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Introduction

In this thesis, we consider a free boundary problem that combines the nonlinear reaction-diffusion
equation with the Stefan boundary condition.

ut_umx:f(u)a t>0, l‘E(g(t),h(t)),
g'(t) = —pug(t, g(t)), ult, g(t)) =0, >0,

W (t) = —puq(t, h(t)),u(t, h(t)) =0 ¢ >0,

—9(0) = h(0) = ho, u(0,x) = uo(x), = € (—ho,ho).

where g(t), h(t) are the free boundaries, supplemented together with some nonnegative initial datum

(0.1)

0.2)  wupe X (hg) = {W € C*[~ho, ho] : %((;Lg;));o%/(’?;g ;83%2&0}35 § } '

p is a positive constant while f € C. The first equation in (0.1) is the reaction-diffusion equation,
which has many applications in physics, chemistry and biology. The second and third lines in (0.1) are
the so-called Stefan condition, which is a well-known free boundary condition that appears typically in
the melting of ice. The combination of the reaction-diffusion equation and the Stefan condition makes
the problem highly unique and different from what has been known before. Indeed the presence of
the free boundary in the reaction-diffusion equation also gives rise to various interesting phenomena
which I will explain later.

In this thesis we deal with a large class of nonlinearities f. In the special case where f(u) =
u(a — bu), the equation in (0.1) reduces to the well-known Fisher-KPP equation, which is a classical
mathematical model in population genetics and ecology. For instance, in the celebrated work of
J. G. Skellam [35], he established a reaction-diffusion model in order to explain the spreading of
muskrats in central Europe. More precisely, he calculated the area of the muskrat territory from a
map obtained from earlier field data, took the square foot (which gives the spreading radius) and
plotted it against years, and found that the data points lie on a straight line. This means that the
spreading radius eventually exhibits a linear growth curve against time. Skellam then derived a KPP
type reaction-diffusion model to explain this linear growth. Since then, many researchers started to
use a reaction-diffusion model to describe biological invasion. See, for example, [36] and the references
therein.

A great deal of previous mathematical investigation on the spreading of population has been based
on the diffusive logistic equation over the entire space :

(0.3) up — dug, = u(a —bu), t >0, x € R.

In the pioneering works of Fisher [20] and Kolmogorov, Petrovsky, and Piskunov [28], the traveling
wave solutions have been found for (0.3): for any |c¢| > ¢y := 2v/ad, there exists a solution u(t,z) :=
W (x — ct) with the property that W’(y) < 0 for y € Ry, W(—o0) = a/b, W(+0c0) = 0; no such
solution exists if |c¢| < ¢p. The number ¢j is called the minimal speed of the traveling waves. It
is known that cg also coincides with what is called the spreading speed. Here, the spreading speed
means the speed of expanding fronts of a solution wu(¢,x) with compactly supported initial datum
u(0,z). In 1975, D. G. Aronson and H. F. Weinberger [2] proved that if the initial value «(0,z) is
confined to a compact set, then the following holds for any ¢ > 0

(0.4) lim u(t,z) = a/b, lim u(t,z) =0,

t—o0,|z|<(co—e)t t—o00,|z|>(co+e)t

These results have been extended to higher dimensions in [3].



As to the asymptotic behavior of the Fisher-KPP equation, in 1937, Kolmogorov et al. [28] proved
that if the initial datum is given by u(0,z) = [(_ 0, then we have:
(0.5) u(t,m(t) + z) = Ue, (),

where m(t) = sup{x : u(t,z) = 1/2} and U is the unique solution of

(0.6) {U”(w) —coU'(z) = U(z)(a — bU(z)), = € R,

U(—o0) = a/b,U(+00) = 0.
K. Uchiyama [37] proved that the property (0.5) holds also for solutions of (0.3) with compactly

supported initial datum.
Recently, Yihong Du added the Stefan condition to the Fisher-KPP equation as follows:

up — dugy = u(a — bu), t>0, x€(g(t),h(t)),
g'(t) = —pue(t, g(t)), u(t,g(t)) =0, t>0,

R (t) = —pug(t, h(t)),u(t,h(t)) =0 t>0,

—g(0) = h(0) = ho, u(0,2) =up(z), x € (—ho,hp).

(0.7)

In 2010, Y. Du and Z. Lin [10] proved the existence, uniqueness and regularity of solutions to
the equation (0.7). Moreover, they proposed a spreading-vanishing dichotomy. If hoo — goo =
limy— oo (h(t) — g(t)) < m\/d/a, it happens vanishing, which means

hoo, goo are bounded and t_l}grnoo || u(t, -)|]C([g(t)7h(t)]) =0;

otherwise it happens spreading, which means
h(t),—g(t) — 400 and u(t,z) — a/b locally uniformly in R as ¢t — +oc.

However, according to the well-known hair-trigger effect, we know that u, which is the solution of
(0.3) with a compactly supported initial datum, must converge to a/b locally uniformly in R. This is
a striking difference between (0.3) and (0.7). The phenomenon exhibited by the spreading-vanishing
dichotomy seems closer the reality, and is supported by numerous empirical evidences; for example,
the introduction of several bird species from Europe to North America in the 1900’s was successful
only after many initial attempts.

If adding a advection term to (0.3) and (0.7), the difference between them becomes more apparent.
For the equation

(0.8) vy — Pog — dvgy = v(a—bv), t >0, x € R

is just a translation of (0.3), it is easy to see that [[v(t,-)||(r) converges to a/b as t — +oo,
where v is a solution of (0.8) with a compactly supported initial datum. In a recent paper [24], the
corresponding free boundary problem

v — Py — dvg, = v(a — bv), t>0, x€(g(t),h(t)),
g'(t) = —pva(t,g(t)), v(t, g(t)) =0, ¢ >0,

R (t) = —pvg(t,h(t)),v(t,h(t)) =0 t >0,

—g(O) = h(O) = hy, U(O,:IZ) = Uo(x), x € (—ho,ho).

(0.9)

is considered. [24] shows us that if 3 is sufficiently large, it must be that ho, goo are bounded and
Jm v, M edgw.no) =0,

where (v, g, h) is the solution of (0.9) with any compactly supported initial datum. Here, fv, can
be considered as something like wind which can affect the propagation. We can naturally consider
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that it is hard for the species to exist if the wind is too strong. As a consequence, the free boundary
problem is closer to the reality in some sense.

For more general types of homogeneous f, [16] gives out a sharp estimate about the asymptotic
behavior of (u, g, h) when spreading happens. First, let us introduce three classical types of nonlin-
earities. We say that f is called monostable, if f € C!, and it satisfies

(0.10 o =rm=o. swf{ZynoY
and f(0) > 0, f'(1) < 0. We say f is of bistable type, if f € C! and it satisfies
<0 in (0,0),
(0.11) f0)=f(0)=r(1)=0, f(u)q >0 in(6,1),
<0 in (1,00)
for some 6 € (0,1), f'(0) <0, f(1) <0 and
1
0.12 d 0.
(0.12) | #es>
We say f is of combustion type, if f € C! and it satisfies
(0.13) f(u)=0 in[0,0], f(u)>0in (6,1), f(1)<0, f(u)<0in (1,00)

for some 6 € (0,1), and there exists a small § > 0 such that f(u) is nondecreasing in (6,0 + ).
Theorem 1. Suppose that f(u) is of monostable, bistable or combustion type. Then the problem

(0.14) { Gez — gz + f(q) =0 for z € (0,00),
. q(0) =0, pg.(0) =¢, g(c0) =1, q(z) >0 for z > 0.

has a unique solution pair (c,q) = (c*,qe), and ¢* > 0, ¢\..(z) > 0. (u,g,h) is a solution of (0.1),
which is obtained in [10]. Moreover, if spreading happens, then we have

|h(t) — 't —c1] = 0, |g(t) + 't +co| =0, KW(t)—c*, ¢'(t) = —c
and

t,z) — qe<(h(t) — , t,x) — qer(x — g(t
e fult2) = ger (h(0) = )] = 0, maxe Jult,) = g (2 = 9(8))] = 0

as t — +00.

This thesis has two purposes: 1. to show Theorem 1 ([16]) still holds for heterogeneous f; 2. to
consider the propagation of the free boundary in higher dimensional spaces.

In the first half, we will consider the equation

up — Uz = f(x,u), t>0, z€(g(t),h(t)),
(0 15) g/(t) = _:u(tvg(t»v u(t,g(t)) =0, t>0,
' R'(t) = —pug(t, h(t)),u(t,h(t)) =0 t>0,
u(0, ) = up(w), z € (9(0), n(0)),

where f € C1(R? R) satisfies the periodicity condition f(z+ L,u) = f(z,u) and f(x,0) = 0 for some
L > 0. We assume that there exists a positive and L-periodic stationary solution p(z) of
016 P/(2) + fap() = 0, 7 € R,
p(z) >0, p(z+ L) = p(z).
The function p is also a stationary solution of the following auxiliary equation

) Buu(t, z) — Dupult, 7) = f(z,ult, ), t> 0,7 € R,
ber u(t,-) L-periodic for any t € R.
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We now state two main assumptions:

Asumption 1. There exists a solution (u,g,h) of (0.15) with compactly supported initial datum
0 < wup(x) < p(x) such that u converges locally uniformly to p, h(t) — 400 and g(t) — —o0 ast — oo.

Assumption 2. There exists no stationary solution q with 0 < q(z) < p(z) that is both isolated
from below and stable from below with respect to (Eper).

Here we say a stationary solution ¢ of (E,,) is isolated from below (reps. above) if there exists
no sequence of other stationary solutions converging to ¢ from below (reps. above). A stationary
solution ¢ is said to be stable from below (reps. above) with respect to (Ep,) if it is stable in the
L topology under nonpositive (reps. nonnegative) perturbations. Otherwise, ¢ is called unstable
from below (reps. above).

We note that Assumption 2 holds for a large class of nonlinearities including the following;:

Case 1. (Monostable nonlinearity) There ezists no L-periodic stationary solution q satisfying
0 < q(x) < p(x) for all x € R. Futhermore, 0 is unstable from above.

Case 2. (Bistable nonlinearity) The stationary solution 0 is stable from above with respect to
(Eper), and p is stable from below with respect to (Epe). Furthermore, all other stationary solutions
between 0 and p are unstable.

Case 3. (Combustion nonlinearity) There exists a family of L-periodic stationary solutions
(‘D)Ae[mp that forms a continuum in L (R) and satisfies 0 = qo < q1 < p. Furthermore, there exists
no stationary solution q satisfying q1(x) < q(x) < p(x) for all x € R.

Then by following the idea of [18], we can show the existence of the pulsating traveling wave for
the right side (U, H), which is a solution of

Ou(t,x) — Oppu(t,z) = f(z,u(t,x)), t>0, —oo <z < h(t),

u(t, h(t)) = 0, t>0,
(En) B (t) = —pdyult, h(t)), t>0,
h(0) = ho, u(0,z) = up(z) > 0, —o00 < z < hg.

and satisfies

Ht)+L=Ht+T), teR,

for some T > 0. Correspondingly, there also exists the pulsating traveling wave for the left side
(Us, Hy).

To give out a sharp estimate on the asymptotic behavior of solutions of (0.15), we still need one
more assumption to estimate the middle part of solutions, on which u converges to stable stationary
solution p uniformly.

Assumption 3.The principle eigenvalue of Lo is negative, where Ly is defined by Lo = " +
Ouf(z,p) and ¢ is L-periodic. In other words, there exist a function v and a constant X\ > 0, such
that

{U(t,x —L)=U(t+T,z), tcR,ze (—oo,H(t+T)),

V(@) 4 Ouf (2, p(x))Y(z) = =M (2),
(x) =9z + L), P(z) >0,
hold for all x € R.

Under Assumption 3, we can show that the pulsating traveling for the right side is unique up to
time shift. Moreover, we have the following theorem (see Corollary 1.1.12 and Theorem 1.1.15 in
Section 1 for details):

Theorem 2.Let Assumptions 1-3 hold. Then we have the pulsating semi-wave for the right side
(U,H) and that for the left side (Uy, Hy). Let (u,g,h) be a solution of (0.15) with initial datum
up(x) < p(z) for which u converges to p locally uniformly in R as t — +o0o. Then there ezists



constants T, and T} such that as t — +00, we have

(0.17) |u(t, ) = Ut + Ty, )l Loo (j0,min{h(e), H(t+T)}) — 05
(0.18) |h(t) — H(t + T})| — 0 and |W (t) — H' (t +T,)| = 0,
(0.19) u(t, ) = Us(t + Tiy )| Lo ((max{g(t), 1. (t+T1)},0) — O
(0.20) lg(t) — Ho(t +T})| — 0 and |¢'(t) — HL(t +T;)| — 0.

In the second half, we are interested in the spreading speed in higher dimensions for homogeneous
f. Therefore we will consider the equation

ut—urr—¥urzf(u), 0 <r<h(t), t>0,

ur(t,0) =0, u(t,h(t)) =0, t>0,
W) = —pn (1), >0,
h(0) = ho, u(0,7) =wup(r), 0<r <hg

with initial datum wug chosen from
(0.22) A (ho) = {1 € C2(10, ho)) : 4/(0) = (o) = 0, (r) > 0 in [0, ho) .

We assume that spreading happens, namely lim;_, h(t) = 0o, lims—,c u(t, |z|) = 1. For the case of
one space dimension (N = 1), it has been solved by Theorem 1 ([16]). In the latter half, we consider
the case N > 2 and give out a sharp estimate as follows (see Theorem 2.4.1 in Section 2 for details):

Theorem 3.Suppose that f(u) is of monostable, bistable or combustion type. Let (u,h) be the
solution of (0.21) for which spreading happens. There exists a constant h € R such that

tlgglo {n(t) — [¢*t — cylogt] } = h, tl;nolo h'(t) = c*

(0.21)

and
Jim lut, ) = ges (h(t) = )l e o, = 0,

_ N-1 _ c*
where ey = Cer and C =1+ ? 0oo s (2)2e=¢"#dz "

At the same time, we also obtain a rather clear description of the spreading profile of u(t,r).
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1. Front propagation in periodic media with free boundaries

1.1. Introduciton.

In this section, we consider a free boundary problem that combines the reaction-diffusion equation
with the Stefan boundary condition. Equation

Ou(t, z) — Oppu(t,x) = f(x,u), g(t) <z < h(t),t >0,
u(t, h(t)) = u(t, g(t)) = 0, t>0,
(£) W(t) = —pdyu(t, h(t)), t>0,
g'(t) = —pdyu(t, g(t)), t>0,
h(0) = —g(0) = ho > 0, u(0,z) = up(z), —ho <z < hg,

where x = g(t) and = = h(t) are the moving boundaries to be determined together with u(¢, x),
supplemented together with some nonnegative initial datum

W( hO) ( ) =0, W/(_h()) >0, }

(1.1) ug € %(ho) = {W S Cz[_hmho] : W/(h[)) < 0 W( ) >0 in (—ho,ho)

p is a given positive constant, and the function f(z,u) € C1(R?;R) satisfies the periodicity condition
(1.2) flx+ Lyu) = f(z,u) and f(z,0) =0

for some L > 0.

Problem (F) with f(u) = au — bu? was introduced by [10] to describe the spreading of a new or
invasive species. The free boundary boundaries x = g(t) and x = h(t) represent the spreading fronts
of the population whose density is represented by u(¢,x). The results in [10] were extended by [7, 8]
to higher dimensions, while the regularity of the free boundary in higher dimensions was recently
solved in [15].

Problem (F') with a rather general homogeneous f(u) (of monostable, or bistable, or combustion
type) was recently studied by [11]. It shows that problem (F') has a unique solution which is defined
for all ¢ > 0, and as t — oo, the interval (g(¢), h(t)) converges either to a finite interval (goo, hoo),
or to (—oo,+00). Moreover, in the former case, u(t,z) — 0 uniformly in x, while in the latter case,
u(t, z) — 1 locally uniformly in z € (—o0, +00) (except for a non-generic transition case when f is of
bistable or combustion type). The situation that

u— 0 and (g,h) = (goo; hoo)
is called the vanishing case, and
u— 1 and (g,h) = (—00,+00)

is called the spreading case.
Moreover, in the setting of [11], when spreading happens, it is shown in [16] that there exists ¢* > 0,
such that
: * _ : / _ *
tlggo(h(t) c't—H) = O,tlgroloh (t) =",
: * _ : / — *
lim ((8) + ¢*t - G) = 0, lim g/(t) = —c",
where H,G € R, and
Jim supejo e |ult, ©) = ger (h(t) — )| = 0,
tliglo SUPze[g(t),0] |u(t7 iL’) — e (.CC - g(t))| =0,
where (c*, ¢.+) is uniquely determined by (see [16])



C*qé* (.’E) - q(l;l* (1’) - f(QC* (I’)), S (07 +OO)7
qc* (0) =0, g (—I—OO) =1, "= MQQ* (0)

Because ¢.+ is only defined on the right axis, we call it a semi-wave, which is very similar to the

traveling wave arising from the corresponding Cauchy problem.

For the special heterogenous case f(z,u) = a(x)u — b(x)u?, with a(x) and b(x) positive L-periodic
functions, Du and Liang [9] proved the existence and uniqueness of the pulsating semi-wave which
governs the spreading speed of (F') when spreading happens.

Recently in [18], Ducrot, Giletti and Matano introduced the definition of propagating terrace for
the corresponding Cauchy problem of (F'), namely

{atu — Oppu = f(z,u), t>0, x€R,

(B) u(0,z) = up(x), x € R.

They use the propagating terrace to describe the long-time dynamical behavior for very general
nonlinearities which may give rise to many different steady states. Such a propagating terrace consists
of several different stationary solutions and the pulsating traveling waves connecting them.

The current section has two goals:

(1) We want to extend the results of the propagating terrace to the free boundary problem (F),
and compare the differences between the Cauchy problem and (F'). In the first half, we
will give out the existence of the propagating terrace with a free boundary by borrowing
some important ideas from [18], and then show how the Stefan coefficient p will affect the
propagating terrace.

(2) Using the pulsating semi-wave obtained in (1), which covers rather general nonlinearities f,
we will give a sharp estimate on the asymptotic behavior of solutions of problem (F') when
spreading happens. We will show in particular that, in a certain moving frame, the solution of
(F') converges to the pulsating semi-wave as ¢ — +00, and in contrast to the Cauchy problem
treated in [18], here the convergence does not involve any phase shift.

1.1.1. Description on f.

In this subsection, we will introduce some assumptions on f, which will be widely used in the
following.
In this section, we always assume that there exists some positive L-periodic stationary solution

p(x) of (E):

(1.3) {p”(w) + f(x,p(x) = 0, ¥z € R,

p(x) >0, p(z+ L) = p(x).
The function p is also a stationary solution of the following auxiliary equation, the L-periodic coun-
terpart of (E):
(Eper) Ou(t, x) — Opgu(t,z) = f(x,u(t,x)), t >0,z € R,
per u(t, ) L-periodic for any t € R.
It is obvious that any solution of (E.,) is also a solution of (F).

We now state our main assumptions. The following two are concerned with the attractiveness of p
from below.

Assumption 1.1.1. There ezists an initial datum ¢g € 2 (lp), which satisfies ¢o(x) < p(x) for all
z € (=lo,lo). If uop = ¢o, then we have u(t,z) converges to p(x) locally uniformly in R while h(t) and
—g(t) converge to +00 as t — +o0o, where (u, g, h) is the solution of (F).
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From the view of ecology, p means the stable state for some species in a natural enviroment. It is
reasonable for us to assume that in some cases such a stable state is unique.

Assumption 1.1.2. There exists no L-periodic stationary solution q with 0 < q(x) < p(x) that is
both isolated from below and stable from below with respect to (Epey).

Let us clarify the notions introduced in this assumption. A stationary solution ¢ of (Epe,) is said
to be isolated from below (resp. bf above) if there exists no sequence of other stationary solutions
converging to ¢ from below (resp. above). A stationary solution ¢ is said to be stable from below
(resp. bf above) with respect to (Ej,) if it is stable in the L* topology under nonpositive (resp.
nonnegative) perturbations( see Theorem 8 in [30]).

To give a sharp estimate on the asymptotic behavior of solutions of (F'), we still need one more
assumption to estimate the middle part of solutions, on which u converges to stable stationary solution
p uniformly.

Assumption 1.1.3. The principle eigenvalue of Loy is negative, where Ly is defined by Loy = " +
Ouf(x,p)tp and v is L-periodic. In other words, there exist a function 1 and a constant A > 0, such
that

() + Ouf(z, p(x)P(z) = —Mp(),
P(x) =Pz + L), P(z) >0,

hold for all x € R.

Note that the above assumptions cover a wide variety of nonlinearities, including such standard
cases as monostable,bistable or combustion nonlinearities, but also to much more general and complex
cases.

A classical example of the bistable nonlinearity is the Allen-Cahn nonlinearity u(1 — u)(u — a(x)),
where 0 < a(z) < 1, a(z + L) = a(z). An important subclass of the monostable nonlinearity is the
KPP type nonlinearity, in which 0 is assumed to be linearly unstable and f is sublinear with respect
to u; a typical example being a(x)u — b(z)u?, with a(x + L) = a(x) > 0 and b(z + L) = b(z) > 0.

1.1.2. Main results.

Before stating the main results, let us first introduce some notions which will play a fundamental
role in this section. To make the thesis not lengthy, we refer the definitions of pulsating traveling
waves and propagating terraces of Cauchy problem (F) to [18]. Next, we will define the corresponding
ones in the free boundary problem (F').

Definition 1.1.4. (Pulsating semi-wave) Given a positive periodic stationary state p, by a pul-
sating semi-wave solution of (F}) connecting 0 to p, we mean any entire solution (u, h) satisfying,
for some T > 0,

u(t,e — L) =u(t+T,z), teR,ze (—o0,h(t+T)),
h(t) + L= h(t + T), tER,

along with the asymptotics
u(+oov ) = p(')v

when the convergence is understood to hold locally uniformly in the space variable. Then ratio ¢ :
is called the average speed of this pulsating traveling wave with a right free boundary.

Sl
V
o
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(Fy) is a free boundary problem defined in the below, which has only a free boundary on the right
side.

Ou(t, x) — Oppu(t,z) = f(z,u(t,x)), t>0, —oo <z < h(t),

u(t, h(t)) =0, t>0,
(En) B (t) = —pdpult, h(t)), t>0,
h(O) = hy, u(O,ZL‘) = uo(m) > 0, —00 < x < hy.

