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ABSTRACT 

Although the wave rotor is expected to enhance the performance of micro and ultra-micro gas turbines, 
the device itself may be affected by downsizing. Apart from the immediate effect of viscosity on flow 
dynamics when size reduces, the effects of heat transfer on flow field rise in such small sizes. 

Heat transfer and its effects of wave rotor, including but not limited to the small ones, are analyzed 
and presented in this work. Only limited prior work has been conducted to explain the effects of heat 
transfer since the influence of heat transfer on wave rotors of conventional sizes seems to be 
inconspicuous, although no evidence suggests whether heat transfer is influential or not in conventional 
sizes. Therefore, as a first step, the present work aims to settle the heat transfer problem of wave rotor cell, 
in which compression and expansion take place.  

The current investigation focuses on heat transfer between internal flow passage and its surrounding 
wall of 3-D single cell of through-flow wave rotor. Conjugate heat transfer boundary treatment that 
simulates unsteady heat transfer across fluid-solid interface is employed to analyze heat transfer. To 
simulate typical internal flow dynamics and heat transfer in wave rotor cell, conjugate heat transfer 
module is integrated into the existing in-house code that was developed to analyze internal flow dynamics 
of wave rotor cell. Verifications of the code are conducted for unsteady conduction problem, shock tube 
convective heat transfer problem, and internal flow dynamics and heat transfer associated with wave-
rotor-like flow field that is designed to reflect essential characteristics of flow field in wave rotor cell and 
realized by experimental test run. 

The situation that the whole cell is thermally insulated from outside is the major concern in this work. 
With the light shed by delving into heat flux distribution and by comparing adiabatic case and heat 
transfer case in conventional size and small size, this work presents investigations of causes of intense 
heat flux, as well as effects of heat transfer on internal flow field, charging processes and discharging 
processes for various sizes. High-speed inflows of hot gas and cold air, compressed gas and air, and shock 
waves are found to create noticeable heat flux at all sizes investigated. In small size, heat fluxes caused by 
primary shock wave propagating in air, expansion waves and compression wave becomes noticeable. 
When heat transfer is taken into account, states of fluid in cell before compression process are affected, 
shock waves in compression process are weaker, and corresponding changes in the charging and 
discharging processes are observed as common phenomena at all sizes investigated. A unique 
phenomenon that arrival of reflected shock wave delayed owing to considerable heat transfer effects is 
discovered at the smallest size investigated. This delay demonstrates a necessity of port degree 
modification in wave rotor design. Besides, by conducting comparison across sizes, heat transfer effects 
on charging and discharging are found to grow rapidly when reducing size from 1X size. Moreover, it is 
indicated that with an appropriate temperature assigned to the lateral boundary as uniform wall 
temperature, isothermal boundary condition that costs less computation resource may be as acceptable for 
investigation of heat transfer problem related to through-flow wave rotor. 

In addition, the elementary situation that the cell subjects to constant convective heat transfer at the 
external surface of shroud and hub walls is considered with external flow temperature of average 
temperature of ports. Since external flow temperature is close to wall temperature, heat transfer effects are 
similar to those in the situation when external surfaces of wall are adiabatic. 
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CHAPTER 1: INTRODUCTION 

1.1 General Issues of Small Wave Rotor 

1.1.1 Issues of Micro Energy System 

Small power systems like micro and ultra-micro turbomachinery have been attractive to researchers 
over the last decades [2–12]. However, since the experiences and solutions developed for turbomachinery at 
conventional scale do not necessarily work in the same way at such small scales, efforts should be made 
to realize feasible turbomachinery at micro and ultra-micro scales. Although many challenging problems 
have been solved, the development of micro and ultra-micro turbomachinery is still deterred by the poor 
efficiency of each component and some other deficiencies. For example, the low compressor efficiency 
(40~50%) and the low efficiency (1~10%) of micro-fabricated Brayton and Rankine cycle devices has 
been obtained by Müller et al. [13], whereas a total efficiency of about 5% is addressed in the performance 
study of ONERA’s research program DecaWatt [3]. 

1.1.2 Benefits of Utilizing Wave Rotor for Micro and Ultra-Micro Gas Turbine 

Wave rotor, a proposed solution for dealing with low efficiency at the small scales, is a promising 
device that can enhance gas turbine efficiency at micro and ultra-micro scales by elevating the overall 
pressure ratio. 

In contrast with using vanes and blades in turbomachinery, the wave rotor performs inter-fluid energy 
exchange by taking advantage of the travelling pressure waves. Initially proposed as pressure exchanger 
combined with gas turbine of locomotive to obtain higher compression pressure in a more economical 
way than sole turbomachinery [14], though, the wave rotor is firstly commercialized as a supercharging 
device  for diesel engine instead of supercharger and turbocharger [15], [16]. 

Since 1990s, research efforts have been focused on improving the performance of gas turbine and jet 
engine by implementing wave rotor as topping unit at NASA and MSU [17–26], as well as at ONERA and 
the University of Tokyo [27–31]. Basically, a wave rotor consists of a series of tubes (cells) arranged around 
the rotation axis and several ports charging and discharging fluid. A schematic arrangement of wave rotor 
components is shown in Fig. 1-1, and the photographs for the rotating part, including the shaft and the 
circumferential array of cells, are exhibited in Fig. 1-2. Shock, compression and expansion waves are 
generated at the ends of cells and propagate axially in the cells due to different pressures (or different 
energy density) in the ports, and thus pressure exchange between different fluids is realized by 
propagation of those pressure waves. 

Pressure exchange resulting in compression and expansion is based on direct energy exchange 
between high-pressure hot gas and low-pressure cold air. At small scales when heat management becomes 
critical, the cell does not have to tolerate the peak temperature, and this feature undoubtedly facilitates the 
heat management. 
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Fig. 1-1 Schematic of wave rotor components and arrangements 

Fig. 1-2 Photographs of rotating components of wave rotor 

Furthermore, wave rotor is supposed to suffer much less compression efficiency drop as size reduces 
[32]. And thereby, at small scale, when compression and expansion are more efficient than in 
turbomachinery, integration of wave rotor is expected to be useful, and higher optimum pressure ratio is 
attainable. As is known, the performance of gas turbine is primarily determined by the cycle pressure ratio 
and the turbine inlet temperature. For micro compressor, not only the efficiency is low but also the 
optimum pressure ratio is as low as 2 [13]. With wave rotor topped, optimum cycle pressure ratio can be 
elevated and the inlet pressure of turbine can be lifted without changing the turbine inlet temperature that 
is restricted by materials technology and costs. The schematic thermodynamic cycles of gas turbines with 
and without wave rotor topping are depicted in Fig. 1-3, using which the benefits of wave-rotor-topping 
cycle can be explained. The well-known Brayton cycle in baseline gas turbine consists of compression 
process in compressor (state 0 ~ state 1), constant-pressure combustion in combustor (state 1 ~ state 4’), 
and expansion process in turbine (state 4’ ~ state 5), corresponding to the arrangement of gas turbine 
components described in Fig. 1-4. When wave rotor is incorporated (Fig. 1-5), it is located downstream 
the compressor, upstream the turbine, and parallel with the combustor. Thereupon, the cycle with wave 
rotor topped in the T-S diagram (Fig. 1-3) consists of two more processes: one for compression (state 1 ~ 
state 2) and the other for expansion (state 3 ~ state 4). Since the air is further compressed, given the same 
initial states at point 0 and the same compression process in compressor (state 0 ~ state 1), the combustion 
is executed at a greater pressure (state 2 ~ state 3) than in baseline, and the cycle peak temperature T3 at 
state 3 is also higher than T4’ at state 4’ in baseline. Admittedly, the change in inlet pressure of turbine 
requires certain modification of the design of baseline turbine; but, positively and more importantly, the 
greater inlet pressure helps improve the efficiency of turbine. As a result of the topping cycle, the 
optimum cycle pressure ratio and the cycle peak temperature can be raised by wave rotor topping. 

   
(a) Assembly of shaft and cells (b) Array of cells (c) Axial view of cells 
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Meanwhile, pressure gain of P4, topped−P4’, baseline can be achieved with identical turbine inlet temperature T4 
= T4’. 

Moreover, the cell in which the pressure exchange comes about can be manufactured easily as straight 
duct as long as the cell does not contribute to compression or expansion like a vane or blade but just 
provides with a room for compression and expansion, and this feature is also fit for small scale. 

In the wake of the potential capability of elevating optimum cycle pressure ratio and cycle peak 
temperature for gas turbines at micro and ultra-micro scales, the research group of the University of 
Tokyo has conducted extensive investigations on micro wave rotor, which is envisioned to be 
incorporated to a micro or ultra-micro gas turbine, by means of both numerical simulations and 
experimental tests [33–39]. 

 T 

S 

 Baseline 
 Wave Rotor Topped 

T3 

T4 = T4’ 
 

1 

2 

3 

4 

0 

5 

4’ 

P4, topped 

P4’, baseline 

 Compression process Expansion process C E 
 

Fig. 1-3 T-S diagram of thermodynamic cycle for both baseline gas turbine 
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1.2 Operating Principles 

Many kinds of wave rotor cycle can be conceived and designed by varying the conditions for pressure 
wave generation, and a variety of wave rotor configurations have been designed, investigated and 
developed for diverse purposes. For example, the port number could be three [40–42] or four, the flow type 
could be through-flow or reverse-flow [16], [24], [43], the flow direction could be axial or radial [44]. The 
applications include diesel engine [16], refrigeration [45], [46], jet engine [18], [25], ultra-micro gas turbine [2], [8–11] 
and so forth [47]. 

As far as wave rotor topping gas turbine is concerned, most frequently investigated is four-port axial 
wave rotor of through-flow configuration. A typical four-port through-flow axial wave rotor for micro gas 
turbine is introduced into the thermodynamic cycle as illustrated in Fig. 1-3 and the location of wave rotor 
among gas turbine components and the flow paths can be seen in Fig. 1-5. In a through-flow 
configuration, most of the fluid flows through full length of cell (Fig. 1-6 (a)), whereas most of the fluid 
in reverse-flow configuration enters and leaves cell through the same end (Fig. 1-6 (b)). 

The schematic configuration of such through-flow wave rotor is shown in Fig. 1-7. Cells rotate 
between end plates with the shaft driven by an electrical motor or turbine’s power, and ports mounted on 
the stationary end plates are responsible for charging and discharging of fluid at fixed and relatively 
steady states. In cell, a variety of pressure waves propagate, and the flow field is highly unsteady. In the 
port, however, the flow is relatively uniform and steady. The role of rotation is to provide cell with timed 
opening to ports and shutting. Cold and low pressure air from compressor enters wave rotor cell through 
Air Low pressure port (AL), and after being compressed it departs from Air High pressure port (AH) for 
combustor. Hot and high pressure gas is exhausted from combustor and enters wave rotor cell through 
Gas High pressure port (GH), and part of it exits to the turbine through Gas Low pressure port (GL). By 
periodically exposing cells to ports of different pressures, pressure waves are generated and propagate in 
cells. 

1.2.1 Compression Process 

Wave rotor is designed to open and close at definite timings to ensure the flow field in cells proceeds 
as expected. To detail the relationship between the wave propagation and the events of opening and 
shutting of cell ends, Fig. 1-8 schematically illustrates the unwrapped view of flow field in the 
compression process. This graph translates a degree (or time) series of flow states in cells from cylindrical 
into planar, looking from radially outer side. While in Fig. 1-7 it rotates clockwise about the axis, cell in 
Fig. 1-8 moves downwards, opens to ports, and shuts. 

The cell prior to compression process is initially filled with low pressure fluid in quiescence (state 0). 
The cell moves on and the left end opens to GH port (state 1). The difference in pressure between high 
pressure gas in the GH port and low pressure fluid in the cell causes a primary shock wave (incident 
shock wave) that travels rightwards (red solid line), compressing the fluid in the cell. Right behind the 
primary shock wave (to the left side of shock wave) is the compressed fluid flowing rightwards at a speed 
lower than the primary shock wave; therefore, the contact front between the hot gas from the GH port and 
the compressed fluid moves rightwards slower than the primary shock wave (dark blue dotted line). The 
primary shock wave arrives at the right end of the cell, and then it is reflected by the end wall (between 
states 2 and 3). The right end of the cell starts exposing to the AH port at this degree. The reflected shock 
wave travels left, encounters the contact front, and moves on until arrival at the left end (states 3~5). 
Behind the reflected shock wave (to the right side of shock wave), opening of the right end of the cell to 
the AH port drives the compressed fluid moving right (states 3~6). The contact front proceeds traveling 
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right (states 4~6) and arrives at the right end at shutting (between states 6 and 7), and thus the compressed 
fluid is fully expelled to the AH port heading for combustor. The left end of the cell shuts when the 
reflected shock wave arrives (between states 5 and 6). An expansion fan (or a series of expansion waves) 
is generated by the shut, propagates rightwards (state 6), and arrives at the other end at shutting (between 
states 6 and 7). The compression process finishes. 

1.2.2 Expansion Process 

Sequentially, the cell moves on and undergoes expansion process, which is shown in Fig. 1-9. The 
right end of the cell opens to the GL port of low pressure, and thereby expansion waves are generated at 
the right end, propagate leftwards, and reducing the pressure of the compressed gas in the cell. Part of the 
expanded gas is expelled to turbine through the GL port. After the pressure in the cell declines to a certain 
level, the left end opens to the AL port and fresh air is admitted. Since both the gas and the air flow 
rightwards, the contact front between the fresh air and the expanded gas moves right, too. Then, the right 
end shuts and a compression wave is generated. The compression wave travels left and reduces the flow 
speed in the cell. It arrives at the left end at shutting, and the expansion process is halted. Together with 
the fresh air, part of the gas remains in the cell waiting for the compression process in the next wave rotor 
cycle. 
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Fig. 1-6 Schematic of flow configuration types for four-port axial wave rotor [48] 
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Fig. 1-7 Configuration of a four-port through-flow wave rotor 
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1.2.3 Overview of a Wave Rotor Cycle 

A full wave rotor cycle consists of both the compression process and the expansion process (Fig. 
1-10), accomplishes what compressor and turbine do within a sole device. It compresses the air from 
compressor, discharges the compressed air to combustor. The burnt gas returns to wave rotor, functions as 
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the driver power of shock wave in compression process. The burnt gas is expanded to a pressure level 
higher than the fresh air’s, and it is directed to turbine. In through-flow wave rotor for gas turbine, the 
burnt gas remains in the cell after expansion process will be discharged to combustor again in the next 
wave rotor cycle. The portion of such recirculation of once-burnt gas could be 30~50% [49]. 

Actions of opening and shutting of cell ends correspond to the generations and arrivals of pressure 
waves and contact fronts. Hence, the degrees of open and shut should be design in accordance with the 
characteristic lines, which are generally determined by rotations speed of the cells and the propagation 
speeds of pressures waves and contact fronts. 

1.3 Motivation: Heat Transfer Concerns 

Working fluid in cell inevitably exchanges energy with lateral wall through the interface between fluid 
and solid (Fig. 1-11), whose temperature is determined by heat transfer across the interface between 
internal fluid and solid wall of cell. That is, in practice, after start up, wall temperature varies owing to 
unremitting influence of flow field, and eventually reaches limited and cyclic oscillation under cyclic flow 
field (Fig. 1-12). Compared with oscillation of flow temperature, oscillation amplitude of wall 
temperature in limit cycle is absolutely small and can be regarded as stable because the duration of a wave 
rotor cycle is so short (see Appendix C). Meanwhile, under such definite wall temperature, flow field 
receives or releases heat energy through the interface between fluid and solid. The exact heat transfer 
potentially affects propagation speed and resultant arrival timing of pressure wave. Flow field in cells 
subjects to deviate from planned pattern when heat transfer effect is substantial, and compression and 
expansion may become less effective as a result. 

In the past researches, heat transfer and its effects were not examined in detail. The lateral boundaries 
of fluid passage were usually treated as adiabatic or in a steady-flow manner even though the internal 
flow dynamics of a wave rotor is highly unsteady [36], [50–53] (further interpretation to be presented in 
Subsection 1.4.2); and these treatments were developed and studied for conventional sizes. When 
referring to conventional sizes, Table 1-1 gives a general survey of the geometry sizes of the wave rotor 
cells used by NASA & Allison, Kentfield, GE and Comprex® as example. Regarding the enumerated 
cells at conventional scale, the length varies from 90 mm to 300 mm and the hydraulic diameter from 9 
mm to 60 mm.  

Besides, it is imaginable that in smaller cell, the effect of heat transfer on internal flow field tends to 
be greater because the surface-area-to-volume ratio gets larger. An example of small size is described also 
in Table 1-1. The length and the hydraulic diameter of the cell of the small wave rotor designed and tested 
in the University of Tokyo are 69 mm and 3.4 mm, respectively. Comparing with the small size, the 
conventional sizes are obviously larger. As size reduces, the influence on the internal flow field is 
enhanced, and an estimation of such influence is presented in Appendix B. Since port design is timed 
with rotation speed and propagation of pressure waves and contact fronts, given a fixed rotation speed and 
fixed port configurations, change in the internal flow field may vary the characteristic lines in wave 
diagram, i.e. the propagation of pressure wave and contact front, and the flow variables (like pressure, 
temperature and mass flow rate) during charging and discharging are also subject to change.  

For both reasons, at small scales the effects of heat transfer on internal flow field, and on charging and 
discharging, is potentially significant but still unbeknown. Therefore, it is necessary to treat the heat 
transfer carefully in numerical analysis for wave rotor smaller than conventional size. 
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Fig. 1-11 Axial view of a wave rotor cell  

 
Fig. 1-12 Example for evolution of wall temperature in wave rotor cell 

Table 1-1 Dimensions of cell of various wave rotors [10], [37] 

Cell dimensions (in mm) 
Conventional Size Small Size 

NASA & Allison Kentfield GE Comprex® U. Tokyo 

Axial Length L 152 280 300 93.2 69.0 

Nominal Hydraulic Diameter DH
*) 12.5 25.8 14.0 9.47 3.40 

Nominal Width W 8.75 16.8 10.0 9.00 3.92 

Radial Height H 22.0 55.9 23.1 10.0 3.00 

*) DH=2×W×H÷(W+H)       

1.4 Literature Review 

1.4.1 Wave Rotor Losses 

A mathematical model based on macroscopic balances of mass and energy, one-dimensional gas 
dynamics, and entropy production for wave rotor was developed by Welch, in which the following loss 
mechanisms were considered [54]: 

1. Non-uniform mixing loss in port, which concerns diffusion of momentum driven by non-
uniform velocity profile in port. 

2. Viscous losses in boundary layer inside port and cell. 

3. Blockage. As can be seen in Fig. 1-2, cells are divided by walls. When fluid flows axially 
from port to cell, the finite blade thickness provides blockage that produces total pressure 
loss and reduces mass flow rate because of less flow area. 
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4. Gradual opening and closing, referred as partial opening on occasion. The schematic in Fig. 

1-13 illustrates the statuses of cell ends in partial opening or full opening to port. As the cells 
rotates, a cell end experiences close – partial open – full open – partial open – close, and 
thereby the cell end gradually opens to port or closes. Gradual opening and closing causes 
oblique shock wave during partial opening (time = 0.031 in Fig. 1-14), which is reflected on 
the opposite side, and thus the density profile (as well as the pressure profile) behind the 
primary shock wave may be non-uniform (time = 0.5 in Fig. 1-14). Besides, the contact front 
between gas and air is distorted (also time = 0.5 in Fig. 1-14). 

5. Incidence loss caused by non-uniform velocity profile of inflow from port, which is 
illustrated in Fig. 1-15. 

And some other effects adversely impacting wave rotor performance were commented as influential 
factors though neglected. They are 

6. Viscous losses in rotor wake, separated flow, and rotor windage. 

7. Mixing and redistribution of hot gas and cold air caused by three-dimensional flow effects, 
which are associated with coupled phenomena caused by both gradual opening and rotation 
[55]. 

8. Heat transfer. As a thermo-fluid device, heat transfer between fluid and solid occurs 
everywhere. 

9. Leakage. As cells rotate between stationary end plates, clearance gap cannot be avoided (Fig. 
1-16 (a)). The existence of such gap allows fluidic connection between cell and surroundings 
(Fig. 1-16 (b)), and fluid movement from one cell to another as well. 

These loss mechanisms included in Welch’s model, along with three-dimensional effects, heat transfer 
and leakage, have been studied and incorporated into numerical models in manifold researches [15], [19], [20], 

[36], [37], [39], [42], [50], [53], [55–59]. 
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Fig. 1-13 Schematic of gradual opening and closing (partial open and full open) 
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1.4.2 Heat Transfer of Wave Rotor 

In 1992, a one-dimensional numerical model was developed to describe the dynamic performance of 
the wave rotor [21]. It was later improved by introducing losses related to finite passage opening time, heat 
transfer, friction, and so forth, and the numerical predictions were compared with experimental results to 
examine whether the losses were modeled properly [19], [20], [51], [57]. However, the comparisons with 
measurements were conducted to examine the code’s capability of predicting global performance: 
charging and discharging variables (pressure, temperature and mass flow rate) were compared at various 
rotation speeds. The effects of heat transfer, as well as leakage and other loss mechanisms, were not 
discussed independently. Furthermore, in this solution, to evaluate local skin friction coefficient (Cf = 
αReδ-j), empirical parameters (α & j) whose values were determined by experimental data was used, 
which required reassessment for each operating point. The Reynolds number Reδ based on the thickness 
of boundary layer δ was estimated using the analogy of Stokes first problem, and the heat transfer 
coefficient was derived from steady flow over a flat plate. 

Alternatively, Elloye et al. [50] employed Woschni’s correlation equation [60] to calculate the 
instantaneous heat transfer coefficient, and Woschni’s equation is based on steady assumption and is an 
average estimation of the whole channel. The boundary temperatures were fixed at three different values 
virtually varies from the lowest flow temperature to the highest. The influence of the three isothermal wall 
temperatures on the operation of Comprex® was presented, and the heat transfer from the compressed air 
to wall was concluded to be meaningfully influential. 

Respecting local heat transfer, transient thermal response to the movement of contact front between 
hot gas and cold air was analyzed numerically, and the transient local heat transfer rate was found to differ 
greatly from that of the quasi-steady solution [61]. Further association with internal flow field was not 
studied. 

1.4.3 Heat Transfer of Shock Tube and Microchannel 

Although it is complex and affected by many factors, flow field in wave rotor cell is intrinsically akin 
to that in shock tube. Researches on heat transfer in shock tube furnish underlying knowledge. The heat 
transfer of steady hot gas flow compressed by primary shock wave in shock tube was experimentally 
studied by Zal’Tsman et al.[62] On the other hand, numerically, a heat conduction model was developed to 
estimate the gas temperature behind the reflected wave in shock tube test for relatively long-term heat 
transfer (≥ 15 ms), and a conjugate heat transfer solution for a reflected shock test of one typical condition 
(initial argon gas of 800 K and 1 atm) was presented [63]. And the conclusions were obtained that as long 
as the shock tube inner diameter is large (> 80 mm), heat loss to wall in test time up to 20 ms or higher 
does not significantly reduce the average temperature behind the reflected shock wave, and that small 
diameters no greater than 30 mm may lead to considerable temperature loss near the reflected shock 
region. As regards the propagation of shock waves in small diameter shock tubes, viscosity and heat 
losses were found to be main causes of attenuation of shock speed and shock intensity in relatively long 
time [64]. In addition, the scaling effects in microchannel flows were explored by Yao et al. [65] In the 
detailed study of the heat transfer characteristics, the dependency of Nusselt number on Reynolds number 
and length is scrutinized, and it was summarized that when the channel is smaller than certain size (height 
of 0.3 mm in the 2D problem involved) the heat transfer effect may be significantly enhanced. 
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1.5 Objectives, Overview and Features of This Work 

The present investigation is an effort to study the effects of heat transfer across the interface between 
internal fluid and solid wall of cell on internal flow field, as well as on charging and discharging processes, 
for small wave rotors, and to clarify the effects of heat transfer as size reduces. 

Because of the essential necessity of numerically simulating the internal flow field and the heat 
transfer, the computational fluid dynamics (CFD) model is established and the conjugate heat transfer 
methodology (CHT) is employed to describe the heat transfer. The numerical scheme with conjugate heat 
transfer boundary treatment is described in Chapter 2, accompanied with fundamental verifications for 
heat conduction in solid wall and convective heat transfer in shock tube test. Further verification in 
Chapter 3 is implemented for conjugate problem in relation to complex flow field, characteristics of 
which are analogous to those in wave rotor cell flow. The results and discussions of heat transfer based on 
the numerical simulations for single wave rotor cell are presented in Chapter 4. To analyze the effects, the 
characteristics of heat flux are studied by delving into the causes of intense heat flux. Then, heat transfer 
effects on internal flow field, charging and discharging in conventional size and small size are addressed, 
and the trend across sizes is analyzed. 

