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Abstract

Distributed quantum computation is a task in which many distant parties perform a
large quantum computation in collaboration with each other, by using classical com-
munication, quantum communication or shared entanglement as resources. In this
thesis, we consider one of the simplest nontrivial task of distributed quantum com-
putation, that is, implementation of bipartite unitary by LOCC (local operations
and classical communication) assisted by shared entanglement. Here, two input
states are distributed over two distant parties. Contrary to previous researches, we
consider an asymptotic scenario in which the two parties perform the same bipar-
tite unitary on infinitely many independent input pairs. We analyze the minimum
amount of resources required for the task by exploiting concepts and techniques de-
veloped in the field of quantum Shannon theory, which has originally been developed
to analyze quantum communication.

As a tool for analyzing distributed quantum computation, we first introduce
a task that we call Markovianization. Markovianization is a task in which a tri-
partite pure state is transformed to a state called quantum Markov chain, by a
randomizing operation on one of the three subsystems. We derive the minimum
cost of randomness required for Markovianization (Markovianizing cost) by exploit-
ing a novel decomposition of a Hilbert space introduced in the context of quantum
cryptography.

We then apply the obtained result to distributed quantum computation. We
mainly consider implementation of bipartite unitaries by entanglement-assisted LOCC
protocols consisting of three steps, called one-round protocols. This is the first non-
trivial case because it is not possible to implement bipartite unitaries by protocols
consisting of only one or two steps. Our main result is that we derive the minimum
costs of entanglement and classical communication. We show that the minimum
costs are given by the Markovianizing cost of a tripartite state associated with the
unitary. The result indicates that information about input states of computation
is divided into three components: one of which only information of amplitude in a
basis is required for computation (information of phase is not), another of which
both amplitude and phase information are required, and the other of which no in-
formation is involved in computation. Our construction of a protocol that requires
the smallest amount of resources is based on this decomposition. We also propose a
method to compute the Markovianizing cost of a state associated with the unitary.

We also consider two-round protocols, that is, protocols consisting of concatena-
tion of two one-round protocols, for two-qubit controlled unitaries. We show that,

for a particular class of two-qubit controlled unitaries, the minimum entanglement



cost in two-round protocols is strictly smaller than that in one-round protocols. This
result is the first reported case that indicates a property of a trade-off relation be-
tween entanglement requirement and the number of turns in entanglement-assisted
LOCC tasks.

The research in this thesis opens a possibility to build a new bridge between
quantum computation theory and quantum communication theory, which are the
two largest subfield of quantum information theory, by analyzing a problem in the
former using concepts and techniques developed in the latter.
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Chapter 1

Introduction

Recent developments in the field of quantum information theory have revealed
that the fundamental limit on information processing strongly depend on the un-
derlying laws of physics. We can perform various kinds of information processing
tasks more efficiently in the framework of quantum mechanics than in that of clas-
sical physics [1]. For example, we can construct cryptographic protocols that are
strongly secure against eavesdroppers within the framework of quantum mechanics,
which is known to be impossible in classical physics [2]. Quantum computers can
also solve problems much faster than classical computers can. One of the most fa-
mous is Shor’s algorithm [3], by which we can solve in polynomial time the problem
of finding the prime factors of an integer, which cannot be achieved by any known
algorithms for classical computers in polynomial time.

One of the prime objects in the research field of quantum information theory is
to find various information processing tasks that are implementable more efficiently
within the framework of quantum mechanics than that is realizable classically, and
to investigate how to realize it in the real world. However, it is not the only reason
why we study quantum information theory. A more fundamental motivation behind
this research field, which has recently been growing rapidly, is to understand the
laws of physics from an information theoretical perspective.

As is well known, quantum mechanics predicts various counterintuitive phenom-
ena, which cannot be understood through intuitions distilled out of our daily life.
To name a few, we know the wave-particle duality, the tunneling effect, and the dis-
creteness of energy. Most of the significant developments of quantum technology in
the past half century take advantages of such quantum mechanical behavior of phys-
ical entity. However, a more essential difference of quantum mechanics from classical
physics is in its probabilistic nature. In [4], J. Bell found a nonlocal property of quan-
tum states that cannot be consistently explained within the framework of classical
physics. That is, he showed that the correlation of measurement results performed
independently on two or more spatially separated quantum systems can be incon-



sistent with a basic assumption of classical physics, that is, the assumption of local
reality. This result indicates that, viewing as a theoretical framework for describing
probabilities, quantum mechanics, which is constructed on an abstract mathematical
framework of Hilbert spaces, is essentially different from classical physics.

It is likely that, in many cases, advantages of quantum information processing
over classical counterpart originates from this probabilistic nature. Thus, by inves-
tigating what information processing tasks are possible and what are not in classical
and quantum mechanics, we could acquire more profound understanding about the
difference and similarity between classical and quantum mechanics, particularly from
a probability theoretical aspects. In other words, we can better understand the laws
of physics by investigating the fundamental limit on information processing.

Among various information processing tasks, the fundamental limits of commu-
nication are analyzed by Shannon’s theory of information [5]. However, it is not clear
whether Shannon’s information theory, which is based on classical probability the-
ory, can cover all cases where quantum effects are not negligible. For example, when
we try to transmit classical information as efficiently as possible by using lasers, it is
inevitable to consider effects like superposition principles and uncertainty principles,
which are peculiar to quantum mechanics. To overcome this difficulty, a generaliza-
tion of Shannon’s information theory to quantum mechanics was born in [6], and
has been developed. In [6], A. Holevo analyzed a fundamental limit on the capacity
of classical information transmission by using quantum systems as media. Although
only transmission of classical information using quantum systems is initially consid-
ered, the situation drastically changed after a seminal paper by Schumacher [7]. In
[7], he considered transmission of quantum states in a framework similar to Shan-
non’s theory, and derived the ‘quantum coding theorem’ analogous to Shannon’s
source coding theorem. Since then, this research field largely developed including
transmission of quantum information, transformation of entanglement, etc. The
theoretical framework of quantum generalization of Shannon’s information theory is
now called quantum Shannon theory [8, 9].

The major interests in quantum Shannon theory are to reveal the interconvert-
ibility among different types of resources, such as quantum channels, noisy and
noiseless entanglement, classical channels, and classical correlations. In the asymp-
totic limit of infinite copies, the rates at which those resources are interconvertible
are derived in coding theorems.

A characteristic feature of classical and quantum Shannon theory is its universal-
ity. For efficient transmission of classical or quantum information, there are various,
in principle infinite, ways of coding it. Despite the infinity of coding methods, the
fundamental limit must be universally applicable regardless of a particular way of
coding. Remarkably, the coding theorems teach us the fundamental limit that does



not depend on a particular way of coding.

Given its universality, it would be fruitful to apply the theoretical concepts and
tools developed in quantum Shannon theory beyond communication tasks. A pos-
sible direction would be its application to quantum computation. Through investi-
gations on the possibility of performing quantum computation within the universal
framework of quantum Shannon theory, we could more profoundly understand the
fundamental limit on the possibility of manipulating quantum systems. In this
thesis, we consider a model of quantum computation called distributed quantum
computation, and analyze it in terms of quantum Shannon theory.

The concept of distributed quantum computation was first introduced by [26],
as a method to perform a large scale quantum computation by combining small
quantum computers, which are realizable by current (or near-future) experimental
technologies. In distributed quantum computation, many distant parties perform
a large quantum computation in collaboration with each other, by using classical
communication, quantum communication and shared entanglement as resources. To
exploit the full power of the small quantum computers, it is necessary to construct
an efficient protocol for a given computation to be implemented. In particular,
the costs of entanglement and quantum communication should be reduced as much
as possible, because preparing entanglement and sending quantum information is
experimentally difficult and costly.

One of the most extensively investigated tasks in distributed quantum computa-
tion is implementation of bipartite unitaries by local operations and classical com-
munication (LOCC) assisted by shared entanglement. Here, two distant parties,
say Alice and Bob, have quantum systems A and B in an unknown state |p)4%,
and perform a known unitary U4Z by LOCC using some resource entanglement
shared in advance. Although this task can be implemented simply by using quan-
tum teleportation, it was shown that the costs of resources of entanglement and
classical communication can be reduced by constructing an efficient protocol, de-
pending on the unitary to be implemented [26]. The following two questions then
naturally arise: (i) How can we find efficient protocols which consume less resources
for a given bipartite unitary? and (ii) What are the minimum costs of resources
required for implementing that unitary? These questions are of great importance,
not only from a practical point of view, but also from a fundamental viewpoint of
understanding quantum computation, since bipartite unitary interaction is a core
element of quantum computers. For example, in the circuit model, which is one of
the most basic model of quantum computation, any computation can be described
as a combination of the following three operations: (i) preparing an initial state of
a multipartite quantum system in a fixed basis, (ii) applying a sequence of bipar-

tite unitary interactions on the system, and (iii) performing a measurement on the



system in a fixed basis. It is known that operations (i) and (iii) can be fixed inde-
pendently of computation to be implemented. Therefore, the whole information of
the computation is embedded in the sequence of the bipartite unitary interactions.

Although the two questions raised above have been addressed e.g. in [26, 27,
28, 29, 30, 31, 32, 34|, most of the studies so far assume particular forms of the
resource entanglement or of the bipartite unitary to be implemented. Consequently,
a general method to address these problems is yet to be discovered.

In this thesis, we address the above questions by using concepts and techniques
developed in quantum Shannon theory. We consider an asymptotic scenario in which
the two parties perform the same bipartite unitary, simultaneously on each of a se-
quence of input pairs obtained from a completely random i.i.d. (independent and
identically distributed) quantum information source. Our approach is complemen-
tary to previous approaches which have only dealt with single-shot cases. In an
asymptotic limit of infinite pairs and vanishingly small error, we analyze the mini-
mum costs of entanglement and classical communication per copy required for this
task.

We mainly focus on protocols consisting of one-round LOCC, in which Alice
first performs a measurement, sends the result to Bob, Bob performs a measure-
ment, sends the result to Alice, and Alice performs a quantum operation. This
is the first nontrivial case because any bipartite unitary cannot be implemented
by protocols consisting of fewer steps. Moreover, analysis of one-round protocols
is suitable for investigating bipartite unitary interaction in terms of “information

b

flow”. This is because interaction between information of Alice’s input state and
that of Bob’s input occurs only at the step of Bob’s measurement. Hence, among all
pieces of information of Alice’s input state, a piece of information which is involved
in computation must become locally accessible for Bob after Alice’s measurement
and the subsequent classical communication. Therefore, by investigating one-round
protocols, we could classify information of Alice’s input state into two parts: one
which is involved in the computation to be implemented, and the other which is
not. Such a classification would be useful for constructing efficient protocols which
consume less resources, as well as deriving the minimum cost of resources.

As a tool for analyzing the minimum costs of entanglement and classical commu-
nication in one-round protocols, we first introduce and analyze a task that we call
Markovianization. Markovianization is a task in which a tripartite quantum state is
transformed to a quantum Markov chain by a randomizing operation on one of the
three subsystems. We consider cases where the initial state is a tensor product of
n copies of a tripartite state pAZ¢, and is transformed to a quantum Markov chain
conditioned by B™ with a small error, by a random unitary operation on A". In
an asymptotic limit of infinite copies and vanishingly small error, we analyze the



Markovianizing cost, that is, the minimum cost of randomness per copy required
for Markovianization. For tripartite pure states, we derive the Markovianizing cost,
that is, the minimum cost of randomness required for this task.

We then apply the obtained results and show that any two-round protocol for
implementing a bipartite unitary can be described as a combination of Markovian-
ization of a tripartite state associated with the unitary, followed by a protocol callled
quantum state merging [16, 17]. Consequently, the minimum costs of resources in
two-round protocols are obtained as the sum of ones in those two subroutines. Our
main result is that we derive the minimum costs of resources of entanglement and
classical communication required in one-round protocols are given by the Marko-
vianizing cost of a state associated with the unitary.

We also analyze a particular example of two-qubit controlled-unitaries. First,
by applying the obtained results, we derive the minimum entanglement cost for
implementing this class of unitary by one-round protocols. Second, we consider
two-round protocols, that is, protocols consisting of concatenation of two one-round
protocols. We show that, for a particular class of two-qubit controlled unitaries, the
minimum entanglement cost in two-round protocols is strictly smaller than that in
one-round protocols.

This thesis is organized as follows. In Chapter 2, we review basic mathematical
tools that will be used in the following chapters. In Chapter 3, we explain core
elements of quantum Shannon theory that will also be used in the following chapters.
In Chapter 4, we introduce and analyze the task of Markovianization. In Chapter
5, we derive the optimal rates of costs of entanglement and classical communication
required in any protocol composed of minimal number of steps. In Chapter 6, we
introduce two methods to compute the Markovianizing cost of a tripartite state
associated with a unitary. In Chapter 7, we consider a particular example of two-

qubit controlled-unitaries. We close with a summary in Chapter 8.



Notations and Abbreviations

e 1A : Hilbert space associated with a quantum system labeled by A

o dy, dimH* : The dimension of the Hilbert space H4

° pA : A density operator that represent a state of quantum system A

e L(H) : The set of linear operators on a Hilbert space H

e B(H) : The set of bounded linear operators on a Hilbert space H

e P(H) : The set of positive semidefinite linear operators on a Hilbert space H

e S(H) : The set of positive semidefinite linear operators on a Hilbert space H,

the trace of which are equal to 1
e £4: A quantum operation on quantum system A

e H(X), H({p:}2) : The Shannon entropy of a random variable X with proba-
bility distribution p(z) = Pr{X =z}

e /(X :Y): The (classical) mutual information between two random variables
X and Y

e S(p*), S(A), : The von Neumann entropy of system A in state p?

e [(A: B),: The quantum mutual information between system A and B in the
state pAB

e [(A: B|C), : The quantum conditional mutual information between system
A and B conditioned by C, in the state pAB¢

e ¢, : A maximally entangled state with Schmidt rank d

o |U(U))ABRaRs A four-partite pure state associated with a bipartite unitary
U, defined by |W(U))ABEARs = [JAB|@ ) ARA | ], BRE

o MA~4" . A linear map from H* to H*



o A" A : A system composed of n identical systems A
e F(p,0): The fidelity of two states p and o, defined as F'(p, o) = (Try/\/po+/p)?

e 7(€) : A proper continuous concave function of € > 0 that satisfy lim.o = 0

and does not depend on n or the dimension of Hilbert spaces.

\I,ABC

o My p(U45Y) : The Markovianizing cost of a tripartite state on A con-

ditioned by B, defined by Definition 19

e M(U): The Markovianizing cost of a bipartite unitary U, defined by Definition
29

We abbreviate (M4 @ IB)[)*? as MA)*? and (M4 ® IB)pAB (M4 @ I8)! as
MApABMAT. For |p)*?, ¢ and Trp[|¢)] represents Trp[|¢)¢|]. When £4 is a quan-
tum operation on A, we abbreviate (£4 0 id®)(pAP) as £4(p*P). £(|¢)) represents

E(|9)@]). We abbreviate F(p,|6)(9]) as F(p,|9)).



Chapter 2

Mathematical Preliminaries

In this chapter, we review several mathematical tools used in quantum informa-
tion theory. First, we introduce a mathematical formalism to describe operations
and measurements, and review basic properties of bipartite states (Section 2.1).
We then discuss two functions to quantify ‘how different’ two states are, and their
properties as well (Section 2.2). In Section 2.3, we describe properties of entropic
functions such as the von Neumann entropy and the quantum mutual information,
which are extensively used in the following chapters. In Section 2.4, we introduce a
method of decomposing a Hilbert space in such a way that it completely character-
izes a set of operations that does not change a given set of states. The decomposition
plays a central role in the following chapters. Contents in this chapter are mainly
based on [1, 10, 18].

2.1 Quantum States, Operations and Measure-
ments

A quantum system is described by a Hilbert space H. In this thesis, we only
consider cases where the dimension of the Hilbert space is finite. A Hilbert space
corresponding to a system labeled by A is denoted by H4.

A quantum operation on system A is described by a linear map £ : S(H4) —
S(HA") that satisfies the following conditions,

VT € L(H™Y); Tr[€(T)] = Tx[T] (trace-preserving)

Vsystem B, Vp € S(H* @ HP); (£40id®)(p) >0 (completely positive).

A’ is the output system which is in general different from the input system A. A
linear map & satisfying these two conditions is called a CPTP map. Any CPTP
map is decomposed as

E(r) = Z ETE], (2.1)
k



where Ej, are linear operators from H* to H*" that satisfy
Y ElE. =1 (2.2)
k
The decomposition given by (2.1) is called the Kraus representation of £. Any CPTP
map is also described as
E(T) = Trg[VrVT], (2.3)
where V is an isometry from H4 to HA @ HE. We can construct V from (2.1) as

V=> ke B (2.4)
k

It is easy to check that V' is an isometry, namely,
VIV = (klK)E[Ey =Y ElE, = I*, (2.5)
kK k

and that V satisfies (2.3) as

Trp[VrVT] = Tep | Y [k)XK| @ ETEf

kK

= Z (5k7k/EkTET, = Z EkTE]Z
k

o !
A measurement on A is described by a set {&,}<, of linear maps & : S(H*) —
S(H*') satisfying the following conditions,

K

Z &y, is trace-preserving
k=1
& is completely positive for each k.

Index k represents a measurement result, and K is the number of measurement

results. & is decomposed as
Ji
Ex(T) = Z Mijng, (2.6)
j=1

where Ey; are linear operators from H* to HA satisfying

K Ji

SO MM =1 (2.7)

k=1 j=1

In this thesis, we only consider cases where J; = 1 for all k. Then a measurement

on A can be identified with a set of linear operators { MA~4"}X | that satisfy

K
> MM, =T (2.8)
k=1



For any measurement { M=%}, there exists an isometry W : HA — HY @ HP
such that M, = (k|"W, where {|k)}, is an orthonormal basis of HZ. Indeed, let
wW=>, k)" @ MA—4". This is an isometry because

WIW =" (k[k') M My, = Z MM, = 1, (2.9)
k,k'

and satisfies M, = (k|”W. The correspondence from {MA~4'}, to {|k)}, and W is
called the Naimark extension of {MA—=4" Y.

