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Preface

Birational geometry is a part of algebraic geometry and its goal is to classify
algebraic varieties up to birational equivalence. The minimal model program
was proposed in 1980’s and is a way to find a “simplest” variety in each
birational equivalent class. The conjectures on flips—the existence of flips
and the termination of flips—are necessary for running the program, but
they had been widely open till 2000’s. One epoch-making result was by
Birkar, Cascini, Hacon, and M°Kernan [4]. They proved that the minimal
model program works for varieties of general type. Further, they proved the
existence of flips. On the other hand, the termination of flips is still open in
general.

The minimal log discrepancy (mld for short) is an invariant of singularities
and it was introduced by Shokurov, in order to reduce the conjecture of
terminations of flips to a local problem about singularities. Recently, this
has been a fundamental invariant in the minimal model program. There
are two related conjectures on mld’s, the ACC (ascending chain condition)
conjecture and the LSC (lower semi-continuity) conjecture. Shokurov showed
that these two conjectures imply the conjecture of terminations of flips [25].

In this thesis, we focus on the ACC conjecture. For a positive integer d
and a subset I C [0, 1] which satisfies the descending chain condition, the
ACC conjecture states that the set of minimal log discrepancies

{mld,(X,A) | (X,A) is a log pair, dm X =d, Ae [,z € X}

satisfies the ascending chain condition. Here, we consider all divisor A whose
coefficients belong to I.

The ACC conjecture is known under some conditions (see Fact 1.2.4 for
details). It is known for d < 2 by Alexeev [1] and Shokurov [23]. Further,
Kawakita [12] proved that the ACC conjecture is true for smooth varieties
and a finite set 1. More generally, he proved the finiteness of the set of log
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discrepancies on a fixed variety. Precisely, he proved that the set

{mldx (X , Z diDi) | d; € I, x € X and D; are effective Cartier divisors}

becomes finite for a fixed Q-Gorenstein normal variety X and a finite set
I. The purpose of this thesis is to generalize this results to the family of
the varieties with fixed Gorenstein index (Theorem 2.1.1). Further, as a
corollary, we prove the ACC conjecture for three-dimensional canonical pairs
(Corollary 2.1.2).

Theorem 2.1.1 is proved by induction on dimg Spang(/U{1}), the dimen-
sion of the Q-vector space generated by I U {1}. In the inductive step, we
need Theorem 2.1.4, which is about perturbation of an irrational coefficient
of log canonical pairs. This theorem is a generalization of the rationality the-
orem of accumulation points of log canonical thresholds proved by Hacon,
M¢Kernan, and Xu [10, Theorem 1.11].

In Chapter 1, we define the minimal log discrepancy and we state the
ACC conjecture and the LSC conjecture. Further we list some known results
around these two conjectures.

In Chapter 2, we prove the main theorem. First, in Section 2.1, we list
the statements of the main theorem and its corollaries. Further, in Section
2.2, we list some known propositions which are necessary for the proof of
the main theorem. In Section 2.3, we study the accumulation points of log
canonical thresholds, and prove Theorem 2.3.8. The essential idea of proof
is due to the paper [10]. In Section 2.4, we prove Theorem 2.1.4. In Section
2.5, we prove the main theorem (Theorem 2.1.1) and the corollaries.
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Introduction

Notation and convention
Throughout this thesis, we work over the field of complex numbers C.

e For an R-divisor D and a subset I C R, we write D € [ when all the
non-zero coefficients of D belong to I.

e For an R-ideal sheaf 2 = [[a;” and a subset I C R, we write 2 € [
when all the non-zero coefficients r; of 2 belong to I.

e For asubset I C R, we say that [ satisfies the ascending chain condition
(resp. the descending chain condition) when there is no infinite increas-
ing (resp. decreasing) sequence a; € I. ACC (resp. DCC) stands for
the ascending chain condition (resp. the descending chain condition).

1.1 Minimal log discrepancies

We recall some notations in the theory of singularities in the minimal model
program. For more details we refer the reader [17].

A log pair (X, A) is a normal variety X and an effective R-divisor A such
that Ky + A is R-Cartier. If X is Q-Gorenstein, we sometimes identify X
with the log pair (X, 0).

An R-ideal sheaf on X is a formal product ai* - - - als, where ay, ..., a, are
ideal sheaves on X and rq,...,rs are positive real numbers. For a log pair
(X,A) and an R-ideal sheaf a, we call (X, A, a) a log triple. When A = 0
(resp. A = Ox), we sometimes drop A (resp. 2A) and write (X, a) (resp.
(X,4)).



For a proper birational morphism f : X’ — X from a normal variety X’
and a prime divisor £ on X', the log discrepancy of (X, A, a) at E is defined
as

ap(X,A a) =1+ coeffg(Kx — f*(Kx +A)) —ordg a,

where ordga := Y7, r;ordga;. The image f(E) is called the center of E
on X, and we denote it by cx(F). For a closed subset Z of X, the minimal
log discrepancy (mld for short) over Z is defined as

mldz(X,A,a) ;== inf ap(X, A, a).

Cx(E)CZ

In the above definition, the infimum is taken over all prime divisors £ on X’
with the center cx(F) C Z, where X’ is a higher birational model of X, that
is, X’ is the source of some proper birational morphism X’ — X.

Remark 1.1.1. It is known that mldz (X, A, a) is in R U {—oo} and that if
mldz (X, A, a) > 0, then the infimum on the right hand side in the definition
is actually the minimum.

Remark 1.1.2. Let D; be effective Weil divisors on X, and a; := Ox(—D;)
the corresponding ideal sheaves. When X is Q-Gorenstein and D; are Cartier
divisors, we can identify (X, > r;D;) and (X, ][] a!*). Indeed, for any divisor
E over X, we have ag(X,> r:D;) = ag(X,[]a]").

For simplicity of notation, we write mld, (X, A, a) instead of mld,) (X, A, a)
for a closed point x of X, and write mld(X, A, a) instead of mldx (X, A, a).

We say that the pair (X, A, a) is log canonical (lc for short) if mld(X, A, a) >
0. Further, we say that the pair (X,A,a) is Kawamata log terminal (klt
for short) if mld(X,A,a) > 0. When E is a divisor over X such that
ap(X,A a) <0, the center cx(FE) is called a non-kit center.

We say that the pair (X, A, a) is canonical (resp. terminal) if ag(X, A, a) >
1 (resp. > 1) for any exceptional divisor E over X.

1.2 Conjectures — the ACC conjecture and
the LSC conjecture

The ACC (ascending chain condition) conjecture was proposed by Shokurov
24, Conjecture 4.2]. This conjecture states that the set of the minimal log
discrepancies satisfies the ACC when we assume that the coefficients of the
boundary divisor belong to a fixed DCC set.



Conjecture 1.2.1 (ACC conjecture [24, Conjecture 4.2]). Fiz d € Z~¢ and
a subset I C [0,1] which satisfies the DCC. Then the following set

A(d, I) := {mld, (X, A) | (X,A) is a log pair, dim X =d, A eI, x € X}
satisfies the ACC, where x is a closed point of X.

The LSC (lower semi-continuity) conjecture was proposed by Ambro [2].

Conjecture 1.2.2 (LSC conjecture [2]). For a fized log pair (X,A), the
function
| X| = RsgU{—00}; x+— mld,(X,A)

18 lower semi-continuous.

These two conjectures are motivated by the conjecture of termination
of flips. Actually, Shokurov proved that these two conjectures imply the
termination of flips [25].

