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Nonideal magnetohydrodynamic Kelvin–Helmholtz instability driven
by the shear in the ion diamagnetic drift velocity in a high- b plasma

Akira Miura
Department of Earth and Planetary Science, University of Tokyo, Tokyo 113-0033, Japan

~Received 31 July 2001; accepted 5 October 2001!

A two-dimensional nonideal magnetohydrodynamic eigenmode equation for the most dangerous
perturbation (ki50) is derived for a high-b plasma by making use of the generalized Ohm’s law
and becomes identical to the equation describing the two-dimensional hydrodynamic stability. When
the pressure is nonuniform, the density is uniform, and there is no unperturbed electric field or
gravity, a Kelvin–Helmholtz instability, which is driven by the shear in the ion diamagnetic drift
velocity, is found. When the unperturbed ion pressure is proportional to the unperturbed total
pressure, a necessary condition for the instability is thatd3B0 /dx3 must change sign at least once
betweenx5x1 and x5x2 , where x is the direction of the nonuniformity perpendicular to the
unperturbed magnetic fieldB0(x) and x5x1 and x2 are points where thex component of the
velocity perturbation vanishes. An unstableB0(x) profile and the dispersion relation are obtained for
a polygonal ion diamagnetic drift velocity profile. ©2001 American Institute of Physics.
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I. INTRODUCTION

The investigation of hydromagnetic stability of high-b
plasmas is of interest in such varied fields as the study
magnetic confinement, space plasmas such as the aurora
magnetopause stability, and astrophysical plasmas. An i
magnetohydrodynamic~MHD! Kelvin–Helmholtz ~KH! in-
stability driven by the shear in theE3B drift velocity, which
occurs even in the cold magnetized plasma, has been in
sively studied in fusion, space, and astrophysical plasma
this paper a KH instability driven by the shear in the i
diamagnetic drift velocity, which is a nonideal MHD drift i
a high-b plasma, is studied for a configuration, in which t
unperturbed ion pressure gradient is transverse to the m
netic field. Although the ideal MHD KH instability,1–3 driven
by the shear in theE3B drift velocity of ion and electron
guiding centers, is a hydromagnetic counterpart of the hyd
dynamic KH instability,1 the present new instability is pecu
liar to the high-b plasma. This is because the ion diama
netic drift, which is not entirely the motion of guidin
centers, is an artifact of gyration, which is due to the m
netization and the gradient-B drift averaged over a therma
distribution of velocities for a straight field line geometry4

Although the velocity shear in the fusion plasma is known
stabilize the turbulence, the velocity shear is also import
in destabilizing the KH instability and the present KH inst
bility driven by the shear in the ion diamagnetic drift velo
ity may be relevant to turbulence generation in the fus
plasma and to the vortical deformation of auroral arcs f
lowing the substorm onset, which occurs in the near-Ea
plasma sheet when the plasma pressure is highly disturb

In the present study a new KH instability is obtained
using the generalized Ohm’s law and occurs due to the s
in the ion diamagnetic drift velocity and not due to the ide
MHD E3B drift. Therefore, the instability is essentially
nonideal MHD instability in a high-b plasma. There have
5291070-664X/2001/8(12)/5291/5/$18.00
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been many studies investigating nonideal MHD effects
the KH instability, e.g., Hall MHD studies,5–7 hybrid MHD
studies8–11 and kinetic studies.12–14 However, those studies
concentrated on theE3B driven KH instability and could
not find a nonideal MHD instability. Although there is
study of a KH instability,15 which is not driven by theE
3B drift shear, their Hall MHD analysis is applicable only t
thin current sheets, where ions are unmagnetized, and th
fore their model is applicable to a parameter regime differ
from the present study. The stability of finite Larmor radi
hydrodynamics was studied for the prese
configuration,16–18but they studied only a low-b plasma and
assumed an electrostatic perturbation and that the mag
field is constant in time.

The basic configuration for the present instability and
basic equations are presented in Sec. II. The unpertu
state for the instability is obtained in Sec. III. The tw
dimensional~2D! eigenmode equation for the most dange
ous mode (ki50) is obtained in Sec. IV. A stability criterion
for the present new instability is given and the dispers
relation for a polygonal ion diamagnetic drift velocity profi
is presented in Sec. V. Discussion and summary are give
Sec. VI.