An example of quantum operations is a random unitary operation defined by

=> pUuU}, (2.10)

where U, are unitaries and {p,}, is a probability distribution. A useful property of
random unitary operations is that it preserves the completely mixed state as

1 1
El=1)==1 2.11
where d denotes the dimension of the Hilbert space of the system. Another example
is the complete dephasing channel defined by

NG (YT e S(H)), (2.12)

IIM&

where {|7)}; is an orthonormal basis of H. This channel can also be described as a

random unitary operation as

d
1
== Z UptU], (2.13)

where

(2.14)

d
Ui = e 4 )i
j=1
Any bipartite pure state 1)) € HA ® H? is written as
= Vaile)en”, (2.15)
where {|e;)}; and {|e})}; are orthonormal bases of H# and HP, respectively, and

{pi}: is a probability distribution. {|e;)}; and {|e})}; are called the Schmidt basis of
|1h). We omit the symbol of the tensor product, and denote |e;)* ®|e))” as |e;)"|e/)”.
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(2.15) is called the Schmidt decomposition of |¢). Reduced states of |1)) on either
subsystem A and B are given by

= milefed, 97 = pilei)ell (2.16)

respectively. A bipartite pure state |¢>AB is called a purification of p? if it satisfies
Y4 = pA. For any ensemble of pure states {qx, |¢x)}r on A such that

= ailor)enl, (2.17)

where {|¢r) }r are not necessarily orthogonal, there exists a measurement { My}, on
B such that

Tep[ME [0)XIML"] = qulon)oxl. (2.18)

This can be shown by the following manner. Let ¢;j, = (j|¢x). Then { My}, defined
by

My = |3)del. 14 : \/_Z\/; ld) (2.19)

satisfies (2.18) and 3, MM, = 1.

Any two bipartite pure states which have the same reduced state on one subsys-
tem are interconvertible by an isometry on the other subsystem. Indeed, consider
states |10)*? and |)*“ such that

= Z pilei)ei| (2.20)

with an orthonormal basis {|e;)};. The Schmidt decomposition of the states are

given by

Z\/me ey, Z\/mez )€, (2.21)

respectively. There exists an isometry V : HEZ — HC such that V|e})? = [e/)¢ for
all 4, and thus V|¢) = |p).

A bipartite pure state |®) € HA® H? is called a mazimally entangled state if its
Schmidt decomposition takes the form of

Z lea) el ™, (2.22)

11



where d = dimH* = dimH?. A useful property of the maximally entangled states
is that any unitary on one subsystem can be replaced by another unitary on the

other subsystem. Indeed, for a unitary U =}, ujile;)ei|, we have

UA|®) = Zuﬂ|63 l€3) _\/—Zlez UZJ|€ = (UN"|®), (2.23)

7]1 4,j=1

where the superscript 7" denotes transposition with respect to the basis {|e;)};. The
maximally entangled state with d = 2 is called a Bell pair.

A bipartite state p € S(HX ® H4) is called a classical-quantum state between X
and A if it is written as

= > nliYil @ . (2.24)

2.2 Distance Measures

In this section, we introduce two functions that measure the ‘distance’ between
two quantum states. We review properties of those functions which are used in the
following chapters.

2.2.1 Trace Distance
The trace norm of A € L(H) is defined as

|A|ly := TrV/ATA. (2.25)
For p,o € S(H), the trace distance is defined as
d(p.0) = 5llp = ol (2.20)
This function satisfies the conditions for distance, i.e,
(i) nonnegativity: d(p,o) > 0,
(ii) coincidence axiom: d(p,o) =0 if and only if p = o,
(iii) symmetry: d(p,o) = d(o, p),
(iv) triangle inequality: d(p,o) < d(p,7) + d(7,0).
The trace distance is invariant under any isometric operation U : H — H’ as

|UpUt = UaU'||, = llp =l

12



and is nonincreasing under any CPTP map £ : S(H) — S(H') as
lp—olly = [€(p) = E(a); -

In particular, it is nonincreasing under discarding one of the composite systems as
lo** = o[l = o = o7, (2:27)

for p,o € S(HA ® HP). When two states p, o € S(HX ® H*A) are classical-quantum
states, which are given by

Zqz Yopt, oX Z gilifi* @ o, (2.28)

the trace distance is written as

0% = o4 = 3 aillot = o, (2.29)
Combining this with (2.27) yields joint CZOIIVGXity of trace distance as
Doaillei—aily = | > api =D ai| (2.30)
which, as a particulalr case of 0; = o, imfz)lies Z 1
Y ailloi—olly =D api—o (2.31)
i i 1

Consider two states p, o € S(HA @ HP) such that p? = ¢% and a measurement
{Mj} on B. Let the probability to obtain a result k& of the measurement to be

P i= Te[MEpAB MI*) = Te[MPoP M7, (2.32)
and the state after the measurement to be
pe? = MEP P ME P = p MP P M (2.33)
Then we have
AB _ ,AB
> pellod =il < lo I (2.34)
k
To show this relation, define a CPTP map £ : B — B'B by
= " IkXE @ M MiP. (2.35)
k
Then
= " pulk)EP @ B £ ) =D prlk)E” @ o, (2.36)
k k
and thus
AB AB AB oA AB
%7 =Pl = [[E(p?) = E(@*P)]|, = ZPI«HP —oi”ll;
> Zpkak _JkH1' (2.37)
k

13



2.2.2 Fidelity
The fidelity of two states p,o € S(H) is defined as
F(p,0) = [/pVolli. (2.38)

The function is symmetric on p and o, satisfies 0 < F(p,0) < 1, and quantifies ‘how
close’ the two states are. F'(p,o) = 1 if and only if p = 0. When one of the two
states is pure, the fidelity has a simple form as

Ep, [4)) = (@lpl)- (2.39)

Consequently, we have

F (Z 4ipi |¢>) = Z%‘F(Pu ). (2.40)

Similarly to the trace distance, the fidelity is invariant under any isometric operation
U:H—H as

F(UpU",UoU") = F(p,0), (2.41)
and is nondecreasing under any CPTP map & : S(H) — S(H’') as
Flp,o) < P(E(p),£(0)).
It is nondecreasing under discarding one of the composite systems as
F(pB, 04B) < F(p4, o4)

for p,o € S(HA @ HP).
The trace distance and the fidelity are related by simple inequalities.

1
1~ VF(po) < tlo— ol < VI~ F(p.o) (2.42)
Consequently, if |[p — 0|1 < € then
1 2 1
F(p,o) > (1—5]\,0—0\]1) 21—64-162:1—77(6), (2.43)
and conversely, if F'(p,0) > 1 — € then

lp = olli <21 = F(p,0) < 2Ve =n(e). (2.44)

We also have

Flp,0) = max F([u).[6)) = max |(w]6)], (2.45)

where 1) is an arbitrary purification of p, and the maximization is taken over all
possible purifications of o.

14



2.2.3 Uhlmann’s Theorem

If two bipartite pure states |¢)4% and |¢)45" satisfy [[1p* — ¢4, < €, where
Y4 and ¢ are reduced state of [¢)4F and |¢)4P in A, there exists an isometry
V : HP — HP such that

[lxwl® = viexsl vt <. (2.46)

By the condition we have F (14, ) > 1 — n(e), and thus there exists |¢*)4P such
that ¢*4 = ¢4 and F(|)), |¢*)) > 1 —n(e). There exists an isometry V : HF — HP
such that |¢*) = V|¢), and hence F(|¢),V]p)) > 1 —n(e) and (2.46). Existence of
such an isometry is know as Uhlmann’s theorem [11, 12].

2.2.4 Distance between Operations

It is not common but we can also consider distance between two operations on
a particular input state. Consider two CPTP maps &£, F on S(H), and a state
p € S(H). The trace distance between £ and F with respect to p can be defined as

4,6, F) = d(E(p), F(p)) = 3 IE(0) ~ F(p)], (247

From (2.18) and (2.34), for any state |©)*? and ensemble {py, [¢x)*}r such that
>k PrlUR)Un| = ¢?, we have

> o llEwXwel) = F(eXerDlly < [[(F2 0 id®)(e)el) — (€4 0id®) (o)Xl ], -

Consequently, if

F ((F*oid®)(lo)el), (€% 0id®)(lp)el) =1 - (2.48)

then

Zka (1w XWkl), F([he)b])) = 1 = ne). (2.49)

The L.H.S. in (2.48) and (2.49) are generalizations of entanglement fidelity and
ensemble fidelity introduced in Ref.[13], respectively.

2.3 Von Neumann Entropy and Quantum Mutual
Information
In this section, we introduce information theoretical functions such as entropy

and mutual information, and review their properties that are used in the following
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chapters. We do not give detailed proofs for all properties. For more detail, see e.g.
Refs.[1, 10, §].

Let X be a discrete random variable with alphabet X and probability distribution
p(x) = Pr{X = z}. The Shannon entropy of X, denoted by H(X), is defined by

==Y p(x)logp(x (2.50)

reX

To clarify that H(X) is a function of probability distribution {p(x)},cx, we also
denote this quantity by H({p(x)}.). Let {¢(x)}.ex be another probability distribu-
tion. The relative entropy between {p(z)}, and {q(x)}x is defined as

D({p(=)}|{a(= Zp (2.51)

and is known to be nonnegative. In particular, by letting ¢(x) = 1/|X/|, we have

log|X| — H(X) = > p(x)(log|X| + log p(x))

reX

= Y p(z) (logp(x) — logg(z))

reX

> D({p(=)}{g(x)}) = 0. (2.52)

Consider two random variables X and Y with a joint probability distribution p(z, y)
and marginal probability distributions p(z) = > p(x,y) and p(y) = >, p(z,y).
The joint entropy of X and Y is defined as

H(X,Y) Zp (z,y)log p(x,y), (2.53)

Y

and the conditional entropy of Y, conditioned by X, is defined as

H(Y|X): Zp H(Y|X =) = Zp Zp ylz)logp(ylr),  (2.54)

where p(y|x) is a conditional probability distribution defined as p(y|x) = p(x,y)/p(z).
The mutual information between X and Y is defined as

(X2 Y) = D({p(z,y) H{p(@)p(y)}) = HX) + HY) - H(X,Y).  (2.55)

For three random variables X, Y and Z with a joint probability distribution p(x, y, z),
the conditional mutual information between X and Y, conditioned by Z, is defined

as

(X :Y|Z): Zp I(X:Y|Z=z)= Zp D({p(x,y|2)}{p(z|2)p(yl2)})

(2.56)
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All entropic functions defined here are nonnegative:
HX),HX,)Y),HY|X), (X :Y),I(X:Y|Z)>0. (2.57)

The quantum mechanical counterpart of the Shannon entropy, called the von

Neumann entropy of a state p, is defined by
S(p) := —Tr[plog p] (2.58)

for p € S(H). By using the eigenvalues {\;}. of p, S(p) is rewritten as
(2.59)

S(p) == A logA,.

Analogously to (2.52), we have
S(p) < logrankp < log dimH. (2.60)

S(p) = 0 if and only if p is a pure state. For p € S(H*), we also denote S(p) as

S(A),. The entropy for a composite system AB in the state p € S(H* @ HP) is

straightforwardly defined as
S(AB), = —Tr[plog p|. (2.61)

The quantum conditional entropy is defined by
S(B|A), :=S(AB), — S(A),.

For two states p, o € S(H), the quantum relative entropy is defined as
(2.62)

D(pllo) := Tx[plog p — plog o],
which is nonnegative analogously to the classical relative entropy. The quantum

mutual information is defined by
I(A: B), == D(s*"|p" @ p") = S(A), + S(B), — S(AB),,

which is nonnegative, and I(A : B), = 0 if and only if p*% = pA® p®. The quantum
conditional mutual information for a tripartite state p € S(HAQHP@HC) is defined

as

S(A|B) + S(C|B) — S(AC|B)

I(A:C|B) =
S(AB) + S(BC) — S(B) — S(ABC).

Contrary to the classical conditional mutual information, the quantum condi-
tional entropy can be negative. For example, let pA8 = |¢}¢|, where the Schmidt

YAB is given by
(2.63)

)47 =3 Vmilei e

decomposition of |
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Then the reduced states are
o= S pleel" " = 3 pileel” (2:64)
and thus
S(A), = 5(B), = H({pi})- (2.65)
Since p® is a pure state, we have S(AB), = 0. Thus
S(BA), = S(AB), — S(A), = —H({p.},). (2.66)

The von Neumann entropy of the reduced state of [¢)48 given by (2.65) is also
called the entanglement entropy of |)45.

One of the most important results in quantum information theory is the property
of von Neumann entropy called the strong subadditivity, which is expressed as

S(ABC) + S(B) < S(AB) + S(BC) (2.67)

for an arbitrary tripartite state p*2¢. This inequality was proved first in [14] in a
highly mathematical way, and more intuitive proofs are later given in [17, 15]. As
direct consequences of this inequality, we have the nondecreasing property of the
quantum conditional entropy under discarding part of conditional systems:

S(A|BC) < S(A|B), (2.68)
the nonnegativity of the quantum conditional mutual information:
I(A:C|B) >0,

and the nonincreasing property of the quantum mutual information under discarding
part of the system:

I(A: BC)>1(A: B).

Entropies and mutual informations are invariant under local isometric operations.
Let p € S(HA ® HP @ HE), let V : HA — H*" be any isometry, and let o4 P¢ =
VpVT. We have

S(A), =S(A"y, S(B|A),=S(B|A"),, I(A:B),=I1(A":B), (2.69)
and so forth. Consequently, under any CPTP map £ : B — B’, we have

I(A:B),>I(A:B),
S(A|B), < S(A|B"), (2.70)
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where p' := E(p). Let V : HE — HP @ H" be an isometry such that the Stinespring
dilation of £ is given by £(7) = Trg[VrVT]. Let pA%'F := VpVT. From (2.68) and
(2.69), we have

S(AIB), = S(A|IB'E), < S(AB); = S(A|B),. (2.71)

Inequalities (2.70) are called the data processing inequality.
The quantum conditional entropies and the quantum conditional mutual infor-
mations satisfy simple equalities as follows.

S(BC|A) = S(BJA) + S(C|AB)
I(A:C|B)=I(AB:C)—I(B:C)=1(A:BC)—I1(A:B) (2.72)
These equalities are shown as
S(BC|A) = S(ABC) - S(A)
= S(AB) - S(A)+ S(ABC) — S(AB)
= S(B|A)+ S(C|AB)

and

I(A:C|B) = S(A|B)+ S(C|B)— S(AC|B)
= S(AB)+ S(BC)—-S(B)— S(ABC)
= S(AB)+ S(C)—- S(ABC) - S(B) — S(C) — S(BC)
= [(AB:C)—-1(B:(C). (2.73)
The symmetry of (A : C|B) in A and C implies (2.72). These properties are called
the chain rule.
The quantum conditional entropy and the quantum conditional mutual informa-

tion can be represented by simple forms when the conditioning part is a classical
system. Namely, for p and o defined as

Zp )z)z|¥ @ pf
Zp Nol* @ 07l

we have
S(A|X) = Z p( (2.74)
and

I(A: B|X): Zp . (2.75)
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Consequently, we have

0<I(A:X), Zp A, (2.76)

which expresses the concavity of the von Neumann entropy. This property implies
that the von Neumann entropy is nondecreasing under random unitary operations.

For p € S(H™), let
p=> p.UspUl. (2.77)
Then we have
Ay 2D peS(A)y 1 =D peS(A), = S(A),. (2.78)
When p is a pure state, we also have

S(A)p’ < H({pz}z) (279)

To see this, let p = [¥)], [th,) = Up|tb) and |p)*" := 3 /palvbe)*|2)”. We have

S(B)y=5(A), =5 (pr|@/’x><¢x|> = S(A)y- (2.80)
and also have

B)y=>"pala)al, (2.81)

where D is the complete dephazing map on B with respect to the basis {|z)},. Note
that D can be described by a random unitary operation as (2.13). Hence we have

H({pa}s) = S (D(o")) = S(B), = S(A). (2.82)

As indicated in (2.74), the quantum conditional entropy is nonnegative if the
conditioning part is a classical system. Generally, the quantum conditional entropy
is nonnegative if the state is separable. Indeed, suppose p*? = dow pepd @ 0B, and
let

AP = 3 po) el @ pt @ 0. (2:83)

Then we have
S(BlA), = (B|AX) = S(AB|X), — S(A]X),
= Zp S(pr @ al) —S(py))

= Zp:ES of) > 0. (2.84)
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The von Neumann entropy is a continuous function of states. If [p? — 04| < ¢,
then

|S(A), — S(A)s] < elogda +n(e) < nle)logda. (2.85)
Also, if [p*8 — 04B| < ¢, then
|S(A|B), — S(A|B)s| < 4elogda + 2h(e) < n(e)logda, (2.86)

where h(e) := —eloge — (1 — €)log (1 —€). Note that the upper bound in (2.86)
depends only on the dimension of H#. Consequently, we have

[[(A: B), = I(A: B)o| < [5(A), = S(A)o| + [S(A|B), = S(A[B)s| < n(€)log da.

2.4 Koashi-Imoto decomposition

Ref.[18] introduces a method to decompose a Hilbert space in such a way that
it completely characterizes the set of operations which do not disturb a given set
of states. We call it as the Koashi-Imoto decomposition, or the KI decomposition
for short. The decomposition provides a way to classify and quantify “information”
generated by an ensemble of quantum states, by dividing it into the classical part,
the quantum part and the redundant part. Moreover, it is also useful for character-
izing (ir)reversibility of quantum operations. In particular, Ref.[21] shows that the
decomposition characterize the structure of states satisfying strong subadditivity of
von Neumann entropy with equality. Moreover, it is important in this thesis due to

its relation to the quantum Markov chain (Section 4.1).

Theorem 1 Associated to any set of states & := {px}; in a finite dimensional
quantum system B, there exists a unitary isomorphism I' : H? — Hb @ H’ @ H =
such that the following two properties hold.

1. The states in G are decomposed as

Torlt = " pipeli)i| @ pie @ 0 (2.87)
Jj€J

with some probability distribution {pjjz};es, orthonormal basis {|j)};cs of
H™, states pji. € S(H'*) and o; € S(H?).

