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Abstract

We introduce the stable presentation length of a finitely presented
group. The stable presentation length of the fundamental group of a 3-
manifold can be considered as an analogue of the simplicial volume. We
show that the stable presentation length have some additive properties like
the simplicial volume, and the simplicial volume of a closed 3-manifold
is bounded from above and below by constant multiples of the stable
presentation length of its fundamental group.
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1 Introduction

Mostow-Prasad rigidity [Mos73, Pra73] states that a finite volume hyperbolic 3-
manifold is determined by its fundamental group. In particular, the volume of a
hyperbolic 3-manifold is a topological invariant. Gromov [Gro82] introduced the
simplicial volume of a manifold, and showed some fundamental properties of the
simplicial volume. For example, the simplicial volume of a hyperbolic manifold
is proportional to its volume as a Riemannian manifold. The simplicial volume
of a manifold with an amenable fundamental group vanishes. Furthermore,
the simplicial volume have additivity for a decomposition along manifolds with



amenable fundamental groups. Therefore, the geometrization theorem proved
by Perelman [Per02, Per03] implies that the simplicial volume of a closed 3-
manifold is equal to the sum of the simplicial volumes of hyperbolic pieces after
the prime decomposition and the JSJ decomposition. Since the decompositions
for fundamental group of a 3-manifold correspond to the decompositions of the
3-manifold along essential surfaces, the simplicial volume of a closed 3-manifold
is uniquely determined by its fundamental group. In order to consider a direct
relation between the simplicial volume of a 3-manifold and its fundamental
group, we will introduce the stable presentation length of a finitely presented
group.

Milnor and Thurston [MT77] considered some characteristic numbers of
manifolds, where “characteristic” means multiplicativity for the finite sheeted
coverings, i.e. an invariant C of manifolds is a characteristic number if it holds
that C(N) = d - C(M) for any d-sheeted covering N — M. For example,
the Euler characteristic and the simplicial volume are characteristic numbers.
We say such an invariant is volume-like instead of a characteristic number in
order to indicate similarity to the volume. Milnor and Thurston introduced
the following volume-like invariant of a manifold, which is called the stable A-
complexity by Francaviglia , Frigerio and Martelli [FFM12]. A-complexity o(M)
of a closed 3-manifold M is the minimal number of simplices in a triangulation
of M. A-complexity is not volume-like, but an upper volume in the sense of
Reznikov [Rez96], i.e. it holds that o(N) < d-o(M) for any d-sheeted covering
N — M. Then a natural way gives a volume-like invariant defined by

. o(M)
700 (M) = ng€\4 deg(N — M)’
where the infimum is taken among the finite sheeted coverings of M. o, (M) is
called the stable A-complexity of M.

While the stable A-complexity is hard to handle, the simplicial volume fol-
lowing it can work similarly and has more application. Thus the stable A-
complexity became something obsolete, but recently Francaviglia, Frigerio and
Martelli [FFM12] brought a further development. They introduced the stable
complexity of a 3-manifold. The complexity ¢(M) of 3-manifold M is the mini-
mal number of vertices in a simple spine for M. Matveev [Mat90, Theorem 5]
showed that the complexity of M is equal to its A-complexity if M is irreducible
and not S3, RP or the lens space L(3,1). In particular, the two complexities of
M coincide if M is a hyperbolic 3-manifold. The stable complexity coo (M) is
defined in the same way as the stable A-complexity. Francaviglia, Frigerio and
Martelli showed that the stable complexity has same additivity as the simplicial
volume of 3-manifold, and therefore ¢, (M) is the sum of the ones of hyperbolic
pieces after the geometrization. Moreover, the stable complexity of 3-manifold
is bounded from above and below by constant multiples of the simplicial vol-
ume. This is implied from the fact that the stable A-complexity of a hyperbolic
3-manifold is so.

Delzant [Del96] introduced a complexity T'(G) of a finitely presented group
G. We call it the presentation length according to Agol and Liu [AL12]. Delzant
also introduced a relative version of presentation length, and he gave an estimate
of presentation length for a decomposition of group. There are some applica-
tions for the presentation length of the fundamental group of a 3-manifold.
Cooper [Co099] gave an estimate for the volume of a hyperbolic 3-manifold by



the presentation length. White [Whi01] gave an estimate for the diameter of a
closed hyperbolic 3-manifold by the presentation length. Agol and Liu [AL12]
solved Simon conjecture by using presentation length.

Delzant and Potyagailo [DP13] remarked that the volume of hyperbolic 3-
manifold is not bounded from below by a constant multiple of the presentation
length. They considered a relative presentation length for a thick part of a
hyperbolic 3-manifold, and showed that the volume is bounded from above
and below by constant multiples of this relative presentation length. We will
introduce the stable presentation length T, (G) instead of this.

The presentation length is an upper volume. Hence we can define the stabi-
lization of the presentation length. We will show the stable presentation length
of a 3-manifold has additivity like the simplicial volume and the stable com-
plexity.

Theorem 1.1. o For finitely presented groups G1 and Gs, it holds that

Too(Gl * Gg) = Too(Gl) + TOO(GQ)

e Let M be an irreducible 3-manifold. Suppose M = M,U---UMy, is the JSJ
decomposition. My, ..., My are compact 3-manifolds with incompressible
torus boundary. Then

Too(M) = Too (My) + -+ - + Too (Mp,).

Francaviglia, Frigerio and Martelli gave a problem whether the simplicial
volume and the stable complexity coincide, which they call the 3-dimensional
Ehrenpreis conjecture. They showed the simplicial volume and the stable A-
complexity of a higher dimensional hyperbolic manifold cannot coincide [FFM12,
Theorem 2.1]. We conjecture the stable presentation length for a 3-manifold is
half of the stable complexity.

Conjecture 1.2. For a finite volume hyperbolic 3-manifold M, it holds that

This conjecture seems more likely than the 3-dimensional Ehrenpreis con-
jecture. We expect the stable presentation length is useful for approaching the
3-dimensional Ehrenpreis conjecture.

Organization of the thesis

In Section 2, we review the definition and elementary properties of the pre-
sentation length.

In Section 3, we define the stable presentation length as a volume-like in-
variant of a finitely presented group.

In Section 4, we consider the stable presentation length of a hyperbolic 3-
manifold. For a 3-manifold with boundary M, it is natural to consider its
presentation length relative to the fundamental groups of the boundary compo-
nent. we show that the stable presentation length of the hyperbolic 3-manifold
relative to the cusp subgroups coincides the non-relative stable presentation
length. In fact, we show a more general result.



