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The problem of ideal magnetohydrodynamic stability of plasmas in a magnetosphere-atmosphere
system, in which the unperturbed magnetic field is assumed to be perpendicular to the
plasma-atmosphere interface �ionospheric surface�, is investigated by means of an extended
magnetospheric energy principle. The derivation of the principle and conditions under which it
applies to a real terrestrial magnetosphere is given. In the principle, the atmosphere is considered to
be a very heavy and compressible gas with finite pressure. A thin ionospheric layer is taken into
account as boundary conditions, but energetics within it are neglected. The solid-earth surface is
assumed to be a perfectly conducting wall for perturbations. For a perturbation that satisfies either
rigid or horizontally free boundary conditions at the plasma-atmosphere interface, the
self-adjointness of the force operator is satisfied and an extended magnetospheric energy principle
can be developed on the basis of the extended energy principle for fusion plasmas. These two
boundary conditions are shown to be realized in the magnetosphere when the ionospheric
conductivity is either very large or very small. Whereas in fusion plasmas the perturbed magnetic
energy in the vacuum makes a stabilizing contribution to the potential energy, in the magnetosphere
the perturbed magnetic energy in the atmosphere makes no such stabilizing contribution. This is due
to the difference of the assumed field configurations of the magnetospheric and fusion plasmas. The
ionospheric surface makes a destabilizing negative contribution to the potential energy owing to a
horizontal plasma displacement on the spherical ionospheric surface. The method is applied to
magnetospheric ballooning and interchange instabilities. The existence of a new type of
magnetospheric interchange instability is shown and its structure in the magnetosphere-atmosphere
system is clarified. Possible consequences of the instabilities and their relevance to magnetospheric
physics are discussed. © 2011 American Institute of Physics. �doi:10.1063/1.3570646�

I. INTRODUCTION

The investigation of hydromagnetic stability of plasmas
is of interest in such varied fields as the study of fusion
plasmas, magnetospheric plasmas, and space and astrophysi-
cal plasmas. An extended energy principle, which is a pow-
erful minimizing principle based on the self-adjointness of
the force operator, has been developed1 and used extensively
for the study of the stability of fusion plasmas.1,2 For a fusion
plasma, which is separated from an outer conducting wall by
a vacuum region, the self-adjointness of the force operator is
proven1–4 by using three boundary conditions satisfied at the
unperturbed plasma-vacuum interface and at the surface of
the outer perfectly conducting wall. With a few judicious
integrations by parts, it was shown1 that the potential energy
functional �W consists of three parts, i.e., the potential en-
ergy of the plasma-fluid �WF, the perturbed magnetic energy
in the vacuum region �WV, and a contribution �WS from the
free plasma-vacuum interface.

Such an energy principle has been used for investigating
ideal magnetohydrodynamic �MHD� stability5 of plasma in a
levitated dipole,6,7 which has a magnetosphere-like configu-
ration. However, unlike real magnetospheres in nature it has
no bounding surfaces across field lines such as the earth’s
ionosphere and the solid-earth surface. Therefore, there is no
boundary contribution to the potential energy for such a
closed field line configuration, and the potential energy only
has �WF.5 Thus, such a model cannot clarify magnetospheric

stability peculiar to the magnetospheres with bounding sur-
faces across field lines.

Recently, on the basis of the self-adjointness of the force
operator, a magnetospheric energy principle has been
formulated8 and used for the study of ideal MHD stability of
plasma on field lines threading the ionosphere in the polar
latitudes.8,9 The magnetospheric energy principle is based on
a single assumption that the unperturbed magnetic field is
incident vertically on the unperturbed ionospheric surface.8 It
neglects the existence of the neutral atmosphere below the
ionosphere. According to this principle, the ionosphere
makes a negative contribution to the potential energy owing
to a horizontal plasma displacement on a spherical iono-
spheric surface.8 Furthermore, it was shown that owing to
this negative contribution to the potential energy, an
ionosphere-driven interchange instability occurs.9 This is a
new ideal MHD instability peculiar to the magnetosphere-
spherical ionosphere system.

Nevertheless, since the existence of the neutral atmo-
sphere below the ionosphere is neglected entirely in the mag-
netospheric energy principle,8 it has not been clear whether
the atmosphere contributes to the stability of the ionosphere-
driven magnetospheric interchange instability just as there is
a stabilizing vacuum contribution �WV in �W for fusion plas-
mas. Therefore, the purpose of this study is to formulate an
extended magnetospheric energy principle which includes
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the neutral atmosphere based on the extended energy prin-
ciple in fusion plasmas.1–4

Since the magnetospheric plasma is separated from a
solid-earth surface by the neutral atmosphere, the magneto-
spheric plasma is in a sense similar to a fusion plasma, which
is separated from a conducting wall by a vacuum region.
However, the magnetospheric case is more difficult than
magnetic confinement devices, because the solid earth is not
a perfect conductor and the neutral atmosphere is not a
vacuum region. In order to avoid these difficulties, we as-
sume in this study that the neutral atmosphere is a very
heavy and compressible neutral gas with finite pressure and
that the solid-earth surface is a perfectly conducting wall for
perturbations. Three boundary conditions, which are similar
to the ones used in the extended energy principle,1–4 i.e., the
pressure balance and the continuity of the tangential compo-
nent of the electric field at the unperturbed ionospheric sur-
face, and a condition for the vector potential at the solid-
earth surface, are used in the extended magnetospheric
energy principle. Like the magnetospheric energy principle,8

the extended principle is also based on an assumption that
the unperturbed magnetic field is incident vertically on the
unperturbed spherical ionospheric surface.

In this study, we show that the difference of the extended
energy principle in fusion and magnetospheric plasmas is
caused by the difference of the configuration of the unper-
turbed magnetic field with respect to the plasma-vacuum or
plasma-atmosphere interface. While in fusion plasmas, the
vacuum region is known to make a stabilizing positive con-
tribution to the potential energy,1,2 there is no contribution
from the perturbed magnetic energy in the atmosphere in the
extended magnetospheric energy principle.

According to the fusion plasma terminology,2,4 in this
paper we will call the energy principle, in which the neutral
atmosphere is neglected, “the magnetospheric energy prin-
ciple,” and call the energy principle, in which the neutral
atmosphere is taken into account, “the extended magneto-
spheric energy principle.”

The organization of this paper is as follows. The mag-
netospheric configuration is described in Sec. II. Linearized
equations are introduced in Sec. III. The relationship be-
tween the self-adjointness of the force operator and the en-
ergy conservation is described in Sec. IV. A magnetospheric
energy principle is briefly reviewed in Sec. V. The physical
meaning of the ionospheric contribution to the potential en-
ergy is discussed in Sec. VI. A model of the neutral atmo-
sphere and thin ionospheric layer is given in Sec. VII.
Boundary conditions for an ideal MHD plasma-atmosphere
system are obtained in Sec. VIII. An extended magneto-
spheric energy principle is formulated in Sec. IX. The con-
dition for minimization of the change in the potential energy
with respect to �� is obtained in Sec. X. Discussion is given
in Sec. XI. Summary is given in Sec. XII.

II. MAGNETOSPHERIC CONFIGURATION

Figure 1 shows a bird’s-eye view and a cross-section of
a three-dimensional �3D� magnetospheric configuration. The
solid circle is the solid-earth surface. The dotted circle is the

ionospheric surface. The region between the solid-earth sur-
face and the ionospheric surface is a neutral atmosphere. In
the unperturbed state, the magnetospheric plasma satisfies
the static ideal MHD equations. Figure 1 shows a realistic
unaxisymmetric magnetospheric configuration of the earth,
which is compressed in the dayside �left-hand side of the
panel� and extended in the nightside �right-hand side of the
panel�. However, any axisymmetric configuration can also be
used in the energy principle as long as the plasma satisfies
the static ideal MHD equations.

As shown in Fig. 1, the magnetospheric region of inter-
est P is surrounded by two lateral boundaries, Sout and Sin,
which are shown by red and blue surfaces, respectively, and
by the ionospheric surface SI, which is shown by the dotted
circle. These boundary surfaces surround a part of the mag-
netospheric plasma, which is in a static equilibrium. The vir-
tual boundaries Sout and Sin are taken to be flux surfaces of
the static magnetospheric equilibrium and are located far
enough from disturbed field lines in region P, so that physics
in region P are not affected. Hence, these boundaries are not
perturbed and there is no magnetic field component thread-
ing them. Therefore, these virtual boundaries, Sout and Sin,
are in effect considered to be thin perfectly conducting walls.

The earthward ends of the magnetospheric region of in-
terest P are bounded by an ionospheric surface SI, which is a
plasma-atmosphere interface and is shown by the dotted
circle in Fig. 1. Unlike Sout and Sin, magnetic field lines
thread the ionospheric surfaces. As was assumed in the mag-
netospheric energy principle, which was formulated earlier,8

a basic assumption of this extended magnetospheric energy
principle is that the unperturbed magnetic field is incident
vertically on the unperturbed ionospheric surface. This as-
sumption enables one to formulate an extended magneto-
spheric energy principle analytically. Since we are interested
in instabilities occurring in the high-latitude of the earth’s
magnetosphere, this assumption is considered to be a good
approximation. For the sake of simplicity, the solid earth is
considered to be a perfect conductor for perturbations and
the neutral atmosphere is assumed to be a very heavy and
compressible gas with finite pressure �see Secs. VII and VIII
for details�.

In Fig. 1, P also represents the unperturbed plasma vol-

Sin

Sout

SI
P

FIG. 1. �Color� A bird’s-eye view and a cross-section of a 3D
magnetosphere-atmosphere system are shown. The solid circle is the earth’s
surface. The dotted circle is the ionospheric surface. Magnetic field lines on
two different flux surfaces Sout and Sin, which are shown by red and blue
surfaces, respectively, are plotted by solid lines. The plasma volume P is
surrounded by Sout, Sin and the ionospheric surface.
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ume for integration, which is surrounded by the unperturbed
ionospheric surface SI and by the outer flux surface Sout and
the inner flux surface Sin. S is the unperturbed plasma surface
surrounding the plasma volume P. This means that S is the
sum of SI, Sout, and Sin.

Figure 2 shows a cross-section of a magnetosphere-
atmosphere system considered in this investigation. A sketch
of only one hemisphere is shown in this figure. Magneto-
spheric plasma, which is shown by the red area, is bounded
by ionospheric surfaces SI at earthward ends. Below the
ionospheric surface SI, there is a neutral atmosphere, which
is shown by the blue area. Therefore, the ionospheric surface,
which is shown by SI, is a plasma-atmosphere interface. The
neutral atmosphere is also bounded at the bottom by a solid-
earth surface, as shown in this figure. The solid earth is
shown by the green circle. In this figure, A is the unperturbed
atmospheric volume surrounded by the solid-earth surface,
the plasma-atmosphere interface SI, and outer and inner vir-
tual surfaces Sout� and Sin� , which are extensions of the virtual
surfaces Sout and Sin extending into the atmospheric volume.
Notice that A represents the atmospheric volumes in northern
and southern hemispheres. For the sake of simplicity, we
assume in this study that there are no ions and electrons in
the neutral atmosphere and there are no neutral components
in the magnetospheric plasma. Thus, there is no electric cur-
rent in the atmosphere.

This configuration is somewhat similar to fusion plasmas
in magnetic confinement devices, in which the plasma is
separated from a perfectly conducting wall by a vacuum re-
gion. However, the magnetospheric case is more compli-
cated, since the neutral atmosphere is not a vacuum region
and the solid earth is not a perfect conductor. In spite of these
differences, the similarity between the magnetospheric
plasma and the fusion plasma in magnetic confinement de-
vices enables one to formulate an extended magnetospheric
energy principle in analogy with the formulation of the ex-
tended energy principle for magnetically confined plasmas.

III. LINEARIZED EQUATIONS

We assume that a static ideal MHD magnetospheric
equilibrium is given. All quantities are linearized about this

background state: Q�r , t�=Q0�r�+Q̃1�r , t� with Q̃1 /Q0�1.
Following the formulation and notation of Freidberg,2 all
perturbed quantities denoted by subscript 1 are expressed in

terms of a displacement vector �̃. Using �̃ the general linear-
ized equations of motion are cast into an initial value prob-
lem.

A more efficient way to investigate linear stability is to
reformulate the initial value problem as a normal mode prob-
lem. To do this, all perturbed quantities are assumed to vary
as follows:

Q̃1�r,t� = Q1�r�exp�− i�t� , �1�

where Q1�r� is a complex quantity in general, whereas

Q̃1�r , t� is defined in the real time domain. From now on, we
shall drop the subscript zeros from the equilibrium quanti-
ties. The momentum equation can be written as

− �2�� = F��� , �2�

where the force operator F��� is given by

F��� = �0
−1�� � Q� � B + �0

−1�� � B� � Q

+ ��� · �p + 	p � · �� . �3�

Here,

Q � B1 = � � �� � B� . �4�

In this approach, the only requirements are appropriate
boundary conditions on �.