Major obstacles in studying the heat transfer across internal surface of wave rotor cell are due to the 
lack of substantial understanding in the behavior of heat transfer in wave rotor cell, and the scarcity of 
experience on heat transfer modeling for wave rotor cell. As is indicated in Section 1.3 and 1.4, heat 
transfer was modeled with steady state assumptions although the flow is known to be highly unsteady; the 
loss mechanisms were accounted in performance analyses as a whole; but the characteristics of heat 
transfer were not examined. To deal with these limitations and to cover the areas not discussed, this 
investigation employs numerical CFD-CHT solution for 3-D cell flow, and the causes of intense heat flux, 
along with heat transfer effects on flow, are revealed for the first time. This work is also the first attempt 
to discuss the outstanding effects in small wave rotor, and the variation of heat transfer effects as size 
reduces. Admittedly, scientific researches in analyzing conjugate problems relating to flow in pipe / 
microchannel, in shock tube, over flat plate or in turbomachinery have been developed, and these 
researches do provide indispensable guidance on heat transfer issues. 
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CHAPTER 2: NUMERICAL SCHEME 

This chapter discusses the computational methods adopted for fluid domain and solid domain, and the 
approximate solution of conjugate interface temperature between both domains for a single cell. Through 
decades of accumulation, the numerical methodology has been developed and tested by several 
researchers [5], [66–69], and is refined by the author as well. Fundamental verifications for heat conduction in 
solid wall and convection heat transfer induced by propagation of shock wave have been implemented, 
which are also presented. 

2.1 Computational Model for Fluid Domain 

2.1.1 Governing Equations 

According to the nature of the problem in rotational cell fluid domain, three-dimensional Navier-
Stokes equations for unsteady compressible flow are employed for the flow solver. The equations of 
conservation of mass, momentum and energy are: 
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 (2.4) 

where 
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 ( )2 2 2
v

1
2

e C T u v wρ  = + + + 
 

 (2.5) 

 ( ) ( )2 2 211
2

p e u v wκ ρ = − − + + 
 

 (2.6) 

 ( ) ( ) ( )2 2 2
1 i i ix y zm ξ ξ ξ= + +  (2.7) 

 ( ) ( ) ( )2 i i ii i ix y zm u v wξ ξ ξξ ξ ξ= + +  (2.8) 

 ( ) ( )
2

2 2 2
3

1
2 Pr 1 i

am u v w µ
κ ξ

∂
= + + +

− ∂
 (2.9) 

 ( ) ( ) ( ) ( )i i i i it x y zU u v wξ ξ ξ ξ= + + +  (2.10) 

and heat capacity ratio, speed of sound, dynamic viscosity and Prandtl number are defined by the 
following equations: 

 P VC Cκ =  (2.11) 

 a pκ ρ=  (2.12) 

 Lam Turµ µ µ= +  (2.13) 

 Lam Tur TurLamPr Pr Prµ µ µ= +  (2.14) 

Substituting (ξ, η, ζ) for (ξ1, ξ2, ξ3), the coordinate transformations is expressed as follows: 

 
x y z

x y z

x y z

y z z y z x x z x y y x
J y z z y z x x z x y y x

y z z y z x x z x y y x

η ζ η ζ η ζ η ζ η ζ η ζ

ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ ξ ζ

ξ η ξ η ξ η ξ η ξ η ξ η

ξ ξ ξ
η η η
ζ ζ ζ

   − − −
   = − − −   
   − − −  

 (2.15) 

 
t x y z t

t x y z t

t x y z t

x
y
z

ξ ξ ξ ξ
η η η η
ζ ζ ζ ζ

    
    = −     

        

 (2.16) 

where the Jacobian matrix is given as follows: 

 1J x y z x y z x y z x y z x y z x y zξ η ζ ζ ξ η η ζ ξ ξ ζ η η ξ ζ ζ η ξ
− = + + − − −  (2.17) 
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2.1.2 Discretization and Turbulence Model 

Substituting ( )ˆˆ ˆ, ,E F G  for ( )1 2 3
ˆ ˆ ˆ, ,E E E  in Eq. (2.1), the partial differential equations can be 

discretized to 

 ( ) ( ) ( )( )1 1
, , , , , , , ,

ˆ ˆ ˆ ˆ1n n n n
j k l j k l j k l j k lQ Q R Q R Qλ λ+ += + + −  (2.18) 

where 

 

1 1 1 1 1 1
2 2 2 2 2 2

1 1
2 2

, , , , , , , , , , , ,
, ,

, , , ,

ˆ ˆˆ ˆ ˆ ˆ
ˆ( )

ˆ ˆ

n

j k l j k l j k l j k l j k l j k ln
j k l

n

j k l j k l

E E F F G G
R Q t

S S
t

ξ ξ ξ

ξ

+ − + − + −

+ −

 − − −
 = −∆ + +
 ∆ ∆ ∆ 

 −
 − ∆ +
 ∆ 

 (2.19) 

Trapezoidal rule is applied to the calculation of Q̂ , and central difference method is used for space 

derivative. Other major information relating to the flow solver is listed in Table 2-1. 

Table 2-1 Brief description of computational scheme for flow solver 

Governing equations 3-D compressible viscous Navier Stokes 

Flux splitting SHUS [70] and 3rd order MUSCL [71] 

Time stepping LU-ADI factorization 

Turbulence modeling Baldwin-Lomax [72] 

 

Uni-particle upwind scheme SHUS (Simple High-resolution Upwind Scheme) [70], an AUSM 
(Advection Upstream Splitting Method) [73] type scheme partially based on Roe’s FDS (Flux Difference 
Splitting) [74], is employed for flux splitting. SHUS is robust in strong expansion, and can capture a 
moving contact and cure spurious overshoot at a shock front that appeared in original AUSM case [70], [75]. 
For flow field in wave rotor cell, propagation of pressure waves including shock wave and expansion 
wave is the most important phenomenon and should be well solved. For this reason, SHUS is appropriate 
for the present flow solver. In addition, high resolution scheme MUSCL (Monotone Upstream-centered 
Schemes for Conservation Laws) approach [71] of 3rd order spatial accuracy with van Albada limiter [76] is 
used for spatial discretization. 

Seeing that the number of wave rotor cycles in numerical simulation up till convergence may grow to 
an unforeseeably large number especially when heat transfer is considered, ADI (Alternating Direction 
Implicit) method [77] with Lower/Upper decomposition is employed as implicit time-stepping scheme in 
order to perform numerical analysis with relatively large time step and to accomplish simulation in less 
computational time. 

Baldwin-Lomax model [72], an algebraic zero-equation turbulence model, is used to obtain the eddy 
viscosity. The robust model is suitable for channel flow that the fluid generally flows parallel along axial 
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direction with thin attached boundary layers and without large separation, which is the case in wave rotor 
cell. 

2.1.3 Inlet and Outlet Boundary Treatments and Leakage Treatment 

As has been addressed, during rotation, cell end opens and shuts gradually. The gradual opening and 
closing behaviors effect the generation of pressure waves and the motions of fluid. The area around the 
cell end is divided into several zones for illustration in Fig. 2-1. The area in the clearance gap consists of 
G1 exposed to the port and G2 adjacent to the end wall. Both G1 and G2 are radially connected to the 
surroundings, and axially connected to the cell fluid. Therefore, G1 and G2 act as inlet or outlet for the 
fluid domain. Virtual walls are placed at circumferential bounds of gap for the sake of single cell 
assumption that the domains of the single cell are not affected by neighboring cells. 

Grids are generated in the gap and the cell. The volumes in the gap and the cell fluid domain, except 
for those bordering the port, the end wall, the radial bound or circumferential bound of gap area, or the 
lateral wall that serve as boundary volumes, are calculated by the computational scheme for fluid domain. 
Exact Riemann solver [78] is utilized to assess the fluxes illustrated as double headed arrows between 
zones, including port ↔ G1, end wall ↔ G2, virtual wall ↔ G1, G2 ↔ virtual wall, and G1 & G2 ↔ 
surroundings. The treatments employed for radial leakage, inflow and outflow are extensions and 
modifications of Okamoto’s [29], [35–37] for the present three-dimensional single cell problem. 
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Fig. 2-1 Schematic of a moment when cell end partially opens to port 

 

2.2 Computational Model for Solid Domain 

To solve the heat transfer equation within lateral solid wall of cell, the heat conduction module is 
constituted. An example portion of the three-dimensional grid is exhibited in Fig. 2-2. For the grid point P, 
the control volume is denoted by the gray rectangular. Points E (east) and W (west) are neighbors on the x 
direction, N (north) and S (south) are on the y direction, and T (top) and B (bottom) are on the z direction. 
The faces of the control volume are marked as e, w, n, s, t, and b, and the distances between neighboring 
points are (δx)nbr (nbr∈{e, w, n, s, t, b}), accordingly. The governing differential equation can be written 
as: [79] 
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 s ,s s s sp
T T T Tc k k k S
t x x y y z z

ρ
 ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + + +    ∂ ∂ ∂ ∂ ∂ ∂ ∂    

 (2.20) 

where ρs is density, cp,s is specific heat capacity, ks is thermal conductivity, T is temperature, t is time, x, y 
and z are coordinates, and S is rate of volumetric heat generation.  

In order to briefly explicate the discretization, the simplified one-dimensional case without internal 
heat source is introduced (Fig. 2-3), for which the differential equation and the discretization equation are 
expressed as follows: 

 s ,s sp
T Tc k
t x x

ρ ∂ ∂ ∂ =  ∂ ∂ ∂ 
 (2.21) 

By integrating Eq. (2.21) over time span t ~ t+Δt and over the control volume for P in Fig. 2-3, the 
following equation is obtained: 

 s ,s s

facee faceet t t t

p
face w t t face w

T Tc dtdx k dxdt
t x x

ρ
+∆ +∆∂ ∂ ∂ =  ∂ ∂ ∂ ∫ ∫ ∫ ∫  (2.22) 

By assuming that T at P prevails throughout its control volume, temperature at t denoted by 0
PT  and at 

t+Δt denoted by 1
PT , it is obtained that 

 ( )1 0
s ,s s ,s

facee t t

p p P P
face w t

Tc dtdx c x T T
t

ρ ρ
+∆ ∂

= ∆ −
∂∫ ∫  (2.23) 

Further, by evaluating T
x

∂
∂

 from the piecewise-linear profile (Fig. 2-4), Eq. (2.22) is transformed into the 

following equation: 

 ( ) ( )
( )

( )
( )

s, s,1 0
s ,s δ δ

t t
e E P w P W

p P P
t e w

k T T k T T
c x T T dt

x x
ρ

+∆  − −
∆ − = − 

  
∫  (2.24) 

Assuming that 

 ( )1 0
wf wf1

t t

P P P
t

T dt T T tλ λ
+∆

 = + − ∆ ∫  (2.25) 

and that ks and ρscp,s are constant, given old temperature 0
nbT  of the previous step, number nb ∊ {(0) P, (1) 

E, (2) W }, dropping the superscript “1” from new temperature, new temperature of the present step Tnb 
can be derived: 
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( ) ( )
( )

( )
( )

( )
( )
( )

( )
( )

s, s,0
s ,s wf

0 0 0 0
s, s,

wf

δ δ

1
δ δ

e E P w P W
p P P

e w

e E P w P W

e w

k T T k T Txc T T
t x x

k T T k T T

x x

ρ λ

λ

 − −∆
− = − 

∆   
 − −
 + − −
  

 (2.26) 

which can be rearranged as 

 
( ) ( )

( )( )

0 0
wf wf wf wf

0 0
wf

1 1

1

P P E E E W W W

P E W P

a T a T T a T T

a a a T

λ λ λ λ

λ

   = + − + + −   
 + − − + 

 (2.27) 

where Δt time increment for a time step, λwf in the range of [0, 1] is a weighting factor, and 

 ( ) 0
wfP E W Pa a a aλ= + +  (2.28) 

 ( )
s,

δ
e

E
e

k
a

x
=  (2.29) 

 ( )
s,

δ
w

W
w

k
a

x
=  (2.30) 

 s ,s0 p
P

c x
a

t
ρ ∆

=
∆

 (2.31) 

Owing to the possibly considerable consumption of computation, fully implicit scheme (λwf = 1) is 
adopted to deal with time stepping. The discretization equation Eq. (2.27) is, then, expressed as 

 P P E E W Wa T a T a T b= + +  (2.32) 

where Eq. (2.28) is modified as 

 0
P E W Pa a a a= + +  (2.33) 

and 

 0 0
P Pb a T=  (2.34) 

 

By adopting the same method, the general discretization equation for three-dimensional diffusion can 
be written as follows: [79] 
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6

1
P P nb nb

nb
a T a T b

=

= +∑  (2.35) 

for which 

 
6

0
P

1
P nb P

nb
a a a S x y z

=

= + − ∆ ∆ ∆∑  (2.36) 

 0
s ,sP pa c x y z tρ= ∆ ∆ ∆ ∆  (2.37) 

 0 0
c P Pb S x y z a T= ∆ ∆ ∆ +  (2.38) 

where TP is the new value of temperature, neighbor number nb ∊ {(1) E, (2) W, (3) N, (4) S, (5) T, (6) B}, 
anb is the neighbor coefficient of each face of the control volume, Tnb is the neighbor temperature of each 
face of the control volume, 𝑇𝑃0is the old value of temperature, and the source terms Sp and Sc are zero for 
the present problem. The discretization equation is further developed in Section 2.4 for conjugate 
consideration. 

With respect to the boundary conditions for solid domain, at both ends of the cell, wall surfaces are 
subject to constant temperature of 890 K, an approximate temperature estimated by cell inlet velocity and 

inlet temperature in the form of  ∫ 𝑖𝑛𝑙𝑒𝑡 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 × 𝑖𝑛𝑙𝑒𝑡 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒
∫ 𝑖𝑛𝑙𝑒𝑡 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦

, as is illustrated in Fig. 2-5. The radially 

(r direction) external surfaces subject to adiabatic condition or external convective heat transfer. The 
circumferentially (θ direction) external surfaces subject to adiabatic condition or periodic condition. The 
internal surfaces compose the conjugate interface. 
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Fig. 2-2 Three-dimensional control volume of solid 
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Fig. 2-3 One-dimensional control volume of solid [79] 
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Fig. 2-4 Piecewise linear 
profile assumption [79] 

Fig. 2-5 Locations of end surfaces, external surface and 
conjugate interface 

 

2.3 Approximate Solution of Conjugate Interface Temperature 

With regard to boundary conditions at the fluid-solid interface for fluid domain and solid domain, 
conjugate heat transfer treatment is employed to determine the temperature of the fluid-solid interface. 
Brief literature study related to conjugate heat transfer is presented in Appendix D. The fluid domain and 
the solid domain are linked by the conjugate fluid-solid interface (Fig. 2-6) as boundary conditions for 
both domains. In the conjugate problem, the distribution of temperature along the interface is basically 
unbeknown. The approximate solution of conjugate interface temperature presented in this section aims to 
provide both domains with definite temperature boundary conditions at each time step. 

The present approximate solution extends the discretization equations in solid domain to the interface 
with  different material properties, which is inspired by the works of Patankar [79] and Jo et al.[80] Shown in 
Fig. 2-7 is the temperature of the interface node and its relationship with temperatures of neighboring 
nodes. The old temperature of the interface node (𝑇𝑃0) and the temperatures of its neighboring nodes (𝑇𝑛𝑏) 
in fluid domain, solid domain and at the interface contribute to updating the interface node temperature to 
new value (𝑇𝑃). Like Eq. (2.32), the relationship is described as [79] 

 P P E E W Wa T a T a T b= + +  (2.39) 

where  
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 ( )δ
e

E
e

k
a

x
=  (2.40) 

 ( )δ
w

W
w

k
a

x
=  (2.41) 

 0
P E W Pa a a a= + +  (2.42) 

 0 0
P Pb a T=  (2.43) 

 0
, P P p Pa c x tρ= ∆ ∆  (2.44) 

The problem of deciding the node temperature is the interface density ρP and the interface specific 
heat capacity cp, P in Eq. (2.44). In literature [79], equivalent conductivity written as 

 
1

1 e e
e

P E

f f
k

k k

−
 −

= + 
 

 (2.45) 

in which 

 
( )
( )

e
e

e

x
f

x
δ
δ

+=  (2.46) 

is proposed to evaluate the conductivity at face e in Fig. 2-3. In the present problem, for Eq. (2.44), as ρintf 
and cp,intf is associated with node P,  quick approximate solutions are written as 

 
1

1 P P
P

w e

f f
ρ

ρ ρ

−
 −

= + 
 

 (2.47) 

 
1

, 
, ,

1 P P
p P

p w p e

f fc
c c

−
 −

= +  
 

 (2.48) 

where 

 ( )e
P

x
f

x
δ

−=
∆

 (2.49) 

Then, with neighbor nodes in fluid domain and solid domain, the interface temperature is solved every 
step. Then both the flow solver and the solid conduction solver proceed independently with persistently 
updated interface temperature distribution as boundary condition. 
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This approximate solution is simple in formulation and it requires no effort to modify the existing 

flow solver that has been developed and tested for decades. Nevertheless, since it just provides an 
approximate of the interface temperature, verifications should be carried out for the present object of 
research in order to find out if this solution is sufficient for the present research. 

 

 

 

Solid Fluid 

Tf(x,t) 

Ts(x,t) 

Tintf(t) 

T 

x 
 

 

 
TW TE 

1st layer 
in fluid 

1st layer 
in solid 

flow solver solid solver 

······ 

intf. 

extern. 

TP 

TP
0 

intf. 

 

Fig. 2-6 Schematic of temperature 
distribution around conjugate interface 

Fig. 2-7 Interface node temperature as 
function of its old value and neighboring 

node temperatures 

 
 

2.4 Grids 

Three-dimensional orthogonal structured is used for the flow solver. A couple of grid schemes of 
121×41×41 (Axial × Radial × Circumferential), 181×81×81, and some more schemes have been 
attempted for conjugate problem of wave rotor cell of relevant scales in the present work. Calculation 
objects and boundary conditions in grid dependence study are consistent with those of conjugate cases in 
Appendix E. The results of the first wave rotor cycle are compared, and the greatest differences between 
neighboring schemes are enumerated in Table 2-2 for one of the sizes (heat flux extreme caused by shock 
wave is not considered). In fact, from 161×61×61 the greatest differences reduce to below 1%; and the 
greatest difference changes little from 181×81×81, and the maximum of y+ above lateral surfaces is lower 
than 1 in most of the time. Ultimately, 201×101×101, a conservative scheme of approximately 2 million 
nodes, is chosen after studying grid dependency of all sizes of wave rotor cell. Image for the grid of the 
whole fluid domain is displayed in Fig. 2-8, and two detailed ones are exhibited in Fig. 2-9. With this grid, 
parallel computation for a wave rotor cycle costs around 6 hours on a 12-thread i7 CPU. 

Table 2-2 Comparisons of greatest difference among relevant sizes within the first wave rotor cycle 

Grid scheme 161×61×61 181×81×81 201×101×101 241×121×121 

Grid for comparison 121×41×41 161×61×61 181×81×81 201×101×101 

Greatest difference in 
conserved quantity 0.7% 0.3% 0.1% 0.07% 

Greatest difference in 
heat flux 6% 0.3% 0.06% 0.05% 

Difference = 1 - (value in present scheme / corresponding value in scheme for comparison) 
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 r 

 
Fig. 2-8 Grid for the fluid domain of wave rotor cell 

In the solid wall, from the internal surfaces (conjugate interface) to the external surfaces, the grid 
spacing in depth grows rapidly for the concern that great momentary heat flux occurs near the conjugate 
interface while heat flux (or temperature gradient) deep in the wall is much more moderate. The distances 
between nodes in solid domain and the conjugate interface are shown in Fig. 2-10. On the remaining two 
dimensions, the nodes are aligned to those in the fluid domain which are exemplified in Fig. 2-11. 
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(a) Axial view (b) A corner 

Fig. 2-9 Grid on the end surface and around a corner 
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Fig. 2-11 Schematic of grids in fluid 
domain and solid domain around 

conjugate interface 

 

 

2.5 Convergence judgment 

During the process of calculation, in order to judge whether limit cycle is achieved, comparison in 
flow field and wall temperature between a present wave rotor cycle and its previous one is implemented at 
each time step. A wave rotor cycle is regarded as having reached limit cycle when the difference between 
the previous cycle and the present cycle is small enough: both L2 residual of flow field and maximum 
residual of normalized wall temperature are less than 1×10-5. Normalization criterion for wall temperature 
is described in Section 4.1. Naturally, convergence judgment is implemented only for the flow side, 
provided that heat transfer is not taken into account. 

 

2.6 Verification for Solid Conduction 

In order to examine its primary capability of solving the unsteady heat conduction in wall, the solid 
conduction solver is verified for an infinite plate with convection on both sides. The physical model of the 
nonsymmetrical heat transfer problem of infinite plate is illustrated in Fig. 2-12. Both side surfaces 1 and 
2 are subject to constant external convective heat transfer conditions. The thickness of the plate is δ, and x 
is the coordinate along depth direction starts as 0 on side 1. Initially, the temperature of the plate is 
uniform T0, the same as that of the fluid of side 1. Both sides’ external flows are different in temperature T 
and heat transfer coefficient h. Four cases involving combinations of different Biot numbers and final 
Fourier numbers that are shown in Table 2-3 are performed for different heat transfer intensities and 
durations. Biot number gives an indication of the relative significance of conduction and convection in 
unsteady temperature development, and Fig. 2-13 exemplifies the effect of Biot number. Low Biot 
number (Bi≪1 i.e. Bi→0) represents the situation that internal conduction prevails; Biot number near 1 
represents the situation that external convection and internal conduction are comparatively influential; and 
larger Biot number (Bi≫1) stands for the situation that external convection prevails. Fourier number (Fo 
= αt/δ2) indicates the non-dimensional time of the process. The analytical solution can be described as [1] 
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( )

( )

0

0

21 1

11 1 2

,

1 Bi Bi
cos sin exp Fo
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n n n n
n n

T x t T
Θ

T T

x A x xδ
µ δ µ δ µ

µ

∞

=

−
=

−

 +
= − + ⋅ − + +  

∑
 (2.50) 

 
1

1 1

2

sin cosBi Bi
1 sin

Bi 2sin
n n n

n n
n n

A
µ µ µ

µ
µ µ

−
   + = + +  
   

 (2.51) 

 1 1Bi /h kδ= , 2 2Bi /h kδ=  (2.52) 

 ( )
1

1 1

2 2

Bi Bi
cot 1

Bi Bi
n

n
n

µ
µ

µ

−
  

= − +  
  

 (2.53) 

under the initial condition and the boundary condition that 

 ( ) 0,0 const, 0T x T x δ= = < <  (2.54) 

 ( ) ( )1
0

0,
0, 0

T t h T T t
x k

∂
+ − =  ∂

, ( ) ( )2,
, 0f

T t h T T t
x k
δ

δ
∂

 − + − = ∂
 (2.55) 

where k is the thermal conductivity in plate. 

On the other hand, numerical simulation using solely the solid solver is performed for the same 
problem. For each case, the temperature evolutions at selected depth locations of the numerical result are 
compared with those of the analytical solution. The locations x/δ = 1×10-6 denotes a place extremely near 
the side surface 1; x/δ = 0.01 is near side surface 1 and x/δ = 0.2 is regarded as relatively nearer side 
surface 2. The comparisons are shown in Fig. 2-14. Since the solid solver merely deals with the unsteady 
conduction in the plate, it is natural for the solver to achieve the exact outcomes obtained by analytical 
solution. The capability of simulating the unsteady conduction in the solid wall is sufficient. 
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←h2, Tf 
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T(x,0)=T0 
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Table 2-3 Unsteady one-dimensional 
conduction cases 

Case Bi1 Bi2 Fofin 
a 0.049 0.093 0.040 
b 0.049 9.3 0.040 
c 4.9 0.093 0.40 
d 4.9 9.3 0.40 
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Fig. 2-12 Boundary conditions and initial 

condition of infinite plate with 
convection on both sides 

Fig. 2-13 Comparison of solid 
temperature profiles at different Biot 

numbers under fully developed flow [81] 
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Fig. 2-14 Numerical and analytical results of temperature evolutions at several depth locations in 
infinite plate 
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2.7 Verification for Shock Tube Convective Heat Transfer 

The code’s capability of unsteady heat flux prediction, especially for associated heat transfer when 
shock wave propagates in channel, is verified for a relatively large shock tube test. In this verification, the 
coupling solver composed by the flow solver and the solid conduction solver with conjugate heat transfer 
boundary treatment is put into action.  

