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1. Background
There are several necessary conditions for closed submanifolds in symplec-

tic manifolds to be Lagrangian. The first result is the non-existence of closed
exact Lagrangian submanifolds in the standard symplectic space R2n

st proved
by Gromov [4] using the technique of pseudo-holomorphic curves. A number
of results are known until now. The results of Viterbo [9], Seidel [8], and Bi-
ran [1] are typical examples. On the other hand, Lagrangian immersions sat-
isfy the h-principle [5] which states that the space of Lagrangian immersions
is weakly homotopy equivalent to the space of Lagrangian monomorphisms.
In particular, the h-principle for Lagrangian immersions gives a characteri-
zation of immersed Lagrangian submanifolds in terms of homotopy theory.
Using the h-principle for Lagrangian immersions, we can construct the fol-
lowing examples:

• a Lagrangian regular homotopy class which does not contain any
embedding.
• a homotopy class which contains a Lagrangian immersion and does

not contain any Lagrangian embedding.

In symplectic topology, it is an important problem to study the difference
between Lagrangian immersions and Lagrangian embeddings.

Eliashberg and Murphy [3] established the resolving theory of Lagrangian
self-intersections by using the theory of loose Legendrian submanifolds [6].
As an application of the resolving theory, Ekholm, Eliashberg, Murphy, and
Smith [2] gives an upper bound of the minimum of the number of self-
intersection points in a Lagrangian regular homotopy class. These results
ensure that the similarity between Lagrangian immersions and Lagrangian
embeddings with a conical point, and that the minimum of the number of
self-intersection points in a Lagrangian regular homotopy class is nearly in-
dependent of the symplectic structure.

2. Main result
The purpose of this thesis is to study the difference between Lagrangian

immersions and Lagrangian embeddings in the symplectic manifolds CP 3

and CP 1 × CP 2. The main result is the following.

Theorem 1. Let X be either the complex projective 3-space CP 3 or the
product CP 1 × CP 2 of the complex projective line and the complex pro-
jective plane, where the complex projective space CPn is endowed with the
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Fubini-Study form ωn, n = 1, 2, 3. Then for a closed orientable connected 3-
manifold L and a Lagrangian immersion f : L#(S1×S2)→ X, there exists
a Lagrangian embedding L#(S1 × S2)→ X homotopic to f .

Theorem 1 is proved in the following two steps. First, a Lagrangian
immersion L#(S1 × S2) → X induces a Lagrangian immersion L → X.
One can choose the Lagrangian immersion L→ X to be of exactly one self-
intersection point. Second, Polterovich’s Lagrangian surgery [7] resolves the
self-intersection point as an embedding of the connected sum of S1 × S2.
Choosing the homotopy class of the Lagrangian immersion in the first step,
the resulting Lagrangian embedding realizes the given homotopy class. In
the first step, we prove the resolving theory of Eliashberg and Murphy [3]
also works on 6-dimensional compact symplectic manifolds. Namely, we
prove and use the following theorems.

Theorem 2. Let (X,ω) be a 6-dimensional simply connected compact
symplectic manifold, L a closed connected 3-manifold, and f0 : L → X a
Lagrangian immersion. Then there exists a Hamiltonian regular homotopy
ft : L→ X, 0 ≤ t ≤ 1, from the Lagrangian immersion f0 to a self-transverse
Lagrangian immersion f1 such that

SI(f1) =

{
1, if I(f0) = 1;

2, if I(f0) = 0,

where SI(f1) is the total number of self-intersection points of f1 and I(f0)
is the algebraic self-intersection number of f0. Moreover, there exists a self-
intersection point x of f1, a point p ∈ f1(L), and a Darboux chart around
p, symplectomorphic to the 6-ball B6

st(ε) of radius ε, such that the self-
intersection point x belongs to B6(ε/2) and near the 5-sphere ∂B6(ε/2) the
Lagrangian immersion f1 coincides with the Lagrangian cone over a loose
Legendrian sphere φ = f1(L)∩ ∂B6(ε/2) in the 5-sphere ∂B6(ε/2) with the
standard contact structure.

Theorem 3. Let (X,ω) be a 6-dimensional simply connected compact
symplectic manifold, L a connected 3-manifold, and f0 : L → X a La-
grangian immersion with a conical point p ∈ L. Suppose that the Leg-
endrian link of f0 at p is loose. Then there exists a Hamiltonian regular
homotopy ft : L → X, 0 ≤ t ≤ 1, from the Lagrangian immersion f0 to a
self-transverse Lagrangian immersion f1 with a conical point p such that ft
is the identity in a neighborhood of p and that SI(f1) = |I(f0)|.

The key lemma for the proof of Theorems 2 and 3 is the following.

Lemma 4. Let A = [0, 1]× Sn−1 3 (x, z), n ≥ 3, be the annulus with the
coordinates (x, z). Take the dual coordinates (y, u) on the cotangent bundle
T ∗A so that the canonical Liouville form λ = y dx + u dz. Then for any
integer N ≥ 10 there exists a Lagrangian immersion ∆: A→ T ∗A with the
following properties:

• ∆(A) ⊂
{
|y| ≤ 12

N , ‖u‖ ≤
12
N

}
;
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• ∆ coincides with the inclusion of the zero section jA : A ↪→ T ∗A near
∂A;
• there exists a Lagrangian regular homotopy which is the identity

near ∂A and connects jA to ∆ in
{
|y| ≤ 12

N , ‖u‖ ≤
12
N

}
;

• for the ∆-image ζ of any path connecting {0}× Sn−1 to {1}× Sn−1

in A,
∫
ζ λ = 1;

• the action of any self-intersection point of ∆ is < 2
N ;

• SI(∆) = 4N2.

The resolving theory of Lagrangian self-intersections by Eliashberg and
Murphy [3] can be used for a Whitney pair such that the symplectic area
of the Whitney disk is equal to zero. For a given Lagrangian immersion,
they constructed such Whitney pairs by replacing the given self-intersection
points by a large number of self-intersection points of small actions. In the
step of constructing Whitney pairs, they took disjoint Darboux charts for
each self-intersection points. Hence, the growth of self-intersection points
plays an important role for the compactness of the symplectic manifold.
Reducing the growth by using Lemma 4, we can prove that their resolving
theory also works on 6-dimensional compact symplectic manifolds.
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1. Introduction

A symplectic structure is a closed non-degenerate 2-form ω on an even
dimensional manifold X. We call the pair (X,ω) a symplectic manifold.
If the symplectic structure ω is an exact 2-form ω = dλ, then the pair
(X,λ) is called an exact symplectic manifold. An embedding f : L → X
of a half-dimensional manifold L to a symplectic manifold (X,ω) is called
a Lagrangian embedding if f∗ω = 0, and then f(L) is called a Lagrangian
submanifold. For a Lagrangian embedding f : L → X to an exact sym-
plectic manifold (X,λ), the 1-form f∗λ is closed. A Lagrangian embedding
f : L → X to an exact symplectic manifold (X,λ) is called exact if the 1-
form f∗λ is exact, and then f(L) is called an exact Lagrangian submanifold.
A Lagrangian immersion, an exact Lagrangian immersion, and a Lagrangian
regular homotopy are defined in a similar way.