The following definition on steepness plays a key role in the construction of the propagating
terrace of (F},).
Definition 1.1.5. We will describe the steepness between different types of equations in the following:
(i) Let v1,v2 be two entire solutions of (E). we say that uy is steeper than ug if for any ti,ts
and x1 in R such that uy(t1,x1) = ua(te, x1), we have either
ur (- +t1,-) = ua(- + to,-) or Oyus(t1, 1) < Oyua(te,x1).
(ii) Let (ui,hy), (u2, ha) be two entire solutions of (Fy). We say that (u1,h1) is steeper than
(uga, ha) if for any t1,t2 in R such that when hy(t1) > ha(t2) we have
ul(tl,:c) > UQ(tQ,.I) f07’ x € (—OO,hQ(tQ)),
and when hi(t1) < ha(t2), we have
Oy (t1, 1) < Oyua(tz, z1)

for any x1 € (—o0, hi(t1)) satisfying ui(t1, 1) = ua(ta, z1).
(iii) Let (u1,h1) be an entire solution of (Fp,) and vy be that of (E). We say that (uy, hy) is steeper
than vy if for any t1,t2 € R and 1 € (—o0, hq(t1)) such that ui(ty1,x1) = va(te, z1), we have

Ozus (t1, 1) < Oyua(tz, z1).
Next, let us define the propagating terrace for the free boundary problem.
Definition 1.1.6. A propagating terrace of (F}) connecting 0 to p is a pair of finite sequence

(pk)o<k<n, (Ur)i<k<n and a free boundary H such that:

e Each py is an L-periodic stationary solution of (Eper) satisfying
p=po>p1>--->py =0

e For each 1 < k < N — 1, Uy is a pulsating traveling wave solution of (E) connecting py to
Pk—1-
e (Un, H) is a pulsating semi-wave solution 0 to pn_1.
o The speed ci of each Uy satisfies 0 < cp <cag < -+ <cp.
Furthermore, a propagating terrace of (Fy) T = ((pr)o<k<n, (Ur)i<k<n, H) connecting 0 to p is said
to be minimal if it also satisfies the following:

e For any propagating terrace T" = ((qx)o<k<N (Uk)lgngu f]) connecting 0 to p, one has that
{pr:0<k<N}C{g:0<k<N'}.

e For each 1 < k < N — 1, the pulsating traveling wave Uy, is steeper than any other pulsating
traveling wave connecting pg to pg_1.

o The pulsating semi-wave(Un, H) is steeper than any other pulsating semi-wave connecting 0
to pN—1-

Next, let us introduce show the existence of a minimal propagating terrace of (F},).
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Theorem 1.1.7. Let Assumption 1.1.1 hold. Then there exists a propagating terrace of (Fy) ((pr)o<k<n,
(Uk)1<k<n, H) that is minimal in the sense of Definition 1.1.6. Such a minimal propagating terrace
of (Fp) is unique, in the sense that any minimal propagating terrace of (Fy) shares the same (pg)
and that (Uy)1<k<n and H are unique up to time-shift. Moreover, it satisfies:
(i) For any 0 < k < N, the L-periodic stationary solution py is isolated and stable from below
with respect to (Eper).
(ii) (pr)o<k<n) and (Ug)i<k<n-—1 is steeper than any other entire solution of (E) between 0 and
p. Moreover, (Un, H) is steeper than any other entire solution of (E) or (F},) between 0 and
.

Remark 1.1.8. According to the above theorem, we can get the existence of pulsating semi-wave
connecting 0 to some steady state, which may be not p.

From Theorem 1.10 in [18], we know that there is a unique minimal propagating terrace of (F)
consisting of ((gx)o<k<n’s (Vi)1<k<n’) if Assumption 1.1.1 hold.

Theorem 1.1.9. Let Assumption 1.1.1 hold and ((qx)o<k<n’s (Vi)i<k<n’) be the unique minimal
propagating terrace of (E). Then we have:
(i) N <N, (pk)o<k<n—1 = (qx)o<k<n—1 and (Ux)i<k<n-1 = (Vi)i<k<n-1-
(ii) If Assumption 1.1.1 holds for each p € (0,+00), there exists a sequence (w;)o<i<n’, which
satisfies
O=po <p1 <--- < pn—1 < vy = +00
such that, for any p € (ui, piv1) and 0 < i < N’ — 1, the corresponding minimal propagating
terrace of (Fy) consists of (pr)o<k<i+1, (Uk)i<k<it+1 and H, where it holds that
P =qr for 0 <k <i
and
Uk:kaorlngi
and (Uiy1, H) is a pulsating semi-wave connecting 0 to g;.
Remark 1.1.10. Assume f(z,u) = a(x)u(l —u), where 1 < a(z) < 2 for each x € R. By the results
in [10], we know that spreading must happen as long as 2hg, the length of initial datum ug, is bigger
than w. No matter how small ug and u are. Thus, it is possible that Assumption 1.1.1 holds for each
p € (0,400). For more general f, if ¢o is a compactly supported stationary solution of u”+ f(xz,u) =0

and Assumption 1.1.1 holds for some ug > 0, then we can easily check that Assumption 1.1.1 also
holds for each p > 0.

Following Theorem 1.1.7 and 1.1.9, we can give out some sufficient conditions on the existence of
the pulsating semi-wave connecting 0 to p.

Corollary 1.1.11. Let Assumption 1.1.1 hold for each p € (0,400). There must exist a pulsating
semi-wave connecting 0 to p if p is sufficiently small.

Corollary 1.1.12. Let Assumption 1.1.1 and 1.1.2 hold. There must exist a pulsating semi-wave
connecting 0 to p.

The next theorem will tell us how solutions of (F') converge to the pulsating semi-wave without
phase drift as t — +o0 if spreading happens, which means
u—p

locally uniformly in R and
g — —oo and h — 400

as t — +o0.



12

Proposition 1.1.13. Let Assumptions 1.1.1 and 1.1.8 hold and assume the existence of the pulsating
semi-wave (U, H) connecting 0 to p. Then the pulsating semi-wave is unique up to time shift.

Remark 1.1.14. Notice that most of the above definitions and theorems in this subsection focus on
the free boundary of the right side. However, we note that the corresponding results also hold for the
left side in the same argument.

Theorem 1.1.15. Let Assumptions 1.1.1 and 1.1.8 hold. We further ssume that the pulsating semi-
wave exists for the two sides. (U, H) is the pulsating semi-wave with a free boundary on the right side
in the sense of Definition 1.1.4, while (U, H,) is the corresponding one for the left side. Let (u,g,h)
be a solution of (F') for which spreading happens, and given initial datum uo(x) < p(z) + eop(x) for
x € [—ho, ho], where €y is a sufficiently small positive constant (see Lemma 1.2.10). Then there exists
constants T, and 1} such that as t — +00, we have

(1.4) u(t,-) = Ut + Ty, )l Loo (j0,min{h(e), HE+T)3) — 05
(1.5) \h(t) — H(t + T;)| — 0 and |V (t) — H' (t + T,)| = 0,
(16) HU(t, ) - U*(t +1, ')||L°°([max{g(t),H*(t+Tl)}70}) — 0,
(1.7) lg(t) — He(t +T})| = 0 and |¢'(t) — HL(t + T;)| — 0.

Remark 1.1.16. Because the coefficient is periodic with respect to z, (U, H) and (U, H,) may have
different periodicities on time. Thus they may move at different average speeds.

This section is organized as follows. In Subsection 1.2, we introduce some preliminary knowledges.
In Subsection 1.3, we show the existence of the propagating terrace of (F}) and its comparison with
that of (E). The asymptotic behavior of problem (F') is proved in Subsection 1.4.

1.2. Preliminaries.

1.2.1. Zero number.
As our proof relies strongly on a zero number argument, let us first begin, for the sake of clarity, with
some preliminary definitions and lemmas from [1].

Definition 1.2.1. For any u € C°(I), where I is an open interval, we denote by:

o Zlu(-);I] is the number of sign changes of u, that is the supremum over all k € N such that
there exist 1 < xo < ... < xp, real numbers with

w(x;) - u(xipr) <0 foralli=1,2,....k — 1.

e SGNJ[u(-);I] is the word consisting of + and -, describing the signs that appear alternately
when looking at u(-) from the left to the right. We denote SGN|0;I] =[] the empty word.

Let us recall some properties of Z and SGN:
Lemma 1.2.2. Let u(t,x) # 0 be a bounded solution of a parabolic equation of the form
O = a(t, x)0gzu + b(t, x)0pu + c(t, v)u, x € (s(t),r(t)),t1 <t < ta,

where a,b,c are bounded continuous functions, and s,r either always equal to co, or are bounded
continuous functions (we do not need s,r attain oo at the same time). We denote I1(t) := (s(t),r(t)).
The boundary condition is one of the followings:

u>0; u<0; u=0; Oyu=0tE¢c (t1,t2).

Then, for each t € (t1,t2), the zeros of u(t,-) do not accumulate in I(t). Furthermore,
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(i) Zlu(t,-); I(t)] and SGNu(t,-); I(t)] are nonincreasing in t, that is, for any t' > t,

Z[u(t',-); ()] < Z[ult,-); I(t)],

SGNu(t',-); 1(t)] < SGN[u(t,-); I(t)] ( where < means being a subword);
(i) if u(t', xo) = Ozu(t, zg) = 0 for some t' € (t1,t2) and xo € I(t), then

Zlu(t,); I(t)] > Z[u(s,-); I(t)] for all t € (t1,t') and s € (', t2)
whenever Z[u(s,); I(t)] < +oo.
One can also check that Z is semi-continuous with respect to the pointwise convergence, that is:

Lemma 1.2.3. Let a sequence (up)nen and u in CO(I) such that for all z € I, u,(z) — u(z). Then,
one has that
u=0 or

(1.8) Zu; Il < liminf Z{uy; I and SGNu; I] <liminf SGN [u,; I].

n—oo n—o0

Those results follow from [1]: though the author only considered bounded intervals for the space
variable, most of the conclusions above can be shown similarly (see also [14] for more details).

1.2.2. Hopf’s lemma for parabolic equations.

Let Q7 be a bounded open set of RVT! contained in (0,7") x RY, where T > 0. We denote by Q7
the parabolic interior of Qr, that is the set of all points (¢, ) with the property: there exist a € > 0
such that B(t,z) N {t < t} C Qr. Here B(t,Z) denotes the (N + 1)-dimensional ball with radius e
and center (£, 7). Define also the parabolic boundary 8,Qr of Qr, as 9,Qr = Q1 — Q.

Definition 1.2.4. We say that a point (t,z) € 0,Qr has the property of the spherical cap if there
exists an open ball By(to, xo) such that

(t_,i‘) S 8Br(t0,$0), Br(to,xo) N {t < t_} C Qr,
with xg # .

In the following,we denote by C,.(¢,Z) a cap By (to, xo) N {t < t} as the one appearing in the above
definition. A version of Hopf’s Lemma for parabolic equations was proven in [22].

Lemma 1.2.5. Let Oyu— Au < 0 in QF. Let (t,z) € 0,Qr have the property of the spherical cap. If
u(t,z) < wu(t,z), forall (t,z) € C(t,7),

then

(1.9) %(ﬂ

I

) <0,

where e € RNTY is any direction such that

(t,x) + se € Cp(t,x), for0<s< Xe),

and we also assume that the derivative in (1.9) exists.
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1.2.3. Some basic results.

In this subsection we give some basic results about problem (F). Because f(x,u) € C'(R?;R), most
of the results can be obtained by a slight modification from [10, 11]. Thus we omit the proof if they
are not necessary.

Lemma 1.2.6. (Comparison principle)Suppoe T € (0,), g,h € C1([0,T)]),u € C(Dr)NC*2(Dr)

with Dy = {(t,z)] 0 <t <T,g(t) <z < h(t)}, and

Ut > Ugy + f(z, 1), 0<t<T,g(t) <z <h(t),
a(t,h(t)) = 0,h' > —piig(t,h(t), 0<t<T,

If
g(O) < _h()a hO > h’Oa 'L_L(O,l') > ’LLO(IE) n [g(o)vh(o)]a
where (u, g, h) is a solution of (F'), then for any t € (0,T]

g(t) < g(t), h(t) = h(t), u(t,z) > u(t, ) in [g(t), h(t)].

The triple (@, g, h) in the above lemma is usually called an upper solution of (F'). We can define a
lower solution by reversing the inequalities in the obvious places.

Theorem 1.2.7. For any given uy € 2 (ho) and any « € (0,1), there a T > 0 such that problem
(F) admits a unique solution

(u, g, h) € CUFTOI/ 21 (Gry s 01F2([0, T]) x CH/2((0, T));
moreover,
[ull cararrzivaiary + l9llervarzom + 1Rl crtarz o) < C
where Gy = ||(t,z) € R* : x € [g(t),h(t)],t € [0,T]}, C and T depend on ho, a, |lallcr(o,1)),
1bllco,z)ys [uollc2(i=nonopy and | f e (jo,21x [0, luo o ng gy +11)-

Lemma 1.2.8. (u,g,h) is a solution to (F) defined for t € [0,Ty) for some Ty € (0,00), and there
exists C1 > 0 such that

u(t,z) < Cy fort e [0,Ty) and z € (g(t), h(t)).
Then, there exists Co depending on C' but independent of Ty such that
—g'(t),h'(t) € (0,C4] fort € (0,Tp).
Moreover, the solution can be extended to some interval (0,T) with T > Tp.

Theorem 1.2.9. Problem (F') has a unique solution defined on some mazximal interval (0,T*) with
T* € (0,00]. Moreover, when T* < oo, we have

i {[u(, o awp = o0
If we further assume that ug(x) < p(x) for x € (—hg, ho), then
T = .
The next two lemmas is about the uniform boundedness and exponential convergences of u.

Lemma 1.2.10. Suppose that Assumption 1.1.8 holds. There exists positive constants €y,00 and Tj
such that if (u, g, h) is a solution of (F') with initial datum up(z) < p(x) + eoyp(z) for x € (—ho, ho),
then we have

(1.10) u(t, ) < p(z) + e for t € (Ty, +00) and x € (g(t), h(t)),

where 1 is the eigenfunction defined in Assumption 1.1.3.
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Proof. Let us make a transformation first

ooyt x) — p(x)
o(t,z) :== (@) ,
where 4 is the solution of (F). By calculation, we get
o= 1%,
&@:<ma—ﬂ%;wa—mw
and
o 5 [Durt = )0 — (@ = )Y = 209Dt = ) = (i = p)¥]
rx - w4 .

Replacing the above equalities into equation (E), then we get the equation for v:

. &6—%@—2%&5:F@ﬁL t>0, z €R,
(L11) (0, ) = Dlo)—pl) zeR
b w €T b b
where F(z,v) = f(x’vw(x)"ﬁ((?))_f(x’p(w)) — [N+ Ouf(z,p(z))]v. It is easy to check that

OpF (z,0) = =\

Then there exists a constant €y > 0 such that
A
OpF(x,v) < —3
holds for z € R and 0 < v < ¢y. Next, we construct a new V (¢) as the supersplution of o:

V'(t) = =2V (t), t >0,

(1.12) (®) 2 ®)
V(0) = €.

Through comparison principle, it is easy to infer that V() is a supersplution of (¢, x) if given initial

datum 0 < () < €g for x € R. Because V strictly decreases with respect to t, it follows that

O(t,x) < ¢ fort >0, z € R.

We note that @ is a supersolution of (u, g, h), the solution of equation (F'). Then by Theorem 1.2.9,
(u, g, h) exists for all the time ¢t > 0. (1.10) easily follows from the fact that V' exponentially converges
to 0 as t — +o0.

O

Lemma 1.2.11. Let Assumptions 1.1.1 hold and (u,g,h) be a solution of (F) for which spreading
happens. There exists a ¢ > 0 such that
(1.13) lim inf{u(t,z) — p(x) : |z| < ct} > 0.

t—4o00

Proof. Let ¢g € Z (lp) be the compactly supported initial datum given in Assumption 1.1.1. This
means that the solution (u,g,h) of (F) with initial datum ¢y converges locally uniformly to p as
t — 400. According to it, there exists a time 7' > 0 such that

Q(T,IE) > max{¢0(x),¢g(x - L),¢0($ + L)} for any T € R.

For convenience, we mean u = 0 outside its free boundaries g and h, so is for u. By the comparison
principle, it follows that

w(2T, x) > max{u(T,z),u(T,x — L),u(T,z+ L)}
> max{¢o(z), ¢o(z — L), po(x — 2L), ¢o(x + L), go(z + 2L)}.
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By induction, we obtain that for all j € N,

u(jT,x) > max{go(x —iL) : i € Z,|i| < j}.
Because (u, g, h) is a solution with initial datum wug for which spreading happens, we can assume that
ug > ¢g without loss of generality. Applying the comparison principle one gets that

u(jT, z) > max{po(x —iL) : i € Z,|i| < j}
for any j € N. Therefore, from Assumption (1.1.1), we have that for any j € N,

u(r + jT, z) > max{u(r,z —iL) : i € Z,|i| < j},
— p(),
where the convergence holds as 7 — +o00, uniformly with respect to j € N and = € [—jL, jL].
Let us now define
(1.14) ¢ : L/T >0
and choose any ¢ with 0 < ¢ < ¢,. Denote by [y] the ceiling function of y, that is, the least integer
not smaller than y. Then for any ¢t > 0, let
ct
T(t) =1t — (Z]T

As ¢ < ¢y, one can easily check that 7 — 400 as t — 4+00. Thus,
ct
L
and, since ct < [£]L and ¢ = 7(t) + [€]T for all t > 0, we have (1.13).

i inf{u(r(t) + [F1T,2) — pla) : ol < [F12) 20,

1.3. Propagating terrace with a free boundary.

In this section, we will prove the existence and uniqueness of the propagating terrace of (F}) and
its relationship with that of (E). We call w-limit set of a solution (u, h) of (F},) the set of functions
to which v may converge for large positive time. More rigorously, we define:

Definition 1.3.1. Let (u(t,x),h(t)) be any solution of (Fp). We call (v(t,z),l(t)) an w-limit orbit
of (u, h) if there exist two sequences t; — +0o and k; € Z such that

h(t+t;) —kjL — I(t), as j — 400
locally uniformly on R and

u(t +tj,x+ kL) = v(t,x), as j — 400

locally uniformly on R x (—o0,((t)).
Remark 1.3.2. One can easily check that (v,1), an w-limit orbit of (u, h), satisfies the Stefan bound-
ary condition. Thus (v,l) is an entire solution of (Fy). Moreover, (v(t+ 7,2+ kL),j(t+7) — kL) is
also an w-limit orbit of (u,h) for any 7 € R and k € Z.

A~

Definition 1.3.3. We denote (u(t,z;a), h(t;a)) is the solution of (F}) whose initial datum is given
in the form

uo(z) = p(x)H(a — z) and hy = a,
where a is a constant, H is the Heaviside function, which is defined by

H(z)=0, =<0,
H(zx)=1, z>0.
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It is obvious that the initial datum of equation (Fp) should be at least continuous. However,
p(x)H(a — x) has a jump point at x = 0. We solve this problem in the following way: first, we
choose a sequence of continuous functions Hy,(x) satisfying

Hn( ) =0, xS%anden,
H,(z) >0, £ <2 <n,

Hy(x

(1.15) ;
H,(x) — 1 locally uniformly in R as n — +oo.
(2

increases with respect to n for any x € R,

Moreover, we assume that Hy(z) belongs to C*([X,n]). We say that (un, gn, hy) is the solution of
(F) initialized by p(x)Hp(a —x). By comparison prmcz’ple, it is easy to see that {uy}, and {hy}, are
increasing sequences. We define that

w(t, x;a) = limy o0 un(t, ),
h(t;a) = limp_so0 hin (t).

It is not difficult to check that for any t > 0, (a(t,z;a), h(t;a)) is a pair of solution of equation (F},)
satisfying the Stefan condition h'(t;a)) = —pty(t, h(t);a).

The following three lemmas are about some basic properties of (i, il)

Lemma 1.3.4. Let (un, gn, hn) be the sequence converging to (a(t,z;a), h(t;a)) in the sense of Defi-
nition 1.8.83. For any T > § > 0, we have

(a(- ,- ;a), h(t;a)) € CUFI/21F( Q5 T)) x C1+/2((5,T)),

where Q(6,T) = {(t,z) € R? : z € (—OO,iL(t; a)),t € [0,T)} and 0 < a < 1. Moreover, iLl(t; a) is
uniformly bounded for any t > 0 and a € R.

Proof. Without loss of generality, we may assume a = 0. Next, let us define a family of auxiliary
functions (Y3)per, which is defined as follows:

{8mYb(x) + f(2,Yy(z) =0, z € (b—1,b),

(1.16) Yy(b—1) = p(b—1) + 1 and Y (b) = 0.

Because uy,(0,z) converges to p(x) locally uniformly in R, there must exist a ng € N such that
Ung (0, +) is bigger than ¢g(-+mL) for some integer m. By Assumption 1.1.1, we know that (uy, gn, hn)
will spread successfully for n > ng. Then it follows that lim;_, 4 hn,(t;0) = +o00. For the mono-
tonicity of hy,,, there is a unique time ¢y such that hy,,(tp;0) = 1. For any n > ng and t > to, by
the boundary condition of ¥, we can easily check that Y}, (;)(-) does not have any tangent point or
intersection point with u,(s,-) for 0 < s < t. Then it is not difficult to infer that Y}, ) (7) > un(t, z)
for n > no,t > to and & € (hy(t) — 1, hy(t)]. It follows that Opun(t, hn(t)) > 02 Y, (1) (hn(t)) for n > ng
and t > tg. For the periodicity of Y, with respect to b, we know that Jyuy,(t, hy(t)) is uniformly
bounded for n > ny and ¢t > tp.. Furthermore, we can infer that h/,(¢) is uniformly bounded for
n > ng and t > to.. Because h,(t) converges to h(t;0) as n — 400, we know that h is uniformly
Lipschitz-continuous for ¢ > .

Because 4 is the convergence of u,, o satisfies the equation away from the free boundary h. Tt is
also easy to check that (, B) satisfies the Stefan boundary condition almost every time.

Then by a similar argument of Theorem 2.1 in [10], we can make a transformation for changing
the free boundary problem to the Dirichlet problem. Following the same argument of Theorem 2.1
n [10], we obtain the regularity of (@, k) the same as that of problem (F) if t > to. We note that ¢
is only dependent on the length of the definition domain of Y;. Thus if we shorten the domain of Y,
to can be chosen as small as we want.
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g

Remark 1.3.5. By standard LP estimate, the sobolev embedding theorem and the H’older estimates
for parabolic equations, we can further infer that u(t,-;a) € C?((—oo, h(t;a)]) for any t > 0.

Lemma 1.3.6. Let Assumption 1.1.1 be satisfied. For each ¢ € (0,cy), where ¢, is defined in 1.14,
one has

(1.17) t£+moo igg|u(t zya) —p(z)| =0.

Proof. Following the method in Lemma 1.2.11, we can infer that
W(jT, x;a) > max{pg(x —iL :i € Z,i < j}
for all 7 € N. Then by the same argument, the lemma follows. ]

Lemma 1.3.7. Let (v,l) be any entire solution of (Fy). For anyt > 0,
(i) If I(t) < h(t;a), then v(t,z) < (t,z;a) for z € (—o0,l(t)).
(ii) If I(t) > h(t;a), then SGNTa(t,- ;a) — v(t,-); (—oo, h(t; a)]] = [+—].

Proof. Without loss of generality, we may assume that a = 0. By our definition on (4, ) it is easy
for us to observe that if both of (un(0,%))nen and (in (0, 2))nen satisfies (1.15), then (un(t, ), ha(t))
and (@i, (t, ), hn(t)) converge to the same (i(t, 2;0), h(t;0) as n — +oo. That means (4, h) d
depend on the choice of (uy(0,x))nen.

Next, let us consider the case [(0) > 0 = a. Because of h,,(0) = —2 < [(0) and g,,(0) = —n, we can
choose initial datums (u,(0,x)),en such that for each n € N, u,(0,x) and v(0,x) have exactly two
intersection points in (—n, —2). By Lemma 1.2.2, the number of intersection points between uy (t, z)
and v(t, z) does not increase before the time hy, and [ meet. We denote the left and right intersection
points of uy,(t,x) and v(t,z) as y,(t) and z,(t) for each n and ¢ > 0 if they exist. It is easy to see
that both of y,(¢) and z,(t) are continuous functions.

For any n € R, we denote t,, := inf{t : ¢t > 0 and h,(t) = [(¢)}. If t,, = 400, by Lemma 1.2.2, we
know that it holds either that y, and z, meet at some time t = sy and disappear together for ¢ > s,
or that both of y, and z, exist for all the time ¢ > 0.