This verification borrows a shock tube test disclosed in by Roediger et al. in literature [82], whose size 
is large and the shock wave can be regarded to be close to perfect one-dimensional shock wave. The test 
was performed to study the local heat transfer rate of shock tube wall by using fast-response heat flux 
gauges. Two different types of heat flux gauges have been employed. The specifications of the thin-film 
heat flux gauge are listed in Table 2-4. The novel heat flux gauge called Atomic Layer Thermopile 
(ALTP) that has been calibrated by the same research groups is employed to observe the transition 
mechanisms from laminar to turbulent in shock-induced flow. The commercial thin-film gauge produced 
by Shock Wave Laboratory (Stoßwellenlabor, RWTH Aachen, Deutschland) was also employed for their 
purpose of comparison between sensors.  

The experimental conditions of the related test runs are listed in Table 2-5. Ws is the propagation 
speed of the primary shock wave caused by rupture of MYLAR diaphragm, and Mas is the corresponding 
Mach number. Ma2, u2 and T2 are the Mach number, velocity and temperature in zone “2” (to be 
addressed later). Run 1 experiences noticeable transition from laminar to turbulent; only the portion 
before transition (laminar part) is associated with the concerned comparison. Run 3 is for turbulent 
situation.  

The schematic of the shock tube is shown in Fig. 2-15. The driver section is 2 m long and separated 
by a diaphragm from the driven section. The driven section is 7 m long for run 1 and 6.5 m long for Run 3. 
Inner diameter of the tube is 70 mm. The heat flux sensors are located far from the MYLAR diaphragm (6 
m in distance) to ensure that a nearly perfect shock wave has already formed when it arrives at measuring 
point. Subscripts “1”, “2” and “4” denote the zone before the passage of the primary shock wave (also the 
initial state to the right of the diaphragm), the zone after the passage of the primary shock wave, and the 
initial state to the left of the diaphragm. Initially, pressure in zone “1” is lower than in zone “4”. Rupture 
of the diaphragm induces shock wave propagating rightwards. This primary shock wave arrives at the 
right end and is reflected. The reflected shock wave travels leftwards. Between the arrivals of the primary 
shock wave and the reflected one, the heat flux history is measured. 

The time traces of heat flux at the measuring point during the arrival of the primary shock wave the 
reflected shock wave are shown in Fig. 2-16. The red line denotes the history measured by ALTP. The 
first dramatic increase of heat flux is caused by the primary shock wave. Basically, as is shown in Fig. 
2-18, after the passage of the primary shock wave, the temperature is lifted over the wall temperature. 
And owing to the new boundary layer development behind shock wave, the heat transfer coefficient 
increases drastically to a peak value and then decreases. Therefore, the heat flux jumps and then falls 
down. The second steep rise is regarded to be caused by the reflected shock wave by Roediger et al. in 
literature [82]. A sudden rise at about 3800 μs implies transition occurs since then. For the present concern, 
transition is not considered; therefore, the time span for comparison is restricted between 0 and 3800 μs. 

The blue line in Fig. 2-16 reflects the classical analytical solution of Eq. (2.56) for laminar flow over 
an isothermal plate. The black line is the numerical result for laminar flow. Both numerical result and 
measured result are not too far away from the analytical one. The discrepancy between the measured 
result and the analytical one is supposed to be caused by disturbances in the shock front and possible 
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preceding flow due to a slight asymmetric burst of the MYLAR diaphragm [82]. The numerical heat flux 
result is close to the measured one in descending rate. Besides, in the history of numerical simulation, the 
rise rate when the primary shock wave arrives and the decline rate after the passage of the primary shock 
wave are similar to those of the measured ones. 

 1/2 1/3Nu  0.332 Re Prx x= × ×  (2.56) 

In regard to the turbulent situation, the blue line in Fig. 2-17 stands for measured result. Drastic rises 
of heat flux caused by the primary shock wave and the reflected shock wave are also observed. After 
having declined from the great heat flux value caused by the passage of the primary shock wave, before 
the arrival of the reflected shock wave, the heat flux is relatively stable. Compared with the measured 
result, the numerical heat flux history fits close to the heat flux trace measured by the thin film gauge in 
the relatively stable heat flux interval, and in the arrival time of the reflected wave. Besides, the decline 
after the passage of the primary shock wave noted in the measured result is also observed in the numerical 
result, and the decline rates in both results conform with each other. 

For both test runs concerning laminar or turbulent situations, the numerical heat fluxes agree well with 
the results measured by the thin film gauge between the primary wave and the reflected wave. It is 
rational to confirm that the solver is capable of dealing with convective heat transfer in unsteady flow 
field induced by shock wave propagation. 

Admittedly, the flow field and heat transfer in shock tube test are not sufficient to represent the 
complex flow dynamics and heat transfer phenomena in wave rotor. Therefore, in order to examine its 
feasibility for complex internal flow dynamics and heat transfer in a wave rotor, the solver is verified for 
the flow field and heat transfer that are designed to resemble phenomena in wave rotor. The detailed 
verification is presented in Chapter 3. 

Table 2-4 Specifications of heat flux sensors [82] 

Sensor Active area Sensitivity ckρ  of substrate Resistance 

(Serial Number) (mm2) (GAIN = 1) (J∙cm-1∙K-1∙s-1/2) (Ω) 

ALTP (798) 0.4×2.0 182 μV/(W/cm2) 0.5246 125 

Thin Film Gauge (P-657) 0.3×0.9 3852 μV/(Ws1/2/cm2) 0.3223 28.57 

 

Table 2-5 Experimental conditions of test runs [82] 

Run Mas Ws Ma2 u2 T2 

  m/s  m/s K 

1 (Lam→Tur) 1.78 618 0.82 352 443 

3 (Turbulent) 3.28 1156 1.43 880 881 
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Fig. 2-15 Schematic of the shock tube test and the positioning of sensors [82] 
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Fig. 2-16 Evolutions of heat flux for Run 
1 at the measuring point (measured data 

acquired from literature [82]) 

Fig. 2-17 Evolutions of heat flux for Run 
3 at the measuring point (measured data 

acquired from literature [82]) 
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Fig. 2-18 Normal shock wave propagation and relevant variations of flow states 

 

 



 30 
2.8 Verification for Conjugate Interface Temperature 

Since the interface temperature that plays the role of boundary condition of both fluid and solid 
domains is obtained by the approximate solution in which the formulation is associated with two sets of 
different material properties, it is necessary to verify the numerical solution of the interface temperature 
by comparing with analytical solution.  

The schematic shown in Fig. 2-19 describes the problem in the verification.  Consider an infinite plate 
with temperature T0,1. The medium temperature is T0,2 < T0,1. At the initial moment, it is placed into the 
medium. The plate is cooled by heat conduction. [1] 

The material properties of the infinite plate ρ, cp and k are different from corresponding ones of the 
surrounding medium, and subscript 1 and 2 in Fig. 2-19 refer to the plate and the medium, respectively. 
Table 2-6 shows the material properties used for 1 and 2 in Fig. 2-19. 1(a) ~ 1 (c) covers the range of the 
material properties of fluid involved near the wall surface in the present wave rotor cell (introduced in 
Section 4.1). 1(a) corresponds to the smallest density in the wave rotor cell, 1(b) to a moderate one, and 
1(c) to the greatest. 2 denotes the solid wall. 

The problem can be described as [1] 

 ( ) ( ) ( )
2

1 1
1 2

, ,
0; 1 1

T x t T x t
t x

t x
α δ

∂ ∂
= > − < <

∂ ∂
 (2.57) 

 ( ) ( ) ( )
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2 2
2 2
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α δ
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 (2.58) 

Initial state ( ) ( )1 0,1 2 0,2,0 ,0T x T T x T= =  (2.59) 
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k
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Interface temperature ( ) ( )1 2, ,T t T tδ δ± = ±  (2.61) 
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0, 0

T t T t
x x

∂ ∂ ∞
= =

∂ ∂
 (2.62) 

where α1 and α2 are thermal diffusivities for 1 and 2, respectively, and 𝛼 = 𝑘
𝜌𝑐𝑝

; δ is half thickness of 

plate; t is time; 𝐾𝑘 = 𝑘1
𝑘2

 is ratio of thermal conductivity. 

The analytical solutions of temperature are [1] 
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where Θ is dimensionless temperature; subscript intf denotes interface; 𝐾𝜀 = 𝜀1
𝜀2

 is ratio of thermal 

effusivity and 𝜀 = �𝜌𝑐𝑝𝑘�
1 2⁄

; 𝐻 = 1−𝐾𝜀
1+𝐾𝜀

 is a dimensionless number. 

Analytical dimensionless temperature distribution as time proceeds (t and Fo increase) for 1(b) & 2 is 
shown in Fig. 2-20 as an example. The Fourier number Fo1 = 𝑎1𝑡 𝛿2⁄ . As time proceeds, the temperature 
falls down gradually. 

Short-term 

This paragraph explains the verification of the approximate solution for interface temperature 
response in very short time when the thermal boundary layer is extremely thin. As for material properties 
1(b) & 2, with the temperature distribution at Fo1 = 1.0×10-8 (t = 1.0×10-8 s) obtained by analytical 
approach as initial distribution (Fig. 2-21 and Fig. 2-22), numerical calculation with the present grid 
spacing for fluid domain and solid domain and the approximate solution of interface temperature 
described in Subsection 2.3 is fulfilled for Fo1 = 1.0×10-8 ~ 2.0×10-8, and the result is compared with that 
of the analytical approach in Fig. 2-23. Obviously, the numerical result almost coincides with the 
analytical one. Similar comparisons for material properties 1(a) & 2 and 1(c) & 2 exhibited in Fig. 2-24 
and Fig. 2-25 also shown great agreement between numerical and analytical results. 

Long-Term 

The verification of the approximate solution is presented in this paragraph for interface temperature in 
a relatively long period in order to understand the accumulative difference in a long run of numerical 
simulation of many wave rotor cycles that may be necessary before limit cycle is reached (for example, 
for 1X size wave rotor to be introduced in Section 4.1 and for material properties 1(b), the time of a wave 
rotor cycle corresponds to Fo1=4.4×10-3). For material properties 1(b) & 2, the temperature distribution at 
Fo1 = 5.8×10-2 is solved by analytical approach as initial distribution (Fig. 2-26 and Fig. 2-27). Then, 
numerical calculation similar to that described in the previous paragraph is implemented for Fo1 = 6.0×10-

2 ~ 1.0×10-1, and the result is compared with that of the analytical approach. The dimensionless 
temperature at the interface is compared for material properties 1(b) & 2 in Fig. 2-28. The absolute 
difference between numerical and analytical results ∆𝑎= |𝛩Numerical−𝛩Analytical| is around 6×10-5, and 
the relative difference ∆𝑟= |1 − 𝛩Numerical 𝛩Analytical|⁄  is around 6%. Likely, for material properties 1(a) 
& 2 and 1(c) & 2, the dimensionless temperature at the interface is compared in Fig. 2-29 and Fig. 2-30, 
respectively. The absolute differences are about 4×10-5 and 1×10-4, and the relative differences are about 2% 
and 7%, respectively. Considering the possible temperature range (400 K ~ 1300 K) of the mainstream in 
the present wave rotor cell, the absolute difference ∆𝑎 × (1300 K − 400 K) is up to 0.1 K. In addition, 
Fig. 2-31 ~ Fig. 2-33 show temperature distributions around interface (x/δ=1) at different long-term 
Fourier numbers for different material properties 1(b), 1(a) and 1(c). Since the difference in interface 
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temperature, as well as interface temperature itself, is small, the differences in temperature at other nodes 
are also limited. 
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Table 2-6 Material properties for 1 and 2 

 Density Specific heat 
capacity 

Thermal 
conductivity 

 ρ cp k 
 kg/m3 J/(kg∙K) W/(m∙K) 

1(a) 1.00 1.00×103 0.0407 
1(b) 2.80 1.00×103 0.0407 
1(c) 4.60 1.00×103 0.0407 

2 8.00×103 5.00×102 25.0 
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Fig. 2-19 Cooling a plate in an infinite medium [1] Fig. 2-20 Analytical solution of temperature distribution 

along x direction for 1(b) and 2 

  
Fig. 2-21 Initial temperature field 

obtained by analytical approach for 
short-term verification 

Fig. 2-22 Local temperature distribution 
around interface (locally enlarged view 

of Fig. 2-21) 

   

Fig. 2-23 Short-term histories of 
interface temperature of numerical and 

analytical results for 1(b) and 2 

Fig. 2-24 Short-term histories of 
interface temperature of numerical and 

analytical results for 1(a) and 2 

Fig. 2-25 Short-term histories of 
interface temperature of numerical and 

analytical results for 1(c) and 2 
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Fig. 2-26 Initial temperature field 

obtained by analytical approach for long-
term verification 

Fig. 2-27 Local temperature distribution 
around interface (lcocally enlarged view 

of Fig. 2-26) 

   

Fig. 2-28 Long-term histories of 
interface temperature of numerical and 

analytical results for 1(b) and 2 

Fig. 2-29 Long-term histories of 
interface temperature of numerical and 

analytical results for 1(a) and 2 

Fig. 2-30 Long-term histories of 
interface temperature of numerical and 

analytical results for 1(c) and 2 

   
(a) At Fo1=8.35×10-2 (a) At Fo1=2.34×10-1 (a) At Fo1=5.08×10-2 

   
(b) At Fo1=1.09×10-1 (b) At Fo1=3.06×10-1 (b) At Fo1=6.65×10-2 

Fig. 2-31 Temperature distributions 
around the interface of numerical 

(Num.) and analytical (Ana.) results 
for 1(b) and 2 

Fig. 2-32 Temperature distributions 
around the interface of numerical 

(Num.) and analytical (Ana.) results 
for 1(a) and 2 

Fig. 2-33 Temperature distributions 
around the interface of numerical 

(Num.) and analytical (Ana.) results 
for 1(c) and 2 
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CHAPTER 3: VERIFICATION FOR WAVE-ROTOR-LIKE FLOW FIELD 

AND HEAT TRANSFER 

3.1 Introduction of experiment for Wave-Rotor-Like Flow Field and Heat Transfer 

The verification taking on essential characteristics of the complex flow field in a wave rotor cell is 
performed to confirm the capability of the solver to simulate flow field and heat transfer for wave rotor 
cell. The wave-rotor-like flow field is produced by experiments, and the verification is performed through 
comparison between numerical simulation and test run. 

3.1.1 Brief Introduction of the Previous Experiment 

The experimental apparatus is developed on the basis of an existing one that was built to visualize the 
internal flow dynamics of small tubes, in which fundamental flow dynamics of wave rotor cell was 
generated [35]. The concept of the previous experiment was to produce pressure wave propagations similar 
to that in the compression process of wave rotor. Shown in Fig. 3-1 is the existing one used in the 
previous study [35] before being improved for the present research. Since the ports were openings on the 
rotating disc, the ports rotated with the rotating disc, and the cell was stationary. This configuration was 
opposite to wave rotors and the rotation effect was not taken into account. In fact, according to the 
knowledge of 3-D simulations revealed by Larosiliere [55], the rotation effect does not have large influence 
on pressure waves [35]. Moreover, only at the left end did the cell open to ports; the other end was closed. 
This configuration was designed for simplicity and the fundamental flow dynamics in the test cell is not 
much different from real wave rotor cell. [35] In the test run, high pressure air at room temperature flowed 
into cell through charging port and shock wave was generated. After that, the high pressure air in cell 
flowed out through the gap between cell and rotating disc into the surroundings when the cell end no 
longer opened to charging port. A pair of charging ports was mounted on the rotating disc, implying that 
one revolution contained two cycles. Two test sections of different lengths (168 mm and 42 mm) made of 
crystal glass were used for comparison, which are shown in Fig. 3-2. The right end is blocked with an 
unsteady pressure transducer mounted. Shock wave visualization with Schlieren method, velocity 
measurement with Laser Doppler Anemometry and stagnation pressure measurement were carried out. 
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Fig. 3-1 Equipment for investigation of internal flow dynamics [10] 
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Fig. 3-2 Test cells in the previous study [35] 

 

3.1.2 Motivation and Purpose of the Present Experiment 

Although in Section 2.7, the code is verified for pressure and heat flux related to propagation and 
reflection of normal shock wave, it is still not so persuasive when the present study attempts to cope with 
internal flow field and associated heat transfer phenomena in wave rotor cell. The shock tube test cited in 
Section 2.7 refers to perfect shock wave that travels in fluid of uniform and constant state, and the 
dimension of the shock tube is large (diameter of 70 mm). As regards shock waves in a wave rotor cell, 
the primary shock wave generated by opening cell of low pressure fluid to high pressure port is gradually 
formed by many compression waves produced by gradually opening cell to port, which is distinguished 
from the sharp shock wave in the shock tube test; and the shock waves propagates in fluids of varied 
temperature (or density), differing from the uniform fluid ahead of shock wave in the shock tube test.  

Therefore, the present research needs to examine the general performance of predicting the 
development of flow field and associated heat transfer when performing numerical simulation of wave 
rotor cell flow and heat transfer caused by complex pressure wave dynamics, and to find out if the code is 
sufficient for wave rotor cell flow and heat transfer. To satisfy this need, flow field and heat transfer 
solved by numerical simulation is compared with experimentally produced flow field and heat transfer of 
the essential characteristics of wave rotor’s flow field and heat transfer. 

The experiment aims to reproduce flow field similar to that of the compression process in wave rotor: 
compression waves gradually converge and coalesce to form a finite primary shock wave, the primary 
shock wave is reflected and travels in fluids of varied temperature that is divided by complex contact front, 
and shutting the inlet causes expansion waves propagating in the cell. In this progress, heat flux is 
expected to rise as shock waves cause fluid motion and lift the fluid temperature higher than wall 
temperature, and to decline as expansion waves cause decrease of fluid temperature. Besides, since the 
present study focuses on small wave rotor, flow passage of hydraulic diameter closer to small size (Table 
1-1) would also leads to better similarity between the experimental flow field and that in small wave rotor.  

Then, the pressure of the unsteady flow field and the rates of rise and decline of heat flux (resulting in 
accumulation of heat flux into wall and accumulation of heat flux out from wall) in the progress of 
propagation of shock waves and expansion waves are expected to be simulated well by numerical 
approach. 
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3.1.3 Differences between the Present Experiment and the Previous One 

Regarding the present experiment, similar to the previous one, the flow field of the test rig is designed 
to reproduces travelling shock waves and expansion waves that characterize the unsteady flow field in 
wave rotor cell. Particularly, the development process of the wave-rotor-like flow field includes gradual 
opening and closing at cell end, propagation of primary shock wave and reflected shock wave, 
compression process caused by propagation of shock wave, and expansion process caused by propagation 
of expansion waves. Different from the previous experiment that used air at room temperature as driver 
fluid, the present one utilizes high temperature gas to realize temperature difference between supply gas 
and the surroundings for better observation of heat transfer phenomena. Furthermore, instead of the 
transparent cell that was used for visualization, stainless steel cell is employed in the present experiment 
because the rate of heat conduction of stainless steel is similar to that of metal material used in wave rotor. 
Besides, the side lengths of the square cross-sections of the cells in the previous experiment were 3 mm, 
but they are 7 mm in the present experiment since the diameter of the heat flux sensor, which will be 
addressed later, is over 6 mm. 

3.1.4 Scheme of the Present Experiment 

The pressure wave processes and the contact front movement of the proposed test runs are plotted in 
Fig. 3-3. The default rotation speed corresponds to Fig. 3-3 (a) and the doubled rotation speed 
corresponds to Fig. 3-3 (b). 

First to introduce is the default one in Fig. 3-3 (a). The left end of the cell begins to open to the 
charging port from 0° and begins to shut from 11°. The right end is blocked. At the default rotation speed, 
the primary shock wave induced by opening to the port propagates in the cell and the compression process 
commences from 0°. The reflected shock wave arrives at the left end at 11° as soon as the cell begins to 
shut. The shut causes expansion waves propagating in the cell and the expansion process commences. The 
hot gas flows into the cell behind the shock wave, and thus creates a contact front between the hot gas and 
the compressed air. Then, the right-going contact front is hampered by the reflected shock wave. As the 
expansion waves move in the cell, the fluid in the cell gradually moves out. Therefore the contact front 
moves leftwards in the expansion process until the gas is completely scavenged. 

However, at the doubled rotation speed in Fig. 3-3 (b), since the port moves faster, the time of 
opening interval is halved for the same degree 0° ~ 11°, and the arrival degree of reflected shock wave is 
presumably doubled. Inasmuch as the reflected shock wave arrives much later than the initiation of 
expansion waves at 11°, the reflected shock wave and the expansion waves intersect in the left half of the 
cell. Under this faster rotation speed, the arrivals of pressure waves cannot match the shutting degree of 
11° any more. This kind of mismatch is possible in numerical simulation for wave rotor cell with heat 
transfer effects, since the propagation of pressure waves are potentially affected when heat transfer in 
taken into consideration. To cope with mismatch, the code is additionally verified for flow field and heat 
transfer at doubled rotation speed. 

Generation of shock wave requires pressure difference; therefore, it is necessary to supply with fluid 
of pressure higher than that initially in cell. Since it is intended to induce heat transfer resembling that in 
the compression process in wave rotor, the temperature of the charging fluid should be higher than that 
initially in the cell. 
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To compare the flow fields of numerical simulation and test run, the pressure of the flow field is used 

for the consideration that through observing pressure the propagation of the shock waves can be learned. 
To compare the heat transfer, the heat flux caused by evolution of the flow field is used. 

Compared with the verification done in Section 2.8, this verification handles complex flow field that 
is close to the flow field in wave rotor cell during compression process. Besides, the cells’ sizes of the test 
rig are much closer to the size of the small wave rotor cell in Table 1-1, and the cells are remarkably 
smaller than the shock tube. 
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(a) Under default rotation speed 

(1800 RPM for 168-mm and 7200 RPM for 42-mm) 
(b) Under doubled rotation speed 

(3600 RPM for 168-mm) 

Fig. 3-3 Schematic wave diagrams for different ratation speeds 

3.2 Experimental Setup 

For the purpose of measuring flow field and heat transfer of cell, the cell in the test rig is stationary, 
periodically opening to rotating port, through which the high-pressure hot gas flows to the cell. The flow 
path is plotted in Fig. 3-4. The high pressure air from the compressor flows through large air reservoirs 
and undergoes heating in the electric heater. Then the high-pressure hot gas is stabilized in the buffer 
chamber. The opening end of the cell is aligned with the outlet of the buffer chamber. When the port 
opens to them, the hot gas surges into the cell; otherwise, it flows into the surroundings. 

The key components realizing the wave diagrams in Fig. 3-3 are the rotating disc handling the 
opening and closing for the cell, the buffer chamber that supplies high-pressure hot gas, and the cell in 
which the flow field and the heat transfer is monitored. The assembly of these components is shown in 
Fig. 3-5, and Fig. 3-6 displays the axially exploded view, in which the separated components and their 
relative positions are distinct. The red axis line associated with flow aligns the buffer chamber, the shaped 
exit for the buffer chamber, and the cell. The blue axis line associated with rotation aligns the shaft, the 
rotating disc, and the plates that fix the rotating disc on the shaft. The cell is mounted in the hole 
machined in the standing board, and the free end is blocked by metal sealed with adhesive. The standing 
board divides the assembly into the supply side and the cell side. The photograph for the supply side is 
shown in Fig. 3-7, and Fig. 3-8 presents the sight on the other side. In particular, Fig. 3-9 and Fig. 3-10 
illustrate the charging ports on the rotating disc, and Fig. 3-11 displays the progression of opening and 
closing actions. Two cells of different lengths are studied for comparison at different sizes. In one-
dimensional theory, by adapting rotation speed to length, it is possible to realize the same wave diagram 
for different length. The lengths are 42 mm and 168 mm, for which the default rotation speeds are 1800 
RPM and 7200 RPM, respectively. The cross section is 7 mm square and the stainless steel wall is 1 mm 
in thickness for either length.  
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The gas supplied by the buffer chamber is characterized by high temperature and high pressure 

compared with the air in the cell. Using the initial pressure and the initial temperature in the cell to 
normalize corresponding parameters throughout this verification, the supply total pressure and the supply 
total temperature are 2.7 and 1.3, respectively. 