Gromov developed the theory of h-principles about 50 years ago. Gro-
mov [8] proved that Lagrangian immersions satisfy the h-principle. A precise
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statement is the following: Let (X,ω) be a 2n-dimensional symplectic man-
ifold and L an n-dimensional manifold. Then Lagrangian regular homotopy
classes of L into (X,ω) are in one-to-one correspondence with the homotopy
classes of Lagrangian monomorphisms TL → TX. This result shows the
flexibility of Lagrangian immersions. As a corollary, we obtain a character-
ization of immersed Lagrangian submanifolds in R2n

st . For an n-dimensional
manifold L, there exists a Lagrangian immersion L→ R2n

st if and only if the
complexified tangent bundle TL⊗ C is trivial.

On the other hand, there are several necessary conditions for closed sub-
manifolds in symplectic manifolds to be Lagrangian. The first result is
the non-existence of closed exact Lagrangian submanifolds in the standard
symplectic space R2n

st proved by Gromov [7] using the technique of pseudo-
holomorphic curves. A number of results are known until now. Viterbo
[14] proved that the non-existence of closed exact Lagrangian submanifolds
in strong algebraic Weinstein manifolds. Seidel [13] proved that there are
certain necessary conditions for the first cohomology group of closed La-
grangian submanifolds in the complex projective spaces. Biran [1] proved
that the cohomology ring of a closed Lagrangian submanifold with the first
cohomology group being 2-torsion in the complex projective spaces is iso-
morphic to that of the real projective space as graded vector spaces. Fukaya
[6] proved that a closed orientable connected prime 3-manifold L can be a
Lagrangian submanifold in R6

st if and only if L is diffeomorphic to the prod-
uct S1 × Σg of the circle and an oriented closed surface of genus g ≥ 0. In
particular, these necessary conditions show that there are no h-principles for
Lagrangian embeddings in general. It was thought that to establish Whitney
tricks for Lagrangian immersions is difficult.

However, recently Eliashberg and Murphy [5] established the Whitney
trick for Lagrangian immersions by admitting Lagrangian immersions to
have a conical singularity. Using this theory and the Lagrangian surgery
introduced by Polterovich [11], Ekholm, Eliashberg, Murphy, and Smith [3]
constructed a Lagrangian embedding L#(S1 × S2) → R6

st for any closed
orientable connected 3-manifold L.

The aim of this thesis is to study the homotopy classes of Lagrangian
immersions containing a Lagrangian embedding. Specifically, we study the
following problems:

(1) Which homotopy classes of a closed orientable connected 3-manifold
of the form L#(S1 × S2) into the complex projective 3-space CP 3

contain a Lagrangian embedding?
(2) Which homotopy classes of a closed orientable connected 3-manifold

of the form L#(S1 × S2) into the product CP 1 × CP 2 contain a
Lagrangian embedding?

1.1. Our results. In this thesis, we prove the following results. Theo-
rem 1.1 is an answer to the problems (1) and (2).

Theorem 1.1. Let X be either the complex projective 3-space CP 3 or the
product CP 1 × CP 2 of the complex projective line and the complex pro-
jective plane, where the complex projective space CPn is endowed with the
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Fubini-Study form ωn, n = 1, 2, 3. Then for a closed orientable connected 3-
manifold L and a Lagrangian immersion f : L#(S1×S2)→ X, there exists
a Lagrangian embedding L#(S1 × S2)→ X homotopic to f .

To prove Theorem 1.1, we use the following theorems.

Theorem 1.2. Let (X,ω) be a 6-dimensional simply connected compact
symplectic manifold, L a closed connected 3-manifold, and f0 : L→ X a La-
grangian immersion. Then there exists a Hamiltonian regular homotopy
ft : L → X, 0 ≤ t ≤ 1, from the Lagrangian immersion f0 to a self-
transverse Lagrangian immersion f1 such that

SI(f1) =

{
1, if I(f0) = 1;

2, if I(f0) = 0.

Moreover, there exists a self-intersection point x of f1, a point p ∈ f1(L), and
a Darboux chart around p, symplectomorphic to the 6-ball B6

st(ε) of radius
ε, such that the self-intersection point x belongs to B6(ε/2) and near the 5-
sphere ∂B6(ε/2) the Lagrangian immersion f1 coincides with the Lagrangian
cone over a loose Legendrian sphere φ = f1(L) ∩ ∂B6(ε/2) in the 5-sphere
∂B6(ε/2) with the standard contact structure.

Theorem 1.3. Let (X,ω) be a 6-dimensional simply connected compact
symplectic manifold, L a connected 3-manifold, and f0 : L → X a La-
grangian immersion with a conical point p ∈ L. Suppose that the Leg-
endrian link of f0 at p is loose. Then there exists a Hamiltonian regular
homotopy ft : L → X, 0 ≤ t ≤ 1, from the Lagrangian immersion f0 to a
self-transverse Lagrangian immersion f1 with the conical point p such that
ft is the identity in a neighborhood of p and that SI(f1) = |I(f0)|.

Theorem 1.4. Let (X,ω) be a 6-dimensional symplectic manifold with a
negative Liouville end X−, L a connected 3-manifold with a negative end,
and f : L→ X a proper embedding cylindrical at −∞. Suppose that X \X−
is relatively compact, [f∗ω] = 0 in H2(L;R), the asymptotic negative Leg-
endrian boundary of f has a component which is loose in the complement
of the other components, and there exists a homotopy of homomorphisms
Ψt : TL → TX covering f such that Ψ0 = df and Ψ1 is a Lagrangian
monomorphism. Then for a cohomology class A ∈ H2(X, f(L);R) with
r∞(A) = A∞(f) and j(A) = [ω] ∈ H2(X;R), there exists an isotopy
ft : L→ X such that

(1) f0 = f ;
(2) f1 is Lagrangian;
(3) A(f1) = A;
(4) df1 is homotopic to Ψ1 through Lagrangian monomorphisms.

Moreover, if (X,ω) is a Liouville manifold with a negative end, then for a
cohomology class a ∈ H1(L;R) one can choose the isotopy ft so that the
absolute action class a(f1) = a. In particular, one can make the Lagrangian
embedding f1 exact.

1.2. Plan of the thesis. In Section 2.1, we give definitions, examples, and
basic theorems in symplectic and contact geometry. In Sections 2.2 and 2.3,
following [3] we define loose Legendrian knots and Lagrangian immersions
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with a conical point, respectively. In Section 2.4, we construct a local defor-
mation of Lagrangian immersions. With the help of this local deformation,
the arguments in [5] and [3] ensure that Theorems 1.2, 1.3, and 1.4 hold. In
Section 3.1, we review Polterovich’s Lagrangian surgery [11]. In Sections 3.2
and 3.4, we characterize the homotopy classes of Lagrangian immersions of
closed orientable connected 3-manifolds into CP 3 and into CP 1 × CP 2, re-
spectively. In Sections 3.3 and 3.5, Theorem 1.1 is proved as an application
of Theorems 1.2 and 1.3, Lemmas 3.4 and 3.8, and Polterovich’s Lagrangian
surgery [11].

1.3. Notations and Conventions. The following notations and conven-
tions are used through the thesis.

Notations.