IV. SELF-ADJOINTNESS OF THE FORCE OPERATOR
AND ENERGY CONSERVATION

The self-adjointness of the force operator is defined as

�
P

� · F���dr = �
P

� · F���dr , �5�

where � and � are two arbitrary vectors and the integral is
calculated for the unperturbed plasma volume P. The poten-
tial energy �W��� ,�� is defined as

Atmosphere

Magnetosphere

Earth

SI
Sin

S'in

Sout

S'out A

FIG. 2. �Color� A magnetosphere-atmosphere system is shown. Magneto-
spheric plasma is shown by the red area. The atmosphere is shown by the
blue area. The solid earth is shown by the green circle. SI is the plasma-
atmosphere interface. Sout and Sin are the outer and inner flux surfaces. Sout�
and Sin� are extensions of Sout and Sin to the atmosphere.
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�W���,�� = −
1

2
�

P

�� · F���dr , �6�

where ��r� is treated as complex in the following equations
in anticipation of cases where, because of symmetry, several
spatial coordinates can be Fourier analyzed.

The physical basis for the energy principle is the fact
that energy is exactly conserved in the ideal MHD model.
The conservation of energy is proven by the following
calculation,1,2 which is carried out in the real time domain.

Consider the energy H�t�, which is the sum of the kinetic
energy K and the potential energy �W, given by

H = K	 � �̃

�t
,
� �̃

�t

 + �W��̃, �̃�

=
1

2
�

P

dr��	 � �̃

�t

2

− �̃ · F��̃�� , �7�

where �̃= �̃�r , t�. A simple calculation that makes use of the
self-adjoint property of F yields

dH

dt
= �

P

dr
� �̃

�t
· ��

�2�̃

�t2 − F��̃�� = 0. �8�

This equation corresponds to energy conservation. The valid-
ity of this energy conservation is further discussed on the
basis of a local energy conservation equation in Sec. VI B.

V. MAGNETOSPHERIC ENERGY PRINCIPLE
AND IDEAL IONOSPHERIC BOUNDARY CONDITIONS

In order to investigate the ideal MHD stability of mag-
netospheric plasmas, a magnetospheric energy principle has
been formulated8 on the basis of the formulation of the en-
ergy principle1,2 used in fusion plasmas. The magnetospheric
energy principle is a specific energy principle, which com-
pletely neglects the existence of a neutral atmosphere below
the ionosphere. In this section, the formulation of the mag-
netospheric energy principle is briefly reviewed, since this is
the basis for the formulation of an extended magnetospheric
energy principle including a neutral atmosphere. First, we
seek ideal ionospheric boundary conditions, which are nec-
essary to validate the self-adjointness of the force operator,
and then calculate a specific form of �W.

A. Ionospheric boundary conditions
for self-adjointness of the force operator

Since the existence of the neutral atmosphere is not
taken into account in the magnetospheric energy principle,8

ideal ionospheric boundary conditions on two arbitrary vec-
tors � and � at the unperturbed ionospheric surfaces are ob-
tained, so that the force operator F becomes self-adjoint.
Here, we define the ionosphere as the bottom plane of the
magnetospheric plasma. Since we do not consider any dissi-
pation in the ionosphere, in the magnetospheric energy prin-
ciple we call the present ionosphere an ideal ionosphere. For
such an ideal MHD magnetosphere-ionosphere system, we
can formulate an energy principle.

Let us assume that the unperturbed ionospheric surface
is located at r=r0. We assume that the unperturbed magnetic
field B�r0� is everywhere perpendicular to the local unper-
turbed ionospheric surface. Therefore, the normal vector n
on the unperturbed plasma volume P at the ionospheric sur-
face satisfies n=b, where b=B / 
B
, in the northern hemi-
sphere and n=−b at the ionospheric surface in the southern
hemisphere. This normal incidence of the unperturbed mag-
netic field on the ionosphere is the only assumption in the
magnetospheric energy principle. On the lateral boundaries
Sout and Sin, which are thin perfectly conducting walls, � and
� satisfy n ·�=n ·�=0, since n ·v=0 on these boundaries.

When the plasma is assumed to be everywhere sur-
rounded by a perfectly conducting wall, all the boundary
terms �surface integrals� arising from the volume integral of
Eq. �5� vanish and the force operator F becomes evidently
self-adjoint. This is shown in detail in Bernstein et al.1 and
Appendix A of Freidberg.2 However, since the ionosphere is
not a perfectly conducting wall, the self-adjointness of the
force operator F is not satisfied for an arbitrary perturbation
and the energy conservation in the magnetosphere is not
guaranteed in general. The self-adjointness of the force op-
erator F is satisfied only for some specific boundary condi-
tions on ionospheric boundaries.

One obtains2,8

�
P

� · F���dr = − �
P

dr��0
−1��B · �����

· ��B · ����� + 	p�� · ���� · ��

+ �0
−1B2�� · �� + 2�� · ���� · �� + 2�� · ��

− 4�0
−1B2��� · ����� · ��

+ �����:����p + �0
−1B2/2�� + BT, �9�

where BT is the boundary term arising from the surface in-
tegral over the unperturbed surface S. Here, �=��+��b, �
=��+
�b, and �= �b ·��b. The BT is given by8

BT = �
north

�	p
��� · �� + �0
−1B�� · ��B · ������dS

− �
south

�	p
��� · �� + �0
−1B�� · ��B · ������dS ,

�10�

where “north” and “south” denote unperturbed ionospheric
surfaces in the northern hemisphere and the southern hemi-
sphere, respectively.

On the right-hand side of Eq. �9�, the volume integral
over the plasma volume P is clearly a self-adjoint form.
Since BT cannot be further reduced to a self-adjoint form,
the force operator F becomes self-adjoint only when BT is
zero. Since � and � are independent and arbitrary except for
satisfying boundary conditions, BT vanishes only when the
condition 
� =0 or � ·�=0 and the condition ��=0 or
�b ·����=0 are satisfied on unperturbed ionospheric surfaces
in both the hemispheres. These are not only sufficient condi-
tions but also necessary conditions for BT to vanish. This
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means that these are the necessary and sufficient conditions
for the force operator to become self-adjoint.

Therefore, when the vectors � and � satisfy these bound-
ary conditions on the unperturbed ionospheric surfaces, the
force operator F becomes self-adjoint and energy conserva-
tion is valid. It follows that in order for the force operator to
become self-adjoint, the plasma displacement vector � at the
ionospheric surface must satisfy one of the following bound-
ary conditions, i.e.,

�� = 0 and �b · ���� = 0, �11�

� · � = 0 and �b · ���� = 0, �12�

� · � = 0 and �� = 0, �13�

�� = 0 and �� = 0. �14�

It is obvious that among the above four boundary condi-
tions, the magnetospheric interchange mode requires nonzero
�� on the ideal ionospheric surfaces. Therefore, only bound-
ary conditions �11� and �12� satisfy the requirement for the
interchange mode. The boundary conditions �11� and �12� are
called the horizontally free and free boundary conditions,
respectively. The boundary condition �14� is called the rigid
boundary condition. It is important to point out here that the
horizontally free boundary condition �11� becomes an insu-
lating boundary condition10 for a flat ionosphere, since there
is no finite B1� at the flat ionosphere and hence no iono-
spheric surface current for a flat ionospheric surface.8

B. Potential energy �W

The potential energy �W defined by Eq. �6� has been
calculated8 for possible boundary conditions �11�–�14�. For
both horizontally free and free boundary conditions, �W is
given by �W��� ,��=�WF+�WI. For boundary conditions
�13� and �14�, �W is simply equal to �WF. Here, �WF is the
variational change of the potential energy for the magneto-
spheric plasma, which is calculated for the unperturbed
plasma volume P. The specific form of �WF for the magneto-
spheric energy principle is the same as �WF given by Bern-
stein et al.1 and Freidberg2 and can be written as8

�WF =
1

2
�

P

dr��0
−1
Q�
2 + �0

−1B2
� · �� + 2�� · �
2

+ 	p
� · �
2 − 2��� · �p��� · ��
� � − J����

� � b� · Q�� ,

�15�

where 	 is the ratio of specific heats. This is the intuitive
form of �WF.11,12

�WI is the ionospheric surface contribution to the varia-
tional change of the potential energy and is calculated for the
unperturbed spherical ionospheric surface. The specific form
of �WI for the three-dimensional configuration assuming a
spherical ionospheric surface is8

�WI = −
1

2�0
	�

north

B2
��
2

RI
dS + �

south

B2
��
2

RI
dS
 ,

�16�

where RI is the sum of the earth’s radius RE and the iono-
spheric height h �RI=RE+h�RE�.

Notice that the surface contribution �WI is clearly nega-
tive for both the horizontally free and free boundary condi-
tions. Therefore, this term is destabilizing for these boundary
conditions. Since RI appears in the denominator of Eq. �16�,
this destabilizing effect by �WI occurs only for a spherical
ionospheric surface for a three-dimensional configuration.
The magnetospheric energy principle states that a plasma
equilibrium is stable if and only if �W��� ,��=�WF+�WI

�0 for all allowable displacements �.
The existence of negative �WI suggests that a magneto-

spheric plasma can be ideal MHD unstable under proper con-
ditions even without potential sources of pressure-driven
modes or current-driven modes, which give rise to negative
�WF.

VI. PHYSICAL MEANING OF THE IONOSPHERIC
CONTRIBUTION �WI TO THE POTENTIAL ENERGY

A. Intuitive explanation

For a horizontally free ionospheric boundary condition
�11�, the relationship between the Poynting vector across the

ionospheric surface and the temporal change of �̃� is impor-
tant to understand the energy balance in the magnetospheric
system, since there is no other means to carry energy flux
across the ionospheric surface under the assumption of �� =0.

Let us consider a physical picture of this relationship.
We first note that the second order linear perturbation of
Poynting vector s̃2 is expressed by

s̃2 = �0
−1�Ẽ1 � B̃1 + Ẽ2 � B0� , �17�

where the subscripts 1 and 2 denote the first order linear
perturbation and the second order linear perturbation, respec-
tively, and the subscript 0 denotes an unperturbed quantity.
Since one is interested in the component of the Poynting
vector parallel to the unperturbed magnetic field, only the
first term in Eq. �17� is relevant in the following discussion.

Let us consider a magnetospheric interchange mode,
which occurs for the horizontally free ionospheric boundary

condition and is characterized by B̃1��0 in the
magnetosphere.9 Figure 3 shows a physical picture to explain
the direction of Poynting vector across the ionospheric sur-

face when the amplitude of �̃� is increasing. The circular arc
SI in this figure represents an unperturbed spherical iono-
spheric surface in the northern hemisphere. Let A be a point
on the unperturbed ionospheric surface SI. At t=0 the unper-
turbed field line passing through point A is shown by the line
AB, which is incident vertically on the unperturbed iono-
spheric surface. At time t=�t, this field line is moved to the
position of line A�B� by a horizontal lateral plasma motion,

since the horizontal free boundary condition �b ·���̃�=0
must be satisfied. Therefore,
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rA���t� = rA�0� + �̃��rA,�t� �18�

is satisfied. Although in Fig. 3 the position of A� is shown on
the ionospheric spherical surface SI, actually A� is located
infinitesimally above the ionospheric surface SI, because

�̃��rA ,�t� is tangent to the spherical surface SI at point A. If
A�C is the z-axis and zA� is the z component of rA�, zA�=0+,
where z=0 corresponds to the ionospheric surface and z in-
creases in the direction of A�C. Here, 0+ means 0+� and �

0 is an infinitesimally small quantity. The straight line A�C
also represents an unperturbed field line passing through
point A�, which is also incident vertically on the ionospheric
surface at point A�. An enlarged plot of the neighborhood of
point A� is shown in the lower-right corner of this figure. Let

us assume that the amplitude of �̃��rA ,�t� is increasing.

Since the amplitude of �̃��rA ,�t� is increasing, ṽ1��rA ,�t�
is parallel to �̃��rA ,�t�.

Then, ṽ1�� � ṽ1��rA� ,�t� is also directed in the same di-
rection as ṽ��rA ,�t�, since A� is very close to A. Notice that
ṽ�= ṽ1�, since there is no unperturbed velocity. Therefore,

Ẽ1�� Ẽ1�rA� ,�t�=−ṽ1�� �B0�rA�� is directed into the page, as
shown in the lower-right corner of this figure, where B0�
�B0�rA�� is the unperturbed magnetic field at point A�.

Let us assume that the magnetic field line at point A� at
t=�t is shown by the dotted line A�B�, which is convected
from the position of line AB at t=0. The magnetic field at
point A� at time t=�t is shown by the dashed vector denoted
by B��B�rA� ,�t� in the lower-right corner of this figure.
Therefore, this assumption means that B�rA� ,�t�=B�rA�.
Since the magnetic field perturbation B̃1�rA� ,�t� at point A�
is given by

B̃1�rA�,�t� = B�rA�,�t� − B0�rA�� , �19�

B̃1�rA� ,�t� is shown by B̃1�. Thus, it is obvious that Ẽ1�

� B̃1�, which has a component parallel to the unperturbed
magnetic field, is directed into the magnetosphere at point
A�, as shown in the lower-right corner. Therefore, the second

order linear perturbation of Poynting vector at point A� has a
component into the magnetosphere when the amplitude of

�̃��rA , t� is increasing. Thus, the magnetospheric interchange
mode grows by absorbing energy carried by this Poynting
vector, which is directed into the magnetosphere.