If t,, is finite, we claim that either y,(t,) < zn(tn) = hn(tn) or yn(tn) = 2n(tn) = hn(ty) happens.
If y, and z, meets some time sg < t,, by Lemma 1.2.2 it follows that (uy,gn,h,) is a subsolution
of (v,l) for any t > sg. Then it is impossible that h, and [ meet at ¢ = ¢,. Therefore, if ¢,
is finite, both of y, and z, exist differently for ¢ < t,. If y, and 2, meet at t = ¢,, there are
two possibilities: yn(tn) = 2n(tn) < hn(tn) or yn(tn) = 2zn(tn) = hn(tn). Because the second one
belongs to our claim, we only need to treat the first case. By the virtue of equation (1.16), we
know that A/ (t) is uniformly bounded for any ¢ > e > 0. For the case y,(tn) = zn(tn) < hn(tyn),
we denote Qy, by {(z,t) : t € (0,t,) and x € (2,,(t), hn(t))}. For the uniform boundedness of k), (t)
for t > €, we can easily check that (t,hn(tn)) € 0pQ:, has the property of the spherical cap.
Thus by Hopf’s Lemma, we can infer that I'(¢,) > hl (¢,), which means h,, and [ can not meet at
t = t,. By this contradiction, it follows that if ¢, is finite and y,(t,) = z,(t,), we deduce that
Yn(tn) = zn(tn) = hn(tn) = l(ty). By the same argument, we also have that if ¢, is finite and
Yn(tn) < zn(tn), then y,(t,) < zn(tn) = hn(tn) = l(ty). Thus, our claim has been claimed.

If ¢,, is finite and yy,(tn) < 2zn(tn) = hn(tn), it is easy to see that z, disappears since t = t,,. In
other words, there exists a small § > 0 such that h,(t) > I(t) for ¢t € (t,,t, + J). Moreover, y, is the
unique intersection point between u, and v for t € (tn,t, + ). Then We denote tn = inf{t : t >
tn and hy(t) = I(t)}. If t, = +oo, by Lemma 1.2.2 we know that y,, the unique intersection point,
always exists for ¢ > t,,. If t, is finite, by Hopf’s lemma, we can infer that y,(,) = hn(tn) = 1(tn).
In this case, we have hy,(t) < [(t) and un(t,:n) <I(t,x) for t > t, and x € (g, (t), hn(t)).

oes not
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For some ng € N, by Lemma 1.2.2, there is a time ¢y such that h,,(to) < {(to) and both of yy, (to)
and zp,(to) exist differently. Because of (1.15) and comparison principle, we know that y,,(t9) exists
for any n > ng and decrease with respect to n. Moreover, we have
(1.18) Jm oy (to) = —o0
for u,(0,z) converges to p(z) locally uniformly in (—oco,0) as n — +oo. If h(ty; 0) > I(to), it follows
that hy(tg) > I(to) for large n. By the existence of y,(tg), we know that u,(tg,z) > v(tg,z) for
x € (yn(to),l(to)). Because of (1.18) and the monotonicity of w,(t,z) with respect to n, we get
that @(to, ;0) > v(tg,z) for 2 € (—o0,l(ty)). By comparison principle, we have h(t;0) > I(t) and
a(t,x;0) > v(t,x) for t >ty and x € (—o0,(t)).

If h(to;0) = I(to), we have hy(to) — I(to) as n — 4oco. By the above argument, we know that

h(t;0) > I(t) for any ¢ > s > 0, where s satisfies h(s;0) = I(s). Then we can infer that h(t;0) < I(t)
for any 0 < ¢t < ty. By the existence of yy, (o), we know that z, (o) exists for any n > ny and increases
with respect to n. Then we claim that
(1.19) nll)rfoo zn(to) = U(to).
Otherwise, we can get a contradiction on that h and | meet at t = to, by repeating the argument
on how z, disappears at t = t,. Then (1.19) follows. And we know that w,(to,z) > v(to,z) for
x € (yn(to), zn(to)). For (1.18),(1.19) and the monotonicity of wu,(t,z) with respect to n, we infer
that 4(tg,z;0) > v(tg, z) for x € (—o0,l(ty)).

If h(to; 0) < I(to), it easily follows SGN|a(to, - ;0) — v(to,-); (=00, h(to; 0)]] = [+—] from (1.18) and
Lemma 1.2.3. And by Lemma 1.2.2, such a relationship will be kept for any time t > tg satisfying
h(t;0) < I(t).

Because t( can chosen arbitrarily small, this lemma has finished for the case 1(0) > 0. As to the

case [(0) < 0, it is much easier and can follow from the same argument, so we omit the proof.
O

Remark 1.3.8. Assume (u, h) and (v,l) are two solutions of (Fy). By the argument of Lemma 1.3.7,
it is easy to notice that the number of the intersection points between u and v will decrease at least
1 when h and | meets. It means that h and | can meet at most finite times. The fact also holds for
solutions of (F').

According to Lemma 1.3.7, we find that (@, h) is ’steeper than’ any entire solution of (F}) for ¢ > 0
in the sense of Definition 1.1.5. By this property, we have the following lemma.

~

Lemma 1.3.9. Let a € R and let (v1,11) be any w — limit orbit of (4(t,z;a), h(t;a)). Then we have:
(i) If 11(0) = 400, vy is steeper than any other entire solution of (F) between 0 and p.
(ii) If 11(0) < 400, (v1,l1) is steeper than any other entire solution of (E) or (Fp) between 0 and
p.

Proof. (i) Fix a € R. And let the sequences t; — 400 and k; € Z be such that h(0 + tj;a) — kL —
11(0) = 400 and u(t+t;,x+k;L) — vi(t, z) locally uniformly in R as j — +00. According to Lemma
1.3.4, we know that //(t;a) is uniformly bounded for any ¢ > 1. Thus, for any ¢ € R, I;(t) = +00. By
standard parabolic estimates, the convergence of u in fact holds in C} (R?).

Then by the same argument of Lemma 2.8 in [18], vy is steeper than any other entire solution of
(E) between 0 and p.

(i) Fix @ € R. And let the sequences t; — 400 and k; € Z be such that h(0 + tjza) — kiL —
11(0) = 400 and u(tj, x + k;L) — v1(0,z) locally uniformly in (—o0,1(0)) as j — +oco. For h'(t;a) is
uniformly bounded for any ¢ > 1, we can infer that {;(¢) is bounded and Lipschitz continuous for any
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t € R. Through the argument of Lemma 1.3.4, we can transform it into a Dirichlet problem around
the free boundary and obtain the same regularity that (vi,l1) € cite)/2ita  oltal2 g0 < o < 1.

Let (v,1) be an entire solution of (F}). Fix Ty € R. If I(Tp) <loli (Tp), then Wléz)ccan find a jop such
that 1(Ty) < h(Ty + tj;a) — k;L for any j > jo. Through Lemma 1.3.7, we know that v(Tp,z) <
w(To + tj,z + kjL;a) holds for x € (—o00,1(Tp)) and j > jo. Then it follows that v(Tp, z) < v1(To, x)
for x € (—o0,(10)).

By Hopf’s Lemma, we have that I} (¢t) > 0 for any ¢ € R. If [(Ty) = 11(Tp), it holds that I(Tp) <
[1(To + €) for any € > 0. By the above argument, we know that v(Tp,z) < vi(Tp + €,2) for z €
(—00,1(Tp)). Because v; is continuous, it follows v(7p, x) < v1(Tp, x) for x € (—o0,(Ty)).

If 1(Ty) > 11 (Tp), we can find a j; such that I(Ty) > h(Tp + t;;a) — k; L for any j > ji. Following
the virtue of equation (1.16), for any ¢; > 0, we can find a sufficiently small §y > 0, such that
a(t,x;a) < 1 fort > 1 and z € [A(t; a)—do, h(t; a)]. Then we can find a 1 such that {(Tp)—d; < I1(Tp)
and I(Ty) — 81 < h(Tp + tj;a) — k;L and @(Ty + tj, 2 + kjL;a) < 2v(Th,z) hold for j > j; and

~

x € [[(Ty) — 61, h(To + tj;a) — k;L]. It follows that
1
(1.20) v1(Ty, z) < §U(T07$) < v(Ty, x) for = € [I(Th) — 61,11 (Tv)]-

By Lemma 1.3.7, we know SGN[u(Ty + tj,- + kjL;a) — v(Tp,-); (—o0,l(Ty) — 61]) = [+—]. Then
following (1.20) and Lemma 1.2.3, we have

(1.21) SGN[vi(To, ) = v(To,); (=00, L1 (To)]] < [+—].
Because of [(Ty) > 11(Tp) and the uniform boundedness of I’, 1], there exists a small e > 0 such that
(122) l(S) > ll(S) for s € [T(] — 62,T0].

By the same argument, (1.21) also holds at ¢t = Ty — €2. That means

SGNv1(To — €2,+) — v(To — €2,°); (=00, 1 (To — €2)]] < [+—].
Then it follows that either of

SGN[v1(To — €2,-) — v(Th — €2, -); (—00, L1 (Th — €2)]] = [+-]
or

Ul(T[) — 62,1‘) < U(T() — 62,3?) for xz € (—OO, ll(To — 62))
holds. By (1.22) and Lemma 1.2.2, for the time ¢ = T, we have either of
SGN[v1(To, ) = v(To, -); (=00, 1 (To)]] = [+-]
or
v1(To, x) < v(Tp,x) for x € (—o0,l1(Tp))-
Combining the above arguments together, (vi,11) is steeper than (v,l) at t = Ty. Because T is

arbitrary, we know that (v1,[1) is steeper than any other entire solution of (F).

In a similar but easier argument, we also can infer (v, ;) is steeper than any other entire solution
of (E). O

Next, let us show how the propagating terrace of (F},) is constructed.

Definition 1.3.10. Let xg € R be given. For any 0 < 8 < p(xo) and a < xq, let us define

(1.23) 7(z0, B;a) := min{t > 0 : u(t, zo; a) = B}.
In the same sense, we also define
(1.24) 7(x0,0;a) := {t > 0: h(t;a) = xo}.

Thanks to Lemma 1.3.6, 7(x¢, 5; a) always exists and is finite for 5 € [0, p(xo)).
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Lemma 1.3.11. For any constants a1, as,xg € R satisfying a1 < as < xg, we have

(1.25) fL/(T(azo,O; ay);ar) < B’(T(mo,o;ag);aQ)
and
(1.26) u(1(z0,0;a1),x;a1) < u(r(x0,0;a2), z;a2)

for z € (—o0,xp).
Proof. For a1 < ag, it is obvious that 7(z¢,0;a1) > 7(zg,0;a2). Then we claim that
(1.27) h(r(x0,0;a1) — 7(x0,0; az); a1) > as.

Otherwise, if iL(T(.’IZ(), 0;a1) — 7(x0,0;a2); a1) < ag, we know that a(7(zo,0;a1) — 7(x0,0;a2),z;a1) <
p(z) = @(0,z;a9) for & € (—o0, h(r(x,0;a1) — 7(x0,0;a2);a1)) C (—o0,as). By the comparison
principle, (4(- ,- ;a2), h(- ;a)) is a supersolution of (a(- 4+ (o, 0;a1) — 7(x0, 0;az),- ;a1), h(- +
7(x0,0;a1) — 7(20,0; az); a1)). Thus, it follows h(t + 7(z0,0;a1) — 7(x0,0; az); a1) < h(t;az) for any
t > 0. We know that at the time t = 7(x¢,0;az) the two free boundaries will meet in = 9. Then
we can infer that h/(t 4+ 7(x0,0;a1) — 7(20,0;a2);a1) > h(t;a9) when t = 7(z0,0;as). However,
following Hopf’s lemma, we have 0,u(7(xo,0;a2),xo;a2) < O,4(7(xo,0;a1),xo;a1) at the boundary,
which contradicts with the former inducement. Thus, our claim (1.27) has been proved.
According to (1.27), we can find a small € > 0 such that

h(e 4+ 7(x0,0;a1) — 7(x0,0;a2);a1) > h(€; a2)
and
SGNTie, - ;as) — (e + 7(x0,0; a1) — 7(x0,0; az), - 5 a1); (—00, h(e; az)]] = [+-]

in a similar argument of Lemma 1.3.7. We claim h(t + (0, 0;a1) — 7(x0,0; az); a1) > h(t; az) holds
for any ¢t € (e,7(x0,0;az)). Otherwise, we can define ty := inf{t : t € (e, 7(20,0;az)) and h(to +
7(z0,0;a1) — 7(x0,0;a2);a1) = iL(to; az)}. By following the argument for z, in Lemma 1.3.7, we can
infer that iL(t + 7(20,0;a1) — 7(20,0;a2);a1) < il(t; ag) for any ¢t > tg, which is a contradiction with
the case t = 7(x¢, 0; a2). Then repeating the argument for z, at t = 7(zg, 0; a2), we obtain (1.25) and
(1.26).

O

In a similar argument, we can extend Lemma 1.3.11 to 7(zg, 8;a) with 5 > 0.

Lemma 1.3.12. For any constants a1, az,xo € R satisfying a1 < as < xo and 8 € (0, p(zo)), we have
(1.28) h(r(x0, B;a1); a1) > h(7(xo, B; az); az)

and

(1.29) SGN[u(T(wo, B;az), ;a2) — U(T(z0, B;a1), - ;a1); (=00, h(T (w0, B; az); a2)]] = [+—],

where the unique intersection point is x = xg.

Lemma 1.3.13. Let Assumption 1.1.1 be satisfied. Let xy € R be given. For any 0 < 8 < p(x¢) and
a < xq, let us define

T(z0, B;a) == min{t > 0 : 4(t, zo;a) = B}.

Then the following limits exist:
hoo(t; 6) = _lim h(t + 7(x0, B; a); a)

and
weo(t, 3 f) = lim a(t + 7(zo, f; a), z; a).
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If hoo(+; B) = 400, then we(t,x; B) is an entire solution of (E) that is steeper than any other entire
solution of (E). Otherwise, (Weo, hoo) 18 an entire solution of (Fy) that is steeper than any other
entire solution of (E) or (F}). Furthermore, the following alternative holds true: either weo(-,-; 3) is
a stationary solution of (E), or Oywee(t,x;5) > 0 for allt € R and x € (—o0, hoo(t; 8)). The former
assettion is impossible for each B close enough to pgy,. And hoo(t;3) is a finite function for each [
close enough to 0.

Proof. Fix some zyp € R and 8 € (0,p(zp)), we aim to prove the following limits exists for
hoo(t; 8) = lim h(t + 7(x0, B;a);a)
a——00

and

weo(t, 23 f) = lim a(t +7(zo, f; ), 23 a)

for t € R and x € (—00, hoo(t; 8)). It is easy to check that lim,,_ o 7(z0, 5;a) = +00. By Lemma
1.3.12, hoo(0; B8) is well defined for h(7(xo, B;a); a) strictly decreases with respect to a € (—oo, zg). If
hoo(0; 3) = 400, we can further infer that hs(t; 3) = 400 for any ¢ € R, because i/(t; a) is uniformly
bounded for @ € R and ¢ > ¢ > 0. Thus, by the argument of Section 3 in [18], it follows that the
existence of

weo(t, w3 f) = lim a(t +7(zo, f; a), z; a),

together with the convergence for the topology of Clloc(R2) and the monotonicity in time of wq, that
is either yws, > 0 or Gywee = 0 for (¢, ) € R2.

If f hoo(0; 8) < 400, we know that heo(t; 3) is finite for any ¢ € R, because fz’(t; a) is uniformly
bounded for a € R and ¢t > § > 0. Let (ax)ren be a given sequence such that a — —oo as k — 400,
and such that the following limits hold true:

h(t + 7(x0, B; ar); ar) — hoo(t; B)
and
a(t + (0, B ar), 3 ar) = woo(t, 3 B)
as k — 400, where the second convergence holds in C} ({(t,z) : t € R,z € (—o0, heo(t; 8))}). Because
of the boundedness of i’ for large time, ho is Lipschitz continuous. Then by the argument of Lemma

1.3.4, (Weo, hoo) has the standard regularity for free boundary problem, C’l(olja)/ 2lte C’ll;ga/ % with

0 < a < 1. Up to a subsequence, one may assume that a; — []L — as in [~L,0]. By observing
that

heolt; B) = lim h(t+ 7(zo, B; ar); ax)

k—+o0
— b § R .t Ak
(1.30) = Jm At + (o, B an)iax — [1L) + [ 1L
— i . A7y, Ak
- kginooh(t—i_’r(xo’ﬁ’ 0o + ’VL—IL)7G‘OO) + ’VL—IL
and
woo(t7xa6): lim ﬂ(t+7($0,ﬁ,ak),l’,ak)
k——+o0
— b f . % 9%
(131) - kEI—&I—loou(t—i_T(mO’ﬁ’ak)’x [L~|Laa’k [L—IL)

I . ax Ok
—kgrfoou(tw(wo,ﬂ,aoﬁ[LWL),x (LWL,aoo»
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According to Definition 1.3.1,(weo, hoo) i an w-limit orbit of (4(t,x; ax), h(t;as0)). By (ii) of
Lemma 1.3.9, (weo, hoo) is steeper than any other entire solution of (F},) in the sense of Definition
1.1.5.

Recalling Definition 1.1.5, there is a unique entire solution (wee, hoo) of (F},) that is steeper than
any other entire solution of (F}) and such that ws(0,z9) = 8. It follows that (wee, heo) does not
depend on the choice of the sequence {ay}.

Next, we want to show that the existence of (wuo, hoo) With a finite hoo. Fix a € R and we claim
that limsup,_, o u(t, ﬁ(t; a) — M~1;a) > 0, where M is a positive constant such that

f(x,u) < M?u for z € [0, L], u € [0, ||p(-)| <]

Otherwise, we can infer that limy_, 4o @(t, h(t;a) — M~1;a) = 0. For some € > 0, there exists a time
T > 0 such that @(t, h(t;a) — MY a) < § for ¢ > T. Then we constructs a supersolution as follows:

(1.32)

u = e[2M (h(t) — x) — M%(h(t) — x)?], t >0,z € (h(t) — M~ A1),
h(t) = 2ueMt, t>0.

It is easy to check that for t > 0 and = € (h(t) — M~ h(t))
Oyt — Oppi > 2eM* > M?*u > f(x, 1)

and

R (t) = 2epuM = —pozu(t, h(t)).
Since i(t, h(t;a) — M~ ';a) < S for t > T, it is easy to check that (u(- ,- — WT;a) — M~Y), h(-) +
h(T;a) + M~1) is a supersolution of (a(- + T, -;a), k(- + T;a)) for t > 0. It follows h(t + T;a) <
2peMt + h(T;a) + M~ for t > 0. Then we can infer that lim SUP; s 4 o0 @ < 2ueM. Because € is

h(t)

¢
Lemma 1.3.6. Therefore, our claim has been proved that is limsup,_, , o @(¢, h(t;a) — M~1;a) > 0.

arbitrarily small, we can further induce that lim;— 4 o = 0, which is an apparent contradiction with

We denote limsup;_, | o, 4(t, h(t;a) — M~':a) = By > 0. Then we can find a sequence (tj)jen such
that lim;_, 4 a(t;, iz(tj; a) — MY a) = By and t; — 400 as j — +oo. Up to a subsequence, we can
assume that fL(tj; a)-M~' — z*inR Lz, Where x* € [0, L]. Without loss of generality, we can assume
x* is the same as x( in the above. By the argument for (1.30) and (1.31), we also can find an entire
solution (wo, hg) of (F},), which is an w-limit orbit and satisfies we (0, 70) = B and heo(0) = zo+M L.
By the virtue of Lemma 1.3.7, we can infer that h(7(zo, Bo;a);a) < zo + M~ for any a < zo. Then
by repeating the argument for (1.30) and (1.31), the existence of (wso(+, 3 50), hoo(+; Bo)) with a finite
heo(+; Bp) is obtained.

Moreover, by noticing that E(T(xo,ﬁ;a);a) < ]Al(T(l‘Q,ﬁo;a); a) < xg+ M~ holds for 3 < By and
a < xg, we can prove the existence of (woo(+,; 3), hoo(+; 8)) with a finite hoo(+; 3) for any 8 € (0, fo).

Because (w0, hoo) is steeper than any other entire solution of (F}) (including the translation of
itself on time), we infer that w (¢, x; 5) increase with respect to t in the domain {(¢,z) : t € R,z €
(—00, hoo(t; B)}. It follows that J;wee > 0 in the same domain. By the strong maximum principle, we
infer that either dyws, > 0 or dywe = 0. However, the latter one contradicts with the fact hl_ > 0.
Then we obtain the monotonicity in time of we.

To conclude the proof of Lemma 1.3.13, let us show that when f is chosen close enough to p(zg)
then ws, cannot be a stationary solution of (E). To show it let us notice that due to Assumption
1.1.1, the stationary solution p is isolated from below with respect to other stationary solutions of
(E). Therefore, one can choose § close enough to p(xg) so that there is no stationary solution ¢ of
(E) with ¢(zg) = . Then due to Assumption 1.1.1, we, is not a stationary solution of (E) and it
converges to p as t — +oo. This completes the proof of this lemma. O
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Lemma 1.3.14. Fiz 8 € (0,p(x0)) and let (woo, hoo) be the entire solution provided by Lemma 1.5.13.
We have

(i) If hoo(+; B) = +00, then woo is either a positive periodic stationary solution or a pulsating
traveling wave of (E).
(ii) If hoo(t; B) is finite for any t € R, then (Weo, hoo) is a pulsating semi-wave of (Fy).

Proof. (i) This part easily follows the same argument of Lemma 4.1 in [18], because it does not matter
with the free boundary.
(ii) We define the sequence the same as [18]

Tk = T(l’o,ﬁ; a— kL) - T($07 Ba a— (k - 1)L)
for k € NT, so that for all k € N,
7(x0, B;a — kL) = XF 7.
We claim that there exists some subsequence (Tkj )jen converging to some 7' > 0. Otherwise there
is no subsequence of (7); converges to some positive constant. Following the argument on this case
in Lemma 4.1 in [18], we get that ws is L-periodic with respect to the space variable for all time,
which is an apparent contradiction with the existence of the free boundary ho,. Thus we can find a

subsequence (7, )jen converging to some T' > 0. Following the argument on it in Lemma 4.1 in [18],
we can show that (we, hoo) is a pulsating semi-wave of (Fy,). O

Proof of Theorem 1.1.7:

We can conclude the proof of Theorem 1.1.7 by following the argument in Subsection 4.2 in [18],.
Because most of the arguments there also hold for our free boundary problem without any modifica-
tion, we only need to clarify three places, which relates with the free boundary.

The first one is Claim 4.6 in [18]. Generally speaking, solutions of (F}) are natural subsolutions of
positive solutions of (E) for the existence of the free boundary where u has to be 0. Thus, v, which
is the supersolution of (E) defined in Claim 4.6 in [18], is also a supersolution of (F}). As long as
the chosen speed c is smaller than ¢, given in Lemma 1.3.6, the result of Claim 4.6 still holds for our
problem.

The second one is the statement after Step 3 in [18], which proves the sequence (pg)x is finite.
Because each py is isolated from below, we can infer that {py}x is monotonically decreasing. If (pg)x
is not finite, it converges uniformly to some ps, > 0. By Lemma 1.3.13, we know hoo(¢; 3) is finite
for small 8 > 0. Thus there exists a pulsating semi-wave connecting 0 to p,, where p, is a positive
stationary solution of (Epe,). For any k € N, it is apparently impossible that 0 < py < ps. Therefore
it has to be 0 < py < pso. Then by the same argument in [18], it follows (pg)x is finite.

The third one is the statement after Remark 4.7 in [18], which shows that the propagating terrace
T* of (F) is minimal. By Lemma 1.3.13 and 1.3.14, for small 5 > 0, we know that (ws, hoo) is a
pulsating semi-waveof (F}), which is steeper than any other entire solution of (F}). Combing it with
the argument in [18], we can show the propagating terrace of (Fj), which is obtained from Lemma
1.3.14, is minimal in the sense of Definition 1.1.6. Moreover, up to some time shift, it is identically
equal to any other minimal propagating terrace of (Fp).