LZω the Lie derivative of a form ω by a vector field Z.
ιZω the interior product of a form ω by a vector field Z.
SI(f) the total number of self-intersection points of a self-

transverse immersion f .
I(f) the algebraic self-intersection number of an immersion f .
J1(Λ,R) the 1-jet bundle of C1-smooth functions on a manifold Λ.
[L,X] for topological spaces L and X, [L,X] is a homotopy set of

continuous maps of L to X.
Bn(R) the ball of radius R centered at the origin of the n-

dimensional Euclidean space Rn.
L1#L2 for manifolds L1 and L2 of the same dimension, L1#L2 is

the connected sum of them.
Int(U) for a subset U of a topological space V , Int(U) is the interior

of the set U in V.
|A| for a finite set A, |A| is the total number of elements in A.

Conventions.

All manifolds and maps are supposed to be smooth.
A closed manifold is a compact manifold without boundary.
A simple point for a map is a point of multiplicity 1.
A double point for a map is a point of multiplicity 2.
A bundle monomorphism is a map between vector bundles which is fiber-
wise linear and fiberwise injective.
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and Mieko. Takashi Tsuboi teaches, helps, and encourages me for the last six
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2. Preliminaries

2.1. Symplectic and contact basics. In this section, we give definitions,
examples, and basic theorems in symplectic and contact geometry.

Definition 2.1. A symplectic structure ω on a 2n-dimensional manifold X is
a closed non-degenerate 2-form on X. The pair (X,ω) is called a symplectic
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manifold. If the symplectic structure is an exact 2-form ω = dλ, then ω,
λ, and the pair (X,λ) are called an exact symplectic structure, a Liouville
form, and an exact symplectic manifold, respectively.

Example 2.2. The 2n-dimensional Euclidean space R2n has the standard
symplectic structure

ωst =

n∑
i=1

dxi ∧ dyi,

where (x1, y1, . . . , xn, yn) are the standard coordinates on R2n. The standard
symplectic structure is exact. Actually,

ωst = dλst, λst =
1

2

n∑
i=1

(xi dyi − yi dxi).

We denote by R2n
st the exact symplectic manifold (R2n, λst). We call R2n

st

and λst the standard symplectic space and the standard Liouville form, re-
spectively.

Example 2.3. The complex projective space CPn has the canonical sym-
plectic structure ωn called the Fubini-Study form. The complex projective
space is defined as CPn = (Cn+1 \ {0})/ ∼ under the equivalence rela-
tion (z0, . . . , zn) ∼ (cz0, . . . , czn), c ∈ C \ {0}. We denote an equivalent
class containing an element (z0, . . . , zn) by [z0 : · · · : zn]. Then subsets
Uj = {[z0 : · · · : zn] ∈ CPn | zj 6= 0} are holomorphic charts in CPn by
maps

ϕj : Uj → Cn : [z0 : · · · : zn] 7→
(
z0
zj
, . . . ,

zj−1
zj

,
zj+1

zj
, . . . ,

zn
zj

)
, j = 0, . . . , n.

The Fubini-Study form ωn is defined on Uj by

ωn |Uj= ϕ∗j

(
i

2π
∂∂̄ log(‖w‖2 + 1)

)
, w = (w1, . . . , wn) ∈ Cn.

We can check that ωn is well-defined on CPn. The cohomology class [ωn] is
the positive generator of the cohomology group H2(CPn;Z).

Indeed, the area of the submanifold CP 1 = {[z0 : · · · : zn] ∈ CPn | z2 =
· · · = zn = 0} is ∫

CP 1

ωn =

∫
w1∈C

i

2π
∂∂̄ log(|w1|2 + 1)

=
i

2π

∫
w1∈C

1

(|w1|2 + 1)2
dw1 ∧ dw̄1

= 1.

We define an isomorphism between symplectic manifolds.

Definition 2.4. Let (X1, ω1) and (X2, ω2) be symplectic manifolds. A dif-
feomorphism f : X1 → X2 is called a symplectomorphism if f∗ω2 = ω1. If a
symplectomorphism exists, (X1, ω1) and (X2, ω2) are said to be symplecto-
morphic.

Any two symplectic manifolds of the same dimension are locally isomor-
phic. A precise statement is the following:
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Theorem 2.5 (Darboux [2]). Let (X,ω) be a 2n-dimensional symplectic
manifold. For a point p ∈ X, there exist neighborhoods U ⊂ X of p and
V ⊂ R2n

st of the origin such that symplectic manifolds (U, ω) and (V, ωst) are
symplectomorphic. We call U a Darboux chart around p.

Next, we define a contact manifold.

Definition 2.6. A contact structure ξ on a (2n− 1)-dimensional manifold
Y is a maximally non-integrable hyperplane field on Y . The pair (Y, ξ) is
called a contact manifold.

Example 2.7. The (2n − 1)-dimensional Euclidean space R2n−1 has the
standard contact structure

ξst = kerαst, αst = dz −
n−1∑
i=1

yi dxi,

where (x1, y1, . . . , xn−1, yn−1, z) are the standard coordinates of R2n−1. We
denote by R2n−1

st the contact manifold (R2n−1, ξst) and call it the standard
contact space.

Example 2.8. For an (n − 1)-dimensional manifold Λ, its 1-jet bundle
J1(Λ,R) = T ∗Λ×R has the canonical contact structure ξcan. The canonical
contact structure ξcan is of the form

ξcan = ker

(
dz −

n−1∑
i=1

qi dpi

)
,

where z is the coordinate on R, and (p1, . . . , pn−1) are local coordinates on
Λ and (p1, q1, . . . , pn−1, qn−1) are coordinates on the cotangent bundle T ∗Λ.

Locally, any contact structure ξ is defined as the kernel of some 1-form
α. A contact structure ξ is globally defined as the kernel of some 1-form α
if and only if ξ is coorientable. In this case, we call the 1-form α a contact
form of the contact structure ξ.

We define an isomorphism and an embedding between contact manifolds.

Definition 2.9. Let (Y1, ξ1) and (Y2, ξ2) be contact manifolds of the same di-
mension. A differentiable map f : Y1 → Y2 is called contact if df−1(ξ2) = ξ1.
We call such a diffeomorphism a contactomorphism and such an embedding
a contact embedding, respectively. If a contactomorphism exists, (Y1, ξ1) and
(Y2, ξ2) are said to be contactomorphic.

Next, we define a Liouville manifold.

Definition 2.10. Let (X,ω) be a symplectic manifold. A vector field Z on
X is called Liouville if LZω = ω. If a Liouville vector field exists, the pair
(X,λ = ιZω) is said to be a Liouville manifold.

A Liouville structure induces a contact structure on the boundary if the
Liouville vector field is transverse to the boundary.

Proposition 2.11. Let (X,λ = ιZω) be a Liouville manifold with non-
empty boundary ∂X. Suppose that the Liouville vector field Z is transverse
to the boundary ∂X. Then a 1-form α = λ |∂X is a contact form on ∂X.
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Example 2.12. By the definition of the standard symplectic space R2n
st in

Example 2.2, we can check that the vector field

Zst =
1

2

n∑
i=1

(
xi

∂

∂xi
+ yi

∂

∂yi

)
is a Liouville vector field for the standard symplectic space R2n

st . The unit
ball B2n(1) in the Liouville manifold R2n

st is also a Liouville manifold by re-
stricting the structures. Since the Liouville vector field Zst is outward trans-
verse to the boundary of the unit ball B2n(1), the 1-form αst = λst |S2n−1

defines a contact structure ξst = kerαst on the unit sphere S2n−1. We call
ξst the standard contact structure and αst the standard contact form, respec-
tively, and denote by S2n−1

st the contact manifold (S2n−1, ξst).