The important assumption in the above physical picture
is that B�rA� ,�t�=B�rA�. Therefore, we must show that this
relationship is valid. From Eq. �18�, we obtain by expansion

B�rA�,�t� = B�rA + �̃�,�t� � B�rA,0� + �t
�

�t
B�rA,0�

+ ��̃� · ��B�rA,�t� , �20�

where �̃�= �̃��rA ,�t� and �B�rA ,0� /�t��B�rA , t� /�t 
t=0.
From the induction equation, we have

�

�t
B�rA,t� = − B�rA,t��� · v�rA,t�� + �B�rA,t� · ��v�rA,t�

− �v�rA,t� · ��B�rA,t� . �21�

Substitution of Eq. �21� into Eq. �20� yields

B�rA�,�t� = B�rA,0� − �t · B�rA,0��� · v�rA,0��

+ �t · �B�rA,0� · ��v�rA,0�

− �t · �v�rA,0� · ��B�rA,0�

+ ��̃� · ��B�rA,�t� . �22�

Since

�̃��r,t� = �
0

t

dt�v��r,t�� , �23�

we obtain

�̃��rA,�t� = �
0

�t

dt�v��rA,t�� � v��rA,0��t . �24�

Therefore, in the lowest order, Eq. �22� becomes B�rA� ,�t�
=B�rA ,0�=B�rA�. This completes the proof of B�rA� ,�t�
�B�rA�. This means that when there is a plasma displace-
ment �, the magnetic field at rA���t� is considered to be a
magnetic field which is convected from r=rA.

Figure 4 shows a physical picture to explain the direc-
tion of Poynting vector across the ionospheric surface when

the amplitude of �̃� is decreasing in the same format as Fig.

3. Since the amplitude of �̃��rA ,�t� is decreasing,

ṽ1��rA� ,�t� is directed opposite of �̃��rA , t�. Therefore, Ẽ1�

� Ẽ1�rA� ,�t� is directed out of page, as shown in the lower-

right corner of this figure. Hence, the direction of Ẽ1�rA� ,�t�
is opposite to that shown in Fig. 3. Since �̃��rA ,�t� is still

directed rightward, as shown in Fig. 4, �̃�� � �̃��rA� ,�t� is
also directed rightward. Therefore, at time �t, the dashed
line, which is parallel to field line AB, represents a perturbed
field line passing through point A�. Hence, the direction of

B̃1�� B̃1�rA� ,�t� is the same as that shown in Fig. 3. Thus,

the Poynting vector �0
−1Ẽ1�� B̃1� is directed into the iono-

sphere at point A�. Thus, one notes physically that Poynting

A

B

A'

B'

ξ'~
ξ~

C

Ionospheric
Surface SI

A'

B1
~ '

B0' B'

~v1'
E1
~ '

B1
~E1

~ ' '

FIG. 3. A physical picture showing the direction of Poynting vector across

the ionospheric surface when the amplitude of �̃� is increasing. The circular
arc SI shows an unperturbed spherical ionospheric surface in the northern
hemisphere. An enlarged plot of the neighborhood of point A� is shown in
the lower-right corner.
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vector �0
−1Ẽ1�� B̃1� is directed into the ionosphere from the

magnetosphere when the amplitude of �̃� is decreasing at
point A. Thus, the magnetospheric interchange mode loses
energy and its amplitude decays.

Let us assume that �WF=0 and �W=�WI�0. Then, in
the ideal MHD there are purely growing and purely decaying
modes. Figures 3 and 4 show that when ���0, there are two
possible modes, one growing and the other decaying. These
two modes correspond to the purely growing and decaying
modes predicted by the energy principle.

B. Explanation by using the local energy conservation
equation

The energy conservation equation �8� is derived from the
self-adjointness of the force operator and it means that

H�t�=K�ṽ1 , ṽ1�+�W��̃ , �̃�=K+�WF+�WI, where ṽ1=��̃ /�t

and �W��̃ , �̃�=− 1
2�P�̃ ·F��̃�dr, is conserved. This is the basis

of the present magnetospheric energy principle.8 In this sub-

section, we show that �W��̃ , �̃�=�WF+�WI is valid based on
a rigorous local energy conservation equation. Thus, we give
an alternative indication that ionosphere-driven interchange
instability9 may exist. Although the details of the calculation
are shown elsewhere,8 the calculation is briefly reviewed
here, since the understanding of the origin of �WI is essential
for understanding the magnetospheric energy principle. In
this subsection, K, �W, �WF, and �WI denote K�ṽ1 , ṽ1�,
�W��̃ , �̃�, �WF��̃ , �̃�, and �WI��̃� , �̃��, respectively, and the
calculation is carried out in the real time domain.

The time evolution of total energy at any point in the
magnetospheric plasma is described by the local energy con-
servation equation

�

�t
	1

2
�v2 +

p

	 − 1
+

B2

2�0



= − � · �	1

2
�v2 + p +

p

	 − 1

v +

1

�0
E � B� , �25�

where, contrary to the notation used thus far, �, p, B, v, E,

and B are all total quantities, which are functions of the
position r and time t and not unperturbed quantities.

Taking the second order linear perturbation of this equa-
tion and then integrating over the unperturbed plasma vol-
ume P, we obtain

�

�t
�

P
	1

2
�0ṽ1

2 + w̃2
dr = − �
S

ũ2 · ndS , �26�

where the energy flux density ũ2 is given by

ũ2 =
	

	 − 1
�p̃1ṽ1� −

1

�0
��ṽ1 � B̃1� � B0 + �ṽ1 � B0� � B̃1�

=
	

	 − 1
�p̃1ṽ1� +

1

�0
�2ṽ1�B0 · B̃1� − B0�ṽ1 · B̃1�

− B̃1�ṽ1 · B0�� �27�

and

w̃2 =
p̃2

	 − 1
+

1

2�0
�2B0 · B̃2 + B̃1

2� . �28�

Contrary to the notation used thus far in Secs. III–V, the
subscript 0 is added explicitly to the unperturbed quantity in
this subsection in order to avoid confusion, and subscripts 1
and 2 denote the first order linear perturbation and the sec-
ond order linear perturbation, respectively, as was used in the
previous subsection VI A. The tilde on the perturbation
means that the calculation is done in the real time domain
and the perturbation is a function of position r and time t.

Using vector identities, it is straightforward to show that

ũ2 ·n=0 on Sout and Sin, since �̃�=0 on Sout and Sin. There-
fore, only the integral over the ionospheric surface contrib-
utes to the right-hand side of Eq. �26�. Since n=b is assumed
on the ionosphere of the northern hemisphere in the present
magnetospheric energy principle, we obtain

�2ṽ1�B0 · B̃1� − B0�ṽ1 · B̃1� − B̃1�ṽ1 · B0�� · n

= − B0
2�ṽ1� · ��b · ���̃�� − ṽ1� · ���̃� · ��b�� �29�

in the northern hemisphere by using vector identities. Notice
that this is a contribution to the energy flux density normal to
the ionospheric surface by Poynting vector. Therefore, on the
ionosphere of the northern hemisphere, we obtain

ũ2 · n = −
	

	 − 1
��̃� · �p0 + 	p0 � · �̃�ṽ1�

−
B0

2

�0
�ṽ1� · ��b · ���̃�� − ṽ1� · ���̃� · ��b�� . �30�

On the ionosphere of the southern hemisphere, the sign of
the right-hand side of Eq. �30� reverses.

For the horizontally free ionospheric boundary condi-
tion, which is valid for interchange instability, Eq. �30�
shows that

ũ2 · n = �0
−1B0

2ṽ1� · ���̃� · ��b� �31�

is valid on the ionosphere of the northern hemisphere. On the
ionosphere of the southern hemisphere, the sign of the right-

A

B

A'

B'

ξ'~
ξ~

C

Ionospheric
Surface SI
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E1
~ '
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B1
~ '

B0'
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B1
~E1

~ ''

FIG. 4. A physical picture showing the direction of Poynting vector across

the ionospheric surface when the amplitude of �̃� is decreasing. The circular
arc SI shows an unperturbed spherical ionospheric surface in the northern
hemisphere. An enlarged plot of the neighborhood of point A� is shown in
the lower-right corner.
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hand side reverses. Owing to the assumption of the normal
incidence of the unperturbed magnetic field on the iono-

spheric surface, ��̃� ·��b is equal to −�̃� /RI and �̃� /RI on
the ionospheres of the northern hemisphere and southern
hemisphere, respectively.8 Therefore, substitution of Eq. �31�
into Eq. �26� yields

�

�t
�

P
	1

2
�0ṽ1

2 + w̃2
dr = −
�

�t
�WI��̃�, �̃�� , �32�

where

�WI��̃�, �̃�� = −
1

2�0
	�

north

B0
2�̃�

2

RI
dS + �

south

B0
2�̃�

2

RI
dS
 .

�33�

This means that for the horizontally free boundary condition,
a second order contribution to the normal component of
Poynting vector, which is integrated over the ionospheric
surface, is expressed by the temporal change of �WI. There-
fore, in this case, Eq. �32� means that K+W+�WI is con-
served, where W��Pw̃2dr. Thus, �WI, which is included in
�W, arises from the integration over the ionospheric surface
of the normal component of Poynting vector. This appear-
ance of �WI in �W is due to the assumption of the normal
incidence of the unperturbed magnetic field on the spherical
ionospheric surface and a frozen-in plasma displacement on
the spherical ionospheric surface.

The comparison of Eq. �32� with the energy conservation
equation �8� resulting from the self-adjointness of the force

operator yields �WF��̃ , �̃���W−�WI=W for the horizon-
tally free ionospheric boundary condition, since H=K+�W
=K+�WF+�WI is conserved from Eq. �8�.

VII. MODEL OF THE NEUTRAL ATMOSPHERE
AND THIN IONOSPHERIC LAYER

In the extended energy principle for fusion plasmas, a
plasma is assumed to be separated from a conducting wall by
a vacuum region.1 Since the plasma pressure vanishes in the
vacuum region, there is a thin layer between the vacuum
region and the plasma, in which the plasma pressure must
decrease to zero toward the vacuum region.4,13 Since the
plasma in this thin layer is also described by ideal MHD
equations, this thin layer is considered to be within the
plasma-vacuum interface used in the extended energy
principle.1,2 Therefore, a stabilizing positive potential energy
contribution by magnetic tension force in this layer for fu-
sion plasma is automatically included in the calculation of
�W. However, in the extended magnetospheric energy prin-
ciple, the magnetospheric plasma is separated from a con-
ducting solid-earth surface by a neutral atmosphere. Between
the atmosphere and the magnetospheric plasma, there is an
ionosphere, which is a thin layer consisting of a partially
ionized gas. We call this layer a thin ionospheric layer.

Figure 5 shows a sketch of the thin ionospheric layer
between the atmosphere and the magnetosphere in the north-
ern hemisphere. B denotes the direction of the unperturbed
magnetic field. Let us assume that � is the distance along the
field line and it increases with the distance from the mag-

netosphere to the atmosphere. We assume that �=���
0� is
located at the atmospheric edge between the neutral atmo-
sphere and the thin ionospheric layer, as shown in Fig. 5, and
�=0 is located at the plasma edge between the ideal MHD
magnetospheric plasma and the thin ionospheric layer. We
take the limit of �→0 in the extended magnetospheric en-
ergy principle. Thus, in this limit, the thin ionospheric layer
located in the region 0���� becomes the ionospheric sur-
face SI shown in Figs. 1 and 2.

In the thin ionospheric layer, the plasma pressure �pi

+ pe� shown by the solid line must decrease to zero toward
the neutral atmosphere, as shown in Fig. 5. The neutral gas
pressure must also decrease to zero toward the magneto-
sphere, as shown in Fig. 5. Since the plasma pressure must
change along the field line, this thin ionospheric layer is
clearly not an ideal MHD layer. Since there is a partially
ionized gas in this thin ionospheric boundary layer, we need
multifluid equations to describe the partially ionized gas.

For fusion plasmas, the pressure balance condition
across the thin layer at the plasma edge can be obtained by
assuming that the ideal MHD equations are valid inside the
thin layer and by taking the limit of �→0.4,13 Since the ideal
MHD equations are valid in the thin layer in fusion plasmas,
this thin layer is included in the plasma volume P used in the
volume integration for calculation of �W in the extended
energy principle for fusion plasmas.

In the extended magnetospheric energy principle, the
thin ionospheric layer consisting of a partially ionized gas
ought not be included in the plasma volume P, since the
ideal MHD equations are not valid in the region 0����.
Therefore, we need to consider that �=0 is the edge of the
plasma volume P and SI is located at �=0 in the extended
magnetospheric energy principle. Since the atmosphere con-
sists of a neutral gas and there is no electric current in the
atmosphere just as there is no electric current in the vacuum
region surrounding the fusion plasma, we ought to think that
the thin ionospheric boundary layer is also not included in
the atmospheric volume A defined in Sec. II.