2. Any CPTP map £ on B which leaves all p;, invariant has a Stinespring dilation

of the form

E(p) = Trp|UpUT].
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Here, U : B — BFE is an isometry that is decomposed as
. . 1by
TUT! = " |5)j|" @ I}* @ U™,
jeJ
where [; is the identity operator on H?L i= Supp y_, Pk, and U]I-)R D HEE
H?-R ® H¥ are isometries that satisfy

TI'E[UjO'jUJT] = 0j
for all 7.

Proof. See Ref.[18]. |

We call " as the KI decomposition of H” with respect to a set of states &. The
KI decomposition is uniquely determined from &, up to trivial relabelings of j and
changes of the basis. As indicated in (2.87), H% stores the classical part of the
information on pj, H° the quantum part, and H’% stores no information. An
algorithm for obtaining the KI decomposition is proposed in [18]. We informally
denote the composite system byb; br by B when there is no fear of confusion. There
are several derivative types of the KI decomposition as follows.

Definition 2 The KI decomposition of H” with respect to an ensemble of states
€ := {pk, p }x, for which p;, > 0 for all k, is defined as the KI decomposition of H?
with respect to {pg }x-

Definition 3 The KI decomposition of H” with respect to a bipartite state pA?
defined as the KI decomposition of H” with respect to the following set of states.

S, a5 = {p € S(H?)|3M € P(H?) s.t. ¢ = Tra[M*p*P]}
Here, P(H*) denotes the set of positive semidefinite operators on HA4.

By definition, it is straightforward that there exists a POVM {M,}, on A, i.e.,
the set of positive semidefinite operators on H# satisfying > .My, = I, such that
the KI decomposition of H? with respect to a bipartite state pA? is equivalent to
the KI decomposition of an ensemble {p,, p,},, which is defined by p, = Tr[M Ij‘pAB]
and p, = p, ' Tra[M;}p*P]. Moreover, the following property is proved in [21].

Lemma 4 When T, is the KI decomposition of H? with respect to pZ, the state

pAP is decomposed as

pII{}I = FB ABFTB Zp]‘j ]lbo ®pAbL ®O’ (288)

jeJ

where {p;};ecs is a probability distribution, pbe € S(HA @ H"), O'?R € S(Hbr) and
(13" = djir-
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Proof. See Ref.[21].

We call (2.88) as the KI decomposition of pAZ on B.
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Chapter 3

Elements of Quantum Shannon
Theory

In this chapter, we introduce quantum state merging and the decoupling theorem,
which are at the core of the recent developments in the field of quantum Shannon
theory. Results and techniques reviewed in this chapter will be used in Chapter 4,
5 and 6.

Quantum state merging is a quantum communication task, first introduced and
analyzed in [16, 17]. It has been shown that many of the central coding theorems in
quantum Shannon theory are systematically derived from quantum state merging
and its variant known as the fully-quantum Slepian Wolf theorem [20]. The core
of their usefulness is that they approach problems of quantum communication from
the viewpoint of decoupling, that is, destroying correlation between two quantum
systems by locally acting on one of the two subsystems.

The minimum amount of randomness required for decoupling is revealed by the
decoupling theorem. Depending on the types of operations applied to destroy the
correlation, there are several formulations of the decoupling theorem, such as the
one based on the partial trace [20], random unitary operations [15], and projective
measurements [17]. In this chapter, we consider decoupling by random unitary
operations.

We start with explaining the idea and properties of typicality [1, 8, 22], which is

one of the most basic tools in classical and quantum Shannon theory.

3.1 Typical sequences and subspaces

Let X be a discrete random variable with alphabet X and probability distribution
p(z) = Pr{X = z}. We assume |X| < oo, where |X| denotes the number of elements

in X. Consider a source that generates a sequence X, --,X,, € X" with a certain
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probability distribution. If probabilities of each sequence is given by

Pr{X) =2, -, X, = x,} = p(a1) -+ p(x,) (3.1)

for arbitrary n, the source is said to be independent and identically distributed
(ii.d.).

Definition 5 A sequence & = (xy,---,x,) € X" is called e-weakly typical with
respect to p(z) if it satisfies

2—n(H(X)+e) < p(w) < Q—W(H(X)_E)‘ (32)

The e-weakly typical set T;, ¢ is defined as the set of all sequences & € X" that are
e-weakly typical.

Definition 6 A sequence x = (x1, -+ ,z,) € X" is called e-strongly typical with
respect to p(z) if it satisfies

‘%N(z\w) —p(z)| < ] (3.3)

for all z € X and N(z|z) = 0if p(z) = 0. Here, N(z|x) is the number of occurrences
of the symbol z in the sequence . The e-strongly typical set T} . is defined as the
set of all sequences (z1,--- ,z,) € X" that are e-strongly typical.

Theorem 7

1. The number of elements in 7, ., denoted by |T), .|, is bounded as |T, | <
2n(H(X)+e)'

2. For any ¢,0 > 0 and for sufficiently large n,

> p@)>1-4 (3.4)

mETn,e

3. For any €,0 > 0 and for sufficiently large n,

> plw)>1-4. (3.5)

zeTy .

Proof.

1. From (3.2), we have

1 = Z p(iI?) > Z p(iI?) > Z 9—n(H(X)+e) _ ’Tn,e’ .9~ n(H(X)+e) (36)

xreEX™ €Ty ¢ €T e
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2. The expectation value of a random variable — log p(X) is
E [—log p(X Zp Ylogp(z) = H(X). (3.7)

From the weak law of large numbers, we have

Pr {‘% > (—logp(X;)) — H(X)

=1

§6}>1—(5 (3.8)

for sufficiently large n. On the other hand, from Condition (3.2), = € T,, . if
and only if

1 n

- > (—logp(x;)) — H(X)

i=1

<. (3.9)

Thus we obtain (3.4).

3. The expectation value of a random variable ¢, y for any fixed x € X is
E [0, x] = p(z). From the weak law of large numbers, we have

Pr{n \X\}>1_5 (3.10)

1
- Z 6Z’,Xi - p(.fE)
for all z € X and for sufficiently large n. Hence

i=1
1

Pr { —
n J—

€

Z%Xi — p(z) | (Vo € X)}

1 — €
= 1-P — — (4 X
r{nz—l >|X| (IE )}

Z(sax,Xi — P\
> 1_ZPY{‘%i5I,X¢ —p(x)| >
x =1

<

= 1-d%] (3.11)
Since
. i%& = IN(|Xy, e X, (3.12)
n= n
we obtain (3.5) by letting &' = 6/|X|. u

Definition 8 Suppose the spectral decomposition of p € S(H) is given by p =
> . p(x)|z)z]. The e-weakly typical subspace H¥? C H®" with respect to p is
defined as

HYP = span{|w1) - - - [zn) € HO" (21, 20) € Tl (3.13)
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and the e-strongly typical subspace Hflyf* C H®" is defined as
HPP* = span{|21) - - - |[zn) € HO" (21, -+ 20) € Ty .}, (3.14)
where T, . and T, _are typical sets with respect to p(z).
Theorem 9
1. The dimension of the typical subspace is bounded as dimeﬁ{f < oS +e)

2. For any €,0 > 0 and for sufficiently large n, let II,, . be the projection onto
H,¥? with respect to p. Then for any state A% such that ¥4 = p,

[0 ()2 — ()27 < n(6). (3.15)
3. For any €¢,0 > 0 and for sufficiently large n, let II}, . be the projection onto

Hff{f with respect to p. Then for any state 1% such that 4 = p,

[T @A) I — (@A), < n(s). (3.16)

Proof.

1. dimHP = |T,,.| < 2MHO+) = gn(S()+o),

2. Let [¢)AFF be a purification of 4%, The Schmidt decomposition of the state
is given by [)ARE =3\ /p|a) e, ) B where (eg]ey) = 0y, We have

(MBI ()R = N~ pabar(€alewr) = Y pa>1-46,

x,x' €T €Ty .

and hence

Te[IL) ()] = eI (o))" > 1 - . (3.17)
From Lemma 10 given below, we obtain (3.15).
3. Similarly, we have
Te[IL (7)) > 1 =6, (3.18)
and thus we obtain (3.16). |

Lemma 10 (Lemma 9 in [19]) Let p be a subnormalized state, i.e. p > 0 and
Tr[p] <1,and let 0 < X < I. If Tr[pX] > 1 — 4, then

VXN | <2V (3.19)

Here, 0 < X < I is an operator inequality stating that X and I — X are positive
semidefinite.
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Figure 3.1: Quantum state merging is a task in which Bob transfers his share of
|U)ABE to Alice. R is an inaccessible reference system. For later convenience, we

consider Bob as the sender and Alice as the receiver.

Proof. Let p =), p;|i)(i| be the spectral decomposition of p. From (2.42), (2.30)
and 1 — 22 < 2 — 2z, we have

fxwx - = (S
< Zp
< 4zzpi (1~ Vi)
< 8ipz- (1= VX))

= 8(1-Tipv/X]) <8(1 - Tulpx]) < 85,

Vi)l VX - |z'><z'|H1)

VXYV — i)l

3.2 Quantum State Merging

ABE with an inaccessible

Suppose Alice and Bob share a tripartite pure state |¥)
reference system R. Quantum state merging [16, 17] is a task in which Bob sends his
share of ¥ to Alice so that Alice has both A and B parts of ¥ (Figure 3.1). A trivial
way is that Bob directly sends B to Alice. However, there are cases where Bob
can reduce the cost of quantum communication by exploiting correlation in W45,
If Bob is not allowed to perform quantum communication but is only allowed to
send classical information, it would be in general impossible to accomplish the task
unless assistance of shared entanglement is available. But if correlation in U4 is
strong enough and contains sufficient amount of entanglement, it might be possible
to accomplish state merging without consuming additional entanglement. Moreover,

it would even be possible to gain a certain amount of pure entanglement between
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Alice and Bob after accomplishing state merging. Thus our question is as follows:

For a given state |W)ABE

1. How much classical communication is required for state merging?

2. How much entanglement must be consumed for state merging, or can be gained

after state merging?

It is proved in [17] that, in an asymptotic situation where ¥ = ¢®" and n — oo,
the optimal rate of the classical communication cost and entanglement cost per copy
can be expressed by simple functions, namely, the quantum mutual information I(A :
R), and the quantum conditional entropy S(B|A)y, respectively. In particular, it
was shown that if S(B|A), < 0, then Alice and Bob can gain entanglement which
amounts to —S(B|A), after state merging. Thereby a rigorous operational meaning
of negative quantum conditional entropy was uncovered for the first time. In the
following, we review the rigorous definition of quantum state merging and two main

theorems regarding its entanglement cost and classical communication cost.

Definition 11 Consider a tripartite pure state |¥)*"%. Let Alice and Bob have
quantum systems Agy, A; and By, By, respectively. The following protocol M con-
sisting of a sequence of quantum operations is called state merging of ¥ with er-

ror €, entanglement cost log K — log L and classical communication cost C'. Here,
M : AABBy — AA’A, By is a LOCC and

F(p(M), [0)4 @) 48t) > 1 — e (3.20)

for p(M) = M(|U)A4E|P ) A0Bo) ' is the total amount of classical communication

transmitted from Bob to Alice in M, measured by bits.

The following theorem states that there always exists state merging with an er-
ror determined by the state and the amount of entanglement obtained after state

merging.

Theorem 12 Let D := (Tr[(¥4)2])~!. For any L < dg, there exists state merging
of U with error € = n(\/Ldg/D + L/dg), entanglement cost —log L and classical
communication cost C' = log (dg/L).

Proof. See Ref.[17]. [

The following theorem reveals the necessary amount of entanglement and classical
communication required for state merging with a small error. Our version is essen-
tially the same, but is technically different from that of [17]. We give a rigorous

proof for completeness.
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Theorem 13 Let M be state merging of W with error €. Entanglement cost and
classical communication cost of M are bounded below as

log K — (1 —n(e))logL > S(B|A)y —n(e)log (dadpdc) (3.21)
c > I(B . R)q; — 77(6) log (dAdBdC). (322)

Proof. See Appendix.

3.3 Decoupling Theorem

Suppose Alice and Bob share n copies of a bipartite state pA®. By performing
a random unitary operation on A, Alice destroys the correlation between A and B,
that is, she turns (pA8)®" close to a product state of the form p/4" @ (p®)®". The
main problem is to minimize the amount of randomness required for this task. A

precise definition is given as follows.

Definition 14 We say that pZ is decoupled with the randomness cost R on A if,
for any € > 0 and for sufficiently large n, there exists a random unitary operation
TA: 72k ZZZ VeV, on A such that

n

(T 2 ia®)(#) W - TP @ (5P| < (3.23)

The following theorem states that, in the asymptotic limit of infinite copies, the
minimum randomness cost per copy required for destroying the correlation between

two quantum systems is given by the quantum mutual information.

Theorem 15 pP is decoupled with the randomness cost R on A if and only if
R>I(A: B),.

Proof. We only consider cases where p is a pure state, i.e, p = |p)¥p|. For the
proof of mixed-state cases, see [15]. Proof techniques presented here will be applied
in Chapter 4.

Suppose that a random unitary operation 74 : 7+ 27 Zii VkTVJ satisfies
Condition (3.23). The state after the operation,

PP = (T @ idP) (o)l ™), (3.24)

satisfies

go’fg - go'f ® so’ng 1 <e. (3.25)
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From (2.78) and (2.85), we have

nR

V
N
:N

> S(A)y + S(B)y — nn(e) log (dadp)
B)y — nn(e) log (dadp)
B)yen —ni(e) log (dadp)
S(A ) S(B),) — nn(e) log (dadp)
= nl(A: B), —nn(e)log (dadp). (3.26)

= S(A
> S

= N

Since € can be arbitrarily small and 7(e) — 0 when ¢ — 0, we obtain the “only if”
part of the theorem.

For the “if” part, let @) = > \/p_$|x>‘4|x)B be the Schmidt decomposition of
). Take arbitrary € > 0, choose sufficiently large n, and let II/} _ be the projection
onto the e-weakly typical subspace H,ﬁ?‘" with respect to . Define a subnormalized
state [pn,e) = II7 (J))®". From Theorem 9, we have

[1oneXond®®" = (Xl #)"

< n(e). (3.27)

For any unitary V acting on Hp%”, define |g0n5(V))Aan = V|<pn6)Aan Suppose
V is randomly chosen from an ensemble {p(dV'), V'} such that for all F € L(Hn2"),

/ p(dV)\VEVT = Te[F] - o4, (3.28)
\%4

where 74 1= HA“"’” /Tl ““’ Existence of such unitary ensembles will be discussed

in Page 32. As an ensemble average, we have

Bre = El|on(V)Xpn (V)] = 14 @ 5. (3.29)

By Theorem 9 and the definition of the typical subspace, the nonzero eigenvalues of
74 are equal to (dlmHAt“’) L > 9-n(S(e)+9 and those of @F . is not smaller than
9—n(S(p )+e)'

Suppose Vi, ---, Vy are unitaries that are randomly and independently chosen
from the ensemble {p(dV'), V'}. From Lemma 16 given below, we have

1 & N e
Pr {N ; Son,e(vk) ¢ [(1 - 6)()571,67 (1 =+ 6)@”,6]} S 2dzd% exp <_ 92 )7

where A > 27(25(#+29 The R.H.S. of this inequality is smaller than 1 for suffi-
ciently large n if N = 2"% and R > 25(p?) +2¢ = I(A : B),+ 2¢. Thus there exists
a set of unitaries {V;}2" such that

N
1 .
(1= Pne < 5 D #neVi) < (1 +)Pne, (3.30)
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which implies

N
1 _
N Z (pn,e(vk> — Pn.e <e (331)
k=1 1
Combining with (3.27) and (3.29), we obtain (3.23). |

The following lemma, called the Operator Chernoff Bound, plays a central role in
the proof of Theorem 15 as described above. It will also be used in Chapter 4 and
Chapter 6.

Lemma 16 (Operator Chernoff Bound: Lemma 3 in Ref.[15]) Let X, -+ Xy be
i.i.d. random variables taking values in the operator interval [0 : I| C B(H) and with
expectation M = EX; > M. Then, for 0 < ¢ < 1, and denoting X = (1/N) ZZ]\LI Xi,

Pr[X £ (1 + €)M] < dexp (—N;€2>,

Pr[X # (1— e)M] < dexp (—N;g).

Here, X £ (1 + €)M and X # (1 — €)M represent that (1 +¢)M — X > 0 and
X — (1 —¢€)M > 0 do not hold, respectively.

Let us consider a random unitary ensemble {p(dV'), V'} on a d-dimensional Hilbert
space H that satisfy

/ p(dV)VFVT = Tr[F] - 6—111 (3.32)

for all FF € L(H).
An example of a random unitary ensemble satisfying (3.32) is that of generalized

Pauli operators. The generalized Pauli operators on d-dimensional Hilbert space is
defined as

Opg =XPZ9 (0<p,qg<d—-1), (3.33)

where X == S0 |t — 1)t and Z = 320, 2™/ 4)t)(t| with a fixed basis {|t)}L .
Here, subtraction is taken with mod d. The random generalized Pauli ensemble
{d™2,0p,}p,q satisfies Condition (3.32). Indeed, consider the random generalized

Pauli operation defined by
1
R(r) = = Z quTO';q. (3.34)
P

By using XZ = e*™/47Z X, R is described by

1 1 1 1
R(r) =~ >z <E ZXPrX“’) Zt = y > xv (E > Z%ZW> X, (3.35)
q p p q
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Thus we have [R(F), X] = [R(F), Z] = 0 for any F € L(H). Hence we have

~ Txr[F]
o d

R(F) i (3.36)

by Schur’s lemma.

Another example, which is widely used in quantum Shannon theory, is the Haar
distributed random unitary ensemble. The Haar distribution on U (H) is defined as
the unique distribution which is invariant under unitary transformations. For this

ensemble {p(dV),V'}, for any G, H € U(H) we have
G / p(dV)VEVT = / p(d(GV)GVFVIGT. G = / p(dV)VEVIG.  (3.37)

Thus the ensemble satisfies (3.32) by Schur’s lemma. Due to the unitary invariance,

the ensemble also satisfies

/ p(dV)V = 0. (3.38)
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Chapter 4

Markovianizing Cost

Tripartite states for which the quantum conditional mutual information are zero
are called quantum Markov chains or Markov states for short. In this chapter,
we define a task (Markovianization) of transforming a tripartite state into a state
sufficiently close to a quantum Markov chain, by performing a random operation on
one of the three systems. We derive the minimal cost of randomness (Markovianizing
cost) required to accomplish this task. Results obtained in this chapter will be used
in Chapter 5.