Theorem 1.3. Let G be a finitely presented group, and let Cy,...,C) be free
abelian subgroups of G whose ranks are at least two. Suppose G is residually
finite. Then it holds that Too(G; Ch, ..., C1) = T (G).

This result is the most technical part in this thesis. The simplicial volume has
a similar property [L.S09, Theorem 1.5]. Namely, We can consider two versions
of simplicial volume of a manifold M with boundary. One is the seminorm of
the relative fundamental class, and another is for the open manifold int M. They
coincide if the fundamental groups of the boundary components are amenable.

Furthermore, we show that the stable presentation length of a hyperbolic
3-manifold is bounded by constant multiples of the volume and the stable com-
plexity.

Theorem 1.4. There exists a constant K > 0 such that the following holds. If
M be a hyperbolic 3-manifold, then

K - Too (M) < vol(M) < 7 - Too (M).

In Section 5, we show additivity of the stable presentation length. We give
a proof as with the proof for the stable complexity by using Delzant’s estimate
[Del96, Theorem II] and Theorem 1.3. We also show that the stable presentation
length of a Seifert 3-manifold vanishes. These result implies that the stable
presentation length of a closed 3-manifold is equal to the sum of the stable
presentation lengths of hyperbolic pieces after the geometrization.

In Appendix, we give examples of stable presentation length. The stable
presentation lengths of the surface groups are the only example of non-zero ex-
plicit value of stable presentation length in this thesis. We also give examples for
fundamental groups of some hyperbolic 3-manifolds. Those examples support
Conjecture 1.2.
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2 Preliminaries for presentation length

We review the definition of presentation length and some elementary facts. See
Delzant [Del96] for details.

Definition 2.1. Let G be a finitely presented group. We define the presentation
length T(G) of G by

T(G) = Ir%n; max{0, |r;| — 2},

where we take the minimum among the presentations such as
P ={x1,...,Tn|r1,...,7m) of G, and let |r;| denote the word length of r;.

We associate the presentation complex P to a presentation
P={x1,...,2n|71,...,"m) of G. P is the 2-dimensional cell complex consisting
of a single 0-cell, 1-cells and 2-cells corresponding to the generators and relators.
Then 71 (P) is isomorphic to G. By dividing a k-gon of a presentation complex
into k — 2 triangles, T(G) can be realized by a triangular presentation of G, i.e.
a presentation (21,...,Zn|r1,. .., n) in which each word length |r;| is equal to 2
or 3. If G has no 2-torsion, we can assume |r;| = 3. From now on, a presentation
complex is always assumed to be triangular, i.e. each of its 2-cells is a triangle
or a bigon. T(G) is the minimal number of triangles in a presentation complex
for G.

Delzant [Del96] also introduced a relative version of the presentation length.
We need this in order to estimate the presentation length under a decomposition
of group.

Definition 2.2. Let G be a finitely presented group. Suppose that C1,...,C;
are subgroups of G. A (relative) presentation complex P for (G;Ch,...,C)) is
a 2-dimensional cell complex satisfying the following conditions:

e P consists of triangles, bigons, edges and [ vertices marked with C1, ..., C].

e Pisan orbihedron in the sense of Haefliger [Hae91], with isotropies C1, ..., C;
on the vertices.

e The fundamental group 7§*®(P) of P as an orbihedron is isomorphic to

G. This isomorphism makes the isotropies C1, ..., C] be the subgroups of
G up to conjugacy.

We define the relative presentation length T(G; C, ..., C)) as the minimal num-
ber of triangles in a relative presentation complexes for (G;C1,...,C;). We say
that a presentation complex P is minimal if P realizes the presentation length.

Our definition requires that the isotropy is only on the vertices, but this
is not essential. Indeed, if isotropy of a 2-complex is on edges or 2-cells, we
can construct a presentation complex by replacing edges with bigons. We can
consider only the conjugacy classes of Cy,...,C; < G. By definition, we have
T(G;{1}) = T(G). We can allow a presentation complex for G to have more
than one vertex, namely, T(G;{1},...,{1}) = T(G;{1}). This follows by con-
tracting vertices of a presentation complex along edges, without changing the
fundamental group. More generally, the following holds.



Proposition 2.3. [Del96, Lemma 1.1.3] For a finitely presented group G and
its subgroups C,C’,C1,...,C;, suppose that C' is contained in a conjugate of
C. Then

T(G, O, O’, Cl, ey Ol) = T(G, C, 01, ey Cl)

The relative presentation length is finite in a usual case though it was not
declared. The construction in the proof will be used for the proof of Theorem
4.2,

Proposition 2.4. Let G be a finitely presented group. Suppose that Cy,...,Cy
are finitely generated subgroups of G. Then T(G;Cq,...,C;) < co.

Proof. Take a presentation complex P for G. Let y;1,..., v, be generators of

C; for a <1 < [. There exist simplicial paths a;1,...,a;, in P corresponding

to Yit1, - .-, Yik;- We construct a complex P’ by attaching cones of a;1,. .., a,

to P (Figure 1). Put isotropy C; on the vertex of the é-th cone. Then P’ is a

finite presentation complex for (G;C4,...,Cy, {1}). O
Vi

Figure 1: Construction of a relative presentation complex

Delzant [Del96] show how the presentation length behaves under a decompo-
sition into a graph of groups. A graph of groups G in the sense of Serre [Ser80]
is a collection of the following data:

e An underlying connected graph I'; consisting a vertex set V', an edge set
E and maps oy : E — V from edges to their end points.

e Vertex groups {G,} and edge groups {C.} forv € V and e € E.
e Injections {v+: Cc = G, (¢} for e € E.

G induces the fundamental group m(G). A graph of spaces X' corresponding to
G is a collection of CW-complexes { X, }, { X} and 7 -injective maps {iy: X, —



Xoy ()}, where m(X,) = Gy, m1(X,) = Ce and 4 induces ¢+. We construct a

space
Xy = (]_[ X, U [T (Xe x [-1,1])) / ~,
veV ecE
where the gluing relation is that (z,£1) ~ iy(x) for € X.. Then 71(G)
m(Xx). For a given group G, we say that G is a decomposition of G if G
m1(G).