II. BASIC CONFIGURATION AND EQUATIONS

We consider a configuration in which the unperturb
magnetic fieldB0(x) is in thez direction and is a function of
only x. The unperturbed electric fieldE0(x) is in thex direc-
tion and is a function of onlyx. The unperturbed pressur
p0(x) and densityr0(x) are functions of onlyx. The con-
stant gravity accelerationg, which may be important in as
trophysical applications, is directed to2x direction, i.e.,g
52gx̂, wherex̂ is the unit vector in thex direction.

The stability of the present configuration is described
the following equations.
1 © 2001 American Institute of Physics
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]r

]t
1“•~rv!50, ~1!

r
dv

dt
5 j3B2“p1rg, ~2!

“3B5m0j , ~3!

]B

]t
52“3E, ~4!

“•v50. ~5!

Here,r is the plasma density,v is the macroscopic velocity
of the plasma,B is the magnetic field,p is the plasma pres
sure. Another equation, which relatesE to v and B, is the
generalized Ohm’s law, which is derived from the equat
of motion for the electron fluid. From the quasineutrality o
hasne.ni.n, wherene andni are the electron density an
the ion density, respectively, and also one has

j5ne~vi2ve!.ne~v2ve!, ~6!

wherevi andve are the average velocities of ion species a
electron species, respectively. Substituting~6! into the equa-
tion of the electron fluid and assuming that a time scale
our concern is much longer than the electron gyration pe
yield

2ne~E1v3B!1 j3B2“pe1nmeg50, ~7!

whereme is the electron mass andpe is the electron pressure
Equation~7! is a generalized Ohm’s law, which is used in t
present analysis.

III. UNPERTURBED STATE

The unperturbed form of the generalized Ohm’s law~7!
can be written as

2n0e~E01v03B0!1 j 03B02“pe01n0meg50, ~8!

where the subscript 0 denotes the unperturbed state. From~2!
one obtains

r0~v0•“ !v05 j 03B02“p01r0g, ~9!

wherev0 is expecteda priori to be the sum of theE3B drift,
the ion diamagnetic drift and the gravitational drift. Since
these drifts are in they direction and are functions of onlyx,
one can write in~9! v0(x)5V0(x) ŷ, where ŷ is the unit
vector in they direction. Then, Eq.~9! becomes simply

j 03B05“p02r0g. ~10!

Thus, one obtains from~8! and ~10!,

v0'5
E03B0

B0
2 1

1

n0eB0
2 B03“pi02

M

eB0
2 B03g, ~11!

whereM5mi1me , mi is the ion mass, andme /M was ne-
glected, compared to~1!. If there is noj 0z , which is parallel
to the unperturbed field line,j 0 can be written from~10! as
j 0(x)5 j 0(x) ŷ. From ~3! one also obtains

j 0~x!52
1

m0

dB0

dx
. ~12!
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Substitution of~12! into ~10! yields

d

dx Fp0~x!1
B0

2~x!

2m0
G52r0~x!g. ~13!

SinceE05E0(x) x̂ is assumed, one obtains from~11!

V0~x!52
E0~x!

B0~x!
1

1

n0~x!eB0~x!

dpi0

dx
1

Mg

eB0~x!
. ~14!

IV. EIGENMODE EQUATION

Let us assume that a perturbation has no variation in
z direction and has the formd f (x)exp@i(ky2vt)#. Since a
temporal growth of the instability is considered,k is real and
v is complex. From~1! one obtains

2 i ~v2kV0!dr1dvx

dr0

dx
50. ~15!

In the following the curl of the generalized Ohm’s la
~7! and the curl of the equation of motion~2! are taken in
order to delete the“pe and“p terms, respectively. First, by
taking the curl of the generalized Ohm’s law~7!, one obtains

e

M
r

]B

]t
2

e

M
r@~B•“ !v2~v•“ !B#2

e

M
“r3~E1v3B!

1~B•“ !j2~ j•“ !B1
me

M
“r3g50. ~16!

By taking the perturbation of~16! and after some algebra on
obtainsx andy components of the perturbed equation of~16!
as follows:

F~x!dBx50, ~17!

F~x!dBy2n0~x!edBx

dV0

dx
2e

dn0

dx
@2dEz1V0~x!dBx#

1dBx

d j0
dx

50, ~18!

where

F~x!52en0~x!i ~v2kV0!2 ik j 0~x!. ~19!