4.1 Quantum Markov Chains and the Markovian-
izing Cost

Tripartite quantum states for which the quantum conditional mutual information

is exactly zero are called quantum Markov chain, or Markov states for short. For

clarity, we say that a tripartite state TAB¢ is a Markov state conditioned by B if it

satisfies (A : C|B) = 0. It is proved in [21, 23] that the following three conditions

are equivalent:
1. TABC is a Markov state conditioned by B,

2. There exists a unitary isomorphism I' : H? — H% @ H. @ H’®, such that

TABC is decomposed as

PEPACTIE = % piliil™ ® o™ @ ¢, (4.1)

jed
3. TABC is decomposed as

FBTABC'FTB _ ijbx]‘bo ® 0]{417[1 ® ¢?RC’

jedJ

where I' is the KI decomposition of H® with respect to T4Z and T5¢.
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bo o 17N

bL. QbR

Figure 4.1: A graphical representation of the Markov decomposition of Markov
states (4.1). The white circle represents the ‘classical’ system in the sense of (2.28).
The dotted lines represent mixed states. The whole state is the probabilistic mixture

of the above state with probability p;, namely, > . ; p;| W™ ® UjAbL ® qﬁ;’-RC.

4. TABC gatisfies

TABC’ _ (TAB)%(TB>—§TBC<TB>—%<TAB>%

We call ' : HE — Hb @ Hb: @ HP® in (4.1) as the Markov decomposition of HP
with respect to a Markov state T4B¢ which is equivalent to the KI decomposition
of H? with respect to T4Z and TBY. We call (4.1) as the Markov decomposition
of a Markov state TAB¢ (Figure 4.1). If a tripartite state TABC is decomposed as

(4.1) by some I, we call TAB¢ as a Markov state with respect to T

As a stronger statement of Condition 4, we have the following properties.
Lemma 17 For arbitrary tripartite state pA2¢, the state pP¢ defined as
PP = (0792 (pP) 72 p B (pP) 72 (pPC) 2
is a Markov state conditioned by B.

Proof. Define a CPTP map &, : B — BC by

This is indeed a CPTP map because

[NIES
=

I
g
i

Te[E,(r)] = Tr[(pP) 278 (p7) 2 (pP9)] = Ta[rP (o) 2 pP (p7)~
We have

[)ABC — Ep(pAB) — gp(,éAB)-
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A

CL ¢

Figure 4.2: A graphical representation of the KI decomposition of tripartite pure
states (4.9). Each vertex corresponds to a quantum system. The solid lines express
pure states. The whole state is the superposition of the above states with the

probability amplitude ,/p;, namely, Zjej \/p_j|j>b°|j)co|cpj>’4bLCL|wj>bRcR.

Thus, by the data processing inequality, we have

0<I(A:C|B);=1(A:BC); —I(A:B); <I(A:B); —I(A:B); =0, (4.6)
which implies I(A : C|B); = 0. [
Corollary 18 Let T4 be a Markov state conditioned by B, and let { My}, be an

arbitrary measurement on A. Let p, = Tr[MkTM,I] and Y = p,;leTM,I. Then
T, are Markov states conditioned by B for all k.

Proof. Follows from (4.1). |
Let us introduce the formal definition of Markovianization.

Definition 19 We say that a tripartite state WAB¢ is turned to a Markov state
conditioned by B with the randomness cost R on A if, for any ¢ > 0 and for suffi-
ciently large n, there exist a random unitary operation 7,, : 7 + 27" Zgj Vkﬂ/,;r
on A" and a Markov state T4"5"¢" conditioned by B™ such that

T (o) — TV < e (47
The Markovianizing cost of WA5C is defined as My z(¥45C) := inf{R | UABC is

turned to a Markov state conditioned by B with the randomness cost R on A}.

Let us introduce another adaptation of the KI decomposition for tripartite pure
states.

Lemma 20 Let |\I/>ABC be a tripartite pure state and suppose that the KI decom-
position of W42 on B is given by

PRRASTYE = 3 i)l @ o)™ @ wit. (4.8)

J
jeJ
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There exists a unitary isomorphism I"“ : H® — H ® H @ H® such that [¥)AB¢
is decomposed as

(TP @ T W) =3 /Bl 1) o) % o) o, (4.9)

jeJ

>AbLCL >bRCR bL

where (jj)° = 0,5, |¢; and |w; are purifications of gof and w;-’R, re-

spectively. Moreover, I"“ is the KI decomposition of C' with respect to W4¢.

Proof. Existence of IC follows from Uhlmann’s theorem. The symmetric form of
(4.9) in B and C implies that I"¢ is the KI decomposition of H® with respect to
WAC |

We call (4.9) as the KI decomposition of |¥)*“ on B and C (Figure 4.2). This
decomposition gives the Markovianizing cost of | V).

Theorem 21 Let |U)45¢ be a pure state, and let

D) BC =D pild) 1) ) O o) R (4.10)

jeJ

be the KI decomposition of [¥)4B¢ on A and B. Then we have

Map(U*5€) = H({p;}jes) +2>_ p;iS(e5™). (4.11)
jeJ
Proof. Follows from Lemma 22 and Lemma 23 shown below. [ |

4.2 Upper Bound

We show the ‘achievability” part of Theorem 21, namely, we show that the R.H.S.
in (4.11) is the sufficient amount of randomness required for Markovianizing. The
proof is based on random coding in terms of a random unitary ensemble designed
according to the KI decomposition.

Lemma 22 Let |U)45¢ be a pure state whose KI decomposition on A and B is
given by (4.10). Then we have

Map(U45) < H({p;}jes) +2 ) piS(£5"). (4.12)

jeJ
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Proof. Fix arbitrary ¢ > 0 and take sufficiently large n. Let J, . be a set of all
sequences j = ji - - - j, that are e-strongly typical in terms of {p,};c;. The state

|WEMABC i5 equal to the subnormalized state

(W )P0 = B1E) 1) ) i) O,

JE€JIn,e

up to small error €. Here, we introduce notations ¢; = ¢;, ® -+ ® p;, and w; =
wj @+ Qwj,.

For each j € J and j = j1 -+ J, € Ju,, define £, :={l|ji = j,1 <1 <n}. The
number of elements in the set is bounded as

€ €
) <el < T, 4.1

For each j € J, ., (H*®)®" = H*" @ --- @ H» is sorted as

(He) = @9 Q) .
JjeJ leL; ;
Let H}" be the e-weakly typical subspace of (¢§7)®1%4l in Qg H"™, I be the

projection onto Hj’yf, and let H‘;.R = Qe 114 Define

L= ST ) @ 1 @ e

JE€JIn,e

and

|\Ij;7€>ABC’ — HA“Ifn’JABC Z \/p_g\.? (ZO‘J>bO|w3>aLbLHaR‘SOJ>CLRbRC' (4'14)
J€JIn,e
The subnormalized state W], _is equal to ¥, . up to a small error e.

Let v;; be any unitary acting on 17, and let v; := &, vj4- Define a unitary

= > NG| ® I @ vt 4 proteaa, (4.15)
GETn e
where P%?LeR jg the projection onto the subspace that is not supported by the first
term. We have

[0, (V)YAP = VA, VAP = 3™ /] 5)™ ) Jwg) P i) R,
JE€In,e
where [) 1= H?R|gpj>.
Let {p(dV'), V'} be the ensemble of unitaries generated by choosing v; ; randomly
and independently according to the Haar measure for each j and j in (4.15). From
(3.28) and (3.38), as an ensemble average, we have

E [of* | Xeh o] = 75 @ o,
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* - G)ilo e
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Figure 4.3: A graphical representation of the state transformation from W;, _in (4.14)
to W, . in (4.16) by a random unitary operation {p(dV'),V}.

where 7T?R = I1; /TrIl;, and

E [U?R\go’j><go'j,]v;73_ =0
for § # j'. Thus the average state is given by
U = E[|w, (X, (V)"
= > pilddddd ™" @ |wilws| " @ 7t @ R,

JEIn,e
o a . BO aRr . . . . ﬁOaLBL /l_)Ré 4 16
> piliNd1" @ (75" @ |5, w;)d,w;] ® ¢; (4.16)

JE€Ine

which is a Markov state conditioned by B (Figure 4.3).
The minimum nonzero eigenvalue of \TJM is calculated as follows. First, due to

the definition of J, ., we have
p; > Hp;}(pﬁe/“]') — o—n(H{pj}j)+n(e))
jed

. 1a 1brC .
Second, since the spectrums of <,0jaR and ¢; " are the same, the minimum nonzero

eigenvalue p; of gpf’*é is bounded below as
[ > HQ*n(ijre/lJ\)(S(w;R)ﬂ) — 93, piS(e; ™) n(e)logda)
jeJ
Third, we have

rank IT,; ; < 2194155 )49 < on(ps+e/lTNS ] M)+e)
and
rank IT; < H on(pj+e/|T)(S(; ) +e)

jeJ
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Thus the nonzero eigenvalue v; of W;R is, in the same way as 5, bounded below as

vy > 2o/ 50,
jeJ

All in all, the minimum nonzero eigenvalue \ of ¥, . is bounded as

A = pjpsv; > o—n[H({p;};)+2 32, p; S (@) +n(e) logda]
We also have

rank U, . < |J, | x rank W?R x rank goljz”?' < dy, (4.17)

where dy = dim HA.
Suppose Vi, ---, Vy are unitaries that are randomly and independently chosen
from the ensemble {p(dV'), V'}. From Lemma 16, we have

—1 3 V _ N)é?
! 0 \T 3n
Pr{N ;\D”( ) 11— €)¥ne (1 “)‘I’n,eJ} < 2dy eXp( 2 )

Therefore, if N = 2" and

R > H{p}) +2 3 piS(e5) + () log ds

J

holds, there exists a set of unitaries Vi, -,V such that
1o .
~ UL (Vi) =Ty <e
i=1 1
for sufficiently large n. Thus we obtain (4.12). [

4.3 Lower Bound

In this section, we prove the converse part in Theorem 21, namely, we show that
the R.H.S. in (4.11) is the necessary amount of randomness required for Markovian-
ization. If we would assume that TA"2"¢" in (4.7) is a Markov state with respect to
(I2)®" where I'y is the KI decomposition of B with respect to W3¢ it is not diffi-
cult to show that the amount of randomness required for turning W®" to Y4"5"¢"
per copy is bounded below by the R.H.S. in (4.11). However, it might be possible
in general that the amount of randomness can be further reduced by appropriately
choosing T4"B"¢" and the corresponding KI decomposition of B. We show that this
is impossible. At the core of the proof is Inequality (4.28), which will be discussed

in detail in Section 4.4.
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Lemma 23 Let |¥)4B8¢ be a state whose KI decomposition on A and B is given
by (4.10). Then we have

Mp(U4B9) > H({p;}jes) + 2 ZP;‘S(SO?R)- (4.18)

JjeJ

Proof. Take arbitrary R > M4 5(¥4P%), ¢ > 0 and choose sufficiently large n.
There exist a random unitary operation 7, : 7 +— 27" Zin:l VkTV,J on A" and a
Markov state T4"B"¢" conditioned by B™ such that

|T(om) — Y4B | < (4.19)
By tracing out A", we have

H (q,@n)BC‘ _ TBC

<e (4.20)

Due to Uhlmann’s theorem (see Section 2.2), there exists a state |x)AB¢ such that
XB TBC nd

< n(e). (4.21)

H(\I/Qan)ABC’ _ \ABC 1

Let Ty : HE — HP @ H* ® HP® be the Markov decomposition of HZ with
respect to TABC and let

Y4BC . — PRy ABCT Zqz @ ot @ ¢hrC (4.22)

be the Markov decomposition of T4BC. Due to yB¢ = T8, the KI decomposition
of H® with respect to |x) is equal to I'¥. Thus the KI decomposition of |y) on A
and B is given by

|XKI> . (FA ®FB |X Z\/@‘ ao‘ b0’£1>aLbL|¢l>aRbRC (423)

where |§i)&Li’L and |¢i)&Ri’Ré are purifications of O'EL and gbeé, respectively, and
I’;‘ : A — aparag is the KI decomposition of A with respect to y4¢

Define a map 7, := 7, o 5F§ on A, where 5r§( is a unitary isomorphic operation
corresponding to F;f(, and let D be the complete dephasing operation on l;o with
respect to the basis {|z>b°}Z From (4.19), (4.21), (4.22) and (4.23), we have

(7 & D) (e docal) = 132 < (4.24)

We also have

D% (i M) Zqz i @il © EXEI © |o)od 0. (4.25)
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From (4.22), (4.24) and (4.25), by tracing out brC, we obtain

Zqz

Thus we have

(i, €0, &% @ ¢y — o] < ().

1

Zqz o) > Zqz — nn(e) log(dadp), (4.26)

since the von Neumann entropy is nondecreasing under random unitary operations.

The von Neumann entropy of the state YABC is then bounded below as

~

S(ABC)y = S(AbobrbrC)y,, = S(bo)r,, + S(AbLbrClbo)r,,
= H({ai}s) +qu oAy + §(ghnCY)

= {Qz i +Z% AbL +S(¢GR))

Y

{QZ z +2 Z QZ - m?(€> log(dAdB)- (427)

We prove in Lemma 24 that (4.21) implies

H({a:}:) +2 Z ¢:5 ( ({ps}ies) +2)piS(&5") = myle) log dc)-<4-28)
JjeJ
Here, n,(€) is a proper function of € > 0 and ¥ satisfying lim._7,(€¢) = 0, which is
continuous with respect to €, and does not depend on n. Thus, from (4.19), (4.27)
and (4.28), we finally obtain

I, 5~ 1 -
R Z ES(ABO)Q‘ﬂ(@@n) Z ES(ABC)T — 7’](6) IOg(dAdBdc)
> H({pj}ies) +2)_ 0iS(@5") — ny(e) log(dadpdc),
jed
which implies (4.18). [ |

4.4 Proof of Entropic Inequality for KI decompo-
sition

In this section, we prove Inequality (4.28). Our proof is based on the data com-
pression theorem for mixed state quantum information sources proposed in [24, 25].

Lemma 24 Suppose the KI decomposition of [¥)42¢ on 4 and B is given by (4.10).
For any n and € > 0, let x4¢ be a state that satisfies

H(qf@m)f@ _ A H <e (4.29)
1
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Figure 4.4: A graphical representation of the channel £4. Due to the complete
dephasing operation denoted as DP, the channel ay has some capacity to transmit
classical information, but has no capacity to transfer entanglement. The channel ag
has some capacity for both.

and let

Xas = Z @liXi|™ ® ir @ ¢inC (4.30)

be the KI decomposition of yA¢ on A. Then we have

H({g:}:) +2 Z 45 (H({pj}jej) +2 i S(5") — myle) log (dAdC)> :
JjeJ

(4.31)

Proof. We prove two inequalities,

Z q@ “L > n (Z p] 77\1,(6) log (dAdc)) (432)

jeJ
and

H({g:}: +Zqz ( ({pi}ies) + D piS(£5") — my(e) log (dAdc)>,

jeJ

(4.33)

which together imply (4.31).
Let I', be the KI decomposition of A with respect to YA€, Consider a quantum
channel £ on A defined by

=1 (Zl i[*Tra, [T\ 7T i)™ ®§f‘L> r

This channel is decomposed as &4 o E3 0 & o & o &, where & and &4 are
X X

an isometry operation corresponding to I', and FL, &1 is discarding ay, & is the

completely dephasing operation on o with respect to the basis |i), and £ is addition
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Figure 4.5: A graphical representation of state transformation of ¢)*" under £. The
channel £ does not much change the state ¥®" on average. In particular, it almost
conserves entanglement that ¢®" initially has. Thus the intermediate state 1, has
the same amount of entanglement because of the monotonicity. Since ay has no
capacity for transferring entanglement, az holds all entanglement in 1, with C. We
evaluate entanglement by the conditional entropy.

of Gz in the state £, conditioned by o (Figure 4.4). From (4.29) and (4.30), we

have £(x2¢) = xA¢ and thus
|eqwemie — o)) < n(e), (4.34)
1
There exists a POVM {M,}, on C such that the KI decomposition of ensemble
{pu, ¥}, where

pu = Tr[(I* @ MS) W] (4.35)
and
U= p Tre[(I4 @ MY )UAC], (4.36)

is equivalent to the KI decomposition of WAC. Let pu = py -+ - i, pp = Pur " Ppn
A _ A An .
and Uy, = U/l @ --- @ U/, From (4.34), we obtain
n(€) = > pu €D — wil| = max > p,||e(w - vk (4.37)
7 I3

T 1i<n

1

To prove (4.32), let 1€ be the state such that the KI decomposition of A with
respect to ©4¢ is the same as one with respect to ¥4¢, and that it is decomposed
as

& =T T = " pili)il™ @ wit @ |@) @517,
jeJ
where |@;)7¢ is a purification of ¢§® (Figure 4.5). The state satisfies ¢4 = U4, Tt
is proved in [24, 25] that the condition (4.37) implies

ma [[£(wS) 4 = |, < (o)

1<I<n
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Here, &(y®™)4C denotes

e = (€1 @i wem) ™. (4.39
Thus we have
LS Jlewenyrer — gre, < o), (439)
=1
and consequently,
i |S(CilAp)geny — S(C|A)y| < nipy(e) log de- (4.40)

=1
from (2.86). We also have
S(C|A)geny = S(Cr-+-CplAr -+ Ap)gen
= ) _S(ClfA -+ A,Cy -+ Criy)eqpen
< Z S(CﬂAl)g(d)@n) (441)

=1
Combining (4.40) and (4.41), we obtain
nS(CIA)y 2 S(ClA)sqom — nmle) log de. (1.42)
Let 9%0rC .= (£, 0 & o pr)((w@’”)/ié). By the data processing inequality, we
have
S(ClA)een = S(Clagar)y,. (4.43)
Since wZO&RC’ is a classical-quantum state between ag and azC, we have
S(Claodr)y, = S(arClao)y, — S(arlao)y, = —S(arlao)y,. (4.44)
On the other hand, from the condition (4.29) and the fact that 1 = U4 we have
|S(ar|ao)y — S(ar|ao)y,| < nn(e)logda. (4.45)
Combining (4.42), (4.43), (4.44) and (4.45), we obtain
nS(C|A)y > —S(ar|ao)y — nn,l€)log (dade).