Let G be a decomposition of a group G. Suppose that Gi,...,G, are the
vertex groups of G and Cy,...,C; are the edge groups of G. We construct
presentation complexes P; for (G;; Ci1,...,Cy,), where Cy; for 1 < j < [; are
the edge groups corresponding to the edges such that the i-th vertex is its end
point. We can construct a presentation complex P for (G;Cy,...,C)) by gluing
Py, ..., P, along their vertices. Then the number of the triangles of P is the
sum of the ones of P;. Therefore we have the following proposition.

Proposition 2.5. [Del96, Lemma 1.1.4] Let G, C; and C;; be as above. Then

1

T(G;Cy,...,Cr) <Y T(Gii{Cijh<i<i,)-
=1

We need to consider a “good” decomposition in order to estimate the pre-
sentation length from below.

Definition 2.6. Let G be a decomposition of G, and let C1,...,C; be the edge
subgroups of G. A subgroup C of G is rigid if it satisfies the following condition:
If G acts a tree T" without inversion and C' contains a nontrivial stabilizer of an
edge of T', C' fixes a vertex of T'. G is rigid if every edge group of G is rigid.

Let C; be as above. G is reduced if there is no decomposition G’ of G; such
that Cj; is a vertex group of G’, for any G; and C;;.

Under the above preparation, we can state the following highly nontrivial
fact.

Theorem 2.7. [Del96, Theorem II] Let G,G; and C;; be as Proposition 2.5.
Suppose that G is rigid and reduced. Then

T(G) > > T(Gi; {Cijh<i<i)-
i=1
Since a free product decomposition of a group is rigid and reduced, we have
the following theorem.

Corollary 2.8. [Del96, Corollary I] Let G = A x B be a free product of finitely
presented groups. Then T(G) = T(A) + T(B).

We will mainly consider the fundamental group of a 3-manifold. A decompo-
sition of the fundamental group of a 3-manifold corresponds to a decomposition
of the 3-manifold along an essential surface. Then a component of the decom-
posed manifold corresponds to a vertex group, and a component of the essential
surface corresponds to an edge group. We can apply Theorem 2.7 in this case.

Proposition 2.9. [Del96, Proposition 1.6.1] Let G be a decomposition of the
fundamental group of an irreducible 3-manifold M. Suppose that G corresponds
to a decomposition of M along an essential surface. Then G is rigid and reduced.



3 Definition of stable presentation length

The (relative) presentation length is an upper volume, i.e. it has the following
sub-multiplicative property.

Proposition 3.1. For a finitely presented group G, let H be a finite index
subgroup of G. Let d = [G : H] denote the index of H in G. Suppose that
C4,...,C; are subgroups of G. Then

T(H, {gCig_l M H}lgigl,geG) <d- T(G, Cl, ceey Cl)
In particular, T(H) < d-T(QG).

We remark that {gCig™' N H}1<i<; gec is a finite family of subgroups up to
conjugate in H, since H is a finite index subgroup of G.

Proof. Let P be a minimal presentation complex for (G;Cq,...,C;). There
exists a d-sheeted covering Pof Pas an orbihedron which corresponds to H < G.
Then the isotropies on the vertices of P are {gC;g™*NH }1<;<i ge:. Therefore P
a presentation complex for (H; {gC;g ' NH }1<i<igec) with d-T(G; Ch,...,C))
triangles. O

Proposition 3.1 leads the definition of stable presentation length as an ana-
logue of the stable complexity by Francaviglia , Frigerio and Martelli [FFM12].
Stable presentation length is a “volume-like” invariant, i.e. it is multiplicative
for finite index subgroups.

Definition 3.2. We define the stable presentation length Too(G) of a finitely

presented group G by
. T(H)
6 = WGay
where we take the infimum among all the finite index subgroups H. Further-
more, suppose that Ci,...,C; are subgroups of G. We define the (relative)

stable presentation length as

, . T(H;{gCig ' N H}1<i<t,gec)
Too<G701>---aCl)—I_}I%% G .

Proposition 3.3. Let G, H,d and C1,...,C; be as Proposition 3.1. Then
TOO(H, {gC’ig_l N H}lSiSl,gGG) =d- TOO(G, Cl, R Cl)
In particular, Too(H) = d - T (G).

Proof. Take a finite index subgroup G’ of G. Then H' = G’ N H is also a finite
index subgroup of G. We have

T(H';{9Cig~" N H'hi<i<igec) < [G': HIT(G':{gCig~" N G'hi<icigea)

by Proposition 3.1. Hence we can calculate Too(G;C4,...,C)) by taking the
infimum for only the subgroups of H. Therefore

. T Hl; C; -1 NH i
Too(H; {gcigfl N H}lgigl,geG) — inf ( {g g }1§ SLQEG)

H'<H [H: H']
4. inf T(H';{9Cig ' N H'}1<i<14ec)
- H<H G : H']

:d-TOO(G;Cl,...,Cl).
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4 Stable presentation length for hyperbolic 3-
manifolds

We consider the stable presentation length of the fundamental group of a com-
pact 3-manifold M. We write

T(M) =T(m(M)), Tw(M)=Twx(m(M)),
T(M;0M) =T (71 (M);71(S1),...,m1(S1)),
Too(M;0M) = Too(m1 (M); 1 (S1), ..., m1(S1)),

where S, ...,S; are the components of 9M. We call them the (relative, stable)
presentation length of M respectively.

If M is a 3-manifold with boundary, we can also consider the relative pre-
sentation length T'(M;0M). For instance, let M be a finite volume cusped
hyperbolic 3-manifold. We consider M as a compact 3-manifold with boundary.
The interior of M admits a hyperbolic metric. Let Sy, ...,.5; be the components
of OM. The 2-skeleton of an ideal triangulation of M (i.e. a cell decomposi-
tion of the space obtained by smashing each boundary component of M to a
point such that every 3-cell is tetrahedron and its vertices are the points from
boundary components of M) can be regarded as a relative presentation complex
of (m(M);m1(S1),...,m(S1)). We show that this relative stable presentation
length coincides with the non-relative stable presentation length.

Theorem 4.1. For a finite volume hyperbolic 3-manifold M, it holds that
Too(M;0M) = Too (M).

More generally, we show the following theorem. Since 71 (M) is linear for a
hyperbolic 3-manifold M, it is residually finite [Hem87].

Theorem 4.2. Let G be a finitely presented group, and let C1,...,C; be free
abelian subgroups of G whose ranks are at least two. Suppose G is residually
finite. Then it holds that Too(G; C1, ..., C1) = T (G).