Next, we define specific submanifolds in symplectic and contact manifolds.

Definition 2.13. Let (X,ω) be a 2n-dimensional symplectic manifold. An
n-dimensional submanifold L ⊂ X is called Lagrangian if the restriction of
the symplectic structure vanishes as a 2-form; ω |L= 0. If the symplectic
structure is exact; ω = dλ, and if the restriction λ |L of the Liouville form λ
is an exact 1-form on L, then we say the Lagrangian submanifold L is exact.

Definition 2.14. Let (X,ω) be a 2n-dimensional symplectic manifold, L
an n-dimensional manifold, and f : L → X an immersion. The immersion
f is called Lagrangian if f∗ω = 0. If the Lagrangian immersion f is an
embedding, we say the embedding f is Lagrangian.

Definition 2.15. Let (X,λ) be a 2n-dimensional exact symplectic manifold,
L an n-dimensional manifold, and f : L→ X a Lagrangian immersion. The
Lagrangian immersion f is called exact if the 1-form f∗λ is an exact 1-form
on L. If the exact Lagrangian immersion f is an embedding, we say the
Lagrangian embedding f is exact.

We define a formal version of a Lagrangian immersion. It is necessary to
state Gromov’s h-principle for Lagrangian immersions.

Definition 2.16. Let (X,ω) be a 2n-dimensional symplectic manifold, L an
n-dimensional manifold, and F : TL → TX a bundle monomorphism. The
monomorphism F is Lagrangian if ω |F (TL)= 0.

Since a Lagrangian immersion f induces a Lagrangian monomorphism
df , the space of Lagrangian immersions can be viewed as a subspace of
the space of Lagrangian monomorphisms. Though the space of Lagrangian
monomorphisms is much bigger than the space of Lagrangian immersions,
the space of Lagrangian monomorphisms is weakly homotopy equivalent to
the space of Lagrangian immersions by Gromov’s h-principle for Lagrangian
immersions.

Theorem 2.17 (Gromov [8]). Let (X,ω) be a 2n-dimensional symplectic
manifold and L an n-dimensional manifold. If h : L → X is a continuous
map with [h∗ω] = 0 in H2(L;R) and H : TL→ TX a Lagrangian monomor-
phism covering h, then there exists a Lagrangian immersion f : L → X
homotopic to h. Moreover,
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(1) one can choose f to be C0-close to h;
(2) if h is an immersion, then one can choose f to be regularly homotopic

to h;
(3) if h is a Lagrangian immersion on a neighborhood of a closed ball in

L, then one can choose f to be equal to h on the closed ball.

We define a Lagrangian property and an exact Lagrangian property for
regular homotopies and isotopies.

Definition 2.18. Let (X,ω) be a 2n-dimensional symplectic manifold, L an
n-dimensional manifold, and ft : L→ X a regular homotopy, where t ∈ [0, 1].
The regular homotopy {ft}t∈[0,1] is called Lagrangian if ft is a Lagrangian
immersion for t ∈ [0, 1]. If a Lagrangian regular homotopy {ft}t∈[0,1] is an
isotopy, we say the isotopy {ft}t∈[0,1] is Lagrangian. If a symplectic manifold
is exact and a Lagrangian regular homotopy {ft}t∈[0,1] is an exact Lagrangian
immersion for t ∈ [0, 1], we say the Lagrangian regular homotopy {ft}t∈[0,1]
is exact.

We define a Legendrian submanifold in a contact manifold. It is a coun-
terpart of a Lagrangian submanifold in a symplectic manifold.

Definition 2.19. Let (Y, ξ) be a (2n−1)-dimensional contact manifold. An
(n− 1)-dimensional submanifold Λ ⊂ Y is called Legendrian if Λ is tangent
to the contact structure ξ, TΛ ⊂ ξ.

Example 2.20. For an (n− 1)-dimensional manifold Λ, the zero-section Λ
of the contact manifold (J1(Λ,R), ξcan) is a Legendrian submanifold.

This example gives a normal form of a Legendrian submanifold. A precise
statement is the following:

Theorem 2.21 (Weinstein [15]). Let (Y, ξ) be a (2n−1)-dimensional contact
manifold and Λ ⊂ Y a Legendrian submanifold. There exist neighborhoods
U ⊂ Y of Λ and V ⊂ J1(Λ,R) of the zero-section Λ such that contact
manifolds (U, ξ) and (V, ξcan) are contactomorphic.

2.2. Loose Legendrian knots. In this section, we define a loose Legen-
drian knot following [3, Section 2] with their notations.

First, we observe local models of a Legendrian submanifold. For the
contact manifold R2n−1

st , the subspace

Λ0 ={(x1, y1, . . . , xn−1, yn−1, z) ∈ R2n−1

| x1 = y2 = y3 = · · · = yn−1 = z = 0}

is a Legendrian submanifold. In view of Theorem 2.21, the pair (R2n−1
st ,Λ0)

is a local model for any Legendrian submanifold. More precisely, for a
(2n−1)-dimensional contact manifold (Y, ξ), a Legendrian submanifold Λ ⊂
Y , and a point p ∈ Λ, there exists a neighborhood Ω ⊂ Y of p which admits
a contact embedding

Φ: (Ω,Λ ∩ Ω)→ (R2n−1
st ,Λ0), Φ(p) = 0,

relative to Legendrian submanifolds.
A loose Legendrian knot will be defined as a Legendrian submanifold

with a local model which is obtained by the stabilization construction [4] to
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(R2n−1
st ,Λ0). Let us recall the stabilization construction. Let F : R2n−1

st →
R2n−1
st be a contactomorphism given by the formula

F (x1, y1, . . . , xn−1, yn−1, z) =

(
x1+

1

2
y21, y1, x2, y2, . . . , xn−1, yn−1, z+

1

3
y31

)
.

The contactomorphism F maps Λ0 to the Legendrian submanifold Λcu,
where

Λcu =

{
(x1, y1, . . . , xn−1, yn−1, z) ∈ R2n−1∣∣∣∣ x1 =

1

2
y21, y2 = · · · = yn−1 = 0, z =

1

3
y31

}
.

We denote by Γcu the front of Λcu. Namely, using a projection

πF : R2n−1
st → Rn : (x1, y1, . . . , xn−1, yn−1, z) 7→ (x1, . . . , xn−1, z),

we define

Γcu = πF (Λcu) = {(x1, . . . , xn−1, z) ∈ Rn | 9z21 = 8x31}.
The two branches of the front Γcu are graphs of the functions ±h, where

h(x) = h(x1, . . . , xn−1) =
2
√

2

3
x

3
2
1

defined on the half-space Rn−1+ = {(x1, . . . , xn−1) ∈ Rn−1 | x1 ≥ 0)}. The
stabilization construction is to change the graph −h as follows [3]. Let U be
a closed domain with a smooth boundary contained in the interior Int(Rn−1+ )

in Rn−1. We choose a non-negative function φ : Rn−1+ → R such that

• φ has compact support in Int(Rn−1+ );

• φ̃ = φ− 2h is Morse;
• U = φ̃−1([0,∞));

• 0 is a regular value of φ̃.