Since we have, from (2.74), that

S(ClA)y = S(Clagarar)y, = piS(Clar)s, =—> p;iS(p

jed jeJ
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and

aRlao XKI E :ql

we obtain (4.32).
To prove (4.33), let

~ aRC Z,/pk ‘SOICU |¢k|j>c (446)
be the Schmidt decomposition of |p;)?#¢, and define a classical-classical state

~arC | ~ = a ~ - C
G = D Pl BriiNBuisl”™ © |BuisXus |- (4.47)
k
Since pj¢; = P, we have Y = YA = U4, Let pACY" be the state such that the KI
decomposition of A with respect to wACC is the same as one with respect to W4,
and that it is decomposed as

ACC!  ._ A, ACC'TA
axr = Igva ™ Ty

= > Pl @ wit @ g1 @ 1)
jeJ

Similar to (4.39), the condition (4.37) implies

1 n , ACC!
n Z Hg(wg )Alclcl - wcf l . < 7€)
=1
Thus we have
Z ]1 GO sy — IA = CC) gy | < miny(e) log (dade). (4.48)

We also have
= S(CC)gqem — ZS CLCj|As -+ AuCr O -~ Cra Gy g yem
=1

S((jé/)gwgﬂ) - Z S(CCI A g (ym)

=1

=1

Y

Here, we use the fact that £(¢&")° = (¥&")°, and thus

S(CC)gqueny = S(CC) ygn = nS(CC)ye, = Z S(CIC)yer = Y S(CIC))gyemy:

=1 =1
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Let 1&2?3{*@0 = (& 0& 0 &r ) (V@ m)ACC") By the data processing inequality,

we have

I(A : C’C_’/)g(wgf’b) S [(dOdR : C_(C_Y/)wn,(jl S S<d0dR)wn,Cl'

(4.50)
From (4.29) and the fact that 98, = U4, we have
}S(&OdR)XKI - S(dOdR)%bn,m’ < ”77(5) logdy. (451)
Combining (4.48), (4.49), (4.50), and (4.51), we obtain
S(&U )XKI = n[(A ac’ )¢01 ”77@(6) IOg (dAdC)
Therefore we obtain (4.33), since we have
S(aoar)xy = S(a0)xiq + S(arlao)yy = H({a:}i) + Z @S
and
I(A: COI>¢01 = I(agar: CC" )dJCl,KI = I(ap: CC" )wm w+1(ar : Ccl‘ao)lﬁm,m
= H({p;}jes) + > _ piS(¥}")
jeJ
|

4.5 Measurement-Induced Markovianization

In this section, we consider Markovianization by performing measurements in-
stead of applying random unitary operations. We analyze changes of entropic quan-
tities under a state transformation induced by a measurement. We show that a
lower bound on entropy changes is given by the Markovianizing cost derived in the
previous sections. Results obtained in this section are used in the next chapter.

Theorem 25 For an arbitrary pure state [¥)45¢ and any n, e > 0, let {MkAAO_’AI}k

be a measurement on AAy, |¢res)° be an arbitrary pure state, 1y, 1= || M| ¥&m)ABC

|¢res>AOGH2 and ]\Ifk>A BoG . _ ,;1/2Mk\\I/>ABC \(ﬁms)AOG. Suppose that the following
conditions are satisfied.

1. The measurement does not much change the reduced state on BC' on average:
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Figure 4.6: Markovianizing by measurements with an auxiliary entangled resource
is considered. We want to obtain the state after the measurement that is close to a
Markov state on A’BC' conditioned by B.

2. There exist Markov states T7'5¢ conditioned by B such that

I R 1 R
ZrkH\I,kABC_T?BC
k

<e.
1

3. The dimension of H®, denoted by d¢, is bounded above as
log de < nklog (dadpdc) (4.52)
with a constant . This condition is only for a technical reason.

Define the entropy decrease due to the measurement on AAy by AS(A")y, := nS(A)g+
S(Ao) .. —S(A")w, and the average entropy decrease by AS(A")gy := Y, riAS(A)y.
Define also ASy == nS(A)y — S(A)y, + S(Q)y, = AS(A)r — S(Q)y... + S(G)y,
and AS,, := Dok r:ASg. Then we have

AS(A) gy > nMap(Y*5C) —nny(e)log (dadpdc), (4.53)
ASu, > nMup(VAP9) — nn,(e)log (dadpdc) (4.54)
and
H({ri}r) > nMap(WAPC) — nn,(e)log (dadpdc). (4.55)
Proof. Let
€ = H(‘Ij@n)éé T L €l 1= H‘I’kA,BO - Tf/BCH17 € = € + €. (4.56)

Fix one k for the moment. There exists a state |y)4P¢C such that Y4B = T;?/BC'

and

w2 BOG B < p(ep). (4.57)

48



doe |7)

Figure 4.7: A graphical representation of |x). The state |x), which is a purification
of TABC is decomposed into |X), which is the superposition of the above state with

the probability amplitude ,/g;, namely, [Y) = >, \/@|Z'>B°|i>§°|§i>Al6L§L|¢i>BR§Ré.

Let F? : HB — H% @ H* @ HP® be the Markov decomposition of HZ with respect
to T{'2C, and let

Tﬁkgc_’ — F?T?,BCFTB qu bo ® UA br ® ¢bRC (458)

be the Markov decomposition of TABC. Since I'E|x) is a purification of T45¢
there exists a unitary isomorphism I’ g : G — gogrgr such that

|>Z> (FB(X)FG |X Z\/—| bo| 90|€Z>AbL9L|¢Z>bRQRC (459)

A'brg brarC . . b brC .
where [£) "9 and |¢;)"*" are purifications of o7 " and ¢?=¢, respectively. There-
fore, as we prove in Appendix, we have

Al = 1(BC: Q)y, > nMap(V*P) —nn,(e)log (dadpdc). (4.60)

The entropy decrease is then calculated as

AS(A/)k = ( )‘Ij + S(A(J)Qbres - S<A/)\I}k
= BC)gen + S(Ao)pye, — S(BC'G)%
> S(BC)y, + S(Ao)g,.. — S(BCG)y, — nnlex)log (dpdc)

S(
(B
= S(Ao)s,.. — S(G|BC)y, —nnlex)log (dpdc)
= S(G)g,., — S(G)w, + I(BC : G)w, — nn(ex)log (dpdc)
= S(G)g,.. — S(G)w, + Al — nny(ex) log (dpdc), (4.61)
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where the second line follows from (4.56). Averaging over k, from the concavity of

entropy and 7, we obtain

AS(AVgve = S(G)gree = > _11S(G)w, + > 1i (AL — nn(ex) log (d))
> nMA|B(\IJABCk) — nny(€) log (;AdBdc). (4.62)
From (4.61), we also have
AS, > nMA|B(\I/ABC) — nn,(ex) log (dadpdc) (4.63)
and thus

AS,, > nMA|B(\IJABC) —nngy(€) log (dadpde). (4.64)

Let V : AAy — A'Ey be an isometry such that the Naimark extension of { M}
is given by M = (k|™V, and let

UAE = YT RNEV (UE) @ 67) VT R(k . (4.65)

We have

H({ri}x) = S(Eo)w = S(A'Eo)w — S(A'|Ep)w

> S(AAo)yergge — O rkS(A)w, = AS(A )ave
k
nMap(PPC) — nny(e) log (dadpdc), (4.66)

v

which concludes the proof. [ ]
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Chapter 5

Distributed Quantum
Computation

Distributed quantum computation is a task in which many distant parties per-
form a large quantum computation in collaboration with each other, by using clas-
sical communication, quantum communication or shared entanglement as resources.
Among others, we consider implementation of bipartite unitaries on unknown input
states by local operation and classical communication (LOCC) assisted by shared
entanglement. We consider an asymptotic scenario in which the two parties perform
the same bipartite unitary on infinitely many independent input pairs. We investi-
gate to what extent the entanglement cost and the classical communication cost can
be reduced by allowing nonzero but vanishing error in the asymptotic limit. The
main result is that the optimal costs of entanglement, forward and backward classical
communication in protocols consisting of three steps are given by the Markovianizing

cost of a state associated with the unitary.

5.1 Previous Results

Suppose Alice and Bob have quantum systems A and B in unknown states
|)AB | respectively, and try to apply a unitary U4Z by LOCC using some resource
entanglement shared in advance. A trivial way is one using quantum teleporta-
tion, where Alice teleports her input state to Bob, Bob performs the unitary, and
then he teleports back Alice’s share of output. In the case of two-qubit unitaries,
such a protocol consumes two Bell pairs and two bits of classical communication in
both directions. However, in [26], a protocol is proposed for performing two-qubit
controlled-unitaries deterministically and exactly by using one Bell pair and one bit
of classical communication in both directions. This result indicates that there are
cases where we can reduce the cost of resources depending on the unitary.

Protocols for this task are classified in terms of the success probability and
the fidelity of the final state to the target state U4 |g0)AB. A protocol is called
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Figure 5.1: The figure represents the task of applying (UA%)®" on
(|Bg) 4| ®,) PH2)En by using resource entanglement represented by ](I)’?{(LB °). Black
circles represents quantum systems, and wavy lines represent maximally entangled
states. R4 and Rp are reference systems that Alice and Bob cannot access. The
entanglement cost is defined as the difference between the amount of initial entan-
glement and that of final entanglement shared by Alice and Bob.

deterministic if it succeeds in implementing U4® with probability one, otherwise it
is called probabilistic. A protocol is called exact if the fidelity of the final state to
the target state is one, otherwise called approximate.

A deterministic and exact protocol for two-qubit unitaries is proposed in [26], and
those for general bipartite unitaries are studied in [27, 28]. In [29], the minimum
entanglement cost of deterministic and exact protocols for two-qubit controlled-
unitaries is investigated. It is shown that, in any protocol for that task, the re-
source state must be maximally entangled when it is a pure entangled state with
Schmidt rank 2, despite the fact that the controlled-unitary can be almost equal
to the identity operator. The result is generalized for arbitrary bipartite unitaries
in [30]. It is also shown numerically in [30] that there exists a class of two-qubit
controlled-unitaries which can be implemented exactly and deterministically by us-
ing entanglement resource with Schmidt rank 3, but with the entanglement entropy
less than 1. There are several works to find more efficient protocols which consume
less resources [26, 27, 28, 31, 32, 33, 34, 35, 36]. However, most studies so far have
only focused on single-shot protocols in which one bipartite unitary is applied to a
pair of inputs, and no result is known about an asymptotic scenario in which we
consider infinitely many input pairs.

5.2 Formulation of the Problem

As an asymptotic version, we consider a task in which Alice and Bob apply
(UAB)® on (| 4)AR4|Dy)Bh2)E" hy LOCC using a resource state 0™ (Fig. 5.1).
Here, R4 and Rp are imaginary reference systems that are inaccessible and invis-
ible to Alice and Bob. ®,; and ®f, are maximally entangled states with Schmidt
rank d = dimH4 = dimH”? and K,,, respectively. We evaluate the efficiency of the
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protocol by the fidelity between the final state of the protocol and the desired state
(UAB|®,) 4 |d,)PRE)on - We do not require the fidelity to be unity for finite n.
Instead, we require that the fidelity converge to one in the limit of n — oo. Our
interest is to find the minimal cost of entanglement, forward classical communica-
tion and backward classical communication per copy for accomplishing the task.
Rigorous definitions are given below.

Definition 26 Consider a unitary U : HA ® H? — HA ® HE acting on two d-
level systems A and B. Let |[U(U)) := UAB|d,)*4|®,)P"5  Define Alice and Bob
have registers Ay, A; and By, Bi, respectively. We refer to the following quantum
operation M,, as an EALOCC (entanglement-assisted LOCC) implementation of
U®" with the error ¢,, the entanglement cost log K,, — log L,,, the forward classical

communication cost C,”, and the backward classical communication cost C,~. Here,

Mn . AnAO ® BnBO — AnAl ® BnBl iS a LOCC and
F(p(My), [W(U))*"|®p, ) 11P1) > 1 — ¢, (5.1)

holds for p(M,,) = M, (|&;FN & |dBEEYEn @ YA0B0) O~ and C: are the total
amount of classical communication transmitted from Alice to Bob and Bob to Alice

in M,, measured by bits, respectively.

Definition 27 A rate triplet (Rg,C—,C“") is said to be achievable if there exists
a sequence of EALOCC implementations of U®" such that ¢, — 0, %(log K, —
log L,) — Rg, %C’n_’ — C7 and %C’: — C* in the limit of n — oo.

Condition (5.1) implies that, for almost all input states |¢) € HA" @ HE", the
final state M., (p4"%") = Tra, 5, (M ("F" @ ®07)] is sufficiently close to the
desired state U®"|p). Indeed, due to the relation between entanglement fidelity
(2.48) and ensemble fidelity (2.49), Condition (5.1) implies

/ p(d) F(Mu(9), U g)) > 1 — e, (5.2)

where the average is taken with respect to the Haar measure on H4" @ HZ". On the
other hand, we do not require the protocol to be universal, i.e., there may be some
input states ¢ for which the output state Mn(goAan) is not close to the desired
state U®"|p).

If M, implements (UAP)®" on |@;54)27|@FH5)E" with a small error, it also
implements (UAB)&" on Ug'B|d4 4 )en|9BRBYEn for any U with a small error. More

precisely, we have the following lemma.

Lemma 28 For any Up, Condition (5.1) is equivalent to

F(p(Ma, Uy), [T (U))@)) 21 = €, (5-3)
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where p(M,,, Up) := M, (|¥(Uy))AR4BEs | . YAoBo),

Proof. Follows from invariance of fidelity under unitary operations (2.41) and the
relation USB|®,)AR4 |@,)BRe = (UT)EBARE|§,)ARA|D,)BEE where the superscript

T denotes transposition with respect to the Schmidt basis of ®,. [ |

In Section 5.3, 5.4 and 5.5, we consider protocols for implementing U®", con-
sisting of three steps, in which Alice first performs a measurement, communicates
the measurement results to Bob, Bob performs a measurement, communicates the
results to Alice, and Alice performs a quantum operation. We refer to this class of
protocols as one-round protocols. We first extend the notion of Markovianizing cost
introduced in Chapter 4 to a given bipartite unitary.

Definition 29 Consider a “tripartite” state |U(U))A%aBEs) .= (UABg[Rali)| @) ARA
|®,)PE5 by regarding B and Rp as a single system. The Markovianizing cost of U
is defined as M (U) := Mg, (¥ (U)ARaBER),

The main result is that the optimal rates of costs of classical communication and

entanglement in one-round protocols are given by the Markovianizing cost of U.

Theorem 30 A rate triplet (Rg, C—,C*) is achievable by one-round protocols in
EALOCC implementation of U if and only if Ry, C~,C~ > M(UT).

Proof. Follows from Theorem 43 in Section 5.4 and Theorem 45 in Section 5.5. W

5.3 Single-shot One-round Protocols

In this section, we consider n = 1 (single-shot) case, and analyze a single-shot
protocol M for implementing U by one-round EALOCC. We derive several condi-
tions for the protocol to succeed in high fidelity. The result obtained here is then
applied to the asymptotic situation in the next section.

Let M : AAy ® BBy — AA; ® BB, be a one-round LOCC protocol for imple-
menting U. When M succeeds in implementing U in high fidelity, it satisfies

F(p(M)AFABRe [0 (U))) > 1 —e, (5.4)

where p(M) = M(|®,)AE4|D ) PEE | )A0P0) and ¢es is a pure resource state
shared in advance. Lemma 28 indicates that, taking UT for Uy, Condition (5.4)

is equivalent to
F(p(M, UTAPRaRs (@) A4 dy) o) > 1 — ¢, (5.5)

where p(M, UT) := M(|W(UT))AR4BEzs|g  N40B0)  Thus it is necessary and sufficient
that M transforms |¥U(UT)) to |@q)AR4|d,)BEE (Fig.5.2). While |®,)|®,) obviously
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Figure 5.2: The task of performing U4P on |®,)4%4|® ;) PEE represented by the upper
process (1) is equivalent to transforming |[¥(UT)) into |®4)AF4|®,)BEE represented
by the lower process (2). This equivalence is due to the fact that R4 and Rp are
reference systems that are inaccessible and invisible to Alice and Bob.

has no correlation between AR, and BRp, |¥(UT)) has some amount of entangle-

ment depending on UT. Thus, for a given initial state |¥(UT)), Alice and Bob need

to decouple AR 4 and B Rpg while preserving the maximal entanglement between AB
and R4Rp. Observe that both [¥(UT)) and |®4)|®,) are d>-dimensional maximally
entangled state between AB and R4 Rp.

Without loss of generality, we assume that the protocol M proceeds as follows.

I-1.

I-2.

[-3.

I-4.

[-5.

Alice performs a measurement {M,CAAO_}A,};C. The probability of obtaining
measurement result k is given by pp = || M| ¥ (UT))|¢.es)||?, and the state after

the measurement is |U,(UT)) = p,;l/2Mk|\I[(UT)>|¢res>'

Alice communicates the measurement result k& to Bob.

Bob performs a measurement { NlﬁBO*B&

The probability of obtaining
measurement result [, conditioned by , is given by pyy = || Ny ¥, (UT))||3 and

the state after Bob’s measurement is [¥y,(UT)) = pl_‘kl/zN”kPIJk(UT)).
Bob communicates the measurement result [ to Alice.

Alice performs an operation which is described by a CPTP map Oy, : A’ —
AA;. The final state is given by Win(UT) = Oy (U, (UT)).