We remark that it is necessary to suppose the rank of Cj is at least two. The
inequality does not hold for the case of Theorem A.2, since Too(m1(Zg)) = 0.

For an integer p > 1, the p-characteristic covering of torus T? is the covering
which corresponds to the subgroup pZxpZ < Zx7Z = 71(T?). A p-characteristic
covering of M is a finite covering whose restriction on each cusp is a union
of p-characteristic coverings of torus. A hyperbolic 3-manifold M admits p-
characteristic coverings for arbitrarily large p [Hem87, Lemma 4.1]. We can
use them for a proof of Theorem 4.1. In general, however, a residually finite

group G with C1,...,C; may not have such subgroups. Nonetheless, we can
take a nearly orthogonal basis of subgroup of C; with respect to a basis of C;
(1<i<l).

A lattice in R™ is a discrete subgroup of R™ which spans R™. A lattice in
R™ has a nearly orthogonal basis in the following sense. Such a basis is called
a reduced basis. We refer to Cassels [Cas71, Ch.VIIL.5.2] for a proof. Lenstra,
Lenstra and Lovész [LLL82] gave a polynomial time algorithm to find a reduce
basis. We will use the following lemma with a 1-norm on R™.
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Lemma 4.3. Given a norm || - || in R™, there is a constant €, such that the
following holds. If A is a lattice in R™, then there is a reduced basis (vy,...,v,)
of A such that

d(A) = enllva]l -+ [lvnl],

where d(A) is the covolume of A, which is the determinant of the matriz whose
columns are v;’s.

proof of Theorem 4.2. For simplicity, we assume [ = 1 and write C' = C and
r = rank(C) > 2. We first show that Too(G;C) < Too(G). It is sufficient to
show that T (G; C) < T(G).

Take a minimal presentation complex P for G. Let aq, ..., a, be simplicial
paths in P representing generators x1,...,x, of C. Let a; denote the length of
a; for 1 <i<r.

Suppose that H is a finite index normal subgroup of G. Let d denote the in-
dexof H < G. Let P be the covering of P corresponding to H. Let {C],...,C/.}
be subgroups of H representing the conjugacy classes of {gCg 'NH }4ec. Cl can
be regarded as a finite index subgroup of C' by the natural inclusion ¢;: C} < C.
Since H is normal in G, all the images of ¢;’s coincide and have index d/m in
C. We regard C' = Z" as a lattice in R” and put the l-norm || - || in R” with
respect to the basis (z1/a1,...,z./a.).

We construct a presentation complex P’ for (H; {C!}1<i<m) by attaching 2-
cells to P. We take a reduced basis (y1,...,¥,) of 1;(C!) as in Lemma 4.3. Let
Bi1, ..., Bir be paths in P representing yi, ..., Yy, € ;(Cl) such that the length

of B;; is |ly;||. We obtain a presentation complex P’ by attaching cones of §;;’s
as in the proof of Proposition 2.4. The number of the triangles of P’ is

d-T(G) +m([lysll + - - - + [ly-[])-

It holds that d/m > e [ly1|| - - - ||ly-|| by Lemma 4.3. Hence
T(H; {Cl}1<icm Ly
TOO(G,O) < ( 7{ z}lfé ) ST(G)-F ”yl” + + Hy ”
d erllyall--- Nyl

Since G is residually finite, there is a normal subgroup H of G such that every
[ly;]| for 1 < j < r is arbitrarily large. We have supposed that r > 2. Therefore
we obtain T (G; C) < T(G).

Conversely we show that T, (G) < T(G;C). Take a minimal presentation
complex @ for (G; C). We construct a presentation complex for G by truncating
a neighborhood of the vertex of @ (Figure 2) and attaching 2-cells. Let Q' be
the truncated complex. Let I" be the sectional graph of the truncation in Q’.
Attaching edges to I' if necessary, we may assume that I" is connected and the
natural map from 71 (T") to C is surjective. We contract vertices of @' along
edges of T' to obtain a 2-complex Q”. We obtain a bouquet I in Q” from T
Then we have the natural surjection p: m;(I'") — C. Attaching more edges to
I if necessary, we may assume that there are edges 71,...,7, such that the
images of the elements [y1],...,[y-] € m1(I") forms a basis of C. Let 41,...,~,
be the other edges of I'. Write z; = p[v,] and 2}, = p[y;] for 1 < j < r and
1 <k <s. z, can be presented as a product of z;’s, and let b; denote its word
length. We obtain a presentation complex Q" for G by attaching triangles to
Q" along IV, where r(r — 1) attached triangles correspond to the commutators

11



[zi, 2] = zizjzflzj*l (1 <4,j <r)and at most by +- - -+bs— s attached triangles
correspond to the presentation of zj, by z;’s. Let K denote the union of I and
the attached triangles.

-

Figure 2: Truncation of the presentation complex @

Suppose that H is a finite index normal subgroup of G. d and {C7,...,C/ }
are as above. Let @ be the covering of Q" corresponding to H. Let I?l, ey I?m
be the components of covering of K in @) corresponding to {C1,...,C/ }. Each
covering I?Z — K has degree d/m. In order to construct a presentation complex
@’ for H, we contract simplices of K; C é in the following manner.

We describe the way of contraction on the universal covering of K. We
regard 71 (K) = C as a lattice in R”. Take a reduced basis of 71 (K;)(< 71 (K)).
Let F' be the fundamental domain of m; (f(z) defined by this reduced basis. We
contract simplices in the interior of F' into a point.

We give an example in Figure 3. Suppose z; = (1,0),Z> = (0,1) and
2z} = (2,1). The 2-complex K consists of three triangles corresponding to the
commutator [21, 23] and 2] = 2225. Now let ((3,—1),(1,4)) be taken as a basis
of a lattice m (f(z) Then we contract 15 triangles whose projection is in the
interior of F'. _

This construction does not change the fundamental group of Q. (If r > 3,
this construction may change the homotopy type of @) Thus we obtain a

presentation complex Q' for H.

12



Figure 3: Contraction of simplices in F

The number of the triangles of Qv’ is at most
d-T(G;C)+m(e+ f),
where

e=e1+ - +e e+ + e,
f=h+fat++ f,

and e;; and e, are the numbers of the edges of @’ which derive from «y; and
Yi» f1 is the number of the triangles of é' which derive from ones corresponding
to the commutators [z;, z,], and foy is the number of the triangles of Q' which
derive from ones corresponding to the presentation of z;, by z;’s. d-T'(G;C)+me
triangles of Q' derive from the hexagons of Q' and mf triangles of Q' derive
from the triangles of K.