Because other arguments of Subsection 4.2 in [18] do not relate with the free boundary, they can
also be applied to our problem. Then it follows Theorem 1.1.7.

O
Proof of Theorem 1.1.9:
(i) If N =1, it is trivial.
Next, let us assume N > 1. Because each of (pi)o<k<n—1 or (gr)o<k<n’—1 is a positive stationary
solution of (F) and steeper than any other entire solution of (E), one of the following three possibilities
must hold

Di > g5, Di < gj Or p; = (j
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forany 0 <:< N—-1land 0<j <N —1. If N =1, p; must intersect with V; which connects 0
to p. However, it contradicts with the fact that p; is steeper than any other entire solution of (E).
Thus we have N/ > 1. Next, if p; < q1, ¢ must intersect with U; which connects p; to p. This
contradicts with the fact that ¢ is steeper than any other entire solution of (E). By the same reason,
it is impossible that p; > gq1. Therefore, it follows p; = ¢;. Because U; and V; are steeper than each
other, we get Uy = V] up to a time shift. Then this part follows from iterating the same argument.

(ii) If Assumption 1.1.1 holds for each u > 0, then there exists a propagating terrace of (Fjy)
(Pr)o<k<n,, (Ur)i<k<n,, H) for any positive u. We claim that Ny« > N, if p* > p.. Other-
wise, we have N, < N, for some p* > p,. To make the explanation clearly, we denote the
two propagating terraces by different symbols: ((Pk)ogngH*,(Uk)lgngH“H) for p = p* while
((yr)o<k<n,,» Wk)i<k<n,,,G) for p = p*. Because of Ny < N, and (i) of Theorem 1.1.9, we
know that PN,«—1 > YN, —1- We note that UNu* connects with 0 to PN, —1 while Wy, —connects with
0 to yn,,—1. Then there exists a M > 0, such that H(0) > G(—M) and Uy,.(0,z) > Wy, (=M, z)
for x € (—00,G(—M)). We define a time to := sup{t : for any s € (—M,t), it holds H(0) >
G(s) and Un,. (0,2) > Wp, (s,z) for z € (—00,G(s))}. It easily follows that H(0) > G(tp) and
Un,.(0,z) > Wp, (to,z) for x € (—o0, G(lo)). Moreover at t = {, it follows either

H(0) = G(tg) or
Un,.(0,b0) = Wn,, (to,bo) and 0,UN,..(0,b0) = 0;WN,,, (to,bo) for some by € (—o0, G(to)).
Because of i* > fu, it is easy to check (Un,. (t, ), H(t)) is a supersplution of (W, (t+to, ), G(t+10))
for t > 0. Moreover, neither
H(t) = G(t + top) nor

UNM* (t,b1) = WNH* (t + to,b1) and E)xUNm (t,by) = &CWNM (t + to, b1) for some by € (—o0, G(t + o))
can happen for any ¢t > 0. Thus (U N H ) and (W, ,G) have different periodicities on time. Then
we can infer that the average speed of (U,., H) is strictly faster than that of (W, ,G). We denote
0(t,x; H(0)) is the solution of (F) with initial datum p(z)X (H(0) — x). Because 0(t,z; H(0)) is a
supersolution of (Un,. (t,z), H(t)) for ¢ > 0. Then by (i) of Theorem 1.1.9, we know that the average
speed of Vy . is not less than that of (U N H ). By a similar argument, we also infer the average
speed of (Un,., H) is not less than that of Wy .. However, by (i) of Theorem 1.1.9, we know that
VN, equals to Wn,. up to a time shift. Thus, the average speed of (UNu* , H) equals that of WN,.
By Theorem 1.1.7, we know that the average speed of Wh . is less than (Wn,.,G). Until here, we
get a contradiction on the speeds of (U N H ) and (Wp,,,G). Thus, we have proved N« > N, if
W >

We can define py, := sup{p : N, = k}. Then what left is to show p; > 0. By the virtue of equation
(1.16), we know that for any g > 0 it holds 0 > 8,i(t, h(t; 0);0) > —m if h(t;0) > 1, where m is a
positive constant and independent on . By the Stefan condition, we know that the average speed of
the free boundary h(t; 0) uniformly converges to 0 as i — 0. If the average speed of h(t; 0) is smaller
than that of V4, it has to be N, = 1. Then it follows p; > 0.

]
As to Corollary 1.1.11 and 1.1.12, they are direct consequences of Theorem 1.1.7 and 1.1.9.

1.4. Asymptotic Behavior.

Proof of Proposition 1.1.13:

Through Theorem 1.1.7, we know that there exists ((px)o<k<n, (Ur)i1<k<n, H), which is a minimal
propagating terrace of (Fy). If N > 1, then (Uyn, H) is a pulsating semi-wave connecting 0 to py_1.
From (ii) of Theorem 1.1.7, we know that (Uy, H) is steeper than any other entire solution of (F},)
including (W, G). However, if N > 1, we can get a contradiction on the steepness by the fact that
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pPN—1 < p, similar to the argument in Theorem 1.1.9. Then we claim that N = 1 and (Uy, H) is a
pulsating semi-wave connecting 0 to p. In the following, we call (U, H) instead of (Uy, H).
Assume that (U, H) and (W, G) are not the same up to any time shift. We claim that

i @) G(t)

t——+oo t t—+oo

For (U, H) is steeper, if H(t1) = G(t2), we have that U(ty,-) > W (te,-) holds for x € (—oo, H(t1)).

By the comparison principle and Hopf’s lemma, we can infer that H(t+t1) > G(t+t2) for any ¢t > 0.

Thus it follows that (U, H) and (W, G) have different periodicities on time. Then (1.33) is proved.
Next, we will make a contradiction on (1.33) through construction a subsolution of (W,G). To

make the readers understand the method more clearly, we will treat the case p = 1 first and consider

the general case later. Here we assume that

(1.34) p(-) =1and 0, f(-,1) = =X,

where A > 0. Then there exists a small positive constant € such that

(1.33)

(1.35) 8uf(a:,u)ggforxeRandue[l—e,l—Fe].

We define
(U, H) := (U(t = &(t),2) — q(t)k(x — H(t = £(t))), H(t — £(1))),
where k is defined as
k(z) =1—¢" for z € (—o0,0]
and &, ¢ are to be decided later. It is easy to see that k satisfies
1> k(z) > 0>k (z) =k'(x) > -1 for z € (—00,0].

Because (U, H) is a pulsating semi-wave connecting 0 to 1, we know that there exists a positive
constant M, such that for any ¢t € R

1>U(tz)>1— ; for o € (—o0, H(t) — M).
For the part z € (—oo, H(t — &(t)) — M), we have
U — 03U — f(2,U) = QU1 = &) = ¢k + gk’ H'(1 = €') = 005U + qk" — f(2,U — qk)

=-UE —dk+qk'H (1 —-¢&) +qk" + f(z,U) — f(x,U — qk).
We note that 0;U(t,z) > 0 and H'(t) > 0 hold for any t € R and x € (—oo, H(t)]. If assume
(1.36) 1> €(t) > o,g > q(t) >0
for ¢ > 0, then we get

O ~ Bl — [, U) <~k — b

Define
(1.37) q(t) == 56_5

for t > 0, it follows that
8tQ - azxg - f(l‘,Q) S 0
for t >0 and « € (—o0, H(t) — M).
According to Lemma 1.3.13, we note that there exists a positive constant § such that

U (t,x) > d for t € R,z € [H(t) — M, H(t)].
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For the part z € [H(t — &(t)) — M, H(t —£(t))), we have
U = 0zxU — f(2,U) = =0,UE" — ¢k + qk'H' (1 = &) + ¢k" + f(2,U) — f(x,U — qk)

A
< —6¢ + §qk + maqk

where m := ||0uf|lc(j0,)x[0,17)- Then if

(1.38) (1) 2 (3 + m)a(t)

for ¢t > 0, it follows that
atQ - 8xe - f(.’L’,Q) S 0

fort >0 and z € [H(t) — M, H(t)].
Next, let us check the free boundary condition. There exists a positive constant 6, such that
H'(t) > 6 holds for any ¢t € R. Then if

(1.39) g(t) > La(t)
for ¢t > 0, we have
H'(t)=(1-¢)H < —poU — €0 < —ud,U — g = —pd,U(t, H(t))
Then we can define
(1.40) £(t) = My — Moe™ 2",

where My := 2max{ﬁ—§\, At2mel Tt is easy to check that (1.36),(1.38) and (1.39) are satisfied simul-
taneously for ¢t > tg, where

2. My

Finally, we need to check the initial datum. Because it holds that
lim U(to, ) — q(to)k(z — H(to)) =1 — q(to),
T——00
then we can find a sufficiently large time Tj such that

{G(TO +to) > Hlto),

(1.42) W(Ty + to, z) > Ulto,x) x € (—o0, H(tp)).

Given £(t) == My — Moe™ 2" and q(t) = %efgt, we know that (U(-,-),H(-)) is a subsolution of
(W(To+-,-),G(To + -)) for t > tg. Because £ and ¢ are exponential functions, we have

H H Tt
lim t) _ lim ﬂ < lim M’
t—+oo ¢ t—+oo ¢ t—+o00 t
which contradicts with (1.33). Thus we conclude (U, H) (or (W,G)) is the unique pulsating semi-
waveup to time shift.

For general p, we rewrite the subsolution in the form

(U, H) := (U(t = £(t), ) — q(t)k(z — H(t = £(1)))y (), H(t = £(1)))-

Because of loss of 0, f(- ,p(-)) = —A, we can not treat the tail of the pulsating traveling wave like
above. Thus we need to make the following transformation like Lemma 1.2.10
t —
W(t,2) = U(t,z) — p(x)

Ylx)
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and W is defined in the same way. Under this transformation, p is converted to 0 and W satisfies
(1.11), with 9, F (- ,0) = —\. At first, we only focus on the tail of the subsolution (—oo, H(t) — M),
where M is sufficiently large. Then we have

/
&tﬂ - arxw - 2781& - F(IU,E)

(4
! /
— Fa, W) — F(z, W — gk) — @gf gk g H (1 =€) + gk + zﬁch
There exists a positive constant a such that
V()
a> —2 for any z € [0, L].
o) 04
Then we define k(z) := 1 — e®* and still assume (1.36), it follows that
/
atw - a:m:w - 2?&1& - F(ZE,E)
/
< F(z,W)—F(z,W — qk) — ¢k + qk'(a + QE)
< F(x,W)—F(a:,W—qk:) _q/k
Because of 0, F(- ,0) = —\, we can choose appropriate ¢ like the above to make W satisfy the

subsolution condition in (—oo, H(t) — Ms). As to the estimates on the front of the subsolution
[H(t) — My, H(t)), the free boundary H(t) and the initial datum, we can calculate them in the same
way as the case for p = 1 without using any transformation. Then we can choose appropriate £ and
q to make that (U, H) is a subsolution of (W, G). Through the same argument on the average speed,
this proposition is finished.

Il

Lemma 1.4.1. Let the assumptions of Theorem 1.1.15 hold and (u,g,h) be a solution of (F') for
which spreading happens. Then there exist 6o > 0 and tg > 0 such that

u(t,0) > p(0) — =% fort > to.

Proof. Let (U, H) and (Uy, Hy) be the pulsating semi-waves for the right side and that for the left
side. By the same argument in Remark 1.3.5, we know that 0,,U(t,) € C((—o0, H(t)]) for any
t € R. By differentiating U(t, H(t)) = 0 on t, we obtain that d,,U(t, H(t)) = (H'(t))?/u. Thus
02U is always bounded on the free boundary. Because of the periodicity of U, we can infer that
OzzU(t, x) is uniformly bounded for ¢t € R and = € (—o0, H(t)). So is for 0,,U.(t,x). By Hopf’s
lemma, we know that H'(t) > 0 and H,(t) < 0 for any ¢ € R. Then we can find a positive
constant v < 1 such that it holds 0,,U(t, H(t)) > 2ymax{|0:.U(t,x)| : * € (—o0, H(t))} and
OpzxUs(t, He(t)) > 2y max{|0pzUs(t, x)| : @ € (Hi(t),+00)} for any t € R.
We construct the subsolution (u, g, h) as below:

(1 43) Q(t7$) = U("}/t - f(t),l') + U*(P)/t - g(t)v x) - Q(t)w(x) - p<x)7 t> 07'7; € (g(t>7h<t))7
. Q(tag(t ) = @(taﬁ(t)) =0, t>0,

where & and g are some functions to be determined later. Assume that

(1.44) &(t),q(t) € [0,1]

for any t > 0. Note that if y¢ — £(¢) and ﬁ is sufficiently large, g(t) and h(t) are the only two zero
points of u(t, -).
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We divide the estimates into four domains:

Q1 == {(t,x) : t > 0,2 € (1, h(t)) and U(t, z) € (0, p(z) — §¢(x))},
Qo= {(t,x) : t > 0,2 € (—1,h(t)) and U(t,z) € (p(z) — gzb(x),p(x))},
Qg :={(t,z) : t >0,z € (g(t),1) and Us(¢,z) € (p(x) — glb(x),p(fv))},
Q= {(t,x) : t >0,z € (g(t),1) and U.(t,z) € (0,p(z) — %w(a}))},

where € satisfies \
—2A < 0, F(z,u) < ) for z € R and u € [—¢, €].

Because (U, H) is the pulsating semi-wave moving at a positive average speed, it is easy to check
that there exist two positive contents ag and to such that p(xz) — U(t,x) < e~ %) (z) for t >ty and
x € (—oo,1). Without loss generality, we may assume that p(z) — U, (¢, ) < e~ *0%)(x) also holds for
t>toand z € (—1,400). We can also choose tg so large that e~®0(to—1) <

For the domain (2, let us make the transformation first:

wlm

~ Q(t,il)) —p(l’)
u(t,x) i = ———2.
e
Assume that for any ¢ > 0, it holds
(1.45) ¢(t) > 0 and § > q(t) > 0.

We note that 9,U,0;U, are positive and 0 < v < 1. Then for ¢ > ¢y, we have

/
Oyl — Dl — 2Eaxa — F(z, @)

o U + 0,U., U-p Ui—p U-p Ui—p
<—q¢-¢——2 4 Flz, —) + F(x, — F(zx, + —q
q ¢ m ( ¢) ( d}) ( ” > )
< —q 42 e ¥ 4 F(z, — F(x, + —q
( 1/}) ( " m )
A
<—q’+2)\e_0‘0t—§q.
If we assume
(1.46) q(t) = ge_ﬁt for t >0,

where 3 := min{%52, %}, then there exist a time t; > tg such that 0y — Oyt — 2%896& —F(z,u) <0
in the domain 5. In the same way, we also can show w is a subsolution in the domain Q3.
For the domain €, we directly calculate

Ou — Opau — f(2,u)
<=&@QU +0U.) —q¥ + f(z,U) + f(z,U.) — f(z.p) + q" = f(2,U + U —p— q¥)
<—EoU+0()+0(e™™") + f(x,U) — f(2.U + U —p— qv)
< —€oU +0(e™).
In the domain €, there exists a § > 0 such that 0,U > ¢ for (¢,z) € Q. Then if given
(1.47) Et)=1- e~ 2t for t > 0,

there exists a time to > t1 such that u is a subsolution in €24 for ¢t > t5. {24 can be treated similarly.
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We know that h is the unique zero point of u in R* for large time ¢. Then let us check the
subsolution condition for the boundary. Because of U, (7t — &(t), h(t)) — p(z) — q(t)¢(z) = O(e ),
it is easy to find that h(t) — H(yt —£(t)) = O(e™Pt). By noticing u(t, h(t)) = 0 and 0,,U is bounded,
we have

£(t), h(t))]
U (vt = &(1), h(t)) + 02Ux (vt — £(2), h(t)) — q(t)¥' (k(t)) — p (k(t))
_O0(eP) — (v =€) 0uaU (vt — £(t), h(t))
O(ePt) + 0:U (vt — £(t), (t))
O(e™) ~ <% — 50U (vt = (1), H(yt = £(1))
O(e=Ft) + 0,U (vt — £(t), H(vt — £(t)))

E(t):ff(t)l/}(h( ) — (v =€) [0:U (vt — £(1), h(t)) + O Ux (vt — &(¢

and
Oault, h(t)) = 0,U (7t — £(t), h(t)) + 0o Us(vt — £(£), h(t)) — P (h(t)) — q(t)¢' (h(t))
= 0(e™?") + 0,U (vt — £(t), H(vt — £(1))).

Because of 0,,U(t, H(t)) = pdU?(t, H(t)), there exists a t3 > to such that for t > t3, h'(t) <
—pdzu(t, h(t)) and h is the unique zero point of u in R*T. And g can be treated in the same way.
Then we get (u, g, h) is a subsolution of (F') for t > t3. Because (u, g, h) spreads, there must exists
a time t such that u(t,z) > u(ts, =) for z € [g(t3),h(t3)]. We know that u(t,0) converges to p(0)
exponentially as t — 4+00. Then this lemma follows.
O

Lemma 1.4.2. Let the assumptions of Theorem 1.1.15 hold and (u,g,h) be a solution of (F') for
which spreading happens. Then there exist constants Ty, T1, T2, qo and By (the last two positive), such
that for t > Ty we have

(1.48) H(t+T)) <h(t) < H(t+T>)

and

(1.49) Ut + Ty, x) — qoe” ™ < u(t,z) for x € [0, H(t +T}))
and

(1.50) u(t,x) < U(t+ Ty, z) + qoe ™ for x € [0, h(t)).

Proof. We want to construct the subsolution in the following form

(U, H) := (U(t = &(t), ) — q(O)k(z — H(t = £(1)))¢ (), H(t = £(1)))-

Here define \; := min{%, %‘)} and ¢(t) := ¢*e ™!, where ¢* > 0 and &y is defined in Lemma 1.4.1.
Then by the same method in the proof of Theorem 1.1.13, we still can find appropriate k,£ and g so
that (U, H) is a subsolution of (F},) for ¢t > to. Because {(+00) is bounded, then there exists a time
t1(> to) such that

(151) K-H() >

when t > ¢1. Because (u, g, h) is a solution of (F') for which spreading happens, then we can find a
large time Tg such that

(1.52) H(t1 4+ 1) < h(Tp)
and

(1.53) U(ti1 + 1,2) < u(Tp,x) for x € [0, H(t; + 1)]
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and

(1.54) 2M*e%0Toe=%t < (¢ +1)p(0)e M for t > 0.
Through (1.51) and (1.54), it is not difficult for us to infer that

(1.55) U(ti +1+1t,0) <u(Tp+1,0) for ¢ > 0.

Combining (1.52), (1.53), (1.55) and the fact (U, H) is a subsolution of (F}) for ¢ > ¢; + 1, we know
that (U(t +t1 +1—Tp,-), H(t +t1 +1 —Tp)) is a subsolution of (u,g,h) on RT when t > Ty. Note
that £ <1 and &(¢),U(t,x),H (t) are increasing function with respect to ¢, then we have
Ht+t+1—Ty—&(+00)) < H(t+t + 1 —1Tp))
and
Ut +t1+1— Ty — &(+00),2) — ¢ || oo (orpe M0 < U+ + 1 — Tp, 2).
Define
T =t1+1—Tp— 45(4-00),

qo = q*||¢||L°°([0,L])€_’\1(t1+1_T°)

and
Bo = A1,
it follows that the left part of (1.48) and (1.49).
By noticing Lemma 1.2.10, we can construct a supersolution

(U, H) = (Ut +&(t), x) + q(t)k(z — H(t + (1)) (x), H(t +&(1)))
in a similar way. Then it follows the right part of (1.48) and (1.50).
O

By (1.37),(1.40) and (1.42), we notice that |£(+o00) — &(to)| = O(q(to)) and To = O(qy,), where
My, Ty and top here are the notations in (1.40),(1.41) and (1.42). Then by following the virtue of
Proposition 1.1.13 and Lemma 1.4.2, we have the following lemma.

Lemma 1.4.3. Let the assumptions of Theorem 1.1.15 hold and (u,g,h) be a solution of (F) for
which spreading happens. Then there exist a large constant M > 0 and a function ~y(€) satisfying
lim_,9 ’y(ﬁ) = 0, such that if M < h(tl)—e < H(tg) < h(tl)—i-ﬁ and Hu(tl, -)—U(tg, ')HLOO([O,min{h(tl),H(tg)}]) <
€ for some t1,to > 0, then we have for any t > 0
[h(t +t1) — H(t +t2)] <7(e)
and
lw(t +t1,-) — Ut + t2, )l Loo ((0,min{h(t+t1),H (t+t2)3) < V(€)-
Definition 1.4.4. (1) X is a metric space. {¢i}i>0 is a semi-flow on X, if it satisfies
e ¢ : X — X is continuous with respect tot € R and x € X,
o po(x)==x forallz € X,
® Pt OYPs = Ptts for all t,s > 0.
(2) And the positive semi-orbit O (x) is defined as
{pi(2)[t = 0}.
(8) x € X is called an equilibrium point, if it satisfies
oi(x) =z for all t > 0.
(4) S C X is called an invariant set, if it satisfies
0i(S) =S for all t > 0.
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(5) We call z € X is a w — limit point of x, if there exists an increasing sequence (tx)gen such that
ty — +o00 and ¢y, (v) — =z
as k — 400. w(x) is the set of w — limit points of x.
The following lemma can be easily found (for example, see [34]).
Lemma 1.4.5. If O"(x) is relatively compact, then w(x) is a nonempty compact invariant set.

Definition 1.4.6. For any continuous function w € C(R), we define o(u) := min{y : u(z) =
0 forx > y} and ¢(u) := max{y : u(z) = 0 forz < y}. X is the union of two metric spaces of
continuous functions and defined in the below:

A:={u(z) : o(u) < +00, ¢(u) > —oc0 and u(z) > 0 for z € (s(u),o(u))}

and
B :={u(x) : o(u) < 400, s(u) = —o0 and u(x) >0 for x € (—oo,0(u))},
where the metric of X := AU B is defined as follows:

d(u,v) = [le”(u = v)|| + [o(u) — o (v)] + [ — )],

Proof of Theorem 1.1.15:

By Lemma 1.4.2, there exist two sufficiently large positive constants M, and T, for any ¢ > 0 such
that |u(t,z) — p(x)| < § for any ¢t > T and z € [0, h(t) — M]. Moreover, for appropriate M., we also
have U(t,z) > p(z) —e for t € R and = € (—o0, H(t) — M. + 1].

We denote the semiflow o;[wg] = w(t,z + t%), where wg € X and T is the periodicity of the
pulsating semi-wave (U, H). If ¢(wg) > —oo, w is the solution of (F') with initial datum wy; if
¢(wp) = —o0, w is the solution of (Fy).

By Lemma 1.4.2, |h(t) — t£]| is uniformly bounded for any ¢t > 0. Then we have o(p¢[u]) is
uniformly bounded for ¢ > 0 while ¢(p[ug]) — —oo as t — +o0. It follows that O™ (ug) is relatively
compact. Then by Lemma 1.3.1, w(ug) = (4> {¢t(uo)|t > s} is a nonempty compact invariant set.

We can find a sequence of positive integers (n5)jen such that n; — +oc and lim;, oo p,7[t0] =
& € w(up) as j — +o00. It is easy to check that ¢;(§) is well defined and belongs to w(uyg) for all t € R
because O (up) is relatively compact. Then we find a complete semi-orbit for . For ¢(¢p¢[ug]) — —o0
as t — +oo, it is apparent that (v(¢,x),1(t)) = (ve(§),0(pe(€))) is an entire solution of (F}). By
Lemma 1.4.2, we know that lim,_,_ |v(¢,z) — p(z)| = 0 for any t € R.