The equation of motion for s species in the multispecies

FIG. 5. A physical picture showing the thin ionospheric layer in the northern
hemisphere. The thin layer is located at 0����, where � is the distance
along a field line. B shows the direction of the unperturbed magnetic field.
The ionospheric surface SI is located at �=0 and this is the edge of the
magnetosphere. The atmospheric edge is located at �=�. The solid and
dashed lines show the plasma pressure �pi+ pe� and the neutral gas pressure
�pn�, respectively.
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gas in the thin ionospheric layer is given by14

msNs
�us

�t
+ msNs�us · ��us + �ps − qsNs�E + us � B�

= �
t

msNs�̄st�ut − us� , �34�

where

�̄st =
mt

ms + mt
�st. �35�

Here, the subscript s denotes i�ion�, e�electron�, and
n�neutral�, qs is the charge of s species, ms is the mass of s
species particles, Ns is the density of s species, and �st is the
collision frequency of elastic collisions between species s
and t. We neglected the effects of ionization, recombination,
and chemical reactions in the thin ionospheric layer. We fur-
ther assume that Ni=Ne=N.

The scalar pressure of the gas mixture is given by14

p = �
s

ps +
1

3	�s

msnsus
2 − �mu2
 , �36�

where

�m = �
s

msns,

�mu = �
s

msnsus.

Therefore, at the atmospheric edge ��=�� p= pn and at the
magnetospheric edge ��=0� p= pi+ pe.

In the following, we first explain how the plasma pres-
sure p= pi+ pe changes from a finite value at �=0 to zero at
�=� in the equilibrium state �� /�t=0� in the thin ionospheric
layer, as shown in Fig. 5. In order to show this, we add the i
and e components of the equation of motion �34� and obtain

�	pi + pe +
B2

2�0

 = �0

−1�B · ��B + fp, �37�

where

fp = − N�mi�ui · ��ui + me�ue · ��ue�

− Nmi�̄in�ui − un� − Nme�̄en�ue − un�

− Nmi�̄ie�ui − ue� − Nme�̄ei�ue − ui� , �38�

and we used that J=�0
−1� �B. By taking the dot product of

this equation with n and integrating from �=0 to �=�, we
obtain in the northern hemisphere

��pi + pe +
B2

2�0
�� = lim

�→0
�

0

�

�0
−1n · ��B · ��B�d�

+ lim
�→0
�

0

�

n · fpd� , �39�

where ��G��=GA−GP, GA and GP being the values of G in
the atmosphere and in the plasma, respectively, in the neigh-
borhood of the plasma-atmosphere interface SI. Notice that
this equation is valid regardless of the geometrical relation-

ship between n and B. Since the normal component of the
magnetic field is continuous,

lim
�→0
�

0

�

n · ��B · ��B�d� → 0. �40�

Thus, if we assume, as assumed in the magnetospheric en-
ergy principle, that n and B are parallel, we obtain from Eq.
�39�

pi�0� + pe�0� = − lim
�→0
�

0

�

n · fpd� , �41�

since the plasma pressure is zero at the atmospheric side of
the interface SI and ��B2��=0. Therefore, for the plasma pres-
sure to decrease to zero at the atmospheric side of the inter-
face SI, 
n · fp
 must become infinite in 0���� in the limit
of �→0.

Next, in the equilibrium state, the n component of Eq.
�34� becomes

�pn = fn, �42�

where

fn = − Nn�mn�un · ��un� − Nnmn�̄ni�un − ui�

− Nnmn�̄ne�un − ue� . �43�

Therefore, we obtain in the northern hemisphere

lim
�→0

pn��� = lim
�→0
�

0

�

n · fnd� , �44�

where we used that the pressure of the neutral component
vanishes at the plasma side of the interface SI. Notice that
this equation is valid regardless of the relationship between n
and B. Therefore, for the neutral pressure to become zero at
the plasma side of the interface SI, 
n · fn
 must become infi-
nite in 0���� in the limit of �→0. Thus, we find that if the
multispecies gas equation of motion �34� is taken into ac-
count to describe the partially ionized gas in the thin iono-
spheric layer, the transition from the plasma to the neutral
gas across the thin ionospheric layer, as shown in Fig. 5, can
reasonably be described.

Let us now consider how the total pressure is balanced
across the thin ionospheric layer. By adding Eqs. �37� and
�42�, we obtain

�	pi + pe + pn +
B2

2�0

 = �0

−1�B · ��B + fp + fn. �45�

Therefore, in the limit of �→0, one obtains in the northern
hemisphere

��pi + pe + pn +
B2

2�0
�� = lim

�→0
�

0

�

n · �fp + fn�d� . �46�

Notice that this equation is valid regardless of the geometri-
cal relationship between n and B.

In the unperturbed state used in the extended magneto-
spheric energy principle, n and B are assumed to be parallel
in the northern hemisphere and ��B2��=0. Therefore, from
Eq. �46� we obtain
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��pi + pe + pn�� = lim
�→0
�

0

�

n · �fp + fn�d� . �47�

We further assume in the extended magnetospheric energy
principle that the plasma pressure and the neutral gas pres-
sure are balanced at the interface SI, i.e.,

pi�0� + pe�0� = lim
�→0

pn��� . �48�

Then, from Eq. �47� the right-hand side of Eq. �47� must
vanish. In such a case, the pressure balance condition across
the ionosphere can be written simply as

��pi + pe + pn +
B2

2�0
�� = 0. �49�

This is similar to the pressure balance equation used in the
extended energy principle for fusion plasmas, although pn=0
in fusion plasmas. As noted above, in the equilibrium con-
figuration of the extended magnetospheric energy principle,
Eq. �48� is assumed and thus the pressure balance condition
�49� is assumed to be valid.

The magnetic field and the normal vector at the per-
turbed plasma-atmosphere interface are not necessarily par-
allel. Since Eq. �46� is valid regardless of the relation be-
tween the magnetic field and the normal vector, we assume
that the right-hand side of Eq. �46� vanishes, and therefore
the same pressure balance condition �49� holds in the per-
turbed state. Thus, like the energy principle for fusion plas-
mas, we impose a pressure balance condition at the perturbed
plasma-atmosphere interface.

Notice that the pressure balance condition is satisfied at
the plasma-vacuum interface in fusion plasmas,4,13 but in the
extended magnetospheric energy principle, the pressure bal-
ance is an assumption, since we cannot justify in general that
the right-hand side of Eq. �46� can be so small that it can be
neglected compared with the left-hand side. We note, how-
ever, that if Nn=N, the collisional parts of fp and fn exactly
cancel out. Therefore, the assumption of pressure balance for
the case of B parallel to n may be a reasonable assumption,
even though we cannot rigorously prove its validity in gen-
eral.

Let r0 be the equilibrium position of the plasma-
atmosphere interface SI. Then, from Eq. �49� the equilibrium
variables must satisfy

p�r0� +
B2�r0�
2�0

= p̂�r0� +
B̂2�r0�
2�0

, �50�

where the caret denotes a quantity in the atmosphere. There-
fore, in the expected pressure balance at the interface, p̂ of
the neutral gas must be explicitly included in the total pres-
sure on the atmospheric side.

As an extreme simplification, the atmosphere may also
be represented by a vacuum region. However, from the pres-
sure balance condition �49� and the continuity of the normal
component of the magnetic field, such a model must assume
that the magnetospheric plasma is cold. Therefore, such a
model cannot describe pressure-driven modes in the mag-
netosphere.

Here, we should mention that in the extended magneto-
spheric energy principle, there is an important assumption
about mn. We have seen from Eq. �41� that in order for the
plasma pressure to decrease to zero at the atmospheric edge
between the thin ionospheric layer and the neutral gas, mn

ought not be zero. Since in the extended magnetospheric
energy principle we neglect the kinetic energy of the neutral
gas, the neutral gas must be considered to be heavy enough,
so that it is almost immobile and its kinetic energy is negli-
gible. Thus, we assume that mn is very large. In order to
sustain the plasma pressure in the equilibrium state, we also
have to assume that the neutral gas pressure in the atmo-
sphere must be finite. If we assume that the neutral gas in the
atmosphere obeys the adiabatic gas law, we have

d

dt
	 p̂

�̂	̂
 = 0. �51�

Since �̂ is assumed to be very large, we have to assume that
	̂ is very small. This means that the neutral gas is a very
compressible gas. In the case of the terrestrial atmosphere,
neutral components consist of heavy molecules such as ni-
trogen molecules �N2� and oxygen molecules �O2�. There-
fore, the assumption of a very large mn might well be justi-
fied.

VIII. BOUNDARY CONDITIONS FOR PLASMA-
ATMOSPHERE SYSTEM

The unperturbed pressure balance at the plasma-
atmosphere interface is shown by Eq. �50�. The unperturbed
magnetic field must satisfy the following two boundary con-
ditions at the plasma-atmosphere interface:

n · ��B�� = 0 �52�

and

n � ��B�� = �0K , �53�

where K is the surface current density at the interface. We
assume that the unperturbed surface current density is zero at
the interface and B is incident vertically on the unperturbed
ionospheric surface. Then, we obtain from Eq. �52�

B�r0� = B̂�r0� . �54�

Therefore, from Eq. �50� we have p�r0�= p̂�r0� at the inter-
face.

Boundary conditions on perturbations in the plasma-
atmosphere system can be obtained in analogy with bound-
ary conditions in the plasma-vacuum system in the extended
energy principle for fusion plasmas.1–4 First, the tangential
component of the electric field seen in any frame of reference
must be continuous at the interface. In the present problem,
there are two frames of interest. One is the frame moving
with the plasma and the other is the stationary frame of ref-
erence. We obtain boundary conditions for electric field per-
turbations in those two frames.

In the frame of reference moving with the plasma, E1
�

=E1+v1�B is the perturbed electric field on the magneto-
spheric plasma side. Obviously, E1

�=0 in the plasma because
E1=−v1�B owing to the frozen-in law of the plasma.
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Therefore, from the continuity of the tangential electric field,

i.e., n�E1
�=n� Ê1

�, we obtain n� Ê1
�=0, where Ê1

�= Ê1

+v1� B̂ is the electric field seen in the frame moving with
the plasma on the atmospheric side. Therefore, we obtain

n � Ê1 = B̂�n · v1� − v1�n · B̂� . �55�

This is a general boundary condition at the plasma-
atmosphere interface, which includes as a special case the
plasma-vacuum interface in fusion plasmas. However, in the
plasma-vacuum interface in fusion plasmas, the second term
on the right-hand side vanishes because the unperturbed
magnetic field is assumed to be parallel to the interface,1 i.e.,

n · B̂=0, as shown in the left panel of Fig. 6. We obtain from

Eq. �55� by setting Ê1=−�Â1 /�t by the assumption of Cou-
lomb gauge, and v1=�� /�t,

n � Â1 = − B̂�n · �� + ��n · B̂� . �56�

This is a boundary condition for Â1, which must be satisfied
at the plasma-atmosphere interface. We notice that in the
extended magnetospheric energy principle, the first term on
the right-hand side vanishes because �� =0 at the plasma-
atmosphere interface. Therefore, the two terms on the right-
hand side of this equation represent two extreme cases for
the extended energy principle in fusion plasmas and for the
extended magnetospheric energy principle.

Since the above boundary condition �56� is the key to
understanding the difference of the extended energy principle
for fusion plasmas and the extended magnetospheric energy
principle, we next derive Eq. �56� by looking at the electric
field in the stationary frame of reference. In the stationary
frame of reference, the perturbed electric field must satisfy
E1+v1�B=0 owing to the frozen-in law. Therefore,

E1 = − v1 � B . �57�

On the other hand, on the atmospheric side the perturbed

electric field Ê1 seen in the stationary frame of reference is

Ê1=−�Â1 /�t. Owing to the continuity of the tangential com-

ponent of the electric field we have n�E1=n� Ê1. There-
fore, we obtain

n � Â1 = − B�n · �� + ��n · B� . �58�

In the extended magnetospheric energy principle, B= B̂ at the
plasma-atmosphere interface SI. Therefore, this boundary
condition agrees with Eq. �56�.

Figure 6 shows the difference between the unperturbed
magnetic field configuration in fusion and magnetospheric
plasmas. The left panel shows an unperturbed magnetic field
configuration in a fusion plasma such as a tokamak. The red
area shows a plasma and the blue area shows a vacuum. The

unperturbed magnetic field B̂ on the plasma-vacuum inter-
face is assumed to be parallel to the unperturbed plasma-

vacuum interface.1 Therefore, n · B̂=n ·B=0 at the plasma-
vacuum interface. The right panel shows an unperturbed
magnetic field configuration in the magnetosphere-
atmosphere system. The red area shows a plasma and the
blue area shows the atmosphere. The unperturbed magnetic

field B̂ on the plasma- atmosphere interface is assumed to be
perpendicular to the unperturbed plasma-atmosphere inter-

face. Therefore, n · B̂�0. From these panels, it is obvious
that the last term on the right-hand side of Eq. �56� vanishes
in fusion plasmas. However, at the plasma-atmosphere inter-
face the last term on the right-hand side of Eq. �56� does not

vanish, since n is parallel to B̂ at the interface in the northern
hemisphere.