If the edges and triangles are not contracted by the above construction, They
are near the boundary of F' in the above picture. Hence there exists a constant
0, > 0 such that the followings hold:

e1j < 6,vol(OF), ear < b0, vol(OF),
fi <r(r—1)6,vol(OF), far < (bx — 1)ea,

where vol(OF) is the surface area of F' with respect to the standard Euclidean
metric of R". Therefore

13



Since G is residually finite and F' is defined by a reduced basis, there is a normal
subgroup H of G such that vol(OF)/vol(F) is arbitrarily small. O

Cooper [Co099] showed that vol(M) < 7w -T(M) for a closed hyperbolic
3-manifold M. The isoperimetric inequality by Agol and Liu [AL12, Lemma
4.4] implies that this inequality also holds for a cusped hyperbolic 3-manifold.
Delzant and Potyagailo [DP13] remarked that a converse inequality does not
hold, namely, the infimum of vol(M)/T (M) for the hyperbolic 3-manifolds is
zero. Indeed, hyperbolic Dehn surgery [Thu80, Ch. 4 and 6] gives infinitely
many hyperbolic manifolds whose presentation length are divergent while their
volumes are bounded. Delzant and Potyagailo used a relative presentation
length T'(71(M); ) to bound the volume from below, where £ consists of the el-
ementary subgroups of 71 (M) whose translation length are less than a Margulis
number. They also showed that vol(M) < - T'(m1(M); E) [DP13, Theorem B].
In particular vol(M) < 7 - T(M;0M). We use the stable presentation length
to bound the volume instead of T'(71(M);E). Cooper’s inequality immediately
implies that vol(M) < 7 - Too(M). A converse estimate holds for the stable
presentation length.

Proposition 4.4. The infimum of vol(M)/Too (M) for the hyperbolic 3-manifolds
s positive.

In order to show this, we mention a connection between the presentation
length and the complexity of a 3-manifold. For a closed 3-manifold M, the
A-complexity (or Kneser complexity) o(M) is defined as the minimal number
of tetrahedra over the triangulations of M. o(M) is also defined for a cusped
finite volume hyperbolic 3-manifold M by ideal triangulations. The complexity
c¢(M) by Matveev [Mat90] is the minimal number of vertices over the simple
spines of M. It holds that o(M) = ¢(M) if M is irreducible and not S, RP3
or the lens space L(3,1), in particular, if M is a hyperbolic 3-manifold [Mat90,
Theorem 5].

Francaviglia, Frigerio and Martelli [FFM12] introduced stable complexities
Ooo(M) and coo(M) of 3-manifold M. They are defined as inf U(M )/d and
inf C(M )/d by taking the infimum among all the finite coverings M of M, where
d is the degree of the covering. It holds that oo (M) = coo (M) if M is a hy-
perbolic 3-manifold. co (M) vanishes for a Seifert 3-manifold M, and c., has
additivity for the prime decomposition and the JSJ decomposition.

Proposition 4.5. For a closed 3-manifold M, it holds that T(M) < o(M)+1.

Proof. We take a minimal triangulation of M. Consider the 2-skeleton Py of
this triangulation. Py has 20(M) triangles. Since a 2-complex P in M has a
fundamental group isomorphic to 71 (M) as long as M \ P consists of 3-balls,
We can remove (o(M) —1) triangles from Py without changing the fundamental
group. Therefore we obtain a presentation complex for 71 (M) with (o (M) + 1)
triangles. O

Proposition 4.6. For a cusped finite volume hyperbolic 3-manifold M , it holds
that T(M) < o(M) + 3.

14



Proof. We take a minimal ideal triangulation of M. Consider the dual spine Py
of this triangulation. Py has o (M) 2-cells, 20 (M) edges and o (M) vertices. This
o(M) 2-cells can be decomposed into 40(M) triangles. We contract (o(M)—1)
vertices along edges. Since every edge of P, is incident on three triangles, we
obtain a presentation complex of 7 (M) with (o(M) + 3) triangles. O

Since the fundamental group of 3-manifold is residually finite [Hem87], M
admits arbitrarily large finite covering if w1 (M) is infinite. This implies the
following corollary.

Corollary 4.7. If M is a closed 3-manifold or a finite volume hyperbolic 3-
manifold, it holds that T (M) < oo (M).

The stable complexity of a hyperbolic 3-manifold is bounded from above
and below by constant multiples of its volume. For a finite volume hyperbolic
3-manifold M, it holds that vol(M) < Vso(M), where V3 is the volume of
ideal regular tetrahedron, which is the maximum of the volumes of geodesic
tetrahedra in the hyperbolic 3-space. This implies that vol(M) < Vzoo(M).
Conversely, there exists a constant K > 0 such that o (M) < K - vol(M)
holds for any hyperbolic manifold M. This follows from the fact by Jgrgensen
and Thurston that a thick part of a hyperbolic 3-manifold can be decomposed
by uniformly thick tetrahedra. Proofs of this fact are given by Francaviglia,
Frigerio and Martelli [FFM12, Proposition 1.5] in the case M is closed, and
by Breslin [Bre09] and Kobayashi and Rieck [KR11] otherwise. Proposition 4.4
follows from this inequality and Corollary 4.7.

We conjecture an equality between the stable presentation length and the
stable complexity.

Conjecture 4.8. For a finite volume hyperbolic 3-manifold M, it holds that

We give some examples supporting that T, (M) < 05,(M)/2 in Appendix.

It holds that T'(M) > o(M)/2 if a minimal (relative) presentation complex
for w1 (M) injects to M. This is because M can be decomposed into 27 (M)
tetrahedra.

If Conjecture 4.8 holds, Too (M) = (1/2V3)vol(M) for a hyperbolic 3-manifold
M which is commensurable with the figure-eight knot complement M;. In-
deed, o (M7) = 2 since M; can be decomposed into two ideal regular tetra-
hedra. Conjecture 4.8 implies a best possible refinement of Cooper’s inequality
vol(M) < 2V5 - T(M).