In order to realize the planned wave diagram and to provide the numerical simulation with supporting 
data, pressure, temperature, heat flux and rotation speed are monitored through instrumentation. The 
pressure and the temperature of the cell’s surroundings are acquired by barometer and thermometer; these 
are used to decide the initial state in the air. The rotation speed is monitored by digital multimeter that 
counts the frequency of signal transmitted from fiber optic photoelectric sensor, as well as by the inverter 
(TOSHIBA TOSVERTTM VF-AS1) for the Fuji 3-phase induction motor that drives the rotation of the 
rotating disc. 

The major items in measurement are specified in Fig. 3-12. The total pressure and the total 
temperature are measured in the buffer chamber and adjusted in accordance with the supply condition P0 
= 2.7 and T0 = 1.3 that are regarded as nominal inlet conditions for numerical simulation. The external 
temperature distribution on one side of the wall is captured by the infrared thermography camera 
Thermoviewer JTG-5200 developed by JEOL Ltd. The external temperature is virtually stable provided 
that no change occurs in the rotation speed, the surroundings and the supply gas. The external temperature 
acquired by Thermoviewer is used as boundary condition in numerical simulation.  The unsteady 
parameters, the static pressure and the heat flux, are measured at one or more axial locations along the cell. 
They delivers fundamental understandings of propagation of pressure waves and relevant heat flux of test 
run, and more importantly they provides the data representing internal flow field and heat transfer in the 
comparison of experimental and numerical results. 

The total pressure in the buffer chamber is measured by pre-amplified pressure gauge XFPM-200KPG 
produced by Fujikura Ltd., which is capable of measuring gauge pressure up to 200 kPaG. The total 
temperature in the buffer chamber is measure by Type K thermocouple (class 2), tolerance of which is 
±2.5 °C. The boundary condition is decided by the thermograph, and an example of the raw thermograph 
is shown in Fig. 3-13. The raw data of the graph is converted to actual temperature distribution by 
employing the correction method and the tables of radiant emittance vs. temperature provided by the 
instructions for Thermoviewer [83].  An example of converted image is shown in Fig. 3-14. The axial 
distribution of temperature is employed as boundary conditions applied on the external surfaces of the 
four sides of the cell wall. 

The unsteady static pressure at cell wall is measured by Kulite® XCQ-093 miniature pressure 
transducer, whose active surface is less than 2 mm in diameter, and its response is so fast that the signal 
can be regarded as realtime (≪ 1μs). To mount the pressure transducer on the cell, a socket shown Fig. 
3-15 and Fig. 3-16 in is applied. 

The unsteady heat flux is measured by Vatell Heat Flux Microsensor (HFM) HFM-8E/L shown in Fig. 
3-17 and Fig. 3-18, and it is mounted on the cell with the socket shown in Fig. 3-15. The heat flux sensor 
is deposited thin film (< 2μm) composed of differential thermopiles for fast response (Fig. 3-19 and Fig. 
3-20). And hundreds of thermopile pairs in active area for output boost. The surface of HFM is about 6 
mm in diameter and the active area of the thermopiles is about 15 mm2. The time constant of the fast 
response sensor is τ63.2% = 50 μs, much faster than other heat flux sensors but yet relatively slow if it has to 
confront heat transfer induced by shock wave. The sensor’s response would follow the equation for a first 
order system: 
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 ( )/1 tR I e τ−= × −  (3.1) 

where R is the response; I is the input, i. e. actual heat flux or temperature here in the sensor system; t is 
the time and τ is the time constant of about 200 μs referring to the total delay of heat flux measurement. 
The distortion caused by slow response is schematically portrayed in Fig. 3-21. The vessel providing 
HFM with constant reference temperature is exhibited in Fig. 3-22. The reference junction is immersed in 
distilled water of a bath of ice and water at atmospheric pressure to maintain constant 0 °C. With this heat 
flux measurement, the rate of heat flux increase in the progress of shock wave propagation and that of 
heat flux decrease in the progress of expansion wave propagation can be obtained. 

External surface temperature, pressure and heat flux are measured for the cell at the same time, and 
the layout is shown in axial view (Fig. 3-23) and in side view (Fig. 3-24 and Fig. 3-25). In 42-mm-long 
cell the measurement of unsteady parameters takes place at the middle of cell, whereas in 168-mm-long 
cell, axial locations 1/4, 1/2 and 3/4 are measured. The physical 168-mm-long cell with sockets mounted 
is shown in Fig. 3-26. It is mounted to the standing board on the right side and blocked on the left side in 
this picture. Two of the axial locations (1/8 and 7/8) installed with sockets in Fig. 3-26 are not put to use 
in further discussion since the characteristics are similar to their neighbor locations’. 

Finally, the essential components are assembled and exhibited in Fig. 3-27, equipped with 
measurement apparatus. 
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Fig. 3-4 Framework of flow scheme 
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Fig. 3-5 3-D drawing of major assembly of test rig 
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Fig. 3-6 Exploded view drawing of major assembly of test rig 
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Fig. 3-7 Supply side with rotation components 
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Fig. 3-8 View of cell side 

 

 

0° 
11° 

Cell 

Rotating disc 

60 mm 

Charging 
port holes 

60
 m

m
 

 
 

Cell 

Rotating Disc 

Charging 
port hole 

x 

 

Fig. 3-9 Charging port holes on disc Fig. 3-10 Rotating disc and 
stationary cell 

 

 

 

Charging 
port 

Cell 
     

Exit of buffer 
chamber 

x 

 

(a) Prior to opening 
(closed) 

(b) Partial open 
 

(c) Full open 
 

(d) Partial open 
(partial close) 

(e) Closed 
(after opening) 

Fig. 3-11 Course of events as port rotates 

 

 

 



 42 

  
 

P 
q 

Buffer 
chamber 

P0 T0 

Thermoviewer 

Stable T on surface  

Hot gas Hot gas 

Cell 

 
 

Fig. 3-12 Main measurements 
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Fig. 3-13 Example thermograph Fig. 3-14 A converted temperature distribution 

 

 

For pressure 
transducer 

For heat 
flux sensor 

 
Fig. 3-15 Sockets and dummies for pressure transducer and heat flux sensor (photographed by K. 

Yamaguchi) 
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Fig. 3-16 Socket for pressure transducer with dummy sensor (unfitted screw replaced later) 

(photographed by K. Yamaguchi) 

 

 
 

Fig. 3-17 Official photograph of HFM heat flux sensor [84] 
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Fig. 3-18 Photograph of HFM-8E/L heat flux sensor (photographed by T. Hisamura) 

 

 

 
 

Fig. 3-19 Enlarged view of photograph of 
HFM-8E/L heat flux sensor head 
(photographed by T. Hisamura) 

Fig. 3-20 Photomicrograph of thermopile 
mounted on surface of HFM-8E/L 
(photographed by K. Yamaguchi) 
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Fig. 3-21 Relation between actual heat flux (or static pressure) and measured heat flux (or static 
pressure) response 

 

 
Fig. 3-22 Cold junction apparatus equipped with wiring terminals (photographed by K. Yamaguchi) 
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Fig. 3-23 Axial view of layout of measurement for external wall temperature, static pressure (p) 
and heat flux (q) for cell 
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Fig. 3-24 Side view of layout of pressure 
transducer (p) and HFM (q) for 42-mm-

long cell 

Fig. 3-25 Side view of layout of pressure 
transducer (p) and HFM (q) for 168-mm-

long cell 
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Fig. 3-26 Photograph of 168-mm-long cell with accessories (photographed by K. Yamaguchi) 
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Fig. 3-27 Photograph of major assembly of test rig with connected sensors and Thermoviewer 

(photographed by T. Hisamura) 
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3.3 A Preliminary Verification for Unsteady Flow Field 

The present test rig is improved to observe heat flux from an original one that was designed to 
investigate the internal flow dynamics of wave rotor cell with supply gas of room temperature in a 
previous study [35]. The configuration is shown in Fig. 3-1. The propagation of shock wave in the 
transparent cell was visualized, and the stagnation pressure at the blocked end was measured. 

A preliminary verification is carried out for the stagnation pressure of the unsteady flow field without 
consideration of heat transfer. The measured degree history of stagnation pressure for the 42×3×3 
(L×W×H, all in mm) cell at default rotation speed 7200 RPM is shown in Fig. 3-28. The arrival of 
primary shock wave initiates the sharp increase during 5° ~ 6°, and the expansion waves cause declining 
from peak from about 16°. Because of gradual opening, at the exit of buffer chamber or the inlet of test 
cell, pressure does not step up to nominal supply total pressure immediately (Fig. 3-29), and therefore the 
pressure rising at the stagnation end is not consistently sharp. At the end, the stagnation pressure falls 
back to atmosphere level at about 40°. The numerical result fits close to the experimental curve, which 
can be observed in Fig. 3-28, indicating that the flow solver is capable of handling the propagation of 
unsteady pressure waves. 

 

 
Fig. 3-28 Stagnation pressure histories of experimental result (Exp) [35] and numerical result (Num) 

for 42-mm-long cell at 7200 RPM 

 

 
Fig. 3-29 Measured degree traces of cell inlet total pressure at rotation speeds of 30 Hz (1800 

RPM), 60 Hz (3600 RPM) and 120 Hz (7200 RPM) 
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3.4 Numerical Study of the Proposed Test Runs 

The internal flow dynamics and heat flux are studied by 3-D numerical simulations with the nominal 
operating conditions used in the experimental test runs, i.e. P0 = 1.0 and T0 = 1.0, and nominal initial state 
in the cell of P0 = 0.37 (1 atm) and T0 = 0.77 (300 K). With such numerical results, the realization of 
expected flow field can be confirmed, and the flow field and heat flux can be examined in detail. 

3.4.1 With Respect to 168-mm-Long Cell 

First to show is the numerical predication of the flow field and heat transfer concerning 168-mm-long 
cell at its default rotation speed 1800 RPM. Shown in Fig. 3-30 is the degree sequence of static 
temperature distribution on the midspan surface (defined in Fig. 3-23) during the propagation of the 
primary shock wave. As the left end opens to inlet port gradually, compression waves are generated and 
propagate rightwards, causing fluid motion (see velocity vectors) and leading to gradual increase of static 
temperature at each of the axial locations in the cell. As the compression waves moves further, they 
gradually coalesce into a shock wave (primary shock wave) and the static temperature gradient along 
axial direction becomes steeper. Far behind the shock wave, complex contact front between fluids of 
different static temperatures can be observed. Shown in Fig. 3-31 (a) is the degree sequence of static 
temperature distribution on the midspan surface (defined in Fig. 3-23) up to 30°. The propagation of the 
right-going primary shock wave elevates the static temperature behind it and brings about flow velocity of 
the same direction (1st and 2nd cells). It is reflected at the blocked right end (3rd cell). The reflected 
shock wave travels leftwards, and the air is compressed to even higher static temperature (right side of 3rd 
~ 8th cells). Meanwhile, the distorted contact front between the compressed air and inflow gas is 
perceptible, though dimly. After the compression process, the expansion waves propagate in the cell and 
cool the fluid in cell to light blue color. By averaging the 3-D flow field on each cross-section, 1-D flow 
field for each time step is obtained, and the degree sequence of the 1-D static temperature distributions, or 
the wave diagram colored in static temperature, is shown in Fig. 3-31 (b). The contour line gathers where 
the gradient is steep. Therefore it is effortless to determine the trace of the primary shock wave by the first 
dramatic rise of static temperature: it is generated at 0° at the left end, and arrives at the right end at about 
5°. Similarly, the second large ascending gradient is caused by the reflected shock wave that travels from 
the right end at about 5° to the left end at 11°. The characteristic lines of both shock waves are depicted in 
solid lines in Fig. 3-32 (b). Also in Fig. 3-31 (b), a series of contour lines between the primary shock 
wave and the reflected shock wave help distinguish the hot gas from the compressed air and locate the 
contact front between gas and air. The first section of the contact front is depicted as straight dotted line in 
Fig. 3-32 (b). Behind the reflected shock wave (i.e. to the right of the reflected shock wave), the second 
section of the characteristic line of contact front is an approximation according to the local axial velocity. 
The second section of contact front and the expansion waves cannot be easily distinguished, and therefore 
in Fig. 3-32 (b) the dotted lines denoting the contact front and the dashed line denoting the front position 
of expansion waves are approximate. This process is similar to the compression process of a wave rotor. 

To give an overview on the numerical results for the default rotation speed, the wave diagrams colored 
in static pressure, static temperature, axial velocity and heat flux are shown in Fig. 3-32. Charging from 
the inlet port and discharging through the clearance gap between the rotating disc and the stationary cell 
can be identified in the velocity contour in Fig. 3-32 (c). The degree scale of the wave diagrams is 
magnified for clear observation of the characteristic lines. Static pressure, static temperature and axial 
velocity are normalized by nominal inlet total pressure (total pressure measured in the buffer chamber), 
nominal inlet total temperature and speed of sound at nominal inlet total temperature (total temperature 
measured in the buffer chamber); and heat flux is normalized by qnominal, which is evaluated by the 
following equations: 
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 ( )nominal 0 HFMq h T T= × −  (3.2) 

 NuLh k L= ×  (3.3) 

 0.8 0.43Nu 0.037 Re PrL L ×= ×  (3.4) 

where h is the nominal heat transfer coefficient, T0 is the nominal inlet total temperature measured in the 
buffer chamber, THFM is the wall temperature measured by heat flux gauge HFM, NuL is the average 
Nusselt number for turbulent flow over a flat plate [85], and the characteristic length L is the cell length. 

The characteristic lines in the wave diagrams for default rotation speed reveal that the internal flow 
field proceeds in accordance with the designed wave diagram in Fig. 3-3 (a). Regarding heat transfer, in 
general, heat flux rises behind the primary shock wave and drops when the expansion waves work. The 
air is compressed and accelerated behind the primary shock wave, causing heat transfer to the wall from 
the air whose temperature becomes higher than the wall. Then the air is compressed again by the reflected 
shock wave and the temperature becomes even higher. Therefore, although the velocity falls back to near 
zero (can be found between the characteristic lines of reflected shock wave and expansion wave in Fig. 
3-32 (c)), the heat flux is not attenuated. On the other hand, the hot gas enters the cell with high speed and 
causes great heat flux; and then it is compressed by the reflected shock wave, and the heat flux is not 
attenuated, either. When the expansion waves propagate in the cell, the temperature of both fluids 
becomes lower and closer to that to the wall, and the heat flux descends. 

The numerical responses of pressure transducer and heat flux sensor at axial locations (axial locations 
1/4, 1/2 and 3/4) for default rotation speed are shown in Fig. 3-33. These numerical responses have 
already taken into account the response time of the heat flux sensor by the following equation: 

 /1( )tR q e τ−∆∆ = ∆ × −  (3.5) 

for which the parameters are defined in Fig. 3-21. At each step in numerical simulation, the difference ∆q 
between the input heat flux (or static pressure) I and the response heat flux (or static pressure) R is 
calculated, and the increment of response heat flux(or static pressure) ∆R is obtained by Eq. (3.5); for heat 
flux τ is 200 μs and for static pressure it is 2 μs. Both sensors’ active areas are also considered (diameter 
of heat flux sensor: 6.3 mm; diameter of pressure sensor: 1.5 mm) by averaging node heat fluxes or node 
static pressure in sensor area based on area of each node in numerical simulation. Concerning the static 
pressures in Fig. 3-33, the rises caused by the primary shock wave and the reflected shock wave are 
identified at all three axial locations as the rising procedure obviously includes two sections caused by 
different shock waves. Owing to gradual opening, the first rise is not so steep at axial location 1/4 but 
becomes more and more drastic at further axial locations, and the second rise induced by the reflected 
shock wave becomes sharper as the axial coordinate locates closer to the entrance, farther from the right 
end where the reflected shock wave starts. As for heat flux, generally, the heat flux responses increase and 
decrease with static pressure. Because the response of heat flux sensor is relatively slower than that of the 
pressure sensor and the area of the heat flux sensor is larger, drastic increase of heat flux behind shock 
waves is not observed except for at the axial locations 1/4 and 1/2 when the sharp reflected shock wave 
passes by. 

Secondly, wave diagrams for 3600 RPM, an “off-design” rotation speed faster than the default one, 
are shown in Fig. 3-34. The meeting point of the expansion waves and the reflected shock wave is located 
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in the left half and near the midst of the cell, and the intersection of the contact front and the reflected 
shock wave occurs to the right of the midst. In the velocity contour (Fig. 3-34 (c)), the hot gas is 
apparently decelerated after 11° because the expansion waves enter the cell before the reflected shock 
wave arrives in the left half. In this region between the expansion wave and the reflected shock wave, the 
static temperature of the expanded gas is close to the wall temperature, and consequently the heat flux 
drops to small value. And then, the gas is compressed by the reflected shock wave; therefore, the static 
temperature of gas and the heat flux ascend again (Fig. 3-34 (d) and 18° ~ 24° in Fig. 3-35 (a)). Another 
detail distinguishing the doubled from the default rotation speed is that the static pressure rises caused by 
shock waves are more drastic, which can be acquired by comparing the increase rates of static pressure 
between Fig. 3-33 and Fig. 3-35. A reason for more drastic pressure rise is that gradual opening less 
effective as the cell opens to the port faster and thereby the static pressure gradient induced by shock 
wave is steeper. 

At either rotation speed (Fig. 3-33 or Fig. 3-35), after the expansion process (>40°), the static pressure 
in cell is close to the atmospheric pressure and the heat flux is almost zero. 
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Fig. 3-31 Development of temperature field for 168-mm-long cell at default rotation speed 
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Fig. 3-32 Wave diagrams (0° ~ 30°) of numerical results for 168-mm at default rotation speed 
(scaled along degree coordinate 5 times for better observation) 
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Fig. 3-33 Predicted degree traces of static pressure and heat flux at axial locations 1/4, 1/2 and 3/4 
for cell length of 168 mm at default rotation speed 
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Fig. 3-34 Wave diagrams (0° ~ 30°) of numerical results for 168-mm at doubled rotation speed 
(scaled along degree coordinate 5 times for better observation) 
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Fig. 3-35 Predicted degree traces of static pressure and heat flux at axial locations 1/4, 1/2 and 3/4 
for cell length of 168 mm at doubled rotation speed 

 

3.4.2 With Respect to 42-mm-Long Cell 

As for the shorter cell, the internal flow field is believed to resemble that of the 168-mm-long one at 
their respective default rotation speeds, and potential differences may correlate with partial opening since 
in the three dimensions only the axial length is scaled to 1/4. The default rotation speed is 7200 RPM, 4 
times that of 168-mm. Therefore, to undergo the same degree, it costs 1/4 of the time required for 168-
mm. 

Shown in Fig. 3-36 are the wave diagrams for the default rotation speed. The characteristic lines of 
pressure waves and contact front are drawn in the same manner as in the cases of 168-mm. The 
characteristic lines are identical to those of 168 mm at default rotation speed, indicating that the 
propagation speeds of pressure waves and contact fronts do not subject to change across sizes (lengths, 
exactly). This fact conforms to expectation. 

Responses of static pressure and heat flux at the middle of the cell are shown in    Fig. 3-37. 
Compared with those at axial location 1/2 in 168-mm, it is worth noting that static pressure’s increase rate 
caused by the primary shock wave is greater, conducing to the sharper first rise of static pressure. 
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Fig. 3-36 Wave diagrams (0° ~ 30°) of numerical results for 42-mm at default rotation speed 
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   Fig. 3-37 Predicted degree traces of static pressure and heat flux at the middle for cell length of 

42 mm at default rotation speed 
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3.5 Comparisons between Predicted and Measured Data 

The measured histories of static pressure and heat flux are shown in Fig. 3-39 ~ Fig. 3-43 indicated by 
filled symbols, where the graphical representation of the greatest range of error bar (±3σ, σ: standard 
deviation) is added for experimental results in Fig. 3-39 (a) for static pressure (3σ for P is about 0.055) 
and Fig. 3-40 (a) for heat flux (3σ for q is about 0.045). The sampling rate is 2 MHz through the test runs, 
and such a sampling rate inevitably brings on massive amounts of data. To avoid this inconvenience and 
for better observation of the trend of measured quantity, the measured data are averaged. Every 100 
continuous values of the raw data are averaged into a single value, and the averaged data of several cycles 
is averaged into one cycle. An example of such a process of averaging is shown in Fig. 3-38. This process 
maintains the essential features of distinct change in static pressure or heat flux that are intended to be 
captured and observed in the present experiment, such as the rates of rapid rise and drop of static pressure 
or heat flux. 
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(a) An example of raw data of static pressure in 3 cycles (b) Averaged static pressure history 

Fig. 3-38 Data reduction 

When comparing the numerical results and the experimental results in static pressure (Fig. 3-39, Fig. 
3-41, and Fig. 3-43 (a)), it is found that in the rates of rapid rise and decline, as well as in the arrival 
degrees of shock waves and the starting degree of expansion, the numerical responses and the measured 
responses of static pressure agree with each other well, suggesting that the flow solver is capable of 
calculating the internal flow field. Admittedly, it is found that some weak pressure waves travel in the cell 
after the effective expansion process and cause fluctuation in pressure, and such phenomena are not 
reflected in the numerical results. Insofar as the present verification focuses on the propagation of shock 
waves and expansion waves in compression process and expansion process that characterize the unsteady 
flow field in wave rotor cell, the estimate of flow field is acceptable, as verified by experimental data. 

 Responses of heat flux sensor in numerical and experimental results are compared in Fig. 3-40, Fig. 
3-42 and Fig. 3-43 (b). The gradient of increase during compression caused by shock waves, the rate of 
decline during expansion caused by expansion waves, and the relatively stable period after expansion 
process are well simulated. And the numerical results’ starting degrees of ascent and descent also closely 
match corresponding ones in the measured records. The agreement of heat flux demonstrates that the 
conjugate heat transfer thermal boundary treatment is adequate for the heat transfer related to wave-rotor-
like flow field. Theses comparisons at cell lengths of 168 mm and 42 mm show the present code’s 
capability of calculating wave-rotor-like flow field and associated heat transfer at different sizes. 

As a conclusion of this chapter of groundwork for heat transfer analysis of wave rotor cell, the 
proposed numerical method is sufficient for the present investigation on wave-rotor-like internal flow 
field and heat transfer. Therefore, it is rational to employ this method to study heat transfer effects for 
wave rotors. 
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Fig. 3-39 Comparisons of static pressure between numerical and experimental results for cell 
length of 168 mm at default rotation speed 

 

  
  Experimental 

 Numerical 

 

 

 

 
0 30 60 90

0.0

0.5

1.0

1.5

2.0

0.0

0.5

1.0

1.5

2.0
 

 q

θ (°)

Greatest error bar: 

   

Axial 
location: (a) 1/4 (b) 1/2 (c) 3/4 

Fig. 3-40 Comparisons of heat flux between numerical and experimental results for cell length of 
168 mm at default rotation speed 
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Fig. 3-41 Comparisons of static pressure between numerical and experimental results for cell 
length of 168 mm at doubled rotation speed 
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Fig. 3-42 Comparisons of heat flux between numerical and experimental results for cell length of 
168 mm at doubled rotation speed 
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Fig. 3-43 Comparisons of static pressure and heat flux between numerical and experimental results 
for cell length of 42 mm at default rotation speed 
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CHAPTER 4: RESULTS AND DISCUSSION 

4.1 Physical Model 

4.1.1 Cell 

Wave rotor cells of five different sizes are investigates for comparison across size. The 69-mm-long 
cell of the micro wave rotor [10], [36], [39] is introduced as the 1X size. Designed to be integrated into the 
micro gas turbine of kilowatt-level output, the constant section straight cell is 69 mm in axial length and 
the midspan diameter is 47.0 mm. It is assumed that the compression ratio of the baseline gas turbine is 
3.0, the total temperature at the compressor exit is 440 K and the mass flow rate from the compressor 
(through AL port to wave rotor) is about 20 g/s [36]. For dimension simplicity, the wall enveloping the 
flow passage has a uniform thickness of 1 mm. The remaining four sizes are scaled geometrically. The 
size information is presented in Table 4-1, and the dimension parameters are defined in Fig. 4-1. To 
deliver a prompt and efficient overview of the scales of these cells, Table 4-2 enumerates the hydraulic 
diameter (DH) and surface-area-to-volume ratio (A/V) for each of the sizes involved. Apparently, both DH 
and A/V are inversely proportional to scale. In the present study, 10X size and 3X size are artificially 
placed in the category of conventional sizes of wave rotor cell that are enumerated in Table 1-1, in which 
heat transfer effects may be insignificant. On the other hand, 1X size, 1/3 size and 1/10 size are 
categorized as small wave rotor cells since they are equal to or smaller than the “small size” cell in Table 
1-1. 1/10 size is the smallest size in the present investigation, at which the most profound effects of heat 
transfer is expected to be observed. Through comparing among the sizes from 10X to 1/10, the trend of 
heat transfer effects as size reduces can be obtained. 