Figure 1. The graphs of the functions h and φ− h [3]

Let ΓUcu ⊂ Rn be the front obtained from Γcu by replacing the graph z =
−h(x) by the graph z = φ(x) − h(x). Since φ has compact support, the
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front ΓUcu coincides with Γcu outside a compact set. The deformed front ΓUcu
defines a Legendrian submanifold ΛUcu ⊂ R2n−1

st as follows [3]. We recall that
the standard contact structure ξst is defined as the kernel of the 1-form

ξst = kerαst, αst = dz −
n−1∑
i=1

yi dxi,

and hence the tangency to the contact structure ξst is translated to the
vanishing of the 1-form αst. Thus the branches {z = h(x1, . . . , xn−1)} and
{z = φ(x1, . . . , xn−1)− h(x1, . . . , xn−1))} of the front ΓUcu is lifted to a Leg-
endrian submanifold in R2n−1

st by the system of partial differential equations

y1(x1, . . . , xn−1) =
∂z

∂x1
(x1, . . . , xn−1),

...

yn−1(x1, . . . , xn−1) =
∂z

∂xn−1
(x1, . . . , xn−1).

We call the lifted Legendrian submanifold ΛUcu defined by the above proce-
dure the Legendrian lift of the front ΓUcu [3].

Pulling-back this construction to the standard local model (R2n−1
st ,Λ0), we

define the stabilization construction for a general Legendrian submanifold.
Let ΛU0 = F−1(ΛUcu). For a (2n − 1)-dimensional contact manifold (Y, ξ), a
Legendrian submanifold Λ ⊂ Y , and a point p ∈ Λ, we take a normal form
of Λ around p and a contact embedding as above,

Φ: (Ω,Λ ∩ Ω)→ (R2n−1
st ,Λ0).

Then we replace Λ∩Ω by ΛU0 via the contact embedding Φ. Thus we obtain
a Legendrian embedding ΛU which coincides with Λ outside a compact set.
We call ΛU the U -stabilization of Λ in Ω [10].

Definition 2.22 ([10]). Let (Y, ξ) be a (2n− 1)-dimensional contact mani-
fold, n ≥ 3. A connected Legendrian submanifold Λ of (Y, ξ) is called a loose
Legendrian knot if it is Legendrian isotopic to the stabilization of another
Legendrian submanifold. A Legendrian embedding f : Λ→ Y is called loose
if the image f(Λ) is a loose Legendrian knot.

Remark 2.23. Murphy’s h-principle for loose Legendrian knots [10] is used
as one of the main tools in the proofs of Theorems 1.1 and 3.7 of [3] and of
Theorem 2.2 of [5]. See [10], [5, Section 2], and [3, Section 2].

2.3. Lagrangian immersions with a conical point. In this section, we
define a Lagrangian immersion with a conical point following [3, Section 3.2]
with their notations.

For a positive integer m ≥ 2, we denote by (r, p) ∈ (0,∞) × Sm−1 the
polar coordinates in Rm \ {0}, namely, p is the radial projection of a point
to the unit sphere and r is its distance to the origin.

Definition 2.24 ([5]). A map h : Rn → R2n
st is called a Lagrangian cone if

h−1(0) = 0 and if it is given by the formula h(r, p) = (cr2, φ(p)) in the polar
coordinates, where φ : Sn−1 → S2n−1

st is a Legendrian embedding and c is a
positive constant.
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Definition 2.25 ([3]). Let (X,ω) be a 2n-dimensional symplectic manifold
and L an n-dimensional manifold. A map f : L→ X is called a Lagrangian
immersion with a conical point at p ∈ L, if f |L\{p} is an ordinary Lagrangian
immersion, and if there exist a chart U ⊂ L around p and a Darboux chart
V ⊂ X around f(p) such that the map f : U → V is the restriction of
a Lagrangian cone near the origin. A Legendrian embedding φ : Sn−1 →
S2n−1
st corresponding to this cone is called the link of the conical point. If

a Lagrangian immersion f with a conical point is a topological embedding,
we say the map f is a Lagrangian embedding with a conical point.

We define a Lagrangian regular homotopy with a conical point. In general,
a regular homotopy preserves the algebraic self-intersection number of its
time-0 map. We therefore define it to preserve the algebraic self-intersection
number.

Definition 2.26 ([3]). Let (X,ω) be a 2n-dimensional symplectic manifold
and L an n-dimensional manifold. A homotopy of continuous maps ft : L→
X, t ∈ [0, 1], is called a Lagrangian regular homotopy with a conical point at
p ∈ L, if each ft is a Lagrangian immersion with the conical point p, ft is the
identity in some neighborhood of the singular point p, and {ft |L\{p}}t∈[0,1]
is an ordinary Lagrangian regular homotopy.

Definition 2.27 ([3]). Let (X,ω) be a 2n-dimensional symplectic manifold,
L an n-dimensional manifold, and f : L→ X a Lagrangian immersion with
a conical point at p ∈ L. The map f is called self-transverse if f |L\{p}
is self-transverse and the point f(p) ∈ X is a simple point. For a self-
transverse Lagrangian immersion f with a conical point p, we define the
self-intersection number I(f) to be I

(
f |L\{p}

)
. Then I(f) is invariant under

regular homotopies which is the identity near p.

We define the action for a Lagrangian immersion with a conical point and
the notion of a Hamiltonian regular homotopy with a conical point. They are
defined by taking a Darboux chart around the conical point. The definitions
in a Darboux chart are as follows. Let g : Rn → R2n

st be a Lagrangian
immersion with a conical point 0 ∈ Rn. Suppose that the map g coincides
with a Lagrangian cone over a Legendrian link φ : Sn−1 → S2n−1

st outside a
compact set K ⊂ Rn. For a path γ : [0, 1] → Rn connecting a point γ(0) ∈
Rn\K to the origin γ(1) = 0 ∈ Rn, the integral

∫
g◦γ λst is independent of the

choice of the path γ. The value
∫
g◦γ λst is called the action of the singularity

0 with respect to infinity. We denote it by a(g, 0 | ∞). Let gt : Rn → R2n
st ,

t ∈ [0, 1], be a Lagrangian regular homotopy with a conical point at the
origin and which begins at g0 = g and is compactly supported away from
0. Then the homotopy gt is Hamiltonian if a(gt, 0 | ∞) is independent of
t ∈ [0, 1].

2.4. Local deformation of Lagrangian immersions.
Proof of Theorem 1.4. Theorem 1.4 can be proved in a way similar to the

proof of Theorem 2.2 of [5] for symplectic manifolds of dimension ≥ 8, by
using the following lemma instead of Lemma 4.2 of [5]. �

Lemma 2.28. Let A = [0, 1]×Sn−1 3 (x, z), n ≥ 3, be the annulus with the
coordinates (x, z). Take the dual coordinates (y, u) on the cotangent bundle
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T ∗A so that the canonical Liouville form λ = y dx + u dz. Then for any
integer N ≥ 10 there exists a Lagrangian immersion ∆: A→ T ∗A with the
following properties:

• ∆(A) ⊂
{
|y| ≤ 12

N , ‖u‖ ≤
12
N

}
;

• ∆ coincides with the inclusion of the zero section jA : A ↪→ T ∗A near
∂A;
• there exists a Lagrangian regular homotopy which is the identity near

∂A and connects jA to ∆ in
{
|y| ≤ 12

N , ‖u‖ ≤
12
N

}
;

• for the ∆-image ζ of any path connecting {0} × Sn−1 to {1} × Sn−1
in A,

∫
ζ λ = 1;

• the action of any self-intersection point of ∆ is < 2
N ;

• SI(∆) = 4N2.