SinceF(x)Þ0 for v iÞ0, wherev i is the imaginary part of
v, one obtainsdBx50 from ~17!. From ~4! one obtains

ivdBx5 ikdEz . ~20!

Therefore, one obtainsdEz50. Then, substitution ofdBx

5dEz50 into ~18! yields dBy50. Therefore, in the presen
configuration only thez component of the magnetic field i
perturbed.

Next, by taking the curl of the equation of motion~2!
one obtains

rS ]

]t
~“3v!2@~“3v!•“#v1~v•“ !~“3v! D1“r

3F]v

]t
1~v•“ !vG5~B•“ !j2~ j•“ !B1“r3g. ~21!
 or copyright; see http://pop.aip.org/about/rights_and_permissions



,
o

a

ib

s

n
o

g

t

en
to
ec-
ow
wth
e

y

sure

a

-

n-
e-
t

n.
the

n
ity

g
.

5293Phys. Plasmas, Vol. 8, No. 12, December 2001 Nonideal MHD Kelvin–Helmholtz instability . . .

Down
By taking the perturbation of~21! and after some algebra
one obtainsx andz components of the perturbed equation
~21! as follows:

r0k@v2kV0~x!#dvz52 ik j 0~x!dBx , ~22!

r0F2 i ~v2kV0~x!!S ddvy

dx
2 ikdvxD1dvx

d2V0

dx2 G
2 i ~v2kV0~x!!dvy

dr0

dx
1dvx

dV0

dx

dr0

dx

52 ik j 0~x!dBz2
ik

m0
dBz

dB0

dx
1 ikdrg, ~23!

where

d j x5
ik

m0
dBz ~24!

was used in the final equation. SincedBx50, one obtains
dvz50 from ~22!. This means that in the present configur
tion, the perturbed motion is confined in thex–y plane,
which is transverse to the magnetic field. Substitution of~15!
and ~12! into ~23! with the aid of~5! yields

d2d vx

dx2 1
1

r0

dr0

dx

dd vx

dx
2Fk22

k

v2kV0

d2V0

dx2

2
k

v2kV0

1

r0

dr0

dx S dV0

dx
2

kg

v2kV0
D Gdvx50. ~25!

Notice that on the right-hand side of~23! the first two terms
are cancelled because of~12! and the magnetic fieldB0(x)
enters only in the expression ofV0(x) in ~14!. This equation
is completely the same as the eigenmode equation descr
the hydrodynamic KH instability withkz50 in nonuniform
fluid in a gravitational field.1

V. STABILITY CRITERION AND DISPERSION
RELATION

Since only the KH instability is of our interest, let u
assume in the followingg50 and r0(x)5r05const. The
neglect of the gravity force is justified in terrestrial fusio
plasmas and in most space plasma applications. Then,
obtains from~25! and ~14!,

d2dvx

dx2 2Fk22
k

v2kV0

d2V0

dx2 Gdvx50, ~26!

V0~x!52
E0~x!

B0~x!
1

1

n0eB0~x!

dpi0

dx
. ~27!

The equation~26! is the Rayleigh’s stability equation.19,20

We assume thatdvx50 at x5x1 and x5x2 . Following
Rayleigh19,20 one multiplies~26! by dvx* , which is the com-
plex conjugate ofdvx , and integrates by parts the resultin
equation fromx5x1 to x5x2 . Then, one obtains
loaded 17 Nov 2010 to 130.69.96.202. Redistribution subject to AIP license
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E
x1

x2S Uddvx

dx U2

1k2udvxu2Ddx

2E
x1

x2 k

v2kV0

d2V0

dx2 udvxu2dx50. ~28!

From the imaginary part of~28! one obtains

v iE
x1

x2 udvxu2

uv2kV0u2
d2V0

dx2 dx50. ~29!

From ~29! a necessary condition forv i to be nonzero is tha
d2V0(x)/dx2 must change sign at least once betweenx5x1

and x5x2 . This is the Rayleigh’s criterion for the
instability.19,20

We now concentrate on a new instability, which is driv
by the shear in the ion diamagnetic drift velocity. In order
show existence of such an instability, we first obtain a n
essary condition for the instability and then we have to sh
that there is indeed an unstable configuration whose gro
rate v i and v r are given explicitly. For this purpose, w
consider a case where the unperturbed electric fieldE0(x)
50 andV0(x) is given by the ion diamagnetic drift velocit
as follows:

V0~x!5
1

n0eB0~x!

dpi0

dx
. ~30!