The boundary condition at the perfectly conducting wall,
which represents the solid-earth surface, is

n̂ � Â1 = 0. �59�

This boundary condition is also valid at side boundaries Sin�

and Sout� , because Â1→0 at those boundaries. If the solid
earth is a perfect conductor, the unperturbed magnetic field
must also circumvent the solid-earth surface and must be
parallel to it, since the unperturbed magnetic field cannot
penetrate into the perfect conductor. However, actually, the
solid earth is not a perfect conductor and, therefore, the un-
perturbed magnetic field can penetrate into the solid earth.
Therefore, we consider that the solid earth is an insulator for
a slow variation representing the unperturbed magnetic field,
but it is a perfect conductor for a rapid variation representing
the perturbed field.

During the displacement of the plasma, the plasma-
atmosphere interface will also be displaced to a new location
rs=r0+�. As we discussed in Sec. VII, we assume that a
pressure balance condition holds in the perturbed state.
Therefore, at this perturbed boundary, the pressure balance
condition is

p�r0 + �� + p1�r0 + �� +
1

2�0
�B�r0 + �� + B1�r0 + ���2

= p̂�r0 + �� + p̂1�r0 + �� +
1

2�0
�B̂�r0 + �� + B̂1�r0 + ���2.

�60�

Plasma
Plasma

Atmosphere
Vacuum

MagnetosphereFusion

n
n

B
B

n.B=0 n.B=0
FIG. 6. �Color� The left panel shows an unperturbed magnetic field configu-
ration in a fusion plasma such as a tokamak. The red and blue areas show
plasma and vacuum regions, respectively. The right panel shows an unper-
turbed magnetic field configuration in the magnetosphere-atmosphere sys-
tem. The red and blue areas show plasma and atmosphere regions,
respectively.
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By expanding in powers of a small quantity � and taking the
lowest order in small quantities, we have

�� · ��p + p1 +
1

�0
B · ��� · ��B + B1�

= �� · ��p̂ + p̂1 +
1

�0
B̂ · ��� · ��B̂ + B̂1� , �61�

where p̂�r0+��= p̂�r0�+ �� ·��p̂�r0� is used and p, p1, p̂, p̂1,

B, B1, B̂, and B̂1 represent those quantities at r=r0. This
boundary condition must be satisfied at the equilibrium iono-
spheric surface SI. Notice that if the pressures in the neutral
atmosphere p̂ and p̂1 are neglected, this boundary condition
becomes the same as that used for the plasma-vacuum inter-
face in fusion plasmas,1–4 which are surrounded by a vacuum
region.

IX. EXTENDED MAGNETOSPHERIC ENERGY
PRINCIPLE

In this section, an extended magnetospheric energy prin-
ciple, which takes into account the existence of the neutral
atmosphere below the ionospheric surface, is formulated.

A. Conditions for self-adjointness of the force
operator at the plasma-atmosphere interface

For fusion plasmas, in which the unperturbed magnetic
field at the plasma-vacuum interface is assumed to be paral-
lel to the interface,1 the self-adjointness of the force operator
can be rigorously proven by taking into account the three
boundary conditions given in Sec. VIII, i.e., the perturbed
pressure balance condition at the plasma-vacuum interface,
the continuity of the tangential electric field at the plasma-
vacuum interface, and the boundary condition for vector po-
tential at the conducting boundary surface.1–4 However, for
the present magnetosphere-atmosphere system, in which the
unperturbed magnetic field is assumed to be incident verti-
cally on the ionospheric surface, the self-adjointness of the
force operator cannot be proven rigorously for an arbitrary
perturbation, even if the three boundary conditions given in
Sec. VIII are satisfied. Thus, the self-adjointness of the force
operator is satisfied only for certain perturbations that satisfy
certain boundary conditions at the plasma-atmosphere inter-
face. We clarify in this subsection those specific conditions at
the plasma-atmosphere interface, for which the self-
adjointness of the force operator is satisfied.

Although a procedure used in Bernstein et al.,1 which is
also explained in detail in Freidberg,2 is used in order to
show the self-adjointness of the force operator in the mag-
netospheric energy principle,8 here we follow a different pro-
cedure, which is similar to Kadomtsev,3 in order to obtain the
necessary and sufficient conditions for the self-adjointness of
the force operator in the extended magnetospheric energy
principle.

By using vector formulas, the integrand of Eq. �5� can be
written as

� · F��� = − 	p�� · ���� · �� − �0
−1�� � �� � B��

· �� � �� � B�� − �� · �p� � · � + �0
−1�

· ��� � B� � �� � �� � B���

+ � · ��0
−1�B1 · ��B − �p1 + �0

−1B · B1��� . �62�

This is a general expression, which is valid for any static
plasma equilibrium. Nevertheless, for fusion plasmas, a con-
tribution from the term �0

−1� · ��B1 ·��B� on the right-hand
side is absent in the calculation of Eq. �5�, since upon inte-
gration over the plasma volume this term vanishes because
of B ·dS=B ·ndS=0, which is satisfied for fusion plasmas
�see the left panel in Fig. 6�.

Let us now assume that �p does not vanish identically.
Then, the direction of current J does not coincide with that
of the magnetic field and � and � can be expanded in terms
of vectors B, ��B, and e=�p / 
�p
. Therefore, we write

�� = �1 � � B + �2e , �63�

�� = 
1 � � B + 
2e . �64�

After some vector calculation, we obtain from Eqs. �62�–�64�

� · F��� = SP − � · �
�b�� · �p��

+ � · ��0
−1�B1 · ��B − �p1 + �0

−1B · B1��� ,

�65�

where SP is the symmetric part given by

SP = − 	p�� · ���� · �� − �0
−1�� � �� � B��

· �� � �� � B�� − ��� · �p� � · ��

− ��� · �p� � · �� + �0
−1
2�2e

· ��� � B� � ��B · ��e − �e · ��B�� . �66�

All terms in the symmetric part SP are symmetric with re-
spect to the change of � and �. Therefore, the integration of
SP over the plasma volume P gives a self-adjoint contribu-
tion.

The integration of Eq. �65� over the plasma volume P
gives

�
P

� · F���dr = �
P

SPdr − �
SI


�b�� · �p� · ndS

+ �
SI

�0
−1�B1 · ��B · ndS

− �
SI

�p1 + �0
−1B · B1�� · ndS . �67�

Since the pressure balance condition �50� holds everywhere
on the plasma-atmosphere interface, the following equation
is valid:

��� · ��	p̂ +
B̂2

2�0

 = ��� · ��	p +

B2

2�0

 . �68�

Therefore, from Eq. �61� we obtain
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p1 + �0
−1B · B1 = �n

�

�n
	p̂ +

B̂2

2�0

 − �n

�

�n
	p +

B2

2�0

 + p̂1

+ �0
−1B̂ · B̂1. �69�

Substitution of Eq. �69� into Eq. �67� yields

�
P

� · F���dr

= �
P

SPdr − �
SI

�n
n
�

�n
�	p̂ +

B̂2

2�0

 − 	p +

B2

2�0

�dS

− �
SI


��� · �p�b · ndS

− �
SI

�p̂1 + �0
−1B̂ · B̂1�� · ndS

+ �0
−1�

SI

�B1� · ����n · B�dS

+ �0
−1�

SI

B1�
�B · ndS . �70�

In order to further make the surface integral of

�0
−1�B̂ · B̂1��� ·n� in the fourth integral on the right-hand side

self-adjoint, let B̂1��� be a perturbed magnetic field on the
atmospheric side of the interface caused by the plasma dis-

placement � and B̂1���=�� Â1���. Then, from Eq. �56� we
obtain by replacing � with �

n � Â1��� = − B̂�n · �� + ��n · B̂� . �71�

By taking the dot product of B̂1��� with Eq. �71� and then
integrating, we obtain

�
SI

B̂1��� · B̂�n · ��dS = − �
SI

�Â1��� � B̂1���� · ndS

+ �
SI

B̂1��� · ��n · B̂�dS . �72�

Since �� B̂1���=0 in the atmosphere, we obtain

� · �Â1��� � B̂1���� = B̂1��� · B̂1��� . �73�

Therefore, by using n=−n̂ on the plasma-atmosphere inter-
face and using the boundary condition �59� on the ground
and on the side surfaces, we can rewrite the first term on the
right-hand side of Eq. �72� by the volume integral of

B̂1��� · B̂1��� in the atmospheric volume A. Notice that

B̂1��� · B̂1��� is defined only on the atmospheric side of the
interface SI and a contribution to the atmospheric volume
integral from the thin ionospheric layer, 0����, vanishes
in the limit of �→0. Thus, from Eq. �72� we obtain

�
SI

B̂1��� · B̂�n · ��dS = �
A

B̂1��� · B̂1���dr

+ �
SI

B̂1��� · ��n · B̂�dS . �74�

It follows that Eq. �70� can be rewritten as

�
P

� · F���dr

= �
P

SPdr − �
SI

�n
n
�

�n
�	p̂ +

B̂2

2�0

 − 	p +

B2

2�0

�dS

− �0
−1�

A

B̂1��� · B̂1���dr

− �
SI


��� · �p�b · ndS − �
SI

p̂1� · ndS

− �0
−1�

SI

B̂1��� · ��n · B̂�dS

+ �0
−1�

SI

�B1� · ����n · B�dS + �0
−1�

SI

B1�
�B · ndS .

�75�

This equation is obtained by using the pressure balance con-

dition �61�, the boundary condition �56� on Â1 at the plasma-
atmosphere interface, and the boundary condition �59� on the
conducting surface. This equation is valid regardless of the
relationship between n and B. Thus, if we consider SI as the
plasma-vacuum interface and let A be the vacuum volume,
this equation is valid for fusion plasmas. Since the first three
integrals on the right-hand side of Eq. �75� are self-adjoint

forms and p̂1=0 and n ·B=n · B̂=0 in the energy principle for
fusion plasmas �see the left panel in Fig. 6�, we find at once
that the force operator for the fusion plasma surrounded by a
vacuum region is rigorously self-adjoint for perturbations
satisfying fusion counterparts of the three boundary condi-
tions �56�, �59�, and �61�.

Since

B1 = − Bb�� · ��� + B�b · ���� − B��� · ��b

− b��� · ��B , �76�

we obtain

B1� · �� = �B�b · ����� · �� − �B��� · ��b� · ��. �77�

Owing to the assumption of the normal incidence of the un-
perturbed magnetic field on the ionospheric surface,
��� ·��b=�� /RI holds in the ionosphere of the southern
hemisphere and ��� ·��b=−�� /RI holds in the ionosphere of
the northern hemisphere.8 Substitution of these relations into
Eqs. �70� and �77� yields
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�
P

� · F���dr

= �
P

SPdr − �
SI

�n
n
�

�n
�	p̂ +

B̂2

2�0

 − 	p +

B2

2�0

�dS

+ �0
−1�

north

B2�� · ��

RI
�b · n�dS

− �0
−1�

south

B2�� · ��

RI
�b · n�dS + NSA, �78�

where NSA is the nonself-adjoint part given by

NSA = �
SI

��0
−1B2�� · ��b · �����

+ ��0
−1BB1� − �� · �p� − �p̂1 + �0

−1B̂ · B̂1��
��

��b · n�dS . �79�

It is obvious that the second, third, and fourth integrals on
the right-hand side of Eq. �78� are also symmetric with re-
spect to the change of � and �. Therefore, those integrals

give self-adjoint contributions. Notice that B̂ · B̂1=BB̂1� does
not cancel out BB1�, since the perturbed interface is not nec-

essarily perpendicular to the unperturbed field B= B̂. Here, �
and � are arbitrary vectors satisfying boundary conditions on

SI. From Eq. �61�, �0
−1BB1� − �� ·�p�− �p̂1+�0

−1B̂ · B̂1� cannot
identically vanish on SI. Therefore, NSA vanishes only when
either the condition 
� =0 and ��=0 or the condition 
� =0
and �b ·����=0 is satisfied on SI. Consequently, the neces-
sary and sufficient condition for the force operator to become
self-adjoint is that the arbitrary displacement vector � must
satisfy on SI,

�� = 0 and �� = 0, �80�

�� = 0 and �b · ���� = 0. �81�

These are boundary conditions on � at the plasma-
atmosphere interface in the extended magnetospheric energy
principle. Notice that in the magnetospheric energy principle,
in which the existence of the atmosphere below the iono-
sphere is entirely neglected, there are four necessary and
sufficient conditions �11�–�14� for the force operator to be-
come self-adjoint. However, in the extended magnetospheric
energy principle taking account of the pressure balance con-
dition at the plasma-atmosphere interface, the possible
boundary conditions are reduced to only two, i.e., Eqs. �11�
and �14�. Thus, we find an important difference between the
magnetospheric energy principle8 and the extended magneto-
spheric energy principle.

This difference can be easily understood if we note the
difference of the treatment of the atmosphere in the two en-
ergy principles. In the magnetospheric energy principle,8

there is no consideration given to the physical nature of the
boundary between the plasma and the atmosphere. Thus, all
the possible boundary conditions, either compressible, Eqs.
�11� and �14�, or incompressible, Eqs. �12� and �13�, are

allowed as long as they guarantee the self-adjointness. How-
ever, in the extended magnetospheric energy principle, the
magnetospheric plasma is in contact with a very compress-
ible atmospheric gas, as was discussed in Sec. VII. Thus, the
incompressible boundary conditions �12� and �13� are re-
moved and the possible boundary conditions are reduced to
only two.