Theorem 1.2.3 (Shokurov [25]). The ACC conjecture and the LSC conjec-
ture imply the termination of flips. More precisely, the ACC' conjecture for
an arbitrary finite set I and the LSC' conjecture imply the termination of

flips.
By this reason, we are mainly interested in the case when [ is a finite set.

Fact 1.2.4. The ACC conjecture is known in each of the following cases.
(1) In the case when d = 2 [1], [23].
(2) For toric pairs [3].
(3) If I C [0,1] is a finite set, then the set

Agu(d, I) := {mld, (X, A) | (X, A) is a log pair with X smooth,
dmX =d, Ael,ze X}

is a finite set [12].

(4) If I C [0,1] is a finite set and X is a Q-Gorenstein normal variety, then
the set

AX D) = {mld, (X,) diD;) | die I,z € X

and D; are effective Cartier divisors}

is a finite set [12].



(5) If I C [0, 1] satisfies the DCC, then Ag,(3, 1) N [1, 3] satisfies the ACC
[13].

Fact 1.2.5. The LSC conjecture is known in each of the following cases.
1) In the case when dim X < 3 [2].

2) For toric pairs [2].

(1)

(2)

(3) In the case when X is smooth [7].

(4) In the case when X is a locally complete intersection variety [6].
(5)

5) In the case when X has only quotient singularities [22].

Both the ACC conjecture and the LSC conjecture imply the boundedness
of the minimal log discrepancy (BDD Conjecture). Hence, the following BDD
(boundedness) conjecture is much weaker than these two conjectures, but still
not known.

Conjecture 1.2.6 (BDD conjecture). For fized d € Z-q, there exists a
real number a(d) such that mld(X) < a(d) holds for any Q-Gorenstein d-

dimensional normal variety X .

The BDD conjecture is known only for d < 3 [20]. In arbitrary dimensions,
the conjecture is known for the family of varieties with bounded multiplicity
[11].

The main results of this thesis are the following.

Theorem 1.2.7 (= Corollary 2.1.2). Fiz d € Z~o, r € Zo and a finite
subset I C [0,1]. Then the following set

Al(d,r, 1) o= {mld, (X, diDy) | di €1, z € X,

X is a normal variety of dimension d,

rKx is Cartier and D; are effective Cartier dz’vz’sors}

18 discrete in R.

This is a generalization of Fact 1.2.4 (4). As a corollary, we prove the ACC
for three-dimensional canonical pairs.



Theorem 1.2.8 (= Corollary 2.1.3). If I C [0,1] is a finite subset, the
following set

{mld, (X, A) | (X,A) is a canonical pair, dim X =3, A€ I, x € X},

denoted by Acn(3,1), satisfies the ACC. Further, 1 is the only accumulation
point of Aan(3,1).



On minimal log discrepancies on
varieties with fixed Gorenstein index

2.1 Statements of the main theorem and the
corollaries

Kawakita [12] proved that the ACC conjecture is true for a fixed variety X
and a finite set . More generally, he proved the discreteness of the set of log
discrepancies for log triples (see Section 1.1 for the definition)

{ap(X,Aq) | (X,A,a)isle,a € I, E € Dy}

when the pair (X, A) is fixed and [ is a finite set. Here, we denoted by Dx
the set of all divisors over X. Further, a = [[a;" is an R-ideal sheaf with
coefficients r; in I. The purpose of this chapter is to generalize this result to
the family of the varieties with fixed Gorenstein index.

Theorem 2.1.1. Fiz d € Zwq, r € Z¢ and a finite subset I C [0, +00).
Then the following set

B(d,r, 1) := {ap(X,a) | (X,a) € P(d.7), a€ I, E € Dx} C [0, +c0)

is discrete in R. Here we denote by P(d,r) the set of all d-dimensional lc
pairs (X, a) such that rKx is a Cartier divisor.

Since mld, (X, a) = ag(X, a) holds for some E € Dy, we get the following
Corollary.



Corollary 2.1.2. Fiz d € Z~o, v € Z¢ and a finite subset I C [0,400).
Then the following set

A'(d,r, ) :={mld,(X,a) | X € P(d,r),ae I, z € X} C|0,+00)

is discrete in R. Here we denote by P(d,r) the set of all d-dimensional lc
pairs (X, a) such that rKx is a Cartier divisor.

Corollary 2.1.2 does not imply the finiteness of A’(d,r, I), because we do
not know the boundedness of A’(d,r,I). Hence Corollary 2.1.2 shows the
finiteness of A’(d,r,I) modulo the BDD conjecture (Conjecture 1.2.6).

As a corollary of Corollary 2.1.2, we can prove the ACC for three-dimensional
canonical pairs.

Corollary 2.1.3. If I C [0,1] is a finite subset, the following set
{mld,(X,A) | (X,A) is a canonical pair, dim X =3, A€ I, z € X},

denoted by Acan(3,1), satisfies the ACC. Further, 1 is the only accumulation
point of Acan(3,1).

Theorem 2.1.1 is proved by induction on dimg Spang(/U{1}), the dimen-
sion of the Q-vector space generated by I U {1}. In the inductive step, we
need the following theorem, which is about a perturbation of an irrational
coefficient of lc pairs.

Theorem 2.1.4. Fiz d € Z-y. Let rq,...,ro be positive real numbers
and let rg = 1. Assume that rq,...,re are Q-linearly independent. Let
Sty ..., 5t RYTY 5 R be Q-linear functions from RE+! to R. Assume that
$i(ro,...,1¢) € Rsq for each i. Then there exists a positive real number
e > 0 such that the following holds: For any Q-Gorenstein normal variety
X of dimension d and Q-Cartier effective Weil divisors D,...,D. on X,
if (X, 1<ice8i(Tos. .. re)Dy) is le, then (XY cico8i(T0s .- To—1,t)D;) s
also lc for any t satisfying |t — ro| < e. -

Remark 2.1.5. The positive real number € in Theorem 2.1.4 does not depend
on X, but depends only on d, ry,...,rs, and sq,..., Sc.

Kawakita [12] proved this theorem for a fixed variety X using a method of
generic limit, and prove the discreteness of log discrepancies for fixed X.
When ¢ = 1 and each s; satisfies s;(R%,) C R, this theorem just states
the rationality of accumulation points of log canonical thresholds proved



by Hacon, M°Kernan, and Xu [10, Theorem 1.11]. Actually, the proof of
Theorem 2.1.4 heavily depends on their argument. We also note that the
rationality of accumulation points of log canonical thresholds on smooth
varieties was proved by Kollar [16, Theorem 7] and by de Fernex and Mustata
[5, Corollary 1.4] using a method of generic limit.

2.2 Preliminaries

In this subsection, we list some known results on extractions of divisors and
on the ACC properties of the log canonical threshold. They are used in
Section 2.3.

We can extract a divisor whose log discrepancy is at most one.

Theorem 2.2.1. Let (X,A) be a kit pair, and let E be a divisor over X
such that ag(X,A) < 1. Then there exists a projective birational morphism
7:Y — X such that'Y is Q-factorial and the only exceptional divisor is E.

Proof. This is the special case of [4, Corollary 1.4.3]. m

When (X, A) is lc, we can find a modification which is dlt. We call a
log pair (X, A) divisorial log terminal (dlt for short) when there exists a log
resolution f :Y — X such that ag(X,A) > 0 for any f-exceptional divisor
EonY.

Theorem 2.2.2 (dlt modification). Let (X, A) be a lc pair. Then there exists
a projective birational morphism f Y — X with the following properties:

e Y is Q-factorial.
o (Y, Ay) is dit, where we define Ay as Ky + Ay = f*(Kx + A).
e ap(X,A) =0 for every f-exceptional divisor E.