In total, the final state is given by

(M, UTAPRAEE =% 7y (U (UT)). (5.6)

kl
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Thus Condition (5.5) implies

> paF (U (U1), |24) ] 04) ") > 1 — e, (5.7)

and consequently,

> pu | (UE ) - @44 @ @508 || < e (5.8)
kl

The main goal of this section is to derive conditions on operations that comprise
M, for the protocol to succeed in high fidelity. As we show below, state trans-
formations by Alice’s first measurement play a central role for the success of the
protocol. Thus we clarify conditions on Alice’s measurement. In particular, we
reveal that it is necessary that Alice’s measurement Markovianizes the “tripartite”
state |W(UT))ARa(BEz) We also show that Markovianization by Alice’s measurement
is sufficient for the first half of the protocol to succeed in high fidelity.

Let us first discuss general conditions regarding state transformations caused by
Alice’s measurement. Let M = { M=%}, be an arbitrary measurement on AA,.
For a fixed ¢,cs, each M}, induces the following state transformation.

E(r) = Mi(r? @ $r8) ML, pr= Te[Mi(r @ ) M. (5.9)
Consequently, we have
U (UHARABRs — g (w(UT)). (5.10)
For any linear operator M : HA @ HA — HA', we define a map
En(rY) = py M(rA @ ¢M)MY, pay = M (A @ o) M1 (5.11)

We call £y, as an M-induced map.

Definition 31 We say that an M-induced map is e-linear if it satisfies

where @44 .— EL(d274) . We say that a measurement M is e-linear on average if

@%—1

; <e (5.12)

an Mj-induced map is e;-linear for each k and >, pre, < e.

Let us denote &y (V(UT)) as Wy (UT). The following fact (Lemma 32) is used in
proofs of most of the lemmas in this section.

Lemma 32 An M-induced map is e-linear if and only if

[Wpg (U RABES — (U RaBRs || < . (5.13)
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Consequently, a measurement M is e-linear on average if and only if

D pi W (UT) B — g (UT)RABRE || <. (5.14)
k

Proof. Follows from UAB|®)44|$)PHs — [jtRaRs|)AHa 19V BB and the invari-

ance of trace distance under unitary operations. [ |

Definition 33 We say that an M-induced map is e-decoupling between AR, and
Rp if it satisfies

a7 098w

<e, (5.15)
1

We say that a measurement M is e-decoupling between AR, and Rp on average if an
Mj-induced map is ex-decoupling between AR4 and Ry for each k and ), prer < e.

Definition 34 We say that an M-induced map is e-Markovianizing conditioned by
R, if there exists a Markov state TA Ra(BEB) (onditioned by R4 such that

H‘PM(UT)A RABRp _ T?/[’RABRB

<e. (5.16)

1
We say that a measurement M is e-Markovianizing conditioned by R4 on average
if the map induced by M}, is ex-Markovianizing conditioned by R4 for each k and

>k Drer < €.

Although two notions of e-decoupling and e-Markovianizing are introduced in two
different contexts, they are closely related as shown in the following lemmas.

Lemma 35 An M-induced map is n(e)-Markovianizing conditioned by R4 if it is
e-linear and e-decoupling between AR, and Rp. Consequently, a measurement M is
n(e)-Markovianizing conditioned by R4 on average if it is e-linear and e-decoupling
between AR, and Rp on average.

Proof. We describe a simplified version of the proof where we assume ¢ = 0, to
show why decoupling and Markovianizing are equivalent under the condition of lin-
earity, as stated in this Lemma and Lemma 36. The details of the proof for ¢ > 0
is given in Appendix. Let £ be the map induced by M which is assumed to be an
exactly linear map. Let V : A — A’E be an isometry such that the Naimark exten-
sion of £ is given by £(7) = Trg[V7VT], and let |Uy (UT))FARABBE: .— V| (UT)).
For this state, we have

I(A": BRg|R4) = S(A'R4)+ S(RaBRp)— S(Ra) — S(ARABRp)
= S(A'Ra) + S(EA) — S(Ra) — S(E)
= S(A'R4) +logd —logd — S(E)
= S(A'Ra) - S(E).
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We also have

I(A'Ra: Rp) = S(A'Ra)+S(Rs) — S(A'RaRp)
— S(A'Ra) + S(Ry) — S(BE)
= S(A'Ra)+ S(Rp) — S(B) — S(E)
— S(A'R.) - S(E).

Thus we have I(A’ : BRg|Ra) = I(A'R4 : Rp), which implies that ezact Marko-
vianizing conditioned by R4 is equivalent to exact decoupling between A’R4 and
Rp. For rigorous proofs, we need to relax the “exact” condition (¢ = 0) to the
“approximate” condition (e > 0). |

Lemma 36 An M-induced map is 7(e)-decoupling between AR4 and Rp if it is e-
linear and e-Markovianizing conditioned by R 4. Consequently, a measurement M is
n(e)-Markovianizing conditioned by R4 on average if it is e-linear and e-decoupling
between AR, and Rp on average.

Proof. See Appendix.

Let us now analyze conditions on Alice’s measurement imposed by (5.5). Let
M = {M =4}, be Alice’s measurement in protocol M that satisfies (5.5). Let
Ag and Bg be ancillary systems on Alice and Bob, respectively. Let W}, : BBy —
BB, Bpg be isometries such that the Naimark extension of Bob’s measurement is
given by Ny, = <l|BEWk, and let Vi, : A — AA;Ag be an isometry such that
the Stinespring dilation of Oy, is given by Oy(7) = Try, [‘/MTA,VJZ]. Consider the
following protocol, which is equivalent to the procol described in the beginning of
this section as a whole.

II-1. Alice performs a measurement M and obtains the measurement result k. The

state after the measurement is | Wy (UT))A' RaBRsBo,

I-2. Alice communicates k to Bob.

>A’RABRBBlBE

I-3. Bob performs Wy. The state becomes |}, (UT) = Wi | W (UT)).

I-4. Bob performs a projective measurement on B in the basis {|l)};, and obtains
the result [ with probability p;,. The state after the measurement is

}\Pkl(UT)>A/RABRBBl — pl_|kl/2<l|BE|\Ij;g(UT)>

I-5. Bob communicates [ to Alice.

)>AA1AERABRBBl

I-6. Alice performs V};. The state becomes ‘WE?(UT = Vkl|\IJkZ(UT)>.

o8



I-7. Alice discards Ag.

The following lemma states that Alice’s measurement M must be almost linear.
Lemma 37 The measurement M is 7(e)-linear on average.

Proof. See Appendix.

Since the final state is close to |®4)4%4|D4)BE5  correlation between AR4 and Rp
is destroyed by M. The following lemma states that this part of decoupling must
be accomplished by Alice’s measurement alone.

Lemma 38 The measurement M is 7(€)-decoupling between AR, and Rp on av-

erage.

Proof. See Appendix.

Finally, we obtain the necessary condition that Alice’s measurement must Marko-
vianize |¥(UT)).

Lemma 39 The measurement M is n(e)-Markovianizing conditioned by R4 on av-
erage.

Proof. Follows from Lemma 35, 37 and Lemma 38. [ |

Conversely, the following two lemmas state that Markovianization by Alice’s mea-
surement is also a sufficient condition for the success of the first half of M, in which
®HB s obtained from |W(UT)).

Lemma 40 If an M-induced map is e-linear and e-decoupling between AR, and
Rp, there exists an isometry Wy, : BBy — BB; and a pure state | U5, )4 #aB1 such
that

< n(e), (5.17)

oy mma g oty o]

where W), (UT)) := Wy | W, (UT)). Consequently, if a measurement M is e-linear and
e-decoupling between AR 4 and Rp on average, there exist isometries {W,f Bo—BB "1
and pure states {|WP)ARaB1}, such that

S [ maEmns _wn s g @t <n@),  (5.8)
k
where |W} (UT)) := W |U,(UT)).
Proof. Follows from Uhlmann’s theorem (2.46). [ |
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Lemma 41 If a measurement M is e-linear and e-Markovianizing conditioned by
R, on average, there exist isometries {W,”7°7551}, and pure states {|W5)A FaBr},

such that (5.18) is satisfied.

Proof. Follows from Lemma 35 and Lemma 40. [ |

The following lemma states that, after obtaining <I>dB RE  the remaining task is to
obtain <I>§RA from a pure state shared among Alice, Bob and R4, which implies that

quantum state merging, introduced in Section 3.2, is applicable for this task.

Lemma 42 There exist pure states {|U?)A#aB1BeY, such that

< n(e). (5.19)

> [ Uten) - () g @ ||
k

Proof. By tracing out AR4 in (5.8), we obtain

n(e) = Y ou ORI = @F ||, =Y pu |[ (U — 0|,
kl kl

> Zpk
k

Thus, due to (2.42) and (2.45), there exist {|WP)A'RaBiBe}, gatisfying (5.19). W

> (U — o1
.

= > o WU — @R
1 k

Results obtained here are applied to an asymptotic scenario in the next two
sections. In particular, Lemma 41 is important to show the lower bound on the

three kinds of costs, and Lemma 39 and 42 are important to show the upper bound.

5.4 Achievable Rate with One-round Protocols

Let us return to the asymptotic scenario. We prove the forward implication
(“achievability”) of Theorem 30. Following Lemma 28, we consider a task of trans-
forming a state |U(UT)®n)ABRARS |, Y4050 jntg | @9 ARA | §EYVBEE  We consider
a case where L, = 1, that is, no entanglement is left after the protocol. Conditions

obtained in Section 5.3 directly apply by the following correspondence.

A B,Rs,Rp — A,B,Ru, R,
U — ue®"
(I)d — CI)?”
¢res - (I)Kn
(U — wUhHe"
1 1
EI — %1@1 (5.20)
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Theorem 43 A rate triplet (Rg, C—,C*) is achievable by one-round protocols in
EA-LOCC implementation of U if Rg,C—,C~ > M(UT).

Proof. The proof is by construction. Take arbitrary R > M (U'), ¢ > 0, § > 0,
choose sufficiently large n and let K, = 2"(+9)_ Divide the resource state @}4(‘;3 ? as

@’;ﬁ’f °® @;45536. We consider a protocol consisting of the following steps.

1. Alice’s measurement: By definition, there exists a random unitary oper-

ation 7, : 7 > 278 ij Vjﬂ/jr on A and a Markov state TARA(BEs) such

that

Using V; in 7,, construct Alice’s measurement M = { M40~4}, as

T (T(UHEY) — TARABRR) || < ¢ (5.21)

T 5 ><j|AO ® V}A (k =1,--- 727LR). (522)

M is 0-CPTP and e-Markovianizing conditioned by R4. Indeed, we have
pr = 27" and

onR i
i i 1 2ngk
i 1 B2
j=1

onR
_ A 1 n
My (e o) M= 2 SV (k=12 (5.29)
j=1
for 7 € HA. Alice performs the measurement defined as above.

2. Forward classical communication: Alice sends the measurement result k&

to Bob. This requires nR bits of forward classical communication.

3. Bob’s isometry: Due to Lemma 41, there exist isometries {W /P55y,
and pure states {| W54 faB1}, such that

<n(e),  (5:24)

>k WU AT g (U @ @R
k

where |U, (UT)) := W,,|¥.(UT)). Bob performs W.
4. State merging: Alice and Bob perform state merging of |¢1£(UT)>ARAB =
|W2 (U ARABL | ®,,5) 4050 where A = AA) and B = ByB)). From Theorem
12, by choosing L = 1, there exists state merging of W2 (U') with the error
n(e') where ¢ = 2779/2 4 27logKn=nd the entanglement cost —log L = 0 and
the classical communication cost C' = log K, +nd = n(R + ). By performing
an isometry after state merging, Alice can obtain |®5")AF4,
In total, we have E,, = n(R+9), C,” = nRand C;. = n(R+6). Thus (Rg,C~,C) =
(R, R, R) is achievable. [
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5.5 Optimal Rate with One-round Protocols

We prove the backward implication (“optimality”) of Theorem 30, which states
that we cannot reduce the three kinds of costs below M(UT). Let M, be an
EALOCC implementation of U®" with the error €, the entanglement cost E, =
log K,, — log L,,, the forward classical communication cost C,~, and the backward
classical communication cost C;;". By definition, M,, satisfies Condition (5.1), which

is equivalent to
F(p(My, UT), |®F") 4|05 P |0y, )4151) > 1 — € (5.25)
for p(My,, UT) := M, (|0 (UT)&")ARABEE | @ YA0Bo) In particular, we have
F(p(Mn, UT)ARABRB7 |q)ii®n>ARA|q);l®n>BRB) >1—e

Thus, from Lemma 38 and Lemma 39, the map induced by Alice’s measurement in
M,, is n(e)-CPTP, n(e)-decoupling between AR, and Rp, and 7(¢)-Markovianizing
conditioned by R4 on average. Lemma 32 implies that Alice’s measurement does
not change the reduced state on R4BRp, up to an average error 7(e). We assume

here for simplicity that K, is bounded above as
log K,, < nklogd (5.26)
with a constant k > 0. Then all the three conditions in Theorem 25 are satisfied.

Lemma 44
1. C;7 >nM(UT) — nn,e) logd.
2. nlogd+log K, — Y, puS(A") g, wt) = nM(UT) — nn,(e)logd.
3. log K,, — log L,, > nM (U") — nn,(¢) log d.
4. C:7 > nM(UT) — nn,(e) log d.

Here, n,(€) is a proper function of € > 0 and U satisfying lim._7,(¢) = 0, which is
continuous with respect to €, and does not depend on n.

Proof. See Appendix.

Theorem 45 A rate triplet (Rg,C~,C*) is achievable by one-round protocols in
EALOCC implementation of U only if R, C~,C~ > M(UT).

Proof. Follows from 3, 1 and 4 in Lemma 44, respectively. [ |
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Chapter 6

Computation of Markovianizing
Cost of Unitaries

We discuss how to compute the Markovianizing cost of unitaries. It is in princi-
ple possible to compute M (U) by finding the KI decomposition of ¥(UT). However,
the algorithm for obtaining the KI decomposition proposed in [18] involves repeated
application of decompositions of the Hilbert space into subspaces, and is difficult to
execute in general. In this chapter, we introduce two methods to compute M (U)
without explicitly finding the KI decomposition. The first one is based on irreducibil-
ity of the KI decomposition, and is applicable for arbitrary bipartite unitaries . The
second one is applicable for a class of unitaries called generalized Clifford operators,
and is based on the commutation relation between generalized Clifford operators

and generalized Pauli operators.

6.1 A Method Based on KI Decomposition

Similarly to the Schmidt decomposition of bipartite pure states, any bipartite
unitary acting on H4 ® Hp can be decomposed as

S
UM =Y cE!®F’ (6.1)

s=1

where ¢, > 0, E, € L(H?), F, € L(H?), Y5 | & =1and d"'"Tr[El Ey] = " Tx[FI Fy]
= 0. It is called the operator Schmidt decomposition and S is called the operator
Schmidt number. The operator Schmidt number characterizes a nonlocal property
of U, similarly to the Schmidt number for pure bipartite states. Another quantity to
characterize a nonlocal property of unitaries is the Schmidt strength[37, 38], defined

as

KU):=— ch log 2. (6.2)
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Let @) := EA|®)™ and |1),) := FB|®,)?"? where ®, is a maximally entangled
state with Schmidt rank d. Then we have (¢s|1y) = (¢s|ps) = 0s¢ and |V (U)) =
Zil el s) 4 )PB . Thus the entanglement entropy of |¥(U)) between AR,
and BRp is equal to K(U) [39], that is,

S(ARA)ww) = K(U). (6.3)
Since U is a unitary, we have

'®IP=UU=> cies(EIE,)" ® (FIFy)" (6.4)
By tracing out B, we have
I=> (cico x d"Ix[F{Fy)) EIEy = > |c,|’ElE,. (6.5)
s,t s

In the same way, we also have
I=>|e|’E.El. (6.6)

In the following part of this section, we investigate relations between the Marko-
vianizing cost of U and the set of linear operators {Es}s. Consider two unitaries U
and U such that their operator Schmidt decompositions are given by

S
UAP =Y e, B!@F?F (6.7)
s=1
and
. S
UM =Y ¢E®FP, (6.8)

s=1

respectively. The following two Lemmas imply that the Markovianizing costs of U

and U are the same.

Lemma 46 The KI decomposition of A with respect to W(U)ABE5) is equivalent
to one with respect to W (U/)ABRs),

Proof. By Definition 3, the KI decomposition of H* with respect to W(U)A(BEz)
is defined as the KI decomposition of a set of states given by

G\II(U)BRBHA =
{o € S(HY) | IM € P(HE @ HEB) s.t. ¢ = Trgg, [MPE2w(U)ABRR]Y,
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Due to (6.1), ¥ (U)ABE8) is decomposed as

S
1
WU = 5 3 ey B @ e, (6.9

s,8'=1

where |1),) := FB|®,)?"®_ Thus we have, for any M € P(H? @ HEs),

S
Trpg, [MBRB‘IJ(U)A(BRB)] = Z asslcsc:,ESEl,A, (6.10)

s,8'=1

where agy 1= (Vg |M|t)s) = al,. Define

S
~ Oéss’cs
NBRe = 3 S B (611)

sC
s,8'=1 s’

Then we have M € P(HP @ H?#) and

TIBRB[MBRB\I/ BRB Z Q51 C5Co ESELLA, (6.12)
s,8'=1
which implies
G\I,(U)BRBHA - G\IJ(U)BRB—UA. (613)
Thus we obtain the proof. [ |

Lemma 47 M(U) = M(U).

Proof. Let I' be the KI decomposition of A with respect to (U )ABEs) | which is
equivalent to the one with respect to W(I)ABEs) . Since U(U)A = U(U)4 = 114,

we have
TU(U)ATT = Do(0)AT. (6.14)
Hence, from Theorem 21 and Definition 29, we obtain the proof. [

Two unitaries U and U’ are called local unitarily equivalent if there exist unitary
operators P,Q on H* and R, S on H”Z such that

(PA@ ROU(Q*» SP) =U". (6.15)

From (6.10), it is immediate to verify that M (U) = M (U").
Let us continue to discuss relations between M (U) and {E;}s. Define a CPTP
map &£ on A by

E(r) = |’ EE]. (6.16)

S
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This is a CPTP map because

Tr[E(T)] = ) |eo*Tr[E,El] = ) |e.*Tr[El Eyr] = Tr[7]. (6.17)

holds. The adjoint map £* of £ is defined by
= |e’ElTE,, (6.18)
which is also a CPTP map due to (6.6). Denote (s,s’) by t, ESEl, by E, and CsCl
by ¢. Define a CPTP map & by
E(T) = (E0 &) Z &|?E,TE], (6.19)

which is equal to its adjoint map E*. We introduce another CPTP map in the
following Lemma, which plays a central role in computing M (U).