We note that for any ¢t € R, (U(t,-), H(t)) is a fixed point of ). By Lemma 1.3.9, we have
H'(t) > U'(s) if H(t) = I(s). Then o(pnr[¢]) always decreases with respect to n. By Lemma 1.4.2, It is
easy to see that o (¢nr[{]) converges to H (to) for some tg. We denote &, := lim;_, p,7[¢], where k; € N
for every j € N and lim;_, o k; = +00. It is easy to check that o(&,) = o(eor(&x) = H(tp). Then we
claim that & = U(to,-). Otherwise, by Lemma 1.3.9, we have U (to,x) > & (x) for x € (—o0, H(tp)).
Then by comparison principle, it is easy to infer o(¢7(&x)) < H(tp), which is a contradiction.

Because &, € w(up), there exists a sequence of integers (m;) jen such that m; — 400 and u(m;7T, z+
m;L) converges to U(to, x) locally uniformly in (H(to) — 2M,, H(to)) as j — +oo. Then we can find
a myj, such that m; T > T, and |h(m;,T) — H(to +m;,T)| < € and |u(m;,T,z) — U(to+m;,T,x)| <€
for z € [h(m;,T) — Mc, min{h(m;,T"), H(to + m;,T)]. We note that |u(m;,T,z) — U(to +m;,T,z)| <
2¢ for z € [0,h(m;,T) — M. Then by Lemma 1.4.3, we have |h(t) — H(t + to)| < v(2¢) and
lu(t,-) — Ut + to, )|l oo ([0,min{h(t), H(t+t0)}]) < V(2€) for any t > m;,T. Because € can be arbitrarily
small, (2.4.3) and (1.5) follow from repeating Lemma 1.4.3.

We can obtain (1.6) and (1.7) in a similar argument.

O
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2. Spreading speed and profile for nonlinear Stefan problems in high space dimensions

2.1. Introduction.

We are interested in the long-time limit of the spreading speed and profile determined by the
following free boundary problem:

up — Au = f(u) for z € Q(t),t > 0,
(2.1) w=0and u; = p|Vyu> for z € T'(t),t >0,
u(0,x) = up(x) for z € Qy,

where Q(t) ¢ RN (N > 2) is bounded by the free boundary I'(¢) (i.e., I'(t) = 99(t)), with Q(0) = Qq,
which is a bounded domain with smooth boundary 9, and ug € C(€) N H'(Qg) is positive in Qg
and vanishes on 0. p is a given positive constant, and the nonlinearity f(u) is assumed to be of
monostable, bistable or combustion type, whose meanings will be made precise below.

When f(u) =0, (2.1) reduces to the classical one-phase Stefan problem, which arises in the study
of the melting of ice in contact with water. Our motivation to study the nonlinear Stefan problem
(2.1) mainly comes from the wish to better understand the spreading of a new species, where u is
viewed as the density of such a species, and the free boundary represents the spreading front, beyond
which the species cannot be observed (i.e., the species has density 0).

Starting from the pioneering works of Fisher [20] and Kolmogrov-Petrovski-Piskunov [28], such a
spreading process is usually modeled by the Cauchy problem:

- U, — AU = f(U) forzeRN, t>0,
2.2) U0,2) = Uy(z) for z € RY,
where Up(z) is nonnegative and has nonempty compact support. In such a case, U(t,x) > 0 for all
x € RY once t > 0, but one may specify a certain level set I's(t) := {z : U(t,z) = §} as the spreading
front, where § > 0 is small, and Q5(t) := {x : U(t,x) > §} is regarded as the range where the
species can be observed. A striking feature of the long time behavior of the front I's(t) is revealed by
Aronson and Weinberger in their classical work [3], namely, when spreading happens (i.e., U(t,z) — 1
as t — 00), I's(t) goes to infinity at a constant asymptotic speed in all directions, i.e., for any small
€ > 0, there exists 7' > 0 so that

(2.3) Ds5(t) C Ac(t) == {z € RN : (co — )t < || < (co + €)t} for t > T.

The number ¢y is usually called the spreading speed of (2.2), and is determined by the well-known
traveling wave problem

(2.4) Q" —cQ + f(Q)=0, Q>0in R, Q(—o0) =0, Q(+00) =1, Q(0) = 1/2.

More precisely, in the monostable case, ¢y > 0 is the minimal value of ¢ such that (2.4) has a solution
Q. (more accurately Q. exists if and only if ¢ > ¢p); in the bistable and combustion cases, ¢y is the
unique value of ¢ such that (2.4) has a solution Q.. Moreover, Q). is unique when it exists for a given
c.
When Up(x) is radially symmetric, then U(t,z) is radially symmetric in z for any ¢ > 0, and
better estimates of the spreading speed and the profile of U near the front are available, which will
be recalled briefly below.
We now look at the nonlinear Stefan problem (2.1), which is understood in the weak sense as
described in [8], where it is shown that (2.1) has a unique weak solution defined for all ¢ > 0. Further
properties of (2.1) are obtained in [15], which include the following result:

Theorem A. Q(t) is ezpanding in the sense that Qo C Q(t) C Q(s) if 0 < t < s. Moreover,
Qoo := Up=0€(t) is either the entire space RY, or it is a bounded set. Furthermore, when Qs = RY,
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for all large t, T'(t) is a smooth closed hypersurface in RN, and there exists a continuous function
M(t) such that

(2.5) I(t) Cc {x: M(t) — %77 <lz| < M(t)};

and when Qoo is bounded, limy o |[u(t, )| Lo (o)) = 0. Here dg is the diameter of .

It can be shown (see [12]) that when spreading happens (i.e., u(t,z) — 1 as t — o00), there exists
¢* > 0 such that

M(t
(2.6) lim M) =c"
t—oo ¢

The number ¢* is therefore called the asymptotic spreading speed of (2.1), which is determined by
the following problem,

(2.7) q"—cqd + f(g) =0, ¢>0 in (0,00), ¢(0) =0, g(oo)=1.

The above discussion shows that when spreading happens, (2.2) and (2.1) exhibit similar asymp-
totic behavior: Their fronts can be approximated by spheres, which go to infinity at some constant
asymptotic speed. Moreover, by [8], if u and Q(¢) in (2.1) are denoted by w,, and €,,(t), respectively,
then as y — oo,

Qu(t) — RN (VE > 0), u, — U in CL2M((0,00) x RY) (Wr € (0, 1)),

loc

where U is the unique solution of (2.2) with Uy = wug. Thus the Cauchy problem (2.2) may be
regarded as the limiting problem of (2.1) as u — oc.

Fundamentally different behavior exists between (2.1) and (2.2). When f(u) is of Fisher-KPP type
(a special monotable case first considered by Fisher [20] and Kolmogrov-Petrovski-Piskunov [28]),
it is known from [10] and [15] that the free boundary problem (2.1) exhibits a spreading-vanishing
dichotomy: Either Q(t) stays bounded for all t and u — 0 as t — oo (vanishing), or (t) expands to
RN as described in (2.5), and v — 1 as ¢t — oo. Criteria for each to happen are also known. This
is in sharp contrast to the “hair-trigger” phenomenon of the corresponding Cauchy problem (2.2)
revealed in [3]: U — 1 as t — oo whenever Uy is nonnegative and not identically zero (in other words,
spreading always happens for (2.2) with such f(u)).

In this section, we consider the case that spreading happens to (2.1) with f(u) of monostable,
bistable or combustion type. By a simple comparison consideration, spreading also happens to the
corresponding Cauchy problem (2.2) (with Uy = ug). We will show that, in this situation, underneath
the similarities described before the last paragraph, there also exist fundamental differences between
(2.1) and (2.2), once their spreading profiles are more closely examined.

The results of Theorem A allow us to reduce the problem to a much simpler situation, namely to
the case with radial symmetry, without loss of much generality. More precisely, from (2.5) it can be
easily shown (see [12]) that when spreading happens, the long time asymptotic behavior of the free
boundary of (2.1) is largely determined by that of a radially symmetric problem, in the sense that,

|M(t) — h(t)| < C for all large t and some constant C,

where M (t) is given in (2.5), and r = h(t) is the free boundary of a radially symmetric free boundary
problem of the following form:

u —upy — 2y, = fu),  0<r<ht), t>0,

up(t,0) =0, u(t,h(t)) = t>0,
h/(t) = _:U’ur(ta h(t))v t>0,
h(0) = ho, u(0,7) =wup(r), 0<r <hyg,

(2.8)
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where f is the same as in (2.1), p and hg are given positive constants. The initial function wg is
chosen from

(2.9) H (ho) = {1/1 € C*([0, ho)) = 9'(0) = 9(ho) = 0, 3(r) > 0 in [0, o) }

For any given hg > 0 and ug € % (ho), (2.8) has a classical solution defined for all t > 0 ([12]).
If up(z) in (2.1) is radially symmetric, then (2.1) reduces to (2.8). Similarly, if we take

up(|z|), |z| < ho,
2.10 U =
(2.10) ol) { 0. |o>ho

with ug given in (2.8), then the unique solution of (2.2) is radially symmetric: U = U (t, |z|). We will
closely examine the spreading behavior determined by (2.8) and compare it with that of (2.2) with
Up given in (2.10).

While the Cauchy problem (2.2) has been extensively studied in the past several decades and
relatively well understood (some relevant results for (2.2) will be recalled below), the study of the
nonlinear free boundary problem (2.8) is rather recent. Problem (2.8) with the Fisher (also called
logistic) nonlinearity f(u) = au — bu? was investigated in [7], continuing a study initiated in [10]
for the one space dimension case. A deduction of the free boundary condition based on ecological
assumptions can be found in [6], but generally speaking, the role of this free boundary condition in
the mechanism of spreading is still poorly understood.

In [11], problem (2.8) with a rather general f(u) but in one space dimension was considered. In
particular, if f(u) is of monostable, or bistable, or combustion type, it was shown in [11] that (2.8)
has a unique solution which is defined for all ¢ > 0, and as t — oo, h(t) either increases to a finite
number Ao, or it increases to +00. Moreover, in the former case, u(t,r) — 0 uniformly in 7, while in
the latter case, u(t,r) — 1 locally uniformly in 7 € [0, +00) (except for a transition case when f is of
bistable or combustion type). The situation that

u—0and h = he < +00
is called the vanishing case, and
u— 1 and h — +oo

is called the spreading case.
When spreading happens, it was shown in [11] that there exists ¢* > 0 such that

lim @ =c".

t—oo ¢

The number ¢* is the same as in (2.6). These conclusions remain valid in higher space dimensions

([12]).
Next we will describe the results more accurately. Firstly, let us recall in detail the three types of
nonlinearities of f mentioned above:!

(fm) monostable case, (fg) bistable case, (fc) combustion case.
In the monostable case (fy1), we assume that f is C! and it satisfies
f(0)=f(1)=0, f(0) >0, f/(1) <0, (1 —u)f(u) >0 for u>0,u#1.
A typical example is f(u) = u(1 — u).
fB)

In the bistable case (fg), we assume that f is C'! and it satisfies

{ (0) f(0) =f(1) =0,
f(u) <0in (0,0), f(u) >0in (6,1), f(u) <0in (1,00),

LWhile f being C' is enough for the results in this section on the radially symmetric problem (2.8), for Theorem A
to hold, [15] requires additionally that f € C"*([0,d]) for some a € (0,1) and small § > 0.



36

for some 6 € (0,1), f/(0) <0, f/(1) < 0 and

/f )ds > 0.

A typical example is f(u) = u(u — 0)(1 — u) with 6 € (0, 3).
In the combustion case (fo), we assume that f is C1 and it satisfies
f(u)=01in [0,0], f(u)>0in (6,1), f/(1) <0, f(u) <0 in [1,00)
for some 6 € (0, 1), and there exists a small o > 0 such that
f(u) is nondecreasing in (0,6 + dp).
The asymptotic spreading speed c* is determined in the following way.

Proposition 2.1.1 (Proposition 1.8 and Theorem 6.2 of [11]). Suppose that f is of (fm), or (fg), or
(fc) type. Then for any p > 0 there exists a unique c* = c*(u) > 0 and a unique solution g+ to (2.7)

with ¢ = ¢* such that ¢..(0) = %

We remark that this function g, is shown in [11] to satisfy ¢..(z) > 0 for z > 0. We call g a
semi-wave with speed c¢*, since the function v(t, ) := g~ (c*t — x) satisfies
vt = Ve + f(v) for t € RY 2 < c*t,
{ v(t,c*t) =0, —pvy(t, c*t) = c*, v(t,—oc0) = 1.
In [16], sharper estimate of the spreading speed in one space dimension was obtained. More

precisely it was shown in [16] that when spreading happens for (2.8) (with N = 1), there exists
H € R such that

. * 2 : / o x
(2.11) tliglo(h(t)—c t—H)=0, tﬂ%loh(t) =c',
(2.12) lim sup |u(t,7) —ge<(h(t) —7)| =0.

£=00 1.0, h(t)]

In this section, we consider the case that the space dimension N > 2, and spreading happens for
(2.8), namely

tlim h(t) = oo and tlim u(t,r) = 1 locally uniformly for r € [0, c0).
—00 —00

We will show that in such a case, we still have (2.12) and limy_,» /() = ¢*, but there exists ¢, > 0
independent of N such that
(2.13) lim [h(t) — 't + (N — 1)c,logt] = h € R

t—o00

Moreover, the constant c, is given by

C*

=, ¢(=1+ —
“ ¢ ¢ 12 fo° gl (2)2e7C"2dz

The term (N —1)c, logt in (2.13) will be called a logarithmic shifting term. For simplicity of notation,
we will write ¢y = (N — 1)c,. Thus from (2.13) and (2.12) we obtain

lim sup |u(t,r) — ges (¢t — ey logt 4+ h —7r)| = 0.
t=09 1.¢0, h(t))
This indicates that as t — oo, u converges to the moving semi-wave profile g.» traveling with speed
¢ —ent 1.
For convenience of comparison, we now recall some well-known relevant results for the correspond-
ing Cauchy problem (2.2). The classical paper of Aronson and Weinberger [3] contains a systematic
investigation of this problem (see [2] for the case of one space dimension). Various sufficient conditions
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for limy_,oo U(t,x) = 1 (“spreading” or “propagation”) and for limy_, ., U(t,z) = 0 (“vanishing” or
“extinction”) are given, and the way U (t, z) approaches 1 as t — oo is used to describe the spreading
of a (biological or chemical) species. In particular, when spreading happens, it is shown in [3] that,
in any space dimension N > 1, there exists ¢y > 0 independent of N, such that, for any small € > 0,

(2.14) { lmy .00 MaX|g(> (o4 Ut ) = 0,

limy— 00 MAX| 4| <(co—e)t |U (¢, ) — 1] = 0.

Clearly (2.3) is a consequence of (2.14) (with the same ¢g). The relationship between the spreading
speed determined by (2.1) and that determined by (2.2) is given by (see Theorem 6.2 of [11])
co = lim ¢*(p).
H—00
More details on the spreading behavior of the Cauchy problem can be found, for example, in [2, 3,
19, 20, 26, 27, 28, 37].

As we will explain below, fundamental differences arise between the free boundary problem and
the Cauchy problem when we compare their spreading profiles closely. While the spreading profiles
of all three basic cases (fur), (fs) and (fc) can be described in a unified fashion for the free boundary
model (2.8) (see (2.11), (2.12) and (2.13)), where no logarithmic shifting occurs in space dimension
N =1, and a synchronized logarithmic shifting happens in dimensions N > 2, this is not the case
for the Cauchy problem, where the monostable case may behave very differently from the other two
cases: The (pulled) monostable case gives rise to logarithmic shifting in all dimensions N > 1, and
the shifting coefficient is different from the other two cases when N > 2.

More precisely, in one space dimension, a classical result of Fife and McLeod [19] states that for f
of type (fp), if spreading happens, i.e., U(t,z) — 1 as t — oo, where U is the solution to (2.2), the
spreading profile of U is described by

\U(t,2) — Qe (cot + 2+ C_)| < Ke " for x < 0,

U(t,2) — Qey(cot — x4+ C1)| < Ke ! for z > 0.

Here (co, Qc,) is the unique solution of (2.4), C1 € R, and K, w are suitable positive constants. So
as t — 0o, U converges to the traveling wave profile ()., moving at the exact speed cg, and hence no
logarithmic shifting occurs in this case.

The monostable case of (2.2) has very different behavior. Firstly we recall that (2.4) already
behaves differently in the monostable case. Secondly, a logarithmic shifting occurs: When (fyr) holds
and furthermore f(u) < f/(0)u for u € (0,1) (so f falls to the so called “pulled” case), there exist
constants C+ such that

. 3
tliglo max Ul(t,z) — Qg (cot @ logt —x + C’+) =0,
and
. 3
tlggorggéc U(t,z) — Qq, (cot — glogt + 4+ C)‘ =0.

This implies that as t — oo, U converges to the traveling wave profile ()., moving with speed cy— %til
instead of exactly ¢g. The associated logarithmic shifting term % logt is known as the logarithmic
Bramson correction term; see [5, 25, 32, 37| for more details.

For space dimension N > 2, if Uy(x) is given by (2.10) and hence the unique solution U of (2.2) is
spherically symmetric (U = U(t, |z])), results in [23, 38] indicate that the Bramson correction term
for the monostable case becomes

N +2 N -1
i logt (for the pulled case of f), or
co o

logt (for the pushed case of f),
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that is, there exists some constant C' such that for the pulled case of f,

N +2
lim sup |U(t,|z]) — Qe (Cot— ha logt +C — |93|) =0,
t=00 yeRN o
and for the pushed case of f,
lim sup |U(t, |x\)—Qco<cot— — logt+0—\w|) =0.
t=00 yeRN €0

In the bistable case (as well as the combustion case), the Fife-McLeod result should be changed to
(see [38])

lim sup
0 peRN
where L is some constant.

The above comparisons indicate that the singular behavior of the monostable case observed in the
Cauchy problem does not exist anymore in the free boundary model, where all three cases behave in
a rather synchronized manner.

The rest of the section is organized as follows. In Subsection 2.2, we describe how the constant
¢y in the logarithmic shifting term is defined. In Subsection 2.3, we estimate h(t) in several steps
until the sharp term cy logt appears in the upper and lower bounds of h(t). The main convergence
results of this section are proved in Subsection 2.4, where our arguments are based on the estimates
obtained in Subsection 2.3, and on a new device very different from the energy methods used in [16]
and [19].

A key step in this research is to find the exact form of the logarithmic shifting term cy logt. This
relies on the discovery that sharp upper and lower solutions to (2.8) can be obtained by suitable
perturbations of

1
U(tv“rD_Qco(Cot_ 10gt+L—|x)‘ =0,

Co

h(t) = ¢*t — enlogt, u(t,r) = ¢(u(c* —ent™1), 7 — h(t)),
with the functions ¢(u,z) and p(€) defined in (2.15) and (2.20), respectively. This approach is
completely different from that used for treating the corresponding Cauchy problem, and from that
used to handle the one space dimension case in [16].
Our method to prove the convergence result in Subsection 2.4 also relies on innovative ideas. The

method is very powerful and should have applications elsewhere. The spirit of the method is close to
those in [39] and [18].

2.2. Formula for cy.
In this subsection, we describe how ¢y in the logarithmic shifting term is defined, and also give a key
identity (see (2.21) below) to be used in the next subsection.

Let g+ be given by Proposition 2.1.1 and we define ¢(z) to be the unique solution of the following
initial value problem

(2.15) ¢"+ ¢ + f(¢) =0, ¢(0) =0, (0) = —c"/p.
Clearly
#(2) = gex(—2) for z < 0.

To stress its dependence on p, we write ¢(z) = ¢(u, z). Similarly we write ¢* = ¢*(u). It is easily
seen that for each given pp > 0, we can find ¢y > 0 such that ¢(u, z) is defined for z € (—o0, ¢9] with

¢=(p,2) <0, ¢, €0) < —no < 0 for p € [10/2,210] and 2 < €p.

From [11] we see that u — ¢*(yu) is strictly increasing. We will show below that it is a C? function.
To this end, we need to recall some details contained in [11]. Under the assumptions of Proposition
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2.1.1, it was shown in [11] that there exists a unique ¢y > 0 such that for each ¢ € [0, ¢g], the problem
(2.16) P =c— f](DQ) in [0,1), P(1)=0, P'(1) <0

has a unique solution P,(q), which necessarily satisfies

c— /2 —4f(1)
2
Furthermore, the following monotonicity and continuity result holds.

, P.(q) > 0in (0,1).

Lemma 2.2.1 (Lemma 6.1 of [11]). For any 0 < ¢1 < c2 < ¢p and ¢ € [0, o],
P, (q) > Pe,(q) in [0,1), lgn%Pc(q) = P:(q) uniformly in [0, 1].
Moreover, P, (0) =0 and P, (q) >0 in (0,1).
From the proof of Theorem 6.2 in [11], we see that, for u > 0, ¢*(u) is the unique solution of

P.(0) — 5 =0, c€[0,col.

We show below that ¢ — P.(0) is a C? function for ¢ € (0, cp).
Fix ¢ € (0,¢p) and let h # 0 be sufficiently small so that ¢+ h € (0, cp). We then consider

A Peyn(q) — Pelq)

Pr(q) = h € [0,1].

Clearly

(2.17) A@=1+5"D_p(g)in[0,1), Bu(1) = 0.
Pe(q) Petn(q)

The unique solution of (2.17) is given by

fqg Pc( sjlf’(ih(s dg
;¢ €[0,1).

Let us note that for ¢ close to 1, f(q) is close to f(1)(g—1) and P.(q) is close to P/(1)(¢—1). Hence,
for fixed ¢ € [0,1),

13 —f(s)
efq P@Pern @™ 4 () as ¢ — 1 uniformly in ¢, h.

It follows that the integrand function
3 f(s)
Ji PP %

is uniformly bounded in the set {(g,&) : 0 < ¢ < € < 1}. Letting h — 0 in the expression for Py(q)
we obtain

f& —f(s) 4
lim Py (q) = / 7 Pe(o)? *de, q € [0,1).
h—0 q

Therefore
d

(2.18) o

& —f(s)
—P.(q) = —/ f‘“’c@ *d¢ < 0 for g € [0,1).
q
By Lemma 2.2.1, we easily see from the above identity that %Pc(q) is continuous in ¢ for ¢ € (0, ¢p).
Moreover, %Pc(l) = 0 and the continuity of %Pc(q) in ¢ is uniform in ¢ € [0, 1].
From (2.18) we further obtain

d2 0§ —/ () s S
. —F 1L = — P(é)z
(2.19) CPA0) = -2 / [ P i el .
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provided that we can show the integral above is convergent. By (2.18) we can find C7 > 0 such that
|— (s)| < Cy for s € [0,1].

For € € (0, 1) sufficiently small, there exist Ca,C5 > 0 such that

SICIRTRSR CEPPIIP S

Hence, for £ € [1 — ]
f d
c 5 d
/ 3 dc e(s) '
—1(s) 4 1 €
fo Pc(s)Q [/ /1 ] C 3 ‘d

< CyC.e=Ca i (1=9)1ds [C +C'3/ (1—3)2ds}
1

—€
SC1-9P+ -9,

where we have used C, to denote various positive constants that depend on €. Clearly this implies
the convergence of the integral in the formula for j—;P (0) in (2.19). Moreover, by the continuous
dependence of P.(q) and % P.(q) on ¢, we find from (2.19) that §2P (0) is continuous in ¢ for
¢ € (0,¢9). We have thus proved the following result.

Lemma 2.2.2. The function ¢ — P.(0) is C? for c € (0, cp).

Define ((c, u) := P.(0) — &~ Then

d 1 1
8CC(C,/J,) = %Pca)) - ; < —; < 0.