Proof. We follow the proof of Lemma 4.2 of [5], where ∆ was constructed by
using the plane curves γ1, γ2, and γ3. We change γ1 so that SI(∆) = 4N2

as follows.
Consider in R2 with the coordinates (x, y) the curves ζk : [0, 4] → R2,

k = 1, . . . , N , defined by

ζk(t) =


(

1
12 −

k−1
N4 ,

(
6
N2 + 2(k−1)

N4

)
t− k−1

N4

)
if 0 ≤ t ≤ 1,((

1
6 + 2(k−1)

N4

)
t− 1

12 −
3(k−1)
N4 , 6

N2 + k−1
N4

)
if 1 ≤ t ≤ 2,(

1
4 + k−1

N4 ,−
(

6
N2 + 2k−1

N4

)
t+ 18

N2 + 5k−3
N4

)
if 2 ≤ t ≤ 3,(

−
(
1
6 + 2k−1

N4

)
t+ 3

4 + 7k−4
N4 ,− k

N4

)
if 3 ≤ t ≤ 4.

Then a product ηN = ζ1 · ζ2 · · · · · ζN : [0, 4]→ R2 satisfies

∫
ηN

y dx =
1

N
+

1

6N2
+

6

N4
− 14

3N5
− 1

2N6
+

1

6N7
.

Figure 2. The curve ηN for N = 10
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We denote by Tε : R2 → R2 the affine map (x, y) 7→ (x, y + ε) and let
lN : [0, 3]→ R2 be a piecewise linear embedding connecting four points

lN (0) = ηN (4) =

(
1

12
− 1

N3
,− 1

N3

)
,

lN (1) =

(
1

12
− 1

N3
,

6

N2
+

1

N3
− 1

2N4

)
,

lN (2) =

(
1

12
,

6

N2
+

1

N3
− 1

2N4

)
, and

lN (3) = TδN (ηN (0)) =

(
1

12
,

6

N2
+

2

N3

)
,

where δN = 6
N2 + 2

N3 . We further let kN : [0, 3] → R2 be a piecewise linear
embedding connecting four points

kN (0) = T(N−1)δN (ηN (4)) =

(
1

12
− 1

N3
,

6

N
− 4

N2
− 3

N3

)
,

kN (1) =

(
1

12
− 1

N3
,

6

N
+

2

N2
− 2

N3
− 1

2N4

)
,

kN (2) =

(
1

4
+

1

N3
,

6

N
+

2

N2
− 2

N3
− 1

2N4

)
, and

kN (3) =

(
1

4
+

1

N3
, 0

)
.

Then we define a curve γ : [0, 1] → R2 by connecting the straight line[
0, 1

12

]
×{0}, N -copies ηN , TδN (ηN ), T2δN (ηN ), . . . , T(N−1)δN (ηN ) of ηN , (N−

1)-copies lN , TδN (lN ), T2δN (lN ), . . . , T(N−2)δN (lN ) of lN , the curve kN , and

the straight line
[
1
4 + 1

N3 ,
1
3

]
× {0}. See Figure 3.

Figure 3. The curve γ for N = 3

By the construction, the curve γ satisfies the followings:

• 1− 2
N <

∫
γ y dx < 1 + 2

N ;

• the action of any self-intersection point of γ is < 2
N ;

• SI(γ) = N2.

Smoothing the corners of γ, we construct an immersed curve γ1 with trans-
verse self-intersections. We can arrange γ1 to satisfy the followings:
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•
∣∣∣ ∫γ1 y dx− 1

∣∣∣< 2
N ;

• the action of any self-intersection point of γ1 is < 2
N ;

• SI(γ1) = N2;

• the curve γ1 is contained in the rectangle
{

0 ≤ x ≤ 1
3 , |y| ≤

7
N

}
.

We replace the plane curve γ1 in the proof of Lemma 4.2 of [5] with the
above γ1. Then we define γ2 and γ3, and then ∆ in a way similar to the
proof of Lemma 4.2 of [5]. �

Remark 2.29. Lemma 4.2 of [5] only asserted the construction of such ∆
with SI(∆) ∼ N3, and hence Theorem 2.2 of [5] was shown for a symplectic
manifold which is the negative completion of a compact symplectic manifold
and of dimension 2n ≥ 8 in this way.

Proof of Theorem 1.3. Theorem 1.3 can be proved in a way similar to the
proof of Theorem 3.7 of [3] for compact symplectic manifolds of dimension
2n ≥ 8. Considering the Lagrangian immersion f0 |L\{p}, the case where
|I(f0)| = 0 is proved as a corollary of Theorem 1.4. The case where |I(f0)| =
1 is deduced from the case where |I(f0)| = 0 by applying Lemma 3.4 of [3]
to f0 near the point p and by replacing a neighborhood of the point p by
the Lagrangian cone over a loose Legendrian knot. �

Proof of Theorem 1.2. Theorem 1.2 can be proved in a way similar to the
proof of Theorem 1.1 of [3] for compact symplectic manifolds of dimension
2n ≥ 8. We take a simple point q ∈ L of f0. Applying Lemma 3.4 of [3]
to f0 near the point q and replacing a neighborhood of the point q by the
Lagrangian cone over a loose Legendrian knot, we can use Theorem 1.3.
Again replacing the Lagrangian cone around q by f0, we obtain the desired
Hamiltonian regular homotopy. �

Remark 2.30. Theorems 1.1 and 3.7 of [3] are proved by using Theorem 2.2
of [5]. Thus the theorems were shown for compact symplectic manifolds of
dimension 2n ≥ 8.

3. Proof of Theorem 1.1

3.1. Polterovich’s Lagrangian surgery. In this section, we review the
Lagrangian surgery developed by Polterovich [11]. It is one of the main tools
for the proof of Theorem 1.1.

Theorem 3.1 (Propositions 1 and 2 of [11]). Let n ≥ 3 be an odd inte-
ger, (X,ω) a 2n-dimensional symplectic manifold, and L an n-dimensional
manifold admitting a self-transverse Lagrangian immersion L→ X with ex-
actly one double point. Then, there exists a Lagrangian embedding L#(S1×
Sn−1)→ X.

Remark 3.2. Later, we use Theorem 3.1 with n = 3. We recall the outline
of the proof. Polterovich constructed the model of a Lagrangian 1-handle
Γ = [0, 1]× Sn−1 which is embedded in B2n

st (ε) and such that the boundary
∂Γ joins (Rn × {0}) \ B2n(ε) and ({0} × Rn) \ B2n(ε) smoothly, where ε is
a positive real number. Rescaling the handle Γ and taking a Darboux chart
around the double point, we can resolve the double point of the Lagrangian
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immersion L → X by removing a small neighborhood of the double point
and gluing the handle Γ.

3.2. Lagrangian immersions into CP 3. In view of Gromov’s h-principle,
the classification of Lagrangian immersions is reduced to a pure algebro-
topological problem. In this section, we characterize the homotopy classes
of Lagrangian immersions of closed orientable connected 3-manifolds into
CP 3.

First the homotopy classes of continuous maps from a 3-manifold L to
the complex projective 3-space CP 3 are classified as follows. We denote by
γn → CPn the tautological line bundle and by c1(γn) its first Chern class.