5 Additivity of stable presentation length

We will show additivity of the stable presentation length of 3-manifold groups
in the same manner as the simplicial volume. The proofs of Theorem 5.1 and
5.3 are similar. Let G be a finitely presented group and let {G;} be decom-
posed groups of G. We will construct a presentation complex for a finite index
subgroup of G by gluing finite coverings of presentation complexes for G;. This
implies an inequality between To.(G) and >, T (G;). In order to show the
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converse inequality, we will obtain presentation complexes for finite index sub-
groups of GG;’s by decomposing a finite covering of a presentation complex for
G.

We first show additivity for a free product. This holds for any finitely pre-
sented group.

Theorem 5.1. For finitely presented groups G1 and Go, it holds that

Proof. We will use additivity of presentation length for a free product in Corol-
lary 2.8. Write G = G * Go. We first show that T (G) < Too(G1) + Teo (G2).
For i = 1,2, let P; be presentation complexes for G;. Take d;-index subgroups
H; of G;. Let P; denote the coverings of P; corresponding to H;. Since each
P; has d; vertices, we can glue dy copies of P, and d; copies of P along the
vertices to obtain a djda-sheet covering PP of P1 V . The wedge sum P V P,
is a presentation complex for G. Then 71(P) is isomorphic to a free prod-
uct Hy d2 4 H;dl x F), where F} is a free group. Corollary 2.8 implies that

T(m(P)) =dy-T(Hy) + dy - T(Hs). Therefore

T(ﬂ—l(ﬁ))_T(Hl) T(H>)
e A R

Since we took Hy and Hs arbitrarily, we obtain that Teo (G) < Too(G1)+Teo(G2).

Conversely, we show that T, (G1) + Too(G2) < T (G). Let P; be as above.
P = PV P, is a presentation complex for G. Take a d-index subgroup H of G.
Let P denote the covering of P corresponding to H. P is homotopic to

PV VP VP VeV Py, VStV v ST

where P;; is a covering of FP;. Let d;; be the degree of the covering P;; — F;.
Then 370, dij = 377, daj = d. Since H = m1(P) is isomorphic to

1 (P11) %« x w1 (Pry) # w1 (Pap) * - - - % 1 (Pan ) * Fg,
Corollary 2.8 and Proposition 3.3 implies that

T(H) =T (m1(P1)) + -+ T(m1(Pim)) + T(m1(Po1)) + -+ + T(m1(Pan))
>di1  Too(m1(Pr)) + -+ + dim - Too(m1(P1))
+dot - Too(m1(P2)) + -+ - 4 dop, - Too(m1(P2))
—d- Too(G1) + d - Too(G).

T
Therefore Too (G1) + Too(G2) < % Since we took H arbitrarily, we obtain

that Too(G1) + Too (Ga) < Too(G). O

Before we show additivity for the JSJ decomposition, we show that the stable
presentation length for a Seifert 3-manifold vanishes.

Theorem 5.2. For a compact Seifert 3-manifold M,

Too (M) = Too (M;OM) = 0.
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Proof. Since a Seifert 3-manifold can be regarded as an S'-bundle over an 2-
orbifold, M is covered by an S'-bundle over a surface. Hence we can assume
M is an S'-bundle over a compact surface.

If M has boundary, M is a product of S' and a surface. Then M admits
a d-sheeted covering homeomorphic to M for any d < 1. This implies that
Too(M) = Too(M;0M) = 0 by Proposition 3.3.

We consider an S'-bundle over a closed surface ¥, of genus g. Homeo-
morphic class of an S'-bundle over Y4 is determined by the Euler number
e. Let M(X,,e) denote the S'-bundle over ¥, of the Euler number e. Since
m1(M(S?,¢e)) is finite or isomorphic to Z, we have T, (M (S?,¢e)) = 0. Suppose
g>1. m(M(X4,e)) has a presentation

<$1;y17 e vxgvygaZHxlayl] e [xgvyg}ze, [.’EZ‘,Z], [ylaz] (1 S { S g)>7

where x;,y;’s are corresponding to generators of the fundamental group of the
base surface and z is a generator of the fundamental group of the ordinary fiber,
and [z, y] denotes the commutator xyz~ty~t. Therefore

T(m(M(Xg,¢))) < 89+ e| — 2.

For any integer d > 1, M(X,,e) admits M (X, ,de) as a d-sheeted covering
along the base space, where ¢’ = d(g — 1) + 1. Furthermore, M (X, , de) admits
M(Xg,e) as a d-sheeted covering along the fiber direction. Thus we obtain a
d?-sheeted covering M (X,,e) — M(Z,,e). Hence

T(m(M(5g,¢) _ 8(dlg—1)+1) + e[ ~2
d? - d? ’

The right hand side converges to zero when d increases. O

Too(m (M (g, €))) <

Finally we show additivity for the JSJ decomposition.

Theorem 5.3. Let M be an irreducible 3-manifold. Suppose M = My U---UMj,
is the JSJ decomposition. My, ..., M}, are compact 3-manifolds with incompress-
ible torus boundary. Then

Proof. We remark that the fundamental group of a compact 3-manifold is resid-
ually finite by Hempel [Hem87] and the geometrization.

We first show that Too (M) < Too(My) + -+ + Too(M},). Take d;-sheet cov-
erings f;: M — M; for 1 <4 < h. Then there exists an integer p independent
of ¢ and coverings g;: N; — M; such that f; o g;: N; — M, is a p-characteristic
covering, i.e. the restriction of the covering on each component of dM; is the
covering corresponding to pZ X pZ < Z x Z [FFM12, Proposition 4.7]. We can
glue copies N;; of N; along boundary to obtain a d-sheeted covering f: N — M.
Then fﬁl(Ml) = N11 y---u N7lz Each COPY Gij - Nij — ]/\/\[; of gi is a d/lldr
sheeted covering. N = Ui, j N;j is the JSJ decomposition. Therefore we obtain
that

T(m1(N); {m1(0N;)}) <D T(Nyj; ONj)

.9

d  ~ d ~
< L. ) — .. .
< - idiT(Ml,aMl) % diT(Ml,aMl)
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by Proposition 2.5. Hence

Too (m1 (M); {m1(0M;)}) <

Tﬂ'l N, 1 6Nz-j T]\Z,aj\z
( (){d( )})Szi:(di)'

Since we took J\f/j2 arbitrarily, we obtain that

Too (m (M); {1 (0M;)}) < ZTDO(AZ;MZ).

Furthermore, Too (M) = Too(m1(M); {m1(0M;)}) and TOO(J\Z) = TOO(J\Z;GJ\Z)
by Theorem 4.2.