Hence by the implicit function theorem we find that the unique solution ¢ = ¢*(u) of {(c, ) = 0, as
a function of y, is as smooth as ¢, and hence is C2. Moreover

() = el ) p2et(p)
9cC(c*(p)s 1) 9eC(c*(p); 1)

> 0,

and

(c*w)’ _ W e - 1] <0

since —0.¢ > pu~ 1.

From [11] we further have
im < o tim W g0y > 0.
p—oo [l =0 L
We now fix pg > 0 and denote ¢y = ¢*(uo). Therefore for each £ € (0, o Py(0)) there exists a unique
p = (&) such that

(2.20) clule)) _ 50 &= p(€) is C%, p'(€) <0, plch) = po.

Here we have used the implicit function theorem and pu — /(1' 1 is O2 to conclude that & — () is
C?.
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Let (&) := c¢*(u(€)). Then g is C? and ¢'(£) = ¢/ (u(€))p/(€) < 0. The following identity will play
a crucial role in the estimates of the next subsection.

_ _ 1 _
(2.21) g(cp —ent™) — glcp) = —g'(co)(ent ™) + 59"(91&)(0?@ %)
with 6; € (¢ — ent™ 1 ,Ch), where ¢y is given by
SIN -1
(2.22) v =[1-g(@)] =
=)

and ¢'(c}j) can be calculated by the following formula:

Lemma 2.2.3.

<

2.23 "(ch -
( ) g (CO) MO q'/:8 (Z)2€—cozdz

Proof. By definition, ¢/(c) = ¢/ (1o)p'(cf). Using ¢*(u(€)) = pg €u(€), we obtain

o ey -1 N T (3.
(N (&) = po [1(&) + & ()]s 1 (§) TE) — e E

Hence

Hence

1o\ C*/(MO) 1 _ 1
g () = o _ 1*_1_ ! -1 4dp
c*(po) — po €5 1o 5! (o) pogePe(0) | _

5 *f(S
/ 0 Pc(s)2

P.(s) = Pe(qe(2)) = q.(2) with s = q.(2), or equivalently z = ¢ '(s).

From (2.18) we obtain

From [11] we know that

Therefore, making use of the change of variable s = q.(z), and the identity f(g.(z)) = —¢”(z) +cq.(z),
we obtain

§fls) %O flg(2)
Pc<s>2ds‘/o a7 e

@€ g () — cd!
0
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It follows that

€ —f(s)
efO Pe(s)? dsdf

d 1

%PC(O) = _/0

_ /1 qz:(qgl(é‘))e—cqgl(g)dg
0

Hence

2.3. Sharp bounds.

In this subsection we give some sharp estimates for h(t). We always assume that f satisfies the
conditions of Proposition 2.1.1. We fix po > 0 and suppose that (u(t,r),h(t)) is the unique solution
of (2.8) with u = ug. Let ¢ and ¢y be defined as in the previous subsection (see (2.22)), and suppose
that spreading happens:

(2.24) tlg]go h(t) = oo, tli)rglo u(t,r) = 1 uniformly for r in compact subsets of [0, c0).

We make these assumptions throughout this section. Our aim is to show the following result.
Theorem 2.3.1. There exist positive constants C' and T such that

(2.25) |h(t) — (c5t — enlogt)| < C fort > T.

Moreover, for any c € (0,cj), there exist positive constants M and o such that

(2.26) lu(t,r) — 1| < Me= " for t >0, r € [0,ct].

These conclusions will be proved by a sequence of lemmas.

2.3.1. Rough bounds. We start with some rough bounds for « and h.

Lemma 2.3.2. The following conclusions hold:

(i) For any c € (0,¢}) and 6 € (0,—f(1)), there exist a positive constants Ty, > 0 and M > 0 such
that

u(t,r) <1+ Me %, h(t) > ct for t > T, and r € [0, h(t)].
(ii) There exists ¢ € (0,¢f), 6 € (0, —f'(1)), and T > 0, M > 0 such that
u(t,r) >1-— Me% for r€[0,ét] and t > T..

Proof. (i) Consider the equation 7'(t) = f(n) with initial value 7(0) = ||lug|| L~ +1. Then 7 is an upper
solution of (1.1). So u(t,z) < n(t) for all t > 0. Since f(u) < 0 for u > 1, n(t) is a decreasing function
converging to 1 as ¢ — oo. Hence there exists T, > 0 such that n(t) < 14+p and 7'(¢t) = f(n) < §(1—n)
for t > T,. It follows that

w(t,z) < nt) <1+ pe ) for 0<|z| < h(t),t > T..
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Next we take any ¢ € (0, ¢f;) and show that for all large ¢, h(t) > ct. We construct a lower solution
similar to the proof of Lemma 6.5 in [11]. Let us recall that for each ¢ € (0, ¢f;), there exists a function
q°(z) defined for z € [0, z¢] such that

q" —cqd + f(g) =01in [0,2; q(0) = ¢'(2°) = 0; ¢'(2) > 0 in [0, 2°).
Moreover, Q¢ := ¢°(2°) < 1 and as ¢ /" ¢,
Q° /1, 2° 7 +00, |lg° = qegll o,z — O-

See page 38 of [11] for details.
We now choose ¢1, ¢z € (¢, ¢f) satisfying ¢1 < ca, f(Q%) > 0, and define

N -1
k(t) := 2% + cat — logt.
C1
We can find 77 > 0 such that
N-—-1
et < cot — logt
1
for t > Ty. Set
(tr) = g2 (k(t) — 1), cot — B logt <r < k(t),
B q (=), OSTSCQt—NT:llogt.

Since spreading happens we can find T5 > T} such that

k(Ty) < h(Tv)
w(Th,r) <u(Tz,r) for r € [0,k(T)]

We note that
N -1

wy(t,7) =0 when 0 <71 < cot — o

logt.

Moreover, by (6.7) in [11],

N
E'(t) =cy —
(t) = ca pr

and
wy — Aw
/ co\/ co /! N —
= K()(q®) (k@) —r) = (¢2)"(k(t) —r) +

“Lgy k) )
= a0 =)+ (S = ) @k -
< f(w)

for r € [c2t — N=liogt, k:(t)} C [e1t, k(t)] and

Cc1

wy — Aw =0< f(Q?) = f(w)

for r € |:0762t — N:1 logt}.

c
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Since w is C! in 7, the above discussions show that (w(t — Ty + T1,7), k(t — Ty + T1)) is a lower
solution of (1.1) for ¢ > T,. Hence there exists some T35 > T5 such that for ¢t > T3,
N-—-1

&1

h(t) > k(t—To+T1) =22 + co(t = T+ T) — log(t — 1> + T1)
>z224c(t—To+Ty) >ct

and
u(t,r) > w(t —Ta+Th,r) for re0,k(t—T1+T2)] DI0,ct].

(ii) Since w(t — To + T1,7) = ¢*2(22) = Q® > Q° for r < ¢t for all t > T3, we find from the above
estimates for v and h that

(2.27) h(t) > ct, u(t,r) > Q° for 0 <r <ct, t > T3
Since f’(1) < 0, for any 6 € (0,—f'(1)) we can find p = p(d) € (0,1) such that
Fw) > 60— w) (we [1-p, 1)), f(w) <6(1—u) (ue [1,1+p]).

Since Q¢ — 1 as ¢ ¢}, we may assume that Q¢ > 1 — p.
Now for a given domain D we consider a solution 1 = ¥p to the following auxiliary problem:

wt_sz_é(w_l)a t>07x6D7
(2.28) W= QF°, t>0,2 € 0D,
Y = QF, t=0,xreD.

The function ¥ = ¥p = % (¢p — Q°) satisfies

U, — AT = 6e%(1 - Q°), t>0,z€ D,
(2.29) U =0, t> 0,z € 0D,
v =0, t=0,ze€D.

Take
D=Qir={zeRN|—-éTr<z;<él i=1,2,---,N}

with & = ¢/v/N. Let G(z,t;&,7) be the Green function for the problem (2.29). From page 84 of [21]
one sees that this Green function can be expressed as follows:

N
G(x,t;¢,7) = [[ Gl t:6.7)
=1

where G is the Green function of the one space dimension problem:

U, — U, =g(t,x), t>0,—¢T <z <cT,
U=0 t> 0,2 = 4T,
U=0, t=0,—¢T < z < &T.

Thus

Vo, (o) = /0 C5eT(1— Q) / Gla t: €, 7)dedr

cT

For ¢ € (0,1), consider (t,z) € RN*! satisfying

2~2T
s < (1— )T, i=1,2,--- \N,0<t< ==,
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From the proof of Lemma 6.5 in [11] we find that for such (¢, x), there exists Ty > T3 such that for
T > T47
cr 4 /2
Gz, t;&,7)dg > 1 — —e /% > 0.
e ' VT
Hence, for sufficiently large T' > 0 there exists My > 0 such that
Gz, t;&,7)de > 1 — Mye™ /2.
Qzr
From the above estimate we obtain

0
= (1 - Q%) (1 — Mpe T/%)(% — 1)

for T > Ty, |z;) < (1 —¢)él,i=1,2,--- ,N,0<t< 52452T.
Since Ber C Qer C B ywer C Ber, using (2.27) and a simple comparison argument we obtain

¢Q6T<t7x) < chT(tVr) < u(t + T, ‘$|) for t >0, z € Qer.

Hence
(2.30) u(t + T, |x|) > ¢, (t,x) for t > 0,z € Qar.
Fix T'> T,. We have
Vg (t, ) = Ug_ (t,)e ™ + Q° > 1 — Moe™T/2 — 7%

for [z;] <eT(1—g),i=1,2,--- ,N,0<t<ZET. Taking t = ZET we obtain
22 )
V0o (ifT, x> > 1 — MyeT/2 — ¢==°@0T/4,

We only focus on small € > 0 such that €225 < 2 so
252
VQer (géfT, m) >1-— M0€—62525T/4 _ el /4
=1—(My+ 1)6—82626T/4.

This holds for |x;| < (1 —¢)eT, i=1,2,--- ,N, T > Ty. Thus, by (2.30), for such T and z, we have

22 )
u (’SIT 4T, m) >1— (My+ 1)e < @T/4,
Finally, if we rewrite
22
g“c
t=—-"T+T
1 +
then
222\ ~
g°c
T=(1+— t
()
and

u(t, |z])) > 1 — (My+1)e™%

o\ —1 - } o\ —1
for |z;] < (1 —¢) (1+#) ct, i =1,2,--- /N and t > T5 where § := 52452 (1+ 82402) 0 and

262

4

g2¢e?

-1
Ts = &~Ty + Ty. This is also true for |z| < (1 —¢) (1 + &5 ) ¢t. Since this is true for any
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¢ € (0,¢5/VN) and for any small € > 0, the above estimate implies the conclusion in (ii).

completes the proof.

Lemma 2.3.3. For any c € (0,¢}) there exist M' >0, T" > 0 and §' € (0, —f'(1)) such that

w(t,r) >1—Me ™ h(t) >t — M'logt for r € [0,ct] and t > T'.

Proof. We first construct a lower solution. Define

u(t,r) = (1— Me *)qes (h(t) — 1),

N-1 ot
O
&T

kok

h(t) = c(t — Tuu) + T —

g(t) = &,

- O'M(G_ST** -

This

where M,S and ¢ are given in Lemma 2.3.2, ¢ > 0 and T, > T, (7% as in Lemma 2.3.2) will be

chosen later. We will check that (u, g, h) is a lower solution, that is,

(231) = (1 + 2 ) < ) for ¢ Tusglt) < < ()
, 9

(2.32) u<ufor t> Ty, r=g(t),

(2.33) u=0, M(t) < —pu, for t > Tw, r=h(t),

(2.34) h(Te) < h(Ths)y, wW(Tis,7) < u(Tis, ) for 1 € [g(Thx), B(Tix)].

We first see that h(T.) = Ty < h(Tys) from Lemma 2.3.2. Thus we have

W(Thwyr) <1 — Me=T < W(Tyx, ) for r € [g(Ths), h(Ths)]

from Lemma 2.3.2. Similarly we have

ult, g(t)) = u(t, &) < 1— Med < u(t,ét) = u(t, g(t)

for t > Ty by Lemma 2.3.2.
Clearly u(t, h(t)) = 0. Next we calculate

N -1 ~ < 5 T~ 5
h'(t) = cf — T oMoe % < ¢ — adMe™,
¢

* * T, —0t
cy — cpMe

7

u, (£, h(t)) = —(1— Me™)ql, (0) = —
— sy (1, h(1)) = cf — ciM e
Hence if we take o > 0 so that ¢ < 00, then

B'(t) < —pu, (¢, (1)) for t > T

It remains to prove u, — (u,, + N;lgr) — f(u) <0. Put ¢ = h(t) — r. Since

uy = 3Me e () + (1= Me ) (£)qls (€),
u, = —(1— Me™")qls (©),
Upp = (1 - M/e_gt)qga (C)7

)

)
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we have for ¢t > T\, and r € (ét, h(t)),

Uy — (urr + NT_1UT> — f(u)

= Mg (Q) + (1 = M) (£)gL5 ()
— (1= Me™™)qs(O) + LT L= Mgl (€) — £~ M) (0))

N-1 —dt /
ot —UM66 ) CS(C)

= §Me g () + (1 — Me™) (cg -
(1 e () + #(1 — WPl (0) — (1~ M M) (0))
= M e gy (¢) + (1 — Me™") (el (O) — ¢/ (C)

- odtde (1= Be Mty ) + (1= 1) (- ) g0

— F((1 = Me )5 (0))
< OMe ey (¢) — o Mde (1 — Me™)qp (C)
+ (1= Me ™) f(gs (€)) — F((1 = Me™)qe (C)).
Let us consider the term (1 — Me ™) f(ges () — f((1 — Me=%)ges (¢)), which is of the form
(1+6)f(u) = F((1+)u).

The mean value theorem implies that
Ef(w) + fu) = F((L+&u) = £f(u) — £f (u+ Ogubu)u
for some 6 ,, € (0,1). Since 0 < § < —f'(1), we can find an 7 > 0 such that

(235) 5§_f(u) for 1T-n<u<l+n,
’ flw)>0 for 1—n<u<l.

Since g (¢) — 1 as ¢ — oo, there exists ¢, > 0 such that g (¢) > 1—n/2 for ¢ > (;. We may assume

that Me=% < /2 for t > T,
For ¢ > (;, we have

< §Me % (¢) — oMbe™ ‘”(1 — Me ). ()
— W1e flggy (¢ 5 (Q) = 0L Mg (0)) s () }
= — Me ™ f(qey (C)) — oMBe™ ‘”( — Mem)ql. (C)
o+ 0™ (a6 (€) = O Mg (0)) + 8 baeg () <0,
for some 0, € (0,1). Here we have use the fact that
16 (€) = 0 M5 (0) > (€)= Me ™5 (¢) = 1=
and hence f’(qex (¢) — H’C,tMe_Stch(C)) +4<0.
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For 0 < ¢ < ¢, we have
N -1

Uy — (u + U> — f(u)
<bMe Ve (¢) — o Mbe (1 — Me~%) gl (¢)
— 31 (a5 (0) = f (a5 (€) = 0 Me a5 (0)) a5 (©) |
= — Me " f(qe;(€)) — oMbe™ (1 — Me™)q( (¢)

= Me_St{ — min f(s) + max f'(s)+6 —od(1— Me_gt)qéa(g)}

0<s<1 0<s<1
<0,

for sufficiently large o > 0 and all large ¢t. Finally we note that we can take Ty, > T, so large that
the above holds and ¢t < h(t) for ¢ > T..
Thus we have shown that (2.31)-(2.34) hold and (u, g, h) is a lower solution of (2.8). It follows that

u(t,r) > u(t,r), h(t) > h(t) for t > T\, and 7 € [g(t), h(t)].

Hence
u(t,r) > (1— Me)qes ((t) — 1)
> gy (h(t) — ) — M
for t > T, and ¢t < r < h(t).

For any ¢ € (0, ¢f) and any « € (0, ¢§—c), there exists Ti.i > 0 such that for ¢ > Ty and r € [0, ct],

we have
N—l1 t

0

&T

*k

h(t) =7 > (ch — )t — + &y — oM > ki,

Since there exist C'> 0 and 8 > 0 such that g, satisfies qu(Z) > 1—Ce P% for z > 0, we thus obtain
(2.36) ut,r) > 1—Ce Pt — Me =1 — M'e™"
for t > Ty and 7 € [ét, ct], where &' = min{fSk,d}.

Moreover, if My > (N —1)/¢, then
N -1

h(t) > h(t) = ¢yt — logt — C > ¢t — Mylogt for all large t.

Thus combined with (2.37) and Lemma 2.3.2, we find that
u(t,r) >1— Me 0t h(t) > cit — M'logt

for t > 7" and r € [0, ct] provided that M’ and T" are chosen large enough. This completes the proof
of Lemma 2.3.3. [l

Clearly (2.26) follows directly from Lemmas 2.3.2 and 2.3.3. Let us note that from the proof of
Lemma 2.3.3, we have, for ¢t > T" and r € [¢t, ¢t — M'logt],

ult,r) > (1 — Me %)gs (it — M logt — 7).
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Since
ez (2) > 1 — Mie™% for z € [0,00) and some M, d; > 0,
we immediately obtain
(2.37) u(t,r) > (1 — Me %) (1 — Myeo1(ct=M logt=r))
for ¢ > T" and r € [¢t, ¢t — M’ log t].
2.3.2. Sharp bounds. We now make use of the rough bounds for v and h to obtain sharp bounds for
h. We first improve the estimate for h(t) in Lemma 2.3.3.
Lemma 2.3.4. There exist C >0 and T > 0 such that
h(t) > cot — ey logt — C fort > T,
where cy is given by (2.22).
Proof. With B > 0 a constant to be determined, and ¢(z) = ¢(y, z) given in (2.15), we set
k(t) = cit — ex logt + Bt logt,
o(t,r) = ¢ (u(cg —ent ™), r — l?:(t)) —t2logt.
We have v(t, k(t)) = —t—2logt < 0 for t > 1, and
ot k(t) —t71) = ¢ (u(ch — ent™), —t71) =t 2logt = — ¢, (110, 0)t " +0(t™) >0
for all large t. Moreover,
v, (t,r) = ¢r (,u(c(’; —ent™h,r — l;:(t)) <0 for all t > 0 and r € (0, k(t)].

Therefore, there exists a unique k(t) € (k(t) —t~*, k(t)) such that
v(t, k(t)) = 0 for all large t.

By the implicit function theorem we know that ¢ — k(t) is smooth, and by the mean value theorem
we obtain

(61 (110, 0) + o(1)] [&(t) — k(8)] = 2log.
Since ¢r(p0,0) = —cfy/ 10, we thus obtain
(2.38) k() —k(t) = [—'uf + 0(1)] t~2logt for all large t.
o
Using vy(t, £()) + 2, (£, K(£)K(£) = 0 we obtain
G-t ent™2+ ¢y - [K (1) — K ()] + [1+0(1)]2t P logt = 0.
It follows that .
) =kK@t)+0t %) =c, —cent™t — Bt 2logt + O(t?)
for all large t.

We want to show that there exist positive constants M and T such that (v(¢,r), k(t)) satisfies, for
t > T and k(t) — Mlogt < r < k(t),

(2.39) o(t k() =0, E'(t) < —pov, (£, k(1))
(2.40) v(t, k(t) — Mlogt) <u(t+s,k(t+s)— Mlog(t+s)), Vs >0,
(2.41) Uy = Uypp — N 127« - flv) <0.

r
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Moreover, we will show that the above inequalities imply
(2.42) k) <h(t+T1), v(t,r) <u(t+Ty,r) for r € (k(t) — Mlogt,k(t)) and t > T.

Clearly the required estimate for h(t) follows directly from (2.42) and (2.38).
By the definition of k(t), we have v(¢,k(t)) = 0. We now calculate
(b k(1) = dp(u(ch — ent ™), k(t) — k(1))
= 0 (u(c5 — ent™),0) + [brr (110,0) + o(1)] [E(t) — k(1)]
= 7i(63 —ent™) + [drr(p0,0) + o(1)] [MS - 0(1)] t~2logt.
Ho Co
Using
Grr(p0,7) + c@r(po, ) + f(B(po, 7)) =0
and f(¢(p0,0)) = f(0) =0, we obtain

0*2

¢T7‘(u070) = _CS¢7‘(M07O> =2
Ho

It follows that
—pov, (8, k(1)) = ¢ — ent™ + pocgt > logt + o(t~* log t)

> ¢ —ent™! — Bt 2logt + O(t™?%)

= K'(t) for all large t.
Hence (2.39) holds.

Since
ot — M'logt — [k(t) — Mlogt] = (exy + M — M')logt + o(1) > (M/2)logt
for all large ¢, provided that M > 2M’, we obtain from (2.37) that
u(t, k(t) — Mlogt) > (1 — Me™%) (1 — Mlt—dlM/Q) >1—t2
for all large ¢, provided that M > 4/§,. We now fix M such that M > max{2M’,4/6;}. Thus
u(t + s,k(t+s) — Mlog(t+s)) >1— (t+s)2>1—t2logt > v(t,k(t) — Mlogt)

for all large ¢ and every s > 0. This proves (2.40).
Next we show (2.41). We have, with & = ¢} — eyt ™1,

v =Gu(n(€), = k()W (et ™ — ¢ (&), 7 — K()K(8) + 2t logt — 7
=0t ) + ¢, (—c+ent ™t + Bt 2logt — Bt ?),

Qr(tv 7“) = ¢T(M(£)>T - ];(t))v yrr(tvr) = ¢rr(“(£)vr - ]%(t))

Nl fw

Vv, — U —
Uy — U, r 2

rr
) . -1 ) o N-1 2
=00t %)+ ¢r |—co+ent™ " + Bt “logt — Bt i —¢rr—f(¢—t logt)

=0(t%) + ¢, [9(5) = 9(cg) +ent™' + Bt *logt — Bt7* — —

—9()or — b — f (¢ —t72 logt)
=0t ) + ¢ + f(¢) — f (¢ —t 2logt),

-



where

J:=g(&) —g(cp) + ent ™t + Bt 2logt — Bt 7% —

For r € [k(t) — M logt, k(t)], we have
r > k(t) — Mlogt
= k(t) — Mlogt + O(t 2 logt)
= cit — (en + M) logt + Bt 'logt + O(t *logt)
> ¢yt — Malogt for all large ¢,
where My = ¢y + M. It follows that, for such r,
N-1 < N-—-1

r ¢yt — Mylogt
N-1 (N—-1)Msylogt
= + 7. [1+0(1)].
o 't

Therefore
N —
J > —g'(cS)cNt_l +oeyt - —=

N —1)M.
= B—(*Q)Q—I—o(l)} t~2logt >0

for all large ¢, provided that B is large enough.

N —

r

t~2logt + o(t 2 logt)

1
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We now fix ¢y > 0 small so that f'(u) < —og < 0 for u € [1 — 2¢g, 1 + 2¢p]. Then when ¢(u(€),r —

/;?(t)) € [1 — €o, 1] we have
(o) = flo— t%log t) < —oot 2logt
for all large t. Hence in such a case,

Ot™2) + ¢pJ + f(¢) — flp —t 2logt) < O(t™2) — ot 2logt < 0

for all large t¢.

If p(pu(E),r — k(t)) € [0,1 — €], then we can find o7 > 0 such that ¢, < —o7, and hence

¢rd < —01 |B —

On the other hand, there exists o9 > 0 such that

f(p) — f(p —t 2logt) < oot > logt.
Thus in this case we have
O(t™?) + ¢ + f(9) — f(¢ — t > logt)
< o |p- VDM
Co
<0

for all large ¢, provided that B is large enough. This proves (2.41).