We consider thatn0 is uniform, butpi0(x) is nonuniform and
consider a particular case, where the ion plasma pres
pi0(x) is proportional to the total pressurep0(x), i.e.,
pi0(x)5Kp0(x), whereK is the constant. When both plasm
species have an equal unperturbed temperature, i.e.,Ti0(x)
5Te0(x), where Ti0 and Te0 are ion and electron unper
turbed temperatures, respectively,K is equal to 1/2. How-
ever, in Earth’s plasma sheet,Ti0(x) is much larger than
Te0(x) and K is typically 0.9. In this caseV0(x) in ~30! is
given by

V0~x!52
K

m0n0e

dB0

dx
, ~31!

where~13! was used. A necessary condition for the KH i
stability driven by the shear in the ion diamagnetic drift v
locity is therefore thatd3B0 /dx3 must change sign at leas
once betweenx5x1 and x5x2 . This is only a necessary
condition for the instability and not the sufficient conditio
In the following we take advantage of previous studies of
stability of parallel flows to obtain an unstable profile ofB0 .
A well-known velocity shear profile, which has an inflexio
point and is unstable, is the hyperbolic tangent veloc
profile.21 For analytical tractability we adopt in the followin
a velocity profileV0(x) shown by the dotted line in Fig. 1
This is a function ofx, which is given by

V0~x!5H 0 x<2a

U0~x/a11! uxu,a

2U0 x>a
J , ~32!

where U0 is a constant velocity, which is given byU0

52(K/2m0n0e)@dB0 /dx#x5a . This velocity profile is
known to be unstable.19,20,22From ~31! one obtains
 or copyright; see http://pop.aip.org/about/rights_and_permissions
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B0~x!52
m0n0e

K E
x0

x

V0~x!dx1B0~x0!. ~33!

The solid curve in Fig. 1 shows the profile of unstableB0(x)
normalized byB0(x0), which is obtained from~33! by as-
suming x0522a and dB0 /dx52B0(x0)/(4a) at x5a.
Next, one has to obtain explicit dispersion relation for~32!.
A velocity profile defined by

V0~x!5H 2U0 x<2a

U0x/a uxu,a

U0 x>a
J ~34!

which is a shifted form of ~32!, is known to be
unstable19,20,22 and the dispersion relation for the veloci
profile ~34! is given by19,20,22

S v

k

1

U0
D 2

5S 12
1

2kaD 2

2
1

4~ka!2 e24ka. ~35!

The normalized growth ratev ia/U0 for ~34! calculated from
~35! is plotted in Fig. 2 as a function ofka for ka,0.64 and
the real part of the frequencyv r for ~34! is zero for ka
,0.64 as is expected from the anti-symmetric nature of
velocity profile ~34!. The velocity profile~32! is obtained
from ~34! by transforming the unperturbed velocityV0(x) to

FIG. 1. Profiles of unstableV0(x) ~dotted curve! and unstableB0(x) ~solid
curve!.

FIG. 2. The normalized growth ratev ia/U0 versus the normalized wave
numberka for the velocity profileV0(x) shown in Fig. 1.
loaded 17 Nov 2010 to 130.69.96.202. Redistribution subject to AIP license
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V0(x)1U0 . Therefore, the real frequencyv r for the velocity
profile ~32! is obtained by Doppler shiftingv r obtained for
the velocity profile~34! by kU0 . This givesv r5kU0 and
the samev i as shown in Fig. 2 forka,0.64 for the unper-
turbed velocity profile~32!. Therefore, we could show tha
the B0 profile shown in Fig. 1 is indeed subject to the ne
KH instability and could obtain the explicit growth ratev i

plotted in Fig. 2 andv r5kU0 for the profiles ofV0 andB0

shown in Fig. 1. This is sufficient evidence for the existen
of the new instability, which is driven by the shear in the io
diamagnetic drift velocity.