Accordingly, rotation speed rises as size reduces. The rotation speeds for 10X, 3X, 1X, 1/3 and 1/10 
are 3100 RPM, 10050 RPM, 30000 RPM, 88000 RPM and 264000 RPM, respectively.  

Respecting the wall, the material properties of AISI 304 stainless steel are introduced as wall 
properties, and the related parameters are listed in Table 4-3. The four sides of wall are named as front, 
back, shroud and hub, respectively (Fig. 4-1). The boundary conditions for wall are illustrated in Fig. 2-5, 
in which the external surfaces of shroud and hub subject to adiabatic boundary condition for Section 4.2 
or constant convective heat transfer for Section 4.3, and the external surfaces of front and back subject to 
adiabatic boundary condition for Section 4.2 or periodic condition for Section 4.3. 
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(a) Array of cells (b) Constant cross-section of single cell 

Fig. 4-1 Definitions of dimensions of cell 
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Table 4-1 Dimensions relating to the cells 

Parameter 
   Size   

Unit  Conventional size Small size 
 10X 3X 1X 1/3 1/10 

Midspan diameter D 470 157 47.0 15.7 4.70 mm 

Cell length L 690 230 69.0 23.0 6.90 mm 
Cell internal  midspan 
width W 39.2 13.1 3.92 1.31 0.392 mm 

Cell internal height H 30.0 10.0 3.00 1.00 0.300 mm 

Cell internal degree θ 9.56 9.56 9.56 9.56 9.56 ° 

Cell wall thickness δ 10.0 3.33 1.00 0.333 0.100 mm 

 
 

Table 4-2 Hydraulic diameters and surface-area-to-volume ratios of cells 

  Cell hydraulic diameter Surface-area-to-volume Ratio 

  DH (mm) A/V (mm-1) 

Conventional size 
10X 34.3 0.118 

3X 11.4 0.392 

Small size 

1X 3.43 1.18 

1/3 1.14 3.53 

1/10 0.343 11.8 

 

Table 4-3 Material properties of wall solid 

Parameter  Value Unit 

Thermal conductivity ks 25 W/(m·K) 

Density ρs 8000 kg/m3 

Specific heat cp,s 500 J/(kg·K) 

4.1.2 Ports 

For the four-port through-flow wave rotor, in which the flow goes through the cell from one end to the 
other (from left to right in this work), the ports shown in Fig. 4-2 are classified as charging ports on the 
left side and discharging ports on the right side. As the cell rotates clockwise around the axis, the left end 
of cell opens to GH and AL ports, and the right end opens to AH and GL ports sequentially. Every 180° 
finalize a wave rotor cell. That is, the cell goes through two wave rotor cycles for each revolution of the 
rotor, i.e. 2 cycles per revolution. Slight degree adjustments are applied in 1/3 size and 1/10 size in 
accordance with flow field difference due to the effect of viscosity in downsized cells. The starting 
degrees of opening and shutting are listed in Table 4-4. 

The conditions in each port enumerated in Table 4-5 are assumed to be constant. The values are 
normalized by corresponding ones in AL port (Pport,tot = 0.30 MPa and Tport,tot = 440 K) since AL port is 
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the beginning point “1” where the wave rotor starts to function in thermodynamic cycle of wave rotor 
topping gas turbine (Fig. 1-3). 
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Fig. 4-2 Port positions and degrees of 1X size 

 

Table 4-4 Port degrees (starting opening or shutting) 

   Size  
  10X, 3X & 1X 1/3 1/10 

GH 
open 0.00 0.00 0.00 

shut 50.0 50.0 49.0 

AL 
open 117 117 118 

shut 164 166 166 

AH 
open 21.6 22.0 21.6 

shut 66.0 66.6 66.0 

GL 
open 85.0 81.0 80.0 

shut 131 128 128 

 

Table 4-5 Normalized port conditions 

  Charging ports Discharging ports 
  GH AL AH GL 

Total pressure *) Pport,0 3.1 1.0 3.4 1.2 

Total temperature *) Tport,0 2.8 1.0 2.1 2.2 
*) Normalized by total pressure in AL of  0.30 MPa or total temperature in AL of 440 K 
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4.1.3 Clearance Gap and Surroundings 

The pressure and temperature of surroundings connected with the clearance gap are the same to those 
in AL port of the lowest pressure among ports. The fluid in the surroundings is assumed to be motionless. 

The axial width of clearance gap is constantly 0.1 mm for 1X size, in accordance with the design 
parameter in a previous study [39].  And definitely, the width for other size is scaled geometrically. 

4.1.4 Summary of Simplifications and Assumptions for Single Cell 

Firstly, flow in each of the ports is assumed to be constant – steady in time and uniform in space. 
Circumferential velocity of port flow equals linear velocity of rotating cell. In addition, the effect of 
inflow blockage is neglected. 

Besides, a single cell does not interact with its neighbor cell. The flow is assumed to be turbulent. 

In relation to leakage, flow speed in the surroundings is assumed to be zero, and the walls associated 
with clearance gap – the end wall and the surfaces of cell ends (Fig. 2-5 (b)) – are regarded as adiabatic. 

Last but not least, material properties in wall solid are constant, and wall thickness is uniform all 
around. 

 

4.2 Externally Insulated Cases 

Five phases comprise this section. First of all, the adiabatic flow field of 1X size is explained, which 
does not include heat transfer and shows the essential characteristics of the unsteady flow field. Besides, 
under adiabatic boundary condition, flow fields of scaled sizes are presented to explain the characteristics 
of flow field excluding heat transfer effects. 

Secondly, regarding heat transfer, 1) causes of intense heat transfer are analyzed, 2) heat transfer 
effects on internal flow field, charging and discharging are explicated, and 3) heat transfer effects across 
sizes and the trend as size reduces will be summarized. 

Finally, the effect of applying an acquired average wall temperature to the lateral boundaries of flow 
passage is discussed. 

 

4.2.1 Adiabatic Cases 

4.2.1.1 1X Size 

As a baseline treatment for the wave rotor of 1X size, adiabatic boundary condition is applied on the 
lateral surfaces of the fluid passage. The midspan surface and the meridional surface are illustrated in Fig. 
4-3, and shown in Fig. 4-4 and Fig. 4-5 are the degree sequences of total pressure distributions on 
midspan surface and on meridional surface, respectively. Pressure parameters in this chapter are 
normalized by the total pressure in AL port of 0.30 MPa. The locations of primary and reflected shock 
waves are identified and marked with orange color triangles. After the duration of charging from GH port 
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comes to an end, right-going expansion waves induced by shutting the left end cause pressure reduction in 
the cell. Opening to GL port causes expansion waves traveling leftwards in the cell and further reducing 
the pressure. After discharging to GL port is completed, the observable locations of the compression wave 
induced by shutting the right end are marked with yellow triangles. 

The temperature distributions on midspan surface and meridional surface at selected degrees are 
shown in Fig. 4-6 and Fig. 4-7, respectively. Temperature parameters in this chapter are normalized by 
the total temperature in AL port of 440 K. Together with velocity vectors, it is also possible to identify 
several locations of shock wave, although relatively obscure compared with those on pressure contours. 
Furthermore, the contact front between gas and air can be observed in these 3-D contours. In Fig. 4-6, 
owing to gradual opening, the shape of the planar distribution of the hot gas colored in red in the first cell 
opening to GH port is found to be complex. The twisted contact front is prolonged as it travels rightwards. 
The axial length relating to the contact front is marked with trapezoid above each contour. The fresh air 
charged from AL port also creates a twisted contact front propagating in the cell. On the meridional 
surface in Fig. 4-7, the fresh air is found to gather in the upper side, i.e. the radially further side, because 
of rotation. Fluid of greater density (lower temperature) tends move to radially further position due to 
centrifugal force. This phenomenon has been addressed in meteorology [86] and in a previous study about 
temperature boundary condition for wave rotor cell [50]. It can be inferred from the contact fronts on the 
midspan surface and the meridional surface that the contact fronts are warped in 3-D space. 

The axial velocity distributions on midspan surface and meridional surface are shown Fig. 4-8 in and 
Fig. 4-9, respectively. In the first cell opening to GH port, the dramatic variation of flow speed indicates 
clearly where the primary shock wave is located. Then, as the reflected shock wave propagates leftwards, 
the rightward movement of fluid is prohibited. The propagations of pressure waves can be observed as 
clearly as in pressure contours. 

At each degree, one-dimensional flow field can be obtained by averaging the three-dimensional flow 
field on each of the cross-sections. By piling up the axial distributions of one-dimensional flow field in 
order of degree, contours in Fig. 4-10 (a) ~ (c) are generated. The end walls are also drawn as black 
blocks next to the contours, between each vertical pair are blank area representing opening span for GH, 
AL and AH, GL ports. Each of the opening spans is adjusted according to the degrees starting opening or 
closing listed in Table 4-4. In the upper half on each of the contours, convergent contour lines extended 
from the top-left corner to lower right, and then to lower left are plainly visible. Referring to the designed 
wave diagram for the 1X size depicted in Fig. 4-10 (d), it is confirmed that the convergent contour lines 
indicate the propagation of the primary shock wave (PSW) and the reflected shock wave (RSW). In the 
same manner, the compression wave (CW) can also be located on the total pressure and the axial velocity 
contours (Fig. 4-10 (a) and (c)), obscure on the total temperature contour (Fig. 4-10 (b)), though. 
Expansion waves do not form steep gradient, but the head of an expansion fan can be found on the 
contours that connecting the lower sides of GH and AH ports. The other one extended from the top side of 
GL port to lower left can be seen on the total pressure and the axial velocity contours. Both correspond to 
the characteristic lines of expansion waves (EW) in the schematic wave diagram. In regard to contact 
front, the dotted lines in Fig. 4-10 (d) denote the characteristic lines of contact front. As has been 
addressed, contact fronts of complex shape develop in the cell, and the non-uniform profiles on cross 
section of 3-D flow field lead to relatively widely separated contour lines between fluids of different 
temperatures on the contour for total temperature (Fig. 4-10 (b)).  

By depicting the characteristic lines on contours and removing the contour lines for clear observation, 
wave diagrams shown in Fig. 4-11 are obtained. Since the contact fronts between gas and air are 
ambiguous, approximate characteristic lines of contact fronts are depicted. The characteristic lines of 
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contact fronts are located at approximate positions between the region almost occupied by gas and the 
region almost occupied by air. Besides, each of the characteristic lines of expansion waves indicates 
locations a little behind the head of expansion fan (about 5%~10% of pressure ratio of expansion fan). 
With these wave diagrams in a pellucid style, the development of flow field discussed in this sub-section 
is easier to observe. Admittedly, conversion from 3D flow field to 1D would lead to information loss of 
3D distributions, especially for temperature since its 3D distribution is so noticeable that wave diagram 
cannot reveal the actual contact front between cold air and hot gas but just displays the regions containing 
contact front like gradual change of temperature. Therefore, as this downside of discussing by one-
dimensionalized distributions make it insufficient to explain some of the phenomena involved in the 
present research, it is necessary, on occasion, to return to the 3D temperature field for some truth. 

According to the analyses of 3-D flow field and its 1-D appearances with schematic wave diagram, it 
can be concluded that the flow field in the numerical simulation develops as designed in adiabatic case. 
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Fig. 4-3 Perspective drawings of midspan and meridional surfaces 
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Fig. 4-4 Degree series of midspan total pressure distributions for adiabatic case of  1X size 
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Fig. 4-5 Degree series of meridional total pressure  distributions for adiabatic case of  1X size 
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Fig. 4-6 Degree series of midspan total temperature  distributions for adiabatic case of  1X size 
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Fig. 4-7 Degree series of meridional total temperature  distributions for adiabatic case of  1X size 
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Fig. 4-8 Degree series of midspan axial velocity distributions for adiabatic case of  1X size 
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Fig. 4-9 Degree series of meridional axial velocity  distributions for adiabatic case of  1X size 
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Fig. 4-10 Contours and schematic wave diagram for adiabatic case of 1X size  

(PSW: primary shock wave; RSW: reflected shock wave; EW: expansion wave; CW: compression wave) 
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Fig. 4-11 Wave diagrams with depicted characteristic lines for adiabatic case of 1X size 
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4.2.1.2 Scaling 

In Subsection 4.1.1, rotation speeds at various sizes are mentioned. Obviously, rotation speed is not 
inversely proportional to size. It was guessed that for 1X wave rotor rotates at 30000 RPM, 1/10 size 
rotates at 300000 RPM and 10X size rotates at 3000 RPM. In Subsection 4.1.2, it is mentioned that port 
degrees are adjusted for small sizes. Although heat transfer is not considered when adiabatic boundary 
condition is applied, rotation speed and port degrees subject to change when cell is geometrically scaled, 
because some other factors (e.g. viscosity) potentially affects propagation of pressure waves even though 
cell is proportionally resized and rotation speed is proportionally adjusted. In consistence with the design 
concept of wave rotor that pressure waves should arrive at cell ends on time, rotation speed and / or port 
degrees need to be accommodated to pressure wave arrivals, especially to arrival timings of shock waves. 
Then, with the slightly adjusted designs at different sizes that have taken other factors into account, it is 
possible to study the sole effects of heat transfer. 

For example, the wave diagrams for adiabatic cases related to 10X size and 1/10 size are exhibited in 
Fig. 4-22 and Fig. 4-33, in which the propagation of pressure waves and contact fronts can be seen. 
Primary shock wave arrives when the right end starts to open to AH port, and reflected shock wave 
arrives when the left ends starts to shut. All the characteristic lines behave as designed in Fig. 4-10 (d). 

4.2.2 Causes of Intense Heat Transfer 

After several calculation cycles, limit cycle (explanation of limit cycle is presented in Section 2.5) is 
reached that the flow field and the wall temperature virtually varies cyclically, and the results will be 
discussed. When heat transfer is considered for wave rotor cell, a first necessity is to delve into heat flux 
across the fluid-solid interface. In order to explore the characteristics of heat flux common in all scales, 
regions and causes intense heat transfer of 10X size are explained firstly. Secondly, concerning the 
characteristics only considerable in small sizes, the characteristics of intense heat flux in 1/10 size are 
presented. 

4.2.2.1 10X Size 

The temperature distribution on the interface surfaces (internal surfaces of wall) at θ = 0° is shown in 
Fig. 4-12, the temperature in which is normalized by total temperature in AL port of 440 K (and the same 
below for wall temperature). In addition, the temperature distribution on the external surfaces of wall at θ 
= 0° is shown in Fig. 4-13. From either temperature distribution it is easy to obtain an overview where the 
relatively hot zones are located: hub side and left side (left near inlet ports GH and AL while right near 
outlet port AH and GL). Temperature distributions on selected cross-section surfaces are shown in Fig. 
4-14. Consistent with those relatively hot zones in temperature distributions on internal and external 
surfaces of wall, axial 15% position is relatively hot and hub side on each of the cross-section surfaces is 
hotter than corresponding shroud side. At several degrees, temperature distributions on meridional surface 
and midspan surface are shown in Fig. 4-15 with temperature distributions on the cross-section surfaces, 
where different legend ranges for fluid and wall should be noticed. For these moments, contact front 
between fluids of different temperatures is twisted, and it can be found that colder fluid inclines to occupy 
the shroud side (upper side) on meridional surface and on cross-section surface. To find out the 
relationship between fluid and wall temperatures, on the selected cross-section surfaces, two points in 
flow domain are picked to represent fluid close to hub side (lower side) or shroud side (upper side), 
denoted by “Fluid pt1” and “Fluid pt2” in Fig. 4-17 (b). Meanwhile, the wall temperature on shroud side 
internal surface is averaged into shroud wall temperature Tshroud on each cross-section, as is illustrated in 
Fig. 4-17 (a). Similarly, hub wall temperature Thub is obtained for each cross-section, and Tshroud, Thub, 
T0,Fluid pt1 and T0,Fluid pt2 in a wave rotor cycle are shown in Fig. 4-18 for the selected cross-sections. In 
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general, total temperature at Fluid pt1 is higher than that at Fluid pt2. This explains higher temperature in 
hub than in shroud. 

Furthermore, for each of the four sides of the wall (defined in Fig. 4-1 (b)), the temperature on the 
internal surface of wall (conjugate interface in Fig. 2-11, also “intf.” in Fig. 2-7) is averaged at each of the 
axial locations, and the axial distributions of wall internal surface temperature in four wall sides are 
shown in Fig. 4-19 (b). Temperature related to wall is always normalized by total temperature in AL port 
(Tport,tot = 440 K). The wall internal surface temperature in four wall sides is further averaged into Tw (Fig. 
4-17 (b)) and the axial distribution of Tw is shown in Fig. 4-19 (a). To simplify, “wall temperature” 
denotes this average wall inner surface temperature Tw in the remaining discussions. The oscillation of 
wall temperature in a wave rotor cycle is very limited (< 10 K or < 0.022 in dimensionless value, Fig. 
4-20), therefore, it is reasonable to select wall temperature at any degree to stand for the wall temperature 
of numerical result. It is confirmed in Fig. 4-19 (a) that relatively higher temperature is located in the left 
half, and in Fig. 4-19 (b) that hub temperature is higher than shroud temperature. As has been explained 
in Subsection 4.2.1, under rotation, centrifugal force helps fluid of greater density (or lower temperature 
under the same pressure) gather in radially further region, and this causes lower temperature in shroud 
side. 

A quick calculation is performed to check the development of thermal boundary layer by using the 
following equations for turbulent boundary layer over a flat plate [87] 

velocity boundary layer thickness 1/5
0.37

Rex

xδ =  (4.1) 

thermal boundary layer thickness Tδ δ=  (4.2) 

For the moment when the inflow in the left half has developed adequately, the midspan temperature is 
shown in Fig. 4-16 (a), and the temperature distribution along circumferential direction (y) at axial 30% 
position on the midspan is exhibited in Fig. 4-16 (b), where the relative thermal boundary layer thickness 
δT/Width is measured as 0.09~0.1. δT/Width estimated by Eq. (4.1) & (4.2) is 0.096. The thermal boundary 
thickness is regarded as reasonable in numerical simulation. 

The heat transfer processes, which consist of heating and cooling, are shown in the wave diagram for 
heat flux (Fig. 4-21). Cold color or negative heat flux means that fluid is heated by wall, whereas warm 
color or positive heat flux means fluid loses heat and wall is heated. The wave diagrams colored in total 
pressure, total temperature and axial velocity for adiabatic case and for heat transfer case are shown in Fig. 
4-22 and Fig. 4-23, respectively. For detailed examination of the wave diagrams, the axial distributions at 
selected degrees are shown in Fig. 4-24 ~ Fig. 4-26, accompanied with supplementary descriptions of the 
degrees listed in Table 4-6. 

In the wave diagram colored in heat flux (Fig. 4-21), the characteristic lines are depicted in the same 
manner as in the wave diagram colored in total temperature (Fig. 4-23 (b)). The contact fronts divide the 
area into gas division and air division. In general, most warm color regions exist in gas division and most 
cold color regions in air division. Some regions characterized by intense heat flux, positive or negative are 
addressed in the following paragraphs, including 1) the inlets vicinity marked as “1)” in Fig. 4-21, which 
relates to inflows of hot gas and cold air, 2) the compressed fluid marked as “2.1)”, “2.2)”, “2.3)” and 
“2.4)” in Fig. 4-21, and 3) shock wave downstream vicinity. 

 



 72 
1) High-speed inflows of hot gas and cold air 

The high-speed inflows of hot gas from GH port and cold air from AL port result in great heat flux 
near the inlets. In the wave diagram colored in total temperature for the heat transfer case Fig. 4-23 (b), 
the values of port temperature for AL and GH are indicated on the color bar; as reference, the 
approximate range of wall temperature (Tw) from Fig. 4-19 (a) is indicated by trapezoid on the color bar. 
Obviously, the port temperatures are at both extremes while the wall temperature nears the midpoint. The 
regions of hot gas flow and cold air flow are highlighted with triangles numbered with “1)” on the wave 
diagram. Besides, from Fig. 4-23 (c), the exact regions of hot gas flow and cold air flow highlighted in the 
same manner are found to subject to fast flow speed. The resultant intense heat transfer is observed in Fig. 
4-21 indicated by “1)”.  

2) Compressed fluid 

The intense heat fluxes related to compressed fluid (both air and gas) are marked in Fig. 4-21 as “2.1)” 
~ “2.4)”. They include: 2.1 & 2.2) the gas existing in the cell at 0° compressed by the primary shock wave 
and the reflected shock wave, 2.3) the air existing in the cell at 0° compressed by the primary shock wave, 
and 2.4) the hot gas from GH port compressed by the reflected shock wave. The following paragraphs 
expand the four items. 

The temperature of the gas exists in the right half at 0° is close to wall temperature, which can be 
inferred from Fig. 4-23 (b). As can be seen in the top right of Fig. 4-23 (b), it is compressed twice to 
higher temperature and discharged to AH port. The compressions for this gas lead to large temperature 
difference between fluid and wall. In Fig. 4-21, it is found to cause notable heat flux indicated by “2.1)” 
and “2.2)”. 

Also in Fig. 4-21, the compressed gas leads to intense heat flux marked as “2.3)”. The hot gas from 
GH port is compressed by the reflected shock wave and then resumes moving rightwards because the 
process of discharging to AH is in progress. The temperature and the velocity of this region can be seen in 
Fig. 4-23 (b) and (c). The flowing hot gas accounts for the intense heat flux in this region. 

About the heat flux region marked as “2-4)” in Fig. 4-21, axial distributions in cell at 14.4° is used for 
more tangible explanation. The air exists in the left half at 0° in wave diagram in Fig. 4-23 (b) undergoes 
compression by the primary shock wave, and moves right wards behind the primary shock wave.  Before 
being compressed at 0°, the air is located in the “air” section in Fig. 4-24 (b-1), and great temperature 
difference between the air and the wall is obvious. After being compressed, at the moment when the 
primary shock wave is located at about x = 0.6, the right-going primary shock wave is located in Fig. 4-24 
(a-2) ~ (d-2) and marked by vertical dashed lines. The air has moved right and can be located in x = 
0.3~0.6 marked as “Air” in Fig. 4-24 (b-2). Although the air is compressed and the temperature of air is 
increased, the temperature difference between the air and the wall is still large. The temperature difference, 
together with the great flow speed induced by the primary shock wave (“air” section in Fig. 4-24 (c-2)), 
explains the relatively considerable heat transfer caused by compressed air, which are marked as “2-4)” in 
Fig. 4-21. 

3) Shock waves (except for propagation in air)  

Generally, behind a compression wave or a shock wave, new boundary layer develops (already 
illustrated in Fig. 2-18), and heat transfer coefficient dramatically hikes and gradually falls down. As long 
as temperature difference is apparent, great heat flux would appear. 
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Right behind both shock waves the heat fluxes are great. The axial distributions for a moment when 

the primary shock wave travels in the cell are displayed in Fig. 4-24 (a-2) ~ (d-2). It is apparent that 
notable positive heat flux appears in the downstream vicinity of right-going the primary shock wave in 
Fig. 4-24 (d-2). However, the one-dimensional temperature appears to be lower than wall temperature. In 
fact, as has been explicated, between the gas and the air, the contact front is warped. The temperature 
averaged on cross-section, though helpful for analysis of flow field development, conceals some 
information that may be necessary for analysis in some cases. Therefore, by switching back to three-
dimensional flow field, the true colors can be exposed. Shown in Fig. 4-27 are the meridional temperature 
distributions associated with the propagation of the primary shock wave (PSW). It is clear that the 
temperature near wall is quite different from that in the center. A location right after the passage of 
primary shock wave is singled out in Fig. 4-27 (b) and the radial temperature distribution for it is 
exhibited in Fig. 4-28 (b). Compared with top and bottom where fluid temperature near wall becomes 
higher than wall temperature after the passage of the primary shock wave, r = 0.2~0.8 is characterized by 
lower temperature that influences the average temperature level. The higher fluid temperature near wall 
leads to heat transfer from fluid to wall, i.e. positive heat flux. This profile originates from a precedent one 
shown in Fig. 4-28 (a), which is caused by the process that the wall keeps heating the fresh air of low 
temperature ever since it flows into the cell before the primary shock wave is generated (great negative 
heat flux located bottom left in Fig. 4-21). 