T L o(1) | £ 2 logt,

——— +o(1)| t?logt + oot logt + O(t™?)

We are now ready to show (2.42). Since as t — oo, h(t) — oo and u(t,r) — 1 locally uniformly in

r € [0,00), we can find 77 > T such that

h(T") > k(T), uw(T',r) > v(T,r) for r € [k(T) — MlogT, k(T)],
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where T' > 0 is a constant such that (2.39), (2.40) and (2.41) hold for ¢ > T. We may now use a
comparison argument to conclude that
R(T +1t) > k(T +t), w(T' +t,r) > v(T +t,7)
fort >0, re k(T +t)— Mlog(T +1t), k(T +t)], which is equivalent to (2.42) with T} =7"—-T. O
Lemma 2.3.5. There exist C > 0 and T > 0 such that
h(t) < cot —enlogt+ C fort > T,
where cy s given by (2.22).
Proof. With B > 0 and C' > 0 constants to be determined, and ¢(z) = ¢(u, z) given in (2.15), we set
k(t) = ¢t — enlogt — Bt 'logt + C,
W(t,r) = 6 (,u(ca —ent™Y),r— 1%(7:)) 2 logt.
We have o(t, k(t)) = t~2logt > 0 for t > 1, and
Bt k() +t71) = ¢ (u(ch — ent™),t71) +t2logt = [¢r(po,0) + o(1)]t ™1 < 0
for all large ¢. Moreover,

U (t, 1) = ¢y (,u(c’{) —ent™Y),r — l%(t)) <0 forall t >0 and r € (0, k(t)].

~ ~

Therefore, there exists a unique k(t) € (k(t), k(t) +t~1) such that
o(t, k(t)) = 0 for all large t.

By the implicit function theorem we know that ¢ — k(¢) is smooth, and by the mean value theorem
we obtain

[0 110,0) + o(L)] [B(1) — k(t)] =t~ logt.
Since ¢y (p0,0) = —c/ 10, we thus obtain

(2.43) k() — k(t) = ['ZS + 0(1)] t~2logt for all large t.
0

Using v,(t, k(t)) +0,(¢, k(t))k’(t) = 0 we obtain

bp- 1 ent 24 [K(t) - I%’(t)] — [1+o0(1)]2t 3 logt = 0.
It follows that B X
E'(t) =k'(t) +O(t™2) = ¢ —ent™' + Bt 2logt + O(t™2)
for all large t.

We want to show that, by choosing B and C' properly, there exists a positive constant T" such that
(B(t,r), k(t)) satisfies, for t > T and 1 < r < k(t),

(2.44) o(t, k(1) =0, k'(t) = —pov(t, k(1))
(2.45) o(t, 1) > u(t, 1),

(2.46) Ty — Vpp — NT_ 1@ — f(@) >0,

and

(2.47) k(T) > WT), v(T,r) > u(T,r) for r € [1,h(T)].

If these inequalities are proved, then we can apply a comparison argument to conclude that

(2.48) k(t) > h(t), v(t,r) > u(t,r) for r € [1,h(t)] and t > T



Clearly the required estimate for h(t) follows directly from (2.48) and (2.43).
By the definition of k(t), we have T(t, k(t)) = 0. We now calculate

(R (1) = dr(p(cg — ent™), k(1) — k(1))

= Gr(plch — ent™),0) + [drr (10, 0) + o(1)] [R(t) — k(1)]
— —:0(03 —ent™H + [(brr(,uo, 0) + 0(1)] ['ZE(;) + 0(1)] t~2logt
= _i(cg —ent ) + gt 2logt 4 o(t 2 logt).

Ko

It follows that
— 10Ty (t, k(1)) = ¢ — ent™ " — pocit 2 logt + o(t 2 log t)
<ch—cent 4+ Bt 2logt + O(t™%)
=k'(t) for all large t.

Hence (2.44) holds.
Since

B(t, 1) = ¢ (p(ch — ent™), 1 — k(t)) + ¢ 2logt > 1 — MyeP DAl 4 4=210g ¢ > 1 412
t,1) <1+ Me % for all t > 0, we find that
) < ©(t,1) for all large t¢.

for all large ¢, and by Lemma 2.3.2, u(t,

u(t, 1
This proves (2.45).
Next we show (2.46). We have, with & = ¢} — cnt ™1,

Ty = ((€), 7 — k(1)1 ()ent™ — ¢ (u(€), 7 — k(t))K (t) — 2t logt + 3
=0t %) + ¢, (—cy+ent ™' — Bt 2logt + Bt ?),

and R R
ﬁr(t’r) = ¢T(M(§)a r— k:(t)), Err(tvr) = Qbrr(:u(f)’T - k(t))
Hence,
Uy — Upy — ?m - f(@)
=0t %) + ¢, {—08 +ent ™t — Bt 2logt + Bt ™2 — NT] ¢rr — [ (¢ +1 % logt)
=0t %) + ¢, [g({) —g(ct)+ent ™t — Bt 2logt + Bt ™2 — NT_ 1]
- g(§)¢r — O — f (¢ +¢72 logt)
= O0(t™2) + ¢pd + f(¢) — f (¢ +t 2logt),
where

A

N -1
J:=g(€) — g(cy) + ent™' — Bt 2logt + Bt 2 — .

r

For r € [1, k(t)], we have
N-1 S N -1 N -1

rT RO RO o)

N—-1 (N —1)enylogt
— ” + 7 [1 + 0(1)].
oyt

Co

53
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Therefore, for such r,

R N-1 N-1
J<—g'(c)ent™ +ent ™t - - - [B + (2)CN] t~2logt + o(t *logt)
0 i)
N -1
= — |B+ % +0(1)] t~2logt <0
€

for all large t.
We now fix eg > 0 small so that f'(u) < —og < 0 for u € [1—2€g, 1+2€g]. Then for ¢(u(€), r—k(t)) €
[1 — €9, 1] we have
f(9) — flé+t2logt) > oot *logt

for all large t. Hence in such a case,
O(t™) + ¢rd + f(9) — f(¢+ 1t 2logt) > O(t™%) + ot 2 logt > 0

for all large t. R
If ¢(u(€),r — k(t)) € [0,1 — €], then we can find o1 > 0 such that ¢, < —o7, and hence
(N — 1)CN

*2
€o

On the other hand, there exists oo > 0 such that
f(@) — f(o+t%logt) > —oat *logt.

bpJ > 01 | B+ +0(1) t2logt.

Thus in this case we have

O(t™2) + ¢ + f(¢) — f(¢+1 2logt)
> oy B4 W= Dew _*;)CN
€

+o(1)| t2logt — oot 2logt + O(t?)

>0

for all large ¢, provided that B is large enough. This proves (2.46).
Finally we show that (2.47) holds if C is chosen suitably. Indeed, we set

C =h(T)—cyT + cnlog T + 2T.
Then
E(T) = k(T)+o(T™) = W(T) — BT log T + 2T + o(T™) > h(T) + T

for T large enough.
By enlarging T if necessary we have, for r € [1, h(T)],

BT, ) > BT, W(T)) = Bulc — exT 1), h(T) — K(T)) + T~ log T
> d(p(ch —enT™Y), =T) + T 21logT
>1—Me T + T 2logT
>1+7T72,

while
w(T,r) <1+ Me™°T,
Therefore
o(T,r) > u(T,r) for r € [1, h(T)]
provided that T is large enough. This proves (2.47). The proof of the lemma is now complete. O



55

2.4. Convergence.

Throughout this subsection we assume that (u, k) is the unique solution of (2.8) with u = pg > 0,
and spreading happens: As t — oo, h(t) — oo and u(t,r) — 1 for r in compact subsets of [0, 00). We
will prove the following convergence result.

Theorem 2.4.1. There exists a constant h € R such that
. Tk _ 7 . / _
tlgrolo {n(t) — [ct — cnlogt] } = h, tlggoh (t) = ¢

and
Jim lu(t, ) = ges (h(8) =)l o= o.ncey)) = O-
Again we will prove this Theorem by a series of lemmas. By Lemmas 2.3.4 and 2.3.5 we know that
there exist C,T > 0 such that
—C < h(t) — [cgt —enlogt] < C for t > T.

We now denote
k(t) = 5t — ey logt — 2C

and define
o(t,r) =u(t,r+ k(t)), g(t) = h(t) — k(t), t > T.
Clearly
C<yg(t)<3Cfort>T.
Moreover,

* -1
Uy = Up, Upr = Urr, ut:Ut_(C(]_CNt )Ura
and (v, g) satisfies

Ut — Upp — [Ca - CNt_1 + %} Uy = f(’U), *k(t) <r< g(t)vt >T,

v(t,g(t)) =0, ¢'(t) = —povr(t, g(t)) — ¢+ ent™, t>T.

2.4.1. Limit along a subsequence of t,, — oo. Let t,, — oo be an arbitrary sequence satisfying ¢,, > T
for every n > 1. Define

kn(t) = k(t+ty), vp(t,r) = v(t +tn,7), gn(t) = g(t + t,).
Lemma 2.4.2. Subject to a subsequence,

gn = G in Cpot 2 (RY) and [[v, — V| 150

loc - 07

14+
loc (Dn)

where o € (0,1), D, = {(t,7) € D : r < go(t)}, D = {(t,r) : —00 < r < G(t), t € R'}, and
(V(t,r),G(t)) satisfies

Vi = Vir =gV = f(V), (t,r) € D,
{V@G@ﬁdL@@:WW@Gw)catew.
Proof. By [12] there exists Cp > 0 such that 0 < h/(t) < Cy for all ¢ > 0. It follows that
—c§ < gh(t) < Cy for t +t, large and every n > 1.

(2.49)

Define
r

In () 7

s = wy(t, 8) = vu(t, 7).

Then (wy,(t, s), gn(t)) satisfies
N -1 (wn)s

O T et )T e )

(2.50) (wp)¢ — p
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for —’gfzgg <s<1,t>T —ty,, and

(2.51) wp(t,1) =0for t > T —tp,

(wn)s(t,1)
gn(t)
For any given R > 0 and Ty € R!, using the partial interior-boundary LP estimates (see Theorem

7.15 in [33]) to (2.50) and (2.51) over [Ty — 1,7y + 1] x [~ R — 1, 1], we obtain, for any p > 1,

(2.52) gL (t) = —po —chten(t+ty) Hort >T —t,.

lwnllyy2.2 iz 71 1)x [ r.ap) < Cr for all large n,

where Cp is a constant depending on R and p but independent of n and Ty. Therefore, for any
o' € (0,1), we can choose p > 1 large enough and use the Sobolev embedding theorem (see [31]) to
obtain

(2.53) HwnHCIJro/

< Cp for all 1
2 ’1+°‘/([T0,oo)><[—R,1}) S R IOT a arge n,

where Cp, is a constant depending on R and o’ but independent of n and Tj.
From (2.52) and (2.53) we deduce

HQnHCH%’([Tom)) < () for all large n,

with C] a constant independent of Ty and n. Hence by passing to a subsequence we may assume
that, as n — oo,

atl &
we = WinC 2 TR x (—00,1]), gn — G in Cp 2 (RY),

loc loc

where a € (0,0/). Moreover, using (2.50),(2.51) and (2.52), we find that (W, G) satisfies in the W,
sense (and hence classical sense by standard regularity theory),

Wt - % - (SG/(t) + CS)% = f(W)v s € (_007 1]7 te Rl?

W(t,1) =0, G'(t) = —po ng)l) —¢t,  teRL

Define V(t,r) = W(t, %) We easily see that (V, G) satisfies (2.49) and

=0.

Jim o, — Vllcllocga,m o)

g

2.4.2. Determine the limit pair (V,G). We show by a sequence of lemmas that G(t) = Gy is a
constant, and hence V(¢,r) = ¢(r — Go).
Since C < g(t) < 3C for t > T, we have

C<G(t)<3Cforte RL.
By the proof of Lemma 2.3.5, we have, for r € [1 — k(t + t,,), g(t + t,,)] and t + ¢,, large,
vp(t,r) < gb(u(c(’; —en(t+ tn)_l), r— 30) +(t+ tn)_2 log(t + ty,).
Letting n — oo we obtain
V(t,7) < ¢(pg, — 3C) for all t € RL, r < G(2).
Define
R* =inf {R:V(t,r) < ¢(po,” — R) for all (t,r) € D}.
Then
V(t,r) < ¢(uo, v — R*) for all (t,7) € D
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and
C < inf G(t) < sup G(t) < R* < 3C.
tERl teRl
Lemma 2.4.3. R* = sup;cp1 G(t).

Proof. Otherwise we have R* > sup;cg1 G(t). We are going to derive a contradiction.
Choose 6 > 0 such that

G(t) < R* — ¢ for all t € RY.
We derive a contradiction in three steps. To simplify notations we will write ¢(r) instead of ¢(po, 7).
Step 1. V(t,r) < ¢(r — R*) for all t € R and r < G(t).
Otherwise there exists (tg,79) € D such that

V(to,r0) = ¢(ro — R*) > ¢(—=0) > 0.

Hence necessarily rg < G(tp). Since V(t,7) < ¢(r — R*) in D, and ¢(r — R*) satisfies the first
equation in (2.49), we can apply the strong maximum principle to conclude that V' (t,7) = ¢(r — R*)
in Do :={(t,r): r < G(t),t < tp}, which clearly contradicts with the assumption that G(t) < R* —¢.

Step 2. M, := infiepi [¢(r — R*) — V(t,r)] > 0 for r € (—oo0, R* — §]. Here we assume that
V(t,r) =0 for r > G(t).

Otherwise there exists rg € (—oo, R* — 0] such that M,, = 0, since the definition of R* implies
M, > 0 for all » < R* — 4. By Step 1 we know that M,, is not achieved at any finite ¢. Therefore
there exists s, € R! with |s,| — oo such that

¢(ro — R") = lim V(sy,70).
Define
(Vo (t, 1), Gn(t)) = (V(t + sn,7), G(t + 3p)).

Then the same argument used in the proof of Lemma 2.4.2 shows that, by passing to a subsequence,
(Va, Gp) — (V,G) with (V, G) satisfying

(2.54) { ‘?_‘?T—CS‘ZZJ“(V), —00 <71 < G(t),t € R,
V(t,G(t) =0, teRL.

Moreover,

(2:55) V(tr) < olr = B), G(t) < R =4, V(0,10) = 6(r0 — B) >0,

Since ¢(r — R*) satisfies (2.54) with G(t) replaced by R*, we can apply the strong maximum principle
to conclude, from (2.55), that V(t,r) = ¢(r — R*) for t < 0,7 < G(t), which is clearly impossible.
Step 3. Reaching a contradiction.
Choose €¢p > 0 small and Ry < 0 large negative such that

d(r — R*) >1—¢p for r < Ry, f'(u) <0 for u € [1 — 20,1+ 2¢].
Then choose € € (0, €p) such that
¢(Ro— R*+¢) > ¢(Ry — R*) — Mpg,, ¢(r — R +¢) > 1—2¢, for r < Ry.

We consider the auxiliary problem

Z — Vi —cVe=f(V), t>0,r<Ry,

(2.56) V(t,Ro) = (Rg —R*+e), t>0,
7( ) = r < Ry.

<
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Since the initial function is an upper solution of the corresponding stationary problem of (2.56), its
unique solution V' (t,7) is decreasing in t. Clearly V(¢,r) := ¢(r — R* +¢) is a lower solution of (2.56).
It follows from the comparison principle that

1>V(t,r) > ¢(r— R*+e¢) forallt >0, r < Ry.
Hence L

V*(r):= tliglo V(t,r) > ¢(r — R* +¢€), Vr < Ry.
Moreover, V* satisfies
(2.57) V7 — @V = F(V7) in (=00, Ro), VF(=00) = 1, V*(Ro) = 6(Ro — R* +¢).
Write 9(r) = ¢(r — R* + €). We notice that 1 (r) also satisfies (2.57). Moreover

1—2ey <9(r) < V*(r) <1 forre (—oo, Ry
Hence W(r) := V*(r) —¢(r) > 0 and there exists ¢(r) < 0 such that
V() = f(@(r) = e(r)W(r) in (=00, Ro.

Therefore

—W" — W' = ¢(r)W in (—o0, Ry), W(Ryp) = 0,
and by the maximum principle we deduce, for any R < Ry,

W(r) < W(R) for r € [R, Ry.
Letting R — —oo we deduce W (r) < 0 in (—o0, Ro]. It follows that W = 0. Hence
V*(r)=¢(r) = ¢(r — R* +¢).
We now look at V/(¢,7), which satisfies the first equation in (2.56), and for any t € R,
V(t,r) <1, V(t,Ry) < ¢(Ry — R*) — Mg, < ¢(Ryp — R* + ¢).

Therefore we can use the comparison principle to deduce that

V(s+t,r) <V(t,r) forallt > 0,7 < Ry, s € RL.
Or equivalently

V(t,r) <V(t—s,r) forallt>s,r< RyscR
Letting s —+ —oo we obtain
(2.58) V(t,r) < V*(r) = ¢(r — R* +¢) for all r < Ry,t € RL.

By Step 2 and the continuity of M, in r, we have
M, > o >0 for r € [Ry, R* — ¢].
If €5 € (0, €] is small enough we have
o(r—R*"+¢€1) > ¢(r— R*) —o for r € [Ry, R* — I,
and hence
V(t,r) —¢(r — R* +€) <o — M, <0 for r € [Ry, R* — 6], t € RL.
Therefore we can combine with (2.58) to obtain
V(t,r) — p(r — R* +€) <0 for r € (—oo, R* — 4], t € RL,
for all small €; € (0, €), which contradicts the definition of R*. The proof is now complete. O
Lemma 2.4.4. There exists a sequence {s,} C R! such that
G(t+sp) = R*, V(t+ sp,r) = ¢(r — R*) asn — oo

uniformly for (t,r) in compact subsets of R! x (—oo, R*].
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Proof. There are two possibilities:
(i) R* = sup,cp1 G(t) is achieved at some finite ¢t = sg,
(ii) R* > G(t) for all t € R! and G(s,) — R* along some unbounded sequence s,.

In case (i), necessarily G’(sp) = 0. Since V(t,7) < ¢(r — R*) for r < G(t) and t € R!, with
V(s0,G(s0)) = ¢#(G(so) — R*) = ¢(0) = 0, we can apply the strong maximum principle and the Hopf
boundary lemma to conclude that

V,(s0,G(s0)) > ¢'(0) unless V(t,r) = ¢(r — R*) in Dy = {(¢t,7) : 7 < G(t),t < 80}
On the other hand, we have
Vi(s0,G(50)) = =4 ' [G'(50) + i) = —pg "5 = ¢'(0).

Hence we must have V(¢,7) = ¢(r — R*) and G(t) = R* in Dy. Using the uniqueness of (2.49) with
a given initial value, we conclude that V(t,r) = ¢(r — R*) for all r < G(t) and t € R. Thus the
conclusion of the lemma holds by taking s, = sq.

In case (ii), we consider the sequence

Va(t,r) =V (t+ sp,7), Gu(t) = G(t + sp).

By the same reasoning as in the proof of Lemma 2.4.2, we can show that, by passing to a subsequence,

14+«

V, =V in C, 1+a(D), Gn — G in CL (RY) and (V, Q) satisfies (2.49),

where D := {(t,7) : —o0 < r < G(t), t € R'}. Moreover,

G(t) < R*, G(0) = R".

Hence we are back to case (i) and thus V(¢,7) = ¢(r — R*) in D, and G = R*. The conclusion of the
lemma now follows easily. O

2
ocC

By the proof of Lemma 2.3.4, we have
on(t, 1) > ¢(M(Ca —cn(t+ tn)_l)a r—= 0) —(t+ tn)_Q log(t + tn)

for r € [k(t +tn) — k(t + t,) — Mlog(t + tn), k(t + t,) — k(t + t,)] and ¢ + t,, large. Letting n — oo
we obtain
V(t,7) > (g, — C) for all t € RY, r < G(t).

Define
R, =sup{R:V(t,r) > ¢(uo,r — R) for all (t,r) € D}.
Then
V(t,r) > ¢(po,r — Ry) for all (¢,r) € D
and
C <R, < inf G(t) <sup G(t) < R* < 3C.
teR! teR!
Lemma 2.4.5. R, = inf,cp1 G(t), and there exists a sequence {5,} C R such that

G(t+5,) = Ry, V(t+ 8p,7) = ¢(r — Ry) as n — oo
uniformly for (t,7) in compact subsets of R! x (—o0, R,].

Proof. The proof uses similar arguments to those used to prove Lemmas 2.4.3 and 2.4.4, and we omit
the details. Il

Lemma 2.4.6. R, = R* and hence G(t) = Gy is a constant, which implies V (t,r) = ¢(r — Go).
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Proof. Argue indirectly we assume that R, < R*. Set ¢ = (R* — R.)/4. We show next that there
exists T, > 0 such that

(2.59) G(t) — Ry <eand G(t) — R* > —e for t > T,

which implies R* — R, < 2¢. This contradiction would complete the proof.

To prove (2.59), we use Lemmas 2.4.4 and 2.4.5, and a modification of the argument in section
3.3 of [16]. Indeed, by using Lemma 2.4.4 and constructing a suitable lower solution we can show
that there exists n; = nj(€) large such that G(t) — R* > —e for all ¢ > s,,. Similarly we can use
Lemma 2.4.5 and construct a suitable upper solution to show that G(t) — R, < e for all t > §,,
with ny = na(e) large enough. Hence (2.59) holds for ¢ > T' := max{sy,,, Sn, }. For completeness, the
detailed constructions of the above mentioned upper and lower solutions are given in the Appendix
at the end of the section. O

2.4.3. Convergence of h and u.

Lemma 2.4.7. There exist a constant C > 0 and a function & € C'(RL) such that |{(t)] < C for all
t>0,
lim {h(t) — [c5t — cnlogt + £(t)] } =0, tli)rgof'(t) =0,

t—o0
and

Jim J(t, -) = ge; (A(1) = )| L= (oney) = 0-

Proof. By Lemmas 2.4.2 and 2.4.6, we find that for any sequence t,, — 00, by passing to a subsequence,
h(t+ty) — k(t +t,) — Go in CL7 2 (RY). Hence h/(t+t,) — cf in C2/2(RY).
We now define
U(t,r) =wu(t,r + h(t)) fort >0, r e [—h(t),0],
and
Upn(t,r) =U(t + tn,r), hn(t) = h(t +t,).
It is easily checked that

(Un)t - [h;z(t) + r-ﬁ;;%t)} (Un)r - (Un)rr = f(Un)7 t>—tp, 7€ (—hn(t),O],
Un(£,0) = 0, (Uy),(t,0) = —h,(¢)/ po, —

By the same reasoning as in the proof of Lemma 2.4.2, we can use the parabolic regularity to (2.60)
plus Sobolev embedding to conclude that, by passing to a further subsequence, as n — oo,

(2.60)

Up = Uin G2 TR x (—o0,0]),
and U satisfies, in view of hl (t) — ¢},
Ui — c§Uy — Uy = f(U), teRY, re (—o0,0],
{ U(t,0) =0, Up(t,0) = —ci/uo, teRL

This is equivalent to (2.49) with V = U and G = 0. Hence we may repeat the argument in Lemmas
2.4.2-2.4.5 to conclude that

Ul(t,r) = ¢(po,r) for (t,7) € R x (—o0,0].

Thus we have proved that, as n — oo,

Ito [
Ut + o+ Bt + 1)) = ges (=) = 0 in G2 (R x (—00,0]).

loc

Since {t,} is an arbitrary sequence converging to oo, this implies that

tlim [u(t,r + h(t)) = ge; (—r)] = 0 uniformly for r in compact subsets of (—oco,0].
— 00
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Therefore, for every L > 0,
(2.61) Jim JJu(t, <) = geg (h(8) = )l Lo (ne) - L.awy)) = 0-
Similarly, the arbitrariness of {¢,} implies that h'(t) — ¢ as t — oo. Hence
§(t) == h(t) — [eht — en logt]

satisfies
&(t) = 0ast — oo.