Proof. See [8, Theorem 10.4] for instance. O

In Section 2.3, we need the following ACC properties proved by Hacon,
M¢Kernan, and Xu [10].

Theorem 2.2.3 (Hacon, M°Kernan, Xu [10, Theorem 1.4]). Fiz d € Z~
and a subset I C [0, 1] satisfying the DCC.

Then there is a finite subset Iy C I with the following property: If (X, A)
15 a log pair such that



o (X,A)isle, dmX =d, Ael, and

o there exists a non-kit center Z C X which is contained in every com-
ponent of A,

then A € I.

Theorem 2.2.4 (Hacon, M°Kernan, Xu [10, Theorem 1.5]). Fiz d € Z
and a subset I C [0, 1] satisfying the DCC.

Then there is a finite subset Iy C I with the following property: If (X, A)
1s a projective log pair such that

o (X,A)isle, dmX =d, Ael, and
[ KX—FAEO,
then A € 1.

2.3 Accumulation points of log canonical thresh-
olds

The goal of this section is to prove Corollary 2.3.9. It is a generalization of
[10, Theorem 1.11] and necessary for the proof of Theorem 2.1.4.

Usually, the log canonical threshold is defined as follows: for a lc pair
(X, A) and a Q-Cartier Z-Weil effective divisor M,

LCT(A; M) :=sup{c € Rso | (X, A+ cM) is Ic}.

However, for the proof of Theorem 2.1.4, we need to treat the case when M
is not effective. According to this reason, we introduce the new threshold set
L£4(I). Tt no longer satisfies the ACC, but we can prove the rationality of the
accumulation points (Corollary 2.3.9).

Corollary 2.3.9 easily follows from Theorem 2.3.6 and Theorem 2.3.8.
They are proved in essentially the same way of the proof of Proposition 11.5
and Proposition 11.7 in [10]. For the reader’s convenience, we follow the proof
of Proposition 11.5 and Proposition 11.7 in [10], and use as same notations
as possible.

First, we introduce some notations. For a subset I C [0, +00), we define
I, as follows:

Lo={0yU{ > ri|l€Zsogry,....,r €T}

1<i<l



This becomes a discrete set if [ is discrete. When D, are finitely many
distinct prime divisors and d;(t) : R — R are R-linear functions, then we call
the formal finite sum ), d;(t)D; a linear functional divisor.

Definition 2.3.1 (D.(I)). Fix ¢ € R5 and a subset I C [0,+00). For a
linear functional divisor A(t) =Y. d;(t)D;, we write A(t) € D.(I) when the
following conditions are satisfied:

£ m—1+f+kt
m

e Each d;(t) is equal to 1 or the form o , where m € Z-o,

fE]_,_,aIldkEZ.

e Further, f + kt above can be written as f + kt = >_.(f; + kjt), where
fi € 1U{0}, k; € Z, and f; + kjc > 0 hold for each j.

Further, by abuse of notation, we also write d;(t) € D.(I) if d;(t) satisfies the
above conditions.

The form of the coefficient d;(t) is preserved by adjunction.

Lemma 2.3.2. Fiz ¢ € Ry and a subset I C [0,1]. Let X be a Q-factorial
normal variety and A(t) = o ;. di(t)D; be a linear functional divisor on
X. Assume the following conditions:

o A(t) € D.(I), and (X, A(c)) is lc.
e dy(t) =1, and d;(c) > 0 for each i.

Let S™ be the normalization of S := Dy. Define a linear functional divisor
Agn(t) on S™ by adjunction:

(KX + A(t))lgn = KS'VL + Asu(t).
Then, Agn(t) € D.(I) holds.

Proof. The statement follows from [18, Proposition 16.6]. We give a sketch
of proof.

Let p € S be a codimension one point of S.

Suppose that (X, Dy) is not plt at p. Then p ¢ Supp D; for any i > 1
and coeff, Diffgn(0) = 0 or 1 [18, Proposition 16.6.1-2]. Hence, we have
coeff,, Agn(t) = 0 or 1 for any t.
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Suppose that (X, Dy) is plt at p. Then coeff, Diffga(0) = mT’l holds
for some m € Z-o, and mD becomes Cartier at p for any Weil divisor D
[18, Proposition 16.6.3]. Hence, coeff,, Agn(t) is the form of

o ,

m - n;
j J

nj71+fj+k‘jt
na

where is the form as in the definition of D.(I). We can prove

that such form also satisfies the condition in the definition of D.(I) by easy
calculation (cf. [21, Lemma 4.4]). O

We define £4(1), the set of all log canonical thresholds derived from co-
efficients I.

Definition 2.3.3 (£4(1)). Let d € Z- and let I C [0,+00) be a subset.
We define £4(1) C Rs¢ as follows: ¢ € £4([) if and only if there exist a
Q-Gorenstein normal varieties X, and a linear functional divisor A(¢) with
the following conditions:

o dim X < d, A(t) € D(I),
e A(a) is R-Cartier for any a € R,
e (X,A(c)) is le, and

o (X,A(c+¢)) is not lc for any € > 0, or (X, A(c —¢)) is not lc for any
e > 0.

Remark 2.3.4. When we say that (X, A) is a lc pair, we assume that A is
effective. Therefore, we say that (X, A) is not lc when A is not effective.

Further, we define ®,(I), the set of all numerically trivial thresholds
derived from coefficients /.

Definition 2.3.5 (&,4(I)). Let d € Z~o and let I C [0,+00) be a subset.
We define &,4(1) C Rsq as follows: ¢ € &4(7) if and only if there exist a
Q-factorial normal projective variety X, and a linear functional divisor A(%)
with the following conditions:

e dim X < d, A(t) € D.(I),

o (X,A(c))islc, and Kx + A(c) =0.

11



o Kx + A(d) # 0 for some ¢ # ¢ (equivalently for all ¢ # ¢).

By the following theorem, we can reduce a local problem to a global
problem.

Theorem 2.3.6. Let d > 2 and I C [0,+00) be a subset. Then, £4(I) C
&4 1(1) holds.

Lemma 2.3.7. Let ¢c € R and I C [0,+00) be a subset. Suppose that there
exists an R-linear function d(t) : R — R with the following conditions:

e d(t) € D.(I), and d(t) is not a constant function.
e d(c)=0 orl.

Then ¢ € Gy4(I) for any d > 1. Especially, % € &,4(I) holds for any d > 1,
fel1U{0}, and k € Z~y.

Proof. We can easily construct on a curve. O]

Proof of Theorem 2.3.6. Let ¢ € £4(1), and let (X, A(t)) be as in Definition
2.3.3. Assume that (X, A(c + €)) is not lc for any € > 0 (the same proof
works in the other case). We may write A(t) = ). d,;(t)D; with distinct
prime divisors D;. By Lemma 2.3.7, we may assume that d;(c) > 0 for any
i. Then A(c+ €) > 0 holds for sufficiently small € > 0.

Let f: Y — X be a dlt modification (Theorem 2.2.2) of (X, A(c)). Then
Y is Q-factorial and we can write

Ky +T + N(c) = [*(Kx + A(c)),

where A’(t) is the strict transform of A(¢), and 7" is the sum of the exceptional
divisors. Since the pair (Y,7 + A’(c)) is dlt, there exists a divisor £ on Y
such that

ap(X,A(c)) =0, ap(X,A(c+¢)<0

for any € > 0. If F is not f-exceptional, then d;(c) = 1 holds for some d;(t)
which is not identically one. In this case ¢ € &,_1(/) by Lemma 2.3.7.