A moment when the reflected shock wave travels in the cell is chosen for demonstration in Fig. 4-24 
(a-3) ~ (d-3). The reflected shock wave moves left and causes significant pressure rise at around the 
middle of the cell, and at the same position a local maximum of heat flux is observed. 
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Fig. 4-12 Temperature distribution on internal surfaces of wall (interface) at θ=0° for 10X size 

(normalized by T0,AL=440K, the same below for wall temperature) 
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Fig. 4-13 Temperature distribution on external surfaces of wall at θ=0° for 10X size 
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Fig. 4-14 Temperature distributions on cross-section surfaces of wall at θ=0° for 10X size 
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Fig. 4-15 Wall temperature and fluid temperature at 14.4°, 36.0° and 180° for 10X size 
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(a) Midspan temperature at 36.0° 
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Fig. 4-16 Example of temperature distribution when reflected shock wave propagates (10X size) 
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Fig. 4-17 Definition of wall inner surface, wall temperature and point “Fluid pt1”, “Fluid pt2” on 
each cross-section 
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Fig. 4-18 Comparisons between hub-side and shroud-side fluid and interface temperatures 
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(a) Interface temperature averaged on cross-sections (b) Interface temperature in four wall sides 

Fig. 4-19 Axial distributions of interface temperature at initial degree for heat transfer case of 10X 
size (also normalized by total temperature in AL port) 

 

 
Fig. 4-20 Cyclic fluctuation amplitude of interface temperatures of four sides for 10X size 
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Fig. 4-21 Wave diagram colored in heat flux for heat transfer case of 10X size 
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Fig. 4-22 Wave diagrams with depicted characteristic lines for adiabatic case of 10X size 
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Fig. 4-23 Wave diagrams with depicted characteristic lines for heat transfer case of 10X size 
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Fig. 4-24 Axial distributions at 0°, 14.4° and 36.0° for both adiabatic case and heat transfer case of 

10X size (PSW: primary shock wave; RSW: reflected shock wave) 
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Fig. 4-25 Axial distributions at 66.2°, 85.0° and 95.0° for adiabatic case and heat transfer case of 

10X size (EW: expansion waves) 
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Fig. 4-26 Axial distributions at 117°, 148° and 180° (0°) for adiabatic case and heat transfer case of 

10X size (CW: compression wave) 
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Table 4-6 Attributes of selected degrees  

Schematic wave diagram Degree for 
10X 

Degree for 
1/10 Description 

 
 

θ 

x 

0° (180°) 

14.4° 

36.0° or 35.3° 

66.2° 

85.0° or 79.9° 

95.0° or 90.0° 

117° 

148° or 147° 

 

0 (180) 0 (180) Initial state; before opening to GH port; 
before compression process 

14.4 14.4 Primary shock wave propagating 

36.0 35.3 Reflected shock wave propagating 

66.2 66.2 Expansion waves propagating 
to end compression process 

85.0 79.9 Right before opening to GL port 

95.0 90.0 Expansion waves propagating 
to discharge fluid to GL port 

117 117 Right before opening to AL port 

148 147 During opening to AL port 
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Fig. 4-27 Meridional total temperature distributions with velocity vectors near primary shock wave 
for heat transfer case of 10X size (x: 0.32~0.68) 
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Fig. 4-28 Radial total temperature profiles at the sample location in Fig. 4-27 at 0° and 14.4° for 
heat transfer case of 10X size 

 

4.2.2.2 1/10 Size 

As size reduces, thermal boundary layer becomes thicker. For example, for a moment when the inflow 
has developed enough in the left half, the midspan temperature distribution is shown in Fig. 4-29 (a). The 
temperature distribution along circumferential direction (y) at axial 30% position on the midspan is shown 
in Fig. 4-29 (b), in which the relative thermal boundary layer thickness δT/Width is 0.21. δT/Width 
estimated by Eq. (4.1) & (4.2) is 0.24. Obviously, compared with that in 10X size, the thermal boundary 
layer in 1/10 size is much thicker at the same location for inflow. 

 Naturally, intense heat transfer occurs in 10X size becomes even greater at smaller 1/10 size. The 
wave diagram of heat flux for 1/10 size is shown in Fig. 4-31. To better observe the regions of relatively 
intense heat flux within a specific size (but not to compare between sizes), heat flux can be normalized by 
heat transfer coefficient under assumption of steady flow condition (hL,avg) listed in Table A-5 in 
Appendix B and temperature difference estimated by half difference between highest port temperature 
(T0,GH) and lowest port temperature (T0,AL): 

 0,GH 0,AL
Norm ,avg 2L

T T
q h

− 
=  

 
 (4.3) 

dimensionless heat flux Norm"q q q=  (4.4) 

where hL,avg is estimated by average Nusselt number NuL,avg in Eq. (A.4) for turbulent flow over an 
isothermal plate. Thereby, the dimensionless heat flux is compared between 10X size and 1/10 size in Fig. 
4-30 to find out the differences in regions where relatively intense heat flux occur. Those regions of 
intense heat transfer found in 10X size in Fig. 4-21 or Fig. 4-30 (a) are also observed in 1/10 size shown 
in Fig. 4-31 or Fig. 4-30 (b). Apart from those, in 1/10 size, intense heat transfer appears in several 
regions where no remarkable heat flux is found in 10X size. Different from Fig. 4-21 or Fig. 4-30 (a), in 
Fig. 4-31 or Fig. 4-30 (b): 1) the primary shock wave causes great heat flux in the downstream vicinity 
also in air, 2) the expansion waves generated by shutting the left end cause noticeable negative heat flux, 
and 3) the compression wave causes noteworthy heat flux in downstream vicinity. 
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The axial distributions of average wall inner surface temperature (wall temperature) and wall inner 

surface temperature in four wall sides are shown in Fig. 4-32. The wave diagrams for adiabatic case and 
for heat transfer case are shown in Fig. 4-33 and Fig. 4-34, respectively. Also, the approximate range of 
wall temperature is marked on the color bar in Fig. 4-34. The axial distributions at selected degrees are 
shown in Fig. 4-35 ~ Fig. 4-37, and the descriptions of the degrees are listed in Table 4-6. 

1) Primary shock wave in air 

The primary shock wave causes great heat flux in the downstream vicinity also in air, because the 
local fluid temperature is higher than wall temperature, but the root cause is greater immediate heat 
transfer for the fresh air. 

Charged from AL port, the fresh air is continuously heated, and the result is a higher temperature in air 
at 0° when compared with adiabatic case in Fig. 4-35 (b-1). In 10X size, this difference is smaller, as can 
be inferred by comparing temperature differences between adiabatic case and heat transfer case in air part 
in Fig. 4-24 (b-1) and Fig. 4-35 (b-1). Part of the meridional total temperature distributions are for heat 
transfer cases of both 10X size and 1/10 size are shown in Fig. 4-38 (a) and (c), respectively, for more 
detailed information. Compared with 10X size, the local fluid temperature in 1/10 size has been heated 
more. After being compressed by the primary shock wave, in Fig. 4-38 (b), the upper side near shroud is 
still lower, whereas in Fig. 4-38 (d) both upper and lower sides have similar temperature. The heat fluxes 
across shroud and hub for Fig. 4-38 (b) and (d) are shown in Fig. 4-39. Evident heat flux difference is 
found between shroud side and hub side in 10X size, but in 1/10 both sides show similar heat flux. As a 
result, in 10X size, the average heat flux (avg) is close to zero. After several degrees, when the primary 
shock wave propagates farther, negative heat flux for hub and positive heat flux for shroud, as well as 
resultant near-zero average heat flux is more clearly observed in 10X size shown in Fig. 4-40 (c), while in 
1/10 size the positive heat fluxes persists, as is shown in Fig. 4-40 (d). 

2) Expansion waves 

As is shown in Fig. 4-36 (d-1), the expansion waves generated by shutting the left end induce notable 
negative heat flux in and behind the expansion waves. The absolute value increases where the expansion 
waves propagate, and the region is specified in Fig. 4-36 (a-1) ~ (d-1) in the right half. The tail of the 
expansion waves is marked by vertical dashed lines. Again, the average temperature is higher than wall 
temperature, but the local fluid temperature near wall is lower. To exemplify the local fluid temperature, 
Fig. 4-41 (e) shows the temperature distribution above wall in the flow right after expansion at 66.2°. 
Obviously, in 1/10 size, the local temperature falls below wall temperature. Before being expanded, the 
local fluid temperature near wall is lower than mainstream temperature and near wall temperature because 
of persistent heat transfer between fluid and wall. When the expansion waves pass by, the local fluid 
temperature near wall becomes lower than wall temperature since the fluid is expanded. The direct cause 
is lower local temperature as expansion proceeds and after expansion, and the ultimate reason is, again, 
more significant heat transfer in small size. In fact, the flow field is affected by heat transfer more 
profoundly. Not only the direct heat transfer from the hot gas to wall, but the state before compression has 
certain influence, which is to be explained in Subsection 4.2.3. 

3) Compression wave 

The compression wave causes relatively great heat flux in downstream vicinity. Especially, in the air 
part, in 10X size the heat flux caused by compression shock wave is negative (Fig. 4-21), but in 1/10 size 
it turns out to be positive (marked as “3)” in Fig. 4-31). 

 



 86 
This dramatic change is linked with the heating process for fresh air from AL port. A region 

highlighted as “3A” in Fig. 4-31 indicates the location to be discussed. In the exact region, before and 
after passage of the compression wave, the near-wall portion of the air shown in Fig. 4-42 (b) and (d) has 
been heated much and a vast green area is close to wall temperature in 1/10 size, compared with Fig. 4-42 
(a) and (c) for 10X size. This comparison demonstrates the difference in effect of heating between 10X 
size and 1/10 size. Since a considerable portion near wall is heated to approximately wall temperature 
before being compressed (green area in Fig. 4-42 (b)), the local temperature in a certain distance from 
wall naturally goes above wall temperature after compression (area extremely near wall, obscure in Fig. 
Fig. 4-42 (d)), and the heat flux becomes positive as the local fluid loses heat to wall. 

 
y Reflected shock wave 
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0.00 0.25 0.50 0.75 1.00

0.0

0.2

0.4

0.6

0.8

 35.3°

u

y/Width

δ
T
/Width 

= 0.21 
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Fig. 4-29 Example of temperature distribution when reflected shock wave propagates (1/10 size) 
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Fig. 4-30 Wave diagram colored in dimensionless heat flux for heat transfer case of 10X size and 
1/10X size 
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Fig. 4-31 Wave diagram colored in heat flux for heat transfer case of 1/10X size 
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(a) Interface temperature averaged on cross-sections (b) Interface temperature in four wall sides 

Fig. 4-32 Axial distributions of interface temperature at initial degree for heat transfer case of 1/10 
size (also normalized by total temperature in AL port) 
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Fig. 4-33 Wave diagrams with depicted characteristic lines for adiabatic case of 1/10 size 
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Fig. 4-34 Wave diagrams with depicted characteristic lines for heat transfer case of 1/10 size 
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Fig. 4-35 Axial distributions at 0°, 14.4° and 35.3° for adiabatic case and heat transfer case of 1/10 

size (PSW: primary shock wave; RSW: reflected shock wave) 
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Fig. 4-36 Axial distributions at 66.2°, 79.9° and 90.0° for adiabatic case and heat transfer case of 

1/10 size (EW: expansion waves) 
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Fig. 4-37 Axial distributions at 117°, 147° and 180° (0°) for adiabatic case and heat transfer case of 

1/10 size (CW: compression wave) 
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Fig. 4-38 Meridional total temperature distributions with velocity vectors at both 0° and 7.2° for 
heat transfer cases of 10X size and 1/10 size (x: 0.13~0.37) 
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Fig. 4-39 Heat flux distributions of the exhibited sections in Fig. 4-38 (b) and (d) 
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Fig. 4-40 Meridional distributions of total temperature and axial distributions of heat flux at 10.8° 
for heat transfer cases of 10X size and 1/10 size (x in (a): 0.32~0.42; x in (b): 0.35~0.45) 
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Fig. 4-41 Midspan distributions of total temperature and temperature above wall in fluid at 66.2° 
for heat transfer cases of 10X size and 1/10 size 
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Fig. 4-42 Meridional total temperature distributions for "3A" region (relating to heat transfer case) 
in Fig. 4-31 
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4.2.3 Heat Transfer Effects on Flow 

As is supposed, generally, heat transfer effects become greater as size gets smaller. The trends of heat 
transfer effects as size reduces are discussed in Subsection 4.2.4. The present subsection presents heat 
transfer effects in 1/10 size, the smallest size investigated, at first, since greatest heat transfer effects can 
be observed at this size. Then, heat transfer effects in 10X size, a conventional size and the largest one in 
the present study, are addressed to discover whether different sizes share the same features on heat 
transfer effects. 

************************************************************************************ 
Note 
Because the oscillation of wall temperature is trivial, the effects of heat transfer seem to be immediate 
responses to temperature boundary. However, the wall temperature itself is the outcome of heat transfer 
between flow and wall for a number of wave rotor cycles in which flow field and wall temperature 
interact and finally reach limit cycle. Therefore, the resultant changes are inherently affected by heat 
transfer boundary instead of temperature boundary. 
************************************************************************************ 
 
4.2.3.1 1/10 Size 

The effects on internal flow field, charging and discharging occur in 1/10 size, in an arresting manner. 
In order to clarify the differences between the adiabatic flow field and the flow field subject to heat 
transfer, axial distributions at several degrees are exhibited for detailed explanation in Fig. 4-35 ~ Fig. 
4-37. The comparison of parameters at cell ends during charging and discharging are presented in Fig. 
4-43.  

Change in evolution of internal flow field 

{Compression process} 

During compression process, pressure and temperature in the cell at four selected degrees are shown 
in Fig. 4-35 and Fig. 4-36 (a-1) ~ (b-1). Right before compression process at 0° (Fig. 4-35 (b-1)), 
temperature in air part is higher in the heat transfer case for the mentioned reason that the air has been 
heated by the wall for a while after being discharged into cell from AL port. Compared with the 
temperature difference, the pressure difference in air part is small for the sake of leakage (Fig. 4-35 (a-1)), 
about 20% ~ 30% that of the temperature difference. Consequently, in the air, density is lower when heat 
transfer is considered. When the cell opens to the port of constant high pressure, the pressure ratio of the 
primary shock wave is lowered in heat transfer case as the pressure increase caused by the primary shock 
wave is smaller and the pressure before being compressed by the primary shock wave is higher (θ = 14.4°, 
see pressure differences Δp in Fig. 4-35 (a-2)), and thus the primary shock wave is weaker. Moreover, the 
pressure behind the primary shock wave (located to the left of PSW in Fig. 4-35 (a-2)) is lower, too. An 
analytical argument in Appendix F expounds the cause of the lower post-shock pressure. 

The weaker shock wave is reflected and propagates leftwards in the cell (θ = 35.3°, see Fig. 4-35 (a-
3)), and the pressure of the twice-compressed fluid behind the weaker reflected shock wave is, without 
doubt, lower. The expansion waves propagate in the cell to halt the compression process (θ = 66.2°, see 
Fig. 4-36 (a-1)), and the pressure in the cell is lower after compression process. Thereby, the compression 
ratio of the compression process is lower when heat transfer works. Besides, temperature after 
compression process is also lower in heat transfer case (Fig. 4-36 (b-1)) owing to weaker shock waves.  
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{Expansion process} 

Likewise, for the discussion of expansion process, pressure and temperature at selected degrees are 
shown in Fig. 4-36 (a-2) ~ (b-2), (a-3) ~ (b-3), and Fig. 4-37 (a-1) ~ (b-1), (a-2) ~ (b-2). When affected 
by heat transfer, as has been addressed, pressure is lower after compression process, which is also true 
right before expansion process but the difference is very small (θ = 79.9°, see Fig. 4-36 (a-2); notice that 
the vertical scale is much smaller than in (a-1)). Therefore, when the cell opens to GL port of constant low 
pressure for discharging, it can be deduced that the expansion effect is a little weaker in heat transfer case, 
and that the pressure difference between heat transfer case and adiabatic case tends to be even smaller. In 
addition, in Fig. 4-31 it is apparent that the expanded gas is persistently heated during opening to GL port 
(indicated by “heating” label). This negative heat flux implying that the fluid receives heat is also 
observable in the region affected by expansion waves in the axial distribution of heat flux shown in Fig. 
4-36 (d-3) and in the whole range in Fig. 4-37 (d-1) when the gas is adequately expanded. For both 
reasons, at the moment right before opening to AL port (θ = 117°, see Fig. 4-37 (a-1)), the pressure in the 
heat transfer case is higher, and this difference lasts throughout expansion process, which can be inferred 
from pressure difference in Fig. 4-37 (a-2) for θ = 147° when the compression wave propagates to 
finalize expansion process. After expansion process, air continues being heated and gas is slightly cooled 
by wall (Fig. 4-37 (d-3)). 

Change in charging and discharging 

To take a panoramic view, the heat transfer effects on charging and discharging total pressure and 
total temperature in 1/10 size are most noteworthy when linked with low pressure ports AL or GL, and 
mass flow rates related to all ports are affected much. Shown in Fig. 4-43 are the properties averaged over 
cross-section of cell end (left end or right end) during charging and discharging, where series (letter-1), 
(letter-2) and (letter-3) denote total pressure, total temperature and axial momentum, respectively. Each 
graph denotes the trace in a whole degree interval opening to a specified port. The axial coordinate in 
each of the graphs corresponds to the circumferential angular degree of the lower bound of the cell shown 
in Fig. 4-4 to Fig. 4-9 (not to be confused with the circumferential center of the cell), meaning that the 
moment when the cell starts to open to GH port the degree is 0°. Between each pair of vertical dashed 
lines colored in blue is the degree range of full open (F. O.), while in the remaining two sides are partial 
open (P. O.). 

{Total pressure and mass flow rate} 

When opening to high pressure ports GH or AH, the pressure is lower in the heat transfer case (Fig. 
4-43 (a-1) & (b-1)). When opening to low pressure ports AL and GL, the pressure is higher in the heat 
transfer case (Fig. 4-43 (c-1) & (d-1)). 

The discussions on change in internal flow field reveal that when heat transfer works, pressure in the 
cell is lower after twice-compression and higher during charging from AL port. As a consequence, 
compared with the adiabatic case, in the heat transfer case, 

1) when opening to GH port, the inflow pressure is lower (Fig. 4-43 (b-1)) and the mass flow rate is 
enhanced by 5% (can be inferred from Fig. 4-43 (b-3)) as the inflow is faster; the greater inflow speed is 
explained in Appendix F describing an analytical calculation of ideal shock tube; 

2) when opening to AH port, the exhaust pressure is lower (Fig. 4-43 (b-1)) and the mass flow rate is 
reduced by 5% (can be inferred from Fig. 4-43 (b-3)); 
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3) the inflow from AL port is impeded by higher pressure on the left end during opening to AL port (Fig. 
4-43 (c-1)), and thus the mass flow rate is reduced by 12% (can be inferred from Fig. 4-43 (c-3)); 

4) the pressure of the exhausted gas flowing to GL port is higher (Fig. 4-43 (d-1)), and the mass flow rate 
is enhanced by 5% (can be inferred from Fig. 4-43 (d-3)). 

{Total temperature} 

Respecting the fluid temperature discharged towards AH port, although the profile is changed, the 
change in overall temperature caused by heat transfer is small, since the gas is colder and the air is hotter 
in heat transfer case. 

The discharged gas is colder when heat transfer works because of lower compression ratio of 
compression process. Although the compression ratio is reduced, the temperature of the exhausted air is a 
little bit higher (Fig. 4-43 (b-2)) owing to the heating after the fresh air flows into the cell, which can be 
seen in the air path in Fig. 4-31. The position and length of the air part are approximately confirmed by 
examining the opening span for AH port on the right side of wave diagram in Fig. 4-33 (b) or Fig. 4-34 
(b), as well as by scrutinizing the three-dimensional flow field data. 

Delay of arrival of reflected shock wave 

Moreover, a more striking effect is noticed in 1/10 size. 

Degree traces of total pressure during charging from GH port and discharging to AH port in 
compression process are shown in Fig. 4-43 (a-1) and (b-1), and the enlarged ones around shock waves’ 
arrivals are shown in Fig. 4-44 (a) and (b), respectively. The vertical dashed lines, as are consistent with 
those in Fig. 4-43, indicate the degree switching between partial open and full open. In Fig. 4-44 (a) it 
denotes the beginning of shut of left end, and in Fig. 4-44 (b) it shows the degree that the cell is fully 
opened to AH port. The vertical solid line indicates complete closure at the left end in Fig. 4-44 (a) and 
the beginning of opening to AH port in Fig. 4-44 (b). The primary shock wave arrives at the right end as 
soon as it starts to open to AH port in both adiabatic case and heat transfer case, the arrival of which can 
be identified by rapid rise of pressure. In Fig. 4-44 (a), the reflected shock wave in adiabatic case arrives 
at the left end as soon as the end begins shutting, whereas that in heat transfer case arrives late (delayed 
for 2° ~ 3°). Such a delay of arrival of shock wave calls for degree adjustment in design, and further 
modifications are necessary in response to degree adjustment. This delay is not observed in 10X size. The 
reason for the delay is explained in the following paragraphs. 

The primary cause of this delay is the higher inflow speed during opening to GH port in heat transfer 
case. Comparing axial velocities of inflow during opening to GH port in Fig. 4-45, it is found that the 
velocity difference between adiabatic case and heat transfer case is trivial in 10X size, but in 1/10 size it is 
distinct and the average velocity in heat transfer case is about 7% greater than that in adiabatic case. Since 
the reflected shock wave travels left against the rightward moving flow, a higher flow speed in front slows 
the shock wave. 

The higher axial velocity is also caused by heat transfer. As has been demonstrated, compared with 
the adiabatic case, in the heat transfer case the pressure at 0° is higher (Fig. 4-35 (a-1)) and the 
temperature is much higher (Fig. 4-35 (b-1)), and hence the density is smaller. Seeing that in Fig. 4-35 (c-
1) the axial velocities in both cases are near zero, and given these initial states before opening to GH port, 
the velocity caused by primary shock wave is greater in heat transfer case (also analyzed in Appendix F).  
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(a-1) Total pres. opening to GH  (a-2) Total temp. opening to GH (a-3) Axial momentum opening to GH 

   

   
(b-1) Total pres. opening to AH (b-2) Total temp. opening to AH (b-3) Axial momentum opening to AH 

   

   
(c-1) Total pres. opening to AL (c-2) Total temp. opening to AL (c-3) Axial momentum opening to AL 

   

   
(d-1) Total pres. opening to GL (d-2) Total temp. opening to GL (d-3) Axial momentum opening to GL 
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Fig. 4-43 Total pressure, total temperature and axial momentum at cell ends during opening to ports for adiabatic case 

and heat transfer case of 1/10 size (P. O.: partial open; F. O.: full open) 
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Fig. 4-44 Pressure history on left end and right end during charging and discharging in 
compression process for 1/10 size 
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Fig. 4-45 Axial velocity history on left end during opening to GH port for 10X size and 1/10 size 
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4.2.3.2 10X Size in Comparison with 1/10 Size 

In 10X size, the effects of heat transfer on flow field are the least among the sizes investigated, and the 
effects are supposed to be common in conventional size. Axial distributions at selected degrees are shown 
in Fig. 4-24 ~ Fig. 4-26, and the comparison of cell end parameters during charging and discharging are 
presented in Fig. 4-46. 