Lemma 48 Define a map £, on S(H*) by

Eoo(T) = lim —ZE” (6.20)

N=oo N
The limit exists and is a CPTP map. Moreover, £,,(X) = X if and only if

(X, E]=[X,E]]=0 (6.21)
for all ¢.
Proof. See Lemma 12 in Ref.[21]. |
The following Theorem connects M (U) and &, with a simple formula.
Theorem 49 M (U) = S(®.,) where ®o := (2 0id™)(®4F).

The proof of this theorem is based on the following lemma on irreducibility of the

KI decomposition.

Lemma 50 Let I' : HA — H% @ H* ® H be the KI decomposition of H? with
respect to a set of states & := {pi }r. By (2.87), state p,, € S is decomposed as

Torlt =" pwl )1 @ pif (6.22)

jeJ

Let Hj* := supp()_, pjix). Then the following two properties hold.

1. If an operator A on H?L satisfies Apjr = Bp;pA for all k& and for a complex
number 3, then A = cI;, where c is a complex number and [ is the identity
operator on Hj".
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2. If an operator A : Hj" — H?,L satisfies Apjjr = apj A for a positive number
a, for some j # j' and all k, then A = 0.

Proof. See Lemma 6 in Ref.[18]. |

Proof of Theorem 49 The outline of the proof is as follows. Let I' be the KI
decomposition of A with respect to W(U)4BR2) ¥(U)4 = 1] is decomposed as

AT =) pili)i|™ @ 7§t @ §m, (6.23)
jeJ

where 7T;»1L and W?R are identity operators on subspaces H?L C H* and H?R C HE,
respectively. From (6.10), E, is decomposed as

Ep :i=TEIT = pilifil" @ nj* @€, (6.24)
jeJ

where € is a linear operator on H;*. From Lemma 50, the set {e}}; is irreducible

it
on H]R for each j.

Let W be an arbitrary linear operator on H*. Since we have (8~ 0Ex) = Exos

from Lemma 48 we obtain
(€ (W), E4] = 0 (6.25)
for all ¢. Thus we have
(W,E] =0 (6.26)
for all ¢, where we defined W := I'E,,(W)I'!. Hence, from (6.24) and the irreducibil-
ity of {ejj{ }+, W is decomposed as
W => gwli)il” @ nik, @ 5", (6.27)
jeJ

where n?ﬁ/v is a linear operator on H;". In particular, when W = é[ , we have q;jw =
p; and 77;|LW = m;*. This implies that, with an isometry I" : HE — HOQH™ @H'R,
®, is decomposed as
O = (M @I )@ (T @ T) = 3 py )" @ [@5%®;|"" @ 7t @ 7},
jeJ
where |®;}(®;|*"* is a maximally entangled state with the Schmidt rank dim?*,

and 7" is an identity operator on a subspace H}* C H'™® such that dimH}" =
dim?j". Therefore, we finally obtain

§(Poc) = S(P) = H({p;};) +2 ijs(ﬂfR) (6.28)

which concludes the proof. [ |
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Using Theorem 49, we can compute M (U) without explicitly obtaining the KI
decomposition of ¥(U), if once ®, is provided. However, although & can be directly
obtained from the operator Schmidt decomposition given by (6.1), the map &, re-
quired to obtain ®,, involves infinite series summation, and is not straightforwardly
computable. To avoid this difficulty, we exploit a matrix representation of quantum
operations [10]. Define a d*> — 1 dimensional square matrix by

[pars = TrlofE(0r)] ((p,4). (r,5) # (0,0)), (6.29)

which is a Hermitian matrix because of self-adjointness of £. Moreover, due to
(6.19), for an arbitrary w € L(H) we have

Trjw'€(w)] = Tr[E*(w) €% (w)] < Tr[E* (wiw)] (6.30)

by the Schwarz inequality (See Lemma 12 in [21]). Thus the absolute values of
eigenvalues of ) are not greater than 1. When the decomposition of 7 € S(H) with

respect to o,, is given by

1
T = EI + Z FpaCpqs (6.31)
(p.a)#(0,0)

the decomposition of £(7) is given by

< 1
E(r) =51+ D A (6.32)
(p,a)#(0,0)
where
Fra = Qpgusfrs: (6.33)
Thus the matrix representation of £" and &, are given by Q" and
| XN
Qo = lim — ; Qr, (6.34)

respectively. It is straightforward to verify that €2, is the projection onto the eigen-
subspace of € corresponding to the eigenvalue 1. (If Q does not have an eigenvalue
1, then Q. = 0.) Thus . can be computed simply by diagonalizing €.

From Q. derived in this way, state ®,, is obtained as follows. First, ® is de-
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composed as

o[ — dEZf”h4 opq © Ile)2]
_ d}:aATu,IA®0”m@X®H

- d2za ®0

1 1
= Slelf+o > ool (6.35)
(p,0)#(0,0)
Thus @, is given by
1 1
AR — = Ag IR L = Z (Qoc)parsTy @ ool (6.36)

(p,@)#(0,0)

The Markovianizing cost M(U) = S(®) is obtained by diagonalizing ®,, and

computing the Shannon entropy of its eigenvalues.

6.2 A Method Based on Decoupling Theorem

As indicated by Lemma 35 and 36, Markovianizing W(U) conditioned by Ra
with an operation on A is equivalent to decoupling ¥(U) between AR4 and Rp
with an operation on A. Therefore Markovianizing cost of U is equal to the cost
of randomness required for decoupling W(U) between AR4 and Rp by a random

unitary operation on A. To be more precise, we have the following statements.

Definition 51 We say that W(U)A%4Ez is decoupled between AR, and Rp with
the randomness cost R if, for any ¢ > 0 and for sufficiently large n, there exists a
random unitary operation 74 : 7+ 27 Zzz Vkﬂ/}gT on A such that

|

The decoupling cost of U is defined as

AWE)E AR TAW(U))A @ (B(U)P)

n

<e. (6.37)

1

D(U) := inf{R | U(U)* 4%z is decoupled between
AR, and Rp with the randomness cost R}.

Theorem 52 M(U) = D(U).

Proof. Suppose R > D(U). For any € > 0 and for sufﬁciently large n, there exists
a random unitary operation 7,4 : 7+ 27" Y2 VkTV such that (6.37) is satisfied.
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The map Zfi is e-decoupling between AR, and Rp. Thus, from Lemma 35, it is
n(e)-Markovianizing conditioned by R4. Hence we have D(U) > M (U).
Conversely, suppose R > M(U). For any ¢ > 0 and for sufficiently large n,
there exists a random unitary operation ’Z;LA LT 2R ZZj Vk;TVkJr that is e-
Markovianizing conditioned by R4. Thus, from Lemma 36, it is n(e)-decoupling
between AR, and Rp. Hence we have D(U) < M (U). |

The decoupling cost of U is an operationally defined function and is difficult to
compute in general. But for a class of bipartite unitaries called generalized Clifford
operators, it is possible to compute D(U) by using the decoupling theorem (Lemma
15). A unitary U acting on two d-dimensional Hilbert space Hy ® Hp is called a
generalized Clifford operator if, for any p, ¢, r, s and a phase 6,5, there exist p/,
¢, v and s’ such that U(o,, ® 0,.,)Ut = €20, & 0,.y. Here 0,, are generalized
Pauli operators defined as (3.33).

The idea of the proof is as follows. Although Rp is a reference system that Alice
and Bob cannot access, for the moment imagine that we can apply a random unitary
operation on Rp. In particular, suppose that we can randomly apply generalized
Pauli operators 0;1 with the uniform distribution. As it is presented in Section 3.3,
the random Pauli operation decouples AR4 and Rp. In the asymptotic limit of
infinite copies, the number of Pauli operators required to decouple AR, and Rp is
equal to I(AR4 : Rp)gwt) = K(U) per copy. But due to the commutation relation
of generalized Pauli and Clifford operators, we can replace agq on R by opg @ 0prg
on AB. For the state W(UT)ARaR5 applying o, on Rp is equivalent to applying
opy on A. Thus the random Pauli operation on Rp is exactly substituted by a
random Pauli operation on A. Hence the number of random Pauli operators on A
that we need to decouple ARy and Rp is at most (AR : Rp)ywt) = K(U) per

copy. We show the rigorous proof below.

Theorem 53 M (Uq) = K(Uq).

Proof. Let |U(U)) = UAB|Dy)AR4|d,)BR2. We have I(AR4 : Rp)ow) =
S(ARA)\IJ(U) + S(RB)\I](U) - S(B)\I/(U) = S(ARA)\I,(U) = K(U) From Theorem 15,
we have D(U) > K(U).

Fix arbitrary € > 0 and choose sufficiently large n. Let o7 := 0p,0, @ - - @ 0y,
be tensor products of generalized Pauli operators on R®" = Rp. Consider an
ensemble of unitaries { 3=, o5}z Since W(U)H5 = 1175 gy is a unitary on the
typical subspace of (U(U)®")f5. In the same way as (3.36), the ensemble satisfies

T S ololel el = St

s

rq
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Thus, from (3.31) in Theorem 15, if R > I(AR4 : Rp)ww) + € = K(U) + ¢, there

. . . onR =
exists a set of unitaries {7, 4 }7_; on Rp such that

2nR
1 e AR AR 5 AR 1 -
it 2 T (WU g — (U)M@ | < n(e).
k=1
1
When U = Ug,, we have
g B[O (Uan)) ke = (UAP @ opie)|a) 114 @) "1

= ¢MUAP (I ® o) @) 14| By) P12
i AR BR
€ epq(azéq’(pq) ® 055/(pq))UéB‘(I)d> H@a) "
v (Oﬁq’(pq) ® Uﬁs’(pq)”q](UCl))ABRARB'

The third line follows from JZ])EB@@BRB = (o))" |@,) P = eiGWJgM)d)BRB. In
particular, we have

R ARsRp tRp _ _A ARARp _tA
Oqu\Ij(UCO 4 BO;qB _Up’q’(pq)\ll(U@) ! 70 (pa)-

Thus, for the state W(Uq)*#4%5, applying o/ is equivalent to applying aﬁq,(pq).
For the same reason, for (¥ (Uc)®")ARAR5  applying Ug % 1s equivalent to applying
01?2 7, Thus U (Uq) R8s is decoupled between AR, and Rp with the randomness
cost K (Uq). That is, we have D(Uq)) < K (Uqy).

From Theorem 52, we obtain M (Uq1) = D(Ua) = K(Uq). |
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Chapter 7

Implications of the Results

In this Chapter, we discuss implications of our results for distributed quan-
tum computation obtained in Chapter 5 and Chapter 6. We consider two-qubit
controlled-unitaries as one of the simplest examples of bipartite unitaries, and com-
pute the Markovianizing costs of this class of unitaries. We show that it is not
possible to reduce costs of entanglement and classical communication below the
limit for single-shot (n = 1) protocols, even in an asymptotic scenario (n — 00),
by one-round protocols. We also show that it is possible to reduce costs below the
single-shot limit by considering a novel asymptotic scenario if we consider two-round
protocols, that is, protocols consisting of concatenation of two one-round protocols.
Thus we give an example of LOCC tasks for which there is a trade-off relation be-
tween entanglement cost and number of rounds. Such an example for asymptotic
setting has not been reported before, and this result opens a new direction in the

resource theory for distributed quantum computation.

7.1 Reviews on Single-Shot Protocols

Two qubit unitaries of the form
UAB = |0)0[* @ 1P 4 |1)(1]* @ P, (7.1)

where u are a one-qubit unitary, are called controlled-unitaries. It is proved in [42]
that any two-qubit controlled-unitaries have an operator Schmidt decompositions of

the form

0 0
UAB = cos (§> T4 @ 1P 4 isin (5) ol ol (7.2)

up to local unitary equivalence. Here, # is a phase factor determined by u. Con-
versely, any two-qubit unitaries that has operator Schmidt number 2 is local unitarily
equivalent to the following controlled-unitary:

ULB = 10X01* @ I8 + 11" @ (e97+)B (o <0< g) . (7.3)
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In the following part of this chapter, we analyze and compare costs of entanglement
and classical communication required for implementing U'? in a single-shot (n = 1),
and those required in an asymptotic (n — o00) scenario. Note that Uy is close to the
identity when 6 is sufficiently small.

As is discussed in Section 5.1, protocols for this task are classified in terms of the
success probability and the fidelity of the final state to the target state U45|@)*”.
Deterministic and exact protocols are studied in [26, 29, 30]. Results are summarized
as follows:

[-1. There exists a protocol for implementing U;'? by using one Bell pair, one bit of
forward and backward classical communication. The protocol is a one-round
protocol, that is, composed of three steps [26].

[-2. If the resource entanglement is a pure state with Schmidt rank 2, then the state
must be maximally entangled. In other words, if the resource entanglement is
a state of two qubits, it must be a Bell pair, regardless of the number of steps
in the protocol [29, 30].

[-3. There exists 6 such that Uy can be implemented by a protocol using entangle-
ment resource with Schmidt rank 3, but with the entanglement entropy less
than 1. The protocol consists of four steps. [30].

Although a restriction on the Schmidt rank is imposed in Result 2, the result is
counterintuitive in the sense that consuming one Bell pair is necessary regardless of
0, whereas the power of the unitary to generate entanglement depends on 6

Probabilistic protocols are investigated, e.g., in [31, 32, 33, 34, 35, 36]. In partic-
ular, we describe the protocol introduced in [34]. The protocol consists of one-round
LOCC, and implements Uy by using the following state as resource:

I6) 2P = cos (%) 10Y[0) + i sin (%) 11)[1). (7.4)

We only consider cases where cos a(sin 6 +cos @) > 1 for simplicity. Then the success
probability is given by

sin? o

pla, 0) = (7.5)

2(1 —cosfcosa)’
If it fails, then another controlled-unitary Uy is applied to the input pair. This
protocol, although probabilistic at this stage, can be transformed to a deterministic
one by adding another round [34]. If the protocol in the first round succeeds, then
Alice and Bob do nothing in the second round. If it fails, Alice and Bob perform
the protocol described in I-1 to apply Uy_g by consuming one Bell pair. Note that
Ug_9Uy = Uy. Thus the protocol succeeds in implementing Uy in total, regardless
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of the failure in the intermediate step. The average entanglement cost, measured by
entanglement entropy, is given by

E(a,0) = p(a,0)h (cos (a/2)) + (1 — p(a, 0))(1 + h (cos (a/2))). (7.6)

Here, h(x) is the binary entropy defined as h(x) = —xlogz — (1 — x)log (1 — x). It
is proved in [34] that the minimum average entanglement cost for 6, defined as
E*(0) := min E(a, §), (7.7)

is strictly smaller than 1 when 6 is smaller than about 0.75. Moreover, E*(f) is a
continuous function of @ that satisfies limg_.q £*(0) = 0.

7.2 'Trade-off Relation between Entanglement and
Number of Rounds

Let us now consider implementation of two-qubit controlled-unitaries Uy in the
asymptotic scenario as we analyzed in Chapter 5. Since Ui'P is almost equal to
the identity if € is sufficiently small, it would be natural to expect that the costs
of entanglement and classical communication can be reduced by considering the
asymptotic scenario. That is, it might be possible that the costs of entanglement and
classical communication per input pair can be reduced below the single-shot limit
(one Bell pair for deterministic and exact protocols). In this section, we investigate
if such a reduction of resources is possible.

First, we compute the Markovianizing cost of Uy. Since Uy given by (7.3) is local
unitarily equivalent to Uj given by (7.2), from Lemma 47, M (Uy) = M (U)) does not

depend on 6. Moreover, Uy is a Clifford operator when 6 = 7/2, and thus we have
M(Uzjz) = M(Uyrjy) = K(Uyjp) = 1. (7.8)

Thus we have M (Uy) = 1 regardless of §. Consequently, we have the following
corollary stating that it is not possible to reduce resource costs in the asymptotic

scenario by one-round protocols.

Corollary 54 A rate triplet (Rg,C—,C") is achievable in one-round EALOCC
implementation of a one-qubit controlled-unitary if and only if Rg, C—,C~ > 1.

Second, we show that it #s possible to reduce the entanglement cost in the asymp-
totic scenario by EALOCC protocols consisting of two rounds. Our proof is by
construction based on the probabilistic protocol introduced in Section 7.1. Take
arbitrary €,0 > 0 and choose sufficiently large n. The protocol M,, for n input pairs
proceeds as follows:
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1. Alice and Bob initially share, as resource entanglement, a maximally entangled

state with Schmidt rank 2n(Z(@0)+e)

2. By a local operation, they transform the resource entanglement to n copies of
|¢o) and n(1 — p(a, 0) + €) Bell pairs.

3. By using n copies of |¢,) as resources, they perform Uy on each input pair by a
probabilistic protocol described in Section 7.1. With probability greater than
1 — ¢, the number of pairs for which the protocol succeeds in implementing
Uy is at least n(p(«,0) — €), and the number of pairs for which Uy has been
applied is at most n(1 — p(a, 0) + €).

4. By using n(1 — p(«a, ) + €) Bell pairs, they perform Uy_g on pairs for which
Uy has been applied.

Since € and 0 can be arbitrarily small, we obtain the following corollary.

Corollary 55 A rate triplet (Rg,C—,C*) is achievable in two-round EALOCC
implementation of Uy if Ry, C—,C~ > E*(0).

We note that E*(6) is strictly smaller than 1 when 6 is smaller than about 0.75.
Combined with Corollary 54, we conclude that EALOCC implementation of Uy is, for
a proper parameter region, an example of tasks for which there is a trade-off relation
between the required cost of entanglement and number of rounds. In particular, the
ratio between the minimum costs of entanglement in one-round protocols and two-
round protocols can be arbitrarily large, since limy_o £*(0) = 0 whereas M (Uy) = 1
regardless of 6.