VI. DISCUSSION AND SUMMARY

In the present paper a nonideal MHD KH instability
derived in the frame of the nonideal MHD model. In th
frame of the fluid model, any velocity shear would provide
KH type instability. Therefore, as Eq.~27! shows the ion
diamagnetic drift andE3B drift for a fluid contribute the
same way to the velocity shear and thus to the KH instabil
However, the physical nature of the present new KH ins
bility driven by the shear in the ion diamagnetic drift velo
ity is important and its difference from the nature of the ide
MHD KH instability driven by the shear in theE3B drift
velocity should be emphasized. Since the ion diamagn
drift is not entirely a motion of guiding centers, the prese
nonideal MHD instability driven by the shear in the ion di
magnetic drift velocity is peculiar to the nonuniform high-b
plasma. In order to make the present calculation more
evant to collisionless plasmas one would need to carry
the analysis kinetically by solving the ion gyrokinetic equ
tion. A kinetic analysis would capture the special nature
the diamagnetic flow as a finite Larmor radius~FLR! effect.
A kinetic treatment of the divergence of the pressure ten
and calculation of the pressure tensor using the solution
the linearized gyrokinetic equation would introduce new d
magnetic terms which do not appear in the present fl
treatment.

The present results obtained for a slab geometry co
be applicable to the plasma configuration in the equato
plane in the near-Earth plasma sheet, where the magn
field is transverse to the plane and the ion diamagnetic d
dominates theE3B drift. For such a near-Earth plasma, th
present calculation indicates that as long asd3B0 /dx3 does
not change sign in the region where there is a velocity sh
and the density is considered to be uniform, the region
stable. Therefore, in the quiescent state of the magn
sphere, the near-Earth plasma would not be subject to
present instability. However, the field lines in the near-Ea
plasma sheet are curved unfavorably and in such a confi
ration, pressure driven instabilities such as ballooning mo
are excited when the plasmab exceeds the critica
value.23–37 Therefore, when the magnetospheric substorm
initiated possibly by the onset of such pressure driv
instabilities,23–37 the pressure profile in the near-Ear
plasma sheet would be highly disturbed by ballooning mo
in the near-Earth plasma sheet or in the outer edge of the
current and the instability criterion for the present instabil
may be satisfied in the near-Earth plasma. In such a situa
 or copyright; see http://pop.aip.org/about/rights_and_permissions
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the present instability would be responsible for the vor
formation in breakup auroral arcs, which is observed a
known as ‘‘the westward traveling surge’’ of discrete auro
arcs. It follows that a more accurate treatment of the pres
instability in the near-Earth plasma sheet should take
account an unfavorable field-line curvature, which also
lows the development of pressure driven instabilities. He
we should note that the ion diamagnetic drift effect in b
looning instability causes a net drift of ballooning modes
the direction of the ion diamagnetic drift and it also has
stabilizing influence on ballooning modes.23 Since the ion
pressure gradient in the near-Earth plasma sheet is pred
nantly earthward and the ion diamagnetic drift direction
westward, this may explain the observed predominant w
ward motion of ‘‘the westward traveling surge.’’ Although
ballooning stability analysis of the plasma sheet,23 which
used a local approximation in the radial direction and
glected a shear in the ion diamagnetic drift velocity, show
that the growth rate of ballooning modes decreases with
creasingk ~east–west wave number!, it showed that there is
a substantial range ofk in which ballooning modes are
unstable.23 Therefore, it is highly conceivable that the deve
opment of ballooning modes in the near-Earth plasma s
may set a favorable pressure profile for the developmen
the ion diamagnetic drift driven KH instability in the nea
Earth plasma sheet.

It is known that even the most quiescent operating
gimes~‘‘ H-modes’’! of fusion machines display spontaneo
electromagnetic disturbance.38 Considering the nonuniform
nature of pressure distribution in high-b fusion plasmas, the
present nonideal MHD KH instability driven by the shear
the ion diamagnetic drift velocity seems to be ubiquitous
fusion plasmas. However, in order to show that the pres
instability is also relevant to turbulent transport in tokama
it is at least necessary to prove that the instability co
survive in the presence of magnetic shear.

In summary, a nonideal MHD KH instability, which i
driven by the shear in the ion diamagnetic drift velocity,
found for a high-b plasma. This instability may be relevan
to turbulence generation in a high-b fusion plasma, which
may affect magnetic confinement, and may also be impor
in the stability of a high-b plasma and the creation of
certain type of vortex structure in space and astrophys
plasmas.
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