Conversely, we show that Too(M1) + -+ + Too(Mp,) < Too(M). Take a d-
sheet covering p: M — M. Then the components M;; of p~'(M;) are the

components of the JSJ decomposition of M. Let d;; denote the degree of the
covering M;; — M;. Then Zj d;j = d. We have

J J

by definition. Theorem 2.7 implies that
%]
Therefore it holds that

T(M)
.

D Too(My;0M;) <

Since we took M arbitrarily, we obtain that

D Too(Mi; 0M;) < Too(M).

Furthermore, To, (M;) = Too (M;; 0M;) by Theorem 4.2. O

Corollary 5.4. There exists a constant K > 0 such that the following holds.
For a closed 3-manifold M, it holds that

K - Too(M) < M| < 7-Toe (M),
3

where || M| is the simplicial volume of M and V3 is the volume of an ideal
regular tetrahedron.

Proof. We can assume that M is orientable by taking the double covering. Let
M = Mi#...#M, be the prime decomposition. Each connected summand M;
is irreducible or homeomorphic to S* x S2. Let M; = M;; U---U M;;, be the
JSJ decomposition if M; is irreducible. The geometrization implies that each
JSJ component M;; is Seifert fibered or hyperbolic. Let Ny, ..., N,, denote the
hyperbolic components among M;;. Then

| M| = 1/V3(vol(N1) + - - - + vol(N,,))
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by additivity and proportionality of simplicial volume [Gro82]. Now we have
that
TOO(M) = TOO(Nl) + o 4 Too(Nim)

by Theorem 5.1, Theorem 5.2 and Theorem 5.3. Therefore we are reduced to
proving for hyperbolic 3-manifolds. A hyperbolic 3-manifold M satisfies the
above inequalities by Cooper’s inequality and Proposition 4.4. O

A Examples of stable presentation length

A.1 Surface groups

We calculate the explicit value of the stable presentation length of a surface
group, which coincides with the simplicial volume of the surface.

Theorem A.1. Let X, is the closed orientable surface of genus g > 1. Then
Too(m1(Eg)) = 49 — 4 = =2x(Z,).

Proof. If g =1, m(X,) = Z x Z has a finite index proper subgroup isomorphic
to Z x Z. Then T (m1(X,)) = 0 by Proposition 3.3.
Suppose that g > 2. Since there is a presentation

7-‘-l(zg) - <$17y1,-- '7xgayg|[xl7y1] ['Tgvyg]>7

we have T'(m1 (X)) < 4g — 2. In order to estimate from below, take a minimal
presentation complex P for m;(X,). We put a hyperbolic metric on 3,. There
exists a map f: P — X, inducing an isomorphism between their fundamental
groups. We can take f which maps every 2-cell of P to a geodesic triangle in
X,

We claim that f is surjective. If f is not surjective, there is a point p in 3, —
f(P). Then f induces an injection from 71 (Xy) to m1 (X, — {p}). Since m (X, —
{p}) is a free group and m1(X,) is not a free group , we have a contradiction.
Now area(X,) = (49 — 4)m and the area of a geodesic triangle in ¥, is smaller
than 7. Hence we obtain (49 — 4)m < 7 - T'(m1(Z)).

We finally compute 7o (m1(X3g)). Since Xg(g_1)41 covers ¥, with degree d,
T (m1(5g)) < 2T(m1(Bagg-1)11)) < 2(4(d(g — 1) + 1) — 2). Hence we obtain
that T (m1(3,)) < 49 — 4 by d — oo. Conversely, 49 — 4 < ST (71 (Sagg-1)+1))
for any d > 1 implies that 4g — 4 < T (7m1(X)). O

Theorem A.2. Let X, is the compact orientable surface of genus g whose
boundary components are Sy,...,Sy. Suppose that b > 0 and 2g — 2 + b > 0.
Then

Too(m(Eg,b); 7T1<Sl), NI | (Sb)) = T(7T1(Eg)b); 7T1<Sl), NI | (Sb))
=49 —4+2b=—-2x(3)-

Proof. ¥4 admits a hyperbolic metric with cusps Si,...,Sy. An ideal trian-
gulation of this hyperbolic surface gives a presentation complex for
(m1(Xg,6);m1(S1), ..., m1(Sp)), which consists of 4g — 4+ 2b triangles. Therefore
T(m(Eg’b);m(Sl), R 77‘(‘1(51,)) <d4g — 4+ 2b.
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In order to obtain the converse inequality, we put a hyperbolic metric with
geodesic boundary on X, ;. Take a minimal presentation complex P for
(m1(Xg,5);m1(S1),...,m1(Sp)). Let P’ be the complex obtained by truncating
P. There is a continuous map f: P’ — 3, such that f sends the truncated
section AP’ of P’ to the corresponding boundary components and f induces
an isomorphism between their fundamental groups. Then f induces a map
Df: DP' — DX, between their doubles. Since Df induces an isomorphism
between the fundamental groups, D f is surjective by the proof of Theorem A.1.
Therefore f is also surjective. After straightening f relatively to the boundary,
the 2-cells of P/ map to right-angled hexagons, whose areas are equal to . Then

(4g — 44 2b)m = area(Xyp) < 7 - T(m1(Xg); T1(S1),s - .-, m1(Sh))-

Now we have T(m1(Xg4);m1(S1),...,m(Sp)) = 49 —4 + 2b. Since these
values are already volume-like, their stable presentation lengths coincide with
their presentation lengths. O

A.2 Bianchi groups

We consider the stable presentation lengths of Bianchi groups PSL(2,0,),
where O, is the ring of integers in the imaginary quadratic field Q(v/—d),
namely,
Z[HY=4] if—d=1 mod 4
Oq = .
ZlvV—d if—d=2,3 mod 4.

It is known that the fundamental group of every finite volume cusped arith-
metic hyperbolic 3-manifold is commensurable with a Bianchi group ([NR92,
Proposition 4.1]). We give an upper bound of stable presentation lengths of
some arithmetic link components by constructing explicit presentations of their
fundamental groups. We consider them as links in 72 x [0, 1] in order to take
coverings efficiently.

A.2.1 d =3 (Figure-eight knot complement)

The figure-eight knot complement M is obtained from two ideal regular tetra-
hedra. Hence vol(M;) = 2V3 = 2.0298... and (M) = 00o(M;) = 2. m(My) is
an index 12 subgroup of PSL(2, O3).

Proposition A.3.
Too (M) < 1.