In what follows, we assume that F is f-exceptional and so a component
of Supp T'. By adjunction, we can define a linear functional divisor Ag(t) on
E such that

(Ky + T+ A'(t))|g = Kg + Ag(t).

Here, Ag(t) € D.(I) holds by Lemma 2.3.2.

12



Let F' be a general fiber of £ — f(E). Define Ap(t) as
(Ke +Agp(t))|r = Kr+ Ap(t).
Then (F, Ap(t)) satisfies
e dim /' < d— 1, F is projective,
o Ap(t) € De(1),
o Kp+ Ap(c) = f*(Kx + A(c))|r =0, and
o (F,Ap(c)) is lc.

Hence (F, Apr(t)) satisfies all conditions in Definition 2.3.5 except for Kp +
Ap(d) # 0 for some ¢,

We may write A(t) = A 4+ tM with an R-divisor A and a Q-divisor
M. Write M = M, — M_, where M, > 0 and M_ > 0 have no common
components. Since ap(X,A+ (c+e)M) < ap(X,A +cM) = 0, it follows
that ordg M, > ordg M_ > 0. Possibly replacing E by other component of
T, we may assume that

ordg M_ - ordg, My < ordg, M_ - ordg M,

for any component E; C Supp7. We may take ¢; > €3 > 0 such that
ag(X, A+ (c+e)M — eaM,) = 0. Note that

e1(ordp My —ordg M_) = egordg M,
holds. Then we have

0= f"(Kx + A+ (c+e)M — eM,)|p
=Ky +T+U+ A+ (c+e)M —eM))|r
=Kr+Ap(c+e)+Ul|p _€2M-/|-|F’

where we set

U= Z(El Ol"dEj M — €9 ordEj M+)Ej.
J

Note that

€1 OI'dEj M — €9 OI'dEj M+

= ()I‘(izv—lM+<0rdE M_ - OI'dEj M+ — OrdE]. M_ - OrdE M+)

<0.

13



Therefore Kp+Ap(ct+e) = M, |p—Ul|p > oM/, |p. Since ordg My > 0, it
follows that f(£) C Supp M, and so M/, |p > 0. Therefore Kp + Ap(c+ €;1)
is not numerically trivial. O]

Theorem 2.3.8. Let d > 2 and let I C [0,400) be a finite subset. The
accumulation points of (1) are contained in Gq_1(1).

As a corollary, we can prove the rationality of the accumulation points of

e4(1).

Corollary 2.3.9. Let d € Z~( and let I C [0,+00) be a finite subset. The
accumulation points of £4(I) are contained in Spang(l U {1}), where we
denote by Spang (I U{1}) C R the Q-vector space spanned by the elements of
I and 1.

We prove a stronger statement (cf. [10, Proposition 11.7]).

Proposition 2.3.10. Let d > 2 and let I C [0,400) be a finite subset.
Further, let c € Rsy.

Suppose that for each i € Z~, there ezist ¢; € R>q, a Q-factorial normal
projective variety X;, and a linear functional divisor A;(t) on X; with the
following conditions:

e The sequence c; 1s increasing or decreasing. Further, ¢; is accumulating
to c.

e dim X; < d for each i.

o A;(t) can be written as A;(t) = A; + B;(t), where the coefficients of A;
are approaching one, and B;(t) € D, (I).

o (X;,Ai(¢;)) is le, and Kx, + Ai(¢;) = 0.
o Kx, +Ai(c,) #0 for some ¢, # ¢;.
Then, ¢ € B4_1(I) holds.

Remark 2.3.11. If ¢; € B4(1), then ¢; satisfies the above conditions. Hence,
Theorem 2.3.8 follows from Proposition 2.3.10.

In the proof of Proposition 2.3.10, we reduce to the case when X; has
Picard number one, and apply the following lemma from [10].
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Lemma 2.3.12 ([10, Lemma 11.6]). Let (X, A) be a projective Q-factorial lc
pair of dimension d and of Picard number one. Assume that Kx +A = 0. If
the coefficients of A are at least & > 0, then A has at most % components.

Proof of Proposition 2.3.10. Possibly replacing A; and B;(t), we may assume
that the coefficient of B;(t) is not identically one. We may write B;(t) =
> 1 da(t)Dy as in Definition 2.3.1.

By Lemma 2.3.7, we may assume that (I U{0}) NcZso = 0. Then we
may assume the following conditions on B;(t).

Lemma 2.3.13. We may assume the following conditions:

(1) When we write d;(t) = %ﬂkt as in Definition 2.5.1, f and k have
only finitely many possibilities.

(2) di(c;) are bounded from zero, and d;(c;) < 1 for any i,l.
(3) dil(C) > 0.
(4) The set {dy(c) | i,1} satisfies the DCC.

Proof. Since (I U{0}) N cZ~o = 0, possibly passing to a tail of the sequence,
we may assume that there exist k' € Z-y and € € R., such that for any
fi € IU{0}, k; € Z, and 1,

o fi+kjc; > 0implies f; + kjc; > € and k; > —k" unless f; = k; = 0.

Here, we note that I is a finite set.

Let d;(t) = %ﬂkt be a coefficient of B;(t). By assumption, f + kt
above can be written as f + kt = >_;(f; + kjt), where f; € I, k; € Z, and
fj + k;jc; > 0 hold for each j.

Note that f + ke¢; < 1 by the log canonicity. Since f; + kjc; > 0 implies
fj + kjei > e and k; > —k', it follows that £k is bounded from below. Since
¢; > €, it follows that £ is also bounded from above. As the set I, is discrete,
f has also only finitely many possibilities. Therefore (1) follows.

By (1), it follows that dy(c;) > min{3,e}. Hence dy(c;) are bounded
from zero. Since ¢; are distinct, by (1), possibly passing to a subsequence,
we may assume that d;(c;) # 1 (hence dy(¢;) < 1) holds for any 4,1. Thus,
(2) follows.

(3) follows from (2) and (4) follows from (1). O
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By Lemma 2.3.13 (2), possibly passing to a tail of the sequence, we may
assume that A; and B;(t) have no common components, and that |A;| =
|A; + Bi(c)].

In our setting, the following claim is important and allow the same argu-
ment in [10] to work.

Claim 2.3.14. We may assume that (X;, [A;] + Bi(c)) is lc for any i.
Proof. We may write A;(t) = A; + M; + t(N;” — N;), where N;* > 0 and

N;” > 0 have no common components. (X;, A; + M; +c;(N;* — N;7)) is lc by
the assumption.

First suppose ¢; < ¢. Note that A;+ M;+¢;N;" —cN; > 0 (Lemma 2.3.13
(3)). Hence (X;, A; + M; + ¢;N;" — ¢N;) is also le. Here, the coefficients of
M; — ¢N; satisfy the DCC (Lemma 2.3.13 (4)), and the coefficient of A; and
the sequence ¢; are increasing. Hence by Theorem 2.2.3, possibly passing to
a tail of the sequence, we may assume that (X;, [A;] + M; +cN;" — c¢N;) is
lc.

Suppose ¢; > c¢. Then (X;, A; + M; + ¢N;” — ¢;N;7) is le. Here, the
coefficients of M; + ¢N;" satisfy the DCC (Lemma 2.3.13 (4)), and the
coefficient of A; and the sequence —c¢; are increasing. Hence by Theo-
rem 2.2.3, possibly passing to a tail of the sequence, we may assume that
(X;, [A;] + M; + cNt — eN;) is le. O

Set a; := mld(X;, A;(¢;)) > 0. Possibly passing to a subsequence, it is
sufficient to treat the following two cases:

(A) a; is bounded away from zero.

