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Abstract

We study quantum phases and their phase transitions emergent from the
interplay of spin-orbit interactions and strong electron correlation. Strong
electron correlation has long been one of the central issues of the condensed
matter physics because of the following reasons. First, it has constantly
generated rich physical concepts such as those in magnetism and supercon-
ductivity. Second, we can not solve many particle problems exactly and
therefore understanding strong correlations has always been challenges.

Compared to the electron correlation, the spin orbit interaction has re-
cently attracted revived interest because topological characters of electrons
have newly drawn attention. For example, recent studies have established
topological classifications of the time-reversal-invariant band insulators in
two and three spatial dimensions and it is revealed that spin-orbit inter-
actions play a crucial role for the emergence of the topologically nontrivial
phase.

Here we focus on their interplay, for which a theoretical scheme to treat
both the spin-orbit interactions and the electron correlations is necessary.
Therefore the aim of the present thesis is twofold. One is to develop a
numerical method which is able to reliably treat the interplay of the electron
correlation and the spin orbit interaction. The other is of course to clarify
physics emerging from the interplay of the electron correlations and the spin
orbit interaction by applying the numerical method.

The first half of this thesis is devoted to a review for the recent im-
provement of the numerical method, multi-variable variational Monte Carlo
method(MVMC). Our variational wave function is a combination of general-
ized Pfaffian-Slater wave function, Jastrow-Gutzwiller-type projections, and
quantum number projections. In our study, we have generalized previous
wave functions that already allow any type of symmetry broken states, rang-
ing from magnetic and/or charge ordered states to superconducting states
and their fluctuations, on equal footing without any ad hoc ansatz for the
type of the symmetry breaking. We then detail our new optimization scheme
developed for the generalized Pfaffian-Slater wave functions with complex-
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number variational parameters. Generalized quantum number projections
are also introduced, which impose the conservation of not only spin and mo-
mentum quantum numbers but also local conserved quantities related to the
system and Wilson loops. As a demonstration of the capability of the present
variational Monte Carlo method, the accuracy and efficiency of the present
method are tested for the Kitaev and Kitaev-Heisenberg models. The Ki-
taev model serves as a critical benchmark of the present method: The exact
ground state of the model is a typical gapless quantum spin liquid far beyond
the applicability of simple mean-field wave functions. The newly introduced
quantum number projections precisely reproduce the ground state degener-
acy of the Kitaev spin liquids, in addition to their ground state energies. Our
framework offers accurate solutions for the systems with the strong electron
correlation and spin-orbit interaction.

In the second part of the thesis we study the possibility of the topolog-
ical insulator emerging from electron correlations (called topological Mott
insulator) on the honeycomb lattice. By seriously considering the stability of
charge density wave, we found that the topological Mott insulator claimed in
the literature to be stable in a region of the parameter space are destabilized
and replaced by the charge density wave even by the mean-field approxima-
tion. However we show that the topological Mott insulator becomes stable
by controlling the Fermi velocity of the Dirac point. Since the mean-field cal-
culation cannot satisfactorily treat the correlation effect and overestimates
the ordered phase, we also critically analyze the problem by using the newly
developed MVMC. By taking the extrapolation to the thermodynamic and
weak field limit, we present the realistic criteria for the existence of the
topological Mott insulator. Gaining insights from this theoretical analysis,
we pursue the possibility of realizing a topological Mott insulator in bilayer
graphene and clarify that it is in the range of realistic experimental effort.
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