B, with weights WA and WB. Different values of the daughter/mother ratio are
represented by different colors. Values greater than 3 are shown in yellow. The weight of daughter B
is fixed at 10 kg and the weight of daughter A is set to vary from 0 to 10 kg. (A) θB was fixed at zero,
θA was set to vary from 0.1 to 90°. (B) The angles of daughter A and B are set as θA = θB and to vary
from 0.1 to 90°.
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Fig. 28. Daughter/mother ratios based on assumptions of the elastic similarity model for three
daughters. Daughter/mother ratios based on assumptions of the elastic similarity model for three
daughters, A, B, and C. Different values of the daughter/mother ratio are represented by different
colors. Values greater than 3 are shown in yellow. The angles of daughters A and C are set as θA = θC
and to vary from 0.1 to 90°. The weight of daughter B is fixed at 10 kg, and the weights of daughters
A and C are set as WA = WC and to vary from 0 to 10 kg. mM and mi are 1 cm.
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Fig. 29. Daughter/mother ratios vs. daughters’ degrees of deviation. Daughter/mother ratios vs.
daughters’ degree of deviation in (A) F. crenata and (B) A. homolepis. The number of daughters
branching from a mother branch is two in F. crenata, and two (open circles), three (filled circles),
and four to five (open squares) in A. homolepis.
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Fig. 30. Indices of the uniform stress model vs. daughters’ degrees of deviation. Indices of the
uniform stress model vs. daughters’ degrees of deviation in (A) F. crenata and (B) A. homolepis. The
theoretical value of the index is 1.0, independent of daughters’ degrees of deviation.

Fig. 31. Elastic similarity model indices relative to daughters’ degrees of deviation. Elastic similarity
model indices plotted against daughters’ degrees of deviation in (A) F. crenata and (B) A. homolepis.
The theoretical value of the index is 1.0 independent of daughters’ degrees of deviation.
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8. Appendix

Elimination of the effect of shear stress from the measured Young’s modulus
The / data were modified to eliminate the effect of shear stress from the calculated value of
Young’s modulus (Timoshenko 1955).
When a beam (or branch) with simply supported ends is loaded at the center of the two
supported ends, the deformation due to the bending moment (M) is formulated as
3

M 

Pb l s
,
48EI

(A1)

where I is the moment of inertia of area. Deformation due to the shear stress ( S) is formulated
as

S 

Pb l s
,
3GA

(A2)

where G is the shear modulus and A is the cross-sectional area of the beam.
The total deflection  is the sum of the two deformations above and can be described as
Pl 
E d 4
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The latter member in the bracket on the right side is the element of the shear stress. The
relationship between the load and the deflection obtained from the bending test is the total
deflection . Here, the E/G of the greenwood of angiosperm seems to be roughly 10–20.
Therefore, M can be calculated from the  using the following equation:

M   

1
2


1  E   d  
 G  l s  



(A4)

Then substituting M of equation (A4) for  of (13), the actual modulus of elasticity for bending
can be calculated as
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For E/G, the data were not obtained for the greenwood of F. crenata in the literature. Instead,
the data for dry wood were taken from Sawada (1958), which provided values of 24 (Sawada
1958) or 15.7 (Yamai 1959) for (EL/GLT), and 13 (Sawada 1958) or 11.9 (Yamai 1959) for
EL/GLR. For a different deciduous species, Fraxinus lanuginosa, the E/G of greenwood was
slightly higher than that of air-dried wood. Specifically, the E/G of greenwood was 7.3–12.8–
23.0 (min–ave–max) and that of air-dried wood was 7.6–12.0–15.9 (min–ave–max). Therefore,
the E/G of the greenwood of F. crenata should be higher than that of air-dried wood and could
be roughly within the range of 15–30. Therefore, I set the E/G of the greenwood of F. crenata to
20 or 30 for the modification of Young’s modulus using equation (A5). Literature values of the
E/G of the greenwood of A. homolepis were not found. Therefore, I also used the value 20 or 30
for the E/G of greenwood as the value that added a little value to 16.7 which is the general
EL/GLR value for the dry wood of gymnosperm (Sawada 1983). These values cannot be
confirmed to be accurate, but they may not differ greatly from the real values.
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