(B) a; approaches zero.

Case B We treat the case when a; approaches zero from above.

STEP B-1 We reduce to the case when A; # 0 and (X;, A;(¢;)) is dlt.

We may assume a; < 1 for any i. Take an extraction m; : X! — X; of a
divisor E; computing mld(X;, A;(¢;)) = a; (Theorem 2.2.1 and 2.2.2). Then
we may write

Kxi + (1 — @) E; + T; 4+ Aj(ci) = 7 (Kx, + Ai(ci),

where T; is the sum of exceptional divisors (Note that 7; = 0 when a; > 0)
and Af(t) is the strict transform of A;(t). Then (X[, (1 —a;)E; +T; + Al(t))
satisfies the following conditions:
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o We may write (1—a;)E;+T;+Al(t) = A+ Bi(t) with all the conditions
in Proposition 2.3.10.
o 4[] = |4+ Bl(c:)] and 4] £0.
o (X/,(1—a)E;+T;+ Al(c;)) is dlt.
Hence, we may replace (X;, A;(t)) by (X[, (1 — a;)E; + T; + Al(t)).

STEP B-2 We are done if there exists a component S; C Supp|A;] such
that (Kx, + A(c))]s, Z 0.

Suppose that there exists a component S; C Supp|4;| such that (K, +
A;(c))s; # 0. By adjunction, we can define Ag, (t) as follows:

(Kx, + Ai(t))]s, = Ks, + Ag, ().
Then (5;, Ag, (t)) satisfies the following conditions:
e dimS; <d-1
o Kg, + Ag,(c) # 0 by the assumption.
o (S;,Ag,(t)) satisfies the other conditions in Proposition 2.3.10.

Hence, we may replace (X;, A;(t)) by (S;, Ag,(t)). By induction on d, it
follows that ¢ € &4 _o(1) C &4_1(1).

STEP B-3 We are doneif f; : X; — Z; is a Mori fiber space with dim Z; > 0,
and Supp A; dominates Z;.
Let F; be the general fiber of f;. We may define Ag,(t) as follows:

(KXi + Al(t))‘Fz = KFi + AFz (t)

Then (F;, Ap,(t)) satisfies all conditions in Proposition 2.3.10 except for
Kp+Ap/(c;) #0. Hence, if Kp,+Apg(c;) # 0 for some ¢}, then c € B4_5(I) C
®,4-1(]) by induction on d.

Suppose that Kp, + Ap,(c;) =0, and so K, + Ap (¢) = 0. We may write
Ap(t) = Al + Bi(t) with the conditions in Proposition 2.3.10. Note that
(Fy, Ap(c)) is lc by the same reason as Claim 2.3.14. Since the coefficients
of Bi(c) satisfies the DCC (Lemma 2.3.13 (4)), it follows that | A}] = Al by
Theorem 2.2.4. Therefore, there exists a component S; C Supp| A4; | such that
f(S;) = Z;. Since (Kx, + Ai(¢))|r, =0, Kx, + A;(c) is linearly equivalent to
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the pulled back of an R-divisor D; on Z;. As Kx, + A;(c) # 0, it follows that
D; #0, and so (Kx, + Ai(c))|s, Z 0. Therefore we are done by STEP B-2.

STEP B-4 We finish the case when (X;, A;(¢;)) is not klt (equivalently
|A;] # 0 by STEP B-1).

Suppose that (X;, A;(c;)) is not klt. Then |A;] # 0. We run a (Kx, +
Ai(¢;) — [Ai])-MMP. Since Kx, + Ai(c;) — [4i] = —|A;] is not pseudo-
effective, a (Kx, + Ai(¢;) — [A;])-MMP terminates and ends with a Mori
fiber space by [4, Corollary 1.3.3].

Let f; : X; --» X! be a step of the MMP. First suppose that f; is bira-
tional. We write

Then, (X, Al(t)) satisfies all conditions in Proposition 2.3.10 except for
K + AY(d]) 0.

Assume that Kx, + Aj(c;) = 0 (Hence, f; is a divisorial contraction). Set
D; = Kx, + Ai(c;) # 0. We may write D; — f/ f;.D; = aE, where E is the
fi-exceptional divisor, and a € R. Since D; # 0 and f;,D; = 0, we have
aEl £ 0. As f; is | A;]-positive, there exists a component T; C Supp|A;| such
that E|z, # 0. Therefore, we are done by STEP B-2.

Hence, we may assume Kx; + Aj(c;) # 0, and replace (X;, A;(t)) by
(X!, AlL(t)) and continue the MMP. The MMP must terminate with a Mori
fiber space f; : X; — Z;. If dim Z; = 0, then the Picard number of X; is one.
Therefore (Kx, + Ai(c))|r, #Z 0 for any component T; C Supp| 4, |, and we
are done by STEP B-2. Suppose dim Z; > 0. Since f; is | A;|-positive, | A; |
dominates Z; and we are done by STEP B-3.

STEP B-5 In what follows, we assume that (X;, A(c¢;)) is klt. We reduce
to the case when X; has Picard number one.

We run a (Kx, + B;(¢;))-MMP. Since (Kx, + B;(c;)) = —A, is not pseudo-
effective, a (Kx, + B;(¢;))-MMP terminates and ends with a Mori fiber space
by [4, Corollary 1.3.3].

Let f; + X; --» X] be a step of the MMP. First suppose that f; is bira-
tional. We write

Then, (X!, Al(t)) satisfies all conditions in Proposition 2.3.10 except for
Kxi + Aj(c;) #0. We prove Kx; + Aj(c;) Z 0.
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Suppose Kx; + Aj(c;) = 0. It implies that Kx; + Aj(c) = 0. Note that
(X[, Al(c)) is lc by Claim 2.3.14. Further the coefficients of B}(c) satisfies
the DCC (Lemma 2.3.13 (4)), and the coefficient of A; are approaching 1 and
|A;] = 0. It contradicts Theorem 2.2.4.

Since Kx; + Aj(c;) #Z 0, we may replace (X;, A(t)) by (X;, Aj(t)) and
continue the MMP. Then the MMP must terminate and ends with a Mori
fiber space X; — Z;. If dim Z; = 0, the Picard number of X; is one. Suppose
dim Z; > 0. Since f; is A;-positive, Supp A; dominates Z;, and we are done
by STEP B-3.

STEP B-6 We finish the case B.

Claim 2.3.15. We may assume that Kx, + A; + Bi(c) is not ample for any
i.

Proof. Assume that Kx, + A; + B;(c) is ample. We may write

Ai + Bi(t) = M; + t(N;" = Ny),

7

where Nf > 0 and N; > 0 have no common components. Further we may
write
N =n'H;, N =n; H;
with some ample divisor H; and n;,n; € Q.
First suppose ¢; > ¢. Then Ky, + A; + Bi(c) = (¢ — ¢;)(N;" — N;7) is
ample, and so n;” < n; . Then we have

+
KXZ' + M; + CNZ'+ — <Ci — (Ci — C)n—Z>NZ_ = KXi + M; + CZ'(N;_ — Nz_) =0.
n.

1

+
n;

Here, we have ¢ < ¢; — (¢; — ¢)== < ¢;, and so

K3

+
n;

0 < M;+cN;" = (¢; — (¢ — ¢)==)N; < M;+ ¢(N — Ny).
n

7

i

Since (X;, M; + ¢(N;" — N;7)) is lc by Claim 2.3.14, the new pair (Xi, M; +

7

cN = (¢ — (¢ —¢) nf)N’) is also lc, but it contradicts Lemma 2.3.13 (4)

i n i

and Theorem 2.2.4.
Suppose ¢; < ¢. Then we have n;” > n

7 )

and

0.