In order to confirm this important difference, we note
that we obtain directly from Eq. �67�

�
P

� · F���dr = �
P

SPdr + �0
−1�

north

B2�� · ��

RI
�b · n�dS

− �0
−1�

south

B2�� · ��

RI
�b · n�dS + NSA,

�82�

where NSA is the nonself-adjoint part given by

NSA = �
SI

��0
−1B2�� · ��b · ����� + 	p
� � · ��

��b · n�dS . �83�

In deriving this equation, we used that

p1 = − � · �p − 	p � · � . �84�

Notice that in deriving Eq. �82� we did not use any
physical boundary conditions given in Sec. VIII. Thus, this
equation could also be obtained in the magnetospheric en-
ergy principle neglecting the existence of the neutral
atmosphere.8

Equation �83� is equal to Eq. �10� obtained in the mag-
netospheric energy principle8 using the procedure of Bern-
stein et al.,1 which is described in detail in Freidberg.2 How-
ever, the derivation of the boundary term BT given by Eq.
�10�, which is equal to NSA given by Eq. �83�, is based on
the procedure used by Kadomtsev.3 Thus, this derivation of
Eq. �10� gives an independent check of the magnetospheric
energy principle.8

Although the self-adjointness of the force operator is
proven rigorously for fusion plasmas by using three bound-
ary conditions, which are the fusion plasma counterparts of
Eqs. �56�, �59�, and �61�, the self-adjointness cannot be
proven for an arbitrary perturbation in magnetospheric plas-
mas unless we assume Eq. �80� or Eq. �81� at the plasma-
atmosphere interface in the extended magnetospheric energy
principle. This difference is due to our assumption in the
extended magnetospheric energy principle that the unper-
turbed magnetic field is incident vertically on the ionospheric
surface �see the right panel in Fig. 6�. For fusion plasmas, the
unperturbed magnetic field at the plasma-vacuum interface is
assumed to be parallel to the interface �see the left panel in
Fig. 6�.

B. Potential energy �W

By using the force operator �3� and vector formulas,
�W��� ,�� given by Eq. �6� can be written as �W��� ,��
=�WF+BT, where �WF and the boundary term BT are given
by
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�WF =
1

2
�

P

��0
−1
Q
2 + �0

−1�� � B� · ��� � Q�

+ �� · ����� · �p + 	p � · ���dr , �85�

BT =
1

2
�

S

��0
−1��Q · B��� − �Q · ���B�

− ���� · �p + 	p � · ��� · dS . �86�

These are general expressions, which do not depend on the
configuration of the interface between the plasma and the
surrounding volume such as vacuum and atmosphere. There-
fore, these expressions are also valid for fusion plasmas.1

However, in the extended energy principle for fusion plas-
mas, the term �0

−1�Q ·���B in the integrand of BT vanishes
because B ·dS=B ·ndS=0 at the plasma-vacuum interface
�see Fig. 6�. In the present extended magnetospheric energy
principle, the surface S in the integral of Eq. �86� can be
replaced by SI, since the contributions from the side bound-
aries Sout and Sin vanish because B ·dS=0 and ��=0 on those
boundaries.

The integrand of BT in Eq. �86� can be written as

�0
−1��Q · B��� − �Q · ���B� − ���� · �p + 	p � · ��

= ����� · ��	p̂ +
B̂2

2�0

 − �� · ��	p +

B2

2�0

 + p̂1

+ �0
−1B̂ · B̂1� − �0

−1�Q · ���B . �87�

Since the unperturbed pressure balance condition �50� holds
everywhere on the plasma-atmosphere interface, we obtain
on the plasma-atmosphere interface

�� · dS�� · ���	p̂ +
B̂2

2�0

 − 	p +

B2

2�0

�

= 
� · n
2���	p +
B2

2�0

�� · dS . �88�

Since B̂�r0�=B�r0� on the ionospheric surface, we obtain

��B̂ · B̂1��� − �B1 · ���B� · dS = ��B̂1� − B1� · ����n · B�dS .

�89�

Furthermore, since

B1 · ��
� = ��

� · ��B · ����� − B��
� · ���� · ��b� , �90�

it follows from Eqs. �88�–�90� that �W can be written as

�W = �WF + �WS + �WI +
1

2
�

SI

p̂1�� · dS

−
1

2�0
�

SI

���
� · ��B · �������n · B�dS

+
1

2�0
�

SI

�B̂1� − B1����
��n · B�dS , �91�

where

�WS =
1

2
�

SI


� · n
2���	p +
B2

2�0

�� · dS , �92�

�WI =
1

2�0
�

SI

B���
� · ���� · ��b���B · n�dS . �93�

We note that both �WS and �WI have contributions from both
the southern and northern hemispheres and �WI is reduced to
Eq. �16� for a spherical ionospheric surface by assuming that
the unperturbed magnetic field is incident vertically on the
spherical ionospheric surface.

Thus, �W becomes the sum of �WF, �WS, �WI and a few
additional integrations over the ionospheric surface. Particu-
larly noted here is the appearance of �WI in �W, which did
not occur in the energy principle for fusion plasmas, wherein
B is perpendicular to n at the plasma-vacuum interface �see
the left panel in Fig. 6�. Therefore, this appearance of �WI in
�W is entirely due to the geometrical assumption that the
unperturbed magnetic field is incident vertically on the iono-
spheric surface in the present magnetospheric plasmas �see
the right panel in Fig. 6�.

Another important difference of Eq. �91� from its coun-
terpart for fusion plasmas is that there is no perturbed mag-
netic energy contribution �WA in the atmosphere, which cor-
responds to the perturbed magnetic energy �WV in the
vacuum region for fusion plasmas. Since this difference is
very important, this point is discussed on the basis of a dif-
ferent derivation of Eq. �91� in the next subsection IX C.

In the present formulation of an extended magneto-
spheric energy principle, the ionospheric surface is treated as
a free surface in the magnetosphere-atmosphere system.
Nevertheless, owing to the single assumption of the normal
incidence of the unperturbed magnetic field on the iono-
spheric surface, the self-adjointness of the force operator
cannot be proven rigorously for an arbitrary perturbation and
we must impose either Eq. �80� or Eq. �81� at the unper-
turbed ionospheric surface in order to guarantee the self-
adjointness. Under such a constraint, we obtain from
Eq. �91�

�W = �WF + �WI. �94�

Thus, �W obtained in the extended magnetospheric energy
principle is simply equal to �W obtained in the normal mag-
netospheric energy principle,8 which was reviewed in
Sec. V B.

C. Alternative derivation of �W and its physical
meaning

In order to make the physical meaning of Eq. �91� more
transparent and to clarify its relevance to the extended en-
ergy principle for fusion plasmas,1,2 we derive Eq. �91� by
explicitly taking into account three boundary conditions sat-
isfied in the magnetosphere-atmosphere system, i.e., Eqs.
�56�, �59�, and �61�. In particular, we clarify why �WA, which
is the perturbed magnetic energy in the atmosphere, does not
appear in the final expression of �W contrary to the appear-
ance of �WV in �W of the extended energy principle for
fusion plasmas.1,2
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First, using Eq. �87�, BT in Eq. �86� can be written as

BT = �WS +
1

2
�

SI

p̂1�� · dS +
1

2�0
�

SI

�B̂ · B̂1��� · dS

−
1

2�0
�

SI

�B1 · ���B · dS . �95�

Using Eq. �56�, we can reduce the third term in this equation
to

1

2�0
�

SI

�B̂ · B̂1��� · ndS =
1

2�0
�

SI

�n · B̂��B̂1 · ���dS

−
1

2�0
�

SI

n · �Â1
� � �� � Â1��dS .

�96�

In the last integral in this equation, we can replace n by −n̂
and add the integral contributions from the side boundaries
Sout� , Sin� and a solid-earth surface, since those contributions
are zero owing to Eq. �59�. Thus,

1

2�0
�

SI

n · �Â1
� � �� � Â1��dS

= −
1

2�0
�

A

� · �Â1
� � �� � Â1��dr , �97�

where A is the atmospheric volume. Notice that the integral
in Eq. �97� has two contributions from both the southern and
northern hemispheres.

Since one has a vector identity

� · �Â1
� � �� � Â1�� = �� � Â1� · �� � Â1

��

− Â1
� · �� � �� � Â1�� , �98�

we can rewrite Eq. �96� by using Eq. �98� as

1

2�0
�

SI

�B̂ · B̂1��� · ndS =
1

2�0
�

SI

�n · B̂��B̂1 · ���dS + �WA,

�99�

where

�WA =
1

2�0
�

A


B̂1
2dr �100�

is the perturbed magnetic energy in the atmosphere and we
used ĵ1=0 in the atmosphere. Substitution of Eq. �99� into
Eq. �95� yields

BT = �WS + �WA +
1

2
�

SI

p̂1�� · dS

+
1

2�0
�

S

�n · B���B̂1� − B1�� · ��
� �dS

+
1

2�0
�

SI

�B̂1� − B1����
��n · B�dS . �101�

Thus, �WA appears as a positive stabilizing term just as �WV

appeared in �W for fusion plasmas.1,2 Notice that this equa-
tion is valid regardless of the relationship between n and B.
Therefore, we find that for fusion plasmas, �W=�WF+�WS

+�WV, since p̂1=0, �WA=�WV, and n and B are perpendicu-
lar at the plasma-vacuum interface in fusion plasmas. Thus,
we recover the extended energy principle for fusion plasmas.

However, in the case of the extended magnetospheric
energy principle, the appearance of �WA in BT is only ap-
parent as shown below. �WA given by Eq. �100� has a physi-
cal meaning of perturbed magnetic energy in the atmosphere.
We note in Eq. �99� that

����B̂ · B̂1� − B̂�B̂1 · ���� · ndS = − �B̂1� · ��
� �B̂ · ndS .

�102�

Thus, we obtain from Eq. �99�

�WA = −
1

2�0
�

SI

�n · B̂��B̂1� · ��
� �dS . �103�

Therefore, a part of the fourth term in Eq. �101� can be
written by using �WA. Thus, using Eq. �90�, we obtain

�W = �WF + �WS + �WI − �WA + �WA +
1

2
�

SI

p̂1�� · dS

−
1

2�0
�

SI

���
� · ��B · �������n · B�dS

+
1

2�0
�

SI

�B̂1� − B1����
��n · B�dS . �104�

Since �WA terms cancel each other, this expression for �W
becomes the same as Eq. �91�. This cancellation of �WA

terms arises, since in Eq. �56� the last term does not vanish
because of the assumption that the unperturbed magnetic
field is incident vertically on the ionospheric surface �see the
right panel in Fig. 6�. The existence of the last term in Eq.
�56�, which is not present in fusion plasmas, is the origin of
the above cancellation of �WA terms.

Equation �103� shows that the perturbed magnetic en-

ergy in the atmosphere is given by B̂1��r0� ·��
� �r0� at the

plasma-atmosphere interface. Since �� =0 is valid at the
plasma-atmosphere interface, we obtain from Eq. �56�

n � Â1 = ��n · B̂� . �105�

This means that the component of Â1 parallel to the interface

SI is perpendicular to �. Since Â1 must decrease toward the

earth’s surface, if we assume that the radial change of Â1

contributes most to B̂1=�� Â1, we find that B̂1��r0� is an-
tiparallel to �� and thus to B1��r0� �see Fig. 3�. Thus, in the
ionosphere of the northern hemisphere, the right-hand side of
Eq. �103� gives a positive contribution. In the southern hemi-
sphere, it also gives a positive contribution. Therefore, �WA

defined by Eq. �103� is positive. Since the Poynting vector at
the ionospheric surface at �=0 becomes upward for growing
perturbations, as shown in Fig. 3, the perturbed magnetic
energy in the atmosphere �WA is not directly provided from

the magnetosphere. Since the direction of B̂1� at �=� is
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opposite to B1� at �=0, the direction of the Poynting vector
below the ionospheric surface becomes downward for grow-
ing perturbations. Thus, in the present formulation, the per-
turbed magnetic energy in the atmosphere is considered to be
provided from the thin ionospheric layer.

Thus, in order to clarify the origin of �WA
0, we
should also take into account the energetics in the thin iono-
spheric layer. Nevertheless, so long as we are discussing the
ideal MHD stability of the magnetospheric plasma, such a
consideration of the energetics in the thin ionospheric layer
is not necessary, since the origin of �WI ��0� exists within
the magnetospheric plasma volume P and not in the thin
ionospheric layer outside the surface SI. Therefore, the mag-
netospheric energy principle, which totally neglects the spa-
tial regions below SI, can also give the same result concern-
ing magnetospheric stability. We conjecture that once an
ideal MHD instability is set in the magnetosphere, physics
below the ionospheric surface are automatically adjusted so
that they become consistent with the consequences of �W
=�WF+�WI.

X. MINIMIZATION OF THE CHANGE IN THE
POTENTIAL ENERGY �W WITH RESPECT TO �¸

In order to obtain a condition which is satisfied by the
most unstable mode, the change in the potential energy �W
=�WF+�WI is minimized with respect to ��. Like the proce-
dure in obtaining the minimizing condition in the magneto-
spheric energy principle,8 the minimizing condition for the
extended principle follows from letting ��→�� +��� in �W
=�WF+�WI and then setting the corresponding variation
���W���

to zero. Since �� =0 at the plasma-atmosphere inter-
face in the extended magnetospheric energy principle, it is
necessary to choose ��� so as to satisfy ��� =0 at the plasma-
atmosphere interface. Except for that constraint on ��� at the
ionospheric surface SI, ��� is arbitrary everywhere else.