The changes in the internal flow field are slight in 10X, but most of the heat transfer effects are 
consistent with those discussed in 1/10 size. An exception that is worth keeping an eye on is that the “air” 
temperature discharged towards AH port shows greater difference in 10X size (Fig. 4-46 (b-2)). In fact, 
the effects on the pressure ratio of primary shock wave is less in 10X size (Fig. 4-24 (a-2)) than in 1/10 
size (Fig. 4-35 (a-2)); that is, in 10X size, the strength of primary shock wave is affected less profoundly 
by heat transfer, and the compression ratio of both shock waves are abated more. Furthermore, it is 
observable that the difference in charging temperature of air from AL port is about 0.05 in 1/10 size (Fig. 
4-43 (c-2)), obviously much greater than that in 10X size (Fig. 4-46 (c-2)). In heat transfer case, this air is 
heated, compressed, and discharged to AH port. The discharged air temperature exceeds that in adiabatic 
case by about 0.05 in 1/10 size. With this knowledge, it is inferred that in the competition between weaker 
compression effect and greater heating effect, the weaker compression becomes as effective as greater 
heating in 1/10 size. Thereby, it can be further inferred that heat transfer effects on pressure requires more 
attention in smaller size. 
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(a-1) Total pres. opening to GH  (a-2) Total temp. opening to GH (a-3) Axial momentum opening to GH 

   

   
(b-1) Total pres. opening to AH (b-2) Total temp. opening to AH (b-3) Axial momentum opening to AH 

   

   
(c-1) Total pres. opening to AL (c-2) Total temp. opening to AL (c-3) Axial momentum opening to AL 

   

   
(d-1) Total pres. opening to GL (d-2) Total temp. opening to GL (d-3) Axial momentum opening to GL 
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Fig. 4-46 Total pressure, total temperature and axial momentum at cell ends during opening to ports for adiabatic case 

and heat transfer case of 10X size 
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4.2.4 Heat Transfer Effects across Sizes 

The axial momentums at cell ends during opening to ports are shown in Fig. 4-43 (a-3) ~ (d-3) for 
1/10 size. Remarkable differences in axial momentum are observed in all ports. As a result, the mass flow 
rates when opening to ports change for 5~11%, as are summarized in Fig. 4-51. Difference between 
adiabatic case and heat transfer case is obtained by the following equation: 

 1Average value in heat transfer caseDifference
Average value in adiabatic case

= −  (4.5) 

In comparison, the mass flow rate when opening to port relating to air (AH or AL) changes no more than 
3% in 10X size (discussed in absolute value of difference, the same below), and for GH and GL 
negligible (below 0.2%). Admittedly, it is untenable to take for granted that small sizes share these 
significant effects or conventional sizes share those insignificant. For instance, 1X size, one of the small 
sizes, exhibits heat transfer effects on charging and discharging (Fig. 4-47) more like a transition stage 
when reducing size from 10X (Fig. 4-46) to 1/10 (Fig. 4-43). Therefore, the effects of heat transfer on 
charging and discharging are studied among 10X, 3X, 1X, 1/3 and 1/10 sizes. 10X and 3X sizes stand for 
conventional size and 1X, 1/3 and 1/10 sizes stand for small size. 

However, it is complicated and arduous to compare the profile differences across sizes. To give a clear 
image of the trend as size reduces, the differences of pressure, temperature and mass flow rate at cell ends 
during opening to ports are summarized in Fig. 4-48 ~ Fig. 4-50. Shown in Fig. 4-48 are the differences 
in mass flow rate. The vertical bars in the graph are divided into four groups standing for four ports. In 
each group, the differences are displayed in descending order by size. Hereby, the differences of 5%~11% 
in 1/10 size mentioned earlier are placed fifth for each port. It is apparent that when opening to low 
pressure ports (AL and GL) the differences caused by heat transfer rise drastically when switching from 
1X to 1/3 size. Also for low pressure ports, in small sizes 1/3 and 1/10, the differences are considerable 
(5%~12%). 

Besides, the differences in total pressure and total temperature are enumerated in Fig. 4-49 and Fig. 
4-50, respectively. Again, for low pressure ports, the following points are discovered: i) noticeable 
differences (3% ~ 6%) for 1/3 size and 1/10 size, and ii) drastic increase when reducing size from 1X to 
1/3. 

With regards common phenomena of the temperature on wall inner surfaces, through comparison 
among Fig. 4-19 (a) (10X), Fig. 4-52 (a) (1X) and Fig. 4-32 (a) (1/10), it is discovered that wall 
temperature is generally distributed around 2.1 and varies little along axial direction. As the wall is 
externally insulated from outside, wall temperature reflects a thermal balance between the flow of hot gas 
and that of cold air, and the resultant wall temperature is close to 2.14, the value of average temperature of 
ports defined by Eq. (4.6) in Section 4.3. Moreover, because wall temperature does not change too much 
across sizes, it can be presumed that even though given the same temperature boundary condition, heat 
transfer across fluid-solid interface would induce much greater effects on charging and discharging in 
small sizes in the trend shown in this subsection. By comparing Fig. 4-19 (b) (10X), Fig. 4-52 (b) (1X) 
and Fig. 4-32 (b) (1/10), it is observed that the shroud side is always colder than the hub side, because the 
colder fluid inclines to occupy the radially further side (shroud side) in cell under rotation, as has been 
explained in Subsection 4.2.1. 
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(a-1) Total pres. opening to GH  (a-2) Total temp. opening to GH (a-3) Axial momentum opening to GH 

   

   
(b-1) Total pres. opening to AH (b-2) Total temp. opening to AH (b-3) Axial momentum opening to AH 

   

   
(c-1) Total pres. opening to AL (c-2) Total temp. opening to AL (c-3) Axial momentum opening to AL 

   

   
(d-1) Total pres. opening to GL (d-2) Total temp. opening to GL (d-3) Axial momentum opening to GL 
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Fig. 4-47 Total pressure, total temperature and axial momentum at cell ends during opening to 

ports for adiabatic case and heat transfer case of 1X size 
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Fig. 4-48 Differences in mass flow rate when opening to ports for various sizes 
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Fig. 4-49 Differences in average total pressure when opening to ports for various sizes 
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Fig. 4-50 Differences in average total temperature when opening to ports for various sizes 
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Fig. 4-51 Mass flow rate through each port in design (qm) and changes in mass flow rate through 

cell ends caused by heat transfer in 1/10 size 
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(a) Interface temperature averaged on cross-sections (b) Interface temperature in four wall sides 

Fig. 4-52 Axial distributions of interface temperature at initial degree for heat transfer case of 1X 
size 

 

4.2.5 Under Averaged Wall Temperature 

Axial variation in wall temperature profile and difference among wall sides are noticed in Fig. 4-19 
and Fig. 4-32. The range of temperature on wall inner surface without normalization is 80 K (10X size) or 
30 K (1/10 size). Compared with the port temperature difference of maximum 800 K, this range is fairly 
small. For a through-flow wave rotor that taking advantage of cooling effect as hot gas and cold air 
alternately flow through the cell, it is sound that the wall temperature is well-distributed. Eyeing this fact, 
it is natural to consider whether an appropriate temperature can be applied as uniform temperature 
boundary condition when studying heat transfer effects.  
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Here, as an attempt, a temperature obtained by averaging wall temperature in heat transfer case is 

applied as the uniform wall temperature. To observe the greatest possible effects, 1/10 size is put into 
numerical experiment. The normalized wall temperature is 2.07 (≈ 910 K). Shown in Fig. 4-53 are the 
axial distributions at 0° right before compression process. The conjugate heat transfer case is the heat 
transfer case appears in previous discussions. For each of the parameters, both cases almost coincide with 
each other. With regard to charging and discharging, the comparison is presented in Fig. 4-54. Likewise, 
it is difficult to distinguish the uniform wall temperature case from the conjugate one. Since the uniform 
wall temperature case resembles the conjugate one in every respect, the heat transfer effects based on 
comparison with adiabatic case do not change even if the conjugate heat transfer case is substituted by the 
uniform wall temperature case. More numerical comparisons are conducted for 1X size and 10X size, and 
each shows resemblance between uniform wall temperature case and conjugate one. 

The likeness implies that with an appropriate, or properly estimated, wall temperature, isothermal wall 
condition may be helpful in analysis of heat transfer effects for through-flow wave rotor, and could be an 
economical alternative since conjugate heat transfer requires a significant amount of computing resource. 
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Fig. 4-53 Axial distributions at 0° for conjugate heat transfer case and uniform wall temperature 
case of 1/10 size 

0.0 0.2 0.4 0.6 0.8 1.0
1.0

1.2

1.4

1.6

P 0

x
0.0 0.2 0.4 0.6 0.8 1.0

1.0

1.5

2.0

2.5

T 0

x

0.0 0.2 0.4 0.6 0.8 1.0
-0.2

0.0

0.2

u

x
0.0 0.2 0.4 0.6 0.8 1.0

-2

0

2

q 
(M

W
/m

2 )

x

 



 107 
 

        
   

   
(a-1) Total pres. opening to GH  (a-2) Total temp. opening to GH (a-3) Axial momentum opening to GH 

   

   
(b-1) Total pres. opening to AH (b-2) Total temp. opening to AH (b-3) Axial momentum opening to AH 

   

   
(c-1) Total pres. opening to AL (c-2) Total temp. opening to AL (c-3) Axial momentum opening to AL 

   

   
(d-1) Total pres. opening to GL (d-2) Total temp. opening to GL (d-3) Axial momentum opening to GL 
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Fig. 4-54 Total pressure, total temperature and axial momentum at cell ends during opening to 

ports for conjugate heat transfer case and uniform wall temperature case of 1/10 size 
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4.3 Cases Subject to External Heat Transfer 

In the previous section, the external boundary of wall is thermally insulated. Since the solid wall is 
assumed to undergo no heat transfer with the surroundings. Hence, energy only flows into or out from the 
investigated system with fluid through cell ends. It stands for a condition that the external surface of wall 
is well insulated. In practice, it may be a necessity to consider heat exchange with surroundings of cell. 
This section introduces a situation when simple external heat transfer is taken into account.  

As has been described in Subsection 4.1.1, for this situation, the external surfaces of shroud and hub 
are subject to constant convective heat transfer, and those of front and back are subject to periodic 
condition. For simplification, the external pressure is assumed to be consistent with total pressure in AL 
port of the lowest pressure, and the external surroundings are assumed to be quiescent and infinite. The 
external temperature is consistent with an average temperature determined by total temperatures and mass 
flow rates in all ports: 

 m port,tot
ext

m

q T
T

q
= ∑

∑
 (4.6)  

where qm is mass flow rate of port, T0 is total temperature of port, and Text is the resultant external flow 
temperature. A classical solution is employed to determine the convective heat transfer coefficient related 
to rotating horizontal cylinder in quiescent fluid [88], which can be written as 

 heat transfer coefficient: avg ext
ext

o

Nu k
h

D
=   (4.7) 

 average Nusselt number: 2/3
avg rNu 0.1Re=   (4.8) 

 rotating Reynolds number: 
2

ext o
r

ext

Re
2

Dρ ω
µ

=  (4.9) 

where kext is thermal conductivity of external fluid, Do is hub diameter of wave rotor (diameter of 
cylinder), ρext is density of external fluid, ω is angular velocity of wave rotor, and μext is dynamic viscosity 
of external fluid.  

For 1/10 size, the heat transfer coefficient is 612 W/(m2∙K), and the normalized external temperature is 
2.14 (940 K). This external temperature is greater than but very close to wall temperature in Fig. 4-32. As 
a result, the wall temperature is a little higher when external heat transfer is considered, as is shown in Fig. 
4-55, where the externally insulated case stands for the heat transfer case in the previous section.  

Essentially consistent with the previous results and acquisition in Subsection 4.2.5, as long as the 
change in wall temperature is not so significant, the effects of heat transfer on flow field are almost 
qualitatively unaffected, which can be known by examine effects of heat transfer on internal flow field at 
0° for externally insulated case and external heat transfer case. For 0° in 1/10 size, the comparison 
between the externally insulated case and the adiabatic case is shown in Fig. 4-35 (a-1), (b-1) and (c-1), 
and the comparison between the external heat transfer case and the adiabatic case is shown in Fig. 4-56 
(a), (b) and (c). It is observable that the changes in distributions of total pressure, total temperature and 
axial caused by heat transfer are almost the same. 
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With approximately identical wall temperature and flow field at 0°, the changes in charging and 

discharging parameters are also very similar. By comparing between Fig. 4-43 and Fig. 4-57, heat 
transfer effects are found to be changeless when switching from externally insulated case to external heat 
transfer case. 

Stated thus, those discussions in the previous section for 1/10 size can also explain the effects of heat 
transfer when external heat transfer with the assumptions mentioned above.  

Nevertheless, it is imaginable that when the convection condition applied to external surfaces of wall 
is different, the response of flow field could be changed more or less. The exploration for external heat 
transfer beyond the bounds of the present study may provide some valuable information. Because the 
surroundings of the rotating component of wave rotor vary case by case and have much less in common 
than internal flow field of cell, research approach related to external heat transfer may require great effort. 
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Fig. 4-55 Comparison of axial distributions of wall temperature between externally insulated case 

and external heat transfer case 
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(a) Total pressure (b) Total temperature (c) Axial velocity 

Fig. 4-56 Axial distributions at 0° for adiabatic case and external heat transfer case of 1/10 size 
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(a-1) Total pres. opening to GH  (a-2) Total temp. opening to GH (a-3) Axial momentum opening to GH 

   

   
(b-1) Total pres. opening to AH (b-2) Total temp. opening to AH (b-3) Axial momentum opening to AH 

   

   
(c-1) Total pres. opening to AL (c-2) Total temp. opening to AL (c-3) Axial momentum opening to AL 

   

   
(d-1) Total pres. opening to GL (d-2) Total temp. opening to GL (d-3) Axial momentum opening to GL 
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Fig. 4-57 Total pressure, total temperature and axial momentum at cell ends during opening to 

ports for adiabatic case and external heat transfer case of 1/10 size 
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CHAPTER 5: SUMMARY AND CONCLUSIONS 

The effects of heat transfer across the interface between internal flow passage and cell wall in small 
wave rotor are investigated. The important conclusions drawn from the investigations of this hitherto 
barely researched subject are now summarized. The following three principal subjects are addressed: 
causes of intense heat transfer, the effects of heat transfer in wave rotors of conventional size and small 
size and their causal phenomena, heat transfer effects on flow across sizes. Two additional cases are 
studied and corresponding acquisition is gained. Possible extensions of this work which might form the 
basis of future work are also proposed.  

5.1 Principal Findings 

1) Causes of intense heat transfer 

In all sizes investigated, high-speed inflows of hot gas and cold air, as well as gas and air compressed 
by either primary shock wave or reflected shock wave are found to cause intense heat transfer. Shock 
waves propagating in gas are found to cause considerable heat flux in corresponding downstream 
vicinities. 

In small size, heat transfer caused by expansion waves and compression wave becomes noticeable, 
and compression wave induces heat transfer from air to wall, which is different from conventional size. 
Heat transfer from air to wall caused by primary shock wave is also discovered in primary shock wave 
downstream vicinity. 

2) Effects of heat transfer on flow 

Fresh air from low pressure inlet (AL) of lowest temperature is inevitably heated by the wall. Since 
increase of pressure under heating is hindered by leakage, density becomes lower when heat transfer is 
considered. As a result, pressure is a little higher than in adiabatic case while temperature is much higher. 
These differences in states before compression process result in weaker shock waves and many other 
chain effects in flow field in cell, and consequently affect charging and discharging. 

Heat transfer effects on charging and discharging related to air (AL port and air part in AH port) in 
conventional size are relatively significant among the effects on charging and discharging parameters. In 
small size, naturally, heat transfer effects on charging and discharging related to all ports are noticeable, 
and an important change that the arrival of reflected shock wave is delayed is observed (at the size that 
hydraulic diameter is 0.392 mm or surface-area-to-volume ratio is 1.18×104), which indicates that 
modification of port degree, as well as corresponding design change on other elements, should be 
implemented.  

3) Effects across sizes 

In small size category, heat transfer effects on charging and discharging grow rapidly when reduced 
from 1X size, i.e. surface-area-to-volume ratio greater than 1.18 mm-1. In small sizes 1/3 and 1/10 
(surface-area-to-volume ratio greater than 3.53 mm-1), low pressure ports are most affected and their 
related changes caused by heat transfer are considerable, implying that much more attention to heat 
transfer effects  is required in such small wave rotors. 
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5.2 Additional Findings 

1) As long as conjugate heat transfer requires a significant amount of computing resource, if an 
appropriate temperature can be assigned to the lateral wall as uniform wall temperature, isothermal 
boundary condition could be an economical alternative for investigation of heat transfer for through-flow 
wave rotor whose wall temperature is distributed relatively evenly. 

2) Seeing that external flow temperature is close to wall temperature estimated in externally insulated 
case, the effects of heat transfer on flow field are qualitatively unaffected by external convective heat 
transfer. 

5.3 Suggestions for Future Work 

1) Arrival delay of pressure wave requires design modification, and design considers such heat 
transfer effect is worth attempting. 

2) To develop an approach for estimating appropriate isothermal wall temperature is meaningful and 
challenging.  

3) The present work studies flow field and heat transfer related to through-flow type wave rotor, wall 
temperature range of whose cell is relatively narrow. The other one, reverse-flow type, has wall 
temperature higher on the gas side and lower on the air side, and the difference can be comparable with 
flow temperature difference. The effects of heat transfer for reverse-flow type is still unbeknown although 
the research on through-flow type may provide some knowledge. 
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APPENDICES 

Appendix A. Description of the Micro Wave Rotor and Characteristics of the Wave 

Rotor of the Present Study 

The original model of the 1X wave rotor investigated in this work is the micro wave rotor designed for 
kW scale ultra-micro gas turbines [10], [37]. Key geometry information of the wave rotor cell is shown in Fig. 
A-1. 30 cells are arranged around the revolution axis, and the rotation speed is 32000 RPM. For this 4-
port through-flow wave rotor, the port degrees are shown in Fig. A-2. Port conditions are listed in Table 
4-1, and those after normalization based on corresponding AL states are listed in Table 4-5. 

Some characteristics of the design of this wave rotor are presented in this paragraph. The first can be 
exemplified by the total temperature contour calculated by 1-D numerical model for this wave rotor 
shown in Fig. A-3. Obviously, a portion of gas is not exhausted to GL port in expansion process. It 
occupies about half of cell length after expansion process and is recirculated in compression process. The 
second is that the cell undergoes no port opening after expansion process. The idle interval equals to more 
than half of the wave rotor cycle. This configuration is determined with an eye to related experimental test 
rig, but is designed to be ready for improvement by simply switching it from “1 cycle per revolution” to 
“2 cycles per revolution” since the degree span from the beginning of compression process to the end of 
expansion process only makes use of 160.3°. 

In order to find out heat transfer effects for more typical wave rotor in which active span prevails, the 
present work employs “2 cycles per revolution” configuration improved from this original one as 1X size 
model. The active span that either end of the cell opens to port composes about 80% of the degree of a 
wave rotor cycle. Certainly, the 1X size wave rotor has similar recirculation of gas. And the scaled ones 
(10X, 3X, 1/3, 1/10) share those particulars characterizing the 1X size model except of those related to 
scaling.  To sum up, the wave rotors appear as object of study in the present work is characterized by 1) 
four-port, 2) axial through-flow, 3) straight cell, 4) with recirculation of gas, and 5) active span prevails. 

By taking states in AL port as reference, Reynolds number can be assessed for simplified flow if the 
flow in cell was steady and its inlet condition was kept identical to states in AL port, although flow in 
wave rotor cell is indeed highly unsteady. The assessed Reynolds numbers may describe the flow in wave 
rotor with a cursory sense. The mass flow rate of AL port is about 20 g/s [36]. The inlet flow speed can be 
written as 

 ,AL
AL

AL AL-to-cells

mq
u

Aρ
=  (A.1) 

where AAL-to-cells denotes the flow area of charging flow from AL port to cells, ρAL is density in AL port, 
and qm,AL is the mass flow rate of AL port; and Reynolds numbers for flow over a flat plate and channel 
flow are 

 AL AL

AL

Rex
u xρ
µ

=   (A.2) 
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 AL AL H

AL

ReD
u Dρ
µ

=  (A.3) 

respectively, where x ranging from 0 to cell length L, DH is the hydraulic diameter. The values are listed in 
Table A-2. 

For reference to typical 4-port through-flow wave rotor, Reynolds numbers related to a NASA 4-port 
wave rotor are also listed in Table A-2. The wave rotor cell is 267×16.5×33.0 (Length×Width×Height, in 
mm), and its blade thickness is 0.762 mm; the outer diameter is 203 mm and the midspan diameter is 170 
mm; cell number is 30; and the mass flow rate of AL port varies from 249 g/s to 317 g/s. [26], [89] The 
opening span of AL port is 81.4° (inferred from literature [20]). Numerical simulations were implemented 
with the 1-D code for comparison with measured data, and one of the results is shown in Fig. A-4. 
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Table A-1 Port conditions of original micro wave rotor 

 Charging ports Discharging ports 
 GH (Gas-HP) AL (Air-LP) AH (Air-HP) GL (Gas-LP) 

Total Pressure (MPa) 0.93 0.30 1.02 0.37 

Total Temperature (K) 1248 440 907 973 

 

Table A-2 Assessment of Reynolds number 

Model Rex (x=L) ReD 

10X (conventional size) 9.53×106 5.42×105 

3X (conventional size) 2.86×106 1.62×105 

1X (small size) 9.53×105 5.42×104 

1/3 (small size) 3.18×105 1.81×104 

1/10 (small size) 9.53×104 5.42×103 

NASA 4-port [20] (conventional size) 1.09×106 1.20×105 

 

Appendix B. Order Estimation for Influence of Heat Transfer on Cell Fluid 

In order to make a preliminary survey of possible degree of heat transfer effect on cell fluid, simple 
estimations assuming cell flow to be steady are presented in this section.  A wave rotor cycle consists of 
idle period that fluid is almost motionless and active period that includes compression process and 
expansion process. Table A-3 shows duration of a wave rotor cycle and durations of active period 
(opening to a port) and idle periods for three sizes. Obviously, each of the periods is equivalent to 1/4 of a 
wave rotor cycle in duration. Assuming that convective heat transfer prevails in active period and 
conduction prevails in idle period, corresponding influences on cell fluid are assessed in this section. 

 

Table A-3 Characteristic time of wave rotor (3 significant figures) 

Model 
Duration of a wave 

rotor cycle 
(μs) 

Average duration of 
opening to each port 

(μs) 

Average duration of 
high-pressure idle 

period (μs) 

Average duration of 
low-pressure idle 

period (μs) 
10X 
(conventional size) 9680 2520 2310 2330 

1X (small size) 1000 260 239 241 

1/10 (small size) 115 29.9 26.2 27.7 

 

B1. Convection 

To ensure consistency in all sizes, the flow is assumed to be turbulent. Average Nusselt numbers for 
turbulent flow over an isothermal plate and for fully developed turbulent pipe flow are written as [85] 

 0.8 0.43
,avgNu 0.037 Re PrL L=  (A.4) 
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where f is friction factor, Pr is Prandtl number. The material properties are listed in Table A-4. The 
velocity boundary layer thickness is estimated by [85] 

 0.20.37 Rex xδ −=  (A.6) 

and the ratio of its maximum to half of hydraulic diameter is 

 
0.2

max

H H

0.37 Re
2 / 2

L L
D D
δ −

=  (A.7) 

The assessed Nusselt numbers and heat transfer coefficients are enumerated in Table A-5. As size 
reduces from 10X to 1X or from 1X to 1/10, the rate of increase of heat transfer coefficient is about 50%. 
Besides, it is found that hL,avg is close to hD,avg at every size. The remaining estimations in this chapter are 
then based on hL,avg.  

 

Table A-4 Material properties of air based on AL states (3 significant figures) 

Parameter  Value Unit 

Thermal conductivity kf 0.0359 W/(m·K) 

Density ρf 2.61 kg/m3 

Specific heat cp,f 1020 J/(kg·K) 

Thermal diffusivity αf 4.40×10-5 m2/s 

Dynamic Viscosity μs 2.48×10-5 kg/(m∙s) 

Prandtl number Pr 0.703 1 

 

 

Table A-5 Assessment of parameters for fluid 

Model NuL,avg hL,avg NuD,avg hD,avg δmax/(DH/2) 

  (W/(m2∙K))  (W/(m2∙K))  

10X  (conventional size) 1.22×104 6.34×102 6.28×102 6.57×103 0.598 

1X (small size) 1.93×103 1.00×103 9.98×101 1.04×103 0.948 

1/10 (small size) 3.06×102 1.59×103 1.59×101 1.66×103 1.50 
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Fig. A-5 Thickness of velocity boundary layer along axial direction 

 

The axial distributions of boundary thickness are shown in Fig. A-5. Within cell length, the maximum 
thickness of boundary layer normalized by half of hydraulic diameter of each size is listed in Table A-5. 
Since the thickness of thermal boundary layer equals that of velocity boundary layer, it is known that the 
fluid is obviously affected. Although the assessment of boundary layer thickness is based on equation for 
flow over plate, it does provide some references before commencing the present study. 