Ky, + M, + <ci +(c— cl-)”—g) N —eN; = Ky, + M; + ¢;(N;" — N;)
n.

(2
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Here, we have ¢; < ¢; + (¢ — ;)™ < ¢, and
[3

0< Ml + (Ci + (C — Cl)n—z+> Nj — CNZ-_ < Mz + C(Nj — NZ_)

7

Note that the first inequality follows from Lemma 2.3.13 (3). Since (X;, M;+
¢(N;"—=N;7)) is lc by Claim 2.3.14, the new pair (X;, M;+ (c;+(c—c;) " )Nt —
¢N;) is also lc, but it contradicts Lemma 2.3.13 (4) and Theorem 2.2.4. [

7 +
L

First suppose that (X;, [A;|+B;(c;)) is not le. Note that (X;, [A; |+ B;(c))
is lc by Claim 2.3.14. Set

_ sup{t € [c,¢;) | (X;, [Ai] + Bi(t)) is le}  when ¢ < ¢,
inf{t € (¢;,c] | (Xi, [Ai] + Bi(t)) is le}  when ¢; < c.

Then d; € £4(I) C B4_1(I), and limd; = lim ¢; = ¢. Therefore we are done
by induction on d.
Thus we may assume that (X;, [A;] + B;(¢;)) is le. Set e, f; € R as

Kx, + [A[I + Bl(ez) =0, Kx,+ fi [A,-I + BZ(C) = 0.

Since B;(¢;) — B;(c) is ample (Claim 2.3.15) and Kx, + A; + B;(¢;) = 0, there
are only two cases:

e ¢, >c>core <c<c,or
ec>e >corc<e; <g.

First suppose that e; > ¢ > ¢; or ¢; < ¢ < ¢;. Then Ky, + [A;] + B;(c) is
ample, and so f; < 1. Further, Since K, + A; + B;(c) is not ample, and the
coefficients of A; are approaching one, it follows that lim f; = 1. Therefore,
the set of coefficients of f;[ A;] + B;(c) satisfies the DCC (Lemma 2.3.13 (4)),
which contradicts Theorem 2.2.4.

Next suppose that ¢ > e; > ¢; or ¢ < ¢; < ¢;. Thus, we have lime; =
lime; = ¢. Suppose ¢ > e; > ¢ (the other case can be proved in the
same way), we may assume that e; < e;y; for all i or e; = ¢ for some i.
In the former case, as the sequence e; is accumulating to ¢, we may replace
(Xi, Ai(1)) by (X5, [A;]+Bi(t)). Remark that (X;, [A;]+B;(e;)) is 1c, because
both (X;, [A;] + Bi(¢;)) and (X, [A;] + Bi(c)) are lc. Note that the Picard
number of X; is one. Hence for any component of S; C Supp[A;], we have
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(Kx, + [A;] + Bi(c}))]s, #Z 0 for some ¢;. Therefore we are done by STEP
B-2. In the latter case, ¢ = e; € &,_1(I) by adjunction.

Case A We treat the case when a; is bounded away from zero.
In this case, it follows that A; = 0 and (X;, B;(¢;)) is Klt.

STEP A-1 We reduce to the case when X; has Picard number one.

Since Kx, + Bi(¢;) = 0 and Kx, + B;(c;) # 0 for some ¢}, we can take
e € R such that Kx, + B;(¢; + €) is klt (Lemma 2.3.13 (2)) and not pseudo-
effective. We run a (Kx, + Bi(¢; + €))-MMP. As Ky, + Bi(c; + €) is not
pseudo-effective, a (Kx, + B;(¢; +¢€))-MMP terminates and ends with a Mori
fiber space [4, Corollary 1.3.3].

Let f; : X; -—» X! be a step of the MMP. First suppose that f; is bira-
tional. We write

Bi(t) := fuBi(t), Ai(t) == Bi(t).

7

Then, (X!, Al(t)) satisfies all conditions in Proposition 2.3.10 except for
Ky + Aj(c;) #0. We prove Kx; + Aj(c;) # 0.

Suppose Kx: + Al(c; +¢€) = 0 (hence, f; is a divisorial contraction). We
denote D := Kx, + Ai(¢; + €), then we may write

D=D— ffi.D=akFE,

where F is the exceptional divisor and a € R. Since D is not pseudo-effective,
it follows that a < 0. It contradicts the fact that f; is D-negative.

Since Ky, + Aj(c;) # 0, we may replace (X;, A(t)) by (X}, Ai(t)), and
continue the MMP. The MMP must terminate with a Mori fiber space f; :
X, = Z;. If dimZ; = 0, then the Picard number of X; is one. Suppose
dim Z; > 0. Let F; be the general fiber of f;. Set Ag (t) by adjunction:

(KXi + Al(t))‘Fz = KFi + AFz (t)

Since f; is (Kx, + Ai(c; + €))-negative, (Kx, + Ai(¢; + €))|r #Z 0. Then
(Fi, Ap,(t)) satisfies the conditions in Proposition 2.3.10. Since dim F; <
d — 1, we are done by induction on d.

STEP A-1’ Since X; has Picard number one, by Lemma 2.3.12 and Lemma
2.3.13 (2), the number of components of B;(t) are bounded. Hence, possibly
passing to a subsequence, we may assume that the number of components of
B(t) are fixed. Since a; are bounded away from zero, the coefficients of B;(t)

21



have only finitely many possibilities (Lemma 2.3.13 (1)). Therefore, possibly
passing to a subsequence, we may assume that the coefficients of B;(t) are

fixed and of the form
m—14+f+kt

Y

m
where m € Z-o, f € 1., and k € Z. Here, m, f, and k depend on the
component but not on i.
Set

hi = sup{t > ¢; | (X;, Bi(t)) is 1e} > ¢,
h; = inf{t <¢; | (X, Bi(t)) is le} < ¢;.

7

Since h; and h; are bounded, possibly passing to a subsequence, we may

assume that the limits h* = lim 2", h™ = lim h; exist.
STEP A-2 We finish the case when ¢ > hT or ¢ < h™.
In this case, we have h™ = limh; = c or b~ = limh; = c. Since

hi, h; € £4(I) C B41(I), we are done by induction on d.

STEP A-3 In what follows, we assume that ¢ < h™ and ¢ > h™. Let
¢+ hi ¢+ h; c+ht c+h”

df = 47 g =10 gt = L d = ,
! 2 ! 2 2 2

Then d* > ¢ and d~ < c¢. Further, we may assume d* > ¢; and d~ < ¢
possibly passing to a tail of the sequence. Note that the following hold:

e If ¢; > ¢, then Ky, + B;(d") is ample.
o If ¢; < ¢, then Kx, + B;(d™) is ample.

This is because, Ky, + B;(c) is not ample by the same reason as Claim 2.3.15.
In this step, we prove that the following hold:

e If ¢; > ¢, then vol(X;, Kx, + B;(d")) is unbounded.
e If ¢; < ¢, then vol(X;, Kx, + B;(d™)) is unbounded.