Proof. We consider a link in 72 x [0,1] constructed by gluing of the piece in
Figure 4 along faces of top and bottom, left and right. Let M; ; denote the com-
plement of this link. M; ; can be decomposed into four ideal regular hexagonal
pyramids (Figure 5). Since a union of two ideal regular hexagonal pyramids can
be decomposed into six ideal regular tetrahedra, M; ; is obtained from 12 ideal
regular tetrahedra. Hence Too (M7 1) = 6160 (M7).

Let M, be the mn-sheeted covering of M; ; which is the m-sheeted cov-
ering along s and the n-sheeted covering along ¢ as Figure 6. We obtain an
explicit presentation of my(M,, ). The generators are

LijyYijy Zigr Wigs Aijs bij7 Tn41,55 Ym41,55 Tint1s Zin+1s Tmt1,n+15 S, by
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and the relators are
Qij = YijLijz, QAij = ZijYiz, Qij = WijZij,
bij = zij+1wij, bij = WijTit1,j+15 bij = Tit1,j+1Yi+1,55
-1 -1 -1
Tm+1,j = ST1,58 5  Tm+4ln+l = STin+1S 5 Ym+1,5 = SY1,5S

—1 -1 -1
Tinrl =117, Tmaintl = ma1t o, Zing1 =tzat o, st =ts,

for 1 <i<m,1<j<mn. Therefore

T (M) < inf 6mn +4m +4n+6 _

mn m,n mn

6.

Too(Ml,l) S 1nf

|

k

Figure 4: M,

N
-
=

7

Figure 5: a decomposition of M; ;
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A

Figure 6: generators of m1(M,, )
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/—\ 211 w11 /
/ bi
\&Im Y21 Y22
a21 a22

We give another proof of Proposition A.3. M; ; has four cusps Sp, 51,52, S5,
where Sy and S; are the boundary component of T2 x [0,1]. We construct a
fundamental domain X of M; ; as a union of 12 ideal regular tetrahedra such
that Sy corresponds to a single vertex v of X (Figure 7). Then we obtain a
presentation complex for (my(Mi1);71(S1), 71(S2), 71(S3)) from the triangles
in 9X which do not contain v. Hence T'(m1(M,1);71(S1), m1(S2), 71(S3)) < 6.
Theorem 4.2 implies that

Too(My 1) = Too(m1 (My1); 11 (S1), 71(S2), 71(S3)) < 6.
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Figure 7: a fundamental domain X

A.2.2 d=1 (Whitehead link complement)

The Whitehead link complement Ms is obtained from one ideal regular octa-
hedron. Since vol(M3) = 3.6638..., (M) = 4 and 3.6 < 0, (Mz) < 4. It
is unknown whether o (Ms3) = 4 or not. m (M) is an index 12 subgroup of
PSL(2,0,).

Proposition A.4.
Too (M) < 2.

Proof. As with the above proposition, we consider a link in 72 x [0,1] (Figure
8). Let M) denote the complement of this link. M} can be decomposed into
four ideal regular square pyramids (Figure 9). Since a union of two ideal regular
square pyramids is an ideal regular octahedron, M} is obtained from two ideal
regular octahedra. Hence T, (M4) = 2T (Ma).

We obtain an explicit presentation of 71 (M3). The generators are

T11,T21, 22, Y11, Y12, Y21, G, b, 8, 1,
and the relators are

a = y11711, a = T22y11, b= y12722, b = wa2y21,

1 1 1 -1 _
To1l = ST118 -, Y21 = SY11S8 , Y12 =tyul , o =tlxoit ", st =ts.
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After we take large coverings along T2 x [0, 1] as with Proposition A.3, the
relators which does not contain s or ¢ contribute an estimate of the stable
presentation length. Therefore T (M}) < 4. O

T11 Y11

O@l C)/i/zl

Figure 8: My

WA

Figure 9: a decomposition of My

We can prove that To,(M5) < 4 by constructing a relative presentation
complex as with Proposition A.3.
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A.2.3 d =7 (Magic manifold)

The alternating 3-chain link complement M3 is called the Magic manifold (Fig-
ure 10). Mj is obtained from two ideal regular triangular prism. Since vol(M3) =
5.3334..., 0(M3) = 6 and 5.2 < 0 (M3) < 6. m1(M3) is an index 6 subgroup of
PSL(2,07) ([Thu80, Ch.6, Example 6.8.2]).

Proposition A.5.
T (Ms) < 3.

Proof. We can consider Mj as the complement of a link in 7?2 x [0,1] (Figure

11).
We obtain an explicit presentation of m1(Ms). The generators are

11,221, Y11, Y12,Q, S, t7
and the relators are

a = Yi12711, a = T11721, a4 = T21Y11,

—1 —1
To1 = ST118 7, Y12 = tynt st =ts.

After we take large coverings along T2 x [0, 1] as with the above propositions,
the relators which does not contain s or ¢ contribute an estimate of the stable
presentation length. Therefore T, (M3) < 3. O

e
&N

[/

Figure 10: the alternating 3-chain link



1 ?O?a
\/\ %12
NI o
Y11 / \
NS

Figure 11: M3

A24 d=2

Let M, denote the complement of the link in Figure 12. M} is obtained from one
ideal regular cuboctahedron ([Thu80, Ch.6, Example 6.8.10]). Since vol(My) =
12.0460... and a cuboctahedron can be decomposed into 14 tetrahedra compat-
ible to a decomposition of My, 12 < o(My) < 14 and 11.8 < o, (M3) < 14.
m1(My) is an index 6 subgroup of PSL(2,03).

Proposition A.6.
Too(My) <T7.

Proof. We can consider M, as the complement of a link in 7?2 x [0, 1] (Figure
13).
We obtain an explicit presentation of m1(My). The generators are

T11,221, Y11, Y21, Y20, 211, 212, W, U, G, b7 G S, tv
and the relators are

a = Y1111, a4 = Wyi1, a = uw, b= y20211,
¢ = 212U, ¢ = ara, c = x21b,
-1 -1 -1 -1
Tol = ST11S , Yo1 = SY118 , 212 =tzuit o, yo1r = tys0t , St ={s.
After we take large coverings along T2 x [0, 1] as with the above propositions,

the relators which does not contain s or t contribute an estimate of the stable
presentation length. Therefore T, (My) < 7. O



omplement is My

Figure 12: a link whose ¢
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N
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\»/y2b

Figure 13: My
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