The boundedness of £(t) is a direct consequence of (2.25).
It remains to strengthen (2.61) to

Jim (Jut, ) = ges (h() = )z (o.pcey = 0.

Let (v(t,7),k(t)) be as in the proof of Lemma 2.3.4, so that (2.39), (2.40) and (2.41) hold. Since
as t — 00, h(t) = oo and u(t,r) — 1 locally uniformly in r € [0, 00), we can find 75 > 0 such that

hT3) > k(T), u(Ts,r) > v(T,r) for r € [0, k(T)].

We note that v(7,7) is a strictly decreasing function of r. We now choose a smooth function g(r)
such that

i1 (0) = dig(ho) = 0, @h(r) < 0, u(Ty,r) > dg(r) in (0, ho], and dg(r) > v(T,r) in (0, k(T)),
where ho € (k(T), h(Tb)). We next consider the auxiliary problem

w = + 2, + f(u), 0<r<h(t), t>0,
(2.62) u(t, h(t)) =0, M(t) = —pou,(t,h(t)), t>0, .
h(O) :h07 ’LL(O,T') :{LO(T)a 0<r< hO-

Let (@, h) denote the unique solution of (2.62). By the comparison principle we have
h(t+Ty) > h(t), u(t+To,7) > a(t,r) for t >0, r € [0, h(t)].

Moreover, since 4 (r) < 0 we can use a reflection argument to show that a,(¢,7) < 0 for ¢ > 0 and
r e (0, fz(t)] This reflection argument is similar in spirit to the well known moving plane argument
used for elliptic problems. The idea is to treat (2.62) as an initial boundary value problem for
@ = a(t,z) over the region Q := {(t,z) : t > 0,|z| < h(t)} in R' x RY. For each point zo in the
ball {|z| < h(t)} but away from the origin, we consider a hyperplane H passing through zo, which
divides RY into two half spaces H~ and H', where H~ denotes the half space that contains the
origin. Denote Q7 = {(t,z) € Q: 2 € HT}, and for each point x € H™, we denote by x* € H™ its
reflection in H, and define @*(t,z) = a(t, z*) for (t,x) € Q. Then on the parabolic boundary of Q7
@ — @* < 0 but is not identically 0. We thus obtain by the maximum principle that @ — @* < 0 in QT
and strict inequality holds in the interior of Q. Since (¢, xo) — @*(t, z9) = 0, we can apply the Hopf
boundary lemma to conclude that

1
61,11(15,360) = ialf[a(tax(]) - ﬂ*(tax(])] < 07

where v is a normal vector of H pointing away from the origin. The conclusion 4, (¢,7) < 0 is a simple
consequence of this fact.

On the other hand, if T is large enough, our assumptions on (0, r) and 2(0) imply that spreading
happens for (i, h) (see [12]). Hence we can apply Lemma 2.3.4 to (i, k) to conclude that there exist
T > 0,71 > 0 such that (2.42) holds when (u, h,T,T}) there is replaced by (i, h,T,T1). We thus
obtain

u(t + Ty + To,7) > At + Ty, r) > v(t,r) for r € [k(t) — Mlogt, k(t)] and t > T.
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It follows that

ligglf TE[OIE%B—L] u(t,r) > lig(i)gfﬂ(t, h(t)— L) > ligiogfg(t, h(t) — L) > ¢(po, —L + C).

Therefore, for any € > 0 there exists L, > 0 large such that
u(t,r) > geg(Le — C) > 1 — ¢ for all r € [0, h(t) — L] and all large ¢.
Since gz (r) < 1 is increasing in r, and by Lemma 2.3.2, u(t,7) < 1 + € for all large ¢, we deduce
[u(t, 1) — gez (R(t) — )| < 2¢ for r € [0, h(t) — L] and all large .

We may now make use of (2.61) to obtain

limsup [Ju(t, -) — gez (A(t) — )l oo (jo,n(e))) < limsup [[u(t, -) — gex (A(t) = )| Lo (jo,n(0)-L]) < 2€-

t—o0 t—o0
Since € > 0 can be arbitrarily small, we obtain
Jim [, <) = ge; (h(8) = )l Lo (o.n(y)) = 0

as we wanted. The proof is complete. O
2.4.4. Improved convergence result for h.

Lemma 2.4.8. There exists h € R such that
lim [h(t) — cjt + ey logt] = h.

t—o0
Proof. By Lemma 2.4.7,
£(t) = h(t) — it + exlogt € [-C, C] for t > 0.
Set

h = litm inf £(t).
—00
We will show that for any given small € > 0,
(2.63) limsup &(t) < h + e

t—00
The required conclusion clearly follows from (2.63).

We use a comparison argument to prove (2.63). Let ¢, — oo be chosen such that £(t;) — h as
k — oo. For given small € > 0, we define

hi(t) = ci(t +t) — enlog(t +tg) + Be(1 —e ™) + h+¢, t >0,
Ut r) = ¢(p(cy —en(t +tg) 1), — ﬁk(t)) +ee ™ r e [0, h(t) + e,

where « and B are positive constants to be determined later, and ¢ is given by (2.15), which is defined
over (—oo, €g]. To simplify notations, we will write
hi(t) = h(t), ug(t,r) = u(t,r) unless their dependence on k need to be stressed.

We will choose a and B such that for all large £ and small e,

lim sup &(t 4 t) < h 4 Coe,

t—o00

where Cp > 0 is a constant independent of € and k. This clearly implies (2.63).
By definition, with the notation ¢ = ¢ — en(t +t) 71,

Ty (t, 1) = ¢y (u(C),r — h(t)) < 0 for r € [0, h(t) + €o].

Moreover,
a(t, h(t)) = ¢(u((),0) +ee™ >0 (V¢ > 0)



63

and
(t, h(t) + o) = d(1u(C), €0) + e < 0 (¥t > 0)
provided that e > 0 is small enough. Hence for such ¢, there exists a unique h(t) = hy(t) € (h(t), h(t)+
€o) such that
u(t,h(t)) =0 (vt >0).
Moreover, we could replace ¢y by Ce with C' > 0 sufficiently large to conclude that h(t) < h(t) + Ce,

and we can apply the implicit function theorem to conclude that t — h(t) is a smooth function.
By the mean value theorem we have

(e, B(8)) — a(t, (1) = [0 (10, 0) + 00 (1)] [f(t) — ()] = e (vt > 0),

where o 1(1) — 0 as € = 0 and k& — oo, uniformly in ¢t > 0. It follows that

(2.64) R(t) — h(t) = [’c‘g + oe,k(l)} e (vt > 0).

Using 47(t, h(t)) = 0 we deduce
b 1 en(t+t5) 24 o - [B (1) — B (1)] — aee ™ = 0.

Since ¢, - ' > 0, it follows that

-/

B (t) > B (t) + [¢] Laee

=cy—cn(t+ tk)_l + aBee ™ — [,uo + 0, k(l)} aece
C

* )

0
o 1 Ho —at
=cy—cn(t+te) + [B -+ 057;6(1)] aee (Vt > 0).
o

On the other hand, for all large k£ and small ¢, we have

T, (t, h(t)) = ¢r(p(C), h(t) — h(t))
= ¢T(N(C)7O) + [Qbrr(MOa 0) + Oe,k(l)] m(t) - ﬁ(t)]
> —Mlo[c;; Cen(t 4t (V> 0)

since ¢rr(110,0) = —chor(p0,0) = (¢§)?/po > 0. Therefore if we choose B > ‘c”—g, then for all large k
and small e,

-/

(2.65) h(t) > —pou,(t, h(t)) (Vt>0).

Next we prove that by choosing « suitably small and enlarging B accordingly, we have

N—-1_

(2.66) Uy — Uy — U, — f(@) >0 fort >0, r e (0,h(t)]

r

and all large k£ and small e.
We calculate

U= ¢y gt - en(t+tp) 2 — o - B (t) — eae™™
> —¢p [ —en(t+ te) "L+ Beae ] — eae™ .
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Hence
N -1
Ut — Upp — r ﬁr_f(ﬂ)

* -1 —at N-1 —at —at
> —¢p [ — en(t + tg) ' + Beae +T] — ¢rr — f(p+€e7) —cae
=~ + [(9) = f(& + ee™™) —eae™™,

where N1
J = — gl —en(t+tp) ") — en(t + tg) " + Beae 4+ ———.
r

For r € (0, h(t)], we have
N -1 S N -1 _ N -1
o Al h(t) 4 oer(1)
N -1
eyt +ty) — enlog(t + tr) + h+ 0e (1)
N—-1 (N —1)eylog(t+t;)

= + 1+o0.1(1)].
eyt + tr) o2 (t+ ty)? [1+ 0D
Moreover,
cp—g(cg—en(t+tr)"") = g'(cg)en(t + 1) " + Op[(t + tr) 2]
Therefore,
N N -1 1 (N =1)eylog(t + tx) _
J>enld (cd) — 1] + }t-i—t Ly 1+ 0c1(1)] + Beae
> ety (@) -1+ T b+ T 1 o)

N-1 log(t +t
= ( *ch o8( 2+ ) [1+ 0c1(1)] + Beae ™
5 (t+ tk)
> Beae " (Vt > 0)

for all large k& and small e.
Choose &y > 0 small so that f/'(u) < —op < 0 for u € [1 — by, 1 + dp]. Then for ¢ € [1 — dp, 1) we
have

(@) — f(d+ee™™) > gpee™ ™.
Thus for all large k£ and small € and
(t.1) € Oy = () dlules — ex(t + 1)~ )r — hit)) € [1— b0, 1)}
we have }
—ppd + f(P) — f(d+ee™®) —ecae™® > (09 — a)ee™™ >0
provided that we take o = 0 /2.
For ¢ € (0,1 — dp), there exists o1 > 0 such that ¢, < —o7; moreover, for all small e,

F(@) = f(d+ee™) = —opee™™,
where o9 = max,¢jo1] | f'(u)|. Therefore for all large k, small ¢, and
(t,r) € sz = {(t,r) : p(pu(ch — en(t+tg) 1) — h(t)) € (0,1 — )}
we have

— & + (@) = f(¢+ ™) —eae™™
> o1Beae™™ — (09 + a)ee™ ™

= (01Ba — 03 — a)ee™™ >0
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provided that o1 Ba > 09 + a. With a = /2, this is achieved by taking B > %. This proves
that (2.66) holds for all large k and small e.
We show below that for all large k and small e,

(2.67) h(tk) < Ek(O), u(tk,r) < ﬁk(O,r) for r € [0, h(tk)]

Since

h(ty) — Bk(o) =&(tg) — h—e— —cask — 00,
we have, in view of (2.64),
h(tr) < hi(0) < hy(0)

for all large k, say k > ki(e), and all small e.
By Lemma 2.4.7,

Jim [y, <) = ko, - = h(te)) | o=(po,nts) = 0-

Since
ey — enti ) = po, h(ty) — hy(0) + ¢ — 0 as k — oo,
we deduce
[ u(th, ) — ¢(p(cs — enti '), = hi(0) + €)l| Lo (o,n(e))) — 0 as k — oo.
Therefore there exists ka(€) > k1(€) such that for k > ko(e),
ult,r) < o(ulcs — ent ), r — hi(0) +€) + e

< G(ulch — entg)or — () + € = (0,7) (vr € [0, h(t)]).

Thus (2.67) holds for all small € and k > ka(e). By enlarging ka(e) if necessary we may assume that
(2.65) and (2.66) both hold for k > ko(€) and all small € > 0.

In view of (2.65), (2.66), (2.67) and the fact that u,(¢,0) < 0, u,(t,0) = 0, we can use a standard
comparison argument to conclude that

h(t +tr) < h(t), u(ty +t,r) <u(t,r) (Vt >0, Vr € [0,h(t; +1)])
for all small € > 0 and k > ka(e€). It follows that

E(t+tp) = h(t+1t;) —h(t) + Be(1 —e ™) + h+ ¢

k ]

= h(t +tg) — h(t) — [,uo + 0 k(l)} e+ Be(1—e ™)+ h+e
0

< - [ME + 0671?(1)] e + Be(1—e ™) +h+e
o
— h+ (B+1)e ast — oco.

Therefore

limsup &£(t) < h+ (B + 1)e,

t—o00

as we wanted. This completes the proof. O
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2.5. Appendix: Further details for the proof of Lemma 2.4.6.
For completeness, we give the detailed proof of the facts that for any given e¢ > 0, there exists
n1 = ny(€) and ng = ny(e) such that

G(t) — R* > —e (Vt > sp,), G(t) — R« <€ (Vt > 5p,).
From the inequalities
¢(r — Ri) <V(t,r) < o(r — RY)
we have
11— V(t,r) < Ce’

for some C' > 0 and 8 >0. Therefore, for any € > 0, there exists K > 0 and T > 0 such that

(2.68) sup  [V(3n,7) — ¢(r — R.)| <e.
re(—oo,— K]

for 5, > T. Let H(t) = G(t) + cit, W(t,r) =V (t,r —cit). (W, H) satisfies

By Lemma 2.4.5 and (2.68), there exists ny = nq(e) such that, for n > nq,

(2.70) G(5,) < R.+¢

(2.71) V(8p,7) < ¢(r — Ry —e) +¢ for r <R,.

We note that we can find N > 1 independent of € > 0 such that
(2.72) d(r—Ry—¢e)+e < (l+ Ne)p(r — R. — Ne) for r <R, +e¢.
Next we remark that for any § € (0, —f’(1)) there exists n > 0 such that

6<—f'(u) for 1-n<u<l+n,
flu) >0 for T—-p<u<l.

Let us define an upper solution for problem (2.69) as follows:
H(t) = R, + Ne+ CSt —+ NE(J‘(l — efé(tfgn))
W(t,r) == (1+ Nee 2= p(r — H(2))

Since lim,_, o W (t

, (t) of t > 3, such that K(t) — —oo as
t — oo and W (t, K(

r) > 1, there exists a smooth function K
(W, H, K) is an upper solution for ¢t > §,,

t)) > 1. We will check that the triple

that is,

(2.73) Wi =W, > f(W) for t > 8,7 € [K(t), H(t)]

(2.74) W(t,K(t)) > W(t,K(t)) for t > 3,

(2.75) W, H(t) =0,H (t) > —puoW,(t, H(t)) fort > 3,

(2.76) H(3,) < H(3,), W(3n,7) < W(Ep,r) for re[K(5,), H(5)]-

From (2.70) we have

H(3n) = G(3n) + cidn < Ry + Ne + ci5, = H(5y).
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We also have, in view of (2.71),

W (3, 1) =

NG — F ()

+ Ne)op(r — Re — Ne — ¢35n)
d(r— R —e —cy8p) + €
V(Sn,r — c48n) = W(Sp, 1)

for r < H(Sy). Thus (2.76) holds.
We next show (2.75). By definition W (¢, H(t)) = 0 and direct calculation gives

!/

H'(t) = ¢ + Neode =5,
— oW, (t, H(t)) = ¢ + Neche 05,

Hence if we take o > 0 so that ¢j < 0d then

This proves (2.75). B
Since W < 1, by the definition of K(t), (2.74) clearly holds. Finally we show (2.73). Put z =
r — H(t). Since
Wi = —0Nee *=5)g(2) — (14 Nee ") H'(1)¢/(2)
= —0Nee =30 (2) — (1 + Nee =5 (¢ + o Nede 015/ (2),
and
W = (14 Nee 00=5))¢" (2),
we have
W, W, — £()
= — §Nee 05 g(z) — (1+ Nee *0=5))(cf + oNede 20 —5)) g/ (2)
— (14 Nee 3E=5))¢" (2) — £((1 4+ Nee 0¢=50))g(2))
= — 5N5676(tf§n)¢(z) +(1+ Nae*‘s(t*gn)){—(p”(z) _ CS¢/(Z)}
— 0Ned(1 + Nee 0t=8))=0(t=5n) 4/ ()
= — BNee 0=g(z) — oNebe (1 4 Nee -)g/(2)
T (14 Nee 30-5) £(6(2)) — F((1 + Nee 30-5))g(2)).

Now we consider the term (1 + Nee 0¢=5)) f(p(2)) — f((1 + Nee t=3n)4(2)). Denote
F(&u) =1 +8f(u) = f(A+Eu).
The mean value theorem yields
F(&u) =&f(u) + f(u) = f(1+Eu) = £f(u) — £ (u+ O uéu)u

for some 0¢,, € (0,1). Since ¢(z) — 1 as z — —oo, there exists z, < 0 such that ¢(z) > 1 —n for
z < zy.
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For r — H(t) < zp, we have
Wi =W — f(W)
= — 0Nee 9= g(2) — o Nede 050 (1 4+ Nee 0t=50))¢/ (2) + F(Nee 9= 4(2))
— — gNebe t=3n (1+N€e_‘” S"))qb( )+ Nee™ o(t— S")f(qb( )
+ Nee = 6(2){ - f'(6(2) + 0/ NeeP0=)g(2)) - 5}
0,

Y

where 0" = #'(t,2z) € (0,1). We note that by shrinking e we can guarantee that Ne < 1 and so
1+ Nee 0(=5n) <14y fort > 8ne
On the other hand for z, <r — H(t) <0, we obtain

Wt - Wrr - f(W)
= Nee 350 £(p(2)) — o Nede 050 (1 4 Nee 0150/ (2)
+ Nee 005) {—f/(¢>(2) + G’Nse*‘s(tfgn)(b(z)) - (5} o(2)

5(t—5n) 5(t—dn)y —6(t—n) /
> Nee Qo f(s)+od0Nee Qn — Nee <0§I§1§alx+nf (s) + 5)

= Nee (=50 { min f(s) — max f'(s)—4d+ 0(5@7}

0<s<1 0<s<1+n
>0

)

where @, := min,, <.<o |¢'(2)| > 0 provided that o is large positive. Thus W; — W, — f(W) > 0 for
sufficiently large o > 0.
We may now apply the comparison principle to conclude that

W(t,r) <W(t,r), H(t) < H(t) fort >3, and r € (K(t), H(t)],
in particular
G(t) < R« + Ne(o+1)
for t > §,. By shrinking £ we obtain
G(t) < R.+e¢

for t > 5, and n > n;.
Next we show G(t) > R* — € for all large ¢t > 0. As in the construction of upper solution, for any
e > 0, there exists ny = na(e) such that, for n > no,

(2.77) R* — e < G(spn),
(2.78) ¢(r— R +¢e)—e <V(sp,r) for r <R —
We note that we can find N > 1 which does not depend on € > 0 such that
(1-Ne)p(r — R*+ Ne) < p(r—R"+¢e)—¢ for r<R" —e.
Now we define a lower solution as follows:
H(t) :== R* — Ne 4 ¢jt — Neo(1 — e00=sn))
W(t,r) = (1 — Nee *=))g(r — H(1)).
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Since V (t,7) > ¢(r — R.), there exists C' > 0 and § > 0 such that V satisfies V(¢,r) > 1 — Ce®" for
all » <0, that is, W satisfies

W(t,r) >1— Cellr=—ab),

We fix ¢ > 0 so that 6 < (c+cjy). By enlarging n we may assume that C' < Needsn, Let K(t) = —ct.
We will check that the triple (W, H, K) is a lower solution for ¢ > s,, that is,

(2.79) W, -Ww,. < f(W)fort>s,,re[K(),H(t)]

(2.80) W(t,K(t)) < W(t,K(t)) for t > sp,

(2:81) W (t, H(1)) = 0, H'(t) > —poWV, (1, H(1)) for t > sy,

(2.82) H(sp) < H(sp), W(sp,r) < W(sp,r) for re [K(sy), H(sp)]-

From (2.77) we have
H(sp) =R*— Ne+cysn < R* — e+ cysn < G(Sn) + chSn = H(sp)
We also have
— Ne)o(r — H(sn))
(1 Ne)p(r — R* + Ne — cysp)
d(r—R* 4+ —cyén) — ¢
V(sn,r — c4Sn) = W(sp,T)

for r < H(sy). Hence (2.82) holds.
We next show (2.81). By definition W (¢, H(t)) = 0, and direct calculation gives

H'(t) = ¢ — Neode 0t=sn),
— polV,.(t, H(t)) = ¢ — Necje *ton).
Hence if we take o > 0 so that ¢j < 0d then
H'(t) < —poW,.(t, H(t)).

This proves (2.81).
For t > s,,, we have

E(t,K(t)) = E(t’ —Ct) < (1 _ N€€_§(t_8”))
=1— Nee®ne ™ <1 - Ce 0
< 1= Ce AV < W (t,—ct) = W(t, K(1)).

Hence (2.80) holds.
Finally we show (2.79). Put ( =r — H(t). Since

W, = 6Nee 70 (z) — (1 — Nee ) H'(£)/(()
= §Nee =5 p(2) — (1 — Nee 2t=sn))(ch — g Nede 2(t52)) ¢/ ((),
and

W,, = (1 — Nee %t=n))g"(¢),
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we have
W, -w,, — f(ﬂ)
= §Nee 030 (¢) — (1 — Nee 0U=0)) (¢ — o Nede 0U=n)) ¢/ (¢)
— (1= Nee ®=))g/(¢) — f((1 = Nee U= g(())

= dNee 3= () + (1 — Nee 0=\ (9" (2) — c5¢/' (¢)}
+ oNede8t=) (1 — Nee=t=s))/(¢)

= ONee 0= (¢) + o Nede 0(t5n) (1 — Nee™0(t=3n)) ¢/ (¢)
+ (1= Nee =) £((C)) — f((1 — Nee *U=n)¢(())

= ONee =) (¢) + o Nede0t50) (1 — Nee 0(t=30)) ¢/ (2) + F(—Nee t=50)_¢(¢)).

>1—

Since ¢(¢) — 1 as ( = —o0, there exists ¢;, < 0 such that ¢(() n/2 for ¢ < ¢,. Forr—H(t) < (,,
we have

Et - Err - f(w)

= ONee =30 ¢ (2) + o Nede 0(t3n) (1 — Nee 3t=31)))¢/(¢)
= Nee L F(9(0)) = F1(6(0) = 0" Nee ' =)6())6(¢) }
= — Nee =) f(4(C)) + o Nede 3(E=5n) (1 — Nee =)/ (¢)

n Nee—d(t—sn){f/(qb(c) 0" Nee U= (¢)) + 5}¢(C)

<0

)

where 6" = 6"(t,z) € (0,1). We note that by shrinking £ we can guarantee that Ne < n/2 and so
1> ¢(Q) = 0"Ne"U7)g(0) > 6(¢) — Nee *7)g(¢) > 1 —n.

On the other hand for z, <r — H(t) <0 and t > s,, we obtain
W, =W, - fW)

— Ne) 1@ <>>+aNsae 8t=5n) (1 — Nee 8=y g/(¢)

+ Nee~0(t=sn) { — 0" Nee (=5 (¢)) +5} Q)
< — Nee o0 8")Or<nlglf( )+05N£e 0t=sn)(1 — Nee 3t=5n))¢/(¢)
—(t—5n) /
+ Nee (0<I?31X+77f (s)+ 5)

< S(t—sn) ) o / _ AW
< Nee { Join, f(s) + ogg?ﬁnf (s)+d—0d (1 2) Q,
<0,

by taking o > 0 sufficiently large, where Q; := min¢, <c<o[¢’(¢)| > 0.
We may now apply the comparison principle to conclude that

Wi(t,r) <W(t,r), H(t) < H(t) fort>s, and r € (—ct, H(t)],
and in particular,

R* — Ne(o+1) < G(1)
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for t > s,. By shrinking ¢ we obtain
R*—e < G(t)

for t > s, and n > ns. O
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