Keeping this constraint on ��� in mind, let us calculate
the variation of �W with respect to ��. Following Freidberg2

and noting that �� appears only in the 	p
� ·�
2 term, one
finds

���W���
= �WF��� + ���� − �WF����

=
1

2
�

P

dr	p�
� · �� + � · ���� + ����b�
2

− 
� · �� + � · ���b�
2�

=
1

2
�

P

dr	p�
� · � + � · ����b�
2 − 
� · �
2�

�
1

2
�

P

dr	p��� · �� � · ����
�b�

+ �� · ��� � · ����b�� . �106�

In Eq. �106�, one obtains

�� · ����� · 	���

B
B
� = � · ��� · ���

���

B
B�

− ���� · ���� ·
���

B
B . �107�

It follows from Eqs. �106� and �107� that

���W���
= −

1

2
�

P

dr	p����

B
�B · ���� · ���

+
���

�

B
�B · ���� · ���

+
1

2
�

S

	p����

B
�� · ��� +

���
�

B
�� · ���B · ndS .

�108�

In Eq. �108�, the second integral represents the boundary
term. For the horizontally free and rigid ionospheric bound-
ary conditions allowed in the extended magnetospheric en-
ergy principle, this boundary term becomes zero because
��� =0 at the ionospheric surface SI. Therefore, we have

���W���
= −

1

2
�

P

dr	p����

B
�B · ���� · ���

+
���

�

B
�B · ���� · ��� . �109�

Since ��� and ���
� are arbitrary in the integrand of Eq. �109�,

Eq. �109� becomes zero only when

�B · �� � · � = 0 �110�

within the unperturbed plasma volume P.
The condition �110� represents the minimizing condition

of the change in the potential energy �W with respect to ��.
Equation �110� means that for the most unstable mode,
� ·�=const along the field line.

XI. DISCUSSION

In this section, we first discuss the framework of the
extended magnetospheric energy principle and the validity of
several of its assumptions. Next, we discuss the validity of
specific boundary conditions obtained for the principle in a
real magnetosphere-atmosphere system. Then, in order to
show the usefulness of the magnetospheric energy principle
and its extended form in studying the ideal MHD stability of
static magnetospheric configurations, we apply the principles
to magnetospheric ballooning and interchange instabilities
and discuss the relevance of the consequences of those insta-
bilities in magnetospheric physics.

The magnetospheric energy principle8 needs the single
assumption of the vertical incidence of the unperturbed mag-
netic field on the spherical ionospheric surface and obtains
the ideal ionospheric boundary conditions purely mathemati-
cally from the requirement of the self-adjointness of the
force operator.8 Thus, this principle gives no physical con-
sideration to the atmosphere existing under the ionospheric
surface. On the other hand, the extended magnetospheric en-
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ergy principle takes account of the existence of the atmo-
sphere and the thin ionospheric layer under the ionospheric
surface SI, but it needs several other assumptions besides the
assumption of the vertical incidence of the unperturbed mag-
netic field on the ionospheric surface. It assumes a pressure
balance at the ionospheric surface and also makes assump-
tions that the atmosphere is so heavy and immobile that the
atmospheric kinetic energy is negligible, and that for a rapid
variation the solid-earth surface is a perfect conductor, but
for a very slow variation representing the unperturbed mag-
netic field, it is an insulator.

Even with these simplified assumptions, the extended
magnetospheric energy principle is not a fully consistent de-
scription of the MHD stability of the magnetosphere-
atmosphere system, since the plasma volume P does not in-
clude the thin ionospheric layer, within which the ideal MHD
is not valid. Energetics in the thin ionospheric layer are not
self-consistently included in the principle. This is a difficult
problem which does not exist in fusion plasmas. The ex-
tended energy principle for fusion plasmas1,2 is a fully con-
sistent description of the ideal MHD stability of a plasma-
vacuum system, since a thin layer existing between the
plasma and the vacuum region is an ideal MHD layer and
thus included in the plasma volume P. If the dissipation in
the thin ionospheric layer were included, the energy conser-
vation K+�W=const in the magnetosphere would be vio-
lated and the self-adjointness of the force operator could not
be laid as a solid foundation of a stability analysis.

It follows that an underlying basic assumption of the
extended magnetospheric energy principle is that the thin
ionospheric layer automatically adjusts its dynamics so that
its energetics become consistent with the consequences of
the extended magnetospheric energy principle. In other
words, the extended magnetospheric energy principle takes
into account the thin ionospheric layer as boundary condi-
tions at the edge of the plasma volume P and at the edge of
the atmospheric volume A, but does not take into account
energetics occurring inside the thin ionospheric layer. Ac-
cording to the magnetospheric energy principle8 and its ex-
tended form, there is a global energy invariant H=K+�W
=K+�WF+�WI defined in the plasma volume P, which is
conserved regardless of the existence of the thin ionospheric
layer and the neutral atmosphere outside of P. Since the
calculation of �W is made by integration in the plasma vol-
ume P, the origin of �WI is definitely ascribable to the ideal
MHD dynamics in the magnetospheric plasma, i.e., the
frozen-in motion of field lines over the spherical ionospheric
surface. As shown in Fig. 3, such a horizontal motion of field
lines over the spherical ionospheric surface yields an upward
Poynting vector when � is increasing. Once the horizontally
free field line motion is set in the magnetosphere over the
spherical ionospheric surface, �WI�0 arises regardless of
detailed energetics in the thin ionospheric layer.

While �W=�WF+�WS+�WV for fusion plasmas,1,2 �W
=�WF+�WI for magnetospheric plasmas. Although there is
�WS in Eq. �91� for magnetospheric plasmas just as in the
energy principle for fusion plasmas,1,2 �WS=0 in the ex-
tended magnetospheric energy principle, since �� =0 must be
satisfied at the plasma-atmosphere interface. The absence of

�WA in �W in the extended magnetospheric energy principle
originates from the difference in the unperturbed magnetic
field configuration in magnetospheric plasmas and fusion
plasmas �see Fig. 6�. As far as the expression of �W is con-
cerned, there is no difference between the extended magneto-
spheric energy principle and the normal magnetospheric en-
ergy principle,8 which neglects the existence of the neutral
atmosphere below the ionosphere.

Since the extended magnetospheric energy principle is
based on several simplified assumptions for the
magnetosphere-atmosphere system, a test of the validity of
the extended magnetospheric energy principle only from the
point of self-consistency by taking into account energetics in
the thin ionospheric layer would be very difficult. Instead,
just as experimental tests of ideal MHD instabilities pre-
dicted by the energy principle for fusion plasmas have been
important, an observational test of the validity of the ex-
tended magnetospheric energy principle would be of vital
importance. Nevertheless, in the following, the validity of
those assumptions is checked from the point of consistency.

We first test the validity of the assumption that the un-
perturbed magnetic field is incident vertically on the unper-
turbed spherical ionospheric surface. This assumption is jus-
tified if the incident angle of the field line at the earth’s
surface is close to 90°. For the dipole field, the angle �
between the unperturbed magnetic field vector and the hori-
zontal ionospheric plane is given by tan�� /2−��
= �2 tan �0�−1, where �0 is the latitude of the intersection of
the field line and the earth’s surface. For �0=45°, 60°, and
70°, � are 63°, 74°, and 80°, respectively. Thus, the assump-
tion of the normal incidence of the unperturbed magnetic
field on the ionospheric surface is justified with high accu-
racy at least for �0�60°, which is the region of our main
physical interest. However, this does not mean that the mag-
netospheric energy principles are not valid for �0�45°,
since as is obvious from Fig. 3, as long as the unperturbed
magnetic field at the ionospheric surface has a component
perpendicular to the spherical ionospheric surface, there is
always a destabilizing contribution to �W. Nevertheless, in
such a configuration there is also a magnetic field component
parallel to the ionospheric surface. Therefore, a real field line
configuration of magnetospheres is an intermediate between
the two extreme configurations shown in Fig. 6.

Next, we test the validity of the complete neglect of
energetics in the thin ionospheric layer for the horizontally
free ��b ·����=0� and for the rigid ���=0� boundary condi-
tions. Since the thin ionospheric layer consists of a weakly
ionized gas, there are ion-neutral collisions in the thin iono-
spheric layer �see Sec. VII�. Thus, there is a finite energy
dissipation described by Pedersen conductivity �P. If the
Joule dissipation due to Pedersen conductivity can be ne-
glected compared with the potential energy �WI, the neglect
of energetics in the thin ionospheric layer is justified. In the
limit of �→0, the Joule dissipation �WJoule in the thin iono-
spheric layer is proportional to �P
E1
2.

Thus, one of the conditions under which the ionospheric
Joule dissipation can be neglected is the limit of E1�→0.
This corresponds to the case of �P→�, so field lines are
almost rigidly tied to the ionosphere and the rigid boundary
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condition ���=0� holds. Since 
�̃
= 
Ẽ1
 / ��B0�, where � is
the growth rate of magnetospheric interchange instability,
which is either pressure-driven or ionosphere-driven, we ob-
tain from Eq. �33�

�WJoule


�WI

� 2�0VA�P�

RI

VA
, �111�

where VA is the average Alfvén velocity along magneto-
spheric field lines. The dimensionless parameter �0VA�P is
typically an order of 1 for the earth’s magnetosphere and
�0.1 for a low conductivity in the nightside ionosphere. For
RI=6400 km, VA�1000 km /s, and �0VA�P=0.1, Eq. �111�
is equal to 1.28�. Since �−1
10 s is quite reasonable for
magnetospheric interchange instability, we find that for low
ionospheric conductivity in the nightside ionosphere, the
ionospheric dissipation �WJoule can be neglected in compari-
son with �WI. Thus, the limit of �P→0 is the other condition
under which the ionospheric Joule dissipation can be ne-
glected compared with �WI. In this limit, field lines can
move freely in the ionospheric surface. Thus, this limit of
�0VA�P�1 corresponds to the horizontally free boundary
condition �b ·����=0 at the plasma-atmosphere interface.
This small ionospheric conductivity �0VA�P�1 is necessary
for magnetospheric interchange instability, because for a
large �P, field lines are almost rigidly tied to the ionosphere
and no displacement of field lines, which is necessary for
interchange modes, is possible.

Thus, we find that there are two limits of �P, i.e., a very
large �0VA�P and a very small �0VA�P, in which the iono-
spheric Joule dissipation �WJoule can be neglected in com-
parison with �WI. The large �0VA�P corresponds to the
boundary condition ��=0 and a very small �0VA�P corre-
sponds to �b ·����=0. Thus, the complete neglect of ener-
getics in the thin ionospheric layer can be justified for the
rigid �Eq. �80�� and the horizontally free �Eq. �81�� boundary
conditions.

Consequently, the validity of the neglect of energetics in
the thin ionospheric layer is related to the boundary condi-
tion on �� at the plasma-atmosphere interface. On the other
hand, the boundary condition on �� is related to the com-
pressibility at the magnetosphere-atmosphere interface. As
we found in Sec. IX A, in the extended magnetospheric en-
ergy principle, �� =0 must be satisfied at the magnetosphere-
atmosphere interface, since the magnetospheric plasma is as-
sumed to be in contact with a very compressible atmospheric
gas.

The magnetospheric energy principle8 and its extended
form are useful for studying the ideal MHD stability of mag-
netospheric plasmas. Magnetospheric ideal MHD instabili-
ties include pressure-driven instabilities such as ballooning
and interchange instabilities, and a current-driven instability
such as kink instability, which is driven by parallel-currents.
The magnetospheric energy principle8 clearly showed that in
the magnetosphere there are two different ballooning modes,
i.e., incompressible and compressible ballooning modes. The
incompressible ballooning mode satisfies the ionospheric
boundary condition �13� and the compressible ballooning
mode satisfies the ionospheric boundary condition �14�.

Since the compressibility factor � ·� is constant along the
field line in both the magnetospheric energy principle8 and
its extended one, the compressibility of magnetospheric bal-
looning modes is determined uniquely by boundary condi-
tions at the ionospheric surface.

Figure 7 shows the conceptual sketches of incompress-
ible ballooning mode �upper panel� and compressible bal-
looning mode �lower panel�, which are drawn8 based on pre-
vious numerical eigenmode analyses of magnetospheric
ballooning instabilities. The solid and dashed lines in Fig. 7
show unperturbed and perturbed magnetic field lines, respec-
tively. The solid and dotted circles are the earth and the iono-
spheric surfaces, respectively. This figure shows that while
the incompressible ballooning mode is highly bounded near
the equatorial plane, the compressible ballooning mode has a
broad structure along the magnetic field line.8 This is be-
cause in the compressible ballooning mode the wave energy
is carried far from the equatorial plane by compressional
waves.