To our knowledge, this is the first reported case where the required amount of
entanglement resource in an EALOCC task depends on the number of rounds in an
asymptotic scenario. This result indicates a new interesting property of a trade-off
relation between entanglement requirement and the number of rounds in EALOCC
tasks, and suggests that, in addition to entanglement cost and forward/backward
classical communication cost, the number of rounds plays an important role in the

resource theory of distributed quantum computation.
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Chapter 8

Summary and Discussion

We have studied distributed quantum computation by developing concepts and
techniques in quantum Shannon theory, and derived the minimum costs of entan-
glement and classical communication required for implementing bipartite unitaries
by entanglement-assisted LOCC consisting of three steps. In the following, we sum-
marize the results and discuss some issues.

In Chapter 4, we introduce and analyze a task of Markovianization, in which
a tripartite states is transformed to a quantum Markov chain by a randomizing
operation on one of the three subsystems. By extending the Koashi-Imoto (KI)
decomposition for tripartite pure states, we derive the Markovianizing cost, that is,
the minimum cost of randomness required for Markovianization. For the proof of
the upper bound, we develop random coding method based on the Haar distributed
random unitary ensemble, which has originally been extensively used in quantum
Shannon theory, by taking the structure of the KI decompsition into account. For
the proof of the lower bound, we prove an entropic inequality regarding the KI
decomposition of two different states, by applying a proof technique of the previ-
ously known data compression theorem for quantum mixed state signals. We also
consider Markovianization induced by a measurement. We derive lower bounds on
various entropic quantities regarding the state transformation by Markovianizing
measurements.

In Chapter 5, we analyze implementation of bipartite unitaries by LOCC (local
operations and classical communication) assisted by shared entanglement. We con-
sider an asymptotic scenario in which the two parties perform the same bipartite
unitaries on infinitely many independent input pairs. As the first nontrivial case, we
consider protocols consisting of three steps. Our main result is that the minimum
costs of entanglement and classical communication are given by the Markovianizing
cost of a tripartite state associated with the unitary.

The result indicates that the KI decomposition divides information of input
states into three parts: one of which only information of amplitude in a basis is
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required for computation (information of phase is not), another of which both am-
plitude and phase information are required, and the other of which no information
is involved in computation. This corresponds to the fact that the KI decomposition
of an ensemble divides information of each element into three pieces: the classical
part, the quantum part and the redundant part. Our construction of a protocol that
requires the smallest amount of resources is based on this decomposition.

A desirable refinement of our result is to lift the condition that the average
input state is maximally mixed. This refinement would be possible by exploiting a
representation theoretical methods used, e.g., in [40].

In Chapter 6, we propose two methods to compute the Markovianizing cost of a
unitary. One is based on a group theoretical property of the KI decomposition, and
the other is based on the commutation relation of generalized Clifford operators.
As a simplest example, we show that the Markovianizing cost of any two-qubit
controlled-phase gate is equal to 1. This result indicates that, in this example, it
is not possible to reduce resource costs by three-step protocols by considering the
asymptotic scenario, below the single-shot limit.

In Chapter 7, we consider two-qubit controlled-unitaries as a particular example.
By applying results obtained in Chapter 5 and Chapter 6, we compare the minimum
entanglement cost in one-round protocols and two-round protocols. We show that,
for a particular class of two-qubit controlled unitaries, the minimum entanglement
cost in two-round protocols is strictly smaller than that in one-round protocols.
Thus we find a new interesting property of trade-off relation between entanglement
cost and number of rounds required for implementing a class of controlled-unitaries,

and suggests that the number of rounds plays an important role in the resource
theory of EALOCC tasks.

7



Chapter 9

Appendix

Proof of Theorem 13 Without loss of generality, we assume that the protocol

M proceeds as follows.

I-1. Bob performs a measurement {M?P°~51}, The probability of obtaining the
measurement result k is given by pp = || My|¥)|®f)||?, and the state after the
measurement is |Uy) = p,zl/QMk|\If)|<I>K>.

1-2. Bob communicates the measurement result k& to Alice.

[-3. Alice performs an operation which is described by a CPTP map Oy : AAy —
AAA;. The final state is given by ¥f* = O, (T,).

In total, the final state is given by
pMYMENE = Sl (9.
k
Thus Condition (3.20) implies

Do F (W[ 21— (92
k

and consequently,

DY L S ARGE TR =PI} (9.3
k

Consider the following protocol, which is as a whole equivalent to the protocol

described above.

II-1. Bob performs a CPTP map &; : BBy — B;C defined by
E(r) =Y |k)E| ® My M. (9.4)
k

The state after the operation is

V=3 pelk)k|C @ [Wy )W 405, (9.5)
k
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I-2. Bob transmits system C' to Alice.

II-3. Bob performs a CPTP map & : CAAy — AAA, defined as

where 7

ZO Adoy, (9.6)
Ado . — (E|C7CA4%|E)C . The state after the operation is
E (V) = Zpkok(‘l’k) = p(M). (9.7)
k

By the data processing inequality, we have

QS(A)\I; + 210gK = I(AA() . BBOR)\I!(X){)K Z I(AA() . BloR>\pl

= I(AAy: C)w + I(AAy : BiR|C) g

= I(AAy: C)y +I(AAC : BiR)y — I(C : BiR)y

— I(AAC : ByR)y + S(AA|C)y — S(BiR|C)y
I(AAC : BiR \p/—i—Zpk (AAg)y, — S(BiR)y,)

I(AAC : BiR)y > ](AAA1 : B1R) p(m)
I(AAA1 BiR)yge, —n(€)log (dadpdrL)

I(AA: R)g + I(A; : B))o, — n(e)log (dadpdrL?)
QS(R)\I, +2(1 —n(e))log L — n(e)log (dadpdg).

Vv

Thus we obtain

log K — (1 —n(e))logL > S(R)y — S(A)w — n(e)log (dadpdr)

We also have

25(R)y =

IA

= S(AB)y — S(A)y — n(e) log (dadpdr)
= S(B’A)\p — (6) log (dAdBdR)

I(AA: R)y < I(AA: R),my +n(e) log (dadpdr)

I(AAWC : R)y + n(e)log (dadpdr)

I(AAy : R)y + I(C : R|AAg)w + n(e) log (dadpdg)

I(AAy : R)ygo, + 1(C: AAgR) g — I(C : AAy)w + n(e) log (dadpdg)
(A: R)y + S(C)w +n(e) log (dadpdr)
I(A: R)y + H({pr}r) + n(€)log (dadpdr).

~

Thus we obtain

C

v

H({pr}r) = 25(R)v — I(A: R)w — n(€)log (dadpdr)
= S(R)y + S(AR)y — S(A)y — n(e)log (dadpdr)

= S(R )q/ + S(B)y — S(BR)y — n(e) log (dadpdg)

= I(B: R)y —n(e)log (dadpdr).
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Proof of Inequality (4.60)

AL, = I( 0 Gy,
O > I( ) - m?(ek) IOg(dBdC) (ek)10g<dG)
@ = I(i) ZA)LZA)RC gongR) ’I’L’/](Gk> lOg(dAdBdc)
@ = ]( o - go);( + I(bLbRO . gOngR“;O))Z — nn(e;) lOg(dAdBdc)
@ > I(bo: Go)s + 1(brC : grlbo)s — nn(e,) log(dadpdc)
® > S(bo)g +25(brClbo)s — n(e},) log(dadpde)
©® > 25(Clbobrbr)x + S(bo)x + 2S<bR|bo> — n(e},) log(dadpdc)
@ = 25(C|B)y+H({a}:) + 22% — n1(e,) log(dadpdc)
> (25 C|B)w + H({p;};) +2 ) piS(e5*) = nyle) log (dAdBdC)>
J
©® = n(QS v — 28(bobrbr)wy; + S(bo)w sy + 2S(br[bo)w
~nale) log <dAdBdc>)
= n<25 (Bo)wss — 25(bL|bo)w,y — Maler) log (dAdBdC))
@ = n(25’ CLQCLLCLR Ugr — S(ao)quI — 2S<CLL|CL0)\1/KI — ’)h,((—fk) log (dAdBdC))
@ = n(S a0)w,; + 25(arlao)w,, — nyler)log (dAdBdc))
® = n (H({pj}j) +2) piS(g5t) — nylex) log (dAdBdc)>
j
= nMap(VAPY) — nn, () log (dadpdc). (9.8)

Here, the reason for each line is as follows:

@ (4.57) and the continuity of the mutual information.
@ (4.59) and Condition 3.
(® The chain rule of the mutual information.

@ The data processing inequality of the conditional mutual information.

® I(bo : Go)g > S(by)y follows from Dho(boio) = > il ')<'|BO®| i)(i]% and the data
processing inequality. I(brC - grlbo)z = 25(brC|bo)s follows from YhobrCir —

S ailiil” @ o) eil <O,
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©® S(brClby) = S(brlbe) + S(Clbobr) > S(brlb) + S(C|bebrbr).
@ From (4.59).

From (4.56) and x?¢ = TEC, we have ||(W€")5C — \BC||; < €, + €/ = €, thus
|S(C|B)y, —nS(C|B)g| < nn(ex)logde. Lemma 24 is also applied by replacing
A with B.

S<b0bLbR)‘I’KI = S(bo)‘I’KI—i_S(bLbR‘bO)\I’Kl = S<b0)‘PK1+S(bL‘b0)‘PK1+S(bR|bO)‘I’Kr

@ From (4.10), we have S(bo)w,, = H({p;};) = S(ao)w,, and S(brlbo)v,, =
> piS(wit) = 30, pS(wit) = Saslao) -

@ S<a0aLaR>\I’KI = S<a0)\PKI+S(a’LaR‘a0)‘I’KI = S(a0>\I’KI+S<aL|a0)\PKI+S<CLR’a0>‘I’K{'
@ From (4.10).

@ Theorem 21.

Proof of Lemma 35 Let =: RyRp — RoBRg be a CPTP map defined by
E(rafte) = @ - ((UT)PT)s (rale @ [7) (R (UT) 4P Re ),
This is indeed CPTP since we have
Te[E(rFa%e)] = & Te[rFalfis (Q(UT)RaBRE))

= Ty[rfafis ([ @ 77)]

= Tr[rRafis),
Consider two states

P (UT)ARABRR) .= ZRafs (G (UT)ARL @ @ (UT) ) (9.9)

and

G (U1 ARABRs . — ZRaRp (([T)ARARS)

The state (9.9) is a Markov state conditioned by R4 because of Theorem 17. We

also have
\IJ(UT>ARABRB — W(UT)ARABRB7 <910)

since we have

I\RABRp\L _ «RaRp (1 1Ra BRp \ 11tRuRp \
(T(U") )2 = (U ! ® |PND| U

1
= yrfiafis (WIRA ® |<I>><c1>yBRB> ythatis (9.11)
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and

\I;(UT)ARARB — [J*RaRp (|(I)><(I)’ARA ® EIRB) UtRARB’

which together imply

ERARB (\IJ(UT)ARARB)

Define

and

@M(UT)A/RA(BRB) =

d

Ut (o)) @ |o)@| "1 ) Utiaks

Ut (|oya| ™ @ loy@|" ) B,

=R (0, (U1 @ WU )

\i/M<UT)A’RABRB . =RaRp (\PM(UT)A’RARB)‘

(9.12)

(9.13)

Due to Theorem 18, W, (UT)A'Ba(BEz) j5 a Markov state conditioned by Ry. From
(9.10), we have W, (UNARaBRs — @, (UH)A'RaBEs _ Therefore, by the monotonicity
of trace distance, we have

IA

IN

IN

<

\IJM(UT)A/RARB

n(e).

o8 0 %550

Ut A'RA(BRB) _ \:V[jM(UT>A,RA(BRB)
'"Ra(BRB) __ \PM(UT)A/RA(BRB)
A'RaARp \I/M(UT)AIRA ® W(UT)RB

1

A'RARp \PM(UT)A’RA ® \IJM(UT)RB

_ \IJM(UT)A/RA ® \I;M(UT>RB

1

1

1

The last inequality follows from the assumption and Lemma 32.

@y vty

(9.14)

Proof of Lemma 36 Let Y4 #4(BRB) he a Markov state conditioned by R4 such

that

Hq, p(UTARABRE) _ Y A'RA(BRE)

<ee.

1
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By tracing out B, we obtain

Wag (Ut — iy (U1 00 Wy (UF) 2|
= || Oy (U EaBE g, (UHAFEA @ Wy, (UT)Re 1
< |lwp (@A Raks _ pARARS 1 n HTA’RARB _ YA'Ra g YRB 1
i HTA’RA © TR — Wy, (UNA R @ 0, (UT)Re 1
< H\I,M(UT)A’RARB _ YA'RaRp 1 I HTA’RARB _ YA'Ra g yRE 1
1 R COES I e MU B
< HTA’RARB — TR @ || (o). (9.16)
From Lemma 32, we also have
s — s g ),
7745y (U1 iy (01 = 0 T
[TRARD Wy (U EARS | 4 |0 (U4 @ Wy (U R2 — TRa @ YRS
< HTRARB _ \I{M(UT)RARBHl + ||\I]M<UT)RA _ TRAHl + H\I;M(UT)RB _ TRBHl
< n(e). (9.17)
Let Iy : HE4 — H™ @ H™ ® H"® be the Markov decomposition of H%4 with

respect to YARABED)  The Markov decomposition of YA RaBEs) on R, is given by

ARA(BRB

Zqz

Let

A AR (BRB)
TARARB: TIB[ Al B

We have

TAIRA ® TRB = Z %

where ¢f5 := 3. ;657 and thus

HTA/RARB _ YARa g TRo

1

which implies

HTA’RARB _ YARa g YRz

1

- rr

| bo ® O.A""L ® ¢7'”R(BRB)

bo ®0_A L ® ¢TRRB

Zqz

bo ®0_ATL ®¢TR ®¢RB

= D aillof™ - g @™,

Y

_ HTRARB _ YRa g TRs
1

-1 T
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Combining (9.16), (9.17) and (9.18), we obtain

< n(e),

a5 — (1) @ w1
1

which concludes the proof. [ |
Proof of Lemma 37 and 38 From (5.4), we have

L-e < Zsz I (UT)ABRARD () 454 | ,g) P2 )
= ZPle < \IIE? UT)>, |(I)d>ARA|(I)d>BRB’¢kl>A1B1E3)

for some states ¢;. By using the relation between fidelity and the trace distance,

we obtain

1
(e = Y pu ‘\Pﬁ?(U*) - &M @ 17 @ g™

1

/ 1
= D “I’W AR V@ @ 6 Vi © LI

1

, |
> > ok | Y pupl(UN) Rl — g g S
k l

1

= ) i || WU R R i

1
d
1
d

= 3 i | WU RaRE R —pRe (9.19)

1

where we defined

A Zpukvzjl (@57 @ ¢ Wi (9.20)

Hence we obtain

' / 1
\I/k(UT)A RARp _ qj? Ra ® C_ZIRB

1

Zpk
k
Zpk
+Zpk
QZpk E[RB
k

< n(e), (9.21)

/ / 1
qjk(UT)A RsRp w]? Ra ® E]’RB

IN

1

IZJA Ry ® ]RB \I/ZVRA ® éIRB

1
1

IA

Wy, (UhA ke — e g
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which implies that Alice’s measurement is e-decoupling between AR 4 and Rp. From
(9.19), we also have

1

77(6) Z Zpk ‘Ifk<UT)RARB — 1/15‘4 &® E[RB

1

1 1
— U, (UNEaBs _ Z[Ra ¢ Z[EB
E pr ||VR(UT) 79y

1

1 1 1
= Yoot e 1t — o1t ot

d d d )
k
1
= S p|[@f - S| (9.22)
d 1
k
which implies that Alice’s measurement is e-linear. |
Proof of Theorem 43
1. Follow from (4.55) in Theorem 25.
2. Follows from (4.53) in Theorem 25.
3. From Lemma 42, there exist pure states |W?)AB4B152 such that
> [ W) — (W RaEEE g (@5 ERa | < ). (9.28)
k

Let ./\;lnk : A'By B — AA,B; be the CPTP map that describes the procedure
[I-4~7, presented in Section 5.3. We have

Zpk HMn,k(\I/MUT@n)) - Mn’k(\lli)ARAAlBl ® (@?”)BRB
k

<n(e). (9.24)

From (5.25), we also have

>0 [ M (W) = (@)1 @ (0575 @ o 21| < (o). (9.25)
k

Thus we obtain

k

< n(e), (9.26)

which implies that M, is state merging of |WP)ARa(B1Br) with the average
error 7)(€) and the entanglement cost —log L,,. Hence, from Theorem 13 we

have
—logL, > ZPkS(BlBEM/)\I’ﬁ —nn(e)logd
k
= D oS(Ra)uy — Y peS(A)yr — ni(e) logd

k k
> nlogd —>_ peS(A),wr) — nnle)logd,
K
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which concludes the proof combined with 2.

. From Theorem 13, we have
co > Zka(BlBE : RA)\IJQ —nn(e)logd
— Zpk (S (BiBr)gr + S(Ra)ar — S(BlBERA)%) — nn(e) logd

> Zpk (S (B1Bg)yr +nlogd — S(A)y Z) — nn(e)logd. (9.27)

From (9.23) and W, (UT") BB = @, (UT®")B @ W, (UT®")Bo | we also have

Dd I

S(BlBE>\II£ - S
S

BE)\I/P®<I>®" - S(B)¢§”
1BE)w wien) — nlogd — nn(e;) logd

|1V
nn
D:J| m\

0)w, (uteny — nlogd — nn(e) logd

I
N

(BB
(BB
(BB
(B)y, wieny + S(Bo)w, wien) — nlogd — nn(e;)logd
(By

\Y
N

Jw, ieny — ni(ey) logd
and
S(A)gr < S(A")y; wieny — nn(ex) logd = S(A )y, wien) — nn(ex) log d.(9.28)
Thus, from (4.54) in Theorem 25, we obtain
Gy = Zpk nlogd — S(A")y, wieny + S(Bo)w,wren)) — nin(e)logd
> M(UT) — nn,(€)logd, (9.29)

which concludes the proof. [ |
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