Proposition 3.3. Let L be a 3-manifold. If n ≥ 2 then the map

[L,CPn]→ H2(L;Z) : [h] 7→ −h∗c1(γn)

is a bijection.

Proof. It follows from the fact that CP∞ is the Eilenberg-MacLane space
K(Z, 2) and CPn ⊂ CP∞ is the 2n-skeleton. �

The two conditions in Theorem 2.17, [h∗ω] = 0 ∈ H2(L;R) and the
existence of a Lagrangian monomorphism covering h, are simplified in the
case where (X,ω) is the complex projective 3-space CP 3 and L is a closed
orientable connected 3-manifold.

Lemma 3.4. Let L be a closed orientable connected 3-manifold and h : L→
CP 3 a continuous map. Then the followings are equivalent.

(1) There exists a Lagrangian immersion L→ CP 3 which is homotopic
to h.

(2) h∗c1(γ3) is a 4-torsion element in H2(L;Z).

Proof. By Example 2.3, the cohomology class [ω3] is the positive gener-
ator of the cohomology group H2(CP 3;Z), and hence [ω3] = −c1(γ3) ∈
H2(CP 3;Z). For the computation of the first Chern class c1(γ3), see [9].
The equality [ω3] = −c1(γ3) and the naturality of coefficient homomor-
phisms imply that [h∗ω3] = 0 in H2(L;R) if and only if h∗c1(γ3) is a torsion
element in H2(L;Z).

Next, we fix a 3-frame of the tangent bundle TL. Let P → CP 3 be
the principal U(3)-bundle associated to the tangent bundle TCP 3. Then
we can identify a Lagrangian homomorphism H : TL → TCP 3 covering h
with a map s : L → P which is a lift of h. Thus there exists a Lagrangian
monomorphism H : TL→ TCP 3 covering h if and only if the principal U(3)-
bundle h∗P → L admits a global section. Since dimL = 3, the obstruction
for the existence of a global section L → h∗P is only the first Chern class
c1(h

∗TCP 3) = h∗c1(TCP 3) = −4h∗c1(γ3). �

Remark 3.5. Using part (2) of Theorem 2.17 and taking the connected sum
of Whitney sphere, we can see that for the above pair (h,H) and a number
n ∈ Z/2, there exists a self-transverse Lagrangian immersion f : L → CP 3

which is homotopic to h and satisfies I(f) = n.

We state another lemma which is used in the proof of Theorem 1.1 for
CP 3. It directly follows from Theorem 1.2 and Lemma 3.4.
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Lemma 3.6. Let L be a closed orientable connected 3-manifold and h : L→
CP 3 a continuous map with 4h∗c1(γ3) = 0 in H2(L;Z). Then for an arbi-
trary Lagrangian immersion f0 : L → CP 3 which is homotopic to h, there
exists a Lagrangian regular homotopy ft : L→ CP 3, 0 ≤ t ≤ 1, such that f1
is self-transverse and

SI(f1) =

{
1, if I(f0) = 1;

2, if I(f0) = 0.

3.3. Proof of Theorem 1.1 for CP 3. Let L be a closed orientable con-
nected 3-manifold and f : L#(S1 × S2) → CP 3 a Lagrangian immersion.
Lemma 3.4 provides the equality 4f∗c1(γ3) = 0 in H2(L#(S1 × S2);Z).
The Mayer-Vietoris exact sequence for L#(S1 × S2) = (L \ Int(D3)) ∪
(S1 × S2 \ Int(D3)), where D3 is a closed 3-disk, gives the isomorphism
H2(L#(S1×S2);Z) ∼= H2(L\ Int(D3);Z)⊕H2(S1×S2 \ Int(D3);Z). Since
the isomorphism is induced by the inclusions and H2(S1×S2\Int(D3);Z) ∼=
Z, the element f∗c1(γ3) is of the form

f∗c1(γ3) = (h∗c1(γ3), 0) ∈ H2(L \ Int(D3);Z)⊕H2(S1 × S2 \ Int(D3);Z),

where [h] = [f |L\Int(D3)] ∈ [L \ Int(D3),CP 3].
In the following, we construct a self-transverse Lagrangian immersion of

L into CP 3 with exactly one double point and resolve the double point by
Theorem 3.1 to obtain the desired Lagrangian embedding. Since H2(L \
Int(D3);Z) ∼= H2(L;Z), we can identify [L \ Int(D3),CP 3] with [L,CP 3].

Let [ĥ] be the element of [L,CP 3] which is the extension of [h]. We note that

4ĥ∗c1(γ3) = 0 in H2(L;Z). Applying Lemmas 3.4 and 3.6 to ĥ, we obtain a

self-transverse Lagrangian immersion f1 : L→ CP 3 which is homotopic to ĥ
and satisfies SI(f1) = 1. Using Theorem 3.1 to resolve the double point of f1,
we obtain a Lagrangian embedding g : L#(S1×S2)→ CP 3. We claim that
g is homotopic to f . Indeed, it is enough to show that g∗c1(γ3) = f∗c1(γ3),
and by the definition of h,

g∗c1(γ3) = ((g |L\Int(D3))
∗c1(γ3), (g |S1×S2\Int(D3))

∗c1(γ3))

= ((f1 |L\Int(D3))
∗c1(γ3), 0)

= (h∗c1(γ3), 0)

= f∗c1(γ3).

The proof of Theorem 1.1 for CP 3 is completed. �

3.4. Lagrangian immersions into CP 1 × CP 2. In this section, we char-
acterize the homotopy classes of Lagrangian immersions of closed orientable
connected 3-manifolds into CP 1 × CP 2.

We need a classification of homotopy classes of continuous maps from a
3-manifold L to the complex projective line CP 1. In [12], Pontrjagin proved
the following.

Theorem 3.7 (Pontrjagin [12]). Let K be a 3-dimensional complex. Then
there is a bijection

[K,CP 1] ≈
∐

z2∈H2(K;Z)

H3(K;Z)/(2z2 ^ H1(K;Z)),
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where ^ denotes the cup product.

We recall the correspondence of the elements in Theorem 3.7 for a closed
orientable connected 3-manifold L. For an element [h] ∈ [L,CP 1], the coho-
mology class z2 ∈ H2(L;Z) is equal to −h∗c1(γ1). It represents the primary
obstruction for continuous maps from a 3-manifold L to the complex pro-
jective line CP 1 to be homotopic. The second obstruction is an element of
H3(L;π3(CP 1)) ∼= H3(L;Z) modulo 2z2 ^ H1(L;Z). For continuous maps
f1 : L → CP 1 and g1 : L → CP 1 with f∗1 c1(γ1) = g∗1c1(γ1), the difference
between the homotopy classes [f1] and [g1] can be realized by the connected
sum of an element of π3(CP 1) since L is connected.

As in Section 3.2, we simplify the two conditions in Theorem 2.17.

Lemma 3.8. Let L be a closed orientable connected 3-manifold and h =
(h1, h2) : L→ CP 1×CP 2 a continuous map. Then the followings are equiv-
alent.

(1) There exists a Lagrangian immersion L → CP 1 × CP 2 which is
homotopic to h.

(2) h∗1c1(γ1) and h∗2c1(γ2) are torsion elements in H2(L;Z).