 

B2. Conduction 

Assuming that only heat conduction works in idle period, the following equation is employed for 
assessing the extent of boundary temperature’s influence: 

 99 f3.64 tδ α=  (A.8) 

where δ99 is the depth location where the normalized temperature boundary

initial boundary

T T
T T

Θ
−

=
−

 becomes 99%. The 

relationship between depth δ99 normalized by half of hydraulic diameter and time t normalized by 
duration of idle period (tidle) is shown in Fig. A-6. It is seen that conduction can only influence a depth 
less than 10% of half of hydraulic diameter in 10X size, but in 1X and 1/10 sizes the affected 
temperatures extend to 20% and 70% of half of hydraulic diameter. As an example, the non-dimensional 
bulk temperature for 1X size may follow the history shown in Fig. A-7, and the resultant Mach number 
normalized by initial Mach number, if it decreases, may follow the history shown in Fig. A-8. For the 
maximum Ma reduction of 5%, the primary shock wave, if merely affected by this, may arrive 1° later, 
and the reflected shock wave may be delayed for 2.5° in 1X size.  
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Fig. A-7 Non-dimensional fluid bulk 

temperature variation under conduction 
Fig. A-8 Normalized Mach number as bulk 

temperature varies under conduction 

 

Appendix C. Order Estimation for Influence of Convective Heat Transfer on Wall 

With the convective heat transfer coefficient under steady state flow assessed in the previous section, 
this section discusses possible temperature distribution along depth direction in solid wall subjecting to 
steady flow in Appendix B. The material properties of solid are listed in Table A-6. 

Regarding the fluid as body subjecting to external heat transfer, the Biot number evaluating the effect 
of convective heat transfer on wall solid and the Fourier number are expressed as 

 wall
s

s

Bi
h

k
δ

=  (A.8) 
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where h is convective heat transfer coefficient, and δwall is wall thickness, t uses the time of a wave rotor 
cycle. From the assessed results listed in Table A-7, it is known that both of the dimensionless numbers 
are small. Therefore, the temperature distribution along depth is almost uniform, and the temperature 
variation in a cycle is not significant. For these reasons, sparse nodes are distributed in depth direction in 
wall solid (Fig. 2-10), and oscillation of wall temperature can be ignored in discussions (4.2.2.1 10X 
Size). Admittedly, near the surface, temperature gradient should be captured for the good of calculation of 
unsteady conjugate interface temperature, especially under highly unsteady flow in wave rotor cell. 

Table A-6 Material properties of solid (3 significant figures) 

Parameter  Value Unit 

Thermal conductivity ks 25 W/(m·K) 

Density ρs 8000 kg/m3 

Specific heat cp,s 500 J/(kg·K) 

Thermal diffusivity αs 4×10-6 m2/s 

 

Table A-7 Assessed Biot number and Fourier number for solid 

 δwall (mm) Bi Fo 

10X 10.0 2.54×10-1 3.87×10-4 

1X 1.00 4.00×10-2 4.00×10-3 

1/10 0.100 6.36×10-3 4.60×10-2 

 

Appendix D. Conjugate Heat Transfer 

“The conjugate nature is an inherent feature of any heat transfer problem, because the 
intention of any heat transfer process is an interaction of at least two mediums or subjects.” [91]  

Conjugate heat transfer relates generally to heat transfer process caused by thermal interaction 
between solid and fluid mediums. A variety of approximate solutions based on analytical methods have 
been developed for diverse conjugate problems in numerous applications [92]. Usually, for conjugate 
convective heat transfer problems, analytical methods are studied with known or relatively simple flow 
field. The flow field is steady or subjects to definite and regular variation pattern. The convective heat 
transfer coefficient could be acquired through analytical approach, too. 

With regard to wave rotor cell, the unsteady flow field is complex and contingent on indeterminate 
heat transfer to some extent. For this concern, numerical approach for the conjugate problem concerning 
interaction of internal flow and cell wall is employed. 

On the subject of numerical approaches for conjugate problem of natural convection and solid 
conduction, multi-domain pseudo-spectral method was developed for interactive heat transfer between 
solid and fluid of 3-D enclosed vessel [93], and unsteady conjugate thermo-gravitational model was 
established for 3-D enclosed vertical cylinder with the presence of local heat source [94]. 
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As for conjugate problems in gas turbine components, CFD solver coupled to solid domain’s Fourier 

equation solver was developed to process conjugate heat transfer relating to film cooling [95]. For unsteady 
interaction of wall and flame in combustor and steady state film-cooled turbine vane, the parallel coupling 
strategy that the flow solver provides heat flux to the solid solver while the solid solver sends interface 
temperature back to the flow solver was explored (Fig. A-9) [96] (the sequential one is analogous to 
“improved serial staggered coupling scheme” of a CFD-FEM solver for numerical study of shock-surface 
interaction [97]). A hybrid approach was adopted to deal with the great mismatch in time scales between 
fluid domain and solid domain for turbine cascades subjecting to periodic unsteady flow field, and a novel 
semi-analytical harmonic interface condition was introduced, so that the unsteady conjugate solution is 
available without simultaneous solution of both fluid and solid [98]. 

Jo et al. [80] developed a simple and convenient method that treats the unsteady conjugate heat transfer 
on a non-orthogonal coordinate system with the purpose of solving energy equations in fluid and solid at 
the same time, which is an extension of the equivalent conductivity concept explained by Patankar [79]. 

 

 

(a) Sequential coupling strategy (b) Parallel coupling strategy 

Fig. A-9 Schematic diagrams for coupling strategies [96] 

Appendix E. Comparisons between Conjugate and Steady-State-Based Boundary 

Treatments 

Two approaches other than conjugate heat transfer boundary treatment are available of assessing heat 
transfer across fluid-solid interface between internal flow and wall of wave rotor cell. Either approach 
obtains convective heat transfer coefficient in a steady flow manner. By comparing with conjugate heat 
transfer boundary treatment that is regarded as reliable, the reliability of these approaches is examined for 
various sizes. 

E1. Adiabatic Case (ADB) at 1X Size 

The objects of study in this section are the 1X size single cell of the ‘1 cycle per revolution’ wave 
rotor introduced in Appendix A and its scaled ones including 3X, 1/3 and 1/10 sizes. Similar to the 
categorization in Section 4.1, 1X, 1/3 and 1/10 sizes are small sizes and 3X is classified as conventional 
size. Leakage is NOT considered. Similar to those in Subsection 4.1.2, at smaller sizes the degrees of 
ports are adjusted according to pressure wave arrivals that are supposed to be affected primarily by 
augmented viscosity effect. The port degrees are shown in Table A-8, and the conditions in ports are 
identical to those specified in Table 4-5. 
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As an example, the wave diagrams for pressure, temperature and axial velocity of adiabatic case in 1X 

size are shown in Fig. A-10. The wave rotor cycle includes compression process, expansion process and 
two idle periods, and there is no much difference from the wave rotor cycle shown in the Fig. 4-11 except 
for the duration of idle period after expansion process. In the ‘1 cycle per revolution’ wave rotor, this idle 
period composes about half of a wave rotor cycle in degree. 

 

Table A-8 Port degrees for ‘1 cycle per rev.’ wave rotors (starting opening or shutting) 

  Size 
  3X & 1X 1/3 1/10 

GH open 0 0 0 
shut 46 49 52 

AL open 117 123 134 
shut 160 168 183 

AH open 22 22 24 
shut 71 75 79 

GL open 84 88 92 
shut 129 135 143 
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Fig. A-10 Wave diagrams for adiabatic case in 1X size of '1 cycle per rev.' wave rotor 

 

E2. Conjugate Heat Transfer Case (CHT) 

This subsection briefly describes the heat transfer effects predicted by conjugate heat transfer 
boundary treatment, and the next two subsections compare results of each steady-state-based boundary 
treatment to those of conjugate one to study the deviations at various sizes. 

The wave diagrams for pressure and temperature of conjugate heat transfer case in 1X size are shown 
in Fig. A-11. Gas in compression process seems to be less hot than in adiabatic case. During the idle 
period after expansion process, the temperature of cold air keeps increasing. However, it is difficult to 
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compare with adiabatic ones by these contours for further and accurate information. Therefore, the 
following paragraphs explain the differences between adiabatic case (ADB) and conjugate case (CHT) 
with averaged data, axial distributions and degree histories of local parameters. 

Total pressure in cell is averaged (based on mass) at every degree and the evolution of the overall 
average total pressure is shown in Fig. A-12 (a). Similarly, total temperature is averaged and its evolution 
is shown in Fig. A-12 (b). The temperature increase after expansion process (>170°) is confirmed. In the 
heat flux contour shown in Fig. A-13, negative heat flux in the left half after expansion process (>170°) is 
clear, meaning that the fluid is heated by the wall, which corresponds to the increase of temperature in Fig. 
A-11 (b) and Fig. A-12 (b). Because leakage is not considered in the numerical simulation, the cell is a 
sealed vessel in this period, and the fluid in the cell undergoes constant volume heating process. Hence, 
after expansion process, rate of pressure increase in Fig. A-12 (a) is proportional to rate of temperature 
increase in Fig. A-12 (b), resulting in higher pressure and temperature at 360° (or 0°) before the 
compression process of the next wave rotor cycle. Then, similar to the change in evolution of internal 
flow field explained in 0, in conjugate case, the pressure ratio of shock waves is smaller (Fig. A-14 (a)), 
the pressure after compression process is lower, and the pressure when charging from AL port is higher 
(Fig. A-14 (b)). 

In charging and discharging, differences in average parameters in each port between adiabatic case 
and conjugate case are obscure. The degree histories of discharging temperature for AH port and GL port 
are shown in Fig. A-15. Profile changes are observed; however, average temperature is changeless. In Fig. 
A-16, changes in charging and discharging pressures related to GH, AH and AL ports are relatively 
noticeable owing to the pressure changes in cell mentioned above. The arrival of the primary shock wave 
can be identified by locating the first rapid rise of pressure right on the opening to AH port in Fig. A-16 
(c). Although location difference is found when the primary shock wave propagates on its way at the 
same degree (Fig. A-14 (a)), its arrival is barely affected by heat transfer because of simultaneous 
increase in overall pressure and overall temperature after expansion process.[99] 
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Fig. A-11 Wave diagrams for conjugate case in 
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Fig. A-17 Pressure and axial momentum at cell ends during opening to ports for adiabatic case and 
conjugate case of 1/10 size 

 

Certainly, in small sizes, heat transfer is more influential on some parameters and the effects can be 
exemplified by graphs shown in Fig. A-17, including pressure during opening to AL port (Fig. A-17 (a)) 
and AH port (Fig. A-17 (c)), and mass flow rate during opening to GH port (Fig. A-17 (b)) and AH port 
(Fig. A-17 (d)). Besides, in Fig. A-17 (a), during opening to GH port, the arrival of the reflected shock 
wave characterized by the second dramatic rise of pressure is found to be a little later in conjugate case 
than in adiabatic case. 

E3. Comparison between CHT and ISO 

Distinguished from the conjugate heat transfer boundary treatment (CH) that requires so much 
computational resource, the isothermal boundary treatment (ISO) is another candidate for through-flow 
wave rotor for the sake of its low consumption of computational resource. The key issue in applying ISO 
is how to estimate isothermal wall temperature that is not known in advance. 

In order to estimate isothermal wall temperature, a method developed by Weber [53] is employed, 
which assumes that after the passage of pressure wave the development of boundary layer is analogous to 
that of an impulsive start over a flat plate. It is also assumed that a new thermal boundary layer is initiated 
behind the contact front between hot gas and cold air. Therefore, the wave diagram can be divided into 
many regions by characteristic lines of pressure waves and contact front. In each region, an average 

 ADB
 CHT
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temperature and an average heat transfer coefficient are assessed, and hereby with temperatures and heat 
transfer coefficients in all regions a definite isothermal wall temperature can be obtained. This wall 
temperature is updated at the end of each wave rotor cycle in flow field calculation using the wave 
diagram of the present cycle, and limit cycle of flow field can be reached after several cycles. Of course, 
for a flow field in limit cycle, the wall temperature is also changeless as: 

 51 1.0 10Wall temperature of present cycle
Wall temperature of previous cycle

−− < ×  (A.10) 

The results of the isothermal wall temperatures are depicted in Fig. A-18 as horizontal straight lines 
labeled by ISO. The wall temperatures of conjugate cases (CHT) are also shown in Fig. A-18 for 
comparison. Apparently, difference between conjugate wall temperature and isothermal wall temperature 
exists in every size involved, and in the right half the difference is more noticeable. As an example, the 
wave diagrams colored in heat flux for both CHT and ISO cases in 1/10 size are shown in Fig. A-19. 
Because of the distinctly lower isothermal wall temperature in the right half, the heat flux in the 
highlighted areas in the right half shows apparent difference that heat transfer from fluid to wall is more 
and from wall to fluid is less in ISO. 

Respecting the effects on internal flow, pressure difference is relatively great in the high-pressure 
stage. The axial distribution of pressure at a moment when the primary shock wave is propagating is 
shown in Fig. A-20 (a). The pressure distribution of ISO falls between those of CHT and ADB (adiabatic 
case). A moment when the compression wave is propagating is shown in Fig. A-20 (b). ISO curve is close 
to CHT curve. As a result, pressure difference during opening to ports is noticeable only when related to 
high pressure ports, especially GH port, which is shown in Fig. A-21. Naturally, change of wall 
temperature has influence on flow temperature. The mostly affected charging and discharging 
temperatures are shown in Fig. A-22. To collate the effect of using ISO instead of CHT, the following 
equation is used to evaluate the relative difference in average parameter during opening to ports between 
ISO and CHT: 

 ISO CHT
1 port port

ADB CHT

, or
A A

A P T
A A

−
∆ = =

−
 (A.11) 

meaning the ratio of difference between ISO and CHT to that between ADB and CHT, since difference 
between ADB and CHT is considered as reliable heat transfer effect. And the deviation from CHT is 
expressed as: 

 ISO CHT
2 port port

CHT

, or
A A

A P T
A
−

∆ = =  (A.12) 

Δ1 and Δ2 are calculated and listed in Table A-9 for various sizes. Δ1 seems to be inconsistent as size 
changes. For example, AH in 3X size and GL in 1X size are very large. The cause is small difference 
between adiabatic case and conjugate case that bring about small denominator and consequently great Δ1. 
Therefore, it is better to analyze differences using Δ2. As for the average pressure or the average 
temperature in GH, the difference increases drastically from 3X to 1X, and among small sizes 1X, 1/3 and 
1/10 the increase is relatively moderate. The difference in GL temperature also increases rapidly from 3X 
to 1X, while in AH the greatest increasing degree is found between 1/3 and 1/10. From these evidences, 
isothermal boundary treatment with isothermal wall temperature estimated by Weber’s method [53] 
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potentially brings relatively noticeable inaccuracy in small sizes. Therefore, for small wave rotor cell, 
employing isothermal boundary treatment should be cautious. 
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Fig. A-18 Axial distributions of wall temperature for both conjugate and isothermal cases of 
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Fig. A-19 Wave diagrams colored in heat flux for both conjugate and isothermal cases of 1/10 size 
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Fig. A-20 Axial distributions of pressure at 11.5° and 144° for both adiabatic case and conjugate 
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Table A-9 Noticeable relative differences in average pressure and average temperature during 
opening to ports between isothermal case and conjugate case 

 Pressure  Temperature  
Size GH GH AH GL 

 Δ1 Δ2 Δ1 Δ2 Δ1 Δ2 Δ1 Δ2 

3X 49.0% 0.327% 0.359% 0.00401% 228% 1.61% 109% 1.32% 

1X 90.9% 0.778% 31.4% 0.361% 146% 2.07% 219% 3.46% 

1/3 98.8% 0.826% 66.4% 0.517% 183% 2.65% 184% 3.70% 

1/10 504% 0.873% 93.5% 0.749% 313% 4.91% 230% 5.62% 

 

 

E4. Comparison between CHT and STB 

In Paxson’s 1-D numerical model [19], [57], on estimating wall temperature, heat transfer coefficient and 
average skin friction coefficient are calculated based on the Reynolds-Colburn analogy. Heat transfer 
coefficient is expressed as 

 1/2 1/30.664 Re PrL L L
kh
L

=  (A.13) 

where k is thermal conductivity, L is cell length. With the flow field calculated by the present flow solver, 
hL and corresponding wall temperature can be calculated, too. Like in ISO, the wall temperature is 
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 ISO
 CHT
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 ISO
 CHT
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updated at the end of each wave rotor cycle in numerical simulation, and the results after limit cycle and 
convergence of wall temperature are reached are presented and compared with CHT in this subsection. 

The wall temperature assessed by the method introduced above, naming it as STB, is shown in Fig. A-
23 (a) for 3X size, together with conjugate wall temperature (CHT-Avg). Apparent difference is observed 
between the wall temperatures. For small sizes 1X ~ 1/10, wall temperatures of STB and CHT are shown 
in Fig. A-23 (b) ~ (d). Difference in wall temperature is relatively small in 1/3 size and 1/10 size. 

Similar to the previous subsection, noticeable Δ2 differences are listed in Table A-10. Despite greater 
difference in wall temperature in 3X and 1X sizes and smaller ones in 1/3 and 1/10 sizes, the difference in 
discharging temperature (AH and GL) increases as size reduces. Besides, rapid increase is found between 
1X and 1/3. Therefore, it is worth noting that because increasing heat transfer effects in small size, it is 
right to be cautious on wall temperature estimation based on steady state assumptions. 

 

 

  
(a) 3X size (b) 1X size 

  
(c) 1/3 size (d) 1/10 size 

Fig. A-23 Axial distributions of wall temperature for both conjugate and steady-temperature-
boundary cases of various sizes 
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Table A-10 Noticeable relative differences in average temperature during opening to ports between 

steady-temperature-boundary case and conjugate case 

Size 
Temperature 

AH GL 

3X 0.851% 0.417% 

1X 0.946% 0.615% 

1/3 1.67% 1.81% 

1/10 2.58% 2.15% 

 

 

Appendix F. Analytical Argument for Post-Shock Properties Related to Primary Shock 

Wave  

This section analytically explains the parameters of flow field behind the primary shock wave. To 
understand the flow field caused by primary shock wave generated by opening cell to GH port, it is 
meaningful to refer to simple one-dimensional shock tube problem as the pressure wave propagations 
shown in Fig. A-24.  

In Fig. A-24, the typical isentropic flow in a shock tube is schematically depicted. At initial time, the 
shock tube is divided by diaphragm into low-pressure air region of state 1 and high-pressure gas region of 
state 4. Sudden rupture of the diaphragm causes a right-going compression wave and a series of left-going 
expansion waves. As time proceeds, the regions not affected by pressure waves are still in state 1 or 4, 
while a part of the air formerly at state 1 is compressed to state 2 as the compression wave propagates 
rightwards. Meanwhile, the contact front between gas and air moves rightwards behind the compression 
wave since the flow velocity behind the compression wave is right and lower than the propagation speed 
of the compression wave. The state between the contact front and the expansion waves is labeled 3. 

For this shock problem, with the given initial pressure ratio P14=P1/P4 and initial temperature ratio 
T14=T1/T4, the pressure ratio P21=P2/P1 can be derived by the following equation: 
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. Across the contact front, 

velocities and pressures are the same. Therefore, pressure and velocity behind the compression wave 
satisfy P3=P2 and u3=u2. 

Regarding the problem in wave rotor, the schematic of cell opening to GH port is shown in Fig. A-25. 
Before opening to GH port, the left half of cell plays the role of air part and GH port acts like gas part at 
the initial time in Fig. A-24. Then, when it opens to GH port, the contact front and the shock wave 
propagates in cell. State in GH corresponds to 4 and initial state in left half of cell corresponds to 1. 
According to Eq. (A.14), with given port state as 4 and air state in cell as 1, pressure ratio P2 and u2 
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related to pressure and velocity behind the primary shock wave can be calculated. Table A-11 lists the 
calculated parameters concerning adiabatic case (ADB) and heat transfer case (CHT) for 1/10 size 
(discussed in Section 4.2). T1 is higher in CHT than in ADB because the air is heated by wall. P1 is also 
higher owing to heating, but leakage leads to less rate of increase of pressure. Consequently, from ADB to 
CHT, P14 increases less than T14. As a result, P21 is 2.87 for ADB and 2.64 for CHT (Table A-11). With 
constant pressure P4 as reference, P24=P2/P4 is 0.471 for ADB and 0.462 for CHT. Apparently, lower 
pressure occurs behind the primary shock wave in CHT. The velocity behind the primary shock wave (u2) 
is also obtained for ADB and CHT and shown in Table A-11, where u2 corresponding to inflow speed 
when cell opens to GH port is found to be higher in CHT. 
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Fig. A-24 Wave systems following sudden rupture of diaphragm in shock tube 

 

 

 

x 1 4 

GH 
P4=3.1 
T4=2.8 

Cell 
Air Gas 

Cell 
Air Gas Gas 

2 3 1 

 
Fig. A-25 Schematic of opening a cell to GH port 

 

Table A-11 Calculation of state parameters 

 P14 T14  P21 u2 (m/s) 
 P1/P4 T1/T4  P2/P1  

ADB 0.164 0.378  2.87 360 

CHT 0.175 0.476  2.64 369 

 

 



 135 
Appendix G. Substituting Laminar for Turbulent 

The present study implements numerical simulations at various sizes with a consistent assumption that 
the flow in cell is fully turbulent at all sizes involved for the purpose of ensuring consistent numerical 
model across sizes. However, according to Table A-2, in some scales the flow in cell may fall into 
laminar regime. Although it can be generally regarded as working under turbulent state for the present 
configuration and for a wave rotor in a gas turbine system, sometimes a researcher may have to deal with 
cell flow under laminar state. This subsection presents the evidence that the characteristics and 
conclusions addressed under turbulent assumption can be similarly obtained under laminar assumption. 
To keep the subsection brief and descriptive, the demonstration focuses on comparison between laminar 
adiabatic case and laminar heat transfer case of 1/10 size since most striking heat transfer effects occurs in 
1/10 size among the sizes studied. 

Firstly, in the heat-flux-colored wave diagram shown in Fig. A-26 for laminar case, those intense heat 
flux also observed in conventional sizes in the regions of 1) inflow of hot gas and cold air, 2) compressed 
fluid, and 3.1) downstream vicinity of shock wave in gas are also located and marked. Those regions of 
intense heat flux only observable in small size including 3.2) downstream vicinity of shock wave in air, 4) 
expansion waves, and 5) downstream vicinity of compression wave are also found in Fig. A-26. During 
expansion process, gas is heated by wall, which is the same as in turbulent case, too. 

Secondly, major effects of heat transfer on charging and discharging are illustrated in Fig. A-27. 
When opening to charging ports GH and AL, the changes of average values caused by heat transfer can 
be easily observed and they are consistent with those related to GH and AL in Fig. 4-43. As for the 
discharging port AL in Fig. A-27, the differences in total pressure, total temperature in air part, and axial 
momentums in air part between ADB and CHT also resembles corresponding ones in Fig. 4-43. In regard 
to the noticeable difference related to the discharging port GL, higher temperature in turbulent heat 
transfer case (Fig. 4-43 (d-2)) also occurs in laminar heat transfer case (Fig. A-27 (d-2)). Since the 
changes in port parameters are outcomes of heat transfer effects on internal flow field, it is possible to 
infer from the similarities of differences in port parameters that the changes of flow field caused by heat 
transfer are also similar to those in turbulent case. 

Last but not least, the delay of arrival of reflected shock wave for about 3° in heat transfer case is also 
identified in Fig. 4-43 (a-1) where the pressure drastically rises again (around 50°). 

To sum up, all the causes of intense heat transfer and heat transfer effects on flow addressed under 
turbulent assumption can also be achieved with laminar assumption. 
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(a-1) Total pres. opening to GH  (a-2) Total temp. opening to GH (a-3) Axial momentum opening to GH 

   

   
(b-1) Total pres. opening to AH (b-2) Total temp. opening to AH (b-3) Axial momentum opening to AH 

   

   
(c-1) Total pres. opening to AL (c-2) Total temp. opening to AL (c-3) Axial momentum opening to AL 

   

   
(d-1) Total pres. opening to GL (d-2) Total temp. opening to GL (d-3) Axial momentum opening to GL 
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Fig. A-27 Total pressure, total temperature and axial momentum at cell ends during opening to 

ports for adiabatic case (ADB) and heat transfer case (CHT) of 1/10 size  
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