According to the extended magnetospheric energy prin-
ciple, there is only one ionospheric boundary condition
which is suitable for ballooning modes, i.e., the rigid bound-
ary condition given by Eq. �80� ��=0�. This is a compress-

B

BB

Incompressible Ballooning Mode

Compressible Ballooning Mode
FIG. 7. The upper and lower panels show conceptual sketches of incom-
pressible and compressible ballooning modes in the meridian plane, respec-
tively. The dotted circles in both panels show ionospheric boundaries. The
solid circles show the earth. The solid and dashed lines show unperturbed
and perturbed magnetic field lines, respectively.
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ible boundary condition and the compressibility factor given
by � ·� is constant along the field line in the extended mag-
netospheric energy principle �see Sec. X�. Although this
seems to inhibit the occurrence of an incompressible bal-
looning mode in the magnetosphere, the upper panel of Fig.
7 shows that the displacement of the incompressible balloon-
ing mode decreases so rapidly with distance toward the iono-
sphere that practically all the three components of the dis-
placement vector are zero at the ionosphere. Thus, even if a
rigid boundary condition is imposed at the plasma-
atmosphere interface, an incompressible ballooning mode
can still exist in the magnetosphere8 and may play an impor-
tant role in magnetospheric dynamics. Notice that if such an
incompressible ballooning mode, as shown in the upper
panel of Fig. 7, really exists, the boundary condition �12�
might also be satisfied by such a mode,8 since �� is nearly
equal to zero near the ionospheric surface, so �b ·���� is
also nearly equal to zero. Thus, for such an incompressible
ballooning mode, which is strongly bounded near the equa-
torial plane, the ionospheric boundary condition may not be
important.

The existence of such an incompressible ballooning
mode has been suggested with regard to problems of sub-
storm onset in the terrestrial magnetosphere.15,16 In particu-
lar, it has been suggested that when the magnetospheric con-
figuration becomes more tail-like, the incompressible
ballooning mode becomes more easily destabilized and thus
possibly responsible for a very fast growth of ideal MHD
perturbations in the near-earth tail.15,16 A magnetospheric
substorm is a relaxation process,15 which reconfigures a
magnetospheric configuration with highly stretched tail fields
to a potential field configuration �dipole field�. An onset of
substorm, which is characterized by a sudden increase in
auroral brightness at high latitudes, is considered to be a start
of a sudden release of energy stored in a highly stressed
magnetospheric magnetic field configuration with a geomag-
netic tail. Although the problem of what physical processes
are responsible for the rapid relaxation has not been solved
completely, it has recently been recognized that the onset of
ballooning instability in the near-earth tail may be a key to
understanding this rapid relaxation process. The extended
magnetospheric energy principle shows that there are two
stabilizing mechanisms for ballooning modes. One is the
field line tension, which is expressed by �0

−1
Q�
2 in Eq.
�15�, and the other is the stabilization by compressibility,
which is expressed by the 	p
� ·�
2 term in Eq. �15�. Thus, a
very likely scenario of substorm related ballooning mode is
that as the magnetosphere becomes more tail-like before the
onset of substorms, the near-earth tail becomes more easily
susceptible to incompressible ballooning mode because the
compressibility stabilization becomes smaller.15,16

Although �WI=0 for ballooning modes and thus the ex-
istence of �WI term is irrelevant to magnetospheric balloon-
ing modes, the existence of �WI suggests that the magneto-
spheric plasma is ideal MHD unstable even without
pressure-driven or current-driven modes. Such a possibility
has been studied in detail9 and it has been shown that besides
a conventional pressure-driven magnetospheric interchange
instability,17 there is an ionosphere-driven magnetospheric

interchange instability.9 This is a new type of magneto-
spheric interchange instability, which involves a motion of a
whole flux tube from the equator down to ionospheres.

Figure 8 shows a conceptual sketch of a pressure-driven
interchange mode9,17 in the meridian plane. The solid and
dotted circles are the earth and the ionospheric surface, re-
spectively. The solid line is an unperturbed field line and the
dashed line is a perturbed field line. Notice that unlike the
ballooning modes shown in Fig. 7, the interchange mode has
no field line deformation or B1��0 in the
magnetosphere.2,8,9 This pressure-driven interchange mode is
destabilized by the unperturbed pressure gradient existing in
the meridian plane of the terrestrial magnetosphere.9,17 So, as
shown in Fig. 8, the pressure-driven interchange mode in-
volves latitudinal interchange of flux tubes. On the other
hand, the ionosphere-driven interchange mode9 involves lon-
gitudinal interchange of flux tubes. Although there is no
pressure gradient in the azimuthal direction for an axisym-
metric magnetosphere, a longitudinal motion of flux tubes
yields an upward directed Poynting vector, as shown in Fig.
3. According to a stability analysis9 based on the magneto-
spheric energy principle8 and an eikonal approximation, an
interchange mode with m�2, where m is the azimuthal
mode number, can easily be destabilized in the inner mag-
netosphere when the equatorial plasma beta value is smaller
than a critical beta value of order 1.

Since magnetospheric interchange modes, both
pressure-driven9,17 and ionosphere-driven,9 are compressible
modes, they accompany the change of magnetic field
strength. They are considered to be important sources of
MHD fluctuations in the earth’s radiation belts. Although the
interaction of trapped particles in the earth’s radiation belts
with MHD fluctuations has been a long standing problem in
magnetospheric physics since the discovery of Van Allen ra-
diation belts, there has been little investigation of the origin
of ideal MHD fluctuations in these belts. While in the inner
magnetosphere, where radiation belt particles are trapped,

B

Pressure-driven Interchange Mode
FIG. 8. A conceptual sketch of pressure-driven interchange mode in the
meridian plane. The solid and dotted circles show the earth and the iono-
spheric surface, respectively. The solid and dashed lines show unperturbed
and perturbed magnetic field lines, respectively.

032904-20 Akira Miura Phys. Plasmas 18, 032904 �2011�

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://php.aip.org/php/copyright.jsp



the pressure gradient is so small that a pressure-driven inter-
change instability cannot easily be destabilized,9 an
ionosphere-driven interchange instability is easily destabi-
lized in the inner magnetosphere.9 Thus, ionosphere-driven
magnetospheric interchange instablity9 is considered to be
important in discussing radiation belt dynamics.

With the extended magnetospheric energy principle, it is
now possible to study the structure of magnetic field pertur-
bations in the atmosphere associated with the ionosphere-
driven interchange mode.9 Figure 9 shows a conceptual
sketch of ionosphere-driven interchange mode in the neigh-
borhood of the thin ionospheric layer in the northern hemi-
sphere. The solid circle is the earth. In this figure, �=0 is the
plasma edge, �=� is the atmospheric edge, and the region
0���� is the thin ionospheric layer. The thick solid line is
an unperturbed field line and the dashed line is a perturbed
field line. B shows the direction of the magnetic field. Notice
that the dotted line A�B� is parallel to the unperturbed field
line AB, as shown in Fig. 3. Unlike the pressure-driven in-
terchange mode,9,17 the flux interchange in the longitudinal
direction in the magnetosphere is most susceptible to
ionosphere-driven interchange instability.9 Thus, we note that
the field line motion from the thick solid line to the dashed
line in the magnetosphere in Fig. 9 occurs in the longitudinal
direction.

According to the extended magnetospheric energy prin-
ciple, a horizontal magnetic perturbation B1� is induced at
the ionospheric surface due to a horizontally free motion of
field lines by an electric field perturbation when the unper-
turbed field line is incident vertically on the spherical iono-
spheric surface. In the magnetosphere, the magnetospheric
interchange mode has no horizontal magnetic field perturba-
tion, i.e., B1��0.2,9 Thus, as shown in Fig. 9, field lines are

kinked at the ionospheric surface located at �=0 in an
ionosphere-driven interchange instability. Owing to the con-
tinuity of a tangential electric field across the ionospheric
surface, which is shown by Eq. �105�, there also arises a

horizontal magnetic field perturbation B̂1� just below the
thin ionospheric layer at �=� and this magnetic field pertur-
bation directs opposite to B1�. Thus, there is a reversal of the
horizontal component of magnetic field perturbations across

this layer, i.e., from B1� to B̂1�. This means that there is an
electric current in 0���� and the current is flowing out of
this page, as shown by J1� in Fig. 9. Since the magnetic field
in the atmosphere is a potential field, the horizontal compo-

nent of the magnetic field B̂1� must decrease toward the
earth’s surface. Thus, the perturbed field line shown by the
dashed line asymptotically approaches the unperturbed field
line shown by the thick solid line toward the earth’s surface.
If such a field line structure, as shown in Fig. 9, is truly
observed, the existence of the ionosphere-driven interchange
instability9 predicted by the magnetospheric energy
principle8 is confirmed and the validity and usefulness of the
extended magnetospheric energy principle in studying mag-
netospheric stability are verified.

XII. SUMMARY

An extended magnetospheric energy principle has been
developed on the basis of the extended energy principle for
fusion plasmas.1,2 The extended energy principle for fusion
plasmas and the extended magnetospheric energy principle
investigate the ideal MHD stability of two extreme limits of
static plasma configurations in magnetic fields. In the ex-
tended energy principle for fusion plasmas, the unperturbed
magnetic field is assumed to be parallel to the plasma-
vacuum interface,1 and in the extended magnetospheric en-
ergy principle, it is assumed to be perpendicular to the
plasma-atmosphere interface �see Fig. 6�. Unlike the mag-
netospheric energy principle,8 which was previously devel-
oped by neglecting the existence of a neutral atmosphere
below the ionospheric surface, the extended magnetospheric
energy principle uses three physical boundary conditions at
the plasma-atmosphere interface and at the earth’s surface. In
order to realize the transition from the plasma to the atmo-
sphere, the existence of a thin ionospheric layer consisting of
a partially ionized gas is necessary. Although this thin iono-
spheric layer is taken into account as boundary conditions in
the extended magnetospheric energy principle, energetics oc-
curring in this thin layer are neglected based on the assump-
tion that the ionospheric conductivity is either very small or
very large.

Whereas in the magnetospheric energy principle there
are four possible boundary conditions at the ionospheric
surface,8 which are necessary and sufficient for the self-
adjointness of the force operator, in the extended magneto-
spheric energy principle there are only two possible bound-
ary conditions, i.e., the rigid ��=0� and horizontally free
��� =0 and �b ·����=0� boundary conditions at the plasma-
atmosphere interface. The two incompressible boundary con-
ditions in the magnetospheric energy principle are removed
in the extended magnetospheric energy principle because the

FIG. 9. A conceptual sketch of ionosphere-driven interchange mode in the
neighborhood of the thin ionospheric layer in the northern hemisphere. The
solid circle is the earth. The thin ionospheric layer is located between
0����. In this layer, the perturbed current J1� is directed out of the page.
The thick solid and dashed lines show unperturbed and perturbed magnetic
field lines, respectively. The motion from the solid line to the dashed line in
the magnetosphere occurs in the longitudinal direction. B shows the direc-
tion of the magnetic field. The dotted line A�B� is parallel to the unperturbed
field line AB, as shown in Fig. 3.
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plasma is considered to be in contact with a very compress-
ible atmospheric gas. The two boundary conditions allowed
in the extended principle are realized in a real magnetosphere
when the ionospheric conductivity is very large or very
small.

Unlike the extended energy principle for fusion
plasmas,1,2 in the extended magnetospheric energy principle
there is no stabilizing positive contribution �WA representing
the perturbed atmospheric magnetic energy. This difference
arises because the geometrical relationship between n and B
is different in the magnetosphere and in fusion plasmas �see
Fig. 6�. Thus, like the magnetospheric energy principle,8 the
extended magnetospheric energy principle shows that �W
=�WF+�WI, where the negative destabilizing contribution
�WI arises as a consequence of a horizontal plasma displace-
ment on the spherical ionospheric surface.8

It follows that we can investigate the ideal MHD stabil-
ity of magnetospheric plasmas regardless of the existence of
the atmosphere and the thin ionospheric layer existing be-
tween the plasma and the solid-earth surface as long as we
assume the vertical incidence of the unperturbed magnetic
field on the spherical ionospheric surface. Consequently, the
previous investigation of magnetospheric interchange
instabilities9 using the magnetospheric energy principle ne-
glecting the existence of the atmosphere8 is justified, and
thus the finding of the existence of the ionosphere-driven
interchange instability9 using the magnetospheric energy
principle8 is justified.

The extended magnetospheric energy principle is applied
to magnetospheric ballooning8,15,16 and interchange9 insta-
bilities in order to show its usefulness for studying the ideal
MHD stability of magnetospheric plasmas. The ballooning
and interchange modes satisfy the rigid and horizontally free
boundary conditions, respectively, at the plasma-atmosphere
interface. The extended magnetospheric energy principle can
clarify the structure of perturbed magnetic fields of the
ionosphere-driven interchange mode in the atmosphere �see
Fig. 9�, which was unclear in the normal magnetospheric
energy principle neglecting the existence of the atmosphere.8

In order to show the validity and applicability of the ex-
tended magnetospheric energy principle to a real terrestrial
magnetosphere, possible consequences of the extended mag-
netospheric energy principle need to be tested against obser-
vations.

From the point of magnetospheric plasma theory, the ex-
tended magnetospheric energy principle merits further gen-
eralization for possible application to a wide variety of mag-
netospheres existing in nature.
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