Proof. By Example 2.3, the cohomology class [ωn] is the positive gener-
ator of the cohomology group H2(CPn;Z), and hence [ωn] = −c1(γn) ∈
H2(CPn;Z). For the computation of the first Chern class c1(γn), see [9].
Using the equalities [ω1] = −c1(γ1), [ω2] = −c1(γ2), c1(TCP 1) = −2c1(γ1),
and c1(TCP 2) = −3c1(γ2), the proof can be done in a way similar to the
proof of Lemma 3.4. �

Remark 3.9. As with Remark 3.5, the following statement holds. For the
above pair (h,H) and a number n ∈ Z/2, one can choose a self-transverse
Lagrangian immersion f : L → CP 1 × CP 2 which is homotopic to h and
satisfies I(f) = n.

We state another lemma which is used in the proof of Theorem 1.1 for the
product CP 1 × CP 2. It directly follows from Theorem 1.2 and Lemma 3.8.

Lemma 3.10. Let h : L → CP 1 × CP 2 be a continuous map of a closed
orientable connected 3-manifold L. Suppose that h∗1c1(γ1) and h∗2c1(γ2) are
torsion elements in H2(L;Z). Then for an arbitrary Lagrangian immersion
f0 : L → CP 1 × CP 2 which is homotopic to h, there exists a Lagrangian
regular homotopy ft : L → CP 1 × CP 2, 0 ≤ t ≤ 1, such that f1 is self-
transverse and

SI(f1) =

{
1, if I(f0) = 1;

2, if I(f0) = 0.

3.5. Proof of Theorem 1.1 for CP 1×CP 2. Let L be a closed orientable
connected 3-manifold and f = (f1, f2) : L#(S1 × S2) → CP 1 × CP 2 a La-
grangian immersion. By Lemma 3.8, the cohomology classes f∗1 c1(γ1) and
f∗2 c1(γ2) are torsion elements in H2(L#(S1 × S2);Z). As in the proof of
Theorem 1.1 for CP 3, the cohomology classes f∗j c1(γj) are of the forms

f∗j c1(γj) = (h∗jc1(γj), 0) ∈ H2(L \ Int(D3);Z)⊕H2(S1 × S2 \ Int(D3);Z),
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where hj = fj |L\Int(D3) : L \ Int(D3) → CP j and j ∈ {1, 2}. We take a

continuous map h̃ = (h̃1, h̃2) : L→ CP 1×CP 2 such that h̃∗jc1(γj) = h∗jc1(γj)

via the isomorphism H2(L;Z) ∼= H2(L\Int(D3);Z), j ∈ {1, 2}, as follows. In
view of Proposition 3.3 and the isomorphism H2(L;Z) ∼= H2(L\Int(D3);Z),
the cohomology class h∗2c1(γ2) ∈ H2(L \ Int(D3);Z) determines the unique

element in [L,CP 2]. Choosing a representative h̃2 of the homotopy class,

we have h̃∗2c1(γ2) = h∗2c1(γ2). Using Theorem 3.7 and the isomorphism

H2(L;Z) ∼= H2(L\Int(D3);Z), we can take a continuous map h̃1 : L→ CP 1

with h̃∗1c1(γ1) = h∗1c1(γ1) in a similar way. We note that the equality is

equivalent to that the maps h1 and h̃1 are homotopic on the 2-skeleton of
L.

We construct a self-transverse Lagrangian immersion of L into CP 1×CP 2

with exactly one double point. The continuous map h̃ = (h̃1, h̃2) : L →
CP 1×CP 2 satisfies the second condition of Lemma 3.8. Thus there exists a
self-transverse Lagrangian immersion f̃0 : L → CP 1 × CP 2 which is homo-
topic to h̃ and satisfies I(f̃0) = 1. Applying Lemma 3.10 to f̃0, we obtain

a self-transverse Lagrangian immersion f̃1 : L → CP 1 × CP 2 which is ho-
motopic to h̃ and satisfies SI(f̃1) = 1. By Theorem 1.2, there exists a point

p ∈ f̃1(L) and a Darboux chart around p, symplectomorphic to the 6-ball
B6

st(ε) of radius ε, such that the self-intersection point x belongs to B6(ε/2)
and near the 5-sphere ∂B6(ε/2) the Lagrangian immersion f1 coincides with
the Lagrangian cone over a loose Legendrian sphere φ = f1(L) ∩ ∂B6(ε/2)
in the 5-sphere ∂B6(ε/2) with the standard contact structure.

We construct a Lagrangian embedding of L#(S1 × S2) into CP 1 × CP 2

which is homotopic to f . Using Theorem 3.1 to resolve the double point x
of f̃1 = (f̃11 , f̃

1
2 ), we obtain a Lagrangian embedding g = (g1, g2) : L#(S1 ×

S2) → CP 1 × CP 2. Since g∗2c1(γ2) = f∗2 c1(γ2), g2 is homotopic to f2. We
also have g∗1c1(γ1) = f∗1 c1(γ1). By Theorem 3.7, the difference between the
homotopy classes [g1] and [f1] in [L#(S1×S2),CP 1] can be realized by the
connected sum of an element of π3(CP 1). Therefore, there exists a con-
tinuous map a : S3 → CP 1 such that g1#a is homotopic to f1. We may
assume that the disk in L#(S1 × S2) which is removed for the connected
sum g1#a does not intersect g−1(B6(ε)). We consider the continuous map
g#a = (g1#a, g2) : L#(S1 × S2)→ CP 1 × CP 2. Since g#a satisfies the as-
sumption of Lemma 3.8, there exists a self-transverse Lagrangian immersion
ga : L#(S1 × S2) → CP 1 × CP 2 such that I(ga) = 0 and ga is homotopic

to g#a relative to (g#a)−1(B6(ε)) = g−1(B6(ε)). Since f̃1 |g−1(B6(ε)) can
be glued to ga |L#(S1×S2)\g−1(B6(ε)), we obtain a self-transverse Lagrangian

immersion g̃a : L→ CP 1 × CP 2 of I(g̃a) = 1. In the Darboux chart B6(ε),

the Lagrangian immersion g̃a coincides with f̃1. Hence, we can replace
g̃a(L) ∩ B6(ε/2) by the Lagrangian cone over the loose Legendrian knot
φ. Then we have a Lagrangian immersion g̃0 : L → CP 1 × CP 2 with a
conical point q such that the Legendrian link at q is loose and I(g̃0) = 0.
Applying Theorem 1.3 to g̃0, we obtain a Lagrangian regular homotopy
g̃t : L → CP 1 × CP 2, t ∈ [0, 1], that is the identity in a neighborhood of
the conical point q and that connects g̃0 to a self-transverse Lagrangian
immersion g̃1 with a conical point q and with SI(g̃1) = I(g̃0) = 0.
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Rescaling g̃a(L) ∩ B6(ε/2) and replacing the Lagrangian cone over the
loose Legendrian knot φ by the rescaled g̃a(L) ∩ B6(ε/2), we obtain the
self-transverse Lagrangian immersion g̃2 : L→ CP 1 ×CP 2 with SI(g̃2) = 1.
Finally, again resolving the double point x of g̃2 by Theorem 3.1, we obtain
a Lagrangian embedding g1 : L#(S1 × S2) → CP 1 × CP 2 homotopic to ga

relative to a small neighborhood of the point q. In particular, g1 is homotopic
to f . The proof of Theorem 1.1 for CP 1 × CP 2 is completed. �
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