Suppose that ¢; > ¢ and vol(X;, Kx, + B;(d")) is bounded from above
(the other case can be proved in the same way). Since the coefficients of
(X, Bi(d™)) are fixed, there exists m € Z such that Pm(Fx,+Bi(a+)) 1S Di-
rational for all ¢ by [10, Theorem 1.3]. But then, by [9, Lemma 2.4.2],
{(X;,B;(d")) | i € Z-o} is log birationally bounded since vol(X;, Ky, +
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B;(d")) is bounded by the assumption. Note that the coefficients of B;(d;")
are bounded from below and mld(X;, B;(d;")) is also bounded from below:

1d(X;, Bi(d)) > = —.
m( ? (Z))— 2 2

Hence by [10, Theorem 1.6], {(X;, B;(d")) | i € Z-o} turns out to be a
bounded family.

Thus, we may take an ample Cartier divisor H; on X; such that

dim X;—1 dim X;—1
T, HImNL Ky, HEm

Y

are bounded, where T; is any component of B;(t). Hence we may assume
that these intersection numbers are independent of i possibly passing to a
subsequence. We may write B;(t) = M; + tN;. As the coefficients of B; are
independent of 4, it follows that M, - HI™ X~ and N, - H™ X~ are also

constant. Since
0= (KXz —+ BZ(C'L)) . HidimXi—l — (KXZ + Mz + CzNz> . HidirnXi—l’

it follows that ¢; is also constant, a contradiction. Remark that N;-H fim Xi—1 #+
0 holds since N; # 0.

STEP A-4 By STEP A-3, the following hold:

o If ¢; > ¢, then Kx, + B;(d") is ample and vol(X;, Kx, + B;(d")) is
unbounded.

o If ¢; < ¢, then Kx, + B;(d™) is ample and vol(X;, Kx, + Bi(d™)) is
unbounded.

Suppose ¢; > ¢ (the other case can be proved in the same way). Note
that Kx, + B;(d") = Bi(d") — Bi(¢;). Then, by Lemma 3.2.2 and Lemma
3.2.3 in [10], possibly passing to a tail of the sequence, we may find g; < ¢;
and an R-divisor ©; with the following conditions:

e B;(gi) > 0 (cf. Lemma 2.3.13 (3)).
e limg; =c.

e (X;, Bi(g;) + ©;) has a unique non-klt place.
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Let ¢ : Y; — X; be a dlt modification of (X, B;(¢;) + ©;). Then we may
write
Ky, + Bi(g:) + ©; + i = ¢"(Kx, + Bi(g:) + ©),

where S; is the unique exceptional divisor, and B.(f) and ©) are the strict
transform of B;(t) and ©;. We may also write

with S; < 1 as (Xu BZ(CZ)) is klt.

Claim 2.3.16. We may assume that S; is ample and Ky, + Bi(l;) +S; =0
for some l; € [gi, ¢;).

First we assume this claim and finish the proof.
Suppose that (Y;, Bi(c;) +S;) is not le. Note that (Y;, Bi(g:) + S;) is le.
Set
ki v=sup{t € [gi,c;) | (Yi, Bi(t) + S;) is lc}.

Then k; € £4(I) € &4-1(I), and limk; = c¢. Therefore we are done by
induction on d.

Thus, we may assume that (Y;, Bi(¢;) + 5;) is le. By adjunction, we can
define B (t) as follows:

(Ky, + Bi(t) + 5i)ls, = Ks, + B/ (t).

Since (Y;, Bi(c;) + S;) is le, it follows that B/ (t) € D.,(I) by Lemma 2.3.2.
Further (S;, B! (¢;)) and (S;, BY(g;)) are le. By Claim 2.3.16, it follows that
Kg, + B/(l;) = 0 and Kg, + B/(¢;) # 0. Therefore ; € &4_1(I). Since
lim; = ¢, we are done by induction on d.

Proof of Claim 2.3.16. We run a (Ky, + B}(g;)+0©,)-MMP. Since (Y;, Bi(g;)+
©) is kIt and Ky, + Bl(g;) + ©, = —5; is not pseudo-effective, a (Ky, +
Bl(g;) + ©))-MMP f; : Y; --» W; terminates and ends with a Mori fiber
space m; : W; — Z; by [4, Corollary 1.3.3].

Let F; be the general fiber of m; and let B}”(t), ©/ and S!” be the restric-
tion of fi.BLi(t), [ix©} and f;.S; to F;. Note that S!” # 0 since every step
of this MMP is S;-positive. Further B’(t), © and S!” are multiples of the
same ample divisor. Therefore S} is ample. Since

KF'L + B://<gz) + @;H + Sz{// = O, and KFz + Bl{”(ci) + SiSZ{” = O,
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we may find
Kr, +B!"(l;) +S" =0

for some [; € [g;,¢;). Therefore, we can apply the same argument above after
replacing (Y;, B/(t) + S;) by (F;, B/ (t) + S"). -

]

Proof of Corollary 2.3.9. Since &4(I) C Spang(I U {1}), the statement fol-
lows from Theorem 2.3.6 and Theorem 2.3.8. O

2.4 Perturbation of irrational coefficients of
log canonical pairs

The goal of this section is to prove Theorem 2.1.4. The ideal setting is treated
as Theorem 2.4.1.

Proof of Theorem 2.1.4. We may write the Q-linear functions s; as

Si(Io,...,{L‘c/): Z qZ'jxj

0<j<c!

with ¢;; € Q. Since s;(rg,...,7¢) € Rso and 79, ..., are Q-linearly inde-
pendent, we can take t~, ¢t € Q with the following conditions:

e t” <ry<th, and
o s;(ro,...,me—1,t) € Rsq holds for any ¢ satisfying ¢~ <t < ¢+,

Suppose that the statement does not hold. Then there exist Q-Gorenstein
varieties X (I € Z+¢) of dimension d and Q-Cartier effective Weil divisors
D(()l)7 e DY on X® such that the following holds:

. (X(l), D icice SilT0s - - ,rc/)DZ@) is Ic, and
e limh =ru orlimh;, =ry,

where we set

hz+ ‘= sup {t >ry

(X(l), Z Si(’f‘o, ey Ter—1, t)DZ(l)) 18 lC},

1<i<c

(X0, Z si(ro, - - ,rc/_l,t)Dl@) is lc}.

1<i<c

h; :=inf {t < 7ru
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Suppose that lim h; = 7. (the other case can be proved in the same way).
We may assume that ¢t~ < h; < r». Note that

S st re D0 = 3 (v, oy, t7)DY

1<i<c 1<i<c
(t=t) > awD;”.

1<i<ce

Let
I:={si(ro,...,re_1,t7) |1 <i<c}

This becomes a finite set. Take m € Z~( such that mgq;» € Z holds for any

i. Then =1 ¢ L4(I). Hence, by Corollary 2.3.9, it follows that
T — 17
€ Spang (I U{1}) C Spang(ro,...,7e—1).
It contradicts the Q-linearly independence of rq, ..., 7ru. O

The case of the pair with ideal sheaves can be also proved.

Theorem 2.4.1. Fiz d € Z~g. Let ry,...,re be positive real numbers
and let rg = 1. Assume that rg,...,re are Q-linearly independent. Let
S1,..., 8 : RTY — R be Q-linear functions from RE*! to R. Assume that
$i(ro, ... ,1e) € Rsg for eachi. Then there exists a positive real number e > 0
with the following conditions:

e 5i(ro,...,re_1,t) >0 holds for any t satisfying |t — r«| < e.

e For any Q-Gorenstein normal variety X of dimension d and ideal
sheaves ay, ..., ac, if (X, [[,cic. 0 o (rorer) ) is e, then (X, [[cic. o q o 1’t))
1s also lc for anyt satisfying |t — ro| < e.

This theorem follows from Theorem 2.1.4 by the following lemma (cf.
[19, Proposition 9.2.28]).

Lemma 2.4.2. Fizl € Z~o. Let X be a Q-Gorenstein normal affine variety,
and let ay, ..., a. be ideal sheaves on X . Fizx general elements fi1,..., fu € a;
for each i, and let D;; = div(f;;) > 0 be the corresponding Cartier divisors.
Set D; := Z1§jgl D;;.

Then the following holds for any positive real numbers ri,...,r. < | at
most 1: the pair (X, [],,. ;") is lc if and only if the pair (X, 1 Zl<1<c riD;)
15 le.
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Definition 2.4.3. Let X be an affine variety and a an ideal sheaf. Fix
generators ¢y, ..., g. € a. Then, a general element of a is a general C-linear
combination of g;.

Proof of Lemma 2.4.2. Let b; be an ideal sheaf generated by ngjgz fij-

Then the pair (X, 7 >, ., 7:D;) is corresponding to the pair (X, [, ;. b:"/l),
o T rz/l)

i

Since b; C af, it easily follows that the log canonicity of (X, [T, b
implies the log canonicity of (X, ], Cice al).

2

Suppose that (X, [],.,c.a;’) is le. Let Y — X be a log resolution of

(X, ngigc a;'). Then we may write 0;0y = Oy (—E;) with some Cartier
divisor Ej;. Since b; C a!, we may write b;0y = ¢;Oy(—IFE;) with some
ideal sheaf ¢; C Oy. Let e; be a local generator of Oy (—FE;). Then ¢; is

generated by ngjgl gij, Where we set g;; := fijei_l € Oy. As fi,..., fq are

general elements of a;, the elements g;1, ..., g; become general elements of
Oy. Therefore Y — X is also a log resolution of (X, ][] ;. b7/"). Since
ordg,, b7/ = r,/l <1, it follows that (X, [Ticicc b7"/") is also lc. O

2.5 Proof of main theorem and corollaries

Theorem 2.1.1 can be proved by the induction on dimg Spang (/U {1}). The
same argument essentially appears in [12].

Proof of Theorem 2.1.1. 1t is sufficient to prove the case when 1 € I. Let
ro = 1,71,...,7. beall the elements of I. Set ¢’+1 := dimg Spang(1,71,...,7¢).
Possibly rearranging the indices, we may assume that rg,...,ry are Q-
linearly independent. We may write r; =) <j<e QT with ¢;; € Q.

We prove by induction on ¢’. If ¢ = 0, we can take n € Z-y such that
I C 2Z and * € 1Z. Then B(d,r,I) C +Z and B(d,r,I) turns out to be
discrete.

Set Q-linear functions sg, ..., s. as follows:

. '+1 . — E
S; . R —>R, Si(xo,...,.fc/) = qijT;.

0<j<c/

Take € > 0 as in Theorem 2.4.1. We fix t*, ¢t~ € Q such that

tt € (ro,re +€)NQ, t €re —e1s)NQ.
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We define ry,...,r7 and ry,...,r; as

7":_ = 87;(7’0, R ,Tcl_l,t+), ri_ - Si(TD? <oy =1, t_)

Further, we set I' :== {rg,...,r5,ry,...,r.}. Then dimg Spang(I') = ¢,

y e

and so B(d,r, I') is discrete by induction.
Let (X,[[p<i<cc®i’) € P(d,r), and let E be a divisor over X. Since

(2

*

(X, Tlocicc@i) is 1o, (X, TTocive a;') is also lc for each * € {+, —}. Hence we
have

0 S aE(X, H a::)

0<i<c
T *
=ap(X, H a;') — (1 —7re) Z i ordp a;.
0<i<c 0<i<c

Therefore, either of the following holds:
© 0< Y e tic ordg a; < € ap(X, [[ocic 07", Or

i _E:IQE(Xa Hogigc a;') < Zogz‘gc i 0rdp a; <0,

where we set €, :=r} —ry and e_ :==1ru — 1.
It is sufficient to show the discreteness of B(d, r, 1)N[0, a] for any a € R-,.
Take n € Z~( such that ¢;v € %Z holds for any 7. Then, it is sufficient to

prove that B(d,r, 1) N0, a] is contained in
1
{b+ere|beB(drI)ec=-2ZN[0,e al}
n
1
U{b—c_e|be B(d,rI)ec EZm [—€e_"a,0]}.

In fact, this set becomes discrete because B(d,r,I') is discrete, and both
17.110,e7'a] and 1Z N [—e ", 0] are finite.
Let (X,[[p<icc®i') € P(d,t), and E a divisor over X. Assume that

ap(X, Hogigc a;') € [0,a] holds. Further, suppose Zogigc Gie ordpa; > 0

1
(the other case can be proved in the same way). Then, we have

+
CLE(X, H Cl:l) :(IE(X, H a:i )"’(Tj, —TC/) Z Gic' OI'dE a;.
0<i<c 0<i<c 0<i<c

Here, we have

+
T

° a’E<X7HO§i§cai )€ B(d,r,I'),
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o 1l —ry=¢;, and
d Zogigc i ordp a; € %Z N[0, e;la].
We complete the proof. O

Proof of Corollary 2.1.53. Note that Ac.n(3,1) C [1,3] holds (cf. [15], [20]).
We prove that for any a > 1, the set

Acan(3, 1) N [a, +00)

is a finite set.

By the classification of three-dimensional Q-factorial terminal singulari-
ties (see [15], [20]), the minimal log discrepancy of a three-dimensional ter-
minal singularity is equal to 1 + 1/r (r € Z-p) or 3. In the case when
mld, (X) = 3, the Gorenstein index of X at x is 1. If mld,(X) =1+ 1/r,
the Gorenstein index of X at z is r. Further, by [14, Corollary 5.2], if X has
Gorenstein index r at x € X, then rD is Cartier at x for any Weil divisor D.

Let (X,A) be a three-dimensional canonical pair satisfying A € I and
mld, (X, A) > a. By [4, Corollary 1.4.3], there exists a projective morphism
f Y — X with the following properties:

e YV is a (Q-factorial terminal variety.

e [*(Kx+ A)= Ky + Ay holds, where Ay is the strict transform on Y
of A (note that (X, A) is canonical).

Take a divisor E over X such that mld, (X, A) = ap(X,A) and cx(F) = {z}.

Suppose dimcy (£) = 0. Then mld,(X,A) = mld,(Y, Ay) holds, where
{y} = cy(£). Since mld,(Y) > mld,(Y,Ay) > a holds, the Gorenstein
index of Y at y is at most [—<|. Let I be the Gorenstein index of Y at
y. Since (D is Cartier at y for any Weil divisor D on Y, it follows that

mld, (Y, Ay) € A'(3,1,11) (see Remark 1.1.2), where we set

IR
1 1
Therefore we have

mld, (X, A) e | A’(3,l,%]),
1I<|731]
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and the right hand side is a finite set by Corollary 2.1.2.
Suppose dim ¢y (E) = 1. Then, by [2, Proposition 2.1],

mld, (Y, Ay) =1+ mld, (X, A)

holds for some y € cy(£). Since mld,(Y') > 1+ a > 2, it follows that Y has
Gorenstein index 1. Hence,

mld, (Y, Ay) € A'(3,1,1).
Therefore, we have
mld, (X, A) e =14+ A(3,1,1),

and the right hand side is a finite set by Corollary 2.1.2.
Suppose dimcy (E) = 2. Then F is a divisor on Y, and we have

mld, (X, A) =1 — coeffg Ay.

Therefore, we have

mld,(X,A)e1—1,
and the right hand side is a finite set. m
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